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Electrical control of a spin qubit in InSb nanowire quantum dots: Strongly suppressed spin
relaxation in high magnetic field
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In this paper we investigate the impact of gating potential and magnetic field on phonon induced spin relaxation
rate and the speed of the electrically driven single-qubit operations inside the InSb nanowire spin qubit. We
show that a strong g factor and high magnetic field strength lead to the prevailing influence of electron-phonon
scattering due to deformation potential, considered irrelevant for materials with a weak g factor, like GaAs or
Si/SiGe. In this regime we find that spin relaxation between qubit states is significantly suppressed due to the
confinement perpendicular to the nanowire axis. We also find that maximization of the number of single-qubit
operations that can be performed during the lifetime of the spin qubit requres single quantum dot gating potential.
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I. INTRODUCTION

Spin of an electron confined in a semiconductor quantum
dot (QD) can act as a carrier of quantum information [1] and a
building block of quantum computers. In order to manipulate
electron spin, usage of the external magnetic [2,3] and electric
[4–6] field was suggested. Although spin control by means
of a magnetic field is straightforward, electrical control of
spin qubit through electric-dipole spin resonance (EDSR) is
technologically more desirable [7–10].

Spin-orbit coupling (SOC) plays an essential role in the
EDSR spin qubit scheme, since it allows transitions be-
tween qubit states using the spin-independent driving, such as
electric-dipole interaction. On the other hand, the presence of
SOC induces undesired phonon mediated transitions between
qubit states [11–21]. In order to suppress the coupling to
phonons, approaches like the optimal design of QDs [22,23]
or the control of system size [24] was suggested.

Relaxation rates are dependent on the full three-
dimensional QD potential, but in most cases contribution
of the confinement along the direction(s) perpendicular to
the substrate in which QDs are embedded can be neglected.
Assuming magnetic fields up to several tesla, this reduction
is justified in material with a weak effective Landé g factor.
A typical example that satisfies this assumption are lateral
GaAs QDs [25], while in the opposite direction lies an InSb
nanowire, having two orders of magnitude stronger g factor
[26]. Having also very strong SOC, spin qubits in InSb
nanowires [27–31] have attracted much attention due to the
observed [28] fast electric-dipole induced transition between
qubit states, whose speed is equal to the strength of Rabi
frequency.

Since both Rabi frequency and phonon induced relaxation
rates are dependent on the magnetic field orientation and
strength, design of the gating potential, and SOC, there is

a wide range of possibility to tune their strength, with the
goal of obtaining as much as possible single-qubit operations
during its lifetime.

In this paper we search for the optimal regime in which
electrical control of the InSb spin qubit can be achieved. We
analyze both single and double quantum dot (DQD) potential
and discuss its positive features and negative drawbacks on the
spin qubit. In the case of double quantum dot potential, there
is the possibility to tune the distance between the dots and to
analyze the effects of the asymmetric gating potential. Also,
we address the situations in which full three-dimensional con-
finement has nontrivial influence on spin relaxation rates. We
will show that scattering by deformation potential dominates
in this regime. Finally, to offer a quantitative insight into the
spin qubit quality, we define a figure of merit as the ratio of
Rabi frequency and the overall spin relaxation rate and discuss
the obtained results in terms of this measure.

This paper is organized as follows. In Sec. II the single-
electron Hamiltonian model of the InSb nanowire is in-
troduced. In Sec. III we start with the definition of Rabi
frequency and phonon induced spin relaxation rate between
spin qubit states. After that, we independently study their
dependence on tunable parameters of the system. Using the
obtained results, quality of the spin qubit is discussed with the
help of the figure of merit as a quantitative measure. In the end
we finish the paper with a short conclusion and the impact of
the presented results.

II. NANOWIRE SPIN QUBIT MODEL

We start with the Hamiltonian describing the electron
confined in an InSb nanowire [30]

H = p2

2m∗ + V (x) + Hso + Hz, (1)
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FIG. 1. (Upper panel) Nanowire QD—schematic view. Electron
dynamics along the nanowire (x) axis is described by the Hamilto-
nian H , given in Eq. (1). Angle between the nanowire x axis and
magnetic field direction n = (cos θ, sin θ, 0) is equal to θ , while the
spin-orbit vector a = (cos ϕ, sin ϕ, 0) builds an angle ϕ with the x
axis. (Lower panel) Confining potential used in Eq. (1): QD and
DQD potential. In the case of a DQD potential [Eq. (6)] symmetric
confinement is depicted (ωL = ωR), with distance between the dots
equal to 2d .

where m∗ is the effective mass, p = −ih̄∂/∂x momentum
in x direction, V (x) is the gating potential used to localize
the electron, while Hso represents the spin-orbit interaction
Hamiltonian consisting of two terms: Dresselhaus [32] and
Rashba [33]. The presence of the Dresselhaus SOC is due to
the material in which an electron is embedded. On the other
hand, Rashba SOC appears when an electric field E in the
z direction is applied (see Fig. 1). In an InSb nanowire, a
spin-orbit interaction Hamiltonian is equal to [30]

Hso = (αDσx + αRσy)p, (2)

where σx and σy are Pauli matrices, while αD and αR are
Dresselhaus and Rashba spin-orbit coupling strengths. Suit-

able change of parameters αR and αD with α =
√

α2
D + α2

R and
ϕ = arctan (αR/αD) allows us to write Eq. (2) as

Hso = αa · σp, (3)

using the unit spin-orbit vector a = (cos ϕ, sin ϕ, 0) and the
vector σ made of Pauli matrices. Finally, Hz is the Zeeman
term, describing the coupling of spin and magnetic field

Hz = g

2
μBB · σ, (4)

where g is the effective Landé factor, μB is the Bohr magneton,
while B = Bn is the applied magnetic field in the plane of
the substrate, building an angle θ with the growth x axis of
the nanowire (see the upper panel of Fig. 1). In this work a
magnetic field is considered to be in-plane to minimize the
orbital effects [22,34–36]. In Appendix A we have shown that
for B up to 3 T, orbital effects of a magnetic field are small
and can be neglected.

Typical gating that confines a single electron in experi-
mental setups [37] can be modeled as a harmonic oscillator
quantum dot (QD) [38] or double quantum dot (DQD) [29]
potential. Corresponding potentials are equal to (see the lower
panel of Fig. 1 as an illustration)

V QD(x) = 1
2 m∗ω2x2, (5)

V DQD(x) = 1
2 m∗ min

{
ω2

L(x + d )2, ω2
R(x − d )2

}
. (6)

In the case of a QD potential, the only degree of freedom
is the harmonic potential frequency ω, while in the DQD case
frequencies ωL and ωR can be tuned, as well as the distance
2d between the dots. Since DQD potential allows asymmetric
confinement, we introduce asymmetry parameter δ, equal to
the ratio of frequencies in the left and right dot, δ = ωL/ωR.
Impact of the DQD confinement will be discussed in terms of
δ, 2d , and ωR = ω (more detailed explanation can be found in
Sec. III A).

The Hamiltonian of the electron in different potential types
and magnetic field strengths can be solved using the numerical
diagonalization [39], although perturbative approaches in the
study of spin qubit properties are common [21,27,30]. In this
work we follow the numerical approach; the numerical pro-
cedure used in obtaining the eigenvalues and eigenvectors of
the Hamiltonian given in Eq. (1) is explained in Appendix B.
In order to successfully diagonalize the Hamiltonian, orbital
x0 = √

h̄/m∗ω and spin-orbit xso = h̄/m∗α lengths are de-
fined. In our calculations we have used m∗ = 0.014 me [29],
x0 = 30 nm [29], and xso = 165 nm [40] parameters for both
QD and DQD potentials (recall that ωR = ω in the DQD case),
related to the experimental reports on InSb nanowires. On the
other hand, we have used g factor in bulk InSb material, g =
−51.3 [41], being in the range of the experimentally reported
values [38,42]. Initial check of the numerical recipe presented
in Appendix B were exact analytical results obtained in the
special case of the infinite square well [43]. In this case we
were able to reproduce the results concerning the angular
dependence of the energy splitting between Zeeman sublevels,
Rabi frequency, and the relaxation rate.

The nanowire Hamiltonian [Eq. (1)] describes the single-
electron dynamics in the x direction only. To ensure the
validity of the one-dimensional approximation and to suppress
the dynamics in the yz plane, a much stronger yz plane
confinement than in the x direction is needed. In this case, a
wave function along both directions, y and z, will correspond
to the respective ground state. To take into the account the wire
geometry of the system, the same confinement length y0 =
z0 = 10 nm in the y(z) direction is assumed. We model the
confinement potential as harmonic [39], to which the ground
state wave function ψ (y) = e−y2/2y2

0/
√√

πy0 corresponds. In
the z direction an additional potential eEz (z > 0; z = 0
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corresponds to the position of the substrate) is present due
to the applied electric field. Finally, the substrate acts as an
infinite potential barrier for the confined electron, forbidding
him to propagate in the z < 0 region [44]. The ground state
ψ (z) of the Hamiltonian in the z direction is found using
the same numerical method as for the Hamiltonian in the x
direction. Thus, the ground state wave function in the yz plane
is equal to �(y, z) = ψ (y)ψ (z).

III. EDSR AND SPIN RELAXATION IN NANOWIRE
SPIN QUBIT

In order to achieve electrical control of the nanowire spin
qubit, an oscillating electric field in the x direction should
be switched on, resulting in the Rabi Hamiltonian HR =
eE0x cos(ωEt ). When the applied electric field is in resonance
with our quantum system, Rabi frequency �01 is defined as

�01 = eE0

h
|〈0|x|1〉|, (7)

measuring the speed of the single-qubit rotations. In Eq. (7)
states |0〉 and |1〉 correspond to the ground and first excited
state of the single electron Hamiltonian H , while e|〈0|x|1〉|
is the dipole matrix element. We are particularly interested
in the case where qubit states are Zeeman sublevels of the
orbital ground state, since in this regime strength of the Rabi
frequency can be manipulated by changing the magnetic field
orientation [30].

Besides providing the opportunity to electrically control
the spin qubit, SOC triggers the undesired phonon induced
transition between qubit states, setting up a limit on the qubit
lifetime. Rate of spin relaxation can be determined from the
Fermi golden rule


01 = 2π

h̄

∑
νq

|Mν (q)|2|〈ψ0|eiq·r|ψ1〉|2δ(�E01 − h̄ωνq).

(8)
Transition is triggered by acoustic phonons of energy h̄ωνq
that correspond to the energy separation between qubit states,
�E01 = |E0 − E1|. We assume a linear dispersion relation of
acoustic phonons with respect to the intensity of wave vector
q, ωνq = cν |q|, yielding |q| = �E01/h̄cν .

Next, three different geometric factors |Mν (q)|2 entering
spin relaxation rates originate from different types of electron-
phonon scattering: electron-longitudinal phonon scattering
due to the deformation potential [45]

|MLA−DP(q)|2 = h̄D2

2ρcLAV
|q|, (9)

electron-longitudinal phonon scattering due to the piezoelec-
tric field [45]

|MLA−PZ(q)|2 = 32π2h̄(eh14)2

ε2ρcLAV

(3qxqyqz )2

|q|7 , (10)

where h14 is piezoelectric constant, and electron-transverse
phonon scattering due to the piezoelectric field [45]

|MTA−PZ(q)|2 = 2
32π2 h̄(eh14)2

ε2ρcTAV

×
∣∣∣∣q2

x q2
y + q2

x q2
z + q2

y q2
z

|q|5 − (3qxqyqz )2

|q|7
∣∣∣∣. (11)

Finally, spin relaxation rates are dependent on the tran-
sition matrix element |〈ψ0|eiq·r|ψ1〉|2 which depends on
the full three-dimensional confinement. In order to divide
the contribution of confinements along the nanowire axis
and the yz plane, we write the transition matrix element
as |〈0|eiqxx|1〉|2|Tyz|2, where |〈0|eiqxx|1〉|2 is the contribution
along the nanowire direction, while

|Tyz|2 =
∣∣∣
∫∫

dydz|�(y, z)|2ei(qyy+qzz)
∣∣∣2

(12)

represents scattering in a plane perpendicular to the nanowire
axis.

The role of |Tyz|2 in the spin relaxation rate depends on
the regime in which spin qubit operates. At low magnetic
fields, when |q|z0 � 1 and |q|y0 � 1, dipole approximation
eiq·r ≈ 1 + iq · r is valid [22] and |Tyz|2 can be replaced
with (1 + |q|2z2

0 cos2 θ ) ≈ 1, implying that one-dimensional
approximation is justified. However, at higher magnetic fields,
dipole approximation is not valid and confinement in the yz
direction can play a significant role. To determine its role in
the spin relaxation rate, we have numerically calculated |Tyz|2
beyond the dipole approximation.

Magnetic field strengths for which the system operates out-
side of the dipole approximation (|q|y0 � 1) can be roughly
estimated; assuming energy separation between qubit states
proportional to gμBB, Fermi golden rule determines phonon
wave number |q| = gμBB/(h̄cλ), where cLA = 3800 m/s
[46] and cTA = 1900 m/s [47], giving us magnetic field
strengths for the electron-phonon scattering in the longitudi-
nal (0.084 T) and transverse (0.042 T) direction above which
we are outside of the dipole approximation.

Before we continue, we provide necessary param-
eters for the calculation of the spin relaxation rate:
eh14 = 1.41 × 109 eV/m [45], ε = 16.5, D = 7 eV [48],
ρ = 5775 kg/m3 [49].

A. Rabi frequency

We start the discussion of obtained results with the analysis
of Rabi frequency dependence on the parameters of interest.

In Fig. 2(a), dependence of �01 (in eE0x0/h units) on
θ − ϕ and magnetic field strength is presented for the QD
confinement potential. Our results confirm the expected π

periodic behavior with respect to θ − ϕ [30]. Depending
on the magnetic field strength, results can be divided into
two classes. In the first class qubit states represent Zeeman
sublevels of the orbital ground state; in this regime zero Rabi
frequency can be found for special magnetic field orientations
(θ − ϕ = 0, π ), since these qubit states have orthogonal spin
components. In the second class, magnetic field strengths have
led to rearrangement of energy levels, such that qubit states
originate from the ground and the first excited orbital state.
In this situation, an orbital qubit is constructed, with a very
weak dependence of �01 on θ − ϕ (�01 �= 0 in the orbital
qubit regime for any θ − ϕ). Critical magnetic field value Bc

of spin to orbital qubit transition is almost independent on
θ − ϕ and can be easily determined from the eigenspectrum
analysis. Alternatively, for θ − ϕ = 0, π , abrupt switch of �01

from zero to the nonzero value at Bc is a fingerprint of the
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(a) (b)

(c)

FIG. 2. (a) Dependence of Rabi frequency �
QD
01 (in eE0x0/h

units) on θ − ϕ ∈ (0, π ) and B ∈ (0, 3) T for QD gating potential.
(b) In the case of DQD confinement, dependence of Bc on the
asymmetry parameter δ ∈ (1, 5) and distance between the dots 2d ∈
(30, 120) nm is given. (c) Dependence of the ratio �

DQD
01 /�

QD
01

on θ − ϕ ∈ (0.05, 0.95)π and magnetic field strengths B = 0.01 T,
B = 0.05 T, and B = 0.08 T is presented for the symmetric DQD
potential; distance between the dots is equal to 2d = 120 nm. For
the same angle range and magnetic field values �

QD
01 in eE0x0/h units

is presented.

transition. In the case of the QD potential, we extract the
critical magnetic field value Bc ≈ 2.04 T.

Gating with DQD potential gives a qualitatively similar
dependence of �01 on B and θ − ϕ. Being interested in
the qualitative comparison of the impacts of QD and DQD
potentials, we first establish a basis for comparison between
them. To this end, we assume the same frequency of the QD
potential and the right dot of the DQD potential, ω = ωR, and
vary the asymmetry parameter δ and the distance between
the dots 2d . For highly asymmetric DQD confinement and the
large interdot distance, the electron will reside on only one
dot, i.e., this potential is effectively the same as the single
QD potential. The qualitative similarity of the single and
double QD potential is checked through the comparison of
the probability density of the ground and first excited state
(qubit states); similar probability density profiles of the qubit
states directly correspond to the similar Rabi frequency values
of the two systems. Using the numerical comparison of the
probability densities and the Rabi frequency in the case of QD
and DQD potential, it can be concluded that for 2d � 120 nm
and δ � 5 there is no effective difference between the results
arising from two potentials. In other words, one should use
δ < 5 and 2d < 120 nm to test the genuine effects of the DQD
potential.

Figure 2(b) depicts the dependence of Bc in the DQD case
on δ ∈ (1, 5) and 2d ∈ (30, 120) nm. When compared to the
Bc value in the QD case, drastically lower values are found,
especially in the case of symmetric confinement with well

separated left and right QD. As an example, critical magnetic
field value Bc ≈ 0.085 T for the symmetric DQD confinement
with 2d = 120 nm is roughly 24 times smaller than in the QD
case.

Lower Bc for the symmetric DQD confinement is followed
by at most factor 3 increase of �01(BDQD

c ), when compared to
�01(BQD

c ). This slight increase, followed by lower Bc below
which symmetric DQD operates, indicates a steeper rise of
Rabi frequency for symmetric DQD confinements and the
possibility to induce an even bigger difference between �

DQD
01

and �
QD
01 for the optimal magnetic field configuration. To

investigate this possibility, we have performed a numerical
analysis of the Rabi frequency ratio �

DQD
01 /�

QD
01 for a wide

range of DQD confinements and different magnetic field
strengths/orientations, such that both systems operate as spin
qubits. Our results confirm that symmetric DQD confinement
maximally enhances this ratio when operating at magnetic
field strengths close to Bc for the DQD potential, while the
field orientation should be chosen such that θ − ϕ is close
to 0 or π . In order to illustrate this conclusion, in the left
panel of Fig. 2(c) we present the ratio �

DQD
01 /�

QD
01 for 2d =

120 nm and δ = 1 in the DQD case, assuming field orienta-
tions θ − ϕ ∈ (0.05, 0.95)π and magnetic field strengths B =
0.01 T, B = 0.05 T, and B = 0.08 T (BDQD

c ≈ 0.085 T for this
setup). Since angles θ − ϕ = 0, π should be excluded from
the analysis because they correspond to zero Rabi frequency,
we have restricted our plots to a θ − ϕ region smaller than π

[see the right panel of Fig. 2(c) for the �
QD
01 values], obtaining

the highest ratio of around 800. It should be noticed that for
angles closer to 0/π even bigger ratios (104) can be obtained,
but at the cost of lowering the value of Rabi frequency.

B. Spin relaxation

Another important component for determining spin qubit
quality is the spin relaxation rate. Similarly as Rabi fre-
quency, 
01 is dependent on the magnetic field and gating
potential. However, 
01 can be additionally dependent on the
confinement in yz plane. In order to compare the influence
of three-dimensional confinement with the confinement along
the nanowire axis solely, we define one-dimensional approx-
imation of the relaxation rate 
1D

01 by changing the transition
matrix element |〈ψ0|eiq·r|ψ1〉|2 with |〈0|eiqxx|1〉|2 in Eq. (8).

It has been known that in lateral GaAs QDs spin relaxation
rates are dominated by piezoelectric field [50,51]. In our case,
we wish to analyze the influence of each relaxation channel;
thus, the overall spin relaxation rate will be divided into three
contributions:


01 = 
LA−DP
01 + 
LA−PZ

01 + 
TA−PZ
01 , (13)

each dependent on a different geometric factor, see
Eqs. (9)–(11).

Before presenting the numerical results, conclusions inde-
pendent on the choice of gating potentials are provided. First,

01 shows oscillatory dependence on the θ − ϕ angle, being
equal to zero for θ − ϕ = 0, π and reaching the maximum
for θ − ϕ = π/2 in the spin qubit regime [21]. Second, for
weak magnetic field strengths (B < 0.1 T), piezoelectric fields
dominate relaxation rates. At the same time, yz confinement
can be ignored.
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(a)

(b)

FIG. 3. (a) Dependence of the relaxation rates on the magnetic
field strength B ∈ (0.1, 2) T for θ − ϕ = π/2. Red circles represent
the contribution of deformation potential in the scattering rates, while
inverted pink (blue) triangles show the contribution of piezoelectric
field for the electron-phonon scattering in the transverse (longitu-
dinal) direction. Finally, black squares represent relaxation rates in
the one-dimensional approximation, in which the contribution of
the confinement perpendicular to the nanowire axis is neglected.
(b) Dependence of 
01 on the magnetic field strength B ∈ (0.1, 1.5) T
in the case of QD and DQD confinement potential. Magnetic field
orientation is chosen such that θ − ϕ = 0.05π . In the DQD case,
the distance between the dots is set at 90 nm, while the asymmetry
parameter is varied.

To explore a new type of behavior accessible in InSb spin
qubits, we focus our attention on stronger magnetic fields and
investigate its impact on each relaxation channel and one-
dimensional approximation of the total relaxation rate 
1D

01 .
We start from the QD potential. In Fig. 3(a), dependence of
relaxation rates on B ∈ (0.1, 2) T for the fixed angle θ − ϕ =
π/2 is given [52]. Red circles represent the contribution of
deformation potential, pink inverse (blue) triangles denote the
impact of piezoelectric field in the electron-phonon scattering
along the transverse (longitudinal) direction. Graphs show
that relaxation rate 
LA−PZ

01 can safely be ignored, while

LA−DP

01 and 
TA−PZ
01 have nontrivial influence on 
01. For

weak magnetic fields 
TA−PZ
01 term is dominant, while for

large magnetic fields 
LA−DP
01 should be considered solely

[39]. A different influence of 
TA−PZ
01 and 
LA−DP

01 lies in
the opposite behavior of the corresponding geometric factors:
|MTA−PZ(q)|2 [|MLA−DP(q)|2] is inversely (directly) propor-
tional to the energy splitting between the Zeeman levels and
decreases (increases) with the magnetic field rise.

Contribution of the yz plane confinement on the spin relax-
ation rate can be determined by comparing the 
1D

01 with relax-
ation rate channels. The comparison is illustrated in Fig. 3(a),
clearly demonstrating that one-dimensional approximation of
the spin relaxation rate is valid only for weak magnetic fields,
below 0.1 T. At higher fields, due to the strong g factor
of the InSb material, both |q|y0 and |q|z0 are greater than
one, triggering the effects of the yz plane confinement for
each relaxation rate channel. Thus, suppressed spin relaxation
represents a fingerprint of a material with a strong g factor.

In the case of DQD potentials, dependence of Bc on the
form of gating presents a serious limitation on the regimes that
can be accessed. For example, if the Bc value is sufficiently
weak, Bc < 0.1 T, the spin qubit operates under the dominant
influence of the piezoelectric field. A strong magnetic field
regime is beneficial for spin qubit operation due to strong Rabi
frequency and suppressed spin relaxation. In order to operate
in this regime, asymmetric DQD potential should be used. To
compare the influence of QD and DQD potential on 
01, in
Fig. 3(b), we plot the dependence of the spin relaxation rate in
the case of QD and DQD confinement on the magnetic field
strength B ∈ (0.1, 1.5) T, assuming θ − ϕ = π/2 and 2d =
90 nm. Besides the symmetric δ = 1 confinement, asymmetric
DQD confinements (δ = 2, 3) were analyzed as well. The
presented results show that DQD gating leads to increased
relaxation rates, when compared to the QD potential. This dif-
ference is minimized for highly asymmetric gating potentials.
Note that B independent 
01 values suggest that orbital qubit
is created: energy difference between the states with the same
spin component (representing the orbital qubit states in our
case) is independent on B and triggers phonons on the same
energy, leading to the observed effect. Consequently, these
points should be excluded from the spin qubit analysis.

Finally, we emphasize that in the special case of the asym-
metric DQD potential with δ = 1.5 a similar trend of the spin
relaxation rate is ascertained [21], i.e., after the increase of the
spin relaxation rate in the dominant regime of the piezoelectric
field, suppression of spin relaxation is observed, followed by
the increase up to magnetic field independent saturation value
[see the green triangles in Fig. 3(b) as a comparison].

C. Spin qubit quality

Quantitative estimate of the spin qubit quality can be given
with the help of the figure of merit ξ [22],

ξ = �01


01 + 
o
, (14)

measuring the number of qubit operations that can be imple-
mented during the qubit lifetime. In Eq. (14) 
o represents
relaxation rate of decay channels different from phonons. To
divide the contribution of phonons from them, we rewrite ξ in
terms of the phonon figure of merit ξph = �01/
01 and relative
influence of other channels with respect to phonons 
o/
01.
Thus,

ξ = ξph

1 + 
o

01

. (15)

We first analyze ξph for the QD confinement. Neglect-
ing the weak magnetic field regime [53], in Fig. 4 we
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FIG. 4. For the QD confining potential, dependence of the fig-
ure of merit ξ

QD
ph (given in dimensionless unit 7.25 m

V × E0) and
Rabi frequency (in eE0x0/h units) on the relative angle θ − ϕ ∈
(0.05, 0.95)π and magnetic field strength B ∈ (0.1, 2) T is presented.

present the dependence of ξ
QD
ph on B ∈ (0.1, 2) T and θ − ϕ ∈

(0.05, 0.95)π . The restricted θ − ϕ domain plotted is due to
the a priori exclusion of θ − ϕ = 0, π values (
QD

01 = 0 in
these situations). Plots show that to maximal value of ξ

QD
ph

correspond relative angles θ − ϕ = 0.05π, 0.95π . This result
suggests that for θ − ϕ closer to 0 or π than presented even
bigger ξQD values can be obtained, at the cost of lowering the
Rabi frequency. In other words, 


QD
01 has a steeper decline to

zero than �
QD
01 , when θ − ϕ goes from π/2 to 0 or π .

Magnetic field orientation isotropy of 
o [51] implies that
shift from θ − ϕ = π/2 increases 
o/


QD
01 also. Thus, in order

to maximize ξ , optimization of both ξ
QD
ph and 
o/


QD
01 is

needed. Since at high magnetic fields phonon induced relax-
ation dominates [51], deviation of θ − ϕ from π/2 improves
the spin qubit quality until 
o/


QD
01 drops below 1. This sets

up the optimal magnetic field orientation.
Finally, we compare the impacts of DQD and QD poten-

tials on the spin qubit quality. As discussed in Sec. III A,
Rabi frequency in the DQD case can be three orders of
magnitude greater than in the QD case. Enhanced Rabi fre-
quency suggests that SOC effects are more pronounced; thus,
phonon induced spin relaxation rate should be enhanced.
When compared to the QD case, an increase of 


DQD
01 followed

by the negative trend of ξ
DQD
ph ensures that spin qubit quality

decreases; symmetric DQD confinements give the poorest
results, while highly asymmetric DQD potentials provide
similar values as for QD gating.

IV. CONCLUSIONS

We have investigated the influence of gating potentials,
magnetic field strength and orientation on Rabi frequency
and spin relaxation rate in a single electron InSb nanowire
spin qubit. Due to the strong Landé g factor, we were able
to show that InSb spin qubit can operate in the regime in
which deformation potential of acoustic phonons dominate
relaxation rate. Qualitatively new behavior of spin relax-
ation rate comes from the confinement perpendicular to the
nanowire axis, offering a new regime in which spin qubit
can successfully operate. We have shown that gating potential
has a crucial role in enabling such a situation, additionally
pointing out simple harmonic potential as beneficial for the
optimal definition of a spin qubit. Although presented for InSb

nanowire spin qubits, conclusions remain valid for spin qubits
in other materials with a strong g factor. Thus, modifications
of g due to different effects, e.g., strong in-plane magnetic
field [54], do not interfere with the conclusions stated in this
work.

ACKNOWLEDGMENTS

This research was funded by the Ministry of Education,
Science, and Technological Development of the Republic of
Serbia under projects ON171035 and ON171027 and the
National Scholarship Programme of the Slovak Republic
(ID 28226).

APPENDIX A: DERIVATION OF THE EFFECTIVE
ONE-DIMENSIONAL HAMILTONIAN

Here we derive the effective one-dimensional Hamiltonian
H of the electron in an InSb quantum wire, by averag-
ing the three-dimensional kinetic energy term T3D and two-
dimensional spin-orbit Hamiltonian H2D

so over y and z direc-
tion. Thus, we start from the three-dimensional Hamiltonian

H3D = T3D + V (x) + H2D
so + Hz, (A1)

where T3D = ∑
i=x,y,z P2

i /2m∗ (Pi = pi + eAi),

H2D
so = αR(Pxσy − Pyσx ) + αD(Pxσx − Pyσy), (A2)

while V (x) and Hz are the gating potential and the Zeeman
term, defined in Eq. (4) and Eqs. (5) and (6), respectively. The
choice of the vector potential components Ax = −Bz sin θ ,
Ay = 0, Az = −By cos θ is such that it corresponds to the ap-
plied in-plane magnetic field B = B(cos θ, sin θ, 0). After av-
eraging the kinetic energy operator over the y and z direction
using the ground state wave function �(y, z) = ψ (y)ψ (z), we
get

〈T 〉 = p2
x

2m∗ − eB〈z〉 sin θ

m∗ px +
[ 〈p2

y〉
2m∗ + 〈(pz − eBy cos θ )2〉

2m∗

+e2B2 sin2 θ〈z2〉
2m∗

]
. (A3)

In the previous equation, only the first and second term affect
the dynamics in the x direction, while all terms in the square
brackets can be considered the constant shift of energy and,
therefore, can be neglected.

Next, effective one-dimensional spin-orbit interaction
Hamiltonian is equal to

〈Hso〉 = αR((px − eB〈z〉 sin θ )σy − 〈py〉σx )

+αD((px − eB〈z〉 sin θ )σx − 〈py〉σy)

= (px − eB〈z〉 sin θ )(αRσy + αDσx ), (A4)

where we have used the fact that expectation value of the
momentum py, 〈py〉 = ∫ ∞

−∞ �∗(y, z)py�(y, z), is explicitly
equal to zero.

A further simplification of the effective Hamiltonian can be
made by neglecting the term eB〈z〉 sin θ px/m∗ from Eq. (A3)
and eB〈z〉 sin θ from Eq. (A4). Assuming that intensity of px
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is proportional to h̄/x0, magnetic field dependent terms can be
neglected if the relation

h̄

x0
� eB〈z〉 (A5)

is satisfied. More concretely, when the h̄/x0 is for a factor of
10 stronger than the magnetic field dependent term, orbital
effects of the magnetic field are small and can be discarded.
In our calculations, the magnetic field strengths of interest are
up to 3 T, yielding the relation for the z expectation value

〈z〉 � 0.1
h̄

ex0 × 3 T
(A6)

that has to be satisfied to successfully operate in this regime.
As discussed in Sec. II, the wave function ψ (z) is dependent
on the strength of the applied electric field E : with the
increase of the electric field strength 〈z〉 increases. In other
words, the strength of the electric field is limited from above.
Numerical estimate for the critical value of electric field is
6.5 × 106 V/m, going to be used in our numerical calcula-
tions. Under these assumptions, the effective one-dimensional
Hamiltonian resembles the one defined in Eq. (1), used in the
rest of the paper.

APPENDIX B: NUMERICAL SOLUTION OF THE
ONE-DIMENSIONAL SCHRÖDINGER EQUATION

In order to find eigenvectors and eigenenergies of the
Hamiltonian H , given in Eq. (1), numerical diagonalization
is performed. After defining orbital and spin-orbit lengths as
x0 and xso = h̄/mα, respectively, such that x = x0u, where u
is dimensionless variable, H can be written in the following
form:

H = h̄2

2m∗x2
0

Hred. (B1)

Eigenvectors of H are the same as of Hred, while eigenvalues
of H and Hred differ for the factor h̄2/2m∗x2

0, having the energy
units. The benefits of using Hred instead of H stems from the
transfer into dimensionless units, more suitable for numerical
manipulation. The concrete form of Hred is equal to

Hred = − d2

du2
− 2i

x0

xso
a · σ

d

du
+ Veff (u) + geff n · σ, (B2)

where geff and Veff (u) are effective Landé factor and effective
potential, respectively,

geff = g
m∗x2

0μBB

h̄2 , Veff (u) = 2m∗x2
0

h̄2 V (x0u), (B3)

while vectors a and n are spin-orbit and magnetic field unit
vectors, respectively, defined in the main text. The form of
effective potential depends on the choice of gating potential
(5) and (6), while effective Landé factor is linearly dependent
on the magnetic field strength B.

To numerically solve the eigenproblem of Hred, orbital
space is discretized with an uniform grid. First and second
derivative of a wave function are approximated by finite
difference uniform grid formulas [55]

dψ (u)

du
= ψ−4

280h
− 4ψ−3

105h
+ ψ−2

5h
− 4ψ−1

5h

− ψ4

280h
+ 4ψ3

105h
− ψ2

5h
+ 4ψ1

5h
+ O(h8), (B4)

d2ψ (u)

du2
= − ψ−4

560h2
+ 8ψ−3

315h2
− ψ−2

5h2
+ 8ψ−1

5h2
− 205ψ0

72h2

− ψ4

560h2
+ 8ψ3

315h2
− ψ2

5h2
+ 8ψ1

5h2
+ O(h8), (B5)

with accuracy to the h8 order, where h is the uniform grid step.
By definition, ψ±n = ψ (u ± nh) represent wave functions
shifted in the left/right (−/+) direction of the coordinate
space for nh.

Uniform grid formulas allow us to represent the Hamilto-
nian as a square matrix. Effective potential is represented as
a diagonal matrix, while matrix representation of the first and
second order derivative have nondiagonal terms in addition.
Since Hred is dependent on spin degrees of freedom also,
the orbital part of the Hamiltonian is trivially extended in
the spin space. Also, the Zeeman Hamiltonian is trivially
extended in the orbital space, while the matrix form of the
spin-orbit Hamiltonian is obtained as a tensor product of the
first derivative matrix and spin Hamiltonian a · σ.

In the QD case, harmonic potential is centered at u = 0,
while in the case of DQD potential numerical calculations
assumed each QD center range from u = ±1/2 to u = ±2.
We have checked that for all studied situations the choice of u
from the interval (−8, 8) is enough to capture the smooth de-
cline of the orbital wave function to 0 at u = ±8. Also, the di-
vision of the orbital space into N = 2000 parts was enough to
ensure convergence of the results, i.e., for the increase of N to
4000 the relative difference between the results is below 10−4.
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We study the influence of quantum dot symmetry on the Rabi frequency and phonon-induced spin relaxation
rate in a single-electron GaAs spin qubit. We find that anisotropic dependence on the magnetic field direction
is independent of the choice of the gating potential. Also, we discover that relative orientation of the quantum
dot, with respect to the crystallographic frame, is relevant in systems with C1v, C2v, or Cn (n �= 4r) symmetry.
To demonstrate the important impact of the gating potential shape on the spin qubit lifetime, we compare the
effects of an infinite-wall equilateral triangle, square, and rectangular confinement with the known results for the
harmonic potential. In the studied cases, enhanced spin qubit lifetime is revealed, reaching almost six orders of
magnitude increase for the equilateral triangle gating.

DOI: 10.1103/PhysRevB.101.165302

I. INTRODUCTION

Every quantum two-level system can act as the quantum
bit, a basic unit of quantum information processing [1,2].
Among different solid-state implementations of the qubit sys-
tem [3–6], single-electron spin in a semiconductor quantum
dot (QD) can be used to achieve the task. In order to manipu-
late spins of charge carriers embedded inside a semiconductor
material electrically, through electric dipole spin resonance
(EDSR) [7], the presence of spin-orbit interaction (SOI) is
obligatory.

Besides its positive effect in EDSR-based schemes [8–16],
SOI enables the electron-phonon coupling-mediated transi-
tions between the qubit states [17–20], affecting the spin
qubit lifetime. To suppress the coupling to phonons, different
approaches like the optimization of the QD design [21,22] or
control of the system size [23] were suggested. The observed
anisotropy of the spin relaxation rate on the in-plane magnetic
field orientation [24] offered another playground for fine-
tuning the spin qubit’s desired properties. In circular QDs, this
is the only degree of freedom accessible in the optimization
of the spin qubit, while for the elliptical confining potential
[22,25–27] orientation of the QD potential with respect to the
crystallographic frame can be used as the tuning parameter.

Evidently, different symmetry of the gating potential [28] is
the main reason for the observed behavior. But to what extent
can the potential symmetry alter the basic properties of the
electrically controlled spin qubit? To address this question,
we have performed a general analysis valid for the lateral
GaAs QD system with Cnv or Cn symmetry of the gating
potential. Besides the expected anisotropy on the magnetic
field orientation, we were able to find potential symmetries for
which the QD orientation with respect to the crystallographic
frame can act as another control parameter of the spin qubit
characteristics. With our theory, we offer a simple and effi-

cient way to determine the impact of the gating potential on
the Rabi frequency and spin relaxation rate. This is shown in
the example of anisotropic and isotropic harmonic potential,
as well as for the infinite-wall equilateral triangle, square, and
rectangular potential.

This paper is organized as follows. In Sec. II we define a
single-electron GaAs spin qubit model. In Sec. III we define
the dipole moment of the electrically controlled spin qubit
that describes both the Rabi frequency and SOI-induced spin
relaxation rate mediated by acoustic phonons. In Sec. IV we
present the main results of the paper: analytical expressions
for the dipole moment in the case of the gating potential with
Cnv or Cn symmetry. In Sec. V, to illustrate the impact of
the gating potential on the spin qubit lifetime we use the
obtained expressions to compare the influence of the harmonic
confinement with an infinite-wall equilateral triangle, square,
and rectangular potential. In Sec. VI we give our conclusions.

II. DYNAMICS OF THE LATERAL QD

We start with the Hamiltonian describing the lateral dy-
namics of a single-electron in the GaAs material,

H = H0 + Hz + Hso = p2
x + p2

y

2m∗ + V (x, y) + Hz + Hso, (1)

where px and py are the momentum operators, m∗ is the
effective mass (m∗ = 0.067me for GaAs, me is the electron
mass), while V (x, y) is the gating potential used to localize
the electron in a QD. In the lateral system, symmetries that
can be present are the n-fold rotational symmetry and the
vertical mirror plane symmetry σv. For simplicity, we assume
that σv coincides with the yz plane of the QD coordinate frame
(see Fig. 1). Thus, we assume a general form of the orbital
Hamiltonian H0 that has a Cnv or Cn (n = ∞ also) symmetry.
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FIG. 1. A schematic view of the GaAs lateral QD. The y axis
of the QD reference frame coincides with the vertical mirror plane
symmetry σv. We define the angle between the chosen x axis and the
crystallographic [100] axis as ϕ. The magnetic field is aligned along
the n direction, forming an angle α with the [100] direction.

Due to the symmetry, eigenenergies and eigenvectors of H0

can be classified according to the irreducible representations
(IRs) of a given point-group symmetry.

Besides H0, in Eq. (1) the Zeeman term Hz appears, de-
scribing the coupling of spin and magnetic field:

Hz = gμBB · s, (2)

where g is the effective Landé factor (g ≈ −0.44 for GaAs),
μB is the Bohr magneton, s = 1/2σ is the electron’s spin,
and B = Bn is the in-plane magnetic field forming an angle
α with the crystallographic [100] axis. In Eq. (1) we have
neglected the orbital effects of the in-plane magnetic field.
This is a reasonable assumption for the magnetic field strength
weaker than a few teslas [29]. In the case of the magnetic field
applied in the z direction, orbital effects would be much more
pronounced [29].

Eigenstates of H0 + Hz can be written in a direct prod-
uct form |�i±〉 = |�i〉 ⊗ |±〉, where |�i〉 corresponds to
the eigenvectors of the Hamiltonian H0 with an energy εi,
while |±〉 represents eigenvectors of Hz with spin projection
parallel or antiparallel to the magnetic field direction and
an eigenenergy ±gμBB/2, respectively. The effect of Hz on
the eigenspectra of H0 can be seen as the splitting of H0

eigenenergies into two branches with an energy difference
|g|μBB. In this work, we assume that |g|μBB is much weaker
than the energy difference between the ground and the first
excited state of the orbital Hamiltonian H0.

Besides H0 (Hz) that acts trivially in the spin (orbital)
space, the SOI Hamiltonian does not commute with H0 + Hz.
It consists of two terms, Dresselhaus [30] and Rashba [31]: the
Dresselhaus term exists due to the bulk inversion asymmetry
of the structure, while the Rashba term is present when an
electric field perpendicular to the growth direction is applied.
The form of spin-orbit coupling is dependent on the structure’s
symmetry. For GaAs, having the zincblende structure, the SOI
Hamiltonian is equal to

Hso = 2αd
(
pc

ysy − pc
xsx

) + 2αr
(
pc

xsy − pc
ysx

)
, (3)

where αr and αd are Rashba and Dresselhaus coupling con-
stants, while pc

x and pc
y are momentum operators in the [100]

and [010] crystallographic directions, respectively. The elec-
tron spin is locked to the crystal momentum, since the po-
tential trap confines electron of the crystal. Thus, an electron
in a QD inherits the features of the crystal for which the
crystal momentum is only appropriately defined. However,
we have the choice to define the x axis of our coordinate
frame independently on the crystallographic [100] direction.
Assuming that the angle between them is ϕ, pc

x and pc
y should

be written in terms of momentum operators in the chosen
frame: pc

x = px cos ϕ − py sin ϕ, pc
y = px sin ϕ + py cos ϕ.

The spin-orbit Hamiltonian can be written in a different
form using the Rashba lr = h̄2/2mαr and Dresselhaus ld =
h̄2/2mαd precession lengths:

Hso = h̄

(
pc

ysy − pc
xsx

m∗ld
+ pc

xsy − pc
ysx

m∗lr

)
. (4)

To compare the ratio of the spin-orbit precession length and
the orbital confinement length l , we redefine lr and ld in terms
of the overall spin-orbit length lso and the spin-orbit angle ν:

l−1
d = l−1

so sin ν, l−1
r = l−1

so cos ν. (5)

Since we assume no doping of the GaAs material [32], lso can
be considered constant. Moreover, the relation lso � l [29,33]
is satisfied in GaAs QDs, meaning that SOI can be treated as
a perturbation.

Without SOI, qubit states can be defined as |�0±〉 =
|�0〉 ⊗ |±〉, where |�0〉 corresponds to the ground state of
the spin-independent Hamiltonian H0. Because SOI can be
treated on the level of a perturbation, we calculate first-order
corrections of the qubit states due to spin-orbit coupling. Since
it is known that the standard perturbation technique badly
incorporates the spin-orbit-induced corrections [34,35], we
follow the procedure explained in Ref. [22]: the Hamiltonian
H is transformed using the unitary operator U = exp(inso · s),
defined with the help of the position-dependent spin-orbit
vector nso = l−1

so (r1 sin ν + r2 cos ν,−r1 cos ν − r2 sin ν, 0):

UHU † = H0 + Hz + H eff
so . (6)

The unitary operator U does not change the orbital and
Zeeman Hamiltonian. On the other hand, the SOI Hamiltonian
Hso is transformed into

H eff
so = gμB(nso × B) · s − h̄2

4m∗l2
so

(1 + 2lzsz cos 2ν), (7)

where lz = −i(r1∂r2 − r2∂r1 ) is the orbital angular momen-
tum. Using H eff

so , the first-order correction of the qubit states
can be written as

δ|�0σ
′〉 = U

∑
i �=0,σ ′′

〈�iσ
′′|H eff

so |�0σ
′〉

ε0 − εi + σ ′−σ ′′
2 gμBB

|�iσ
′′〉, (8)

where the sum over i �= 0 corresponds to all orbital eigenvec-
tors |�i〉 different from the ground state |�0〉, while σ ′′ = ±.

The lateral QD model is valid if the electron dynamics in
the z direction is suppressed; i.e., an electron is always in
the ground state. Thus, we assume that confinement length
in the z direction is much stronger than in the xy plane. The
Hamiltonian describing the quantum confinement in the z
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direction is equal to H (z) = p2
z/2m∗ + V (z), where V (z) =

eE0z for z � 0 and V (z) = ∞ for z < 0. To this Hamiltonian
corresponds the following ground state (for z > 0) [36]:

�0(z) = 1.4261
√

χAi(χz − 2.3381), (9)

where Ai is the Airy function, while χ = (2m∗eE0/h̄2)1/3 is
the inverse of the characteristic length z0 = 1.5587/χ in the z
direction.

In order to simplify the notation, in the rest of the paper
we assume that |↑〉 and |↓〉 represent SOI corrected qubit
states in the xy plane, while |�↑〉 = |↑〉�0(z) and |�↓〉 =
|↓〉�0(z) correspond to wavefunctions of the qubit states in
three dimensions.

III. RABI FREQUENCY AND PHONON-INDUCED SPIN
RELAXATION RATE

Electrical control of the spin qubit is possible by applying
the in-plane oscillating electric field E cos ωt , resulting in the
Rabi Hamiltonian HR = eE · r cos(ωt ). The Rabi frequency,
measuring the speed of the single-qubit rotations, is equal to
� = e/h̄|E · 〈↑|r|↓〉|, where

d↑↓ = 〈↑|r|↓〉 (10)

is the dipole moment (in e units), present due to the SOI-
induced spin mixing mechanism. Misalignment of the ap-
plied field direction and the dipole moment leads to a trivial
suppression of the Rabi frequency. Since it is beneficial to
increase the Rabi frequency as much as possible, the electric
field should be applied in the direction of the dipole moment.
Thus, for fixed |E|, the maximal value max(�) = �↑↓ of the
Rabi frequency

�↑↓ = e

h̄
|E||d↑↓| (11)

is completely dependent on the strength of the dipole moment.
Since spin-phonon interaction in semiconductor QDs is ir-

relevant [17], unlike donor-bound electrons in direct band-gap
semiconductors [37], only electron-phonon-induced transition
between the qubit states should be considered in the study of
spin relaxation. Electron-phonon coupling is triggered by the
SOI-induced admixture mechanism, being highly dependent
on the symmetry of the gating potential [37]. We determine
the rate of spin relaxation at T = 0 from the Fermi golden
rule,


↑↓ = 2π

h̄

∑
νq

|Mν (q)|2|〈�↑|eiq·rc |�↓〉|2δ(ε↑↓ − h̄ωνq),

(12)
assuming the dominant contribution of acoustic phonons,
having an energy h̄ωνq, equal to the level separation between
the qubit states, ε↑↓ = |g|μBB. For magnetic field strengths up
to a few teslas, relevant for this work, the linear dependence
of phonon frequencies on the crystal wave vector length can
be used, ωνq = cν |q|, giving us |q| = |g|μBB/h̄cν [38].

The geometric factor |Mν (q)|2 is dependent on the phonon
mode, longitudinal acoustic (LA) or transverse acoustic (TA).
The longitudinal geometric factor [39]

|MLA(q)|2 = h̄D2

2ρcLAV
|q| + 32π2h̄(eh14)2

ε2ρcLAV

(3qxqyqz )2

|q|7 (13)

depends on both D and h14, representing the deformation and
piezoelectric constant, respectively. On the other hand, the
transverse geometric factor [39]

|MTA(q)|2 = 2
32π2 h̄(eh14)2

ε2ρcTAV

×
∣∣∣∣∣q2

x q2
y + q2

x q2
z + q2

y q2
z

|q|5 − (3qxqyqz )2

|q|7
∣∣∣∣∣ (14)

is dependent on the piezoelectric constant solely. Other pa-
rameters for the GaAs material are [22,34] cLA = 5290 m/s,
cTA = 2480 m/s, ρ = 5300 kg/m3, D = 7 eV, eh14 = 1.4 ×
109 eV/m, and ε = 12.9.

Finally, in Eq. (12) both the lateral and the z-direction
confinement enter the relaxation rate through the scattering
matrix element |〈�↑|eiq·rc |�↓〉|2. We employ the dipole ap-
proximation eiq·rc ≈ 1 + iq · rc, justified for magnetic field
strengths below a few teslas.

To summarize, the phonon-induced relaxation rate can be
divided into three separate channels: the deformation phonons

def

↑↓ , the longitudinal piezoelectric phonons 

piez,LA
↑↓ , and

the transverse piezoelectric phonons 

piez,TA
↑↓ . In GaAs QDs,



piez,TA
↑↓ is the dominant relaxation channel, being two orders

of magnitude stronger than 

piez,LA
↑↓ + 
def

↑↓ in the dipole ap-
proximation regime. Thus, we can identify the total relaxation
rate with 


piez,TA
↑↓ [40]:


↑↓ = 256π (eh14)2(|g|μBB)3

105c5
TAρ h̄4ε2

(
1 + 7

33
K2

TAz2
0

)
|d↑↓|2, (15)

where KTA = |g|μBB/h̄cTA. We assume a typical confinement
length l = 10 nm [29,33] of the GaAs QD in an experimental
setup and magnetic field up to a few teslas (see Sec. II). Since
confinement in the z direction is much stronger than in the xy
plane, z0 � l , we conclude that 7K2

TAz2
0/33 is much weaker

than 1. In other words, the influence of the confinement in the
z direction can be neglected.

Note that 
↑↓ is squarely dependent on the absolute value
of the dipole moment, meaning that the knowledge of the
dipole moment is sufficient to fully explain the behavior of
both the Rabi frequency and the spin relaxation rate.

IV. ANALYTICAL EXPRESSION FOR
THE DIPOLE MOMENT

Based on the previous conclusion, we come to the main ob-
jective: to derive symmetry-allowed expression for the dipole
moment. The results can be divided into three cases, according
to the system’s group symmetry: (1) Cnv (n � 3) and C∞v, (2)
C2v and C1v, and (3) Cn and C∞.

A. Dipole moment for systems with Cnv (n � 3)
or C∞v symmetry

To find the SOI-induced perturbative correction of the
qubit states, we first rewrite the unitarily transformed SOI
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|g|μBB

|Ea+>
i |g|μBB

y x xyx,yx,yx,yx,y

_

Cnv  C  v/ C2v∞

|Ea   >
i

|A0+>

|Eb+>
i

_|Eb   >
i

|A0     >_

|A1+>
i

_|A1   >
i

|A0+>
|g|μBB

|A0     >_

|g|μBB
|g|μBB |B1+>

i

_|B1   >
i

FIG. 2. A schematic view of the first-order perturbation correc-
tion of the qubit states |A0±〉 in the case of Cnv (C∞v) (left) and
C2v (right) symmetry. In the first case, states that correct the qubit
states have twofold orbital degeneracy and transform according to
the IR E1. These states are split by the Zeeman energy |g|μBB. The
transition between the SOI uncorrected qubit states and the |Ei

a,b〉
states is enabled by the x and y terms from H eff

so . In the second
case, orbital states involved in the qubit states correction transform
according to IRs A1 and B1; the transition is triggered by the terms y
and x from H eff

so , respectively.

Hamiltonian in the coordinate frame of the potential,

H eff
so = gμBBsz(x(sin (ν + ϕ) sin α + cos (ν − ϕ) cos α)

+ y(cos (ν + ϕ) sin α + sin (ν − ϕ) cos α)), (16)

and neglect the second term in Eq. (7), assuming magnetic
field strengths > μT needed to appropriately define the qubit
states. For simplicity, we define two factors,

vx = sin(ν + ϕ) sin α + cos(ν − ϕ) cos α, (17)

vy = cos (ν + ϕ) sin α + sin (ν − ϕ) cos α, (18)

with whose help H eff
so can be written in a more compact form.

The Hamiltonian H eff
so is in the orbital space dependent on

the coordinates x and y that transform according to the IR E1.
Their symmetry behavior restricts the states that can appear in
the perturbative correction of the qubit states. It is simple to
check that only states transforming according to the IR E1 are
allowed. This is illustrated in the left-hand panel of Fig. 2.

We label the ground state of the orbital Hamiltonian as
|A0〉, since the ground state in quantum mechanical systems
is of the maximal possible symmetry [41] and it should trans-
form according to the A0 IR, representing the objects invariant
under all group symmetry operations (see Table I). We write
two complex conjugate basis vectors of the two-dimensional
IR E1 as |Ei

a〉 and |Ei
b〉, where i labels the energy level. Also,

we define the energy difference between the excited level and
the ground state as εi = εi

ex − εgr .
Due to the negative g factor, the lowest qubit state |A0+〉 =

|A0〉 ⊗ |+〉 is parallel to the magnetic field direction, while
|A0−〉 = |A0〉 ⊗ |−〉 is the qubit state with spin projection
antiparallel to the magnetic field direction. The first-order
perturbative correction to the qubit states is written as |δA0±〉.
Thus, we can write the SOI corrected qubit states as |↑↓〉 =
|A0±〉 + |δA0±〉, where the normalization factor is omitted as
the correction is small. Correspondingly, the dipole moment

TABLE I. For Cnv and C∞v symmetry groups, tables of matrices
of the corresponding IRs are given [42], tabulated on the generators
Cn (Rβ ) and σv, where Cn (Rβ ) represents a rotation for the angle
2π/n (β) around the z axis. In the Cnv case, two-dimensional IRs
exist if n � 3. In both cases, two-dimensional IRs are written in a
complex conjugate basis.

Cnv IR m Cn σv

A0/B0 0 1 ±1

Em (0, n
2 )

(ei 2π
n m 0
0 e−i 2π

n m

) (0 1
1 0

)
A n

2
/B n

2

n
2 −1 ±1

C∞v IR m Rβ σv

A0/B0 0 1 ±1

Em 1, 2, . . .
(eiβm 0

0 e−iβm

) (0 1
1 0

)

is equal to

d =
∑
j=x,y

〈↑|r · e j |↓〉e j =
∑
j=x,y

(〈A0+|r · e j |δA0−〉e j

+〈δA0+|r · e j |A0−〉e j ). (19)

Since lso � l , we approximate the unitary operator U with
I2, where I2 is the identity 2 × 2 matrix. After noticing that
〈±|sz|∓〉 = −1/2, 〈±|sz|±〉 = 0, we find the SOI-induced
corrections of the qubit states

|δA0±〉 = |g|μBB

2lso

∑
i

(〈
Ei

a

∣∣xvx + yvy|A0〉
εi ± |g|μBB

∣∣Ei
a∓

〉

+
〈
Ei

b

∣∣xvx + yvy|A0〉
εi ± |g|μBB

∣∣Ei
b∓

〉)
. (20)

Additionally, transition dipole matrix elements are labeled as

X i = 〈
Ei

a

∣∣x|A0〉, Y i = 〈
Ei

a

∣∣y|A0〉. (21)

Since the Zeeman splitting is much smaller than the or-
bital excitation energies, |g|μBB � εi, the approximation εi ±
|g|μBB ≈ εi can be made. Thus, Eq. (20) is transformed into

|δA0±〉 = |g|μBB

2lso

∑
i

(
X ivx + Y ivy

εi

∣∣Ei
a∓

〉

+ (X i )∗vx + (Y i )∗vy

εi

∣∣Ei
b∓

〉)
, (22)

where (X i )∗ and (Y i )∗ are the complex conjugates of X i and
Y i, respectively. Components of the dipole moment can now
be written in a more compact form:

dx = 2|g|μBB

lso

∑
i

|X i|2vx + Re(X i(Y i )∗)vy

εi
,

dy = 2|g|μBB

lso

∑
i

|Y i|2vy + Re(X i(Y i )∗)vx

εi
, (23)

where Re(X i(Y i )∗) stands for the real part of X i(Y i )∗. Poten-
tial dependent parameters that enter Eq. (23) are the transition
dipole matrix elements and the excitation energies. Besides
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them, dipole moment components are dependent on the spin-
orbit angle ν, magnetic field angle α, and the angle ϕ between
the [100] crystallographic direction and the x axis.

A further simplification of Eq. (23) stems from the ex-
istence of the vertical mirror symmetry σv, requiring that
Re(X i(Y i )∗) must be zero. This can be proven in a few
simple steps. First, we deduce from the matrix of an IR E1,
representing the vertical mirror plane, that σv transforms one
IR vector into the other, E1(σv)|Ei

a,b〉 = |Ei
b,a〉. Furthermore,

y remains unchanged, while x acquires a minus sign, leading
to the following behavior of the transition matrix elements X i

and Y i under vertical mirror plane symmetry:

X i σv−→ −(X i )∗, Y i σv−→ (Y i )∗. (24)

From the previous relations, we conclude that the term
Re(X i(Y i )∗) transforms into −Re(X i(Y i )∗), meaning that this
object does not obey the symmetry of a system and must
vanish.

Additionally, rotational symmetry of a system imposes
that matrix elements |X i|2 and |Y i|2 are equal. This can be
concluded from the action of the rotation Cn for an angle βn =
2π/n around the z axis, being the element of the group sym-
metry. An element Cn leaves the vector |A0〉 unchanged and
adds a phase exp(iβn) to the vector |Ei

a〉. Also, it transforms x
and y to x cos βn + y sin βn and −x sin βn + y cos βn. Thus, X i

and Y i are transformed into exp(−iβn)(X i cos βn + Y i sin βn)
and exp(−iβn)(−X i sin βn + Y i cos βn), respectively. Corre-
spondingly,

|X i|2 Cn−→ |X i|2 cos2 βn + |Y i|2 sin2 βn,

|Y i|2 Cn−→ |X i|2 sin2 βn + |Y i|2 cos2 βn, (25)

where we have neglected the Re(X i(Y i )∗) term, which was
previously proven to equal to zero. Since |X i|2 and |Y i|2 must
remain unchanged under the group symmetry operations, we
conclude that the relation |X i|2 = |Y i|2 must hold. Thus, we
have obtained a general relation for the dipole moment in the
case of the potential symmetry Cnv (n � 3):

dCnv
↑↓ = 2|g|μBB

lso

(∑
i

|X i|2
εi

)
(vxex + vyey). (26)

In these situations, the absolute value of the dipole moment
|dCnv

↑↓ |2 ∼ (1 + sin 2α sin 2ν) is independent of the orientation
of the potential with respect to the crystallographic frame.

Analogous analysis can be conducted in the C∞v case.
Since the matrix form of the IRs A0 and E1 (see Table I) for
this symmetry group is the same as for Cnv, the procedure
is exactly the same if the change βn → β in the previous
discussion is made.

As an example, we implement the derived formula (26) in
the case of the isotropic two-dimensional harmonic confine-
ment V iho(x, y) = 1/2m∗ω2(x2 + y2) with C∞v symmetry, as-
suming only one excited level in the perturbative correction
of the qubit states. With the help of the states ψ0 and ψ1,
corresponding to the ground and the first excited states of
the one-dimensional harmonic oscillator, we can define the
ground state |A0〉 and two complex conjugate eigenstates |Ea〉
and |Eb〉 of the degenerate level: |A0〉 = ψ0(x)ψ0(y), |Ea〉 =
(ψ0(x)ψ1(y) + iψ1(x)ψ0(y))/

√
2, and |Eb〉 = (ψ0(x)ψ1(y) −

iψ1(x)ψ0(y))/
√

2. In this case, the squared norm of the tran-
sition matrix element is equal to |X |2 = h̄/4m∗ω. Using the
energy difference of the ground and the first excited energy
level ε = h̄ω and the confinement length l = √

h̄/m∗ω, an
expression for the dipole moment is obtained [22]:

diho
↑↓ = |g|μBBm∗l4

2lsoh̄2 (vxex + vyey). (27)

B. Dipole moment for systems with C2v or C1v symmetry

As the next step, we discuss potentials with C2v symmetry.
In this case, coordinates x and y transform according to the
IRs B1 and A1, respectively. Their symmetry behavior imposes
the following: x (y) couples the ground state |A0〉 with states
transforming according to the IR B1 (A1) (see the right-hand
panel of Fig. 2). Thus, the SOI-induced corrections of the
qubit states are

|δA0±〉 = |g|μBB

2lso

∑
i

(〈
Bi

1

∣∣xvx|A0〉
εi

B1

|Bi
1∓〉

+
〈
Ai

1

∣∣yvy|A0〉
εi

A1

∣∣Ai
1∓

〉)
, (28)

where εi
B1

(εi
A1

) is the energy difference between the energy
level transforming according to the IR B1 (A1) and the ground-
state energy. We define the transition matrix elements as

X i = 〈
Bi

1

∣∣x|A0〉, Y i = 〈
Ai

1

∣∣y|A0〉, (29)

and obtain the formula for the dipole moment,

dC2v
↑↓ = |g|μBB

lso

∑
i

(
|X i|2
εi

B1

vxex + |Y i|2
εi

A1

vyey

)
. (30)

In this case, anisotropy of the dipole moment appears since it
is not forbidden that

∑
i |X i|2/εi

B1
differs from

∑
i |Y i|2/εi

A1
.

The anisotropy of the dipole moment can be illuminated
using the example of the anisotropic two-dimensional har-
monic potential V aho(x, y) = 1/2m∗(ω2

x x2 + ω2
y y2), with dif-

ferent confinement lengths lx = √
h̄/m∗ωx and ly = √

h̄/m∗ωy

along the x and y directions. We set l = lx and ly = kl ,
where k < 1 is the measure of anisotropy. We assume two
excited orbital states in the perturbative correction: one of
type A1 and one of type B1. In this case we define the
ground state |A0〉 = ψ0(x)ψ0(y) and two excited orbital states
|A1〉 = ψ0(x)ψ1(y) and |B1〉 = ψ1(x)ψ0(y), where ψ0/1(x/y)
represents the ground or first excited state (subscript 0 or
1, respectively) of the one-dimensional harmonic oscillator
problem in the x or y direction. The obtained result

daho
↑↓ = |g|μBBm∗l4

2lsoh̄2 (vxex + k4vyey) (31)

is again consistent with Ref. [22].
In the case of the C1v symmetry, using a similar analysis as

in the previous case, we obtain the expression for the dipole
moment,

dC1v
↑↓ = |g|μBB

lso

∑
i

(
|X i|2
εi

B0

vxex + |Y i|2
εi

A0

vyey

)
, (32)
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where X i = 〈Bi
0|x|A0〉, Y i = 〈Ai

0|y|A0〉, and εi
A0/B0

is the en-
ergy difference between the nondegenerate energy level trans-
forming according to the IR A0/B0 and the ground-state
energy.

C. Dipole moment for systems with Cn or C∞ symmetry

In the case of Cn symmetry, all IRs Am (m ∈ (−n/2, n/2])
are one dimensional and represent an element of symmetry
Cs

n (s = 0, 1, . . . , n − 1) as ei2πms/n. Besides the geometric
symmetry, the time-reversal symmetry � should be included
also [43]. Time-reversal � changes the sign of the quantum
number m labeling the IR vector |Am〉, since it acts as a
complex conjugation in the orbital space:

�|Am〉 = |A−m〉. (33)

The eigenproblem of the Hamiltonian H |Am〉 = εm|Am〉,
when combined with the commutation relation [�, H0] = 0,
gives us

H |A−m〉 = εm|A−m〉, (34)

stating that, for n � 3, vectors |Am〉 and |A−m〉 are eigen-
states of the degenerate level εm. To this degenerate level
corresponds the reducible representation Am ⊕ A−m (except
for m = n/2). The representation Am ⊕ A−m is equivalent to
the IR Em of the Cnv group (see Table I) if the generator σv is
neglected. In other words, Eq. (23) for the dipole moment is
valid also in this case, since it is obtained without assuming
the presence of vertical mirror symmetry. In this case vectors
|Ei

a〉 and |Ei
b〉 coincide with |Ai

1〉 and |Ai
−1〉, respectively.

A further simplification of Eq. (23) appears for systems
whose symmetry element is π/2 rotation. This happens if the
relation n = 4r (r ∈ N) is satisfied. Since Re(X i(Y i )∗) = 0
and |X i|2 = |Y i|2 in this case, Eq. (26) is relevant. Using the
same reasoning it can be concluded that Eq. (26) is valid in
the C∞ case also.

Finally, the dipole moment components for the C2 symme-
try are equal to

(dC2
↑↓)x = |g|μBB

lso

∑
i

|X i|2vx + Re(X i(Y i )∗)vy

εi
A1

,

(dC2
↑↓)y = |g|μBB

lso

∑
i

|Y i|2vy + Re(X i(Y i )∗)vx

εi
A1

, (35)

where X i = 〈Ai
1|x|A0〉, Y i = 〈Ai

1|y|A0〉, and εi
A1

is the energy
difference between the level transforming according to the IR
A1 and the ground-state energy.

To conclude, anisotropy of the potential orientation with
respect to the crystallographic frame is present in systems
without the π/2 group element (n �= 4r, r ∈ N); isotropic
behavior is present if a rotation for π/2 is the group element,
i.e., if n = 4r (r ∈ N) or n = ∞.

V. APPLICATIONS: INFINITE-WALL EQUILATERAL
TRIANGLE, SQUARE, AND RECTANGULAR POTENTIAL

The results presented in the previous section fully explain
the dependence of the Rabi frequency and spin relaxation
rate on the spin-orbit angle, magnetic field direction, and the

a

[100]

φ
α x

y

n

[100]

φ
α x

y

n

a

b

FIG. 3. Infinite-wall equilateral triangle (left) and rectangular
(right) gating potential. In both cases, potential is zero inside the area
of the polygon; otherwise it is ∞.

relative orientation of the gating potential with respect to the
crystallographic frame.

However, symmetry arguments alone cannot provide us
with a qualitative estimation of the spin relaxation rate, corre-
sponding to the phonon-allowed spin qubit lifetime. Since 
↑↓
is known for the harmonic gating [22], we wish to compare
the phonon-induced spin relaxation rate of other confinement
potentials with the known values. To this end, we analyze the
spin qubit confined inside the infinite-wall equilateral triangle,
square, and rectangular gating potential (see Fig. 3):

V tqd =
{

0 for x ∈ [ y
√

3−a
3 ,

a−y
√

3
3

]
, y ∈ [−a

√
3

6 , a
√

3
3

]
∞ otherwise,

(36)

V rqd =
{

0 for x ∈ [− a
2 , a

2

]
, y ∈ [− b

2 , b
2

]
∞ otherwise.

(37)

In the first case, Eq. (36), the potential has C3v symmetry
and the corresponding eigenvectors of the spin-independent
Hamiltonian H0 transform according to the one-dimensional
IRs A0 and B0 and two-dimensional E1 IR of the C3v group.
The set of eigenenergies ε

tqd
p,q and eigenvectors ψA0

p,q, ψB0
p,q, and

ψE1±
p,q [44] are dependent on two parameters p and q that have

different sets of allowed values for each IR. Their concrete
form is given in Appendix A.

In the second case, Eq. (37), the symmetry of the po-
tential is dependent on the ratio k = b/a ∈ (0, 1]: if k = 1,
the symmetry of the problem is C4v; otherwise, C2v is the
symmetry of the spin-independent Hamiltonian H0. In both
situations, eigenenergies and eigenvalues can be found by
using the separation of variables. The set of eigenenergies ε

rqd
p,q

and eigenvectors ψ
rqd
p,q in this case is

εrqd
p,q = h̄2π2

2m∗a2

(
p2 + q2

k2

)
, (38)

ψ rqd
p,q = 2

a
√

k
sin

[ pπ

a

(
x + a

2

)]
sin

[
qπ

ak

(
y + ka

2

)]
, (39)

defined using the two independent parameters p � 1 and
q � 1 that take integer values. However, these solutions
do not have any definite symmetry [45]. Therefore, they
need to be symmetrized to apply the general results from
Sec. IV. Symmetry-adapted eigenfunctions can be found in
Appendix B.
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After calculating the transition dipole matrix element and
the excitation energies for two excited states in the perturba-
tive correction [46], we obtain the desired results

dtqd
↑↓ = 324

226352π8

|g|μBBm∗a4

lsoh̄2 (vxex + vyey), (40)

drqd
↑↓ = 29

35π6

|g|μBBm∗a4

lsoh̄2 (vxex + k4vyey), (41)

where the first result corresponds to the infinite-wall equilat-
eral triangle potential, while the second one is valid for both
the infinite-wall square, k = 1, and rectangular, k �= 1, poten-
tials. Dipole moment constants 324/226352π8 ≈ 3.6 × 10−4

and 29/35π6 ≈ 2.2 × 10−3 from Eqs. (40) and (41) suggest a
much weaker dipole moment when compared to the harmonic
gating of the same confinement length [see Eqs. (27) and
(31)].

Using the relation 
↑↓ ≈ |d↑↓|2, we conclude that square
and rectangular confined QDs have a relaxation rate that is
four orders of magnitude weaker than the harmonic potential;
in the equilateral triangle case, a decrease of almost six
orders of magnitude is observed. Thus, our result indicates
a significant influence of the gating potential on the spin
qubit lifetime and a beneficial role of the equilateral triangle
confinement.

VI. CONCLUSIONS

We have investigated the influence of the gating potential
symmetry on the Rabi frequency and phonon-induced spin
relaxation rate in a single-electron GaAs quantum dot. Our
results suggest that, independently of the symmetry of the
gating potential, both the Rabi frequency and spin relaxation
rate are dependent on the orientation of the magnetic field
and the spin-orbit angle. Additionally, in systems with C1v,
C2v, and Cn (n �= 4r) symmetry, orientation of the quantum
dot potential with respect to the crystallographic reference
frame is another degree of freedom that can be used to
tune the desired properties of the system. The validity of
the approach is confirmed on the known results for the
isotropic and anisotropic harmonic potential. Additionally,
we have compared the spin qubit lifetime in the case of
an infinite-wall rectangular, square, and equilateral triangle
gating with the harmonic confinement. Our results indicate
the enhanced lifetime of the spin qubit, reaching an almost
six-order-of-magnitude increase in the case of the equilateral
triangle gating. In the end, we emphasize that in the regime
of strong electric field, nonlinear effects [47–49] cannot be
fully explained by the symmetry of the gating potential, thus
placing the conclusions of our work in the weak driving
regime solely.
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FIG. 4. Infinite-wall equilateral triangle potential with the point
group symmetry C3v. Inside the equilateral triangle potential is 0,
otherwise it is ∞.

APPENDIX A: PARTICLE IN THE INFINITE-WALL
EQUILATERAL TRIANGLE POTENTIAL:
EIGENENERGIES AND EIGENVECTORS

Here we summarize the results from Ref. [44] regarding the
Schrödinger equation solution of the particle in the infinite-
wall equilateral triangle potential, having C3v symmetry. Due
to the symmetry, eigenvectors transform according to the one-
dimensional IRs A0 and B0 and the two-dimensional IR E1.
The concrete forms of eigenenergies and eigenstates,

εtqd
p,q = 8h̄2π2

3m∗a2
(p2 + pq + q2), (A1)

ψA0
p,q(x, y) = cos

[
2πq

a
x

]
sin

[
2π (2p + q)

a
√

3
y

]

− cos

[
2π p

a
x

]
sin

[
2π (p + 2q)

a
√

3
y

]

− cos

[
2π (p + q)

a
x

]
sin

[
2π (p − q)

a
√

3
y

]
,

q = 0, 1, 2, . . . , p = q + 1, q + 2, . . . , (A2)

ψB0
p,q(x, y) = sin

[
2πq

a
x

]
sin

[
2π (2p + q)

a
√

3
y

]

− sin

[
2π p

a
x

]
sin

[
2π (p + 2q)

a
√

3
y

]

+ sin

[
2π (p + q)

a
x

]
sin

[
2π (p − q)

a
√

3
y

]
,

q = 1, 2, 3, . . . , p = q + 1, q + 2, . . . , (A3)

ψE1±
p,q (x, y) = ψB0

p,q(x, y) ± iψA0
p,q(x, y),

q = 1

3
,

2

3
,

4

3
,

5

3
, . . . , p = q + 1, q + 2, . . . ,

(A4)

are dependent on two parameters p and q that have different
allowed values for each IR. Note that the coordinate frame
used to derive the previous equations (see Fig. 4) differs from
the frame used in our work (see the left-hand panel of Fig. 3).
To adapt the eigenfunction from Eqs. (A2)–(A4) to our case,
a suitable change of coordinates x → x + a/2 and y → y +
a
√

3/6 should be made.
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APPENDIX B: PARTICLE IN THE INFINITE-WALL
SQUARE AND RECTANGULAR POTENTIAL:

EIGENVECTORS

The infinite-wall square potential has C4v symmetry with
the corresponding IRs A0/B0, A2/B2, and E1. Eigenvectors
that transform according to the given IRs and the set of
allowed quantum numbers are

ψA0
p,q(x, y) = cos

[ pπ

a
x
]

cos
[qπ

a
y
]

+ cos
[qπ

a
x
]

cos
[ pπ

a
y
]
,

q = 1, 3, 5, . . . , p = q, q + 2, q + 4, . . . , (B1)

ψB0
p,q(x, y) = sin

[ pπ

a
x
]

sin
[qπ

a
y
]

− sin
[qπ

a
x
]

sin
[ pπ

a
y
]
,

q = 2, 4, 6, . . . , p = q + 2, q + 4, . . . , (B2)

ψA2
p,q(x, y) = cos

[ pπ

a
x
]

cos
[qπ

a
y
]

− cos
[qπ

a
x
]

cos
[ pπ

a
y
]
,

q = 1, 3, 5, . . . , p = q + 2, q + 4, . . . , (B3)

ψB2
p,q(x, y) = sin

[ pπ

a
x
]

sin
[qπ

a
y
]

+ sin
[qπ

a
x
]

sin
[ pπ

a
y
]
,

q = 2, 4, 6, . . . , p = q, q + 2, q + 4, . . . , (B4)

ψE1±
p,q (x, y) = cos

[ pπ

a
x
]

sin
[qπ

a
y
]
±i sin

[qπ

a
x
]

cos
[ pπ

a
y
]
,

p = 1, 3, 5, . . . , q = p + 1, p + 3, . . . . (B5)

In the case of the infinite-wall rectangular potential C2v

symmetry is relevant. Eigenfunctions transforming according
to the IRs A0/B0 and A1/B1 and the corresponding set of
quantum numbers are

ψA0
p,q(x, y) = cos

[ pπ

a
x
]

cos
[qπ

ka
y
]
,

q = 1, 3, 5, . . . , p = q, q + 2, q + 4, . . . , (B6)

ψB0
p,q(x, y) = sin

[ pπ

a
x
]

sin
[qπ

ka
y
]
,

q = 2, 4, 6, . . . , p = q, q + 2, q + 4, . . . , (B7)

ψA1
p,q(x, y) = cos

[ pπ

a
x
]

sin
[qπ

ka
y
]
,

p = 1, 3, 5, . . . , q = p + 1, p + 3, p + 5, . . . ,

(B8)

ψB1
p,q(x, y) = sin

[ pπ

a
x
]

cos
[qπ

ka
y
]
,

q = 1, 3, 5, . . . , p = q + 1, q + 3, q + 5, . . . .

(B9)

In both cases, eigenenergies are given in Eq. (38) (k = 1 in
the C4v case and k �= 1 for the C2v symmetry).
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Recent years have seen a revived interest in the diagrammatic Monte Carlo (DiagMC) methods for interacting
fermions on a lattice. A promising recent development allows one to now circumvent the analytical continuation
of dynamic observables in DiagMC calculations within the Matsubara formalism. This is made possible by sym-
bolic algebra algorithms, which can be used to analytically solve the internal Matsubara frequency summations
of Feynman diagrams. In this paper, we take a different approach and show that it yields improved results. We
present a closed-form analytical solution of imaginary-time integrals that appear in the time-domain formulation
of Feynman diagrams. We implement and test a DiagMC algorithm based on this analytical solution and show
that it has numerous significant advantages. Most importantly, the algorithm is general enough for any kind
of single-time correlation function series, involving any single-particle vertex insertions. Therefore, it readily
allows for the use of action-shifted schemes, aimed at improving the convergence properties of the series. By
performing a frequency-resolved action-shift tuning, we are able to further improve the method and converge the
self-energy in a nontrivial regime, with only 3–4 perturbation orders. Finally, we identify time integrals of the
same general form in many commonly used Monte Carlo algorithms and therefore expect a broader usage of our
analytical solution.

DOI: 10.1103/PhysRevResearch.3.023082

I. INTRODUCTION

Finding controlled solutions of the Hubbard model is
one of the central challenges in condensed matter physics
[1–4]. Many common approaches to this problem rely on the
stochastic (Monte Carlo) summation of various expansions
and decompositions of relevant physical quantities. How-
ever, Monte Carlo (MC) algorithms are often plagued by
two notorious problems: the fermionic sign problem and the
analytical continuation of frequency-dependent quantities in
calculations based on the Matsubara formalism [5–8] (alter-
natively, the dynamical sign problem in the Kadanoff-Baym
and Keldysh formalism calculations [9–23]). In diagrammatic
Monte Carlo (DiagMC) methods [24–38] (as opposed to
determinantal methods such as continuous-time interaction-
expansion quantum Monte Carlo (CTINT) or, auxiliary-field
quantum Monte Carlo (CTAUX) [39–42]), an additional prob-
lem is often the slow (or absence of) convergence of the series
with respect to the perturbation order. In recent years, sev-
eral works have started to address the problems of obtaining

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

real-frequency quantities [43–51] and series convergence in
DiagMC [52–57].

In Refs. [43,52], it has been shown that a convenient trans-
formation of the interaction-expansion series can be used to
significantly improve its convergence and sometimes allows
one to converge the electronic self-energy with only a few
perturbation orders where it would have otherwise been im-
possible. The method relies on a transformation of the action
which affects the bare propagator at the cost of an additional
expansion, i.e., more diagram topologies need to be taken into
account. Alternatively, this transformation can be viewed as a
Maclaurin expansion of the bare propagator with respect to
a small chemical potential shift. The resulting convergence
speedup comes from an increased convergence radius of the
transformed series.

In a separate line of work, DiagMC methods have been
proposed that are based on the Matsubara formalism that do
not require an ill-defined analytical continuation [47]. Such
methods have so far been implemented for the calculation
of the self-energy [48,49] and the dynamical spin suscep-
tibility [50]. The algorithms differ in some aspects, but all
rely on the symbolic algebra solution of the internal Matsub-
ara frequency summations appearing in Feynman diagrams.
However, this approach has some downsides. First, numeri-
cal regulators are needed to properly evaluate Bose-Einstein
distribution functions and diverging ratios that appear in the
analytical expressions, and also poles on the real axis (effec-
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tive broadening of the real-frequency results). In the case of
finite cyclic lattice calculations, multiple precision algebra is
needed in order to cancel divergences even with relatively
large regulators [48]. Most importantly, in the Matsubara
summation algorithm, applying the series transformation from
Refs. [43,52] would require a separate analytical solution for
each of the additional diagram topologies, which are very
numerous, and the calculation would become rather imprac-
tical. More generally, treating any distinct diagram requires
that the Matsubara frequency summations be performed algo-
rithmically beforehand. This makes it difficult to devise MC
sampling algorithms that go to indefinite perturbation orders,
unless the Matsubara summation part is sufficiently optimized
so that it no longer presents a prohibitive performance penalty
if performed at the time of the Monte Carlo sampling.

In this paper, we show that it can be advantageous to start
from the imaginary-time domain formulation of Feynman
diagrams. A diagram contribution then features a multiple
imaginary-time integral, rather than sums over Matsubara
frequencies. The multiple integral can be solved analytically
and we present a general solution. This analytical solution,
although equivalent to the analytical Matsubara summation,
has a simpler and more convenient form that does not feature
Bose-Einstein distribution functions or diverging ratios. As
a result, numerical regulators are not needed and the need
for multiple precision arithmetic may arise only at very high
perturbation orders. The numerical evaluation yields a sum of
poles of various orders on a uniform grid on the real axis. The
ability to separate contributions of poles of different orders
allows one to formally extract the real-frequency result with-
out any numerical broadening. Finally, the analytical solution
is general and applies to all diagram topologies that would
appear in the transformed series proposed in Refs. [43,52]
or any other diagrammatic series for single-time correlation
functions. This paves the way for real-frequency diagram-
matic algorithms formulated in real space that are not a priori
limited to small perturbation orders (similarly to CTINT or
CTAUX [42]).

In this work, we apply the analytical time integral to the
momentum-space DiagMC for the calculation of the self-
energy, and implement and thoroughly test the method. We
reproduce the self-energy results from Ref. [52] and sup-
plement them with real-axis results, free of the uncontrolled
systematic error that would otherwise come from the ana-
lytical continuation. Furthermore, we show that even if a
full convergence is not possible with a single choice of the
action-tuning parameter, one can choose the optimal tuning
parameter for each frequency independently [46]. Such a
frequency-resolved resummation can be used to improve the
solution and in some cases systematically eliminate the non-
physical features that appear in the result due to the truncation
of the series at a finite order.

The paper is organized as follows. In Sec. II, we define
the model and the basic assumptions of our calculations. In
Sec. III, we introduce our method in detail. First, in Sec. III A,
we present the analytical solution of the general multiple-time
integral that appears in the time-domain formulation of Feyn-
man diagrams and discuss the numerical evaluation of the
final expression. Then, in Sec. III B, we show the analytical
solution for the Fourier transform of the Maclaurin expansion

of the bare propagator, which is essential for our DiagMC al-
gorithm. In Sec. III C, we discuss in detail how our analytical
solutions can be applied in the context of DiagMC for the self-
energy. In Sec. IV, we discuss our results and benchmarks and
then give closing remarks in Sec. V. Additional details of the
analytical derivations and further benchmarks and examples
of the calculations can be found in the appendices.

II. MODEL

We solve the Hubbard model given by the Hamiltonian

H = −
∑
σ,i j

ti jc
†
σ,icσ, j + U

∑
i

n↑,in↓,i − μ
∑
σ,i

nσ,i, (1)

where σ ∈ {↑,↓}, i, j enumerate lattice sites, ti j is the hop-
ping amplitude between the sites i and j, U is the on-site
coupling constant, and μ is the chemical potential. We only
consider the Hubbard model on the square lattice with the
nearest-neighbor hopping t and next-nearest-neighbor hop-
ping t ′. The bare dispersion is given by

εk = −2t (cos kx + cos ky) − 4t ′ cos kx cos ky. (2)

We define D = 4t , which will be used as the unit of energy
unless stated otherwise. We restrict to thermal equilibrium and
paramagnetic phases with full lattice symmetry.

III. METHODS

The idea of DiagMC algorithms is to stochastically com-
pute the coefficients of a perturbation series describing some
physical quantity. We will focus on expansions in the cou-
pling constant U and a shift in the chemical potential δμ.
The calculation of each coefficient involves the evaluation
of many Feynman diagrams expressed in terms of the bare
propagator, in our case taken as a function of momentum
and two imaginary times. The evaluation of a diagram then
boils down to a sum over multiple momentum variables and a
multiple imaginary-time integral that is always of the same
generic form. The goal of this section is to find a general
analytical solution for these time integrals and reformulate the
perturbation series as a function of a complex frequency z.

A. Analytical solution of time integrals

We are interested in analytically solving (N − 1)-fold inte-
grals over {τi=2...N } of the form

IX(i�η ) =
N∏

i=2

∫ τi+1

0
dτi τ

li
i eτi (i�ηδr,i+ωi ), (3)

where the parameters of the integrand are given by

X = (r, {l2...lN }, {ω2...ωN }). (4)

The argument r is an integer and determines which of the
times τi is multiplied by the external Matsubara frequency
i�η in the exponential. The frequency i�η can be any Mat-
subara frequency, either fermionic or bosonic, depending on
η; i�η=−1 ≡ iω ≡ i(2m + 1)πT and i�η=1 ≡ iν ≡ 2imπT ,
with m ∈ Z. The integer powers of τi outside of the exponent
are given by li � 0, and the parameters ωi may be complex.
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The limit of the outermost integration is the inverse tempera-
ture τN+1 ≡ β. We denote by δx,y the Kronecker delta (it will
be used throughout this paper, also in the shortened version
δx ≡ δx,0). The reason for our choice to label times starting
from 2 will become clear later.

The main insight is that upon applying the innermost inte-
gral, one gets a number of terms, but each new integrand has
the same general form ∼τ neτ z. The solution therefore boils
down to a recursive application of

∫ τf

0
τ neτ zdτ =

n+1∑
k=0

(−)kCnk
τ

n+1−k−Bnk
f eBnkzτf

zk+Bnk
, (5)

with Bnk = 1 − δk,n+1 and Cnk = n!
(n−k+δk,n+1 )! (for the proof,

see Appendix D), and

lim
z→0

∫ τf

0
τ neτ zdτ = τ n+1

f

n + 1
. (6)

The number of terms obtained after each integration is ap-
parently 1 + (1 − δz )(n + 1), and we can enumerate all terms
obtained after the full integration by a set of integers, {ki=2...N },
where ki � 0 denotes the choice of the term of the integral i
(over dτi).

For a given choice of {ki}, the propagation of exponents
[n and z in Eqs. (5) and (6)] across successive integrals can
be fully described by a simple set of auxiliary quantities. We
denote the exponent of e in the integration i as z̃i, and it is
given by

z̃i ≡ zi + bi−1z̃i−1, z̃2 ≡ z2, (7)

zi ≡ δi,r i�η + ωi, (8)

where we introduced bi ≡ Bni,ki . The meaning of bi can be
understood by looking at Eq. (5): The exponent of e that
enters the integral on the left-hand side survives in all but
the last term (k = n + 1) on the right-hand side. Therefore,
bi = 1 means that the exponent propagates from integration i
to integration i + 1, while bi = 0 means it does not, and the
calculation of the recursive z̃i is reset with each bi = 0. The
auxiliary quantity ni are the exponents of τi and is specified
below.

We will need to obtain a more convenient expression for
the exponent z̃i, where i�η appears explicitly. Straightfor-
wardly, we can write

z̃i = i�ηhi + ω̃i, (9)

with auxiliary quantities

ω̃i ≡ ωi + bi−1ω̃i−1, ω̃2 ≡ ω2, (10)

and

hi ≡
⎧⎨
⎩

0, i < r
1, i = r

bi−1hi−1, i > r.
(11)

To be able to determine whether the exponent in the integrand,
z̃i, is zero and then employ Eq. (6) if needed, we can now use

δz̃i =
{

1, hi = 0 ∧ ω̃i = 0
0 otherwise. (12)

It is important to note that at the time of integration, i�η

is unspecified and whether z̃i is zero cannot be tested by
numerical means, unless i�η does not appear in z̃i. With the
convenient rewriting of Eq. (7) as Eq. (9), one can tell whether
i�η appears in z̃i by looking at hi. If i�η does appear in z̃i

(i.e., hi = 1), we cannot use Eq. (6) even if one can find such
i�η that cancels ω̃i. This is because we are working towards
an analytical expression which ought to be general for all
possible i�η.

The exponent of τ that will be carried over from integration
i to integration i + 1 depends on the choice of the term from
the integral i, and is given by Pos(ni − ki ), where Pos denotes
the positive part of the number [Pos(x) = (x + |x|)/2]. ni

denotes the maximum exponent that can be carried over from
integration i, and is obtained as

ni =
{
δz̃i + li + Pos(ni−1 − ki−1), i > 2

δz̃i + li, i = 2.
(13)

In the case of Eq. (5), the maximal exponent that can be
carried over to the next integration coincides with the expo-
nent that entered the integral [the integral given by Eq. (5)
does not raise the power of τ ], so the definition of ni coincides
with the meaning of n in Eq. (5). In the case of the integral
given by Eq. (6), ni rather denotes the exponent after the
integration, i.e., n + 1.

After the last integration, it can happen that i�η appears
in the exponent of e (this is signaled by hN bN = 1). We can
then use the property ei�ηβ = (−1)δη,−1 to eliminate it from
this exponent. Then, the solution for the integral can be con-
tinued to the whole of the complex plane i�η → z, and can
be written as (introducing the additional superscript η because
the fermionic/bosonic nature of the expression can no longer
be inferred from the external Matsubara frequency)

Iη

X(z) =
∑

{bi∈[δz̃i ,1]}i=2...N

ebN βω̃N
∑

{ki∈[0,(1−δz̃i )ni]}i:bi=1

×
∏

i:δz̃i =1

1

ni

×(−1)bN hN δη,−1+
∑N

i=2 ki × βnN +1−bN −kN

×
∏

i:hi=0∧ω̃i 
=0

Cni,ki

ω̃
ki+bi
i

∏
i:hi=1

Cni,ki

(z + ω̃i )ki+bi
. (14)

Note that we have expressed the sum over {ki} as a sum over
{bi} and a partial (inner) sum over {ki}. This is not necessary,
being that bi is a function of ki. Each bi is fully determined by
ki, but not the other way around, so the inner sum over ki in
Eq. (14) goes over values that are allowed by the correspond-
ing bi. We present this form of Eq. (14) to emphasize that the
factor ebN βω̃N depends only on {bi}, and can thus be pulled out
of the inner {ki} sum. The notation “i : bi = 1” means that we
only consider indices i such that bi = 1. We therefore only
sum over those ki for which the corresponding bi = 1. The
remaining ki are fixed to ni + 1, which is the only possibility if
bi = 0. The notation is applied analogously in other products
over i.
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TABLE I. Illustration of the calculation of a single term in Eq. (14). Rows correspond to successive integrations over dτi. The second to
fourth columns are parameters of the integrand. The choice of the term is colored red. The remaining columns are auxiliary quantities, the
integrand before and after each integration. The prefactors that are “collected” after each integration are written in blue. The full contribution
is written in the last column and then simplified to the form of a term in Eq. (16).

i δr,i li ωi ki bi ni ω̃i hi δz̃i Integrand Integral Total

2 0 0 1 0 1 0 1 0 0 eτ21 1
1 eτ31 − 1

1 1

3 0 1 2 1 1 1 3 0 0 τ3eτ3(2+1) 1
3 τ4eτ43 − 1

32 eτ43 + 1
32 1

4 1 0 1 1 0 0 4 1 0 eτ4(i�η+1+3) 1
i�η+4 eτ5(i�η+4) − 1

i�η+4 1 1
1 (− 1

32 )(− 1
i�η+4 ) 1

1
1
4 βeβ4

5 0 0 0 0 1 1 0 0 1 eτ50 1
1 τ 1

6 → βe4β /36
[z−(−4)]1

6 0 0 4 0 1 1 4 0 0 τ6eτ64 1
4 βeβ4 − 1

42 eβ4 + 1
42 1

The only remaining step is to expand the product of poles
in Eq. (14) into a sum of poles (see Ref. [48] for more details),

∏
γ

1

(z − zγ )mγ
=

∑
γ

mγ∑
r=1

1

(z − zγ )r

×(−1)mγ −r
∑

C{pγ ′ 
=γ ∈N0}:
∑

γ ′ 
=γ pγ ′ =mγ −r

×
∏
γ ′ 
=γ

(mγ ′ + pγ ′ − 1)!

pγ ′!(mγ ′ − 1)!

1

(zγ − zγ ′ )mγ ′+pγ ′ ,

(15)

and the final expression has the form

Iη

X(z) =
∑

j,p∈N

A j,p

(z − Z j )p
. (16)

In order to illustrate our solution, we present in tabular
form (Table I) a summary of all intermediate steps, integrand
parameters, and auxiliary quantities that are used in calculat-
ing the contribution for a single choice of {ki}, in an example
with N = 6 and r = 4.

Also note that if r /∈ [2, N] (no Matsubara frequency ap-
pearing in any exponent), the result of the integral is a number,
rather than a frequency-dependent quantity. In that case, the
integral can be straightforwardly generalized to the case of
real time, where integrations go to some externally given time
t (instead of β), and the resulting expression is a function of
that time. The step given by Eq. (15) is then not needed. See
Appendix A for details.

Numerical evaluation of the analytical expression
and relation to other algorithms

The implementation of Eq. (14) is rather straightforward
and much simpler than the algorithmic Matsubara sum-
mations in our previous work [48]. Indeed, most of the
calculations just require the numerical evaluation of an an-
alytical expression and it is not necessary to implement a
dedicated symbolic algebra to manipulate the expressions.
The only exception is the last step, Eq. (15). This transfor-
mation was the centerpiece of the algorithm in Ref. [48]
and was applied recursively many times, leading to com-
plex bookkeeping and data structures. Ultimately, the result
was a symbolic expression that was stored, and a separate

implementation was needed for the comprehension and nu-
merical evaluation of such a general symbolic expression. In
the present context, however, Eq. (15) is applied only once to
produce numbers, and is simple to implement.

The other important point is that we analytically treat
cases with δz̃i = 1 by employing Eq. (6). With the frequency-
summation algorithms [48,49], one cannot take into account
possible cancellations of the ωi terms in Eq. (10) without
computing a large number of separate analytical solutions.
When untreated, these cancellations yield diverging ratios in
the final expressions, which need to be regularized. On the
contrary, in Eq. (14), the ratio 1/ω̃

ki+bi
i cannot have a van-

ishing denominator and its size will, in practice, be limited
by the energy resolution. This will also allow us to have the
final result in the form of a sum of poles on an equidistant
grid on the real axis, and extract the real-axis results with-
out any numerical pole broadening (see Sec. III C 2 and
Appendix B).

It is interesting to compare the computational effort for the
numerical evaluation of our analytical solution to the straight-
forward numerical integration. In the most straightforward
integration algorithm, one would discretize the imaginary-
time interval [0, β] with Nτ times, and then perform the
summation which has the complexity O(NN−1

τ ) for each ex-
ternal τ , so that overall O(NN

τ ). With our algorithm, we do not
have to go through all of the configurations of internal times,
but we do need to go through all of the possible permutations
of the internal times, and for each permutation there is at least
2N−1 terms to be summed over. So the number of terms one
has to sum grows at least as O[(N − 1)!2N−1]. At sufficiently
high N , this number is bound to outgrow the exponential NN

τ ,
whatever the Nτ . This will happen, however, only at very large
N . For example, if Nτ = 30, the analytical solution becomes
slower at around N = 40. Moreover, one actually needs a
much larger Nτ , especially at low temperature. In any case, the
additional computational effort can be understood as coming
from the difference in the information content of the result,
which is a lot more substantial in the case of the analytical
solution.

At orders N < 6 (within context of DiagMC), we find that
the implementation of our algorithm is significantly more
efficient than our current implementation of the Matsubara
summations from Ref. [48], and at N = 6, they are about
equally efficient. However, we anticipate that further opti-
mizations will be possible at the level of Eq. (14).
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B. Expansion of the bare propagator

The central quantity is the Green’s function defined in
Matsubara formalism as

Gσk(τ − τ ′) = −〈Tτ cσk(τ )c†
σk(τ ′)〉

=
{−〈cσk(τ )c†

σk(τ ′)〉, τ > τ ′

〈c†
σk(τ ′)cσk(τ )〉, τ ′ > τ,

(17)

where τ, τ ′ ∈ [0, β]. The noninteracting Green’s function (or
the bare propagator) in the eigenbasis of the noninteracting
Hamiltonian has a very simple general form,

G0(ε, iω) ≡ 1

iω − ε
, (18)

and for the plane wave k, the propagator is G0,k(iω) =
G0(εk − μ, iω).

As we will discuss below, the diagrammatic series for
the self-energy will, in general, be constructed from different
powers of the bare propagator,

Gl
0(ε, iω) ≡ 1

(iω − ε)l
. (19)

Indeed, these powers naturally arise after expanding the bare
propagator in a Maclaurin series, 1

z+x = ∑∞
n=0

(−x)n

zn+1 , around a
small chemical potential shift,

G0(ε, iω) =
∞∑

l=1

(−δμ)l−1Gl
0(ε + δμ, iω). (20)

This series converges (for all iω) if δμ is smaller in amplitude
than the first Matsubara frequency: |δμ| < πT . Nevertheless,
this expression will become a part of a larger series with addi-
tional expansion parameters, which may result in a modified
convergence radius of the overall series with respect to δμ.

We anticipate that the Feynman diagrams will be formu-
lated in the imaginary-time domain, so it is essential to work
out the Fourier transform of Gl

0(ε, iω). We present the full
derivation in Appendix E and here only write the final solu-
tion,

Gl
0(ε, τ − τ ′)

= sτ,τ ′e−ε(τ−τ ′ )nF(sτ,τ ′ε)
l−1∑
ζ=0

l−ζ−1∑
ς=0

c
sτ,τ ′
lζς

(ε) τ ζ τ ′ς , (21)

with sτ,τ ′ = sgn(τ ′ − τ ). In our notation, l in Gl
0 is a su-

perscript index, rather than the power of G0 [although these
meanings coincide in the case of Gl

0(ε, iω)]. The Fermi func-
tion is defined as nF(ε) = 1/(eβε + 1) and the coefficients that
go with the τ ζ τ ′ς terms are

c−
l,ζ ,ς (ε) =

l−ς−ζ−1∑
n=0

n!(−1)l+ς−1[−nF(ε)]nβ l−ς−ζ−1

(l − ς − ζ − 1)!(ς + ζ )!

×
{

l − ς − ζ − 1

n

}(
ς + ζ

ζ

)
, (22)

and c+
l,ζ ,ς

(ε) = (−1)l−1c−
l,ς,ζ

(−ε). Here we make use of bino-

mial coefficients
(n

k

) = n!
k!(n−k)! and the Stirling number of the

second kind,
{n

k

} = ∑k
i=0

(−1)i

k!

(k
i

)
(k − i)n.

C. Application to DiagMC

In the following, we apply the analytic time integral and the
expansion of the bare propagator in the context of DiagMC.
We discuss two kinds of self-energy series (Hartree shifted
and bare) and the corresponding implementation details. Note
that some symbols will be redefined with respect to previous
sections.

1. Hartree-shifted series

In this section, we discuss the construction of the self-
energy series, where all tadpolelike insertions are omitted in
the topologies of the diagrams. Rather, the full Hartree shift
is absorbed in the bare propagator. The diagrams are therefore
expressed in terms of the Hartree-shifted bare propagator,

GHF
0,k(iω) = G0(ε̃k, iω), (23)

with the Hartree-shifted dispersion defined as

ε̃k = εk − μ + U 〈nσ 〉, (24)

where 〈nσ̄ 〉 is the average site occupation per spin.
After constructing the tadpoleless topologies, we are free to

expand all propagators that appear in the diagrams according
to Eq. (20):

GHF
0,k(iω) =

∞∑
l=1

(−δμ)l−1Gl
0(ε̃k + δμ, iω). (25)

In the frequency domain, this step can be viewed as in-
troducing new topologies: we now have diagrams with any
number of single-particle-vertex (δμ) insertions on any of
the propagator lines. Each arrangement of these additional
single-particle vertices on the diagram does require a separate
solution by the symbolic algebra algorithm, as presented in
Refs. [48,49]. Nevertheless, as a δμ vertex cannot carry any
momentum or energy, the formal effect of it is that it just raises
the power l of the propagator that passes through it. In the
imaginary-time domain, it turns out that the contribution of
the δμ-dressed diagrams is readily treatable by the analytical
expression (14) and we no longer have to view the δμ inser-
tions as changes to topology, but rather as additional internal
degrees of freedom to be summed over. This is illustrated in
Fig. 1.

Up to the Hartree shift, the self-energy expansion can
now be made in powers of the interaction U and the small
chemical-potential shift δμ,

�
(HF)
k (τ ) =

∑
N

(−U )N

×
∞∑

l1,...,l2N−1=1

(−δμ)
∑

j (l j−1)
∑
ϒN

DϒN ,k,{l j },δμ(τ ),

(26)

where j enumerates the propagators, of which there are
Nprop = 2N − 1, N is the perturbation order in U , each l j

goes from 1 to ∞, ϒN enumerates distinct topologies of the
diagram at order N (without any δμ or Hartree insertions), and
D is the contribution of the diagram. The general form of the
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FIG. 1. Illustration of the use of the Gl
0(ε, τ − τ ′) propagator. The entire series of diagrams with all possible δμ insertions can be captured

by a single diagram with additional degrees of freedom.

diagram contribution is

DϒN ,k,{l j },δμ(τ )

= (−1)Nbub

N−1∏
i=2

∫ β

0
dτi

∑
k1...kN

2N−1∏
j=1

G
lj

0

(
ε̄k̃ j

, τ̃ j − τ̃ ′
j

)
, (27)

with ε̄k ≡ ε̃k + δμ. We denote Nbub as the number of closed
fermion loops in the diagram; τ1...τN−1 are internal times,
and we fix τi=1 = 0; τ is the external time, k is the external
momentum, k1...kN are the independent internal momenta,
j indexes the propagator lines, and k̃ are the corresponding

linear combinations of the momenta k̃ j ≡ ∑N
λ=0 s̃ jλkλ, where

s̃ jλ ∈ {−1, 0, 1}, and we index with 0 the external momentum
k0 ≡ k. τ̃ j and τ̃ ′

j are the outgoing and incoming times for the
propagator j, and take values in {τ1...τN }, where we denote
with index N the external time τN ≡ τ . The coefficients s̃ jλ,
times τ̃ j, τ̃

′
j , and the number Nbub are implicit functions of the

topology ϒN . Throughout the paper, we assume normalized k
sums,

∑
k ≡ 1

Nk

∑
k, where Nk is the number of lattice sites.

We can perform the Fourier transform of the external time
to obtain the contribution of the diagram in the Matsubara-
frequency domain,

DϒN ,k,{l j },δμ(iω) = (−1)Nbub

N∏
i=2

∫ β

0
dτie

iωτN
∑

k1...kN

2N−1∏
j=1

G
lj

0

(
ε̄k j , τ̃ j − τ̃ ′

j

)
. (28)

The Green’s function Gl
0(ε, τ − τ ′) is discontinuous at τ = τ ′, so to be able to perform the τ integrations analytically, we

first need to split the integrals into ordered parts,

∫ β

0
dτ2...

∫ β

0
dτN =

∑
(τp2 ...τpN )∈P ({τ2...τN })

∫ β

0
dτpN

∫ τpN

0
dτpN−1 ...

∫ τp4

0
dτp3

∫ τp3

0
dτp2 , (29)

where P denotes all (N − 1)! permutations of the time indices. p labels the permutation and pi is the permuted index of vertex i.
Let us rewrite the contribution of the diagram, with propagators written explicitly using the expression (21),

DϒN ,k,{l j },δμ(iω) = (−1)Nbub
∑

k1...kN

∑
(τp2 ...τpN )∈P ({τ2...τN })

(−1)Nfwd (p)
∏

j

nF
(
s j ε̄k̃ j

) l j−1∑
ζ j=0

l j−ζ j−1∑
ς j=0

c
s j

l j ,ζ j ,ς j

(
ε̄k̃ j

) ∏
j∈Ji (i=1)

δζ j

∏
j∈Jo(i=1)

δς j

×
∫ β

0
dτpN

∫ τpN

0
dτpN−1 ...

∫ τp4

0
dτp3

∫ τp3

0
dτp2 eiωτN

N∏
i=2

τ

∑
j∈Ji (i) ζ j+

∑
j∈Jo (i) ς j

i e
τi (

∑
j∈Jo (i) ε̄k̃ j

−∑
j∈Ji (i) ε̄k̃ j

)
, (30)

where Ji/o(i) is the set of incoming/outgoing propagators j of the vertex i, which depends on the topology ϒN . We also
introduced shorthand notation s j = sτ̃ j ,τ̃

′
j
. Practically, s j depends on whether p(i( j)) > p(i′( j)) or the other way around, where

i( j)/i′( j) is the outgoing/incoming vertex of propagator j in the given permutation p. The total number of forward-facing
propagators is Nfwd(p) = ∑

j δ−1,s j , which depends on the permutation and the topology. The products of δζ j and δς j are there to
ensure that the time τ1 = 0 is not raised to any power other than 0, as such terms do not contribute.

Now we can apply the analytic solution for the time integrals [Eq. (14)] to arrive at the final expression:

DϒN ,k,L,δμ(z) = (−1)Nbub
∑

{l̃ j�0}:∑ j l̃ j=L

∑
k1...kN

∑
(τp2 ...τpN )∈P ({τ2...τN })

(−1)Nfwd (p)

×
∏

j

nF
(
s j ε̄k̃ j

) l̃ j∑
ζ j=0

l̃ j−ζ j∑
ς j=0

c
s j

l̃ j+1,ζ j ,ς j

(
ε̄k̃ j

) ∏
j∈Ji (i=1)

δζ j

∏
j∈Jo(i=1)

δς jI
η=−1
X (z),

X =
⎛
⎝p(N ),

⎧⎨
⎩

∑
j∈Ji (i(pi′ ))

ζ j +
∑

j∈Jo(i(pi′ ))

ς j

⎫⎬
⎭

i′=2...N

,

⎧⎨
⎩

∑
j∈Jo(i(pi′ ))

ε̄k̃ j
−

∑
j∈Ji (i(pi′ ))

ε̄k̃ j

⎫⎬
⎭

i′=2...N

⎞
⎠, (31)
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where i(pi′ ) is the vertex index i of the permuted index pi′ and
we have introduced a new expansion variable L = ∑

j (l j − 1)

and a convenient variable l̃ j = l j − 1, so that

�
(HF)
k (z) =

∞∑
K=2

K∑
N=2

K−N∑
L=0

(−U )N (−δμ)L
∑
ϒN

DϒN ,k,L,δμ(z),

(32)

which is the series that we implement and use in practice.
The meaning of K is the number of all independent (internal
and external) times in the diagram. Note that in D, we per-
form only N − 1 integrations over time. Those are the times
associated with N interaction vertices, minus the one that is
fixed to zero. The integrations of the times associated with
δμ insertions have already been performed in Eq. (21), and
there are L such integrals. Overall, the number of independent
times is K = N + L. Ultimately, we group contributions by
the expansion order K and look for convergence with respect
to this parameter.

2. Numerical implementation of DiagMC and relation to other
algorithms

The expression (31) is very convenient for numerical eval-
uation. First, we restrict the values of ε̄k to a uniform grid on
the real axis with the step �ω (ε̄k = j�ω). These appear in
ω2, ..., ωK as terms with integer coefficients, which means that
{ωi} entering IX will also be restricted to the same uniform
grid. The final result therefore has the form

DϒN ,k,L,δμ(z) =
∑

j∈Z,p∈N

A j,p

(z − j�ω)p
. (33)

This form allows us to reinterpret the finite-lattice results as
that of the thermodynamic limit and extract DϒN ,k,L,δμ(ω +
i0+) without any numerical broadening (see Appendix B for
details).

In our present implementation, we perform a flat-weight
(uniform) MC sampling over internal momenta {ki}, do
a full summation of all the other sums, and accumulate
the amplitudes A j,p. There are, however, other options.
For example, one may sample {ki}, {pi}, {bi} and use P ≡∏

j nF(s j ε̄k̃ j
)ebN βω̃N as the weighting function. We have thor-

oughly checked that the factor P closely correlates with
the contribution to A j,p coming from a given choice of the
{ki}, {pi}, {bi} variables (with other variables summed over),
and thus P could be a good choice for a weighting function.
However, this requires additional operations related to move
proposals and trials, and we have not yet been able to make
such an algorithm more efficient than the flat-weight MC.
Nevertheless, it is apparent that our approach offers more flex-
ibility than the algorithmic Matsubara summations (AMS). In
AMS, no convenient weighting function can be defined for the
Monte Carlo, so one either does the flat-weight summation
[48] or uses the whole contribution to the result as the weight,
which comes at the price of having to repeat the calculation for
each frequency of interest [49] (on the contrary, in Ref. [48],
as well as in this paper, the entire frequency dependence of
the self-energy is obtained in a single MC run). At present, it
is unclear which scheme is best—whether one should evaluate

D(z) one z at a time or capture all z at once as we do here. This
choice, as well as the choice of the weighting function, likely
needs to be made on a case-by-case basis, as it is probable
that in different regimes, different approaches will be optimal.
In that sense, the added flexibility of our time-integration
approach in terms of the choice of the weighting function may
prove valuable in the future.

Concerning floating-point arithmetic, it is important that
the factor ebN βω̃N stemming from IX can always be absorbed
into the product of nF functions in the second row of Eq. (31).
This can be understood as follows. A given ε̄k̃ j

can, at most,
appear twice as a term in ω̃N , once with sign +1 and once
with sign −1, corresponding to the incoming τ̃ ′

j and outgoing
τ̃ j ends of the propagator j. In that case, the exponent cancels.
The other possibility is that it appears only once, in which case
it must correspond to the later time in the given permutation.
If the later time is the outgoing end of the propagator, then the
propagator is forward facing and the sign in front is s = −1; if
it is the incoming end, then the propagator is backward facing
and the sign in front is s = 1. In both cases, we can make use
of

esβεnF(sε) = nF(−sε). (34)

Therefore, no exponentials will appear in the final expression.
A product of nF functions is, at most, 1 and the coeffi-
cients c are not particularly big. Then, the size of the pole
amplitudes that come out of Eq. (14) is determined by the
energy resolution (1/�ω) and temperature (βnN +1−bN −kN ).
In our calculations so far, the amplitudes remain relatively
small. Our approach ensures that we do not have very large
canceling terms, such as we had in Ref. [48]. Indeed, we
have successfully implemented Eq. (31) without the need for
multiple-precision floating-point types.

Compared to the Matsubara-frequency summation algo-
rithm [47–49], Eq. (31) presents an improved generality.
Equation (31) is valid for any number and arrangement of in-
stantaneous (i.e., frequency-independent) insertions, i.e., any
choice of {l̃ j}. In contrast, the algorithmic Matsubara summa-
tion has to be performed for each choice of {l̃ j} independently,
and the resulting symbolic expressions need to be stored. For
example, at N = 4, we have 12 ϒN topologies. Therefore, at
L = 0, the number of analytical solutions to prepare is 12.
However, at L = 2, this number is 336, i.e., 28-fold bigger (we
can place L = 2 insertions on 2N − 1 = 7 fermionic lines in
7 × 6/2 + 7 = 28 ways, times 12 ϒN topologies, i.e., 336).

3. Bare series

We are also interested in constructing a bare series where
tadpole insertions are present in diagram topologies. Tadpole
(or Hartree) insertions are instantaneous and an evaluation
of their amplitudes can be done relatively simply by vari-
ous means. At the level of the Hubbard model, the Hartree
insertions factor out: For each Hartree diagram, the internal
momentum summations and time integrations can be per-
formed beforehand and only once, leading to a significant
speedup.

In the expression (31), there is no difference between a
Hartree insertion and a chemical-potential vertex insertion.
Therefore, the inclusion of the Hartree insertions can be en-
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FIG. 2. Top: Illustration of possible Hartree diagrams, without
any δμ insertions. Middle: Amplitude of a Hartree diagram with a
single δμ insertion. Bottom: An example of a diagram dressed with
both Hartree and δμ insertions, and the values of the parameters
N, L, {ML′

i }, K that it falls under (with ML′ 
=1
i 
=1 = 0).

tirely accounted for in the resummation of the DϒN ,k,L,δμ(z)
contributions from the previous section, with the replacement

ε̄k ≡ εk − μ + δμ (35)

(i.e., full Hartree shift excluded).

Note that the expansion of the propagators in δμ is per-
formed in Hartree insertions as well, so we need to account for
possible additional δμ insertions inside the Hartree diagrams.
As before, our expansion order will be K , which is the total
number of independent times, with each time associated to
a single interaction or a δμ vertex, including those within
Hartree insertions.

We will for now focus on the series up to K = 5. As the
number of interactions in ϒN is at least two, we can have, at
most, three interaction vertices in a Hartree insertion. There
are only five such Hartree diagrams (Fig. 2). We can evaluate
these five amplitudes with very little effort by making use of
spatial and temporal Fourier transforms.

Before we proceed with the calculation of the amplitudes
D of possible Hartree insertions relevant for the series up to
K = 5, we define some auxiliary quantities. We first define the
bare density,

nl̃
0 =

∑
k

Gl=1+l̃
0 (ε̄k, τ = 0−), (36)

and the real-space propagator,

Gl=1+l̃
0,r =

∑
k

eik·rGl=1+l̃
0 (ε̄k, τ = 0−). (37)

We will also need the polarization bubble diagram,

χ
l̃1,l̃2
0,r (τ ) = Gl=1+l̃1

0,r (τ )Gl=1+l̃2
0,−r (−τ ), (38)

χ
l̃1,l̃2
0,q=0(iν = 0) =

∑
r

∫
dτχ

l̃1,l̃2
0,r (τ ), (39)

and the second-order self-energy diagram (up to the constant
prefactor),

�
l̃1,l̃2,l̃3
2,r (τ ) = Gl=1+l̃1

0,r (τ )χ l̃2,l̃3
0,r (τ ), (40)

which can be Fourier transformed to yield �
l̃1,l̃2,l̃3
2,k (iω).

We can now calculate the amplitudes of the possible
Hartree insertions with a number L of δμ insertions on them,
in any arrangement

DL
1 = (−)nL

0 , (41)

DL
2 = (−)2

∑
l̃1, l̃2, l̃3

l̃1 + l̃2 + l̃3 = L

nl̃1
0 χ

l̃2,l̃3
0,q=0(iν = 0), (42)

DL
3 = (−)3

∑
l̃1, ..., l̃5∑

i l̃i = L

nl̃1
0 χ

l̃2,l̃3
0,q=0(iν = 0)χ l̃4,l̃5

0,q=0(iν = 0), (43)

DL
4 = (−)3

∑
l̃1, ..., l̃3∑

i l̃i = L

(
2 + l̃3

2

)
nl̃1

0 nl̃2
0 n2+l̃3

0 , (44)

DL
5 = (−)2

∑
l̃1, ..., l̃5∑

i l̃i = L

T
∑

iω

e−iω0− ∑
k

Gl=1+l̃1
0,k (iω)� l̃2,l̃3,l̃4

2,k (iω)Gl=1+l̃5
0,k (iω). (45)

As we are restricting to K � 5 calculations, the DL
3...5 insertions can only be added once, and only with L = 0. We now define

ML
i as the number of insertions of DL

i tadpoles, and we define Ni as the number of interaction vertices contained in the tadpole
Di (regardless of L, we have N1 = 1, N2 = 2, N3 = N4 = N5 = 3).
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(a) (b) (c)

(d) (e) (f)

FIG. 3. DiagMC solution for the Hubbard model on a square lattice. Parameters of the model are t ′ = −0.3t , μ = 0, U = 1D, and T =
0.125D, which corresponds to 〈nσ 〉 ≈ 0.3625. Top row: Imaginary part of self-energy at k = (π/4, π ) on the real axis (with broadening
η = 0.3D) obtained with three different series, up to perturbation order K . Bottom row: Illustration of convergence with respect to perturbation
order K , using values of the imaginary part of the self-energy at the lowest four Matsubara frequencies, iωn=0...3. Full lines are our result,
dash-dotted lines with crosses are the analogous result with a numerical τ -integration algorithm from Ref. [52], and horizontal dashed lines
are the determinantal QMC result on a 16 × 16 lattice from Ref. [52].

The series can now be resummed as

�
(HF)
k (z) =

∞∑
K=2

K∑
N=2

K−N∑
L=0

K−N−L∑
{ML′

i } = 0
N + L + ∑

i,L′ ML′
i (Ni + L′ ) = K

(−U )N+∑
i,L′ ML′

i Ni (−δμ)L+∑
i,L′ ML′

i L′ ∏
i,L′

(
DL′

i

)ML′
i
�

(
L,

{
ML′

i

})

×
∑
ϒN

DϒN ,k,L+∑
i,L′ ML′

i
(z), (46)

where �(L, {ML′
i }) is the combinatorial prefactor which

counts all the possible ways the selected single-particle ver-
tices δμ, {Di} can be arranged. This corresponds to the
number of permutations of the multisets,

�
(
L,

{
ML′

i

}) =
(
L + ∑

i,L′ ML′
i

)
!

L!
∏

i,L′ ML′
i !

. (47)

We emphasize that Eq. (46) is fully general, but at orders K �
5, additional Hartree insertions D [compared to Eqs. (41)–
(45)] need to be considered.

Finally, we stress that our analytical time-integral solution
and action-shift tuning scheme in DiagMC are not restricted
to the treatment of the Hubbard Hamiltonian. See Appendix F
for a discussion of DiagMC in the case of a general Hamilto-
nian with two-body interactions.

IV. RESULTS

A. Convergence speedup with δμ expansion in the bare series

Here we focus on supplementing the results from Ref. [52]
with real-frequency self-energies calculated without any nu-
merically ill-defined analytical continuation.

The model parameters are t ′ = −0.3t , μ = 0, U = 1.0D,
T = 0.125D, and 〈nσ 〉 = 0.3625. In Ref. [52], the calculation
was performed with the Hartree-shifted series with δμ = 0,
as well as with the bare series, with two values of δμ, namely,
0.15D and 0.3825D. We repeat these calculations with our
method. We use lattice size 32 × 32, and project the disper-
sion onto a uniform energy grid, as described in Ref. [48] and
discussed in Sec. III C 2. In Fig. 3, we show our results and
compare them with the results of Ref. [52].

In the upper row of Fig. 3 are the real-frequency self-
energies calculated up to order K � 5. We are keeping a finite
broadening η = 0.3D to smoothen the curves. As discussed in
Appendix B, in our method, numerical pole broadening is not
a formal necessity. However, there is still a significant amount
of statistical noise in our real-frequency result (although the
imaginary-frequency result is already very well converged).
It is important to note that some of the noisy features in our
real-frequency result may be artifacts of the finite-lattice size
that would not vanish with increasing number of MC steps.
However, by comparing the result with a 256 × 256 lattice
calculation (Appendix C), we check that already at η = 0.2D,
no such artifact should be visible. It appears that for the given
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external k and broadening η = 0.2D, increasing the lattice
size further from 32 × 32 brings no new information, but it
also does not present an additional cost: at η = 0.2D, our
256 × 256 lattice calculation appears equally well converged
as the 32 × 32 lattice calculation, with the equal number of
MC steps and a similar runtime, and yields a result that is on
top of the 32 × 32 calculation.

In the bottom row of Fig. 3, we show the change in the
imaginary part of the self-energy at the first four Matsubara
frequencies, as a function of the maximal order K . Full-line
and dots are the result of our calculations. The dash-dotted
lines with crosses are data points taken from Ref. [52]. The
horizontal dashed lines are the 16 × 16-lattice determinantal
QMC result, also from Ref. [52].

The excellent agreement with the results from Ref. [52]
serves as a stringent test of our implementation. In the δμ =
0.3825D calculation, even on the real axis, the self-energy
does appear well converged by order K = 5, although there
is some discrepancy between K = 4 and K = 5 at around
ω = 1.5D.

B. ω-resolved resummation

We can now go one step further by resumming the series
presented in Figs. 3(a) and 3(c) for each ω individually, using
an ω-dependent optimal shift δμ∗(ω). The results are shown
in Figs. 4 and 5.

We determine the optimal δμ∗(ω) by minimizing the
spread of the Im�(ω + iη) results between orders K = 3
and K = 5. This spread as a function of ω and δμ is color
plotted in Figs. 4 and 5. We have results for a discrete set of
δμ ∈ {δμi}, so the optimal δμ∗(ω) is a priori a discontinuous
curve. As this is clearly nonsatisfactory, we smoothen the
curve (shown with the blue line on the top panels in Figs. 4 and
5). However, we do not have results for each precise value of
this optimal δμ∗(ω). One could take, for each ω, the available
δμi that is closest to δμ∗(ω), but this would, again, result in
a discontinuous curve. To avoid this, we average the available
results as

�(ω) =
∑

i �δμi�(ω; δμi )w(δμ∗(ω), δμi )∑
i �δμiw(δμ∗(ω), δμi )

, (48)

where �δμi is the size of the δμ step in the available results at
the ith value (allows for nonuniform grids). We use a narrow
Gaussian weighting kernel,

w(δμ∗(ω), δμi ) = e−(δμi−δμ∗(ω))2/W 2
. (49)

The width of the kernel W is chosen such that it is as narrow
as possible, while still encompassing at least 3–4 δμi points,
so that the final result is reasonably smooth as a function of ω;
W is therefore determined according to the resolution in δμ.
We use W = 0.05 and �δμi ≈ 0.02 and have checked that the
results are insensitive to the precise choice of this numerical
parameter.

The results of the averaging around the optimal δμ∗(ω) are
shown in the middle and bottom panels of Figs. 4 and 5. In
both cases, the ω-resolved resummation helps to converge the
result. In the case of the bare series, the convergence is now
almost perfect, and already order K = 3 is on top of the exact
result. In the case of the Hartree-shifted series, the results are

(a)

(b)

(c)

FIG. 4. Results of the Hartree-shifted series with ω-resolved re-
summation, to be compared to Figs. 3(a) and 3(d) (all parameters
are the same). Top panel: Color plot of the spread of the imaginary
part of the self-energy at a given ω + iη between orders K = 3 and
5, in a calculation with a given δμ. The blue line smoothly connects
the minima of the spread (at each ω), and defines the ω-dependent
optimal shift δμ∗(ω) used in the resummation. Middle and bottom
panels are analogous to Figs. 3(a) and 3(d). In the bottom panel, the
dash-dotted and dashed lines are the same as in Fig. 3(d).

not perfectly converged at ω < 0, yet the K = 5 calculation
is practically on top of the exact result on the imaginary axis,
and presents an improvement to the δμ = 0 series in Fig. 3(a).
Note that the improvement in convergence is seen on the
imaginary axis, as well.

C. Removing nonphysical features

In this section, we focus on the parameters case dis-
cussed in Ref. [48]. We calculate the Hartree-shifted series
with parameters of the model t ′ = 0, μ − U 〈nσ 〉 = −0.1D,
T = 0.1D, and employ various δμ shifts. The lattice size is
again 32 × 32 and we focus on the self-energy at k = (0, π ).
Note that in Hartree-shifted series, the quantity that enters the
calculation is μ − U 〈nσ 〉, rather than μ. If 〈n〉 is calculated,
μ can be estimated a posteriori. In our calculation, we fix

023082-10



ANALYTICAL SOLUTION FOR TIME INTEGRALS IN … PHYSICAL REVIEW RESEARCH 3, 023082 (2021)

(a)

(b)

(c)

FIG. 5. Results of the bare series with ω-resolved resummation,
to be compared to Figs. 3(c) and 3(f) (all parameters are the same).
The top panel is analogous to Fig. 4(a). The horizontal orange dashed
line denotes the value of δμ used in Figs. 3(c) and 3(f) to best con-
verge the imaginary-axis result. The middle and bottom panels are
analogous to Figs. 3(c) and 3(f). In the bottom panel, the dash-dotted
and dashed lines are the same as in Fig. 3(f).

μ − U 〈nσ 〉, and 〈nσ 〉 is then U dependent. Roughly, as given
in Ref. [48], at U = 1, we have 〈nσ 〉 ≈ 0.455.

FIG. 7. Analogous to Fig. 4(a), for the parameters of the model
corresponding to Fig. 6. The blue line is the optimal δμ∗, to be used
in Fig. 8.

The results are presented in Fig. 6 for three values of U .
At low U , the series is well converged by K = 5, and the
result is entirely insensitive to the choice of δμ, as expected.
At intermediate and high U , the result can be strongly δμ

sensitive. The δμ dependence of the result, however, strongly
varies with ω. It appears that for a given ω, there are ranges of
the δμ value where the result (at fixed order K) is insensitive
to the precise choice of δμ. This presents an alternative way
of choosing an optimal δμ (a similar idea was employed in a
different context in Ref. [58]).

The striking feature at large U is the causality violations at
|ω| ≈ 2 that were previously discussed in Ref. [48] (note that
the broadening somewhat masks the extent of the problem).
The dips in the self-energy spectrum appear to happen only
at certain values of δμ: at ω = −2, the problem is present at
δμ large and negative, and at ω = 2, at δμ large and positive.
In particular, at ω = 2, the result appears to vary uniformly
with δμ, and one cannot select an optimal δμ based on the
sensitivity of the result to the δμ value. We therefore repeat
the procedure from the previous section and select the optimal
δμ∗(ω) based on the level of convergence between orders K =
4 and K = 5. The spread of the results and a smooth choice of
δμ∗(ω) are presented in Fig. 7.

In Fig. 8, the results of the averaging are shown and
compared to the δμ = 0 results at the highest available
orders K = 4 and K = 5, at three values of U . The conver-
gence is visibly better around our δμ∗ than with δμ = 0 at
problematic frequencies |ω| ≈ 2. More importantly, the non-
physical features are clearly absent. At U = 1, in the δμ = 0

(a) (b) (c)

FIG. 6. Imaginary part of the self-energy on the real axis (with broadening η), at different values of coupling constant U , obtained with
our method at K = 5 using different chemical-potential shifts δμ. The parameters of the calculation are the same as in Ref. [48], i.e., t ′ = 0,
μ − U 〈nσ 〉 = −0.1D, T = 0.1D. The self-energy is calculated at k = (0, π ). Passing of the curves above the gray dashed line indicates
breaking of causality.
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(a) (b)

(c) (d)

(e) (f)

FIG. 8. Imaginary part of self-energy, real-frequency results
(with broadening η). Right column: obtained with the ω-resolved
resummation for the model parameters from Fig. 6, using the op-
timal δμ∗(ω) from Fig. 7; to be compared to the standard δμ = 0
calculation in the left column. Purple dashed lines in the top row are
the K = 6 calculation with δμ = 0.

calculation, the causality is not yet violated, but the dip at
ω = 2 is already starting to appear, which is clearly an artifact
of the series truncation which should be removed systemati-
cally. It is important that the intermediate frequency behavior
that we obtained by averaging results around the optimal δμ

is indeed the correct one, and it will not change much further
with increasing orders. We show in the top panels the K = 6,
the δμ = 0 result of which has been benchmarked against a
fully converged imaginary-axis result in Fig. 9 (the converged
result was obtained with the �Det method [59,60] at order

FIG. 9. Matsubara-frequency self-energy result, with model pa-
rameters as in Fig. 6. Crosses are the real part, pluses are the
imaginary part, and lines are eye guides. Solid lines are the Hartree-
shifted series with δμ = 0 at different maximal K . The same result
was obtained with both the algorithm presented in this work and the
algorithmic Matsubara summation method from Ref. [48] (the two
methods were compared diagram by diagram). Black dashed lines
are the �Det result at maximal order N = 8.

8). Clearly, the improved convergence between orders 4 and
5 that we have achieved by choosing δμ appropriately does
indeed mean an improved final result. However, our proce-
dure does not improve the result at around ω = 0, where the
optimal δμ does appear to be close to 0. The K = 6, δμ = 0
result shown in the upper panels of Fig. 8 is still a bit different
from the K = 5, δμ ≈ δμ∗(ω) results around ω = 0.

In the case of U = 1D, it is interesting that a large negative
δμ does bring the ω ≈ 0 result at order K = 5 much closer to
the exact value. This can be anticipated from Fig. 6, where we
show the corresponding results for U = 0.8D and U = 1.2D.
Also, by looking at the color plot in Fig. 7, we see that at
ω = 0, there is indeed a local minimum in the spread at around
δμ = −0.2, which could be used as the optimal δμ∗. This
minimum, however, cannot be continuously connected with
the other minima that we observe at ω < 0, so we chose a dif-
ferent trajectory in the (ω, δμ) space. It would be interesting
for future work to inspect the behavior at even more negative
δμ, where another continuous trajectory δμ∗(ω) might be
found.

V. DISCUSSION, CONCLUSIONS, AND PROSPECTS

In this paper, we have derived an analytical solution for
the multiple-time integral that appears in the imaginary-time
Feynman diagrams of an interaction series expansion. The
solution is general for any diagram with a single external
time or no external times. We find this generality to be a
great advantage compared to the recently proposed algo-
rithmic solutions of the corresponding Matsubara-frequency
summations. Our analytical solution allowed us to develop
a very flexible DiagMC algorithm that can make use of the
possibility to optimize the series with shifted actions. As
a result, we were able to almost perfectly converge a real-
frequency self-energy in just 3–4 orders of perturbation, in
a nontrivial regime and practically in the thermodynamic
limit.

More importantly, the fact that one does not have to prepare
a solution for each diagram topology individually opens the
possibility to develop algorithms more akin to CTINT and
allow the MC sampling to go to indefinite perturbation orders.
In fact, upon a simple inspection of CTINT and continuous-
time hybridization-expansion quantum Monte Carlo in the
segment picture (segment-CTHYB) equations [42], it be-
comes clear that our solution can, in principle, be applied
there, so as to reformulate these methods in real frequency.
This would, however, come at the price of having to break
into individual terms the determinant that captures all the
contributions to the partition function at a given perturbation
order. In turn, this may lead to a more significant sign prob-
lem, and an effective cap on the perturbation orders that can
be handled in practice. On the other hand, it is not entirely
clear how much of the sign problem comes from summing
the individual terms and how much from the integration of
the internal times, and we leave such considerations for future
work. In any case, DiagMC algorithms based on hybridization
expansion have been proposed before (see Refs. [23,28,61]),
where our analytical solution may be applied.

Our solution also trivially generalizes to real-time inte-
grals and may have use in Keldysh and Kadanoff-Baym [9]
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calculations, where the infamous dynamical sign problem
arises precisely due to oscillating time integrands. There have
been recent works [62,63] with imaginary-time propagation
of randomized walkers where our solution may also find ap-
plication.

Finally, we emphasize that avoiding analytical continuation
could be beneficial at high temperature where the Matsub-
ara frequencies become distant from the real axis, and thus
noisy imaginary-axis correlators contain little information
[64,65]. The high-temperature regime is particularly relevant
for optical lattice simulations of the Hubbard model [66].
In that context, we anticipate our method will find appli-
cation in the calculation of conductivity and other response
functions.
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APPENDIX A: REAL-TIME INTEGRATION

Let us consider the following special case of the integral
given by Eq. (3), which is relevant for real-time integrations
featuring integrands of the form eitE :

Ĩ{l2...lN },{E2...EN }(t ) =
N∏

i=2

∫ ti+1

0
dti t li

i eitiEi , (A1)

with tN+1 ≡ t . This corresponds to the case r /∈ [2, N] in
Eq. (3), and ωi = iEi, and we will define Ẽi analogously to ω̃i.
The result is then obtained straightforwardly from Eq. (14),

Ĩ{l2...lN },{E2...EN }(t ) =
∑

{bi∈[δz̃i ,1]}i=2...N

eitẼN bN
∑

{ki∈[0,(1−δz̃i )ni]}i:bi=1

× (−1)
∑N

i=2 ki
∏

i:δz̃i =1

1

ni

× t nN +1−bN −kN
∏

i:Ẽi 
=0

Cni,ki

(iẼi )ki+bi
, (A2)

which has the following general form:

Ĩ(t ) =
∑

j;p∈N0

Zp, jt
peitE j . (A3)

APPENDIX B: EXTRACTING REAL-AXIS RESULTS
WITHOUT POLE BROADENING

In this section, we show how the results on the real axis can
be extracted without any numerical broadening of the poles.
Rather, we make use of the pole amplitudes by interpreting
the result as being representative of the thermodynamic limit,
where poles on the real axis merge into a branch cut, and thus
we consider that the pole amplitude is a continuous function
of the real frequency. We extract the imaginary part of the
contribution [ImD(ω)], and then the Hilbert transform can be
used to reconstruct the real part.

The procedure relies on the following construction: A func-
tion f (z) which is analytic everywhere in the upper half of the
complex plane (z+ = x + iy with y > 0) and decays to zero
with |z+| satisfies the relation

f (z+) = − 1

π

∫
dx′ Im f (x′ + i0+)

z+ − x′ . (B1)

After applying the pth derivative with respect to x (i.e., the
real part of z+) on both sides of the equation, one obtains

∂ p
x f (z+) = − 1

π

∫
dx′∂ p

x

Im f (x′ + i0+)

z+ − x′

= − 1

π

∫
dx′(−1)p(p + 1)!

Im f (x′ + i0+)

(z+ − x′)p+1
. (B2)

We can now move the constant prefactors to the left-hand side
and rename p + 1 → p. Just above the real axis, we have

(−1)pπ

p!
∂ p−1

x f (x + i0+) =
∫

dx′ Im f (x′ + i0+)

(x − x′ + i0+)p
. (B3)

We can now discretize the expression on a uniform x grid with
the step �x, say, x j = j�x, and we see that the right-hand side
has the form of a sum of poles of order p, equidistant along
the real axis, and with amplitudes A j = Im f (x j + i0+),

(−1)pπ

p!
∂̃

p−1
j A j ≈ Im

∑
j′

�x
A j′

(x j − x j′ + i0+)p
, (B4)

where ∂̃ is the finite-difference approximation for the deriva-
tive along the x axis. Clearly, the imaginary part of the entire
sum of p-order poles at a certain point x j can be estimated by
looking only at the (p − 1)th derivative of the amplitudes of
these poles at x j , as given in the above expression.

The expression (B4) can be readily applied in our case
[Eq. (33)] where the real axis is the frequency axis ω, with step
�ω and ω j = j�ω, and the sum of the poles determines our
diagram contribution D. In general we have poles of various
orders, but we can group the poles by order and treat their
contributions separately. We therefore have

ImD(ω j + i0+) ≈ π

�ω

∑
p

(−1)p

p!
∂̃

p−1
j A j,p. (B5)

In the case of simple poles only, the contribution at any ω j is
simply proportional to the amplitude of the pole A j,1. Other-
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FIG. 10. Illustration of a η = 0+ result obtained from Eq. (31)
without any numerical broadening, based only on pole amplitudes.
The diagram used is the second-order diagram (illustrated in the top
panel), with L = 2. In the propagators, we take δμ = 0. The rest of
the parameters are μ − U 〈nσ 〉 = −0.1D, T = 0.1D, and the external
momentum is k = (0, π ). The top three panels are contributions
from first-, second-, and third-order poles, respectively. The bottom
panel is the total result. Lines with η > 0 are obtained with numerical
broadening. The crosses on the η = 0 result denote the available
frequencies (in between, we assume linear interpolation).

wise, the procedure requires that the pole amplitudes form a
reasonably smooth function of the real frequency. Addition-
ally, the energy resolution is a measure of the systematic error
made in this procedure.

To avoid statistical noise and noisy features coming from
the finite size of the lattice (see next section), we test our
method on the example of a N = 2, L = 2 diagram, which
we can solve with the full summation of Eq. (31), on a lattice

FIG. 11. Comparison of the real-frequency imaginary self-
energy result for a single fifth-order diagram (illustrated in the
bottom-left corner), for the lattice sizes 32 × 32 and 256 × 256,
at three different levels of broadening. The calculation is in both
cases performed with the same number of MC steps and took sim-
ilar time. The parameters are L = 0, δμ = 0, μ − U 〈nσ 〉 = −0.1D,
T = 0.1D, and the external momentum is k = (0, π ).

of the size 96 × 96. This diagram produces poles up to order
3. The result is shown in Fig. 10. In the first three panels, we
show the contribution from the poles of each order, and in the
bottom panel, we show the total result.

APPENDIX C: CONVERGENCE WITH LATTICE SIZE

In this section we discuss the convergence of the result with
respect to the lattice size. In Fig. 11, we compare the results
for a single N = 5, L = 0 diagram on the lattices of size 32 ×
32 and 256 × 256. We observe that the result is almost exactly
the same at broadening level η = 0.2, which brings further
confidence in the results in the main part of the paper.

In Fig. 12, we illustrate how the size of the lattice de-
termines the highest energy resolution that one can have,
under requirement that the results form a continuous curve
on the real axis and are, therefore, representative of the ther-
modynamic limit. We perform the full summation for the
second-order diagram with L = 0, with various sizes of the
lattice and various resolutions. Clearly, the bigger the lattice,
the higher the energy resolution one can set without affecting
the smoothness of the results.

The numerical parameters of the calculation are there-
fore the size of the lattice, the energy resolution, and the
broadening (the resolution and the broadening can be tuned
a posteriori), and one can tune them to get the optimal ratio
between performance and the error bar. If the pole amplitudes
A j p are a relatively smooth function of j, no broadening is
then needed at all.
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FIG. 12. Real-frequency result (η = 0+) for the contribution of the lowest-order diagram (illustrated in the rightmost panel) at various
lattice sizes and frequency resolutions, obtained with full summation (gray code). The step of the uniform energy grid is denoted �ω. The
parameters are L = 0, δμ = 0, μ − U 〈nσ 〉 = −0.1D, T = 0.1D, and the external momentum is k = (0, π ).

APPENDIX D: DERIVATION OF EQ. (5)

After applying n times the partial integration over the integral from the left-hand side of Eq. (5), we get∫ τ f

0
τ neτ zdτ = 1

zn+1

∫ zτ f

0
τ neτ dτ

= 1

zn+1

[
ezτ f (zτ f )n − nezτ f (zτ f )n−1 + · · · + (−1)nn!

∫ zτ f

0
τ 0eτ dτ

]

= 1

zn+1

[
n!

(n − 0)!
(−1)0ezτ f (zτ f )n−0 + (−1)1 n!

(n − 1)!
ezτ f (zτ f )n−1 + · · · + (−1)n n!

(n − n)!

∫ zτ f

0
τ 0eτ dτ

]

= 1

zn+1

[
n!

(n − 0)!
(−1)0ezτ f (zτ f )n−0 + (−1)1 n!

(n − 1)!
ezτ f (zτ f )n−1 + · · · + (−1)n n!

(n − n)!
(zτ f )0(ezτ f − 1)

]

= 1

zn+1
ezτ f

n∑
k=0

(−1)k (zτ f )n−k n!

(n − k)!
− (−1)n n!

zn+1
, (D1)

which can be readily identified with the right-hand side of Eq. (5).

APPENDIX E: DERIVATION OF EQ. (21)

We are looking for a solution of the Fourier transform

Gl
0(ε, τ ) = 1

β

∑
i�η

e−i�ητ

(i�η − ε)l
. (E1)

For any τ , we can express the sum above as a contour integral,
and we find

Gl
0(ε, τ ) = −Resz=ε

e−zτ

(z − ε)l

η� τ
β �e� τ

β �βz

1 − ηe−βz
dz

= − η� τ
β �

(l − 1)!

dl−1

dzl−1

e−βz{ τ
β
}

1 − ηe−βz

∣∣∣∣
z=ε

, (E2)

where �...� denotes the integer part (floor function), and {x} ≡
x − �x� denotes the fractional part.

We see that it will be useful to have an expression for
derivatives of (1 − ηez )−1. They have the general form

dk

dzk

1

1 − ηez
=

k∑
n=0

Ck
n

(ez )n

(1 − ηez )n+1
. (E3)

By deriving this expression on both sides, one obtains a recur-
sion for the coefficients Ck

n ,

Ck+1
n = nCk

n + ηnCk
n−1, (E4)

with holds for k > −1 and n > 0 with C0
0 = 1. That can be

rewritten

ηn

n!
Ck+1

n = n
ηn

n!
Ck

n + ηn−1

(n − 1)!
Ck

n−1. (E5)

If we define Sk
n = ηn

n! C
k
n , we have the recursion Sk+1

n = nSk
n +

Sk
n−1, which is the recursion for the Stirling numbers of the

second kind. This allows one to have the following important
result:

dk

dzk

1

1 − ηez
=

k∑
n=0

ηnn!

{
k
n

}
(ez )n

(1 − ηez )n+1

=
k∑

n=0

ηnn!

{
k
n

}
e−z

(e−z − η)n+1
. (E6)
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With this, one obtains the following expression:

Gl
0(ε, τ ) = −eεβ(1−{ τ

β })η� τ
β �+1(−β )l−1

×
l−1∑
m=0

l−m−1∑
n=0

n!

(l − m − 1)!m!

{
l − m − 1

n

}

×
(

1

ηeεβ − 1

)n+1{
τ

β

}m

, (E7)

which already satisfies the (anti)periodicity properties of the
Green’s function.

To make use of the result given by Eq. (E7), we need to
express Gl

0(ε, τ ) as a function of two times Gl
0(ε, τ, τ ′) ≡

Gl
0(ε, τ − τ ′), with τ, τ ′ ∈ [0, β]. We first consider τ � τ ′.

By substituting (τ − τ ′)m = ∑m
ζ=0(−1)m−ζ

(m
ζ

)
τ ζ τ ′m−ζ into

Eq. (E7) and substituting m − ζ with ς , we get

Gl
0(ε, τ − τ ′) = ηeε(τ ′−τ )nη(−ε)

l−1∑
ζ=0

l−ζ−1∑
ς=0

c−
l,ζ ,ς (ε)τ ζ τ ′ς ,

(E8)
with c−

l,ζ ,ς
(ε) as defined in Eq. (22). The result for τ < τ ′ can

then be easily obtained by proving the property Gl
0(ε, τ ) =

(−1)lGl
0(−ε,−τ ),

Gl
0(ε,−τ ) = 1

β

∞∑
n=−∞

ei�ητ

(i�η − ε)l

= 1

β

∞∑
n=−∞

e−i�ητ

(−i�η − ε)l

= (−1)l 1

β

∞∑
n=−∞

e−i�ητ

(i�η + ε)l

= (−1)lGl
0(−ε, τ ),

which implies that in the definition (21), we must have

c+
l,ζ ,ς (ε) = (−1)l−1c−

l,ς,ζ (−ε). (E9)

APPENDIX F: GENERAL HAMILTONIAN CASE

It is important to show that our method is not restricted
to a specific choice of Hamiltonian. The local density-density
interaction and the single band of the Hubbard Hamiltonian
bring many simplifications, but none of them are necessary for
our imaginary-time integral solution or the chemical-potential
tuning scheme.

Consider the general Hamiltonian

H =
∑

α

(εα − μ) +
∑

α1α2α3α4

Uα1α2α3α4 c†
α1

cα2 c†
α3

cα4 . (F1)

The α are the eigenstates of the noninteracting Hamil-
tonian, e.g., a combined momentum, band, and spin
index. The self-energy can be now expressed as a

series,

�
(HF)
α,α′ (τ ) =

∑
N

∑
ϒN

2N−1∏
j=1

∞∑
l j=1

∑
α j,1...α j,l j

l j−1∏
n=1

∑
V j,n

× [V j,n]α j,nα j,n+1

N∏
i=1

Uα j1 (i)α j2 (i)α j3 (i)α j4 (i)

×
N−1+∑

j (l j−1)∏
m=1

∫ β

0
dτm G0

(
ε̄α j,n , τ̃ j,n − τ̃ ′

j,n

)
.

(F2)

Similarly as before, ϒN enumerates topologies without any
instantaneous insertions (Hartree or chemical potential) at
perturbation order N (the number of interaction vertices).
The fermionic lines in the ϒN topology are enumerated with
j. On each fermionic line, we make any number l j − 1 of
instantaneous insertions with amplitudes V j,n (interaction am-
plitudes in Hartree insertions are included in V; n enumerates
the insertions at the fermionic line j). In general, Hartree
insertions may contain off-diagonal terms in the α basis and
are therefore a matrix in the α space. However, it is necessary
that chemical-potential shifts are diagonal in this basis, as
we want to have the bare propagator diagonal in this basis
as well. Otherwise, the form of G0 from Eq. (18) would
no longer hold. Nevertheless, one may still have a separate
chemical-potential shift for each state, δμα . After making
insertions, the number of fermionic lines increases to

∑
j l j .

The fermionic lines are now enumerated with j, n, and the
corresponding states are α j,n. The index i enumerates the in-
teraction vertices outside of any Hartree insertions. We denote
α j1...4 (i) as the single-particle states at four terminals of each
interaction vertex. The interaction vertices at incoming (i = 1)
and outgoing (i = N) terminals of the self-energy diagram
are α j1 (i = N ) = α, α j2 (i = 1) = α′. With m, we enumerate
all times to be integrated over. With each interaction vertex
i > 1, we associate one time, and there is a time associated to
each instantaneous insertion of which there are

∑
j (l j − 1).

We assume that the incoming time corresponding to the vertex
i = 1 is 0. The times on the terminals of each bare propa-
gator j, n are τ̃ j,n and τ̃ ′

j,n and they take on values from the
set {τm}m=0...N−1+∑

j (l j−1), with the external incoming time
fixed, τ0 ≡ 0. τ̃ j,n, τ̃

′
j,n, and α j1...4 (i) are implicit functions of

topology ϒN . Finally, ε̄α j,n ≡ εα j,n − μ + δμα j,n . We can now
focus only on the time-integral part and proceed completely
analogously to Eqs. (27)–(31).

It is worth noting that with general interactions, pulling
the coupling constant in front of the diagram contribution is
impossible, as the frequency dependence of the contribution
of each diagram will depend on the precise form of Uα1α2α3α4 .
In the most general case, one must set specific values for
Uα1α2α3α4 and δμα before performing the Monte Carlo summa-
tion. One can then choose the variables that will be sampled
stochastically and the ones that will be fully summed over.
In the end, the contributions can be easily grouped by total
number of independent times (K), including those in Hartree
insertions. The integration of times in Hartree insertions can
always be performed beforehand. Therefore, in the fully
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general case, the number of integrations to be performed at
the time of Monte Carlo sampling is N − 1 + ∑

j (l j − 1).
In the case of purely density-density interactions (as is the
case in the Hubbard model) or spin-spin interactions in the
absence of external magnetic fields, this simplifies further
because instantaneous insertions lead to expressions of the
type 1

(iω−ε)l for which we can work out the temporal Fourier
transform analytically [Eq. (21)] and the remaining number of
integrations to perform is N − 1 [as we do in Eq. (31)]. In the
general case, when Hartree insertions are not diagonal in the α

basis, one has expressions of the type 1
iω−ε1

1
iω−ε2

· · · 1
iω−εl

. In

principle, one could prepare the analytical Fourier transforms
for a general function of this form, but it might be increasingly
involved at large l , so we assume one would do these integra-
tions at the level of the Monte Carlo, when ε1...l are already
specified.

We finally emphasize that even more general construc-
tions are possible, even in bases other than the noninteracting
eigenbasis. In such cases, the G0’s are nondiagonal and
may have a continuous real-frequency dependence, instead
of being a single pole. We leave such considerations for
future work.
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Abstract
We study the details of the explicit and spontaneous symmetry breaking of the
constrained 3BF action representing the Standard Model coupled to Einstein–
Cartan gravity. First we discuss how each particular constraint breaks the
original symmetry of the topological 3BF action. Then we investigate the
spontaneous symmetry breaking and the Higgs mechanism for the electroweak
theory in the constrained 3BF form, in order to demonstrate that they can
indeed be performed in the framework of higher gauge theory. A formulation
of the Proca action as a constrained 3BF theory is also studied in detail.

Keywords: quantum gravity, higher gauge theory, 3-group, 3BF action,
symmetry breaking, Higgs mechanism

1. Introduction

The formulation of a quantum theory of the gravitational field represents one of the main open
problems in the modern fundamental theoretical physics. Over the years, there have been many
attempts to tackle this problem, and several major approaches have been developed, including
string theory [1, 2], loop quantum gravity (LQG) [3, 4], and various other frameworks. Each of
these approaches has its own set of advantages and disadvantages. In particular, the covariant
version of the LQG approach [5] focuses on the rigorous definition of the gravitational path
integral, which is used as a key ingredient in defining the corresponding quantum theory. One
of the main advantages of the covariant LQG lies in the fact that such a rigorous definition
can in fact be formulated, using the so-called spinfoam quantization procedure, and the grav-
itational field can be quantized successfully. On the other hand, the main disadvantage lies in
the fact that the spinfoam quantization procedure works well for the pure gravitational field,
but is not compatible with all other fields in nature (collectively called matter fields) [6–8]. In
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other words, while it is possible to quantize the gravitational field, it is not straightforward to
quantize the gravitational field with matter.

In recent years, progress has been made to circumvent this disadvantage. One of the prom-
ising avenues is based on the so-called higher gauge theory [9, 10], which represents a frame-
work that generalizes the notion of symmetry using mathematical techniques of higher cat-
egory theory. Attention is mostly focused on the categorical structures called n-groups, which
are a certain type of generalization of the algebraic notion of a group, and are used instead of
groups to describe the gauge symmetry of the theory [11] (for various other applications of
n-groups to physics see for example [12–24]). In particular, the structure of 3-groups appears
to be suitable to give an algebraic description of all relevant fields in nature—the gravitational
field, the Yang–Mills field, the scalar field and the Dirac field [25]. On the other hand, the
structure of the 3-group lends itself nicely to a generalization of the spinfoam quantization
procedure [26], which opens the door to study the quantization of the gravitational field with
matter within a unified mathematical description.

One of the central elements in the above construction is a notion of the BF theory and
its higher gauge theory generalizations called nBF theories. Historically, one of the natural
approaches to these theories relies on the Batalin–Vilkovisky formalism [27–31], and gives
rise to the so-called Alexandrov–Kontsevich–Schwarz–Zaboronsky construction, see [32] and
further developments in [33–38]. The classical formulation of general relativity and other the-
ories of gravity based on the BF theory have initial results in the work of Plebanski [39], see
also [40–42] for a comprehensive review of various models. The 2-group formulation, called
2BF or BFCGmodel, was first introduced in [43, 44] and further studied in [45–50]. The clas-
sical 3BF and 4BF theories were formulated in [25] and [51], respectively. At the quantum
level, nBF theories give rise to a class of topological quantum field theories, first introduced
in the works of Porter [52], see also [26, 53].

The higher gauge theory programme based on 3-groups has recently given some promising
concrete results. First, it was understood how to construct a classical action that describes the
full Standard Model (SM) naturally coupled to Einstein–Cartan gravity (our naming conven-
tion follows the textbook [54]), so that it has a form compatible with the generalized spinfoam
quantization procedure [25]. This amounts to the reformulation of the classical theory into a
form of the so-called constrained 3BF action. Such an action consists of two main parts—the
topological 3BF part, specified by the postulated structure of a 3-group, and the constraint part,
which deforms the topological theory into a non-topological one, with nontrivial dynamics.
Next, the quantization procedure for the topological sector has been sucessfully implemented,
leading to a formulation of the path integral corresponding to the topological quantum field
theory based on a given 3-group [26]. In addition to these results, the symmetries of the topo-
logical 3BF theory have been studied in full detail [55, 56], leading to deeper understanding
of the various properties of the models. Some important mathematical results have also been
established [17, 57, 58]. Nevertheless, the symmetries of the constrained 3BF action, which
represents a realistic classical theory, have not been studied so far. The main purpose of this
paper is to fill this missing step, and study the symmetries of the constrained 3BF action.

From the structure of the constrained 3BF action, it is straightforward to see that the topolo-
gical sector has a certain (large) symmetry, while the constraints mainly break this symmetry
to one of its subgroups. Therefore, our work focuses on the study of various symmetry break-
ing mechanisms and the role played by each individual constraint. In particular, we examine
precisely how each constraint individually breaks the 3BF symmetry group and down to which
subgroup. As it turns out, some constraints have bigger influence and break the symmetry down
to a smaller subgroup, while other constraints have smaller influence and break the symmetry
only slightly. We shall also find out that one part of the symmetry group remains unbroken
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even in the presence of all constraints. All these results are then organized and presented in
a form of a table. After the analysis of the explicit symmetry breaking, our attention turns
to the details of the spontaneous symmetry breaking, and the Higgs mechanism. This is very
important, since the Higgs mechanism is crucial for the SM, and it is not clear whether the con-
strained 3BF formulation of the SM action admits the implementation of the Higgs mechanism
with the same outcome as the ordinary textbook formulation of the theory. It turns out that the
Higgs mechanism does indeed yield the expected outcome, but the details of the implement-
ation of spontaneous symmetry breaking are very far from the ordinary textbook approach.
Instead, a set of completely new calculational techniques has been developed, including one
theorem, and they represent our second main result. These new techniques are necessary, due
to the fact that the constrained 3BF formulation of the SM action is based on a very differ-
ent set of variables, compared to the textbook SM Lagrangian. Finally, as one of the major
steps in this analysis, we also provide a formulation of the Proca action within the framework
of higher gauge theory, and discuss explicitly three different versions of the constrained 3BF
action for the Proca theory coupled to gravity. This also represents a novel result, not present
in the previous literature.

The layout of the paper is as follows. In section 2, we present a short overview of the
higher gauge theory construction of the SM action coupled to gravity. We introduce the notion
of a 3-group and the corresponding topological 3BF action, and then we demonstrate how
these should be chosen and deformed with constraint terms in order to reproduce the SM
coupled to Einstein–Cartan gravity. Section 3 contains the short review of the gauge symmetry
group of the topological 3BF action, and the analysis how this group is being broken by each
individual constraint term in the action. This represents the study of the explicit symmetry
breaking as a consequence of the constraints present in the theory. Section 4 is devoted to
the 3-group formulation of the Proca action. The Proca action is a necessary ingredient one
needs to understand, in order to compare it to the action obtained via spontaneous symmetry
breaking. The analysis of the spontaneous symmetry breaking and the Higgs mechanism is
presented in full detail in section 5, discussing the most convenient example of electroweak
theory. Despite the fact that it is conceptually the same as the ordinary Higgs mechanism
described in textbooks, the specific properties of the 3BF formulation of the action renders the
technical details of the procedure highly nontrivial, and represents one of the main results of
the paper. Our concluding remarks are given in section 6, with a summary and a discussion of
the results. The Appendices contain some additional technical material.

Our notation and conventions are as follows. Spacetime indices, denoted by the mid-
alphabet Greek letters µ,ν, . . . , are raised and lowered by the spacetime metric gµν . The
Lorentz metric is denoted as ηab = diag(−1,+1,+1,+1). The indices that are counting the
generators of Lie groups G, H, and L are denoted with initial Greek letters α,β, . . . , lowercase
initial Latin letters a,b,c, . . . , and uppercase Latin indices A,B,C, . . . , respectively. The gen-
erators themselves are typically denoted as τα, ta and TA, respectively. We work in the natural
system of units, defined by c= ℏ= 1 and G= l2p, where lp is the Planck length. All additional
notation and conventions used throughout the paper are explicitly defined in the text where
they first appear.

2. Review of the 3BF theory with constraints

The main idea of the so-called higher gauge theory approach [9] is to describe the symmetry of
a physical theory with a mathematical structure that is different from an ordinary Lie group. In
particular, in the context of category theory description of groups, the natural generalizations
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are the structures called n-groups. A reader interested in the mathematical details of higher
category theory, n-groups and L∞ algebras is referred to corresponing literature [9, 10, 12, 14,
24, 43, 44, 52, 57–66]. For the purpose of this work, the attention focuses on the notion of a
strict Lie 3-group structure as a symmetry of the theory.

A strict Lie 3-group is defined as a 3-category over a single object with invertibile 1-, 2- and

3-morphisms, and it is equivalent to a Lie 2-crossed module (L
δ−→ H

∂−→ G, ▷, {_ ,_}pf). A 2-
crossed module consists of three Lie groups L, H, and G, with the homomorphism ∂ : H→ G,
the homomorphism δ : L→ H, the action ▷ : G×X→ X (where X ∈ {G,H,L}), and Peiffer
lifting {_ ,_}pf : H×H→ L. In order to give rise to a Lie 2-crossed module, all these maps
must satisfy a set of appropriate axioms [25].

One of the main benefits of the categorical generalization of the notion of a Lie group lies
in the corresponding generalization of certain notions in differential geometry. In particular,
for the case of a Lie 3-group, one can generalize the notion of parallel transport along a curve
to the notions of parallel transport across a surface and through a volume. These operations
are described by the so-called 2- and 3-holonomies, which are in turn constructed from the
h-valued connection two-form β and the l-valued connection three-form γ, in addition to the
ordinary g-valued connection one-form α. The triple (α,β,γ) is called a 3-connection, and g,
h, l are Lie algebras of the Lie groups G, H, and L, respectively.

The mathematical structure of a 3-group gives rise to a natural choice of an action, called
3BF action, that can be constructed from the 3-connection. The 3BF action is purely topolo-
gical, and defined as:

S3BF =
ˆ
M4

⟨B∧F⟩g + ⟨C∧G⟩h + ⟨D∧H⟩l. (1)

Quantities B, C and D are two-, one- and zero-forms, which play the role of the Lagrange
multipliers, and they are elements of algebras g, h and l, respectively. The field strengths F , G
and H are defined as

F = dα+α∧α− ∂β , G = dβ+α∧▷ β− δγ , H= dγ+α∧▷ γ+ {β ∧β}pf ,
(2)

and they are called fake curvatures for the connection one-form α, two-form β and three-form
γ. Bilinear forms ⟨_ ,_⟩g, ⟨_ ,_⟩h and ⟨_ ,_⟩l are assumed to be symmetric, nondegenerate and
G-invariant, and they map a pair of algebra elements into a real number. Evaluated on the
corresponding basis vectors, the bilinear forms are written in components as follows:

⟨τα , τβ⟩g = gαβ , ⟨ta , tb⟩h = gab , ⟨TA ,TB⟩l = gAB . (3)

Since the bilinear forms are assumed to be nondegenerate, the inverses of the above compon-
ents also exist, denoted as gαβ , gab and gAB. They are collectively used to raise and lower all
group indices as necessary.

Varying the action (1) with respect to Lagrange multipliers, one obtains the equations of
motion for fake curvatures:

F = 0 , G = 0 , H= 0 . (4)

Also, varying with respect to the connections α, β and γ, we get the remaining three equations
of motion:

∇Bα − ▷αa
bCb ∧βa+ ▷αB

ADA ∧ γB = 0 , (5)

4
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∇Ca− ∂a
αBα + 2X(ab)

ADA ∧βb = 0 , (6)

∇DA+ δA
aCa = 0 . (7)

Here the quantitiesXabA are components of the Peiffer lifting evaluated on the basis, {ta, tb}pf ≡
XabATA. An analogous notation is used for the homomorphisms ∂ and δ, and the action ▷:

∂ta = ∂a
ατα , δTA = δA

ata , τα ▷ ta = ▷αa
btb , τα ▷TA = ▷αA

BTB . (8)

At this point it is important to note one feature of the relationship between a 3-group and the
three bilinear forms. Specifically, the requirement that the bilinear forms must be G-invariant
places a restriction on the allowed choice of the action ▷. This is specified in the following
theorem.

Theorem. Given a 2-crossed module (L
δ−→ H

∂−→ G, ▷, {_ ,_}pf) and symmetric, nondegen-
erate bilinear forms ⟨_ ,_⟩g, ⟨_ ,_⟩h and ⟨_ ,_⟩l, if the bilinear forms are G-invariant then the
components of the action ▷αβγ , ▷αab and ▷αAB are antisymmetric with respect to the second
and third index. In addition, there exists a choice of basis in Lie algebras g, h and l such that
▷αβ

γ , ▷αab and ▷αAB have vanishing diagonal elements with respect to the second and third
index, and in this basis the bilinear form is also diagonal.

For the proof of the theorem, see appendix A. It is important to stress that these restrictions
on the action ▷ arise only due to assumed G-invariance of the bilinear forms, and do not hold
otherwise. Furthermore, these restrictions will play an important role later in section 5, in the
discussion of the Higgs mechanism.

As noted in the Introduction section, one can apply BF and more generally nBF actions
to construct physically interesting models and even realistic theories. This is typically per-
formed by adding an additional term to the topological action, called a constraint term, which
deforms the theory and may give rise to physical degrees of freedom. In the context of ordin-
ary BF theory, relevant physical models include Plebanski formulation of general relativity,
Husain–Kuchǎr model,MacDowell–Mansouri model, JTmodel, and general relativity in 2+ 1
dimensions and more than 4 dimensions. A comprehensive reivew of these models is given in
[41]. Regarding the 2BF theory, relevant models include Einstein–Cartan gravity and Yang–
Mills theory, see [11, 25]. In the context of 3BF theory, one can construct models with matter
fields in addition to gravity and Yang–Mills. In particular, models with scalar, Dirac, Weyl and
Majorana fields coupled to Einstein–Cartan gravity andYang–Mills theory have been construc-
ted, including the full SM coupled to Einstein–Cartan gravity. For a review of these models
see [25]. Finally, there is also a similar construction based on 4BF model, see [51].

In this work, we will focus our attention on a constrained 3BF action giving rise to the
Einstein–Cartan gravity coupled to the full SM, and the electroweak model, as well as a for-
mulation of the Proca theory.

In order to construct a physical theory based on a 3BF action, we need to introduce some
constraints between the fields and choose an appropriate 3-group as a gauge symmetry struc-
ture. The constraints are discussed below, while the choice of the 3-group is as follows. A
simple 3-group which corresponds to the SM of elementary particles coupled to Einstein–
Cartan gravity in the usual way is called the SM 3-group [25], and is defined by the following
choice:

G= SO(3,1)× SU(3)× SU(2)×U(1) , H= R4 , L= C4 ×G64 ×G64 ×G64 .
(9)
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The groupG is a product of the Lorentz group and the usual internal gauge symmetry groups of
the SM. The groupH represents spacetime translations. The choice of the group L corresponds
to theHiggs and fermion sector of the SM,whereG denotes theGrassmann algebra. In addition
to this choice of groups, we choose the maps ∂, δ and {_ ,_}pf to be trivial:

∂h= 1G , δl= 1H , {h1,h2}pf = 1L , (10)

for every h,h1,h2 ∈ H and l ∈ L.
In order to complete the definition of the 3-group, we also choose the map ▷ as follows.

Because of the specific structure of the group G, it is natural to distinguish g-indices for
the Lorentz part from the internal part, and we will write the former in pairs of small alpha-
bet indices in angular brackets, [ab], while the latter will remain denoted with Greek letters
from the beginning of the alphabet. Denoting the structure constants for the internal subgroup
SU(3)× SU(2)×U(1) as fαβγ , the action of the group G on itself is defined as:

▷[ab][cd]
[ef] ≡ f[ab][cd]

[ef] =
1
2

(
η[a|cδ

[f|
|b]δ
|e]
d − η[a|dδ

[f|
|b]δ
|e]
c

)
, ▷[ab]β

γ = 0 , (11)

▷αβ
γ = fαβ

γ , ▷α[ab]
[cd] = 0 . (12)

Equation (11) define the action of the Lorentz subgroup on G, while equations (12) define the
action of the internal subgroup on G. The action of the Lorentz and internal subgroups of G
on the group H is defined as:

▷[cd]a
b =

1
2
ηa[d|δ

b
|c] , ▷αa

b = 0 . (13)

Finally, the action of the Lorentz and internal subgroups of G on L is given in a natural way,
in accordance with the transformation properties of various fermions and the Higgs scalar. For
example, the action of G on left-isospin fermions is given as:

▷[cd]A
B =

1
2

(
σ[cd]

)
A
B , ▷αA

B =
1
2
(σα)A

B . (14)

Here the matrices (σα)A
B are Pauli matrices, and

(
σ[ab]

)
A
B = 1

4 [γa,γb]A
B, where γa are the

standard Dirac matrices satisfying the anticommutation rule γaγb+ γbγa =−2ηab. Here we
also introduce γ5 ≡−γ0γ1γ2γ3. In a similar way, one defines the action of groupG for all other
fermions and scalars in the group L, depending on their precise transformation properties (see
[25] for details).

In addition to the specification of the 3-group, the action (1) also depends on the choice
of bilinear forms. For the non-Abelian groups one can naturally choose the Cartan–Killing
form, while for the Abelian groups there is no natural choice, and one is mostly restricted by
the property that the bilinear form must be G-invariant. Taking this into account, for the SM
3-group and the action (1) we choose the bilinear forms as follows. For the algebra g, we have

g[ab][cd] =
1
2
ηd[a|η|b]c , gαβ = δαβ , gα[ab] = 0 . (15)

For the algebra h, due to the G-invariance, we have

gab = ηab . (16)
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Finally, for the algebra l the situation is more complicated, since the Grassmann numbers
anticommute. Namely, note that for general A,B ∈ l, we can write

⟨A,B⟩l = AIBJgIJ , ⟨B,A⟩l = BJAIgJI . (17)

Since the bilinear form must be symmetric, the two expressions must be equal. However,
depending on whether the coefficients AI and BJ are Grassmann numbers or ordinary real
numbers, they will either anticommute or commute, and consequently the component matrix
gIJ of the bilinear form must be antisymmetric or symmetric, respectively. In our case, the
generators TA of the algebra l can be grouped into three classes: TÃ which belong to the Higgs

sector, and a pair TÂ, T
Â which belong to the fermion sector. Then, the components of the

bilinear form can be written as

gAB =

 δÃB̃ 0 0

0 0 δB̂
Â

0 −δB̂
Â

0

 . (18)

The upper-left block corresponds to the algebra C4, while the bottom-right block corresponds
to the algebra G64 ×G64 ×G64.

Once we have specified both the 3-group and the bilinear forms, we can introduce the full
classical action corresponding to the SM coupled to Einstein–Cartan gravity. This action is
written as the 3BF action (1) plus the constraint terms that give rise to the desired dynamics,
and has the following form:

S= S3BF+ Sgrav + Sscal + SDirac + SYang–Mills + SHiggs + SYukawa + Sspin + SCC . (19)

Here we have:

S3BF =
ˆ
Bα ∧Fα +B[ab] ∧R[ab] + ea ∧∇βa+ϕA (∇γ̃)A+ ψ̄A

(→
∇γ
)A

−
(
γ̄
←
∇
)
A
ψA ,

(20)

Sgrav =−
ˆ
λ[ab] ∧

(
B[ab] − 1

8π l2p
ε[ab]cdec ∧ ed

)
, (21)

Sscal =
ˆ
λ̃A ∧

(
γ̃A−HabcAe

a ∧ eb ∧ ec
)

+ΛabA ∧
(
HabcAε

cdefed ∧ ee ∧ ef− (∇ϕ)A ∧ ea ∧ eb
)
, (22)

SDirac =

ˆ
λ̄A ∧

(
γA+

i
6
εabcde

a ∧ eb ∧ ec
(
γdψ

)A)
−λA ∧

(
γ̄A−

i
6
εabcde

a ∧ eb ∧ ec
(
ψ̄γd

)
A

)
, (23)

SYang–Mills =

ˆ
λα ∧

(
Bα − 12CαβM

β
abe

a ∧ eb
)

+ ζα
ab
(
Mα

abεcdefe
c ∧ ed ∧ ee ∧ e f−Fα ∧ ea ∧ eb

)
, (24)

7
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SHiggs =−
ˆ

2
4!
χ
(
ϕAϕA− v2

)2
εabcde

a ∧ eb ∧ ec ∧ ed , (25)

SYukawa =−
ˆ

2
4!
YABCψ̄

AψBϕCεabcde
a ∧ eb ∧ ec ∧ ed , (26)

Sspin =
ˆ

2π il2pψ̄Aγ5γ
aψAεabcde

b ∧ ec ∧βd , (27)

SCC =−
ˆ

1
96π l2p

Λεabcde
a ∧ eb ∧ ec ∧ ed . (28)

In addition to the topological 3BF term (20), one can recognize:

• the gravitational constraint term (21), giving rise to the gravitational degrees of freedom,
• the scalar constraint (22), giving rise to the massless scalar degrees of freedom,
• the Dirac constriant (23), giving rise to the massless fermions,
• the Yang–Mills constraint (24), giving rise to the massless gauge bosons,
• the Higgs potential constraint (25), containing the self-interactions and the mass of the Higgs

field,
• theYukawa constraint (26), containing the interactions between theHiggs field and fermions,

as well as fermion mixing matrices,
• the spin constraint (27), necessary for the appropriate coupling between fermion spins and

torsion, and
• the CC constraint (28), introducing the cosmological constant.

The following free parameters are present in the action:

• lp is the Planck length, featuring in Sgrav, Sspin and SCC,
• Cαβ represents the gauge coupling constant bilinear form, featuring in SYang–Mills,
• χ is the coupling constant for the quartic self-interaction of the Higgs field, featuring in
SHiggs,

• v is the vacuum expectation value of the Higgs field, also featuring in SHiggs,
• YABC represent the Yukawa couplings and fermion mixing matrices, featuring in SYukawa, and
• Λ is the cosmological constant, featuring in SCC.

The topological part S3BF and the constraints Sscal and SDirac do not contain any free parameters.
Finally, note that the topological part S3BF is now rewritten in new notation. Specifically, F is
split into the internal symmetry field strength Fα (which is a function of the internal symmetry
connection αα) and the Riemann curvature two-form R[ab] (which is a function of the spin
connection ω[ab]). The Lagrange multiplier C is rewritten as the tetrad field one-form ea, and
the Lagrange multiplierD is rewritten as a tuple of scalar and fermion fields (ϕA,ψA, ψ̄A). This
change of notation also suggests the physical interpretation of the fields in (1).

Let us discuss the equations of motion for this action. After a certain amount of calculation,
we obtain the equations solved for all Lagrange multiplier fields, in terms of the dynamical
fields and their derivatives:

8
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Mαab =− 1
48
εabcdFα

µνecµe
d
ν , ζαab =

1
4
Cβ

αεabcdFβ
µνec

µed
ν ,

λαµν =−Fαµν , Bαµν =− e
2
Cα

βεµνρσFβ
ρσ ,

λ[ab]µν = R[ab]µν , B[ab]µν =
1

8π l2p
ε[ab]cde

c
µe

d
ν ,

λ̃Aµ = (∇µϕ)
A , γ̃Aµνρ =−eεµνρσ (∇σϕ)A ,

HabcA =
1
6e
εµνρσ (∇µϕ)

A eaνe
b
ρe

c
σ , ΛabA

µ =
1
6e
gµλε

λνρσ (∇νϕ)
A eaρe

b
σ ,

γAµνρ =−iεabcde
a
µe

b
νe

c
ρ

(
γdψ

)A
, γ̄Aµνρ = iεabcde

a
µe

b
νe

c
ρ

(
ψ̄γd

)
A
,

λAµ =
(→
∇µψ

)A
, λ̄Aµ =

(
ψ̄
←
∇µ

)
A
,

βaµν = 0 . (29)

Next we look at the equations of motion for the dynamical fields. The spin connection ω[ab]µ

is not equivalent to the Levi-Civita connection, since fermionic fields give rise to nonzero
torsion Ta:

ω[ab]µ =∆[ab]µ +K[ab]µ , (30)

Ta ≡∇ea = 2π il2p εabcd e
b ∧ ec ψ̄Aγ5γdψA = 2π il2p sa . (31)

Spin connection is represented as sum of Ricci rotation coefficients ∆[ab]µ and contorsion
tensor K[ab]µ. Torsion 2-form is proportional to spin 2-form sa, as usual in the Einstein–Cartan
gravity.

The Einstein field equation has the usual form:

Rµν −
1
2
gµνR+Λgµν = 8π l2pTµν , (32)

where the stress–energy tensor is given as:

Tµν = Fα
µρCα

βFβν
ρ − 1

4
gµνF

α
ρσCα

βFβ
ρσ

+∇µϕ
A∇νϕA−

1
2
gµν

(
∇ρϕ

A∇ρϕA+ 2χ
(
ϕAϕA− v2

)2)
+

i
2

(
ψ̄A
↔
∇µγdψ

A
)
edν −

1
2
gµν

(
i
(
ψ̄A
↔
∇ργ

dψA
)
ed

ρ − 2YABCψ̄
AψBϕC

)
. (33)

It features three parts, describing the Yang–Mills, scalar and fermion stress–energy,
respectively.

Equations of motion for fermion and scalar fields are(
iγµ

→
∇µδ

A
B −YABCϕ

C
)
ψB = 0 , (34)

ψ̄B

(
δBA i
←
∇µγ

µ +YBACϕ
C
)
= 0 , (35)

∇µ∇µϕA− 4χ
(
ϕBϕB− v2

)
ϕA = 0 , (36)

9
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while the equation of motion for Yang–Mills fields is:

∇µFα
µν +

1
2
C−1

α
β
(
▷βAB

(
ϕA∇νϕB−ϕB∇νϕA

)
+ iψ̄AψB

(
▷βC

AγνCB− γνAC ▷βC
B
))

= 0 .

(37)

One can observe that all these equations of motion correspond precisely to the SM coupled to
Einstein–Cartan gravity, along with the cosmological constant term.

This completes the review of the realistic classical theory based on the constrained 3BF
action and the 3-group approach. In the next section, we turn to the discussion of the symmet-
ries of this model.

3. Constrained 3BF action and explicit symmetry breaking

By adding simplicity constraints to the topological 3BF action, we reproduce the equations of
motions for all known fields. But adding constraints also leads to breaking of the initial sym-
metry. In what follows, we will study each of the constraints separately, in order to determine
which constraint breaks which symmetry group.

The total symmetry group of the topological 3BF action has been studied in [56, 67], and has
been shown to have the form G3BF = (G̃⋉ (H̃L⋉ (Ñ× M̃)))⋉HT. The semidirect and direct
products of groups G̃, H̃L, M̃, Ñ correspond to the ordinary gauge symmetry of the action,
while the Henneaux–Teitelboim (HT) group corresponds to the so-called HT symmetry, which
is trivial on-shell (for a review, see [67]).

The choice of the SM 3-group, introduced in the previous section, implies however a more
specific structure for the gauge group G3BF. Namely, in the general case, the generators of the
H̃L group can be naturally divided into the Ĥ-generators and L̂-generators, satisfying the Lie
algebra commutation relations of the form[

Ĥ, Ĥ
]
∼ L̂ ,

[
Ĥ, L̂

]
∼ 0 ,

[
L̂, L̂
]
∼ 0 , (38)

where the structure constants in the first commutator are proportional to the components of
the Peiffer lifting map in the given 3-group (see [56] for a detailed analysis). Nevertheless, for
our specific choice of the 3-group the Peiffer lifting is trivial, implying that[

Ĥ, Ĥ
]
∼ 0 ,

[
Ĥ, L̂

]
∼ 0 ,

[
L̂, L̂
]
∼ 0 . (39)

This means that the group H̃L can be rewritten as a direct product

H̃L = H̃× L̃ (40)

of two Abelian normal subgroups H̃ and L̃. Additionally, since in general the Ĥ-generators are
responsible for the semidirect product H̃L⋉ (Ñ× M̃) within G3BF, with commutation relations
of the form [

Ĥ, N̂
]
∼ M̂ ,

[
Ĥ,M̂

]
∼ 0 ,

[
L̂,M̂

]
∼ 0 ,

[
L̂, N̂

]
∼ 0 , (41)

it is straightforward to conclude that in a case of any 3-group with trivial Peiffer lifting, the
symmetry group G3BF takes on a more specific form:

G3BF =
(
G̃⋉

(
L̃×

(
H̃⋉

(
Ñ× M̃

))))
⋉HT . (42)

10
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Thus, (42) represents the gauge group of the 3BF theory based on the SM 3-group.
Let us now introduce the action of this group on the fields present in the 3BF action. For

a general 3-group, the infinitesimal transformations of the ordinary gauge part are derived in
[56] and listed as form-variations, while the infinitesimal transformations of the HT-part are
defined in [67]. For the special case of the SM 3-group, the ordinary gauge transformations
are given explicitly as follows:

δg0α
α =−∇ϵgα ,

δg0ω
[ab] =−∇ϵg[ab] ,

δg0β
a = ▷αb

aϵg
αβb−∇ϵha ,

δg0γ
A = ▷αB

Aϵg
αγB+∇ϵlA ,

δg0B
α = fβγ

αϵg
βBγ + ea ∧ ϵhb ▷αb

a−DA ▷
α
B
Aϵl

B−∇ϵmα +βb ▷
α
a
bϵn

a ,

δg0B
[ab] = f[gh][ij]

[ab]B[ij]ϵg
[gh] −∇ϵm[ab] + ec ∧ ϵhd ▷[ab] dc+βd ▷

[ab]
c
dϵn

c− ϵl
A ▷[ab] A

BDB ,

δg0e
a =−∇ϵna+ ϵg

α ▷αb
aeb ,

δg0D
A = ▷αB

Aϵg
αDB . (43)

The transformations are specified by the five free parameters, corresponding to their Lie
algebras—the parameters ϵgα and ϵna are zero-forms, ϵha and ϵmα are one-forms, and ϵlA

are three-forms.
Regarding the HT symmetry, the infinitesimal transformations are most easily expressed in

the following matrix form [67]:



δHT
0 Bα

µν

δHT
0 Caµ

δHT
0 DA

δHT
0 αα

µ

δHT
0 βaµν

δHT
0 γAµνρ


=



ϵαβµνσλ ϵαbµνσ ϵαBµν ϵαβµνσ ϵαbµνσλ ϵαBµνσλξ

µaβµσλ ϵabµσ ϵaBµ ϵaβµσ ϵabµσλ ϵaBµσλξ

µAβσλ µAbσ ϵAB ϵAβσ ϵAbσλ ϵABσλξ

µαβ
µσλ µαb

µσ µαB
µ ϵαβµσ ϵαbµσλ ϵαBµσλξ

µaβµνσλ µabµνσ µaBµν µaβµνσ ϵabµνσλ ϵaBµνσλξ

µAβµνρσλ µAbµνρσ µABµνρ µAβµνρσ µAbµνρσλ ϵABµνρσλξ



×



1
2

δS
δBβ

σλ

δS
δCbσ

δS
δDB

δS
δαβ

σ

1
2

δS
δβb

σλ

1
3!

δS
δγBσλξ


. (44)

11
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Here, in order to ensure the antisymmetry of the parameter matrix, the following identities
must hold:

µbασµν =−ϵαbµνσ , µBαµν =−ϵαBµν , µβα
σµν =−ϵαβµνσ ,

µbασλµν =−ϵαbµνσλ , µBασλξµν =−ϵαBµνσλξ .
µBaµ =−ϵaBµ , µβa

σµ =−ϵaβµσ ,
µbaσλµ =−ϵabµσλ , µBaσλξµ =−ϵaBµσλξ ,

µβA
σ =−ϵAβσ , µbAσλ =−ϵAbσλ , µBAσλξ =−ϵABσλξ ,

µbασλµ =−ϵαbµσλ , µBασλξµ =−ϵαBµσλξ , µBaσλξµν =−ϵaBµνσλξ .

(45)

For more information about properties and importance of HT transformations, see [67].
It is straightforward (if algebraically a bit involved) to verify that transformations (43)

and (44) keep the topological action (1) invariant. However, this is not the case for the con-
strained action (19), since each of the constraint terms may explicitly break one or more of
these symmetries. In order to determinewhich symmetries are preserved andwhich are broken,
and by which constraint term, we proceed as follows. For every individual constraint, we intro-
duce the action

S= S3BF+ Sconstraint , (46)

and we take the variation of this action with respect to (43). The topological part S3BF is
known to be already invariant, which means that the invariance of the action S reduces to the
requirement

δg0Sconstraint = 0 . (47)

This requirement may not be met automatically, but only by fixing the values of certain sub-
set of parameters ϵgα, ϵha, ϵlA, ϵmα, and ϵna. Each parameter that needs to be fixed indic-
ates that the corresponding symmetry subgroup is broken by the constraint. In the following
Subsections, we shall investigate each of the constraints (21)–(28), and use (47) to discuss
which symmetries are preserved and which are broken.

One should emphasize that the above method based on (47) makes sense only for the ordin-
ary gauge symmetry, whereas the HT symmetry cannot be studied this way. Namely, as was
explained in detail in [67], the definition (44) of the HT symmetry explicitly depends on the
form of the action. This means that the very process of adding a constraint term to the action
changes the HT symmetry group in a nontrivial way, most often by increasing its number of
generators and parameters, so that the HT group of the constrained theory is larger than the
HT group of the topological symmetry. This stands in sharp contrast to the ordinary gauge
group, which is being broken down to one of its subgroups by the same process. Therefore,
the question of explicit symmetry breaking by the introduction of the constraint term makes
sense exclusively for the ordinary gauge symmetry, and cannot be even formulated for the HT
symmetry.

3.1. Gravitational simplicity constraint

As explained above, the procedure for analyzing the symmetry breaking in the case of the
gravitational simplicity constraint boils down to the calculation of the form variation of (21)

12
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with respect to (43) and then the discussion of the requirement (47). Specifically, we have:

δg0Sgrav =−
ˆ (

δg0λ[ab] ∧
(
B[ab] − 1

16π l2p
ε[ab]cdec ∧ ed

)

+λ[ab] ∧
(
δg0B

[ab] +
2

16π l2p
ε[ab]cdδg0ec ∧ ed

))
. (48)

The variation of the Lagrange multiplier λ[ab] is not defined initially, so we choose to define it
in such way to preserve as many symmetries as we can. Substituting (43) into (48), after some
algebra, the variation of the gravitational constraint becomes:

δg0Sgrav =
ˆ (

δg0λ[ij] −λ[i|hϵg|j]
h
)
∧
(
B[ij] − 1

16π l2p
ε[ij]nmen ∧ em

)
+λ[ab] ∧ ed ∧

(
ϵh

[a|η|b]d− 1
8π l2p

ε[ab]cdηfc∇ϵnf
)

+λ[ab] ∧
(
ϵn

[a|β|b] −∇ϵm[ab] − ϵl
A ▷[ab] A

BDB

)
, (49)

from where we can see that we can choose the variation of the multiplier λ[ab] as follows:

δg0λ[ij] =−λ[ab]f[gh][ij][ab]ϵg[gh] = λ[i|hϵg|j]
h . (50)

This choice removes the whole first row in (49). However, from the second row one can see
that the requirement (47) can only be satisfied if one chooses specific values of ϵha, ϵna, ϵmα

and ϵlA. The only parameter that is not fixed is ϵgα. This implies that this constraint breaks all
symmetry groups M̃, Ñ, L̃, and H̃, except for the group G̃, which remains unbroken.

3.2. Scalar simplicity constraint

Using the above procedure we examine all the remaining constraints. In the case of the con-
straint for the scalar field, we have:

δg0Sscal =
ˆ [

δg0 λ̃A ∧
(
γ̃A−Habc

Aea ∧ eb ∧ ec
)

(51)

+ λ̃A ∧
(
δg0 γ̃

A− δg0Habc
Aea ∧ eb ∧ ec− 3Habc

Aδg0e
a ∧ eb ∧ ec

)
+ δg0Λ

ab
A ∧
(
Habc

Aεcdefed ∧ ee ∧ ef−∇ϕA ∧ ea ∧ eb
)

+Λab
A ∧
(
δg0Habc

Aεcdefed ∧ ee ∧ ef+ 3Habc
Aεcdef δg0ed ∧ ee ∧ ef

−∇δg0ϕ
A ∧ ea ∧ eb− δg0α

[kl] ▷[kl]B
AϕB ∧ ea ∧ eb− 2∇ϕA ∧ δg0ea ∧ eb

)]
.

13
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Substituting (43) into (51), we get:

δg0Sscal =
ˆ [(

δg0 λ̃A+ λ̃Bϵg
[ij] ▷[ij]A

B
)
∧
(
γ̃A−Habc

Aea ∧ eb ∧ ec
)

−
(
δg0Habc

A− ϵg
[ij]Habc

B ▷[ij]B
A
)(

λ̃Aη
adηbeηcf−Λab

Aε
cdef
)
∧ ed ∧ ee ∧ ef

+
(
δg0Λ

ab
A+Λab

Bϵg
[cd] ▷[cd]A

B
)
∧
(
Habc

Aεcdefed ∧ ee ∧ ef−∇ϕA ∧ ea ∧ eb
)

+
(
λ̃Aη

adηbeηcf−Λab
Aε

cdef
)
∧ 3Habc

A (∇ϵnd)∧ ee ∧ ef

+ 2Λab
A ∧∇ϕA ∧∇ϵna ∧ eb+ λ̃A ∧∇ϵlA

]
. (52)

It is obvious from fourth and fifth row from above equation that scalar field constraint breaks
only Ñ and L̃ symmetries, while H̃ and M̃ symmetries are preserved since their parameters ϵha

and ϵmα do not even appear in the variation (52). Finally, in order to preserve G̃ symmetry, we
choose to define variations of new multipliers as:

δg0 λ̃
A = ϵg

[ij]λ̃B ▷[ij]B
A , δg0Habc

A = Habc
Bϵg

[ij] ▷[ij]B
A , δg0Λ

abA = ϵg
[cd]ΛabB ▷[cd]B

A . (53)

3.3. Dirac simplicity constraint

In the same way, variation of the constraint for the Dirac fields gives us:

δg0SDirac =

ˆ (
δg0 λ̄A

)
∧
(
γA+

i
6
εabcde

a ∧ eb ∧ ec
(
γdψ

)A)
−
(
δg0λ

A
)
∧
(
γ̄A−

i
6
εabcde

a ∧ eb ∧ ec
(
ψ̄γd

)
A

)
+ λ̄A ∧

((
δg0γ

A
)
+

i
6
εabcde

a ∧ eb ∧ ec
(
γd

(
δg0ψ

))A
+

i
2
εabcd

(
δg0e

a)∧ eb ∧ ec(γdψ)A)
−λA ∧

((
δg0 γ̄A

)
− i

6
εabcde

a ∧ eb ∧ ec
(
γd

(
δg0ψ̄

))
A
− i

2
εabcd

(
δg0e

a)∧ eb ∧ ec(γdψ̄)
A

)
.

(54)

Substituting (43) into (54) gives us:

δg0SDirac =

ˆ (
δg0 λ̄A+ ϵg

α ▷αA
Bλ̄B
)
∧
(
γA+

i
6
εabcde

a ∧ eb ∧ ec
(
γdψ

)A)
−
(
δg0λ

A+ ϵg
α ▷α

A
Bλ

B
)
∧
(
γ̄A−

i
6
εabcde

a ∧ eb ∧ ec
(
ψ̄γd

)
A

)
+ λ̄A ∧

(
∇ϵlA+

i
2
εabcd (∇ϵna)∧ eb ∧ ec

(
γdψ

)A)
−λA ∧

(
∇ϵ̄lA−

i
2
εabcd (∇ϵna)∧ eb ∧ ec

(
ψ̄γd

)
A

)
. (55)
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This constraint also breaks only Ñ and L̃ symmetries, similar to the scalar constraint. The
variation laws for new multipliers are chosen to be:

δg0 λ̄A = ϵg
α ▷α

B
Aλ̄B , δg0λ

A = ϵg
α ▷α

A
Bλ

B . (56)

3.4. Yang–Mills simplicity constraint

Yang–Mills simplicity constraint is similar to gravitational constraint, but it contains two more
Lagrange multipliers. We apply the same variation procedure as above:

δg0SYang–Mills =

ˆ
δg0λ

α ∧
(
Bα − 12CαβMβabe

a ∧ eb
)

+λα ∧
(
δg0Bα − 12Cαβδg0Mβabe

a ∧ eb− 24CαβMβabδ
g
0e

a ∧ eb
)

+ δg0ζ
αab
(
Mαabεcdefe

c ∧ ed ∧ ee ∧ e f−Fα ∧ ea ∧ eb
)

+ ζαab
(
(δg0Mαab)εcdefe

c ∧ ed ∧ ee ∧ e f+ 4Mαabεcdef (δ
g
0e

c)∧ ed ∧ ee ∧ e f

− (δg0Fα)∧ ea ∧ eb− 2Fα ∧ (δg0ea)∧ eb) , (57)

where

δg0Fα = ϵg
βFγ ▷αβγ . (58)

The variation of the field strength (58) is obtained by varying the definition (2) using (43).
Combining equations (43), (57), and (58) gives us:

δg0SYang–Mills =

ˆ (
δg0λ

α +λγϵg
β ▷γβ

α
)
∧
(
Bα − 12CαβMβabe

a ∧ eb
)

+
(
δg0Mαab − ϵg

βMγ
ab▷αβγ

)(
ζαabεcdefec ∧ ed ∧ ee ∧ e f − 12Cα

βλ
β ∧ ea ∧ eb

)
+
(
δg0ζ

αab + ▷γβ
αζγabϵg

β
)(
Mαabεcdefec ∧ ed ∧ ee ∧ e f −Fα ∧ ea ∧ eb

)
+λα ∧

(
−∇ϵmα − ϵl

A ▷αA
BDB + ϵn

a ▷αa
bβb − ϵh

a ∧ eb ▷αa b + 24CαβMβab (∇ϵn
a)∧ eb

)
+ ζαab

(
−4Mαabεcdef (∇ϵn

c)∧ ed ∧ ee ∧ e f + 2Fα ∧ (∇ϵna)∧ eb
)
. (59)

Similar to the case of gravitational constraint, all symmetries, H̃, L̃, Ñ and M̃, except for G̃, are
broken. The variations for new multipliers are chosen as:

δg0λ
α = ϵg

βλγ ▷βγ
α , δg0Mαab = ϵg

βMγ
ab▷αβγ , δg0ζ

αab = ϵg
βζγab ▷βγ

α . (60)
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3.5. Higgs, Yukawa, spin, and CC terms

Variation of Higgs term gives us

δg0SHiggs =−1
3
χ

ˆ
2
(
ϕAϕ

A− v2
)
ϕA
(
δg0ϕ

A
)
εabcdea ∧ eb ∧ ec ∧ ed (61)

+
(
ϕAϕ

A− v2
)2
εabcd (δg0ea)∧ eb ∧ ec ∧ ed .

This implies that

δg0SHiggs =
1
3
χ

ˆ (
ϕAϕ

A− v2
)2
εabcd (∇ϵna)∧ eb ∧ ec ∧ ed , (62)

where we have used the identity ▷αAB =−▷αBA from the theorem. This constraint does not
break G̃ symmetry since its parameter drops out of (62) despite being present in the form
variations for both ϕA and ea, so only Ñ symmetry is broken.

The variation of Yukawa coupling term is:

δg0SYukawa =− 2
4!

ˆ
YABCδ

g
0

(
ψ̄AψB

)
ϕCεabcde

a ∧ eb ∧ ec ∧ ed

+YABCψ̄
AψBδg0ϕ

Cεabcde
a ∧ eb ∧ ec ∧ ed

+ 4YABCψ̄
AψBϕCεabcdδ

g
0e

a ∧ eb ∧ ec ∧ ed . (63)

Again, substituting the variations of fields (43) into (63) gives:

δg0SYukawa =
1
3

ˆ
YABCψ̄

AψBϕCεabcd (∇ϵna)∧ eb ∧ ec ∧ ed . (64)

As above, only Ñ symmetry is broken, because the YABC matrix is defined in such a way to
preserve G̃ symmetry.

Spin coupling term does not break G̃ symmetry for the same reasons as the Dirac or Higgs
terms, but it does break Ñ and H̃ symmetries:

δg0Sspin = 2π il2pεabcd

ˆ (
δg0
(
ψ̄γ5γ

aψ
)
eb ∧ ec ∧βd+ ψ̄γ5γ

aψδg0
(
eb ∧ ec ∧βd

))
,

=−2π il2pεabcd

ˆ
ψ̄γ5γ

aψ
(
2
(
∇ϵnb

)
∧ ec ∧βd+ eb ∧ ec ∧

(
∇ϵhd

))
. (65)

Finally, the CC term breaks only Ñ symmetry:

δg0SCC =−
ˆ

1
24π l2p

Λεabcdδ
g
0e

a ∧ eb ∧ ec ∧ ed =−
ˆ

1
24π l2p

Λεabcd∇ϵna ∧ eb ∧ ec ∧ ed . (66)
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3.6. Overview of symmetry breaking

Summing up all the results from this section, we can make a table of symmetries and con-
straints. Each field labeled with× corresponds to the breaking of a given symmetry by a given
constraint term:

Sgrav Sscal SDirac SYang–Mills SHiggs SYukawa Sspin SCC

G̃
H̃ × × ×
L̃ × × × ×
M̃ × ×
Ñ × × × × × × × ×

From the above table one can observe several interesting features. First, G̃ symmetry is
preserved by all constraints, while Ñ symmetry is broken by all constraints. Second, the grav-
itational and Yang–Mills constraints break all symmetries except G̃, and these constraints are
the only ones to do so. Finally, the Higgs potential constraint, the Yukawa coupling constraint
and the cosmological constant constraint break exclusively the Ñ symmetry, while preserving
all others.

In addition to the above results, there are three more constraint terms, which do not appear
in the action (19) but will appear later on in sections 4 and 5, after we rewrite the action in a
form corresponding to the spontaneously broken symmetry. The first of these is the mass term
for scalar fields:

Sscalar mass =−m2

4!
εabcd

ˆ
ϕAϕ

Aea ∧ eb ∧ ec ∧ ed . (67)

Variation of this term is

δg0Sscalar mass =−m2

4!
εabcd

ˆ (
2(δg0ϕA)ϕ

Aea ∧ eb ∧ ec ∧ ed+ 4ϕAϕ
A (δg0e

a)∧ eb ∧ ec ∧ ed
)
,

(68)

which reduces to:

δg0Sscalar mass =
m2

3!
εabcd

ˆ
ϕAϕ

A (∇ϵna)∧ eb ∧ ec ∧ ed . (69)

We conclude that the term (67) breaks only Ñ symmetry.
The second new constraint term is the Dirac mass term:

SDirac mass =− m
12
εabcd

ˆ
ψ̄Aψ

Aea ∧ eb ∧ ec ∧ ed . (70)

Its variation is

δg0SDirac mass =− m
12
εabcd

ˆ (
(δg0ψ̄A)ψ

Aea ∧ eb ∧ ec ∧ ed+ ψ̄A(δ
g
0ψ

A)ea ∧ eb ∧ ec ∧ ed

+ 4ψ̄Aψ
A(δg0e

a)∧ eb ∧ ec ∧ ed
)
, (71)
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which reduces to:

δg0SDirac mass =
m
3
εabcd

ˆ
ψ̄Aψ

A (∇ϵna)∧ eb ∧ ec ∧ ed . (72)

Similar to the scalar mass term, this constraint also breaks only Ñ symmetry.
The third new constraint term is the Proca constraint. This term will explicitly appear in

section 4 in equation (80) below, as part of the discussion of the Proca action. It has the fol-
lowing form (see section 4 for the details of the notation):

SProca =
ˆ

Θαab ∧
(
Ξαabcε

cdefed ∧ ee ∧ ef+
M
g
αα ∧ ea ∧ eb

)
+
M
g
αα ∧Ξαabce

a ∧ eb ∧ ec .

(73)

The variation of this term is:

δg0SProca =
ˆ [

M
g
(δg0α

α ∧Ξαabce
a+αα ∧ δg0Ξαabce

a+ 3αα ∧Ξαabcδ
g
0e

a)∧ eb ∧ ec

+ δg0Θ
αab ∧

(
Ξαabcε

cdefed ∧ ee ∧ ef+
M
g
αα ∧ ea ∧ eb

)
+Θαab ∧

(
δg0Ξαabcε

cdefed ∧ ed ∧ ee ∧ ef+ 3Ξαabcε
cdefδg0ed ∧ ee ∧ ef

)
+
M
g
Θαab ∧ (δg0αα ∧ ea ∧ eb+ 2αα ∧ δg0ea ∧ eb)

]
. (74)

Substituting the variations of connection α and tetrad fields, and using the fact that ▷αab = 0,
we get:

δg0SProca =
ˆ [

δg0Θ
αab ∧

(
Ξαabcε

cdefed ∧ ee ∧ ef+
M
g
αα ∧ ea ∧ eb

)
(75)

+ δg0Ξαabc

(
M
g
αα ∧ ea ∧ eb ∧ ec+Θαab ∧ εcdefed ∧ ee ∧ ef

)
+
M
g
∇ϵgα ∧

(
Θαab ∧ ea ∧ eb−Ξαabce

a ∧ eb ∧ ec
)

− 3Ξαabc

(
M
g
αα ∧∇ϵna ∧ eb ∧ ec+Θαabεcdef∇ϵnd ∧ ee ∧ ef

)
− 2

M
g
Θαab ∧αα ∧∇ϵna ∧ eb

]
.

We can eliminate the first two rows by choosing the variations of the new multipliers to be

δg0Θ
αab = 0 , δg0Ξαabc = 0 . (76)

However, in addition to broken Ñ symmetry, the Proca constraint is the only constraint which
breaks G̃ symmetry, since its parameter appears explicitly in the third row.

Finally, let us note that the scalar mass constraint, Dirac mass constraint and the Proca
constraint supplement the above table of constraints with three more columns, as follows:
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Sscalar mass SDirac mass SProca

G̃ ×
H̃
L̃
M̃
Ñ × × ×

This concludes the analysis of explicit symmetry breaking of the constrained 3BF theory.
In what follows, we turn to the detailed analysis of the Proca action, and after that to the
spontaneous symmetry breaking, which has completely different nature and properties from
the explicit symmetry breaking.

4. Constrained 3BF action for the Proca field

In order to study the electroweak theory, spontaneous symmetry breaking and the Higgs mech-
anism within the framework of higher gauge theory, an important step is to give a review of
the Proca action written as a constrained 3BF theory, since the Higgs mechanism will natur-
ally generate mass terms for the vector bosons. The 3BF formulation of the Proca action will
therefore help us recognize these terms when we turn to the details of the Higgs mechanism.

In order to introduce the constrained 3BF action for the Proca field, the first step is to specify
the choice of a 3-group. The typical choice is the following. The three component Lie groups
are given as:

G= SO(3,1)× SU(N) , H= R4 , L= {1L} . (77)

This choice corresponds to the SU(N) Yang–Mills field coupled to Einstein–Cartan gravity,
with no scalar or fermion matter (since the group L is trivial). The trivial choice of L implies
that the Peiffer lifting and the homomorphism δ are also trivial, as well as the action ▷ of the
group G onto L. What remains to be specified is the homomorphism ∂ and the action ▷ of
the group G onto itself and onto the group H. We choose the homomorphism ∂ to be trivial
as well, while the action ▷ is specified as follows. The action of G onto itself is given via the
equations (11) and (12), similar as for the SM, while the action of G onto H is also given via
the equations (13).

In order to define the corresponding 3BF action, the symmetric nondegenerate invariant
bilinear forms ⟨_ ,_⟩g and ⟨_ ,_⟩h are specified via the equations (15) and (16), respectively,
while ⟨_ ,_⟩l is trivial. These choices simplify the 3BF action into a 2BF action, a special case
of (20), given as:

S2BF =
ˆ
Bα ∧Fα +B[ab] ∧R[ab] + ea ∧∇βa . (78)

Here the first term is the BF term for the SU(N) group corresponding to the Yang–Mills part,
while the remaining two terms correspond to the gravitational part.

Once we have specified the topological part of the action, we deform it by adding appro-
priate constraints. In order to obtain appropriate dynamics for gravity, we have to add the
gravitational constraint term (21), while in order to obtain appropriate dynamics for the Yang–
Mills field we similarly have to add the Yang–Mills constraint term (24), and in this case one
additional constraint, called the Proca constraint term:

S= S2BF+ Sgrav + SYang–Mills + SProca . (79)
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The new Proca constraint term has the following form

SProca =
ˆ

Θαab ∧
(
Ξαabcε

cdefed ∧ ee ∧ ef+
M
g
αα ∧ ea ∧ eb

)
+
M
g
αα ∧Ξαabce

a ∧ eb ∧ ec , (80)

where the 1-form Θαab and 0-form Ξαabc are new Lagrange multipliers, M is the new para-
meter, while g is the Yang–Mills coupling constant, corresponding to the choice of the coupling
constant bilinear form in (24) as:

Cαβ =
1
g2
gαβ . (81)

In order to demonstrate that the action (79) really corresponds to the theory of the Proca
field, we compute the corresponding equations of motion. Similarly to the case of the SM, the
variations of the action with respect to all fields will give the equations that can be solved for
the multipliers,

Mαab =− 1
48
εabcde

c
µe

d
νFα

µν , λαµν =−Fαµν , ζαab =
1

4g2
εabcdecµedνF

αµν ,

Θαab
µ =

M
6g
εabcdαα

νec
νedµ , λ[ab]µν = R[ab]µν , Ξαabc =

M
6g
εabcdααµe

dµ ,

Bαµν =− e
2g2

εµνρσFα
ρσ , βaµν = 0 , B[ab]µν =

1
8π l2p

εabcde
c
µe

d
ν ,

(82)

then the Einstein field equation (32) for the stress–energy tensor of the form

Tµν =
1
g2

(
Fα

µρFαν
ρ − 1

4
gµνF

α
ρσFα

ρσ

)
+
M2

g2

(
ααµα

α
ν −

1
2
gµναα

ραα
ρ

)
, (83)

as well as the equations for the spin connection (31) and the torsion equation Ta ≡∇ea = 0,
and finally the equation of motion for the vector boson field

∇µF
αµ

ν −M2αα
ν = 0 , (84)

where Fα
µν is the standard Yang–Mills field strength tensor for the SU(N) connection αα

µ .
This is precisely the Proca equation for the field with mass M.

In addition to the equations of motion, one can verify that the action (79) corresponds to the
Proca theory by eliminating all auxiliary fields. Since auxiliary fields are algebraically determ-
ined as functions of the dynamical fields, their equations of motion can be substituted back into
the action, leading to the second-order formulation of the theory. In particular, substituting all
equations (82) into (79), after a certain amount of straightforward algebra, one obtains pre-
cisely the traditional formulation of the action for the Proca field coupled to Einstein–Cartan
gravity:

S=
ˆ

1
16π l2p

εabcdRab ∧ ec ∧ ed−
1
g2
Fα ∧ ⋆Fα − 1

4!
M2

g2
αα

µαα
µ εabcd ea ∧ eb ∧ ec ∧ ed . (85)

Here αα
µ ≡ αανgµν where gµν = ηabeaµebν . Also, ⋆F denotes the Hodge dual of the 2-form

F:

⋆Fα =
1
4
Fα

cdε
abcdea ∧ eb . (86)
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When dealing with the electroweak theory and the SM, one encounters multiple Proca
fields, with different massesM. In order to account for this, let us generalize the action (79) to
the case of multiple Proca fields. This is done by choosing a 3-group with a modified group G
of the form:

G= SO(3,1)×
∏
i

U(1)×
∏
j

SU(Nj) . (87)

Compared to (77), one can see that the subgroup SU(N) in G has been substituted with mul-
tiple copies of U(1) and SU(Nj), depending on how many Proca fields we wish to have in
the theory. The structure of the 3-group remains essentially the same, in the sense that the
action ▷ is extended from the SU(N) case to the more general case in an obvious way, so that
equations (11)–(13) remain valid for the general choice (87).

Given this more general choice of the 3-group, the action for the theory formally still has the
form (79), but now the terms S2BF and SYang–Mills correspond to the new choice of the internal
gauge group, and the coupling constant bilinear form Cαβ does not need to have the form (81)
anymore, but instead it may depend on multiple coupling constants gi, one for each term in the
products in (87). The only requirements on Cαβ are that it must be symmetric, nondegenerate
and G-invariant, since its eigenvalues should be 1/g2i . Finally, the term SProca becomes more
complicated, and has the following form:

SProca =
ˆ

Θαab ∧
(
Ξαabcε

cdefed ∧ ee ∧ ef+Nαβ α
β ∧ ea ∧ eb

)
+αα ∧ Ñα

βΞβabce
a ∧ eb ∧ ec , (88)

This constraint term features a new bilinear form Nαβ and a new matrix Ñα
β , which are con-

stant and arbitrary, representing new free parameters of the action. In order to understand their
physical meaning, let us discuss the equations of motion for the action, as follows. First, the
equations that can be solved for the multipliers are

Mαab =− 1
48
εabcde

c
µe

d
νFα

µν , λαµν =−Fαµν , ζα
ab =

1
4
Cαβε

abcdecµedνF
βµν ,

Θαab
µ =

1
6
Ñβ

αεabcdαβ
νec

νedµ , λ[ab]µν = R[ab]µν , Ξαabc =
1
6
Nαβεabcdα

β
µe

dµ ,

Bαµν =− e
2
CαβεµνρσF

βρσ , βaµν = 0 , B[ab]µν =
1

8π l2p
εabcde

c
µe

d
ν ,

(89)

where we can see the presence of the parametersCαβ ,Nαβ and Ñα
β . Next, the torsion equation

∇ea = 0 remains unchanged, while the equation of motion and the stress–energy tensor for the
vector fields obtain the following form:

∇µF
αµ

ν −Mα
βα

β
ν = 0 , (90)

Tµν = Cαβ

(
Fα

µρF
β
ν
ρ − 1

4
gµνF

α
ρσF

βρσ

)
+CαβM

β
γ

(
αα

µα
γ
ν −

1
2
gµνα

αραγ
ρ

)
.

(91)

Here the new matrix Mα
β is constructed from Cαβ , Nαβ and Ñα

β as follows:

Mα
β =

1
2

(
C−1

)αγ (
Ñγ

δNδβ + Ñβ
δNδγ

)
. (92)
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This matrix is interpreted as the squared-massmatrix of the theory. Note that due to the fact that
Cαβ is nondegenerate, it is also invertible. In order to interpretMα

β as a matrix whose eigen-
values are squares of masses, the parameters Cαβ , Nαβ and Ñα

β have to be chosen so that (92)
is positive semi-definite. In such a case, choosing a basis in Lie algebra g as an eigenbasis of
Mα

β , and denoting the respective eigenvalues asM2
(α), one can rewrite the squared-mass mat-

rix into the form

Mα
β =M2

(α)δ
α
β , (93)

where the parentheses over the index α denote that this index is not summed over. Substituting
this into the equation of motion (90) we finally obtain

∇µF
αµ

ν −M2
(α)α

α
ν = 0 . (94)

This is a set of equations of motion for several Proca fields, with (possibly different) masses
M(α), which explains why we can interpret Mα

β as the squared-mass matrix. Also, note that
the obtained equation of motion (94) and the stress–energy tensor (91) are natural generaliz-
ations of their single Proca field counterparts (84) and (83), respectively. Moreover, similarly
to the case of a single Proca field, one can substitute the algebraic equations of motion for the
auxiliary fields (89) back into the action (79) with (88) to obtain the traditional second-order
formulation of the Proca theory coupled to Einstein–Cartan gravity.

In order to be able to successfully compare, term by term, the Proca action with the action
that will be obtained in section 5 as a result of the Higgs mechanism, there is one more gener-
alization that we need to do. In particular, we modify the Proca constraint (88) by introducing
two additional Lagrange multipliers, a 1-form θα and a 3-form ρα, as follows:

SProca =
ˆ

Θαab ∧
(
Ξαabcε

cdefed ∧ ee ∧ ef+Nαβ α
β ∧ ea ∧ eb

)
+αα ∧ Ñα

βρβ + θα ∧
(
ρα −Ξαabce

a ∧ eb ∧ ec
)
. (95)

The two additional Lagrange multipliers provide a convenient extension of the configura-
tion space, so that it is compatible with the configuration space that will naturally appear in
section 5. Other than that, the multipliers do not modify any other property of the Proca action.
In particular, the equations of motion (89) and (94), as well as the stress–energy tensor (91)
and the torsion equation remain unchanged. Of course, extending the configuration space also
means that we have two additional equations of motion, for the two new multipliers:

θα =−Ñβ
ααβ

µ , ρανρσ = eMαβ εµνρσα
βµ . (96)

As before, these two equations can also be readily substituted back into the action in order to
obtain the traditional second-order formulation of the Proca action.

This concludes our analysis of the higher gauge theory reformulation of the Proca action.
The form of the terms in the Proca constraint (95) are precisely the type of terms one should
look for in the SM action after spontaneous symmetry breaking. As we shall see below, these
kind of terms will be found precisely for the W± and Z0 bosons in the electroweak theory.

5. Spontaneous symmetry breaking and the Higgs mechanism

The traditional formulation of the action for the SMof elementary particles does not involve the
3BF action and simplicity constraint terms, but is rather expressed in the ordinary tensor form
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of the Lagrangian. One then performs a sequence of steps, comprising the Higgs mechanism,
in order to rewrite the Lagrangian in the form where the full gauge symmetry is not manifest.
The additional assumption that the vacuum state is not invariant with respect to the full gauge
symmetry, but only one of its subgroups, and the corresponding gauge fixing of the Lagrangian,
renders the gauge symmetry of the theory spontaneously broken.

In light of the framework of 3BF theory with constraints described in section 2, it is natural
to ask whether the Higgs mechanism can be applied to the action (19) which represents the
SM expressed in this new language. Answering that question is the topic of this section.

5.1. Constrained 3BF action for the electroweak theory

In order to demonstrate the Higgs mechanism in the simplest way possible, let us restrict the
action (19) to the electroweak sector, and for the moment ignore the fermion spectrum. In other
words, we choose the 3-group in the following way:

G= SO(3,1)× SU(2)×U(1) , H= R4 , L= C4 . (97)

The group G features the Lorentz subgroup, the weak isospin SU(2) subgroup, and the weak
hypercharge U(1) subgroup. The group H remains the same as before, describing translations,
while the group L has been reduced to describe only the doublet of complex scalar fields. The
homomorphisms δ and ∂ remain trivial, as well as the Peiffer lifting {_ ,_}pf. Finally, the action
of the group G is defined as follows. It acts on itself via conjugation, the Lorentz part acts in
the standard way onto the group H, and trivially onto the group L, thereby defining that all
component fields from L are scalar fields. The weak isospin and hypercharge act trivially on
H, while they act in a nontrivial way on L. In order to explicitly state this action, it is useful to
introduce the matrix notation for the generators TA of the group L, in an obvious way, as:

T1 =


1
0
0
0

 , T2 =


0
1
0
0

 , T3 =


0
0
1
0

 , T4 =


0
0
0
1

 . (98)

Then, if we denote the generators of weak isospin as τ i (i = 1,2,3), and the generator of
hypercharge as τ 0, we have:

τα ▷TA = ▷αA
BTB , (99)

where the indexα takes values 0, . . . ,3, and thus conveniently counts all four generators (τ0, τi)
of the group SU(2)×U(1). The coefficients are explicitly given as:

▷0A
B =

i
2


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , ▷1A
B =

i
2


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 ,

▷2A
B =

i
2


0 i 0 0
−i 0 0 0
0 0 0 i
0 0 −i 0

 , ▷3A
B =

i
2


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 .

(100)
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Note also that the generators of SU(2)×U(1) satisfy the usual commutation relations

fαβγ =

{
−εαβγ , for α,β,γ ̸= 0 ,
0 otherwise.

(101)

This fixes the choice of the electroweak 3-group. Next, the bilinear forms are defined in the
natural way—for the groups G and H they are defined as in (15) and (16), while for the group
L the choice may appear unusual:

gAB =
1
2


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 . (102)

This is only apparent, since we wish to represent an element of the algebra l in the form

ϕ ≡ ϕATA ≡ ϕ+T1 +ϕ0T2 +ϕ†+T3 +ϕ†0T4 =


ϕ+
ϕ0

ϕ†+
ϕ†0

 . (103)

However, if one switches to a new basis in l as

T̃1 = T1 +T3 , T̃2 = iT1 − iT3 , T̃3 = T2 +T4 , T̃4 = iT2 − iT4 , (104)

the same algebra element can be rewritten as

ϕ = ϕ1T̃1 +ϕ2T̃2 +ϕ3T̃3 +ϕ4T̃4 , (105)

where ϕ1, . . . ,ϕ4 are real-valued components, and there is a natural correspondence between
the coefficients:

ϕ+ = ϕ1 + iϕ2 , ϕ0 = ϕ3 + iϕ4 , ϕ†+ = ϕ1 − iϕ2 , ϕ†0 = ϕ3 − iϕ4 . (106)

In the basis T̃A the bilinear form (102) becomes the unit diagonal matrix. The basis T̃A is con-
venient because of the diagonal bilinear form and the real-valued components, while the basis
TA is convenient because it is an eigenbasis for the weak isospin and weak hypercharge opeat-
ors (and as we shall see, also for the electromagnetic charge operator). We will be frequently
switching between these two bases throughout this section.

We should also note that (105) can be understood as an element of the four-dimensional
real-valued Lie algebra L= R4, or equivalently of the two-dimensional complex-valued Lie
algebra L= C2 (which is implicitly being used in most standard textbooks dealing with the
Higgs mechanism). On the other hand, (103) is an element of the four-dimensional complex-
valued Lie algebra L= C4, which is a complexification of R4, and if we wish to be able to
seamlessly switch from the basis TA to T̃A and back, it is far more convenient to work with the
complexified algebra. Hence the choice L= C4 in the electroweak 3-group (97).

Once we have specified the choice of the 3-group and the choices for the bilinear forms,
the action for the electroweak theory can be written as:

S= S3BF+ Sgrav + Sscal + SYang–Mills + SHiggs + SCC . (107)
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It is similar in form to (19), where the constraint terms related to fermions have been ommited.
The coupling constant bilinear form in SYang–Mills is given as

Cαβ =


1
g20

0 0 0

0 1
g21

0 0

0 0 1
g21

0

0 0 0 1
g21

 , (108)

reflecting the structure of the SU(2)×U(1) group.

5.2. Overview of the Higgs mechanism

There are three main steps in the Higgs mechanism:

• discussion of the stable vacuum,
• introduction of a change of variables,
• gauge fixing of the scalar fields.

In order to understand the details of the Higgs mechanism in the framework of the action (107),
it is illustrative to repeat these main steps using the new variables and notation.

The analysis of the stable vacuum is essentially identical to the usual case of the Higgs
mechanism. The SHiggs constraint introduces the following potential for the scalar field,

V(ϕ) = 2χ
(
ϕAϕA− v2

)2
, (109)

and one can observe that the stable vacuum is not unique, but is represented by a 3-sphere of
points ϕAϕA = v2 in the configuation space. In order to rewrite the action in terms of fields
that become equal to zero at some given vacuum point, one is led to introduce a change of
variables from (ϕ1,ϕ2,ϕ3,ϕ4) to (ϕ1,ϕ2,h,ϕ4), where h(x) is the new scalar field, obrained by
translating ϕ3 by v:

ϕ3 (x) = v+ h(x) . (110)

This corresponds to the point (0,0,v,0) on the 3-sphere as our vacuum of choice, by conven-
tion. Of course, this convention is completely arbitrary, and nothing in the rest of the analysis
depends on this choice. The change of variables is given in terms of the basis T̃A, while in
terms of our original basis TA we have:

ϕA =


ϕ+
ϕ0

ϕ†+
ϕ†0

=


ϕ1 + iϕ2

v+ h+ iϕ4

ϕ1 − iϕ2

v+ h− iϕ4

 . (111)

Finally, given this relation, one can observe that the components ϕ1, ϕ2 and ϕ4 are in fact
equivalent (up to linear order) to three gauge parameters of the g-gauge transformation

ϕ → ϕ ′ = eξ
ατα ▷ ϕ. (112)
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Namely, using the action (99) of the generators of algebra g on the generators of algebra l, one
can start from the following state and the choice of the following gauge parameters,

ϕA =


0

v+ h
0

v+ h

 , ξα
(
ϕA
)
=

1
v


ϕ4

2ϕ2

2ϕ1

−ϕ4

+O
(
ϕ2
)
, (113)

and evaluate gauge transformation (112) on the above state to obtain:

ϕ ′A = eξ
α(ϕ)τα


0

v+ h
0

v+ h

=


ϕ1 + iϕ2

v+ h+ iϕ4

ϕ1 − iϕ2

v+ h− iϕ4

 . (114)

Therefore, we see that the fields ϕ1, ϕ2 and ϕ4 can be understood as gauge degrees of freedom,
given by the relation (113). One can conclude that only the field h is physical, since it cannot
be removed by a g-gauge transformation.

Next, one can see that, even after the removal of ϕ1, ϕ2 and ϕ4 by using a gauge trans-
formation, the state ϕA in (113) still remains invariant with respect to a U(1) subgroup of G.
Denoting the generator of this stabilizer group as Q, one can easily see from (100) that the
stabilizer requirement Q ▷ ϕ = 0 is satisfied for

Q= τ0 + τ3 . (115)

This equation is known by the name Gell–Mann–Nishijima formula (for electroweak interac-
tions). Phenomenologically, Q corresponds to the electromagnetic charge q, specifically q is
an eigenvalue of the operator −iQ, and the corresponding U(1) stabilizer group is the gauge
group of electrodynamics. From the stabilizer requirement one can observe that the Higgs field
h(x) has no electric charge, since it corresponds for the eigenvalue q= 0.

Let us note that the above results do not depend in any way on the choice of the vacuum
point (0,0,v,0) on the 3-sphere. One could have chosen any other point, in which case the
only difference is that the solution of the stabilizer equation Q ▷ ϕ = 0 would be slighly more
general:

Q= τ0 + α⃗ · τ⃗ , α⃗ ∈ R3, ∥α⃗∥2 = 1 . (116)

Here τ⃗ is understood as a triple (τ1, τ2, τ3). In particular, the electromagnetic charge of the
Higgs field would remain zero even in this case.

5.3. Transformation of the action

Let us now turn to the problem of the transformation of the action with respect to the gauge
transformation of the scalar field that removes the components ϕ1, ϕ2 and ϕ4,

ϕA →
(
e−ξ ▷ ϕ

)A
=


0

v+ h
0

v+ h

 , (117)
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where ξ ≡ ξατα, and the parameters ξα are given in (113). In order to see what happens to
the action (107), let us first note that the remaining variables that enter the action transform as
follows. The transformation of the 3-connection variables (α,ω,β, γ̃) is given as:

α ′ = e−ξ (α+ d)eξ , ω ′ = ω , β ′ = β , γ̃ ′ = e−ξ ▷ γ̃ . (118)

The corresponding curvatures transform as:

F ′ = e−ξFeξ , R ′ = R , G ′ = G , H ′ = e−ξ ▷H . (119)

The transformations of the Lagrange multipliers which appear in the topological sector of the
action, namely Bα, B[ab], ea and ϕA, are given as:

B ′α =
(
e−ξBeξ

)
α
, B ′[ab] = B[ab] , e ′a = ea , (120)

while the transformation of ϕA is already spelled out in (117). Next, the g-valued Lagrange
multipliers which appear in the constraint sector of the action, namely λα, λ[ab], Mαab and
ζαab, transform as:

λ ′α =
(
e−ξλeξ

)
α
, λ ′[ab] = λ[ab] , M ′αab =

(
e−ξMeξ

)
αab

, ζ ′αab =
(
e−ξζeξ

)
αab

.

(121)

The l-valued Lagrange multipliers which appear in the constraint sector of the action, namely
λ̃A, ΛabA and HabcA, transform as:

λ̃ ′A =
(
e−ξ ▷ λ̃

)
A
, Λ ′abA =

(
e−ξ ▷Λ

)
abA

, H ′abcA =
(
e−ξ ▷H

)
abcA

. (122)

Finally, the constraint part of the action also features the covariant derivative∇ϕ, which trans-
forms in a covariant way,

(∇ϕ) ′ = e−ξ ▷ (∇ϕ) , (123)

as expected for a covariant derivative.
In addition to all of the above fields, the action also features the bilinear form of coupling

constants, Cαβ , given by (108). One can observe that this bilinear form is in fact term-by-term
proportional to the already introduced bilinear form ⟨_ ,_⟩g, as follows:

Cαβ = C (τα, τβ)≡
δjαδ

k
β

g21
⟨τj, τk⟩g +

δ0αδ
0
β

g20
⟨τ0, τ0⟩g . (124)

The two terms in the sum correspond to bilinear forms ⟨_ ,_⟩su(2) and ⟨_ ,_⟩u(1), respectively.
Given that the gauge transformation can be represented in the form e−ξ

i τi × e−ξ
0τ0 , owing to

the direct product structure in the group SU(2)×U(1), each term in the gauge transformation
leaves the corresponding bilinear form invariant,

⟨e−ξi τi ▷ τj,e
−ξi τi ▷ τk⟩su(2) = ⟨τj, τk⟩su(2) , ⟨e−ξ0τ0 ▷ τ0,e

−ξ0τ0 ▷ τ0⟩u(1) = ⟨τ0, τ0⟩u(1) , (125)
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as a consequence of the postulated G-invariance property of the bilinear form ⟨_ ,_⟩g. This
renders the bilinear form of coupling constants gauge invariant:

C ′αβ = Cαβ . (126)

At this point we are ready to discuss the transformation of the action with respect to (117).
Namely, the action (107) is a functional of all fields mentioned above,

αα, ω[ab], βa, γ̃A, Bα, B[ab], ea, λα, λ[ab], Mαab, ζαab, λ̃A, ΛabA, HabcA, ϕ
A, (127)

or in other words, the fields in the above list define a kinematical configuration space of our
action. However, not every term in the action is a function of ϕA in particular. Therefore,
when performing the gauge transformation (117), terms independent of ϕA will remain the
same, while the terms dependent of ϕA will transform in a nontrivial way, reducing the full
configuration space to a smaller one, defined by the fields

αα, ω[ab], βa, γ̃A, Bα, B[ab], ea, λα, λ[ab], Mαab, ζαab, λ̃A, ΛabA, HabcA, h, (128)

which differ from the original set in the replacement (ϕ1,ϕ2,ϕ3,ϕ4)→ (0,0,v+ h,0). The task
is then to determine the form of the action S̃ which is defined on this reduced configuration
space, schematically defined by the transformation:

S
[
. . . ,ϕA

] e−ξ

−−−−−−→ S̃ [. . . ,h]≡ S
[
. . . ,ϕA

] ∣∣∣∣ϕ1=ϕ2=ϕ4=0
ϕ3=v+h

. (129)

One can immediately observe that Sgrav, SYang–Mills and SCC transform in a trivial way, since
they do not depend on ϕ:

Sgrav
e−ξ

−−→ S̃grav = Sgrav , SYang–Mills
e−ξ

−−→ S̃Yang–Mills = SYang–Mills,

SCC
e−ξ

−−→ S̃CC = SCC . (130)

Moreover, the 2BF part of S3BF also transforms trivially, for the same reason.
On the other hand, the third term in S3BF, as well as Sscal and SHiggs require more attention.

Let us discuss first the SHiggs term. Specifically, we have that

SHiggs =−
ˆ

1
4!
V(ϕ) εabcde

a ∧ eb ∧ ec ∧ ed , (131)

where under the transformation (129) the Higgs potential V(ϕ) (see (109)) becomes

V(ϕ)
e−ξ

−−→ V(h)≡ 8v2χh2 + 8vχh3 + 2χh4 . (132)

Therefore, we see that

SHiggs
e−ξ

−−→ S̃Higgs =−
ˆ

1
4!
V(h) εabcde

a ∧ eb ∧ ec ∧ ed . (133)

From the form of the quadratic term in the resulting potential (132) and the general form of
the mass term for a single real scalar field (67), one can read off the value of the Higgs mass
as:

m= 2v
√

2χ. (134)
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Let us also note here that one could choose a potential which has a form alternative to (109),
for example

Valt (ϕ) = 2χ
(
ϕAϕA

)2 − 4χv2ϕAϕA . (135)

This potential differs from (109) by a constant term 2χv4, which would then combine with SCC

to give a different value of the cosmological constant. However, the potential (109) does not
suffer from this problem, and in our case the CC term of the action remains the same before
and after spontaneous symmetry breaking.

Next let us discuss the S3BF term. Note that only the final term in S3BF depends on ϕ, while
the remainder does not and can be denoted as S2BF. Then, using a suitable change of basis
TA → T̃A in the Lie algebra l (see (104)), with an additional notation for the indices A→ (Ā,H)
where Ā ∈ {1,2,4} and H≡ 3, we have

S3BF = S2BF+
ˆ
ϕA∇γ̃A

e−ξ

−−→ S2BF+
ˆ

(v+ h)
(
(∇γ̃)0 +(∇γ̃)0†

)
= S2BF+

ˆ
(v+ h)

(
dγ̃H+ ▷α

Ā
Hα

α ∧ γ̃Ā
)

= S2BF+
ˆ
hdγ̃H+ vdγ̃H+(v+ h) ▷ α

Ā
Hα

α ∧ γ̃Ā

= S̃3BF+
ˆ
vdγ̃H+(v+ h) ▷ α

Ā
Hα

α ∧ γ̃Ā , (136)

where the new action S̃3BF is defined as a functional over the reduced configuration
space (128) as

S̃3BF = S2BF+
ˆ
hdγ̃H . (137)

In section 6 we shall discuss in detail its corresponding 3-group. Therefore, we conclude that

S3BF
e−ξ

−−→ S̃3BF+
ˆ
vdγ̃H+(v+ h) ▷ α

Ā
Hα

α ∧ γ̃Ā , (138)

where the extra terms will later be grouped together with extra terms from other parts of the
action and discussed in detail.

In equations (136)–(138) we have made use of the basis (104) in the Lie algebra l, so that
we can introduce γ̃H ≡ γ̃0 + γ̃0† . The action ▷ was represented via the matrices (100) in the
original basis TA, while in this basis it is now broken into the following set of components:

▷αH
Ā , ▷αĀ

H , ▷αĀ
B̄ , ▷αH

H . (139)

Since in this basis the bilinear form gAB is diagonal, in fact gAB = δAB, a consequence of the the-
orem from section 2 is that all these components have vanishing diagonal elements, in particu-
lar ▷αHH = 0, which implies that ∇γ̃H ≡ dγ̃H and justifies the identification (137). Moreover,
the components ▷αĀ

B̄ drop out of equations (136)–(138) and do not appear anywhere. This
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leaves us with the remaining set of relevant components, which can be represented in matrix
form as follows:

▷αH
Ā =

1
2


0 0 1
0 1 0
1 0 0
0 0 −1

 , ▷αĀ
H =

1
2


0 0 −1
0 −1 0
−1 0 0
0 0 1

 . (140)

Note that here α is the row index and Ā is the column index, while H≡ 3 is constant.
Finally, let us discuss the Sscal term, which originally has the form

Sscal =
ˆ
λ̃A ∧

(
γ̃A−HabcAe

a ∧ eb ∧ ec
)
+ΛabA ∧HabcAε

cdefed ∧ ee ∧ ef

−ΛabA ∧ (∇ϕ)A ∧ ea ∧ eb , (141)

and similarly to S3BF, it also depends on ϕA only in the final term, while the remainder is
independent of ϕA. Splitting the index A into (Ā,H), the constraint transforms into:

Sscal
e−ξ

−−→
ˆ
λ̃H ∧

(
γ̃H−HabcHe

a ∧ eb ∧ ec
)
+ΛabH ∧HabcHε

cdefed ∧ ee ∧ ef

−ΛabH ∧ dh∧ ea ∧ eb+ λ̃Ā ∧
(
γ̃Ā−HabcĀe

a ∧ eb ∧ ec
)

+ΛabĀ ∧HabcĀε
cdefed ∧ ee ∧ ef−ΛabĀ ∧αα ▷α

H
Ā (v+ h)∧ ea ∧ eb . (142)

Note that the terms in the first row on the right-hand side are precisely the terms that define the
scalar constraint for a single real scalar field, as a functional over the reduced configuration
space (128). Denoting those terms as S̃scal, we conclude that

Sscal
e−ξ

−−→ S̃scal +
ˆ
λ̃Ā ∧

(
γ̃Ā−HabcĀe

a ∧ eb ∧ ec
)

+ΛabĀ ∧HabcĀε
cdefed ∧ ee ∧ ef

−ΛabĀ ∧αα ▷α
H
Ā (v+ h)∧ ea ∧ eb , (143)

where we again have three extra terms which will be grouped together with the remainder of
the action.

After we have discussed all parts of the action (107) in the context of the transforma-
tion (129), we can put all the pieces together, and compare the full action with the actions for
the Proca and massive scalar fields. However, in order to make this comparison more transpar-
ent, it is useful to introduce yet some more notation. In particular, let us introduce a bilinear
form καβ so that it satisfies the following identity:

καβ ▷αH
Ā ▷βB̄

H =−1
4
δĀB̄ . (144)

This bilinear form is not unique. Namely, since the matrices (140) are of rank 3, there exists a
projector Pα

β which satisfies

Pα
βPβ

γ = Pα
γ , Pα

α = 3 , Pαβ = Pβα , Pα
β ▷βH

Ā = ▷αH
Ā . (145)
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Note that a projector that satisfies (145) also satisfies the identity Pα
β ▷βĀ

H = ▷αĀ
H, since

▷αĀ
H has the same components as ▷αHĀ up to an overall minus sign, see (140). Therefore, the

bilinear form καβ is defined up to a term of the form

καβ → καβ +
[
δ(αγ −Pγ

(α
]
Aβ)γ , (146)

where Aαβ is an arbitrary matrix, while the parentheses on the indices denote symmetrization.
One can recognize that the term in the brackets is the orthogonal projector, which maps into
the kernel of the matrices (140). This arbitrariness guarantees that the bilinear form καβ can be
chosen to be invertible. The projectorPα

β can be explicitly evaluated using the definition (145)
and the matrices (140), while one convenient choice of the bilinear form καβ can be evaluated
from (144), so that they can be written in matrix form as follows:

Pα
β =

1
2


1 0 0 −1
0 2 0 0
0 0 2 0
−1 0 0 1

 , καβ =
1
2


1 0 0 0
0 2 0 0
0 0 2 0
0 0 0 1

 . (147)

In addition to the projector and καβ , we can now also introduce the following quantities:

θα ≡−2καβ ▷β
H
Āλ̃

Ā , Θαab ≡−2καβ ▷β
H
ĀΛ

abĀ ,

ρα ≡ 2 ▷α
Ā
Hγ̃Ā , Ξαabc ≡ 2 ▷α

Ā
HHabcĀ . (148)

These new quantities satisfy four fundamental identities,

θα ∧ ρα = λ̃Ā ∧ γ̃Ā , θαΞαabc = λ̃ĀHabcĀ ,

Θαab ∧ ρα = ΛabĀ ∧ γ̃Ā , ΘαabΞαcde = ΛabĀHcdeĀ , (149)

which are a straightforward consequence of the identity (144). The purpose of introducing
these quantities lies in the fact that they help us eliminate the Ā indices from equations. Note
that in both the definitions (148) and the identities (149) the indices Ā are summed over on the
right-hand sides, while they do not appear at all on the left-hand sides.

It is important to empasize that the arbitrariness of καβ in (146) introduces changes into the
action. This is due to the fact that the change of variables (148) introduces additional variables
which do not appear in the original action. The requirement that these additional variables are
absent, i.e. that the left-hand sides of identities (149) have the same number of components
as the corresponding right-hand sides, reduces the arbitrariness (146) of καβ to the following
more specific form:

καβ → καβ +
[
δαγ −Pγ

α
]
Aγδ

[
δβδ −Pδ

β
]
. (150)

Note that, although this transformation still allows one to choose καβ to be invertible, the
action in fact remains invariant with respect to (150), meaning that we can keep working with
the same theory. See appendix B for a detailed analysis and proof.

Once all these new quantities and notation have been introduced, we can return to the ana-
lysis of the action. Given the transformation (129) of the action (107), one can apply the defini-
tions (148) and the identities (149) to eliminate all indices Ā, B̄ and thus rewrite the transformed
action S̃ so that it becomes a functional over the reduced configuration space (128). Putting
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together the results (130), (133), (138) and (143), we obtain the following form of the full
action:

S̃= Sgrav + SYang–Mills + SCC + S̃Higgs + S̃3BF+ S̃scal

+

ˆ
Θαab ∧

(
Ξαabc ε

cdefed ∧ ee ∧ ef+
v
2
κ−1
αβPγ

βαγ ∧ ea ∧ eb
)

+

ˆ
v
2
ααPα

β ∧ ρβ + θα ∧
(
ρα −Ξαabce

a ∧ eb ∧ ec
)

+
1
2

ˆ
hααPα

β ∧
(
ρβ −κ−1

βγΘ
γab ∧ ea ∧ eb

)
+ v
ˆ

dγ̃H . (151)

This form of the action can now be finally compared to the Proca action (79). Specifically, the
second and third row of (151) should be compared to the Proca constraint term in the form (95).
The term-by-term comparison gives us the identification of the free parameters in the Proca
action as follows:

Nαβ =
v
2
κ−1
αγPβ

γ , Ñα
β =

v
2
Pα

β . (152)

Using these, we can construct the squared-mass matrix (92) to obtain

Mα
β =

v2

4

(
C−1

)αγ
Pγ

δκ−1
δϵ Pβ

ϵ , (153)

where the coupling constant matrix Cαβ is specified in (108), while the projector and the
bilinear form καβ are specified in (147). This gives us an explicit form for the squared-mass
matrix as:

Mα
β =

v2

4


g20 0 0 −g20
0 g21 0 0
0 0 g21 0

−g21 0 0 g21

 . (154)

The physically relevant basis in the Lie algebra g is the one in which the above squared-mass
matrix is diagonal, and the corresponding eigenvalues are interpreted as squares of masses of
gauge vector bosons in that basis. Therefore, we wish to explicitly obtain this basis. Given that
the first and last column in (154) are proportional, the determinant of the squared-mass matrix
is zero, meaning that at least one of its eigenvalues is zero. Moreover, the matrix is already in
block-diagonal form, with g21 being two 1-dimensional blocks, from which one can conclude
that two eigenvalues are the same and are equal to v2g21/4. Finally, from the trace of the matrix
one can deduce the fourth eigenvalue, so that the whole set is given as:

M2
1 = 0 , M2

2 =
v2

4
g21 , M2

3 =
v2

4
g21 , M2

4 =
v2

4

(
g20 + g21

)
. (155)

The fact that the eigenvalues M2
2 and M2

3 are equal implies that the eigenbasis is not uniquely
determined, and we need some additional input in order to fix it. A natural choice is the eigen-
basis of the stabilizerQ, introduced in (115), sincewewant to interpret it as the electromagnetic
charge, and the value of this charge should be well-defined for each physical state described
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by our preferred basis. One can reexpress the stabilizer in the matrix form Qα
β , defined by the

action of Q onto the basis vector τα:

Q ▷ τα = Qα
βτβ . (156)

Using (115), one can easily evaluate the components of the matrix Qα
β to be

Qα
β =


0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

 . (157)

This matrix has the eigenvalues (0, i,−i,0), so that the electromagnetic charge operator −iQ
has the corresponding eigenvalues:

q1 = 0 , q2 =+1 , q3 =−1 , q4 = 0 . (158)

The stabilizer also has two equal eigenvalues, so that its eigenbasis is not uniquely determined
either. Nevertheless, the squared-mass matrix and the stabilizer matrix mutually commute and
therefore share a joint eigenbasis, and this joint eigenbasis is uniquely determined. We can
express the new basis in terms of the old basis as follows,

τA = τ0 + τ3 , τ+ =
τ1 + iτ2√

2
, τ− =

τ1 − iτ2√
2

, τZ =− g20
g20 + g21

τ0 +
g21

g20 + g21
τ3 , (159)

and we can express the components of the connection 1-form α= αα
µdxµ ⊗ τα in the new

basis as:

Aµ =
g21

g20 + g21
α0

µ +
g20

g20 + g21
α3

µ , W+
µ =

α1
µ − iα2

µ√
2

,

W−µ =
α1

µ + iα2
µ√

2
, Zµ =−α0

µ +α3
µ . (160)

Here we have also introduced the traditional notation for the gauge vector bosons. The elec-
tromagetic charges of the four bosons are already built into the notation, while their masses
can be read from (155):

MA = 0 , MW± =
v
2
g1 , MZ =

v
2

√
g20 + g21 . (161)

In the new basis, the squared-mass matrix and the stabilizer matrix are diagonal, while the
bilinear form gαβ and the gauge coupling constant bilinear form Cαβ become:
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gαβ =


2 0 0 g21−g

2
0

g21+g
2
0

0 0 1 0
0 1 0 0

g21−g
2
0

g21+g
2
0

0 0 g41+g
4
0

(g21+g20)
2

 , Cαβ =


g20+g

2
1

g20g
2
1

0 0 0

0 0 1
g21

0

0 1
g21

0 0

0 0 0 1
g20+g

2
1



≡


1
g2A

0 0 0

0 0 1
g2W

0

0 1
g2W

0 0

0 0 0 1
g2Z

 . (162)

Returning to the action (151), we see that the second and third rows represent the appropriate
Proca constraint term, which leaves us with the action in the following final form:

S̃= Sgrav + SYang–Mills + SCC + S̃Higgs + S̃3BF+ S̃scal + SProca

+
1
2

ˆ
hααPα

β ∧
(
ρβ −κ−1

βγΘ
γab ∧ ea ∧ eb

)
+ v
ˆ

dγ̃H . (163)

The first row in the action contains terms which describe one real scalar field h (the Higgs
field) with mass m= 2v

√
2χ, and four vector bosons with masses specified in (161), coupled

to gravity and to each other. The first term in the second row describes the interaction between
the Higgs field and the vector bosons, so that all interactions are equvalent to the interactions
of the ordinary electroweak theory. The second term in the second row is a boundary term, and
as such it does not contribute to the equations of motion of the theory.

This concludes our analysis of the Higgs mechanism in the context of constrained 3BF
theory. In short, the result is the same as in the textbook approach to the spontaneous symmetry
breaking in electroweak theory. Nevertheless, the technical details that enter the analysis are
novel and completely different from the textbook approach, since the 3BF formulation of the
electroweak action is specified over a different configuration space.

6. Conclusions

6.1. Summary of the results

Let us summarize the results of the paper. In section 2, we gave a review of the action rep-
resenting the SM coupled to Einstein–Cartan gravity, within the framework of higher gauge
theory. In particular, the action of the model is written as a constrained 3BF action, based on
a convenient choice of a 3-group representing the gauge symmetry of the model. Section 2
also features one theorem (proved in appendix A) which is important for the study of spon-
taneous symmetry breaking within the higher gauge theory framework, and represents a new
result. Section 3 was devoted to the study of explicit symmetry breaking of the gauge group of
the topological 3BF sector, due to the presence of the constraints. Each constraint was stud-
ied separately, and we discussed which gauge sector is being broken by which constraint.
The results have been summarized in the table. In section 4 we turned our attention to the
3BF formulation of the theory for the Proca field coupled to gravity. This was important for
the subsequent comparison with the action for the electroweak theory after spontaneous sym-
metry breaking. Three completely novel and different formulations of the Proca constraint
have been discussed, the first for a single Proca field, the second for multiple Proca fields,
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and the third also for multiple Proca fields in an extended configuration space convenient for
comparison with the electroweak model. Finally, in section 5 we took up the main task of
studying the spontaneous symmetry breaking and the Higgs mechanism for the 3BF formu-
lation of the electroweak model. While the Higgs mechanism is conceptually the same as in
the ordinary textbook presentations of the electroweak theory, the structure and details of the
3BF version of the action are very different from the standard textbook approach, so much that
the complete procedure of spontaneous symmetry breaking had to be done anew, with many
highly nontrivial details of the calculation. In this sense, the details of the symmetry breaking
procedure described in section 5 represent one of the main results of the paper.

6.2. Discussion

Regarding the above results, there are two main comments that need to be addressed. The
first comment deals with the question what happens with the structure of the 3-group as a
consequence of the spontaneous symmetry breaking. Namely, the initial 2-crossed module
corresponding to the electroweak theory was based on the following choice of the groups (see
equation (97)):

G= SO(3,1)× SU(2)×U(1) , H= R4 , L= C4 . (164)

However, after the analysis, the resulting action (163) does not correspond anymore to this
2-crossed module. Instead, it is straightforward to see that the final 2-crossed module is based
on the following choice of the groups:

G= SO(3,1)× SU(2)×U(1) , H= R4 , L= R . (165)

There are two important points to emphasize here. First, the group L has been reduced from
the one describing four complex scalar fields to the one describing a single real scalar field.
This is a direct consequence of the spontaneous symmetry breaking, in particular of the gauge
transformation (117) which was applied to gauge away the fields ϕ1, ϕ2 and ϕ4. The gauge
transformation has induced a reduction of the configuration space of the theory, leaving only
a single real scalar field h remaining in the action. In turn, the reduction of the configuration
space is consistent with the choice (165) of the 2-crossed module, which corresponds precisely
to the topological 3BF action (137), obtained by the gauge fixing procedure from the initial
3BF action based on the 2-crossed module (164).

The second point considers the group G. Formally, the group G remains the same in both
the initial and the final 2-crossed module. Nevertheless, as we have seen in section 3, the Proca
constraint in fact breaks the G symmetry group, and is the only constraint to do so. Therefore,
despite the fact that the topological 3BF sector of the initial and final actions shares the sameBF
term and the same connection 1-form α stemming from the groupG, the presence of the Proca
constraint in the final action in fact breaks the group G down to its subgroup SO(3,1)×U(1),
whereas the initial action did not feature the Proca constraint and the group G was not broken.
The end result is that the final action has a broken G symmetry, despite the fact that it is based
on the 2-crossed module (165) featuring the full group G. This happens due to the appearance
of the Proca constraint during the spontaneous symmetry breaking of the action.

The second comment that needs to be addressed deals with the question of the spontaneous
symmetry breaking of the whole SM action (19). Namely, in section 5 we have studied the
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details of the spontaneous symmetry breaking and the Higgs mechanism on the special case of
the electroweak theory, in order to keep the analysis as simple as possible. Nevertheless, it is
straightforward to add the remaining three constraints SDirac, SYukawa, and Sspin, as well as the
corresponding ⟨D∧H⟩l term for fermions to the action, and examine the same procedure for
the full SM. The resulting action will have the same terms as the action for the electroweak
theory, up to terms corresponding to fermions, and up to the overall presence of the color SU(3)
gauge symmetry (which remains unbroken and does not play a role in the Higgs mechanism).
The ⟨D∧H⟩l term for fermions is equal to

⟨Df ∧Hf⟩l ≡ ψ̄A

(→
∇γ
)A

−
(
γ̄
←
∇
)
A
ψA , (166)

and it transforms trivially under the transformation (129) as well as the SDirac and Sspin
constraints

⟨Df ∧Hf⟩l
e−ξ

−−→ ⟨D̃f ∧ H̃f⟩l = ⟨Df ∧Hf⟩l , SDirac
e−ξ

−−→ S̃Dirac = SDirac ,

Sspin
e−ξ

−−→ S̃spin = Sspin . (167)

The only constraint which does not transform trivially is SYukawa, and it splits into two terms:

SYukawa =−
ˆ

2
4!
YABCψ̄

AψBϕCεabcde
a ∧ eb ∧ ec ∧ ed

e−ξ

−−→ − 1
12

ˆ
vYABH ψ̄

AψB εabcd e
a ∧ eb ∧ ec ∧ ed (168)

− 1
12

ˆ
YABH ψ̄

AψBhεabcd e
a ∧ eb ∧ ec ∧ ed ,

where the first term on the right hand side has the form similar to the Dirac mass term (70),
while the second term is the newYukawa constraint S̃Yukawa, describing the interaction between
fermions and the Higgs field h. Comparing the first termwith the Diracmass term, we conclude
that Yukawa couplings YABH are proportional to fermion mass matrix

MAB = vYABH , (169)

which consists of the actual fermion masses and the corresponding mixing angles. The final
form of the transformed Yukawa constraint thus becomes:

SYukawa
e−ξ

−−→ S̃Yukawa −
1
12

ˆ
MABψ̄

AψBεabcde
a ∧ eb ∧ ec ∧ ed = S̃Yukawa + SDirac mass . (170)

Thus, we conclude that the Higgs mechanism described for the electroweak model can be
generalized in a straightforward way to the full SM action (19).
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Appendix A. Proof of the theorem from the main text

Theorem. Given a 2-crossed module (L
δ−→ H

∂−→ G, ▷, {_ ,_}pf) and symmetric, nondegen-
erate bilinear forms ⟨_ ,_⟩g, ⟨_ ,_⟩h and ⟨_ ,_⟩l, if the bilinear forms are G-invariant then the
components of the action ▷αβγ , ▷αab and ▷αAB are antisymmetric with respect to the second
and third index. In addition, there exists a choice of basis in Lie algebras g, h and l such that
▷αβ

γ , ▷αab and ▷αAB have vanishing diagonal elements with respect to the second and third
index, and in this basis the bilinear form is also diagonal.

Proof.
Let us first note that the statement of G-invariance of the bilinear form ⟨_ ,_⟩h is defined as

⟨g ▷ h1,g ▷ h2⟩h = ⟨h1,h2⟩h , (A1)

for all g ∈ G and all h1,h2 ∈ h. Expanding g, h1 and h2 in appropriate bases, one can easily see
that the left-hand side can be rewritten as:

⟨g ▷ h1,g ▷ h2⟩h = ha1h
c
2

[
gac+ gα

(
▷αc

dgad+ ▷αa
dgdc

)]
+O

(
g2
)
. (A2)

Equating this to the right-hand side, one sees that the right-hand side cancels the first term in
the brackets. Then, emloying the symmetry of the bilinear form, the term in the parentheses
reduces to:

▷αca+ ▷αac = 0 , (A3)

as was stated by the theorem. The antisymmetry of the remaining two actions ▷αβγ and ▷αAB
is proved analogously.

In addition, the nondegeneracy of the bilinear form gab implies that there exists its inverse,
denoted gab. Then, contracting (A3) with gac one immediately obtains a basis-independent
statement that the action is traceless,

▷αa
a = 0. (A4)

Moreover, one can always choose a basis in a Lie algebra h such that the bilinear form gab and
its inverse are diagonal. From the identity

▷αa
b = ▷αacg

cb (A5)
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one can observe that, in this particular basis, ▷αab must be proportional to ▷αab since gcb = 0
for c ̸= b. Then, since ▷αab is antisymmetric due to (A3), it is equal to zero for a= b, which
implies that ▷αab is also zero in that case. In other words, ▷αab has vanishing diagonal elements
with respect to second and third index, as was stated by the theorem. The same property for
the remaining two actions ▷αβγ and ▷αAB is proved analogously.

Appendix B. Arbitrariness of the κ-matrix

In section 5 we introduced the bilinear form καβ via (144) as well as the new variables (148)
which satisfy the list of identities (149). In order to maintain one-to-one correspondence
between the old and the new variables, in these identities the number of independent vari-
ables on the right hand side has to be equal to the number of the independent variables on the
left hand side. Moreover, none of these new variables (148) should be explicitly multiplied by
zero during the construction of the identities (149). These requirements have nontrivial con-
sequences on arbitrariness of the choice of the bilinear form καβ . For instance, let us consider
the first identity from (149),

θα ∧ ρα = λĀ ∧ γĀ. (B1)

From the definition of the variable ρα in (148) we conclude that the action of the projector (145)
does not change ρα

ρα = Pα
βρβ . (B2)

This implies that this projector does not change the left hand side of identity (B1) and it holds
that

θα ∧ ρα = θα ∧Pα
βρβ . (B3)

Using the requirement that none of the variables should be multiplied by zero during the con-
struction of the identity (B1), we conclude that the action of projector must also leave the
variable θα invariant. Using the definition of the θα variable we obtain a nontrivial condition
on καβ :

θα = θβPβ
α ⇒ −2καγ ▷γ

H
Āλ

Ā ≡−2καγPγ
δ ▷δ

H
Āλ

Ā =−2Pβ
ακβγPγ

δ ▷δ
H
Āλ

Ā ,
(B4)

which due to arbitrariness of the field λĀ implies that

καγPγ
δ = Pβ

ακβγPγ
δ . (B5)

Using the fact that καβ is symmetric, by transposing (B5) we obtain that the projector and καβ

commute

καγPγ
δ = Pγ

ακγδ . (B6)

Now, let us consider how this new restriction on καβ reduces its arbitrariness. Combining (146)
and (B6) we obtain

Pγ
αAγδ

[
δβδ −Pδ

β
]
=
[
δαγ −Pγ

α
]
AγδPδ

β , (B7)
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which is satisfied only if

Aαδ
[
δβδ −Pδ

β
]
=
[
δαγ −Pγ

α
]
Aγβ =

[
δαγ −Pγ

α
]
Aγδ

[
δβδ −Pδ

β
]
. (B8)

Since the dimension of the subspace of the orthogonal projector is equal to one, the arbitrari-
ness in the choice of the bilinear form καβ is reduced to a single free parameter, whose form
is given in (150):

καβ → καβ +
[
δαγ −Pγ

α
]
Aγδ

[
δβδ −Pδ

β
]
. (B9)

The arbitrariness of this parameter guarantees the existence of the inverse bilinear form κ−1
αβ ,

which also commutes with the projector as a consequence of (B6).
Next, we turn to the effect of this arbitrariness onto the action (151). Using the fact that the

inverse bilinear form acts on variables (148) in (151), and variables (148) are invariant under
projector action, the action (151) of the theory, and squared-mass matrix (153) depend only on
the projection of inverse bilinear form κ−1

αβPγ
β . The arbitrariness of the inverse bilinear form

κ−1
αβ can be expressed as a power series in terms of the arbitrary bilinear form Aγδ , as

κ−1
αβ → κ−1

αγ

∞∑
n=0

[
(−1)n

(
[δ−P]A [δ−P]κ−1

)n]γ
β , (B10)

from where one can obtain that the projection of the inverse bilinear form does not depend
on choice of the arbitrary bilinear form Aγδ . This in turn implies that the action (151) and the
squared-mass matrix (153) are uniquely defined.
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Abstract
We construct a correspondence between the quantized constrained 3BF theory
and the quantized Einstein–Cartan theory with contact spin–spin interaction,
both of which describe the Standard Model coupled to Einstein–Cartan gravit-
ational field. First we introduce the expectation values of observables using the
path integral formalism for both theories, and then by integrating out some con-
figuration space variables in the quantum 3BF theory we obtain the definition
of the corresponding observable in the quantum Einstein–Cartan theory with
contact interaction. The correspondence is a rather general result, since it can
be established without actually performing the detailed quantization of either
theory. Finally, we discuss the differences in the predictions of the two theories
on the example of the 4-volume density of spacetime, and on the example of
gravitational waves.

Keywords: quantum gravity, higher gauge theory, 3-group, 3BF action,
spin–spin contact interaction, Einstein–Cartan action,
path integral quantization

1. Introduction

Quantization of the gravitational field represents one of the main open problems in modern
theoretical physics. Over the years, vast research disciplines aiming to formulate a theory of
quantum gravity have been proposed and developed, the most prominent ones being string
theory [1, 2], loop quantum gravity (LQG) [3, 4], and others. Within the LQG framework,
one of the promising research directions is based on the idea of covariant quantization, i.e. the
quantization by providing a rigorous definition of a path integral for the gravitational field.
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This is commonly known as the spinfoam quantization programme, and several models of
quantized gravitational field have been proposed in the literature [5, 6].

One of the typical drawbacks of the spinfoam quantization programme is the lack of matter
fields in the theory, since the quantization method is adapted to work only for the gravitational
field itself. Consequently, various strategies have been proposed to circumvent this issue and
generalize the spinfoam quantization programme to include both gravity and matter on equal
footing. One such promising generalization has recently been developed, and is based on the
application of the so-called higher gauge theory [7–9] and topological quantum field theory
techniques [10–16]. Higher gauge theory is a mathematical framework that provides one with a
way to generalize the notion of a gauge symmetry structure by using the higher category theory
analogs of Lie groups, called Lie n-groups [17–29, 30]. In order to successfully implement the
spinfoam quantization procedure for a theory that describes both gravity and matter on an
equal footing, attention focuses on the notion of a 3-group, and its corresponding topological
action called a 3BF action [31], which represents a suitable generalization of the well known
BF and 2BF actions based on an ordinary Lie group and a Lie 2-group [32–45] (see also
[46] for the 4BF theory and the 4-group approach). A number of recent results [17, 31, 47–53]
have successfully implemented several stages of the spinfoam quantization programme for the
constrained 3BF theory corresponding to the gravitational field coupled to the full Standard
Model. Specifically, general relativity (GR) was first rewritten as a constrained 2BF model in
[17], a first result which emphasized the relevance of nBF models for realistic physics. Next,
in [31, 47] the theory was extended to a 3BF model in order to include matter fields and couple
them to gravity, in particular all fields present in the Standard Model (gauge bosons, fermions
and scalar fields). After that, the properties of the resulting classical theory have been studied in
detail—the phase space, Hamiltonian analysis, and gauge symmetries of the theory have been
discussed in [48, 49], the additional trivial gauge symmetries of the theory were discussed in
[50], while symmetry breaking and the Higgs mechanism were studied in [51]. Finally, the
quantization of the topological 3BF theory, and the construction of the topological invariant
and its corresponding TQFT, have been done in [52, 53]. All this research has demonstrated
that the approach to quantum gravity based on the 3-group and the 3BF action is technically
tangible—the goal of providing a rigorous formulation of a theory of quantum gravity with
matter seems to be a viable and achievable prospect, using the 3BF action and a 3-group as
the starting point.

In this work, we will focus on one interesting property of the 3BF formulation of a theory
of quantum gravity. Specifically, we will establish a correspondence between the quantization
of the suitable constrained 3BF action, and the quantization of the standard Einstein–Cartan
(EC) formulation of GR coupled to the Standard Model. While we will not study the actual
details of the quantization of either the 3BF theory nor the EC theory, we will nevertheless be
able to introduce a very precise relationship between the two quantum theories. Namely, given
any quantum observable that is defined within the context of one specific version of EC theory
(called the EC contact theory), wewill introduce a corresponding observable definedwithin the
context of the quantized 3BF theory, such that the expectation values of the two observables
match exactly (and vice versa). This correspondence is established at a full nonperturbative
level, and it is a surprising feature of the 3BF theory that one can in fact formulate such a
correspondence using only some general assumptions, i.e. without introducing all details of
the actual quantization of either theory.

The obtained correspondence has two important consequences. First, it enables one to in
fact define the quantization of the EC contact theory coupled to the Standard Model (originally
a very hard problem to solve) by passing to the 3BF version of the theory, and performing the
quantization of the 3BF theory instead (a slightly easier problem to solve). In this way, one
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can circumvent a number of problems that render the quantization of EC theory non-feasible,
and establish it instead by exploiting the obtained correspondence to the quantum 3BF theory.
The second important consequence of the correspondence is that there exists a regime where
the two quantum theories could be experimentally distinguished from each other, at least in
principle. To that end, after establishing the correspondence relations as the main result of this
work, we will apply those relations to study a few interesting example observables, and discuss
in what sense and under which conditions the two quantum theories could be experimentally
distinguishable. For example, one can apply the correspondence to compare the magnitude of
the strain generated by gravitational waves. In principle, given a source of gravitational waves
that is both strong in magnitude and has large quantum uncertainty, one can evaluate the differ-
ences in the quantum corrections for the strain amplitude in 3BF theory and EC contact theory,
and test them against the experimental data. In this sense, the correspondence predicts observ-
able signatures that distinguish the two theories. Of course, we do not have actual access to a
gravitational wave source with the required properties, so any such experimental proposal is
still far away from the practical capabilities of current technology, but as a matter of principle,
this question can be studied at least theoretically, and it does illustrate the phenomenological
significance of the obtained correspondence.

The layout of the paper is as follows. In section 2, we present a short review of the clas-
sical 3BF and EC theories, and demonstrate that they give rise to equivalent sets of classical
equations of motions (EoMs). In section 3, we turn to the main analysis of the expectation
values of an arbitrary quantum observable defined in the two quantum theories. After some
mathematical preliminaries, we establish a correspondence between the expectation value of
the observable in one theory, and the expectation value of a similar observable in the other
theory, where ‘similar’ means that the observable is weighted by some power of the absolute
value of the determinant of the tetrad, |e|±M. This correspondence is established in a fully
nonperturbative way, and represents the main result of the paper. Section 4 deals with some
illustrative example observables that one can study in order to compare the two quantum the-
ories. First, we discuss the spacetime 4-volume density operator as a simple example, and also
the classical limit of the two theories. Then, we discuss the case of the gravitational waves, and
give an estimate of how large their quantum uncertainties must be in order to be able to exper-
imentally distinguish between the two quantum theories. In section 5 we give our concluding
remarks and some topics for future research. The appendix A contains proofs of some technical
results used in the main text, while the appendix B contains some additional mathematical and
notational details.

Our notation and conventions are as follows. Spacetime indices, denoted by the mid-
alphabet Greek letters µ,ν, . . . , are raised and lowered by the spacetime metric gµν , once it
is defined. The Lorentz metric is denoted as ηab = diag(−1,+1,+1,+1). The indices that
are counting the generators of Lie groups G, H, and L are denoted with initial Greek let-
ters α,β, . . . , lowercase initial Latin letters a,b,c, . . . , and uppercase Latin indices A,B,C, . . . ,
respectively. The generators themselves are typically denoted as τα, ta and TA, respectively.
We work in the natural system of units, defined by c= ℏ= 1 and G= l2p, where lp is the Planck
length.

The indices which correspond to the Lorentz group are pairs of indices ab and the quantities
that depend on them are antisymmetric with respect to their interchange. This means that all
independent components of these quantities, according to Einstein summation convention, are
summed over twice. Because of this, the result of the summation should be divided by two.
Alternatively, in order to avoid this problem, one can introduce the notation [ab]which repres-
ents the pair of indices as a single index for which we always assume that a> b. Summation
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over such indices takes into account every independent component precisely once, so it is not
necessary to divide the total by two. For example, given some quantity Kab, one has

K[ab]σ[ab] =
1
2
Kabσab . (1)

In this work, the square brackets will exclusively denote the pairs of Lorentz indices, rather
than the usual antisymmetrization over those indices.

All additional notation and conventions used throughout the paper are explicitly defined in
the text where they first appear. See also appendix B.

2. Review of the classical 3BF and EC actions

In this section, we will provide a short review of four classical theories that will be relevant for
subsequent analysis. We will begin by introducing the topological 3BF action, based on the
notion of a 3-group. This will then be employed to introduce the so-called constrained 3BF
action, which gives rise to physically relevant EoM and is one of the main theories that we
will subsequently study in sections 3 and 4. Then, we will introduce the standard EC action,
coupled to the Standard Model in the usual way. Finally, we will introduce its corresponding
second-order theory, called the EC contact action. The latter will be the second main theory
that we will subsequently study in sections 3 and 4.

2.1. Topological 3BF action

In order to introduce the topological 3BF action, one first needs to introduce the notion of a
strict Lie 3-group, a generalization of the notion of a Lie group stemming from higher category
theory, which is equivalent to the algebraic structure called a Lie 2-crossed module. A Lie
2-crossed module is a triple of Lie groups, G, H and L, together with two homomorphisms
between them,

∂ : H→ G , δ : L→ H , (2)

the actions of the group G on all three groups,

▷ : G×X→ X , X= G,H,L , (3)

as well as the Peiffer lifting map,

{_ ,_}pf : H×H→ L . (4)

All these maps are subject to a certain set of axioms, and together they make up a Lie 2-crossed
module, denoted as(

L
δ→ H

∂→ G , ▷ , {_ ,_}pf
)
. (5)

This structure represents the notion of a 3-group in the most convenient way for our purposes.
An interested reader can find further mathematical details for example in [7, 8, 31, 49, 52–55].

Given the mathematical structure of a 3-group, it gives rise to a natural choice of an action,
called a 3BF action (see appendix B for a more detailed explanation of the notation used in
this section and throughout the text). The 3BF action is purely topological, and defined as:

Stop3BF =

ˆ
M4

⟨B∧F⟩g + ⟨C∧G⟩h + ⟨D∧H⟩l. (6)

4
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The Lagrange multipliers B, C and D are two-, one- and zero-forms, and simultaneously they
are elements of Lie algebras g, h and l, corresponding to the Lie groups G, H and L, respect-
ively. The field strengths F , G and H are defined as

F = dα+α∧α− ∂β , G = dβ+α∧▷ β− δγ , H= dγ+α∧▷ γ+ {β ∧β}pf , (7)

and they are called fake curvatures for the connection one-form α, two-form β and three-form
γ, which are also valued in algebras g, h and l, respectively. Bilinear forms ⟨_ ,_⟩g, ⟨_ ,_⟩h and
⟨_ ,_⟩l are assumed to be symmetric, nondegenerate and G-invariant, and they map a pair of
algebra elements into a real number. Let us also note that, given the structure of the 3-group,
one can introduce the notion of a covariant derivative as

∇= d+α∧▷ (8)

in the sense that, when∇ acts for example on the components ϕA of the object ϕ ∈ l, the action
▷ is being applied as the action from the Lie algebra g to Lie algebra l, giving:

∇ϕA = dϕA+ ▷αB
Aαα ∧ϕB , (9)

and similarly for objects that are elements of algebras g and h. Given this notation, one can
rewrite the fake curvatures (7) in terms of ordinary curvatures as:

F =∇2 − ∂β , G =∇β− δγ , H=∇γ+ {β ∧β}pf . (10)

We point the reader to the appendix B, which contains more detailed explanation of the above
notation, including some examples.

In order to discuss the field content that corresponds to the Standard Model and EC gravity,
one makes the following choice of the 3-group, called the Standard Model 3-group (see [31,
47, 51] for further details). The three Lie groups G, H and L are chosen as:

G= SO(3,1)× SU(3)× SU(2)×U(1) , H= R4 , L= C4 ×G64 ×G64 ×G64 .
(11)

The physical interpretation of this choice is as follows. The group G represents the usual
Standard Model gauge group, together with the local Lorentz group. The group H represents
the spacetime translations, while the group L corresponds to the matter fields. Specifically, C4

corresponds to the Higgs sector, while the three Grassmann algebras G64 correspond to the
three families of fermions.

In order to fully specify the Standard Model 3-group, one also needs to define all relevant
maps. The homomorphisms ∂ and δ are chosen to to be trivial, as well as the Peiffer lifting
{_ ,_}pf. Regarding the action ▷, it is defined as follows. The groupG can be naturally split into
the Lorentz part SO(3,1) (generators counted using the indices [ab]) and the internal gauge part
SU(3)× SU(2)×U(1) (generators counted collectively using indices α,β, . . . ). The action of
G on itself is then given by specifying the action of the Lorentz part on itself and on the internal
gauge part, as

▷[ab][cd]
[ef ] ≡ f[ab][cd]

[ef ] =
1
2

(
η[a|cδ

[ f|
|b]δ
|e]
d − η[a|dδ

[ f|
|b]δ
|e]
c

)
, ▷[ab]β

γ = 0 , (12)

while the action of the internal gauge part on itself and on the Lorentz part is given as

▷αβ
γ = fαβ

γ , ▷α[ab]
[cd] = 0 . (13)

5
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Further, the action ofG onH is specified naturally, assuming that the groupH is interpreted as
the group of 4-dimensional translations. Then the Lorentz part of G acts in the standard way
on translations, while the internal part of G acts trivially:

▷[cd]a
b =

1
2
ηa[d|δ

b
|c] , ▷αa

b = 0 . (14)

Finally, the action of the Lorentz and internal subgroups of G on L is also given in a natural
way, in accordance with the transformation properties of various fermions and the Higgs scalar.
For example, the action of G on left-isospin fermions is given as:

▷[cd]A
B = (σcd)A

B , ▷αA
B =

1
2
(σα)A

B . (15)

Here the matrices (σα)A
B are Pauli matrices, and (σab)A

B = 1
4 [γa,γb]A

B, where γa are the
standard Dirac matrices satisfying the anticommutation rule γaγb+ γbγa =−2ηab. Here we
also introduce γ5 ≡−γ0γ1γ2γ3. In a similar way, one defines the action of groupG for all other
fermions and scalars in the group L, depending on their precise transformation properties (see
[31] for details).

Given the Standard Model 3-group, one can rewrite the corresponding topological 3BF
action (6) in the following form:

Stop3BF =

ˆ
Bα ∧Fα+B[ab] ∧R[ab] + ea ∧∇βa+ϕA (∇γ̃)A+ ψ̄A

(→
∇γ

)A
−
(
γ̄
←
∇
)
A
ψA ,

(16)

where we have introduced the following new notation. First, F is split into the internal sym-
metry field strength Fα (which is a function of the internal symmetry connection αα) and
the Riemann curvature two-form R[ab] (which is a function of the spin connection ω[ab]). The
Lagrange multiplier C is rewritten as the tetrad field one-form ea, and the Lagrange multiplier
D is rewritten as a tuple of scalar and fermion fields (ϕA,ψA, ψ̄A). This change of notation also
suggests the physical interpretation of the fields in (6).

2.2. Constrained 3BF action

While the action (16) does correspond to the Standard Model 3-group and features all relevant
gravitational, gauge and matter fields, it does not provide the correct classical dynamics for
those fields. Namely, this action is an example of a topological 3BF action, and as such it has
trivial EoM, with no propagating degrees of freedom in the theory. In order to remedy this, one
introduces additional terms to the action, called simplicity constraint terms. By conveniently
choosing and adding simplicity constraints, we can introduce the full classical action corres-
ponding to the Standard Model coupled to EC gravity, with the correct classical dynamics.
Such an action is then commonly called the constrained 3BF action, and has the following
form:

S3BF = Stop3BF+ Sgrav + Sscal + SDirac + SYang–Mills + SHiggs + SYukawa + Sspin + SCC . (17)

Here we have:

Stop3BF =

ˆ
Bα ∧Fα+B[ab] ∧R[ab] + ea ∧∇βa+ϕA (∇γ̃)A+ ψ̄A

(→
∇γ

)A
−

(
γ̄
←
∇
)
A
ψA , (18)
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Sgrav =−
ˆ
λ[ab] ∧

(
B[ab]− 1

8π l2p
ε[ab]cdec ∧ ed

)
, (19)

Sscal =
ˆ
λ̃A ∧

(
γ̃A−HabcAe

a ∧ eb ∧ ec
)

+ΛabA ∧
(
HabcAε

cdefed ∧ ee ∧ ef− (∇ϕ)A ∧ ea ∧ eb
)
, (20)

SDirac =

ˆ
λ̄A ∧

(
γA+

i
6
εabcde

a ∧ eb ∧ ec
(
γdψ

)A)
−λA ∧

(
γ̄A−

i
6
εabcde

a ∧ eb ∧ ec
(
ψ̄γd

)
A

)
, (21)

SYang–Mills =

ˆ
λα ∧

(
Bα− 12CαβM

β
abe

a ∧ eb
)

+ ζα
ab
(
Mαabεcdefe

c ∧ ed ∧ ee ∧ ef−Fα ∧ ea ∧ eb
)
, (22)

SHiggs =−
ˆ

2
4!
χ
(
ϕAϕA− v2

)2
εabcde

a ∧ eb ∧ ec ∧ ed , (23)

SYukawa =−
ˆ

2
4!
YABCψ̄

AψBϕCεabcde
a ∧ eb ∧ ec ∧ ed , (24)

Sspin =
ˆ

2π il2pψ̄Aγ5γ
aψAεabcde

b ∧ ec ∧βd , (25)

SCC =−
ˆ

1
96π l2p

Λεabcde
a ∧ eb ∧ ec ∧ ed . (26)

While the form of the full actionmay appear quite complicated, one can recognize themeaning
and purpose of each part of the action, as follows:

• the topological 3BF term (18) is identical to (16), tabulating all fields present in the theory
(as dictated by the structure of the Standard Model 3-group),

• the gravitational constraint term (19) gives rise to the dynamics of the gravitational degrees
of freedom,

• the scalar constraint (20) gives rise to the dynamics of massless scalar degrees of freedom,
• the Dirac constraint (21) gives rise to the dynamics of massless fermions,
• the Yang–Mills constraint (22) gives rise to the dynamics of massless gauge bosons,
• the Higgs potential constraint (23) contains the self-interactions and the mass of the Higgs

field,
• the Yukawa constraint (24) contains the interactions between the Higgs field and fermions,

as well as fermion mixing matrices,
• the spin constraint (25) is necessary for the appropriate coupling between fermion spins and

torsion, and
• the CC constraint (26) introduces the cosmological constant.

The following free parameters are present in the action:

• lp is the Planck length, featuring in Sgrav, Sspin and SCC,
• Cαβ represents the gauge coupling constant bilinear form, featuring in SYang–Mills,
• χ is the coupling constant for the quartic self-interaction of the Higgs field, featuring in
SHiggs,

• v is the vacuum expectation value of the Higgs field, also featuring in SHiggs,
• YABC represent the Yukawa couplings and fermion mixing matrices, featuring in SYukawa, and
• Λ is the cosmological constant, featuring in SCC.
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The topological part Stop3BF and the constraints Sscal and SDirac do not contain any free parameters.
Let us discuss the equations of motion (EoMs) for this action. One can obtain the EoMs

solved for all Lagrange multiplier fields, in terms of the dynamical fields and their derivatives
(see for example [31, 51] for details):

Mαab =− 1
48
εabcdFα

µνecµe
d
ν , ζαab =

1
4
Cβ

αεabcdFβµνec
µed

ν ,

λαµν =−Fαµν , Bαµν =− e
2
Cα

βεµνρσFβ
ρσ ,

λ[ab]µν = R[ab]µν , B[ab]µν =
1

8π l2p
ε[ab]cde

c
µe

d
ν ,

λ̃Aµ = (∇µϕ)
A
, γ̃Aµνρ =−eεµνρσ (∇σϕ)

A
,

HabcA =
1
6e
εµνρσ (∇µϕ)

A eaνe
b
ρe

c
σ , ΛabA

µ =
1
6e
gµλε

λνρσ (∇νϕ)
A eaρe

b
σ ,

γAµνρ =−iεabcdeaµebνecρ
(
γdψ

)A
, γ̄Aµνρ = iεabcde

a
µe

b
νe

c
ρ

(
ψ̄γd

)
A
,

λAµ =
(→
∇µψ

)A
, λ̄Aµ =

(
ψ̄
←
∇µ

)
A
,

βaµν = 0 . (27)

Next we look at the EoMs for the dynamical fields. The spin connectionω[ab]
µ is not equivalent

to the Levi–Civita connection, since fermionic fields give rise to nonzero torsion. We therefore
first split the spin connection into a sum of Ricci rotation coefficients ∆[ab]

µ and contorsion
tensor K[ab]

µ:

ω[ab]
µ =∆[ab]

µ+K[ab]
µ . (28)

Here the Ricci rotation coefficients are given as

∆ab
µ =

1
2

(
cabc− cbac− ccab

)
ecµ , (29)

where the commutation coefficients are defined as

cabc = ebµecν (∂µe
a
ν − ∂νe

a
µ) . (30)

The contorsion tensor is given as:

Kabµ =
1
2

(
Tcab+Tbac−Tabc

)
ecµ . (31)

Here Tabc ≡ Taµνebµecν , where Taµν are the components of the torsion 2-form, defined as:

Ta ≡∇ea = 1
2
Taµν dx

µ ∧ dxν , Taµν ≡∇µe
a
ν −∇νe

a
µ . (32)

Given all of the above quantities, one can write the EoM for torsion as:

Ta = 2π i l2p s
a , sa ≡ εabcd eb ∧ ec ψ̄Aγ5γdψA . (33)

8
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We can see that the torsion 2-form is proportional to the spin 2-form sa. As we shall see below,
this is the same as in EC gravity. Also, using (31), the components of the contorsion 1-form
are given as

Kabµ =−2π il2pψ̄Aγ5γdψ
Aεabcdecµ , (34)

so the relationship between contorsion and torsion simplifies and we obtain:

Ta = Kab ∧ eb . (35)

Next, the Einstein field equation has the usual form:

Rµν −
1
2
gµνR+Λgµν = 8π l2pTµν , (36)

where the stress-energy tensor is given as:

Tµν = FαµρCα
βFβν

ρ− 1
4
gµνF

α
ρσCα

βFβ
ρσ

+∇µϕ
A∇νϕA−

1
2
gµν

(
∇ρϕ

A∇ρϕA+ 2χ
(
ϕAϕA− v2

)2)
+
i
2

(
ψ̄A
↔
∇µγdψ

A
)
edν −

1
2
gµν

(
i
(
ψ̄A
↔
∇ργ

dψA
)
ed
ρ− 2YABCψ̄

AψBϕC
)
. (37)

It features three parts, describing the Yang–Mills, scalar and fermion stress-energy,
respectively.

EoMs for fermion and scalar fields are(
iγµ

→
∇µδ

A
B −YABCϕ

C
)
ψB = 0 , (38)

ψ̄B

(
δBA i
←
∇µγ

µ+YBACϕ
C
)
= 0 , (39)

∇µ∇µϕA− 4χ
(
ϕBϕB− v2

)
ϕA = 0 , (40)

while the EoM for Yang–Mills fields is:

∇µFαµν +
1
2
C−1

α
β
(
▷βAB

(
ϕA∇νϕB−ϕB∇νϕA

)
+ iψ̄AψB

(
▷βC

AγνCB− γνAC ▷βC B
))

= 0 .

(41)

One can observe that all these EoMs correspond precisely to the Standard Model coupled to
EC gravity, along with the cosmological constant term.

From the definition of the action (17) one can see that the full configuration space of the
theory is defined over the non-dynamical Lagrange multiplier fields

Mαab , ζ
αab ,λαµν ,Bαµν ,λ[ab]µν ,B[ab]µν , λ̃

A
µ , γ̃

A
µνρ ,H

abcA ,

ΛabA
µ ,γ

A
µνρ , γ̄Aµνρ ,λ

A
µ , λ̄Aµ ,β

a
µν , (42)

as well as the dynamical fields

ω[ab]
µ ,e

a
µ ,ϕ

A ,ψA , ψ̄A ,α
α
µ . (43)

The distinction between dynamical and non-dynamical fields is a consequence of the EoM,
since the EoMs for the Lagrange multiplier fields are algebraic equations, while the EoMs for
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the dynamical fields are partial differential equations. One exception from this convention is
the torsion equation (33), which can be explicitly solved for the spin connection as a function of
the tetrads and fermion fields, rendering the spin connection as a non-dynamical field as well.
This is a well known property in EC theory, but it is customary to regard the spin connection as a
dynamical field nonetheless, because in more general theories in Riemann–Cartan spacetimes
it often actually becomes a proper dynamical field [56, 57].

2.3. EC actions

The standard EC action is typically introduced in the literature (see for example [56]) as the
sum of the actions for the Standard Model minimally coupled to gravity, and the Einstein–
Hilbert action for the gravitational field (expressed using the tetrad formalism). In our notation,
it reads:

SEC
[
e,ω,ϕ,ψ, ψ̄,α

]
=

ˆ
1

16π l2p
εabcdRab ∧ ec ∧ ed−Fα ∧Cαβ⋆Fβ − (∇ϕ)A ∧ (⋆∇ϕ)A

− i
6
εabcde

a ∧ eb ∧ ec ∧
[(
ψ̄
←
∇
)
A
γdψA− ψ̄Aγd

(→
∇ψ

)A]
− 1

12

[
χ
(
ϕAϕA− v2

)2
+YABCψ̄

AψBϕC+
Λ

8π l2p

]
εabcde

a ∧ eb ∧ ec ∧ ed.

(44)

Here ⋆F denotes the Hodge dual of the 2-form F, and similarly for the 1-form ∇ϕ:

⋆Fα =
1
4
Fαcdε

abcdea ∧ eb, (⋆∇ϕ)A =
1
3!

(∇dϕ)A ε
dabcea ∧ eb ∧ ec. (45)

The configuration space of this theory is equivalent to the configuration space of the dynamical
fields of the 3BF theory (43), where the spin connection again satisfies the algebraic equation

ωabµ =∆abµ− 2π il2pψ̄Aγ5γ
dψAεabcde

c
µ, (46)

obtained from the equation of motion for torsion analogous to equation (33), so it does not
represent a dynamical field. Because of this, by substituting this algebraic relation back into the
action, it is possible to construct an equivalent classical theory with the reduced configuration
space and equivalent EoM. Such equivalent theory is usually called the second order theory in
the literature [56]. This substitution is performed by explicitly partitioning the spin connection
into the contorsion and Ricci coefficients in the action, and by separating the contributions of
the individual terms. This operation is equivalent to the following substitution:

∇(ω) =∇(∆) +
1
2
Kabσab. (47)

In the action of the EC theory there are only two terms which depend on the spin connection,
namely the termwith the Riemann tensor and theDirac Lagrangian term.After the substitution,
these terms become:

Rab = dωab+(ω ∧ω)ab = d∆ab+(∆∧∆)ab+ dKab+(∆∧K)ab+(K∧∆)ab+Ka
c ∧Kcb

= Rab (∆)+
(
∇(∆)K

)
ab

+Ka
c ∧Kcb, (48)
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and(
ψ̄
←−
∇
)
A
γdψA− ψ̄Aγd (∇ψ)A =

(
ψ̄
←−
∇(∆)

)
A
γdψA− ψ̄Aγd

(
∇(∆)ψ

)A− 1
2
ψ̄A

{
σab,γd

}
ψAKab

=
(
ψ̄
←−
∇(∆)

)
A
γdψA− ψ̄Aγd

(
∇(∆)ψ

)A
+

1
2
εabcdψ̄Aγ5γcψ

AKab (49)

When these terms are substituted back into the standard EC action, after some algebra one
obtains the action of the same form as the initial one, and with an extra term representing the
contact spin–spin interaction and the fixed spin connection ∆ab. This extra term, expressed
using contorsion, is 1

8π l2p
Kab ∧⋆Kab, so using the relation between the spin tensor and contor-

sion from the standard EC theory one can eliminate the contorsion from the action:

SECC
[
e,ϕ,ψ, ψ̄,α

]
=

ˆ
1

16π l2p
εabcdRab ∧ ec ∧ ed−Fα ∧Cαβ⋆Fβ − (∇ϕ)A ∧ (⋆∇ϕ)A

− i
6
εabcde

a ∧ eb ∧ ec ∧
[(
ψ̄
←
∇
)
A
γdψA− ψ̄Aγd

(→
∇ψ

)A]
+

3(
4π l2p

)3 sa ∧⋆sa
− 1

12

[
χ
(
ϕAϕA− v2

)2
+ YABCψ̄

AψBϕC+
Λ

8π l2p

]
εabcde

a ∧ eb ∧ ec ∧ ed. (50)

In this fashion, one obtains the EC contact action (ECC), with a fourth degree contact inter-
action terms between fermions, featuring within the term sa ∧⋆sa. The EoM of this theory
are equivalent to the EoM for the standard EC theory and the constrained 3BF theory, but the
configuration space is further reduced and equal to the dynamical configuration space:

eaµ,ϕ
A,ψA, ψ̄A,α

α
µ. (51)

This concludes the review of the topological and constrained 3BF actions, as well as the EC
and ECC actions, regarded as classical theories. In what follows, we will focus our attention
to the constrained 3BF action (from now on just called 3BF action for simplicity), and the
ECC action. Specifically, in the next section we will explore the relationship between their
corresponding quantum theories, namely the quantized 3BF theory and the quantized ECC
theory. This will be done within in a framework which consistently defines the quantization of
both theories in the same way, so that they can be compared.

3. Quantum observables

Although the 3BF and ECC theories are classically equivalent, their quantization may give
rise to potentially different quantum theories. In this section wewill establish a correspondence
between the expectation values of observables in the two quantum theories, demonstrating that
although the theories are not fully equivalent at the quantum level, there exists a well-defined
correspondence between them.

The process of construction of quantum theories requires the generalization of mathemat-
ical results related to multiple integrals over real and Grassmann numbers to the correspond-
ing functional integrals over bosonic and fermionic fields. Therefore, in the first Subsection
we will provide a review of the integrals that will be generalized to functional level. In the
second Subsection we will apply those integrals to the definition of the expectation value of
an arbitrary observable in the quantum 3BF theory, step by step, so that the obtained result
can be interpreted as the expectation value of a related observable in the quantum ECC theory.
In this way, we will construct a correspondence between the two quantum theories, at the full
nonperturbative level.
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3.1. Mathematical preliminaries

Let us begin from the definitions of certain mathematical identities. We will discuss a total
of four generalizations of the properties of the Dirac delta function in several special cases,
as well as one identity related to the Stokes theorem. The identities can be classified into two
groups, bosonic and fermionic. The two bosonic identities can be obtained by generalizing the
following properties of the Dirac delta function to the bosonic fields. The first identity is

ˆ
R
dyeiyF = 2πδ (F) , F ∈ R, (52)

based on which one can obtain the following multiple integral:

ˆ
R
dy
ˆ
Rn

dxkH(xk)e
i(yF(xk)+G(xk)) = 2π

ˆ
Rn

dxkH(xk)δ (F(xk))e
iG(xk). (53)

Then, generalizing this identity to the functional level, one obtains:

ˆ
DφDϕkH(ϕk)e

i
´
(φ∧F(ϕk)+G(ϕk)) =N

ˆ
DϕkH(ϕk)δ (F(ϕk))e

i
´
G(ϕk).(54)

The second identity that we need is:

ˆ
R
dyδ (yF−G)H(y) =

H(G/F)
|F|

, F,G ∈ R, (55)

which can be easily proved using a simple change of variables. The corresponding multiple
integral is

ˆ
R
dy
ˆ
Rn

dxkδ
(
yaBFB

A (xk)−GaA (xk)
)
H(y,xk) =

ˆ
Rn

dxk
H
(
GaB (xk)F

−1
B
A (xk) ,xk

)
|F(xk)||a|

, (56)

while the generalization to the functional level is given as:

ˆ
DφDϕkδ

(
φaBFB

A (ϕk)−GaA (ϕk)
)
H(φ,ϕk) =

ˆ
Dϕk

1

|F(ϕk)||a|
H
(
GaB (ϕk)F

−1
B
A (ϕk) ,ϕk

)
,

(57)

where FBA(ϕk) is an arbitrary invertible matrix function, GaA(ϕk) and H(φ,ϕk) are arbitrary
functions, and |a| denotes the number of possible values of the index a.

Next, we need an identity related to the Stokes theorem, namely

ˆ
DφDϕkH(φ,ϕk)e

i
´
(∇φ)∧E(ϕk)+φ∧F(ϕk)+G(ϕk) =

ˆ
Dφ∂Dϕk∂e

i
¸
φ∂∧E(ϕk∂)

×
ˆ
DφDϕkH(φ,ϕk)e

i
´
(−1)p−1φ∧∇E(ϕk)+φ∧F(ϕk)+G(ϕk), (58)

which holds equally for both bosonic and fermionic fields. Here it is assumed that φ is a p-
form, while φ∂ and ϕk∂ are values of the fields on the integration boundary. Note that the sole
purpose of this identity is to move the covariant derivative ∇ from acting on φ to acting on
E(ϕk).
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Finally, the two fermionic identities which can be equivalently generalized fromGrassmann
numbers to Grassmann fields are given as

ˆ
Gn

dθ1dθ2 . . .dθn e
iθ1(θ2−θ3−···−θk) F(θ2, . . . ,θn)

= (−1)n−1 i
ˆ
Gn−1

dθ2 . . .dθn δ (θ2 − θ3 − ·· ·− θk) F(θ2, . . . ,θn) , (59)

and
ˆ
Rm

dmy
ˆ
Rm

dmx
ˆ
Gk

dθ1dθ2 . . .dθk

ˆ
Gn−k

dθk+1 . . .dθn eiya(x
a−Maijθiθj) F(x,θ1, . . . ,θn)

= (2π)m
ˆ
Rm

dmx
ˆ
Gk

dθ1dθ2 . . .dθk

ˆ
Gn−k

dθk+1 . . .dθn
m∏
a=1

δ
(
xa−Maijθiθj

)
F(x,θ1, . . . ,θn) . (60)

For proof see appendix A. The corresponding functional identities for the Grassmann fields
look the same as the above two identities, up to the replacement of the integration measure
dθ→ Dθ, the overall coefficient (2π)m →N , and the notation

∏
δ(xa)→ δ(ϕ). One should

note that the last identity contains the Dirac delta function with a combination of real and
Grassmann numbers where the order of integration is important, namely, one must first integ-
rate over the real numbers xa, and only afterwards over the Grassmann numbers. Also, the
Dirac delta function for the Grassmann numbers is odd (i.e. skew-Hermitian) because of the
anticommutativity of the Grassmann numbers, so it always appears paired with an imaginary
unit i ≡

√
−1 in equation (59).

3.2. Expectation values of the observables

The correspondence between two quantum theories can be obtained by comparing the expecta-
tion values of the observables between the two theories. To that end, one defines the expectation
values as

⟨F⟩3BF =
1

Z3BF

ˆ
Dϕi F(ϕk) eiS3BF[ϕi] , ⟨F⟩ECC =

1
ZECC

ˆ
Dϕi F(ϕk) eiSECC[ϕi] , (61)

where the state sums are given as

Z3BF =

ˆ
Dϕi e

iS3BF[ϕi] , ZECC =

ˆ
Dϕi e

iSECC[ϕi] . (62)

Here at the beginning it is important to make two comments. First, for the purpose of sub-
sequent analysis one does not need to discuss the precise definition of the path integral itself,
which means that we do not need to specify the quantum 3BF and ECC theories explicitly.
The only requirement that we assume is that the measures in the path integrals are defined
in the same way in both theories, and that they are defined such that the functional identit-
ies (54), (57), (58), (59) and (60) hold. In this way, we can discuss the properties and compare
the expectation values of the observables in two quantum theories in the full nonperturbat-
ive regime, despite the fact that we do not specify the details of the quantizations of the two
theories.

Second, the fields ϕi for 3BF theory and ECC theory belong to their corresponding config-
urations spaces (42)–(43) and (51), respectively. It should be clear that the observables F(ϕk)
in (61) can be compared only if they both live in the common configuration subspace of both
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theories, or in other words, if the observable F depends only on the fields ϕk belonging to the
reduced configuration subspace (51) which is defined for the ECC theory.

In what follows, we will apply the functional identities (54), (57), (58), (59) and (60),
step by step, in order to reduce the definition of the expectation value of the observable F
in quantum 3BF theory, to the definition of the expectation value of the corresponding observ-
able in quantum EC theory, and then in the quantum ECC theory.

We begin by explicitly writing the product of the state sum and the expectation value of the
observable F in quantum 3BF theory. According to the definition (61), it is equal to:

Z3BF⟨F⟩3BF =N
ˆ
DαDωDβDeDγ̃DγDγ̄DϕDψDψ̄DBDλ̃DλDλ̄DΛDζDHDM

× exp

(
i
ˆ
Bα ∧Fα+B[ab] ∧R[ab] + ea ∧ (∇β)a +ϕA (∇γ̃)A + ψ̄A (∇γ)A−

(
γ̄
←−
∇
)
A
ψA

+λα ∧
(
Bα− 12CαβM

β
abe

a ∧ eb
)
−λ[ab] ∧

(
B[ab]−

1

8π l2p
ε[ab]cdec ∧ ed

)

+ λ̃A ∧
(
γ̃A−HabcAe

a ∧ eb ∧ ec
)
+ λ̄A ∧

(
γA +

i

6
εabcde

a ∧ eb ∧ ec
(
γdψ

)A)
−λA ∧

(
γ̄A−

i

6
εabcde

a ∧ eb ∧ ec
(
ψ̄γd

)
A

)
+ 2π i l2pψ̄Aγ5γ

aψAεabcde
b ∧ ec ∧βd

+ ζα
ab
(
Mαabεcdefe

c ∧ ed ∧ ee ∧ ef−Fα ∧ ea ∧ eb
)

+ΛabA ∧
(
HabcAε

cdefed ∧ ee ∧ ef− (∇ϕ)A ∧ ea ∧ eb
)

−
1

12

(
χ
(
ϕAϕA− v2

)2
+ YABCψ̄AψBϕC +

Λ

8π l2p

)
εabcde

a ∧ eb ∧ ec ∧ ed
)
F(ϕk) . (63)

Applying the Stokes theorem functional identity (58) over the terms in the second row, we
remove the covariant derivative from the variables βa, γ̄A, γA and γ̃A, in order to be able to
perform the integration over these variables in the next step. We obtain:

Z3BF⟨F⟩3BF =N
ˆ
Dβ∂De∂Dγ̃∂Dγ∂Dγ̄∂Dϕ∂Dψ∂Dψ̄∂ e

i
¸
ϕA
∂ γ̃A∂+ψ̄A∂γ

A
∂+γ̄A∂ψ

A
∂−ea∂∧β

a
∂

×
ˆ
DαDωDβDeDγ̃DγDγ̄DϕDψDψ̄DBDλ̃DλDλ̄DΛDζDHDM

× exp

(
i
ˆ
Bα ∧Fα+B[ab] ∧R[ab] +(∇e)a ∧β

a− (∇ϕ)A ∧ γ̃A−
(
ψ̄
←−
∇
)
A
∧ γA + γ̄A ∧ (∇ψ)A

+λα ∧
(
Bα− 12CαβM

β
abea ∧ eb

)
−λ[ab] ∧

(
B[ab]−

1
8π l2p

ε[ab]cdec ∧ ed

)

+ λ̃A ∧
(
γ̃A−HabcAea ∧ eb ∧ ec

)
+ λ̄A ∧

(
γA +

i

6
εabcdea ∧ eb ∧ ec

(
γdψ

)A)
−λA ∧

(
γ̄A−

i

6
εabcdea ∧ eb ∧ ec

(
ψ̄γd

)
A

)
+ 2π i l2pψ̄Aγ5γ

aψAεabcdeb ∧ ec ∧βd

+ ζα
ab
(
Mαabεcdefec ∧ ed ∧ ee ∧ ef−Fα ∧ ea ∧ eb

)
+ΛabA ∧

(
HabcAε

cdefed ∧ ee ∧ ef− (∇ϕ)A ∧ ea ∧ eb
)

−
1
12

(
χ
(
ϕAϕA− v2

)2
+ YABCψ̄AψBϕC +

Λ

8π l2p

)
εabcdea ∧ eb ∧ ec ∧ ed

)
F(ϕk) . (64)

By careful inspection of the above equation one can note that, in the case when the observable
F(ϕk) does not depend on the fields at the boundary, the integration over the boundary gives no
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contribution at all. Also, formulated in this way, the 3BF theory enforces the restrictions that
the matter fields and tetrad fields must be zero on the manifold boundary. These restrictions
can be removed by adding appropriate boundary terms to the classical 3BF action. The detailed
discussion of the boundary conditions is given in section 3.3 below.

Next, we perform the integration over the fields βa, B[ab], Bα, γ̃A, γ̄A, γA, ζαab and ΛabA by
applying the functional identities (54) and (59), which gives:

Z3BF⟨F⟩3BF =N
ˆ
De∂Dϕ∂Dψ∂Dψ̄∂ δ (ϕ∂)δ (ψ∂)δ

(
ψ̄∂

)
δ (e∂)

×
ˆ
DαDωDeDϕDψDψ̄Dλ̃DλDλ̄DHDM

× δ (Fα+λα)δ
(
R[ab]−λ[ab]

)
δ
(
λ̃A− (∇ϕ)A

)
δ
(
λ̄A−

(
ψ̄
←−
∇
)
A

)
δ
(
λA− (∇ψ)A

)
× exp

(
i
ˆ
−12λα ∧CαβMβabea ∧ eb+λ[ab] ∧

1
8π l2p

ε[ab]cdec ∧ ed− λ̃A ∧HabcAe
a ∧ eb ∧ ec

+ λ̄A ∧
i
6
εabcde

a ∧ eb ∧ ec
(
γdψ

)A
+λA ∧ i

6
εabcde

a ∧ eb ∧ ec
(
ψ̄γd

)
A

− 1
12

(
χ
(
ϕAϕA− v2

)2
+ YABCψ̄

AψBϕC+
Λ

8π l2p

)
εabcde

a ∧ eb ∧ ec ∧ ed
)

× δ
(
Mαabεcdefe

c ∧ ed ∧ ee ∧ ef−Fα ∧ ea ∧ eb
)

× δ
(
HabcAε

cdefed ∧ ee ∧ ef− (∇ϕ)A ∧ ea ∧ eb
)

× δ
(
(∇e)a− 2π il2pψ̄Aγ5γ

dψAεabcde
b ∧ ec

)
F(ϕk) . (65)

Then, further integration over λα, λ[ab], λ̃A, λ̄A and λA removes the Dirac delta terms from the
third row, thus giving the following:

Z3BF⟨F⟩3BF =N
ˆ
De∂Dϕ∂Dψ∂Dψ̄∂ δ (ϕ∂)δ (ψ∂)δ

(
ψ̄∂
)
δ (e∂)

×
ˆ
DαDωDeDϕDψDψ̄DHDM

× exp

(
i
ˆ

12Fα ∧CαβMβabea ∧ eb +Rab ∧
1

16π l2p
εabcdec ∧ ed− (∇ϕ)A ∧HabcAe

a ∧ eb ∧ ec

−
1

12

(
χ
(
ϕAϕA− v2

)2
+ YABCψ̄AψBϕC +

Λ

8π l2p

)
εabcde

a ∧ eb ∧ ec ∧ ed
)

× δ
(
Mαabεcdefe

c ∧ ed ∧ ee ∧ ef−Fα ∧ ea ∧ eb
)

× δ
(
HabcAε

cdefed ∧ ee ∧ ef− (∇ϕ)A ∧ ea ∧ eb
)

× δ
(
2π il2pψ̄Aγ5γ

dψAεabcde
b ∧ ec− (∇e)a

)
F(ϕk) (66)

The multipliersMα
ab and HabcA, which have so far not been integrated over, are related to the

Hodge duals of the field strengthsFα and (∇ϕ)A, respectively. Applying the functional identity
(57) one can integrate out also these remaining multipliers, in favor of the Hodge duals (45),
giving:
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Z3BF⟨F⟩3BF =N
ˆ
De∂Dϕ∂Dψ∂Dψ̄∂ δ (ϕ∂)δ (ψ∂)δ

(
ψ̄∂

)
δ (e∂)

×
ˆ
DαDωDeDϕDψDψ̄

1
|e|(|α|+|A|(D−1))|[ab]|

× exp

(
i
ˆ
−Fα ∧Cαβ⋆Fβ +Rab ∧

1
16π l2p

εabcdec ∧ ed− (∇ϕ)A ∧ (⋆∇ϕ)A

− i
6
εabcde

a ∧ eb ∧ ec ∧
((
ψ̄
←−
∇
)
A
γdψA− ψ̄Aγd (∇ψ)A

)
− 1

12

(
χ
(
ϕAϕA− v2

)2
+YABCψ̄

AψBϕC+
Λ

8π l2p

)
εabcde

a ∧ eb ∧ ec ∧ ed
)

× δ
(
2π il2pψ̄Aγ5γ

dψAεabcde
b ∧ ec− (∇e)a

)
F(ϕk) . (67)

The quantity D (which appears in the exponent of the determinant of the tetrad) is the dimen-
sion of the spacetime manifold, D= 4, so the value of the exponent of the determinant of the
tetrad is N= (|α|+ |A|(D− 1))|[ab]|= 144, taking into account that |α|= 12, |A|= 4 and
|[ab]|= 6. One can recognize that the obtained argument of the exponent is now the action (44)
of the EC theory, so we can write:

Z3BF⟨F⟩3BF =N
ˆ
De∂Dϕ∂Dψ∂Dψ̄∂ δ (ϕ∂)δ (ψ∂)δ

(
ψ̄∂

)
δ (e∂)

×
ˆ
DαDωDeDϕDψDψ̄

1
|e|N

δ
(
2π il2pψ̄Aγ5γ

dψAεabcde
b ∧ ec− (∇e)a

)
×F(ϕk) eiSEC[ϕk] . (68)

At this point, one could be tempted to try to establish a correspondence between the
quantum 3BF theory and the quantum EC theory. Unfortunately, this is not a viable option
since the Dirac delta term under the integral enforces an additional strong constraint between
torsion and the spin tensor, and must be integrated out before one can attempt to establish the
correspondence. This can be done by integrating out the spin connection 1-form ω[ab], which
is present inside the Dirac delta term as part of the covariant derivative ∇ acting on the tetrad
1-form. In order to perform this integration, the expression inside the Dirac delta term must
be transformed, since in its original form it depends on the antisymmetric part of the spin con-
nection over the second index and the spacetime index. This dependence can be removed by
passing to the locally inertial coordinate system, where this antisymmetric piece can be eval-
uated, by introducing a change of variables ωabc = ωabµecµ. This change of variables induces
the following change of the path integral measure:

Dωabµ = Dωabc

∣∣∣∣δ (ωabcecµ)δωefg

∣∣∣∣= Dωabc
∣∣∣δ[ef ][ab]e

g
µ

∣∣∣= Dωabc|e||[ab]| . (69)

Now one can introduce the quantity Aabc which is antisymmetric with respect to the second
and third indices of the spin connection:

Aabc =
1
2
(ωabc−ωacb) . (70)

One can easily demonstrate that these fields contain all components of the spin connection. To
see this, it is sufficient to apply the antisymmetry of the spin connection with respect to the
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first two indices onto the following linear combination:

Aabc−Abac−Acab =
1
2
(ωabc−ωacb−ωbac+ωbca−ωcab+ωcba) = ωabc . (71)

The Jacobian J of this change of variables is a constant, and it can be absorbed in the normal-
ization factor N , so the path integral measure remains essentially the same:

N
ˆ
Dωabc =N

ˆ
|J |DAabc =N ′

ˆ
DAabc . (72)

Substituting this back into (68) we obtain the expression which depends on the fields Aabc:

Z3BF⟨F⟩3BF =N
ˆ
De∂Dϕ∂Dψ∂Dψ̄∂ δ (ϕ∂)δ (ψ∂)δ

(
ψ̄∂

)
δ (e∂)

ˆ
DαDADeDϕDψDψ̄

|e||[ab]|

|e|N

× δ
(
2π il2pψ̄Aγ5γ

dψAεabcde
b
µe

c
νε
µνρσ − (∂µeaν)ε

µνρσ +Aabc|e|edρeeσεbcde
)

×F(ϕk) eiSEC[ϕk] . (73)

Applying the functional identities (53) and (56) we then obtain the expression which can be
integrated over the fields Aabc in a straightforward manner:

Z3BF⟨F⟩3BF =N
ˆ
De∂Dϕ∂Dψ∂Dψ̄∂ δ (ϕ∂)δ (ψ∂)δ

(
ψ̄∂

)
δ (e∂)

ˆ
DαDADeDϕDψDψ̄

|e||[ab]|

|e|N

× δ
(
Aabc−

(
1
2
cabc− 2π il2pψ̄Aγ5γ

dψAεabcd

))
1∣∣2|e|ε[bc][de]e[d[ρee]σ]∣∣|a|

×F(ϕk) eiSEC[ϕk] . (74)

The next step is the evaluation of the determinant of the product of two tetrad fields and the
Levi–Civita tensor. One first evaluates the determinants of the Levi–Civita tensor as

∣∣ε[ab][cd]∣∣=∣∣ε[µν][ρσ]∣∣= 1, and then one constructs the identity:

1
|e||[µν]|

=

∣∣∣∣ 1
|e|
ε[µν][ρσ]

∣∣∣∣= ∣∣∣ea[µebν]ec[ρedσ]εabcd∣∣∣
=
∣∣∣2e[a[µeb]ν]∣∣∣ ∣∣∣2e[c[ρed]σ]∣∣∣ ∣∣∣ε[ab][cd]∣∣∣= ∣∣∣2e[a[µeb]ν]∣∣∣2 , (75)

from which it follows that∣∣∣2e[a[µeb]ν]∣∣∣= 1

|e| 12 |[µν]|
=

1

|e| 12 |[ab]|
. (76)

Using the obtained relation (76) the path integral becomes

Z3BF⟨F⟩3BF =N
ˆ
De∂Dϕ∂Dψ∂Dψ̄∂ δ (ϕ∂)δ (ψ∂)δ

(
ψ̄∂

)
δ (e∂)

ˆ
DαDADeDϕDψDψ̄

× δ
(
Aabc−

(
1
2
cabc− 2π il2pψ̄Aγ5γ

dψAεabcd

))
1

|e|N+|[ab]|
(

|a|
2
−1

) F(ϕk) eiSEC[ϕk] . (77)
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In the case of the Standard Model, the exponent of the determinant of the tetrad is given as

M= N+ |[ab]|
(
|a|
2 − 1

)
= N+ 6= 150, taking into account that |a|= 4. The integration over

the field Aabc substitutes the connection Aabc in the action with:

Aabc =
1
2
cabc− 2π il2pψ̄Aγ5γ

dψAεabcd , (78)

which corresponds to the substitution

ωabµ =∆abµ− 2π il2pψ̄Aγ5γ
dψAεabcde

c
µ , (79)

which is in turn the previously described procedure of obtaining the action for ECC theory
from the action of the EC theory (see equation (46)). We thus end up with the expression
featuring the action of the ECC theory:

Z3BF⟨F⟩3BF =N
ˆ
De∂Dϕ∂Dψ∂Dψ̄∂ δ (ϕ∂)δ (ψ∂)δ

(
ψ̄∂

)
δ (e∂)

×
ˆ
DαDeDϕDψDψ̄

1
|e|M

F(ϕk) eiSECC[ϕk]

=N ′ZECC

〈
1

|e|M
F

〉
ECC

. (80)

As a special case, substituting the unit observable, F(ϕk) = 1, one can evaluate the state
sum as

Z3BF =N
ˆ
De∂Dϕ∂Dψ∂Dψ̄∂ δ (ϕ∂)δ (ψ∂)δ

(
ψ̄∂

)
δ (e∂)

ˆ
DαDeDϕDψDψ̄

1
|e|M

eiSECC[ϕk]

=N ′ZECC

〈
1
|e|M

〉
ECC

. (81)

As another special case, substituting the observable F(ϕk) = |e|M, one can evaluate the state
sum in a different way, as

Z3BF

〈
|e|M

〉
3BF

=N
ˆ
De∂Dϕ∂Dψ∂Dψ̄∂ δ (ϕ∂)δ (ψ∂)δ

(
ψ̄∂

)
δ (e∂)

ˆ
DαDeDϕDψDψ̄ eiSECC[ϕk]

=N ′ ZECC . (82)

Combining (81) and (82), we obtain the normalization relation

〈
|e|M

〉
3BF

〈
1

|e|M

〉
ECC

= 1 . (83)

As the last step, substituting (81) and (82) back into (80), and remembering the definitions
(61), we finally obtain the correspondence between the quantum 3BF theory and the quantum
ECC theory, in the following form:

⟨F⟩3BF =

〈
1
|e|MF

〉
ECC〈

1
|e|M

〉
ECC

, ⟨F⟩ECC =

〈
|e|MF

〉
3BF

⟨|e|M⟩3BF
. (84)

The equations (84) are the nonperturbative correspondence between the expectation values
of observables in the quantum 3BF and quantum ECC theories that we were looking for, and
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represent the main result of the paper. The existence of this correspondence emphasizes the
importance of the 3BF theory, since its quantization automatically gives rise to a quantization
of the ECC theory, which is a physically relevant model of quantum gravity with matter of the
Standard Model. Namely, it can be argued that the explicit construction of path integral for the
quantum 3BF theory is, all else being equal, easier to perform than the direct construction of
the path integral for the quantum ECC theory itself.

3.3. Boundary conditions

One technical detail that should be discussed is the presence of the boundary terms in the state
sum (80) and eventual dependence of the observable F on values of fields at the boundary of
a spacetime manifold (if it features a boundary). As they stand, the boundary terms in (80)
feature Dirac delta functions for the boundary values of certain fields, essentially claiming
that those fields should vanish at the boundary. While this is not a big issue for fermion fields
(since we typically assume them to be localized to some finite region in the manifold bulk
anyway), the situation is rather different for the scalar field, and most importantly, the tetrad
field. Namely, the scalar field describes the Higgs sector, which is known to have a nonzero
vacuum expectation value, which should be constant throughout spacetime. This is in obvious
conflict with the statement that it should be zero at the spacetime boundary. Similarly, the
tetrad field is typically assumed to be nondegenerate (the tetrad determinant e is assumed to
be nonzero everywhere), since otherwise there would be singularities in the metric structure of
spacetime. This is again in obvious conflict with the statement that tetrad fields should become
zero at the spacetime boundary.

There are two ways one can think of this issue. One way would be to postulate that space-
time does not (or should not) have a boundary to begin with. Then one could simply drop the
boundary terms from (80), and the issue of the values of Higgs and tetrad fields at the boundary
would become immaterial. Another way would be to modify the 3BF action by adding suitable
boundary counterterms. These extra terms would not influence the dynamics of the theory in
the bulk, but would influence the boundary values of fields. For example, this is a property
of the well known Gibbons–Hawking–York (GHY) boundary term [58, 59]. It would thus be
interesting to introduce such modifications to the 3BF action, and study their influence on the
expectation values of observables in (80), with a possibility of fixing the issues related to the
Higgs and tetrad fields.

In order to discuss GHY term, we first need some elementary formalism to describe the
boundary of the spacetime manifold. Looking at some coordinate patch xµ ofM which inter-
sects the boundary ∂M, one can introduce a new set of coordinates ξi (i = 1,2,3) on the
intersection patch in ∂M. Given this, a point with coordinates ξi on ∂M can be assigned
coordinates xµ on M using the parametric equations

xµ = zµ
(
ξi
)
, (85)

where zµ(ξ) are some functions encoding the ‘position’ of ∂M in M. In the tangent space of
point ξi one can introduce the natural coordinate basis ui ≡ ∂i. These vectors also live in the
tangent space of the same point in M, so one can expand them in the coordinate basis ∂µ as
ui= uµi ∂µ, where the components uµi can be evaluated using (85) as

uµi =
∂zµ (ξ)
∂ξi

. (86)
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Next, given a metric gµν(x) on M, one introduces the induced metric γij(ξ) on ∂M as a
pullback:

γij (ξ) = gµν (z(ξ)) u
µ
i u
ν
j . (87)

This metric (in older literature also called the first fundamental form on ∂M) is assumed to be
nondegenerate, with its inverse denoted as γij, and can be used to raise and lower the bound-
ary indices i, j, . . . . One can additionally introduce the induced triads, connection, covariant
derivative, curvature, torsion, and various other induced quantities on the boundary, but this is
not necessary for the purpose of this work. In addition to all these standard geometric notions
associated to ∂M as a manifold, the boundary has some additional properties that stem from
its embedding into M. Namely, given that M is 4-dimensional and ∂M is 3-dimensional,
there will be one additional vector in the tangent space of M that is linearly independent of
the three tangent vectors ui. Calling it the normal vector, and denoting its components as nµ,
one can choose it to be orthogonal to all three tangent vectors, nµu

µ
i = 0, so that the following

resolution of the identity holds:

δµν = ϵnµnν + uµi u
i
ν , (ϵ=±1) . (88)

The normal vector is normalized as nµnµ = ϵ, and the boundary ∂M is called spacelike if
its normal vector is timelike (ϵ=−1, recall that we work with the (−,+,+,+) signature
convention throughout the paper), while it is called timelike if its normal vector is spacelike
(ϵ=+1). We will not introduce lightlike boundary since it is not necessary for our purposes.

The normal vector allows us to introduce one more notion specific to the boundary, called
extrinsic curvature (in older literature also called the second fundamental form), as a projection
of the covariant derivative of the normal vector onto the tangent space of ∂M,

Kij = uµi u
ν
j ∇µnν , (89)

where ∇µ denotes the standard covariant derivative on M, compatible with the metric gµν .
The extrinsic curvature scalar is defined as K= γijKij.

Now we are ready to introduce the GHY boundary term. In the context of the traditional
Einstein–Hilbert formulation of the action for GR, one can write:

SGR =− 1
16πG

ˆ
M
d4x

√
−gR− 1

8πG

˛
∂M

d3ξ ϵ
√
|γ|K . (90)

The first term is the standard Einstein–Hilbert action for GR, while the second term is the GHY
boundary term. Its purpose is to make sure that the action SGR has well-defined functional
derivatives with respect to the metric gµν , since the curvature scalar R contains its second
derivatives. Namely, in the variation of the action δSGR the second derivatives of the metric in
R give rise to the variation of the first derivatives of the metric on the boundary, which are then
canceled by the GHY term, rendering δSGR ultimately dependent solely on the variation δgµν
of the metric itself, rather than its derivatives [58, 59].

The form of the GHY term in (90) has been designed precisely to correspond to the
Einstein–Hilbert formulation of GR, and does not a priori fulfill its purpose when the grav-
itational interaction is formulated in terms of the EC action, or the 3BF action, or otherwise.
Nevertheless, in [60] the GHY boundary term has been reformulated to match a completely
arbitrary theory that may contain curvature, torsion, and even nonmetricity. In our work, non-
metricity is absent, but curvature and torsion are present, so the results of [60] lend themselves
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to be applied in a straightforward manner to the case of the 3BF action (17). Writing (17) in
the form

S3BF =
ˆ
M

L3BF , (91)

where L3BF is the Lagrangian 4-form of the 3BF action, the GHY term is given as:

S3BFGHY = 2
˛
∂M

ϵKi ∧ nµuνi ⋆φµν
∣∣∣
∂M

. (92)

Here Ki is the extrinsic curvature boundary 1-form

Ki ≡ Kijdξ
j = uiµuνj ∇µnνdξ

j, (93)

while ⋆φµν are the 2-forms obtained from the specific details of the Lagrangian 4-form L3BF,
see [60]. For the purpose of our work, we are not interested in the precise form of ⋆φµν . We
merely need to know that it depends on all fields present in the action (17), i.e. ⋆φµν is a
function over the whole kinematical configuration space (42) and (43).

At this point we can study the influence of the GHY boundary term on the derivation of
our main result (84). We begin by modifying the original 3BF action by adding to it the GHY
boundary term,

S3BF → S3BF+ S3BFGHY. (94)

We then proceed through the calculation described in the previous subsection. Starting
from (63) with the added GHY boundary term, we proceed to (64), where the boundary con-
tribution to the path integral (the first row of (64)) now generalizes to:

ˆ
Dβ∂De∂Dγ̃∂Dγ∂Dγ̄∂Dϕ∂Dψ∂Dψ̄∂DB∂Dζ∂DΛ∂Dα∂Dω∂Dλ̃∂Dλ∂Dλ̄∂DH∂DM∂

× eiS
3BF
GHY+i

¸
ϕA∂ γ̃A∂+ψ̄A∂γ

A
∂+γ̄A∂ψ

A
∂−ea∂∧β

a
∂ . (95)

The difference from the original boundary contribution in (64) consists of the fact that the addi-
tional S3BFGHY term is present, and since it depends on the full configuration space, we explicitly
denote the path integrals over all boundary fields.

The subsequent steps, given by (65)–(68) all the way to (80), involve integrating out a range
of variables living in the bulk, without any contributions to the boundary. This means that the
boundary term (95) appears in (80) instead of the old one. Note that (80) features also the ECC
action (50), which should arguably also be corrected by its own version of the GHY boundary
term,

SECC → SECC + SECC
GHY, (96)

where

SECC
GHY = 2

˛
∂M

ϵKi ∧ nµuνi ⋆φ̃µν
∣∣∣
∂M

. (97)

Here ⋆φ̃µν are the 2-forms obtained from the specific details of the ECC Lagrangian 4-form
LECC. It is a function over the kinematical configuration space (51) of ECC theory. Subtracting
the term SECC

GHY from the boundary term (95), and reabsorbing it into a redefinition (96) of SECC,
the final generalized form of equation (80) reads:
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Z3BF⟨F⟩3BF =N
ˆ
Dβ∂De∂Dγ̃∂Dγ∂Dγ̄∂Dϕ∂Dψ∂Dψ̄∂DB∂Dζ∂DΛ∂Dα∂Dω∂Dλ̃∂Dλ∂Dλ̄∂DH∂DM∂

× eiS
3BF
GHY−iS

ECC
GHY+i

¸
ϕA∂ γ̃A∂+ψ̄A∂γ

A
∂+γ̄A∂ψ

A
∂−ea∂∧β

a
∂

×
ˆ
DαDeDϕDψDψ̄

1
|e|M

F(ϕk) eiSECC[ϕk]

=N ′ZECC

〈
1
|e|M

F

〉
ECC

. (98)

The subsequent analysis leading to (84) remains unchanged—one evaluates (98) for observ-
ables F(ϕk) = 1 and F(ϕk) = |eM| and combines them to obtain both (83) and (84), in an
unchanged form, completing the main result.

Looking at the boundary term in (98), we can observe that it is substantially different from
the boundary term in (80). Namely, both GHY terms in the exponent depend on all variables
in the configuration space, which means that the four remaining terms cannot be integrated
in a straightforward manner, and one does not obtain the problematic Dirac delta functions
δ(ϕ∂)δ(ψ∂)δ(ψ̄∂)δ(e∂). The evaluation of the explicit form of S3BFGHY and SECC

GHY, and the detailed
study of its contribution to the boundary integral, are out of the scope of the current work,
and we postpone them for future research. Nevertheless, even without explicit calculation,
it is reasonably obvious that the GHY terms will give nontrivial contribution and will either
completely remove the Dirac delta functions, or substantiallymodify their arguments, allowing
the tetrad, scalar and fermion fields to have potentially nonzero values on the boundary.

4. Examples

In this section we will compare the predictions of the quantum 3BF and ECC theories on the
example of the spacetime volume density and discuss the classical limit. Then we will study
the example of the gravitational waves.

4.1. Spacetime 4-volume density

As a simplest example, let us define the 4-volume density observable defined as

F(ϕk) = ρ≡ |e|, (99)

and the value of the 4-volume density as the expectation value of this operator, in a given
quantum theory of gravity. The name is motivated by the fact that the 4-volume of some 4-
dimensional region R of spacetime is given as

V(R) =

ˆ
R
d4x

√
−g=

ˆ
R
d4x|e|, (100)

hence one can loosely call |e| as the ‘density’ of spacetime 4-volume of the region R.
The correspondence relations (84) can be applied to obtain the ratio of the expectation

values of 4-volume density in the two quantum theories:

ρ3BF
ρECC

≡
⟨ρ⟩3BF
⟨ρ⟩ECC

=

〈
1

|e|M−1

〉
ECC

⟨|e|⟩ECC

〈
1
|e|M

〉
ECC

=
⟨|e|⟩3BF

〈
|e|M

〉
3BF

⟨|e|M+1⟩3BF
. (101)
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At this point it is useful to remember the definitions of the statistical quantities of covari-
ance and variance, which are useful to separate the quantum corrections from the classical
quantities:

Cov(X,Y) = ⟨XY⟩− ⟨X⟩⟨Y⟩ , Var(X) = Cov(X,X) = (∆X)2 . (102)

Here∆X represents the standard deviation, i.e. the uncertainty of the observable X. Covariance
and variance satisfy the Cauchy–Schwarz inequality

|Cov(X,Y) |⩽∆X∆Y, (103)

which can be used to estimate the covariance. Based on the definitions (102), it is clear that
the ratio of the 4-volume densities in 3BF and ECC theories is given as:

ρ3BF
ρECC

= 1+
Cov

(
|e|, 1
|e|M

)
ECC

⟨|e|⟩ECC

〈
1
|e|M

〉
ECC

,
ρECC

ρ3BF
= 1+

Cov
(
|e|, |e|M

)
3BF

⟨|e|⟩3BF ⟨|e|M⟩3BF
. (104)

Then, using (103), we can write

ρ3BF
ρECC

⩽ 1+

∆|e|
⟨|e|⟩

∆ 1
|e|M〈
1
|e|M

〉


ECC

,
ρECC

ρ3BF
⩽ 1+

(
∆|e|
⟨|e|⟩

∆|e|M

⟨|e|M⟩

)
3BF

. (105)

In the classical limit one can assume that the uncertainties tend to zero, and we see that the
4-volume densities have approximately the same value in both theories.

In fact, the above example indicates that the classical limits of the two theories are the same.
In order to demonstrate this in full generality, one can repeat the above analysis for the case
of an arbitrary observable F(ϕk). Starting from (84), we have

⟨F⟩3BF
⟨F⟩ECC

=

〈
1
|e|MF

〉
ECC〈

1
|e|M

〉
ECC

⟨F⟩ECC

,
⟨F⟩ECC

⟨F⟩3BF
=

〈
|e|MF

〉
3BF

⟨|e|M⟩3BF ⟨F⟩3BF
. (106)

The expectation value of the product in the numerator can be removed in favor of covariance
using (102), and the covariance can be estimated using the Cauchy–Schwarz inequality (103),
leading us to:

⟨F⟩3BF
⟨F⟩ECC

⩽ 1+

∆F
⟨F⟩

∆ 1
|e|M〈
1
|e|M

〉


ECC

,
⟨F⟩ECC

⟨F⟩3BF
⩽ 1+

(
∆F
⟨F⟩

∆|e|M

⟨|e|M⟩

)
3BF

. (107)

In the classical limit we expect the uncertainties of the observables to become negligible,
∆F→ 0, giving us

⟨F⟩3BF
⟨F⟩ECC

⩽ 1,
⟨F⟩ECC

⟨F⟩3BF
⩽ 1. (108)

Taken together, these two inequalities enforce the result

⟨F⟩3BF = ⟨F⟩ECC , (109)

claiming that in the classical limit all observables have the same value in both theories, as
expected. The two theories differ only at the level of quantum correction terms.
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4.2. Gravitational waves

In the example of gravitational waves, we study the two (mutually related) fields, namely
the tetrad field and the metric field, as well as their excitations over the flat spacetime
configuration:

eaµ = δaµ+ εaµ, gµν = ηµν + hµν . (110)

We expand the determinant to the second order (which is incidentally the full expansion to all
orders):

|e|= 1+ εaa+
1
2

(
εaaε

b
b− εabε

b
a
)
+

1
6

(
εaaε

b
bε

c
c− 3εaaε

b
cε
c
b+ 2εabε

b
cε
c
a
)
+ |ε|. (111)

Let us note here that in principle one can discuss gravitational wave perturbations over some
more general curved background spacetime, rather than flat spacetime. In other words, given
some background tetrad êaµ and its corresponding background metric ĝµν , instead of (110)
we could write

eaµ = êaµ+ εaµ, gµν = ĝµν + hµν . (112)

While the subsequent analysis is in principle similar, it is technically more complicated since
the evaluation of the determinant (111) would not have 1 as the leading term, but rather det êaµ.
Because of this, we opt not to work with a generic curved background, but rather with the
special case of the flat background. Qualitatively speaking, all results and conclusions of the
analysis remain the same.

One can introduce the quantity E that collects all corrections of the tetrad determinant with
respect to unity. This is useful for the study of the convergence properties of the power series of
±Mth degree of the tetrad determinant over such a parameter, so the corresponding exponents
of the tetrad determinant in second order are given as:

1

|e|M
=

1

(1+E)M
=

+∞∑
n=0

(
M+ n
n

)
(−E)n = 1−Mεaa+

M
2

(
Mεaaε

b
b+ εabε

b
a
)
+ o

(
ε2
)
.

(113)

The requirement that this series converges is that |E|< 1, while the terms in the series begin
to decrease when the following condition is satisfied:

|E|< n+ 1
M+ n+ 1

. (114)

From here it follows that the contribution of the second order will be greater that the contribu-
tion of the third order in case when |E|< 0.0196 (assuming that n= 2, M= 150), or in other
words, if one requires that the second order contributes k times more than the third order,
then |E|< 0.0196/k. Also, in the case of the tetrad determinant with a positive exponent, we
similarly have:

|e|M = (1+E)M =
+∞∑
n=0

(
M
n

)
En = 1+Mεaa+

M
2

(
Mεaaε

b
b− εabε

b
a
)
+ o

(
ε2
)
. (115)
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This series is finite, since the binomial coefficient is equal to zero when n>M, so there are no
convergence issues. In addition, the terms in the series decrease when:

|E|< n+ 1
M− n

, (116)

which is a weaker requirement from the previous inequality (114) and therefore always
satisfied.

By applying the correspondence equations (84) to the metric perturbation observable,
F(ϕk) = hµν , we obtain the following:

⟨hµν⟩3BF =
⟨hµν⟩ECC −M⟨εaahµν⟩ECC

1−M⟨εaa⟩ECC +
M
2 ⟨Mεaaεbb+ εabεba⟩ECC

. (117)

After the expansion of the denominator into power series one obtains:

⟨hµν⟩3BF =
(
⟨hµν⟩ECC −M⟨εaahµν⟩ECC

)
×
(
1+M⟨εaa⟩ECC −

M
2

〈
Mεaaε

b
b+ εabε

b
a
〉
ECC

+
M2

2
⟨εaa⟩2ECC

)
= ⟨hµν⟩ECC

(
1+M⟨εaa⟩ECC

)
−M⟨εaahµν⟩ECC (118)

Also, in the opposite case we have

⟨hµν⟩ECC =
(
⟨hµν⟩3BF+M⟨εaahµν⟩3BF

)
×
(
1−M⟨εaa⟩3BF−

M
2

〈
Mεaaε

b
b− εabε

b
a
〉
3BF

− M2

2
⟨εaa⟩23BF

)
= ⟨hµν⟩3BF

(
1−M⟨εaa⟩3BF

)
+M⟨εaahµν⟩3BF . (119)

These expressions simplify to the following final form:

⟨hµν⟩3BF = ⟨hµν⟩ECC −MCov(εaa,hµν)ECC , (120)

⟨hµν⟩ECC = ⟨hµν⟩3BF+MCov(εaa,hµν)3BF . (121)

Using the Cauchy–Schwarz inequality (103), we can estimate the order of magnitude of the
perturbation necessary for the experimental comparison between quantum 3BF and quantum
ECC theories. Namely, up to second order, the deviation of the predictions between two the-
ories is given as

Cov(εaa,hµν)ECC = Cov(εaa,hµν)3BF = Cov(εaa,hµν) , (122)

i.e. the correction term is the same in both theories up to second order, which can be seen
from (120) and (121). Besides, based on the relations hµν = ηµaε

a
ν + ηaνε

a
µ, εµν = ηµaε

a
ν

and the Cauchy–Schwarz inequality, assuming also that the uncertainty of each component of
the tetrad is approximately the same, one obtains that:

⟨hµν⟩ECC −⟨hµν⟩3BF =MCov(εaa,hµν)⩽ 2M∆εaa∆εµν

≈ 8M(∆εµν)
2 ≈ 2M(∆hµν)

2
. (123)

25



Class. Quantum Grav. 42 (2025) 195009 P Stipsíc and M Vojinovíc

The inequality (123) can in principle be used to experimentally distinguish between the
quantum 3BF theory and quantum ECC theory, bymeasuring the gravitational waves and com-
paring the outcome to theoretical predictions. In order to obtain some intuition of the orders
of magnitude involved, let us start from some ballpark orders of magnitude for current techno-
logical state of the art measurements of gravitational waves, taking for example LIGO/Virgo
detectors as reference. According to [61], a typical precision of the strain measurement can be
estimated to be 10−21, which means that the right-hand side of (123) should be

2M(∆hµν)
2 ⩾ 10−21. (124)

Remembering that for the Standard Model we have M= 150 (see discussion below
equation (77)), this gives us an estimate for the minimal quantum correction that can be
detectable:

∆hµν ⩾
√

10−21

2 · 150
≈ 10−12. (125)

This is a huge value, as can be seen from the fact that the strain amplitude of the black hole
merger signal in [61] is of order 10−18. While the distance of GW150914 source was estimated
to rGW ≈ 410Mpc, which is far outside of our galaxy, one can infer the strain amplitude of a
hypothetical similar event happening within the Milky Way galaxy, i.e. at a distance of rMW ≈
34Kpc. Since the amplitude of the strain of a spherical wave falls off as 1/r from the source,
one could simply estimate that a similar black hole merger within our galaxy would give rise
to the signal with strain amplitude of the order

hMW ≈ hGW
rGW

rMW
= 10−18 × 4.1 · 105Kpc

3.4 · 101Kpc
≈ 10−14. (126)

This is still two orders of magnitude smaller than the needed scale of the quantum correction
∆hµν . Moreover, there is nothing in the theory to suggest why a system of two merging black
holes would even have a quantum uncertainty that big, to begin with.

In other words, using current technology, one would need a gravitational wave source that

(a) generates strain ⟨hµν⟩ of the order of at least 10−11, and
(b) gives rise to quantum uncertainty of the strain, ∆hµν , of the order of at least 10−12.

Obviously, there are no known candidates for such a source of gravitational waves in nature.
Nevertheless, at least in principle, if one were to have such a source, it would be possible to
apply (123) to experimentally distinguish between the quantum 3BF theory and the quantum
ECC theory.

5. Conclusions

5.1. Summary of the results

Let us summarize the results of the paper. After the Introduction, in section 2 we gave a
short review of four classical actions—the topological 3BF action, the physically relevant
constrained 3BF action, the EC action featuring the Standard Model matter sector, and the EC
contact action, featuring the four-fermion contact interaction. We have demonstrated that the
constrained 3BF theory and the ECC theory give rise to equivalent sets of classical EoM. In
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section 3, we have turned to the main analysis of the expectation values of an arbitrary quantum
observable F(ϕk) that can be defined in both theories. After introducing some mathematical
identities needed for the analysis, we have established a correspondence between the expect-
ation value of the observable F in one theory, and the expectation value of a corresponding
observable |e|±MF in the other theory, where e is the determinant of the tetrad fields, while the
coefficient M has been determined to be M= 150. This correspondence has been established
in a fully nonperturbative way, and represents the main result of the paper. Section 3 closes
with an analysis of the boundary terms present in the theory. In section 4 we discussed some
illustrative example observables, in order to compare the two quantum theories. First, we have
discussed the spacetime 4-volume density as a simple example, and also the classical limit
of the two theories. Then, we turned our attention to the example of gravitational waves, and
we gave an estimate of how large their quantum uncertainties must be in order to be able to
experimentally distinguish between the two quantum theories.

5.2. Discussion

The main relevance of our results is reflected in the following. On one hand, the classical
ECC theory is arguably the phenomenologically very relevant model for the construction of a
realistic full theory of quantum gravity with matter. Needless to say, the quantization of this
action is rather hard, and so far remains an open problem in modern theoretical physics. On
the other hand, the classical constrained 3BF theory represents a model that is slightly more
tangible for efficient and rigorous quantization, at least within the path integral formalism.
This is partly because it is based on a somewhat novel algebraic structure, a 3-group, which
represents the generalization of the notion of a Lie group within the framework of higher gauge
theory. Initial steps towards the path integral quantization of the 3BF theory for the case of the
Standard Model 3-group have already been taken [31, 47–53], with promising results. Given
this context, establishing a fully nonperturbative correspondence between the quantum 3BF
and quantum ECC theory represents a quite useful result, since it allows us to sidestep the hard
question of quantization of ECC theory itself, and instead define it in terms of the quantization
of the 3BF theory.

The second important consequence of the correspondence is that there exists a regimewhere
the 3BF and ECC theories could be experimentally distinguished from each other, at least in
principle. As we have seen in section 4.2, given a source of gravitational waves that is both
strong in magnitude and has large quantum uncertainty, the difference in the quantum cor-
rections for the strain amplitude can in principle be large enough to be detected using current
technology. This would allow us to compare 3BF and ECC theories against experimental data.
In this sense, the correspondence predicts observable signatures that distinguish the two the-
ories. Obviously, we do not have actual access to a gravitational wave source with the required
properties, so any such experimental proposal is outside of the realm of practical feasibility.
But as a matter of principle, the fact that such scenarios can be studied at least theoretically
illustrates the phenomenological significance of the obtained correspondence.

Going beyond the 3BF and ECC theories, one can also ask is it possible to establish a
similar correspondence in the context of other approaches to quantum gravity, such as the
canonical LQG, or causal set theory (CST)? This is an interesting question, with no obvious
answer. Namely, the correspondence between 3BF and ECC theories has been established
using the language of path integrals. In the canonical LQG approach one starts essentially
from a variant of EC theory, but the path integral language is not used. Instead, the quant-
ization is being performed by foliating the spacetime into space and time, and by imposing
canonical commutation relations on appropriate variables on each spatial hypersurface [3, 4].
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This canonical quantization programme has not been developed for the 3BF theory so far.
Nevertheless, assuming it could be developed, one could in principle study the same corres-
pondence within the canonical language—given an observable in the canonical quantization
of 3BF theory, can one find a corresponding observable in canonical LQG, such that their
expectation values are equal? This may be an interesting topic for future research.

Regarding the possible correspondence between 3BF theory and CST, the situation is more
complicated. While CST can be formulated using the (discrete) path integral language, there
are twomain issues that arise when trying to establish the correspondence between observables
in 3BF and CST. First, the CST formalism has so far not been developed enough to describe
non-scalarmatter fields [62]. This is problematic, since the 3BF theory features gravity coupled
to the full StandardModel, including fermions and gauge bosons. Therefore, a correspondence
between most of the observables in 3BF and CST theories is impossible to establish. Second,
in the classical limit, the 3BF theory gives rise to standard Einstein field equations of GR. On
the other hand, the classical limit of CST cannot reproduce full Einstein field equations, since
the fundamental CST assumption of a causal order relation excludes some of their solutions.
For example, closed timelike curves are well known solutions of Einstein equations, but cannot
be present within the CST formalism because they describe spacetime geometry with causal
structure containing cycles, which is incompatible with a poset-type order relation required
by CST. In this sense, 3BF and CST theories have different classical limits (more precisely,
their sets of classical solutions are inequivalent), suggesting that the general correspondence
between observables of the two theories is unlikely to exist.

When looking at the procedure of deriving the correspondence relations (84) in section 3,
there are some technical details that merit further attention. Namely, the relation (68) comes
tantalizingly close to establishing a correspondence between the 3BF theory and the standard
EC theory, as opposed to the ECC theory. As was discussed below (68), such a prospect is
thwarted due to the presence of the Dirac delta function encoding the algebraic relationship
between the spin connection and fermion spin current, which is a consequence of the typical
coupling between fermions and torsion in EC theory. The constrained 3BF action (17) has been
constructed to encode precisely that same coupling, so the presence of the corresponding Dirac
delta function should come as no surprise. Nevertheless, it would be an interesting avenue of
research to extend both the 3BF theory and the EC theory to include some different type of
coupling between fermions and torsion, which could potentially lead to a proper dynamical
equation of motion for the spin connection. This is a valid possibility, since phenomenolo-
gically nobody in fact knows precisely how fermions couple to torsion—this interaction (if
it exists to begin with) is too small and has so far eluded any experimental detection. In this
context, one could formulate some alternative 3BF and EC models, which feature a different
type of fermion-torsion coupling. Then one could attempt to repeat the analysis presented in
this paper for those models, possibly establishing the correspondence between the quantum
versions of the modified 3BF theory and the modified EC theory, rather than the ECC theory.
This seems to be an interesting topic for future investigation.
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Appendix A. Proofs of the identities featuring Dirac delta functions

The proofs of the identities featuring Dirac delta functions for real and Grassmann fields can
be established by the following straightforward computations:

• the identity (57):

ˆ
DφDϕkδ

(
φaBFB

A (ϕk)−GaA (ϕk)
)
H(φ,ϕk)

=

ˆ
D
(
φaBFB

A (ϕk)
)
Dϕk

∣∣∣∣∣∣
δ(φF(ϕk)F−1(ϕk))

aA

δϕn
δϕm
δϕn

δ(φF(ϕk)F−1(ϕk))
aA

δ(φF(ϕk))bB
0

∣∣∣∣∣∣δ
(
φaBFB

A (ϕk)−GaA (ϕk)
)
H(φ,ϕk)

=

ˆ
Dφ̂Dϕk

∣∣∣δabF−1
B
A (ϕk)

∣∣∣δ(φ̂aA−GaA (ϕk)
)
H
(
φ̂aBF−1

B
A (ϕk) ,ϕk

)
=

ˆ
Dϕk

1

|F(ϕk)||a|
H
(
GaB (ϕk)F

−1
B
A (ϕk) ,ϕk

)
, (A1)

• the identity (59):

ˆ
Gn

dθ1dθ2dθ3. . .dθne
iθ1(θ2−θ3−...−θk)F(θ2,θ3, . . .,θn)

=

ˆ
Gn

dθ1dθ2dθ3. . .dθn (1+ iθ1 (θ2− θ3− . . .− θk))

× (θ3. . .θkf01...1 (θk+1, . . .,θn)+ . . .+ θ2. . .θk−1f1...10 (θk+1, . . .,θn))

= i
ˆ
Gn

dθ1dθ2dθ3. . .dθnθ1θ2θ3. . .θk
(
f01...1 (θk+1, . . .,θn)+ . . .+(−1)l f11...10l1...1 (θk+1, . . .,θn)

)
=−i

ˆ
Gn

dθ3. . .dθndθ2dθ1θ1θ2θ3. . .θk
(
f01...1 (θk+1, . . .,θn)+ . . .+(−1)l f11...10l1...1 (θk+1, . . .,θn)

)
=−i

ˆ
Gn−2

dθ3. . .dθnθ3. . .θk
(
f01...1 (θk+1, . . .,θn)+ . . .+(−1)l f11...10l1...1 (θk+1, . . .,θn)

)
=−i

ˆ
Gn−2

dθ3. . .dθnF(θ3 + . . .+ θk,θ3, . . . , θn)

=−i
ˆ
Gn−1

[d]θ3. . .dθndθ2 δ (θ2− θ3− . . .− θk)F(θ2,θ3, . . . ,θn)

= (−1)n−1 i
ˆ
Gn−1

dθ2. . .dθn δ (θ2− θ3− . . .− θk)F(θ2,θ3, . . . ,θn) , (A2)
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• the identity (60):

ˆ
Rm

dmy
ˆ
Rm

dmx
ˆ
Gk

dθ1dθ2. . .dθk

ˆ
Gn−k

dθk+1. . .dθn eiya(x
a−Maijθiθj)F(x,θ1, . . . ,θn)

=

ˆ
Rm

dmy
ˆ
Rm

dmx
ˆ
Gk

dθ1dθ2. . .dθk

ˆ
Gn−k

dθk+1. . .dθn eiyax
a
+∞∑
b=0

1
b!

(
−iyaMaijθiθj

)b
F(x,θ1, . . . ,θn)

=

ˆ
Rm

dmy
ˆ
Rm

dmx
ˆ
Gk

dθ1dθ2. . .dθk

ˆ
Gn−k

dθk+1. . .dθn eiyax
a
+∞∑
b=0

1
b!

(
Maijθiθj

∂

∂xa

)b

F(x,θ1, . . . ,θn)

= (2π)m
ˆ
Rm

dmx
ˆ
Gk

dθ1dθ2. . .dθk

ˆ
Gn−k

dθk+1. . .dθn
m∏
a=1

δ (xa)
+∞∑
b=0

1
b!

(
Maijθiθj

∂

∂xa

)b

F(x,θ1, . . . ,θn)

= (2π)m
ˆ
Gk

dθ1dθ2. . .dθk

ˆ
Gn−k

dθk+1. . .dθn
+∞∑
b=0

1
b!

(
Maijθiθj

∂

∂xa

)b

F(x,θ1, . . . ,θn)
∣∣∣
x=0

= (2π)m
ˆ
Gk

dθ1dθ2. . .dθk

ˆ
Gn−k

dθk+1..dθnF
(
Maijθiθj,θ1, . . . ,θn

)
= (2π)m

ˆ
Rm

dmx
ˆ
Gk

dθ1dθ2. . .dθk

ˆ
Gn−k

dθk+1. . .dθn
m∏
a=1

δ
(
xa−Maijθiθj

)
F(x,θ1, . . . ,θn) . (A3)

Appendix B. Component form of the notation

Let us illustrate some details regarding the notation introduced in section 2.1. Given a Lie
2-crossed module (5),(

L
δ→ H

∂→ G , ▷ , {_ ,_}pf
)
, (B1)

the Lie groups G, H and L have their corresponding Lie algebras g, h and l, which allow us to
introduce a corresponding linear structure, called a differential Lie 2-crossed module, as(

l
δ→ h

∂→ g , ▷ , {_ ,_}pf
)
, (B2)

with the maps

∂ : h→ g , δ : l→ h , (B3)

▷ : g× a→ a , a= g,h, l , (B4)

{_ ,_}pf : h× h→ l . (B5)

These maps are linearized versions of (2), (3) and (4), and are subject to axioms which are
naturally induced by the axioms of a Lie 2-crossed module.

One can introduce sets of basis vectors for the three algebras g, h and l, denoted
respectively as

{τα ∈ g |α= 1, . . . ,dimg} , { ta ∈ h |a= 1, . . . ,dimh} , {TA ∈ l |A= 1, . . . ,dim l} .
(B6)

This allows us to introduce the components of the above maps as:

∂ta = ∂a
ατα , δTA = δA

ata , {ta , tb }pf = Xab
ATA , (B7)
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τα ▷ τβ = ▷αβ
γτγ , τα ▷ ta = ▷αa

btb , τα ▷TA = ▷αA
BTB . (B8)

Next, given a 4-dimensional manifoldM, one can denote the space of differential p-forms over
M as Λp(M), and its natural basis as dxµ1 ∧ ·· · ∧ dxµp . One can then introduce a principal 3-
group bundle over a 4-dimensional manifoldM. As a section of this bundle one can introduce
the 3-connection (α,β,γ), which consists of a g-valued 1-form α, an h-valued 2-form β and
an l-valued 3-form γ:

α ∈ Λ1 (M)⊗ g , β ∈ Λ2 (M)⊗ h , γ ∈ Λ3 (M)⊗ l . (B9)

These can be expanded into components using appropriate basis vectors as:

α= ααµ (x) dxµ⊗ τα , β =
1
2
βaµν (x) dxµ ∧ dxν ⊗ ta ,

γ =
1
3!
γAµνλ (x) dxµ ∧ dxν ∧ dxλ⊗ TA . (B10)

The field ααµ(x) is precisely a traditional connection of a principal G-bundle, while βaµν(x)
and γAµνλ(x) are additional fields, native to the framework based on a principal 3-group
bundle.

Given a 3-connection (α,β,γ), one can introduce a so-called fake 3-curvature (F ,G,H),
consisting of a g-valued 2-form F , an h-valued 3-form G and an l-valued 4-form H:

F ∈ Λ2 (M)⊗ g , G ∈ Λ3 (M)⊗ h , H ∈ Λ4 (M)⊗ l . (B11)

These are defined as (see equation (7) in the main text):

F = dα+α∧α− ∂β , G = dβ+α∧▷ β− δγ , H= dγ+α∧▷ γ+ {β ∧β}pf . (B12)

The notation ∧▷ means that one should apply the wedge-product ∧ in the subspace of differ-
ential forms, while simultaneously apply the action ▷ in the algebra subspace. One can use the
above equations to work out the explicit components of the fake 3-curvature. For example, the
components of the 3-form G are obtained as follows. The dβ term is:

dβ = d

(
1
2
βbµν dxµ ∧ dxν ⊗ tb

)
=

1
2
∂λβ

b
µν dxλ ∧ dxµ ∧ dxν ⊗ tb

=
1
6

[
∂λβ

b
µν + ∂µβ

b
νλ+ ∂νβ

b
λµ

]
dxλ ∧ dxµ ∧ dxν ⊗ tb . (B13)

The α∧▷ β term is:

α∧▷ β =
(
ααλ dxλ⊗ τα

)
∧▷

(
1
2
βaµν dxµ ∧ dxν ⊗ ta

)
=

1
2
ααλβ

a
µν

(
dxλ ∧ dxµ ∧ dxν

)
⊗ (τα ▷ ta)

=
1
2
▷αa

bααλβ
a
µν dxλ ∧ dxµ ∧ dxν ⊗ tb

=
1
6

[
▷αa

bααλβ
a
µν + ▷αa

bααµβ
a
νλ+ ▷αa

bαανβ
a
λµ

]
dxλ ∧ dxµ ∧ dxν ⊗ tb. (B14)
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The δγ term is:

δγ = δ

(
1
3!
γAµνλ dxµ ∧ dxν ∧ dxλ⊗TA

)
=

1
6
γAµνλ dxµ ∧ dxν ∧ dxλ⊗ δTA

=
1
6

[
δA

bγAµνλ
]
dxµ ∧ dxν ∧ dxλ⊗ tb. (B15)

Putting all three terms together, and comparing to the expansion of G into components,

G =
1
3!
Gbλµν (x) dxλ ∧ dxµ ∧ dxν ⊗ tb , (B16)

one obtains:

Gbλµν = ∂λβ
b
µν + ∂µβ

b
νλ+ ∂νβ

b
λµ+ ▷αa

bααλβ
a
µν + ▷αa

bααµβ
a
νλ

+ ▷αa
bαανβ

a
λµ− δA

bγAµνλ . (B17)

In a similar fashion, one can derive the components for F and H as well. The result is

Fα
µν = ∂µα

α
ν − ∂µα

α
ν + ▷βγ

ααβµα
γ
ν − ∂a

αβaµν , (B18)

and

HA
µνρσ = ∂µγ

A
νρσ − ∂νγ

A
ρσµ+ ∂ργ

A
σµν − ∂σγ

A
µνρ

+ ▷αB
Aααµγ

B
νρσ − ▷αB

Aαανγ
B
ρσµ+ ▷αB

Aααργ
B
σµν − ▷αB

Aαασγ
B
µνρ

+ 2Xab
Aβaµνβ

b
ρσ − 2Xab

Aβaµρβ
b
νσ + 2Xab

Aβaµσβ
b
νρ . (B19)

Looking at the expressions for G andH, one can note that it is always possible to combine the
derivative term with the term containing a triangle into a covariant derivative term, as:

∇λβ
b
µν = ∂λβ

b
µν + ▷αa

bααλβ
a
µν , ∇µγ

A
νρσ = ∂µγ

A
νρσ + ▷αB

Aααµγ
B
νρσ , (B20)

where the triangle combinedwith the connection 1-formα serves the purpose of the connection
term for the covariant derivative. This suggests to introduce a notion of covariant exterior
derivative (see equation (8) in the main text) as

∇= d+α∧▷ (B21)

which can act on any object in spaces Λp(M)⊗ g, Λp(M)⊗ h and Λp(M)⊗ l. For example,
given β ∈ Λ2(M)⊗ h, we have:

∇β = dβ+α∧▷ β =
1
2

∂λβbµν + ▷αa
bααλβ

a
µν︸ ︷︷ ︸

∇λβbµν

 dxλ ∧ dxµ ∧ dxν ⊗ tb , (B22)
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using the results of (B13) and (B14). As another example, given ϕ ∈ Λ0(M)⊗ l (i.e. a set of
scalar fields ϕ = ϕATA), we have:

∇ϕ = dϕ +α∧▷ ϕ = ∂λϕ
A dxλ⊗TA+ααλϕ

B dxλ⊗ τα ▷TB

=

∂λϕA+ ▷αB
Aααλϕ

B︸ ︷︷ ︸
∇λϕA

dxλ⊗TA . (B23)

The same calculation can be rewritten so that it does not expand 0-forms and 1-forms into a
basis, as follows:

∇ϕ = dϕ +α∧▷ ϕ = dϕA⊗TA+αα ∧ϕB⊗ τα ▷TB =

dϕA+ ▷αB
Aαα ∧ϕB︸ ︷︷ ︸

∇ϕA

⊗TA .

(B24)

This illustrates equation (9) from the main text. As an exercise for an interested reader, one can
apply (B21) to rewrite the field strenghts (B12) into a more compact form (see equation (10)
in the main text):

F =∇2 − ∂β , G =∇β− δγ , H=∇γ+ {β ∧β}pf . (B25)

Finally, let us rewrite the topological 3BF action into the component form. The action is
defined as (see equation (6) in the main text):

Stop3BF =

ˆ
M4

⟨B∧F⟩g + ⟨C∧G⟩h + ⟨D∧H⟩l. (B26)

The G-invariant nondegenerate symmetric bilinear forms ⟨_ ,_⟩g, ⟨_ ,_⟩h and ⟨_ ,_⟩l map a
pair of algebra elements into a real number. Evaluating them on the basis vectors of the cor-
responding Lie algebras, one obtains their components:

⟨τα , τβ⟩g = gαβ , ⟨ta , tb⟩h = gab , ⟨TA ,TB⟩l = gAB . (B27)

Keeping in mind that the Lagrange multipliers B, C and D belong to appropriate spaces,

B ∈ Λ2 (M)⊗ g , C ∈ Λ1 (M)⊗ h , D ∈ Λ0 (M)⊗ l , (B28)

one can rewrite the action in terms of components as

Stop3BF =

ˆ
M4

(
1
4
gαβB

α
µνFβρσ +

1
3!
gabC

a
µGbνρσ +

1
4!
gABD

AHB
µνρσ

)
dxµ ∧ dxν ∧ dxρ ∧ dxσ .

(B29)

Using the basic identity for differential forms

dxµ ∧ dxν ∧ dxρ ∧ dxσ = εµνρσ d4x , (B30)

one can finally rewrite the action into the traditional form

Stop3BF =

ˆ
M4

Ltop
3BF d4x , (B31)
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where the Lagrangian density for the topological 3BF theory is given in terms of component
fields as:

Ltop
3BF = εµνρσ

(
1
4
gαβB

α
µνFβ

ρσ +
1
3!
gabC

a
µGbνρσ +

1
4!
gABD

AHB
µνρσ

)
. (B32)
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[42] Miković A, Oliveira M Â and Vojinović M 2022 Adv. Theor. Math. Phys. 26 3783
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[47] Radenković T and Vojinović M 2020 Ann. Univ. Craiova Phys. 30 74
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Institute of Physics, University of Belgrade, Pregrevica 118, 11080 Belgrade, Serbia; mdjordjevic@ipb.ac.rs (M.Ð.);
rtijana@ipb.ac.rs (T.R.); pstipsic@ipb.ac.rs (P.S.)
* Correspondence: vmarko@ipb.ac.rs
† These authors contributed equally to this work.

Abstract: When discussing the gauge symmetries of any theory, the Henneaux–Teitelboim trans-
formations are often underappreciated or even completely ignored, due to their on-shell triviality.
Nevertheless, these gauge transformations play an important role in understanding the structure of
the full gauge symmetry group of any theory, especially regarding the subgroup of diffeomorphisms.
We give a review of the Henneaux–Teitelboim transformations and the resulting gauge group in the
general case and then discuss its role in the applications to the class of topological theories called nBF
models, relevant for the constructions of higher gauge theories and quantum gravity.

Keywords: gauge symmetry; trivial gauge transformations; nBF theory; Chern–Simons theory;
diffeomorphism symmetry

1. Introduction

In modern theoretical physics, gauge symmetries play a very prominent role. The
two most-fundamental theories we have, which describe almost all observed phenomena
in nature—namely Einstein’s theory of general relativity and the Standard Model of ele-
mentary particle physics—are gauge theories. From Maxwell’s electrodynamics to various
approaches to quantum gravity, gauge theories play a central role, and gauge symmetry
represents one of their most-important aspects. In light of this, there is one class of gauge
transformations that is often slightly neglected in the literature, due to their specific nature
and properties.

In order to introduce this particular gauge symmetry in the most-elementary way
possible, let us look at the following simple example. Every action S[φ1, φ2], which depends
on the fields φ1(x) and φ2(x), is invariant under the following gauge transformation:

δ0φ1(x) = ε(x)
δS

δφ2(x)
, δ0φ2(x) = −ε(x)

δS
δφ1(x)

, (1)

as one can see by calculating the variation of the action:

δS[φ1, φ2] =
δS
δφ1

δ0φ1 +
δS
δφ2

δ0φ2 = 0 . (2)

This gauge symmetry exists for every action that is a functional of at least two fields,
irrespective of any other gauge symmetry that the action may or may not have. In the
literature, this symmetry is often called trivial gauge symmetry, since the form variations of
the fields are identically zero on-shell. This is in contrast to all other gauge symmetries,
which perform some nontrivial change of the fields on-shell.

It should be noted that, being trivial on-shell, the above transformations cannot
play a role in obtaining any predictions about observables in a given theory, due to the
intrinsic on-shell nature of the physical observables. For example, in practical situations
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of scattering experiments and measurements of cross-sections, this trivial symmetry is
irrelevant. Nevertheless, when constructing a new theory, in general, the off-shell properties
of the theory are important. As a typical example, path integral quantization prescription
depends not only on the classical equations of motion, but on the whole action of the theory.
In this sense, while these trivial transformations are not relevant for making predictions,
they do have methodological relevance and value in theory construction, despite their
on-shell triviality.

For example, these transformations in fact represent a very important part of the
gauge symmetry for any theory and play a crucial role in various contexts, such as in
the Batalin–Vilkovisky formalism (see [1] for a review and also the original papers [2–6]),
or when discussing the diffeomorphism symmetry of the BF-like class of theories [7–11].
Furthermore, in general, a commutator of two ordinary gauge transformations will remain
an ordinary gauge transformation only up to the above trivial transformations, meaning
that the latter are important for the algebraic closure of all gauge transformations into
a group.

To the best of our knowledge, the most-complete treatment and discussion of the
above gauge transformations can be found in the book [12] by Marc Henneaux and Claudio
Teitelboim. Therefore, in this paper, we opted to call them Henneaux–Teitelboim (HT)
transformations. This naming can also be justified with the paper [7] by Gary Horowitz
(published two years before the book [12]), where the author attributes these transfor-
mations to Henneaux and Teitelboim in a footnote and thanks them “for explaining this
to me”.

Regarding terminology, we should also note that we use the terms “gauge symmetry”
and “gauge transformations” with a certain level of charity. Namely, one could argue that
there are two distinct types of local symmetries—those that are obtained by a localization
procedure from a corresponding global symmetry group (the procedure of “gauging” a
global symmetry) and those that are intrinsically local, not obtained by any such localization
procedure. It is not known whether HT symmetry belongs to the former or the latter class,
since a global symmetry whose localization would give rise to HT transformations has not
yet been shown to exist. Either way, in the literature, there is no established terminology
that distinguishes the two classes of symmetries, and most often, both are called “gauge
symmetries”. Therefore, in what follows, for a lack of better terminology, we will adhere to
this practice and describe HT transformations as a gauge symmetry.

In some of the modern approaches to the problem of quantum gravity based on the
spinfoam formalism of loop quantum gravity [13,14], as well as in other applications of
the so-called higher gauge theory (see [15] for a review and [16] for an application to
quantum gravity), the description of gauge symmetry is being extended from the notion
of a Lie group to different algebraic structures, called 2-groups, 3-groups, and in general,
n-groups [17–27]. In this context, it is important to revisit and study the specific class of HT
gauge symmetries, since they provide a nontrivial insight into the properties of these more
general algebraic structures, as well as the physics behind the symmetries they describe.

The purpose of this paper is to provide a review of HT transformations in general and
then discuss their properties and applications in two concrete models—the Chern–Simons
theory and the 3BF theory. The Chern–Simons case is simple enough to serve as an illustra-
tive toy example, while the 3BF theory represents a basis for the construction of a realistic
theory of quantum gravity with matter within the context of the spinfoam formalism (see
also [16,28–32]), discussing that its HT symmetry represents an important stepping stone
towards the goal of a more realistic theory. The main result of this work represents a
clarification of the structure of the gauge symmetry of a pure topological 3BF action, as
well as the corresponding symmetry for the constrained 2BF action, which is classically
equivalent to Einstein’s general relativity. We also discuss in detail the relationship between
diffeomorphism symmetry and the HT symmetry for the Chern–Simons and 3BF theories
and offer some conceptual suggestions regarding the notion of gauge symmetry as it is
being used in the literature.
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The layout of the paper is as follows. In Section 2, we give a review of the general
theory of HT transformations and their main properties. Section 3 is devoted to the example
of HT symmetry in Chern–Simons theory, which is convenient due to its simplicity. In
Section 4, we discuss the main case of HT symmetry in the 3BF and 2BF theories, which
are important for applications in quantum gravity models. Finally, Section 5 contains an
overview of the results, future research directions, and some concluding remarks.

The notation and conventions in the paper are as follows. When important, we assume
the (−,+,+,+) signature of the spacetime metric. The Greek indices from the middle of
the alphabet, λ, µ, ν, . . . , represent spacetime indices and take values 0, 1, . . . , D− 1, where
D is the dimension of the spacetime manifoldMD under consideration. The Greek indices
from the beginning of the alphabet, α, β, γ, . . . , represent group indices, as well as Latin
indices a, b, c, . . . and uppercase Latin indices A, B, C, . . . and I, J, K, . . . . All these indices
will be assigned to various Lie groups under consideration. Lowercase Latin indices from
the middle of the alphabet, i, j, k, . . . , are generic and will be used to count all fields in a
given theory or for some other purpose depending on the context. Throughout the paper,
we denote the space of algebra-valued differential p-forms as

Ap(M, a) ≡ Λp(M)⊗ a ,

where Λp(M) is the ordinary space of differential p-forms over the manifoldM, while a is
some Lie algebra.

2. Review of HT Symmetry

We begin by studying some basic general properties of HT transformations. After
the definition, we demonstrate that the group of HT transformations represents a normal
subgroup of the total gauge group of a given theory, and we discuss the triviality of HT
transformations and that they exhaust all possible trivial transformations. Finally, before
moving on to concrete theories, we study the subtleties of the dependence of HT symmetry
on the choice of the action.

2.1. Definition of HT Transformations

Given an action S[φi] as a functional of fields φi(x) (i ∈ {1, . . . , N} where we assume
N > 2), the infinitesimal HT transformation is defined as

φi(x)→ φ′i(x) = φi(x) + δ0φi(x) , (3)

where the form variations of the fields are defined as

δ0φi(x) = εij(x)
δS

δφj(x)
. (4)

The variation of the action under HT transformations then gives

δS =
δS
δφi δ0φi =

δS
δφi

δS
δφj εij . (5)

If the HT parameters are chosen to be antisymmetric,

εij(x) = −εji(x) , (6)

the variation of the action (5) is identically zero, and HT transformations (4) represent a
gauge symmetry of the theory.

The most-striking thing in the above definition is the fact that we did not specify the
action in any way. Aside from the assumption N > 2, which excludes only actions describ-
ing a single real scalar field, every action is invariant with respect to the HT transformations.
In other words, HT transformations are a gauge symmetry of essentially every theory.
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The second striking property of the definition is that the form variations of fields
become zero on-shell, according to (4). In this sense, the HT symmetry is sometimes called
trivial symmetry, in contrast to ordinary gauge symmetries that a theory may have, which
transform the fields in a nontrivial way on-shell. Triviality is also the reason why HT gauge
symmetry does not feature in any way in the Hamiltonian analysis of a theory, so only the
presence of ordinary gauge symmetries can be deduced from the Hamiltonian formalism.

2.2. HT Symmetry Group and Its Properties

There are two general properties that can be formulated for HT transformations. The
first is that HT transformations form a normal subgroup within the full group of gauge
symmetries, while the second is that HT transformations exhaust the set of all possible
trivial transformations. The consequence of these properties is that one can always write
the total symmetry group of any theory as

Gtotal = Gnontrivial n GHT , (7)

where Gnontrivial is the symmetry group of ordinary gauge transformations (if there are any),
GHT is the HT symmetry group, and the symbol n stands for a semidirect product. One
can also reformulate (7) as

Gnontrivial = Gtotal/GHT , (8)

so that the group of ordinary gauge symmetries is represented as a quotient group.
The easiest way to demonstrate (7) is to prove that the Lie algebra corresponding to

GHT represents an ideal within the Lie algebra corresponding to Gtotal. To that end, pick an
arbitrary form variation of fields that represents a symmetry of the action and write it in
the form

δ̂0φi(x) = Fi(x) , such that δ̂S =
δS
δφi Fi ≡ 0 . (9)

Then, using (4), we can take concatenated variations of this form variation and the HT form
variation as

δ0δ̂0φi =
δFi

δφj
δS
δφk εjk ,

and

δ̂0δoφi =
δ

δφk

(
εij δS

δφj

)
Fk =

δεij

δφk
δS
δφj Fk + εij δ

δφj

(
δS
δφk Fk

)
− εij δS

δφk
δFk

δφj .

The term in the second parentheses is zero by (9), so the commutator of two-form varia-
tions becomes

[δ0 , δ̂0]φ
i =

(
εjk δFi

δφj − εji δFk

δφj −
δεik

δφj Fj

)
δS
δφk , (10)

which is again an HT transformation, since the expression in the parentheses is antisym-
metric with respect to indices i, k. Therefore, the commutator is always an element of HT
algebra, which means that HT algebra itself is an ideal of the total symmetry algebra. At
the Lie group level, this translates into (7).

The second general property is the statement that there are no other trivial transfor-
mations beside the HT transformations. Assuming that some transformation described by
the form variation δ̄0φi is a gauge symmetry of the action that vanishes on-shell, i.e., that
it satisfies

δS
δφi δ̄0φi = 0 , and δ̄0φi ≈ 0 ,

then one can prove that this transformation is an HT transformation, i.e., there exists a
choice of antisymmetric HT parameters εij such that the form variation δ̄0φi is of type (4):

δ̄0φi = εij δS
δφj .

(11)
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Provided certain suitable regularity conditions for the action S, this statement can be
rigorously formulated as a theorem. However, we omitted the proof since it is technical
and off topic for the purposes of this paper. The interested reader can find the details of
both the theorem and the proof in [12], Appendix 10.A.2.

To sum up, the first property (10) tells us that one can always factorize the total gauge
symmetry group into the form (7), while the second property (11) guarantees that the
quotient group (8) contains only nontrivial gauge transformations. This factorization of the
total symmetry group is a key result that lays the groundwork for any subsequent analysis
of HT transformations in particular and gauge symmetry in general.

2.3. Dependence of HT Symmetry on the Action

The final property of HT transformations that needs to be discussed is their depen-
dence on the choice of the action. Suppose we are given some action Sold[φ

i], where
i ∈ {1, . . . , N}, which has the corresponding HT transformation described as in (4):

δold
0 φi = εij δSold

δφj . (12)

Now, suppose that we modify that action into another one, Snew[φi, χk], where k ∈ {N +
1, . . . , N + M}, by adding an extra term to the old action:

Snew[φ
i, χk] = Sold[φ

i] + Sextra[φ
i, χk] . (13)

Here, χj are additional fields that may be introduced into the new action. The HT transfor-
mation corresponding to the new action can be written in the block-matrix form, made of
blocks of sizes N and M, as follows: δnew

0 φi

δnew
0 χk

 =

 εij ζ il

θkj ψkl




δSnew

δφj

δSnew

δχl

 ,
i, j ∈ {1, . . . , N} ,
k, l ∈ {N + 1, . . . , N + M} .

(14)

Here, ε = −εT is an antisymmetric N× N block of parameters εij, ζ is a rectangular N×M
block of parameters ζ il , θ is a rectangular M × N block such that θ = −ζT , and finally,
ψ = −ψT is an antisymmetric M×M block of parameters ψkl . Overall, the total parameter
matrix is antisymmetric, as required by (6).

The question one can now study is what is the relation between the two HT gauge
symmetry groups Gold

HT and Gnew
HT that correspond to the two actions. In practice, this

question is most often relevant in cases when one introduces the piece Sextra as a gauge-
fixing term, whose purpose is to break the ordinary gauge symmetry down to its subgroup:

Gnew
nontrivial ⊂ Gold

nontrivial .

Naively, one might expect a similar relationship between the HT symmetry groups, Gnew
HT ⊂

Gold
HT . However, looking at (12) and (14), this is obviously wrong. Namely, if M > 1, the HT

symmetry of the new action is larger than the HT symmetry of the old action. Counting the
number of independent parameters of both, one easily sees that

dim(Gold
HT) =

N(N − 1)
2

, dim(Gnew
HT ) =

(N + M)(N + M− 1)
2

,

so that the only possible relationship would be the opposite, Gold
HT ⊂ Gnew

HT . However, in
fact, this can also be shown to be wrong. Namely, one can choose the extra parameters ζ, θ
and ψ to be zero in (14), reducing it to the form that is formally similar to (12):

δnew
0 φi = εij δSnew

δφj .
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However, taking into account the relationship (13) between the two actions, the HT trans-
formation takes the form

δnew
0 φi = εij δSold

δφj + εij δSextra

δφj ,

which is explicitly different from (12), due to the presence of the term Sextra in the action.
Therefore, the gauge group Gold

HT is not a subgroup of Gnew
HT either.

The overall conclusion is that introducing additional terms to the action changes the
total gauge symmetry in a nontrivial way. On the one hand, the ordinary gauge symmetry
group typically becomes smaller due to explicit symmetry breaking by the extra term. On
the other hand, the HT gauge symmetry group may become larger if the extra term contains
additional fields, but either way becomes different, as a consequence of the very presence
of the extra term. Given this, one can conclude that the total symmetry groups for the
two actions will always be mutually different:

Gnew
total = G

new
nontrivial n G

new
HT 6= Gold

total = G
old
nontrivial n G

old
HT .

Specifically, one cannot claim that the group Gold
total is being broken down into Gnew

total as its
subgroup; such a relationship may hold exclusively for the quotient groups of ordinary
gauge transformations.

In the next two sections, we will turn to explicit examples of all general properties
and features of the HT symmetry that have been discussed above. Moreover, we will also
discuss some additional particular properties, such as the fact that some nontrivial gauge
subgroups of Gtotal are not simultaneously subgroups of Gnontrivial, which is a consequence
of the semidirect product in (7). One such example will be the diffeomorphism symmetry
in the Chern–Simons and 3BF actions.

Let us conclude this section with one conceptual comment. Throughout the literature,
the typical practice is to always take the quotient between the total and HT symmetry
groups as in (8), in order to isolate the nontrivial gauge transformations, and call the
latter simply as the “gauge symmetry” of a theory. This approach is in fact advocated
for in [12]. However, we believe that this practice can be misleading and that one should
instead describe the group Gtotal as “the gauge symmetry” of a theory, explicitly including
the HT subgroup as a legitimate gauge symmetry group. Namely, despite the fact that
it is often called “trivial”, the consequences of its presence in Gtotal are far from trivial.
Granted, it may often be enough to discuss the gauge symmetry on-shell, and then, one
can indeed calculate all symmetry transformations only “up to equations of motion”, with
no mention of the HT subgroup. However, whenever one needs to discuss the gauge
transformations off-shell, the HT subgroup simply cannot be ignored anymore. Typical
situations include the Batalin–Vilkovisky formalism [1], various generalizations of gauge
symmetry in the context of higher gauge theories and quantum gravity [33], and even the
traditional contexts such as the Coleman–Mandula theorem [34]. The situations in which
HT transformations play a significant role may be rare, but nevertheless, they tend to be
important. Thus, in our opinion, it would be prudent to always be aware that, for any given
theory, its total gauge symmetry group is in fact bigger, and more feature-rich, than just the
group of ordinary gauge transformations that are typically discussed in the literature.

3. HT Symmetry in Chern–Simons Theory

As an illustrative example of the general properties of HT symmetry from the previous
section, let us discuss the HT transformations for the simple case of the Chern–Simons
theory. The Chern–Simons theory represents an excellent toy example since it is well known
in the literature and most readers should be familiar with it.



Universe 2023, 9, 281 7 of 19

Given any Lie group G, its corresponding Lie algebra g, and a three-dimensional
manifoldM3, the Chern–Simons theory can be defined as a topological field theory over a
trivial principal bundle G →M3, given by the action:

SCS =
∫
M3

〈A ∧ dA〉g +
1
3
〈A ∧ [A ∧ A]〉g . (15)

Here, A ∈ A1(M3, g) is a g-valued connection one-form over a manifoldM3, and 〈_ , _〉g
is a G-invariant symmetric nondegenerate bilinear form on g. One often rewrites the
Chern–Simons action within the framework of the enveloping algebra of g, introducing the
notion of a trace as

Tr(XY) ≡ 〈X , Y〉g ,

for every X, Y ∈ g. Then, the Chern–Simons action can be rewritten as

SCS =
∫
M3

Tr
(

A ∧ dA +
2
3

A ∧ A ∧ A
)

, (16)

where, for the second term, one employs the identity Tr(X[Y, Z]) = Tr(XYZ)− Tr(XZY)
for every X, Y, Z ∈ g.

The gauge symmetry of the Chern–Simons action consists of G-gauge transformations,
determined with the parameters εg

I(x). Using the basis of generators TI to expand the
connection A into components as

A = AI
µ(x)dxµ ⊗ TI ,

the form variation of the connection components AI
µ corresponding to gauge transforma-

tions can then be written as

δ0 AI
µ = ∂µεg

I − f JK
Iεg

J AK
µ , (17)

where f JK
I are the structure constants corresponding to the generators TI . Therefore, the

gauge symmetry of the Chern–Simons theory is usually quoted as the initially chosen Lie
group G:

GCS = G . (18)

However, as we have seen in the previous section, this is not the complete set of gauge
transformations, and the total gauge group should in fact be

Gtotal = GCS n GHT . (19)

Let us define the HT transformations for the Chern–Simons action (15). If we denote
the dimension of the Lie algebra g as dim(g) = p, the number of independent field
components AI

µ is N = 3p. The HT transformation is then defined with the HT parameters
εI J

µν(x) as

δ0 AI
µ = εI J

µν
δS

δAJ
ν

. (20)

The requirement that the variation of the action vanishes:

δS =
δS

δAI
µ

δS
δAJ

ν
εIJ

µν = 0 ,

enforces the antisymmetry restriction on the HT parameters:

εI J
µν = −εJ I

νµ .

Note that this equation can be satisfied in two different ways—the parameters can be either
antisymmetric with respect to group indices I J and symmetric with respect to spacetime
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indices µν, or vice versa. We, therefore, have two possible choices for their symmetry
properties. The first possibility is defined as

εI J
µν = εI J

νµ = −εJ I
µν = −εJ I

νµ , (21)

while the second possibility is defined as

εI J
µν = εJ I

µν = −εI J
νµ = −εJ I

νµ . (22)

Varying the action, one obtains an explicit form of the HT transformation:

δ0 AI
µ = εI J

µνενρσ
(

∂ρ AJ σ − ∂σ AJ ρ + fKL J AK
ρ AL

σ

)
. (23)

In order to demonstrate that HT transformations have highly nontrivial implications,
despite being trivial on-shell, it is instructive to discuss diffeomorphisms. Namely, looking
at the action (15), one expects that the theory has diffeomorphism symmetry, since it is
formulated in a manifestly covariant way using differential forms. However, one can check
that diffeomorphisms are not a subgroup of the ordinary gauge symmetry group GCS given
by (18), but nevertheless can be obtained as a subgroup of the total gauge group (19). In
other words, one can demonstrate that

Di f f (M3) 6⊂ GCS , but Di f f (M3) ⊂ Gtotal = GCS n GHT .

Let us examine this in detail. The diffeomorphism transformation

xµ → x′µ = xµ + ξµ(x) , (24)

determined by the parameter ξµ(x) represents a subgroup Di f f (M) of the full gauge
symmetry of some given action, if for every field φ(x) in the theory and every choice of
diffeomorphism parameters ξµ(x), there exists a choice of the gauge parameters εgauge(x)
and the HT parameters εHT(x), such that:

δ0
diff φ = δ0

gaugeφ + δ0
HTφ . (25)

In other words, if a theory has diffeomorphism symmetry, the diffeomorphism form
variations of all the fields in the theory should be expressible in terms of their ordinary
gauge and HT form variations.

In the case of Chern–Simons theory, this can be demonstrated explicitly. If one chooses
the gauge parameters εg

I and the HT parameters εI J
µν as

εg
I = −ξλ AI

λ , εI J
µν = −1

2
ξλελµνgI J , (26)

where gI J is the inverse of gI J ≡ 〈TI , TJ〉g, one can apply Equations (25) using (17) and (23)
to reproduce precisely the well-known diffeomorphism form variation of the connection
AI

µ:
δ0

diff AI
µ = −AI

λ∂µξλ − ξλ∂λ AI
µ . (27)

Therefore, as expected, despite the fact that Di f f (M3) 6⊂ GCS, one obtains that Di f f (M3) ⊂
Gtotal = GCS n GHT . Note that the choice of HT parameters in (26) is nontrivial, which
emphasizes the role of HT transformations and the fact that the full group of gauge sym-
metries is Gtotal rather than GCS. As we shall see in the next section, this property is not
specific only to the Chern–Simons theory.

4. HT Symmetry in 3BF Theory

After discussing the Chern–Simons theory as a toy example, we move to the more
important case of the 3BF theory. This theory is relevant for building models of quantum
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gravity; see [8,20,21,33,35]. Therefore, it is important to study its gauge symmetry and, in
particular, the role of HT transformations.

4.1. Review of the 3BF Theory

Analogous to the fact that Chern–Simons theory is a topological theory based on a
Lie group and a 3-dimensional manifold, the 3BF theory is also a topological theory based
on a notion of a three-group and a 4-dimensional manifold. The notion of a three-group
represents a categorical generalization of the notion of a group, in the context of higher
gauge theory (HGT); see [15] for a review and motivation. For the purpose of defining the
3BF theory, we are interested in particular in a strict Lie three-group, which is known to be
isomorphic to a so-called Lie two-crossed module; see [17–19] for details.

A Lie two-crossed module, denoted as (L δ→ H ∂→ G ,B , {_ , _}pf), is an algebraic
structure specified by three Lie groups G, H, and L, together with the homomorphisms
δ : L → H and ∂ : H → G, an action B of the group G on all three groups, and a
G-equivariant map, called the Peiffer lifting:

{_ , _}pf : H × H → L .

In order for this structure to form a two-crossed module, the structure constants of algebras
g, h, and l (the Lie algebras corresponding to the Lie groups G, H, and L, respectively), as
well as the maps ∂ and δ, the action B, and the Peiffer lifting, must satisfy certain axioms;
see [20] for details.

Given a two-crossed module and a four-dimensional compact and orientable spacetime
manifoldM4, one can introduce the notion of a trivial principal three-bundle, in analogy
with the notion of a trivial principal bundle constructed from an ordinary Lie group and a
manifold; see [15]. Then, one can introduce the notion of a three-connection, an ordered
triple (α, β, γ), where α, β, and γ are algebra-valued differential forms, α ∈ A1(M4, g),
β ∈ A2(M4, h), and γ ∈ A3(M4, l); see [17–19]. The corresponding fake hree-curvature
(F ,G,H) is defined as:

F = dα + α ∧ α− ∂β , G = dβ + α ∧B β− δγ ,

H = dγ + α ∧B γ + {β ∧ β}pf .
(28)

Then, for a four-dimensional manifoldM4, one can define the gauge-invariant topological

3BF action, based on the structure of a two-crossed module (L δ→ H ∂→ G ,B , {_ , _}pf), by
the action

S3BF =
∫
M4

〈B ∧ F〉g + 〈C ∧ G〉h + 〈D ∧H〉l , (29)

where B ∈ A2(M4, g), C ∈ A1(M4, h), and D ∈ A0(M4, l) are Lagrange multipliers and
F ∈ A2(M4, g), G ∈ A3(M4, h), and H ∈ A4(M4, l) represent the fake three-curvature
given by Equation (28). The forms 〈_ , _〉g, 〈_ , _〉h, and 〈_ , _〉l are G-invariant symmetric
nondegenerate bilinear forms on g, h, and l, respectively. The action (29) is an example of
the so-called higher gauge theory.

By choosing the three bases of generators τα ∈ g, ta ∈ h, and TA ∈ l of the three respec-
tive Lie algebras, one can expand all fields in the theory into components as

B =
1
2

Bα
µν(x)dxµ ∧ dxν ⊗ τα , α = αα

µ(x)dxµ ⊗ τα ,

C = Ca
µ(x)dxµ ⊗ ta , β =

1
2

βa
µν(x)dxµ ∧ dxν ⊗ ta ,

D = DA(x)TA , γ =
1
3!

γA
µνρ(x)dxµ ∧ dxν ∧ dxρ ⊗ TA .
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One can also make use of the following notation for the components of all maps present in
the theory, in the same three bases:

[τα , τβ] = fαβ
γτγ , gαβ = 〈τα , τβ〉g , τα B τβ = Bαβ

γτγ , δTA = δA
ata ,

[ta , tb] = fab
ctc , gab = 〈ta , tb〉h , τα B ta = Bαa

btb , ∂ta = ∂a
ατα ,

[TA , TB] = fAB
CTC , gAB = 〈TA , TB〉l , τα B TA = BαA

BTB , {ta , tb}pf = Xab
ATA .

The complete gauge symmetry of the 3BF action was studied in [8] using the tech-
niques of Hamiltonian analysis. It consists of five types of gauge transformations, G-, H-,
L-, M-, and N-gauge transformations, determined with the independent parameters εg

α(x),
εh

a
µ(x), εl

A
µν(x), εm

α
µ(x), and εn

a(x), respectively. The form variations of the fields B, C,
D, α, β, and γ, obtained in [8] are given as follows:

δ0Bα
µν = fβγ

αεg
βBγ

µν + 2Ca[µ|εh
b
|ν] Bβb

agαβ − DA BβB
Aεl

B
µνgαβ − 2∇[µ|εm

α
|ν]

+βbµν Bβa
bεn

agαβ ,

δ0Ca
µ = Bαb

aεg
αCb

µ + 2DAX(ab)
Aεh

b
µ − ∂a

αεm
α

µ −∇µεn
a ,

δ0DA = BαB
Aεg

αDB + δA
aεn

a ,

δ0αα
µ = −∂µεg

α − fβγ
ααβ

µεg
γ − ∂a

αεh
a

µ ,

δ0βa
µν = Bαb

aεg
αβb

µν − 2∇[µ|εh
a
|ν] + δA

aεl
A

µν ,

δ0γA
µνρ = BαB

Aεg
αγB

µνρ + 3!βa
[µνεh

b
ρ]X(ab)

A +∇µεl
A

νρ −∇νεl
A

µρ +∇ρεl
A

µν .

(30)

The gauge transformations (30) form a group G3BF:

G3BF = G̃ n (H̃L n (Ñ × M̃)) , (31)

where G̃ denotes the group of G-gauge transformations, the H-gauge transformations
together with the L-gauge transformations form the group H̃L, while M̃ and Ñ are the
groups of M- and N-gauge transformations, respectively. All these groups are determined
from the structure of the initial chosen two-crossed module that defines the theory; see [8]
for details.

However, as we have seen in the general theory in Section 2 and in the example
of the Chern–Simons theory in Section 3, the symmetry group G3BF determined by the
Hamiltonian analysis does not include HT transformations, and therefore, the total gauge
group should in fact be

Gtotal = G3BF n GHT . (32)

4.2. Explicit HT Transformations

Let us explicitly define the HT transformations for the 3BF action (29). If we denote
the dimensions of the Lie algebras g, h, l as

dim(g) = p , dim(h) = q , dim(l) = r ,

the number of independent field components in the theory can be counted according to the
following table:

Bα
µν Ca

µ DA αα
µ βa

µν γA
µνρ

6p 4q r 4p 6q 4r

The total number of independent field components is, therefore,

N = 6p + 4q + r + 4p + 6q + 4r = 10p + 10q + 5r .
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Let φi denote all field components, where i = 1, 2, . . . , N. We can write the fields schemati-
cally as a column-matrix with six blocks:

φi =



Bα
µν

Ca
µ

DA

αα
µ

βa
µν

γA
µνρ

 .

The HT transformation is then defined via the parameters εij(x) as

δ0φi = εij δS
δφj .

The requirement that the variation of the action vanishes enforces the antisymmetry restric-
tion on the parameters, εij = −εji, for all i, j ∈ {1, . . . , N}. These transformations can be
represented more explicitly as a tensorial 6× 6 block-matrix equation, in the following form:



δ0Bα
µν

δ0Ca
µ

δ0DA

δ0αα
µ

δ0βa
µν

δ0γA
µνρ


=



εαβ
µνσλ εαb

µνσ εαB
µν εαβ

µνσ εαb
µνσλ εαB

µνσλξ

µaβ
µσλ εab

µσ εaB
µ εaβ

µσ εab
µσλ εaB

µσλξ

µAβ
σλ µAb

σ εAB εAβ
σ εAb

σλ εAB
σλξ

µαβ
µσλ µαb

µσ µαB
µ εαβ

µσ εαb
µσλ εαB

µσλξ

µaβ
µνσλ µab

µνσ µaB
µν µaβ

µνσ εab
µνσλ εaB

µνσλξ

µAβ
µνρσλ µAb

µνρσ µAB
µνρ µAβ

µνρσ µAb
µνρσλ εAB

µνρσλξ





1
2

δS
δBβ

σλ

δS
δCb

σ

δS
δDB

δS
δαβ

σ

1
2

δS
δβb

σλ

1
3!

δS
δγB

σλξ


. (33)

The coefficients multiplying the variations of the action in the column on the right-hand
side are there to compensate the overcounting of the independent field components. Due
to the antisymmetry of HT parameters, all µ blocks (below the diagonal) are determined in
terms of the ε blocks (above the diagonal), as follows. For the first column of the parameter
matrix in (33), we have:

µbα
σµν = −εαb

µνσ , µBα
µν = −εαB

µν , µβα
σµν = −εαβ

µνσ ,

µbα
σλµν = −εαb

µνσλ , µBα
σλξµν = −εαB

µνσλξ .
(34)

For the second column, we have:

µBa
µ = −εaB

µ , µβa
σµ = −εaβ

µσ ,

µba
σλµ = −εab

µσλ , µBa
σλξµ = −εaB

µσλξ .
(35)

The µ parameters in the third column are determined via:

µβA
σ = −εAβ

σ , µbA
σλ = −εAb

σλ , µBA
σλξ = −εAB

σλξ , (36)

while the remaining µ parameters in the fourth and fifth columns are determined as:

µbα
σλµ = −εαb

µσλ , µBα
σλξµ = −εαB

µσλξ , µBa
σλξµν = −εaB

µνσλξ . (37)
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Finally, in addition to all these, the parameters in the blocks on the diagonal also have to
satisfy certain antisymmetry relations, specifically:

εαβ
µνσλ = −εβα

σλµν , εab
µσ = −εba

σµ , εAB = −εBA ,

εαβ
µσ = −εβα

σµ , εab
µνσλ = −εba

σλµν , εAB
µνρσλξ = −εBA

σλξµνρ .
(38)

Like in the example of the Chern–Simons theory from the previous section, these antisym-
metry relations can be satisfied in various multiple ways. All those possibilities are allowed,
as long as the identities (38) are satisfied. The final ingredient in (33) is the expressions for
the variation of the action with respect to the fields, and these are given as follows:

δS
δBβ

νρ
=

1
2

ενρστFβστ ,

δS
δCb

ρ
=

1
3!

ερστλGbστλ ,

δS
δDB =

1
4!

εστλξHBστλξ ,

δS
δαβ

ρ
=

1
2

ερτλξ

(
∇τ Bβλξ −Bβa

bCbτ βa
λξ +

1
3
BβB

ADAγB
τλξ

)
,

δS
δβb

νρ
= ενρστ

(
∇σCbτ −

1
2

∂b
αBαστ + X(ab)

ADAβb
στ

)
,

δS
δγB

µνρ
= εµνρσ(∇σDB + δB

aCaσ) .

(39)

4.3. Diffeomorphisms

As in the case of the Chern–Simons theory, it is instructive to discuss diffeomorphism
symmetry. The 3BF action (29) obviously is diffeomorphism invariant, since it is formulated
in a manifestly covariant way, using differential forms. However, one can check that
the diffeomorphisms are not a subgroup of the gauge symmetry group G3BF given by
Equation (31), but nevertheless can be obtained as a subgroup of the total gauge group (32):

Di f f (M4) 6⊂ G3BF , but Di f f (M4) ⊂ Gtotal = G3BF n GHT . (40)

Let us demonstrate this. Like in the Chern–Simons case, we want to demonstrate that the
form variation of all fields corresponding to diffeomorphisms can be obtained as a suitable
combination of the form variations for the ordinary gauge transformations (30) and the
HT transformations (33). In other words, for an arbitrary choice of the diffeomorphism
parameters ξµ(x) from (24), Equation (25) should hold in the case of the 3BF theory as well:

δ0
diff φ = δ0

gaugeφ + δ0
HTφ . (41)

Indeed, this can be shown by a suitable choice of parameters. Regarding the parame-
ters of the gauge transformations (30), the appropriate choice is given as:

εg
α = ξλαα

λ , εh
a

µ = −ξλβa
µλ , εl

A
µν = −ξλγA

µνλ ,

εm
α

µ = −ξλBα
µλ , εn

a = ξλCa
λ .

(42)
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Regarding the parameters of the HT transformations (33), we chose the following special
case, with the majority of the parameters equated to zero:

δ0Bα
µν

δ0Ca
µ

δ0DA

δ0αα
µ

δ0βa
µν

δ0γA
µνρ


=



0 0 0 εαβ
µνσ 0 0

0 0 0 0 εab
µσλ 0

0 0 0 0 0 εAB
σλξ

µαβ
µσλ 0 0 0 0 0

0 µab
µνσ 0 0 0 0

0 0 µAB
µνρ 0 0 0





1
2

δS
δBβ

σλ

δS
δCb

σ

δS
δDB

δS
δαβ

σ

1
2

δS
δβb

σλ

1
3!

δS
δγB

σλξ


. (43)

Of course, due to antisymmetry, the nonzero µ blocks take negative values of the corre-
sponding ε blocks, in accordance with (34), (35), and (36). The three independent nonzero ε
blocks are chosen as

εαβ
µνσ = ξρgαβεµνσρ , εab

µσλ = ξρgabερµσλ , εAB
σλξ = ξρgABεσλξρ . (44)

Finally, substituting (42) and (44) into (30) and (43), respectively, and then substituting all
those results into (41), after a certain amount of work, one obtains precisely the standard
form variations corresponding to diffeomorphisms:

δ0
diffBα

µν = −Bα
λν∂µξλ − Bα

µλ∂νξλ − ξλ∂λBα
µν ,

δ0
diffCa

µ = −Ca
λ∂µξλ − ξλ∂λCa

µ ,

δ0
diffDA = −ξλ∂λDA ,

δ0
diffαα

µ = −αα
λ∂µξλ − ξλ∂λαα

µ ,

δ0
diffβa

µν = −βa
λν∂µξλ − βa

µλ∂νξλ − ξλ∂λβa
µν ,

δ0
diffγA

µνρ = −γA
λνρ∂µξλ − γA

µλρ∂νξλ − γA
µνλ∂ρξλ − ξλ∂λγA

µνρ .

(45)

This establishes both relations (40), as we set out to demonstrate. We note again that the
HT transformations play a crucial role in obtaining the result, since we had to choose the
parameters (44) in a nontrivial manner.

4.4. Symmetry Breaking in 2BF Theory

Let us now turn to the topic of symmetry breaking and the way it influences HT
transformations. To that end, we studied the topological 2BF action, which is a special case
of the 3BF action (29) without the last term:

S2BF =
∫
M4

〈B ∧ F〉g + 〈C ∧ G〉h . (46)

In order to be even more concrete, let us fix a two-crossed module structure with the
following choice of groups:

G = SO(3, 1) , H = R4 , L = {e} .

In other words, we interpret group G as the Lorentz group, group H as the spacetime
translations group, while group L is trivial, for simplicity. This choice corresponds to
the so-called Poincaré two-group; see [16] for details. Since the generators of the Lorentz
group can be conveniently counted using the antisymmetric combinations of indices from
the group of translations, instead of the G-group indices α, we shall systematically write
[ab] ∈ {01, 02, 03, 12, 13, 23}, where a, b ∈ {0, 1, 2, 3} are H-group indices, and the brackets
denote antisymmetrization. With a further change in notation from the connection 1-form
α to the spin-connection 1-form ω, the curvature 2-form F (α) to R(ω), and interpreting
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the Lagrange multiplier 1-form C as the tetrad 1-form e, the 2BF action can be rewritten in
new notation as

S2BF =
∫
M4

B[ab] ∧ R[ab] + ea ∧ Ga . (47)

The ordinary gauge symmetry group for this action has a form similar to (31):

G2BF = G̃ n (H̃ n (Ñ × M̃)) , (48)

while the total group of gauge symmetries is extended by the HT transformations, so that

Gtotal = G2BF n GHT . (49)

The explicit HT transformations are written as a tensorial 4× 4 block-matrix equation, in
the form

δ0B[ab]
µν

δ0ea
µ

δ0ω[ab]
µ

δ0βa
µν


=



ε[ab][cd]
µνσλ ε[ab]c

µνσ ε[ab][cd]
µνσ ε[ab]c

µνσλ

µa[cd]
µσλ εac

µσ εa[cd]
µσ εac

µσλ

µ[ab][cd]
µσλ µ[ab]c

µσ ε[ab][cd]
µσ ε[ab]c

µσλ

µa[cd]
µνσλ µac

µνσ µa[cd]
µνσ εac

µνσλ





1
4

δS
δB[cd]

σλ

δS
δec

σ

1
2

δS
δω[cd]

σ

1
2

δS
δβc

σλ


, (50)

where the usual antisymmetry rules apply. Here, we have

δS
δB[cd]

σλ

= εµνσλR[cd]µν ,

δS
δω[cd]

σ
= εσµνρ

(
∇µB[cd]νρ − e[c|µβ|d]νρ

)
,

δS
δec

σ
=

1
2

εσµνρ∇µβcνρ ,

δS
δβc

σλ
= εµνσλ∇µecν .

(51)

The 2BF action (46) is topological, in the sense that it has no local propagating degrees
of freedom. In this sense, it does not represent a theory of any realistic physics. In order
to construct a more realistic theory, one proceeds by introducing the so-called simplicity
constraint term into the action, which changes the equations of motion of the theory so that
it does have nontrivial degrees of freedom. An example is the action

SGR =
∫
M4

B[ab] ∧ R[ab] + ea ∧∇βa − λ[ab] ∧
(

B[ab] − 1
16πl2

p
εabcdec ∧ ed

)
, (52)

where the new constraint term features another Lagrange multiplier two-form λ[ab]. By
virtue of the simplicity constraint, the theory becomes equivalent to general relativity, in
the sense that the corresponding equations of motion reduce to vacuum Einstein field
equations (see [16] for the analysis and proof). In this sense, constraint terms of various
types are important when building more realistic theories; see [20] for more examples.

However, adding the simplicity constraint term also changes the gauge symmetry
of the theory. In particular, it breaks the gauge group G2BF from (48) down to one of its
subgroups, so that the symmetry group of the action SGR is

GGR ⊂ G2BF . (53)

This is expected and unsurprising. What is less obvious, however, is that the group of HT
transformations G̃HT of the action SGR is not a subgroup of the HT group GHT of the original
action S2BF:

G̃HT 6⊂ GHT , (54)
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which implies that
GGR

total 6⊂ G
2BF
total , (55)

despite (53).
Let us demonstrate this. Since the action (52) features an additional field λ[ab]

µν(x),
the HT transformations (50) have to be modified to take this into account and obtain the
following 5× 5 block-matrix form:

δ0B[ab]
µν

δ0ea
µ

δ0ω[ab]
µ

δ0βa
µν

δ0λ[ab]
µν


=



ε[ab][cd]
µνσλ ε[ab]c

µνσ ε[ab][cd]
µνσ ε[ab]c

µνσλ ζ [ab][cd]
µνσξ

µa[cd]
µσλ εac

µσ εa[cd]
µσ εac

µσλ ζa[cd]
µσξ

µ[ab][cd]
µσλ µ[ab]c

µσ ε[ab][cd]
µσ ε[ab]c

µσλ ζ [ab][cd]
µσξ

µa[cd]
µνσλ µac

µνσ µa[cd]
µνσ εac

µνσλ ζa[cd]
µνσξ

θ[ab][cd]
µνσλ θ[ab]c

µνσ θ[ab][cd]
µνσ θ[ab]c

µνσλ ψ[ab][cd]
µνσξ





1
4

δSGR
δB[cd]

σλ
δSGR
δec

σ

1
2

δSGR
δω[cd]

σ

1
2

δSGR
δβc

σλ

1
4

δSGR
δλ[cd]

σξ


, (56)

where
δSGR

δB[cd]
σλ

= εµνσλ
(

R[cd]µν − λ[cd]µν

)
,

δSGR

δω[cd]
σ

= εσµνρ
(
∇µB[cd]νρ − e[c|µβ|d]νρ

)
,

δSGR
δec

σ
=

1
2

εσµνρ
(
∇µβcνρ +

1
8πl2

p
εabcdλ[ab]

µνed
ρ

)
,

δSGR
δβc

σλ
= εµνσλ∇µecν ,

δSGR

δλ[cd]
σξ

= −εσξµν
(

B[cd]µν −
1

8πl2
p

εabcdea
µeb

ν

)
.

(57)

We can now investigate the differences in the form of HT transformations for the
topological and constrained theory. First, comparing (56) to (50), we see that the HT
transformations in the constrained theory feature more gauge parameters than are present
in the topological theory. Namely, compared to S2BF, the action SGR features an extra
Lagrange multiplier two-form λ[ab], which extends the matrix of HT parameters from
4× 4 blocks to 5× 5 blocks, and, therefore, introduces the new parameters ζ and ψ (and θ,
which are the negative of ζ due to antisymmetry). This means that the group G̃HT for the
constrained theory is larger than the group GHT for the topological theory. On the one hand,
this immediately proves (54) and, consequently, (55). On the other hand, one can ask the
opposite question—given that G̃HT is larger than GHT , is the latter maybe a subgroup of
the former?

The answer to this question is negative:

GHT 6⊂ G̃HT , (58)

which together with (54) implies our final conclusion:

GHT 6= G̃HT . (59)

In order to demonstrate (58), we can try to set all extra parameters ζ, ψ, and θ to zero
in (56), reducing it to the same form as (50). This would naively suggest that GHT indeed
is a subgroup of G̃HT . However, upon closer inspection, we can observe that this is not
true, since the functional derivatives (57) are different from (51). Namely, even taking into
account that the choice ζ = ψ = θ = 0 eliminates the fifth equation from (57), the first
four equations are still different from their counterparts (51) because of the presence of the
Lagrange multiplier λ[ab] in the action. The Lagrange multiplier is a field in the theory, and
generically, it is not zero, since it is determined by the equation of motion:

λ[ab]
µν = R[ab]

µν .
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Therefore, the HT transformations (56) in fact cannot be reduced to the HT transformations
(50) by setting the extra parameters equal to zero, which proves (58) and (59).

The overall consequences from the above analysis are as follows. The topological
action S2BF has a large ordinary gauge group G2BF and a small HT symmetry group GHT .
When one changes the action to SGR by adding a simplicity constraint term, two things
happen—the ordinary gauge group breaks down to its subgroup GGR, so that it becomes
smaller, while the HT symmetry group grows larger to a completely different group G̃HT . In
effect, the total gauge groups for the two actions are intrinsically different:

G2BF
total = G2BF n GHT 6= GGR

total = GGR n G̃HT ,

in the sense that neither is a subgroup of the other. This conclusion is often overlooked
in the literature, which mostly puts emphasis on the symmetry breaking of the ordinary
gauge group down to its subgroup.

Let us state here, without proof, that the action (52) represents an example of a non-
topological action, for which one can also demonstrate a property analogous to (40), that
diffeomorphisms are not a subgroup of its ordinary gauge group, but are a subgroup
of the total gauge group. Simply put, given that the simplicity constraint term in (52)
breaks the ordinary gauge symmetry group G2BF into its subgroup GGR (see (53)), one can
expect that diffeomorphisms are not a subgroup of GGR, since they are not a subgroup of
the larger group G2BF of the topological action (46). Nevertheless, since the action (52) is
written in a manifestly covariant form, diffeomorphisms are certainly a symmetry of the
action and, thus, must be a subgroup of the total gauge group GGR

total = GGR n G̃HT , in line
with the statement analogous to (40). We leave the details of the proof as an exercise for
the reader. The point of this analysis was to demonstrate that the interplay (40) between
diffeomorphisms and the HT symmetry is a generic property of a large class of actions,
including the physically relevant ones, and not limited to examples of topological theories
such as the Chern–Simons or nBF models.

As the last comment, let us remark that, in fact, almost all conclusions discussed for the
cases of the Chern–Simons, 3BF, and 2BF theories are not really specific to these concrete
cases. One can easily generalize our analysis to any other theory, and the conclusions
should remain unchanged, except maybe in some corner cases.

5. Conclusions

Let us review the results. In Section 2, we gave a short overview of HT gauge symme-
try and discussed its most-important general properties. First, the HT group is a normal
subgroup of the total group of gauge symmetries of any given action. Second, HT transfor-
mations exhaust all “trivial” (i.e., vanishing on-shell) symmetries, in the sense that there
are no trivial symmetries that are not of the HT type. Finally, adding additional terms into
the action substantially changes the HT group, often enlarging it. This may be considered
a counterintuitive result, since usually adding additional terms in the action serves the
purpose of fixing the gauge and, thus, is meant to reduce the gauge symmetry, rather than
to enlarge it.

After these general results, in Section 3, we discussed the HT symmetry of the Chern–
Simons action, which is a convenient toy example that neatly displays the general features
from Section 2. Special attention was given to the issue of diffeomorphisms, and it was
shown that, while they are not a subgroup of the ordinary gauge group of the Chern–Simons
action, they nevertheless do represent a proper subgroup of the total gauge symmetry, and
the HT subgroup plays a nontrivial role in demonstrating this.

Section 4 was devoted to the study of HT symmetry in the 2BF and 3BF theories, which
are relevant for the constructions of realistic quantum gravity models within the generalized
spinfoam approach and higher gauge theory. After a brief review and introduction to the
notion of three-groups and the 3BF theory, appropriate HT transformations were explicitly
constructed, complementing the ordinary group of gauge symmetries of the 3BF action
based on a given three-group. This gave us the total gauge symmetry group for this class
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of theories. We again discussed the issue of diffeomorphisms and demonstrated again that
they are a subgroup of the total gauge group, without being a subgroup of the ordinary
gauge group, just like in the case of the Chern–Simons theory. Finally, we introduced a
completely concrete example of the 2BF theory based on the Poincaré two-group, which
becomes classically equivalent to Einstein’s general relativity when one introduces the
additional term into the action, called the simplicity constraint. As argued in general in
Section 2, the presence of this constraint breaks the ordinary gauge group down into its
subgroup, while simultaneously enlarging the HT group, since it introduces an additional
Lagrange multiplier field into the action. This represents an explicit example of the general
statement from Section 2 that the total gauge symmetry group changes nontrivially, as
opposed to simply breaking down to its subgroup.

It should be noted that the analysis and results discussed here do not cover everything
that can be said about HT symmetry. Among the topics not covered, one can mention the
question of an explicit form of finite HT transformations, as opposed to infinitesimal ones.
Can one write down finite HT transformations in closed form, either for some conveniently
chosen action or maybe even in general? A related topic is the explicit evaluation of the
commutator of two HT transformations, or equivalently, the structure constants of the HT
Lie algebra, or in yet other words, the multiplication rule in the group GHT . Is the group
Abelian or not and for which choices of the action? Finally, one would also like to know the
topological properties of the group GHT , i.e., its global structure. All these are potentially
interesting topics for future research.

As a particularly interesting topic for future research, we should mention the nontrivial
change of the HT symmetry group when additional terms are being added to the action. In
Section 4.4, we briefly demonstrated that HT symmetry does change in a nontrivial way, on
the example action (52). Nevertheless, the precise properties and the physical interpretation
of this change are yet to be studied in full and for a general choice of the action. This topic
is the subject of ongoing research.

Finally, we would like to reiterate the differences in two possible approaches to the
notion of “the gauge symmetry” of a theory. The overwhelmingly common approach
throughout the literature is to factor out the HT group and work only with the ordinary,
nontrivial gauge group as the relevant symmetry. Admittedly, this approach does feature a
certain level of appeal due to its simplicity and economy, since it does not have to deal with
HT symmetry at all. Nevertheless, there are important situations where this is not enough,
and one really needs to take into account the total gauge symmetry group, which includes
HT transformations. As a rule, these situations always involve the gauge symmetry off-
shell, either for the purpose of quantization or otherwise. A typical example is the Batalin–
Vilkovisky formalism, where one needs to explicitly keep track of HT transformations
throughout the whole analysis. Another situation, which was discussed here in more detail,
is the question of diffeomorphism symmetry, where HT transformations are required in
order to prove that diffeomorphisms are a symmetry of the theory even off-shell. This is
especially relevant for building quantum gravity models. Finally, the third scenario would
be the discussion of the Coleman–Mandula theorem. One of the main assumptions of the
theorem is that the Poincaré group is a subgroup of the full symmetry group of the theory.
Given this assumption, and a number of other assumptions, the theorem implies that the
full symmetry group must be a direct product of the Poincaré subgroup and the internal
symmetry subgroup. In certain cases of theories (such as the 3BF action), the full symmetry
group is not explicitly expressed as such a direct product, and moreover, it is not obvious
that the Poincaré group is a subgroup of the full symmetry group to begin with. Therefore,
in order to verify whether the above assumption of the theorem is satisfied, one needs
to inspect if the Poincaré group is or is not a subgroup of the full symmetry group. At
this point, one may run into a scenario similar to diffeomorphisms: the Poincaré group
may fail to be a subgroup of the ordinary gauge group, but still be a subgroup of the total
gauge group, once the HT symmetry is taken into account. In this sense, HT symmetry
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may become relevant for the proper analysis and application of the Coleman–Mandula
theorem in certain contexts. This topic is the subject of ongoing research [34].

All of the above arguments suggest that it may be prudent to abandon the common
approach of factoring out the HT group and instead adopt the description of the symmetry
with the total gauge group, which includes HT transformations on equal footing as the
ordinary gauge transformations. In the long run, this may be a conceptually cleaner
approach. However, either way, we believe that HT symmetry is relevant for the overall
symmetry structure of a theory and that better understanding of its properties can add
value to and benefit research.
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28. Miković, A.; Vojinović, M. A finiteness bound for the EPRL/FK spin foam model. Class. Quant. Grav. 2013, 30, 035001. [CrossRef]
29. Baez, J.C. An Introduction to Spin Foam Models of Quantum Gravity and BF Theory. Lect. Notes Phys. 2000, 543, 25.
30. Baratin, A.; Freidel, L. A 2-categorical state sum model. J. Math. Phys. 2015, 56, 011705. [CrossRef]
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Ìåòîä ìîäåëîâà»à ðåçîíàòîðà ñà äâå
áëèñêå ôðåêâåíöèjå ïðèìåíîì íàðóøå»à

ñèìåòðèjå
Ïàâëå Ñòèïñè£

Ãðóïà çà ãðàâèòàöèjó, ÷åñòèöå è ïî§à
Èíñòèòóò çà ôèçèêó, Óíèâåðçèòåò ó Áåîãðàäó

Ïðåãðåâèöà 118, 11080, Áåîãðàä, Ñðáèjà
pstipsic@ipb.ac.rs

Àïñòðàêò�Ó îâîì ðàäó £åìî èçëîæèòè ïîñòó-

ïàê ìîäåëîâà»à ïîëèãîíàëíèõ ðåçîíàòîðà ñà äåôîð-

ìèñàíîì Cnv ñèìåòðèjîì. Ðåçîíàòîðè ñó îáëèêà jåä-

íàêîñòðàíè÷íîã òðîóãëà, êâàäðàòà è êðóãà, áëàãî

èçäóæåíèõ äóæ îäðå£åíîã ïðàâöà. Íàðóøå»å ñè-

ìåòðèjå ñìà»ójå äèìåíçèjó íåêèõ èðåäóöèáèëíèõ

ïîäïðîñòîðà ñà äâà íà jåäàí è äîâîäè äî ðàçäâàjà-

»à ôðåêâåíöèjà äâîñòðóêèõ ìîäîâà çà îñöèëîâà»å ó

ñïåêòðó. Ìåòîä äàjå ïðåäâè¢à»å ðåçîíàíòíèõ ôðå-

êâåíöèjà è öåïà»å ñïåêòðà ó çàâèñíîñòè îä ïàðàìå-

òðà äåôîðìàöèjå.

Ê§ó÷íå ðå÷è�ðåçîíàòîð, ñèìåòðèjà, òåîðèjà ðå-

ïðåçååíòàöèjà, íàðóøå»å ñèìåòðèjå

I ÓÂÎÄ

Ðåçîíàòîðè ñó îñíîâíè åëåìåíòè çà êîíñòðóêöèjó êî-
ëà ó åëåêòðîòåõíèöè. Êîðèø£å»å ðåçîíàòîðà ñà âèøå
ðåçîíàíòíèõ ó÷åñòàíîñòè ñìà»ójå áðîj åëåìåíàòà ïî-
òðåáíèõ çà ðåàëèçàöèjó êîëà è ñàìèì òèì ñìà»ójå ôè-
çè÷êå äèìåíçèjå êîëà. Jåäíà îä ìîãó£èõ ðåàëèçàöèjà ðå-
çîíàòîðà jåñòå ïîëèãîí èëè ïîëèãîíàëíà ëèíèjà èçâåäå-
íà ó ïðîâîäíîì ñëîjó ñà jåäíå ñòðàíå ïëî÷èöå êîëà. Ó
ñåêöèjè II £åìî ðàçìîòðèòè óòèöàj ñèìåòðèjå ïîëèãî-
íà íà ðåçîíàíòíè ñïåêòàð, à çàòèì £åìî ó ñåêöèjè III
ðàçëîæèòè ïðîñòîð ñòà»à ðåçîíàòîðà íà èðåäóöèáèë-
íå êîìïîíåíòå. Ó ñåêöèjè IV £åìî íàìåòíóòè ãðàíè÷íå
óñëîâå íà ìîäîâå îñöèëîâà»à ó ïîjåäèíà÷íèì èðåäóöè-
áèëíèì ïîäïðîñòîðèìà, à ó ñåêöèjàìà V è VI £åìî ðå-
äîì ìîäåëîâàòè óòèöàj òåðìàëíèõ ãóáèòàêà è íàðóøå-
»à ñèìåòðèjå íà ðåçîíàíòíè ñïåêòàð. Ó öåëîì ðàäó jå
ïîäðàçóìåâàí ïðèðîäíè ñèñòåì jåäèíèöà, øòî çíà÷è äà
ñó ñâå ôèçè÷êå âåëè÷èîíå èçðàæåíå ó ìåòðèìà íà îäãî-
âàðàjó£è ñòåïåí. Ìåòðèêà ó ïðîñòîðó Ìèíêîâñêîã jå ñà
ñèãíàòóðîì ηµν = diag(+1,−1,−1,−1).

II ÓÒÈÖÀJ ÑÈÌÅÒÐÈJÅ ÍÀ ÑÏÅÊÒÀÐ
ÐÅÇÎÍÀÒÎÐÀ

Ïîñìàòðà£åìî ðåçîíàòîðå îáëèêà ïðàâèëíîã n-
òîóãëà. Ãðóïà ñèìåòðèjå êîjó ïîñåäójå ïðàâèëàí n-
òîóãàî jå Cnv, îäíîñíî îïåðàöèjå êîjå ÷óâàjó ñèìåòðè-
jó ñó ðîòàöèjå ó ðàâíè çà öåëîáðîjíè óìíîæàê óãëà îä
2π
n ðàäèjàíà, øòî ÷èíè Cn ïîäãðóïó, êàî è ðåôëåêñèjå

ó îäíîñó íà ñâèõ n îñà ñèìåòðèjå. Ãðóïó ðåôëåêñèjå ó
îäíîñó íà âåðòèêàëíó îñó ñèìåòðèjå îçíà÷àâàìî ñà σv,
à öåëà ãðóïà ñèìåòðèjå îíäà èìà ñòðóêòóðó

Cnv = Cn o σv . (1)

Ãðóïà Cn jå èíâàðèjàíòíà ïîäãðóïà óêóïíå ãðóïå ñèìå-
òðèjå Cnv è êî»óãàöèjà åëåìåíòà ck ãðóïå Cn ðåôëåê-
ñèjîì σv äàjå èíâåðçíè åëåìåíò c−k. Òî çíà÷è äà Cnv
ãðóïà íèjå Àáåëîâà è àêî Cn è σv jåñó:

σckσ
−1 = σckσ = (σc1σ)

k
= (c−1)

k
= c−k . (2)

Ïðîñòîð ñòà»à ðåçîíàòîðà jå Õèëáåðòîâ ïðîñòîð ôóíê-
öèjà êîjå îïèñójó ðàñïîäåëó åëåêòðîìàãíåòíîã ïî§à
óíóòàð ðåçîíàòîðà. Ãðóïó ñèìåòðèjå ðåïðåçåíòójåìî
ñêóïîì îïåðàòîðà ó òîì ïðîñòîðó è òàj ñêóï íàçèâà-
ìî ðåïðåçåíòàöèjîì. Ðåïðåçåíòàöèjó ñâàêîã åëåìåíòà g
ãðóïå G îçíà÷àâàìî ñà D(g). Èçáîð ðåïðåçåíòàöèjå ãðó-
ïå jå ó âåëèêîj ìåðè ïðîèçâî§àí äîêëå ãîä çàäîâî§àâà
ïðàâèëî ìíîæå»à D(gg′) = D(g)D(g′), àëè ñå èñïîñòà-
â§à äà ñå ó ñëó÷àjó íàøå ãðóïå ñèìåòðèjå, êàî è âåëîêîã
áðîjà ãðóïà îä çíà÷àjà çà ôèçèêó, ñâàêà ðåïðåçåíòàöèjà
ìîæå ðàçëîæèòè ïî ñêóïó èðåäóöèáèëíèõ ðåïðåçåíòà-
öèjà. Èðåäóöèáèëíå ðåïðåçåíòàöèjå ãðóïå ïðåäñòàâ§àjó
ðåïðåçåíòàöèjå ãðóïå ó èðåäóöèáèëíèì ïîäïðîñòîðèìà
óêóïíîã ïðîñòîðà ñòà»à, ïðè ÷åìó jå äåôèíèöèjà èðå-
äóöèáèëíîã ïîäïðîñòîðà òà äà jå òî ïîäïðîñòîð ó êîì ñå
ñâàêè âåêòîð èç ïîäïðîñòîðà äåëîâà»åì ñâèõ åëåìåíàòà
ãðóïå çàñåáíî ïðåñëèêàâà ó ñêóï âåêòîðà êîjè ðàçàïè-
»ó öåî ïîäïðîñòîð. Äðóãèì ðå÷èìà, óíóòàð èðåäóöè-
áèëíîã ïîäïðîñòîðà íå ïîñòîjè âåêòîð ïîìî£ó êîã ñå äå-
ëîâà»åì ñâèõ åëåìåíàòà ãðóïå íå ìîæå ðåêîíñòðóèñàòè
öåî èðåäóöèáèëíè ïîäïðîñòîð. Ðàçëàãà»å ðåïðåçåíòà-
öèjå íà èðåäóöèáèëíå êîìïîíåíòå jå îíäà îðòîãîíàëíè
çáèð ðåïðåçåíòàöèjà ïî èðåäóöèáèëíèì ïîäïðîñòîðèìà
äàò ñà:

D(G) =
r⊕

µ=1

fµD
(µ)(G) , (3)

ãäå jå fµ ôðåêâåíöèjà ïîjàâ§èâà»à µ-òå èðåäóöèáèëíå
ðåïðåçåíòàöèjå ó ðàçëàãà»ó, à r óêóïàí áðîj èðåäóöè-
áèëíèõ ðåïðåçåíòàöèjà.

Èðåäóöèáèëíå ðåïðåçåíòàöèjå ïîñåäójó ñêóï îñîáèíà
êîjå £å íàì áèòè îä çíà÷àjà ïðèëèêîì ðàçìàòðà»à êà-
êî ñèìåòðèjñêèõ îñîáèíà ðåçîíàòîðà, òàêî è ïðèëèêîì
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îäðå¢èâà»à ðàçëàãà»à ïðîñòîðà ñòà»à íà »åãîâå èðåäó-
öèáèëíå êîìïîíåíòå. Íåêå îä çíà÷àjíèõ îñîáèíà ñó äàòå
ñëåäå£èì èñêàçèìà:

� Ïðâà Øóðîâà ëåìà: Îïåðàòîð êîjè êîìóòèðà ñà
ñâèì åëåìåíòèìà ãðóïå ó jåäíîj èðåäóöèáèëíîj ðå-
ïðåçåíòàöèjè äåëójå êàî ñêàëàðíè îïåðàòîð ó òîj
ðåïðåçåíòàöèjè. Òî çíà÷è äà jå îïåðàòîð ó áàçèñó
èðåäóöèáèëíèõ ðåïðåçåíòàöèjà äèjàãîíàëàí è äà
ñó ìó ñâå âðåäíîñòè íà äèjàãîíàëè èñòå óíóòàð ïî-
jåäèíà÷íèõ èðåäóöèáèëíèõ ïîäïðîñòîðà.

� Äðóãà Øóðîâà ëåìà: Jåäèíè îïåðàòîð A çà êîjè
jåäíàêîñò AD(µ)(g) = D(ν)(g)A âàæè çà ñâàêè åëå-
ìåíò g ãðóïå G, ïðè ÷åìó ñó D(µ) è D(ν) íååêâèâà-
ëåíòíå èðåäóöèáèëíå ðåïðåçåíòàöèjå, òj. jåäíà íè-
jå äîáèjåíà îä äðóãå ïðîìåíîì áàçèñà, jå îïåðàòîð
A = 0.

� Òåîðåìà î îðòîãîíàëíîñòè êîìïîíåíàòà èðåäóöè-
áèëíèõ ðåïðåçåíòàöèjà:

1

|G|
∑
g∈G

D
(µ)
ij (g−1)D

(ν)
kl (g) =

1

|ν|
Ail
(
A−1

)
kj
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ãäå jå |G| áðîj åëåìåíàòà ãðóïå G, |ν| äèìåíçèjà
ν-òîã èðåäóöèáèëíîã ïîäïðîñòîðà, à A îïåðàòîð
ïðîìåíå áàçèñà èçìå¢ó µ-òå è ν-òå ðåïðåçåíòàöèjå
ó ñëó÷àjó êàäà ñó îíå ìå¢óñîáíî åêâèâàëåíòíå.

� Êàðàêòåð ðåïðåçåíòàöèjå χ(G), îíäíîñíî òðàã ìà-
òðè÷íå ðåïðåçåíòàöèjå, êàî ôóíêöèjà íà ãðóïè, òà-
êî¢å çàäîâî§àâà ñëè÷íó ðåëàöèjó îðòîãîíàëíîñòè:

1

|G|
∑
g∈G

χ(µ)(g−1)χ(ν)(g) = δµν . (5)

Îâà ðåëàöèjà íàì îìîãó£àâà äà îäðåäèìî êîåôè-
öèjåíòå ó ðàçëàãà»ó ðåïðåçåíòàöèjå íà íååêâèâà-
ëåíòíå èðåäóöèáèëíå êîìïîíåíòå êàî:

fµ =
1

|G|
∑
g∈G

χ(µ)(g−1)χ(g) . (6)

� Áðîj èðåäóöèáèëíèõ ðåïðåçåíòàöèjà ãðóïå jå jåä-
íàê áðîjó êëàñà êî»óãàöèjå ó ãðóïè.

� Ìîæå ñå óâåñòè ïîjàì ðåãóëàðíå ðåïðåçåíòàöèjå
÷èjè jå êàðàêòåð ôóíêöèjà íà ãðóïè êîjà jåäè-
íè÷íîì åëåìåíòó äîäå§ójå áðîj åëåìåíàòà ãðóïå,
à ñâèì îñòàëèì åëåìåíòèìà íóëó. Îâà ôóíêöèjà
jå àíàëîãîí Äèðàêâîj îäíîñíî Êðîíåêåðîâîj äåë-
òè íàä åëåìåíòèìà ãðóïå. Íà îñíîâó ïðåòõîäíå
îñîáèíå ñå äîáèjà äà jå ôðåêâåíöèjà ïîjàâ§èâà-
»à ñâàêå íååêâèâàëåíòíå èðåäóöèáèëíå ðåïðåçåí-
òàöèjå ó ðàçëàãà»ó ðåãóëàðíå ðåïðåçåíòàöèjå jåä-
íàê äèìåíçèjè èðåäóöèáèëíå ðåïðåçåíòàöèjå.

� Áðîj åëåìåíàòà ãðóïå jåäíàê jå çáèðó êâàäðàòà äè-
ìåíçèjà ñâèõ íååêâèâàëåíòíèõ èðåäóöèáèëíèõ ðå-
ïðåçåíòàöèjà ãðóïå.

Íà îñíîâó ïðâå Øóðîâå ëåìå ìîæåìî äà çàê§ó÷èìî
äà ñó ñâå èðåäóöèáèëíå ðåïðåçåíòàöèjå Àáåëîâèõ ãðóïà
jåäíîäèìåíçèîíàëíå. Òàêî¢å, êàêî ñå îïåðàòîð ôðåêâåí-
öèjå ìîäîâà çà îñöèëîâà»å íå òðàíñôîðìèøå ïðèëèêîì
äåjñòâà åëåìåíàòà ãðóïå ñèìåòðèjå, çàê§ó÷ójåìî äà îí
êîìóòèðà ñà ðåïðåçåíòàöèjàìà ñâèõ åëåìåíàòà ãðóïå, ïà
ñó ìó ïîíîâî, ïðåìà ïðâîj Øóðîâîj ëåìè, ñâîjñòâåíå
âðåäíîñòè äåãåíåðèñàíå óíóòàð èðåäóöèáèëíèõ ïîäïðî-
ñòîðà. Òî çíà÷è äà £å ñâè ìîäîâè çà îñöèëîâà»å óíóòàð
jåäíîã èðåäóöèáèëíîã ïîäïðîñòîðà áèòè ñà èñòîì ôðå-
êâåíöèjîì, à äåãåíåðàöèjà ôðåêâåíöèjå jå jåäíàêà äè-
ìåíçèjè èðåäóöèáèëíîã ïîäïðîñòîðà.

Ó äà§åì ðàäó £åìî èç ñêóïà íååêâèâàëåíòíèõ èðå-
äóöèáèëíèõ ðåïðåçåíòàöèjà îäàáðàòè óíèòàðíå ïðåä-
ñòàâíèêå, ïà £å ðîòàöèjå ó ðàâíè áèòè ðåïðåçåíòîâàíå
ìíîæå»åì êîìïëåêñíèì áðîjåì ñà jåäèíè÷íå êðóæíèöå,
eiµ

2π
n , à ðåôëåêñèjà £å áèòè ðåïðåçåíòîâàíà êîìïëåê-

ñíîì êî»óãàöèjîì. Áðîjà÷ ðåïðåçåíòàöèjå µ óçèìà ñâå
âðåäíîñòè ïðèðîäíèõ áðîjåâà îä 1 äî n.

Ïîñòóïàê äîáèjà»à ñêóïà íååêâèâàëåíòíèõ èðåäó-
öèáèëíèõ ðåïðåçåíòàöèjà ïðîèçâî§íå ãðóïå íå ïîñòîjè.
Èïàê, ó ñëó÷àjó Cnv ãðóïå ïîñòîjè àëãîðèòàì èíäóêöèjå
ñà èíâàðèjàíòíå Cn ïîäãðóïå èíäåêñà 2, êîjè äàjå êîì-
ïëåòàí ñêóï èðåäóöèáèëíèõ ðåïðåçåíòàöèjà êîjå ñå ìîãó
ïîïèñàòè òàáåëàðíî:

ÒÀÁÅËÀ I ÈÐÅÄÓÖÈÁÈËÍÅ ÐÅÏÐÅÇÅÍÒÀÖÈJÅ Cnv ÃÐÓÏÀ

D(µ)(Cnv) µ ck σck

A0/B0 = D(0±)(Cnv) 0 1 ±1

An/2/Bn/2 = D(n/2±)(Cnv)
n
2 (−1)k ±(−1)k

Eµ = D(µ)(Cnv) 1 . . .
⌊
n−1

2

⌋ (
eiµ

2π
n k 0
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) (
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2π
n k

eiµ
2π
n k 0

)
Î÷åêèâàíî, êàêî jå èíâàðèjàíòíà ïîäãðóïà Àáåëîâà

è èíäåêñà äâà, äèìåíçèjå èðåäóöèáèëíèõ ðåïðåçåíòàöè-
jà íå ìîãó áèòè âå£å îä äâà. Íà îñíîâó òàáåëå òàêî¢å
çàê§ó÷ójåìî äà ñèìåòðèjà îáåçáå¢ójå ïîñòîjà»å ïàðîâà
ìîäîâà çà îñöèëîâà»å ñà èñòîì ôðåêâåíöèjîì. Äåòà§àí
ïðåãëåä îñîáèíà èðåäóöèáèëíèõ ðåïðåçåíòàöèjà ñå ìîæå
ïðîíà£è ó [1].

III ÐÀÇËÀÃÀ�Å ÊÎÎÐÄÈÍÀÒÍÅ
ÐÅÏÐÅÇÅÍÒÀÖÈJÅ

Ñêóï jåäíà÷èíà ñòà»à ðåçîíàòîðà ÷èíå äèôåðåíöè-
jàëíà jåäíà÷èíà êðåòà»à åëåêòðîìàãíåòíîã ïî§à ó ðå-
çîíàòîðó è jåäíà÷èíà çà ïðîâîäíîñò ñðåäèíå σ:

�Aµ − ∂µ∂νAν = jµ , ji = σij
(
∂jA0 − ∂0Aj

)
. (7)
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Ïðâà jåäíà÷èíà ñå ìîæå ïîjåäíîñòàâèòè ôèêñèðà»åì
Ëîðåíöîâîã êàëèáðàöèîíîã óñëîâà çà åëåêòðîìàãíåòíè
ïîòåíöèjàë Aµ, ∂µA

µ = 0, äîê çà ñòðójó jµ âå£ âà-
æè èäåíòè÷íà ðåëàöèjà êîjà îïèñójå jåäíà÷èíó êîíòè-
íóèòåòà ∂µj

µ = 0. Ó ñâèì jåäíà÷èíàìà ïîäðàçóìåâàìî
Àjíøòàjíîâó ñóìàöèîíó êîíâåíöèjó ïî ïîíîâ§åíèì èí-
äåêñèìà, êàî è äà ñó ìàëèì ãð÷êèì ñëîâèìà îçíà÷åíå
ñâå ïðîñòîðâðåìåíñêå êîìïîíåíòå ïî§à, à ìàëèì ëàòèí-
ñêèì ñàìî ïðîñòîðíå êîìïîíåíòå ïî§à. Íóëòà êîîðäè-
íàòà jå ðåçåðâèñàíà çà âðåìåíñêó êîìïîíåíòó.

Îáå jåäíà÷èíå ñó çàïèñàíå ó êîîðäèíàòíîj ðåïðåçåí-
òàöèjè ó êîîðäèíàòíîì áàçèñó êîjè íèjå ñâîjñòâåí çà äè-
ôåðåíöèjàëíå îïåðàòîðå ó »èìà, ïà jå ïðâè êîðàê ñâà-
êàêî ïðåëàçàê ó áàçèñ ðàâíèõ òàëàñà, èìïóëñíè áàçèñ,
êîjè jå ñâîjñòâåí îâèì jåäíà÷èíàìà, à ïîòîì jå ïîòðåáíî
êîíñòðóèñàòè ìîäèôèêîâàíå ãðóïíå ïðîjåêòîðå

P (D(µ)∗ ⊗D) =
1

|G|
∑
g∈G

D(µ)(g−1)⊗D(g) , (8)

êîjè £å êîìïëåòàí ïðîñòîð ñòà»à ó ñâîjñòâåíîì áàçèñó
ïðîjåêòîâàòè íà âèøåñòðóêè çáèð èðåäóöèáèëíèõ ïîä-
ïðîñòîðà ãðóïå ñèìåòðèjå, òàêî¢å ó ñâîjñòâåíîì áàçèñó.
Âåêòîðè ôèêñíå òà÷êå îâîã ïðîjåêòîðà ñó îáëèêà:

|µ tµ〉 =

|µ|∑
i=1

|µ i〉 ⊗ |µ tµ i〉 , (9)

ãäå èíäåêñ tµ ïðåáðîjàâà ïîjàâ§èâà»å µ-òå èðåäóöèáèë-
íå ðåïðåçåíòàöèjå ó ðàçëàãà»ó. Òàêî £åìî äîáèòè áà-
çèñ Cnv-ñèìåòðè÷íèõ òàëàñà. Êàêî jå ïðîñòîð ñòà»à íå-
ñåïàðàáèëàí, î÷åêójåìî äà ñå áàð jåäíà èðåäóöèáèëíà
ðåïðåçåíòàöèjà ó ðàçëàãà»ó ïîjàâ§ójå áåñêîíà÷àí áðîj
ïóòà è äà ñå »åíî ïîjàâ§èâà»å ïðåáðîjàâà ðåàëíèì ïà-
ðàìåòðîì. Íàêîí ðàçëàãà»à ðåïðåçåíòàöèjå £åìî âèäå-
òè äà ñó ïîjàâ§èâà»à ñâèõ èðåäóöèáèëíèõ êîìïîíåíàòà
ïðåáðîjàíà ðåàëíèì ïàðàìåòðèìà êîjè £å èìàòè ñìè-
ñàî êâàäðàäòà èìïóëñà åëåêòðîìàãíåòíîã òàëàñà. Îâàj
áàçèñ jå ó ñëó÷àjó jåäíîäèìåíçèîíàëíèõ ðåïðåçåíòàöèjà
äàò ñà:
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f
An
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n
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n m)−y sin( 2π
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(
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(
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(
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(
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e−imπ ,

f
Bn
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n m)−y sin( 2π

n m))

×sin
(
ky
(
y cos

(
2π
n m

)
+ x sin

(
2π
n m

)))
e−imπ ,

(10)

äîê jå ó ñëó÷àjó äâîäèìåíçèîíàëíèõ ðåïðåçåíòàöèjà:

f
Ej
kµ (xµ) =

1

n
ei(ωt−kzz))

n∑
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e−ikx(x cos( 2π
n m)−y sin( 2π

n m))

(
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(
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(
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(
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n mj
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.

(11)

Ó ñëåäå£îj ñåêöèjè £åìî íàìåòà»åì ãðàíè÷íèõ óñëîâà
èç îâîã íåñåïàðàáèëíîã ïðîñòîðà èçäâîjèòè ñåïàðàáèë-
íè ïîäïðîñòîð êîjè £å áèòè äåôèíèñàí äèñêðåòíèì ñêó-
ïîì äîçâî§åíèõ âðåäíîñòè èíäåêñà kµ. Ñåïàðàáèëíîñò
ïðîñòîðà ñòà»à îáåçáå¢ójå äèñêðåòíó ïðèðîäó ñïåêòðà
ðåçîíàòíèõ ôðåêâåíöèjà.

IV ÌÎÄÎÂÈ ÇÀ ÎÑÖÈËÎÂÀ�Å ÈÄÅÀËÍÎÃ
ÐÅÇÎÍÀÒÎÐÀ

Äà áèñìî èç óêóïíîã íåñåïàðàáèëíîã ïðîñòîðà ñòà»à
èçäâîjèëè ñåïàðàáèëíè ïîäïðîñòîð êîjè îäãîâàðà ìîäî-
âèìà çà îñöèëîâà»å, ïîòðåáíî jå äà íàìåòíåìî îäðå¢åíå
óñëîâå íà ñàìà ñòà»à. Îâè óñëîâè ñó çàïðàâî ãðàíè÷íè
óñëîâè êîjè ñó ñàäðæàíè ó òåíçîðó ïðîâîäíîñòè:

σij =
(
δ̃(z + d) + δ̃(z)Π(x, y)

) 1

ρ

(
δixδ

x
j + δiyδ

y
j

)
+ θ(z + d)θ(−z)σδij . (12)

Ôóíêöèjà Π(x, y) jå ïðîçîðñêà ôóíêöèjà ïîëèãîíàëíîã
îáëèêà êîjà èìà âðåäíîñò 1 íà äîìåíó êîjè ïîêðèâà ïðî-
âîäíè ñëîj ðåçîíàòîðà, à âðåäíîñò 0 èíà÷å, äîê jå δ̃(z)
jåäèíè÷íè ïðîçîð äåá§èíå ïðîâîäíîã ñëîjà. Ôóíêöèjà
θ(z) jå ñòàíäàðäíà Õåâèñàjäîâà òåòa ôóíêñèjà.

Ïðâè ãðàíè÷íè óñëîâ êîjè íàìå£åìî jå ïî z êîîðäè-
íàòè, ïà ïàðàìåòàð áàçèñà kz óçèìà öåëîáàðîjíå óìíî-
øêå îä 2π

d , ãäå jå d äåá§èíà ðåçîíàòîðà. Ïðâà àïðîêñè-
ìàöèjà êîjó £åìî íàïðàâèòè jå òà äà £åìî ñìàòðàòè äà
jå ðåçîíàòîð ïðåâèøå òàíàê äà áè ñå ïîáóäèëè ìîäîâè
çà îñöèëîâà»å ó z ïðàâöó, ïà £åìî ñå îãðàíè÷èòè ñàìî
íà ïîäïðîñòîð kz = 0.

Íàìåòà»å ãðàíè÷íèõ óñëîâà ó ðàâíè ðåçîíàòîðà ñå
íå ìîæå óâåê òàêî ëàêî èçâðøèòè. Íàèìå, êàêî jå áàçèñ
ó ïðîñòîðó ñòà»à ñàñòàâ§åí îä ïåðèîäè÷íèõ ôóíêöèjà,
ñâè íàìåòíóòè ãðàíè÷íè óñëîâè £å ñå ïåðèîäè÷íî ïîíà-
â§àòè. Òî çíà÷è äà ñå íà ïîjåäèíà÷íè áàçèñíè âåêòîð
ìîãó íàìåòíóòè ãðàíè÷íè óñëîâè ñàìî ó ñëó÷àjó îíèõ
ïîëèãîíàëíèõ îáëèêà êîjèì ñå ðàâàí ìîæå ïîïëî÷àòè
áåç ïðàçíèíà, à òî ñó òðîóãëîâè, êâàäðàòè è øåñòîóãëî-
âè. Äîäàòíî, êàêî øåñòîóãàîíà ðåøåòêà èìà åëåìåíòàð-
íó Âèãíåð-Çàjöîâó £åëèjó ñàñòàâ§åíó îä äâà òèïà ÷âî-
ðîâà, îâî íàìåòà»å ãðàíè÷íèõ óñëîâà íå£å áèòè ìîãó-
£å ó ñâèì èðåäóöèáèëíèì ðåïðåçåíòàöèjàìà, âå£ ñàìî ó
îíèì ó êîjèìà ñó îâà äâà ÷âîðà åêâèâàëåíòíà. Ó îñòàëèì
ñëó÷àjåâèìà ñå ãðàíè÷íè óñëîâè íàìå£ó ëèíåàðíèì êîì-
áèíàöèjàìà âåêòîðà âèøåñòðóêèõ èðåäóöèáèëíèõ êîì-
ïîíåíàòà, øòî jå ñëó÷àj ñà êðóæíèì ðåçîíàòîðîì êîä
êîjåã jå áàçèñ ó ïîëàðíèì êîîðäèíàòàìà äàò ïðåêî öè-
ëèíäðè÷íèõ Áåñåëîâèõ ôóíêöèjà ïðâå âðñòå. Îâå ôóíê-
öèjå ñó, èàêî îñöèëàòîðíå, íåïåðèîäè÷íå, ïà £å òàêâå
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áèòè è òàëàñíå ôóíêöèjå ñà ñèìåòðèjîì Cnv çà n > 4.
Çáîã òîãà £åìî ñå ó äà§åì ðàäó ôîêóñèðàòè ñïåöèjàëíî
íà òðîóãàîíè, êâàäðàòíè è êðóæíè ðåçîíàòîð.

Ó ñëó÷àjó òðîóãàîíîã ðåçîíàòîðà, âèñèíå òðîóãëà
jåäíàêå h, íàìåòà»å ãðàíè÷íèõ óñëîâà äàjå ïî äâà áàçè-
ñíà âåêòîðà èç ñâàêå jåäíîäèìåíçèîíàëíå èðåäóöèáèëíå
ðåïðåçåíòàöèjå:

f
A0,s

k1,2 (x1,2) = 1
3

(
sin
(
x (2p+3q)π

h

)
cos
(
y q
√

3π
h

)
− sin

(
xpπh

)
cos
(
y (p+2q)

√
3π

h

)
− sin

(
x (p+3q)π

h

)
cos
(
y (p+q)

√
3π

h

))
,

f
A0,c

k1,2 (x1,2) = 1
3

(
cos
(
x (2p+3q)π

h

)
cos
(
y q
√

3π
h

)
+ cos

(
xpπh

)
cos
(
y (p+2q)

√
3π

h

)
+ cos

(
x (p+3q)π

h

)
cos
(
y (p+q)

√
3π

h

))
,

f
B0,s

k1,2 (x1,2) = 1
3

(
sin
(
x (2p+3q)π

h

)
sin
(
y q
√

3π
h

)
+ sin

(
xpπh

)
sin
(
y (p+2q)

√
3π

h

)
− sin

(
x (p+3q)π

h

)
sin
(
y (p+q)

√
3π

h

))
,

f
B0,c

k1,2 (x1,2) = 1
3

(
cos
(
x (2p+3q)π

h

)
sin
(
y q
√

3π
h

)
− cos

(
xpπh

)
sin
(
y (p+2q)

√
3π

h

)
+ cos

(
x (p+3q)π

h

)
sin
(
y (p+q)

√
3π

h

))
,

(13)

äîê ñå ó ñëó÷àjó äâîäèìåíçèîíàëíå ðåïðåçåíòàöèjå óñëî-
âè ìîãó íàìåòíóòè íà äâà íà÷èíà çà ñâàêè âåêòîð èç
ðåïðåçåíòàöèjå. Ó ñëó÷àjó E+

1 ðåïðåçåíòàöèjå ñå äîáèjà:

f
E+

1 ,s1
k1,2 (x1,2) = 1

3

(
sin
(
x (2p+3q+1)π

h

)
cos
(
y (3q+1)π

h
√

3

)
− sin

(
x (p+3q+1)π

h

)
cos
(
y (3p+3q+1)π

h
√

3

)
− sin

(
xpπh

)
cos
(
y (3p+6q+2)π

h
√

3

))
,

f
E+

1 ,c1
k1,2 (x1,2) = 1

3

(
cos
(
x (2p+3q+1)π

h

)
cos
(
y (3q+1)π

h
√

3

)
+ cos

(
x (p+3q+1)π

h

)
cos
(
y (3p+3q+1)π

h
√

3

)
+ cos

(
xpπh

)
cos
(
y (3p+6q+2)π

h
√

3

))
,

f
E+

1 ,s2
k1,2 (x1,2) = 1

3

(
sin
(
x (2p+3q+2)π

h

)
cos
(
y (3q+2)π

h
√

3

)
− sin

(
x (p+3q+2)π

h

)
cos
(
y (3p+3q+2)π

h
√

3

)
− sin

(
xpπh

)
cos
(
y (3p+6q+4)π

h
√

3

))
,

f
E+

1 ,c2
k1,2 (x1,2) = 1

3

(
cos
(
x (2p+3q+2)π

h

)
cos
(
y (3q+2)π

h
√

3

)
+ cos

(
x (p+3q+2)π

h

)
cos
(
y (3p+3q+2)π

h
√

3

)
+ cos

(
xpπh

)
cos
(
y (3p+6q+4)π

h
√

3

))
,

(14)

à ó ñëó÷àjó E−1 :

f
E−

1 ,s1
k1,2 (x1,2) = 1

3

(
sin
(
x (2p+3q+1)π

h

)
sin
(
y (3q+1)π

h
√

3

)
(15)

− sin
(
x (p+3q+1)π

h

)
sin
(
y (3p+3q+1)π

h
√

3

)
+ sin

(
xpπh

)
sin
(
y (3p+6q+2)π

h
√

3

))
,

f
E−

1 ,c1
k1,2 (x1,2) = 1

3

(
cos
(
x (2p+3q+1)π

h

)
sin
(
y (3q+1)π

h
√

3

)
+ cos

(
x (p+3q+1)π

h

)
sin
(
y (3p+3q+1)π

h
√

3

)
− cos

(
xpπh

)
sin
(
y (3p+6q+2)π

h
√

3

))
,

f
E−

1 ,s2
k1,2 (x1,2) = 1

3

(
sin
(
x (2p+3q+2)π

h

)
sin
(
y (3q+2)π

h
√

3

)
− sin

(
x (p+3q+2)π

h

)
sin
(
y (3p+3q+2)π

h
√

3

)
+ sin

(
xpπh

)
sin
(
y (3p+6q+4)π

h
√

3

))
,

f
E−

1 ,c2
k1,2 (x1,2) = 1

3

(
cos
(
x (2p+3q+2)π

h

)
sin
(
y (3q+2)π

h
√

3

)
+ cos

(
x (p+3q+2)π

h

)
sin
(
y (3p+3q+2)π

h
√

3

)
− cos

(
xpπh

)
sin
(
y (3p+6q+4)π

h
√

3

))
. (16)

Áðîjåâè p è q ñó ïðèðîäíè áðîjåâè èëè íóëà.
Ó ñëó÷àjó C4v ñèìåòðèjå ñå íà ñëè÷àí íà÷èí äîáè-

jàjó áàçèñíè âåêòîðè. Ó ñëó÷àjó jåäíîäèìåíçèîíàëíèõ
ðåïðåçåíòàöèjà âåêòîðè ñó jåäíàêè:

fA0,s
k1,2 (x1,2) = 1

2

(
cos
(
x (2q+1)π

a

)
cos
(
y (2(p+q)+1)π

a

)
+ cos

(
x (2(p+q)+1)π

a

)
cos
(
y (2q+1)π

a

))
,

fA0,c
k1,2 (x1,2) = 1

2

(
cos
(
x 2qπ

a

)
cos
(
y 2(p+q)π

a

)
+ cos

(
x 2(p+q)π

a

)
cos
(
y 2qπ

a

))
,

fB0,s
k1,2 (x1,2) = 1

2

(
sin
(
x 2qπ

a

)
sin
(
y 2(p+q)π

a

)
− sin

(
x 2(p+q)π

a

)
sin
(
y 2qπ

a

))
,

fB0,c
k1,2 (x1,2) = 1

2

(
sin
(
x (2q+1)π

a

)
sin
(
y (2(p+q)+1)π

a

)
− sin

(
x (2(p+q)+1)π

a

)
sin
(
y (2q+1)π

a

))
,

fA2,s
k1,2 (x1,2) = 1

2

(
cos
(
x (2q+1)π

a

)
cos
(
y (2(p+q)+1)π

a

)
− cos

(
x (2(p+q)+1)π

a

)
cos
(
y (2q+1)π

a

))
,

fA2,c
k1,2 (x1,2) = 1

2

(
cos
(
x 2qπ

a

)
cos
(
y 2(p+q)π

a

)
− cos

(
x 2(p+q)π

a

)
cos
(
y 2qπ

a

))
,

fB2,s
k1,2 (x1,2) = 1

2

(
sin
(
x 2qπ

a

)
sin
(
y 2(p+q)π

a

)
+ sin

(
x 2(p+q)π

a

)
sin
(
y 2qπ

a

))
,

fB2,c
k1,2 (x1,2) = 1

2

(
sin
(
x (2q+1)π

a

)
sin
(
y (2(p+q)+1)π

a

)
+ sin

(
x (2(p+q)+1)π

a

)
sin
(
y (2q+1)π

a

))
,(17)
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à ó ñëó÷àjó äâîäèìåíçèîíàëíå ðåïðåçåíòàöèjå jåäíàêè:

f
E±

1 ,s

k1,2 (x1,2) = 1
2

(
sin
(
x 2qπ

a

)
cos
(
y (2(p+q)+1)π

a

)
± i cos

(
x (2(p+q)+1)π

a

)
sin
(
y 2qπ

a

))
,

f
E±

1 ,c

k1,2 (x1,2) = 1
2

(
sin
(
x (2q+1)π

a

)
cos
(
y 2(p+q)π

a

)
± i cos

(
x 2(p+q)π

a

)
sin
(
y (2q+1)π

a

))
.(18)

Áðîjåâè p è q è îâäå óçèìàjó âðåäíîñòè èç ñêóïà ïðè-
ðîäíèõ áðîjåâà è íóëå, à a jå äóæèíà ñòðàíèöå êâàäðàòà.
Çà âèøå äåòà§à î íàìåòà»ó ãðàíè÷íèõ óñëîâà ïîãëåäà-
òè [2].

Îâè âåêòîðè îïèñójó êàêî êîìïîíåíòå åëåêòðîìàã-
íåòíîã ïî§à, òàêî è êîìïîíåíòå ñòðójå. Çà àíàëèçó ìî-
äîâà çà îñöèëîâà»å £åìî ñå ôîêóñèðàòè íà îïèñ êîìïî-
íåíàòà ñòðójå. Ñòðójó £åìî ïîäåëèòè íà äâå êîìïîíåíòå,
ïàðàëåëíó ñ èâèöîì ïîëèãîíà è íîðìàëíó íà èâèöó ïî-
ëèãîíà. Ïàðàëåëíà êîìïîíåíòà ñòðójå ìîæå äà ñå ðàçëà-
æå è ó s è ó c áàçèñó, äîê íîðìàëíà êîìïîíåíòà ïîñòîjè
ñàìî ó s áàçèñó. Ó ñïåöèjàëíîì ñëó÷àjó êàäà jå ðåçîíàòîð
ðåàëèçîâàí ó îáëèêó ïîëèãîíàëíå ëèíèjå, îðòîãîíàëíà
êîìïîíåíòà ñòðójå ñå ìîæå çàíåìàðèòè, à ïàðàëåëíà ñå
ðåäóêójå ñàìî íà c áàçèñ.

V ÓÒÈÖÀJ ÃÓÁÈÒÀÊÀ ÍÀ ÑÏÅÊÒÀÐ
ÐÅÇÎÍÀÒÎÐÀ

Ó êîëèêî áèñìî óáàöèëè áàçèñíå âåêòîðå äîáèjåíå ó
ïðåòõîäíîì ïîãëàâ§ó ó õîìîãåíó jåäíà÷èíó êðåòà»à çà
åëåêòðîìàãíåòíî ïî§å, äîáèëè áèñìî óñëîâ íà ôðåêâåí-
öèjó ñëîáîäíîã åëåêòîðìàãíåòíîã òàëàñà è îâå ôðåêâåí-
öèjå ñó jåäíàêå:(

ωC3v
0

)2

=
4π2

3h2

(
q2 + 3pq + 3p2

)
,(

ωC4v
0

)2

=
π2

a2

(
ξ2 + ψ2

)
, (19)

ãäå jå ξ = 2q èëè ξ = 2q + 1 è ψ = 2(p + q) èëè
ψ = 2(p+ q) + 1 ó çàâèñíîñòè îä ðåïðåçåíòàöèjå.

Ó ïðèñóñòâó ãóáèòàêà óñëåä îòïîðíîñòè ïðîâîäíèõ
ñëîjåâà è ïðîâîäíîñòè ìàòåðèjàëà îä êîjåã jå ïëî÷è-
öà èçðà¢åíà, ðåçîíàíòíå ôðåêâåíöèjå £å áèòè ñíèæåíå.
Ñàì ðåçîíàòîð £åìî àïðîêñèìèðàòè êîëîì ñà ñëèêå 1.

L R

C

G

Ñëèêà 1: Àïðîêñèìàòèâíî êîëî çà ìîäåëîâà»å ãóáèòàêà ó

ðåçîíàòîðó.

Àïðîêñèìàòèâíå âðåäíîñòè åëåìåíàòà êîëà ñó:

C =
S

d
, G = σC , R =

ρ

ω2
0S

, L =
d

ω2
0S

. (20)

Êàïàöèòåò C è ïðîâîäíîñò G çàâèñå èñê§ó÷èâî îä ãåî-
ìåòðèjå ðåçîíàòîðà è ñïåöèôè÷íå ïðîâîäíîñòè äèåëåê-
òðèêà σ îä êîã jå ïëî÷èöà ñàñòàâ§åíà è ðàñòó ñ ïîâå£à-
»åì ïîâðøèíå ðåçîíàòîðà S. Îòïîðíîñò R çàâèñè êàêî
îä ãåîìåòðèjå ðåçîíàòîðà è îòïîðíîñòè ïðîâîäíîã ñëîjà
ρ, òàêî è îä ïðîñòîðíå ðàñïîäåëå ñòðójà, îäíîñíî òàëà-
ñíå äóæèíå ìîäà çà îñöèëîâà»å. Èíäóêòèâíîñò L òàêî¢å
çàâèñè îä ãåîìåòðèjå ðåçîíàòîðà è òàëàñíå äóæèíå ìîäà
çà îñöèëîâà»å è ðàñòå ñ ïîâå£à»åì äåá§èíå äèåëåêòðè-
êà d. Àíàëèçîì êîëà ñå äîáèjà äà jå íîâà ðåçîíàíòíà
ôðåêâåíöèjà ñà óðà÷óíàòèì ãóáèöèìà:

ω =

√
ω2

0 −
1

2

(
σ2 +

ρ2

d2

)
. (21)

Ðåçîíàíòíà ôðåêâåíöèjà jå èìàãèíàðíè äåî ïîëà ïðîïà-
ãàòîðà ôóíêöèjà ñòà»à ó ñâîjñòâåíîì áàçèñó òàíãåíòíîã
ïðîñòîðà, ó îâîì ñëó÷àjó ïðîñòîðà òàíãåíòíîã íà âðåìå.

VI ÍÀÐÓØÅ�Å ÑÈÌÅÒÐÈJÅ ÐÅÇÎÍÀÒÎÐÀ

Äà áèñìî êîíòðîëèñàíî óêëîíèëè äåãåíåðàöèjó ôðå-
êâåíöèjå óíóòàð äâîäèìåíçèîíàëíèõ èðåäóöèáèëíèõ
ïîäïðîñòîðà äåôîðìèñà£åìî ðåçîíàòîð äóæ ïðàâöà ïîä
ïðîèçâî§íèì óãëîì φ ó ðàâíè ðåçîíàòîðà. Ïîñòîjå äâà
ãëàâíà ïðèñòóïà ðåøàâà»ó jåäíà÷èíà çà äåôîðìèñàíè
ðåçîíàòîð. Ïðâè jå äà ñå ïðîìåíå ãðàíè÷íè óñëîâè òàêî
äà îäãîâàðàjó äåôîðìèñàíîì ðåçîíàòîðó ó ñòàðèì êîîð-
äèíàòàìà, à äðóãè jå äà ñå ñòàðå êîîðäèíàòå ðåñêàëèðàjó
òàêî äà ñå ãðàíè÷íè óñëîâè äåôîðìèñàíîã ðåçîíàòîðà
ïîêëîïå ñà ãðàíè÷íèì óñëîâèìà èç áàçèñà, àëè äà ñå
åôåêòèâíî ïðîìåíè jåäíà÷èíà ñòà»à ðåçîíàòîðà. Îâàj
äðóãè ïðèñòóï jå ìíîãî jåäíîñòàâíèjè çà ðàä, áóäó£è äà
ñìî öåëó ïðîñöåäóðó êîíñòðóèñàëè òàêî äà ó »ó óãðà-
äèìî ãðàíè÷íå óñëîâå, à äîäàòíè ñàáèðöè ó jåäíà÷èíè
ñòà»à îñöèëàòîðà ñå ìîãó èíòåðïðåòèðàòè êàî ìàëå ïåð-
òóðáàöèjå ïî ïàðàìåòðó äåôîðìàöèjå. Ó òó ñâðõó £åìî
óâåñòè îïåðàòîð ðåñêàëèðà»à êîîðäèíàòà êàî:

∂′i = Dφ(ε)i
j∂j = (R(φ)D0(ε)R(−φ))i

j∂j

=

(
1 + ε cos2(φ) ε sin(φ) cos(φ)
ε sin(φ) cos(φ) 1 + ε sin2(φ)

)
i

j

∂j . (22)

Ïàðàìåòàð ε jå ïàðàìåòàð ðåñêàëèðà»à êîîðäèíàòà êîjè
åôåêòèâíî äåôîðìèøå ðåçîíàòîð. Íîâà jåäíà÷èíà ñòà-
»à ðåçîíàòîðà ñå ðàçëèêójå îä ñòàðå jåð ñàäà Ëàïëàñèjàí
ó ðàâíè ðåçîíàòîðà ïîñòàjå:

∂′i∂
′i = ∂i∂

i − ε(2 + ε) (cos(φ)∂x + sin(φ)∂y)
2
. (23)

Äîäàòíè ñàáèðàê ε(2 + ε) (cos(φ)∂x + sin(φ)∂y)
2
ðàçáèjà

äåãåíåðàöèjó óíóòàð èðåäóöèáèëíèõ ïîäïðîñòîðà, ïà ñå
ïðâå ïîïðàâêå ôðåêâåíöèjà ìîãó äîáèòè äèjàãîíàëèçà-
öèjîì »åãîâå ìàòðè÷íå ðåïðåçåíòàöèjå ó èðåäóöèáèë-
íîì ïîäïðîñòîðó. Àêî ñâîjñòâåíå âðåäíîñòè ïîïðàâêå
ó èðåäóöèáèëíîì ïîäïðîñòîðó îçíà÷èìî ñà ∆i

µ,tµ(ε, φ),
ãäå jå µ áðîjà÷ ðåïðåçåíòàöèjå, tµ áðîjà÷ ïîjàâ§èâà»à
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µ-òå ðåïðåçåíòàöèjå è i ïðåáðîjàâà ñâîjñòâåíå âðåäíîñòè
ïîïðàâêå óíóòàð (µ, tµ)-òîã èðåäóöèáèëíîã ïîäïðîñòî-
ðà, ôðåêâåíöèjå ìîäîâà ïîñòàjó

ω =

√
ω2

0 −∆i
µ,tµ(ε, φ)− 1

2

(
σ2 +

ρ2

d2

)
. (24)

Êàäà ïðîjåêòójåìî ðåçîíàòîð, äèìåíçèjå ïðèëàãî¢à-
âàìî òàêî äà ïðîïóñíè îïñåã îäãîâàðà ôðåêâåíöèjàìà
èç íàjíèæå äâîäèìåíçèîíàëíå èðåäóöèáèëíå ðåïðåçåí-
òàöèjå, à äà îñòàëå ôðåêâåíöèjå áóäó ïîòèñíóòå. Çáîã
òîãà £åìî ñå ôîêóñèðàòè ñàìî íà ïðâè äâîäèìåíçèîíàë-
íè èðåäóöèáèëíè ïîäïðîñòîð. Ó ñëó÷àjó òðîóãàîíîã ðå-
çîíàòîðà îâà ðåïðåçåíòàöèjà îäãîâàðà ïàðàëåëíîj êîì-
ïîíåíòè ñòðójå ó c áàçèñó E±,11 è ïîïðàâêà jå jåäíàêà:

∆0,1 =
ε(2 + ε)

h2

(
32π2+81 cos(2φ)

48 − 27
16 sin(2φ)

− 27
16 sin(2φ) 32π2−81 cos(2φ)

48

)
,

=⇒ ∆±0,1 =
ε(2 + ε)

h2

(
2π2

3
± 27

16

)
. (25)

Âèäèìî äà ïîïðàâêà îâäå íå çàâèñè îä óãëà ïîä êîjèì
ñå âðøè äåôîðìàöèjà.

Ó ñëó÷àjó êâàäðàòíîã ðåçîíàòîðà ñå ïîíîâî íàjíèæè
äåãåíåðèñàíè ñïåêòàð äîáèjà çà ïàðàëåëíó êîìïîíåíòó
ñòðójå ó c áàçèñó ðåïðåçåíòàöèjå E±1 . Çà êîìïîíåíòå ïî-
ïðàâêå äîáèjàìî:

∆0,1 =
ε(2 + ε)π2

a2

(
cos2(φ) 0

0 sin2(φ)

)
. (26)

Âèäèìî äà jå ïîïðàâêà äèjàãîíàëíà è äà ðàçáèjà äåãå-
íåðàöèjó ó ïðâîì ðåäó êàäà ñå äåôîðìàöèjà íå âðøè ïî
äèjàãîíàëè êâàäðàòà, à äà jå ðàçäâàjà»å ôðåêâåíöèjà
íàjèçðàæåíèjå êàäà ñå êâàäðàò èçäóæójå ó ïðàâîóãàî-
íèê.

Êðóæíè ðåçîíàòîð jå ñïåöèôè÷àí ïî òîìå øòî ñå
»åãîâà àíàëèçà ìîæå èçâðøèòè ïðåëàñêîì ó ïîëàðíå
êîîðäèíàòå ó êîjèìà ãðàíè÷íè óñëîâ íå çàâèñè îä óãëà.
�åãîâà ãðóïà ñèìåòðèjå jå ëèìåñ áåñêîíà÷íîã n, C∞v,
îäíîñíî ãðóïà öèêëè÷íèõ ðîòàöèjà ïðåëàçè ó ãðóïó êîí-
òèíóàëíèõ ðîòàöèjà C∞ → SO(2), ÷èjà jå óíèâåðçàë-
íî íàòêðèâàjó£à ãðóïà U(1). Òàáëèöà èðåäóöèáèëíèõ
ðåïðåçåíòàöèjà ãóáè ñðåä»ó âðñòó jåð An/2 è Bn/2 ðå-
ïðåçåíòàöèjå íèñó äåôèíèñàíå, âåêòîðè ó B0 ðåïðåçåí-
òàöèjè ñó jåäíàêè íóëè, òàêî äà îñòàjå ñàìî jåäíà jåä-
íîäèìåíçèîíàëíà èðåäóöèáèëíà ðåïðåçåíòàöèjà A0, äîê
ó ïîñëåä»îj âðñòè áðîjà÷ äâîäèìåíçèîíàëíèõ èðåäóöè-
áèëíèõ ðåïðåçåíòàöèjà m áðîjè äî áåñêîíà÷íîñòè, à ïà-
ðàìåòàð ϕ = 2π

n k ïîñòàjå êîíòèíóàëàí. Áàçèñíè âåêòîðè
ñó:

fA0

k (r, ϕ) = J0(kr) , f
E±
m

k (r, ϕ) = Jm(kr)e±imϕ . (27)

Êàî è äî ñàäà, ïîñòîjè s è c áàçèñ, òàêàâ äà jå ó s áàçèñó
âðåäíîñò Áåñåëîâå ôèíêöèjå íà ãðàíèöè jåäíàêà íóëè, à
ó c áàçèñó jå âðåäíîñò ïðâîã èçâîäà Áåñåëîâå ôóíêöèjå
íà ãðàíèöè jåäíàêà íóëè. Ôðåêâåíöèjà (k,m)-òîã ìîäà
èäåàëíîã ðåçîíàòîðà jå jåäíàêà ω0 = k.

Ñòðóêòóðà îïåðàòîðà ïîïðàâêå íàì óêàçójå äà jå ñïî-
ñîáàí äà óêëîíè äåãåíåðàöèjó ñàìî óíóòàð E±1 ðåïðåçåí-
òàöèjå, jåð ñàäðæè ñàìî ñàáèðêå e±2iϕ è e0iϕ. Ðàíèjå ó

ñëó÷àjó êâàäðàòà è òðîóãëà íèñìî ïðèìåòèëè îâó îñî-
áèíó, jåð ñå òàìî íèñó ïîjàâ§èâàëå äâîäèìåíçèîíàëíå
ðåïðåçåíòàöèjå ðåäà âå£åã îä 1. Ôðåêâåíöèjå ó îñòàëèì
äâîäèìåíçèîíàëíèì ðåïðåçåíòàöèjàìà îñòàjó äåãåíåðè-
ñàíå è áèâàjó ñàìî ïîìåðåíå êàî ïîñëåäèöà äåôîðìàöè-
jå. Íà èñòè íà÷èí ñå ïîìåðàjó è ôðåêâåíöèjå óíóòàð A0

ðåïðåçåíòàöèjå. Îâàj ïîìåðàj ôðåêâåíöèjå jå jåäíàê:

∆±k,m6=1 = ε(2 + ε)
k2

2
. (28)

Ó ñëó÷àjó ðåïðåçåíòàöèjå E±1 äåãåíåðàöèjà ñå óêëà»à è
ïîìåðàjè ôðåêâåíöèjå ñó jåäíàêè:

∆±k,1 = ε(2 + ε)
k2

2
(29)

±ε(2 + ε)

4

(
k2 +

J2
1 (kR)

R2 (J2
1 (kR)− J0(kR)J2(kR))

)
,

ãäå jå R ïîëóïðå÷íèê ðåçîíàòîðà. Íàjíèæå ôðåêâåíöèjå
ó ñïåêòðó è îâîã ïóòà ïðèïàäàjó äâîäèìåíçèîíàëíîj ðå-
ïðåçåíòàöèjè E1 ó c áàçèñó, ãäå jå kR ≈ 1.8412. Î÷åêèâà-
íî, çáîã SO(2) ñèìåòðèjå êðóãà, ïîïðàâêå ôðåêâåíöèjà
íå çàâèñå îä óãëà ïîä êîjèì ñå âðøè äåôîðìàöèjà.

Çà âèøå äåòà§à î ïðèìåíè ñèìåòðèjå è ìåõàíèçìèìà
è ïîñëåäèöàìà »åíîã íàðóøå»à ïîãëåäàòè [3].

VII ÇÀÊ�Ó×ÀÊ

Ìîäîâè ó c áàçèñó E1 ðåïðåçåíòàöèjå ñó óâåê èìàëè
íàjíèæó ôðåêâåíöèjó, òàêî äà ðåçîíàòîðó òðåáà îãðàíè-
÷èòè ïðîïóñíè îïñåã ñàìî ñà ãîð»å ñòðàíå. Îâäå ìîæå-
ìî äà èçâðøèìî ïîðå¢å»å ôðåêâåíöèjà äåñåòîã ìîäà çà
îñöèëîâà»å èäåàëíèõ ðåçîíàòîðà ñà ñâå òðè ãåîìåòðèjå
è ïîêàæåìî äà ñà ïîâå£à»åì ñèìåòðèjå (ïîðàñòîì n),
ñïåêòàð ðåçîíàíòíèõ ôðåêâåíöèjà ïîñòàjå ãóø£è, ïà jå
òàêî çà h = a = 2R = 1:

ω∆
10 ≈

√
250 , ω�

10 ≈
√

168 , ω◦10 ≈
√

114 . (30)

Òàêî¢å jå îäíîñ èçìå¢ó ôðåêâåíöèjà ó ïðâîì äåãåíåðè-
ñàíîì ñïåêòðó è ôðåêâåíöèjå ïðâå ñëåäå£å ìîäå ó ñïåê-
òðó îïàäàjó£è ñà ïîðàñòîì ñèìåòðèjå è èçíîñè

√
3 çà

òðîóãàíè,
√

2, çà êâàäðàòíè, è ïðèáëèæíî 1.31 çà êðó-
æíè ðåçîíàòîð. Îäàòëå ñëåäè äà jå òðîóãàîíà ãåîìå-
òðèjà íàjïîâî§íèjà çà êîíñòðóêöèjó ðåçîíàòîðà ñà äâå
áëèñêå ðåçîíàíòíå ó÷åñòàíîñòè, jåð òðîóãàîíè ðåçîíàòîð
èìà íàjðàçðå¢åíèjè ñïåêòàð.
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Ñèìåòðèjå ó âèøèì ãðàäèjåíòíèì òåîðèjàìà

Ñàæåòàê

Ó îâîì ðàäó jå èñïèòàíà ñèìåòðèjà è ìåõàíèçìè åêñïëèöèòíîã è ñïîíòàíîã íàðóøå-

»à ñèìåòðèjå êëàñè÷íå 3BF òåîðèjå ñà âåçàìà êîjà îïèñójå Ñòàíäàðäíè Ìîäåë ñïðåã-

íóò ñà Àjíøòàjí-Êàðòàíîâîì ãðàâèòàöèjîì. Çàòèì jå êîíñòðóèñàíà íåïåðòóðáàòèâíà âå-

çà èçìå¢ó êâàíòíå 3BF òåîðèjå è êâàíòíå òåîðèjå Àjíøòàjí-Êàðòàíîâå ãðàâèòàöèjå ñà

Ñòàíäàðäíèì Ìîäåëîì. Êîíà÷íî, äàòà jå äåôèíèöèjà êâàíòíå 3BF òåîðèjå ñà âåçàìà íà

òðèàíãóëàöèjè è ïðåëèìèíàðíî jå àíàëèçèðàí »åí ñåìèêëàñè÷àí ëèìåñ.

Ê§ó÷íå ðå÷è: êâàíòíà ãðàâèòàöèjà, Ñòàíäàðäíè Ìîäåë, 3BF òåîðèjà, âèøå ãðàäèjåíòíå
òåîðèjå, ñèìåòðèjà, Õèãñîâ ìåõàíèçàì

Íàó÷íà îáëàñò: Êâàíòíà ïî§à, ÷åñòèöå è ãðàâèòàöèjà

Óæà íàó÷íà îáëàñò: Êâàíòíà ãðàâèòàöèjà



Symmetries in Higher Gauge Theories

Abstract

In this work we study the symmetry and mechanisms of explicit and spontaneous symmetry

breaking of the classical constrained 3BF theory, which describes the Standard Model coupled

to Einstein-Cartan gravity. Then we construct a nonperturbative correspondence between

the quantum 3BF theory and the quantum theory of Einstein-Cartan gravity with Standard

Model. Finally, we provide a de�nition of the quantum constrained 3BF theory on a spacetime

triangulation and give a preliminary analysis of its semiclassical limit.

Keywords: quantum gravity, Standard Model, 3BF theory, higher gauge theories, symmetry,

Higgs mechanism

Field of Study: Quantum �elds, particles and gravity

Speci�c Field of Study: Quantum gravity



Ñèììåòðèè â âûñøèõ êàëèáðîâî÷íûõ òåîðèÿõ

Àííîòàöèÿ

Â äàííîé ðàáîòå èçó÷àþòñÿ ñèììåòðèÿ è ìåõàíèçìû ÿâíîãî è ñïîíòàííîãî íàðóøå-

íèé ñèììåòðèè êëàññè÷åñêîé îãðàíè÷åííîé 3BF òåîðèè, êîòîðàÿ îïèñûâàåò îáúåäèíåíèå

âçàèìîäåéñòâèé Ñòàíäàðòíîé Ìîäåëè ñ ãðàâèòàöèåé Ýéíøòåéíà-Êàðòàíà. Äàëåå ñòðî-

èòñÿ íåïåðòóðáàòèâíîå ñîîòâåòñòâèå ìåæäó êâàíòîâîé 3BF òåîðèåé è êâàíòîâîé òåîðè-

åé ãðàâèòàöèè Ýéíøòåéíà-Êàðòàíà ñ ïîëÿìè Ñòàíäàðòíîé Ìîäåëè. Íàêîíåö, ìû äà¼ì

îïðåäåëåíèå êâàíòîâîé îãðàíè÷åííîé 3BF òåîðèè â ðàìêàõ ïðîñòðàíñòâåííî-âðåìåííîé

òðèàíãóëÿöèè è ïðåäâàðèòåëüíûé àíàëèç å¼ ïîëóêëàññè÷åñêîãî ïðåäåëà.

Êëþ÷åâûå ñëîâà: êâàíòîâàÿ ãðàâèòàöèÿ, Ñòàíäàðòíàÿ Ìîäåëü, 3BF òåîðèÿ, âûñøèå êà-

ëèáðîâî÷íûå òåîðèè, ñèììåòðèÿ, ìåõàíèçì Õèããñà
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1 Óâîä

Ôîðìóëàöèjà òåîðèjå êâàíòíå ãðàâèòàöèjå ïðåäñòàâ§à jåäàí îä ãëàâíèõ îòâîðåíèõ ïðî-
áëåìà ó ñàâðåìåíîj ôóíäàìåíòàëíîj òåîðèjñêîj ôèçèöè. Òîêîì ãîäèíà jå ðàçâèjåíî âèøå ðà-
çëè÷èòèõ ïðèñòóïà ðåøàâà»ó îâîã ïðîáëåìà êàî øòî ñó Òåîðèjà Ñòðóíà (�Ò) [1, 2], Êâàíòíà
ãðàâèòàöèjà íà ïåò§àìà (LQG) [3, 4] è îñòàëè ïðèñòóïè. Ñâàêè îä »èõ èìà ñâîjå ïðåäíîñòè
è ìàíå. Êîíêðåòíî, ïðèñòóï êîâàðèjàíòíå êâàíòèçàöèjå òåîðèjå ãðàâèòàöèjå íà ïåò§àìà [5]
ñå çàñíèâà íà ïðåöèçíîj äåôèíèöèjè èíòåãðàëà ïî òðàjåêòîðèjàìà, ïîìî£ó êîã ñå äåôèíèøå
îñòàòàê êâàíòíå òåîðèjå. Jåäíà îä ãëàâíèõ ïðåäíîñòè îâîã ïðèñòóïà jå óïðàâî òà äà ñå îâà-
êâà ïðåöèçíà äåôèíèöèjà ìîæå ôîðìóëèñàòè êîðèø£å»åì ïðîöåäóðå êâàíòèçàöèjå ìîäåëà
ñïèíñêå ïåíå è äà ñå òîì ïðîöåäóðîì ìîæå óñïåøíî êâàíòîâàòè ãðàâèòàöèîíî ïî§å. Ñà äðó-
ãå ñòðàíå, ãëàâíà ìàíà îâîã ïðèñòóïà jå äà ñå êâàíòèçàöèjà ìîæå ñïðîâåñòè ñàìî çà ÷èñòî
ãðàâèòàöèîíî ïî§å áåç îñòàëèõ ïî§à êîjà ïîñòîjå ó ïðèðîäè [6, 7, 8].

Äðóãèì ðå÷èìà, èàêî jå jåäíîñòàâíî êâàíòîâàòè ãðàâèòàöèjó, íèjå î÷èãëåäíî íà êîjè íà÷èí
jå èñòîâðåìåíî ìîãó£å êâàíòîâàòè è ãðàâèòàöèjó è îñòàëó ìàòåðèjó.

Ïîñëåä»èõ ãîäèíà jå íàïðàâ§åí íàïðåäàê ïî ïèòà»ó ïðåâàçèëàæå»à îâîã ïðîáëåìà. Jåä-
íî îä îáå£àâàjó£èõ ïðåäëîãà ðåøå»à jå çàñíîâàíî íà âèøèì ãðàäèjåíòíèì òåîðèjàìà [9, 10],
êîjå ïðåäñòàâ§àjó óîïøòå»å ïîjìà ñèìåòðèjå êîðèø£å»åì âèøå òåîðèjå êàòåãîðèjà. Ïàæ»à
jå óñìåðåíà ïðâåíñòâåíî íà ñòðóêòóðå ïîä íàçèâîì n-ãðóïå, êîjå ñó îäðå¢åí îáëèê óîïøòå-
»à ïîjìà ãðóïå è êîðèñòå ñå çà îïèñ ãðàäèjåíòíå ñèìåòðèjå òåîðèjå óìåñòî ïîjìà ãðóïå
[11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24]. Êîíêðåòíî, èñïîñòàâ§à ñå äà ñòðóê-
òóðà 3−ãðóïå íàjáî§å îäãîâàðà àëãåáàðñêîì îïèñó ñâèõ ïî§à ó ïðèðîäè (ãðàâèòàöèîíîã,
Jàíã-Ìèëñîâîã, Äèðàêîâîã è ñêàëàðíîã) [25]. Ñà äðóãå ñòðàíå, ñòðóêòóðà 3−ãðóïå îìîãó£àâà
äèðåêòíî óîïøòå»å ïðîöåäóðå êâàíòèçàöèjå ó ìîäåëó ñïèíñêå ïåíå íà ñâà îñòàëà ïî§à ïî-
ðåä ãðàâèòàöèîíîã [26], øòî îìîãó£àâà êîíñòðóêöèjó êâàíòíå òåîðèjå ãðàâèòàöèjå è ìàòåðèjå
jåäèíñòâåíèì ìàòåìàòè÷êèì îïèñîì.

Jåäàí îä ãëàâíèõ åëåìåíàòà ó êîíñòðóêöèjè òåîðèjå jå äåjñòâî BF òåîðèjå è »åãîâî êàòåãî-
ðèjñêî óîïøòå»å çà nBF òåîðèjå. Ïðâå ðåçóëòàòå ôîðìóëèñà»à îïøòå òåîðèjå ðåëàòèâíîñòè
è äðóãèõ òåîðèjà ãðàâèòàöèjå çàñíîâàíèõ íà BF òåîðèjè jå äàî Ïëåáàíñêè ó ñâîì ðàäó [27], à
îñòàëå ïðèìåíå çà êîíñòðóêöèjó ðàçëè÷èòèõ ìîäåëà ñå ìîãó íà£è ó [28, 29, 30]. Ôîðìóëàöèjà
òåîðèjå ïîìî£ó 2-ãðóïå, íàçâàíà 2BF èëè BFCG ìîäåë, jå ïî ïðâè ïóò óâåäåíà ó [31, 32] è
äà§å ïðîó÷àâàíà ó [33, 34, 35, 36, 37, 38], à êëàñè÷íå 3BF è 4BF òåîðèjå ñó ôîðìóëèñàíå ó
[25] è [39], ðåäîì. Íà êâàíòíîì íèâîó, nBF òåîðèjå äàjó êëàñó òîïîëîøêèõ òåîðèjà ïî§à ïðâè
ïóò óâåäåíèõ ó ðàäó Ïîðòåðà [40], êàñíèjå ó [26, 41].

Äîáèjåí jå çíà÷àjàí áðîj êîíêðåòíèõ ðåçóëòàòà ó îêâèðó ïðîãðàìà èñòðàæèâà»à âèøèõ
ãðàäèjåíòíèõ òåîðèjà çàñíîâàíèõ íà ñòðóêòóðè 3-ãðóïå. Ïðâî jå ôîðìóëèñàí ïîñòóïàê êîí-
ñòðóêöèjå êëàñè÷íîã äåjñòâà êîjè îïèñójå öåî Ñòàíäàðäíè Ìîäåë (SM) ïðèðîäíî ñïðåãíóò
ñà Àjíøòàjí-Êàðòàíîâîì ãðàâèòàöèjîì, ó ôîðìè êîjà jå êîìïàòèáèëíà ñà ïðîöåäóðîì êâàí-
òèçàöèjå ìîäåëà ñïèíñêå ïåíå [25]. Îâàj ïîñòóïàê äîâîäè äî ðåôîðìóëàöèjå êëàñè÷íå òåî-
ðèjå ó òåîðèjó îïèñàíó 3BF äåjñòâîì ñà âåçåìà. Îâî äåjñòâî ñå ñàñòîjè èç äâà ãëàâíà äå-
ëà, òîïîëîøêîã 3BF äåjñòâà, îäðå¢åíîã ñòðóêòóðîì 3-ãðóïå è äåëà ñà âåçàìà êîjå äåôîð-
ìèøó òîïîëîøêó ó íåòîïîëîøêó òåîðèjó, äàjó£è jîj ïðîïàãèðàjó£å ñòåïåíå ñëîáîäå. Äîñòà
èñòðàæèâà»à jå âå£ óðà¢åíî íà jåäíîñòàâíèjèì ìîäåëèìà çàñíîâàíèì íà BF è 2BF òåîðèjàìà
[28, 29, 31, 32, 33, 34, 35, 36, 37, 38], à ïîñòîjè è ìîäåë çàñíîâàí íà 4BF òåîðèjè [39].

Äà§å, ïðîöåäóðà êâàíòèçàöèjå òîïîëîøêîã äåëà jå óñïåøíî ôîðìóëèñàíà ó îáëèêó èíòå-
ãðàëà ïî êîíôèãóðàöèjàìà ïî§à, êîjà îäãîâàðà òîïîëîøêîj êâàíòíîj òåîðèjè ïî§à (TQFT)
çàñíîâàíîj íà äàòîj 3-ãðóïè [26]. Îñèì òîãà, äåòà§íî ñó èñïèòàíå ñèìåòðèjå òîïîëîøêå 3BF
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òåîðèjå [43, 44], øòî jå äîâåëî äî áî§åã ðàçóìåâà»à ðàçëè÷èòèõ îñîáèíà ìîäåëà. Íåêè îä
çíà÷àjíèõ ìàòåìàòè÷êèõ ðåçóëòàòà ñå òàêî¢å ìîãó íà£è ó [17, 45, 46].

Ó íàñòàâêó ðàäà £å ó ãëàâè 2 áèòè äàò äåòà§íèjè ïðåãëåä ïîñòîjå£èõ ðåçóëòàòà îä çíà-
÷àjà çà äà§è ðàä, äåôèíèöèjå ïîjìîâà, íîòàöèjà è êîíâåíöèjå. Ó ãëàâè 3 £å áèòè èçëîæåíà
àíàëèçà ñèìåòðèjå è ìåõàíèçàìà »åíîã íàðóøå»à ó òåîðèjè çàñíîâàíîj íà 3BF ìîäåëó ñà âå-
çàìà. Ðåçóëòàò îâå àíàëèçå jå ïîòâðäà åêâèâàëåíöèjå èçìå¢ó ñòàíäàðäíå êëàñè÷íå Àjíøòàjí-
Êàðòàíîâå òåîðèjå ãðàâèòàöjå è Ñòàíäàðäíîã Ìîäåëà ñà jåäíå ñòðàíå è êëàñè÷íå òåîðèjå çà-
ñíîâàíå íà 3BF ìîäåëó ñà âåçàìà ñà äðóãå, ó ïîãëåäó ñèìåòðèjå äåjñòâà è Õèãñîâîã ìåõàíèçìà
ñïîíòàíîã íàðóøå»à ñèìåòðèjå äåëà êîjè îäãîâàðà åëåêòðîñëàáîj èíòåðàêöèjè [47]. Ó ãëàâè
4 jå ðàçìàòðàíà âåçà èçìå¢ó êâàíòíèõ òåîðèjà êîjå ñå äîáèjàjó êîíçèñòåíòíîì êâàíòèçàöè-
jîì Àjíøòàjí-Êàðòàíîâå òåîðèjå ãðàâèòàöèjå è Ñòàíäàðäíîã Ìîäåëà ñ jåäíå è 3BF òåîðèjå ñà
âåçàìà ñà äðóãå ñòðàíå [48], äîê jå ó ãëàâè 5 äàòà äåôèíèöèjà êâàíòíå 3BF òåîðèjå ñà âåçàìà.

2



2 Ïðåãëåä äîñàäàø»èõ ðåçóëòàòà, äåôèíèöèjå, íîòàöèjà

è êîíâåíöèjå

Ó îâîj ãëàâè jå èçëîæåí ïðåãëåä ÷åòèðè êëàñè÷íå òåîðèjå êîjå ñó ðåëåâàíòíå çà äà§ó
àíàëèçó. Ó ïðâîì ïîãëàâ§ó jå óâåäåíî òîïîëîøêî 3BF äåjñòâî çàñíîâàíî íà ñòðóêòóðè 3-
ãðóïå. Ó ñëåäå£åì ïîãëàâ§ó jå äàò ìåòîä çà êîíñòðóêöèjó ðåàëèñòè÷íå íåòîïîëîøêå òåîðèjå
äîäàâà»åì âåçà. Ó òðå£åì ïîãëàâ§ó jå äàò ïðåãëåä ñòàíäàðäíîã Àjíøòàjí-Êàðòàíîâîã äåjñòâà
ñïðåãíóòîã ñà Ñòàíäàðäíèì Ìîäåëîì íà óîáè÷àjåí íà÷èí, à ïîòîì è ó ñëó÷àjó ïîñòîjà»à
ñàáèðêà ñà ñïèí-ñïèí êîíòàêòíîì èíòåðàêöèjîì, íàçâàíîì Àjíøòàjí-Êàðòàíîâà êîíòàêòíà
òåîðèjà. Ó ÷åòâðòîì ïîãëàâ§ó jå äàò ïðåãëåä óêóïíå ñèìåòðèjå òîïîëîøêîã 3BF äåjñòâà, à
ó ïåòîì êðàòêà ôîðìóëàöèjà òîïîëîøêå 3BF êâàíòíå òåîðèjå ïî§à. Ðåçóëòàòè ó îâîj ãëàâè
ïðîèñòè÷ó èç ðàäîâà Ò. Ðàäåíêîâè£ è Ì. Âîjèíîâè£ [25, 26, 43, 44].

Íîòàöèjà è êîíâåíöèjà ñó ñëåäå£å. Ïðîñòîðâðåìåíñêè èíäåêñè ñó îçíà÷åíè ñëîâèìà èç
ñðåäèíå Ãð÷êîã àëôàáåòà µ, ν, . . . , è ïîäèæó ñå è ñïóøòàjó ïðîñòîðâðåìåíñêîì ìåòðèêîì gµν ,
êàäà jå äåôèíèñàíà. Ëîðåíöîâà ìåòðèêà jå îçíà÷åíà ñà ηab = diag(−1,+1,+1,+1). Èíäåêñè
êîjè ïðåáðîjàâàjó ãåíåðàòîðå Ëèjåâèõ ãðóïà G, H, è L ñó îçíà÷åíè ïî÷åòíèì ñëîâèìà Ãð÷êîã
àëôàáåòà α, β, . . . , ìàëèì ëàòèíè÷íèì ñëîâèìà ñà ïî÷åòêà àáåöåäå a, b, c, . . . , è âåëèêèì ëà-
òèíè÷íèì ñëîâèìà ñà ïî÷åòêà àáåöåäå A,B,C, . . . , ðåäîì. Ñàìè ãåíåðàòîðè ñó îçíà÷åíè êàî
τα, ta è TA, ðåäîì. Êîðèø£åí jå ïðèðîäíè ñèñòåì jåäèíèöà, äåôèíèñàí ñà c = ℏ = 1 è G = l2p,
ãäå jå lp Ïëàíêîâà äóæèíà.

Èíäåêñè êîjè îäãîâàðàjó Ëîðåíöîâîj ãðóïè ñó ïàðîâè èíäåêñà ab è âåëè÷èíå êîjå çàâèñå îä
»èõ ñó àíòèñèìåòðè÷íå íà çàìåíó »èõîâèõ ìåñòà. Òî çíà÷è äà ñó ñâå íåçàâèñíå êîìïîíåíòå
îâèõ âåëè÷èíà ïðåìà Àjíøòàjíîâîj ñóìàöèîíîj êîíâåíöèjè ïðåáðîjàíå äâà ïóòà. Çáîã òîãà jå
ðåçóëòàò ñóìå ïîòðåáíî ïîäåëèòè ñà äâà. Àëòåðíàòèâíî, ó öè§ó èçáåãàâà»à îâîã ïðîáëåìà,
ìîæå ñå óâåñòè íîòàöèjà [ab] êîjà ðåïðåçåíòójå ïàð èíäåêñà êàî jåäàí èíäåêñ çà êîjè jå óâåê
ïðåòïîñòàâ§åíî äà âàæè a > b. Ñóìàöèjà ïî îâàêâèì èíäåêñèìà ïðåáðîjàâà ñâàêó íåçàâè-
ñíó êîìïîíåíòó òà÷íî jåäíîì, ïà ñóìó íèjå ïîòðåáíî ïîäåëèòè ñà äâà. Íà ïðèìåð, çà äàòó
âåëè÷èíó Kab, äîáèjà ñå

K [ab]σ[ab] =
1

2
Kabσab . (1)

Ó îâîì ðàäó £å ïðàâîóãàîíå çàãðàäå ìå¢ó èíäåêñèìà áèòè êîðèø£åíå èñê§ó÷èâî çà îçíà÷à-
âà»å ïàðà Ëîðåíöîâèõ èíäåêñà, óìåñòî óîáè÷àjåíå ïðèìåíå çà àíòèñèìåòðèçàöèjó èíäåêñà.

2.1 Òîïîëîøêî 3BF äåjñòâî

Ó öè§ó êîíñòðóèñà»à òîïîëîøêîã 3BF äåjñòâà, ïîòðåáíî jå êðåíóòè îä ïîjìà ñòðèêòíå
Ëèjåâå 3-ãðóïå, êîjà jå óîïøòå»å ïîjìà Ëèjåâå ãðóïå ïðîèñòåêëî èç âèøå òåîðèjå êàòåãîðèjà.
Îâà ñòðóêòóðà jå åêâèâàëåíòíà ñòðóêòóðè Ëèjåâîã 2-óêðøòåíîã ìîäóëà. Ëèjåâ 2-óêðøòåíè
ìîäóë jå óðå¢åíà òðîjêà òðè Ëèjåâå ãðóïå, G, H è L, çàjåäíî ñà äâà õîìîìîðôèçìà èçìå¢ó
»èõ,

∂ : H → G , δ : L→ H , (2)

äåjñòâà ãðóïå G íà ñâå òðè ãðóïå,

▷ : G×X → X , X = G,H,L , (3)

è ïðåñëèêàâà»à Ïàjôåðîâîã ïîäèçà»à,

{_ ,_ }pf : H ×H → L . (4)
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Ñâà òðè ïðåñëèêàâà»à ñó îáóõâà£åíà îäðå¢åíèì ñêóïîì àêñèîìà è çàjåäíî ÷èíå ñòðóêòóðó
çâàíó Ëèjåâ 2-óêðøòåíè ìîäóë, êîjè ñå îçíà÷àâà êàî

( L
δ→ H

∂→ G , ▷ , {_ ,_ }pf ) . (5)

Îâà ñòðóêòóðà ïðåäñòàâ§à ïîjàì 3-ãðóïå íà íàjóîáè÷àjåíèjè íà÷èí. Äà§å ìàòåìàòè÷êå àêñè-
îìå è äåôèíèöèjå ñå ìîãó íà£è ó ðåôåðåíöàìà [9, 17, 25, 26, 41, 44, 45, 46, 49].

Äàòà ìàòåìàòè÷êà ñòðóêòóðà 3-ãðóïå íàìå£å ïðèðîäàí èçáîð äåjñòâà çâàíî 3BF äåjñòâî.
Îâî äåjñòâî jå ÷èñòî òîïîëîøêî, äåôèíèñàíî ñà:

Stop
3BF =

∫
M4

⟨B ∧ F⟩g + ⟨C ∧ G⟩h + ⟨D ∧H⟩l. (6)

Ëàãðàíæåâè ìíîæèòå§è B, C è D ñó äâà-, jåäàí- è íóëà-ôîðìå è èñòîâðåìåíî åëåìåíòè
Ëèjåâèõ àëãåáðè g, h è l, êîjå îäãîâàðàjó Ëèjåâèì ãðóïàìà G, H è L, ðåäîì. Jà÷èíå ïî§à F ,
G è H ñó äåôèíèñàíå êàî

F = dα+ α ∧ α− ∂β , G = dβ + α ∧▷ β − δγ , H = dγ + α ∧▷ γ + {β ∧ β}pf , (7)

è íàçèâàjó ñå ëàæíèì êðèâèíàìà çà êîíåêñèjå jåäàí-ôîðìå α, äâà-ôîðìå β è òðè-ôîðìå γ,
êîjå ñó òàêî¢å åëåìåíòè àëãåáðà g, h è l, ðåäîì. Áèëèíåàðíå ôîðìå ⟨_ ,_⟩g, ⟨_ ,_⟩h è ⟨_ ,_⟩l
òðåáà äà áóäó ñèìåòðè÷íà, íåäåãåíåðèñàíà è G-èíâàðèjàíòíà ïðåñëèêàâà»à ïàðà åëåìåíàòà
àëãåáðå ó ñêóï ðåàëíèõ áðîjåâà. Íà îñíîâó ñòðóêòóðå 3-ãðóïå, ìîæå ñå jîø óâåñòè è ïîjàì
êîâàðèjàíòíîã èçâîäà äåôèíèñàíîã êàî

∇ = d + α∧▷ (8)

ó ñìèñëó äà êàäà ∇ äåëójå íà, íà ïðèìåð, êîìïîíåíòå ϕA åëåìåíòà ϕ ∈ l, äåjñòâî ▷ ïðåäñòàâ§à
äåjñòâî åëåìåíòà Ëèjåâå àëãåáðå g íà åëåìåíò Ëèjåâå àëãåáðå l, íà íà÷èí:

∇ϕA = dϕA + ▷αB
A αα ∧ ϕB , (9)

è ñëè÷íî çà åëåìåíòå àëãåáðè g è h. Êîðèø£å»åì îâå íîòàöèjå ñå ëàæíå êðèâèíå (7) ìîãó
ïðåïèñàòè ó ôóíêöèjè îä îáè÷íèõ êðèâèíà:

F = ∇2 − ∂β , G = ∇β − δγ , H = ∇γ + {β ∧ β}pf . (10)

Äåjñòâî ñâèõ ïðåñëèêàâà»à ▷, ∂, δ è {_ ,_}pf , êàî è áèëèíåàðíèõ ôîðìè íà áàçèñ ãåíåðàòîðà
Ëèjåâèõ ãðóïà jå:

τα ▷ τβ = ▷αβ
γτγ = fαβ

γτγ , τα ▷ ta = ▷αa
btb , τα ▷ TA = ▷αA

BTB ,

∂ta = ∂a
ατα , δTA = δA

ata , {ta , tb} = Xab
ATA , (11)

⟨τα , τβ⟩g = gαβ , ⟨ta , tb⟩h = gab , ⟨TA , TB⟩l = gAB .

Ïîøòî ñó áèëèíåàðíå ôîðìå íåäåãåíåðèñàíå, ïîñòîjå »èõîâè èíâåðçè è êîìïîíåíòå òèõ èí-
âåðçà ñó îçíà÷åíå ñà gαβ, gab è gAB. Òàêî¢å ñå êîðèñòå çà ïîäèçà»å è ñïóøòà»å ãðóïíèõ
èíäåêñà.

Äà áè ñå ïîìî£ó îâå ñòðóêòóðå êîíñòðóèñàëî äåjñòâî êîjå îäãîâàðà Ñòàíäàðäíîì Ìîäåëó è
Àjíøòàjí-Êàðòàíîâîj ãðàâèòàöèjè, ïîòðåáíî jå èçàáðàòè îäãîâàðàjó£ó 3-ãðóïó, çâàíó 3-ãðóïà
Ñòàíäàðäíîã Ìîäåëà [25, 47, 50]. Òðè Ëèjåâå ãðóïå G, H è L ñå áèðàjó äà áóäó:

G = SO(3, 1)× SU(3)× SU(2)× U(1) , H = R4 , L = C4 ×G64 ×G64 ×G64 . (12)
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Ôèçè÷êà èíòåðïðåòàöèjà îâîã èçáîðà jå ñëåäå£à. Ãðóïà G ïðåäñòàâ§à óîáè÷àjåíó ãðóïó ãðà-
äèjåíòíèõ ñèìåòðèjà Ñòàíäàðäíîã Ìîäåëà, çàjåäíî ñà ãðóïîì ëîêàëíå Ëîðåíöîâå ñèìåòðèjå.
Ãðóïà H ïðåäñòàâ§à ïðîñòîðâðåìåíñêå òðàíñëàöèjå, äîê ãðóïà L îäãîâàðà ïî§èìà ìàòåðèjå.
Êîíêðåòíî, C4 îäãîâàðà Õèãñîâîì ñåêòîðó, äîê òðè Ãðàñìàíîâå ãðóïå G64 îäãîâàðàjó òðèìà
ôàìèëèjàìà ôåðìèîíà.

Äà áè 3-ãðóïà Ñòàíäàðäíîã Ìîäåëà áèëà ó ïîòïóíîñòè äåôèíèñàíà, ïîòðåáíî jå îäàáðàòè
è ñâà ïðàòå£à ïðåñëèêàâà»à. Õîìîìîðôèçìè ∂ è δ ñå áèðàjó òàêî äà áóäó òðèâèjàëíè, êàî
è Ïàjôåðîâî ïîäèçà»å {_ ,_ }pf . Äåjñòâî ▷, jå äåôèíèñàíî íà ñëåäå£è íà÷èí. Ãðóïà G ñå
ìîæå ïðèðîäíî ïîäåëèòè íà Ëîðåíöîâ äåî SO(3, 1) (ãåíåðàòîðè ñó ïðåáðîjàíè êîðèø£å»åì
ïàðà èíäåêñà [ab]) è óíóòðàø»å ãðàäèjåíòíå ñèìåòðèjå SU(3)× SU(2)× U(1) (ãåíåðàòîðè ñó
ïðåáðîjàíè èíäåêñèìà α, β, . . . ). Äåjñòâî ãðóïå G íà ñàìó ñåáå jå îíäà äàòî èçáîðîì äåjñòâà
Ëîðåíöîâîã äåëà íà ñàìîã ñåáå è äåî óíóòðàø»èõ ñèìåòðèjà, êàî

▷[ab][cd]
[ef ] ≡ f[ab][cd]

[ef ] =
1

2

(
η[a|cδ

[f |
|b] δ
|e]
d − η[a|dδ

[f |
|b] δ
|e]
c

)
, ▷[ab]β

γ = 0 , (13)

äîê jå äåjñòâî óíóòðàø»å ãðóïå ñèìåòðèjå íà ñàìó ñåáå è Ëîðåíöîâ äåî äàòî ñà

▷αβ
γ = fαβ

γ , ▷α[ab]
[cd] = 0 . (14)

Äà§å, äåjñòâî ãðóïå G íà ãðóïó H jå äåôèíèñàíî ïðèðîäíî, ïðåòïîñòàâ§àjó£è äà jå ãðóïà H
èíòåðïðåòèðàíà êàî ãðóïà ÷åòâîðîäèìåíçèîíàëíèõ òðàíñëàöèjà. Òàäà Ëîðåíöîâ äåî ãðóïå G
äåëójå íà ñòàíäàðäàí íà÷èí íà òðàíñëàöèjå, äîê óíóòðàø»è äåî ãðóïå G äåëójå òðèâèjàëíî:

▷[cd]a
b =

1

2
ηa[d|δ

b
|c] , ▷αa

b = 0 . (15)

Êîíà÷íî, äåjñòâî öåëå ãðóïå G íà L jå òàêî¢å äàòî íà ïðèðîäàí íà÷èí, ó ñêëàäó ñà òðàíñôîð-
ìàöèîíèì îñîáèíàìà ðàçëè÷èòèõ ôåðìèîíà è Õèãñîâîã ïî§à. Íà ïðèìåð, äåjñòâî ãðóïå G íà
ëåïòîí ëåâîã èçîñïèíà jå:

▷[cd]A
B = (σcd)A

B , ▷αA
B =

1

2
(σα)A

B . (16)

Ìàòðèöå (σα)A
B ñó Ïàóëèjåâå ìàòðèöå è (σab)A

B = 1
4
[γa, γb]A

B, ãäå ñó γa ñòàíäàðäíå Äèðàêîâå
ìàòðèöå êîjå çàäîâî§àâàjó àíòèêîìóòàöèîíó ðåëàöèjó γaγb + γbγa = −2ηab. Ñòàíäàðäíî ñå
ìîæå óâåñòè è ìàòðèöà γ5 ≡ −γ0γ1γ2γ3. Íà ñëè÷àí íà÷èí ñå ìîæå äåôèíèñàòè è äåjñòâî ãðóïå
G íà ñâå îñòàëå ôåðìèîíå è ñêàëàðíà ïî§à ó ãðóïè L, çàâèñíî îä »èõîâèõ òðàíñôîðìàöèîíèõ
îñîáèíà [25].

Äîäàòíî, ïîðåä ïðåöèçèðà»à 3-ãðóïå Ñòàíäàðäíîã Ìîäåëà, äåjñòâî (6) òàêî¢å çàâèñè îä
èçáîðà áèëèíåàðíèõ ôîðìè. Ó ñëó÷àjó íå-Àáåëîâå ãðóïå jå ïðèðîäàí èçáîð îâå ôîðìå Êàðòàí-
Êèëèíãîâà ôîðìà (Êàðòàíîâ òåíçîð), äîê ó ñëó÷àjó Àáåëîâèõ ãðóïà íå ïîñòîjè ïðèðîäàí
èçáîð, àëè jå îí îãðàíè÷åí çàõòåâîì äà áèëèíåàðíà ôîðìà ìîðà äà áóäå G-èíâàðèjàíòíà
è íåäåãåíåðèñàíà. Óçèìàjó£è îâî ó îáçèð, çà 3-ãðóïó Ñòàíäàðäíîã Ìîäåëà è äåjñòâî (6) ñå
áèðàjó ñëåäå£å áèëèíåàðíå ôîðìå. Çà àëãåáðó g:

g[ab][cd] =
1

2
ηd[a|η|b]c , gαβ = δαβ , gα[ab] = 0 . (17)

Çà àëãåáðó h, çáîã G-èíâàðèjàíòíîñòè

gab = ηab . (18)
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Êîíà÷íî, ó ñëó÷àjó àëãåáðå l jå ñèòóàöèjà êîìïëèêîâàíèjà jåð Ãðàñìàíîâè áðîjåâè àíòèêîìó-
òèðàjó. Êîíêðåòíî, çà áèëî êîjè èçáîð A,B ∈ l, âàæè:

⟨A,B⟩l = AIBJgIJ , ⟨B,A⟩l = BJAIgJI . (19)

Ïîøòî áèëèíåàðíå ôîðìå ìîðàjó äà áóäó ñèìåòðè÷íå, äâà èçðàçà ìîðàjó äà áóäó jåäíàêà.
Ìå¢óòèì, ó çàâèñíîñòè äà ëè ñó êîåôèöèjåíòè AI è BJ Ãðàñìàíîâè áðîjåâè èëè îáè÷íè ðåàëíè
áðîjåâè, îíè £å èëè àíòèêîìóòèðàòè èëè êîìóòèðàòè, øòî çà ïîñëåäèöó èìà äà jå ìàòðèöà
êîìïîíåíàòà áèëèíåàðíå ôîðìå gIJ àíòèñèìåòðè÷íà èëè ñèìåòðè÷íà, ðåäîì. Çáîã òîãà ñå
ãåíåðàòîðè TA àëãåáðå l ìîãó ãðóïèñàòè ó òðè êëàñå: TÃ êîjà ïðèïàäà Õèãñîâîì ñåêòîðó, è

ïàðó TÂ, T
Â êîjè ïðèïàäà ôåðìèîíñêîì ñåêòîðó. Îíäà ñå êîìïîíåíòå áèëèíåàðíå ôîðìå ìîãó

çàïèñàòè êàî

gAB =

 δÃB̃ 0 0

0 0 δB̂
Â

0 −δB̂
Â

0

 . (20)

Ãîð»è ëåâè áëîê îäãîâàðà àëãåáðè C4, äîê äî»è äåñíè áëîê îäãîâàðà àëãåáðè G64×G64×G64.
Íàêîí çàäàâà»à 3-ãðóïå çà Ñòàíäàðäíè Ìîäåë, äåjñòâî çà îäãîâàðàjó£ó òîïîëîøêó 3BF

òåîðèjó (6) ñå ìîæå çàïèñàòè ó ñëåäå£åì îáëèêó:

Stop
3BF =

∫
Bα ∧ Fα +B[ab] ∧R[ab] + ea ∧∇βa + ϕA(∇γ̃)A + ψ̄A(

→
∇γ)A − (γ̄

←
∇)AψA , (21)

ãäå jå óâåäåíà íîâà íîòàöèjà. Ïðâî, F jå ïîäå§åí íà jà÷èíó ïî§à êîjà îäãîâàðà ãðóïè óíó-
òðàø»å ñèìåòðèjå Fα (êîjà jå ôóíêöèjà óíóòðàø»å êîíåêñèjå αα) è äâà-ôîðìó Ðèìàíîâå
êðèâèíå R[ab] (êîjà jå ôóíêöèjà ñïèíñêå êîíåêñèjå ω

[ab]). Ëàãðàíæåâ ìíîæèòå§ C jå çàìå»åí
jåäàí-ôîðìîì ïî§à òåòðàäå ea, à Ëàãðàíæåâ ìíîæèòå§ D jå çàìå»åí êîìïîíåíòàìà Õèãñîâîã
ïî§à è ïî§à ôåðìèîíà (ϕA, ψA, ψ̄A). Îâà çàìåíà íîòàöèjå ïðåäñòàâ§à ôèçè÷êó èíòåðïðåòà-
öèjó ïî§à ó äåjñòâó (6).

2.2 3BF äåjñòâî ñà âåçàìà

Èàêî äåjñòâî (21) èìà îäãîâàðàjó£ó ñèìåòðèjó îïèñàíó 3-ãðóïîì Ñòàíäàðäíîã Ìîäåëà è
ñàäðæè ñâà ãðàäèjåíòíà, ãðàâèòàöèîíî è ïî§à ìàòåðèjå, jåäíà÷èíå êðåòà»à êîjå ñå äîáèjàjó âà-
ðèjàöèjîì ïî ïî§èìà íå îäãîâàðàjó êëàñè÷íèì jåäíà÷èíàìà êðåòà»à îâèõ ïî§à. Çàïðàâî, îâî
äåjñòâî jå ïðèìåð òîïîëîøêîã 3BF äåjñòâà, è êàî òàêâî äàjå òðèâèjàëíå jåäíà÷èíå êðåòà»à,
áåç ïðîïàãèðàjó£èõ ñòåïåíè ñëîáîäå. Ó öè§ó êîðèãîâà»à òåîðèjå ñå äîäàjó ñàáèðöè ó äåjñòâó
êîjè ïðåäñòàâ§àjó âåçå çâàíå ñèìïëèöèjàëíå âåçå. Ïàæ§èâèì èçáîðîì îâèõ âåçà êîjå ñå äîäà-
jó ó äåjñòâî, ìîãó£å jå êîíñòðóèñàòè íåòîïîëîøêî äåjñòâî êîjå äàjå jåäíà÷èíå êðåòà»à çà ïî§à
ñàãëàñíå jåäíà÷èíàìà êðåòà»à ó Ñòàíäàðäíîì Ìîäåëó ñïðåãíóòèì ñà Àjíøòàjí-Êàðòàíîâîì
ãðàâèòàöèjîì. Òàêâî äåjñòâî ñå ÷åñòî íàçèâà 3BF äåjñòâî ñà âåçàìà, è èìà ñëåäå£è îáëèê:

S3BF = Stop
3BF + Sgrav + Sscal + SDirac + SYang-Mills + SHiggs + SYukawa + Sspin + SCC . (22)
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�åãîâè ïîjåäèíà÷íè äåëîâè ñó:

Stop
3BF =

∫
Bα ∧ Fα +B[ab] ∧R[ab] + ea ∧∇βa + ϕA(∇γ̃)A + ψ̄A(

→
∇γ)A − (γ̄

←
∇)AψA ,(23)

Sgrav = −
∫
λ[ab] ∧

(
B[ab] − 1

8πl2p
ε[ab]cdec ∧ ed

)
, (24)

Sscal =

∫
λ̃A ∧

(
γ̃A −HabcAe

a ∧ eb ∧ ec
)

+ ΛabA ∧
(
HabcAε

cdefed ∧ ee ∧ ef − (∇ϕ)A ∧ ea ∧ eb
)
, (25)

SDirac =

∫
λ̄A ∧

(
γA +

i

6
εabcde

a ∧ eb ∧ ec
(
γdψ

)A)
− λA ∧

(
γ̄A −

i

6
εabcde

a ∧ eb ∧ ec
(
ψ̄γd

)
A

)
, (26)

SYang-Mills =

∫
λα ∧

(
Bα − 12CαβM

β
abe

a ∧ eb
)

+ ζα
ab
(
Mα

abεcdefe
c ∧ ed ∧ ee ∧ ef − Fα ∧ ea ∧ eb

)
, (27)

SHiggs = −
∫

2

4!
χ
(
ϕAϕA − v2

)2
εabcde

a ∧ eb ∧ ec ∧ ed , (28)

SYukawa = −
∫

2

4!
YABCψ̄

AψBϕCεabcde
a ∧ eb ∧ ec ∧ ed , (29)

Sspin =

∫
2πil2pψ̄Aγ5γ

aψAεabcde
b ∧ ec ∧ βd , (30)

SCC = −
∫

1

96πl2p
Λεabcde

a ∧ eb ∧ ec ∧ ed . (31)

Äîê áè çàïèñèâà»å öåëîã äåjñòâà ó jåäíîì èçðàçó áèëî êîìïëèêîâàíî è íå÷èòêî, îâàêî èçäå-
§åíîì ñå ìîæå ïðîòóìà÷èòè çíà÷å»å è ñâðõà ñâàêîã ñàáèðêà:

� òîïîëîøêè 3BF ñàáèðàê (23) jå èäåíòè÷àí jåäíà÷èíè (21), êîjà íàáðàjà ñâà ïî§à ïðè-
ñóòíà ó òåîðèjè (îíàêî êàêî íàìå£å ñòðóêòóðà 3-ãðóïå Ñòàíäàðäíîã Ìîäåëà),

� âåçà çà ãðàâèòàöèîíî ïî§å (24) jå çàäóæåíà çà ñòâàðà»å ãðàâèòàöèîíèõ ñòåïåíè ñëîáîäå,

� âåçà çà ñêàëàðíà ïî§à (25) jå çàäóæåíà çà ñòâàðà»å ñòåïåíè ñëîáîäå áåçìàñåíèõ ñêà-
ëàðíèõ ïî§à,

� âåçà çà Äèðàêîâà ïî§à (26) jå çàäóæåíà çà ñòâàðà»å ñòåïåíè ñëîáîäå Äèðàêîâèõ ïî§à,

� âåçà çà Jàíã-Ìèëñîâà ïî§à (27) jå çàäóæåíà çà ñòâàðà»å ñòåïåíè ñëîáîäå ãðàäèjåíòíèõ
ïî§à,

� âåçà çà Õèãñîâ ïîòåíöèjàë (28) îïèñójå ñàìîèíòåðàêöèjå è ìàñó Õèãñîâèõ ïî§à,

� âåçà çà Jóêàâèíó èíòåðàêöèjó (29) îïèñójå èíòåðàêöèjó èçìå¢ó Õèãñîâèõ è Äèðàêîâèõ
ïî§à, êàî è ìàòðèöå ìåøà»à ôåðìèîíà,

� ñïèíñêà âåçà (30) jå íåîïõîäíà çà èñïðàâàí îïèñ èíòåðàêöèjå èçìå¢ó ñïèíà ôåðìèîíà è
òîðçèjå, è
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� âåçà ñà êîñìîëîøêîì êîíñòàíòîì (31) óâîäè ñàáèðàê ïðîïîðöèîíàëàí êîñìîëîøêîj êîí-
ñòàíòè.

Ñëîáîäíè ïàðàìåòðè ïðèñóòíè ó äåjñòâó ñó:

� lp jå Ïëàíêîâà äóæèíà, ñàäðæàíà ó Sgrav, Sspin è SCC,

� Cαβ ïðåäñòàâ§à áèëèíåàðíó ôîðìó èíòåðàêöèîíèõ êîíñòàíòè ãðàäèjåíòíèõ ïî§à, ñàäð-
æàíà ó SYang-Mills,

� χ jå èíòåðàêöèîíà êîíñòàíòà çà ñàìîèíòåðàêöèjó ÷åòâðòîã ñòåïåíà Õèãñîâîã ïî§à, ñà-
äðæàíà ó SHiggs,

� v jå âàêóóìñêè î÷åêèâàíà âðåäíîñò Õèãñîâîã ïî§à, òàêî¢å ñàäðæàíà ó SHiggs,

� YABC ïðåäñòàâ§à êîíñòàíòå Jóêàâèíå èíòåðàêöèjå è ìàòðèöå ìåøà»à ôåðìèîíà, ñàäð-
æàíå ó SYukawa, è

� Λ jå êîñìîëîøêà êîíñòàíòà, ñàäðæàíà ó SCC.

Òîïîëîøêè äåî Stop
3BF è âåçå Sscal è SDirac íå ñàäðæå ñëîáîäíå ïàðàìåòðå.

Jåäíà÷èíå êðåòà»à äîáèjåíå âàðèjàöèjîì öåëîã äåjñòâà ñå ìîãó ïîäåëèòè ó äâå ãðóïå.
Ïðâó ÷èíå jåäíà÷èíå êðåòà»à çà Ëàãðàíæåâå ìíîæèòå§å, êîjå ñå ìîãó ðåøèòè òàêî äà ñå
Ëàãðàíæåâè ìíîæèòå§è èçðàçå ó ôóíêöèjè îä äèíàìè÷êèõ ïî§à è »èõîâèõ èçâîäà ([25, 47]):

Mαab = − 1

48
εabcdFα

µνecµe
d
ν , ζαab =

1

4
Cβ

αεabcdF β
µνec

µed
ν ,

λαµν = −Fαµν , Bαµν = −e
2
Cα

βεµνρσFβ
ρσ ,

λ[ab]µν = R[ab]µν , B[ab]µν =
1

8πl2p
ε[ab]cde

c
µe
d
ν ,

λ̃Aµ = (∇µϕ)
A , γ̃Aµνρ = −eεµνρσ (∇σϕ)A ,

HabcA =
1

6e
εµνρσ (∇µϕ)

A eaνe
b
ρe
c
σ , ΛabAµ =

1

6e
gµλε

λνρσ (∇νϕ)
A eaρe

b
σ ,

γAµνρ = −iεabcdeaµebνecρ
(
γdψ

)A
, γ̄Aµνρ = iεabcde

a
µe
b
νe
c
ρ

(
ψ̄γd

)
A
,

λAµ =
(→
∇µψ

)A
, λ̄Aµ =

(
ψ̄
←
∇µ
)
A
,

βaµν = 0 .

(32)

Äðóãó ãðóïó ÷èíå jåäíà÷èíå êðåòà»à çà äèíàìè÷êà ïî§à. Ñïèíñêà êîíåêñèjà ω[ab]
µ íèjå åêâè-

âàëåíòíà Ëåâè-×èâèòà êîíåêñèjè, áóäó£è äà ôåðìèîíñêà ïî§à ãåíåðèøó íåíóëòó òîðçèjó.
Çáîã òîãà jå ïîòðåáíî ïðâî ïîäåëèòè ñïèíñêó êîíåêñèjó íà çáèð Ðè÷èjåâèõ ðîòàöèîíèõ êîå-
ôèöèjåíàòà ∆[ab]

µ è òåíçîð êîíòîðçèjå K
[ab]

µ:

ω[ab]
µ = ∆[ab]

µ +K [ab]
µ . (33)

Ðè÷èjåâè ðîòàöèîíè êîåôèöèjåíòè ñó äàòè êàî ëèíåàðíà êîìáèíàöèjà êîìóòàöèîíèõ êîåôè-
öèjåíàòà

∆ab
µ =

1

2

(
cabc − cbac − ccab

)
ecµ , (34)

8



êîjè ñó äåôèíèñàíè êàî
cabc = ebµecν (∂µe

a
ν − ∂νeaµ) . (35)

Òåíçîð êîíòîðçèjå jå äàò èçðàçîì:

Kab
µ =

1

2

(
T cab + T bac − T abc

)
ecµ . (36)

Îâäå jå T abc ≡ T aµνe
bµecν , ãäå ñó T aµν êîìïîíåíòå 2-ôîðìå òîðçèjå, äåôèíèñàíå êàî:

T a ≡ ∇ea = 1

2
T aµν dx

µ ∧ dxν , T aµν ≡ ∇µe
a
ν −∇νe

a
µ . (37)

Êîìáèíîâà»åì ñâèõ ïðåòõîäíèõ jåäíà÷èíà, jåäíà÷èíà êðåòà»à çà òîðçèjó ñå ìîæå çàïèñàòè
ó îáëèêó:

T a = 2πil2p s
a , sa ≡ εabcd eb ∧ ec ψ̄Aγ5γdψA . (38)

Ñàäà jå î÷èãëåäíî äà jå 2-ôîðìà òîðçèjå ïðîïîðöèîíàëíà ñïèíñêîj 2-ôîðìè sa. Êàî øòî £å
ñå èñïîñòàâèòè ó ñëåäå£åì ïîãëàâ§ó, îâàj ðåçóëòàò jå èñòè è ó Àjíøòàjí-Êàðòàíîâîj òåîðèjè
ãðàâèòàöèjå. Òàêî¢å, êîðèø£å»åì (36), êîìïîíåíòå 1-ôîðìå êîíòîðçèjå ñó

Kab
µ = −2πil2pψ̄Aγ5γdψAεabcdecµ , (39)

ïà ñå âåçà èçìå¢ó êîíòîðçèjå è òîðçèjå ïîjåäíîñòàâ§ójå è ïîñòàjå:

T a = Kab ∧ eb . (40)

Äà§å, Àjíøòàjíîâà jåäíà÷èíà èìà óîáè÷àjåí îáëèê:

Rµν −
1

2
gµνR + Λgµν = 8πl2p Tµν , (41)

ãäå jå òåíçîð åíåðãèjå-èìïóëñà:

Tµν = Fα
µρCα

βFβν
ρ − 1

4
gµνF

α
ρσCα

βFβ
ρσ

+ ∇µϕ
A∇νϕA −

1

2
gµν

(
∇ρϕ

A∇ρϕA + 2χ
(
ϕAϕA − v2

)2)
+

i

2

(
ψ̄A

↔
∇µγdψA

)
edν −

1

2
gµν

(
i
(
ψ̄A

↔
∇ργdψA

)
ed
ρ − 2YABCψ̄

AψBϕC
)
. (42)

Òåíçîð ñàäðæè òðè äåëà êîjè îäãîâàðàjó Jàíã-Ìèëñîâîì, ñêàëàðíîì è Äèðàêîâîì ïî§ó, ðå-
äîì.

Jåäíà÷èíå êðåòà»à çà ôåðìèîíñêà è ñêàëàðíà ïî§à ñó:(
iγµ

→
∇µδAB − Y A

BCϕ
C
)
ψB = 0 , (43)

ψ̄B

(
δBA i

←
∇µγµ + YBACϕ

C
)
= 0 , (44)

∇µ∇µϕA − 4χ
(
ϕBϕB − v2

)
ϕA = 0 , (45)

äîê jå jåäíà÷èíà êðåòà»à çà Jàíã-Ìèëñîâî ïî§å:

∇µFα
µν +

1

2
C−1α

β
(
▷βAB

(
ϕA∇νϕB − ϕB∇νϕA

)
+ iψ̄AψB

(
▷βC

AγνCB − γνAC ▷βC B
))

= 0 . (46)
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Íà îñíîâó ïðåòõîäíèõ jåäíà÷èíà ñå ìîæå çàê§ó÷èòè äà ñâå jåäíà÷èíå êðåòà»à òà÷íî îäãîâà-
ðàjó jåäíà÷èíàìà êðåòà»à Ñòàíäàðäíîã Ìîäåëà ñïðåãíóòîã ñà Àjíøòàjí-Êàðòàíîâîì ãðàâè-
òàöèjîì ñà êîñìîëîøêîì êîíñòàíòîì.

Èç äåôèíèöèjå äåjñòâà (22) ñëåäè äà öåî êîíôèãóðàöèîíè ïðîñòîð òåîðèjå ñàäðæè è íå-
äèíàìè÷êà ïî§à-Ëàãðàíæåâå ìíîæèòå§å

Mαab , ζ
αab , λαµν , Bαµν , λ[ab]µν , B[ab]µν , λ̃

A
µ , γ̃

A
µνρ , H

abcA ,ΛabAµ , γ
A
µνρ , γ̄Aµνρ , λ

A
µ , λ̄Aµ , β

a
µν ,
(47)

êàî è äèíàìè÷êà ïî§à
ω[ab]

µ , e
a
µ , ϕ

A , ψA , ψ̄A , α
α
µ . (48)

Ðàçëèêà èçìå¢ó äèíàìè÷êèõ è íåäèíàìè÷êèõ ïî§à jå ïîñëåäèöà jåäíà÷èíà êðåòà»à. Jåäíà÷è-
íå êðåòà»à çà Ëàãðàíæåâå ìíîæèòå§å ñó àëãåáàðñêå, äîê ñó jåäíà÷èíå êðåòà»à çà äèíàìè÷êà
ïî§à äèôåðåíöèjàëíå. Jåäèíè èçóçåòàê îä îâîã ïðàâèëà jå jåäíà÷èíà êðåòà»à çà òîðçèjó (38),
êîjà ñå ìîæå ðåøèòè ïî ñïèíñêîj êîíåêñèjè êàî ôóíêöèjè òåòðàäà è Äèðàêîâèõ ïî§à, óêàçó-
jó£è íà òî äà jå ñïèíñêà êîíåêñèjà òàêî¢å íåäèíàìè÷êî ïî§å. Îâî jå äîáðî ïîçíàòà îñîáèíà
Àjíøòàjí-Êàðòàíîâå òåîðèjå, àëè jå óîáè÷àjåíî äà ñå ñïèíñêà êîíåêñèjà èïàê óáðàjà ó äèíà-
ìè÷êà ïî§à, jåð ó îïøòèjèì òåîðèjàìà ó Ðèìàí-Êàðòàíîâèì ïðîñòîðèìà ñïèíñêà êîíåêñèjà
ìîæå äà ïîñòàíå ïðàâî äèíàìè÷êî ïî§å [42, 51].

2.3 Àjíøòàjí-Êàðòàíîâà äåjñòâà

Ñòàíäàðäíî Àjíøòàjí-Êàðòàíîâî (EC) äåjñòâî jå óîáè÷àjåíî íàâåäåíî ó ëèòåðàòóðè (íà
ïðèìåð ó [42]) êàî çáèð äåjñòâà çà Ñòàíäàðäíè Ìîäåë ìèíèìàëíî ñïðåãíóòîã ñà ãðàâèòàöèjîì
è Àjíøòàjí-Õèëáåðòîâîã äåjñòâà çà ãðàâèòàöèîíî ïî§å (èçðàæåíîã ó ôîðìàëèçìó ïðâîã ðåäà).
Ó äîñàäàø»îj íîòàöèjè jå òî:

SEC [e, ω, ϕ, ψ, ψ̄, α] =

∫
1

16πl2p
εabcdRab ∧ ec ∧ ed − Fα ∧ Cαβ ⋆F β − (∇ϕ)A ∧ ( ⋆∇ϕ)A

− i
6
εabcd e

a ∧ eb ∧ ec ∧
[
(ψ̄
←
∇)AγdψA − ψ̄Aγd(

→
∇ψ)A

]
− 1

12

[
χ
(
ϕAϕA − v2

)2
+ YABCψ̄

AψBϕC +
Λ

8πl2p

]
εabcd e

a ∧ eb ∧ ec ∧ ed .

(49)
Îâäå ⋆F îçíà÷àâà Õî¶îâ äóàë 2-ôîðìå F , ñëè÷íî êàî è äóàë 1-ôîðìå ∇ϕ:

⋆Fα =
1

4
Fα

cdε
abcdea ∧ eb , ( ⋆∇ϕ)A =

1

3!
(∇dϕ)A ε

dabcea ∧ eb ∧ ec . (50)

Êîíôèãóðàöèîíè ïðîñòîð îâå òåîðèjå jå åêâèâàëåíòàí êîíôèãóðàöèîíîì ïðîñòîðó äèíàìè÷-
êèõ ïî§à 3BF òåîðèjå (48), ãäå ñïèíñêà êîíåêñèjà ïîíîâî çàäîâî§àâà àëãåáàðñêó jåäíà÷èíó

ωabµ = ∆abµ − 2πil2pψ̄Aγ5γ
dψAεabcde

c
µ , (51)

äîáèjåíó èç jåäíà÷èíå êðåòà»à çà òîðçèjó àíàëîãíó jåäíà÷èíè (38), ïà íå ïðåäñòàâ§à äè-
íàìè÷êî ïî§å. Çáîã òîãà jå çàìåíîì îâå jåäíà÷èíå íàòðàã ó äåjñòâî ìîãó£å êîíñòðóèñàòè
åêâèâàëåíòíó êëàñè÷íó òåîðèjó ñà ðåäóêîâàíèì êîíôèãóðàöèîíèì ïðîñòîðîì è èñòèì jåäíà-
÷èíàìà êðåòà»à. Îâà åêâèâàëåíòíà òåîðèjà ñå ó ëèòåðàòóðè îáè÷íî íàçèâà òåîðèjà äðóãîã
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ðåäà [42]. Çàìåíà ñå èçâîäè ðàçäâàjà»åì ñïèíñêå êîíåêñèjå íà êîíòîðçèjó è Ðè÷èjåâå ðîòàöè-
îíå êîåôèöèjåíòå, è ðàçäâàjà»åì »èõîâèõ äîïðèíîñà ó äåjñòâó. Òî jå åêâèâàëåíòíî ñëåäå£îj
çàìåíè:

∇(ω) = ∇(∆) +
1

2
Kabσab (52)

Ó Àjíøòàjí-Êàðòàíîâîì äåjñòâó ïîñòîjå ñàìî äâà ñàáèðêà êîjà çàâèñå îä ñïèíñêå êîíåêñèjå. Òî
ñó ñàáèðàê ñà Ðèìàíîâèì òåíçîðîì êðèâèíå è Ëàãðàíæèjàí çà Äèðàêîâî ïî§å. Ïîñëå çàìåíå
îâè ñàáèðöè ïîñòàjó:

Rab = dωab + (ω ∧ ω)ab = d∆ab + (∆ ∧∆)ab + dKab + (∆ ∧K)ab + (K ∧∆)ab +Ka
c ∧Kcb

= Rab(∆) +
(
∇(∆)K

)
ab
+Ka

c ∧Kcb , (53)

è (
ψ̄
←−
∇
)
A
γdψA − ψ̄Aγd (∇ψ)A =

(
ψ̄
←−
∇ (∆)

)
A
γdψA − ψ̄Aγd

(
∇(∆)ψ

)A − 1

2
ψ̄A
{
σab , γd

}
ψAKab

=
(
ψ̄
←−
∇ (∆)

)
A
γdψA − ψ̄Aγd

(
∇(∆)ψ

)A
+

1

2
εabcdψ̄Aγ5γcψ

AKab . (54)

Êàäà ñå îâè ñàáèðöè âðàòå íàòðàã ó ñòàíäàðäíî Àjíøòàjí-Êàðòàíîâî äåjñòâî, íàêîí ñðå¢èâà»à
ñå äîáèjå äåjñòâî èñòîã îáëèêà êàî ïî÷åòíî ñà äîäàòíèì ñàáèðêîì êîjè ïðåäñòàâ§à êîíòàêòíó
ñïèí-ñïèí èíòåðàêöèjó è ôèêñèðàíîì ñïèíñêîì êîíåêñèjîì ∆ab. Îâàj äîäàòíè ñàáèðàê, èçðà-
æåí ïðåêî êîíòîðçèjå, jå 1

8πl2p
Kab ∧ ⋆Kab, ïà ñå êîðèø£å»åì ðåëàöèjå èçìå¢ó òåíçîðà ñïèíà è

êîíòîðçèjå èç ñòàíäàðäíîã Àjíøòàjí-Êàðòàíîâîã äåjñòâà ìîæå åëèìèíèñàòè êîíòîðçèjà:

SECC [e, ϕ, ψ, ψ̄, α] =

∫
1

16πl2p
εabcdRab ∧ ec ∧ ed − Fα ∧ Cαβ ⋆F β − (∇ϕ)A ∧ ( ⋆∇ϕ)A

− i
6
εabcd e

a ∧ eb ∧ ec ∧
[
(ψ̄
←
∇)AγdψA − ψ̄Aγd(

→
∇ψ)A

]
+

3πl2p
4
sa ∧ ⋆sa

− 1

12

[
χ
(
ϕAϕA − v2

)2
+ YABCψ̄

AψBϕC +
Λ

8πl2p

]
εabcd e

a ∧ eb ∧ ec ∧ ed .

(55)
Íà òàj íà÷èí jå äîáèjåíî Àjíøòàjí-Êàðòàíîâî äåjñòâî çà êîíòàêòíó òåîðèjó (ECC), ñà èíòåð-
àêöèjîì ÷åòâðòîã ñòåïåíà èçìå¢ó ôåðìèîíà, ñàäðæàíå ó ñàáèðêó sa∧ ⋆sa. Jåäíà÷èíå êðåòà»à
îâå òåîðèjå ñó åêâèâàëåíòíå jåäíà÷èíàìà êðåòà»à ñòàíäàðäíå Àjíøòàjí-Êàðòàíîâå òåîðèjå
è 3BF òåîðèjå ñà âåçàìà, àëè jå êîíôèãóðàöèîíè ïðîñòîð äðóãà÷èjè è jåäíàê äèíàìè÷êîì
êîíôèãóðàöèîíîì ïðîñòîðó îâèõ òåîðèjà:

eaµ , ϕ
A , ψA , ψ̄A , α

α
µ . (56)

Îâèì jå çàê§ó÷åíà àíàëèçà 3BF äåjñòâà ñà âåçàìà, ñòàíäàðäíå Àjíøòàjí-Êàðòàíîâå òåîðèjå
è Àjíøòàjí-Êàðòàíîâå òåîðèjå ñà êîíòàêòíîì èíòåðàêöèjîì.

2.4 Ñèìåòðèjå òîïîëîøêîã 3BF äåjñòâà

Óêóïíà ãðóïà ñèìåòðèjå òîïîëîøêîã 3BF äåjñòâà jå ïðîó÷åíà ó [44, 52], è ïîêàçàíî jå äà
jå »åí îáëèê G3BF = (G̃⋉ (H̃L ⋉ (Ñ × M̃)))⋉HT . Ñåìèäèðåêòíè è äèðåêòíè ïðîèçâîä ãðóïà
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G̃, H̃L, M̃ , Ñ îäãîâàðà óîáè÷àjåíîj ãðàäèjåíòíîj ñèìåòðèjè äåjñòâà, äîê HT ãðóïà îäãîâàðà
òàêîçâàíîj Åíî-Òàèòåëáîì (HT) ñèìåòðèjè, êîjà jå òðèâèjàëíà íà jåäíà÷èíàìà êðåòà»à [52].

Èçáîð 3-ãðóïå Ñòàíäàðäíîã Ìîäåëà, óâåäåíå ó ïðåòõîäíèì ïîãëàâ§èìà, èìïëèöèðà ñïåöè-
jàëíèjó ñòðóêòóðó ãðóïå ãðàäèjåíòíå ñèìåòðèjå G3BF . Êîíêðåòíî, ó îïøòåì ñëó÷àjó, ãåíåðàòî-
ðè ãðóïå H̃L ìîãó ïðèðîäíî äà ñå ïîäåëå íà Ĥ-ãåíåðàòîðå è L̂-ãåíåðàòîðå, êîjè çàäîâî§àâàjó
êîìóòàöèîíå ðåëàöèjå Ëèjåâå àëãåáðå ó îáëèêó

[Ĥ, Ĥ] ∼ L̂ , [Ĥ, L̂] ∼ 0 , [L̂, L̂] ∼ 0 , (57)

ãäå ñó ñòðóêòóðíå êîíñòàíòå ó ïðâîì êîìóòàòîðó ïðîïîðöèîíàëíå êîìïîíåíòàìà ïðåñëèêà-
âà»à Ïàjôåðîâîã ïîäèçà»à ó äàòîj 3-ãðóïè [44]. Ó ñëó÷àjó èçáîðà òðèâèjàëíîã Ïàjôåðîâîã
ïîäèçà»à, êîìóòàöèîíå ðåëàöèjå ïîñòàjó

[Ĥ, Ĥ] ∼ 0 , [Ĥ, L̂] ∼ 0 , [L̂, L̂] ∼ 0 . (58)

Òî çíà÷è äà ãðóïà H̃L èìà ñòðóêòóðó äèðåêòíîã ïðîèçâîäà

H̃L = H̃ × L̃ (59)

ñâîjå äâå Àáåëîâå íîðìàëíå ïîäãðóïå H̃ è L̃. Äîäàòíî, áóäó£è äà ñó Ĥ-ãåíåðàòîðè îäãîâîðíè çà
ñòðóêòóðó ñåìèäèðåêòíîã ïðîèçâîäà H̃L⋉(Ñ×M̃) óíóòàð G3BF , ñà êîìóòàöèîíèì ðåëàöèjàìà
ó îáëèêó

[Ĥ, N̂ ] ∼ M̂ , [Ĥ, M̂ ] ∼ 0 , [L̂, M̂ ] ∼ 0 , [L̂, N̂ ] ∼ 0 , (60)

ìîãó£å jå äèðåêòíî çàê§ó÷èòè äà ó ñëó÷àjó ñâàêå 3-ãðóïå ñà òðèâèjàëíèì Ïàjôåðîâèì ïîäè-
çà»åì, îäãîâàðàjó£à ãðóïà ñèìåòðèjå G3BF èìà îáëèê:

G3BF = (G̃⋉ (L̃× (H̃ ⋉ (Ñ × M̃))))⋉HT . (61)

Äàêëå, (61) ïðåäñòàâ§à ãðóïó ãðàäèjåíòíå ñèìåòðèjå 3BF òåîðèjå çàñíîâàíå íà 3-ãðóïè Ñòàí-
äàðäíîã Ìîäåëà.

Äåjñòâî îâå ãðóïå íà ïî§à ïðèñóòíà ó 3BF äåjñòâó ó ñëó÷àjó ïðîèçâî§íå 3-ãðóïå jå äà-
òî èíôèíèòåçèìàëíèì òðåíñôîðìàöèjàìà ó [44] è ïðåäñòàâ§åíî êàî âàðèjàöèjà ôîðìå, äîê
ñó èíôèíèòåçèìàëíå HT òðàíñôîðìàöèjå äåôèíèñàíå ó [52]. Ó ñïåöèjàëíîì ñëó÷àjó 3-ãðóïå
Ñòàíäàðäíîã Ìîäåëà, îáè÷íå ãðàäèjåíòíå òðàíñôîðìàöèjå ñó äàòå åêñïëèöèòíî êàî âàðèjà-
öèjà ôîðìå:

δg0α
α = −∇ϵgα ,

δg0ω
[ab] = −∇ϵg[ab] ,

δg0β
a = ▷αb

aϵg
αβb −∇ϵha ,

δg0γ
A = ▷αB

Aϵg
αγB +∇ϵlA ,

δg0B
α = fβγ

αϵg
βBγ + ea ∧ ϵhb ▷αba −DA ▷

α
B
Aϵl

B −∇ϵmα + βb ▷
α
a
bϵn

a ,
δg0B

[ab] = f[gh][ij]
[ab]B[ij]ϵg

[gh] −∇ϵm[ab] + ec ∧ ϵhd ▷[ab] dc + βd ▷
[ab]

c
dϵn

c − ϵlA ▷[ab] ABDB ,
δg0e

a = −∇ϵna + ϵg
α ▷αb

aeb ,
δg0D

A = ▷αB
Aϵg

αDB .

(62)

Òðàíñôîðìàöèjå ñó çàäàòå ïîìî£ó ïåò ñëîáîäíèõ ïàðàìåòàðà êîjè îäãîâàðàjó ñâîjèì Ëèjåâèì
àëãåáðàìà. Ïàðàìåòðè ϵg

α è ϵn
a ñó íóëà-ôîðìå, ϵh

a è ϵm
α ñó jåäàí-ôîðìå, è ϵl

A ñó òðè-ôîðìå.
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Èíôèíèòåçèìàëíå òðàíñôîðìàöèjå HT ñèìåòðèjå jå íàjëàêøå èçðàçèòè ó ïðàòå£îj ìà-
òðè÷íîj ôîðìè [52]:

δHT
0 Bα

µν

δHT
0 Ca

µ

δHT
0 DA

δHT
0 αα

µ

δHT
0 βa

µν

δHT
0 γA

µνρ


=



ϵαβµνσλ ϵαbµνσ ϵαBµν ϵαβµνσ ϵαbµνσλ ϵαBµνσλξ

µaβ
µσλ ϵabµσ ϵaBµ ϵaβµσ ϵabµσλ ϵaBµσλξ

µAβ
σλ µAb

σ ϵAB ϵAβ
σ ϵAb

σλ ϵAB
σλξ

µαβ
µσλ µαb

µσ µαB
µ ϵαβµσ ϵαbµσλ ϵαBµσλξ

µaβ
µνσλ µab

µνσ µaB
µν µaβ

µνσ ϵabµνσλ ϵaBµνσλξ

µAβ
µνρσλ µAb

µνρσ µAB
µνρ µAβ

µνρσ µAb
µνρσλ ϵAB

µνρσλξ





1
2

δS
δBβ

σλ

δS
δCb

σ

δS
δDB

δS
δαβ

σ

1
2

δS
δβb

σλ

1
3!

δS
δγB

σλξ


. (63)

Äà áè ñå îñèãóðàëà àíòèñèìåòðè÷íîñò ïàðàìåòàðà ìàòðèöå, ìîðàjó äà áóäó çàäîâî§åíè ñëå-
äå£è èäåíòèòåòè:

µbασµν = −ϵαbµνσ , µBαµν = −ϵαBµν , µβασµν = −ϵαβµνσ ,

µbασλµν = −ϵαbµνσλ , µBασλξµν = −ϵαBµνσλξ .

µBaµ = −ϵaBµ , µβaσµ = −ϵaβµσ ,

µbaσλµ = −ϵabµσλ , µBaσλξµ = −ϵaBµσλξ ,

µβAσ = −ϵAβσ , µbAσλ = −ϵAbσλ , µBAσλξ = −ϵABσλξ ,
µbασλµ = −ϵαbµσλ , µBασλξµ = −ϵαBµσλξ , µBaσλξµν = −ϵaBµνσλξ .

(64)

Çà âèøå äåòà§à î îñîáèíàìà è çíà÷àjó HT òðàíñôîðìàöèjà ïîãëåäàòè [52].

2.5 Òîïîëîøêà èíâàðèjàíòà çà êâàíòíó 3BF òåîðèjó

Ó ïðîöåñó êîíñòðóêöèjå òîïîëîøêå êâàíòíå òåîðèjå ïî§à çàñíîâàíå íà 3BF äåjñòâó, ïî-
òðåáíî jå äåôèíèñàòè ñóìó ïî ñòà»èìà:

Z =

∫
DαDβDγDBDCDD exp

(
i

∫
M4

⟨B ∧ F⟩g + ⟨C ∧ G⟩h + ⟨D ∧H⟩l
)
. (65)

Èíòåãðàöèjîì ïî ïî§èìà B, C è D ñå äîáèjà ñòðóêòóðà ñóìå ïî ñòà»èìà ó îáëèêó èíòåãðàëà
ïî êîíåêñèjàìà:

Z = N
∫
DαDβDγδ (F) δ (G) δ (H) . (66)

Èçðà÷óíàâà»å âðåäíîñòè îâå ñóìå ïî ñòà»èìà jå ìîãó£å òåê íàêîí ôîðìàëíîã äåôèíèñà»à
ìåðå ó èíòåãðàëó è äîìåíà èíòåãðàöèjå. Îâà ìåðà ñå äåôèíèøå òàêî øòî ñå ìíîãîñòðóêîñò èç-
äåëè íà £åëèjå è ïîòîì ñâàêîj £åëèjè äîäåëè âðåäíîñò ïî§à êîjå íà »îj æèâè, òàêî äà 0-ôîðìå
æèâå ó âåðòåêñèìà, 1-ôîðìå íà èâèöàìà, 2-ôîðìå íà ïîâðøèíàìà, 3-ôîðìå íà òðîçàïðåìè-
íàìà è 4-ôîðìå íà ÷åòâîðîçàïðåìèíàìà. Îñîáèíå òîïîëîøêèõ òåîðèjà ñó òàêâå äà âðåäíîñò
ñóìå ïî ñòà»èìà íå çàâèñè îä íà÷èíà íà êîjè jå ìíîãîñòðóêîñò èçäå§åíà íà £åëèjå, îäíîñíî,
ñóìà ïî ñòà»èìà jå èíâàðèjàíòíà íà Ïàõíåðîâå ïîòåçå (äîäàâà»å íîâèõ åëåìåíàòà è £åëèjà).

13



Íàjåëåìåíòàðíèjà ïîäåëà íà £åëèjå jå äàòà òðèàíãóëàöèjîì, îäíîñíî ó ÷åòâîðîäèìåíçèîíàë-
íîì ñëó÷àjó äå§å»åì íà 4-ñèìïëåêñå. Èíâàðèjàíòíà ñóìà ïî ñòà»èìà íà ìíîãîñòðóêîñòè
èçäå§åíîj íà 4-ñèìïëåêñå jå:

Z = |G|−|v|+|l|−|∆||H||v|−|l|+|∆|−|τ ||L|−|v|+|l|−|∆|+|τ |−|σ|

×

 ∏
(jk)∈ε

∫
G

dgjk

 ∏
(jkl)∈∆

∫
H

dhjkl

 ∏
(jklm)∈τ

∫
L

dljklm


×

 ∏
(jkl)∈∆

δG
(
∂(hjkl)gklgjkg

−1
jl

) ∏
(jklm)∈τ

δH
(
δ(ljklm)hjlm(glm ▷ hjkl)h

−1
klmh

−1
jkm

)
×

∏
(jklmn)∈σ

δL
(
l−1jlmnhjln ▷

′ {hlmn, (gmnglm) ▷ hjkl}pf l−1jkln(hjkn ▷
′ lklmn)ljkmnhjmn ▷

′ (gmn ▷ ljklm)
)
,

(67)

ãäå ñó |G|, |H| è |L| áðîj åëåìåíàòà ãðóïà G, H è L, ðåäîì, |v|, |l|, |∆|, |τ | è |σ| áðîj âåðòåêñà,
èâèöà, òðîóãëîâà, òåòðàåäàðà è 4-ñèìïëåêñà ðåäîì, è äåjñòâî ▷′ jå äåôèíèñàíî êàî:

h ▷′ l = {h, δl}pf , h ∈ H , l ∈ L . (68)

Ïðåñëèêàâà»à δG, δH è δL ñó äåëòå íà ãðóïàìà G, H è L [26].
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3 Ìåõàíèçìè íàðóøå»à ñèìåòðèjå 3BF äåjñòâà ñà âåçàìà

Ó íàðåäíèì ïîãëàâ§èìà £å áèòè èçëîæåí ïðåãëåä ìåõàíèçàìà íàðóøå»à ñèìåòðèjå òîïî-
ëîøêîã 3BF äåjñòâà, ïðâî åêñïëèöèòíî, äîäàâà»åì âåçà, à ïîòîì £å áèòè ñïðîâåäåí ïîñòóïàê
ñïîíòàíîã íàðóøå»à ñèìåòðèjå åëåêòðîñëàáå èíòåðàêöèjå è Õèãñîâ ìåõàíèçàì.

Íà îâîì ìåñòó, ïðå ïî÷åòêà äèñêóñèjå î íàðóøå»ó ñèìåòðèjå, jå âàæíî èñòà£è jåäíó âåçó
èçìå¢ó 3-ãðóïå è òðè áèëèíåàðíå ôîðìå, jåð £å îâà âåçà èìàòè çíà÷àjíó óëîãó ó ìåõàíèçìó
íàðóøå»à ñèìåòðèjå è Õèãñîâîì ìåõàíèçìó. Ñïåöèjàëàí óñëîâ êîjè áèëèíåàðíå ôîðìå ìîðàjó
äà çàäîâî§å jåñòå äà áóäó G-èíâàðèjàíòíå. Îâî íàìå£å íåòðèâèjàëíå óñëîâå íà èçáîð äåjñòâà
▷. Îâè óñëîâè ñó îäðå¢åíè òåîðåìîì.

Òåîðåìà 1. Çà äàò 2-óêðøòåíè ìîäóë (L
δ−→ H

∂−→ G, ▷, {_ ,_}pf) è ñèìåòðè÷íå, íåäå-

ãåíåðèñàíå áèëèíåàðíå ôîðìå ⟨_ ,_⟩g, ⟨_ ,_⟩h è ⟨_ ,_⟩l, âàæè äà àêî ñó áèëèíåàðíå ôîðìå

G-èíâàðèjàíòíå, îíäà êîìïîíåíòå äåjñòâà ▷αβγ, ▷αab è ▷αAB ìîðàjó äà áóäó àíòèñèìåòðè÷íå

íà çàìåíó äðóãîã è òðå£åã èíäåêñà. Äîäàòíî, ïîñòîjå èçáîðè áàçèñà ó Ëèjåâèì àëãåáðàìà g,
h è l òàêâè äà ▷αβ

γ, ▷αa
b è ▷αA

B èìàjó íóëòå åëåìåíòå íà äèjàãîíàëè ó îäíîñó íà äðóãè è

òðå£è èíäåêñ, à áèëèíåàðíå ôîðìå ñó ó îâîì áàçèñó äèjàãîíàëíå.

Çà äîêàç òåîðåìå ïîãëåäàòè Äîäàòàê À.1. Ïîòðåáíî jå íàãëàñèòè äà ñó îâå ðåñòðèêöèjå
íà äåjñòâî ▷ ïîñëåäèöà èñê§ó÷èâî G-èíâàðèjàíòíîñòè áèëèíåàðíèõ ôîðìè è äà íå âàæå ó
îïøòåì ñëó÷àjó.

3.1 Åêñïëèöèòíî íàðóøå»å ñèìåòðèjå

Òðàíñôîðìàöèjå çàäàòå jåäíà÷èíàìà (62) è (63) ÷óâàjó îáëèê òîïîëîøêîã 3BF äåjñòâà.
Ìå¢óòèì, ó ñëó÷àjó 3BF äåjñòâà ñà âåçàìà (22), îâî âèøå íèjå èñïó»åíî, jåð ñâàêà îä äîäàòèõ
âåçà ìîæå åêñïëèöèòíî äà íàðóøè jåäíó èëè âèøå ñèìåòðèjà òîïîëîøêîã äåjñòâà. Ó öè§ó
îäðå¢èâà»à êîjà ñèìåòðèjà jå î÷óâàíà, à êîjà íàðóøåíà äîäàâà»åì êîjå âåçå, ïîòðåáíî jå
äåôèíèñàòè ïîìî£íà äåjñòâà çà ñâàêó âåçó ïîñåáíî ó îáëèêó

S = S3BF + Sconstraint , (69)

è âàðèðàòè îâî äåjñòâî ïðåìà jåäíà÷èíàìà (62). Òîïîëîøêè äåî S3BF £å ñâàêàêî îñòàòè íå-
ïðîìå»åí ïðè îâèì òðàíñôîðìàöèjàìà, øòî èìïëèöèðà äà jå óñëîâ î÷óâàíîñòè öåëîã äåjñòâà
äàò çàõòåâîì äà jå è âåçà î÷óâàíà

δg0Sconstraint = 0 . (70)

Îâàj çàõòåâ íå ìîðà äà áóäå àóòîìàòñêè çàäîâî§åí, âå£ ìîæå äà ñå äåñè äà jå ïîòðåáíî íåêå îä
ïàðàìåòàðà òðàíñôîðìàöèjà ϵg

α, ϵh
a, ϵl

A, ϵm
α è ϵn

a ôèêñèðàòè íà íóëó. Ñâàêè ïàðàìåòàð êîjè
jå ïîòðåáíî ôèêñèðàòè óêàçójå äà jå îäãîâàðàjó£à ïîäãðóïà ñèìåòðèjå íàðóøåíà ïîñìàòðàíîì
âåçîì. Ó íàðåäíèì îäå§öèìà £å áèòè èñïèòàíî êîjà âåçà (24)-(31) íàðóøàâà êîjó ïîäãðóïó
ñèìåòðèjå, íà îñíîâó óñëîâà (70).

Òðåáà èñòà£è äà jå ïðåòõîäíè ìåòîä çàñíîâàí íà óñëîâó (70) óïîòðåá§èâ ñàìî çà èñïèòè-
âà»å ñòàíäàðäíèõ ãðàäèjåíòíèõ ñèìåòðèjà, äîê ñå HT ñèìåòðèjà íå ìîæå ïðîâåðèòè íà îâàêàâ
íà÷èí. Êîíêðåòíî, ïîøòî äåôèíèöèjà HT ñèìåòðèjå (63) åêñïëèöèòíî çàâèñè îä îáëèêà äåj-
ñòâà, äîäàâà»å âåçà ó äåjñòâî ìå»à HT ãðóïó ñèìåòðèjå íà íåòðèâèjàëàí íà÷èí, íàj÷åø£å
òàêî øòî ïîâå£àâà áðîj »åíèõ ãåíåðàòîðà è ïàðàìåòàðà. Òî çíà÷è äà jå íîâà HT ãðóïà âå£à îä
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HT ãðóïå òîïîëîøêîã äåjñòâà [52]. Ïîøòî jå îâàêâà ïðîìåíà HT ãðóïå ó ïîòïóíîj ñóïðîòíî-
ñòè ó îäíîñó íà ïðîìåíó ãðóïå ãðàäèjåíòíå ñèìåòðèjå, êîjà ñå íàðóøàâà äîäàâà»åì âåçà, ïîä
íàðóøå»åì ñèìåòðèjå äîäàâà»åì âåçà ñå ìîæå ñìàòðàòè ñàìî íàðóøå»å ãðàäèjåíòíå ãðóïå
ñèìåòðèjå.

3.1.1 Âåçà çà ãðàâèòàöèîíî ïî§å

Êàî øòî jå ïðåòõîäíî îájàø»åíî, ïðîöåäóðà çà àíàëèçó íàðóøå»à ñèìåòðèjå ó ñëó÷àjó
âåçå çà ãðàâèòàöèîíî ïî§å ñå ñâîäè íà îäðå¢èâà»å âàðèjàöèjå ôîðìå jåäíà÷èíå (24) çàäàòèì
ñà (62) è ïîòîì èñïèòèâà»å èñïó»åíîñòè çàõòåâà (70). Êîíêðåòíî, äîáèjà ñå:

δg0Sgrav = −
∫ (

δg0λ[ab] ∧
(
B[ab] − 1

16πl2p
ε[ab]cdec ∧ ed

)
+ λ[ab] ∧

(
δg0B

[ab] +
1

8πl2p
ε[ab]cdδg0ec ∧ ed

))
.

(71)
Âàðèjàöèjà Ëàãðàíæåâîã ìíîæèòå§à λ[ab] íèjå ó ñòàðòó äåôèíèñàíà, ïà ñå »åãîâà âàðèjàöèjà
ìîæå èçàáðàòè òàêî äà ñèìåòðèjà áóäå î÷óâàíà øòî jå âèøå ìîãó£å. Çàìåíîì (62) ó (71), ñå
äîáèjà äà âàðèjàöèjà âåçå çà ãðàâèòàöèjó ïîñòàjå:

δg0Sgrav =

∫ (
δg0λ[ij] − λ[i|hϵg|j]h

)
∧
(
B[ij] − 1

16πl2p
ε[ij]nmen ∧ em

)
+ λ[ab] ∧ ed ∧

(
ϵh

[a|η|b]d − 1

8πl2p
ε[ab]cdηfc∇ϵnf

)
+ λ[ab] ∧

(
ϵn

[a|β|b] −∇ϵm[ab] − ϵlA ▷[ab] ABDB

)
, (72)

îäàêëå ñå ìîæå èçàáðàòè âàðèjàöèjà ìíîæèòå§à λ[ab] ó îáëèêó:

δg0λ[ij] = −λ[ab]f[gh][ij][ab]ϵg[gh] = λ[i|hϵg|j]
h . (73)

Îâàj èçáîð óêëà»à öåî ïðâè ðåä ó jåäíà÷èíè (72). Ìå¢óòèì, ïðåîñòàëà äâà ðåäà óêàçójó äà
ñå çàõòåâ (70) ìîæå èñïóíèòè ñàìî ôèêñèðà»åì âðåäíîñòè ïàðàìåòàðà ϵh

a, ϵn
a, ϵm

α è ϵl
A.

Jåäèíè ïàðàìåòàð êîjè îñòàjå ñëîáîäàí jå ϵg
α. Îâî èìïëèöèðà äà âåçà íàðóøàâà ñâå ïîäãðóïå

ñèìåòðèjå M̃ , Ñ , L̃, è H̃, îñèì G̃, êîjà jå ó ïîòïóíîñòè î÷óâàíà.

3.1.2 Âåçà çà ñêàëàðíà ïî§à

Êîðèø£å»åì ïðåòõîäíå ïðîöåäóðå ñå ìîãó èñïèòàòè è ñâå îñòàëå âåçå. Ó ñëó÷àjó âåçå çà
ñêàëàðíà ïî§à ñå äîáèjà:

δg0Sscal =

∫ [
δg0 λ̃A ∧

(
γ̃A −Habc

Aea ∧ eb ∧ ec
)

+ λ̃A ∧
(
δg0 γ̃

A − δg0Habc
Aea ∧ eb ∧ ec − 3Habc

Aδg0e
a ∧ eb ∧ ec

)
+ δg0Λ

ab
A ∧

(
Habc

Aεcdefed ∧ ee ∧ ef −∇ϕA ∧ ea ∧ eb
)

(74)

+ ΛabA ∧
(
δg0Habc

Aεcdefed ∧ ee ∧ ef + 3Habc
Aεcdefδg0ed ∧ ee ∧ ef

− ∇δg0ϕA ∧ ea ∧ eb − δ
g
0α

[kl] ▷[kl]B
AϕB ∧ ea ∧ eb − 2∇ϕA ∧ δg0ea ∧ eb

)]
.
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Çàìåíà (62) ó (74) äàjå:

δg0Sscal =

∫ [
(δg0 λ̃A + λ̃Bϵg

[ij] ▷[ij]A
B) ∧

(
γ̃A −Habc

Aea ∧ eb ∧ ec
)

−
(
δg0Habc

A − ϵg[ij]Habc
B ▷[ij]B

A
)
(λ̃Aη

adηbeηcf − ΛabAε
cdef ) ∧ ed ∧ ee ∧ ef

+ (δg0Λ
ab
A + ΛabBϵg

[cd] ▷[cd]A
B) ∧

(
Habc

Aεcdefed ∧ ee ∧ ef −∇ϕA ∧ ea ∧ eb
)

(75)

+ (λ̃Aη
adηbeηcf − ΛabAε

cdef ) ∧ 3Habc
A(∇ϵnd) ∧ ee ∧ ef

+ 2ΛabA ∧∇ϕA ∧∇ϵna ∧ eb + λ̃A ∧∇ϵlA
]
.

Î÷èãëåäíî jå äà èç ÷åòâðòîã è ïåòîã ðåäà ñëåäè äà îâà âåçà íàðóøàâà ñàìî ïîäãðóïå Ñ è
L̃, äîê H̃ è M̃ ñèìåòðèjå îñòàjó î÷óâàíå jåð ñå »èõîâè ïàðàìåòðè ϵh

a è ϵm
α è íå ïîjàâ§ójó

ó jåäíà÷èíè çà âàðèjàöèjó (75). Êîíà÷íî, ó öè§ó î÷óâà»à G̃ ñèìåòðèjå, ìîãó ñå èçàáðàòè
äåôèíèöèjå âàðèjàöèjà íîâèõ ìíîæèòå§à:

δg0 λ̃
A = ϵg

[ij]λ̃B ▷[ij]B
A , δg0Habc

A = Habc
Bϵg

[ij] ▷[ij]B
A , δg0Λ

abA = ϵg
[cd]ΛabB ▷[cd]B

A . (76)

3.1.3 Âåçà çà Äèðàêîâà ïî§à

Íà èñòè íà÷èí, âàðèjàöèjà âåçå çà Äèðàêîâà ïî§à äàjå:

δg0SDirac =

∫
(δg0 λ̄A) ∧

(
γA +

i

6
εabcde

a ∧ eb ∧ ec
(
γdψ

)A)
− (δg0λ

A) ∧
(
γ̄A −

i

6
εabcde

a ∧ eb ∧ ec
(
ψ̄γd

)
A

)
+ λ̄A ∧

(
(δg0γ

A) +
i

6
εabcde

a ∧ eb ∧ ec
(
γd(δg0ψ)

)A
+
i

2
εabcd(δ

g
0e
a) ∧ eb ∧ ec

(
γdψ

)A)
− λA ∧

(
(δg0 γ̄A)−

i

6
εabcde

a ∧ eb ∧ ec
(
γd(δg0ψ̄)

)
A
− i

2
εabcd(δ

g
0e
a) ∧ eb ∧ ec

(
γdψ̄

)
A

)
.(77)

Çàìåíîì (62) ó (77) ñå äîáèjà:

δg0SDirac =

∫
(δg0 λ̄A + ϵg

α ▷αA
Bλ̄B) ∧

(
γA +

i

6
εabcde

a ∧ eb ∧ ec
(
γdψ

)A)
− (δg0λ

A + ϵg
α ▷α

A
Bλ

B) ∧
(
γ̄A −

i

6
εabcde

a ∧ eb ∧ ec
(
ψ̄γd

)
A

)
+ λ̄A ∧

(
∇ϵlA +

i

2
εabcd(∇ϵna) ∧ eb ∧ ec

(
γdψ

)A)
− λA ∧

(
∇ϵ̄lA −

i

2
εabcd(∇ϵna) ∧ eb ∧ ec

(
ψ̄γd

)
A

)
. (78)

Îâà âåçà òàêî¢å íàðóøàâà ñàìî Ñ è L̃ ñèìåòðèjå, ñëè÷íî êàî è âåçà çà ñêàëàðíà ïî§à. Âàðè-
jàöèjà íîâèõ ìíîæèòå§à ñå ìîæå èçàáðàòè äà áóäå:

δg0 λ̄A = ϵg
α ▷α

B
Aλ̄B , δg0λ

A = ϵg
α ▷α

A
Bλ

B . (79)
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3.1.4 Âåçà çà Jàíã-Ìèëñîâà ïî§à

Âåçà çà Jàíã-Ìèëñîâà ïî§à jå ñëè÷íà âåçè çà ãðàâèòàöèîíî ïî§å, àëè ñàäðæè âèøå Ëà-
ãðàíæåâèõ ìíîæèòå§à. Ïðèìåíîì èñòå ïðîöåäóðå ñå äîáèjà:

δg0SYang-Mills =

∫
δg0λ

α ∧
(
Bα − 12CαβMβabe

a ∧ eb
)

+ λα ∧
(
δg0Bα − 12Cαβδg0Mβabe

a ∧ eb − 24CαβMβabδ
g
0e
a ∧ eb

)
+ δg0ζ

αab
(
Mαabεcdefe

c ∧ ed ∧ ee ∧ ef − Fα ∧ ea ∧ eb
)

(80)

+ ζαab
(
(δg0Mαab) εcdefe

c ∧ ed ∧ ee ∧ ef + 4Mαabεcdef (δ
g
0e
c) ∧ ed ∧ ee ∧ ef

− (δg0Fα) ∧ ea ∧ eb − 2Fα ∧ (δg0ea) ∧ eb) ,

ãäå jå

δg0Fα = ϵg
βF γ ▷αβγ . (81)

Âàðèjàöèjà jà÷èíå ïî§à (81) jå äîáèjåíà ïî äåôèíèöèjè (7) êîðèø£å»åì (62). Êîìáèíàöèjà
jåäíà÷èíà (62), (80) è (81) äàjå:

δg0SYang-Mills =

∫ (
δg0λ

α + λγϵg
β ▷γβ

α
)
∧
(
Bα − 12CαβMβabe

a ∧ eb
)

+
(
δg0Mαab − ϵgβMγ

ab▷αβγ
) (
ζαabεcdefe

c ∧ ed ∧ ee ∧ ef − 12Cα
βλ

β ∧ ea ∧ eb
)

+
(
δg0ζ

αab + ▷γβ
αζγabϵg

β
) (
Mαabεcdefe

c ∧ ed ∧ ee ∧ ef − Fα ∧ ea ∧ eb
)

(82)

+ λα ∧
(
−∇ϵmα − ϵlA ▷αA BDB + ϵn

a ▷αa
bβb

− ϵh
a ∧ eb ▷αa b + 24CαβMβab (∇ϵna) ∧ eb

)
+ ζαab

(
−4Mαabεcdef (∇ϵnc) ∧ ed ∧ ee ∧ ef + 2Fα ∧ (∇ϵna) ∧ eb

)
.

Ñëè÷íî êàî è ó ñëó÷àjó âåçå çà ãðàâèòàöèîíî ïî§å, ñâå ñèìåòðèjå H̃, L̃, Ñ è M̃ , îñèì G̃, ñó
íàðóøåíå. Âàðèjàöèjà íîâèõ ìíîæèòå§à ñå ìîæå èçàáðàòè äà áóäå:

δg0λ
α = ϵg

βλγ ▷βγ
α , δg0Mαab = ϵg

βMγ
ab▷αβγ , δg0ζ

αab = ϵg
βζγab ▷βγ

α . (83)

3.1.5 Âåçå çà Õèãñîâ è Jóêàâèí ïîòåíöèjàë, ñïèíñêà è âåçà ñà êîñìîëîøêîì êîí-
ñòàíòîì

Âàðèjàöèjà âåçå çà Õèãñîâ ïîòåíöèjàë äàjå

δg0SHiggs = −1

3
χ

∫
2(ϕAϕ

A − v2)ϕA(δg0ϕA)εabcdea ∧ eb ∧ ec ∧ ed

+ (ϕAϕ
A − v2)2εabcd(δg0ea) ∧ eb ∧ ec ∧ ed . (84)
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Îäàòëå ñëåäè

δg0SHiggs =
1

3
χ

∫
(ϕAϕ

A − v2)2εabcd(∇ϵna) ∧ eb ∧ ec ∧ ed , (85)

íàêîí êîðèø£å»à èäåíòèòåòà ▷αAB = −▷αBA èç Òåîðåìå 1. Îâà âåçà íå íàðóøàâà G̃ ñèìåòðèjó
jåð »åí ïàðàìåòàð íåñòàjå èç jåäíà÷èíå (85), èàêî jå èíèöèjàëíî áèî ïðèñóòàí ó äåôèíèöèjè
âàðèjàöèjà ϕA è ea, ïà jå íàðóøåíà ñàìî Ñ ñèìåòðèjà.

Âàðèjàöèjà âåçå çà Jóêàâèí ïîòåíöèjàë jå:

δg0SYukawa = − 2

4!

∫
YABCδ

g
0(ψ̄

AψB)ϕCεabcde
a ∧ eb ∧ ec ∧ ed

+ YABCψ̄
AψBδg0ϕ

Cεabcde
a ∧ eb ∧ ec ∧ ed + 4YABCψ̄

AψBϕCεabcdδ
g
0e
a ∧ eb ∧ ec ∧ ed .

(86)

Ïîíîâî, çàìåíîì âàðèjàöèjå ïî§à (62) ó (86) ñå äîáèjà:

δg0SYukawa =
1

3

∫
YABCψ̄

AψBϕCεabcd(∇ϵna) ∧ eb ∧ ec ∧ ed . (87)

Êàî è ó ïðåòõîäíîì ñëó÷àjó, ñàìî jå Ñ ñèìåòðèjà íàðóøåíà, çàòî øòî jå YABC ìàòðèöà äåôè-
íèñàíà íà òàêàâ íà÷èí äà ÷óâà G̃ ñèìåòðèjó.

Ñïèíñêà âåçà íå íàðóøàâà G̃ ñèìåòðèjó èç èñòèõ ðàçëîãà êàî è ïðåòõîäíå äâå âåçå, àëè
íàðóøàâà Ñ è H̃ ñèìåòðèjå:

δg0Sspin = 2πil2pεabcd

∫ (
δg0(ψ̄γ5γ

aψ)eb ∧ ec ∧ βd + ψ̄γ5γ
aψδg0(e

b ∧ ec ∧ βd)
)
,

= −2πil2pεabcd
∫
ψ̄γ5γ

aψ
(
2(∇ϵnb) ∧ ec ∧ βd + eb ∧ ec ∧ (∇ϵhd)

)
. (88)

Êîíà÷íî, âåçà çà êîñìîëîøêó êîíñòàíòó íàðóøàâà ñàìî Ñ ñèìåòðèjó:

δg0SCC = −
∫

1

24πl2p
Λεabcdδ

g
0e
a ∧ eb ∧ ec ∧ ed = −

∫
1

24πl2p
Λεabcd∇ϵna ∧ eb ∧ ec ∧ ed . (89)

3.1.6 Ïðåãëåä íàðóøå»à ñèìåòðèjå

Ó öè§ó ñóìèðà»à ðåçóëòàòà ó îâîì îäå§êó, ìîæå ñå êîíñòðóèñàòè òàáåëà ñèìåòðèjà è
âåçà. Ñâàêî ïî§å ó òàáåëè îçíà÷åíî ñà × îäãîâàðà ïîñòîjà»ó íàðóøå»à äàòå ñèìåòðèjå äàòîì
âåçîì:

Sgrav Sscal SDirac SYang-Mills SHiggs SYukawa Sspin SCC

G̃

H̃ × × ×
L̃ × × × ×
M̃ × ×
Ñ × × × × × × × ×
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Èç îâå òàáåëå jå ìîãó£å çàê§ó÷èòè íåêîëèêî îñîáèíà. Ïðâà, G̃ ñèìåòðèjà jå î÷óâàíà ó ñâèì
âåçàìà, äîê jå Ñ ñèìåòðèjà íàðóøåíà ñâèì âåçàìà. Äðóãà, ãðàâèòàöèîíà è Jàíã-Ìèëñîâà âåçà
íàðóøàâàjó ñâå ñèìåòðèjå îñèì G̃, è îâå âåçå ñó jåäèíå òàêâå. Êîíà÷íî, âåçå çà Õèãñîâ è
Jóêàâèí ïîòåíöèjàë, êàî è âåçà çà êîñìîëîøêó êîíñòàíòó íàðóøàâàjó ñàìî Ñ ñèìåòðèjó.

Äîäàòíî ñå, ïîðåä îâèõ âåçà, ìîãó èñïèòàòè è âåçå êîjå ñå íå ïîjàâ§ójó ó äåjñòâó (22) àëè
£å ñå ïîjàâèòè ó ñëåäå£åì ïîãëàâ§ó î ñïîíòàíîì íàðóøå»ó ñèìåòðèjå. Ïðâà îä îâèõ âåçà jå
âåçà çà ìàñó ñêàëàðíèõ ïî§à:

Sscalar mass = −
m2

4!
εabcd

∫
ϕAϕ

Aea ∧ eb ∧ ec ∧ ed . (90)

Âàðèjàöèjà îâå âåçå jå

δg0Sscalar mass = −m
2

4!
εabcd

∫ (
2(δg0ϕA)ϕ

Aea ∧ eb ∧ ec ∧ ed + 4ϕAϕ
A(δg0e

a) ∧ eb ∧ ec ∧ ed
)
, (91)

îäíîñíî:

δg0Sscalar mass =
m2

3!
εabcd

∫
ϕAϕ

A(∇ϵna) ∧ eb ∧ ec ∧ ed . (92)

Îäàòëå ñå ìîæå çàê§ó÷èòè äà âåçà (90) íàðóøàâà ñàìî Ñ ñèìåòðèjó.
Äðóãà íîâà âåçà jå âåçà çà ìàñó Äèðàêîâèõ ïî§à:

SDirac mass = −
m

12
εabcd

∫
ψ̄Aψ

Aea ∧ eb ∧ ec ∧ ed . (93)

�åíà âàðèjàöèjà jå

δg0SDirac mass = −m
12
εabcd

∫ (
(δg0ψ̄A)ψ

Aea ∧ eb ∧ ec ∧ ed + ψ̄A(δ
g
0ψ

A)ea ∧ eb ∧ ec ∧ ed

+ 4ψ̄Aψ
A(δg0e

a) ∧ eb ∧ ec ∧ ed
)
, (94)

øòî jå jåäíàêî:

δg0SDirac mass =
m

3
εabcd

∫
ψ̄Aψ

A(∇ϵna) ∧ eb ∧ ec ∧ ed . (95)

Ñëè÷íî êàî ó ñëó÷àjó ìàñå ñêàëàðíèõ ïî§à, è îâà âåçà íàðóøàâà ñàìî Ñ ñèìåòðèjó.
Òðå£à íîâà âåçà jå Ïðîêèíà âåçà. Îâà âåçà ñå åêñïëèöèòíî ïîjàâ§ójå ó ñëåäå¢åì ïîãëàâ§ó

ó jåäíà÷èíè (103), êàî äåî äèñêóñèjå äåjñòâà çà Ïðîêèíî ïî§å. Îáëèê îâå âåçå jå:

SProca =

∫
Θαab ∧

(
Ξαabcε

cdefed ∧ ee ∧ ef +
M

g
αα ∧ ea ∧ eb

)
+
M

g
αα ∧ Ξαabce

a ∧ eb ∧ ec . (96)

Âàðèjàöèjà âåçå äàjå:

δg0SProca =

∫ [
M

g
(δg0α

α ∧ Ξαabce
a + αα ∧ δg0Ξαabcea + 3αα ∧ Ξαabcδ

g
0e
a) ∧ eb ∧ ec

+ δg0Θ
αab ∧

(
Ξαabcε

cdefed ∧ ee ∧ ef +
M

g
αα ∧ ea ∧ eb

)
+ Θαab ∧

(
δg0Ξαabcε

cdefed ∧ ed ∧ ee ∧ ef + 3Ξαabcε
cdefδg0ed ∧ ee ∧ ef

)
+

M

g
Θαab ∧ (δg0αα ∧ ea ∧ eb + 2αα ∧ δg0ea ∧ eb)

]
. (97)
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Çàìåíîì âàðèjàöèjå êîíåêñèjå α è ïî§à òåòðàäà, êàî è êîðèø£å»åì ÷è»åíèöå äà jå ▷αa
b = 0,

äîáèjà ñå:

δg0SProca =

∫ [
δg0Θ

αab ∧
(
Ξαabcε

cdefed ∧ ee ∧ ef +
M

g
αα ∧ ea ∧ eb

)
+ δg0 Ξαabc

(
M

g
αα ∧ ea ∧ eb ∧ ec +Θαab ∧ εcdefed ∧ ee ∧ ef

)
+

M

g
∇ϵgα ∧

(
Θαab ∧ ea ∧ eb − Ξαabce

a ∧ eb ∧ ec
)

− 3Ξαabc

(
M

g
αα ∧∇ϵna ∧ eb ∧ ec +Θαabεcdef∇ϵnd ∧ ee ∧ ef

)
− 2

M

g
Θαab ∧ αα ∧∇ϵna ∧ eb

]
. (98)

Ñàäà jå ìîãó£å åëèìèíèñàòè ïðâà äâà ðåäà èç jåäíà÷èíå èçáîðîì âàðèjàöèjå ìíîæèòå§à:

δg0Θ
αab = 0 , δg0 Ξαabc = 0 . (99)

Ìå¢óòèì, ïîðåä íàðóøå»à Ñ ñèìåòðèjå, Ïðîêèíà âåçà jå jåäèíà êîjà íàðóøàâà è G̃ ñèìåòðèjó,
jåð ñå »åí ïàðàìåòàð åêñïëèöèòíî ïîjàâ§ójå ó òðå£åì ðåäó.

Êîíà÷íî, ìîãó£å jå êîíñòðóèñàòè ñëè÷íó òàáåëó è çà îâå òðè âåçå:

Sscalar mass SDirac mass SProca

G̃ ×
H̃

L̃

M̃

Ñ × × ×

Îâèìå jå çàâðøåíà àíàëèçà åêñïëèöèòíîã íàðóøå»à ñèìåòðèjå 3BF äåjñòâà ñà âåçàìà.

3.2 Ñïîíòàíî íàðóøå»å ñèìåòðèjå è Õèãñîâ ìåõàíèçàì

Óîáè÷àjåíå ôîðìóëàöèjå äåjñòâà çà Ñòàíäàðäíè Ìîäåë åëåìåíòàðíèõ ÷åñòèöà íå óê§ó÷ó-
jó 3BF äåjñòâî ñà âåçàìà, âå£ ñó íàj÷åø£å èçðàæåíå ïîìî£ó Ëàãðàíæèjàíà ñàñòàâ§åíèõ îä
îáè÷íèõ òåíçîðà. Ïîòîì ñå ñïðîâî¢å»åì íèçà êîðàêà ïî óãëåäó íà Õèãñîâ ìåõàíèçàì, Ëàãðàí-
æèjàí ïðåïèñójå ó îáëèê ó êîì ãðàäèjåíòíà ñèìåòðèjà íèjå åêñïëèöèòíî èçðàæåíà. Äîäàòíà
ïðåòïîñòàâêà jå äà âàêóóìñêî ñòà»å äåëèìè÷íî íàðóøàâà îâó ãðàäèjåíòíó ñèìåòðèjó íà »å-
íó ïîäãðóïó è îäãîâàðà äåëèìè÷íîì ôèêñèðà»ó êàëèáðàöèjå Ëàãðàíæèjàíà, øòî äîâîäè äî
ñïîíòàíîã íàðóøå»à »åãîâå ñèìåòðèjå.

Ñàäà jå ó êîíòåêñòó 3BF òåîðèjå ñà âåçàìà ïðèðîäíî ïîñòàâèòè ïèòà»å äà ëè ñå Õèãñîâ
ìåõàíèçàì ìîæå ñïðîâåñòè íàä äåjñòâîì (22), êîjå ïðåäñòàâ§à Ñòàíäàðäíè Ìîäåë èçðàæåí ó
äðóãîì îáëèêó, è ðåïðîäóêîâàòè èñòè ðåçóëòàòè êàî ó ñëó÷àjó ñòàíäàðäíå äåôèíèöèjå òåîðèjå.
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3.2.1 3BF äåjñòâî ñà âåçàìà çà Ïðîêèíî ïî§å

Ó öè§ó ïðîó÷àâà»à òåîðèjå åëåêòðîñëàáèõ èíòåðàêöèjà, ñïîíòàíîã íàðóøå»à ñèìåòðèjå è
Õèãñîâîã ìåõàíèçìà ó êîíòåêñòó âèøèõ ãðàäèjåíòíèõ òåîðèjà jå âàæíî êîíñòðóèñàòè äåjñòâî
çà Ïðîêèíî ïî§å êàî 3BF äåjñòâî ñà âåçàìà, jåð £å Õèãñîâ ìåõàíèçàì äà ãåíåðèøå ìàñåíå
÷ëàíîâå ó äåjñòâó çà ãðàäèjåíòíà ïî§à. Ôîðìóëàöèjà 3BF äåjñòâà ñà âåçàìà çà Ïðîêèíî ïî§å
è »åãîâî ïðîó÷àâà»å £å êàñíèjå îëàêøàòè àíàëèçó Õèãñîâîã ìåõàíèçìà.

Ó ïðîöåñó äåôèíèñà»à 3BF äåjñòâà ñà âåçàìà çà Ïðîêèíî ïî§å, ïðâî jå ïîòðåáíî èçàáðàòè
êîíêðåòíó 3-ãðóïó. Óîáè÷àjåí èçáîð çà òðè Ëèjåâå ãðóïå êîjå ÷èíå ñòðóêòóðó 3-ãðóïå jå:

G = SO(3, 1)× SU(N) , H = R4 , L = {1L} . (100)

Îâàj èçáîð îäãîâàðà SU(N) Jàíã-Ìèëñîâîì ïî§ó ñïðåãíóòèì ñà Àjíøòàjí-Êàðòàíîâîì ãðàâè-
òàöèjîì áåç ñêàëàðíèõ ïî§à è ôåðìèîíà (ïîøòî jå L ãðóïà òðèâèjàëíà). Èçáîð òðèâèjàëíå L
ãðóïå ïîâëà÷è çà ñîáîì óñëîâ äà ñó è Ïàjôåðîâî ïîäèçà»å è õîìîìîðôèçàì δ òðèâèjàëíè, êàî
è äåjñòâî ▷ ãðóïå G íà ãðóïó L. Ïðåîñòàjå äà ñå äåôèíèøå õîìîìîðôèçàì ∂ è äåjñòâî ▷ ãðóïå
G íà ñàìó ñåáå è íà ãðóïó H. Êàî è ó ñëó÷àjó 3-ãðóïå çà Ñòàíäàðäíè Ìîäåë, õîìîìîðôèçàì
∂ ñå áèðà äà áóäå òðèâèjàëàí, à äåjñòâî ▷ jå äåôèíèñàíî íà ñëåäå£è íà÷èí. Äåjñòâî ãðóïå G
íà ñàìó ñåáå jå äàòî jåäíà÷èíàìà (13) è (14), ñëè÷íî êàî ó ñëó÷àjó Ñòàíäàðäíîã Ìîäåëà, äîê
jå äåjñòâî ãðóïå G íà ãðóïó H òàêî¢å äàòî jåäíà÷èíàìà (15).

Òàêî¢å, äà áè äåjñòâî áèëî äåôèíèñàíî, ïîòðåáíî jå èçàáðàòè êîíêðåòíå ñèìåòðè÷íå, íå-
äåãåíåðèñàíå, èíâàðèjàíòíå, áèëèíåàðíå ôîðìå ⟨_ ,_⟩g è ⟨_ ,_⟩h. �èõîâ èçáîð jå îäðå¢åí
jåäíà÷èíàìà (17) è (18), ðåäîì, äîê jå ⟨_ ,_⟩l òðèâèjàëíà. Îâè èçáîðè ïîjåäíîñòàâ§ójó 3BF
äåjñòâî òàêî äà îíî ïîñòàjå 2BF äåjñòâî, ñïåöèjàëàí ñëó÷àj (23), äàòî ñà:

S2BF =

∫
Bα ∧ Fα +B[ab] ∧R[ab] + ea ∧∇βa . (101)

Îâäå jå ïðâè ÷ëàí BF äåjñòâî çà SU(N) Jàíã-Ìèëñîâî ïî§å, äîê ïðåîñòàëà äâà ñàáèðêà
îäãîâàðàjó ãðàâèòàöèîíîì ïî§ó.

Íàêîí äåôèíèñà»à òîïîëîøêîã äåjñòâà òåîðèjå, ïîòðåáíî jå îäðåäèòè âåçå êîjèìà ñå îíî
äåôîðìèøå òàêî äà äàjå äîáðå jåäíà÷èíå êðåòà»à çà Ïðîêèíî è ãðàâèòàöèîíî ïî§å. Âåçà çà
ãðàâèòàöèîíî ïî§å jå ïîíîâî äàòà jåäíà÷èíîì (24), äîê ñå çà Ïðîêèíî ïî§å ìîðàjó äîäàòè
âåçå çà Jàíã-Ìèëñîâî ïî§å (27), êàî è äîäàòíà âåçà, çâàíà Ïðîêèíà âåçà:

S = S2BF + Sgrav + SYang-Mills + SProca . (102)

Ïðîêèíà âåçà èìà ñëåäå£è îáëèê:

SProca =

∫
Θαab ∧

(
Ξαabcε

cdefed ∧ ee ∧ ef +
M

g
αα ∧ ea ∧ eb

)
+
M

g
αα ∧ Ξαabce

a ∧ eb ∧ ec , (103)

ãäå ñó 1-ôîðìà Θαab è 0-ôîðìà Ξαabc íîâè Ëàãðàíæåâè ìíîæèòå§è,M jå íîâè ïàðàìåòàð, äîê
jå g êîíñòàíòà èíòåðàêöèjå Jàíã-Ìèëñîâîã ïî§à, êîjà îäãîâàðà êîíêðåòíîì èçáîðó áèëèíåàðíå
ôîðìå èíòåðàêöèîíèõ êîíñòàíòè ó (27) êàî:

Cαβ =
1

g2
gαβ . (104)
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Ó öè§ó ïðîâåðå äà äåjñòâî (102) çàèñòà îäãîâàðà Ïðîêèíîì ïî§ó, ïîòðåáíî jå îäðåäèòè
jåäíà÷èíå êðåòà»à. Ñëè÷íî êàî ó ñëó÷àjó äåjñòâà çà Ñòàíäàðäíè Ìîäåë, âàðèjàöèjà äåjñòâà ïî
Ëàãðàíæåâèì ìíîæèòå§èìà äàjå àëãåáàðñêå jåäíà÷èíå êîjå ñå ìîãó ðåøèòè ïî ìíîæèòå§èìà,

Mαab = − 1

48
εabcde

c
µe
d
νFα

µν , λαµν = −Fαµν , ζαab =
1

4g2
εabcdecµedνF

αµν ,

Θαab
µ =

M

6g
εabcdαανec

νedµ , λ[ab]µν = R[ab]µν , Ξαabc =
M

6g
εabcdααµe

dµ ,

Bαµν = − e

2g2
εµνρσFα

ρσ , βaµν = 0 , B[ab]µν =
1

8πl2p
εabcde

c
µe
d
ν ,

(105)
ïîòîì, Àjíøòàjíîâó jåäíà÷èíó (41) çà òåíçîð åíåðãèjå-èìïóëñà êîjè jå jåäíàê:

Tµν =
1

g2

(
Fα

µρFαν
ρ − 1

4
gµνF

α
ρσFα

ρσ

)
+
M2

g2

(
ααµα

α
ν −

1

2
gµναα

ρααρ

)
, (106)

êàî è jåäíà÷èíó çà ñïèíñêó êîíåêñèjó (33) è jåäíà÷èíó çà òîðçèjó T a ≡ ∇ea = 0, è êîíà÷íî,
jåäíà÷èíó êðåòà»à çà ïî§å âåêòîðñêèõ áîçîíà

∇µF
αµ
ν −M2ααν = 0 , (107)

ãäå jå Fα
µν ñòàíäàðäíè òåíçîð jà÷èíå Jàíã-Ìèëñîâîã ïî§à çà SU(N) êîíåêñèjó ααµ . Îâî jå

óïðàâî jåäíà÷èíà êðåòà»à çà Ïðîêèíî ïî§å ìàñå M .
Äîäàòíî ñå îñèì ðåøàâà»åì jåäíà÷èíà êðåòà»à ìîæå äåìîíñòðèðàòè äà äåjñòâî (102) îä-

ãîâàðà äåjñòâó çà Ïðîêèíî ïî§å åëèìèíàöèjîì ñâèõ ïîìî£íèõ ïî§à. Ïîøòî ñó ïîìî£íà ïî§à
íà jåäíà÷èíàìà êðåòà»à çàäàòà àëãåáàðñêèì jåäíà÷èíàìà äèíàìè÷êèõ ïî§à, »èõîâå jåäíà÷è-
íå êðåòà»à ñå ìîãó çàìåíèòè íàòðàã ó äåjñòâî ÷èìå ñå äîáèjà òåîðèjà äðóãîã ðåäà. Êîíêðåòíî,
çàìåíîì ñâèõ jåäíà÷èíà çà ïîìî£íà ïî§à (105) ó (102), ñå äîáèjà óïðàâî ñòàíäàðäíî äåjñòâî
çà Ïðîêèíî ïî§å ñïðåãíóòî ñà Àjíøòàjí-Êàðòàíîâîì ãðàâèòàöèjîì:

S =

∫
1

16πl2p
εabcdRab ∧ ec ∧ ed −

1

g2
Fα ∧ ⋆Fα − 1

4!

M2

g2
ααµαα

µ εabcd ea ∧ eb ∧ ec ∧ ed . (108)

Îâäå jå αα
µ ≡ αανg

µν è gµν = ηabea
µeb

ν . Òàêî¢å, ⋆F îçíà÷àâà Õî¶îâ äóàë 2-ôîðìå F :

⋆Fα =
1

4
Fα

cdε
abcdea ∧ eb . (109)

Åëåêòðîñëàáå èíòåðàêöèjå ó Ñòàíäàðäíîì Ìîäåëó ñàäðæå âèøå Ïðîêèíèõ ïî§à ñà ðàçëè-
÷èòèì ìàñàìàM . Äà áè îâàêàâ ñëó÷àj áèî îáóõâà£åí ó òåîðèjè, ïîòðåáíî jå óîïøòèòè äåjñòâî
(102) òàêî äà ñàäðæè âèøå Ïðîêèíèõ ïî§à. Îâî óîïøòå»å ñå ìîæå èçâðøèòè èçáîðîì 3-ãðóïå
ñà ìîäèôèêîâàíîì ãðóïîì G ó îáëèêó:

G = SO(3, 1)×
∏
i

U(1)×
∏
j

SU(Nj) . (110)

Ó îäíîñó íà ïðåòõîäíè èçáîð òðè ãðóïå (100), ìîæå ñå óî÷èòè äà jå ïîäãðóïà SU(N) ó G çàìå-
»åíà âèøåñòðóêèì êîïèjàìà U(1) è SU(Nj) ãðóïå, ó çàâèñíîñòè îä òîãà êîëèêî jå Ïðîêèíèõ
ïî§à ñàäðæàíî ó òåîðèjè. Ñòðóêòóðà 3-ãðóïå îñòàjå íåïðîìå»åíà, ó ñìèñëó äà jå äåjñòâî ▷
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ñàìî óîïøòåíî ñà SU(N) ñëó÷àjà íà ñòàíäàðäàí íà÷èí, òàêî äà jåäíà÷èíå (13), (14) è (15)
îñòàjó çàäîâî§åíå çà îïøòè èçáîð (110).

×àê è ó ñëó÷àjó îâîã îïøòèjåã èçáîðà 3-ãðóïå, äåjñòâî òåîðèjå è äà§å èìà èñòè îáëèê
êàî ó jåäíà÷èíè (102), àëè ñàäà ÷ëàíîâè S2BF è SYang-Mills îäãîâàðàjó íîâîèçàáðàíèì ãðóïàìà
óíóòðàø»å ñèìåòðèjå, à áèëèíåàðíà ôîðìà êîíñòàíòè èíòåðàêöèjå Cαβ íå ìîðà âèøå äà èìà
îáëèê (104), âå£ ìîæå äà çàâèñè îä âèøå êîíñòàíòè gi, îä êîjèõ ïî jåäíà îäãîâàðà ñâàêîì
÷èíèîöó ó ïðîèçâîäó (110). Jåäèíè çàõòåâ êîjè Cαβ ìîðà äà çàäîâî§è jå äà áóäå ñèìåòðè÷-
íà, íåäåãåíåðèñàíà è G-èíâàðèjàíòíà, áóäó£è äà ñó jîj ñâîjñòâåíå âðåäíîñòè 1/g2i . Êîíà÷íî,
ñàáèðàê SProca ïîñòàjå êîìïëèêîâàíèjè è èìà îáëèê:

SProca =

∫
Θαab ∧

(
Ξαabcε

cdefed ∧ ee ∧ ef +Nαβ α
β ∧ ea ∧ eb

)
+αα ∧ Ñα

βΞβabce
a ∧ eb ∧ ec . (111)

Îâà âåçà ñàäðæè íîâó áèëèíåàðíó ôîðìó Nαβ è íîâó ìàòðèöó Ñα
β, êîjå ñó êîíñòàíòíå, ïðî-

èçâî§íå è ïðåäñòàâ§àjó íîâå ñëîáîäíå ïàðàìåòðå ó äåjñòâó. Ó öè§ó ðàçóìåâà»à »èõîâå ôè-
çè÷êå èíòåðïðåòàöèjå, ïîòðåáíî jå îäðåäèòè jåäíà÷èíå êðåòà»à. Ïðâî ñå äîáèjàjó jåäíà÷èíå
êðåòà»à ïî ìíîæèòå§èìà:

Mαab = − 1

48
εabcde

c
µe
d
νFα

µν , λαµν = −Fαµν , ζα
ab =

1

4
Cαβε

abcdecµedνF
βµν ,

Θαab
µ =

1

6
Ñβ

αεabcdαβνec
νedµ , λ[ab]µν = R[ab]µν , Ξαabc =

1

6
Nαβεabcdα

β
µe
dµ ,

Bαµν = −e
2
CαβεµνρσF

βρσ , βaµν = 0 , B[ab]µν =
1

8πl2p
εabcde

c
µe
d
ν ,

(112)
ãäå ñå ïîjàâ§ójó íîâè ïàðàìåòðè Cαβ, Nαβ è Ñα

β. Ñëåäå£à jå jåäíà÷èíà êðåòà»à çà òîðçèjó
∇ea = 0 êîjà jå îñòàëà íåïðîìå»åíà, äîê ñó jåäíà÷èíà êðåòà»à è òåíçîð åíåðãèjå-èìïóëñà çà
âåêòîðñêà ïî§à ó îáëèêó:

∇µF
αµ
ν −Mα

βα
β
ν = 0 , (113)

Tµν = Cαβ

(
Fα

µρF
β
ν
ρ − 1

4
gµνF

α
ρσF

βρσ

)
+ CαβM

β
γ

(
ααµα

γ
ν −

1

2
gµνα

αραγρ

)
. (114)

Îâäå jå íîâà ìàòðèöà Mα
β äîáèjåíà èç Cαβ, Nαβ è Ñα

β êàî:

Mα
β =

1

2

(
C−1

)αγ (
Ñγ

δNδβ + Ñβ
δNδγ

)
. (115)

Îâà ìàòðèöà ñå ìîæå èíòåðïðåòèðàòè êàî ìàòðèöà êâàäðàòà ìàñà. Îâó ìàòðèöó jå ìîãó£å
êîíñòðóèñàòè jåð jå áèëèíåàðíà ôîðìà Cαβ íåäåãåíåðèñàíà, ïà jå ñàìèì òèì è èíâåðòèáèëíà.
Ó öè§ó èíòåðïðåòàöèjåMα

β êàî ìàòðèöå êâàäðàòà ìàñà, ïàðàìåòðè Cαβ, Nαβ è Ñα
β ìîðàjó äà

ñå èçàáåðó òàêî äà jå (115) íåíåãàòèâíî äåôèíèòíà. Ó òîì ñëó÷àjó ñå èçáîðîì áàçèñà ó Ëèjåâîj
àëãåáðè g êîjè îäãîâàðà ñâîjñòâåíîì áàçèñó Mα

β, ñà ñâîjñòâåíèì âðåäíîñòèìà îçíà÷åíèì ñà
M2

(α), ìàòðèöà êâàäðàòà ìàñà ìîæå çàïèñàòè ó îáëèêó

Mα
β =M2

(α)δ
α
β , (116)

ãäå çàãðàäå îêî èíäåêñà α îçíà÷àâàjó äà ñå ïî èíäåêñó íå ñóìèðà. Jåäíà÷èíà êðåòà»à (113)
jå ó îâîì áàçèñó ïðåäñòàâ§åíà ñêóïîì ðàñïðåãíóòèõ jåäíà÷èíà

∇µF
αµ
ν −M2

(α)α
α
ν = 0 . (117)
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Îâàj ñêóï jåäíà÷èíà çà âèøå Ïðîêèíèõ ïî§à, ïîòåíöèjàëíî ðàçëè÷èòèõ ìàñàM(α), îájàø»àâà
çáîã ÷åãà ñåMα

β ìîæå èíòåðïðåòèðàòè êàî ìàòðèöà êâàäðàòà ìàñà. Òàêî¢å, òðåáà ïðèìåòèòè
äà ñó äîáèjåíà jåäíà÷èíà êðåòà»à (117), jåäíà÷èíà òåíçîðà åíåðãèjå-èìïóëñà (114), ïðèðîäíà
óîïøòå»à jåäíà÷èíà (107) è (106), ðåäîì, äîáèjåíèõ çà jåäíî Ïðîêèíî ïî§å. Øòàâèøå, êàî
è ó ñëó÷àjó jåäíîã Ïðîêèíîã ïî§à, àëãåáàðñêå jåäíà÷èíå êðåòà»à çà ïîìî£íà ïî§à (112) ñå
èñòî ìîãó çàìåíèòè íàòðàã ó äåjñòâî (102) ñà (111) ÷èìå ñå äîáèjà ñòàíäàðäíà òåîðèjà äðóãîã
ðåäà çà âèøå Ïðîêèíèõ ïî§à ñïðåãíóòèõ ñà Àjíøòàjí-Êàðòàíîâîì ãðàâèòàöèjîì.

Äà áè äåjñòâî çà Ïðîêèíî ïî§å áèëî ìîãó£å óñïåøíî óïîðåäèòè ñà äåjñòâîì äîáèjåíèì ó
íàðåäíèì îäå§öèìà êàî ðåçóëòàò Õèãñîâîã ìåõàíèçìà ÷ëàí ïî ÷ëàí, ïîòðåáíî jå jîø ìàëî
ìîäèôèêîâàòè äåjñòâî. Êîíêðåòíî, ïîòðåáíî jå ìîäèôèêîâàòè Ïðîêèíó âåçó (111) óâî¢å»åì
jîø äâà Ëàãðàíæåâà ìíîæèòå§à, 1-ôîðìó θα è 3-ôîðìó ρα, íà ñëåäå£è íà÷èí:

SProca =

∫
Θαab ∧

(
Ξαabcε

cdefed ∧ ee ∧ ef +Nαβ α
β ∧ ea ∧ eb

)
+ αα ∧ Ñα

βρβ

+ θα ∧
(
ρα − Ξαabce

a ∧ eb ∧ ec
)
. (118)

Äâà äîäàòíà Ëàãðàíæåâà ìíîæèòå§à ïîâå£àâàjó êîíôèãóðàöèîíè ïðîñòîð íà îäãîâàðàjó£è
íà÷èí, òàêî äà îí ïîñòàjå êîìïàòèáèëàí ñà êîíôèãóðàöèîíèì ïðîñòîðîì êîjè ñå ïîjàâ§ójå
ó îäå§êó î Õèãñîâîì ìåõàíèçìó. Îñèì òîãà, ìíîæèòå§è íå ìå»àjó íè jåäíó äðóãó îñîáèíó
äåjñòâà çà Ïðîêèíà ïî§à. Êîíêðåòíî, jåäíà÷èíå êðåòà»à (112) è (117), êàî è òåíçîð åíåðãèjå-
èìïóëñà (114) è jåäíà÷èíà çà òîðçèjó îñòàjó íåïðîìå»åíå. Íàðàâíî, ïîâå£à»å êîíôèãóðàöè-
îíîã ïðîñòîðà çíà÷è äà ïîñòîjå äîäàòíå jåäíà÷èíå êðåòà»à çà äâà íîâà ìíîæèòå§à:

θα = −Ñβ
ααβµ , ρανρσ = eMαβ εµνρσα

βµ . (119)

Êàî è äî ñàäà, è îâå jåäíà÷èíå ñó àëãåáàðñêå è ìîãó ñå çàìåíèòè íàòðàã ó äåjñòâî ÷èìå ñå
äîáèjà ñòàíäàðäíà òåîðèjà äðóãîã ðåäà çà Ïðîêèíà ïî§à.

Îâèì jå çàê§ó÷åíà àíàëèçà ðåôîðìóëàöèjà Ïðîêèíîã äåjñòâà çàñíîâàíîã íà âèøèì ãðà-
äèjåíòíèì òåîðèjàìà. Îáëèê ñàáèðàêà ó Ïðîêèíîj âåçè (118) òà÷íî îäãîâàðà òèïó ñàáèðàêà
êîjè ñå äîáèjàjó ó äåjñòâó çà Ñòàíäàðäíè Ìîäåë íàêîí ñïîíòàíîã íàðóøå»à ñèìåòðèjå åëåê-
òðîñëàáå èíòåðàêöèjå.

3.2.2 3BF äåjñòâî ñà âåçàìà çà òåîðèjó åëåêòðîñëàáèõ èíòåðàêöèjà

Äà áè Õèãñîâ ìåõàíèçàì áèî ñïðîâåäåí íà øòî jåäíîñòàâíèjè íà÷èí, ïîñòóïàê íå£å áèòè
ñïðîâåäåí íàä öåëèì äåjñòâîì (22) âå£ ñàìî íàä åëåêòðîñëàáèì ñåêòîðîì è òî áåç ôåðìèîíà,
êîjè £å áèòè ðàçìàòðàíè íàêíàäíî. Äðóãèì ðå÷èìà, îäãîâàðàjó£è èçáîð 3-ãðóïå jå:

G = SO(3, 1)× SU(2)× U(1) , H = R4 , L = C4 . (120)

Ãðóïà G ñàäðæè Ëîðåíöîâó ïîäãðóïó, ïîäãðóïó çà ñëàá èçîñïèí SU(2) è ïîäãðóïó çà ñëàá
õèïåðíàáîj U(1). Ãðóïà H îñòàjå èñòà êàî äî ñàäà, îïèñójó£è òðàíñëàöèjå, äîê jå ãðóïà L
ðåäóêîâàíà òàêî äà îïèñójå ñàìî äóáëåò êîìïëåêñíèõ ñêàëàðíèõ ïî§à. Õîìîìîðôèçìè δ è
∂ îñòàjó òðèâèjàëíè, êàî è Ïàjôåðîâî ïîäèçà»å {_ ,_}pf. Êîíà÷íî, äåjñòâî ãðóïå jå ñëåäå£å.
Ãðóïà íà ñàìó ñåáå äåëójå êî»óãàöèjîì, Ëîðåíöîâà ïîäãðóïà äåëójå íà ñòàíäàðäàí íà÷èí íà
ãðóïó H è òðèâèjàëíî íà ãðóïó L, jåð ñó ñâå êîìïîíåíòå ïî§à èç ãðóïå L ñêàëàðíà ïî§à.
Ñëàá èçîñïèí è õèïåðíàáîj äåëójó òðèâèjàëíî íà ãðóïó H, äîê äåëójó íåòðèâèjàëíî íà ãðóïó
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L. Äà áè îâî äåjñòâî áèëî åêñïëèöèòíî èçðàæåíî, êîðèñíî jå óâåñòè ìàòðè÷íó ðåïðåçåíòàöèjó
ãåíåðàòîðà TA ãðóïå L, êàî:

T1 =


1
0
0
0

 , T2 =


0
1
0
0

 , T3 =


0
0
1
0

 , T4 =


0
0
0
1

 . (121)

Äà§å, àêî ñå ãåíåðàòîðè èçîñïèíà îçíà÷å ñà τi (i = 1, 2, 3), è ãåíåðàòîð õèïåðíàáîjà ñà τ0,
äîáèjà ñå:

τα ▷ TA = ▷αA
BTB , (122)

ãäå èíäåêñè α óçèìàjó âðåäíîñòè èç ñêóïà 0, . . . , 3, øòî jåäíîáðàçíî ïðåáðîjàâà ñâå ãåíåðàòîðå
(τ0, τi) ãðóïå SU(2)× U(1). Êîåôèöèjåíòè ñó åêñïëèöèòíî äàòè êàî:

▷0A
B =

i

2


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , ▷1A
B =

i

2


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 ,

▷2A
B =

i

2


0 i 0 0
−i 0 0 0
0 0 0 i
0 0 −i 0

 , ▷3A
B =

i

2


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 .

(123)

Òðåáà ïðèìåòèòè äà ãåíåðàòîðè SU(2)×U(1) çàäîâî§àâàjó óîáè÷àjåíå êîìóòàöèîíå ðåëàöèjå

fαβγ =

{
−εαβγ , çà α, β, γ ̸= 0 ,
0 èíà÷å.

(124)

Îâèì jå ôèêñèðàí èçáîð 3-ãðóïå. Äà§å, áèëèíåàðíå ôîðìå ñó äåôèíèñàíå íà ïðèðîäàí íà÷èí
è çà ãðóïå G è H ñó äåôèíèñàíå êàî ó (17) è (18), äîê jå çà ãðóïó L èçáîð ïîìàëî íåîáè÷àí:

gAB =
1

2


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 . (125)

Îâî jå ñàìî ïðèâèäíî íåîáè÷íî jåð jå áàçèñ ó àëãåáðè l ó îáëèêó

ϕ ≡ ϕATA ≡ ϕ+T1 + ϕ0T2 + ϕ†+T3 + ϕ†0T4 =


ϕ+

ϕ0

ϕ†+
ϕ†0

 . (126)

Ìå¢óòèì, ïðåëàñêîì ó íîâè áàçèñ ó àëãåáðè l äàòèì ñà

T̃1 = T1 + T3 , T̃2 = iT1 − iT3 , T̃3 = T2 + T4 , T̃4 = iT2 − iT4 , (127)

ñå èñòè åëåìåíò àëãåáðå ìîæå ïðåïèñàòè ó îáëèêó

ϕ = ϕ1T̃1 + ϕ2T̃2 + ϕ3T̃3 + ϕ4T̃4 , (128)
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ãäå ñó ϕ1, . . . , ϕ4 ðåàëíå êîìïîíåíòå, è ãäå ïîñòîjè ïðèðîäíà âåçà èçìå¢ó êîåôèöèjåíàòà:

ϕ+ = ϕ1 + iϕ2 , ϕ0 = ϕ3 + iϕ4 , ϕ†+ = ϕ1 − iϕ2 , ϕ†0 = ϕ3 − iϕ4 . (129)

Ó áàçèñó T̃A jå áèëèíåàðíà ôîðìà (125) ðåïðåçåíòîâàíà äèjàãîíàëíîì jåäèíè÷íîì ìàòðèöîì.
Áàçèñ T̃A jå êîðèñòàí jåð jå ñâîjñòâåí çà áèëèíåàðíó ôîðìó è ó »åìó êîìïîíåíòå ïî§à ïîñòàjó
ðåàëíå, äîê jå áàçèñ TA êîðèñòàí jåð jå ñâîjñòâåí çà îïåðàòîðå ñëàáîã èçîñïèíà (»åãîâå jåäíå
êîìïîíåíòå) è ñëàáîã õèïåðíàáîjà (à èñïîñòàâè£å ñå è îïåðàòîðà íàåëåêòðèñà»à). Ó îâîì
ïîãëàâ§ó £å jåäíà÷èíå áèòè çàïèñèâàíå ó îáà áàçèñà ïðåìà ïîòðåáè.

Òðåáà óî÷èòè äà ñå (128) ìîæå ðàçóìåòè êàî åëåìåíò 4-äèìåíçèîíàëíå ðåàëíå Ëèjåâå àë-
ãåáðå l = R4, èëè êàî 2-äèìåíçèîíàëíå êîìïëåêñíå Ëèjåâå àëãåáðå l = C2 (êîjà jå èìïëèöèòíî
êîðèø£åíà ó íàjâå£åì áðîjó ñòàíäàðäíèõ ó¶áåíèêà î Õèãñîâîì ìåõàíèçìó). Ñà äðóãå ñòðàíå,
(126) jå åëåìåíò 4-äèìåíçèîíàëíå êîìïëåêñíå Ëèjåâå àëãåáðå l = C4, êîjà jå êîìïëåêñèôèêà-
öèjà R4. Êàêî áè ïðåëàçàê èç TA áàçèñà ó T̃A áàçèñ è íàçàä áèî øòî jåäíîñòàâíèjè, êîðèñíî
jå ðàäèòè ó êîìïëåêñèôèêîâàíîj l = C4 àëãåáðè, çáîã ÷åãà îâî è jåñòå èçáîð ãðóïå L = C4 ó
åëåêòðîñëàáîj 3-ãðóïè (120).

Íàêîí èçáîðà 3-ãðóïå è áèëèíåàðíèõ ôîðìè, äåjñòâî çà åëåêòðîñëàáó òåîðèjó ñå ìîæå
çàïèñàòè êàî:

S = S3BF + Sgrav + Sscal + SYang-Mills + SHiggs + SCC . (130)

Ñëè÷íîã jå îáëèêà êàî (22), ãäå ñó âåçå çà ôåðìèîíå èçîñòàâ§åíå. Áèëèíåàðíà ôîðìà èíòåð-
àêöèîíèõ êîíñòàíòè jå ó SYang-Mills äàòà ñà

Cαβ =


1
g20

0 0 0

0 1
g21

0 0

0 0 1
g21

0

0 0 0 1
g21

 , (131)

è èìà ñòðóêòóðó SU(2)× U(1) ãðóïå.

3.2.3 Ïðåãëåä Õèãñîâîã ìåõàíèçìà

Ïîñòîjå òðè ãëàâíà êîðàêà ó ñïðîâî¢å»ó Õèãñîâîã ìåõàíèçìà:

� äèñêóñèjà ñòàáèëíîã âàêóóìà,

� óâî¢å»å ñìåíå ïðîìåí§èâèõ,

� ôèêñèðà»å êàëèáðàöèjå ñêàëàðíèõ ïî§à.

Ó öè§ó ðàçóìåâà»à äåòà§à Õèãñîâîã ìåõàíèçìà ñïðîâåäåíîã íàä äåjñòâîì (130), êîðèñíî jå
ïîíîâèòè îâå ãëàâíå êîðàêå êîðèø£å»åì íîâèõ ïðîìåí§èâèõ è íîòàöèjå.

Àíàëèçà ñòàáèëíîã âàêóóìà jå èäåíòè÷íà àíàëèçè ó ñëó÷àjó óîáè÷àjåíîã Õèãñîâîã ìåõà-
íèçìà. Âåçà SHiggs óâîäè ïîòåíöèjàë çà ñêàëàðíà ïî§à ó îáëèêó

V (ϕ) = 2χ
(
ϕAϕA − v2

)2
, (132)

è ìîæå ñå óî÷èòè äà ñòàáèëàí âàêóóì íèjå jåäèíñòâåí, âå£ ïðåäñòàâ§à áèëî êîjó òà÷êó íà
3-ñôåðè ϕAϕA = v2 ó êîíôèãóðàöèîíîì ïðîñòîðó. Äà áè äåjñòâî áèëî çàïèñàíî ó îáëèêó ó êîì
ñâà ïî§à èìàjó âðåäíîñò jåäíàêó íóëè ó òà÷êè ó êîíôèãóðàöèîíîì ïðîñòîðó êîjà îäãîâàðà
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èçàáðàíîì âàêóóìó, ïîòðåáíî jå óâåñòè ñìåíó ïðîìåí§èâèõ èç (ϕ1, ϕ2, ϕ3, ϕ4) ó (ϕ1, ϕ2, h, ϕ4),
ãäå jå h(x) íîâî ñêàëàðíî ïî§å äîáèjåíî òðàíñëàöèjîì ϕ3 çà v:

ϕ3(x) = v + h(x) . (133)

Îâî îäãîâàðà èçáîðó òà÷êå (0, 0, v, 0) íà 3-ñôåðè çà âàêóóì, ïðåìà êîíâåíöèjè. Íàðàâíî, îâà
êîíâåíöèjà jå ïîòïóíî ïðîèçâî§íà è íèøòà ó îñòàòêó àíàëèçå íå çàâèñè îä »å. Ñìåíà ïðî-
ìåí§èâèõ jå äàòà ó áàçèñó T̃A, äîê ó îðèãèíàëíîì áàçèñó TA îíà ãëàñè:

ϕA =


ϕ+

ϕ0

ϕ†+
ϕ†0

 =


ϕ1 + iϕ2

v + h+ iϕ4

ϕ1 − iϕ2

v + h− iϕ4

 . (134)

Êîíà÷íî, íà îñíîâó îâå ðåëàöèjå ñå ìîæå óî÷èòè äà ñó êîìïîíåíòå ϕ1, ϕ2 è ϕ4 ñóøòèíñêè
åêâèâàëåíòíå (ó ëèíåàðíîì ðàçâîjó) ïàðàìåòðèìà g-ãðàäèjåíòíå òðàíñôîðìàöèjå

ϕ→ ϕ′ = eξ
ατα ▷ ϕ . (135)

Êîíêðåòíî, êîðèø£å»åì äåjñòâà (122) ãåíåðàòîðà àëãåáðå g íà ãåíåðàòîðå àëãåáðå l, ìîæå ñå
ïî£è îä òðåíóòíîã ñòà»à è èçáîðà ïàðàìåòàðà ãðàäèjåíòíå òðàíñôîðìàöèjå,

ϕA =


0

v + h
0

v + h

 , ξα(ϕA) =
1

v


ϕ4

2ϕ2

2ϕ1

−ϕ4

+O(ϕ2) , (136)

à ïîòîì, ïðèìåíîì òðàíñôîðìàöèjå (135) íà ñòà»å èçíàä, äîáèòè:

ϕ′A = eξ
α(ϕ)τα


0

v + h
0

v + h

 =


ϕ1 + iϕ2

v + h+ iϕ4

ϕ1 − iϕ2

v + h− iϕ4

 . (137)

Çáîã òîãà jå î÷èãëåäíî äà ñå ïî§à ϕ1, ϕ2 è ϕ4 ìîãó ðàçóìåòè êàî ñòåïåíè ñëîáîäå ôèêñèðà»à
êàëèáðàöèjå äàòè ðåëàöèjîì (136), ïà jå jàñíî äà jå ñàìî ïî§å h ôèçè÷êî, îáçèðîì äà ñå íå
ìîæå óêëîíèòè g-ãðàäèjåíòíîì òðàíñôîðìàöèjîì.

Äà§å, ìîæå ñå óî÷èòè äà è íàêîí óêëà»à»à ïî§à ϕ1, ϕ2 è ϕ4 êîðèø£å»åì ãðàäèjåíòíå
òðàíñôîðìàöèjå, ñòà»å ϕA ó (136) è äà§å îñòàjå î÷óâàíî ïðè äåjñòâó U(1) ïîäãðóïå G. Àêî
ñå ãåíåðàòîð îâå ãðóïå îçíà÷è ñà Q, jåäíîñòàâíî jå óî÷èòè èç (123) äà jå óñëîâ ñòàáèëèçàöèjå
âàêóóìà Q ▷ ϕ = 0 çàäîâî§åí çà

Q = τ0 + τ3 . (138)

Îâà jåäíà÷èíà jå ïîçíàòà ïîä íàçèâîì Ãåë-Ìàí�Íèøè¶èìèíà ôîðìóëà (çà åëåêòðîñëàáå èí-
òåðàêöèjå). Ôåíîìåíîëîøêè,Q îäãîâàðà åëåêòðîìàãíåòíîì íàáîjó q, êîíêðåòíî q jå ñâîjñòâåíà
âðåäíîñò îïåðàòîðà −iQ, è îäãîâàðàjó£à ãðàäèjåíòíà ãðóïà ñòàáèëèçàòîðà U(1) jå ãðàäèjåíò-
íà ãðóïà ñèìåòðèjå åëåêòðîäèíàìèêå. Èç jåäíà÷èíå ñòàáèëèçàòîðà jå î÷èãëåäíî äà Õèãñîâî
ïî§å íèjå íàåëåêòðèñàíî, jåð jå ñâîjñòâåíî îïåðàòîðó −iQ çà ñâîjñòâåíó âðåäíîñò q = 0.

Òðåáà jîø jåäíîì íàãëàñèòè äà ïðåòõîäíè ðåçóëòàòè íå çàâèñå îä èçáîðà âàêóóìà (0, 0, v, 0)
íà 3-ñôåðè. Àêî áè óìåñòî îâå òà÷êå áèëà îäàáðàíà íåêà äðóãà, ðàçëèêîâàëî áè ñå jåäèíî
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ðåøå»å jåäíà÷èíå ñòàáèëèçàòîðà Q ▷ ϕ = 0, àëè áè ñå òî ðåøå»å óâåê ìîãëî çàïèñàòè ó
îïøòåì îáëèêó êàî:

Q = τ0 + α⃗ · τ⃗ , α⃗ ∈ R3, ∥α⃗∥2 = 1 . (139)

Îâäå jå τ⃗ òðîjêà (τ1, τ2, τ3). Ìå¢óòèì, íàáîj Õèãñîâîã ïî§à è äà§å îñòàjå jåäíàê íóëè, jåð jå
îí ïîñëåäèöà jåäíà÷èíå ñòàáèëèçàòîðà âàêóóìà.

3.2.4 Òðàíñôîðìàöèjà äåjñòâà

Ñëåäå£è êîðàê jå çàìåíà óâåäåíèõ ñìåíà ó äåjñòâî è ôèêñèðà»å êàëèáðàöèjå ïðèìåíîì
ãðàäèjåíòíå òðàíñôîðìàöèjå êîjà óêëà»à êîìïîíåíòå ïî§à ϕ1, ϕ2 è ϕ4,

ϕA →
(
e−ξ ▷ ϕ

)A
=


0

v + h
0

v + h

 , (140)

ãäå jå ξ ≡ ξατα, à ïàðàìåòðè ξα ñó äàòè ó (136). Ó öè§ó èñïèòèâà»à øòà ñå äîãà¢à ñà äåj-
ñòâîì (130), ïîòðåáíî jå óòâðäèòè äåjñòâî ãðàäèjåíòíå òðàíñôîðìàöèjå íà ñâà ïî§à ó äåjñòâó.
Òðàíñôîðìàöèjå 3-êîíåêñèjà (α, ω, β, γ̃) ñó äàòå êàî:

α′ = e−ξ (α + d) eξ , ω′ = ω , β′ = β , γ̃′ = e−ξ ▷ γ̃ . (141)

Îäãîâàðàjó£å êðèâèíå ñå òðàíñôîðìèøó ïðåìà:

F ′ = e−ξFeξ , R′ = R , G ′ = G , H′ = e−ξ ▷H . (142)

Òðàíñôîðìàöèjå Ëàãðàíæåâèõ ìíîæèòå§à êîjè ñå ïîjàâ§ójó ó òîïîëîøêîì äåëó äåjñòâà Bα,
B[ab], ea è ϕ

A, ñó äàòå ñà:

B′α =
(
e−ξBeξ

)
α
, B′[ab] = B[ab] , e′a = ea , (143)

äîê jå òðàíñôîðìàöèjà ϕA âå£ îäðå¢åíà ó (140). Äà§å, Ëàãðàíæåâè ìíîæèòå§è èç àëãåáðå g
êîjè ñå ïîjàâ§ójó ó âåçàìà λα, λ[ab], Mαab è ζαab, ñå òðàíñôîðìèøó êàî:

λ′α =
(
e−ξλeξ

)
α
, λ′[ab] = λ[ab] , M ′

αab =
(
e−ξMeξ

)
αab

, ζ ′αab =
(
e−ξζeξ

)
αab

. (144)

Ëàãðàíæåâè ìíîæèòå§è èç àëãåáðå l êîjè ñå ïîjàâ§ójó ó âåçàìà λ̃A, ΛabA è HabcA, ñå òðàíñ-
ôîðìèøó:

λ̃′A =
(
e−ξ ▷ λ̃

)
A
, Λ′abA =

(
e−ξ ▷ Λ

)
abA

, H ′abcA =
(
e−ξ ▷ H

)
abcA

. (145)

Êîíà÷íî, âåçå ñàäðæå êîâàðèjàíòíè èçâîä ∇ϕ, êîjè ñå òðàíñôîðìèøå êàî

(∇ϕ)′ = e−ξ ▷ (∇ϕ) , (146)

øòî jå è î÷åêèâàíî.
Äîäàòíî, äåjñòâî ñàäðæè è áèëèíåàðíó ôîðìó èíòåðàêöèîíèõ êîíñòàíòè, Cαβ, äàòó ñà

(131). Ìîæå ñå óî÷èòè äà jå îíà âå£ äåî ïî äåî ïðîïîðöèîíàëíà âå£ óâåäåíîj áèëèíåàðíîj
ôîðìè ⟨_ ,_⟩g, íà ñëåäå£è íà÷èí:

Cαβ = C(τα, τβ) ≡
δjαδ

k
β

g21
⟨τj, τk⟩g +

δ0αδ
0
β

g20
⟨τ0, τ0⟩g . (147)
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Äâà ñàáèðêà ó ñóìè îäãîâàðàjó áèëèíåàðíèì ôîðìàìà ⟨_ ,_⟩su(2) è ⟨_ ,_⟩u(1), ðåäîì. Áóäó£è
äà ñå ãðàäèjåíòíà òðàíñôîðìàöèjà ìîæå ïðåäñòàâèòè ó îáëèêó e−ξ

iτi × e−ξ
0τ0 , çàõâà§ójó£è

äèðåêòíîì ïðîèçâîäó ó ñòðóêòóðè ãðóïå SU(2)× U(1), ñâàêè ÷èíèëàö ó ãðàäèjåíòíîj òðàíñ-
ôîðìàöèjè îñòàâ§à îäãîâàðàjó£ó áèëèíåàðíó ôîðìó èíâàðèjàíòíîì,

⟨e−ξiτi ▷ τj, e−ξ
iτi ▷ τk⟩su(2) = ⟨τj, τk⟩su(2) , ⟨e−ξ0τ0 ▷ τ0, e−ξ

0τ0 ▷ τ0⟩u(1) = ⟨τ0, τ0⟩u(1) , (148)

êàî ïîñëåäèöó ïîñòóëèðàíå G-èíâàðèjàíòíîñòè áèëèíåàðíå ôîðìå ⟨_ ,_⟩g. Îâî èìïëèöèðà äà
áèëèíåàðíà ôîðìà êîíñòàíòè èíòåðàêöèjå òàêî¢å ìîðà äà áóäå èíâàðèjàíòíà íà ãðàäèjåíòíå
òðàíñôîðìàöèjå:

C ′αβ = Cαβ . (149)

Ñàäà jå ìîãó£å èñïèòàòè òðàíñôîðìàöèjó öåëîã äåjñòâà ó îäíîñó íà (140). Êîíêðåòíî,
äåjñòâî (130) jå ôóíêöèîíàë ñâèõ ãîðå ïîìåíóòèõ ïî§à,

αα, ω[ab], βa, γ̃A, Bα, B[ab], ea, λα, λ[ab], Mαab, ζαab, λ̃A, ΛabA, HabcA, ϕ
A, (150)

èëè äðóãèì ðå÷èìà, ãîðå íàâåäåíà ëèñòà ïî§à äåôèíèøå öåî êèíåìàòè÷êè êîíôèãóðàöèîíè
ïðîñòîð äåjñòâà. Ìå¢óòèì, íèñó ñâè ñàáèðöè ó äåjñòâó ôóíêöèjå ïî§à ϕA. Çáîã òîãà òðàíñôîð-
ìàöèjà (140) äåëójå òðèâèjàëíî íà ñàáèðêå êîjè ñó íåçàâèñíè îä ϕA, äîê ñå ñàáèðöè çàâèñíè îä
ϕA òðàíñôîðìèøó íåòðèâèjàëíî, ðåäóêójó£è êîíôèãóðàöèîíè ïðîñòîð íà ìà»è, äåôèíèñàí
íàä ïî§èìà

αα, ω[ab], βa, γ̃A, Bα, B[ab], ea, λα, λ[ab], Mαab, ζαab, λ̃A, ΛabA, HabcA, h, (151)

êîjà ñå îä ïî÷åòíîã ñêóïà ðàçëèêójó çà ñìåíó (ϕ1, ϕ2, ϕ3, ϕ4)→ (0, 0, v + h, 0). Çàäàòàê ñå ñàäà
ñâîäè íà îäðå¢èâà»å îáëèêà äåjñòâà S̃ êîjå jå äåôèíèñàíî íà ðåäóêîâàíîì êîíôèãóðàöèîíîì
ïðîñòîðó, øåìàòñêè äåôèíèñàíî òðàíñôîðìàöèjîì:

S[. . . , ϕA]
e−ξ

−−−−−→ S̃[. . . , h] ≡ S[. . . , ϕA]

∣∣∣∣ϕ1=ϕ2=ϕ4=0
ϕ3=v+h

. (152)

Ìîæå ñå îäìàõ óî÷èòè äà ñå ñàáèðöè Sgrav, SYang-Mills è SCC òðàíñôîðìèøó òðèâèjàëíî jåð íå
çàâèñå îä ïî§à ϕ:

Sgrav
e−ξ

−−→ S̃grav = Sgrav , SYang-Mills
e−ξ

−−→ S̃Yang-Mills = SYang-Mills , SCC
e−ξ

−−→ S̃CC = SCC .
(153)

Øòàâèøå, 2BF ïàð÷å îä S3BF ñàáèðêà ñå òàêî¢å òðàíñôîðìèøå òðèâèjàëíî èç èñòîã ðàçëîãà.
Ñà äðóãå ñòðàíå, òðå£è ñàáèðàê ó S3BF äåëó, êàî è Sscal è SHiggs çàõòåâàjó âèøå ïàæ»å. Çà

ïî÷åòàê, SHiggs ñàáèðàê jå îáëèêà

SHiggs = −
∫

1

4!
V (ϕ) εabcde

a ∧ eb ∧ ec ∧ ed , (154)

ïà äåëîâà»åì (152) Õèãñîâ ïîòåíöèjàë V (ϕ) (ïîãëåäàòè (132)) ïîñòàjå

V (ϕ)
e−ξ

−−→ V (h) ≡ 8v2χh2 + 8vχh3 + 2χh4 . (155)

Çáîã òîãà jå î÷èãëåäíî äà âàæè

SHiggs
e−ξ

−−→ S̃Higgs = −
∫

1

4!
V (h) εabcde

a ∧ eb ∧ ec ∧ ed . (156)
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Èç îáëèêà êâàäðàòè÷íîã ÷ëàíà ó ðåçóëòójó£åì ïîòåíöèjàëó (155) è îïøòåã îáëèêà ìàñåíîã
÷ëàíà çà jåäíî ñêàëàðíî ïî§å (90), ìîæå ñå çàê§ó÷èòè äà jå ìàñà Õèãñîâîã ïî§à:

m = 2v
√

2χ . (157)

Îáëèê ïîòåíöèjàëà ñå ìîæå èçàáðàòè è íà äðóãà÷èjè íà÷èí ó îäíîñó íà (132), íà ïðèìåð

Valt(ϕ) = 2χ
(
ϕAϕA

)2 − 4χv2ϕAϕA . (158)

Îâàj ïîòåíöèjàë ñå ðàçëèêójå îä (132) çà êîíñòàíòàí ñàáèðàê 2χv4, êîjè ñå îíäà ñàáåðå ñà SCC
è äàjå äðóãà÷èjó âðåäíîñò êîñìîëîøêå êîíñòàíòå. Ìå¢óòèì, ïîòåíöèjàë (132) íå ãåíåðèøå
äîäàòíè ñàáèðàê, ïà CC ñàáèðàê ó äåjñòâó îñòàjå èñòè íàêîí ñïîíòàíîã íàðóøå»à ñèìåòðèjå.

Ñëåäå£è ñàáèðàê jå S3BF ÷ëàí. Ñàìî ïîñëåä»è ñàáèðàê ó S3BF çàâèñè îä ïî§à ϕ, äîê
îñòàòàê íå çàâèñè è ìîæå ñå îçíà÷èòè ñà S2BF . Çàòèì, êîðèø£å»ì îäãîâàðàjó£å ïðîìåíå
áàçèñà TA → T̃A ó Ëèjåâîj àëãåáðè l (ïîãëåäàòè (127)), ñà äîäàòíîì íîòàöèjîì çà èíäåêñå
A→ (Ā,H) ãäå jå Ā ∈ {1, 2, 4} è H ≡ 3, äîáèjà ñå

S3BF = S2BF +

∫
ϕA∇γ̃A

e−ξ

−−→ S2BF +

∫
(v + h) ((∇γ̃)0 + (∇γ̃)0†)

= S2BF +

∫
(v + h)

(
dγ̃H + ▷α

Ā
H α

α ∧ γ̃Ā
)

= S2BF +

∫
hdγ̃H + vdγ̃H + (v + h) ▷ α

Ā
H α

α ∧ γ̃Ā

= S̃3BF +

∫
vdγ̃H + (v + h) ▷ α

Ā
H α

α ∧ γ̃Ā ,

(159)

ãäå jå íîâî äåjñòâî S̃3BF äåôèíèñàíî êàî ôóíêöèîíàë íàä ïî§èìà èç ðåäóêîâàíîã êîíôèãó-
ðàöèîíîã ïðîñòîðà (151) êàî

S̃3BF = S2BF +

∫
hdγ̃H . (160)

Ó íàðåäíîì îäå§êó £å áèòè äèñêóòîâàíà »åãîâà îäãîâàðàjó£à 3-ãðóïà. Êîíà÷íî, ìîæå ñå
çàê§ó÷èòè äà âàæè

S3BF
e−ξ

−−→ S̃3BF +

∫
vdγ̃H + (v + h) ▷ α

Ā
H α

α ∧ γ̃Ā , (161)

ãäå £å äîäàòíè ÷ëàíîâè áèòè ãðóïèñàíè çàjåäíî ñà äðóãèì äîäàòíèì ÷ëàíîâèìà èç ïðåîñòàëèõ
äåëîâà äåjñòâà è äèñêóòîâàíè çàjåäíî.

Ó jåäíà÷èíàìà (159), (160) è (161) jå êîðèø£åí áàçèñ (127) ó Ëèjåâîj àëãåáðè l, òàêî äà ñå
ìîæå óâåñòè γ̃H ≡ γ̃0 + γ̃0† . Äåjñòâî ▷ jå áèëî ðåïðåçåíòîâàíî ìàòðèöàìà (123) ó îðèãèíàëíîì
áàçèñó TA, êîjè jå ñàäà ïîäå§åí íà ñëåäå£å êîìïîíåíòå:

▷αH
Ā , ▷αĀ

H , ▷αĀ
B̄ , ▷αH

H . (162)

Ïîøòî jå áèëèíåàðíà ôîðìà gAB ó îâîì áàçèñó äèjàãîíàëíà, è çàïðàâî jåäíàêà gAB = δAB,
ïðåìà Òåîðåìè 1 ñà ïî÷åòêà îâå ãëàâå, äèjàãîíàëíè åëåìåíòè ñâèõ îâèõ êîìïîíåíàòà ìîðàjó äà
áóäó jåäíàêè íóëè. Êîíêðåòíî, ▷αH

H = 0, øòî äà§å èìïëèöèðà äà jå ∇γ̃H ≡ dγ̃H è îïðàâäàâà
èäåíòèôèêàöèjó (160). Øòàâèøå, êîìîíåíòå ▷αĀ

B̄ íå ôèãóðèøó ó jåäíà÷èíàìà (159), (160) è
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(161) è íå ïîjàâ§ójó ñå íèãäå. Òî çíà÷è äà ñó jåäèíå ðåëåâàíòíå êîìïîíåíòå îíå êîjå ñå ìîãó
èçðàçèòè ó ìàòðè÷íîì îáëèêó êàî:

▷αH
Ā =

1

2


0 0 1
0 1 0
1 0 0
0 0 −1

 , ▷αĀ
H =

1

2


0 0 −1
0 −1 0
−1 0 0
0 0 1

 . (163)

Òðåáà óî÷èòè äà jå îâäå α èíäåêñ êîjè ïðåáðîjàâà âðñòå, à Ā èíäåêñ êîjè ïðåáðîjàâà êîëîíå,
äîê jå èíäåêñ H ≡ 3 êîíñòàíòàí.

Êîíà÷íî, ïîñëåä»è ñàáèðàê ó äåjñòâó jå Sscal, êîjè èìà ïî÷åòíè îáëèê

Sscal =

∫
λ̃A∧

(
γ̃A −HabcAe

a ∧ eb ∧ ec
)
+ΛabA∧HabcAε

cdefed∧ee∧ef−ΛabA∧(∇ϕ)A∧ea∧eb , (164)

è ñëè÷íî êàî S3BF , çàâèñè îä ϕA ñàìî ó ïîñëåä»åì ñàáèðêó, äîê jå îñòàòàê íåçàâèñàí îä ϕA.
Ðàçäâàjà»åì èíäåêñà A íà (Ā,H), ñàáèðàê ñå òðàíñôîðìèøå ó:

Sscal
e−ξ

−−→
∫
λ̃H ∧

(
γ̃H −HabcHe

a ∧ eb ∧ ec
)
+ ΛabH ∧HabcHε

cdefed ∧ ee ∧ ef
−ΛabH ∧ dh ∧ ea ∧ eb + λ̃Ā ∧

(
γ̃Ā −HabcĀe

a ∧ eb ∧ ec
)

+ΛabĀ ∧HabcĀε
cdefed ∧ ee ∧ ef − ΛabĀ ∧ αα ▷α H

Ā(v + h) ∧ ea ∧ eb .

(165)

Òðåáà óî÷èòè äà ïðâè ðåä ñà äåñíå ñòðàíå çàjåäíî ñà ïðâèì ñàáèðêîì ó äðóãîì ðåäó îäãî-
âàðà òà÷íî ñêàëàðíîj âåçè çà jåäíî ðåàëíî ñêàëàðíî ïî§å, êàî ôóíêöèîíàë íà ðåäóêîâàíîì
êîíôèãóðàöèîíîì ïðîñòîðó (151). Îâà âåçà ñå ìîæå îçíà÷èòè ñà S̃scal, ïà çà öåî èçðàç âàæè:

Sscal
e−ξ

−−→ S̃scal +

∫
λ̃Ā ∧

(
γ̃Ā −HabcĀe

a ∧ eb ∧ ec
)

+ ΛabĀ ∧HabcĀε
cdefed ∧ ee ∧ ef

− ΛabĀ ∧ αα ▷α H
Ā(v + h) ∧ ea ∧ eb ,

(166)

ãäå £å ïîíîâî äîäàòíè ñàáèðöè áèòè ãðóïèñàíè ñà îñòàëèì äîäàòíèì ñàáèðöèìà èç äåjñòâà.
Íàêîí ðàçìàòðà»à ñâèõ äåëîâà äåjñòâà (130) ïîjåäèíà÷íî, ïðè äåëîâà»ó òðàíñôîðìàöèjå

(152), ñâè äåëîâè ñå ìîãó ïîíîâî ñàáðàòè è óïîðåäèòè ñà äåjñòâîì çà ìàñåíî ñêàëàðíî ïî§å
è Ïðîêèíà ïî§à. Ìå¢óòèì, äà áè ïîðå¢å»å áèëî øòî jåäíîñòàâíèjå, êîðèñíî jå óâåñòè jîø
íîâå íîòàöèjå. Êîíêðåòíî, ìîæå ñå óâåñòè áèëèíåàðíà ôîðìà καβ êîjà çàäîâî§àâà ñëåäå£è
èäåíòèòåò:

καβ ▷αH
Ā ▷βB̄

H = −1

4
δĀB̄ . (167)

Èçáîð îâå áèëèíåàðíå ôîðìå íèjå jåäèíñòâåí. Êîíêðåòíî, áóäó£è äà ñó ìàòðèöå (163) ðàíãà
3, ïîñòîjè ïðîjåêòîð Pα

β êîjè çàäîâî§àâà

Pα
βPβ

γ = Pα
γ , Pα

α = 3 , Pαβ = Pβα , Pα
β ▷βH

Ā = ▷αH
Ā . (168)

Òðåáà óî÷èòè äà ïðîjåêòîð (168) òàêî¢å çàäîâî§àâà èäåíòèòåò Pα
β ▷βĀ

H = ▷αĀ
H , jåð ▷αĀ

H

ñàäðæè èñòå êîìïîíåíòå êàî ▷αH
Ā äî íà çíàê ìèíóñ, ïîãëåäàòè (163). Çáîã òîãà jå áèëèíåàðíà

ôîðìà καβ äåôèíèñàíà äî íà ñàáèðàê ó îáëèêó

καβ → καβ +
[
δ(αγ − Pγ(α

]
Aβ)γ , (169)
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ãäå jå Aαβ ïðîèçâî§íà ìàòðèöà, äîê çàãðàäå îêî èíäåêñà îçíà÷àâàjó ñèìåòðèçàöèjó. Ìîæå
ñå óî÷èòè äà jå èçðàç ó çàãðàäè îðòîãîíàëíè ïðîjåêòîð êîjè ïðåñëèêàâà ó jåçãðî ìàòðèöå
(163). Îâà ïðîèçâî§íîñò ãàðàíòójå äà ñå áèëèíåàðíà ôîðìà καβ ìîæå èçàáðàòè òàêî äà áóäå
èíâåðòèáèëíà. Ïðîjåêòîð Pα

β ñå ìîæå äèðåêòíî îäðåäèòè èç äåôèíèöèjå (168) è ìàòðèöà
(163), äîê ñå jåäàí êîíêðåòàí èçáîð áèëèíåàðíå ôîðìå καβ ìîæå äîáèòè èç (167), òàêî äà
ìîãó äà áóäó çàïèñàíè ó ìàòðè÷íîj ôîðìè êàî:

Pα
β =

1

2


1 0 0 −1
0 2 0 0
0 0 2 0
−1 0 0 1

 , καβ =
1

2


1 0 0 0
0 2 0 0
0 0 2 0
0 0 0 1

 . (170)

Äîäàòíî, îñèì ïðîjåêòîðà è καβ, ñå ìîãó óâåñòè è äîäàòíå âåëè÷èíå:

θα ≡ −2καβ▷βHĀλ̃Ā , Θαab ≡ −2καβ▷βHĀΛabĀ , ρα ≡ 2▷α
Ā
H γ̃Ā , Ξαabc ≡ 2▷α

Ā
HHabcĀ .

(171)
Îâå ÷åòèðè âåëè÷èíå çàäîâî§àâàjó ÷åòèðè ôóíäàìåíòàëíà èäåíòèòåòà,

θα∧ρα = λ̃Ā∧γ̃Ā , θαΞαabc = λ̃ĀHabcĀ , Θαab∧ρα = ΛabĀ∧γ̃Ā , ΘαabΞαcde = ΛabĀHcdeĀ ,
(172)

êîjè ñó äèðåêòíà ïîñëåäèöà èäåíòèòåòà (167). Ñâðõà óâî¢å»à îâèõ âåëè÷èíà jå ó òîìå äà ñå
ïîìî£ó »èõ ìîãó åëèìèíèñàòè Ā èíäåêñè èç jåäíà÷èíà. Òðåáà óî÷èòè äà jå è ó äåôèíèöèjàìà
(171) è ó èäåíòèòåòèìà (172) ñóìèðàíî ïî èíäåêñèìà Ā ñà äåñíå ñòðàíå, äîê ñå îíè óîïøòå
íå ïîjàâ§ójó ñà ëåâå ñòðàíå.

Âàæíî jå íàãëàñèòè äà ïðîèçâî§íîñò καβ ó (169) óâîäè ïðîìåíå ó äåjñòâó. Îâî jå ó âåçè
ñà ÷è»åíèöîì äà ñìåíà ïðîìåí§èâèõ (171) óâîäè äîäàòíå ïðîìåí§èâå êîjå íå ïîñòîjå ó îðè-
ãèíàëíîì äåjñòâó. Çàõòåâ äà îâå äîäàòíå ïðîìåí§èâå íå ïîñòîjå, îäíîñíî äà íà ëåâîj ñòðàíè
èäåíòèòåòà (172) ïîñòîjè èñòè áðîj êîìïîíåíàòà êàî íà äåñíîj ñòðàíè, ðåäóêójå ïðîèçâî§íîñò
(169) áèëèíåàðíå ôîðìå καβ êîjà ñàäà èìà îáëèê:

καβ → καβ +
[
δαγ − Pγα

]
Aγδ
[
δβδ − Pδ

β
]
. (173)

Âàæíî jå íàãëàñèòè è äà jå è íàêîí îâîã çàõòåâà ìîãó£å èçàáðàòè èíâåðòèáèëíó áèëèíåàðíó
ôîðìó καβ, äîê jå ñàìî äåjñòâî èíâàðèjàíòíî íà ïðîìåíó áèëèíåàðíå ôîðìå (173), øòî çíà÷è
äà òåîðèjà íå çàâèñè îä òîã èçáîðà. Âèäåòè Äîäàòàê À.2 çà äåòà§íèjó àíàëèçó è äîêàç.

Íàêîí óâî¢å»à íîâèõ âåëè÷èíà è íîòàöèjå ñå ìîæå íàñòàâèòè ñà àíàëèçîì äåjñòâà. Çà äàòó
òðàíñôîðìàöèjó (152) äåjñòâà (130), ìîãó ñå ïðèìåíèòè äåôèíèöèjå (171) è èäåíòèòåòè (172)
êàêî áè ñå åëèìèíèñàëè ñâè èíäåêñè Ā, B̄, à òðàíñôîðìèñàíî äåjñòâî S̃ ïîñòàëî ôóíêöèîíàë
íàä ðåäóêîâàíèì êîíôèãóðàöèîíèì ïðîñòîðîì (151). Ñàñòàâ§à»åì ðåçóëòàòà (153), (156),
(161) è (166), äîáèjà ñå ïóí îáëèê äåjñòâà:

S̃ = Sgrav + SYang-Mills + SCC + S̃Higgs + S̃3BF + S̃scal

+

∫
Θαab ∧

(
Ξαabc ε

cdefed ∧ ee ∧ ef +
v

2
κ−1αβPγ

βαγ ∧ ea ∧ eb
)

+

∫
v

2
ααPα

β ∧ ρβ + θα ∧
(
ρα − Ξαabce

a ∧ eb ∧ ec
)

+
1

2

∫
hααPα

β ∧
(
ρβ − κ−1βγΘ

γab ∧ ea ∧ eb
)
+ v

∫
dγ̃H .

(174)
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Îâàj îáëèê äåjñòâà jå ñàäà óïîðåäèâ ñà äåjñòâîì çà Ïðîêèíî ïî§å (102). Ñïåöèjàëíî, äðóãè
è òðå£è ðåä ó (174) ñå ìîãó óïîðåäèòè ñà Ïðîêèíîì âåçîì ó (118). Óïîðå¢èâà»å ñëîáîäíèõ
ïàðàìåòàðà ÷ëàí ïî ÷ëàí äàjå èäåíòèôèêàöèjó ñëîáîäíèõ ïàðàìåòàðà ó Ïðîêèíîì äåjñòâó íà
ñëåäå£è íà÷èí:

Nαβ =
v

2
κ−1αγPβ

γ , Ñα
β =

v

2
Pα

β . (175)

Êîðèø£å»åì îâèõ èçðàçà, ìîæå ñå êîíñòðóèñàòè ìàòðèöà êâàäðàòà ìàñà (115) è äîáèòè

Mα
β =

v2

4

(
C−1

)αγ
Pγ

δκ−1δϵ Pβ
ϵ , (176)

ãäå jå áèëèíåàðíà ôîðìà èíòåðàêöèîíèõ êîíñòàíòè Cαβ äåôèíèñàíà ó (131), äîê ñó ïðîjåêòîð
è áèëèíåàðíà ôîðìà καβ äàòè ó (170). Íà îñíîâó òîãà ñå çà ìàòðèöó êâàäðàòà ìàñà äîáèjà:

Mα
β =

v2

4


g20 0 0 −g20
0 g21 0 0
0 0 g21 0
−g21 0 0 g21

 . (177)

Ôèçè÷êè ðåëåâàíòàí áàçèñ ó Ëèjåâîj àëãåáðè g jå îíàj ó êîjåì jå ìàòðèöà êâàäðàòà ìàñà
äèjàãîíàëíà, à îäãîâàðàjó£å ñâîjñòâåíå âðåäíîñòè ìîãó£å èíòåðïðåòèðàòè êàî êâàäðàòå ìàñà
âåêòîðñêèõ áîçîíà ó òîì áàçèñó. Áóäó£è äà ñó ïðâà è ïîñëåä»à êîëîíà ó (177) ïðîïîðöèîíàë-
íå, äåòåðìèíàíòà ìàòðèöå jå jåäíàêà íóëè, ïà jå áàð jåäíà »åíà ñâîjñòâåíà âðåäíîñò jåäíàêà
íóëè. Øòàâèøå, ìàòðèöà jå âå£ ó áëîê-äèjàãîíàëíîj ôîðìè, ñà äâà jåäíîäèìåíçèîíàëíà áëîêà
g21, îäàêëå ñå ìîæå çàê§ó÷èòè äà ñó òå äâå ñâîjñòâåíå âðåäíîñòè jåäíàêå v2g21/4. Êîíà÷íî, èç
òðàãà ìàòðèöå ñå ìîæå äîáèòè è ÷åòâðòà ñâîjñòâåíà âðåäíîñò, ïà jå öåî ìàñåíè ñïåêòàð äàò
ñà:

M2
1 = 0 , M2

2 =
v2

4
g21 , M2

3 =
v2

4
g21 , M2

4 =
v2

4
(g20 + g21) . (178)

×è»åíèöà äà ñó ñâîjñòâåíå âðåäíîñòè M2
2 è M2

3 jåäíàêå èìïëèöèðà äà ñâîjñòâåíè áàçèñ íèjå
jåäíîçíà÷íî îäðå¢åí, è äà jå ïîòðåáíî äîäàòè jîø ñïåöèjàëíèjå çàõòåâå. Ïðèðîäíè èçáîð îâèõ
çàõòåâà jå äà áàçèñ, îñèì çà ìàòðèöó êâàäðàòà ìàñà áóäå ñâîjñòâåí è çà ñòàáèëèçàòîð Q,
óâåäåí ó (138), áóäó£è äà îí ïðåäñòàâ§à åëåêòðè÷íè íàáîj, ÷èjà áè âðåäíîñò òðåáàëà äà áóäå
äîáðî äåôèíèñàíà çà ñâà îïèñàíà ôèçè÷êà ñòà»à ó ïðåôåðèðàíîì áàçèñó. Ñòàáèëèçàòîð ñå ó
òó ñâðõó ìîæå èçðàçèòè ó ìàòðè÷íîì îáëèêó Qα

β, äåôèíèñàí äåjñòâîì Q íà áàçèñíè âåêòîð
τα:

Q ▷ τα = Qα
βτβ . (179)

Êîðèø£å»åì (138) ñå jåäíîñòàâíî äîáèjà äà ñó êîìïîíåíòå ìàòðèöå Qα
β

Qα
β =


0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

 . (180)

Îâà ìàòðèöà èìà ñâîjñòâåíå âðåäíîñòè (0, i,−i, 0), øòî çíà÷è äà îïåðàòîð íàåëåêòðèñà»à −iQ
èìà ñâîjñòâåíå âðåäíîñòè:

q1 = 0 , q2 = +1 , q3 = −1 , q4 = 0 . (181)
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Ñòàáèëèçàòîð òàêî¢å èìà äâå èñòå ñâîjñòâåíå âðåäíîñòè, ïà íè »åãîâ ñâîjñòâåíè áàçèñ íèjå
jåäíîçíà÷íî îäðå¢åí. Ó ñâàêîì ñëó÷àjó, ìàòðèöà êâàäðàòà ìàñà è ñòàáèëèçàòîð ìå¢óñîáíî êî-
ìóòèðàjó, ïà èìàjó çàjåäíè÷êè ñâîjñòâåíè áàçèñ è îâàj ñâîjñòâåíè áàçèñ jå jåäíîçíà÷íî îäðå¢åí.
Íîâè ñâîjñòâåíè áàçèñ ñå ìîæå èçðàçèòè ïðåêî ñòàðîã,

τA = τ0 + τ3 , τ+ =
τ1 + iτ2√

2
, τ− =

τ1 − iτ2√
2

, τZ = − g20
g20 + g21

τ0 +
g21

g20 + g21
τ3 , (182)

è ìîãó ñå èçðàçèòè êîìïîíåíòå 1-ôîðìå êîíåêñèjå α = ααµdx
µ ⊗ τα ó íîâîì áàçèñó êàî:

Aµ =
g21

g20 + g21
α0

µ +
g20

g20 + g21
α3

µ , W+
µ =

α1
µ − iα2

µ√
2

, W−
µ =

α1
µ + iα2

µ√
2

, Zµ = −α0
µ + α3

µ .

(183)
Îâäå jå òàêî¢å óâåäåíà òðàäèöèîíàëíà íîòàöèjà çà âåêòîðñêå áîçîíå. Åëåêòðîìàãíåòíè íàáîjè
äîáèjåíà ÷åòèðè áîçîíà ñó âå£ óãðà¢åíè ó íîòàöèjó, äîê ñå »èõîâå ìàñå ìîãó ïðî÷èòàòè èç
(178):

MA = 0 , MW± =
v

2
g1 , MZ =

v

2

√
g20 + g21 . (184)

Ó íîâîì áàçèñó ñó ìàòðèöà êâàäðàòà ìàñà è ìàòðèöà ñòàáèëèçàòîðà äèjàãîíàëíè, äîê ñó
áèëèíåàðíà ôîðìà gαβ è áèëèíåàðíà ôîðìà èíòåðàêöèîíèõ êîíñòàíòè Cαβ:

gαβ =


2 0 0

g21−g20
g21+g

2
0

0 0 1 0
0 1 0 0

g21−g20
g21+g

2
0

0 0
g41+g

4
0

(g21+g
2
0)

2

 , Cαβ =


g20+g

2
1

g20g
2
1

0 0 0

0 0 1
g21

0

0 1
g21

0 0

0 0 0 1
g20+g

2
1

 ≡


1
g2A

0 0 0

0 0 1
g2W

0

0 1
g2W

0 0

0 0 0 1
g2Z

 .

(185)
Óïîðå¢èâà»åì ñà äåjñòâîì ó (174), î÷èãëåäíî jå äà äðóãè è òðå£è ðåä ïðåäñòàâ§àjó Ïðî-

êèíó âåçó, ïà jå êîíà÷íî äåjñòâî ó îáëèêó:

S̃ = Sgrav + SYang-Mills + SCC + S̃Higgs + S̃3BF + S̃scal + SProca

+
1

2

∫
hααPα

β ∧
(
ρβ − κ−1βγΘ

γab ∧ ea ∧ eb
)
+ v

∫
dγ̃H .

(186)

Ïðâè ðåä ó äåjñòâó ñàäðæè ñàáèðàê êîjè îïèñójå jåäíî ðåàëíî ñêàëàðíî ïî§å h (Õèãñîâî ïî§å)
ìàñå m = 2v

√
2χ, è ÷åòèðè âåêòîðñêà áîçîíà ñà ìàñàìà äàòèì ó (184), ñïðåãíóòèõ ñà ãðàâèòà-

öèjîì è ìå¢óñîáíî. Ïðâè ñàáèðàê ó äðóãîì ðåäó îïèñójå èíòåðàêöèjó èçìå¢ó Õèãñîâîã ïî§à è
âåêòîðñêèõ áîçîíà, òàêî äà ñó ñâå èíòåðàêöèjå åêâèâàëåíòíå ñà èíòåðàêöèjàìà ó ñòàíäàðäíîj
åëåêòðîñëàáîj òåîðèjè. Äðóãè ñàáèðàê ó äðóãîì ðåäó jå ãðàíè÷íè ÷ëàí è êàî òàêàâ íå óòè÷å
íà jåäíà÷èíå êðåòà»à ó òåîðèjè.

3.2.5 Ñïîíòàíî íàðóøå»å 3-ãðóïå ñèìåòðèjå è ìàñåíè ñïåêòàð ôåðìèîíà

Äà áè àíàëèçà ïðåòõîäíèõ ðåçóëòàòà áèëà êîìïëåòíà, ïîòðåáíî jå äàòè îäãîâîð íà jîø äâà
ïèòà»à. Ïðâî ïèòà»å jå øòà ñå äîãà¢à ñà ñòðóêòóðîì 3-ãðóïå ó ïðîöåñó ñïîíòàíîã íàðóøå-
»à ñèìåòðèjå. Êîíêðåòíî, ïîëàçíè 2-óêðøòåíè ìîäóë êîjè îäãîâàðà òåîðèjè åëåêòðîñëàáèõ
èíòåðàêöèjà, jå çàñíîâàí íà èçáîðó ãðóïà ó (120):

G = SO(3, 1)× SU(2)× U(1) , H = R4 , L = C4 . (187)
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Ìå¢óòèì, íàêîí àíàëèçå è ñïðîâî¢å»à Õèãñîâîã ìåõàíèçìà, ðåçóëòójó£åì äåjñòâó (186) âèøå
íå îäãîâàðà îâàj 2-óêðøòåíè ìîäóë. Óìåñòî »åãà, jåäíîñòàâíî jå óî÷èòè, îäãîâàðà 2-óêðøòåíè
ìîäóë çàñíîâàí íà ñëåäå£åì èçáîðó ãðóïà:

G = SO(3, 1)× SU(2)× U(1) , H = R4 , L = R . (188)

Îâäå ïîñòîjå äâà äåòà§à êîjà òðåáà íàãëàñèòè. Ïðâè, äà jå ãðóïà L ðåäóêîâàíà òàêî äà óìåñòî
äà îïèñójå ÷åòèðè êîìïëåêñíà ñêàëàðíà ïî§à, ñàäà îïèñójå jåäíî ðåàëíî ñêàëàðíî ïî§å. Îâî
jå äèðåêòíà ïîñëåäèöà ñïîíòàíîã íàðóøå»à ñèìåòðèjå, êîíêðåòíî, ãðàäèjåíòíå òðàíñôîðìà-
öèjå (140) êîjà jå ïðèìå»åíà äà áè ñå óêëîíèëà ïî§à ϕ1, ϕ2 è ϕ4. Òðàíñôîðìàöèjà jå äîâåëà
äî ðåäóêöèjå êîíôèãóðàöèîíîã ïðîñòîðà îñòàâ§àjó£è ñàìî jåäíî ðåàëíî ñêàëàðíî ïî§å h ó
äåjñòâó. Íîâè îáëèê, ðåäóêîâàíîã êîíôèãóðàöèîíîã ïðîñòîðà jå êîíçèñòåíòàí ñà íîâèì èç-
áîðîì (188) 2-óêðøòåíîã ìîäóëà, êîjè îäãîâàðà òîïîëîøêîì 3BF äåjñòâó (160), äîáèjåíîì
ôèêñèðà»åì êàëèáðàöèjå ïî÷åòíîã 3BF äåjñòâà çàñíîâàíîì íà 2-óêðøòåíîì ìîäóëó (187).

Äðóãè äåòà§ ñå òè÷å ãðóïå G. Ôîðìàëíî, ãðóïà G ó ôèíàëíîì 2-óêðøòåíîì ìîäóëó jå
îñòàëà èñòà êàî øòî jå áèëà ó èíèöèjàëíîì 2-óêðøòåíîì ìîäóëó. Ìå¢óòèì, êàî øòî jå ïî-
êàçàíî ó ïîãëàâ§ó î åêñïëèöèòíîì íàðóøå»ó ñèìåòðèjå, Ïðîêèíà âåçà íàðóøàâà G ãðóïó
ñèìåòðèjå, è îíà jå jåäèíà âåçà êîjà òî ðàäè. Çáîã òîãà, èàêî òîïîëîøêè 3BF äåî ïî÷åòíîã
è êðàj»åã äåjñòâà èìà èñòè BF ñàáèðàê è èñòå 1-ôîðìå êîíåêñèjå êîjå ñëåäå èç ãðóïå G,
ïðèñóñòâî Ïðîêèíå âåçå íàðóøàâà ãðóïó ñèìåòðèjå G íà »åíó ïîäãðóïó SO(3, 1)× U(1), äîê
ïî÷åòíî äåjñòâî íèjå ñàäðæàëî Ïðîêèíó âåçó è ãðóïà G íèjå áèëà íàðóøåíà. Êîíà÷àí ðåçóë-
òàò jå òàêàâ äà êðàj»å äåjñòâî èìà íàðóøåíó G ñèìåòðèjó èàêî jå çàñíîâàíî íà 2-óêðøòåíîì
ìîäóëó (188) êîjè ñàäðæè öåëó ãðóïó G, øòî jå ïîñëåäèöà ïðèñóñòâà Ïðîêèíå âåçå.

Äðóãî ïèòà»å íà êîjå òðåáà îäãîâîðèòè jå øòà ñå äåøàâà ñà öåëèì Ñòàíäàðäíèì Ìîäåëîì
(22) òîêîì ïðîöåñà ñïîíòàíîã íàðóøå»à ñèìåòðèjå. Êîíêðåòíî ó îâîì ïîãëàâ§ó, ó »åãîâèì
ïðåòõîäíèì äåëîâèìà, äà áè àíàëèçà áèëà øòî jåäíîñòàâíèjà, ïðîó÷àâàíî jå ñïîíòàíî íà-
ðóøå»å ñèìåòðèjå è Õèãñîâ ìåõàíèçàì ñàìî ó ñïåöèjàëíîì ñëó÷àjó òåîðèjå åëåêòðîñëàáèõ
èíòåðàêöèjà. Ó ñâàêîì ñëó÷àjó, jåäíîñòàâíî jå äîäàòè ïðåîñòàëå òðè âåçå SDirac, SYukawa, è
Sspin, êàî è îäãîâàðàjó£è ⟨D ∧ H⟩l ñàáèðàê çà ôåðìèîíå è äîáèòè äåjñòâî çà öåî Ñòàíäàðäíè
Ìîäåë. Ðåçóëòàò ñïðîâî¢å»à ïðîöåäóðå ñïîíòàíîã íàðóøå»à ñèìåòðèjå è Õèãñîâîã ìåõàíè-
çìà íà îâàêâîì äåjñòâó jå èñòè êàî è ó ñëó÷àjó åëåêòðîñëàáå òåîðèjå, äî íà îäãîâàðàjó£å
ñàáèðêå êîjè îäãîâàðàjó ôåðìèîíèìà è äîäàòíîj SU(3) ãðàäèjåíòíîj ñèìåòðèjè (êîjà îñòà-
jå íåíàðóøåíà jåð íå ó÷åñòâójå ó Õèãñîâîì ìåõàíèçìó). Ñàáèðöè ⟨D ∧ H⟩l çà ôåðìèîíå ñó
jåäíàêè

⟨Df ∧Hf⟩l ≡ ψ̄A(
→
∇γ)A − (γ̄

←
∇)AψA , (189)

è òðàíñôîðìèøó ñå òðèâèjàëíî ó îäíîñó íà (152) êàî è âåçå SDirac è Sspin:

⟨Df ∧Hf⟩l
e−ξ

−−→ ⟨D̃f ∧ H̃f⟩l = ⟨Df ∧Hf⟩l ,

SDirac
e−ξ

−−→ S̃Dirac = SDirac , Sspin
e−ξ

−−→ S̃spin = Sspin . (190)

Jåäèíà âåçà êîjà ñå íå òðàíñôîðìèøå òðèâèjàëíî jå âåçà çà Jóêàâèí ïîòåíöèjàë SYukawa, è îíà
ñå äåëè íà äâà ñàáèðêà:

SYukawa = −
∫

2

4!
YABCψ̄

AψBϕCεabcde
a ∧ eb ∧ ec ∧ ed

e−ξ

−−→ − 1

12

∫
vYABH ψ̄

AψB εabcd e
a ∧ eb ∧ ec ∧ ed − 1

12

∫
YABH ψ̄

AψBh εabcd e
a ∧ eb ∧ ec ∧ ed ,

(191)
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ãäå ïðâè ñàáèðàê ó äðóãîì ðåäó îäãîâàðà âåçè çà ìàñó Äèðàêîâèõ ïî§à (93), äîê jå äðóãè
ñàáèðàê íîâà âåçà çà Jóêàâèí ïîòåíöèjàë S̃Yukawa, è îïèñójå èíòåðàêöèjó èçìå¢ó ôåðìèîíà è
Õèãñîâîã ïî§à h. Óïîðå¢èâà»åì ïðâîã ñàáèðêà ñà âåçîì çà ìàñó Äèðàêîâèõ ïî§à, çàê§ó÷ójå
ñå äà êîíñòàíòå Jóêàâèíå èíòåðàêöèjå YABH jåñó ïðîïîðöèîíàëíå ìàñåíîj ìàòðèöè ôåðìèîíà

MAB = vYABH , (192)

êîjà ñå ñàñòîjè îä ïðàâèõ ìàñà ôåðìèîíà è îäãîâàðàjó£èõ óãëîâà ìåøà»à. Êîíà÷íè îáëèê
òðàíñôîðìèñàíå âåçå çà Jóêàâèíèì ïîòåíöèjàëîì ïîñòàjå:

SYukawa
e−ξ

−−→ S̃Yukawa −
1

12

∫
MABψ̄

AψBεabcde
a ∧ eb ∧ ec ∧ ed = S̃Yukawa + SDirac mass . (193)

Ñàäà jå ïîêàçàíî äà ñå Õèãñîâ ìåõàíèçàì îïèñàí íà ïðèìåðó òåîðèjå åëåêòðîñëàáèõ èíòåð-
àêöèjà ìîæå óîïøòèòè íà öåî Ñòàíäàðäíè Ìîäåë (22).

Îâèìå jå çàê§ó÷åíà àíàëèçà Õèãñîâîã ìåõàíèçìà è ñïîíòàíîã íàðóøå»à ñèìåòðèjå 3BF
äåjñòâà ñà âåçàìà. Óêðàòêî, ðåçóëòàòè Õèãñîâîã ìåõàíèçìà ñó èñòè êàî è ó ñòàíäàðäíîj òåí-
çîðñêîj ôîðìóëàöèjè Ëàãðàíæèjàíà çà Ñòàíäàðäíè Ìîäåë, àëè ñó ïðîöåäóðà è òåõíè÷êè
äåòà§è ïîòïóíî äðóãà÷èjè, áóäó£è äà jå 3BF äåjñòâî ôóíêöèîíàë íà ïîòïóíî ðàçëè÷èòîì
êîíôèãóðàöèîíîì ïðîñòîðó ó îäíîñó íà ñòàíäàðäíî äåjñòâî çà Ñòàíäàðäíè Ìîäåë.
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4 Âåçà èçìå¢ó ôîðìóëàöèjà êâàíòíå Àjíøòàjí-Êàðòàíîâå

è 3BF òåîðèjå ñà âåçàìà

Ó ïðåòõîäíîj ãëàâè jå ïîêàçàíà åêâèâàëåíöèjà èçìå¢ó êëàñè÷íå 3BF òåîðèjå ñà âåçàìà
è Ñòàíäàðäíîã Ìîäåëà ñïðåãíóòîã ñà Àjíøòàjí-Êàðòàíîâîì ãðàâèòàöèjîì. Èàêî ñó îâå äâå
òåîðèjå êëàñè÷íî åêâèâàëåíòíå, »èõîâîì êâàíòèçàöèjîì ñå ïîòåíöèjàëíî ìîãó äîáèòè ðàçëè-
÷èòå êâàíòíå òåîðèjå. Ó îâîj ãëàâè £å áèòè óñïîñòàâ§åíà âåçà èçìå¢ó î÷åêèâàíèõ âðåäíîñòè
îïñåðâàáëè ó äâå êâàíòíå òåîðèjå, äåìîíñòðèðàjó£è äà òåîðèjå íèñó ïîòïóíî åêâèâàëåíòíå íà
êâàíòíîì íèâîó, àëè äà ïîñòîjè äîáðî äåôèíèñàíà âåçà èçìå¢ó »èõ. Íàêîí òîãà, ó ïîñëåä»åì
ïîãëàâ§ó £å áèòè ðàçìàòðàíè ïðèìåðè íà êîjèìà ñå ìîæå èëóñòðîâàòè ðàçëèêà ó êâàíòíèì
òåîðèjàìà.

4.1 Êâàíòíå îïñåðâàáëå

Ïðîöåñ êîíñòðóêöèjå êâàíòíå òåîðèjå çàõòåâà óîïøòàâà»å ìàòåìàòè÷êèõ ðåçóëòàòà âåçà-
íèõ çà âèøåñòðóêå èíòåãðàëå ïî ðåàëíèì è Ãðàñìàíîâèì áðîjåâèìà íà îäãîâàðàjó£å ôóíê-
öèîíàëíå èíòåãðàëå ïî áîçîíñêèì è ôåðìèîíñêèì ïî§èìà. Çáîã òîãà jå ó ïðâîì îäå§êó äàò
ïðåãëåä èíòåãðàëà êîjè £å áèòè óîïøòåíè äî ôóíêöèîíàëíîã íèâîà. Ó äðóãîì îäå§êó £å îâè
èíòåãðàëè áèòè ïðèìå»åíè íà äåôèíèöèjó î÷åêèâàíå âðåäíîñòè ïðîèçâî§íå îïñåðâàáëå ó
êâàíòíîj 3BF òåîðèjè, êîðàê ïî êîðàê, òàêî äà ðåçóëòàò äîáèjåí íà êðàjó ïðîöåäóðå ìîæå äà
ñå èíòåðïðåòèðà êàî î÷åêèâàíà âðåäíîñò âåçîì ïðèäðóæåíå îïñåðâàáëå ó êâàíòíîj ECC òåî-
ðèjè. Íà îâàj íà÷èí £å áèòè êîíñòðóèñàíà ïîòïóíà íåïåðòóðáàòèâíà âåçà èçìå¢ó äâå êâàíòíå
òåîðèjå.

4.1.1 Ìàòåìàòè÷êè ðåçóëòàòè

Ó îâîì îäå§êó £å áèòè èçëîæåíà óêóïíî ÷åòèðè óîïøòå»à îñîáèíà Äèðàêîâå äåëòå, ó
íåêîëèêî ñïåöèjàëíèõ ñëó÷àjåâà, êàî è èäåíòèòåò ïîâåçàí ñà Ñòîêñîâîì òåîðåìîì. Èäåíòèòåòè
ñå ìîãó ïîäåëèòè ó äâå ãðóïå, áîçîíñêó è ôåðìèîíñêó. Äâà áîçîíñêà èäåíòèòåòà ñå ìîãó äîáèòè
óîïøòàâà»åì ñëåäå£èõ îñîáèíà Äèðàêîâå äåëòå íà áîçîíñêà ïî§à. Ïðâè èäåíòèòåò jå∫

R
dy eiyF = 2π δ(F ) , F ∈ R , (194)

íà îñíîâó êîã ñå ìîæå äîáèòè ñëåäå£è âèøåñòðóêè èíòåãðàë:∫
R
dy

∫
Rn

dxkH(xk) e
i(yF (xk)+G(xk)) = 2π

∫
Rn

dxkH(xk)δ (F (xk)) e
iG(xk) . (195)

Ïîòîì ñå, óîïøòå»åì îâîã ðåçóëòàòà íà íèâî ôóíêöèîíàëíîã èíòåãðàëà, äîáèjà:∫
DφDϕkH(ϕk) e

i
∫
(φ∧F (ϕk)+G(ϕk)) = N

∫
DϕkH(ϕk)δ (F (ϕk)) e

i
∫
G(ϕk) . (196)

Äðóãè ïîòðåáàí èäåíòèòåò jå:∫
R
dy δ(yF −G)H(y) =

H(G/F )

|F |
, F,G ∈ R , (197)
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êîjè ñå ìîæå jåäíîñòàâíî äîêàçàòè ñìåíîì ïðîìåí§èâèõ. Îäãîâàðàjó£è âèøåñòðóêè èíòåãðàë
jå ∫

R
dy

∫
Rn

dxk δ
(
yaBFB

A(xk)−GaA(xk)
)
H(y, xk) =

∫
Rn

dxk
H
(
GaB(xk)F

−1
B
A(xk), xk

)
|F (xk)||a|

, (198)

äîê jå óîïøòå»å íà íèâî ôóíêöèîíàëíîã èíòåãðàëà äàòî ñà:∫
DφDϕk δ

(
φaBFB

A(ϕk)−GaA(ϕk)
)
H(φ, ϕk) =

∫
Dϕk

1

|F (ϕk)||a|
H
(
GaB(ϕk)F

−1
B
A(ϕk), ϕk

)
,

(199)
ãäå ñó FB

A(ϕk) ïðîèçâî§íà èíâåðòèáèëíà ìàòðè÷íà ôóíêöèjà, G
aA(ϕk) èH(φ, ϕk) ïðîèçâî§íå

ôóíêöèjå, è |a| îçíà÷àâà áðîj ìîãó£èõ âðåäíîñòè èíäåêñà a.
Äà§å, èäåíòèòåò ó âåçè ñà Ñòîêñîâîì òåîðåìîì∫
DφDϕkH(φ, ϕk) e

i
∫
(∇φ)∧E(ϕk)+φ∧F (ϕk)+G(ϕk)

=

∫
Dφ∂Dϕk∂ e

i
∮
φ∂∧E(ϕk∂)

∫
DφDϕkH(φ, ϕk) e

i
∫
(−1)p−1φ∧∇E(ϕk)+φ∧F (ϕk)+G(ϕk) ,

(200)
êîjè ïîäjåäíàêî âàæè è çà áîçîíñêà è çà ôåðìèîíñêà ïî§à. Îâäå jå ïðåòïîñòàâ§åíî äà jå φ
p-ôîðìà, äîê ñó φ∂ è ϕk∂ âðåäíîñòè ïî§à íà ãðàíèöè ìíîãîñòðóêîñòè. Òðåáà íàãëàñèòè äà jå
ãëàâíà ñâðõà îâîã èäåíòèòåòà ïðåáàöèâà»å äåjñòâà êîâàðèjàíòíîã èçâîäà ∇ ñà φ íà E(ϕk).

Êîíà÷íî, äâà ôåðìèîíñêà èäåíòèòåòà êîjà ñå ìîãó ïîäjåäíàêî óîïøòèòè ñà Ãðàñìàíîâèõ
áðîjåâà íà Ãðàñìàíîâà ïî§à ñó äàòà ñà∫

Gn

dθ1dθ2 . . . dθn e
iθ1(θ2−θ3−···−θk) F (θ2, . . . , θn)

= (−1)n−1i
∫
Gn−1

dθ2 . . . dθn δ(θ2 − θ3 − · · · − θk) F (θ2, . . . , θn) ,
(201)

è∫
Rm

dmy

∫
Rm

dmx

∫
Gk

dθ1dθ2 . . . dθk

∫
Gn−k

dθk+1 . . . dθn e
iya(xa−Maijθiθj) F (x, θ1, . . . , θn)

= (2π)m
∫
Rm

dmx

∫
Gk

dθ1dθ2 . . . dθk

∫
Gn−k

dθk+1 . . . dθn

m∏
a=1

δ
(
xa −Maijθiθj

)
F (x, θ1, . . . , θn) .

(202)
Çà äîêàç ïîãëåäàòè Äîäàòàê À.3. Îäãîâàðàjó£è ôóíêöèîíàëíè èäåíòèòåòè çà Ãðàñìàíîâà
ïî§à èçãëåäàjó èñòî êàî äâà èäåíòèòåòà èçíàä, äî íà çàìåíó ìåðå èíòåãðàöèjå dθ → Dθ,
íîðìàëèçàöèîíîã ôàêòîðà (2π)m → N , è íîòàöèjå

∏
δ(xa) → δ(ϕ). Òðåáà ïðèìåòèòè äà ïî-

ñëåä»è èäåíòèòåò ñàäðæè Äèðàêîâó äåëòó îä êîìáèíàöèjå ðåàëíèõ è Ãðàñìàíîâèõ áðîjåâà, ïà
jå ðåäîñëåä èíòåãðàöèjå âàæàí. Êîíêðåòíî, ïðâî ñå ìîðà ñïðîâåñòè èíòåãðàöèjà ïî ðåàëíèì
áðîjåâèìà xa, ïà òåê îíäà ïî Ãðàñìàíîâèì áðîjåâèìà. Òàêî¢å, Äèðàêîâà äåëòà îä Ãðàñìà-
íîâèõ áðîjåâà jå íåïàðíà (êîñîõåðìèòñêà) êàî ïîñëåäèöà ÷è»åíèöå äà Ãðàñìàíîâè áðîjåâè
àíòèêîìóòèðàjó, ïà ñå äåëòà óâåê ïîjàâ§ójå ó ïàðó ñà èìàãèíàðíîì jåäèíèöîì i ≡

√
−1 ó

jåäíà÷èíè (201).
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4.1.2 Î÷åêèâàíå âðåäíîñòè îïñåðâàáëè

Âåçà èçìå¢ó äâå êâàíòíå òåîðèjå ñå ìîæå äîáèòè óïîðå¢èâà»åì î÷åêèâàíèõ âðåäíîñòè
îïñåðâàáëè èçìå¢ó äâå òåîðèjå. Äà áè òî áèëî óñïåøíî ñïðîâåäåíî, ïîòðåáíî jå äåôèíèñàòè
îâå î÷åêèâàíå âðåäíîñòè ó îáå òåîðèjå:

⟨F ⟩3BF =
1

Z3BF

∫
Dϕi F (ϕk) e

iS3BF [ϕi] , ⟨F ⟩ECC =
1

ZECC

∫
Dϕi F (ϕk) e

iSECC [ϕi] , (203)

ãäå ñó ñóìå ïî ñòà»èìà äàòå êàî:

Z3BF =

∫
Dϕi e

iS3BF [ϕi] , ZECC =

∫
Dϕi e

iSECC [ϕi] . (204)

Ïîòðåáíî jå îäìàõ íà ïî÷åòêó äàòè ïàð êîìåíòàðà. Ïðâî, çà ïîòðåáå àíàëèçå íèjå íåîïõîä-
íî çàäàòè ïðåöèçíó äåôèíèöèjó èíòåãðàëà ïî òðàjåêòîðèjàìà, øòî çíà÷è äà íèjå ïîòðåáíî ó
ïîòïóíîñòè äåôèíèñàòè êâàíòíó 3BF è ECC òåîðèjó åêñïëèöèòíî. Jåäèíè óñëîâ êîjè jå ïî-
òðåáíî ïðåòïîñòàâèòè jå äà ñó ìåðå ó îáà èíòåãðàëà äåôèíèñàíå íà èñòè íà÷èí çà îáå òåîðèjå
è äà ñó äåôèíèñàíå íà òàêàâ íà÷èí äà ôóíêöèîíàëíè èäåíòèòåòè (196), (199), (200), (201) è
(202) è äà§å âàæå. Íà îâàj íà÷èí jå ìîãó£å äèñêóòîâàòè îñîáèíå è óïîðå¢èâàòè î÷åêèâàíå
âðåäíîñòè îïñåðâàáëè ó îáå êâàíòíå òåîðèjå ó íåïåðòóðáàòèâíîì ðåæèìó, óïðêîñ ÷è»åíèöè
äà ñàìè äåòà§è êâàíòèçàöèjå òåîðèjà íèñó äî êðàjà äåôèíèñàíè.

Äðóãî, ïî§à ϕi ó 3BF òåîðèjè è ECC òåîðèjè ïðèïàäàjó »èãîâèì ïîjåäèíà÷íèì êîíôè-
ãóðàöèîíèì ïðîñòîðèìà (47)-(48) è (56), ðåäîì. Î÷èãëåäíî jå äà ñå îïñåðâàáëå F (ϕk) ó (203)
ìîãó óïîðå¢èâàòè ñàìî àêî ïðèïàäàjó çàjåäíè÷êîì êîíôèãóðàöèîíîì ïîäïðîñòîðó îáå òåî-
ðèjå, îäíîñíî, àêî îïñåðâàáëà F çàâèñè ñàìî îä ïî§à ϕk êîjà ïðèïàäàjó ðåäóêîâàíîì êîíôè-
ãóðàöèîíîì ïðîñòîðó (56) êîjè jå äåôèíèñàí çà ECC òåîðèjó.

Ó äà§èì êîðàöèìà £å áèòè ïðèìå»èâàíè èäåíòèòåòè (196), (199), (200), (201) è (202),
êîðàê ïî êîðàê, ó öè§ó ñâî¢å»à äåôèíèöèjå îïñåðâàáëå F ó êâàíòíîj 3BF òåîðèjè, íà äåôè-
íèöèjó î÷åêèâàíå âðåäíîñòè îäãîâàðàjó£å îïñåðâàáëå ïðâî ó êâàíòíîj EC òåîðèjè, à ïîòîì è
ó êâàíòíîj ECC òåîðèjè.

Çà ïî÷åòàê, ïîòðåáíî jå åêñïëèöèòíî çàïèñàòè âðåäíîñò ïðîèçâîäà î÷åêèâàíå âðåäíîñòè
îïñåðâàáëå F è ñóìå ïî ñòà»èìà ó êâàíòíîj 3BF òåîðèjè. Ïðåìà äåôèíèöèjè (203) jå òàj
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ïðîèçâîä jåäíàê:

Z3BF ⟨F ⟩3BF = N
∫
DαDωDβDeDγ̃DγDγ̄DϕDψDψ̄DBDλ̃DλDλ̄DΛDζDHDM

exp

(
i

∫
Bα ∧ Fα +B[ab] ∧R[ab] + ea ∧ (∇β)a + ϕA (∇γ̃)A + ψ̄A (∇γ)A

−
(
γ̄
←−
∇
)
A
ψA

+λα ∧
(
Bα − 12CαβM

β
abe

a ∧ eb
)
− λ[ab] ∧

(
B[ab] − 1

8πl2p
ε[ab]cdec ∧ ed

)
+λ̃A ∧

(
γ̃A −HabcAe

a ∧ eb ∧ ec
)
+ λ̄A ∧

(
γA +

i

6
εabcde

a ∧ eb ∧ ec
(
γdψ

)A)
−λA ∧

(
γ̄A −

i

6
εabcde

a ∧ eb ∧ ec
(
ψ̄γd

)
A

)
+ 2πil2pψ̄Aγ5γ

aψAεabcde
b ∧ ec ∧ βd

+ζα
ab
(
Mα

abεcdefe
c ∧ ed ∧ ee ∧ ef − Fα ∧ ea ∧ eb

)
+ΛabA ∧

(
HabcAε

cdefed ∧ ee ∧ ef − (∇ϕ)A ∧ ea ∧ eb
)

− 1

12

(
χ
(
ϕAϕA − v2

)2
+ YABCψ̄

AψBϕC +
Λ

8πl2p

)
εabcde

a ∧ eb ∧ ec ∧ ed
)

F (ϕk) . (205)

Ïðèìåíîì ôóíêöèîíàëíîã èäåíòèòåòà çà Ñòîêñîâó òåîðåìó (200) íàä ñàáèðöèìà ó äðóãîì è
ñàáèðêîì ó òðå£åì ðåäó, óêëà»àjó ñå èçâîäè ñà ïî§à βa, γ̄A, γ

A è γ̃A, êàêî áè ó ñëåäå£åì
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êîðàêó ìîãëà äà ñå èçâðøè ôóíêöèîíàëíà èíòåãðàöèjà ïî »èìà. Äîáèjåí ðåçóëòàò jå:

Z3BF ⟨F ⟩3BF = N
∫
Dβ∂De∂Dγ̃∂Dγ∂Dγ̄∂Dϕ∂Dψ∂Dψ̄∂ e

i
∮
ϕA∂ γ̃A∂+ψ̄A∂γ

A
∂ +γ̄A∂ψ

A
∂ −ea∂∧β

a
∂∫

DαDωDβDeDγ̃DγDγ̄DϕDψDψ̄DBDλ̃DλDλ̄DΛDζDHDM

exp

(
i

∫
Bα ∧ Fα +B[ab] ∧R[ab] + (∇e)a ∧ β

a − (∇ϕ)A ∧ γ̃A

−
(
ψ̄
←−
∇
)
A
∧ γA + γ̄A ∧ (∇ψ)A

+λα ∧
(
Bα − 12CαβM

β
abe

a ∧ eb
)
− λ[ab] ∧

(
B[ab] − 1

8πl2p
ε[ab]cdec ∧ ed

)
+λ̃A ∧

(
γ̃A −HabcAe

a ∧ eb ∧ ec
)
+ λ̄A ∧

(
γA +

i

6
εabcde

a ∧ eb ∧ ec
(
γdψ

)A)
−λA ∧

(
γ̄A −

i

6
εabcde

a ∧ eb ∧ ec
(
ψ̄γd

)
A

)
+ 2πil2pψ̄Aγ5γ

aψAεabcde
b ∧ ec ∧ βd

+ζα
ab
(
Mα

abεcdefe
c ∧ ed ∧ ee ∧ ef − Fα ∧ ea ∧ eb

)
+ΛabA ∧

(
HabcAε

cdefed ∧ ee ∧ ef − (∇ϕ)A ∧ ea ∧ eb
)

− 1

12

(
χ
(
ϕAϕA − v2

)2
+ YABCψ̄

AψBϕC +
Λ

8πl2p

)
εabcde

a ∧ eb ∧ ec ∧ ed
)

F (ϕk) . (206)

Ïàæ§èâîì ïðîâåðîì ãîð»åã èçðàçà ñå ìîæå óî÷èòè äà ó êîëèêî îïñåðâàáëà F (ϕk) íå çàâèñè
îä ïî§à íà ãðàíèöè, èíòåãðàöèjà ïî ãðàíèöè íå äàjå äîïðèíîñ. Òàêî¢å, 3BF òåîðèjà ôîðìó-
ëèñàíà íà îâàêàâ íà÷èí íàìå£å îãðàíè÷å»à äà ñó ïî§à ìàòåðèjå êàî è òåòðàäà íà ãðàíèöè
ìíîãîñòðóêîñòè jåäíàêà íóëè. Îâà îãðàíè÷å»à ñå ìîãó óêëîíèòè äîäàâà»åì îäãîâàðàjó£èõ
ãðàíè÷íèõ ÷ëàíîâà ó êëàñè÷íî 3BF äåjñòâî. Jåäàí îä òàêâèõ ãðàíè÷íèõ ÷ëàíîâà jå è Ãèáîíñ-
Õîêèíã-Jîðê ÷ëàí [53, 54, 55].

Ó ñëåäå£åì êîðàêó ñå ñïðîâîäè èíòåãðàöèjà ïî ïî§èìà βa, B[ab], Bα, γ̃
A, γ̄A, γA, ζα

ab è ΛabA
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ïðèìåíîì ôóíêöèîíàëíèõ èäåíòèòåòà (196) è (201), êîjè äàjó:

Z3BF ⟨F ⟩3BF = N
∫
De∂Dϕ∂Dψ∂Dψ̄∂ δ(ϕ∂)δ(ψ∂)δ(ψ̄∂)δ(e∂)∫

DαDωDeDϕDψDψ̄Dλ̃DλDλ̄DHDM

δ (Fα + λα) δ
(
R[ab] − λ[ab]

)
δ
(
λ̃A − (∇ϕ)A

)
δ
(
λ̄A −

(
ψ̄
←−
∇
)
A

)
δ
(
λA − (∇ψ)A

)
exp

(
i

∫
−12λα ∧ CαβMβ

abe
a ∧ eb + λ[ab] ∧

1

8πl2p
ε[ab]cdec ∧ ed

−λ̃A ∧HabcAe
a ∧ eb ∧ ec

+λ̄A ∧
i

6
εabcde

a ∧ eb ∧ ec
(
γdψ

)A
+ λA ∧ i

6
εabcde

a ∧ eb ∧ ec
(
ψ̄γd

)
A

− 1

12

(
χ
(
ϕAϕA − v2

)2
+ YABCψ̄

AψBϕC +
Λ

8πl2p

)
εabcde

a ∧ eb ∧ ec ∧ ed
)

δ
(
Mα

abεcdefe
c ∧ ed ∧ ee ∧ ef − Fα ∧ ea ∧ eb

)
δ
(
HabcAε

cdefed ∧ ee ∧ ef − (∇ϕ)A ∧ ea ∧ eb
)

δ
(
(∇e)a − 2πil2pψ̄Aγ5γ

dψAεabcde
b ∧ ec

)
F (ϕk) . (207)

Ïîòîì, äà§îì èíòåãðàöèjîì ïî ïî§èìà λα, λ[ab], λ̃A, λ̄A è λA ñå óêëà§àjó Äèðàêîâå äåëòå èç
òðå£åã ðåäà è äîáèjà:

Z3BF ⟨F ⟩3BF = N
∫
De∂Dϕ∂Dψ∂Dψ̄∂ δ(ϕ∂)δ(ψ∂)δ(ψ̄∂)δ(e∂)∫

DαDωDeDϕDψDψ̄DHDM

exp

(
i

∫
12Fα ∧ CαβMβ

abe
a ∧ eb +Rab ∧

1

16πl2p
εabcdec ∧ ed

− (∇ϕ)A ∧HabcAe
a ∧ eb ∧ ec

− i
6
εabcde

a ∧ eb ∧ ec ∧
((
ψ̄
←−
∇
)
A
γdψA − ψ̄Aγd (∇ψ)A

)
− 1

12

(
χ
(
ϕAϕA − v2

)2
+ YABCψ̄

AψBϕC +
Λ

8πl2p

)
εabcde

a ∧ eb ∧ ec ∧ ed
)

δ
(
Mα

abεcdefe
c ∧ ed ∧ ee ∧ ef − Fα ∧ ea ∧ eb

)
δ
(
HabcAε

cdefed ∧ ee ∧ ef − (∇ϕ)A ∧ ea ∧ eb
)

δ
(
2πil2pψ̄Aγ5γ

dψAεabcde
b ∧ ec − (∇e)a

)
F (ϕk) . (208)

Ìíîæèòå§è Mα
ab è HabcA, ïî êîjèìà jîø óâåê íèjå èíòåãðà§åíî ñó ó âåçè ñà Õî¶îâèì äó-

àëèìà jà÷èíå ïî§à Fα è (∇ϕ)A, ðåäîì. Ïðèìåíîì ôóíêöèîíàëíîã èäåíòèòåòà (199) ñå îâè
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ìíîæèòå§è ìîãó îäèíòåãðàëèòè ó êîðèñò Õî¶îâèõ äóàëà (50), øòî äàjå:

Z3BF ⟨F ⟩3BF = N
∫
De∂Dϕ∂Dψ∂Dψ̄∂ δ(ϕ∂)δ(ψ∂)δ(ψ̄∂)δ(e∂)∫

DαDωDeDϕDψDψ̄
1

|e|(|α|+|A|(D−1))|[ab]|

exp

(
i

∫
−Fα ∧ Cαβ ⋆F β +Rab ∧

1

16πl2p
εabcdec ∧ ed − (∇ϕ)A ∧ ( ⋆∇ϕ)A

− i
6
εabcde

a ∧ eb ∧ ec ∧
((
ψ̄
←−
∇
)
A
γdψA − ψ̄Aγd (∇ψ)A

)
− 1

12

(
χ
(
ϕAϕA − v2

)2
+ YABCψ̄

AψBϕC +
Λ

8πl2p

)
εabcde

a ∧ eb ∧ ec ∧ ed
)

δ
(
2πil2pψ̄Aγ5γ

dψAεabcde
b ∧ ec − (∇e)a

)
F (ϕk) . (209)

Âåëè÷èíà D (êîjà ñå ïîjàâ§ójå ó åêñïîíåíòó äåòåðìèíàíòå òåòðàäå) jå äèìåíçèjà ïðîñòîðâðå-
ìåíà,D = 4, ïà jå âðåäíîñò åêñïîíåíòà äåòåðìèíàíòå òåòðàäåN = (|α|+|A|(D−1))|[ab]| = 144,
óçèìàjó£è ó îáçèð äà jå |α| = 12, |A| = 4 è |[ab]| = 6. Ìîæå ñå ïðåïîçíàòè äà jå äîáèjåíè àðãó-
ìåíò ó åêñïîíåíòó äåjñòâî (49) Àjíøòàjí-Êàðòàíîâå EC òåîðèjå, ïà ñå ðåçóëòàò ìîæå çàïèñàòè
êàî:

Z3BF ⟨F ⟩3BF = N
∫
De∂Dϕ∂Dψ∂Dψ̄∂ δ(ϕ∂)δ(ψ∂)δ(ψ̄∂)δ(e∂)∫

DαDωDeDϕDψDψ̄
1

|e|N
δ
(
2πil2pψ̄Aγ5γ

dψAεabcde
b ∧ ec − (∇e)a

)
F (ϕk) e

iSEC [ϕk] . (210)

Íà îâîì ìåñòó jå ïîòåíöèjàëíî ìîãó£å óñïîñòàâèòè âåçó èçìå¢ó êâàíòíå 3BF òåîðèjå è
êâàíòíå EC òåîðèjå. Íà æàëîñò, îâî íèjå ìîãó£å jåð Äèðàêîâà äåëòà ïîä èíòåãðàëîì íàìå£å
äîäàòíó jàêó âåçó èçìå¢ó òîðçèjå è ñïèíñêîã òåíçîðà è ìîðà áèòè îäèíòåãðà§åíà ïðå ïîêóøàjà
óñïîñòàâ§à»à áèëî êàêâå âåçå èçìå¢ó êâàíòíèõ òåîðèjà. Îâî jå ìîãó£å óðàäèòè èíòåãðàöèjîì
ïî 1-ôîðìè ñïèíñêå êîíåêñèjå ω[ab], êîjà jå ïðèñóòíà ó Äèðàêîâîj äåëòè êàî äåî êîâàðèjàíòíîã
èçâîäà ∇ êîjè äåëójå íà 1-ôîðìó òåòðàäå. Äà áè èíòåãðàöèjà áèëà èçâåäåíà, ïîòðåáíî jå ïðâî
òðàíñôîðìèñàòè èçðàç óíóòàð Äèðàêîâå äåëòå, jåð îðèãèíàëíè èçðàç çàâèñè îä àíòèñèìå-
òðè÷íîã äåëà ñïèíñêå êîíåêñèjå ó îäíîñó íà äðóãè èíäåêñ è ïðîñòîðâðåìåíñêè èíäåêñ. Îâà
çàâèñíîñò ñå ìîæå óêëîíèòè ïðåëàñêîì ó ëîêàëíî èíåðöèjàëíè êîîðäèíàòíè ñèñòåì, ãäå ñå
îâàj àíòèñèìåòðè÷íè äåî ìîæå îäðåäèòè óâî¢å»åì ñìåíå ïðîìåí§èâèõ ωabc = ωabµec

µ. Îâà
ñìåíà ïðîìåí§èâèõ ìå»à ìåðó èíòåãðàëà:

Dωabµ = Dωabc

∣∣∣∣δ (ωabcecµ)δωefg

∣∣∣∣ = Dωabc

∣∣∣δ[ef ][ab] e
g
µ

∣∣∣ = Dωabc|e||[ab]| . (211)

Ñàäà jå ìîãó£å óâåñòè âåëè÷èíó Aabc êîjà jå àíòèñèìåòðè÷íà ó îäíîñó íà äðóãè è òðå£è èíäåêñ:

Aabc =
1

2
(ωabc − ωacb) . (212)

Jåäíîñòàâíî jå ïîêàçàòè äà êîìïîíåíòå íîâå ïðîìåí§èâå ñàäðæå ñâå êîìïîíåíòå ñïèíñêå
êîíåêñèjå (è íèjåäíó âèøå). Äà áè îâî áèëî ïîêàçàíî, äîâî§íî jå îäðåäèòè âðåäíîñò ñëåäå£å
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ëèíåàðíå êîìáèíàöèjå êîðèø£å»åì îñîáèíå àíòèñèìåòðè÷íîñòè ñïèíñêå êîíåêñèjå ïî ïðâà
äâà èíäåêñà:

Aabc − Abac − Acab =
1

2
(ωabc − ωacb − ωbac + ωbca − ωcab + ωcba) = ωabc . (213)

Jàêîáèjàí J îâå ñìåíå ïðîìåí§èâèõ jå êîíñòàíòàí è ìîæå ñå àïñîðáîâàòè ó íîðìàëèçàöèîíó
êîíñòàíòó N , ïà ñå ìåðà èíòåãðàëà ñóøòèíñêè íå ìå»à:

N
∫
Dωabc = N

∫
|J |DAabc = N ′

∫
DAabc . (214)

Çàìåíîì íàòðàã ó jåäíà÷èíó (210) ñå äîáèjà èçðàç êîjè jå ôóíêöèjà ïî§à Aabc:

Z3BF ⟨F ⟩3BF = N
∫
De∂Dϕ∂Dψ∂Dψ̄∂ δ(ϕ∂)δ(ψ∂)δ(ψ̄∂)δ(e∂)

∫
DαDADeDϕDψDψ̄

|e||[ab]|

|e|N

δ
(
2πil2pψ̄Aγ5γ

dψAεabcde
b
µe
c
νε
µνρσ − (∂µeaν) ε

µνρσ + Aabc|e|edρeeσεbcde
)

(215)

F (ϕk) e
iSEC [ϕk] .

Ïðèìåíîì ôóíêöèîíàëíèõ èäåíòèòåòà (199) è (202) äîáèjà ñå èçðàç êîjè ñå ìîæå èíòåãðàëèòè
ïî ïî§èìà Aabc ïðàâîëèíèjñêè:

Z3BF ⟨F ⟩3BF = N
∫
De∂Dϕ∂Dψ∂Dψ̄∂ δ(ϕ∂)δ(ψ∂)δ(ψ̄∂)δ(e∂)

∫
DαDADeDϕDψDψ̄

|e||[ab]|

|e|N

δ

(
Aabc −

(
1

2
cabc − 2πil2pψ̄Aγ5γ

dψAεabcd

))
1∣∣2|e|ε[bc][de]e[d[ρee]σ]∣∣|a| (216)

F (ϕk) e
iSEC [ϕk] .

Ñëåäå£è êîðàê jå îäðå¢èâà»å äåòåðìèíàíòå ïðîèçâîäà äâå òåòðàäå è òåíçîðà Ëåâè-×èâèòå.
Ïðâî jå ïîòðåáíî îäðåäèòè äåòåðìèíàíòó òåíçîðà Ëåâè-×èâèòå êàî

∣∣ε[ab][cd]∣∣ = ∣∣ε[µν][ρσ]∣∣ = 1, à
ïîòîì ñå ìîæå êîíñòðóèñàòè èäåíòèòåò:

1

|e||[µν]|
=

∣∣∣∣ 1|e|ε[µν][ρσ]
∣∣∣∣ = ∣∣ea[µebν]ec[ρedσ]εabcd∣∣ = ∣∣2e[a[µeb]ν]∣∣ ∣∣2e[c[ρed]σ]∣∣ ∣∣ε[ab][cd]∣∣ = ∣∣2e[a[µeb]ν]∣∣2 ,

(217)
èç êîã ñëåäè äà jå ∣∣2e[a[µeb]ν]∣∣ = 1

|e| 12 |[µν]|
=

1

|e| 12 |[ab]|
. (218)

Êîðèø£å»åì äîáèjåíå ðåëàöèjå (218) ôóíêöèîíàëíè èíòåãðàë ïîñòàjå

Z3BF ⟨F ⟩3BF = N
∫
De∂Dϕ∂Dψ∂Dψ̄∂ δ(ϕ∂)δ(ψ∂)δ(ψ̄∂)δ(e∂)

∫
DαDADeDϕDψDψ̄

δ

(
Aabc −

(
1

2
cabc − 2πil2pψ̄Aγ5γ

dψAεabcd

))
1

|e|N+|[ab]|( |a|
2
−1)

(219)

F (ϕk) e
iSEC [ϕk] .
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Ó ñëó÷àjó Ñòàíäàðäíîã Ìîäåëà, åêñïîíåíò äåòåðìèíàíòå òåòðàäå jå äàò èçðàçîì M = N +

|[ab]|
(
|a|
2
− 1
)
= N +6 = 150, óçèìàjó£è ó îáçèð äà jå |a| = 4. Èíòåãðàöèjà ïî ïî§ó Aabc ìå»à

ïî§å Aabc ó äåjñòâó ñà:

Aabc =
1

2
cabc − 2πil2pψ̄Aγ5γ

dψAεabcd , (220)

øòî îäãîâàðà çàìåíè
ωabµ = ∆abµ − 2πil2pψ̄Aγ5γ

dψAεabcde
c
µ , (221)

êîjà jå ïðåòõîäíî îïèñàíà ïðîöåäóðà äîáèjà»à äåjñòâà çà ECC òåîðèjó èç äåjñòâà çà EC òåîðèjó
(jåäíà÷èíà (51)). Çáîã òîãà êîíà÷àí èçðàç ñàäðæè äåjñòâî çà ECC òåîðèjó ó åêñïîíåíòó, à
èçðàç çà î÷åêèâàíó âðåäíîñò îïñåðâàáëå ó êâàíòíîj 3BF òåîðèjè ïîñòàjå óïîðåäèâ ñà èçðàçîì
çà î÷åêèâàíó âðåäíîñò îäãîâàðàjó£å îïñåðâàáëå ó êâàíòíîj ECC òåîðèjè:

Z3BF ⟨F ⟩3BF = N
∫
De∂Dϕ∂Dψ∂Dψ̄∂ δ(ϕ∂)δ(ψ∂)δ(ψ̄∂)δ(e∂)

∫
DαDeDϕDψDψ̄

× 1

|e|M
F (ϕk) e

iSECC [ϕk] = N ′ ZECC
〈

1

|e|M
F

〉
ECC

. (222)

Ó ñïåöèjàëíîì ñëó÷àjó, çàìåíîì jåäèíè÷íå îïñåðâàáëå, F (ϕk) = 1, ìîæå ñå îäðåäèòè âåçà
èçìå¢ó äâå ñóìå ïî ñòà»èìà

Z3BF = N
∫
De∂Dϕ∂Dψ∂Dψ̄∂ δ(ϕ∂)δ(ψ∂)δ(ψ̄∂)δ(e∂)

∫
DαDeDϕDψDψ̄

1

|e|M
eiSECC [ϕk]

= N ′ ZECC
〈

1

|e|M

〉
ECC

. (223)

Ó äðóãîì ñïåöèjàëíîì ñëó÷àjó ñå èçáîðîì îïñåðâàáëå F (ϕk) = |e|M , äîáèjà äðóãà âåçà èçìå¢ó
ñóìà ïî ñòà»èìà

Z3BF

〈
|e|M

〉
3BF

= N
∫
De∂Dϕ∂Dψ∂Dψ̄∂ δ(ϕ∂)δ(ψ∂)δ(ψ̄∂)δ(e∂)

∫
DαDeDϕDψDψ̄ eiSECC [ϕk]

= N ′ ZECC . (224)

Êîìáèíîâà»åì âåçà (223) è (224), ñå äîáèjà íîðìàëèçàöèîíà ðåëàöèjà〈
|e|M

〉
3BF

〈
1

|e|M

〉
ECC

= 1 . (225)

Êàî ïîñëåä»è êîðàê, çàìåíîì (223) è (224) íàòðàã ó (222), è ïðèìåíîì äåôèíèöèjà (203),
êîíà÷íî ñå äîáèjà âåçà èçìå¢ó êâàíòíèõ 3BF è ECC òåîðèjà îáëèêó:

⟨F ⟩3BF =

〈
1
|e|M F

〉
ECC〈

1
|e|M

〉
ECC

, ⟨F ⟩ECC =

〈
|e|MF

〉
3BF

⟨|e|M⟩3BF
. (226)

Jåäíà÷èíå (226) äåôèíèøó íåïåðòóðáàòèâíó âåçó èçìå¢ó î÷åêèâàíèõ âðåäíîñòè îïñåð-
âàáëè ó êâàíòíîj 3BF è êâàíòíîj ECC òåîðèjè, è ïðåäñòàâ§àjó ãëàâíè ðåçóëòàò ó ÷èòàâîj
ãëàâè. Ïîñòîjà»å îâå âåçå íàãëàøàâà âàæíîñò 3BF òåîðèjå jåð áè »åíîì êâàíòèçàöèjîì ñà-
äà àóòîìàòñêè áèëà äîáèjåíà è êâàíòíà ECC òåîðèjà, êîjà jå âàæàí ôèçè÷êè ìîäåë êâàíòíå
ãðàâèòàöèjå è Ñòàíäàðäíîã Ìîäåëà. Åêñïëèöèòíà êîíñòðóêöèjà ôóíêöèîíàëíîã èíòåãðàëà çà
3BF òåîðèjó ñà âåçàìà £å áèòè èçëîæåíà ó ñëåäå£îj ãëàâè.
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4.2 Ïðèìåðè

Ó îâîì ïîãëàâ§ó £å áèòè óïîðå¢åíà ïðåäâè¢à»à êâàíòíå 3BF òåîðèjå è êâàíòíå ECC
òåîðèjå íà ïðèìåðó ãóñòèíå ÷åòâîðîçàïðåìèíå ïðîñòîðâðåìåíà, ãäå £å áèòè äèñêóòîâàí è
ñåìèêëàñè÷àí ëèìåñ, è ïðèìåðó ãðàâèòàöèîíèõ òàëàñà.

4.2.1 Ãóñòèíà ÷åòâîðîçàïðåìèíå ïðîñòîðâåðìåíà

Êàî íàjjåäíîñòàâíèjè ïðèìåð îïñåðâàáëå, ìîæå ñå óçåòè îïñåðâàáëà ãóñòèíå ÷åòâîðîçàïðå-
ìèíå ïðîñòîðâðåìåíà äåôèíèñàíà êàî

F (ϕk) = ρ ≡ |e| , (227)

è ãóñòèíà ÷åòâîðîçàïðåìèíå ïðîñòîðâðåìåíà êàî î÷åêèâàíà âðåäíîñò îâîã îïåðàòîðà ó äàòîj
òåîðèjè ãðàâèòàöèjå. Îâî jå ìîòèâèñàíî ÷è»åíèöîì äà jå ÷åòâîðîçàïðåìèíà íåêå ÷åòâîðîäè-
ìåíçèîíàëíå îáëàñòè R ïðîñòîðâðåìåíà äàòà êàî

V (R) =
∫
R
d4x
√
−g =

∫
R
d4x |e| , (228)

ïà ñå |e| ìîæå ïðîçâàòè �ãóñòèíîì� ÷åòâîðîçàïðåìèíå ïðîñòîðâðåìåíà îáëàñòè R.
Ïðèìåíîì ðåëàöèjå âåçà èçìå¢ó êâàíòíèõ òåîðèjà (226), äîáèjà ñå îäíîñ èçìå¢ó î÷åêèâàíèõ

âðåäíîñòè ãóñòèíà ÷åòâîðîçàïðåìèíà ó äâå êâàíòíå òåîðèjå:

ρ3BF
ρECC

≡ ⟨ρ⟩3BF
⟨ρ⟩ECC

=

〈
1

|e|M−1

〉
ECC

⟨|e|⟩ECC
〈

1
|e|M

〉
ECC

=
⟨|e|⟩3BF

〈
|e|M

〉
3BF

⟨|e|M+1⟩3BF
. (229)

Íà îâîì ìåñòó jå ïîòðåáíî óâåñòè äåôèíèöèjå ñòàòèñòè÷êèõ âåëè÷èíà êîâàðèjàíñå è âàðèjàíñå,
ïîìî£ó êîjèõ ñå jåäíîñòàâíî ìîãó èçäâîjèòè êâàíòíå ïîïðàâêå îä êëàñè÷íèõ âðåäíîñòè:

Cov(X,Y ) = ⟨XY ⟩ − ⟨X⟩⟨Y ⟩ , Var(X) = Cov(X,X) = (∆X)2 . (230)

Îâäå ∆X ïðåäñòàâ§à ñòàíäàðäíî îäñòóïà»å, îäíîñíî, íåîäðå¢åíîñò îïñåðâàáëå X. Êîâàðè-
jàíñà è âàðèjàíñà çàäîâî§àâàjó íåjåäíàêîñò Êîøè-Øâàðöà

|Cov(X,Y )| ⩽ ∆X ∆Y , (231)

êîjà ñå ìîæå èñêîðèñòèòè çà ïðîöåíó êîâàðèjàíñå ó jåäíà÷èíè. Íà îñíîâó äåôèíèöèjå (230),
jàñíî jå äà jå îäíîñ ãóñòèíà ÷åòâîðîçàïðåìèíå ó 3BF è ECC òåîðèjè jåäíàê:

ρ3BF
ρECC

= 1 +
Cov

(
|e|, 1

|e|M

)
ECC

⟨|e|⟩ECC
〈

1
|e|M

〉
ECC

,
ρECC
ρ3BF

= 1 +
Cov

(
|e|, |e|M

)
3BF

⟨|e|⟩3BF ⟨|e|M⟩3BF
. (232)

Çàòèì, êîðèø£å»åì (231), ñå äîáèjà

ρ3BF
ρECC

⩽ 1 +

∆|e|
⟨|e|⟩

∆ 1
|e|M〈
1
|e|M

〉

ECC

,
ρECC
ρ3BF

⩽ 1 +

(
∆|e|
⟨|e|⟩

∆|e|M

⟨|e|M⟩

)
3BF

. (233)
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Ó êëàñè÷íîì ëèìåñó ñå ìîæå ïðåòïîñòàâèòè äà îâå íåîäðå¢åíîñòè òåæå íóëè, îäàêëå ñëåäè
äà jå êëàñè÷àí ëèìåñ ãóñòèíå ÷åòâîðîçàïðåìèíå èñòè ó îáå òåîðèjå.

Çàïðàâî, ãîð»à jåäíà÷èíà óêàçójå äà áè êëàñè÷àí ëèìåñ îáå òåîðèjå ìîãàî äà áóäå èñòè.
Äà áè îâî áèëî äåìîíñòðèðàíî, òðåáà ñïðîâåñòè ïðåòõîäíó ïðîöåäóðó ó ñëó÷àjó ïðîèçâî§íå
îïñåðâàáëå F (ϕk). Ïîëàçå£è îä (226), äîáèjà ñå

⟨F ⟩3BF
⟨F ⟩ECC

=

〈
1
|e|M F

〉
ECC〈

1
|e|M

〉
ECC
⟨F ⟩ECC

,
⟨F ⟩ECC
⟨F ⟩3BF

=

〈
|e|MF

〉
3BF

⟨|e|M⟩3BF ⟨F ⟩3BF
. (234)

Î÷åêèâàíà âðåäíîñò ïðîèçâîäà ó áðîjèîöó ñå ìîæå èçðàçèòè ó îáëèêó êîâàðèjàíñå êîðèø£å-
»åì (230), à ïîòîì ñå êîâàðèjàíñà ìîæå ïðîöåíèòè ïðèìåíîì íåjåäíàêîñòè Êîøè-Øâàðöà
(231), øòî äîâîäè äî ñêóïà íåjåäíàêîñòè:

⟨F ⟩3BF
⟨F ⟩ECC

⩽ 1 +

∆F

⟨F ⟩
∆ 1
|e|M〈
1
|e|M

〉

ECC

,
⟨F ⟩ECC
⟨F ⟩3BF

⩽ 1 +

(
∆F

⟨F ⟩
∆|e|M

⟨|e|M⟩

)
3BF

. (235)

Ó êëàñè÷íîì ëèìåñó ñå ìîæå î÷åêèâàòè äà íåîäðå¢åíîñòè îïñåðâàáëè ïîñòàjó çàíåìàð§èâå,
∆F → 0, îäàêëå ñëåäè

⟨F ⟩3BF
⟨F ⟩ECC

⩽ 1 ,
⟨F ⟩ECC
⟨F ⟩3BF

⩽ 1 . (236)

Êîìáèíîâà»åì äâå íåjåäíàêîñòè ñå äîáèjà jåäíàêîñò êëàñè÷íîã ëèìåñà

⟨F ⟩3BF = ⟨F ⟩ECC , (237)

êîjà ïîêàçójå äà ñâå îïñåðâàáëå èìàjó èñòå î÷åêèâàíå âðåäíîñòè ó êëàñè÷íîì ëèìåñó ó îáå
òåîðèjå. Äàêëå, äâå òåîðèjå ñå ìå¢óñîáíî ðàçëèêójó ñàìî íà íèâîó êâàíòíèõ ïîïðàâêè.

4.2.2 Ãðàâèòàöèîíè òàëàñè

Ó ïðèìåðó ãðàâèòàöèîíèõ òàëàñà ñå ïîjàâ§ójó äâà (ìå¢óñîáíî ïîâåçàíà) ïî§à, êîíêðåòíî,
ïî§å òåòðàäà è ìåòðè÷êîã òåíçîðà, êàî è »èõîâå åêñöèòàöèjå îêî ðàâíîã ïðîñòîðâðåìåíà:

eaµ = δaµ + εaµ , gµν = ηµν + hµν . (238)

Äåòåðìèíàíòà òåòðàäå ñå ìîæå ðàçâèòè ó ðåä ïî ïîïðàâêàìà:

|e| = 1 + εaa +
1

2

(
εaaε

b
b − εabεba

)
+

1

6

(
εaaε

b
bε
c
c − 3εaaε

b
cε
c
b + 2εabε

b
cε
c
a

)
+ |ε| , (239)

àëè £å »åíà âðåäíîñò íà äà§å áèòè àïðîêñèìèðàíà äî êâàäðàòíîã ñàáèðêà. Ó îïøòåì ñëó-
÷àjó ñå ìîãó ðàçìàòðàòè ãðàâèòàöèîíå ïåðòóðáàöèjå è ó çàêðèâ§åíîì ïðîñòîðâðåìåíó. Òàäà
ïîñòîjè ïîçàäèíñêè äåî òåòðàäå êaµ è îäãîâàðàjó£à ïîçàäèíñêà ìåòðèêà ĝµν , à óìåñòî (238) ñå
ìîæå íàïèñàòè

eaµ = êaµ + εaµ , gµν = ĝµν + hµν . (240)

Èàêî jå àíàëèçà îâîã îïøòåã ñëó÷àjà êîíöåïòóàëíî ñëè÷íà ïðåòõîäíîj, òåõíè÷êè jå çàõòåâíèjà,
jåð jå ðàçâîj äåòåðìèíàíòå òåòðàäå (239) ðàçëè÷èò. Íà ïðèìåð, óìåñòî 1, âîäå£è ÷ëàí ó ðàçâîjó

48



£å áèòè det êaµ. Çáîã òîãà jå jåäíîñòàâíèjå íå ðàçìàòðàòè îïøòè ñëó÷àj çàêðèâ§åíîã ïðîñòîðà.
Ñà äðóãå ñòðàíå, ñâè ãëàâíè çàê§ó÷öè àíàëèçå îñòàjó èñòè.

Ìîãó£å jå óâåñòè âåëè÷èíó E êîjà ó ñåáè ñàäðæè ñâå ïîïðàâêå äåòåðìèíàíòå òåòðàäå ó
îäíîñó íà jåäèíèöó. Îâà ñìåíà jå êîðèñíà çà ïðîó÷àâà»å êîíâåðãåíöèjå ðàçâîjà ó ðåä ±M -
òîã ñòåïåíà äåòåðìèíàíòå òåòðàäå ïî îâîì ïàðàìåòðó, ïà ñó ðàçâîjè îäãîâàðàjó£åã ñòåïåíà
äåòåðìèíàíòå òåòðàäå äî äðóãîã ðåäà äàòè êàî:

1

|e|M
=

1

(1 + E)M
=

+∞∑
n=0

(
M + n

n

)
(−E)n = 1−Mεaa +

M

2

(
Mεaaε

b
b + εabε

b
a

)
+ o(ε2) . (241)

Óñëîâ äà áè îâàj ðåä êîíâåðãèðàî jå äà jå |E| < 1, äîê ñàáèðöè ó ðåäó ïî÷è»ó äà îïàäàjó êàäà
jå çàäîâî§åí ñëåäå£è óñëîâ:

|E| < n+ 1

M + n+ 1
. (242)

Îäàòëå ñëåäè äà £å äîïðèíîñ äðóãîã ðåäà áèòè âå£è îä äîïðèíîñà òðå£åã ðåäà êàäà jå |E| <
0.0196 (óç ïðåòïîñòàâêó äà jå n = 2, M = 150), èëè, äðóãèì ðå÷èìà, àêî ñå çàõòåâà äà
äîïðèíîñ äðóãîã ðåäà áóäå k ïóòà âå£è îä äîïðèíîñà òðå£åã ðåäà, îíäà jå |E| < 0.0196/k.
Òàêî¢å ó ñëó÷àjó ïîçèòèâíîã ñòåïåíà äåòåðìèíàíòå òåòðàäå, ñëè÷íî ñå äîáèjà:

|e|M = (1 + E)M =
+∞∑
n=0

(
M

n

)
En = 1 +Mεaa +

M

2

(
Mεaaε

b
b − εabεba

)
+ o(ε2) . (243)

Îâàj ðåä jå êîíà÷àí, áóäó£è äà jå áèíîìíè êîåôèöèjåíò jåäíàê íóëè êàäà jå n > M , ïà íå
ïîñòîjå ïðîáëåìè ñà êîíâåðãåíöèjîì. Äîäàòíî, ñàáèðöè ïî÷è»ó äà îïàäàjó êàäà jå èñïó»åí
óñëîâ:

|E| < n+ 1

M − n
, (244)

êîjè jå ñëàáèjè çàõòåâ îä ïðåòõîäíîã (242) è ñàìèì òèì àóòîìàòñêè çàäîâî§åí.
Ïðèìåíîì jåäíà÷èíà çà âåçó èçìå¢ó òåîðèjà (226) íà îïñåðâàáëó ïåðòóðáàöèjå ìåòðèêå,

F (ϕk) = hµν , äîáèjà ñå:

⟨hµν⟩3BF =
⟨hµν⟩ECC −M ⟨ε

a
ahµν⟩ECC

1−M ⟨εaa⟩ECC + M
2
⟨Mεaaεbb + εabεba⟩ECC

. (245)

Ðàçâîj èìåíèîöà ó ðåä äàjå:

⟨hµν⟩3BF =
(
⟨hµν⟩ECC −M ⟨ε

a
ahµν⟩ECC

)(
1 +M ⟨εaa⟩ECC −

M

2

〈
Mεaaε

b
b + εabε

b
a

〉
ECC

+
M2

2
⟨εaa⟩2ECC

)
= ⟨hµν⟩ECC (1 +M ⟨εaa⟩ECC)−M ⟨ε

a
ahµν⟩ECC . (246)

Òàêî¢å, ó ñóïðîòíîì ñìåðó ñå äîáèjà:

⟨hµν⟩ECC =
(
⟨hµν⟩3BF +M ⟨εaahµν⟩3BF

)(
1−M ⟨εaa⟩3BF −

M

2

〈
Mεaaε

b
b − εabεba

〉
3BF
− M2

2
⟨εaa⟩23BF

)
= ⟨hµν⟩3BF (1−M ⟨εaa⟩3BF ) +M ⟨εaahµν⟩3BF . (247)
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Îâè èçðàçè ñå ïîjåäíîñòàâ§ójó ó ñëåäå£è îáëèê èçðàæåí ïðåêî êîâàðèjàíñå:

⟨hµν⟩3BF = ⟨hµν⟩ECC −MCov (εaa , hµν)ECC , (248)

⟨hµν⟩ECC = ⟨hµν⟩3BF +MCov (εaa , hµν)3BF . (249)

Êîðèø£å»åì íåjåäíàêîñòè Êîøè-Øâàðöà (231), ìîæå ñå ïðîöåíèòè ïîòðåáíà âåëè÷èíà
ïåðòóðáàöèjå äà áè ñå ðàçëèêà èçìå¢ó êâàíòíå 3BF òåîðèjå è êâàíòíå ECC òåîðèjå åêñïåðè-
ìåíòàëíî óòâðäèëà. Êîíêðåòíî, äî äðóãîã ðåäà jå ðàçëèêà ó ïðåäâè¢à»ó èçìå¢ó òåîðèjà

Cov (εaa , hµν)ECC = Cov (εaa , hµν)3BF = Cov (εaa , hµν) , (250)

îäíîñíî âåëè÷èíà êâàíòíå ïîïðàâêå jå èñòà ó îáå òåîðèjå, øòî ñå ìîæå äîáèòè êîìáèíîâà»åì
jåäíà÷èíà (248) è (249). Îñèì òîãà, íà îñíîâó ðåëàöèjà hµν = ηµaε

a
ν + ηaνε

a
µ, εµν = ηµaε

a
ν è

íåjåäíàêîñòè Êîøè-Øâàðöà, óç ïðåòïîñòàâêó äà jå íåîäðå¢åíîñò ñâàêå êîìïîíåíòå òåòðàäå
ïðèáëèæíî èñòà, äîáèjà ñå:

⟨hµν⟩ECC − ⟨hµν⟩3BF =MCov (εaa , hµν) ⩽ 2M∆εaa∆εµν ≈ 8M (∆εµν)
2 ≈ 2M (∆hµν)

2 . (251)

Íåjåäíàêîñò (251) ñå ó ïðèíöèïó ìîæå èñêîðèñòèòè äà ñå åêñïåðèìåíòàëíî ðàçëèêójó
êâàíòíà 3BF òåîðèjà è êâàíòíà ECC òåîðèjà, ìåðå»åì ãðàâèòàöèîíèõ òàëàñà è óïîðå¢èâà»åì
ñà èñõîäîì òåîðèjñêèõ ïðåäâè¢à»à. Ó öè§ó ñòèöà»à èíòóèöèjå î ïîòðåáíîì ðåäó âåëè÷èíå,
ìîæå ñå êðåíóòè îä îêâèðíèõ ðåäîâà âåëè÷èíå èçìåðåíèõ òðåíóòíî äîñòóïíîì òåõíîëîãèjîì,
íà ïðèìåð ËÈÃÎ/Âèðãî äåòåêòîðèìà. Íà îñíîâó [56], óîáè÷àjåíà ïðåöèçíîñò ìåðå»a íàïðå-
çà»à (êîìïîíåíàòà ⟨hµν⟩) ñå ìîæå ïðîöåíèòè íà 10−21, øòî èìïëèöèðà äà äåñíà ñòðàíà (251)
òðåáà äà áóäå

2M (∆hµν)
2 ⩾ 10−21 . (252)

Óçèìàjó£è ó îáçèð äà jå çà Ñòàíäàðäíè Ìîäåë âðåäíîñò M = 150 (219), äîáèjà ñå ïðîöåíà
ìèíèìàëíå êâàíòíå ïîïðàâêå êîjà ñå ìîæå äåòåêòîâàòè:

∆hµν ⩾

√
10−21

2 · 150
≈ 10−12 . (253)

Îâî jå âåëèêà âðåäíîñò, øòî ñå ìîæå âèäåòè èç ÷è»åíèöå äà jå àìïëèòóäà íàïðåçà»à ñèãíàëà
ñïàjà»à äâå öðíå ðóïå ó [56] ðåäà 10−18. Ïîøòî jå ðàñòîjà»å äî èçâîðà GW150914 ïðîöå-
»åíî íà rGW ≈ 410Mpc, øòî jå äàëåêî èçâàí íàøå ãàëàêñèjå, ìîæå ñå ïðîöåíèòè èíòåíçè-
òåò íàïðåçà»à ó ñëó÷àjó èñòîã äîãà¢àjà óíóòàð Ìëå÷íîã Ïóòà, îäíîñíî íà ðàñòîjà»ó óíóòàð
rMW ≈ 34Kpc. Ïîøòî àìïëèòóäà ñôåðíîã òàëàñà îïàäà ïðîïîðöèîíàëíî ñà 1/r îä èçâîðà,
ìîæå ñå ïðîöåíèòè äà áè ñïàjà»å ñëè÷íèõ öðíèõ ðóïà óíóòàð íàøå ãàëàêñèjå ñòâîðèëî ñèãíàë
÷èjè jå ðåä âåëè÷èíå íàïðåçà»à

hMW ≈ hGW
rGW
rMW

= 10−18 × 4.1 · 105Kpc

3.4 · 101Kpc
≈ 10−14 . (254)

Îâî jå è äà§å äâà ðåäà âåëè÷èíå ìà»å îä ïîòðåáíå âåëè÷èíå êâàíòíå ïîïðàâêå ∆hµν . Øòà-
âèøå, íå ïîñòîjè ðàçëîã ó òåîðèjè çáîã êîã áè ñèñòåì äâå öðíå ðóïå êîjå ñå ñïàjàjó òðåáàî äà
èìà òàêî âåëèêó êâàíòíó íåîäðå¢åíîñò.

Äðóãèì ðå÷èìà, äà áè ïîñòîjå£îì òåõíîëîãèjîì ðàçëèêà èçìå¢ó äâå òåîðèjå áèëà îïñåðâà-
áèëíà, ïîòðåáíî jå äà èçâîð ãðàâèòàöèîíèõ òàëàñà

(a) ñòâàðà íàïðåçà»å ⟨hµν⟩ ðåäà âåëè÷èíå íàjìà»å 10−11, è
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(b) èìà êâàíòíó íåîäðå¢åíîñò íàïðåçà»à, ∆hµν , íàjìà»å 10
−12.

Î÷èãëåäíî, íå ïîñòîjå ïîçíàòè êàíäèäàòè çà èçâîðå òàêâèõ ãðàâèòàöèîíèõ òàëàñà ó ïðèðîäè.
Ó ñâàêîì ñëó÷àjó, ìàêàð ó òåîðèjè, àêî áè òàêàâ èçâîð ïîñòàjàî, áèëî áè ìîãó£å ïðèìåíèòè
(251) è åêñïåðèìåíòàëíî ðàçëèêîâàòè êâàíòíó 3BF òåîðèjó îä êâàíòíå ECC òåîðèjå.
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5 Êîíñòðóêöèjà êâàíòíå 3BF òåîðèjå ñà âåçàìà

Ó ïðåòõîäíèì ãëàâàìà jå ïîòâð¢åíà åêâèâàëåíöèjà èçìå¢ó äâå êëàñè÷íå òåîðèjå îïèñàíå
3BF äåjñòâîì ñà âåçàìà è Ñòàíäàðäíèì Ìîäåëîì ñïðåãíóòèì ñà Àjíøòàjí-Êàðòàíîâîì ãðà-
âèòàöèjîì. Çàòèì jå óòâð¢åíà íåïåðòóðáàòèâíà âåçà èçìå¢ó îäãîâàðàjó£èõ êâàíòíèõ òåîðèjà
çàñíîâàíèõ íà îâèì ìîäåëèìà áåç åêñïëèöèòíå äåôèíèöèjå ñâàêå îä òåîðèjà è óòâð¢åíî äà îáå
òåîðèjå äåëå çàjåäíè÷êè ñåìèêëàñè÷àí ëèìåñ. Ó íàðåäíèì ïîãëàâ§èìà £å áèòè ôîðìóëèñàíà
êâàíòíà 3BF òåîðèjà ñà âåçàìà íà òðèàíãóëàöèjè è áè£å ñïðîâåäåíà ïðåëèìèíàðíà àíàëèçà
ñåìèêëàñè÷íîã ëèìåñà äîáèjåíå òåîðèjå.

5.1 Äèñêðåòèçàöèjà äåjñòâà

Ó îâîì ïîãëàâ§ó £å áèòè èçëîæåí ïîñòóïàê äåôèíèñà»à äåjñòâà íà òðèàíãóëàöèjè ìíî-
ãîñòðóêîñòè. Îâà ñòðóêòóðà çàïðàâî ïðåäñòàâ§à äåî ïî äåî ðàâíó ìíîãîñòðóêîñò ñàñòàâ§åíó
îä £åëèjà êîjå èìàjó ãåîìåòðèjó 4-ñèìïëåêñà. Îñíîâíà èäåjà jå ó ïðèäðóæèâà»ó ÷èíèëàöà
äåjñòâà åëåìåíòèìà òðèàíãóëàöèjå èñòîã òèïà. Îâäå ñå ìîãó óî÷èòè äâå îñíîâíå ìîãó£íîñòè
êîjå ñå ÷åñòî ñðå£ó ó ëèòåðàòóðè. Ïðâà jå äà ñó ÷èíèîöè äåjñòâà êîjè ñó n-ôîðìå äîäå§åíè
n-äèìåíçèîíàëíèì £åëèjàìà äèðåêòíå òðèàíãóëàöèjå, è äðóãà, äà ñó n-ôîðìå èç äåjñòâà äîäå-
§åíå n-äèìåíçèîíàëíèì £åëèjàìà Ïîåíêàðå-äóàëíîj òðèàíãóëàöèjè. Ó ñëó÷àjó êàäà jå äåjñòâî
ñàñòàâ§åíî îä ñàáèðàêà êîjè ñàäðæå ïî äâà ÷èíèîöà, äèñêðåòèçàöèjà äåjñòâà ñå ìîæå âðøèòè
íà êîìáèíàöèjè äèðåêòíå è Ïîåíêàðå-äóàëà òðèàíãóëàöèjå, ïî íåêîì óòâð¢åíîì ïðàâèëó êîjè
îä äâà ÷èíèîöà ó ñàáèðöèìà ó äåjñòâó òðåáà ïîñòàâèòè íà êîjó òðèàíãóëàöèjó. Ìå¢óòèì, ó
ñëó÷àjó êàäà ñå ñàáèðöè ó äåjñòâó ñàñòîjå îä âèøå ÷èíèëàöà, à ïîãîòîâî êàäà áðîj ÷èíèëàöà
íèjå èñòè çà ñâå ñàáèðêå, ïîñòàâ§à»å äåjñòâà íà êîìáèíàöèjó äèðåêòíå è Ïîåíêàðå-äóàëíå
òðèàíãóëàöèjå íåìà ïðåâèøå ñìèñëà jåð íå ïîñòîjè ïðèðîäàí íà÷èí êîjè óêàçójå íà òî êîjà
ïî§à òðåáà äîäåëèòè êîjîj òðèàíãóëàöèjè. Çáîã òîãà jå ó íàñòàâêó öåëî äåjñòâî ïîñòàâ§åíî
ñàìî íà äèðåêòíó òðèàíãóëàöèjó áåç Ïîåíêàðåîâîã äóàëà.

Ñàäà òðåáà óâåñòè íîòàöèjó êîjà £å îçíà÷àâàòè åëåìåíòå òðèàíãóëàöèjå. Ñòðóêòóðà åëå-
ìåíòàðíå £åëèjå òðèàíãóëàöèjå, 4-ñèìïëåêñà jå ñëåäå£à. Ñèìïëåêñ ñå ñàñòîjè îä ïåò âåðòåêñà
îçíà÷åíèõ è ïðåáðîjàíèõ ìàëèì ñëîâîì v, ïî äåñåò èâèöà è òðîóãëîâà, îçíà÷åíèõ ñà ε è ∆,
ðåäîì, è ïåò òåòðàåäàðà îçíà÷åíèõ ñà τ . Ñàìè ñèìïëåêñè ñå ïðåáðîjàâàjó è îçíà÷àâàjó ìàëèì
ñëîâîì σ. Äåjñòâî jå çàäàòî êàî ñóìà ïî åëåìåíòèìà òðèàíãóëàöèjå, à áðîjà÷ ó ñóìè jå îçíàêà
çà åëåìåíò òðèàíãóëàöèjå êîjè ñå ïðâè ïîjàâ§ójå ó èñêàçó èñïîä ñóìå. Òàj èñêàç ìîæå èìàòè
äâà òèïà îáëèêà a ∈ b è b ∋ a, ãäå ñó a è b åëåìåíòè òðèàíãóëàöèjå áèëî êîã ãîðå íàâåäåíîã
òèïà.

Ñâàêè åëåìåíò òðèàíãóëàöèjå îñèì âåðòåêñà jå îðèjåíòèñàí. Åëåìåíò íàjìà»å äèìåíçèjå
êîjè èìà îðèjåíòàöèjó jå ñâàêàêî èâèöà. Ñâè îñòàëè åëåìåíòè âå£å äèìåíçèjå ñå ìîãó ðàçëî-
æèòè íà èâèöå, à »èõîâà îðèjåíòàöèjà äåôèíèñàòè ðåäîñëåäîì íàâî¢å»à è îðèjåíòàöèjîì
»èõîâèõ èâèöà. Çáîã òîãà jå âàæíî ðàçìîòðèòè íà êîëèêî ñå íà÷èíà åëåìåíòè âå£å äèìåíçèjå
ìîãó ðàçëîæèòè íà åëåìåíòå ìà»å äèìåíçèjå. Îâå ìîãó£íîñòè ñå ìîãó ïðåäñòàâèòè òàáåëàðíî:
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Åëåìåíò íà÷èí çà ðàçëàãà»å áðîj êîìáèíàöèjà

2× 3× 2! = 6
3× 16× 3! = 96
+ 12
4× 125× 4! = 3000

2× + 150× 2! = 300
+ 20

2× 15× 2! = 30

Ó ñâàêîj âðñòè jå áðîj îäðå¢åí êàî áðîj íà÷èíà çà èçáîð ðàçëè÷èòèõ åëåìåíàòà ïîìíîæåí
ïåðìóòàöèjîì ðåäîñëåäà åëåìåíàòà èñòîã òèïà.

Ó ïðâîj âðñòè, ó ñëó÷àjó òðîóãëà, äâå îä òðè èâèöå ñå ìîãó îäàáðàòè íà òðè íà÷èíà, äîê
jå áðîj ïåðìóòàöèjà ðåäîñëåäà »èõîâîã íàáðàjà»à 2, ïà jå óêóïàí áðîj êîìáèíàöèjà 6.

Òåòðàåäàð ñå ìîæå êîíñòðóèñàòè íà äâà íà÷èíà, ïðâè jå óçèìà»åì òðè èâèöå êîjå íå
ïðèïàäàjó èñòîì òðîóãëó. Ïðåáðîjàâà»å ñå ìîæå èçâðøèòè íà äâà íà÷èíà. Ïðâè jå ïðåìà òî-
ïîëîãèjè ãðàôà ñà÷è»åíîã îä èçàáðàíèõ èâèöà. Ïîñòîjå äâå òîïîëîãèjå, ïðâà êîä êîjå ñâå òðè
èâèöå èçëàçå èç èñòîã âåðòåêñà, è òàêâèõ èìà ÷åòèðè jåð òåòðàåäàð ñàäðæè ÷åòèðè âåðòåêñà,
è äðóãè ãäå ñå òðè èâèöå íàäîâåçójó jåäíà íà äðóãó, êîjè ñå ìîæå êîíñòðóèñàòè òàêî øòî jå
ïðâè âåðòåêñ ó íèçó èçàáðàí íà ÷åòèðè íà÷èíà, äðóãè íà òðè è òðå£è íà äâà øòî jå óêóïíî
24, àëè ïîøòî jå ãðàô ñèìåòðè÷àí ñìåð áðîjà»à, èìà èõ äóïëî ìà»å îäíîñíî 12. Îâî ìîæå äà
ñå èçáðîjè è òàêî øòî ñå èç ïðåòõîäíîã ãðàôà ñà òðè èâèöå êîjå èçëàçå èç èñòîã âåðòåêñà êîjè
ñå ìîæå èçàáðàòè íà 4 íà÷èíà, èçàáåðå jåäíà èâèöà íà òðè íà÷èíà êîjà ñå èçâëà÷è èç çàjåä-
íè÷êîã âåðòåêñà è ïîâåçójå ñà íåêèì îä äðóãà äâà âåðòåêñà. Äàêëå, óêóïíî ïîñòîjè 4+12=16
ðàçëè÷èòèõ ãðàôîâà ñà 3! ïåðìóòàöèjà, îäíîñíî 96 ìîãó£íîñòè íàáðàjà»à 3 èâèöå êîjå ÷èíå
òåòðàåäàð.

Äðóãè íà÷èí jå äà ñå ïðâà èâèöà ìîæå èçàáðàòè íà 6 íà÷èíà, äðóãà èâèöà íà 5, òàêî äà
ó ÷åòèðè ñëó÷àjà îâå äâå èâèöå èìàjó çàjåäíè÷êè âåðòåêñ è ó jåäíîì ñëó÷àjó íåìàjó. Òðå£à
èâèöà ñå ñàäà ìîæå èçàáðàòè íà òðè íà÷èíà àêî ñó ïðâå äâå èìàëå çàjåäíè÷êè âåðòåêñ è íà
÷åòèðè íà÷èíà àêî íèñó. Òî jå óêóïíî 6 · (4 · 3+1 · 4)=96 íà÷èíà.

Äðóãè íà÷èí çà êîíñòðóêöèjó òåòðàåäðà jå òðîóãàî è èâèöà êîjà ìó íå ïðèïàäà. Òðîóãàî
ñå ìîæå èçàáðàòè íà 4 íà÷èíà, à èâèöà êîjà ìó íå ïðèïàäà íà òðè, òàêî äà jå òî óêóïíî 12
ìîãó£íîñòè.

Öåî 4-ñèìïëåêñ ñå ìîæå êîíñòðóèñàòè íà 4 íà÷èíà. Ïðâè jå ïîìî£ó 4 èâèöå. Áðîjà»å
ìîãó£íîñòè ïîíîâî ìîæå äà ñå îáàâè íà äâà íà÷èíà. Ïîñìàòðà»åì òîïîëîãèjà, óî÷àâàjó ñå
òðè ìîãó£å òîïîëîãèjå. Ïðâà jå ÷åòèðè èâèöå ñà çàjåäíè÷êèì âåðòåêñîì êîjè ñå ìîæå èçàáðàòè
íà 5 íà÷èíà. Äðóãà jå òðè èâèöå èç çàjåäíè÷êîã âåðòåêñà êîjè ñå ìîæå èçàáðàòè íà ïåò íà÷èíà
è jåäíà èâèöà êîjà ñïàjà ïåòè âåðòåêñ êîjà ñå ìîæå èçàáðàòè íà 4 íà÷èíà ñà íåêèì îä òðè
âåðòåêñà èâèöà êîjå âèðå èç ïðâîã çàjåäíè÷êîã âåðòåêñà. Òàêâèõ ãðàôîâà èìà 5 · 4 · 3=60.
Òðå£è ãðàô jå ñàñòàâ§åí îä 4 èâèöå êîjå ñå íàäîâåçójó jåäíà íà äðóãó. Ñâàêè âåðòåêñ ó íèçó
ñå ìîæå îäàáðàòè íà çà jåäàí ìà»å íà÷èí îä ïðåòõîäíîã. Ìå¢óòèì, êàêî jå öåî ãðàô íåçàâèñàí
îä ñìåðà áðîjà»à, óêóïàí áðîj ìîðà äà ñå ïîäåëè ñà äâà, òàêî äà òàêâèõ ãðàôîâà óêóïíî
èìà 5 · 4 · 3 · 2/2=60. Äàêëå ïîñòîjè 125 ãðàôîâà ñà 4! ïåðìóòàöèjà èâèöà, øòî jå óêóïíî 3000
ìîãó£íîñòè.

Äðóãè íà÷èí çà áðîjà»å jå òàj äà ñå ïðâà èâèöà ìîæå èçàáðàòè íà 10 íà÷èíà. Äðóãà
èâèöà íà 9, îä ÷åãà ó øåñò ñëó÷àjà ïîñòîjè çàjåäíè÷êè âåðòåêñ è ó òðè ñëó÷àjà íå ïîñòîjè.
Ñàäà ñå ïîñìàòðàjó îáà ñëó÷àjà îäâîjåíî. Òðå£à èâèöà ñå ó ïðâîì ñëó÷àjó ìîæå èçàáðàòè
íà ñåäàì íà÷èíà, îä êîjèõ ó øåñò ïîñòîjè jåäàí âåðòåêñ êîjè jå çàjåäíè÷êè ñà áàð jåäíîì îä
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ïðåòõîäíå äâå èâèöå è jåäàí íà÷èí òàêî äà íå ïîñòîjè çàjåäíè÷êè âåðòåêñ. Àêî jå ïîñòàjàî
jåäàí çàjåäíè÷êè âåðòåêñ çà òðå£ó è áàð jåäíó îä ïðåòõîäíèõ èâèöà, ïîñòîjå äâå ìîãó£íîñòè.
Äà jå âåðòåêñ çàjåäíè÷êè çà ñâå òðè èâèöå è òàäà ñå òðå£à èâèöà ìîæå èçàáðàòè íà äâà, à
÷åòâðòà íà ÷åòèðè íà÷èíà (10 · 6 · 2 · 4=180 ìîãó£íîñòè), è äà òðå£à èâèöà èìà çàjåäíè÷êè
âåðòåêñ ñàìî ñà jåäíîì îä ïðâå äâå èâèöå, êàäà ñå òðå£à èâèöà ìîæå èçàáðàòè íà 4, à ÷åòâðòà
íà jîø 4 íà÷èíà (10 · 6 · 4 · 4=960 ìîãó£íîñòè). Àêî íå ïîñòîjè çàjåäíè÷êè âåðòåêñ çà òðå£ó è
ïðåòõîäíå äâå èâèöå, òðå£à èâèöà ñå ìîæå èçàáðàòè íà ñàìî jåäàí íà÷èí, à ÷åòâðòà ìîæå äà
ïîëàçè èç äâà âåðòåêñà òðå£å èâèöå è çàâðøè ñå ó íåêè îä òðè ïðåîñòàëà âåðòåêñà, îäíîñíî
ìîæå ñå èçàáðàòè íà 2 · 3=6 íà÷èíà (10 · 6 · 1 · 6=360 ìîãó£íîñòè). Äðóãè ñëó÷àj jå êàäà ïðâà
è äðóãà èâèöà íåìàjó çàjåäíè÷êè âåðòåêñ. Òàäà ñå äðóãà èâèöà ìîæå èçàáðàòè íà 3 íà÷èíà,
à òðå£à èâèöà ìîæå äà ñå èçàáåðå íà 8 íà÷èíà. ×åòèðè îä îñàì ñó òàêâè äà ñå òðå£à èâèöà
êîíñòðóèøå òàêî øòî jîj jå jåäàí âåðòåêñ çàjåäíè÷êè ñà ïðâîì èâèöîì (2 íà÷èíà), à äðóãè
çàjåäíè÷êè ñà äðóãîì (jîø 2 íà÷èíà), èëè òàêî øòî jîj jå jåäàí âåðòåêñ ïåòè, êîjè íå ïðèïàäà
íè ïðâîj íè äðóãîj èâèöè, à äðóãè íåêè îä ïðåîñòàëà 4 âåðòåêñà (ïðåîñòàëå 4 ìîãó£íîñòè).
Ó êîëèêî jå òðå£à èâèöà äîáèjåíà èçáîðîì jåäíîã âåðòåêñà ïðâå è jåäíîã âåðòåêñà äðóãå,
÷åòâðòà èâèöà ñå ìîæå èçàáðàòè íà ÷åòèðè íà÷èíà. Òàêî äà jîj jå jåäàí âåðòåêñ ïåòè êîjè
íå ïðèïàäà íè jåäíîj îä ïðâå òðè èâèöå, à äðóãè, íåêè îä ïðåîñòàëà ÷åòèðè (10 · 3 · 4 · 4=480
ìîãó£íîñòè). Ïîñëåä»è íà÷èí jå äà jå òðå£à èâèöà äîáèjåíà ñïàjà»åì ïåòîã âåðòåêñà êîjè
íèjå ïðèïàäàî íè jåäíîj îä ïðâå äâå èâèöå ñà íåêèì îä ïðåîñòàëèõ 4 âåðòåêñà è òó ñå ÷åòâðòà
èâèöà ìîæå èçàáðàòè íà 6 íà÷èíà. Ïðå îäàáèðà»à ÷åòâðòå èâèöå, ãðàô ñå ñàñòîjè îä äâà
íåïîâåçàíà äåëà. Ïðâè jå jåäíà çàñåáíà èâèöà (äâà âåðòåêñà), à äðóãè ñó äâå ïîâåçàíå èâèöå
(òðè âåðòåêñà). ×åòâðòà èâèöà ìîæå äà ñå èçàáåðå òàêî äà jîj jå jåäàí âåðòåêñ çàjåäíè÷êè
ñà jåäíîì íåïîâåçàíîì èâèöîì (äâà íà÷èíà), à äðóãè çàjåäíè÷êè ñà áàð jåäíîì îä äðóãå äâå
èâèöå (òðè íà÷èíà), òàêî äà ñå äîáèjå ïîâåçàí ãðàô (10 · 3 · 4 · 6=720 ìîãó£íîñòè). Óêóïíî òî
÷èíè 480+960+360+480+720=3000 ìîãó£íîñòè.

Äðóãè íà÷èí çà êîíñòðóèñà»å öåëîã 4-ñèìïëåêñà jå òðîóãàî è äâå èâèöå êîjå ìó íå ïðèïà-
äàjó, òàêî äà ñâå çàjåäíî ñàäðæå ñâèõ ïåò âåðòåêñà. Òðîóãàî ñå ìîæå èçàáðàòè íà 10 íà÷èíà, à
èâèöå íà òàêàâ íà÷èí äà ñâàêà ñàäðæè áàð jåäàí îä ïðåîñòàëà äâà âåðòåêñà êîjà íå ïðèïàäàjó
òðîóãëó. Àêî ïðâà èâèöà ñàäðæè ñàìî jåäàí îä ïðåîñòàëà äâà âåðòåêñà (ìîæå ñå èçàáðàòè íà
6 íà÷èíà), äðóãà èâèöà ñå ìîæå èçàáðàòè íà 4 íà÷èíà, à àêî ïðâà èâèöà ñàäðæè îáà ïðåî-
ñòàëà âåðòåêñà (jåäàí íà÷èí), äðóãà èâèöà ñå ìîæå èçàáðàòè íà øåñò íà÷èíà. Òî jå óêóïíî
10 · (6 · 4+1 · 6)=300 ìîãó£íîñòè. Àëòåðíàòèâíî ñå ìîãó£íîñòè ìîãó èçáðîjàòè ïîñìàòðà»åì
ãðàôîâà. Àêî ñó îáå èâèöå ïðè÷âðø£åíå jåäíèì âåðòåêñîì çà òðîóãàî, òî jå 9 ìîãó£íîñòè, à
àêî jå ñàìî jåäíà ïðè÷âðø£åíà çà òðîóãàî, òî jå 6 ìîãó£íîñòè. Áðîj ïåðìóòàöèjà èâèöà jå 2,
ïà jå óêóïàí áðîj ìîãó£íîñòè 10 · (9+6) · 2=300 ìîãó£íîñòè.

Òðå£è íà÷èí çà êîíñòðóêöèjó öåëîã 4-ñèìïëåêñà jå òåòðàåäàð è èâèöà êîjà ìó íå ïðèïàäà.
Òåòðàåäàð ñå ìîæå èçàáðàòè íà 5 íà÷èíà, à èâèöà êîjà ìó íå ïðèïàäà íà ÷åòèðè, øòî jå óêóïíî
20 ìîãó£íîñòè.

×åòâðòè è ïîñëåä»è íà÷èí çà êîíñòðóêöèjó 4-ñèìïëåêñà jå ïîìî£ó äâà òðîóãëà ñà ñàìî jåä-
íèì çàjåäíè÷êèì âåðòåêñîì. Îâàj âåðòåêñ ñå ìîæå èçàáðàòè íà 5 íà÷èíà, à ïàðîâè òðîóãëîâà
íà òðè. Áðîj ïåðìóòàöèjà òðîóãëîâà jå 2, ïà jå óêóïíî 5 · 3 · 2=30 ìîãó£íîñòè.

Îâè êîìáèíàòîðíè ôàêòîðè ñó âàæíè ó òðåíóòêó ïðåëàñêà ñà ñóìå ïî íåçàâèñíèì åëåìåí-
òèìà 4-ñèìïëåêñà íà ñóìó ïî ñâèì åëåìíòèìà 4-ñèìïëåêñà.

Ó íàñòàâêó £å áèòè èçëîæåí ïîñòóïàê ïîñòàâ§à»à äåjñòâà íà äèðåêòíó òðèàíãóëàöèjó.
Îâàj ïîñòóïàê ñå íå ìîæå ñïðîâåñòè ñà äåjñòâîì ó ïðîèçâî§íîì îáëèêó, âå£ ñàáèðöè ó äåjñòâó
ìîðàjó äà áóäó èçðàæåíè ó îáëèêó ïðîèçâîäà äèôåðåíöèjàëíèõ ôîðìè.

Ïðîöåñ ïîñòàâ§à»à äåjñòâà íà òðèàíãóëàöèjó jå èçðàæåí ïîìî£ó êîíòðàêöèjå èçìå¢ó âåê-
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òîðà è ôîðìè. Ïîøòî jå ìíîãîñòðóêîñò äåî ïî äåî ðàâíà, ñèìïëåêñè îä êîjèõ jå ñàñòàâ§åíà ñó
ïîäóäàðíè ñà òàíãåíòíîì ìíîãîñòðóêîø£ó, ïà ñå èíòåãðàöèjà ôîðìå ïî ñèìïëåêñó ìîæå âð-
øèòè êîíòðàêöèjîì èçìå¢ó ôîðìè íà ìíîãîñòðóêîñòè è

(
4
0

)
òåíçîðà ïðèäðóæåíîì ñèìïëåêñó:

σ =
1

4!
εµ1ε

ν
2ε
ρ
3ε
σ
4∂µ ∧ ∂ν ∧ ∂ρ ∧ ∂σ , (255)

ãäå ñó ε1, . . . , ε4 ÷åòèðè ëèíåàðíî íåçàâèñíå èâèöå êîjå îáðàçójó 4-ñèìïëåêñ. Ñàì òåíçîð ïðè-
äðóæåí ñèìïëåêñó íå çàâèñè îä èçáîðà îâèõ íåçàâèñíîõ èâèöà, àëè ìó jå çíàê îñåò§èâ íà
ðåäîñëåä íàáðàjà»à èâèöà çáîã àíòèñèìåòðè÷íîã ïðîèçâîäà èçìå¢ó »èõ.

Äà áè äåjñòâî áèëî äèñêðåòèçîâàíî îâèì ìåòîäîì, ïîòðåáíî jå êîíñòðóèñàòè Ëàãðàíæèjàí
ó îáëèêó 4-ôîðìå. Äèñêðåòèçàöèjà äåjñòâà jå îíäà:

S[ϕ] =

∫
1

4!
Lµνρσdxµ ∧ dxν ∧ dxρ ∧ dxσ =

∑
σ

∫
σ

1

4!
Lµνρσεµνρσd4x =

1

4!

∑
σ

Lµνρσ[σ]εµνρσV [σ]

=
1

4!

∑
σ

Lµνρσ[σ]εµνρσ
(
− 1

4!
ε1aε2bε3cε4dε

abcd

)
=

1

4!

∑
σ

Lµνρσ[σ]εµνρσ
(
− 1

4!
eaµ′ebν′ecρ′edσ′

× 1

4!
εα1 ε

β
2ε

γ
3ε
δ
4ε
abcddxµ

′ ∧ dxν
′ ∧ dxρ

′ ∧ dxσ
′
[∂α ∧ ∂β ∧ ∂γ ∧ ∂δ]

)
=

1

4!

∑
σ

Lµνρσdxµ ∧ dxν ∧ dxρ ∧ dxσ
1

4!
εα1 ε

β
2ε

γ
3ε
δ
4 [∂α ∧ ∂β ∧ ∂γ ∧ ∂δ]

=
∑
σ

L[σ] . (256)

Ñàáèðöè ó äåjñòâó êîjå jå ïîòðåáíî èíòåãðàëèòè ïî åëåìåíòèìà òðèàíãóëàöèjå ìîãó áèòè
ó óêóïíî ÷åòèðè îáëèêà. Ðåçóëòàò èíòåãðàöèjå ó ñâà ÷åòèðè ñëó÷àjà jå ñëåäå£è.

Ïðâè ñëó÷àj, 4-ñèìïëåêñ ñàñòàâ§åí îä ÷åòèðè èâèöå:∫
αa ∧ αb ∧ αc ∧ αd =

∑
σ

αa ∧ αb ∧ αc ∧ αd[σ]

=
∑
σ

αaµαbναcραdσ
1

4!
ελ1ε

χ
2ε

φ
3 ε

ξ
4dx

µ ∧ dxν ∧ dxρ ∧ dxσ [∂λ ∧ ∂χ ∧ ∂φ ∧ ∂ξ]

=
1

4!

∑
σ

αaµαbναcραdσε
λ
1ε
χ
2ε

φ
3 ε

ξ
4

(
δµλδ

ν
χδ

ρ
φδ

σ
ξ + (23)

)
=

1

3000

∑
σ

∑
ε1,...,ε4∈σ

αa[ε1]αb[ε2]αc[ε3]αd[ε4]W [ε1, ε2, ε3, ε4] . (257)

Ñàáèðàê +(23) ó çàãðàäè îçíà÷àâà ïðåîñòàëèõ 23 ñàáèðàêà êîjè ñàäðæå ïåðìóòàöèjó èíäåêñà
ñà îäãîâàðàjó£èì ïðåäçíàêîì, äîê jå ôóíêöèjà W [. . . ] ôóíêöèjà çíàêà êîjà £å áèòè äåôèíè-

55



ñàíà êàñíèjå. Äðóãè ñëó÷àj, 4-ñèìïëåêñ ñàñòàâ§åí îä äâå èâèöå è òðîóãëà:∫
αa ∧ αb ∧ βc =

∑
σ

αa ∧ αb ∧ βc[σ] =
∑
σ

αaµαbν
1

2
βcρσ

1

4!
ελ1ε

χ
2ε

φ
3 ε

ξ
4

(
δµλδ

ν
χδ

ρ
φδ

σ
ξ + (23)

)
=

1

3000

∑
σ

∑
ε1,...,ε4∈σ

αa[ε1]αb[ε2]
1

2
βcρσε

ρ
3ε
σ
4W [ε1, ε2, ε3, ε4]

=
1

300

∑
σ

∑
ε1,ε2,∆∈σ

αa[ε1]αb[ε2]βc[∆]W [ε1, ε2,∆] . (258)

Òðå£è ñëó÷àj, 4-ñèìïëåêñ ñàñòàâ§åí îä äâà òðîóãëà:∫
βa ∧ βb =

∑
σ

1

2
βaµν

1

2
βbρσ

1

4!
ελ1ε

χ
2ε

φ
3 ε

ξ
4

(
δµλδ

ν
χδ

ρ
φδ

σ
ξ + (23)

)
=

1

30

∑
σ

∑
∆1,∆2∈σ

βa[∆1]βb[∆2]W [∆1,∆2] . (259)

×åòâðòè ñëó÷àj, 4-ñèìïëåêñ ñàñòàâ§åí îä òåòðàåäðà è èâèöå:∫
αa ∧ γb =

∑
σ

αaµ
1

3!
γbνρσ

1

4!
ελ1ε

χ
2ε

φ
3 ε

ξ
4

(
δµλδ

ν
χδ

ρ
φδ

σ
ξ + (23)

)
=

1

20

∑
σ

∑
ε,τ∈σ

αa[ε]γb[τ ]W [ε, τ ] . (260)

Îñèì 1, 2, 3 è 4-ôîðìè, ó äåjñòâó ñå ïîjàâ§ójó è íóëà-ôîðìå êîjå ñòàâ§à»åì íà òðèàíãó-
ëàöèjó æèâå ó âåðòåêñèìà, ïà jå »èõîâà èíòåãðàöèjà ïî åëåìåíòó òðèàíãóëàöèjå òðèâèjàëíà
(âðåäíîñò ïî§à íà âåðòåêñó jå jåäíàêà âðåäíîñòè ïî§à ó òà÷êè ó êîjîj ñå íàëàçè âåðòåêñ). Äî-
äàâà»å îâèõ ïî§à íà òðèàíãóëàöèjó ñå âðøè íåçàâèñíî îä èíòåãðàöèjå ôîðìè, ïà ïðîèçâîä
ñêàëàðíèõ ϕi ïî§à ïîñòàjå:∫

ϕ1 . . . ϕn F =
∑
σ

F [σ]
1

5n

∑
v1,...,vn∈σ

ϕ1[v1] . . . ϕn[vn] , (261)

ãäå jå F ïðîèçâî§íà 4-ôîðìà.
Ó ëîêàëíî èíåðöèjàëíîì ðåôåðåíòíîì ñèñòåìó ñå òåòðàäà ñâîäè íà îïøòó êîîðäèíàò-

íó òðàíñôîðìàöèjó çàjåäíè÷êó çà ñâå åëåìåíòå ïîjåäèíà÷íîã 4-ñèìïëåêñà. Äåëîâà»å ôîðìå
òåòðàäå íà òåíçîð 4-ñèìïëåêñà è ïîñëåäèöà çàõòåâà äà êîìïîíåíòå òåòðàäå ïðåäñòàâ§àjó êîì-
ïîíåíòå ìàòðèöå îïøòå êîîðäèíàòíå òðàíñôîðìàöèjå GL(4,R) äàjå âåçó:

ea[ε] = eaµε
µ = Γaµε

µ = εa , (262)

ãäå jå Γµa ñòåïåí ñëîáîäå ôèêñèðà»à êàëèáðàöèjå.
Âðåäíîñòè êâàäðàòà çàïðåìèíà åëåìåíàòà òðèàíãóëàöèjå l2[ε], A2[∆], (3)V 2[τ ] è (4)V 2[σ] ñó

ðåàëíå ôóíêöèjå êîìïîíåíàòà âåêòîðà èâèöà òðèàíãóëàöèjå äàòå êàî:

(0)V 2[v] = − 1

4!

1

(0!)2
εµνρσελξθϕη

µληνξηρθησϕ = 1 , (263)

l2[ε] = − 1

3!

1

(1!)2
εµνρσε

µ
1ελξθϕε

λ
1η

νξηρθησϕ = εµ1ε
ν
1ηµν = ε21 , (264)

A2[∆] = − 1

2!

1

(2!)2
εµνρσε

ρ
1ε
σ
2ελξθϕε

θ
1ε
ϕ
2η

µληνξ =
1

4

(
ε21ε

2
2 − (εµ1ε

ν
2ηµν)

2
)
, (265)

(3)V 2[τ ] = − 1

1!

1

(3!)2
εµνρσε

ν
1ε
ρ
2ε
σ
3ελξθϕε

ξ
1ε
θ
2ε
ϕ
3η

µλ , (266)

(4)V 2[σ] = − 1

0!

1

(4!)2
(εµνρσε

µ
1ε

ν
2ε
ρ
3ε
σ
4 )

2 . (267)
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Ïîøòî ñó âðåäíîñòè l2[ε], A2[∆], (3)V 2[τ ] è (4)V 2[σ] íåçàâèñíå îä îâîã ñòåïåíà ñëîáîäå, âåêòîðè
èâèöà ñå ìîãó çàìåíèòè âåêòîðèìà èâèöà ó ñîïñòâåíîì ðåôåðåíòíîì ñèñòåìó εa è çàïðåìèíå
ñå íå£å ïðîìåíèòè. Çáîã òîãà ñàáèðàê êîjè ñàäðæè ïðîèçâîä ÷åòèðè òåòðàäå îäãîâàðà îðèjåí-
òèñàíîj çàïðåìèíè 4-ñèìïëåêñà:∫

1

4!
εabcde

a ∧ eb ∧ ec ∧ ed =
∑
σ

1

4!
εabcdε

a
1ε
b
2ε
c
3ε
d
4 = −

∑
σ

V [σ] . (268)

ÔóíêöèjàW [. . . ] ñå ìîæå äåôèíèñàòè êîðèø£å»åì ïðåòõîäíå îñîáèíå. Ïîøòî jå òðèàíãóëàöè-
jà îðèjåíòèñàí ãðàô, ñâàêîì òðîóãëó ñå ìîãó äîäåëèòè äâå èâèöå ÷èjèì jå ðåäîñëåäîì îí îðè-
jåíòèñàí,∆ = (ε∆1, ε∆2), ñâàêîì òåòðàåäðó òðè èâèöå ÷èjèì jå ðåäîñëåäîì íàâî¢å»à çàäàòà »å-
ãîâà îðèjåíòàöèjà τ = (ετ1, ετ2, ετ3) è ñâàêîì 4-ñèìïëåêñó ÷åòèðè èâèöå σ = (εσ1, εσ2, εσ3, εσ4).
ÔóíêöèjàW [. . . ] jå ñàäà êîëè÷íèê îðèjåíòèñàíå 4-çàïðåìèíå íàä åëåìåíòèìà 4-ñèìïëåêñà êî-
jè ñó àðãóìåíòè ôóíêöèjå ïîäå§åíè îðèjåíòèñàíîì çàïðåìèíîì òîã 4-ñèìïëåêñà. Ñëó÷àjåâè
îâå ôóíêöèjå ñó:

W [ε1, ε2, ε3, ε4] = − 1

4!V [σ]
εabcdε

a
1ε
b
2ε
c
3ε
d
4 , (269)

W [∆, ε1, ε2] = − 1

4!V [σ]
εabcdε

a
∆1ε

b
∆2ε

c
1ε
d
2 , (270)

W [∆, ∆̃] = − 1

4!V [σ]
εabcdε

a
∆1ε

b
∆2ε

c
∆̃1
εd
∆̃2
, (271)

W [ε, τ ] = − 1

4!V [σ]
εabcdε

aεbτ1ε
c
τ2ε

d
τ3 . (272)

Ïîøòî îâà ôóíêöèjà àóòîìàòñêè âðà£à âðåäíîñò íóëà êàäà ñó jîj àðãóìåíòè ëèíåàðíî çàâèñíè,
íèjå ïîòðåáíî ñòàâ§àòè íèêàêâå äîäàòíå óñëîâå ó äåôèíèöèjè ñóìå îñèì çàõòåâà äà àðãóìåíòè
ïðèïàäàjó èñòîì 4-ñèìïëåêñó.

Ïðâè äåî äåôèíèöèjå ôóíêöèîíàëíîã èíòåãðàëà jå »åãîâà ìåðà. Ó íàñòàâêó £å áèòè èçëî-
æåíà äâà ìåòîäà äèñêðåòèçàöèjå ìåðå. Ìåðà èíòåãðàëà íà òðèàíãóëàöèjè ñå äåôèíèøå êàî
èíòåãðàë ïî âðåäíîñòè ïî§à íà åëåìåíòó òðèàíãóëàöèjå. Åêñïëèöèòíà äåôèíèöèjà jå íà ïðâè
íà÷èí çàäàòà êàî:

Dϕ =
∏
v

dϕ[v] , Dα =
∏
ε

dα[ε] , Dβ =
∏
∆

dβ[∆] , Dγ =
∏
τ

dγ[τ ] , Dδ =
∏
σ

dδ[σ] . (273)

Àëòåðíàòèâíî jå óìåñòî åêñòåíçèâíèõ âàðèjàáëè ìîãó£å èçàáðàòè èíòåíçèâíå. Àêî ñå ïðî-
èçâî§íà n-ôîðìà çàïèøå êàî:

F =
1

n!
Fa1...ane

a1 ∧ · · · ∧ ean , (274)

êîíòðàêöèjà ôîðìå ea1 ∧ · · · ∧ ean ñà n-ñèìïëåêñ òåíçîðîì σn äàjå:

ea1 ∧ · · · ∧ ean [σn] = V [σn]E
a1...an , (275)

ïà jå êîíòðàêöèjà ïîëàçíå n-ôîðìå F jåäíàêà:

F [σn] =
1

n!
Fa1...an [σn]E

a1...anV [σn] = F̃ [σn]V [σn] . (276)
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Ìåðà èíòåãðàëà jå ó îâèì ïðîìåí§èâèì jåäíàêà:

Dϕ =
∏
v

dϕ[v] , Dα =
∏
ε

l[ε]dα[ε] , Dβ =
∏
∆

A[∆]dβ[∆] ,

Dγ =
∏
τ

V [τ ]dγ[τ ] , Dδ =
∏
σ

V [σ]dδ[σ] . (277)

Áóäó£è äà jå âåçà èçìå¢ó îâå äâå äåôèíèöèjå ñìåíà ïðîìåí§èâèõ, ðåçóëòàò èíòåãðàöèjå íå áè
òðåáàëî äà çàâèñè îä êîíêðåòíîã èçáîðà, ïà £å ó íàñòàâêó áèòè êîðèø£åíà ïðâà äåôèíèöèjà
çàäàòà ó (273).

Ñëåäå£è êîðàê ó òðèàíãóëàöèjè äåjñòâà ïðåäñòàâ§à äåôèíèñà»å èçâîäà íà òðèàíãóëàöèjè.
Ïîøòî jå ìíîãîñòðóêîñò ñàñòàâ§åíà îä åëåìåíàòà êàî øòî ñó âåðòåêñè, èâèöå, ïîâðøèíå èòä.
èçâîä íà îájåêòó n-òîã ðåäà òðåáà äåôèíèñàòè ïðåêî îájåêàòà (n− 1)-îã ðåäà, îäíîñíî èçâîä
íà îájåêòó òðèàíãóëàöèjå jå ôóíêöèjà íàä ãðàíèöîì òîã îájåêòà. Çáîã òîãà jå èçâîä ïî§à íà
òðèàíãóëàöèjè äåôèíèñàí ïðèìåíîì Ñòîêñîâå òåîðåìå:∫

Mn

dA =

∮
∂Mn

A =⇒
∑

σn∈T (M)

dA [σn] =
∑

σn∈T (M)

∑
◦

σn−1∈∂σn

A[σn−1] . (278)

Çàîêðóæåíà ñóìà ïðåäñòàâ§à ñóìó åëåìåíàòà ïî îðèjåíòèñàíîj ãðàíèöè, òàêî äà ñå âîäè ðà÷ó-
íà î ïðåäçíàêó ñàáèðàêà êîjè ñàäà çàâèñè è îä óñêëà¢åíîñòè îðèjåíòàöèjà ñåãìåíàòà ãðàíèöå
∂σn è ñàìîã σn. Çà òó ïîòðåáó ñå óâîäè ôóíêöèjà çíàêà z[σn, σn−1 ∈ ∂σn] êîjà âðà£à âðåäíîñò
±1, ïà çàîêðóæåíà ñóìà ïîñòàjå:∑

◦
σn−1∈∂σn

A[σn−1] =
∑

σn−1∈∂σn

z[σn, σn−1]A[σn−1] . (279)

Âðåäíîñò ôóíêöèjå çíàêà çàâèñè îä îðèjåíòàöèjà åëåìåíàòà òðèàíãóëàöèjå íàä êîjèìà ñå âð-
øè. Àðãóìåíòè íèñó ïðîèçâî§íå êîìáèíàöèjå äâà åëåìåíòà òðèàíãóëàöèjå, âå£ äðóãè ìîðà
äà áóäå äåî ãðàíèöå ïðâîã è ñàìèì òèì çà jåäíó äèìåíçèjó ìà»è. Ñâàêà èâèöà ñå ìîæå ïðåä-
ñòàâèòè ïðåêî äâà âåðòåêñà ε = (vε1, vε2), òàêî äà jå îðèjåíòàöèjà èâèöå óñìåðåíà îä äðóãîã êà
ïðâîì âåðòåêñó. Ôóíêöèjà çíàêà îíäà âðà£à âðåäíîñò:

z[ε, v] = δvε1,v − δvε2,v . (280)

Òðîóãàî jå çàäàò êàî óðå¢åíè ïàð èâèöà êîjå ïîëàçå èç èñòîã âåðòåêñà ∆ = (ε∆1, ε∆2). �åãîâà
îðèjåíòàöèjà jå çàäàòà ðåäîñëåäîì íàáðàjà»à èâèöà, ïà jå âðåäíîñò ôóíêöèjå çíàêà:

z[∆, ε] =
εa∆1εa
εaεa

δε∆1,ε −
εa∆2εa
εaεa

δε∆2,ε +
(ε∆2 − ε∆1)

aεa
εaεa

δε∆2−ε∆1,ε . (281)

Òåòðàåäàð jå çàäàò êàî óðå¢åíà òðîjêà èâèöà êîjå ïîëàçå èç èñòîã âåðòåêñà è ìîæå ñå ïîñìà-
òðàòè êàî óðå¢åíè ïàð òðîóãëîâà ñà çàjåäíè÷êîì èâèöîì τ = (ετ1ετ2, ετ3) = (∆τ1,∆τ2), òàêâèõ
äà jå ∆τ1 = (ετ1, ετ2) è ∆τ2 = (ετ2, ετ3). Äîäàòíî, çàðàä jåäíîñòàâíèjåã çàïèñà, ïîòðåáíî jå
óâåñòè äåôèíèöèjó è ïðåîñòàëà äâà òðîóãëà ∆τ3 = (ετ3, ετ1) è ∆τ4 = (ετ1 − ετ2, ετ3 − ετ2).
Ôóíêöèjà çíàêà jå îíäà:

z[τ,∆] =
4∑
j=1

∆ab
τj∆ab

∆ab∆ab

δ∆τj ,∆ , (282)
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ãäå jå:

∆ab =
1

2

(
εa∆1ε

b
∆2 − εb∆1ε

a
∆2

)
. (283)

Êîíà÷íî, 4-ñèìïëåêñ jå äåôèíèñàí êàî óðå¢åíà ÷åòâîðêà ÷åòèðè èâèöå êîjå èçëàçå èç èñ-
òîã âåðòåêñà. Îí ñàäðæè ïåò ïîçèòèâíî îðèjåíòèñàíèõ òåòðàåäàðà τσ1 = (εσ1, εσ2, εσ3), τσ2 =
(εσ1, εσ4, εσ2), τσ3 = (εσ1, εσ3, εσ4), τσ4 = (εσ2, εσ4, εσ3) è τσ5 = (εσ1 − εσ2, εσ2 − εσ3, εσ4 − εσ3).
Ôóíêöèjà çíàêà jå ó îâîì ñëó÷àjó:

z[σ, τ ] =
5∑
j=1

τabcσj τabc

τabcτabc
δτσj ,τ , (284)

ãäå jå:

τabc =
1

3!
εabcdεdefgε

e
τ1ε

f
τ2ε

g
τ3 . (285)

Äåëòà èçìå¢ó åëåìåíàòà ñèìïëåêñà jå äåôèíèñàíà êàäà ñó îáà åëåìåíòà èñòîã òèïà. Òè åëå-
ìåíòè ñó äàòè óðå¢åíèì n-òîðêàìà èâèöà, à ñâàêà èâèöà jå äàòà êàî óðå¢åíè ïàð âåðòåêñà,
îäàêëå ñå ñâàêîì åëåìåíòó ñèìïëåêñà ìîæå ïðèäðóæèòè ñêóï âåðòåêñà íàä êîjèì jå ðàçàïåò.
Äåëòà èçìå¢ó äâà åëåìåíòà ñèìïëåêñà A è B, ðàçàïåòèõ íàä âåðòåêñèìà vAi è vBj jå îíäà äàòà
êàî ïåðìàíåíòà ìàòðèöå äåëòè íàä âåðòåêñèìà:

δA,B = perm
(
δvAi,vBj

)
. (286)

Ïîñòîjà»å îâå äåëòå ó äåôèíèöèjè ôóíêöèjå çíàêà îáåçáå¢ójå äà ôóíêöèjà âðàòè âðåäíîñò
íóëà ó êîëèêî »åí äðóãè àðãóìåíò íèjå äåî ãðàíèöå ïðâîã àðãóìåíòà. Çáîã òîãà jå ìîãó£å
ïðîøèðèòè äîìåí ñóìàöèjå ïî äðóãîì àðãóìåíòó íà öåî 4-ñèìïëåêñ áåç ïðîìåíå ðåçóëòàòà
ñóìå.

Èíòåãðàöèjà öåëå 4-ôîðìå êîjà ó ñåáè ñàäðæè äèôåðåíöèjàë jå:∫
γ ∧ dϕ =

1

20

∑
σ

∑
τ,ε∈σ

γ[τ ]
∑
v∈ε

ϕ[v]z[ε, v]W [τ, ε] =
1

20

∑
σ

∑
τ,ε,v∈σ

γ[τ ]ϕ[v]z[ε, v]W [τ, ε] ,(287)∫
β ∧ dα =

1

30

∑
σ

∑
∆1,∆2∈σ

β[∆1]
∑
ε∈∆2

α[ε]z[∆2, ε]W [∆1,∆2]

=
1

30

∑
σ

∑
∆1,∆2,ε∈σ

β[∆1]α[ε]z[∆2, ε]W [∆1,∆2] , (288)∫
α ∧ dβ =

1

20

∑
σ

∑
ε,τ∈σ

α[ε]
∑
∆∈τ

β[∆]z[τ,∆]W [ε, τ ]

=
1

20

∑
σ

∑
ε,τ,∆∈σ

α[ε]β[∆]z[τ,∆]W [ε, τ ] , (289)∫
dγ =

∑
σ

∑
τ∈σ

γ[τ ]z[σ, τ ] . (290)

Íàêîí äåôèíèñà»à ñâèõ ïðàâèëà è ñëó÷àjåâà êîjè ñå jàâ§àjó ó ïðîöåñó äèñêðåòèçàöèjå
äåjñòâà, ìîãó£å jå äåôèíèñàòè î÷åêèâàíó âðåäíîñò ïðîèçâî§íå îïñåðâàáëå íà òðèàíãóëàöèjè
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ïî óãëåäó íà (205):

⟨F ⟩ =
N
Z

(∏
v

∫
dϕ[v]dψ[v]dψ̄[v]dΛ[v]dζ[v]dH[v]dM [v]

∏
ε

∫
dα[ε]dω[ε]de[ε]dλ̃[ε]dλ[ε]dλ̄[ε]

∏
∆

∫
dB[∆]dβ[∆]dλ[∆]

∏
τ

∫
dγ̃[τ ]dγ[τ ]dγ̄[τ ]

)
∏
σ

(
exp

(
i

30

∑
∆1∈σ

Bα[∆1]

( ∑
∆2,ε∈σ

αα[ε]z[∆2, ε]W [∆1,∆2]

+
1

10

∑
ε1,ε2∈σ

αβ[ε1]α
γ[ε2]fβγ

αW [∆1, ε1, ε2]

))

exp

(
i

30

∑
∆1∈σ

B[ab][∆1]

( ∑
∆2,ε∈σ

ω[ab][ε]z[∆2, ε]W [∆1,∆2]

+
1

10

∑
ε1,ε2∈σ

ω[cd][ε1]ω
[ef ][ε2]f[cd][ef ]

[ab]W [∆1, ε1, ε2]

))

exp

(
i

20

∑
ε1∈σ

ea[ε1]

(∑
τ,∆∈σ

βa[∆]z[τ,∆]W [ε1, τ ]

+
1

15

∑
ε2,∆∈σ

ω[cd][ε2]β
b[∆] ▷[cd]b

aW [ε1, ε2,∆]

))

exp

(
i

5

∑
v∈σ

ϕA[v]

(∑
τ∈σ

γ̃A[τ ]z[σ, τ ] +
1

20

∑
ε,τ∈σ

W [ε, τ ]γ̃B[τ ]αα[ε]▷αBA

))

exp

(
i

5

∑
v∈σ

ψ̄A[v]

(∑
τ∈σ

γA[τ ]z[σ, τ ]

+
1

20

∑
ε,τ∈σ

W [ε, τ ]γB[τ ]
(
αα[ε] ▷αB

A + ω[ab][ε] ▷[ab]B
A
)))

exp

(
i

5

(∑
τ∈σ

γ̄A[τ ]z[σ, τ ]

− 1

20

∑
ε,τ∈σ

W [ε, τ ]γ̄B[τ ]
(
αα[ε] ▷αBA +ω[ab][ε]▷[ab]BA

))∑
v∈σ

ψA[v]

)

exp

(
i

30

∑
∆1∈σ

λα[∆1]

(∑
∆2∈σ

Bα[∆2]W [∆1,∆2]

− 12

50
Cαβ

∑
v∈σ

Mβ
ab[v]

∑
ε1,ε2∈σ

εa1ε
b
2W [∆1, ε1, ε2]

))
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exp

(
i

30

∑
∆1∈σ

λ[ab][∆1]

(
ε[ab]cd
80πl2p

∑
ε1,ε2∈σ

εc1ε
d
2W [∆1, ε1, ε2]−

∑
∆2∈σ

B[ab][∆2]W [∆1,∆2]

))

exp

(
i

20

∑
ε1∈σ

λ̃A[ε1]

(∑
τ∈σ

γ̃A[τ ]W [ε1, τ ]

− 1

750

∑
v∈σ

HabcA[v]
∑

ε2,ε3,ε4∈σ

εa2ε
b
3ε
c
4W [ε1, ε2, ε3, ε4]

))

exp

(
i

20

∑
ε1∈σ

λ̄A[ε1]

(∑
τ∈σ

γA[τ ]W [ε1, τ ]

+
iεabcd
4500

∑
v∈σ

∑
ε2,ε3,ε4∈σ

εa2ε
b
3ε
c
4(γ

dψ[v])AW [ε1, ε2, ε3, ε4]

))

exp

(
− i

20

∑
ε4∈σ

(∑
τ∈σ

γ̄A[τ ]W [τ, ε4]

− iεabcd
4500

∑
v∈σ

∑
ε1,ε2,ε3∈σ

εa1ε
b
2ε
c
3(ψ̄[v]γ

d)AW [ε1, ε2, ε3, ε4]

)
λA[ε4]

)

exp

(
−2πl2pεabcd

7500

∑
v1,v2,ε1,ε2,∆∈σ

ψ̄A[v1]γ5γ
aψA[v2]ε

b
1ε
c
2β

d[∆]W [ε1, ε2,∆]

)

exp

(
i

1500

∑
v1∈σ

ζα
ab[v1]

∑
ε1,ε2∈σ

εc1ε
d
2

( ∑
ε3,ε4∈σ

W [ε1, ε2, ε3, ε4]

(
1

50
εcdefε

e
3ε
f
4

∑
v2∈σ

Mα
ab[v2]

− 1

10
fβγ

ααβ[ε3]α
γ[ε4]

)
−
∑

∆,ε3∈σ

αα[ε3]z[∆, ε3]W [∆, ε1, ε2]ηacηbd

))

exp

(
i

3000

∑
ε1,ε2,ε3,ε4,v∈σ

ΛabA[ε1]W [ε1, ε2, ε3, ε4]

(
1

5
HabcA[v]ε

cdefε2dε3eε4f

+

(
ϕA[v]z[ε2, v] +

1

5
ϕB[v]αα[ε2]▷αBA

)
ε3aε4b

))
exp

(
−i

36000

∑
ε1,ε2,ε3,ε4∈σ

εabcdε
a
1ε
b
2ε
c
3ε
d
4

(
Λ

8πl2p
+ χv4 − 2χv2

25

∑
v1,v2∈σ

ϕA[v1]ϕ
A[v2]

+
1

125
YABC

∑
v1,v2,v3∈σ

ψ̄A[v1]ψ
B[v2]ϕ

C [v3] +
χ

625

∑
v1,v2,v3,v4∈σ

ϕA[v1]ϕ
A[v2]ϕB[v3]ϕ

B[v4]

))
F (ϕk[σ]) . (291)

Îâèìå jå ñâàêîì ïî§ó ó êâàíòíîj 3BF òåîðèjè ñà âåçàìà ïðèäðóæåí îäãîâàðàjó£è åëåìåíò
òðèàíãóëàöèjå è ïîñòàâ§åíà jå jåäíà÷èíà çà î÷åêèâàíó âðåäíîñò ïðîèçâî§íå îïñåðâàáëå. Äà
áè äåôèíèöèjà êâàíòíå òåîðèjå áèëà êîìïëåòíà, ïîòðåáíî jå jîø äåôèíèñàòè äîìåí èíòåãðà-
öèjå ïî ñâàêîì ïî§ó.
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5.2 Ïðåëàçàê ñà èíòåãðàöèjå ïî ïî§èìà íà èíòåãðàöèjó ïî ãðóïàìà

Äà áè äîìåíè èíòåãðàöèjå ïî ïî§èìà áèëè äåôèíèñàíè, èíòåãðàë ïî àëãåáðè £å áèòè
çàìå»åí èíòåãðàëîì ïî ãðóïè. Îâè èíòåãðàëè ñå äåôèíèøó óâî¢å»åì ïîjìà èíâàðèjàíòíå
èíòåãðàöèjå. Îâäå òðåáà íàïðàâèòè ðàçëèêó èçìå¢ó èíâàðèjàíòíå èíòåãðàöèjå è èíâàðèjàíò-
íîã èíòåãðàëà. Èíâàðèjàíòíè èíòåãðàë jå èíòåãðàë ÷èjà jå âðåäíîñò îïåðàòîð êîjè êîìóòèðà
ñà ñâèì åëåìåíòèìà ãðóïå. Èíâàðèjàíòíà èíòåãðàöèjà ïîäðàçóìåâà èíòåãðàöèjó ïî åëåìåíòè-
ìà ãðóïå, íà òàêàâ íà÷èí äà ðåçóëòàò èíòåãðàöèjå íå çàâèñè îä ïðåóðå¢å»à åëåìåíàòà ãðóïå.
Ïðåóðå¢å»å åëåìåíàòà ãðóïå ñå çàäàjå äåëîâà»åì jåäíîã åëåìåíòà ãðóïå h ∈ G íà öåî äîìåí
èíòåãðàöèjå (ñâå åëåìåíòå ãðóïå) ñ ëåâà èëè ñ äåñíà. Ó îïøòåì ñëó÷àjó ñå äåôèíèöèjå ëåâå è
äåñíå èíâàðèjàíòíå èíòåãðàöèjå ðàçëèêójó:∫

G

f(g)dµL(g) =

∫
G

f(hg)dµL(g) ,

∫
G

f(g)dµD(g) =

∫
G

f(gh)dµD(g) , dµL(g) ̸= dµD(g) .

(292)
Âåëè÷èíå dµL(g) è dµD(g) ñó ëåâà è äåñíà Õààðîâà ìåðà. Íà îñíîâó Jàêîáèjåâå òåîðåìå, jàñíî
jå äà ñó òåæèíñêå ôóíêöèjå ó Õààðîâîj ìåðè Jàêîáèjàíè:

µL(hg) =
µL(g)∣∣∣det ∂θi(hg)∂θj(g)

∣∣∣ , µD(gh) =
µD(g)∣∣∣det ∂θi(gh)∂θj(g)

∣∣∣ , (293)

ãäå ñó θi(g) ïàðàìòåðè àëãåáðå êîjè îäãîâàðàjó åëåìåíòó g ãðóïå G. Ïîøòî èñêàç âàæè çà
ñâàêî g, h ∈ G, ìîæå ñå óçåòè g = e, ïà jå ðåçóëòàò:

µL(h) =
µL(e)∣∣∣det ∂θi(hg)∂θj(g)

∣∣∣
g→e

, µD(h) =
µD(e)∣∣∣det ∂θi(gh)∂θj(g)

∣∣∣
g→e

. (294)

Çàïðàâî, ôèêñèðà»åì êîíñòàíòå íîðìèðà»à ó ìåðè µL(e) = µD(e) = 1, ìîæå ñå êîíñòðóèñàòè
âåçà èçìå¢ó ìåðà è ïðèäðóæåíå ðåïðåçåíòàöèjå:

|det(ad(g))| =
∣∣∣∣det ∂θi(ghg−1)∂θj(h)

∣∣∣∣
h→e

=

∣∣∣∣det ∂θi(ghg−1)∂θk(gh)∂θk(ghg−1g)∂θj(h)

∣∣∣∣
h→e

=
µL(g)

µD(g)
. (295)

Êîíà÷íî, ìåðà ó èíòåãðàëó ïî ãðóïè jå:

dµL(h) =
µL(e)∣∣∣det ∂θi(hg)∂θj(g)

∣∣∣
g→e

dnθ , dµD(h) =
µD(e)∣∣∣det ∂θi(gh)∂θj(g)

∣∣∣
g→e

dnθ . (296)

Ãëàâíå îñîáèíå Õààðîâå ìåðå ïîòðåáíå çà äà§ó àíàëèçó ñå ìîãó èçðàçèòè ïîìî£ó ñëåäå£å äâå
òåîðåìå:

Òåîðåìà 2. Ëèjåâà ãðóïà G èìà jåäíàêó ëåâó è äåñíó Õààðîâó ìåðó àêî è ñàìî àêî jå çà ñâàêî

g ∈ G:
| det(ad(g))| = 1 . (297)

Îâàj èñêàç jå åêâåâàëåíòàí çàõòåâó äà jå òðàã ïðèäðóæåíå ðåïðåçåíòàöèjå åëåìåíòà Ëèjåâå
àëãåáðå jåäíàê íóëè.

Äîêàç. Äèðåêòíî ñëåäè èç (295).
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Äèðåêòíà ïîñëåäèöà òåîðåìå jå äà ñó ëåâà è äåñíà Õààðîâà ìåðà Àáåëîâèõ Ëèjåâèõ ãðóïà
jåäíàêå. Ïîøòî ñå n-ïàðàìåòàðñêà Àáåëîâà ãðóïà ôàêòîðèøå íà ïðîèçâîä n jåäíîïàðàìåòàð-
ñêèõ, òåæèíñêa ôóíêöèja n-ïàðàìåòàðñêå Àáåëîâå ãðóïå ñå òàêî¢å ôàêòîðèøå íà ïðîèçâîä n
jåäíîïàðàìåòàðñêèõ òåæèíñêèõ ôóíêöèjà. Êîíà÷íî, çà jåäíîïàðàìåòàðñêó Àáåëîâó ãðóïó jå
òåæèíñêa ôóíêöèja:

µ(g) =
1∣∣∣∂θ(get)∂t

∣∣∣
t→0

=
1

|τ |
= µ(e) , (298)

ãäå jå τ ãåíåðàòîð Àáåëîâå ãðóïå. Ó ñëó÷àjó ãðóïå Ãðàñìàíîâèõ áðîjåâà G, òåæèíñêà ôóíêöèjà
ó Õààðîâîj ìåðè ìîðà äà áóäå êîíñòàíòà, jåð ëèíåàðíè äîïðèíîñ ìîðà äà äî¢å îä ïîäèíòå-
ãðàëíå ôóíêöèjå.

Òåîðåìà 3. Ëåâà è äåñíà Õààðîâà ìåðà ñïåöèjàëíèõ SL(n,F) ãðóïà, íàä ïî§åì F ñó jåäíàêå,

jåð »èõîâå ñòðóêòóðíå êîíñòàíòå çàäîâî§àâàjó óñëîâ fab
b = 0, øòî jå òðàã ïðèäðóæåíå

ðåïðåçåíòàöèjå »èõîâå àëãåáðå.

Äîêàç. Ïîøòî ñòðóêòóðíå êîíñòàíòå íå çàâèñå îä èçáîðà ðåïðåçåíòàöèjå, äîêëå ãîä jå ðåïðå-
çåíòàöèjà âåðíà, ðåïðåçåíòàöèjà (ταβ)ab ãåíåðàòîðà SL(n,F) ãðóïå ñå ìîæå èçàáðàòè êàî:

(ταβ)ab = δαa δ
β
b − δ

n
a δ

n
b δ

αβ . (299)

Ìàòðè÷íà ðåïðåçåíòàöèjà êîìóòàòîðà [ταβ, τ γδ]ab jå àíòèñèìåòðè÷íà (ïî ab), ïà jå äîäàòíî
ìíîæå»å ðåïðåçåíòàöèjîì ãåíåðàòîðà (τab)cd íå ìå»à, îäàêëå ñå çàê§ó÷ójå äà îíà ìîðà áèòè
jåäíàêà ñòðóêòóðíîj êîíñòàíòè:

[ταβ, τ γδ]ab = δαβ
(
δγaδ

nδδnb − δδbδna δγn
)
+ δγδ

(
δβb δ

n
a δ

nα − δαa δnb δnβ
)
+ δαa δ

δ
bδ
βγ − δγaδ

β
b δ

αδ , (300)

[ταβ, τ γδ]ab(τ
ab)cd = [ταβ, τ γδ]cd =⇒ fαβ γδab = [ταβ, τ γδ]ab . (301)

Äèðåêòíîì ïðîâåðîì ñå äîáèjà äà jå fαβ γδγδ = 0.

Îâèì òåîðåìàìà ñó îáóõâà£åíå ñâå ãðóïå êîjå ñå ïîjàâ§ójó ó 3-ãðóïè çà Ñòàíäàðäíè Ìîäåë
(12). Òî çíà÷è äà ñâå ãðóïå êîjå ñå ïîjàâ§ójó òåîðèjè èìàjó èñòó ëåâó è äåñíó Õààðîâó ìåðó,
äîê jå òåæèíñêà ôóíêöèjà ó Õààðîâîj ìåðè Àáåëîâèõ ãðóïà êîíñòàíòà.

Èíòåãðàë ïî ãðóïè jå îíäà äåôèíèñàí êàî:

IG[f ] =

∫
G

f(g)dµ(g) (302)

è ïàðàìåòðèçîâàí jå ïàðàìåòðèìà àëãåáðå θi, ïà ñå èíòåãðàöèjà âðøè ïî îâèì ïàðàìåòðèìà.
Òàäà îáëèê èíòåãðàëà ïîñòàjå:

IG[f ] =

∫
Fn

Π(θ)f(g(θ))µ(g(θ))dnθ , (303)

ãäå jå Π(θ) ïðàâîóãàîíà ïðîçîðñêà ôóíêöèjà-êîìïàêòíè íîñà÷ ñêóïà âðåäíîñòè ïàðàìåòàðà
àëãåáðå. Äåôèíèöèjà ñå ìîæå ïðîøèðèòè è íà íåêîìïàêòíå ãðóïå óçèìà»åì êîíñòàíòíå ïðî-
çîðñêå ôóíêöèjå Π(θ) = 1. Ñêóï F êîì ïðèïàäàjó ïàðàìåòðè àëãåáðå ïî êîjèìà ñå èíòåãðàëè
jå, ó çàâèñíîñòè îä âðñòå ïî§à, ñêóï ðåàëíèõ èëè Ãðàñìàíîâèõ áðîjåâà (ó ñëó÷àjó áîçîíñêèõ
è ôåðìèîíñêèõ ïî§à, ðåäîì).
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Ñâà ïî§à êîjà ñå jàâ§àjó ó äåôèíèöèjè 3BF òåîðèjå ñà âåçàìà ñó åëåìåíòè jåäíå èëè
âèøå àëãåáðà ãðóïà èç ñòðóêòóðå 3-ãðóïå (12) è çàðàä ëàêøå ïðåãëåäíîñòè èõ jå ìîãó£å
ïðèêàçàòè òàáëè÷íî. Ïîøòî òåîðèjà ñàäðæè ôåðìèîíå, ïîòðåáíî jå ãðóïó SO(3, 1) çàìåíèòè
óíèâåðçàëíî íàòêðèâàjó£îì SL(2,C), jåð SO(3, 1) íå ñàäðæè ðåïðåçåíòàöèjå ïî êîjèìà ñå
ôåðìèîíñêà ïî§à òðàíñôîðìèøó (ðîòàöèjå ñà îñíîâíèì ïåðèîäîì 4π). Ïðâà òàáëèöà ñàäðæè
ïî§à êîjà ïðèïàäàjó ñàìî jåäíîj àëãåáðè, èñòîâðåìåíî ïîêàçójó£è êîjîj àëãåáðè ïî§å ïðèïàäà
è íà êîì ñèìïëåêñó æèâè:

ñèìïëåêñ SL(2,C) SU(3)× SU(2)× U(1) R4 C4 G64 ×G64 ×G64

· ϕA ψA, ψ̄A
ω[ab] αα ea λ̃A λA, λ̄A

λ[ab], B[ab] λα, Bα βa

γ̃A γA, γ̄A

äîê äðóãà ñàäðæè ìíîæèòå§å êîjè íîñå èíäåêñå âèøå ðàçëè÷èòèõ àëãåáðè:

(SU(3)× SU(2)× U(1))× R4 × R4 Mαab, ζ
αab

R4 × R4 × C4 ΛabA

R4 × R4 × R4 × C4 HabcA

Ñâè ìíîæèòå§è ó äðóãîj òàáëèöè æèâå ñàìî ó âåðòåêñèìà.

5.2.1 Äåëòà íà ãðóïè è Ïèòåð-Âåjëîâà òåîðåìà

Ó òåîðèjè êîíà÷íèõ ãðóïà (ãðóïà ñà êîíà÷íèì áðîjåì åëåìåíàòà |G|) jå äåôèíèñàí ñêóï îð-
òîãîíàëíèõ ôóíêöèjà íà ãðóïè, êàðàêòåðà χ(Λ)(g), ïðåáðîjàíèõ èðåäóöèáèëíèì ðåïðåçåíòàöè-
jàìà ãðóïå, êàî è ôóíêöèjà íà ãðóïè δ(g) êîjà ñå íàçèâà è »åíîì ðåãóëàðíîì ðåïðåçåíòàöèjîì,
òàêî äà âàæè:

δ(g) =

{
0 g ̸= e ,
|G| g = e .

(304)

Ðàçëàãà»å ôóíêöèjå δ(g) ïî áàçèñó êàðàêòåðà èðåäóöèáèëíèõ ðåïðåçåíòàöèjà ãðóïå äàjå:

δ(g) =
∑
Λ

dimΛχ(Λ)(g) . (305)

Óîïøòå»å îâèõ èñêàçà è äîêàç åãçèñòåíöèjå îðòîãîíàëíîã ñêóïà êàðàêòåðà ó ñëó÷àjó êîì-
ïàêòíèõ Ëèjåâèõ ãðóïà jå äàò Ïèòåð-Âåjëîâîì òåîðåìîì. Ðàçëîã óïîòðåáå îâå òåîðåìå jå äà
áè ñå èíòåãðàöèjà Äèðàêîâå äåëòå äîáèjåíå ó ïðîöåñó êâàíòèçàöèjå ìîãëà èçâðøèòè ó ñâà-
êîì èðåäóöèáèëíîì ïîäïðîñòîðó çàñåáíî, à ïîòîì ñå èíòåãðàë ïî ãðóïè çàìåíèî ñóìîì ïî
èðåäóöèáèëíèì ðåïðåçåíòàöèjàìà. Îâàj äåî ïîñòóïêà êâàíòèçàöèjå jå óîáè÷àjåí ó ìîäåëèìà
ñïèíñêå ïåíå. Ó ñëó÷àjó 3BF òåîðèjå, ÷èjà jå ñèìåòðèjà îïèñàíà 3-ãðóïîì, áè óîïøòå»å îâîã
ïðèñòóïà òðåáàëî äà Äèðàêîâó äåëòó çàìåíè äåëòîì íà 3-ãðóïè êàêî áè ñå èíòåãðàöèjà ïî
ïî§èìà âðøèëà ó îðòîãîíàëíèì êîìïîíåíòàìà ðàçëàãà»à ðåïðåçåíòàöèjå 3-ãðóïå. Ìå¢óòèì,
êàêî òåîðèjà ðåïðåçåíòàöèjà 3-ãðóïà íèjå ðàçâèjåíà ó äîâî§íîj ìåðè, ðåçóëòàòè Ïèòåð-Âåjëîâå
òåîðåìå ñå jîø óâåê íå ìîãó óîïøòèòè íà ñòðóêòóðó 3-ãðóïå. Çáîã òîãà jå îñíîâíà èäåjà äà
ñå óìåñòî ó îðòîãîíàëíèì ïîäïðîñòîðèìà ðåïðåçåíòàöèjà 3-ãðóïå, èíòåãðàöèjà äåëòè âðøè
óíóòàð èðåäóöèáèëíèõ ïîäïðîñòîðà ãðóïà îä êîjèõ jå 3-ãðóïà ñàñòàâ§åíà.

Çáîã òîãà jå ïîòðåáíî îäðåäèòè ïàðàìåòðå àëãåáðå, Õààðîâå ìåðå, ïðîçîðñêå ôóíêöèjå è
ðåãóëàðíå ðåïðåçåíòàöèjå (äåëòå) ãðóïà êîjå ñå jàâ§àjó ó òåîðèjè:
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� U(1) ãðóïà

Àëãåáðà jå ïàðàìåòðèçîâàíà jåäíèì ïàðàìåòðîì θ, à òåæèíñêà ôóíêöèjà ó Õààðîâîj
ìåðè jå êîíñòàíòà:

dµ(g) =
1

2π
dθ . (306)

Äîìåí èíòåãðàöèjå jå çàäàò ïðîçîðñêîì ôóíêöèjîì îáëèêà:

Π(θ) = H(θ + π)H(π − θ) , (307)

ãäå jå H(s) Õåâèñàjäîâà òåòà ôóíêöèjà. Äåëòà íà ãðóïè jå:

δ(g) = 2π
+∞∑

k=−∞

δ(θ + 2kπ) . (308)

� SU(2) ãðóïà

Àëãåáðà jå ïàðàìåòðèçîâàíà ñà òðè ïàðàìåòðà, àëè ìåðà, ïðîçîðñêà ôóíêöèjà è äåëòà
íà ãðóïè çàâèñå ñàìî îä èíâàðèjàíòíîã ðàñòîjà»à êîjå îäãîâàðà ðàñòîjà»ó ó ñôåðíèì
êîîðäèíàòàìà r = (θαθ

α)
1
2 . Ìåðà, ïðîçîðñêà ôóíêöèjà è äåëòà íà ãðóïè ñó:

dµ(g) =
1

2π
sin2

(
1

2
r

)
dr , (309)

Π(r) = H(r)H(2π − r) , (310)

δ(g) = − 4π

sin
(
1
2
r
) +∞∑
k=−∞

δ(1)(r + 4kπ) , (311)

øòî íàêîí ïàðöèjàëíå èíòåãðàöèjå ïîñòàjå:

δ(g) =
4π

sin2
(
1
2
r
) +∞∑
k=−∞

δ(r + 4kπ) . (312)

� SU(3) ãðóïà

Àëãåáðà SU(3) ãðóïå jå îñìîïàðàìåòàðñêà êîjà èìà S3 × S5 òîïîëîãèjó, ïà ñå ó ñêàäó ñ
òèì ìîæå èçâðøèòè ïàðàìåòðèçàöèjà ïðîñòîðà [57]. Èíâàðèjàíòíà ðàñòîjà»à îä êîjèõ
çàâèñè ìåðà, ïðîçîðñêà ôóíêöèjà è äåëòà íà ãðóïè ñó:

φ =
2√
3

√
σ1 sin

(
1

3
arctg

( √
3σ2√

σ3
1 − 3σ2

2

))
, ξ =

√
σ1 cos

(
1

3
arctg

( √
3σ2√

σ3
1 − 3σ2

2

))
,

(313)
σ1 = θαθ

α , σ2 = dαβγθ
αθβθγ . (314)

Êîåôèöèjåíòè dαβγ ñó êîåôèöèjåíòè èç àíòèêîìóòàöèîíèõ ðåëàöèjà:

{τα, τβ} = dαβγτ
γ . (315)

Ìåðà, ïðîçîðñêà ôóíêöèjà è äåëòà íà ãðóïè ñó:

dµ(g) =
2

3π2
sin2

(
1

2
φ

)
sin2

(
1

4
(φ+ 3ξ)

)
sin2

(
1

4
(φ− 3ξ)

)
dφdξ , (316)
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Π(ξ, φ) = H(ξ + 2π)H(2π − ξ)H(φ+ 2π)H(2π − φ) , (317)

δ(g) = 4π2

(
∂2φ + 3∂2ξ − 4∂φ∂ξ

)
∂φ

sin
(
φ
2
− 3ξ

2

)
+ sin

(
φ
2
+ 3ξ

2

)
− sin(φ)

+∞∑
k,l=−∞

δ(ξ + 2kπ)δ(ξ + φ+ 4lπ) . (318)

Ïîíîâî, íàêîí ïàðöèjàëíå èíòåãðàöèjå ñå äîáèjà:

δ(g) =
3π2

2 sin2
(
1
2
φ
)
sin2

(
1
4
(φ+ 3ξ)

)
sin2

(
1
4
(φ− 3ξ)

) +∞∑
k,l=−∞

δ(ξ + 2kπ)δ(ξ + φ+ 4lπ) . (319)

� SL(2,C) ãðóïà
Àëãåáðà jå ïàðàìåòðèçîâàíà ñà øåñò ïàðàìåòàðà è ìîæå ñå èäåíòèôèêîâàòè ñà êîì-
ïëåêñèôèêîâàíîì su(2) àëãåáðîì. Îâà àëãåáðà ñå ìîæå ðàçëîæèòè íà äèðåêòíè çáèð
äâå êî»óãîâàíî êîìïëåêñíå su(2) àëãåáðå ÷èjè ñó ïàðàìåòðè θa + iρa è θa − iρa, ãäå
ñó θa = εabcω

[bc] è ρa = ω[0a]. Ìåðà, ïðîçîðñêà ôóíêöèjà è äåëòà íà ãðóïè (èàêî jå
SL(2,C) íåêîìïàêòíà ãðóïà, ìîæå ñå äåôèíèñàòè äåëòà íà ãðóïè êàî ôóíêöèjà ïàðàìå-
òàðà àëãåáðå) ñó ïî àíàëîãèjè ñà SU(2) ãðóïîì, ôóíêöèjå îä èíâàðèjàíòíèõ ðàñòîjà»à

(θaθ
a − ρaρa + 2iθaρ

a)
1
2 è (θaθ

a − ρaρa − 2iθaρ
a)

1
2 . Èçðàçè ñå äîäàòíî ìîãó ïîjåäíîñòàâèòè

óâî¢å»åì äîäàòíèõ ñìåíà a = θiθ
i − ρiρi è b = 2θiρ

i, ïà ñó ìåðà, ïðîçîðñêà ôóíêöèjà è
äåëòà íà ãðóïè jåäíàêå:

dµ(g) =

∣∣sin2
(
1
2

√
a− ib

)∣∣2
8π2
√
a2 + b2

dadb , (320)

Π(a, b) = H
(
2π −

∣∣∣Re(√a− ib)∣∣∣) , (321)

δ(g) = 4π2 δ
(
Im
(√

a− ib
))∣∣sin2

(
1
2

√
a− ib

)∣∣2
+∞∑

k=−∞

δ
(
Re
(√

a− ib
)
+ 4kπ

)
. (322)

� ãðóïå R, C è G
Ïðâî òðåáà íàãëàñèòè äà ñó îâå ãðóïå àäèòèâíå è äà ñå »èõîâà àëãåáðà ïîêëàïà ñà ãðó-
ïîì. Àëãåáðå ñó jåäíîïàðàìåòàðñêå ñà ðåàëíèì, êîìïëåêñíèì èëè Ãðàñìàíîâèì áðîjåì
êàî ïàðàìåòðîì. Òåæèíñêà ôóíêöèjà ó ìåðè jå jåäíàêà jåäèíèöè, ïðîçîðñêà ôóíêöèjà
îáóõâàòà öåî ñêóï áðîjåâà, à äåëòà jå ñòàíäàðäíà Äèðàêîâà äåëòà íàä ïàðàìåòðîì θ:

dµ(g) = dθ , Π(θ) = 1 , δ(g) = δ(θ) . (323)

Ó ñëó÷àjó Ãðàñìàíîâèõ ïàðàìåòàðà, äà áè èíòåãðàë áèî íåíóëòè, Äèðàêîâà äåëòà îä
ïàðàìåòðà jå jåäíàêà ñàìîì ïàðàìåòðó, jåð çà Ãðàñìàíîâå áðîjåâå âàæå ïðàâèëà çà èí-
òåãðàöèjó: ∫

G
dθ = 0 ,

∫
G
θdθ = 1 =⇒ δ(θ) = θ . (324)

Îâäå òðåáà èçäâîjèòè íåêîëèêî îïøòèõ îñîáèíà äåëòå íà ãðóïè. Ïðâà, ïðåäñòàâ§à jåäè-
íè÷íè îïåðàòîð ó ïðîñòîðó ôóíêöèjà íà ãðóïè:∫

G

f(g)δ(gh−1)dµ(g) = f(h) . (325)
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Ó ñïåöèjàëíîì ñëó÷àjó, êàäà ñå çà ôóíêöèjó íà ãðóïè èçàáåðå áàø ôóíêöèjà êîjà âðà£à åëå-
ìåíò ãðóïå ó ðåïðåçåíòàöèjè D, äîáèjà ñå ðåïðåçåíòàöèjà èíâåðçíîã åëåìåíòà:

D
(
h−1
)
=

∫
G

D(g)δ(gh)dµ(g) . (326)

Àêî ñå îâàj èíòåãðàë íàïèøå ïî ïàðàìåòðèìà àëãåáðå, ó ñëó÷àjó êîìïàêòíèõ ãðóïà jå ìîãó£å
äà âèøå ðàçëè÷èòèõ èçáîðà ïàðàìåòàðà ó àëãåáðè îäãîâàðà èñòîì åëåìåíòó ó ãðóïè, øòî ìî-
æå äà ïîêâàðè jåäèíñòâåíîñò èíâåðçíîã åëåìåíòà ãðóïå äî íà ìóëòèïëèêàòèâíè ôàêòîð. Çáîã
òîãà jå âàæíî äà ïðîçîðñêà ôóíêöèjà îäñåöà ïðîñòîð ïàðàìåòàðà àëãåáðå òàêî äà ñå ñâàêîì
åëåìåíòó ãðóïå äîäå§ójå òà÷íî jåäàí ñêóï âðåäíîñòè ïàðàìåòàðà ó àëãåáðè êîjè ìó îäãîâàðà.
Íà òàj íà÷èí jå îáåçáå¢åíà jåäèíñòâåíîñò èíâåðçà ó àëãåáðè, êàî è jåäèíñòâåíîñò íåóòðàëíîã
åëåìåíòà ó àëãåáðè. Òî äà§å èìïëèöèðà äà £å ïðîèçâîä äåëòå íà ãðóïè è ïðîçîðñêå ôóíêöèjå
äàòè ñàìî jåäíó Äèðàêîâó äåëòó ó òà÷êè êîjà îäãîâàðà íåóòðàëíîì åëåìåíòó àëãåáðå è jåäè-
íè÷íîì åëåìåíòó ó ãðóïè. Êîíà÷íî, ìíîæå»åì ñà òåæèíñêîì ôóíêöèjîì ó Õààðîâîj ìåðè,
äîáèjà ñå jåäíàêîñò:

Π(θ)δ(g(θ))µ(g(θ))dnθ = δ(θ)dnθ . (327)

Íà îâàj íà÷èí jå îäðå¢åíî êàêî ñå Äèðàêîâå äåëòå äîáèjåíå èíòåãðàöèjîì ïî ïî§èìà ìå»à-
jó äåëòàìà íà ãðóïè è êàêî ïðîçîðñêå ôóíêöèjå äåôèíèøó äîìåí èíòåãðàöèjå ïî ïî§èìà.
Ìå¢óòèì, êàêî êâàíòíà 3BF òåîðèjà ñà âåçàìà íèjå òîïîëîøêà, îñèì Äèðàêîâèõ äåëòè ó
äåôèíèöèjè î÷åêèâàíå âðåäíîñòè îïñåðâàáëå (207), ñòîjè è ñàìà îïñåðâàáëà àëè è îñòàëè ÷è-
íèîöè êîjè íèñó îáëèêà äåëòå è êîjè ó ñâîì ðàçëàãà»ó ñàäðæå ñâå èðåäóöèáèëíå êîìïîíåíòå
ãðóïà. Çáîã òîãà áè ðàçëàãà»å äåôèíèöèjå î÷åêèâàíå âðåäíîñòè îïñåðâàáëå íà èðåäóöèáèëíå
êîìïîíåíòå ãðóïà ïîäðàçóìåâàëî ðàçëàãà»å ïðîèçâîäà äåëòè è îñòàëèõ èçðàçà ó äåôèíèöèjè
øòî jå êðàj»å íåòðèâèjàëíî (çáîã ïîñòîjà»à íåíóëòèõ Êëåáø-Ãîðäîíîâèõ êîåôèöèjåíàòà ó
ðàçëàãà»ó ïðîèçâîäà ðåïðåçåíòàöèjà).

Íà îâîì ìåñòó ñå ìîðà íàïðàâèòè îòêëîí îä ñòàíäàðäíå ïðîöåäóðå êâàíòèçàöèjå ïî óãëåäó
íà ìîäåëå ñïèíñêå ïåíå è äîáèjåíå Äèðàêîâå äåëòå ñå ìîðàjó èíòåãðàëèòè ïî äåôèíèöèjè, jåð
çàìåíà äåëòîì íà ãðóïè íå îëàêøàâà èçðà÷óíàâà»à ó òåîðèjè.

5.3 Ïîäåëà äåjñòâà íà òîïîëîøêè äåî è âåçå

Äåjñòâî 3BF òåîðèjå ñà âåçàìà ñå ñàñòîjè îä òîïîëîøêîã äåëà è âåçà. Äà§è ïîñòóïàê
êîíñòðóêöèjå êâàíòíå 3BF òåîðèjå ñà âåçàìà ïîäðàçóìåâà èíòåãðàöèjó ïî îäðå¢åíèì ïî§èìà
ïî óãëåäó íà êîíñòðóêöèjó òîïîëîøêå òåîðèjå (66). Ñóìà ïî ñòà»èìà çà òîïîëîøêó òåîðèjó
èìà îáëèê ïðîèçâîäà äåëòè íà ãðóïè, ïà ñå ïî§à ïî êîjèìà ñå âðøè èíòåãðàöèjà áèðàjó
òàêî äà ñå äîáèjå øòî jå ìîãó£å âèøå äåëòè. Èíòåãðàëè ïî ìíîæèòå§èìà êîjè êàî ðåçóëòàò
èíòåãðàöèjå äàjó Äèðàêîâó äåëòó ñó îáëèêà:∫

exp

(
i
∑
σ

∑
k∈σ

f [k]F [k, σ]

)∏
k

df [k] = N
∏
k

δ

(∑
σ∋k

F [k, σ]

)
. (328)

Ïî§à ïî êîjèìà ñå èíòåãðàëè ñó ìíîæèòå§è Bα[∆], B[ab][∆], βa[∆], γ̃A[τ ], γ̄A[τ ], γ
A[τ ], ΛabA[ε]

è ζαab[v]. Äà áè ðåçóëòàò èíòåãðàöèjå ïî îâèì ïî§èìà áèî Äèðàêîâà äåëòà, ïîòðåáíî jå äà
îïñåðâàáëà íå çàâèñè îä îâèõ ïî§à. Äîáèjåí ðåçóëòàò ñå ìîæå ïîäåëèòè íà äåî êîjè îäãîâàðà
òîïîëîøêîj èíâàðèjàíòè, èíòåðàêöèîíè äåî è äåî ñà jàêèì âåçàìà.

⟨F ⟩ =
N
Z

∫ ∏
σ,τ,∆,ε,v

dφ[τ,∆, ε, v]TI
[
F [φ]− λ[φ]

]
INT

[
λ[φ]−G[φ]

]
SC[φ]F (φk) . (329)
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Çà ðàçëèêó îä òîïîëîøêå òåîðèjå, ãäå jå èíòåãðàöèjà âðøåíà ïî ïî§èìà B, C è D, êîjà îäãîâà-
ðàjó ìíîæèòå§èìà B, òåòðàäàìà è ôåðìèîíèìà è ñêàëàðíèì ïî§èìà, ó ñëó÷àjó êîíñòðóêöèjå
êâàíòíå 3BF òåîðèjå ñà âåçàìà ñå íå ìîæå èíòåãðàëèòè ïî òåòðàäàìà è ïî§èìà ìàòåðèjå, jåð
ïðîèçâî§íà îïñåðâàáëà ìîæå íåòðèâèjàëíî äà çàâèñè îä »èõ. Ìå¢óòèì, êàêî jå âðåäíîñò
ñóìå ïî ñòà»èìà ó òîïîëîøêîj 3BF òåîðèjè (66) íåçàâèñíà îä ðåäîñëåäà èíòåãðàöèjå, ìîæå
ñå äîáèòè è àëòåðíàòèâíà òîïîëîøêà èíâàðèjàíòà èíòåãðàöèjîì ïî ïî§èìà B, β è γ. Îâà
àëòåðíàòèâíà òîïîëîøêà èíâàðèjàíòà jå èñòîã îáëèêà êàî ïðâè ÷èíèëàö ó èçðàçó (329) êîjè
jå jåäíàê:

TI[F [φ]− λ[φ]] =
∏
∆1

δ

(∑
σ∋∆1

( ∑
∆2,ε∈σ

αα[ε]z[∆2, ε]W [∆1,∆2]

+
1

10

∑
ε1,ε2∈σ

αβ[ε1]α
γ[ε2]fβγ

αW [∆1, ε1, ε2] +
∑
∆2∈σ

λα[∆2]W [∆1,∆2]

))
∏
∆1

δ

(∑
σ∋∆1

( ∑
∆2,ε∈σ

ω[ab][ε]z[∆2, ε]W [∆1,∆2]−
∑
∆2∈σ

λ[ab][∆2]W [∆1,∆2]

+
1

10

∑
ε1,ε2∈σ

ω[cd][ε1]ω
[ef ][ε2]f[cd][ef ]

[ab]W [∆1, ε1, ε2]

))
∏
∆

δ

(∑
σ∋∆

(∑
ε,τ∈σ

εaz[τ,∆]W [ε, τ ] +
1

15

∑
ε1,ε2∈σ

ε1b ω
[cd][ε2] ▷[cd]a

bW [ε1, ε2,∆]

+
4πil2p
750

∑
v1,v2,ε1,ε2∈σ

ψ̄A[v1]γ5γ
dψA[v2]ε

b
1ε
c
2εdbcaW [ε1, ε2,∆]

))
∏
τ

δ

(∑
σ∋τ

(∑
v∈σ

ϕA[v]

(
δBAz[σ, τ ] +

1

20

∑
ε∈σ

W [ε, τ ]αα[ε] ▷α
B
A

)

+
1

4

∑
ε∈σ

λ̃B[ε]W [ε, τ ]

))
∏
τ

δ

(∑
σ∋τ

(∑
v∈σ

ψ̄B[v]

(
δBAz[σ, τ ] +

1

20

∑
ε∈σ

W [ε, τ ]
(
αα[ε] ▷αA

B

+ ω[ab][ε] ▷[ab]A
B
))

+
1

4

∑
ε∈σ

λ̄A[ε]W [ε, τ ]

))
∏
τ

δ

(∑
σ∋τ

((
δABz[σ, τ ] +

1

20

∑
ε∈σ

W [ε, τ ]
(
αα[ε] ▷αB

A

+ ω[ab][ε] ▷[ab]B
A
))∑

v∈σ

ψB[v]− 1

4

∑
ε∈σ

λA[ε]W [ε, τ ]

))
. (330)
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Äåî êîjè îäãîâàðà jàêèì âåçàìà jå jåäíàê:

SC[φ] =
∏
ε1

δ

(∑
σ∋ε1

( ∑
v,ε2,ε3,ε4∈σ

W [ε1, ε2, ε3, ε4]

(
1

5
HabcA[v]ε

cdefε2dε3eε4f

+

(
ϕA[v]z[ε2, v] +

1

5
ϕB[v]αα[ε2]▷αBA

)
ε3aε4b

)))
∏
v

δ

(∑
σ∋v

( ∑
ε1,ε2,ε3∈σ

εc1ε
d
2

(∑
ε4∈σ

W [ε1, ε2, ε3, ε4]

(
1

50
εcdefε

e
3ε
f
4

∑
ṽ∈σ

Mα
ab[ṽ]

− 1

10
fβγ

ααβ[ε3]α
γ[ε4]ηacηbd

)
−
∑
∆∈σ

αα[ε3]z[∆, ε3]W [∆, ε1, ε2]ηacηbd

)))
, (331)

äîê jå äåî êîjè îäãîâàðà èíòåðàêöèjàìà jåäíàê:

INT[λ[φ]−G[φ]] =
∏
σ

[
exp

(
−i
125

∑
∆,ε1,ε2,v∈σ

Cαβλ
α[∆]Mβ

ab[v]ε
a
1ε
b
2W [∆, ε1, ε2]

)

exp

(
i

2400πl2p

∑
∆,ε1,ε2∈σ

ε[ab]cdλ
[ab][∆]εc1ε

d
2W [∆, ε1, ε2]

)

exp

(
−i

15000

∑
ε1,ε2,ε3,ε4,v∈σ

λ̃A[ε1]HabcA[v]ε
a
2ε
b
3ε
c
4W [ε1, ε2, ε3, ε4]

)

exp

(
−i

90000

∑
ε1,ε2,ε3,ε4,v∈σ

λ̄A[ε1]
(
γdψ[v]

)A
εa2ε

b
3ε
c
4εabcdW [ε1, ε2, ε3, ε4]

)

exp

(
−i

90000

∑
ε1,ε2,ε3,ε4,v∈σ

ψ̄A[v]
(
γdλ[ε4]

)A
εa1ε

b
2ε
c
3εabcdW [ε1, ε2, ε3, ε4]

)

exp

(
−i

36000

∑
ε1,ε2,ε3,ε4∈σ

εabcdε
a
1ε
b
2ε
c
3ε
d
4

(
Λ

8πl2p
+ χv4 − 2χv2

25

∑
v1,v2∈σ

ϕA[v1]ϕ
A[v2]

+
1

125
YABC

∑
v1,v2,v3∈σ

ψ̄A[v1]ψ
B[v2]ϕ

C [v3]

+
χ

625

∑
v1,v2,v3,v4∈σ

ϕA[v1]ϕ
A[v2]ϕB[v3]ϕ

B[v4]

))]
. (332)

Äà§ó èíòåãðàöèjó ïî Ëàãðàíæåâèì ìíîæèòå§èìà íèjå jåäíîñòàâíî ñïðîâåñòè ïî äåôèíèöèjè
jåð îáëèê èçðàçà çàâèñè îä îáëèêà òðèàíãóëàöèjå, ìå¢óòèì, èíòåãðàëè ñó äîáðî äåôèíèñàíè.
Çáîã òîãà ñå ïðåäâè¢à»à òåîðèjå ìîãó èçðà÷óíàòè íóìåðè÷êè êîðèø£å»åì ïðèëàãî¢åíîã ñîô-
òâåðà çà êîíêðåòàí èçáîð òðèàíãóëàöèjå. Îâèìå jå ó ïîòïóíîñòè çàäàòà äåôèíèöèjà êâàíòíå
3BF òåîðèjå ñà âåçàìà êîjà îäãîâàðà êâàíòíîj Àjíøòàjí-Êàðòàíîâîj òåîðèjè ãðàâèòàöèjå ñà
ñïèí-ñïèí êîíòàêòíîì èíòåðàêöèjîì ñïðåãíóòîì ñà Ñòàíäàðäíèì Ìîäåëîì ïðåìà ðåëàöèjè
(226). Ó íàðåäíîì ïîãëàâ§ó £å, êîìïëåòíîñòè ðàäè, áèòè èçâðøåíà ïðåëèìèíàðíà àíàëèçà
ñåìèêëàñè÷íîã ëèìåñà îâå êâàíòíå òåîðèjå.
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5.4 Ïðåëèìèíàðíà àíàëèçà ñåìèêëàñè÷íîã ëèìåñà

Ñåìèêëàñè÷íè ëèìåñ ïðåäñòàâ§à èñïèòèâà»å ïðåäâè¢à»à òåîðèjå ó ñòà»ó ó êîì ñå êâàíò-
íå ïîïðàâêå ìîãó çàíåìàðèòè. Jåäàí îä íà÷èíà çà èñïèòèâà»å ñåìèêëàñè÷íîã ëèìåñà jå âå£
ïðåäñòàâ§åí ó ïîãëàâ§ó 4.2 óçèìà»åì ëèìåñà ó êîì ñâå íåîðäå¢åíîñòè îïñåðâàáëè òåæå íóëè.
Îâàêàâ ïðèñòóï jå òåøêî ïîíîâèòè ó ñëó÷àjó ïðîèçâî§íå îïñåðâàáëå jåð áè òî ïîäðàçóìåâà-
ëî äà ïîñòîjè îïøòà ôîðìóëà çà î÷åêèâàíó âðåäíîñò ïðîèçâî§íå îïñåðâàáëå ó êîjîj ñó ñâè
èíòåãðàëè èç äåôèíèöèjå (329) ðåøåíè. Êàêî îâî íèjå ñëó÷àj, ñåìèêëàñè÷àí ëèìåñ ñå èñïè-
òójå ðà÷óíà»åì åôåêòèâíîã äåjñòâà. Íàêîí îäðå¢èâà»à åôåêòèâíîã äåjñòâà ñå íàä äîáèjåíèì
ðåçóëòàòîì ñïðîâîäè äâîñòðóêè ëèìåñ:

λφk
≫ lε ≫ lp , (333)

ãäå ñó λφk
ïðèäðóæåíå òàëàñíå äóæèíå êîìïîíåíàòà ïî§à φk, êîjå ñó îáðíóòî ïðîïîðöèîíàëå

áðçèíè ïðîìåíå ïî§à êðîç ïðîñòîðâðåìå, lε jå äóæèíà èâèöå 4-ñèìïëåêñà íà òðèàíãóëàöèjè è
lp jå Ïëàíêîâà äóæèíà. Äðóãèì ðå÷èìà, ïî§à ñó ñïîðîïðîìåí§èâà ó îäíîñó íà ïåðèîä £åëèjà
òðèàíãóëàöèjå, òàêî äà ñå êîíôèãóðàöèjà ïî§à íà ìíîãîñòðóêîñòè ìîæå îïèñàòè ãëàòêî ñà
äåî-ïî-äåî êîíñòàíòíèì âðåäíîñòèìà íà åëåìåíòèìà òðèàíãóëàöèjå, jåð ñó £åëèjå äîâî§íî
ìàëå è ó äîâî§íî âåëèêîì áðîjó. Ñà äðóãå ñòðàíå äèìåíçèjà £åëèjå ìíîãî âå£à îä Ïëàíêîâå
äóæèíå, ïà jå òàêâîì òðèàíãóëàöèjîì íåìîãó£å îïèñàòè åôåêòå íà ñêàëàìà íà êîjèìà ñå
òðàäèöèîíàëíî î÷åêójó äîìèíàíòíè åôåêòè êâàíòíå ãðàâèòàöèjå.

Ó îâîì ïîãëàâ§ó, åôåêòèâíî äåjñòâî íå£å áèòè ðà÷óíàòî, âå£ £å äâîñòðóêè ëèìåñ áèòè
ïðèìå»åí äèðåêòíî íà äåôèíèöèjó î÷åêèâàíå âðåäíîñòè îïñåðâàáëå. Ïðèìåíîì ãîð»å ñòðàíå
ëèìåñà, äà ñó ïî§à ñïîðîïðîìåí§èâà ó îäíîñó íà ó÷åñòàíîñò äèñêðåòèçàöèjå (áðîj ñèìïëåê-
ñà jå âåëèêè óíóòàð ïåðèîäà ïðîìåíå ïî§à), âðåäíîñò ïî§à íà jåäíîì ñèìïëåêñó ñå ìîæå
àïðîêñèìèðàòè ñðåä»îì âðåäíîø£ó ïî§à íà îêîëíèì ñèìïëåêñèìà. Ïîñëåäèöà òîãà jå äà ñå
äåëòå ó òîïîëîøêîj èíâàðèjàíòè è jàêèì âåçàìà, ÷èjè jå àðãóìåíò ñóìà ïî ñèìïëåêñèìà, ìîãó
çàìåíèòè ïðîèçâîäîì äåëòè ïî ñèìïëåêñèìà, ÷èjè àðãóìåíò çàâèñè ñàìî îä jåäíîã ñèìïëåêñà.
Îâàj àïðîêñèìàòèâíè îáëèê ÷èíèîöà ñà jàêèì âåçàìà jå:

SC[φ] =
∏
σ

[
δ

( ∑
ε1,ε2,ε3∈σ

εc1ε
d
2

(∑
ε4∈σ

W [ε1, ε2, ε3, ε4]

(
1

50
εcdefε

e
3ε
f
4

∑
v∈σ

Mα
ab[v]

− 1

10
fβγ

ααβ[ε3]α
γ[ε4]ηacηbd

)
−
∑
∆∈σ

αα[ε3]z[∆, ε3]W [∆, ε1, ε2]ηacηbd

))
∏
ε1∈σ

δ

( ∑
v,ε2,ε3,ε4∈σ

W [ε1, ε2, ε3, ε4]

(
1

5
HabcA[v]ε

cdefε2dε3eε4f

+

(
ϕA[v]z[ε2, v] +

1

5
ϕB[v]αα[ε2]▷αBA

)
ε3aε4b

))]
, (334)
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äîê jå äåî êîjè îäãîâàðà òîïîëîøêîj èíâàðèjàíòè jåäíàê:

TI[F [φ]− λ[φ]] =
∏
σ

[ ∏
∆1∈σ

δ

( ∑
∆2,ε∈σ

αα[ε]z[∆2, ε]W [∆1,∆2]

+
1

10

∑
ε1,ε2∈σ

αβ[ε1]α
γ[ε2]fβγ

αW [∆1, ε1, ε2] +
∑
∆2∈σ

λα[∆2]W [∆1,∆2]

)
∏
∆1∈σ

δ

( ∑
∆2,ε∈σ

ω[ab][ε]z[∆2, ε]W [∆1,∆2]

+
1

10

∑
ε1,ε2∈σ

ω[cd][ε1]ω
[ef ][ε2]f[cd][ef ]

[ab]W [∆1, ε1, ε2]−
∑
∆2∈σ

λ[ab][∆2]W [∆1,∆2]

)
∏
∆∈σ

δ

(∑
ε,τ∈σ

εaz[τ,∆]W [ε, τ ] +
1

15

∑
ε1,ε2∈σ

ε1b ω
[cd][ε2] ▷[cd]a

bW [ε1, ε2,∆]

+
4πil2p
750

∑
v1,v2,ε1,ε2∈σ

ψ̄A[v1]γ5γ
dψA[v2]ε

b
1ε
c
2εdbcaW [ε1, ε2,∆]

)
∏
τ∈σ

δ

(∑
v∈σ

ϕA[v]

(
δBAz[σ, τ ] +

1

20

∑
ε∈σ

W [ε, τ ]αα[ε] ▷α
B
A

)

+
1

4

∑
ε∈σ

λ̃B[ε]W [ε, τ ]

)
∏
τ∈σ

δ

(∑
v∈σ

ψ̄B[v]

(
δBAz[σ, τ ] +

1

20

∑
ε∈σ

W [ε, τ ]
(
αα[ε] ▷αA

B + ω[ab][ε] ▷[ab]A
B
))

+
1

4

∑
ε∈σ

λ̄A[ε]W [ε, τ ]

)
∏
τ∈σ

δ

((
δABz[σ, τ ] +

1

20

∑
ε∈σ

W [ε, τ ]
(
αα[ε] ▷αB

A + ω[ab][ε] ▷[ab]B
A
))∑

v∈σ

ψB[v]

− 1

4

∑
ε∈σ

λA[ε]W [ε, τ ]

)]
. (335)

Àðãóìåíòè äåëòè äîáèjåíèõ ó ÷èíèîöó ñà jàêèì âåçàìà çàâèñå îä ïî§àMα
ab è HabcA. Ìå¢ó-

òèì, ó êîëèêî îïñåðâàáëà ÷èjà ñå î÷åêèâàíà âðåäíîñò ðà÷óíà íå çàâèñè îä îâèõ ïî§à, îñòàòàê
äåôèíèöèjå íå çàâèñè îä âðåäíîñòè îâèõ ïî§à ó ñâàêîì âåðòåêñó ñèìïëåêñà ïîjåäèíà÷íî, âå£
ñàìî îä ñðåä»å âðåäíîñòè îâèõ ïî§à íà öåëîì 4-ñèìïëåêñó, ïà ñå óâî¢å»åì ñìåíà:

Ξαab[σ] =
1

5

∑
v∈σ

Mα
ab[v] , ΘabcA[σ] =

1

5

∑
v∈σ

HabcA[v] , (336)

îâå äåëòå ìîãó ñâåñòè íà îáëèê ïîãîäàí çà èíòåãðàöèjó. Èíòåãðàöèjà ïî îñòàëèì âðåäíîñòèìà
ïî§à ó ïîjåäèíà÷íèì âåðòåêñèìà ñèìïëåêñà íå äàjå äîïðèíîñ î÷åêèâàíîj âðåäíîñòè îïñåðâà-
áëå, âå£ ñàìî ìå»à âðåäíîñò íîðìàëèçàöèîíå êîíñòàíòå N .
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×èíèëàö ñà jàêèì âåçàìà äîáèjåí îâèì ñìåíàìà jå îáëèêà:

SC[φ] =
∏
σ

[
1

V |α||[ab]|[σ]
δ

(
Ξαab[σ] +

1

4!V [σ]

(
1

300

∑
ε1,ε2,ε3,∆∈σ

αα[ε3]z[∆, ε3]W [∆, ε1, ε2]ε1aε2b

+
1

3000

∑
ε1,ε2,ε3,ε4∈σ

fβγ
ααβ[ε3]α

γ[ε4]ε1aε2bW [ε1, ε2, ε3, ε4]

))
1

V |A|(|a|−1)|[ab]|[σ]
δ

(
ΘabcA[σ] +

1

3!V [σ]

1

3000

∑
v,ε1,ε2,ε3,ε4∈σ

W [ε1, ε2, ε3, ε4]

(
ϕA[v]z[ε1, v]

+
1

5
ϕB[v]αα[ε1]▷αBA

)
ε2cε3aε4b

)]
. (337)

Ó ñëó÷àjó òîïîëîøêå èíâàðèjàíòå, ïîñòîjè âèøå âðñòà ñìåíà êîjå òðåáà óâåñòè ó öè§ó
ñâî¢å»à äåëòè íà îáëèê ïîãîäàí çà èíòåãðàöèjó. Ïðâó âðñòó ÷èíå ñìåíå çà ïî§à λ[ab] è λα:

Q[ab][∆, σ] =
1

3

∑
∆̃∈σ

λ[ab][∆̃]W [∆, ∆̃] , Qα[∆, σ] =
1

3

∑
∆̃∈σ

λα[∆̃]W [∆, ∆̃] . (338)

Èçðàç ó èíòåðàêöèîíîì ÷èíèîöó êîjè ñàäðæè ïî§à λ[ab] è λα jå îáëèêà:

1

300

∑
∆̃,ε1,ε2∈σ

λ[∆̃]W [∆̃, ε1, ε2]ε
a
1ε
b
2 =

1

300

∑
∆̃,∆∈σ

6λ[∆̃]∆abW [∆̃,∆] +
∑

ε1,ε2 /∈∆

λ[∆̃]εa1ε
b
2W [∆̃, ε1, ε2]


=

1

30

∑
∆̃,∆∈σ

λ[∆̃]W [∆̃,∆]∆ab =
1

10

∑
∆∈σ

Q[∆, σ]∆ab . (339)

Äîïðèíîñ äîäàòíà ÷åòèðè ñàáèðêà êîjà äîëàçå îä ñëó÷àjà êàäà äâå èâèöå íå ôîðìèðàjó òðîó-
ãàî ñå òàêî¢å ìîæå àïðîêñèìèðàòè êîðèø£å»åì ëèìåñà ñïîðîïðîìåí§èâèõ ïî§à äîïðèíîñîì
îñòàëèõ ñàáèðàêà êîä êîjèõ èçáîð èâèöà ÷èíè òðîóãàî. Äðóãó âðñòó ñìåíà ÷èíå ñìåíå çà ïî§à
λ̃A, λA è λ̄A:

QA[τ, σ] =
1

4

∑
ε∈σ

λA[ε]W [ε, τ ] . (340)

Ñëè÷íî êàî ó ïðåòõîäíîì ñëó÷àjó, èçðàç êîjè ñå ïîjàâ§ójå ó èíòåðàêöèîíîì ÷èíèîöó, à êîjè
ñàäðæè ïî§à λ̃A, λA è λ̄A jå îáëèêà:

1

3000

∑
ε1,ε2,ε3,ε4∈σ

λA[ε1]ε
a
2ε
b
3ε
c
4W [ε1, ε2, ε3, ε4]

=
1

3000

∑
ε1,τ∈σ

λA[ε1]

96W [ε1, τ ]τ
abc +

∑
ε2,ε3,ε4 /∈τ

εa2ε
b
3ε
c
4W [ε1, ε2, ε3, ε4]


=

1

3000

∑
ε1,τ∈σ

λA[ε1]
(
150W [ε1, τ ]τ

abc
)
=

1

5

∑
τ∈σ

QA[τ, σ]τabc . (341)

Îâäå jå ïîíîâî, êàî ó ïðåòõîäíîì ñëó÷àjó, äîïðèíîñ ïðåîñòàëà 54 ñàáèðêà êîjè ïîòè÷ó îä
èçáîðà èâèöà êîjå íå ÷èíå òåòðàåäàð ñèìïëåêñà àïðîêñèìèðàí íà îñíîâó ëèìåñà ñïîðîïðî-
ìåí§èâèõ ïî§à äîïðèíîñîì îñòàëèõ ñàáèðàêà êîjè îäãîâàðàjó òåòðàåäðèìà.
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Òðå£ó âðñòó ÷èíè ñêóï ñìåíà çà ïî§å ω[ab]. Ñìåíà ñå óâîäè ó äâà êîðàêà:

ω[ab][ε] = Ω[ab]e[σ]εe , Aabc[σ] =
1

2
(Ωabc[σ]− Ωacb[σ]) . (342)

Ïîøòî jå ñìåíà Ω[ab]e[σ] óâåäåíà çà öåî 4-ñèìïëåêñ, ïîñòîjè èçáîð 4 íåçàâèñíå èâèöå ε íà îñíîâó
êîjèõ ñå ìîæå îäðåäèòè »åíà âðåäíîñò ó çàâèñíîñòè îä ω[ab][ε] è ñêóïà ÷åòèðè íåçàâèñíèõ
èâèöà εa. Jàêîáèjàí ñìåíå jå íåòðèâèjàëàí è èñòè êàî ó (211):

dω[ab][ε] = N ′V |[ab]|[σ]
∏
c

dΩ[σ][ab]c , (343)

ãäå íîðìàëèçàöèîíè ôàêòîð ïîòè÷å îä ÷è»åíèöå äà ñà äåñíå ñòðàíå jåäíàêîñòè ïîñòîjè âå£è
áðîj íåçàâèñíèõ êîìïîíåíàòà ïî§à íåãî íà ëåâîj. Ìå¢óòèì, êàêî ïîäèíòåãðàíà ôóíêöèjà íå
çàâèñè îä îâèõ äîäàòíèõ êîìïîíåíàòà (jåð ñå ó èçðàçèìà ïîjàâ§ójå ñàìî ïðîèçâîä Ω[ab]e[σ]εe),
èíòåãðàöèjà ïî îâèì äîäàòíèì êîìïîíåíòàìà äàjå ñàìî äîäàòíè íîðìàëèçàöèîíè ôàêòîð 1

N ′ .
Jàêîáèjàí äðóãå ñìåíå jå êîíñòàíòàí, à èíâåðçíà ñìåíà ïðîìåí§èâèõ

ωab[ε] =
(
Aabc[σ]− Abac[σ]− Acab[σ]

)
εc . (344)

Îâà ñìåíà jå, çáîã jåäíîñòàâíîñòè çàïèñà, åêñïëèöèòíî óâåäåíà ñàìî ó äåëòè êîjà jå íàñòàëà
èíòåãðàöèjîì âåçå çà òîðçèjó, äîê jå ó îñòàëèì äåëòàìà ïîäðàçóìåâàíî äà èìïëèöèòíî âàæè.

Òîïîëîøêà èíâàðèjàíòà íàêîí óâî¢å»à îâèõ ñìåíà ïîñòàjå:

TI[F [φ]− λ[φ]] =
∏
σ

[ ∏
∆1∈σ

δ

( ∑
∆2,ε∈σ

αα[ε]z[∆2, ε]W [∆1,∆2]

+
1

10

∑
ε1,ε2∈σ

αβ[ε1]α
γ[ε2]fβγ

αW [∆1, ε1, ε2] + 3Qα[∆1, σ]

)
∏
∆1∈σ

δ

( ∑
∆2,ε∈σ

ω[ab][ε]z[∆2, ε]W [∆1,∆2]

+
1

10

∑
ε1,ε2∈σ

ω[cd][ε1]ω
[ef ][ε2]f[cd][ef ]

[ab]W [∆1, ε1, ε2]− 3Q[ab][∆1, σ]

)
1

V |[ab]|(
|a|
2
−1)[σ]

δ

(
Aabc[σ]−

1

20V [σ]

∑
∆,ε,τ∈σ

εaz[τ,∆]W [ε, τ ]∆efεefbc

+
2πil2p
25

∑
v1,v2∈σ

ψ̄A[v1]γ5γ
dψA[v2]εdbca

)
∏
τ∈σ

δ

(∑
v∈σ

ϕA[v]

(
δBAz[σ, τ ] +

1

20

∑
ε∈σ

W [ε, τ ]αα[ε] ▷α
B
A

)
+ Q̃B[τ, σ]

)
∏
τ∈σ

δ

(∑
v∈σ

ψ̄B[v]

(
δBAz[σ, τ ] +

1

20

∑
ε∈σ

W [ε, τ ]
(
αα[ε] ▷αA

B + ω[ab][ε] ▷[ab]A
B
))

+ Q̄a[τ, σ]

)
∏
τ∈σ

δ

((
δABz[σ, τ ] +

1

20

∑
ε∈σ

W [ε, τ ]
(
αα[ε] ▷αB

A + ω[ab][ε] ▷[ab]B
A
))∑

v∈σ

ψB[v]−QA[τ, σ]

)]
,

(345)
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Èíòåðàêöèîíè ÷èíèëàö íàêîí óâî¢å»à ñìåíà ïîñòàjå:

INT[λ[φ]−G[φ]] =
∏
σ

exp
−6i

5

∑
∆̃,∆∈σ

CαβQ
α[∆̃, σ]W [∆, ∆̃]Ξβab[σ]∆

ab


exp

 i

80πl2p

∑
∆,∆̃∈σ

ε[ab]cdQ
[ab][∆̃, σ]W [∆, ∆̃]∆cd


exp

(
− i
5

∑
τ∈σ

Q̃A[τ, σ]ΘabcA[σ]τ
abc

)

exp

(
−i
150

∑
v,τ∈σ

Q̄A[τ, σ]
(
γdψ[v]

)A
εabcdτ

abc

)

exp

(
−i
150

∑
v,τ∈σ

ψ̄A[v]
(
γdQ[τ, σ]

)A
εabcdτ

abc

)

exp

(
−i

36000

∑
ε1,ε2,ε3,ε4∈σ

εabcdε
a
1ε
b
2ε
c
3ε
d
4

(
Λ

8πl2p
+ χv4 − 2χv2

25

∑
v1,v2∈σ

ϕA[v1]ϕ
A[v2]

+
1

125
YABC

∑
v1,v2,v3∈σ

ψ̄A[v1]ψ
B[v2]ϕ

C [v3]

+
χ

625

∑
v1,v2,v3,v4∈σ

ϕA[v1]ϕ
A[v2]ϕB[v3]ϕ

B[v4]

))]
. (346)

Íàêîí èíòåãðàöèjå ñâèõ äåëòè, ðåçóëòójó£è ñàáèðöè ó åêñïîíåíòó îäãîâàðàjó ëèìåñó ñïîðî-
ïðîìåí§èâèõ ïî§à çà äåjñòâî çà Ñòàíäàðäíè Ìîäåë íà òðèàíãóëàöèjè ó çàêðèâ§åíîì ïðî-
ñòîðó ñà äîäàòíèì ñàáèðêîì çà êîíòàêòíó ñïèí-ñïèí èíòåðàêöèjó è ñàáèðàê êîjè îäãîâàðà
ñêàëàðíîj êðèâèíè, êîjè òðåáà ïîñåáíî àíàëèçèðàòè. Òàj ñàáèðàê jå jåäíàê:

iSgrav =
i

80πl2p

∑
σ

∑
∆∈σ

Q̃[ab][∆, σ]∆cdε[ab]cd =
i

8πl2p

∑
σ

1

10

∑
∆∈σ

ε[ab]cdQ̃
[ab][∆, σ]∆cd

A[∆]
A[∆] . (347)

Âåëè÷èíà Q̃[ab][∆] jå áåçäèìåíçèîíàëíà è ïðåäñòàâ§à óãàîíè ôàêòîð jåäíàê:

Q̃[ab][∆, σ] =
1

3

∑
ε,∆̃∈σ

ω̃[ab][ε]z[∆̃, ε]W [∆̃,∆] +
1

30

∑
ε1,ε2∈σ

ω̃[a|c[ε1]ω̃c
|b][ε2]W [∆, ε1, ε2] , (348)

ãäå jå

ω̃[ab][ε] =
1

V [σ]

1

20

∑
ε̃,∆,τ∈σ

z[τ,∆]W [ε̃, τ ]∆efεcε̃
q
(
δaq εef

bc − δbqεef ac − δcqεef ab
)
. (349)

Ïðîèçâîä ôóíêöèjà çíàêà ó îâîì èçðàçó íàìå£å çàõòåâ äà èâèöà ε̃ è òðîóãàî ∆ ÷èíå òåòðàåäàð
íåíóëòå çàïðåìèíå. (Çà ôèêñàí èçáîð òðîóãëà ïîñòîjå äâà òåòðàåäðà êîjà ãà ñàäðæå è ñâàêè
îä »èõ ñå äîáèjà òàêî øòî ñå èâèöà ε̃ ìîæå îäàáðàòè íà òðè íà÷èíà.) Çáîã òîãà äîïðèíîñ ñóìè
äàjå ñàìî êîìïîíåíòà ïðîèçâîäà òîòàëíî àíòèñèìåòðè÷íà ïî èíäåêñèìà îâèõ åëåìåíàòà, ïà
ñå èçðàç ïîjåäíîñòàâ§ójå è ïîñòàjå:

ω̃[ab][ε] = − 1

V [σ]

1

10

∑
ε̃,∆,τ∈σ

W [ε̃, τ ]z[τ,∆]∆ef ε̃qεqεef
[ab] = − 3

20

1

V [σ]

∑
τ∈σ

τ efqεqεef
[ab] . (350)
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Äðóãè ñàáèðàê ó èçðàçó (348) ñå ìîæå ñìàòðàòè ïîïðàâêîì âèøåã ðåäà, äîê ïðâè ñàáèðàê
äàjå äîïðèíîñ îáëèêà:

iSgrav ≈
i

8πl2p

∑
σ

1

10

∑
∆∈σ

ε[ab]cd∆
cd

A[∆]
A[∆]

1

3

∑
ε,∆̃,∆1∈σ

z[∆̃, ε]W [∆,∆1]W [∆̃,∆1]
−3
20

1

V [σ]

∑
τ∈σ

τ efqεqεef
[ab]

=
i

8πl2p

∑
σ

∑
∆∈σ

∆ef

A[∆]
A[∆]

1

10

∑
∆1∈σ

W [∆,∆1]
1

10

∑
ε,∆̃∈σ

z[∆̃, ε]W [∆̃,∆1]
1

V [σ]

∑
τ∈σ

τ efqεq . (351)

Ðàçëîìàê
∆ef

A[∆]
îäãîâàðà ðåäóêîâàíîì òåíçîðó Ëåâè-×èâèòå íà òðîóãëó ∆, à ïðîèçâîä òðè

ñóìå äàjå äèåäàðñêè óãàî èçìå¢ó äâà òåòðàåäðà íàä òðîóãëîì ∆, îçíà÷åí ñà θ∆,σ. Çáîã òîãà jå
äåjñòâî çà ãðàâèòàöèîíî ïî§å (ó àïðîêñèìàöèjè äîïðèíîñà ïðâîã ñàáèðêà) îáëèêà:

Sgrav ≈
1

8πl2p

∑
σ

∑
∆∈σ

θ∆,σA[∆] =
1

8πl2p

∑
∆

A[∆]
∑
σ∋∆

θ∆,σ =
1

8πl2p

∑
∆

δ∆A[∆] = SR , (352)

ãäå jå δ∆ äåôèöèò óãàî (ñóìà ñâèõ äèåäàðñêèõ óãëîâà). Ó êîëèêî jå ïðîñòîð ðàâàí, ñà ñèãíà-
òóðîì ïðîñòîðà Ìèíêîâñêîã, äåôèöèò óãàî jå jåäíàê íóëè, äîê îäñòóïà»å îâîã óãëà îä íóëå
óêàçójå íà ïðèñóñòâî íåíóëòå êðèâèíå.

Äîáèjåíî äåjñòâî SR îäãîâàðà äåjñòâó çà Ðå¶å ãðàâèòàöèjó êîjà îïèñójå êëàñè÷íó ãðàâèòà-
öèjó íà äåî ïî äåî ðàâíîj ìíîãîñòðóêîñòè. Òî çíà÷è äà jå ó ïðåëèìèíàðíîj àíàëèçè ñåìèêëà-
ñè÷íîã ëèìåñà äîáèjåí ðåçóëòàò çà î÷åêèâàíó âðåäíîñò îïñåðâàáëå îáëèêà:

⟨F ⟩ = N
Z

∏
v

∫
dϕ[v]dψ[v]dψ̄[v]

∫ ∏
ε

dα[ε]dε
∏
σ

|V [σ]|−M F (φk) exp
(
iSR + iS

(M)
ECC

)
, (353)

ãäå jå äåjñòâî S
(M)
ECC äåjñòâî çà Ñòàíäàðäíè Ìîäåë ñà äîäàòíèì ñàáèðêîì êîjè îïèñójå êîí-

òàêòíó ñïèí-ñïèí èíòåðàêöèjó, à M = 150.
Îâèìå jå çàâðøåíà ïðåëèìèíàðíà àíàëèçà ñåìèêëàñè÷íîã ëèìåñà ó êîjîj ñó äîáèjåíà äåj-

ñòâà êëàñè÷íèõ òåîðèjà ó åêñïîíåíòó. Îâà àíàëèçà óêàçójå äà êâàíòíà 3BF òåîðèjà ñà âåçàìà
èìà äîáàð ñåìèêëàñè÷àí ëèìåñ, jåð jå çà ñëè÷íå òåîðèjå êîjå ñàäðæå ñàìî äåjñòâî çà ãðàâèòà-
öèîíî ïî§å ó îâîì îáëèêó âå£ ïîêàçàíî äà èìàjó äîáàð ñåìèêëàñè÷àí ëèìåñ [58, 59].
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6 Çàê§ó÷àê

Êîíñòðóêöèjà ðåàëèñòè÷íå êâàíòíå òåîðèjå ãðàâèòàöèjå è ìàòåðèjå è äà§å ïðåäñòàâ§à
îòâîðåí ïðîáëåì ó ñàâðåìåíîj òåîðèjñêîj ôèçèöè.

Ó îâîì ðàäó jå äàò ïðåäëîã ìîäåëà îájåäè»åíå êâàíòíå òåîðèjå çàñíîâàí íà êîíöåïòó òîë-
ïîëîøêîã 3BF äåjñòâà ñà âåçàìà êîjå äàjó ôèçè÷êå ñòåïåíå ñëîáîäå è ìàòåìàòè÷êîã ïîjìà
3-ãðóïå, êîðèø£åíîã çà îïèñ ñèìåòðèjå. Ïðâè ðåçóëòàò èçëîæåí ó ãëàâè 3 ñå áàâèî èñïèòèâà-
»åì ñèìåòðèjå êëàñè÷íå òåîðèjå çàäàòå 3BF äåjñòâîì ñà âåçåìà, èñïèòèâà»åì ìåõàíèçàìà çà
»åíî íàðóøå»å, áèëî åêñïëèöèòíî, äîäàâà»åì âåçà ó ïðîöåñó êîíñòðóêöèjå ðåàëèñòè÷íå òå-
îðèjå, èëè ñïîíòàíî Õèãñîâèì ìåõàíèçìîì. Äîáèjåíè ðåçóëòàòè ñó ïîòâðäèëè äà jå êëàñè÷íà
òåîðèjà äîáèjåíà íà îâàêàâ íà÷èí ïîòïóíî åêâèâàëåíòíà êëàñè÷íîj òåîðèjè çàäàòîj Ñòàí-
äàðäíèì Ìîäåëîì ñïðåãíóòèì ñà Àjíøòàjí-Êàðòàíîâîì ãðàâèòàöèjîì. Îâà åêâèâàëåíöèjà jå
óñïîñòàâ§åíà è íà íèâîó ñèìåòðèjå öåëîã äåjñòâà è íà íèâîó jåäíà÷èíà êðåòà»à.

Ïîòâðäà îâå åêâèâàëåíöèjå jå çíà÷èëà äà jå áèëî ìîãó£å ïðèñòóïèòè èñïèòèâà»ó åêâèâà-
ëåíöèjå èçìå¢ó îâèõ òåîðèjà íà êâàíòíîì íèâîó. Îâî ïèòà»å jå îáðà¢åíî ó ñëåäå£îj ãëàâè
4. Ðåçóëòàòè àíàëèçå ñó ïîòâðäèëè äà ó èçâåñíîj ìåðè ïîñòîjè åêâèâàëåíöèjà èçìå¢ó êâàíò-
íå è êëàñè÷íå òåîðèjå ïîä îäðå¢åíèì óñëîâèìà. Ïðâè óñëîâ jå äà ñå ìåðå ó ôóíêöèîíàëíèì
èíòåãðàëèìà äåôèíèøó íà èñòè íà÷èí è äðóãè, äà ñå ïîñìàòðàjó ñàìî îïñåðâàáëå êîjå ñå
ìîãó èñòîâðåìåíî äåôèíèñàòè ó îáå òåîðèjå. Ïîä òèì óñëîâèìà ñó êîíñòðóèñàíå âåçå (226)
èçìå¢ó ïàðîâà îïñåðâàáëè ñà èñòîì î÷åêèâàíîì âðåäíîø£ó ó êâàíòíîj 3BF òåîðèjè ñà âåçà-
ìà è êâàíòíîj Àjíøòàjí-Êàðòàíîâîj êîíòàêòíîj òåîðèjè ñïðåãíóòîj ñà Ñòàíäàðäíèì Ìîäåëîì
(ÅÑÑ). Îñèì îâå âåçå, äåôèíèöèjà òåîðèjå ñàäðæè ÷ëàíîâå ó äåjñòâó êîjè íàìå£ó íóëòå ãðà-
íè÷íå óñëîâå íà ïî§à òåòðàäå, Õèãñîâà è Äèðàêîâà ïî§à. Îâè ãðàíè÷íè óñëîâè ñå ìîãó
ïðîìåíèòè äîäàâà»åì îäãîâàðàjó£èõ ïîâðøèíñêèõ ÷ëàíîâà ó äåjñòâó, àëè jå ñàìà àíàëèçà
òîã ïîñòóïêà èçâàí ïðåäìåòà èñòðàæèâà»à èçëîæåíîã îâäå. Íà êðàjó, äàòè ñó èëóñòðàòèâíè
ïðèìåðè íà êîjèìà ñå êîíöåïòóàëíî ìîæå òåñòèðàòè ðàçëèêà ó ïðåäâè¢à»èìà îâå äâå êâàíòíå
òåîðèjå ó êîíêðåòíîì åêñïåðèìåíòó.

Êîíà÷íî, íàêîí óñïîñòàâ§à»à âåçå èçìå¢ó äâå êâàíòíå òåîðèjå, ïîñëåä»à ãëàâà 5 ñå áàâè
êîíñòðóêöèjîì êâàíòíå 3BF òåîðèjå è ïðåëèìèíàðíîì àíàëèçîì »åíîã ñåìèêëàñè÷íîã ëèìåñà.
Êîíñòðóêöèjà êâàíòíå òåîðèjå jå èçâðøåíà òðèàíãóëàöèjîì ìíîãîñòðóêîñòè è ïîñòàâ§à»åì
jåäíà÷èíå çà î÷åêèâàíó âðåäíîñò ïðîèçâî§íå îïñåðâàáëå íà òàêâîj äåî-ïî-äåî ðàâíîj ìíîãî-
ñòðóêîñòè. Äåôèíèñàíà ïðîöåäóðà jå ïðèìåí§èâà íà ïðîèçâî§íî äåjñòâî èçðàæåíî ïîìî£ó
äèôåðåíöèjàëíèõ ôîðìè, øòî jå âàæàí ðåçóëòàò çà êîíñòðóêöèjó êâàíòíèõ òåîðèjà íà òðèàí-
ãóëàöèjè óîïøòå. Ãëàâíè ðåçóëòàò ãëàâå ïðåäñòàâ§à ñàìà äåôèíèöèjà êâàíòíå òåîðèjå (329)
jåð ñå êîìáèíîâà»åì îâå äåôèíèöèjå è âåçå (226) ìîæå ðåïðîäóêîâàòè äåôèíèöèjà êâàíòíå
Àjíøòàjí-Êàðòàíîâå òåîðèjå ñïðåãíóòå ñà Ñòàíäàðäíèì Ìîäåëîì íà òðèàíãóëàöèjè. Èñïèòè-
âà»å ñåìèêëàñè÷íîã ëèìåñà jå ñïðîâåäåíî ïðèìåíîì àïðîêñèìàöèjå ñïîðîïðîìåí§èâèõ ïî§à
íàä äåôèíèöèjîì î÷åêèâàíå âðåäíîñòè ïðîèçâî§íå îïñåðâàáëå, ÷èìå jå äîáèjåíî äåjñòâî êëà-
ñè÷íå òåîðèjå ó åêñïîíåíòó. Íà òàj íà÷èí jå ðåçóëòàò ñâåäåí íà ïðåòõîäíî ïðîâåðåíå ìîäåëå
ñà äîáðèì ñåìèêëàñè÷íèì ëèìåñîì è îïðàâäàíà jå èñïðàâíîñò êîíñòðóêöèjå êâàíòíå òåîðèjå
(329). Ìå¢óòèì, çà ïðàâó àíàëèçó ñåìèêëàñè÷íîã ëèìåñà îâå òåîðèjå, ïîòðåáíî jå îäðåäèòè
îäãîâàðàjó£å åôåêòèâíî äåjñòâî è èñïèòàòè »åãîâ ëèìåñ ïðåìà (333), øòî jå âàí ïðåäìåòà
îâîã èñòðàæèâà»à.
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À Äîäàöè

À.1 Äîêàç Òåîðåìå 1

Äîêàç. Îñîáèíà G-èíâàðèjàíòíîñòè áèëèíåàðíå ôîðìå ⟨_ ,_⟩h jå äåôèíèñàíà êàî

⟨g ▷ h1, g ▷ h2⟩h = ⟨h1, h2⟩h , (354)

çà ñâàêî g ∈ G è ñâàêî h1, h2 ∈ h. Çàïèñèâà»åì êîìïîíåíàòà g, h1 è h2 ó îäãîâàðàjó£åì áàçèñó,
jåäíîñòàâíî jå óî÷èòè äà ñå ëåâà ñòðàíà jåäíà÷èíå ìîæå çàïèñàòè êàî:

⟨g ▷ h1, g ▷ h2⟩h = ha1h
c
2

[
gac + gα

(
▷αc

dgad + ▷αa
dgdc

)]
+O(g2) . (355)

Èçjåäíà÷àâà»åì ñà äåñíîì ñòðàíîì, î÷èãëåäíî jå äà ñå äåñíà ñòðàíà ïîíèøòàâà ñà ïðâèì
ñàáèðêîì ó çàãðàäè. Çàòèì ñå ïðèìåíîì îñîáèíå ñèìåòðè÷íîñòè áèëèíåàðíå ôîðìå îñòàòàê
èçðàçà ó çàãðàäè ñâîäè íà:

▷αca + ▷αac = 0 , (356)

êàêî jå è òâð¢åíî ó òåîðåìè. Àíòèñèìåòðè÷íîñò ïðåîñòàëà äâà äåjñòâà ▷αβγ è ▷αAB ñå äîêàçójå
àíàëîãíî.

Äîäàòíî, íåäåãåíåðèñàíîñò áèëèíåàðíå ôîðìå gab èìïëèöèðà äà ïîñòîjè »åí èíâåðç, îçíà-
÷åí ñà gab. Çàòèì, êîíòðàêöèjîì (356) ñà gac äîáèjà ñå áàçèñ-íåçàâèñàí èñêàç äà jå äåjñòâî ▷
áåñòðàæíî

▷αa
a = 0. (357)

Ïîðåä òîãà, ìîæå ñå èçàáðàòè áàçèñ ó Ëèjåâîj àëãåáðè h òàêàâ äà jå áèëèíåàðíà ôîðìà gab,
ïà ñàìèì òèì è »åí èíâåðç, äèjàãîíàëíà. Íà îñíîâó èäåíòèòåòà

▷αa
b = ▷αacg

cb (358)

ñå ìîæå çàê§ó÷èòè äà, ó îâîì êîíêðåòíîì áàçèñó, ▷αa
b ìîðà äà áóäå ïðîïîðöèîíàëíî ▷αab jåð

jå gcb = 0 çà c ̸= b. Çáîã òîãà, ïîøòî jå ▷αab àíòèñèìåòðè÷àí ïðåìà (356), ìîðà áèòè jåäíàê
íóëè çà a = b, øòî äà§å èìïëèöèðà äà jå ▷αa

b òàêî¢å íóëà ó òîì ñëó÷àjó. Äðóãèì ðå÷èìà, ▷αa
b

èìà íóëòå åëåìåíòå íà äèjàãîíàëè ó îäíîñó íà äðóãè è òðå£è èíäåêñ ó îâîì áàçèñó, êàî øòî jå
è òâð¢åíî òåîðåìîì. Èñòå îñîáèíå ñå çà îñòàëà äâà äåjñòâà ▷αβ

γ è ▷αA
B äîêàçójó àíàëîãíî.

À.2 Ïðîèçâî§íîñò κ-áèëèíåàðíå ôîðìå

Ó îäå§êó 3.2.4 jå óâåäåíà áèëèíåàðíà ôîðìà καβ ó (167) êàî è íîâå ïðîìåí§èâå (171) êîjå
çàäîâî§àâàjó ëèñòó èäåíòèòåòà (172). Äà áè áèëà îáåçáå¢åíà jåäàí íà jåäàí âåçà èçìå¢ó ñòàðèõ
è íîâèõ ïðîìåí§èâèõ, ó îâèì èäåíòèòåòèìà jå ïîòðåáíî äà áðîj íåçàâèñíèõ ïðîìåí§èâèõ ñà
ëåâå è äåñíå ñòðàíå jåäíàêîñòè áóäå èñòè. Øòàâèøå, íè jåäíà îä îâèõ ïðîìåí§èâèõ (171) íå
ñìå áèòè åêñïëèöèòíî ïîìíîæåíà íóëîì òîêîì êîíñòðóêöèjå èäåíòèòåòà (172). Îâè çàõòåâè
èìàjó íåòðèâèjàëíå ïîñëåäèöå íà ïðîèçâî§íîñò èçáîðà áèëèíåàðíå ôîðìå καβ. Íà ïðèìåð,
ïðâè èäåíòèòåò ñà ëèñòå (172) jå

θα ∧ ρα = λĀ ∧ γĀ. (359)

Èç äåôèíèöèjå ïðîìåí§èâå ρα ó (171), ìîæå ñå çàê§ó÷èòè äà äåjñòâî ïðîjåêòîðà (168) íå
ìå»à ρα

ρα = Pα
βρβ. (360)
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Îâî èìïëèöèðà äà îâàj ïðîjåêòîð íå ìå»à ëåâó ñòðàíó èäåíòèòåòà (359) ïà âàæè:

θα ∧ ρα = θα ∧ Pαβρβ. (361)

Êîðèø£å»åì çàõòåâà äà íè jåäíà ïðîìåí§èâà íå ñìå äà áóäå ïîìíîæåíà íóëîì ó òîêó êîí-
ñòðóêöèjå èäåíòèòåòà (359), çàê§ó÷ójå ñå äà äåjñòâî ïðîjåêòîðà ìîðà äà ÷óâà ñâå ïðîìåí§èâå
θα. Äà§èì êîðèø£å»åì äåôèíèöèjå ïðîìåí§èâèõ θα äîáèjà ñå íåòðèâèjàëíè óñëîâ íà áèëè-
íåàðíó ôîðìó καβ:

θα = θβPβ
α ⇒ −2καγ ▷γ HĀλĀ ≡ −2καγPγδ ▷δ HĀλĀ = −2PβακβγPγδ ▷δ HĀλĀ , (362)

êîjè çàõâà§ójó£è ïðîèçâî§íîñòè ïî§à λĀ èìïëèöèðà äà âàæè

καγPγ
δ = Pβ

ακβγPγ
δ . (363)

Ïîøòî jå καβ ñèìåòðè÷íà áèëèíåàðíà ôîðìà, òðàíñïîíîâà»åì (363) ñå äîáèjà äà ïðîjåêòîð è
καβ êîìóòèðàjó

καγPγ
δ = Pγ

ακγδ . (364)

Ñàäà ñå îâàj óñëîâ ìîæå èñêîðèñòèòè òàêî äà ñå ðåäóêójå ïðîèçâî§íîñò áèëèíåàðíå ôîðìå
καβ. Êîìáèíîâà»åì (169) è (364) ñå äîáèjà

Pγ
αAγδ

[
δβδ − Pδ

β
]
=
[
δαγ − Pγα

]
AγδPδ

β , (365)

êîjè jå çàäîâî§åí ñàìî àêî jå

Aαδ
[
δβδ − Pδ

β
]
=
[
δαγ − Pγα

]
Aγβ =

[
δαγ − Pγα

]
Aγδ
[
δβδ − Pδ

β
]
. (366)

Áóäó£è äà jå äèìåíçèjà ïîäïðîñòîðà îðòîãîíàëíîã ïðîjåêòîðà jåäíàêà jåäàí, ïðîèçâî§íîñò
áèëèíåàðíå ôîðìå καβ jå ðåäóêîâàíà íà jåäàí ñëîáîäàí ïàðàìåòàð, à îáëèê îâå ïðîèçâî§íîñòè
jå äàò ó (173):

καβ → καβ +
[
δαγ − Pγα

]
Aγδ
[
δβδ − Pδ

β
]
. (367)

Ïðîèçâî§íîñò îâîã ïàðàìåòðà ãàðàíòójå ïîñòîjà»å èíâåðòèáèëíå áèëèíåàðíå ôîðìå κ−1αβ , êîjà
òàêî¢å êîìóòèðà ñà ïðîjåêòîðîì, øòî jå ïîñëåäèöà (364).

Ñàäà òðåáà èñïèòàòè óòèöàj îâå ïðîèçâî§íîñòè íà äåjñòâî (174). Êîðèø£å»åì ÷è»åíèöå
äà èíâåðçíà áèëèíåàðíà ôîðìà äåëójå íà ïðîìåí§èâå (171) ó (174) è äà ñó ïðîìåí§èâå (171)
íåïðîìå»åíå ïðè äåjñòâó ïðîjåêòîðà, äåjñòâî (174) è ìàòðèöà êâàäðàòà ìàñà (176) çàâèñå ñàìî
îä ïðîjåêöèjå èíâåðçíå áèëèíåàðíå ôîðìå κ−1αβPγ

β. Ïðîèçâî§íîñò èíâåðçà áèëèíåàðíå ôîðìå

κ−1αβ ñå ìîæå èçðàçèòè êàî Òåjëîðîâ ðåä ïî ïðîèçâî§íîj áèëèíåàðíîj ôîðìè A
γδ êàî

κ−1αβ → κ−1αγ

∞∑
n=0

[
(−1)n

(
[δ − P ]A [δ − P ]κ−1

)n]γ
β , (368)

îäàêëå ñå ìîæå óî÷èòè äà ïðîjåêöèjà èíâåðçíå áèëèíåàðíå ôîðìå íå çàâèñè îä èçáîðà ïðîè-
çâî§íå áèëèíåàðíå ôîðìå Aγδ. Îâî äà§å èìïëèöèðà äà ñó äåjñòâî (174) è ìàòðèöà êâàäðàòà
ìàñà (176) jåäíîçíà÷íî äåôèíèñàíè.
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À.3 Äîêàçè èäåíòèòåòà êîjè ñàäðæå Äèðàêîâó äåëòó

Äîêàçè èäåíòèòåòà êîjè ñàäðæå Äèðàêîâó äåëòó íàä ðåàëíèì è Ãðàñìàíîâèì ïî§èìà ñå
ìîãó èçâåñòè ïðàâîëèíèjñêèì ðà÷óíîì:

� èäåíòèòåò (199):∫
DφDϕk δ

(
φaBFB

A(ϕk)−GaA(ϕk)
)
H(φ, ϕk)

=

∫
D
(
φaBFB

A(ϕk)
)
Dϕk

∣∣∣∣∣∣
δ(φF (ϕk)F

−1(ϕk))
aA

δϕn

δϕm
δϕn

δ(φF (ϕk)F
−1(ϕk))

aA

δ(φF (ϕk))
bB 0

∣∣∣∣∣∣ δ (φaBFBA(ϕk)−GaA(ϕk)
)
H(φ, ϕk)

=

∫
Dφ̂Dϕk

∣∣δabF−1BA(ϕk)∣∣ δ (φ̂aA −GaA(ϕk)
)
H
(
φ̂aBF−1B

A(ϕk), ϕk
)

=

∫
Dϕk

1

|F (ϕk)||a|
H
(
GaB(ϕk)F

−1
B
A(ϕk), ϕk

)
, (369)

� èäåíòèòåò (201):∫
Gn

dθ1dθ2dθ3 . . . dθne
iθ1(θ2−θ3−···−θk)F (θ2, θ3, . . . , θn)

=

∫
Gn

dθ1dθ2dθ3 . . . dθn (1 + iθ1 (θ2 − θ3 − · · · − θk))

× (θ3 . . . θkf01...1(θk+1, . . . , θn) + · · ·+ θ2 . . . θk−1f1...10(θk+1, . . . , θn))

= i

∫
Gn

dθ1dθ2dθ3 . . . dθn θ1θ2θ3 . . . θk (f01...1(θk+1, . . . , θn)

+ · · ·+ (−1)lf11...10l1...1(θk+1, . . . , θn)
)

= −i
∫
Gn

dθ3 . . . dθndθ2dθ1 θ1θ2θ3 . . . θk (f01...1(θk+1, . . . , θn)

+ · · ·+ (−1)lf11...10l1...1(θk+1, . . . , θn)
)

= −i
∫
Gn−2

dθ3 . . . dθn θ3 . . . θk
(
f01...1(θk+1, . . . , θn) + · · ·+ (−1)lf11...10l1...1(θk+1, . . . , θn)

)
= −i

∫
Gn−2

dθ3 . . . dθn F (θ3 + · · ·+ θk, θ3, . . . , θn)

= −i
∫
Gn−1

dθ3 . . . dθndθ2 δ(θ2 − θ3 − · · · − θk)F (θ2, θ3, . . . , θn)

= (−1)n−1i
∫
Gn−1

dθ2 . . . dθn δ(θ2 − θ3 − · · · − θk)F (θ2, θ3, . . . , θn) , (370)
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� èäåíòèòåò (202):∫
Rm

dmy

∫
Rm

dmx

∫
Gk

dθ1dθ2 . . . dθk

∫
Gn−k

dθk+1 . . . dθn e
iya(xa−Maijθiθj)F (x, θ1, . . . , θn)

=

∫
Rm

dmy

∫
Rm

dmx

∫
Gk

dθ1dθ2 . . . dθk

∫
Gn−k

dθk+1 . . . dθn e
iyaxa

×
+∞∑
b=0

1

b!

(
−iyaMaijθiθj

)b
F (x, θ1, . . . , θn)

=

∫
Rm

dmy

∫
Rm

dmx

∫
Gk

dθ1dθ2 . . . dθk

∫
Gn−k

dθk+1 . . . dθn e
iyaxa

×
+∞∑
b=0

1

b!

(
Maijθiθj

∂

∂xa

)b
F (x, θ1, . . . , θn)

= (2π)m
∫
Rm

dmx

∫
Gk

dθ1dθ2 . . . dθk

∫
Gn−k

dθk+1 . . . dθn

m∏
a=1

δ(xa)

×
+∞∑
b=0

1

b!

(
Maijθiθj

∂

∂xa

)b
F (x, θ1, . . . , θn)

= (2π)m
∫
Gk

dθ1dθ2 . . . dθk

∫
Gn−k

dθk+1 . . . dθn

+∞∑
b=0

1

b!

(
Maijθiθj

∂

∂xa

)b
F (x, θ1, . . . , θn)

∣∣∣
x=0

= (2π)m
∫
Gk

dθ1dθ2 . . . dθk

∫
Gn−k

dθk+1 . . . dθn F
(
Maijθiθj, θ1, . . . , θn

)
= (2π)m

∫
Rm

dmx

∫
Gk

dθ1dθ2 . . . dθk

∫
Gn−k

dθk+1 . . . dθn

m∏
a=1

δ
(
xa −Maijθiθj

)
F (x, θ1, . . . , θn) .

(371)
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Áèîãðàôèjà

Ïàâëå Ñòèïñè£ jå ðî¢åí 19.10.1996. ãîäèíå ó Àëåêñèíöó, ãäå jå çàâðøèî îñíîâíó øêîëó
è îñíîâíó ìóçè÷êó øêîëó. Ñåïòåìáðà 2011. ãîäèíå jå óïèñàî è òîêîì íàðåäíå ÷åòèðè ãîäè-
íå çàâðøèî Ìàòåìàòè÷êó ãèìíàçèjó è òåîðèjñêè îäñåê ñðåä»å ìóçè÷êå øêîëå Ìîêðà»àö ó
Áåîãðàäó. Îñíîâíå àêàäåìñêå ñòóäèjå íà Ôèçè÷êîì ôàêóëòåòó óíèâåðçèòåòà ó Áåîãðàäó, ñìåð
Òåîðèjñêà è åêñïåðèìåíòàëíà ôèçèêà è îñíîâíå àêàäåìñêå ñòóäèjå íà Åëåêòðîòåõíè÷êîì ôà-
êóëåòó óíèâåðçèòåòà ó Áåîãðàäó, ñìåð Åëåêòðîòåõíèêà è ðà÷óíàðñòâî, ìîäóë Åëåêòðîíèêà,
óïèñàî jå ïàðàëåëíî 2015. ãîäèíå. Îñíîâíå ñòóäèjå ôèçèêå jå çàâðøèî ñåïòåìáðà 2019. ãîäèíå,
ñà ïðîñå÷íîì îöåíîì 9,51, à íà Åëåêòðîòåõíè÷êîì ôàêóëòåòó îñíîâíå ñòóäèjå jå çàâðøèî ó
ìàðòó 2023. ãîäèíå, ñà ïðîñå÷íîì îöåíîì 8,61.

Ìàñòåð àêàäåìñêå ñòóäèjå jå çàâðøèî íà Ôèçè÷êîì ôàêóëòåòó ó ïåðèîäó îä îêòîáðà 2019.
ãîäèíå äî ñåïòåìáðà 2020. ãîäèíå, ñà ïðîñå÷íîì îöåíîì 10,0, îäáðàíèâøè ìàñòåð ðàä íà òåìó
"Óòèöàj ìàãíåòíîã ïî§à íà ïðîâîäíîñò ó Õàáàðäîâîì ìîäåëó", ïîä ðóêîâîäñòâîì äð Jàêøå
Âó÷è÷åâè£à, âèøåã íàó÷íîã ñàðàäíèêà Èíñòèòóòà çà ôèçèêó ó Áåîãðàäó. Óïèñàî jå äîêòîðñêå
ñòóäèjå ôèçèêå íà Ôèçè÷êîì ôàêóëòåòó ó Áåîãðàäó, ó óæîj íàó÷íîj îáëàñòè Êâàíòíà ïî§à,
÷åñòèöå è ãðàâèòàöèjà îêòîáðà 2020. ãîäèíå.

Îä àïðèëà 2021. ãîäèíå jå çàïîñëåí êàî èñòðàæèâà÷ íà Èíñòèòóòó çà ôèçèêó ó Áåîãðàäó, ó
ãðóïè çà Ãðàâèòàöèjó, ÷åñòèöå è ïî§à, ÷èjè jå ðóêîâîäèëàö äð Áðàíèñëàâ Öâåòêîâè£, íàó÷íè
ñàâåòíèê Èíñòèòóòà çà ôèçèêó ó Áåîãðàäó. Áàâè ñå íàó÷íèì èñòðàæèâà»åì ïîä ðóêîâîäñòâîì
äð Ìàðêà Âîjèíîâè£à, íàó÷íîã ñàâåòíèêà Èíñòèòóòà çà ôèçèêó ó Áåîãðàäó, ðàäå£è íà òåìàìà
âåçàíèì çà èñïèòèâà»å è êîíñòðóêöèjó ìîäåëà êâàíòíå ãðàâèòàöèjå.

Äîñàäàø»è íàó÷íî-èñòðàæèâà÷êè ðàä Ïàâëà Ñòèïñè£à ñå ìîæå êëàñèôèêîâàòè ó òðè
îáëàñòè:

(1) èçó÷àâà»å ôîíîíñêè èíäóêîâàíèõ ñïèíñêèõ ðåëàêñàöèîíèõ ïðîöåñà ó ñïèíñèì êóáèòè-
ìà,

(2) èçó÷àâà»å ïðîâîäíîñòè ó Õàáàðäîâîì ìîäåëó,

(3) èçó÷àâà»å ñèìåòðèjà è îñîáèíà êâàíòíå òåîðèjå ãðàâèòàöèjå ôîðìóëèñàíå ïðåêî 3BF
ìîäåëà ó êîíòåêñòó âèøèõ ãðàäèjåíòíèõ òåîðèjà.

Ïðâå äâå îáëàñòè ñïàäàjó ó »åãîâ èñòðàæèâà÷êè ðàä âåçàí çà ìàñòåð òåçó, äîê jå òðå£à îáëàñò
âåçàíà çà èñòðàæèâà÷êè ðàä ó îêâèðó ðàäà íà äîêòîðñêîj òåçè.

Ó îêâèðó èçó÷àâà»à ôîíîíñêè èíäóêîâàíèõ ñïèíñêèõ ðåëàêñàöèîíèõ ïðîöåñà ó ñïèíñêèì
êóáèòèìà, ïîñìàòðàí jå óòèöàj ñèìåòðèjå êâàíòíå òà÷êå íà Ðàáèjåâó ôðåêâåíöèjó è ôîíîíñêè
èíäóêîâàíå ñïèíñêå ðåëàêñàöèîíå ïðîöåñå ó jåäíîåëåêòðîíñêîì ñïèíñêîì êóáèòó è óòèöàj
èçáîðà êîíòðîëíîã ïîòåíöèjàëà íà çàâèñíîñò âðåìåíà æèâîòà îä ïðàâöà ìàãíåòíîã ïî§à çà
íåêîëèêî äèñêðåòíèõ ñèìåòðèjà êóáèòà íà êîíêðåòíèì ïðèìåðèìà òðîóãàîíîã, êâàäðàòíîã è
ïðàâîóãàîíîã ïîòåíöèjàëà jàìå [1, 2].

Ó îêâèðó èçó÷àâà»à ïðîâîäíîñòè ìàòåðèjàëà êîjè ñå ìîãó ìîäåëîâàòè Õàáàðäîâèì ìî-
äåëîì, íóìåðè÷êèì ñèìóëàöèjàìà jå èñïèòèâàíà çàâèñíîñò ïðîâîäíîñòè ìàòåðèjàëà îä ïðè-
ìå»åíîã ñïî§àø»åã ìàãíåòíîã ïî§à ó ðåæèìó ñëàáèõ åëåêòðîí-åëåêòðîí èíòåðàêöèjà íà
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÷âîðîâèìà ðåøåòêå íà ðàçëè÷èòèì òåìïåðàòóðàìà. Òàêî¢å, àíàëèòè÷êè jå ðåøåíà èíâåðçíà
Ôóðèjåîâà òðàíñôîðìàöèjà ïî Ìàöóáàðà ôðåêâåíöèjàìà Ëîðàíîâîã ðàçâîjà Ãðèíîâèõ ôóíê-
öèjà íà êîíà÷íîj òåìïåðàòóðè çà ôåðìèîíå è áîçîíå [3].

Êîíà÷íî, ó îêâèðó èçó÷àâà»à êâàíòíå òåîðèjå ãðàâèòàöèjå ïðåêî âèøèõ ãðàäèjåíòíèõ
òåîðèjà, ïðîó÷àâàí jå ìåõàíèçàì åêñïëèöèòíîã è ñïîíòàíîã íàðóøå»à ñèìåòðèjå ó 3BF òå-
îðèjàìà ñà âåçàìà, è ðàçìàòðàí jå Õèãñîâ ìåõàíèçàì. Òàêî¢å jå äàò äîïðèíîñ èçó÷àâà»ó
Åíî-Òàjòåëáîì ñèìåòðèjå. Çàòèì, äåòà§íî jå ïðîó÷åíà âåçà èçìå¢ó êâàíòíå 3BF òåîðèjå ñà
âåçàìà è êâàíòíå Àjíøòàjí-Êàðòàíîâå òåîðèjå ñà êîíòàêòíîì èíòåðàêöèjîì. Êîíà÷íî, ôîðìó-
ëèñàí jå åêñïëèöèòàí ïîñòóïàê êâàíòèçàöèjå 3BF òåîðèjå ñà âåçàìà, äåôèíèñà»åì èíòåãðàëà
ïî òðàjåêòîðèjàìà çà öåëó òåîðèjó è óðà¢åíà jå ïðåëèìèíàðíà àíàëèçà ñåìèêëàñè÷íîã ëèìåñà
òåîðèjå [4, 5, 6].
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o6Pa3au u3ja8e o aymopcm8y

HMe H npe3HMe ayTopa

Bpoj  HHAeKca

143jaBa o ayTopcTBy

Tl as^e,    C^-uoc,utTn

1o 1o / 8C)o 4-

H3jaBjbyjeM

Aa je HOKTOPCKa flllcepTal|Hja  lioH  Hac/TOBOM

c;uMct-p"`c    9   t>uujM    rpiAu]ct+TtwM   icopujaHa

•      pe3yHTaT corlcTBeHor HCTpamHBatlKor pafla;

•      Aa  A14cepTal|Hja y  HenHHH  HH  y AeJloBIIMa  "je  6Hna  rlpeA/IoxeHa  3a  cTHI|aH,e  Hpyre

flHli/IOMe  llpeMa  CTy4HjcKHM  IiporpaMI"a ApyrHx  BHcoKolilKo/ICKHx ycTaHOBa;

•      Aacype3yJITaTH  KopeKTlioHaBeAeHH  H

•      fla  HHcaM  I{Pii"o//ia  ayToPCKa  ripaBa  H  i{oPHC"o/Ha  HHTeneKTyaJiHy cBojHHy flpyrlix

JIHLla.

rloTIIHc ayTOpa

ff;fyuL ac.,A

10

y BeoI-PaAy, 27.1.lola ,
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o6pa3aL|  u3ja8e  o  Llcrrio8emliocrnLi  ij`Im(i,MntiHe  u  e.iieKlnpolicKe  eel)3uje  doKmopcKoe  pcida

143jaBa o 14cTOBeTHocT14 IilTaMnaHe H e/Iel{TpoHCKe Bep3Hje HOKTopcKor

PaHa

IIMe H  Hpe3HMe  ayTopa

BPoj  liHAeKca

n toj\e,   c~uncwT`

2olo/8oo4

CTyflHjcKH  ITporpaM

HacITOB  paAa

kie>a"FTwa   noJ`a u\ec^-`u`cL  u   rpasuT-au,w] a

CVAerpu`e.    g   tiMu)uH

MeHTop      a.t>     Map`co     Bo;u*oeh^rf

M3jaBthyjeM    Aa    je    mTaMIlam    Bep3Mja    Mor    Aol{rropcKor    paAa    HCTOBeTHa    eJlei{TpoHCKoj

Bep3HjH    Kojy    caM    rlpeAao//ia    paflH    Iloxpar"BaH]a    y    4HrHTaJIHOM    pello3IIToP14jyMy

yHHBep3HTeTa y BeorpaAy,

Ao3Bo/baBaM   Aa   Ce   o6jaBe   MojH   JIHtlHH   rloAal|H   Be3aHH   3a   Ao6Hjali]e   aKaAeMCKor   Ha3HBa

f|oKTopa HayKa,  Kao IHTo  cy HMe  H  Iipe3I"e,  roflHHa H  MecTo polyerba H f|aTyM oA6PaHe paAa.

OBH  /"q"  Hof|ai|M  Mory  ce  o6jaBH"  Ha  MpexHr"  cTpaHHliaMa  #HrHTa/iHe  6H6HHOTeKe,  y

e/ieKTpoHCKOM  i{aTa/Tory  H  y  Hy6/"I{aiiiijaMa  yHiiBep3HTeTa  y  Eeor`paAy.

IloTr"c ayTopa

givdruv cfA=c4tir

11

y BeorpaAy, T] . q-. 2o2G .
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o6pa3aLi  u3jti8e  o  Kopuujhel+,y

H3jaBa o I{opHIIIhelby

OB/ialilhyjeM     yHHBep3IiTeTcl{y    6H6/iHOTeKy    „CBeTo3ap     Mapr(oBHh"     f|a    y    AH"TaH"

pelio3HTopHjyM    yHHBep3HTeTa    y    BeorpaAy    yHece    Mojy    Aol{TopcKy    AHcepTal|Hjy    rloH
Ii a c/I 0 8 0 M :

ht^th-e`^``     3    euiuu`^    rpa]iujowTH-uM   Teopujam.

I{oja je  Mo)`e  ayTopcKo Ae/io.

AHcepTaL|Hjy  ca   CBMM   rlpylJ-I()3piMa   npcAao/.Jla   caM   y   eJieKTpollc`I{oM   dyopMaTy  IloroAI-IOM   3a

TpajHO apxMBHparbe.

Mojy Aol{TOPCKy AIIcepTaL|Hjy  rloxparbeHy  y 4H"TaJIHOM  pello3rlTopHjyMy  yHiiBep3iiTeTa  y

Beorpaf|y  H  4ocTyliHy  y  oTBopeHOM  HPHCTylly  Mory  Ha  KopHCTe  CBH  KojH  IlolilTyjy  oHpeH6e

caAPxaHe  y  o#a6PaHOM  THriy  /IHHeHi]e  Kpea"BHe  3ajeA"i|e  (Creative  Commons)  3a  Kojy

caM ce oflJly"o//Ta.

1. AyTopcTBo  (CC  BY)

2. AyTopcTBo  -Hel{oMepLiHjarlHo  (CC  BY-NC)

®AyTopcTB() -HeKOMepHlijc"Ho -6e3  HpepaAa  (CC  BY-NC-ND)

4. AyTopcTBo  -HeKOMepLilylja/Iiio  ~ /ie/"Tii  Hofi  MCT"  yc/ioBr"a  (CC  BY-NC-SA)

5. AyTopcTBo -   6e3  npcpaAa  (CC  BY-ND)

6. AyTopcTBo -  HeJ""  rloA HCTI" yc/ioBHMa  (CC BY-SA)

(MOJ"Mo Ha 3aoKpyH{HTe  caMo je4Hy ofl  lilecT rloHybeHlix nHi|eHI]H.
KpaTaK  oliHc flHL|eHl]Ii je  cacTaBHH  Aeo  oBe  113jaBe).

rloTHHc ayTOpa

drute_  Qfa„f;c,Pr

12

y Beorp|1Hy, 27. 2. 2olc.
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