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Electrical control of a spin qubit in InSb nanowire quantum dots: Strongly suppressed spin
relaxation in high magnetic field
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In this paper we investigate the impact of gating potential and magnetic field on phonon induced spin relaxation
rate and the speed of the electrically driven single-qubit operations inside the InSb nanowire spin qubit. We
show that a strong g factor and high magnetic field strength lead to the prevailing influence of electron-phonon
scattering due to deformation potential, considered irrelevant for materials with a weak g factor, like GaAs or
Si/SiGe. In this regime we find that spin relaxation between qubit states is significantly suppressed due to the
confinement perpendicular to the nanowire axis. We also find that maximization of the number of single-qubit
operations that can be performed during the lifetime of the spin qubit requres single quantum dot gating potential.
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I. INTRODUCTION

Spin of an electron confined in a semiconductor quantum
dot (QD) can act as a carrier of quantum information [1] and a
building block of quantum computers. In order to manipulate
electron spin, usage of the external magnetic [2,3] and electric
[4-6] field was suggested. Although spin control by means
of a magnetic field is straightforward, electrical control of
spin qubit through electric-dipole spin resonance (EDSR) is
technologically more desirable [7-10].

Spin-orbit coupling (SOC) plays an essential role in the
EDSR spin qubit scheme, since it allows transitions be-
tween qubit states using the spin-independent driving, such as
electric-dipole interaction. On the other hand, the presence of
SOC induces undesired phonon mediated transitions between
qubit states [11-21]. In order to suppress the coupling to
phonons, approaches like the optimal design of QDs [22,23]
or the control of system size [24] was suggested.

Relaxation rates are dependent on the full three-
dimensional QD potential, but in most cases contribution
of the confinement along the direction(s) perpendicular to
the substrate in which QDs are embedded can be neglected.
Assuming magnetic fields up to several tesla, this reduction
is justified in material with a weak effective Landé g factor.
A typical example that satisfies this assumption are lateral
GaAs QDs [25], while in the opposite direction lies an InSb
nanowire, having two orders of magnitude stronger g factor
[26]. Having also very strong SOC, spin qubits in InSb
nanowires [27-31] have attracted much attention due to the
observed [28] fast electric-dipole induced transition between
qubit states, whose speed is equal to the strength of Rabi
frequency.

Since both Rabi frequency and phonon induced relaxation
rates are dependent on the magnetic field orientation and
strength, design of the gating potential, and SOC, there is
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a wide range of possibility to tune their strength, with the
goal of obtaining as much as possible single-qubit operations
during its lifetime.

In this paper we search for the optimal regime in which
electrical control of the InSb spin qubit can be achieved. We
analyze both single and double quantum dot (DQD) potential
and discuss its positive features and negative drawbacks on the
spin qubit. In the case of double quantum dot potential, there
is the possibility to tune the distance between the dots and to
analyze the effects of the asymmetric gating potential. Also,
we address the situations in which full three-dimensional con-
finement has nontrivial influence on spin relaxation rates. We
will show that scattering by deformation potential dominates
in this regime. Finally, to offer a quantitative insight into the
spin qubit quality, we define a figure of merit as the ratio of
Rabi frequency and the overall spin relaxation rate and discuss
the obtained results in terms of this measure.

This paper is organized as follows. In Sec. II the single-
electron Hamiltonian model of the InSb nanowire is in-
troduced. In Sec. III we start with the definition of Rabi
frequency and phonon induced spin relaxation rate between
spin qubit states. After that, we independently study their
dependence on tunable parameters of the system. Using the
obtained results, quality of the spin qubit is discussed with the
help of the figure of merit as a quantitative measure. In the end
we finish the paper with a short conclusion and the impact of
the presented results.

II. NANOWIRE SPIN QUBIT MODEL

We start with the Hamiltonian describing the electron
confined in an InSb nanowire [30]

p2

2m*

H =

+V(x) + Hyo + H,, ey
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FIG. 1. (Upper panel) Nanowire QD—schematic view. Electron
dynamics along the nanowire (x) axis is described by the Hamilto-
nian H, given in Eq. (1). Angle between the nanowire x axis and
magnetic field direction n = (cos @, sin 8, 0) is equal to 6, while the
spin-orbit vector a = (cos ¢, sin ¢, 0) builds an angle ¢ with the x
axis. (Lower panel) Confining potential used in Eq. (1): QD and
DQD potential. In the case of a DQD potential [Eq. (6)] symmetric
confinement is depicted (w, = wg), with distance between the dots
equal to 2d.

where m* is the effective mass, p = —i/id/d, momentum
in x direction, V(x) is the gating potential used to localize
the electron, while Hg, represents the spin-orbit interaction
Hamiltonian consisting of two terms: Dresselhaus [32] and
Rashba [33]. The presence of the Dresselhaus SOC is due to
the material in which an electron is embedded. On the other
hand, Rashba SOC appears when an electric field E in the
z direction is applied (see Fig. 1). In an InSb nanowire, a
spin-orbit interaction Hamiltonian is equal to [30]

Hyo = (aDUx + OlRUy)P’ (2)
where o, and o, are Pauli matrices, while ap and oy are
Dresselhaus and Rashba spin-orbit coupling strengths. Suit-
able change of parameters ag and ap with @ = /o, + o and
¢ = arctan («g/ap) allows us to write Eq. (2) as

Hy, =aa-op, 3)
using the unit spin-orbit vector @ = (cos ¢, sin ¢, 0) and the

vector ¢ made of Pauli matrices. Finally, H, is the Zeeman
term, describing the coupling of spin and magnetic field

HZ = gMBB -0, (4)

where g is the effective Landé factor, wp is the Bohr magneton,
while B = Bn is the applied magnetic field in the plane of
the substrate, building an angle 6 with the growth x axis of
the nanowire (see the upper panel of Fig. 1). In this work a
magnetic field is considered to be in-plane to minimize the
orbital effects [22,34-36]. In Appendix A we have shown that
for B up to 3 T, orbital effects of a magnetic field are small
and can be neglected.

Typical gating that confines a single electron in experi-
mental setups [37] can be modeled as a harmonic oscillator
quantum dot (QD) [38] or double quantum dot (DQD) [29]
potential. Corresponding potentials are equal to (see the lower
panel of Fig. 1 as an illustration)

VL) = Im*e’x?, Q)
VPP () = Im* min{w] (x + d)*, wi(x —d)*}.  (6)

In the case of a QD potential, the only degree of freedom
is the harmonic potential frequency w, while in the DQD case
frequencies w; and wg can be tuned, as well as the distance
2d between the dots. Since DQD potential allows asymmetric
confinement, we introduce asymmetry parameter §, equal to
the ratio of frequencies in the left and right dot, § = wr/wg.
Impact of the DQD confinement will be discussed in terms of
8, 2d, and wg = w (more detailed explanation can be found in
Sec. [ITA).

The Hamiltonian of the electron in different potential types
and magnetic field strengths can be solved using the numerical
diagonalization [39], although perturbative approaches in the
study of spin qubit properties are common [21,27,30]. In this
work we follow the numerical approach; the numerical pro-
cedure used in obtaining the eigenvalues and eigenvectors of
the Hamiltonian given in Eq. (1) is explained in Appendix B.
In order to successfully diagonalize the Hamiltonian, orbital
Xo = «/i/m*® and spin-orbit x,, = /i/m*a lengths are de-
fined. In our calculations we have used m* = 0.014 m, [29],
xo = 30 nm [29], and x,, = 165 nm [40] parameters for both
QD and DQD potentials (recall that wg = w in the DQD case),
related to the experimental reports on InSb nanowires. On the
other hand, we have used g factor in bulk InSb material, g =
—51.3 [41], being in the range of the experimentally reported
values [38,42]. Initial check of the numerical recipe presented
in Appendix B were exact analytical results obtained in the
special case of the infinite square well [43]. In this case we
were able to reproduce the results concerning the angular
dependence of the energy splitting between Zeeman sublevels,
Rabi frequency, and the relaxation rate.

The nanowire Hamiltonian [Eq. (1)] describes the single-
electron dynamics in the x direction only. To ensure the
validity of the one-dimensional approximation and to suppress
the dynamics in the yz plane, a much stronger yz plane
confinement than in the x direction is needed. In this case, a
wave function along both directions, y and z, will correspond
to the respective ground state. To take into the account the wire
geometry of the system, the same confinement length yy =
zo = 10 nm in the y(z) direction is assumed. We model the
confinement potential as harmonic [39], to which the ground

state wave function ¥ (y) = e/ 2y<2>/ V/ A/TYyo corresponds. In
the z direction an additional potential eEz (z > 0; z=10
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corresponds to the position of the substrate) is present due
to the applied electric field. Finally, the substrate acts as an
infinite potential barrier for the confined electron, forbidding
him to propagate in the z < O region [44]. The ground state
¥ (z) of the Hamiltonian in the z direction is found using
the same numerical method as for the Hamiltonian in the x
direction. Thus, the ground state wave function in the yz plane
is equal to W(y, z) = Y (MY (2).

III. EDSR AND SPIN RELAXATION IN NANOWIRE
SPIN QUBIT

In order to achieve electrical control of the nanowire spin
qubit, an oscillating electric field in the x direction should
be switched on, resulting in the Rabi Hamiltonian Hg =
eEyx cos(wgt). When the applied electric field is in resonance
with our quantum system, Rabi frequency €2g; is defined as

Qo1 = ehEI(OIXIl)I, @)
measuring the speed of the single-qubit rotations. In Eq. (7)
states |0) and |1) correspond to the ground and first excited
state of the single electron Hamiltonian H, while e|(0|x|1)|
is the dipole matrix element. We are particularly interested
in the case where qubit states are Zeeman sublevels of the
orbital ground state, since in this regime strength of the Rabi
frequency can be manipulated by changing the magnetic field
orientation [30].

Besides providing the opportunity to electrically control
the spin qubit, SOC triggers the undesired phonon induced
transition between qubit states, setting up a limit on the qubit
lifetime. Rate of spin relaxation can be determined from the
Fermi golden rule

2 .
Lot = —~ Zq |M, (@)1 [{Wole™ ™ |yr1) P8 (AEq — hiwyg).

®)

Transition is triggered by acoustic phonons of energy fiw,q
that correspond to the energy separation between qubit states,
AEy = |Ey — E;|. We assume a linear dispersion relation of
acoustic phonons with respect to the intensity of wave vector
q, Wyq = ovlql, yle]dlng lq] = AEOl/hclw

Next, three different geometric factors |M, (q)|?> entering
spin relaxation rates originate from different types of electron-
phonon scattering: electron-longitudinal phonon scattering
due to the deformation potential [45]

2
IMya—pp(Q)> =

, 9
YN lql €))

electron-longitudinal phonon scattering due to the piezoelec-
tric field [45]

3272 li(ehi4)* (39:4yq:)*
\Ma—pz(@)I = — = (10)
€“pcLaV lq]
where hy4 is piezoelectric constant, and electron-transverse
phonon scattering due to the piezoelectric field [45]

3272 i(ehys)>

|Mra—pz(Q)|* = 2

€2pcaV
Gd + GRE+ 4G (3qqyq.)?
= (T}
lql lq|

Finally, spin relaxation rates are dependent on the tran-
sition matrix element |(|e4T|v/;)|> which depends on
the full three-dimensional confinement. In order to divide
the contribution of confinements along the nanowire axis
and the yz plane, we write the transition matrix element
as [(0]e"*|1)|?|T;. |, where |(0]e’*|1)|? is the contribution
along the nanowire direction, while

) 2
Tl = | f / dydz|W(y, 7)€ 4 (12)

represents scattering in a plane perpendicular to the nanowire
axis.

The role of |Ty,|* in the spin relaxation rate depends on
the regime in which spin qubit operates. At low magnetic
fields, when |q|zo < 1 and |q|yy < 1, dipole approximation
€9t ~ 1 +iq-r is valid [22] and |Tyz|2 can be replaced
with (1 + |q|*z} cos? ) ~ 1, implying that one-dimensional
approximation is justified. However, at higher magnetic fields,
dipole approximation is not valid and confinement in the yz
direction can play a significant role. To determine its role in
the spin relaxation rate, we have numerically calculated |TyZ|2
beyond the dipole approximation.

Magnetic field strengths for which the system operates out-
side of the dipole approximation (|q|yyp = 1) can be roughly
estimated; assuming energy separation between qubit states
proportional to gupB, Fermi golden rule determines phonon
wave number |q| = gugB/(hc;), where c o = 3800 m/s
[46] and c1a = 1900 m/s [47], giving us magnetic field
strengths for the electron-phonon scattering in the longitudi-
nal (0.084 T) and transverse (0.042 T) direction above which
we are outside of the dipole approximation.

Before we continue, we provide necessary param-
eters for the calculation of the spin relaxation rate:
ehyy = 1.41 x 10° eV/m [45], e =16.5, D=7 eV [48],
o = 5775 kg/m? [49].

A. Rabi frequency

We start the discussion of obtained results with the analysis
of Rabi frequency dependence on the parameters of interest.

In Fig. 2(a), dependence of 2; (in eEpxo/h units) on
0 — ¢ and magnetic field strength is presented for the QD
confinement potential. Our results confirm the expected 7
periodic behavior with respect to 8 — ¢ [30]. Depending
on the magnetic field strength, results can be divided into
two classes. In the first class qubit states represent Zeeman
sublevels of the orbital ground state; in this regime zero Rabi
frequency can be found for special magnetic field orientations
(0@ — ¢ =0, ), since these qubit states have orthogonal spin
components. In the second class, magnetic field strengths have
led to rearrangement of energy levels, such that qubit states
originate from the ground and the first excited orbital state.
In this situation, an orbital qubit is constructed, with a very
weak dependence of €y on 8 — ¢ (20 # 0 in the orbital
qubit regime for any 6 — ¢). Critical magnetic field value B,
of spin to orbital qubit transition is almost independent on
0 — ¢ and can be easily determined from the eigenspectrum
analysis. Alternatively, for & — ¢ = 0, 7, abrupt switch of €,
from zero to the nonzero value at B, is a fingerprint of the
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FIG. 2. (a) Dependence of Rabi frequency QOQID (in eEpxo/h
units) on 8 — ¢ € (0, 7) and B € (0,3) T for QD gating potential.
(b) In the case of DQD confinement, dependence of B. on the
asymmetry parameter § € (1, 5) and distance between the dots 2d €
(30,120) nm is given. (c) Dependence of the ratio Q(?IQD/Q(?P
on 6 — ¢ € (0.05,0.95)7 and magnetic field strengths B = 0.01 T,
B=0.05T, and B=0.08 T is presented for the symmetric DQD
potential; distance between the dots is equal to 2d = 120 nm. For
the same angle range and magnetic field values QOQID in eEyxo/h units
is presented.

transition. In the case of the QD potential, we extract the
critical magnetic field value B, ~ 2.04 T.

Gating with DQD potential gives a qualitatively similar
dependence of € on B and 6 — ¢. Being interested in
the qualitative comparison of the impacts of QD and DQD
potentials, we first establish a basis for comparison between
them. To this end, we assume the same frequency of the QD
potential and the right dot of the DQD potential, @ = wg, and
vary the asymmetry parameter § and the distance between
the dots 2d. For highly asymmetric DQD confinement and the
large interdot distance, the electron will reside on only one
dot, i.e., this potential is effectively the same as the single
QD potential. The qualitative similarity of the single and
double QD potential is checked through the comparison of
the probability density of the ground and first excited state
(qubit states); similar probability density profiles of the qubit
states directly correspond to the similar Rabi frequency values
of the two systems. Using the numerical comparison of the
probability densities and the Rabi frequency in the case of QD
and DQD potential, it can be concluded that for 2d > 120 nm
and § > 5 there is no effective difference between the results
arising from two potentials. In other words, one should use
8 < 5and 2d < 120 nm to test the genuine effects of the DQD
potential.

Figure 2(b) depicts the dependence of B, in the DQD case
ond € (1,5) and 2d € (30, 120) nm. When compared to the
B, value in the QD case, drastically lower values are found,
especially in the case of symmetric confinement with well

separated left and right QD. As an example, critical magnetic
field value B, ~ 0.085 T for the symmetric DQD confinement
with 2d = 120 nm is roughly 24 times smaller than in the QD
case.

Lower B, for the symmetric DQD confinement is followed
by at most factor 3 increase of £2;(BP?P), when compared to
Q01(BP). This slight increase, followed by lower B, below
which symmetric DQD operates, indicates a steeper rise of
Rabi frequency for symmetric DQD confinements and the
possibility to induce an even bigger difference between QODIQD

and Q(?ID for the optimal magnetic field configuration. To
investigate this possibility, we have performed a numerical
analysis of the Rabi frequency ratio QEIQD / QSID for a wide
range of DQD confinements and different magnetic field
strengths /orientations, such that both systems operate as spin
qubits. Our results confirm that symmetric DQD confinement
maximally enhances this ratio when operating at magnetic
field strengths close to B, for the DQD potential, while the
field orientation should be chosen such that & — ¢ is close
to 0 or 7. In order to illustrate this conclusion, in the left
panel of Fig. 2(c) we present the ratio leQD / Q(?ID for 2d =
120 nm and § = 1 in the DQD case, assuming field orienta-
tions 8 — ¢ € (0.05, 0.95)7 and magnetic field strengths B =
0.01T, B=0.05T, and B = 0.08 T (BP? ~ 0.085 T for this
setup). Since angles 6 — ¢ = 0, w should be excluded from
the analysis because they correspond to zero Rabi frequency,
we have restricted our plotsto a 8 — ¢ re%ion smaller than
[see the right panel of Fig. 2(c) for the 98] values], obtaining
the highest ratio of around 800. It should be noticed that for
angles closer to 0/ even bigger ratios (10*) can be obtained,
but at the cost of lowering the value of Rabi frequency.

B. Spin relaxation

Another important component for determining spin qubit
quality is the spin relaxation rate. Similarly as Rabi fre-
quency, ['g; is dependent on the magnetic field and gating
potential. However, I'g; can be additionally dependent on the
confinement in yz plane. In order to compare the influence
of three-dimensional confinement with the confinement along
the nanowire axis solely, we define one-dimensional approx-
imation of the relaxation rate Fé? by changing the transition
matrix element |(vg|e’dT|yr;)|? with |(0]e*|1)|? in Eq. (8).

It has been known that in lateral GaAs QDs spin relaxation
rates are dominated by piezoelectric field [50,51]. In our case,
we wish to analyze the influence of each relaxation channel;
thus, the overall spin relaxation rate will be divided into three
contributions:

Tt = TG~ + TG + T, (13)

each dependent on a different geometric factor, see
Egs. (9)-(11).

Before presenting the numerical results, conclusions inde-
pendent on the choice of gating potentials are provided. First,
I"'g1 shows oscillatory dependence on the 6 — ¢ angle, being
equal to zero for 6 — ¢ = 0, w and reaching the maximum
for & — ¢ = /2 in the spin qubit regime [21]. Second, for
weak magnetic field strengths (B < 0.1 T), piezoelectric fields
dominate relaxation rates. At the same time, yz confinement
can be ignored.
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FIG. 3. (a) Dependence of the relaxation rates on the magnetic
field strength B € (0.1,2) T for & — ¢ = m /2. Red circles represent
the contribution of deformation potential in the scattering rates, while
inverted pink (blue) triangles show the contribution of piezoelectric
field for the electron-phonon scattering in the transverse (longitu-
dinal) direction. Finally, black squares represent relaxation rates in
the one-dimensional approximation, in which the contribution of
the confinement perpendicular to the nanowire axis is neglected.
(b) Dependence of I'y; on the magnetic field strength B € (0.1, 1.5) T
in the case of QD and DQD confinement potential. Magnetic field
orientation is chosen such that 6 — ¢ = 0.057. In the DQD case,
the distance between the dots is set at 90 nm, while the asymmetry
parameter is varied.

To explore a new type of behavior accessible in InSb spin
qubits, we focus our attention on stronger magnetic fields and
investigate its impact on each relaxation channel and one-
dimensional approximation of the total relaxation rate I'}P.
We start from the QD potential. In Fig. 3(a), dependence of
relaxation rates on B € (0.1, 2) T for the fixed angle 6 — ¢ =
/2 is given [52]. Red circles represent the contribution of
deformation potential, pink inverse (blue) triangles denote the
impact of piezoelectric field in the electron-phonon scattering
along the transverse (longitudinal) direction. Graphs show
that relaxation rate I‘&A—PZ can safely be ignored, while
I§AP and T'J* " have nontrivial influence on I'g;. For
weak magnetic fields Fg{\’PZ term is dominant, while for
large magnetic fields F(%IA_DP should be considered solely
[39]. A different influence of T'gi "% and I'§{PF lies in
the opposite behavior of the corresponding geometric factors:
|Mra—pz(Q)I* [IMLA-Dp(q)I*] is inversely (directly) propor-
tional to the energy splitting between the Zeeman levels and
decreases (increases) with the magnetic field rise.

Contribution of the yz plane confinement on the spin relax-
ation rate can be determined by comparing the I'}P with relax-
ation rate channels. The comparison is illustrated in Fig. 3(a),
clearly demonstrating that one-dimensional approximation of
the spin relaxation rate is valid only for weak magnetic fields,
below 0.1 T. At higher fields, due to the strong g factor
of the InSb material, both |q|yy and |q|zp are greater than
one, triggering the effects of the yz plane confinement for
each relaxation rate channel. Thus, suppressed spin relaxation
represents a fingerprint of a material with a strong g factor.

In the case of DQD potentials, dependence of B, on the
form of gating presents a serious limitation on the regimes that
can be accessed. For example, if the B, value is sufficiently
weak, B, < 0.1T, the spin qubit operates under the dominant
influence of the piezoelectric field. A strong magnetic field
regime is beneficial for spin qubit operation due to strong Rabi
frequency and suppressed spin relaxation. In order to operate
in this regime, asymmetric DQD potential should be used. To
compare the influence of QD and DQD potential on Iy, in
Fig. 3(b), we plot the dependence of the spin relaxation rate in
the case of QD and DQD confinement on the magnetic field
strength B € (0.1, 1.5) T, assuming 6 — ¢ = 7 /2 and 2d =
90 nm. Besides the symmetric § = 1 confinement, asymmetric
DQD confinements (§ = 2,3) were analyzed as well. The
presented results show that DQD gating leads to increased
relaxation rates, when compared to the QD potential. This dif-
ference is minimized for highly asymmetric gating potentials.
Note that B independent I'y; values suggest that orbital qubit
is created: energy difference between the states with the same
spin component (representing the orbital qubit states in our
case) is independent on B and triggers phonons on the same
energy, leading to the observed effect. Consequently, these
points should be excluded from the spin qubit analysis.

Finally, we emphasize that in the special case of the asym-
metric DQD potential with § = 1.5 a similar trend of the spin
relaxation rate is ascertained [21], i.e., after the increase of the
spin relaxation rate in the dominant regime of the piezoelectric
field, suppression of spin relaxation is observed, followed by
the increase up to magnetic field independent saturation value
[see the green triangles in Fig. 3(b) as a comparison].

C. Spin qubit quality

Quantitative estimate of the spin qubit quality can be given
with the help of the figure of merit & [22],

Qo
I‘01 +F0’

measuring the number of qubit operations that can be imple-
mented during the qubit lifetime. In Eq. (14) T', represents
relaxation rate of decay channels different from phonons. To
divide the contribution of phonons from them, we rewrite £ in
terms of the phonon figure of merit &, = €291/I'o; and relative
influence of other channels with respect to phonons I'y/T¢;.
Thus,

3 (14)

Eph

= —_—— 15
=i (15)

We first analyze &, for the QD confinement. Neglect-
ing the weak magnetic field regime [53], in Fig. 4 we
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FIG. 4. For the QD confining potential, dependence of the fig-
ure of merit EI%D (given in dimensionless unit 7.25 § x Eo) and
Rabi frequency (in eEpxo/h units) on the relative angle 0 — ¢ €
(0.05, 0.95)r and magnetic field strength B € (0.1, 2) T is presented.

present the dependence of §§1D onBe€(0.1,2)Tand 8 — ¢ €
(0.05, 0.95)rr. The restricted & — ¢ domain plotted is due to

the a priori exclusion of 6§ — ¢ = 0, r values (F(%D =0 in

these situations). Plots show that to maximal value of & QhD
correspond relative angles 8 — ¢ = 0.057, 0.95. This result
suggests that for & — ¢ closer to 0 or 7w than presented even
bigger £op values can be obtained, at the cost of lowering the

Rabi frequency. In other words, Fng has a steeper decline to

zero than Q(?ID , when 6 — ¢ goes from /2 to 0 or 7.

Magnetic field orientation isotropy of I', [51] implies that
shift from 6 — ¢ = 7 /2 increases I',/ F(?ID also. Thus, in order
to maximize &, optimization of both ESP and FO/F(?ID is
needed. Since at high magnetic fields phonon induced relax-
ation dominates [51], deviation of 8 — ¢ from 7 /2 improves
the spin qubit quality until ',/ I‘(?ID drops below 1. This sets
up the optimal magnetic field orientation.

Finally, we compare the impacts of DQD and QD poten-
tials on the spin qubit quality. As discussed in Sec. III A,
Rabi frequency in the DQD case can be three orders of
magnitude greater than in the QD case. Enhanced Rabi fre-
quency suggests that SOC effects are more pronounced; thus,
phonon induced spin relaxation rate should be enhanced.
When compared to the QD case, an increase of F(])DIQD followed

by the negative trend of SngD ensures that spin qubit quality
decreases; symmetric DQD confinements give the poorest
results, while highly asymmetric DQD potentials provide
similar values as for QD gating.

IV. CONCLUSIONS

We have investigated the influence of gating potentials,
magnetic field strength and orientation on Rabi frequency
and spin relaxation rate in a single electron InSb nanowire
spin qubit. Due to the strong Landé g factor, we were able
to show that InSb spin qubit can operate in the regime in
which deformation potential of acoustic phonons dominate
relaxation rate. Qualitatively new behavior of spin relax-
ation rate comes from the confinement perpendicular to the
nanowire axis, offering a new regime in which spin qubit
can successfully operate. We have shown that gating potential
has a crucial role in enabling such a situation, additionally
pointing out simple harmonic potential as beneficial for the
optimal definition of a spin qubit. Although presented for InSb

nanowire spin qubits, conclusions remain valid for spin qubits
in other materials with a strong g factor. Thus, modifications
of g due to different effects, e.g., strong in-plane magnetic
field [54], do not interfere with the conclusions stated in this
work.
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APPENDIX A: DERIVATION OF THE EFFECTIVE
ONE-DIMENSIONAL HAMILTONIAN

Here we derive the effective one-dimensional Hamiltonian
H of the electron in an InSb quantum wire, by averag-
ing the three-dimensional kinetic energy term 73p and two-
dimensional spin-orbit Hamiltonian H2P over y and z direc-
tion. Thus, we start from the three-dimensional Hamiltonian

Hip = Typ + V(x) + HyY + Hy, (A1)
where Tsp = 3, P?/2m* (P; = p; + €Ay),
HszoD = O‘R(ngy - Pyax) + ap(Poyx — PyUy)7 (A2)

while V(x) and H, are the gating potential and the Zeeman
term, defined in Eq. (4) and Eqs. (5) and (6), respectively. The
choice of the vector potential components A, = —Bzsin6,
A, =0,A, = —Bycos# is such that it corresponds to the ap-
plied in-plane magnetic field B = B(cos 6, sin 6, 0). After av-
eraging the kinetic energy operator over the y and z direction
using the ground state wave function W(y, z) = ¥ (y)¥ (z), we
get

{(p; — eBycos§)?)

> . 2
P> eB(z)sinf (py)
T) = -
{T) 2m* m* Pxt 2m* 2m*
2B2 sin? 9 (72
2m*

In the previous equation, only the first and second term affect
the dynamics in the x direction, while all terms in the square
brackets can be considered the constant shift of energy and,
therefore, can be neglected.

Next, effective one-dimensional spin-orbit interaction
Hamiltonian is equal to

(Hyo) = ar((px — eB{(z) Sine)gy - (p}*>6x)
+ap((px — eB(z) sin6)o, — (py)oy)

= (px — eB(z) sin0)(agoy + apoy), (A4)

where we have used the fact that expectation value of the
momentum py, (py) = [0 W*(y, 2)pyW(y, 2), is explicitly
equal to zero.

A further simplification of the effective Hamiltonian can be
made by neglecting the term eB(z) sin 0 p,/m* from Eq. (A3)
and eB(z) sin 6 from Eq. (A4). Assuming that intensity of p,
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is proportional to 7i/x(, magnetic field dependent terms can be
neglected if the relation

h
— > eB(7)
Xo

(A5)

is satisfied. More concretely, when the 7/xy is for a factor of
10 stronger than the magnetic field dependent term, orbital
effects of the magnetic field are small and can be discarded.
In our calculations, the magnetic field strengths of interest are
up to 3 T, yielding the relation for the z expectation value

h

) <0l ————
@ < exo x 3T

(A6)

that has to be satisfied to successfully operate in this regime.
As discussed in Sec. II, the wave function ¥ (z) is dependent
on the strength of the applied electric field E: with the
increase of the electric field strength (z) increases. In other
words, the strength of the electric field is limited from above.
Numerical estimate for the critical value of electric field is
6.5 x 10% V/m, going to be used in our numerical calcula-
tions. Under these assumptions, the effective one-dimensional
Hamiltonian resembles the one defined in Eq. (1), used in the
rest of the paper.

APPENDIX B: NUMERICAL SOLUTION OF THE
ONE-DIMENSIONAL SCHRODINGER EQUATION

In order to find eigenvectors and eigenenergies of the
Hamiltonian H, given in Eq. (1), numerical diagonalization
is performed. After defining orbital and spin-orbit lengths as
xo and x5, = hi/ma, respectively, such that x = xou, where u
is dimensionless variable, H can be written in the following
form:

h2
———H,eq. B1
G d (B1)

H =
Eigenvectors of H are the same as of H,.q, while eigenvalues
of H and Hyq differ for the factor #%/ 2m*x3, having the energy
units. The benefits of using H,¢q instead of H stems from the
transfer into dimensionless units, more suitable for numerical
manipulation. The concrete form of H,eq is equal to

d2 . X0 d
—2i—a-. o + Verr(u) + gesgn - 0, (B2)

B = =2 ™

where gt and Vg (u) are effective Landé factor and effective
potential, respectively,

*..2
2m*xg

m*xzuBB
— 2, Ver(w) = )

72
while vectors a and n are spin-orbit and magnetic field unit
vectors, respectively, defined in the main text. The form of
effective potential depends on the choice of gating potential
(5) and (6), while effective Landé factor is linearly dependent
on the magnetic field strength B.

To numerically solve the eigenproblem of H.q4, orbital
space is discretized with an uniform grid. First and second
derivative of a wave function are approximated by finite
difference uniform grid formulas [55]

dyw) Y4 43 Yo

du  280h 105h ' 5Sh Sh

Zett = & V (xou), (B3)

Vs s Y 4 g
. _ 2 ML og®), B4
280h+ 105h  5h + 5h + O (B
>y ) Y N 8y 3 Yo 8y 205y
du> ~  560h2  315h2 5h? 5h? T2h2
8 8
Vi BB Lot @)

© 560K2 ' 315K SK2 ' 5K?

with accuracy to the 4® order, where / is the uniform grid step.
By definition, 1, = ¥ (u & nh) represent wave functions
shifted in the left/right (—/+) direction of the coordinate
space for nh.

Uniform grid formulas allow us to represent the Hamilto-
nian as a square matrix. Effective potential is represented as
a diagonal matrix, while matrix representation of the first and
second order derivative have nondiagonal terms in addition.
Since Hq4 is dependent on spin degrees of freedom also,
the orbital part of the Hamiltonian is trivially extended in
the spin space. Also, the Zeeman Hamiltonian is trivially
extended in the orbital space, while the matrix form of the
spin-orbit Hamiltonian is obtained as a tensor product of the
first derivative matrix and spin Hamiltonian a - 0.

In the QD case, harmonic potential is centered at u = 0,
while in the case of DQD potential numerical calculations
assumed each QD center range from u = £1/2 to u = £2.
We have checked that for all studied situations the choice of u
from the interval (—8, 8) is enough to capture the smooth de-
cline of the orbital wave function to O at u = %8. Also, the di-
vision of the orbital space into N = 2000 parts was enough to
ensure convergence of the results, i.e., for the increase of N to
4000 the relative difference between the results is below 1074,
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We study the influence of quantum dot symmetry on the Rabi frequency and phonon-induced spin relaxation
rate in a single-electron GaAs spin qubit. We find that anisotropic dependence on the magnetic field direction
is independent of the choice of the gating potential. Also, we discover that relative orientation of the quantum
dot, with respect to the crystallographic frame, is relevant in systems with Cyy, C,,, or C, (n # 4r) symmetry.
To demonstrate the important impact of the gating potential shape on the spin qubit lifetime, we compare the
effects of an infinite-wall equilateral triangle, square, and rectangular confinement with the known results for the

harmonic potential. In the studied cases, enhanced spin qubit lifetime is revealed, reaching almost six orders of

magnitude increase for the equilateral triangle gating.

DOI: 10.1103/PhysRevB.101.165302

I. INTRODUCTION

Every quantum two-level system can act as the quantum
bit, a basic unit of quantum information processing [1,2].
Among different solid-state implementations of the qubit sys-
tem [3-6], single-electron spin in a semiconductor quantum
dot (QD) can be used to achieve the task. In order to manipu-
late spins of charge carriers embedded inside a semiconductor
material electrically, through electric dipole spin resonance
(EDSR) [7], the presence of spin-orbit interaction (SOI) is
obligatory.

Besides its positive effect in EDSR-based schemes [8—16],
SOI enables the electron-phonon coupling-mediated transi-
tions between the qubit states [17-20], affecting the spin
qubit lifetime. To suppress the coupling to phonons, different
approaches like the optimization of the QD design [21,22] or
control of the system size [23] were suggested. The observed
anisotropy of the spin relaxation rate on the in-plane magnetic
field orientation [24] offered another playground for fine-
tuning the spin qubit’s desired properties. In circular QDs, this
is the only degree of freedom accessible in the optimization
of the spin qubit, while for the elliptical confining potential
[22,25-27] orientation of the QD potential with respect to the
crystallographic frame can be used as the tuning parameter.

Evidently, different symmetry of the gating potential [28] is
the main reason for the observed behavior. But to what extent
can the potential symmetry alter the basic properties of the
electrically controlled spin qubit? To address this question,
we have performed a general analysis valid for the lateral
GaAs QD system with C,, or C, symmetry of the gating
potential. Besides the expected anisotropy on the magnetic
field orientation, we were able to find potential symmetries for
which the QD orientation with respect to the crystallographic
frame can act as another control parameter of the spin qubit
characteristics. With our theory, we offer a simple and effi-
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cient way to determine the impact of the gating potential on
the Rabi frequency and spin relaxation rate. This is shown in
the example of anisotropic and isotropic harmonic potential,
as well as for the infinite-wall equilateral triangle, square, and
rectangular potential.

This paper is organized as follows. In Sec. II we define a
single-electron GaAs spin qubit model. In Sec. III we define
the dipole moment of the electrically controlled spin qubit
that describes both the Rabi frequency and SOI-induced spin
relaxation rate mediated by acoustic phonons. In Sec. IV we
present the main results of the paper: analytical expressions
for the dipole moment in the case of the gating potential with
C,y or C, symmetry. In Sec. V, to illustrate the impact of
the gating potential on the spin qubit lifetime we use the
obtained expressions to compare the influence of the harmonic
confinement with an infinite-wall equilateral triangle, square,
and rectangular potential. In Sec. VI we give our conclusions.

II. DYNAMICS OF THE LATERAL QD

We start with the Hamiltonian describing the lateral dy-
namics of a single-electron in the GaAs material,

rtp

H =Hy+H, + Hy = W +V(x’y)+Hz+Hso» (D
where p, and p, are the momentum operators, m* is the
effective mass (m* = 0.067m, for GaAs, m, is the electron
mass), while V (x, y) is the gating potential used to localize
the electron in a QD. In the lateral system, symmetries that
can be present are the n-fold rotational symmetry and the
vertical mirror plane symmetry o. For simplicity, we assume
that oy, coincides with the yz plane of the QD coordinate frame
(see Fig. 1). Thus, we assume a general form of the orbital
Hamiltonian Hj that has a C,, or C, (n = oo also) symmetry.

©2020 American Physical Society
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FIG. 1. A schematic view of the GaAs lateral QD. The y axis
of the QD reference frame coincides with the vertical mirror plane
symmetry o,. We define the angle between the chosen x axis and the
crystallographic [100] axis as ¢. The magnetic field is aligned along
the n direction, forming an angle « with the [100] direction.

Due to the symmetry, eigenenergies and eigenvectors of H
can be classified according to the irreducible representations
(IRs) of a given point-group symmetry.

Besides Hy, in Eq. (1) the Zeeman term H, appears, de-
scribing the coupling of spin and magnetic field:

H, = guupB -s, @

where g is the effective Landé factor (g &~ —0.44 for GaAs),
up is the Bohr magneton, s = 1/2a is the electron’s spin,
and B = Bn is the in-plane magnetic field forming an angle
o with the crystallographic [100] axis. In Eq. (1) we have
neglected the orbital effects of the in-plane magnetic field.
This is a reasonable assumption for the magnetic field strength
weaker than a few teslas [29]. In the case of the magnetic field
applied in the z direction, orbital effects would be much more
pronounced [29].

Eigenstates of Hy + H, can be written in a direct prod-
uct form |V;x) = |¥;) ® |£), where |V;) corresponds to
the eigenvectors of the Hamiltonian Hy with an energy ¢;,
while |£) represents eigenvectors of H, with spin projection
parallel or antiparallel to the magnetic field direction and
an eigenenergy +gupB/2, respectively. The effect of H, on
the eigenspectra of Hy can be seen as the splitting of Hj
eigenenergies into two branches with an energy difference
|glpupB. In this work, we assume that |g|upB is much weaker
than the energy difference between the ground and the first
excited state of the orbital Hamiltonian H,.

Besides Hy (H,) that acts trivially in the spin (orbital)
space, the SOI Hamiltonian does not commute with Hy + H,.
It consists of two terms, Dresselhaus [30] and Rashba [31]: the
Dresselhaus term exists due to the bulk inversion asymmetry
of the structure, while the Rashba term is present when an
electric field perpendicular to the growth direction is applied.
The form of spin-orbit coupling is dependent on the structure’s
symmetry. For GaAs, having the zincblende structure, the SOI
Hamiltonian is equal to

Hy, = 204 (p;‘sy — pse) + 20 (plsy — Pgsx), 3

where o, and oy are Rashba and Dresselhaus coupling con-
stants, while p¢ and p§ are momentum operators in the [100]
and [010] crystallographic directions, respectively. The elec-
tron spin is locked to the crystal momentum, since the po-
tential trap confines electron of the crystal. Thus, an electron
in a QD inherits the features of the crystal for which the
crystal momentum is only appropriately defined. However,
we have the choice to define the x axis of our coordinate
frame independently on the crystallographic [100] direction.
Assuming that the angle between them is ¢, p§ and p§ should
be written in terms of momentum operators in the chosen
frame: p$ = p,cos¢ — pysing, p; = p,sing + p, cos ¢.

The spin-orbit Hamiltonian can be written in a different
form using the Rashba [, = R? /2ma, and Dresselhaus [y =
1?/2mag precession lengths:

He — h(P;Sy — PiSx n Pisy — P;sx>
so = .

4
m*ly m*l, @
To compare the ratio of the spin-orbit precession length and
the orbital confinement length /, we redefine /. and /4 in terms
of the overall spin-orbit length [, and the spin-orbit angle v:

17" =15 sinv, 7' =1"cosv. §))

Since we assume no doping of the GaAs material [32], /i, can
be considered constant. Moreover, the relation Iy, > 1 [29,33]
is satisfied in GaAs QDs, meaning that SOI can be treated as
a perturbation.

Without SOI, qubit states can be defined as |Wy+) =
[Wy) ® |£), where |Wy) corresponds to the ground state of
the spin-independent Hamiltonian Hjy. Because SOI can be
treated on the level of a perturbation, we calculate first-order
corrections of the qubit states due to spin-orbit coupling. Since
it is known that the standard perturbation technique badly
incorporates the spin-orbit-induced corrections [34,35], we
follow the procedure explained in Ref. [22]: the Hamiltonian
H is transformed using the unitary operator U = exp(ing, - §),
defined with the help of the position-dependent spin-orbit
vector ng, = ls;l(rl Sin v + r, COs v, —F| COSV — 1 sin v, 0):

UHU' = Hy + H, + H°T. (6)

The unitary operator U does not change the orbital and
Zeeman Hamiltonian. On the other hand, the SOI Hamiltonian
H,, is transformed into

h2
HE' = g x B) -5 — (1 4 2Lisccos 2v), - (7)
SO
where [, = —i(r19,, — r29,,) is the orbital angular momen-

tum. Using HE™, the first-order correction of the qubit states

can be written as

SlWooy =U Y

i#0,0"

Wio"|Hg' [Woo)

Wio 1o 1909 _1y6my,  (8)
€ — € + “=5—gupB

where the sum over i # 0 corresponds to all orbital eigenvec-
tors |W;) different from the ground state |Wy), while 0” = +.

The lateral QD model is valid if the electron dynamics in
the z direction is suppressed; i.e., an electron is always in
the ground state. Thus, we assume that confinement length
in the z direction is much stronger than in the xy plane. The
Hamiltonian describing the quantum confinement in the z
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direction is equal to H(z) = p§/2m* + V(z), where V(z) =
eEyz for z > 0 and V(z) = oo for z < 0. To this Hamiltonian
corresponds the following ground state (for z > 0) [36]:

Wo(z) = 1.4261/xAi(xz — 2.3381), C))

where Ai is the Airy function, while y = (2m*eE) /hz)l/ 3 s
the inverse of the characteristic length zo = 1.5587/x in the z
direction.

In order to simplify the notation, in the rest of the paper
we assume that |1) and || ) represent SOI corrected qubit
states in the xy plane, while |¥y) = [1)Wo(z) and |V ) =
[4)Wo(z) correspond to wavefunctions of the qubit states in
three dimensions.

III. RABI FREQUENCY AND PHONON-INDUCED SPIN
RELAXATION RATE

Electrical control of the spin qubit is possible by applying
the in-plane oscillating electric field E cos wt, resulting in the
Rabi Hamiltonian Hr = ¢E - r cos(wt). The Rabi frequency,
measuring the speed of the single-qubit rotations, is equal to
Q =e/RE- (1|r||)|, where

dy, = (PIrl)) (10)

is the dipole moment (in e units), present due to the SOI-
induced spin mixing mechanism. Misalignment of the ap-
plied field direction and the dipole moment leads to a trivial
suppression of the Rabi frequency. Since it is beneficial to
increase the Rabi frequency as much as possible, the electric
field should be applied in the direction of the dipole moment.
Thus, for fixed |E|, the maximal value max(2) = 4, of the
Rabi frequency

e
Qq, = ZIE|ldy,| (11)

is completely dependent on the strength of the dipole moment.

Since spin-phonon interaction in semiconductor QDs is ir-
relevant [17], unlike donor-bound electrons in direct band-gap
semiconductors [37], only electron-phonon-induced transition
between the qubit states should be considered in the study of
spin relaxation. Electron-phonon coupling is triggered by the
SOI-induced admixture mechanism, being highly dependent
on the symmetry of the gating potential [37]. We determine
the rate of spin relaxation at 7 = 0 from the Fermi golden
rule,

2 .
Ty, = 7” D IML (@ [(W4 (€97 W) P (er ) — Fevyg),
vq
(12)

assuming the dominant contribution of acoustic phonons,
having an energy /iw,q, equal to the level separation between
the qubit states, €4 = |g|upB. For magnetic field strengths up
to a few teslas, relevant for this work, the linear dependence
of phonon frequencies on the crystal wave vector length can
be used, w,q = ¢,1q|, giving us |q| = |glupB/kc, [38].

The geometric factor |M, (q)|? is dependent on the phonon
mode, longitudinal acoustic (LA) or transverse acoustic (TA).
The longitudinal geometric factor [39]

hD? 3272R(eh1s)? (3¢:4yq.)*

IMia(Q)) = lq] +
2pciAV €2pcLaV lq|”

13)

depends on both D and h4, representing the deformation and
piezoelectric constant, respectively. On the other hand, the
transverse geometric factor [39]

32ﬂ2h(€h14)2

M 2=2
|Mta(q)| Sy

Gd + RE + G (4:4,42)°

X — (14)

lal® lal”
is dependent on the piezoelectric constant solely. Other pa-
rameters for the GaAs material are [22,34] cpa = 5290 m/s,
cta = 2480 m/s, p = 5300 kg/m3, D="7¢eV, eh4s=14x
10° eV/m, and € = 12.9.

Finally, in Eq. (12) both the lateral and the z-direction
confinement enter the relaxation rate through the scattering
matrix element |(\IJT|eiq'r“|\IJ ¢)|2. We employ the dipole ap-
proximation el & 1 +iq - r., justified for magnetic field
strengths below a few teslas.

To summarize, the phonon-induced relaxation rate can be
divided into three separate channels: the deformation phonons
S\, the longitudinal piezoelectric phonons FPT’TZ’LA, and

the transverse piezoelectric phonons F?TZ’TA. In GaAs QDs,

F‘T’ifZ’TA is the dominant relaxation channel, being two orders

of magnitude stronger than F‘T’ifz’LA + 'Y in the dipole ap-
proximation regime. Thus, we can identify the total relaxation

rate with ngfZ’TA [40]:

2567 (eh14)? B)} 7
r,, = 2567(ehis) gluab) <1+

—K3 z2>d 2, (5
105¢3, phi*e? 33k |l (1)

where Kta = |g|upB/hcta. We assume a typical confinement
length / = 10 nm [29,33] of the GaAs QD in an experimental
setup and magnetic field up to a few teslas (see Sec. II). Since
confinement in the z direction is much stronger than in the xy
plane, zp < I, we conclude that 7K%Az(2) /33 is much weaker
than 1. In other words, the influence of the confinement in the
z direction can be neglected.

Note that Iy is squarely dependent on the absolute value
of the dipole moment, meaning that the knowledge of the
dipole moment is sufficient to fully explain the behavior of
both the Rabi frequency and the spin relaxation rate.

IV. ANALYTICAL EXPRESSION FOR
THE DIPOLE MOMENT

Based on the previous conclusion, we come to the main ob-
jective: to derive symmetry-allowed expression for the dipole
moment. The results can be divided into three cases, according
to the system’s group symmetry: (1) C,y (n = 3) and Coy, (2)
C,, and Cyy, and (3) C,, and C..

A. Dipole moment for systems with C,, (n > 3)
or C,,, symmetry

To find the SOIl-induced perturbative correction of the
qubit states, we first rewrite the unitarily transformed SOI
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C,./C., Cyy

——|B,

‘Ea'_ |E")_> IA“_>_ ‘g“J«B / Bi+
B [B+>

=h IESE) S s A Nelus 1

X,y X,y y

[A—> |A—>

lglisB ‘ ’

|Ay+> |Agt>

FIG. 2. A schematic view of the first-order perturbation correc-
tion of the qubit states |Apx) in the case of C,, (Cyy) (left) and
C,y (right) symmetry. In the first case, states that correct the qubit
states have twofold orbital degeneracy and transform according to
the IR E;. These states are split by the Zeeman energy |g|upB. The
transition between the SOI uncorrected qubit states and the |E] ,)
states is enabled by the x and y terms from HST. In the second
case, orbital states involved in the qubit states correction transform
according to IRs A; and By; the transition is triggered by the terms y
and x from HET, respectively.

so ?

Hamiltonian in the coordinate frame of the potential,

HEY = gupBs,(x(sin (v + @) sina + cos (v — @) cos &)
+y(cos (v + @) sina + sin (v — @) cosa)), (16)

and neglect the second term in Eq. (7), assuming magnetic
field strengths > uT needed to appropriately define the qubit
states. For simplicity, we define two factors,

v, = sin(v + @) sina + cos(v — ¢) cos &, (17
vy = cos (v + ¢)sina + sin (v — @) cos a, (18)

with whose help HE can be written in a more compact form.

The Hamiltonian HET is in the orbital space dependent on
the coordinates x and y that transform according to the IR E;.
Their symmetry behavior restricts the states that can appear in
the perturbative correction of the qubit states. It is simple to
check that only states transforming according to the IR E; are
allowed. This is illustrated in the left-hand panel of Fig. 2.

We label the ground state of the orbital Hamiltonian as
|Ap), since the ground state in quantum mechanical systems
is of the maximal possible symmetry [41] and it should trans-
form according to the Ag IR, representing the objects invariant
under all group symmetry operations (see Table I). We write
two complex conjugate basis vectors of the two-dimensional
IR E; as |EZ;) and |E£), where i labels the energy level. Also,
we define the energy difference between the excited level and
the ground state as €' = €., — €.

Due to the negative g factor, the lowest qubit state |[Ap+) =
|Ag) ® |+) is parallel to the magnetic field direction, while
|Ag—) = |Ap) ® |—) is the qubit state with spin projection
antiparallel to the magnetic field direction. The first-order
perturbative correction to the qubit states is written as |§Ao+).
Thus, we can write the SOI corrected qubit states as [1]) =
|AgE) + |8A¢=), where the normalization factor is omitted as
the correction is small. Correspondingly, the dipole moment

TABLE I. For C,, and C, symmetry groups, tables of matrices
of the corresponding IRs are given [42], tabulated on the generators
C, (Rp) and o, where C, (Rg) represents a rotation for the angle
27 /n (B) around the z axis. In the C,, case, two-dimensional IRs
exist if n > 3. In both cases, two-dimensional IRs are written in a
complex conjugate basis.

Cu IR m Cu o
Ao/Bo 0 1 *1
. elam 0 0 1
Em (0, E) ( 0 e—i%nz) (1 O)
Ay /By z -1 +1
C.. IR m Ry Ov
Ao/Bo 0 1 *1
iBm 0 0 1
E, 1,2,... ( 0 e—iﬁm) (1 ())

is equal to
d= ) (tIr-ejli)e; = Y (Ao+Ir-e;l840—)e;
Jj=x,y Jj=x,y
+ (8Ao+Ir - €;|A0—)e;). (19)

Since [, >> [, we approximate the unitary operator U with
I, where I, is the identity 2 x 2 matrix. After noticing that
(£ls.|F) = —1/2, (£]s;|£) =0, we find the SOI-induced
corrections of the qubit states

18A0%) = |8lpsB ) (<Ea|x”x + yvylAo) |EiF)

2l €' £ |glusB

(E}|xv, + yvy|A0)| ; >>. )

€' & |glupB
Additionally, transition dipole matrix elements are labeled as
X = (Eglxlo), Y = (Ey|ylAo). @21

Since the Zeeman splitting is much smaller than the or-
bital excitation energies, |g|upB < €', the approximation €' £
|glupB = €' can be made. Thus, Eq. (20) is transformed into

|glupB Z (X v+ Yy, ‘Ez )

|8AgE) =
2l €l

Xi*x Yi* ! )
s

- (22)
El

where (X?)* and (Y?)* are the complex conjugates of X and
Y, respectively. Components of the dipole moment can now
be written in a more compact form:

d = 2|glusB 3 X Pv, +Re(Xi(Yi)*)vy7

Lso - €'

2|glusB Z Y7 vy + Re(X'(Y')*)u,
Ei

dy = .3

lSO

where Re(X/(Y')*) stands for the real part of X’(Y)*. Poten-
tial dependent parameters that enter Eq. (23) are the transition
dipole matrix elements and the excitation energies. Besides
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them, dipole moment components are dependent on the spin-
orbit angle v, magnetic field angle «, and the angle ¢ between
the [100] crystallographic direction and the x axis.

A further simplification of Eq. (23) stems from the ex-
istence of the vertical mirror symmetry oy, requiring that
Re(X(Y")*) must be zero. This can be proven in a few
simple steps. First, we deduce from the matrix of an IR Ej,
representing the vertical mirror plane, that o, transforms one
IR vector into the other, E|(0y)|E] ,) = |E} ). Furthermore,
y remains unchanged, while x acquires a minus sign, leading
to the following behavior of the transition matrix elements X'
and Y’ under vertical mirror plane symmetry:

Xt —xhy, vi S () (24)

From the previous relations, we conclude that the term
Re(X!(Y')*) transforms into —Re(X'(Y'?)*), meaning that this
object does not obey the symmetry of a system and must
vanish.

Additionally, rotational symmetry of a system imposes
that matrix elements |X‘|> and |Y'|?> are equal. This can be
concluded from the action of the rotation C, for an angle 8, =
27 /n around the z axis, being the element of the group sym-
metry. An element C, leaves the vector |Ag) unchanged and
adds a phase exp(iB,) to the vector |E‘§). Also, it transforms x
and y to x cos 8, + ysin B8, and —x sin 8, + y cos B,. Thus, X'
and Y’ are transformed into exp(—iB,)(X' cos 8, + Y'sin B,)
and exp(—iB,)(—X'sin B, + Y’ cos B,), respectively. Corre-
spondingly,

X'P S X cos® B, + Y sin? B,

Y2 S X sin B, + Y Pcos® B (25)
where we have neglected the Re(X/(Y?)*) term, which was
previously proven to equal to zero. Since |X’|? and |Y|> must
remain unchanged under the group symmetry operations, we
conclude that the relation |X/|> = |Y|?> must hold. Thus, we

have obtained a general relation for the dipole moment in the
case of the potential symmetry C,, (n > 3):

2 B Xi?
e = 2 <Z|6| >(Uxex+v‘,ey) 6)

lSO

In these situations, the absolute value of the dipole moment
|d$i" |> ~ (1 + sin 2« sin 2v) is independent of the orientation
of the potential with respect to the crystallographic frame.

Analogous analysis can be conducted in the C., case.
Since the matrix form of the IRs Ay and E; (see Table I) for
this symmetry group is the same as for C,y, the procedure
is exactly the same if the change B, — B in the previous
discussion is made.

As an example, we implement the derived formula (26) in
the case of the isotropic two-dimensional harmonic confine-
ment V" (x, y) = 1/2m*w? (x> 4+ y?) with C oy symmetry, as-
suming only one excited level in the perturbative correction
of the qubit states. With the help of the states vy and vy,
corresponding to the ground and the first excited states of
the one-dimensional harmonic oscillator, we can define the
ground state |Ap) and two complex conjugate eigenstates |E,)
and |Ep) of the degenerate level: |Ag) = Yo(x)¥o(y), |E,) =
(Yo)Y1 () + Y1 () Yo(1))/v/2, and |Ep) = (Yo(x)yi (y) —

1 ()Y (y))/ V2. In this case, the squared norm of the tran-
sition matrix element is equal to |X|> = /i/4m*w. Using the
energy difference of the ground and the first excited energy
level € = iw and the confinement length | = /h/m*w, an
expression for the dipole moment is obtained [22]:

|glppBm*1*

dlhO _
20 h?

o — (ve€y + vyey). 27

B. Dipole moment for systems with C,, or C;, symmetry

As the next step, we discuss potentials with C,, symmetry.
In this case, coordinates x and y transform according to the
IRs By and Ay, respectively. Their symmetry behavior imposes
the following: x (y) couples the ground state |Ag) with states
transforming according to the IR B; (A;) (see the right-hand
panel of Fig. 2). Thus, the SOl-induced corrections of the
qubit states are

1840%) =

|g|sB (B |va|Ao ;
2l Z( 63, 1BiF)

+<A |yvy|A0 |Al >) (28)

6A1

where €} (€} ) is the energy difference between the energy
level transforming according to the IR B; (A;) and the ground-
state energy. We define the transition matrix elements as

X' = (B} |xl4p). Y = (A}[ylAo). (29)

and obtain the formula for the dipole moment,

lglusB X7 lYi?
d& = E — V.6, + —u,e, |. 30
N €l yEy ( )

1
Lo B, A

In this case, anisotropy of the dipole moment appears since it
is not forbidden that ), |X'|?/ej, differs from ), [Y'|?/€} .

The anisotropy of the dipole moment can be illuminated
using the example of the anisotropic two dimensional har-
monic potential V¥ (x, y) = 1/2m*(wjx* 4+ w;y*), with dif-
ferent confinement lengths [, = 4/fi/m*w, and [, = \/h/m*w,
along the x and y directions. We set [ = lx and [, = ki,
where k < 1 is the measure of anisotropy. We assume two
excited orbital states in the perturbative correction: one of
type A; and one of type B;. In this case we define the
ground state |Ag) = Yo (x)Yo(y) and two excited orbital states
|A1) = Yo() Y1 (y) and |By) = Y1 (x)¥o(y), where /1 (x/y)
represents the ground or first excited state (subscript O or
1, respectively) of the one-dimensional harmonic oscillator
problem in the x or y direction. The obtained result

|glppBm*1*

20 H2

is again consistent with Ref. [22].

In the case of the C;, symmetry, using a similar analysis as
in the previous case, we obtain the expression for the dipole
moment,

&y = (vee, +k'vse,) (31)

dCh —

_ lglnsB X2 Y
T leo

vl +
€B, €40

vyey) , (32)
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where X' = (Bi|x|Ao), Y' = (A}|y|A¢), and Efi\o/Bo is the en-
ergy difference between the nondegenerate energy level trans-
forming according to the IR Ag/By and the ground-state
energy.

C. Dipole moment for systems with C, or C,, symmetry

In the case of C,, symmetry, all IRs A,, (m € (—n/2,n/2])
are one dimensional and represent an element of symmetry
CS(s=0,1,...,n—1) as ?"/" Besides the geometric
symmetry, the time-reversal symmetry ® should be included
also [43]. Time-reversal ® changes the sign of the quantum
number m labeling the IR vector |A,,), since it acts as a
complex conjugation in the orbital space:

OlAn) = |A_m). (33)

The eigenproblem of the Hamiltonian H|A,,) = €,|An),
when combined with the commutation relation [®, Hy] = 0,
gives us

HIA_p) = €m|A_n), (34)

stating that, for n > 3, vectors |A,,) and |A_,,) are eigen-
states of the degenerate level €,. To this degenerate level
corresponds the reducible representation A,, & A_,, (except
for m = n/2). The representation A,, & A_,, is equivalent to
the IR E,, of the C,, group (see Table I) if the generator oy is
neglected. In other words, Eq. (23) for the dipole moment is
valid also in this case, since it is obtained without assuming
the presence of vertical mirror symmetry. In this case vectors
|E!) and |E]) coincide with |A}) and |A’ ), respectively.

A further simplification of Eq. (23) appears for systems
whose symmetry element is 7 /2 rotation. This happens if the
relation n = 4r (r € IN) is satisfied. Since Re(X/(Y)*) =0
and |X?|?> = |Y?)? in this case, Eq. (26) is relevant. Using the
same reasoning it can be concluded that Eq. (26) is valid in
the C,, case also.

Finally, the dipole moment components for the C, symme-
try are equal to

i12 k
(d ) = |glusB Z IX"|?v, + Re(X'(Y") )Uv

lso - eAl
IglusB [Y'[*v, + Re(X (Y')* v,
@), = . SNER)
y lso XI: 621
where X' = (Al |x|Ao), Y’ = (A{|y|Ao), and €}, is the energy

difference between the level transforming according to the IR
A and the ground-state energy.

To conclude, anisotropy of the potential orientation with
respect to the crystallographic frame is present in systems
without the 7 /2 group element (n # 4r, r € IN); isotropic
behavior is present if a rotation for /2 is the group element,
ie.,ifn =4r (r e N) or n = oo.

V. APPLICATIONS: INFINITE-WALL EQUILATERAL
TRIANGLE, SQUARE, AND RECTANGULAR POTENTIAL

The results presented in the previous section fully explain
the dependence of the Rabi frequency and spin relaxation
rate on the spin-orbit angle, magnetic field direction, and the

n n

el

4&‘9 > b sy >
N\ L0o) (100)

a a

FIG. 3. Infinite-wall equilateral triangle (left) and rectangular
(right) gating potential. In both cases, potential is zero inside the area
of the polygon; otherwise it is co.

relative orientation of the gating potential with respect to the
crystallographic frame.

However, symmetry arguments alone cannot provide us
with a qualitative estimation of the spin relaxation rate, corre-
sponding to the phonon-allowed spin qubit lifetime. Since I'y
is known for the harmonic gating [22], we wish to compare
the phonon-induced spin relaxation rate of other confinement
potentials with the known values. To this end, we analyze the
spin qubit confined inside the infinite-wall equilateral triangle,
square, and rectangular gating potential (see Fig. 3):

vl _ 0 forxe [yf_a = Vf], y
oo otherwise,

e [=2E, o5

(36)

qud — I 0 forx e [_%’ %]’ ye [_g’ g] (37)
oo otherwise.

In the first case, Eq. (36), the potential has C;, symmetry
and the corresponding eigenvectors of the spin-independent
Hamiltonian Hj transform according to the one-dimensional
IRs Ap and By and two- dimensional E; IR of the Cs, group.
The set of eigenenergies 6,, p ¢ and eigenvectors 1/fp n 1//531, and
wE‘ [44] are dependent on two parameters p and g that have
dlfferent sets of allowed values for each IR. Their concrete
form is given in Appendix A.

In the second case, Eq. (37), the symmetry of the po-
tential is dependent on the ratio k = b/a € (0, 1]: if k =1,
the symmetry of the problem is Cyy; otherwise, C,, is the
symmetry of the spin-independent Hamiltonian Hy. In both
situations, eigenenergies and eigenvalues can be found by

. . . . . d
using the separation of variables. The set of eigenenergies €,

. d . . .
and eigenvectors ¥, in this case is

Fl27T2 q2
rqd __ 2
epflq = (p + k—z), (38)
2 . [pw a . | gmw ka
rqd _ = = = -
Vo = oTk sm[ P (x+ 2)] sin [ak <y+ 5 )] (39)

defined using the two independent parameters p > 1 and
g > 1 that take integer values. However, these solutions
do not have any definite symmetry [45]. Therefore, they
need to be symmetrized to apply the general results from
Sec. IV. Symmetry-adapted eigenfunctions can be found in
Appendix B.
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After calculating the transition dipole matrix element and
the excitation energies for two excited states in the perturba-
tive correction [46], we obtain the desired results

3% |glugBm*a*
tqd __ 8IHB
4L = 352, Lo 11 (vxex +vy€y),  (40)
2% |glugBm*a*
rqd B 4
qu¢ = 3576 T(vxex ke, @b

where the first result corresponds to the infinite-wall equilat-
eral triangle potential, while the second one is valid for both
the infinite-wall square, kK = 1, and rectangular, k # 1, poten-
tials. Dipole moment constants 32*/2%035%78 ~ 3.6 x 10~
and 2°/3°7% ~ 2.2 x 1073 from Egs. (40) and (41) suggest a
much weaker dipole moment when compared to the harmonic
gating of the same confinement length [see Eqs. (27) and
BDI.

Using the relation I'y | ~ [dy, |2, we conclude that square
and rectangular confined QDs have a relaxation rate that is
four orders of magnitude weaker than the harmonic potential;
in the equilateral triangle case, a decrease of almost six
orders of magnitude is observed. Thus, our result indicates
a significant influence of the gating potential on the spin
qubit lifetime and a beneficial role of the equilateral triangle
confinement.

VI. CONCLUSIONS

We have investigated the influence of the gating potential
symmetry on the Rabi frequency and phonon-induced spin
relaxation rate in a single-electron GaAs quantum dot. Our
results suggest that, independently of the symmetry of the
gating potential, both the Rabi frequency and spin relaxation
rate are dependent on the orientation of the magnetic field
and the spin-orbit angle. Additionally, in systems with Cjy,
C,y, and C,, (n # 4r) symmetry, orientation of the quantum
dot potential with respect to the crystallographic reference
frame is another degree of freedom that can be used to
tune the desired properties of the system. The validity of
the approach is confirmed on the known results for the
isotropic and anisotropic harmonic potential. Additionally,
we have compared the spin qubit lifetime in the case of
an infinite-wall rectangular, square, and equilateral triangle
gating with the harmonic confinement. Our results indicate
the enhanced lifetime of the spin qubit, reaching an almost
six-order-of-magnitude increase in the case of the equilateral
triangle gating. In the end, we emphasize that in the regime
of strong electric field, nonlinear effects [47—49] cannot be
fully explained by the symmetry of the gating potential, thus
placing the conclusions of our work in the weak driving
regime solely.
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FIG. 4. Infinite-wall equilateral triangle potential with the point
group symmetry Cs,. Inside the equilateral triangle potential is O,
otherwise it is co.

APPENDIX A: PARTICLE IN THE INFINITE-WALL
EQUILATERAL TRIANGLE POTENTIAL:
EIGENENERGIES AND EIGENVECTORS

Here we summarize the results from Ref. [44] regarding the
Schrodinger equation solution of the particle in the infinite-
wall equilateral triangle potential, having Cs, symmetry. Due
to the symmetry, eigenvectors transform according to the one-
dimensional IRs Ay and By and the two-dimensional IR E;.
The concrete forms of eigenenergies and eigenstates,

K2

8
€y =3 =3P T Pa+a),

. 2rqg | . [27Q2p+¢q)
w;?’q(x, y) = COS [TX] S [T'y}

a aﬁ

 cos [271(17 + q)x} “in [Zn(p - q)y}
a a\/g ’

(AD)

g=0,1,2,..., p=q+1,q+2,..., (A2
Wﬁoq(xy y) = sin |:27;—qx:| sin [%«/;q)y}
— sin |:2ﬂ_pxi| sin [M)}}
a av3
+ sin |:2T[(p+Q)x:| sin [Zn(p _ q)y:|
a av3 ’
gq=1,23,..., p=q+1,9+2,..., (A3
YEE,y) = Yl G y) £ iU (x, ),
1245
6]=§,§,§,§,..., p=q+1l.q+2, ...,
(A4)

are dependent on two parameters p and g that have different
allowed values for each IR. Note that the coordinate frame
used to derive the previous equations (see Fig. 4) differs from
the frame used in our work (see the left-hand panel of Fig. 3).
To adapt the eigenfunction from Eqs. (A2)—(A4) to our case,
a suitable change of coordinates x - x +a/2 and y - y +
a~/3/6 should be made.
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APPENDIX B: PARTICLE IN THE INFINITE-WALL
SQUARE AND RECTANGULAR POTENTIAL:
EIGENVECTORS

The infinite-wall square potential has C4, symmetry with
the corresponding IRs Ag/By, A2/B>, and E;. Eigenvectors
that transform according to the given IRs and the set of
allowed quantum numbers are

T T T T
Wﬁ“;(x, y) = cos [P_x] cos [q—y] + cos [q—x] cos [p—y:l,
X p ; - .

q=13,5...., p=q,q+2,q+4,..., B1)

T T T T
Y (x,y) = sin [p—x] sin [q—y] — sin [q—x] sin [p_y],
’ a a a a

q=2,4,6,..., p=qg+2,q9+4,..., (B2)

wﬁzq(X, y) = COSs [Ex:l Ccos [ﬂy] — COS I:ﬂle cos I:p_ny]’
, a a P p
G=1,3,5,..., p=q+2.q+4, ..., (B3)

T T T T
wfzq(x, y) = sin [p—x] sin [q—y] + sin [q—x] sin [p—y],
’ a a a a

q22,4,6,..., p:q’q+2’q+4,“.’ (B4)

Wflqi(x,y) = cos I:Ex] sin [ﬂy]:lzisin [ﬂx] cos [Ey],
\ P p ; -

p=1,3,5,..., q:p+1’p+3’““ (BS)

In the case of the infinite-wall rectangular potential C,,
symmetry is relevant. Eigenfunctions transforming according
to the IRs Ag/By and A;/B; and the corresponding set of
quantum numbers are

Ao ,y) = cos [E ]cos [ﬂ ],
VX, y) P )

q=13,5...., p=q,q+2,9q+4,..., (B6)
Wﬁ%(x, y) = sin [%x] sin [%y],
q=2,4,6,...., p=q,q+2,9q+4,..., (BT
w;‘fq(x, y) = cos [p%x] sin [(]](—Zy],
p=135 ..., g=p+1,p+3,p+5,...,
(B8)
wg‘q(x, y) = sin [%x] cos [%y],
q=1,3,5...., p=q+1,g+3,qg+5,....
(B9)

In both cases, eigenenergies are given in Eq. (38) (k =1 in
the Cy4y, case and k # 1 for the C,, symmetry).
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Recent years have seen a revived interest in the diagrammatic Monte Carlo (DiagMC) methods for interacting
fermions on a lattice. A promising recent development allows one to now circumvent the analytical continuation
of dynamic observables in DiagMC calculations within the Matsubara formalism. This is made possible by sym-
bolic algebra algorithms, which can be used to analytically solve the internal Matsubara frequency summations
of Feynman diagrams. In this paper, we take a different approach and show that it yields improved results. We
present a closed-form analytical solution of imaginary-time integrals that appear in the time-domain formulation
of Feynman diagrams. We implement and test a DiagMC algorithm based on this analytical solution and show
that it has numerous significant advantages. Most importantly, the algorithm is general enough for any kind
of single-time correlation function series, involving any single-particle vertex insertions. Therefore, it readily
allows for the use of action-shifted schemes, aimed at improving the convergence properties of the series. By
performing a frequency-resolved action-shift tuning, we are able to further improve the method and converge the
self-energy in a nontrivial regime, with only 3—4 perturbation orders. Finally, we identify time integrals of the
same general form in many commonly used Monte Carlo algorithms and therefore expect a broader usage of our

analytical solution.

DOI: 10.1103/PhysRevResearch.3.023082

I. INTRODUCTION

Finding controlled solutions of the Hubbard model is
one of the central challenges in condensed matter physics
[1-4]. Many common approaches to this problem rely on the
stochastic (Monte Carlo) summation of various expansions
and decompositions of relevant physical quantities. How-
ever, Monte Carlo (MC) algorithms are often plagued by
two notorious problems: the fermionic sign problem and the
analytical continuation of frequency-dependent quantities in
calculations based on the Matsubara formalism [5-8] (alter-
natively, the dynamical sign problem in the Kadanoff-Baym
and Keldysh formalism calculations [9-23]). In diagrammatic
Monte Carlo (DiagMC) methods [24-38] (as opposed to
determinantal methods such as continuous-time interaction-
expansion quantum Monte Carlo (CTINT) or, auxiliary-field
quantum Monte Carlo (CTAUX) [39—42]), an additional prob-
lem is often the slow (or absence of) convergence of the series
with respect to the perturbation order. In recent years, sev-
eral works have started to address the problems of obtaining
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real-frequency quantities [43-51] and series convergence in
DiagMC [52-57].

In Refs. [43,52], it has been shown that a convenient trans-
formation of the interaction-expansion series can be used to
significantly improve its convergence and sometimes allows
one to converge the electronic self-energy with only a few
perturbation orders where it would have otherwise been im-
possible. The method relies on a transformation of the action
which affects the bare propagator at the cost of an additional
expansion, i.e., more diagram topologies need to be taken into
account. Alternatively, this transformation can be viewed as a
Maclaurin expansion of the bare propagator with respect to
a small chemical potential shift. The resulting convergence
speedup comes from an increased convergence radius of the
transformed series.

In a separate line of work, DiagMC methods have been
proposed that are based on the Matsubara formalism that do
not require an ill-defined analytical continuation [47]. Such
methods have so far been implemented for the calculation
of the self-energy [48,49] and the dynamical spin suscep-
tibility [50]. The algorithms differ in some aspects, but all
rely on the symbolic algebra solution of the internal Matsub-
ara frequency summations appearing in Feynman diagrams.
However, this approach has some downsides. First, numeri-
cal regulators are needed to properly evaluate Bose-Einstein
distribution functions and diverging ratios that appear in the
analytical expressions, and also poles on the real axis (effec-

Published by the American Physical Society
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tive broadening of the real-frequency results). In the case of
finite cyclic lattice calculations, multiple precision algebra is
needed in order to cancel divergences even with relatively
large regulators [48]. Most importantly, in the Matsubara
summation algorithm, applying the series transformation from
Refs. [43,52] would require a separate analytical solution for
each of the additional diagram topologies, which are very
numerous, and the calculation would become rather imprac-
tical. More generally, treating any distinct diagram requires
that the Matsubara frequency summations be performed algo-
rithmically beforehand. This makes it difficult to devise MC
sampling algorithms that go to indefinite perturbation orders,
unless the Matsubara summation part is sufficiently optimized
so that it no longer presents a prohibitive performance penalty
if performed at the time of the Monte Carlo sampling.

In this paper, we show that it can be advantageous to start
from the imaginary-time domain formulation of Feynman
diagrams. A diagram contribution then features a multiple
imaginary-time integral, rather than sums over Matsubara
frequencies. The multiple integral can be solved analytically
and we present a general solution. This analytical solution,
although equivalent to the analytical Matsubara summation,
has a simpler and more convenient form that does not feature
Bose-Einstein distribution functions or diverging ratios. As
a result, numerical regulators are not needed and the need
for multiple precision arithmetic may arise only at very high
perturbation orders. The numerical evaluation yields a sum of
poles of various orders on a uniform grid on the real axis. The
ability to separate contributions of poles of different orders
allows one to formally extract the real-frequency result with-
out any numerical broadening. Finally, the analytical solution
is general and applies to all diagram topologies that would
appear in the transformed series proposed in Refs. [43,52]
or any other diagrammatic series for single-time correlation
functions. This paves the way for real-frequency diagram-
matic algorithms formulated in real space that are not a priori
limited to small perturbation orders (similarly to CTINT or
CTAUX [42]).

In this work, we apply the analytical time integral to the
momentum-space DiagMC for the calculation of the self-
energy, and implement and thoroughly test the method. We
reproduce the self-energy results from Ref. [52] and sup-
plement them with real-axis results, free of the uncontrolled
systematic error that would otherwise come from the ana-
Iytical continuation. Furthermore, we show that even if a
full convergence is not possible with a single choice of the
action-tuning parameter, one can choose the optimal tuning
parameter for each frequency independently [46]. Such a
frequency-resolved resummation can be used to improve the
solution and in some cases systematically eliminate the non-
physical features that appear in the result due to the truncation
of the series at a finite order.

The paper is organized as follows. In Sec. II, we define
the model and the basic assumptions of our calculations. In
Sec. III, we introduce our method in detail. First, in Sec. III A,
we present the analytical solution of the general multiple-time
integral that appears in the time-domain formulation of Feyn-
man diagrams and discuss the numerical evaluation of the
final expression. Then, in Sec. III B, we show the analytical
solution for the Fourier transform of the Maclaurin expansion

of the bare propagator, which is essential for our DiagMC al-
gorithm. In Sec. III C, we discuss in detail how our analytical
solutions can be applied in the context of DiagMC for the self-
energy. In Sec. IV, we discuss our results and benchmarks and
then give closing remarks in Sec. V. Additional details of the
analytical derivations and further benchmarks and examples
of the calculations can be found in the appendices.

II. MODEL

We solve the Hubbard model given by the Hamiltonian

H=— Ztijcj;,ica.j +U Z”m’m,i — K Zna,i» (D
o,i

.ij i

where o € {1, |}, i, j enumerate lattice sites, #; is the hop-
ping amplitude between the sites i and j, U is the on-site
coupling constant, and p is the chemical potential. We only
consider the Hubbard model on the square lattice with the
nearest-neighbor hopping ¢ and next-nearest-neighbor hop-
ping ¢’. The bare dispersion is given by

ex = —2t(cosk, + cosk,) — 4¢' cos ky cos ky. 2)

We define D = 4¢, which will be used as the unit of energy
unless stated otherwise. We restrict to thermal equilibrium and
paramagnetic phases with full lattice symmetry.

III. METHODS

The idea of DiagMC algorithms is to stochastically com-
pute the coefficients of a perturbation series describing some
physical quantity. We will focus on expansions in the cou-
pling constant U and a shift in the chemical potential 5.
The calculation of each coefficient involves the evaluation
of many Feynman diagrams expressed in terms of the bare
propagator, in our case taken as a function of momentum
and two imaginary times. The evaluation of a diagram then
boils down to a sum over multiple momentum variables and a
multiple imaginary-time integral that is always of the same
generic form. The goal of this section is to find a general
analytical solution for these time integrals and reformulate the
perturbation series as a function of a complex frequency z.

A. Analytical solution of time integrals

We are interested in analytically solving (N — 1)-fold inte-
grals over {7, y} of the form

N )
T (i) = T,+1d4 L, 7i(i2,8,i+w;) 3
x (i r])—ll T, T € s (3)
> Jo

where the parameters of the integrand are given by
X = (r{b...Iv}, {w2...0n}). “

The argument r is an integer and determines which of the
times t; is multiplied by the external Matsubara frequency
i€2, in the exponential. The frequency i€2, can be any Mat-
subara frequency, either fermionic or bosonic, depending on
n; iQp=—1 = iw =i2m+ )T and Q= =iv = 2imn T,
with m € Z. The integer powers of t; outside of the exponent
are given by [; > 0, and the parameters w; may be complex.
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The limit of the outermost integration is the inverse tempera-
ture T4 = B. We denote by 4§, , the Kronecker delta (it will
be used throughout this paper, also in the shortened version
8y = 8x.0). The reason for our choice to label times starting
from 2 will become clear later.

The main insight is that upon applying the innermost inte-
gral, one gets a number of terms, but each new integrand has
the same general form ~t"e™. The solution therefore boils
down to a recursive application of

% n+1 . Tt(l-&-l—k—Bnk eBnkZTf
n,tz —
/ e dt = E o ®)
) zk+Buk
k=0

with B, =1 — 8k,n+l and Cy, =
see Appendix D), and

!
(s J:‘S'kw)! (for the proof,

T .L.n+1
lim t"etidr = ——. (6)
=0 Jy n+1

The number of terms obtained after each integration is ap-
parently 1 + (1 — §;)(n + 1), and we can enumerate all terms
obtained after the full integration by a set of integers, {k;—>._ n},
where k; > 0 denotes the choice of the term of the integral i
(over dt;).

For a given choice of {k;}, the propagation of exponents
[# and z in Egs. (5) and (6)] across successive integrals can
be fully described by a simple set of auxiliary quantities. We
denote the exponent of e in the integration i as Z;, and it is
given by

Zi=zi+biZic, =2, @)

zi = 6,12, + wj, (®)

where we introduced b; = By, x,. The meaning of b; can be
understood by looking at Eq. (5): The exponent of e that
enters the integral on the left-hand side survives in all but
the last term (k = n + 1) on the right-hand side. Therefore,
b; = 1 means that the exponent propagates from integration i
to integration i + 1, while b; = 0 means it does not, and the
calculation of the recursive Z; is reset with each b; = 0. The
auxiliary quantity n; are the exponents of r; and is specified
below.

We will need to obtain a more convenient expression for
the exponent Z;, where i€2, appears explicitly. Straightfor-
wardly, we can write

Zi = iQh; + @, )
with auxiliary quantities
W =w; + b 10—, @© = wa, (10)
and
0, i<r
hi = 1, i=r 1D
b,;lh,',l, i>r.

To be able to determine whether the exponent in the integrand,
Z;, is zero and then employ Eq. (6) if needed, we can now use
5. — I, hh=0Ad,=0

i 0

otherwise. 12)

It is important to note that at the time of integration, i€2,
is unspecified and whether Z; is zero cannot be tested by
numerical means, unless i€2, does not appear in Z;. With the
convenient rewriting of Eq. (7) as Eq. (9), one can tell whether
i€2, appears in Z; by looking at A;. If i€2, does appear in Z;
(i.e., h; = 1), we cannot use Eq. (6) even if one can find such
iS2, that cancels @;. This is because we are working towards
an analytical expression which ought to be general for all
possible i€2,,.

The exponent of t that will be carried over from integration
i to integration i + 1 depends on the choice of the term from
the integral i, and is given by Pos(n; — k;), where Pos denotes
the positive part of the number [Pos(x) = (x + |x])/2]. n;
denotes the maximum exponent that can be carried over from
integration i, and is obtained as

m:{%+h+Pmm4—h4L i>2 (13)

8 +1i, i=2.

In the case of Eq. (5), the maximal exponent that can be
carried over to the next integration coincides with the expo-
nent that entered the integral [the integral given by Eq. (5)
does not raise the power of 7], so the definition of n; coincides
with the meaning of n in Eq. (5). In the case of the integral
given by Eq. (6), n; rather denotes the exponent after the
integration, i.e., n + 1.

After the last integration, it can happen that i$2, appears
in the exponent of e (this is signaled by hyby = 1). We can
then use the property e”*# = (—1)>-1 to eliminate it from
this exponent. Then, the solution for the integral can be con-
tinued to the whole of the complex plane i€2, — z, and can
be written as (introducing the additional superscript  because
the fermionic/bosonic nature of the expression can no longer
be inferred from the external Matsubara frequency)

Ra@= 3 & 3

{bieldz; 1}iz=a..v {ki€l0, (1 =8z )ni1}in;=1
1
X —_—
11 5
i:65=1

x(—1 )bNhN‘Sn,—l +3N ki x ﬁnN+l—bN_kN

Cniqki Cniqki
x 1_[ ~ ki+b; | (Z + @i)k’+bi : (14)

ihi=0n@i£0 Pi =

Note that we have expressed the sum over {k;} as a sum over
{b;} and a partial (inner) sum over {k;}. This is not necessary,
being that b; is a function of k;. Each b; is fully determined by
k;, but not the other way around, so the inner sum over k; in
Eq. (14) goes over values that are allowed by the correspond-
ing b;. We present this form of Eq. (14) to emphasize that the
factor ¢?¥#@v depends only on {b;}, and can thus be pulled out
of the inner {k;} sum. The notation “i : b; = 1” means that we
only consider indices i such that b; = 1. We therefore only
sum over those k; for which the corresponding b; = 1. The
remaining k; are fixed to n; 4+ 1, which is the only possibility if
b; = 0. The notation is applied analogously in other products
over i.
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TABLE 1. Illustration of the calculation of a single term in Eq. (14). Rows correspond to successive integrations over dt;. The second to
fourth columns are parameters of the integrand. The choice of the term is colored red. The remaining columns are auxiliary quantities, the
integrand before and after each integration. The prefactors that are “collected” after each integration are written in blue. The full contribution
is written in the last column and then simplified to the form of a term in Eq. (16).

i 8y I w; ki b; n; @; h; 8, Integrand Integral Total

2 0 0 1 0 1 0 1 0 0 en! 1en! — 11

3 0 1 2 1 1 1 3 0 0 T3eB@HD Iye™ — Lewd 4 51

4 ! 0 ! 0 0 4 ! 0 g iey ﬁefs(iﬂnﬂ) - ;Sznl+41 %(_%)(_iﬂjﬂ %%:33/54
5 0 0 0 0 1 1 0 0 1 €0 1z [ffi’iﬁ?l

6 0 0 4 0 1 1 4 0 0 g™ 1geft — Lot 4 L1

The only remaining step is to expand the product of poles
in Eq. (14) into a sum of poles (see Ref. [48] for more details),

1 i 1
1:[ (Z _Zy)my = ;; (Z _Zy)r

EICaID>
C{py/#/eNn}:Zy,#V pyr=m,—r
/ =) 1
Xl_[(my+py ) —
Y'Y pytmyr = D (zy = 2,)"™ P
(15)
and the final expression has the form
A;
Iy = — . 16
() Z(Z_Zj),, (16)

Jj.reN

In order to illustrate our solution, we present in tabular
form (Table I) a summary of all intermediate steps, integrand
parameters, and auxiliary quantities that are used in calculat-
ing the contribution for a single choice of {k;}, in an example
with N = 6 and r = 4.

Also note that if r ¢ [2, N] (no Matsubara frequency ap-
pearing in any exponent), the result of the integral is a number,
rather than a frequency-dependent quantity. In that case, the
integral can be straightforwardly generalized to the case of
real time, where integrations go to some externally given time
t (instead of B), and the resulting expression is a function of
that time. The step given by Eq. (15) is then not needed. See
Appendix A for details.

Numerical evaluation of the analytical expression
and relation to other algorithms

The implementation of Eq. (14) is rather straightforward
and much simpler than the algorithmic Matsubara sum-
mations in our previous work [48]. Indeed, most of the
calculations just require the numerical evaluation of an an-
alytical expression and it is not necessary to implement a
dedicated symbolic algebra to manipulate the expressions.
The only exception is the last step, Eq. (15). This transfor-
mation was the centerpiece of the algorithm in Ref. [48]
and was applied recursively many times, leading to com-
plex bookkeeping and data structures. Ultimately, the result
was a symbolic expression that was stored, and a separate

implementation was needed for the comprehension and nu-
merical evaluation of such a general symbolic expression. In
the present context, however, Eq. (15) is applied only once to
produce numbers, and is simple to implement.

The other important point is that we analytically treat
cases with 8;, = 1 by employing Eq. (6). With the frequency-
summation algorithms [48,49], one cannot take into account
possible cancellations of the w; terms in Eq. (10) without
computing a large number of separate analytical solutions.
When untreated, these cancellations yield diverging ratios in
the final expressions, which need to be regularized. On the
contrary, in Eq. (14), the ratio 1 /5)5‘"“7" cannot have a van-
ishing denominator and its size will, in practice, be limited
by the energy resolution. This will also allow us to have the
final result in the form of a sum of poles on an equidistant
grid on the real axis, and extract the real-axis results with-
out any numerical pole broadening (see Sec. III C 2 and
Appendix B).

It is interesting to compare the computational effort for the
numerical evaluation of our analytical solution to the straight-
forward numerical integration. In the most straightforward
integration algorithm, one would discretize the imaginary-
time interval [0, 8] with N; times, and then perform the
summation which has the complexity O(NN~!) for each ex-
ternal 7, so that overall O(Nﬁv ). With our algorithm, we do not
have to go through all of the configurations of internal times,
but we do need to go through all of the possible permutations
of the internal times, and for each permutation there is at least
2¥=! terms to be summed over. So the number of terms one
has to sum grows at least as O[(N — 1)!12V~1]. At sufficiently
high N, this number is bound to outgrow the exponential NV,
whatever the N;. This will happen, however, only at very large
N. For example, if N; = 30, the analytical solution becomes
slower at around N = 40. Moreover, one actually needs a
much larger N;, especially at low temperature. In any case, the
additional computational effort can be understood as coming
from the difference in the information content of the result,
which is a lot more substantial in the case of the analytical
solution.

At orders N < 6 (within context of DiagMC), we find that
the implementation of our algorithm is significantly more
efficient than our current implementation of the Matsubara
summations from Ref. [48], and at N = 6, they are about
equally efficient. However, we anticipate that further opti-
mizations will be possible at the level of Eq. (14).
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B. Expansion of the bare propagator
The central quantity is the Green’s function defined in
Matsubara formalism as
Gok(t = ©') = —(Trcok(T)e), (7))

_ {—<cgk<r>cf,k(r’>>,
(el (T ok,
where t, 7’ € [0, B]. The noninteracting Green’s function (or

the bare propagator) in the eigenbasis of the noninteracting
Hamiltonian has a very simple general form,

1

iw—¢

r/> T an
' > 1,

Go(s, iw) =

, (18)

and for the plane wave k, the propagator is Gy (iw) =
Go(ex — U, iw).

As we will discuss below, the diagrammatic series for
the self-energy will, in general, be constructed from different
powers of the bare propagator,

G\, iv) = ——. 19
i) = s (19)
Indeed, these powers naturally arise after expanding the bare
. . ; 1 _ 00 (=x)"
propagator in a Maclaurin series, -~ = >~ "5+, around a

small chemical potential shift,

Go(e.iw) = Y (=) "' Gy(e + 8. iw).  (20)
=1

This series converges (for all iw) if §u is smaller in amplitude
than the first Matsubara frequency: |6u| < mT. Nevertheless,
this expression will become a part of a larger series with addi-
tional expansion parameters, which may result in a modified
convergence radius of the overall series with respect to 5.

We anticipate that the Feynman diagrams will be formu-
lated in the imaginary-time domain, so it is essential to work
out the Fourier transform of Gf)(e, iw). We present the full
derivation in Appendix E and here only write the final solu-
tion,

Gh(e, T —1')
=1 1-¢—1

p— —T ‘Y‘[,r'
= sroe T np(sepe) Y epl(e) TS, (21)

¢=0 ¢=0

with s, = sgn(t’ — 7). In our notation, / in Gf) is a su-
perscript index, rather than the power of Gy [although these
meanings coincide in the case of Gé(e, iw)]. The Fermi func-
tion is defined as np(e) = 1/(e?® + 1) and the coefficients that
go with the T°t’S terms are

l—¢—¢—1 1\ +s—17_ npgl—¢—¢—1
- _ n!l(=1)™ " [—np(e)]"B°
le.s(8) = ; (I—¢—¢—Dlis+20)!

X{l—§—§—1}<§+z>’ 22)
n ¢

and ¢, (¢) = (=Dt ¢/ (—¢). Here we make use of bino-

_ n!
= Hn—k)!

second kind, {}} = P (_k—})i(k)(k =i

i

mial coefficients (Z) and the Stirling number of the

C. Application to DiagMC

In the following, we apply the analytic time integral and the
expansion of the bare propagator in the context of DiagMC.
We discuss two kinds of self-energy series (Hartree shifted
and bare) and the corresponding implementation details. Note
that some symbols will be redefined with respect to previous
sections.

1. Hartree-shifted series

In this section, we discuss the construction of the self-
energy series, where all tadpolelike insertions are omitted in
the topologies of the diagrams. Rather, the full Hartree shift
is absorbed in the bare propagator. The diagrams are therefore
expressed in terms of the Hartree-shifted bare propagator,

Gy (i®) = Go(E, io), 23)
with the Hartree-shifted dispersion defined as
&k =ex —p+Ung), (24)

where (n5) is the average site occupation per spin.

After constructing the tadpoleless topologies, we are free to
expand all propagators that appear in the diagrams according
to Eq. (20):

o0
Gyl (iw) = Z(—(SM)HGS(ék +8u,iw).  (25)
=1

In the frequency domain, this step can be viewed as in-
troducing new topologies: we now have diagrams with any
number of single-particle-vertex (6x) insertions on any of
the propagator lines. Each arrangement of these additional
single-particle vertices on the diagram does require a separate
solution by the symbolic algebra algorithm, as presented in
Refs. [48,49]. Nevertheless, as a 5 vertex cannot carry any
momentum or energy, the formal effect of it is that it just raises
the power [ of the propagator that passes through it. In the
imaginary-time domain, it turns out that the contribution of
the §uu-dressed diagrams is readily treatable by the analytical
expression (14) and we no longer have to view the §u inser-
tions as changes to topology, but rather as additional internal
degrees of freedom to be summed over. This is illustrated in
Fig. 1.

Up to the Hartree shift, the self-energy expansion can
now be made in powers of the interaction U and the small
chemical-potential shift §u,

Zl((HF)(T) — Z(_U)N
N

o0
X Z (—8p)=i=h ZDTN,k,{I,»},SM(T),
Iyl =1 Ty

(26)

where j enumerates the propagators, of which there are
Nprop = 2N — 1, N is the perturbation order in U, each [;
goes from 1 to oo, Y enumerates distinct topologies of the
diagram at order N (without any §  or Hartree insertions), and
D is the contribution of the diagram. The general form of the
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k' —q I3
UQ-‘-Q-‘-@-FQ—FICDH-Q—H I+"':§: :l@X Litla+l3—=3
AN NG UG INE A & S A O T Rt

FIG. 1. Illustration of the use of the G} (¢, T — t’) propagator. The entire series of diagrams with all possible § insertions can be captured

by a single diagram with additional degrees of freedom.

diagram contribution is

Dy k111,81 (T)

N—1 B 2N—1
:(_1)Nbub]—[fo dt; Z ]—[ Gﬁ;‘(zf(i,fj—f;), 27)
i=2 k.. ky j=1

with & = & + du. We denote Ny, as the number of closed
fermion loops in the diagram; t;...ty_; are internal times,
and we fix 1;,—; = 0; 7 is the external time, Kk is the external
momentum, K;...ky are the independent internal momenta,
j indexes the propagator lines, and k are the corresponding

J

N B
. i li (= ~ ~
DTN’k’[[j},(;M(la)) = (—I)Nb”b | | / d'[ig’wTN E | | Goj (Skj, Tj — TJ/)
=270 k

linear combinations of the momenta l~(j = le\;o 5.k, where
5, € {—=1,0, 1}, and we index with 0 the external momentum
ko =Kk. T; and fj/. are the outgoing and incoming times for the
propagator j, and take values in {7)...7y}, where we denote
with index N the external time Ty = 7. The coefficients §,,
times %;, f]’», and the number Ny, are implicit functions of the
topology Y. Throughout the paper, we assume normalized k
sums, Y ) = Nl > k> Where N is the number of lattice sites.

We can perfkorm the Fourier transform of the external time
to obtain the contribution of the diagram in the Matsubara-
frequency domain,

2N—1
(28)
1Ky j=1

The Green’s function Gf)(e, T — 7’) is discontinuous at T = t’, so to be able to perform the t integrations analytically, we

first need to split the integrals into ordered parts,

B B
f drz.../ dty =
0 0

2

(1:,,2 Ty JEP({T2 Ty

B TN Tpy Tp3
/ drI,N/ drpN_l.../ dl'm/ dtp,,
170 0 0 0

(29)

where P denotes all (N — 1)! permutations of the time indices. p labels the permutation and p; is the permuted index of vertex i.
Let us rewrite the contribution of the diagram, with propagators written explicitly using the expression (21),

D"fzv,k,{l,),au(iw) = (_I)Nbub Z Z

Ki...Ky (5,75 JEP((T2..7))

B TN Tpy Tp3 .
LWTN
x/ drpN/ drprl.../ drm/ dtye
0 0 0 0

(-1 )wad (») 1_[ ng (S
J

L—11—¢—1

5 J
-/Sk;)Z Z Cl,ﬁlj,s‘j

{j=0 g,'=0

(Efw) H 8¢, H 8¢
jeJi(i=1) JjeTo(i=1)

N

1—[ l_iz,-ejim $iFT2 e Tot) g’efi(zjeﬂom B~ Ljeion él-(j), (30)

=2

where J;/,(i) is the set of incoming/outgoing propagators j of the vertex i, which depends on the topology Yy. We also
introduced shorthand notation s; = 8%, Practically, s; depends on whether p(i(j)) > p(i'(j)) or the other way around, where
i(j)/i'(j) is the outgoing/incoming vertex of propagator j in the given permutation p. The total number of forward-facing
propagators is Newa(p) = > j0-1.5;» which depends on the permutation and the topology. The products of §,; and 5, are there to
ensure that the time t; = 0 is not raised to any power other than 0, as such terms do not contribute.

Now we can apply the analytic solution for the time integrals [Eq. (14)] to arrive at the final expression:

2 2 X

{[;201Y; ;=L Ki--Ky (Tp, .. Tpy )P (T2t ])

DTN,k.L,Su(Z) = (—1)Nb”b (_1)wad(p)

I =g
= S = n=—1
Tem) XX e, ) T 5 T 8o
J ¢j=0¢;=0 JjeJi(i=1) JE€TH(i=1)
X=|py X G+ ) s X o) & : 3D
JeTii(pi)) IENAUCTDIN I WENVAUCD) JeTiipy)) i—2. N
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where i(p; ) is the vertex index i of the permuted index p; and
we have introduced a new expansion variable L = j(l i—=1)

and a convenient variable /; = [; — 1, so that
oo K K-N
2@ =YY (U= ZDTN kLan(@),
K=2N=2 L=0

(32)

which is the series that we implement and use in practice.
The meaning of K is the number of all independent (internal
and external) times in the diagram. Note that in D, we per-
form only N — 1 integrations over time. Those are the times
associated with N interaction vertices, minus the one that is
fixed to zero. The integrations of the times associated with
S insertions have already been performed in Eq. (21), and
there are L such integrals. Overall, the number of independent
times is K = N + L. Ultimately, we group contributions by
the expansion order K and look for convergence with respect
to this parameter.

2. Numerical implementation of DiagMC and relation to other
algorithms

The expression (31) is very convenient for numerical eval-
uation. First, we restrict the values of & to a uniform grid on
the real axis with the step Aw (8x = jAw). These appear in
s, ..., wg as terms with integer coefficients, which means that
{w;} entering Zx will also be restricted to the same uniform
grid. The final result therefore has the form

A
D (2) = — 33
This form allows us to reinterpret the finite-lattice results as
that of the thermodynamic limit and extract D, x 1,5, (@ +
i0") without any numerical broadening (see Appendix B for
details).

In our present implementation, we perform a flat-weight
(uniform) MC sampling over internal momenta {k;}, do
a full summation of all the other sums, and accumulate
the amplitudes A;,. There are, however, other options.
For example, one may sample {k;}, {p;}, {b;} and use P =
[T, neGs;, )eP’VBaN ag the weighting function. We have thor-
oughly checked that the factor P closely correlates with
the contribution to A;, coming from a given choice of the
{k;}, {pi}, {b;} variables (with other variables summed over),
and thus P could be a good choice for a weighting function.
However, this requires additional operations related to move
proposals and trials, and we have not yet been able to make
such an algorithm more efficient than the flat-weight MC.
Nevertheless, it is apparent that our approach offers more flex-
ibility than the algorithmic Matsubara summations (AMS). In
AMS, no convenient weighting function can be defined for the
Monte Carlo, so one either does the flat-weight summation
[48] or uses the whole contribution to the result as the weight,
which comes at the price of having to repeat the calculation for
each frequency of interest [49] (on the contrary, in Ref. [48],
as well as in this paper, the entire frequency dependence of
the self-energy is obtained in a single MC run). At present, it
is unclear which scheme is best—whether one should evaluate

D(z) one z at a time or capture all z at once as we do here. This
choice, as well as the choice of the weighting function, likely
needs to be made on a case-by-case basis, as it is probable
that in different regimes, different approaches will be optimal.
In that sense, the added flexibility of our time-integration
approach in terms of the choice of the weighting function may
prove valuable in the future.

Concerning floating-point arithmetic, it is important that
the factor e®¥#®¥ stemming from Zx can always be absorbed
into the product of g functions in the second row of Eq. (31).
This can be understood as follows. A given ‘-‘_312, can, at most,
appear twice as a term in @y, once with sign +1 and once
with sign —1, corresponding to the incoming %J’- and outgoing
%, ends of the propagator j. In that case, the exponent cancels.
The other possibility is that it appears only once, in which case
it must correspond to the later time in the given permutation.
If the later time is the outgoing end of the propagator, then the
propagator is forward facing and the sign in frontis s = —1; if
it is the incoming end, then the propagator is backward facing
and the sign in front is s = 1. In both cases, we can make use
of

e Penp(se) = np(—se). (34)

Therefore, no exponentials will appear in the final expression.
A product of np functions is, at most, 1 and the coeffi-
cients ¢ are not particularly big. Then, the size of the pole
amplitudes that come out of Eq. (14) is determined by the
energy resolution (1/Aw) and temperature (B"+!1=ov—kv),
In our calculations so far, the amplitudes remain relatively
small. Our approach ensures that we do not have very large
canceling terms, such as we had in Ref. [48]. Indeed, we
have successfully implemented Eq. (31) without the need for
multiple-precision floating-point types.

Compared to the Matsubara-frequency summation algo-
rithm [47-49], Eq. (31) presents an improved generality.
Equation (31) is valid for any number and arrangement of in-
stantaneous (i.e., frequency-independent) insertions, i.e., any
choice of {I i} In contrast, the algorithmic Matsubara summa-
tion has to be performed for each choice of {/ i} independently,
and the resulting symbolic expressions need to be stored. For
example, at N = 4, we have 12 Yy topologies. Therefore, at
L = 0, the number of analytical solutions to prepare is 12.
However, at L = 2, this number is 336, i.e., 28-fold bigger (we
can place L = 2 insertions on 2N — 1 = 7 fermionic lines in
7 x 6/2+ 7 = 28 ways, times 12 Ty topologies, i.e., 336).

3. Bare series

We are also interested in constructing a bare series where
tadpole insertions are present in diagram topologies. Tadpole
(or Hartree) insertions are instantaneous and an evaluation
of their amplitudes can be done relatively simply by vari-
ous means. At the level of the Hubbard model, the Hartree
insertions factor out: For each Hartree diagram, the internal
momentum summations and time integrations can be per-
formed beforehand and only once, leading to a significant
speedup.

In the expression (31), there is no difference between a
Hartree insertion and a chemical-potential vertex insertion.
Therefore, the inclusion of the Hartree insertions can be en-
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FIG. 2. Top: Illustration of possible Hartree diagrams, without
any du insertions. Middle: Amplitude of a Hartree diagram with a
single S insertion. Bottom: An example of a diagram dressed with
both Hartree and du insertions, and the values of the parameters
N, L, {MF}, K that it falls under (with M/}' = 0).

tirely accounted for in the resummation of the D, x 1,.(2)
contributions from the previous section, with the replacement

Note that the expansion of the propagators in §u is per-
formed in Hartree insertions as well, so we need to account for
possible additional §u insertions inside the Hartree diagrams.
As before, our expansion order will be K, which is the total
number of independent times, with each time associated to
a single interaction or a éu vertex, including those within
Hartree insertions.

We will for now focus on the series up to K = 5. As the
number of interactions in Yy is at least two, we can have, at
most, three interaction vertices in a Hartree insertion. There
are only five such Hartree diagrams (Fig. 2). We can evaluate
these five amplitudes with very little effort by making use of
spatial and temporal Fourier transforms.

Before we proceed with the calculation of the amplitudes
D of possible Hartree insertions relevant for the series up to
K =5, we define some auxiliary quantities. We first define the
bare density,

= G @ T =07), (36)
k
and the real-space propagator,
Gt =) e G @ T = 07). (37)
k
We will also need the polarization bubble diagram,
Xk () = G ()G R (-1, (38)
Xl v =0) = Z / drxbik (o), (39)

and the second-order self-energy diagram (up to the constant
prefactor),

k(e = G ()b o), (40)

which can be Fourier transformed to yield El‘ b, l‘(iw).
We can now calculate the amplitudes of the possible

gk=ex—pu+96 35
K k= H " (33) Hartree insertions with a number L of §u insertions on them,
(i.e., full Hartree shift excluded). in any arrangement
J
D} = (—)ng, (4D
Dy =(=" Y mxgaGv=0), 42)
h,h.h
I+ Zz +h=L
Di=(-y Y ng b X (v = 0) (el (iv = 0), (43)
I, oy is
il
24T\ 1 1o
=" X ( 2 ) (44)
I, ..k
A
Dé — _)2 Z T Z e*in’ Z GZ 1+11( )212 13 14( )Gl l+ls (l(!)). (45)

As we are restricting to K <

5 calculations, the D% . insertions can only be added once, and only with L = 0. We now define

MF as the number of insertions of D¥ tadpoles, and we define N; as the number of interaction vertices contained in the tadpole

D; (regardless of L, we have Ny = 1, N, =2, N3 = Ny

= N5 = 3).
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Hartree shifted series, 6u =0

bare series, 6u=0.15D

bare series, 6y =0.3825D
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FIG. 3. DiagMC solution for the Hubbard model on a square lattice. Parameters of the model are t’ = —0.3¢t, u =0, U = 1D, and T =
0.125D, which corresponds to (n,) &~ 0.3625. Top row: Imaginary part of self-energy at k = (;r /4, w) on the real axis (with broadening
n = 0.3D) obtained with three different series, up to perturbation order K. Bottom row: Illustration of convergence with respect to perturbation
order K, using values of the imaginary part of the self-energy at the lowest four Matsubara frequencies, iw,—o._3. Full lines are our result,
dash-dotted lines with crosses are the analogous result with a numerical t-integration algorithm from Ref. [52], and horizontal dashed lines

are the determinantal QMC result on a 16 x 16 lattice from Ref. [52].

The series can now be resummed as

o K K-N K—N—-L
@ =222, 2.
K=2N=2 L=0 MEy =0

N+L+ Y, M N+ L) =K

x ZDTN,k,LJrZW ' (@),
Ty

where Q(L, {M,.L'}) is the combinatorial prefactor which
counts all the possible ways the selected single-particle ver-
tices Su, {D;} can be arranged. This corresponds to the
number of permutations of the multisets,

(L+ M)
LT, o M7

We emphasize that Eq. (46) is fully general, but at orders K >
5, additional Hartree insertions D [compared to Eqgs. (41)—
(45)] need to be considered.

Finally, we stress that our analytical time-integral solution
and action-shift tuning scheme in DiagMC are not restricted
to the treatment of the Hubbard Hamiltonian. See Appendix F
for a discussion of DiagMC in the case of a general Hamilto-
nian with two-body interactions.

QL. (M) = @)

IV. RESULTS

A. Convergence speedup with §u expansion in the bare series

Here we focus on supplementing the results from Ref. [52]
with real-frequency self-energies calculated without any nu-
merically ill-defined analytical continuation.

(_U)N+Zi,L’ M,'L,Ni(_SM)L+Zi,L’ MiL/L, 1_[ (D?)M"L, Q(L’ {ML/ })

i
i,

(46)

The model parameters are t’ = —0.3r, u =0, U = 1.0D,
T =0.125D, and (n,) = 0.3625. In Ref. [52], the calculation
was performed with the Hartree-shifted series with §u = 0,
as well as with the bare series, with two values of § 1, namely,
0.15D and 0.3825D. We repeat these calculations with our
method. We use lattice size 32 x 32, and project the disper-
sion onto a uniform energy grid, as described in Ref. [48] and
discussed in Sec. III C 2. In Fig. 3, we show our results and
compare them with the results of Ref. [52].

In the upper row of Fig. 3 are the real-frequency self-
energies calculated up to order K < 5. We are keeping a finite
broadening n = 0.3D to smoothen the curves. As discussed in
Appendix B, in our method, numerical pole broadening is not
a formal necessity. However, there is still a significant amount
of statistical noise in our real-frequency result (although the
imaginary-frequency result is already very well converged).
It is important to note that some of the noisy features in our
real-frequency result may be artifacts of the finite-lattice size
that would not vanish with increasing number of MC steps.
However, by comparing the result with a 256 x 256 lattice
calculation (Appendix C), we check that already at n = 0.2D,
no such artifact should be visible. It appears that for the given
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external k and broadening n = 0.2D, increasing the lattice
size further from 32 x 32 brings no new information, but it
also does not present an additional cost: at n = 0.2D, our
256 x 256 lattice calculation appears equally well converged
as the 32 x 32 lattice calculation, with the equal number of
MC steps and a similar runtime, and yields a result that is on
top of the 32 x 32 calculation.

In the bottom row of Fig. 3, we show the change in the
imaginary part of the self-energy at the first four Matsubara
frequencies, as a function of the maximal order K. Full-line
and dots are the result of our calculations. The dash-dotted
lines with crosses are data points taken from Ref. [52]. The
horizontal dashed lines are the 16 x 16-lattice determinantal
QMC result, also from Ref. [52].

The excellent agreement with the results from Ref. [52]
serves as a stringent test of our implementation. In the §u =
0.3825D calculation, even on the real axis, the self-energy
does appear well converged by order K =5, although there
is some discrepancy between K =4 and K =5 at around
o = 1.5D.

B. w-resolved resummation

We can now go one step further by resumming the series
presented in Figs. 3(a) and 3(c) for each w individually, using
an w-dependent optimal shift §u*(w). The results are shown
in Figs. 4 and 5.

We determine the optimal §u*(w) by minimizing the
spread of the ImX(w + in) results between orders K =3
and K = 5. This spread as a function of w and §u is color
plotted in Figs. 4 and 5. We have results for a discrete set of
S € {8}, so the optimal S u*(w) is a priori a discontinuous
curve. As this is clearly nonsatisfactory, we smoothen the
curve (shown with the blue line on the top panels in Figs. 4 and
5). However, we do not have results for each precise value of
this optimal § * (). One could take, for each w, the available
du; that is closest to §uu*(w), but this would, again, result in
a discontinuous curve. To avoid this, we average the available
results as

D Adp B (w; Spuw (St (@), Spi)
Do Adpw (S (w), S1ui)
where ASu; is the size of the éu step in the available results at

the ith value (allows for nonuniform grids). We use a narrow
Gaussian weighting kernel,

Y(w)

; (48)

WO (), ) = & CHOH T, (49)

The width of the kernel W is chosen such that it is as narrow
as possible, while still encompassing at least 3—4 §u; points,
so that the final result is reasonably smooth as a function of w;
W is therefore determined according to the resolution in §u.
Weuse W = 0.05 and Adu; ~ 0.02 and have checked that the
results are insensitive to the precise choice of this numerical
parameter.

The results of the averaging around the optimal 6 u*(w) are
shown in the middle and bottom panels of Figs. 4 and 5. In
both cases, the w-resolved resummation helps to converge the
result. In the case of the bare series, the convergence is now
almost perfect, and already order K = 3 is on top of the exact
result. In the case of the Hartree-shifted series, the results are

Hartree shifted series

o
v =
03 0.789 ,593\
0.138
0.2 o
X
01 -0514 €
w
& 00 -11es
2
-01 -1.816
o
T 3
-02 —2468 - 5
xR
- —
03 -3.119 =,
-4 -2 0 2 4 o
w
0.00
—~ —0.051
£
+ _0.101
3
VI -0.15 1
= — k=2
£ K=3
-0.20 ke
— =5 (b)
-0.25 .
-4 -2 0 2 4
w
~0.06 1
—~ —0.08
o
3
X -0.10
W
E
~0.121
-0.141 .
2 4 6 8
K

FIG. 4. Results of the Hartree-shifted series with w-resolved re-
summation, to be compared to Figs. 3(a) and 3(d) (all parameters
are the same). Top panel: Color plot of the spread of the imaginary
part of the self-energy at a given w + in between orders K = 3 and
5, in a calculation with a given §u. The blue line smoothly connects
the minima of the spread (at each w), and defines the w-dependent
optimal shift §4*(w) used in the resummation. Middle and bottom
panels are analogous to Figs. 3(a) and 3(d). In the bottom panel, the
dash-dotted and dashed lines are the same as in Fig. 3(d).

not perfectly converged at w < 0, yet the K = 5 calculation
is practically on top of the exact result on the imaginary axis,
and presents an improvement to the .« = 0 series in Fig. 3(a).
Note that the improvement in convergence is seen on the
imaginary axis, as well.

C. Removing nonphysical features

In this section, we focus on the parameters case dis-
cussed in Ref. [48]. We calculate the Hartree-shifted series
with parameters of the model ' =0, u — U(n,) = —0.1D,
T = 0.1D, and employ various du shifts. The lattice size is
again 32 x 32 and we focus on the self-energy at k = (0, 7).
Note that in Hartree-shifted series, the quantity that enters the
calculation is u — U (n, ), rather than w. If (n) is calculated,
i can be estimated a posteriori. In our calculation, we fix

023082-10



ANALYTICAL SOLUTION FOR TIME INTEGRALS IN ...

PHYSICAL REVIEW RESEARCH 3, 023082 (2021)

bare series

07/ v

0.6 1 0.196

1.149

Jxew)0IHo|

051 ~0.756

-1.708

—2.660

—3.612

[y ‘Mg b1 + m)1Zw]

)Iu!w —SE

—4.564

|

~

|

N]

IS
A
IS

(S €

0.00 1

—~ —0.051

—0.10 A

—0.15 A

ImZg(w +in

—0.20 A

AAXRAXN
[N T A |
U A WwN

_(b)

-0.25

—0.06 -

—0.07 A

-0.084 XX

—0.09 A

> 3 33
U
W N P O

—0.10 -
—0.11 A

ImZy(iwn)

—0.12 A

—0.13 A

FIG. 5. Results of the bare series with w-resolved resummation,
to be compared to Figs. 3(c) and 3(f) (all parameters are the same).
The top panel is analogous to Fig. 4(a). The horizontal orange dashed
line denotes the value of §u used in Figs. 3(c) and 3(f) to best con-
verge the imaginary-axis result. The middle and bottom panels are
analogous to Figs. 3(c) and 3(f). In the bottom panel, the dash-dotted
and dashed lines are the same as in Fig. 3(f).

w —U{ny), and (n,) is then U dependent. Roughly, as given
in Ref. [48], at U = 1, we have (n,) ~ 0.455.

Hartree shifted series, K=5

61
[ 111g tly + m)izwi]
Jujw — S° ¥ =dxew)0tho|

(S"V

FIG. 7. Analogous to Fig. 4(a), for the parameters of the model
corresponding to Fig. 6. The blue line is the optimal §*, to be used
in Fig. 8.

The results are presented in Fig. 6 for three values of U.
At low U, the series is well converged by K =5, and the
result is entirely insensitive to the choice of §u, as expected.
At intermediate and high U, the result can be strongly §u
sensitive. The §u dependence of the result, however, strongly
varies with w. It appears that for a given w, there are ranges of
the §u value where the result (at fixed order K) is insensitive
to the precise choice of §u. This presents an alternative way
of choosing an optimal §u (a similar idea was employed in a
different context in Ref. [58]).

The striking feature at large U is the causality violations at
|w| ~ 2 that were previously discussed in Ref. [48] (note that
the broadening somewhat masks the extent of the problem).
The dips in the self-energy spectrum appear to happen only
at certain values of §u: at w = —2, the problem is present at
S large and negative, and at w = 2, at §u large and positive.
In particular, at w = 2, the result appears to vary uniformly
with i, and one cannot select an optimal §u based on the
sensitivity of the result to the §u value. We therefore repeat
the procedure from the previous section and select the optimal
du* (w) based on the level of convergence between orders K =
4 and K = 5. The spread of the results and a smooth choice of
du*(w) are presented in Fig. 7.

In Fig. 8, the results of the averaging are shown and
compared to the Su =0 results at the highest available
orders K =4 and K = 5, at three values of U. The conver-
gence is visibly better around our §u* than with . = 0 at
problematic frequencies |w| ~ 2. More importantly, the non-
physical features are clearly absent. At U = 1, in the u = 0

U=05D 000 U=0.8D
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2
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FIG. 6. Imaginary part of the self-energy on the real axis (with broadening n), at different values of coupling constant U, obtained with
our method at K = 5 using different chemical-potential shifts . The parameters of the calculation are the same as in Ref. [48], i.e.,t’ =0,
uw—U(n,) =—0.1D, T = 0.1D. The self-energy is calculated at k = (0, 7). Passing of the curves above the gray dashed line indicates

breaking of causality.
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FIG. 8. Imaginary part of self-energy, real-frequency results
(with broadening 7). Right column: obtained with the w-resolved
resummation for the model parameters from Fig. 6, using the op-
timal 6*(w) from Fig. 7; to be compared to the standard s = 0
calculation in the left column. Purple dashed lines in the top row are
the K = 6 calculation with §u = 0.

calculation, the causality is not yet violated, but the dip at
w = 2 is already starting to appear, which is clearly an artifact
of the series truncation which should be removed systemati-
cally. It is important that the intermediate frequency behavior
that we obtained by averaging results around the optimal §u
is indeed the correct one, and it will not change much further
with increasing orders. We show in the top panels the K = 6,
the §u = 0 result of which has been benchmarked against a
fully converged imaginary-axis result in Fig. 9 (the converged
result was obtained with the ¥ Det method [59,60] at order

Hartree shifted series, 6u=0

0.00
x  real
0021 +  imag
-0.04 ---- XDet,N=8
E ~0.06 | — K=2
~< -0.08 K=3
W _
~0.10 K=4
— K=5
-0.12
— K=6
—0.14 1
0 1 2 3 4 5 6
Wn

FIG. 9. Matsubara-frequency self-energy result, with model pa-
rameters as in Fig. 6. Crosses are the real part, pluses are the
imaginary part, and lines are eye guides. Solid lines are the Hartree-
shifted series with §u = 0 at different maximal K. The same result
was obtained with both the algorithm presented in this work and the
algorithmic Matsubara summation method from Ref. [48] (the two
methods were compared diagram by diagram). Black dashed lines
are the X Det result at maximal order N = 8.

8). Clearly, the improved convergence between orders 4 and
5 that we have achieved by choosing §u appropriately does
indeed mean an improved final result. However, our proce-
dure does not improve the result at around w = 0, where the
optimal 4 does appear to be close to 0. The K = 6, u =0
result shown in the upper panels of Fig. 8 is still a bit different
from the K = 5, §u ~ §u*(w) results around w = 0.

In the case of U = 1D, it is interesting that a large negative
du does bring the w & 0 result at order K = 5 much closer to
the exact value. This can be anticipated from Fig. 6, where we
show the corresponding results for U = 0.8D and U = 1.2D.
Also, by looking at the color plot in Fig. 7, we see that at
o = 0, there is indeed a local minimum in the spread at around
du = —0.2, which could be used as the optimal §u*. This
minimum, however, cannot be continuously connected with
the other minima that we observe at w < 0, so we chose a dif-
ferent trajectory in the (w, §iu) space. It would be interesting
for future work to inspect the behavior at even more negative
3, where another continuous trajectory Su*(w) might be
found.

V. DISCUSSION, CONCLUSIONS, AND PROSPECTS

In this paper, we have derived an analytical solution for
the multiple-time integral that appears in the imaginary-time
Feynman diagrams of an interaction series expansion. The
solution is general for any diagram with a single external
time or no external times. We find this generality to be a
great advantage compared to the recently proposed algo-
rithmic solutions of the corresponding Matsubara-frequency
summations. Our analytical solution allowed us to develop
a very flexible DiagMC algorithm that can make use of the
possibility to optimize the series with shifted actions. As
a result, we were able to almost perfectly converge a real-
frequency self-energy in just 3—4 orders of perturbation, in
a nontrivial regime and practically in the thermodynamic
limit.

More importantly, the fact that one does not have to prepare
a solution for each diagram topology individually opens the
possibility to develop algorithms more akin to CTINT and
allow the MC sampling to go to indefinite perturbation orders.
In fact, upon a simple inspection of CTINT and continuous-
time hybridization-expansion quantum Monte Carlo in the
segment picture (segment-CTHYB) equations [42], it be-
comes clear that our solution can, in principle, be applied
there, so as to reformulate these methods in real frequency.
This would, however, come at the price of having to break
into individual terms the determinant that captures all the
contributions to the partition function at a given perturbation
order. In turn, this may lead to a more significant sign prob-
lem, and an effective cap on the perturbation orders that can
be handled in practice. On the other hand, it is not entirely
clear how much of the sign problem comes from summing
the individual terms and how much from the integration of
the internal times, and we leave such considerations for future
work. In any case, DiagMC algorithms based on hybridization
expansion have been proposed before (see Refs. [23,28,61]),
where our analytical solution may be applied.

Our solution also trivially generalizes to real-time inte-
grals and may have use in Keldysh and Kadanoff-Baym [9]
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calculations, where the infamous dynamical sign problem
arises precisely due to oscillating time integrands. There have
been recent works [62,63] with imaginary-time propagation
of randomized walkers where our solution may also find ap-
plication.

Finally, we emphasize that avoiding analytical continuation
could be beneficial at high temperature where the Matsub-
ara frequencies become distant from the real axis, and thus
noisy imaginary-axis correlators contain little information
[64,65]. The high-temperature regime is particularly relevant
for optical lattice simulations of the Hubbard model [66].
In that context, we anticipate our method will find appli-
cation in the calculation of conductivity and other response
functions.
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APPENDIX A: REAL-TIME INTEGRATION

Let us consider the following special case of the integral
given by Eq. (3), which is relevant for real-time integrations
featuring integrands of the form e*£:

N tit1

7 i LitiE;

ity i B Ex) () = | |/0 dt; ' "t (Al)
i=2

with ty41 =¢. This corresponds to the~ case r ¢ [2, N] in
Eq. (3), and w; = iE;, and we will define E; analogously to &;.
The result is then obtained straightforwardly from Eq. (14),

eitEN by 2 :

{ki€[0,(1=8z n;1}im;=1

Lity.. ) B B} () = Z

{bieldz )iza. v

x (_1)27:21@ l_[ 1

n
iss=1 "

5 gty —ky 1—[ G i

(iE)k+bi® (A2)
iEA0

which has the following general form:

I(t)y= Y Z,tle".
J:p€Ny

(A3)

APPENDIX B: EXTRACTING REAL-AXIS RESULTS
WITHOUT POLE BROADENING

In this section, we show how the results on the real axis can
be extracted without any numerical broadening of the poles.
Rather, we make use of the pole amplitudes by interpreting
the result as being representative of the thermodynamic limit,
where poles on the real axis merge into a branch cut, and thus
we consider that the pole amplitude is a continuous function
of the real frequency. We extract the imaginary part of the
contribution [ImD(w)], and then the Hilbert transform can be
used to reconstruct the real part.

The procedure relies on the following construction: A func-
tion f(z) which is analytic everywhere in the upper half of the
complex plane (zt = x + iy with y > 0) and decays to zero
with |z satisfies the relation

Fe) = —ifdx/
T

After applying the pth derivative with respect to x (i.e., the
real part of z*) on both sides of the equation, one obtains
Imf(x' + i0%)

zF—x

Imf(x' + i0")

7r—x B

1
st =~ [avay
T

Imf(x' +i0")

(zt — x/)p+1 :
We can now move the constant prefactors to the left-hand side
and rename p + 1 — p. Just above the real axis, we have

—Drm . / Imf(x' +i0")
AR oY= | dx———— ~ ~
! P f(x +i07) -x(x_x/+i0+)p

We can now discretize the expression on a uniform x grid with
the step Ax, say, x; = jAx, and we see that the right-hand side
has the form of a sum of poles of order p, equidistant along
the real axis, and with amplitudes A; = Imf(x; + i0™),

(—1)Pm Ay

A Iy Ax—
IR Z Yo —xp 0ty

1 /
=—;/dx(—1)”(17+1)! (B2)

. (B3)

(B4)
J

where 3 is the finite-difference approximation for the deriva-
tive along the x axis. Clearly, the imaginary part of the entire
sum of p-order poles at a certain point x; can be estimated by
looking only at the (p — 1)th derivative of the amplitudes of
these poles at x;, as given in the above expression.

The expression (B4) can be readily applied in our case
[Eq. (33)] where the real axis is the frequency axis w, with step
Aw and w; = jAw, and the sum of the poles determines our
diagram contribution D. In general we have poles of various
orders, but we can group the poles by order and treat their
contributions separately. We therefore have

T —1?
ImD(w; +i07) ~ — > —=d (B5)
P
In the case of simple poles only, the contribution at any w; is
simply proportional to the amplitude of the pole A; ;. Other-
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ImDy, k1, 5u(w +in)

order 1 poles

order 3 poles

total

FIG. 10. Tlustration of a n = 0% result obtained from Eq. (31)
without any numerical broadening, based only on pole amplitudes.
The diagram used is the second-order diagram (illustrated in the top
panel), with L = 2. In the propagators, we take é+ = 0. The rest of
the parameters are © — U (n,) = —0.1D, T = 0.1D, and the external
momentum is k = (0, 7). The top three panels are contributions
from first-, second-, and third-order poles, respectively. The bottom
panel is the total result. Lines with n > 0 are obtained with numerical
broadening. The crosses on the n = 0 result denote the available
frequencies (in between, we assume linear interpolation).

wise, the procedure requires that the pole amplitudes form a
reasonably smooth function of the real frequency. Addition-
ally, the energy resolution is a measure of the systematic error
made in this procedure.

To avoid statistical noise and noisy features coming from
the finite size of the lattice (see next section), we test our
method on the example of a N = 2, L = 2 diagram, which
we can solve with the full summation of Eq. (31), on a lattice

0.08 1

0.06 1

0.04 1

0.02 1

IMDy,, k1, su(w + in) + const

0.00 s

—0.02 4

256 X 256

-4 -3 -2 -1 0 1 2 3 4

FIG. 11. Comparison of the real-frequency imaginary self-
energy result for a single fifth-order diagram (illustrated in the
bottom-left corner), for the lattice sizes 32 x 32 and 256 x 256,
at three different levels of broadening. The calculation is in both
cases performed with the same number of MC steps and took sim-
ilar time. The parameters are L =0, 6 =0, u — U (n,) = —0.1D,
T = 0.1D, and the external momentum is k = (0, 7).

of the size 96 x 96. This diagram produces poles up to order
3. The result is shown in Fig. 10. In the first three panels, we
show the contribution from the poles of each order, and in the
bottom panel, we show the total result.

APPENDIX C: CONVERGENCE WITH LATTICE SIZE

In this section we discuss the convergence of the result with
respect to the lattice size. In Fig. 11, we compare the results
for a single N = 5, L = 0 diagram on the lattices of size 32 x
32 and 256 x 256. We observe that the result is almost exactly
the same at broadening level n = 0.2, which brings further
confidence in the results in the main part of the paper.

In Fig. 12, we illustrate how the size of the lattice de-
termines the highest energy resolution that one can have,
under requirement that the results form a continuous curve
on the real axis and are, therefore, representative of the ther-
modynamic limit. We perform the full summation for the
second-order diagram with L = 0, with various sizes of the
lattice and various resolutions. Clearly, the bigger the lattice,
the higher the energy resolution one can set without affecting
the smoothness of the results.

The numerical parameters of the calculation are there-
fore the size of the lattice, the energy resolution, and the
broadening (the resolution and the broadening can be tuned
a posteriori), and one can tune them to get the optimal ratio
between performance and the error bar. If the pole amplitudes
Aj, are a relatively smooth function of j, no broadening is
then needed at all.
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FIG. 12. Real-frequency result (n = O%) for the contribution of the lowest-order diagram (illustrated in the rightmost panel) at various
lattice sizes and frequency resolutions, obtained with full summation (gray code). The step of the uniform energy grid is denoted Aw. The

parameters are L = 0,8 = 0, u — U(n,) = —0.1D, T = 0.1D, and the external momentum is k =

0, ).

APPENDIX D: DERIVATION OF EQ. (5)

After applying n times the partial integration over the integral from the left-hand side of Eq. (5), we get

Tf Fags
/ t"e"dt / t"e"dt
0 0

(D)

Zn-ﬁ-l
- _e”’(fo)"—ne”f(zrf)"‘l+ S (=1 / K Toe’df:|
ZnJrl i . . o
LT n! T n— n T n— n n! o T
— ol _m(_l)oe "(zzy) 0‘*‘(_1)1(’1_—1)!6 fer) ™ 4+ (=D —(n—n)!/o 7% dr:|
1 i T n— n. 7T n— n l’l' .
= ntl _m(—l)°e~f(sz) 0+(—1)1m€ M) e (=) m(zrf)o(e r— 1)i|
B Zn+1 e Z( D) k( - k)! — (= n4;19

which can be readily identified with the right-hand side of Eq. (5).

(
APPENDIX E: DERIVATION OF EQ. (21)

We are looking for a solution of the Fourier transform

e~ it

1
Gh(e,1)=— —_—. El
L(e, 7) ﬂ%j(mn_g), (E1)

C,’f“ = nC,’f + 77nC,’f_1

rewritten

For any 7, we can express the sum above as a contour integral,
and we find

Gf)(e, 7) = —Res,_;

If we define S" =

n—1

n_nck-‘rl i
n! " (n—1)!

n" k
= I’ZECH + Cn—l

By deriving this expression on both sides, one obtains a recur-
sion for the coefficients C,’f,

(E4)

with holds for k > —1 and n > 0 with CJ = 1. That can be

(E5)

I .
"—Ck we have the recursion S**! = nSk +

3 “1 AU
_ T)L"J dt e (E2) Sk_,, which is the recursion for the Stirling numbers of the
(—=1Ddz'=1 1 —ne b Z=E’ second kind. This allows one to have the following important
result:
where |...| denotes the integer part (floor function), and {x} =
x — |x] denotes the fractional part. d* 1 k k ()"
We see that it will be useful to have an expression for =T = Z n"n!{n} prv
derivatives of (1 — ne?)~!. They have the general form dz" 1 —ne (1 —ne?)
k
k ny )k e
de 1 _ nez nez)n+1 ( ) n=0 € n
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With this, one obtains the following expression:

Gé(s, ) = _esﬂ(l—{;})nL;JH(_'B)z—l

! n! l—m—1
Xzz(l—m—l)!m!{ n }

1 n+1 T m
X | —— -t E7
(=) {5l =)
which already satisfies the (anti)periodicity properties of the
Green’s function.

To make use of the result given by Eq. (E7), we need to
express Gf)(s, 7) as a function of two times Gf)(s, 7,7) =
Gf)(s, t —1'), with 7, ¢’ € [0, B]. We first consider T > 7.
By substituting (v — /)" = 37_(=1)"(})rf "¢ into
Eq. (E7) and substituting m — ¢ with ¢, we get

-1 1-¢—1
Ghe, 1 —1')= ne‘S(T’_T)nn(—e)Z Z cl_,zﬁg(s)t{r’g,
=0 ¢=0
(E8)
with Cz_.;, g(s) as defined in Eq. (22). The result for T < 7’ can
then be easily obtained by proving the property Gé(s, T)=
(=1)'Gy(—e&, —1),

S eiQ,]I

1
l —_ —_ — —_—
Gy(e, —1) = B E (iS2, e)!

n=—00

1 0 e*iQnr
N E,;oo (=i, — &)
1 o e—[Q,,r
=CD'2 ) ——
B Z (i, + &)

n=—0oo

= (=1)'Gp(—¢, 1),
which implies that in the definition (21), we must have

e (&)= (=1 (). (E9)

APPENDIX F: GENERAL HAMILTONIAN CASE

It is important to show that our method is not restricted
to a specific choice of Hamiltonian. The local density-density
interaction and the single band of the Hubbard Hamiltonian
bring many simplifications, but none of them are necessary for
our imaginary-time integral solution or the chemical-potential
tuning scheme.

Consider the general Hamiltonian

H= Z(sa - /'L) + Z Ualaza3a4cllca26;3ca4- (Fl)
o o030y

The o are the eigenstates of the noninteracting Hamil-

tonian, e.g., a combined momentum, band, and spin

index. The self-energy can be now expressed as a

series,

2N—1 oo li—1

S =22 112 2 11X

N Ty j=1 li=laj1..aj; n=1V;,

N
X IV jdasasn | [ Ve, tras s sy 0

i=1
N=IHE, (=1 g

<1

m=1

dty Go(Bay,> Tin — T} ,)-
0

(F2)

Similarly as before, Ty enumerates topologies without any
instantaneous insertions (Hartree or chemical potential) at
perturbation order N (the number of interaction vertices).
The fermionic lines in the Yy topology are enumerated with
J. On each fermionic line, we make any number /; — 1 of
instantaneous insertions with amplitudes V; , (interaction am-
plitudes in Hartree insertions are included in V; n enumerates
the insertions at the fermionic line j). In general, Hartree
insertions may contain off-diagonal terms in the « basis and
are therefore a matrix in the o space. However, it is necessary
that chemical-potential shifts are diagonal in this basis, as
we want to have the bare propagator diagonal in this basis
as well. Otherwise, the form of Gy from Eq. (18) would
no longer hold. Nevertheless, one may still have a separate
chemical-potential shift for each state, du,. After making
insertions, the number of fermionic lines increases to » ; l;.
The fermionic lines are now enumerated with j, n, and the
corresponding states are o ,. The index i enumerates the in-
teraction vertices outside of any Hartree insertions. We denote
aj, ,(i) as the single-particle states at four terminals of each
interaction vertex. The interaction vertices at incoming (i = 1)
and outgoing (i = N) terminals of the self-energy diagram
are o, (i = N) =, a;,(i = 1) = o’. With m, we enumerate
all times to be integrated over. With each interaction vertex
i > 1, we associate one time, and there is a time associated to
each instantaneous insertion of which there are » ,(/; — 1).
We assume that the incoming time corresponding to the vertex
i=11is 0. The times on the terminals of each bare propa-
gator j, n are %;, and :E]/',n and they take on values from the
set {Tm}m=0...1v—1+z].(lj—1), with the external incoming time
fixed, 7o = 0. T, f,;,n’ and «;, ,(i) are implicit functions of
topology Yy. Finally, &,,, = &4, — i + Si4q;,- We can now
focus only on the time-integral part and proceed completely
analogously to Egs. (27)—(31).

It is worth noting that with general interactions, pulling
the coupling constant in front of the diagram contribution is
impossible, as the frequency dependence of the contribution
of each diagram will depend on the precise form of Uy, ,¢;q,-
In the most general case, one must set specific values for
Uy, aras0, and 811, before performing the Monte Carlo summa-
tion. One can then choose the variables that will be sampled
stochastically and the ones that will be fully summed over.
In the end, the contributions can be easily grouped by total
number of independent times (K), including those in Hartree
insertions. The integration of times in Hartree insertions can
always be performed beforehand. Therefore, in the fully
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general case, the number of integrations to be performed at
the time of Monte Carlo sampling is N — 1+ .(/; — 1).
In the case of purely density-density interactions (as is the
case in the Hubbard model) or spin-spin interactions in the
absence of external magnetic fields, this simplifies further
because instantaneous insertions lead to expressions of the
type m for which we can work out the temporal Fourier
transform analytically [Eq. (21)] and the remaining number of
integrations to perform is N — 1 [as we do in Eq. (31)]. In the
general case, when Hartree insertions are not diagonal in the o«

basis, one has expressions of the type ————... 1 In
Iw—E€| lw—E& w—¢&;

principle, one could prepare the analytical Fourier transforms
for a general function of this form, but it might be increasingly
involved at large /, so we assume one would do these integra-
tions at the level of the Monte Carlo, when ¢, ; are already
specified.

We finally emphasize that even more general construc-
tions are possible, even in bases other than the noninteracting
eigenbasis. In such cases, the Gy’s are nondiagonal and
may have a continuous real-frequency dependence, instead
of being a single pole. We leave such considerations for
future work.
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Abstract

We study the details of the explicit and spontaneous symmetry breaking of the
constrained 3BF action representing the Standard Model coupled to Einstein—
Cartan gravity. First we discuss how each particular constraint breaks the
original symmetry of the topological 3BF action. Then we investigate the
spontaneous symmetry breaking and the Higgs mechanism for the electroweak
theory in the constrained 3BF form, in order to demonstrate that they can
indeed be performed in the framework of higher gauge theory. A formulation
of the Proca action as a constrained 3BF theory is also studied in detail.

Keywords: quantum gravity, higher gauge theory, 3-group, 3BF action,
symmetry breaking, Higgs mechanism

1. Introduction

The formulation of a quantum theory of the gravitational field represents one of the main open
problems in the modern fundamental theoretical physics. Over the years, there have been many
attempts to tackle this problem, and several major approaches have been developed, including
string theory [1, 2], loop quantum gravity (LQG) [3, 4], and various other frameworks. Each of
these approaches has its own set of advantages and disadvantages. In particular, the covariant
version of the LQG approach [5] focuses on the rigorous definition of the gravitational path
integral, which is used as a key ingredient in defining the corresponding quantum theory. One
of the main advantages of the covariant LQG lies in the fact that such a rigorous definition
can in fact be formulated, using the so-called spinfoam quantization procedure, and the grav-
itational field can be quantized successfully. On the other hand, the main disadvantage lies in
the fact that the spinfoam quantization procedure works well for the pure gravitational field,
but is not compatible with all other fields in nature (collectively called matter fields) [6—8]. In
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other words, while it is possible to quantize the gravitational field, it is not straightforward to
quantize the gravitational field with matter.

In recent years, progress has been made to circumvent this disadvantage. One of the prom-
ising avenues is based on the so-called higher gauge theory [9, 10], which represents a frame-
work that generalizes the notion of symmetry using mathematical techniques of higher cat-
egory theory. Attention is mostly focused on the categorical structures called n-groups, which
are a certain type of generalization of the algebraic notion of a group, and are used instead of
groups to describe the gauge symmetry of the theory [11] (for various other applications of
n-groups to physics see for example [12-24]). In particular, the structure of 3-groups appears
to be suitable to give an algebraic description of all relevant fields in nature—the gravitational
field, the Yang—Mills field, the scalar field and the Dirac field [25]. On the other hand, the
structure of the 3-group lends itself nicely to a generalization of the spinfoam quantization
procedure [26], which opens the door to study the quantization of the gravitational field with
matter within a unified mathematical description.

One of the central elements in the above construction is a notion of the BF theory and
its higher gauge theory generalizations called nBF theories. Historically, one of the natural
approaches to these theories relies on the Batalin—Vilkovisky formalism [27-31], and gives
rise to the so-called Alexandrov—Kontsevich—Schwarz—Zaboronsky construction, see [32] and
further developments in [33—38]. The classical formulation of general relativity and other the-
ories of gravity based on the BF theory have initial results in the work of Plebanski [39], see
also [40—42] for a comprehensive review of various models. The 2-group formulation, called
2BF or BFCG model, was first introduced in [43, 44] and further studied in [45-50]. The clas-
sical 3BF and 4BF theories were formulated in [25] and [51], respectively. At the quantum
level, nBF theories give rise to a class of topological quantum field theories, first introduced
in the works of Porter [52], see also [26, 53].

The higher gauge theory programme based on 3-groups has recently given some promising
concrete results. First, it was understood how to construct a classical action that describes the
full Standard Model (SM) naturally coupled to Einstein—Cartan gravity (our naming conven-
tion follows the textbook [54]), so that it has a form compatible with the generalized spinfoam
quantization procedure [25]. This amounts to the reformulation of the classical theory into a
form of the so-called constrained 3BF action. Such an action consists of two main parts—the
topological 3BF part, specified by the postulated structure of a 3-group, and the constraint part,
which deforms the topological theory into a non-topological one, with nontrivial dynamics.
Next, the quantization procedure for the topological sector has been sucessfully implemented,
leading to a formulation of the path integral corresponding to the topological quantum field
theory based on a given 3-group [26]. In addition to these results, the symmetries of the topo-
logical 3BF theory have been studied in full detail [55, 56], leading to deeper understanding
of the various properties of the models. Some important mathematical results have also been
established [17, 57, 58]. Nevertheless, the symmetries of the constrained 3BF action, which
represents a realistic classical theory, have not been studied so far. The main purpose of this
paper is to fill this missing step, and study the symmetries of the constrained 3BF action.

From the structure of the constrained 3BF action, it is straightforward to see that the topolo-
gical sector has a certain (large) symmetry, while the constraints mainly break this symmetry
to one of its subgroups. Therefore, our work focuses on the study of various symmetry break-
ing mechanisms and the role played by each individual constraint. In particular, we examine
precisely how each constraint individually breaks the 3BF symmetry group and down to which
subgroup. As it turns out, some constraints have bigger influence and break the symmetry down
to a smaller subgroup, while other constraints have smaller influence and break the symmetry
only slightly. We shall also find out that one part of the symmetry group remains unbroken
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even in the presence of all constraints. All these results are then organized and presented in
a form of a table. After the analysis of the explicit symmetry breaking, our attention turns
to the details of the spontaneous symmetry breaking, and the Higgs mechanism. This is very
important, since the Higgs mechanism is crucial for the SM, and it is not clear whether the con-
strained 3BF formulation of the SM action admits the implementation of the Higgs mechanism
with the same outcome as the ordinary textbook formulation of the theory. It turns out that the
Higgs mechanism does indeed yield the expected outcome, but the details of the implement-
ation of spontaneous symmetry breaking are very far from the ordinary textbook approach.
Instead, a set of completely new calculational techniques has been developed, including one
theorem, and they represent our second main result. These new techniques are necessary, due
to the fact that the constrained 3BF formulation of the SM action is based on a very differ-
ent set of variables, compared to the textbook SM Lagrangian. Finally, as one of the major
steps in this analysis, we also provide a formulation of the Proca action within the framework
of higher gauge theory, and discuss explicitly three different versions of the constrained 3BF
action for the Proca theory coupled to gravity. This also represents a novel result, not present
in the previous literature.

The layout of the paper is as follows. In section 2, we present a short overview of the
higher gauge theory construction of the SM action coupled to gravity. We introduce the notion
of a 3-group and the corresponding topological 3BF action, and then we demonstrate how
these should be chosen and deformed with constraint terms in order to reproduce the SM
coupled to Einstein—Cartan gravity. Section 3 contains the short review of the gauge symmetry
group of the topological 3BF action, and the analysis how this group is being broken by each
individual constraint term in the action. This represents the study of the explicit symmetry
breaking as a consequence of the constraints present in the theory. Section 4 is devoted to
the 3-group formulation of the Proca action. The Proca action is a necessary ingredient one
needs to understand, in order to compare it to the action obtained via spontaneous symmetry
breaking. The analysis of the spontaneous symmetry breaking and the Higgs mechanism is
presented in full detail in section 5, discussing the most convenient example of electroweak
theory. Despite the fact that it is conceptually the same as the ordinary Higgs mechanism
described in textbooks, the specific properties of the 3BF formulation of the action renders the
technical details of the procedure highly nontrivial, and represents one of the main results of
the paper. Our concluding remarks are given in section 6, with a summary and a discussion of
the results. The Appendices contain some additional technical material.

Our notation and conventions are as follows. Spacetime indices, denoted by the mid-
alphabet Greek letters p,v,..., are raised and lowered by the spacetime metric g,,,,. The
Lorentz metric is denoted as 7,, = diag(—1,+1,+1,+1). The indices that are counting the
generators of Lie groups G, H, and L are denoted with initial Greek letters «, 3, . .., lowercase
initial Latin letters a,b,c, ..., and uppercase Latin indices A, B, C, ..., respectively. The gen-
erators themselves are typically denoted as 7., #, and T4, respectively. We work in the natural
system of units, definedbyc=h=1and G = lg, where [, is the Planck length. All additional
notation and conventions used throughout the paper are explicitly defined in the text where
they first appear.

2. Review of the 3BF theory with constraints

The main idea of the so-called higher gauge theory approach [9] is to describe the symmetry of
a physical theory with a mathematical structure that is different from an ordinary Lie group. In
particular, in the context of category theory description of groups, the natural generalizations

3
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are the structures called n-groups. A reader interested in the mathematical details of higher
category theory, n-groups and L, algebras is referred to corresponing literature [9, 10, 12, 14,
24, 43, 44, 52, 57-66]. For the purpose of this work, the attention focuses on the notion of a
strict Lie 3-group structure as a symmetry of the theory.

A strict Lie 3-group is defined as a 3-category over a single object with invertibile 1-, 2- and

3-morphisms, and it is equivalent to a Lie 2-crossed module (L SHS G, b, {Z_}pr)- A2-
crossed module consists of three Lie groups L, H, and G, with the homomorphism 0 : H — G,
the homomorphism § : L — H, the action >: G X X — X (where X € {G,H,L}), and Peiffer
lifting {_,_}pf :Hx H— L. In order to give rise to a Lie 2-crossed module, all these maps
must satisfy a set of appropriate axioms [25].

One of the main benefits of the categorical generalization of the notion of a Lie group lies
in the corresponding generalization of certain notions in differential geometry. In particular,
for the case of a Lie 3-group, one can generalize the notion of parallel transport along a curve
to the notions of parallel transport across a surface and through a volume. These operations
are described by the so-called 2- and 3-holonomies, which are in turn constructed from the
h-valued connection two-form § and the [-valued connection three-form -y, in addition to the
ordinary g-valued connection one-form «. The triple («, 3,7) is called a 3-connection, and g,
b, [ are Lie algebras of the Lie groups G, H, and L, respectively.

The mathematical structure of a 3-group gives rise to a natural choice of an action, called
3BF action, that can be constructed from the 3-connection. The 3BF action is purely topolo-
gical, and defined as:

S3BF:/ (BAF)g+(CAG)y+ (DAH) (1)
My

Quantities B, C and D are two-, one- and zero-forms, which play the role of the Lagrange
multipliers, and they are elements of algebras g, ) and [, respectively. The field strengths F, G
and H are defined as

F=dat+aha—09p3, G=dB+aA” 3 —by, H:d’y+a/\>7+{ﬁ/\ﬁ}pf,

(2)
and they are called fake curvatures for the connection one-form «, two-form g and three-form
7. Bilinear forms (_,_)4, (_,_)y and (_,_) are assumed to be symmetric, nondegenerate and

G-invariant, and they map a pair of algebra elements into a real number. Evaluated on the
corresponding basis vectors, the bilinear forms are written in components as follows:

<To¢77—ﬁ>g:gaﬁa <ta7tb>h = 8ab » <TA3TB>[:gAB~ (3)

Since the bilinear forms are assumed to be nondegenerate, the inverses of the above compon-
ents also exist, denoted as g*%, g? and g*8. They are collectively used to raise and lower all
group indices as necessary.

Varying the action (1) with respect to Lagrange multipliers, one obtains the equations of
motion for fake curvatures:

F=0, §G=0, H=0. “)

Also, varying with respect to the connections «, 3 and vy, we get the remaining three equations
of motion:

VB, — Daabcb A Ba + DaBADA A ’YB =0, (5)

4
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VCa—04"Ba+2X(a)"Da A" =0, ©)
VD4 +8,°C, = 0. @)

Here the quantities X" are components of the Peiffer lifting evaluated on the basis, {z,, 1ot =
X" T4. An analogous notation is used for the homomorphisms 9 and 6, and the action >:

b B
ata = aaaTa ; 5TA = 5Aata ) TaPla =Paa b, TaDTa =Daa" Tp. (8)

At this point it is important to note one feature of the relationship between a 3-group and the
three bilinear forms. Specifically, the requirement that the bilinear forms must be G-invariant
places a restriction on the allowed choice of the action >. This is specified in the following
theorem.

Theorem. Given a 2-crossed module (L SaS G, >, {_,_}pt) and symmetric, nondegen-
erate bilinear forms (_,_)q, (_,_)y and (_,_)y, if the bilinear forms are G-invariant then the
components of the action >qg~, Baab and >oap are antisymmetric with respect to the second
and third index. In addition, there exists a choice of basis in Lie algebras g, i and | such that
a8, >oa’ and >ou® have vanishing diagonal elements with respect to the second and third

index, and in this basis the bilinear form is also diagonal.

For the proof of the theorem, see appendix A. It is important to stress that these restrictions
on the action b arise only due to assumed G-invariance of the bilinear forms, and do not hold
otherwise. Furthermore, these restrictions will play an important role later in section 5, in the
discussion of the Higgs mechanism.

As noted in the Introduction section, one can apply BF and more generally nBF actions
to construct physically interesting models and even realistic theories. This is typically per-
formed by adding an additional term to the topological action, called a constraint term, which
deforms the theory and may give rise to physical degrees of freedom. In the context of ordin-
ary BF theory, relevant physical models include Plebanski formulation of general relativity,
Husain—Kuchat model, MacDowell-Mansouri model, JT model, and general relativity in 2 4 1
dimensions and more than 4 dimensions. A comprehensive reivew of these models is given in
[41]. Regarding the 2BF theory, relevant models include Einstein—Cartan gravity and Yang—
Mills theory, see [11, 25]. In the context of 3BF theory, one can construct models with matter
fields in addition to gravity and Yang—Mills. In particular, models with scalar, Dirac, Weyl and
Majorana fields coupled to Einstein—Cartan gravity and Yang—Mills theory have been construc-
ted, including the full SM coupled to Einstein—Cartan gravity. For a review of these models
see [25]. Finally, there is also a similar construction based on 4BF model, see [51].

In this work, we will focus our attention on a constrained 3BF action giving rise to the
Einstein—Cartan gravity coupled to the full SM, and the electroweak model, as well as a for-
mulation of the Proca theory.

In order to construct a physical theory based on a 3BF action, we need to introduce some
constraints between the fields and choose an appropriate 3-group as a gauge symmetry struc-
ture. The constraints are discussed below, while the choice of the 3-group is as follows. A
simple 3-group which corresponds to the SM of elementary particles coupled to Einstein—
Cartan gravity in the usual way is called the SM 3-group [25], and is defined by the following
choice:

G=S0(3,1)xSUB)xSUR2)xU(1), H=R*  L=C*xG*xG*xG%*.
)



J. Phys. A: Math. Theor. 58 (2025) 215201 P Stipsi¢ and M Vojinovi¢

The group G is a product of the Lorentz group and the usual internal gauge symmetry groups of
the SM. The group H represents spacetime translations. The choice of the group L corresponds
to the Higgs and fermion sector of the SM, where G denotes the Grassmann algebra. In addition
to this choice of groups, we choose the maps 9, § and {_ ,_}pf to be trivial:

oh=1g, 0l=1p, {hl,hz}pf:ILL, (10)

for every h,hy,h, € Hand [ € L.

In order to complete the definition of the 3-group, we also choose the map > as follows.
Because of the specific structure of the group G, it is natural to distinguish g-indices for
the Lorentz part from the internal part, and we will write the former in pairs of small alpha-
bet indices in angular brackets, [ab], while the latter will remain denoted with Greek letters
from the beginning of the alphabet. Denoting the structure constants for the internal subgroup
SU(3) x SU(2) x U(1) as foz7, the action of the group G on itself is defined as:

of] — U _
Slat] e D = fanjiea? = (U[Ll\c5|b]5 n[a\dé‘b]dl ) Plap)g’ =0, (11
T=fap”s  Palan) =0, (12)
Equation (11) define the action of the Lorentz subgroup on G, while equations (12) define the

action of the internal subgroup on G. The action of the Lorentz and internal subgroups of G
on the group H is defined as:

1
Peda” = 3Mala0],  Poa” =0. (13)

Finally, the action of the Lorentz and internal subgroups of G on L is given in a natural way,
in accordance with the transformation properties of various fermions and the Higgs scalar. For
example, the action of G on left-isospin fermions is given as:

(0a),2. (14)

N —

D[cd]AB =5 (U[Cd])AB, B’ =

Here the matrices (o), ” are Pauli matrices, and (o)) JB= 1 [Vas )4, where , are the
standard Dirac matrices satisfying the anticommutation rule v,v, + V5V, = —2n4. Here we
also introduce vs = —797y172773- In a similar way, one defines the action of group G for all other
fermions and scalars in the group L, depending on their precise transformation properties (see
[25] for details).

In addition to the specification of the 3-group, the action (1) also depends on the choice
of bilinear forms. For the non-Abelian groups one can naturally choose the Cartan—Killing
form, while for the Abelian groups there is no natural choice, and one is mostly restricted by
the property that the bilinear form must be G-invariant. Taking this into account, for the SM
3-group and the action (1) we choose the bilinear forms as follows. For the algebra g, we have

1
8labled) = 5 Mdlal ble 8ap =dap, 8afar] = 0. (15)
For the algebra b, due to the G-invariance, we have

8ab = Nab - (16)
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Finally, for the algebra [ the situation is more complicated, since the Grassmann numbers
anticommute. Namely, note that for general A, B € [, we can write

(A,B)(=A'B'g;;,  (B,A) =BAlgy. (17)

Since the bilinear form must be symmetric, the two expressions must be equal. However,
depending on whether the coefficients A’ and B/ are Grassmann numbers or ordinary real
numbers, they will either anticommute or commute, and consequently the component matrix
gy of the bilinear form must be antisymmetric or symmetric, respectively. In our case, the
generators T of the algebra [ can be grouped into three classes: T; which belong to the Higgs

sector, and a pair T}, T which belong to the fermion sector. Then, the components of the
bilinear form can be written as

(18)

The upper-left block corresponds to the algebra C*, while the bottom-right block corresponds
to the algebra G x G* x G**.

Once we have specified both the 3-group and the bilinear forms, we can introduce the full
classical action corresponding to the SM coupled to Einstein—Cartan gravity. This action is
written as the 3BF action (1) plus the constraint terms that give rise to the desired dynamics,
and has the following form:

S= S3BF + Sgrav + Sscal + SDirac + SYang—Mills + SHiggs + SYukawa + Sspin + SCC . (19)

Here we have:

_ — A —
Sur= [ Ba AP+ B AR+ e A VS 4 6 (), 404 (V1) = (19) 0,

(20)
Suraw = — | A A Blo# = L glatled o 1)
grav [ab] 8r lg c d | >
Scal = /XA A (’?A — Hupene® NP A ec)
+ ADAN (HabcAe"de- eaNe.Neg— (V) Neg A e;,) , (22)
_ i . A
SDirac = /)\A A (VA + agabcdea Ae’ Aef (le/’) >
i _
— XA (&A — cCabeae Ne" N (W)A) : (23)

SYang—Mills = /)\a A (Bo( - lzcaﬁMﬁgbea AN eb)

+ 6™ (M pecaere N N Nel —F* NegNey) 24
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2 2 a c

Shiigas = — / X (¢"pa =) capcac® Ne” N A e, (25)

2 7A, B C a b c d

Syukawa = — ﬁYABCﬂ} PP empeae” NeP Net N e, (26)

Sspin = /27r ilIZ,QZ_JA'YS'y“l/JASabcdeb Ne B, @7
1 a b c d

Scc = — 96 Aegpeae® Ne” Ne Net. (28)
T

In addition to the topological 3BF term (20), one can recognize:

the gravitational constraint term (21), giving rise to the gravitational degrees of freedom,

the scalar constraint (22), giving rise to the massless scalar degrees of freedom,

the Dirac constriant (23), giving rise to the massless fermions,

the Yang—Mills constraint (24), giving rise to the massless gauge bosons,

the Higgs potential constraint (25), containing the self-interactions and the mass of the Higgs

field,

o the Yukawa constraint (26), containing the interactions between the Higgs field and fermions,
as well as fermion mixing matrices,

e the spin constraint (27), necessary for the appropriate coupling between fermion spins and
torsion, and

e the CC constraint (28), introducing the cosmological constant.

The following free parameters are present in the action:

e [, is the Planck length, featuring in Sgray, Sepin and Scc,

e C,p represents the gauge coupling constant bilinear form, featuring in Syang-miliss

e x is the coupling constant for the quartic self-interaction of the Higgs field, featuring in
SHiggs,

e v is the vacuum expectation value of the Higgs field, also featuring in Sgjggs,

e Y,pc represent the Yukawa couplings and fermion mixing matrices, featuring in Syyxawa, and

e A is the cosmological constant, featuring in Scc.

The topological part S35 and the constraints Sgc,; and Spjr,c do not contain any free parameters.
Finally, note that the topological part S3pr is now rewritten in new notation. Specifically, F is
split into the internal symmetry field strength F'* (which is a function of the internal symmetry
connection o) and the Riemann curvature two-form Ry, (which is a function of the spin
connection w!®!). The Lagrange multiplier C is rewritten as the tetrad field one-form e,, and
the Lagrange multiplier D is rewritten as a tuple of scalar and fermion fields (¢*,14,),). This
change of notation also suggests the physical interpretation of the fields in (1).

Let us discuss the equations of motion for this action. After a certain amount of calculation,
we obtain the equations solved for all Lagrange multiplier fields, in terms of the dynamical
fields and their derivatives:
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1 14 @ 1 «@ 14
Maab = 7&5abchau ecuedlly C @ = 7C/3 SadeFB,uuevued )
e log
Aoz/,ul = _Fa,uu, Ba,u,u = _Ecaﬂeuupo'Fﬁp B
1 d
)\[ab]uu = R[ab]uua B[ab];uz = ms[ab]cdecue vy
YA A ~A o \A
A n= (vltd)) s Y wpvp = —€E€uvpo (v ¢) s
1 1
HabcA p,upa( p,(b) ue pe o, AabAu _ 7g#>\5>\upo (Vy@)A eapeb(77
6e 6e
’YAuup = laabcde ,ue I./e (7 1/}) 5 ’YA,uup = 15abcde Me Ve (1/}'7 ) 3
A — A _ _
- ) (55,
ﬂauu =0. (29)

Next we look at the equations of motion for the dynamical fields. The spin connection wiq,,
is not equivalent to the Levi-Civita connection, since fermionic fields give rise to nonzero
torsion T,:

Wiablp = Aapl + Kiapl (30)

To=Ve, =2mily capeae” N e Yarysy ™t = 2mill s, . (31)

Spin connection is represented as sum of Ricci rotation coefficients Ay, and contorsion
tensor K{y),- Torsion 2-form is proportional to spin 2-form s,, as usual in the Einstein—Cartan
gravity.

The Einstein field equation has the usual form:

1
R, — EgWR—i— Aguy = 87 12 TW, (32)

where the stress—energy tensor is given as:
(0% 1 (0% loa
T;w =F ,upCaﬁFBup - ZguuF poCaBFBp
1 2
I T (Vo0 Voou+2x (6461 =)’
_ 1 VA _
b3 (00 i) e~ S (i (0 V0 ) e~ 20anciPoC) . 33)
It features three parts, describing the Yang—Mills, scalar and fermion stress—energy,

respectively.
Equations of motion for fermion and scalar fields are

(i V8 — ¥5co”) v =0, (34)
O (851 V7" + Yonco) =0, (35)
V.Vt —d (68 0n 1) 6" =0, (36)
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while the equation of motion for Yang—Mills fields is:

1 -
YV Fo + 501@5 (>pan (0" VY ¢ — °VY ") +idharpp (pc v P — 44 pc?)) = 0.
(37)

One can observe that all these equations of motion correspond precisely to the SM coupled to
Einstein—Cartan gravity, along with the cosmological constant term.

This completes the review of the realistic classical theory based on the constrained 3BF
action and the 3-group approach. In the next section, we turn to the discussion of the symmet-
ries of this model.

3. Constrained 3BF action and explicit symmetry breaking

By adding simplicity constraints to the topological 3BF action, we reproduce the equations of
motions for all known fields. But adding constraints also leads to breaking of the initial sym-
metry. In what follows, we will study each of the constraints separately, in order to determine
which constraint breaks which symmetry group.

The total symmetry group of the topological 3BF action has been studied in [56, 67], and has
been shown to have the form Gspr = (G % (Hy x (N x M)))xHT. The semidirect and direct
products of groups G, H;, M, N correspond to the ordinary gauge symmetry of the action,
while the Henneaux—Teitelboim (HT) group corresponds to the so-called HT symmetry, which
is trivial on-shell (for a review, see [67]).

The choice of the SM 3-group, introduced in the previous section, implies however a more
specific structure for the gauge group Gspr. Namely, in the general case, the generators of the
H; group can be naturally divided into the H—generators and L- -generators, satisfying the Lie
algebra commutation relations of the form

[ﬁﬁ} ~1, [ﬁzq ~0, [i,i} ~0, (38)

where the structure constants in the first commutator are proportional to the components of
the Peiffer lifting map in the given 3-group (see [56] for a detailed analysis). Nevertheless, for
our specific choice of the 3-group the Peiffer lifting is trivial, implying that

A ~o, AL ~o0,  [LE]~o. (39)
This means that the group H;, can be rewritten as a direct product
H =HxL (40)

of two Abelian normal subgroups H and L. Additionally, since in general the H-generators are
responsible for the semidirect product H;, x (N x M) within Gspr, with commutation relations
of the form

(AN ~w [Am]) ~o0, LM ~0, [LA] ~o, (41)
it is straightforward to conclude that in a case of any 3-group with trivial Peiffer lifting, the
symmetry group Gspr takes on a more specific form:

Gigr= (G (Lx (Hx (NxM)))) x HT. (42)

10
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Thus, (42) represents the gauge group of the 3BF theory based on the SM 3-group.

Let us now introduce the action of this group on the fields present in the 3BF action. For
a general 3-group, the infinitesimal transformations of the ordinary gauge part are derived in
[56] and listed as form-variations, while the infinitesimal transformations of the HT-part are
defined in [67]. For the special case of the SM 3-group, the ordinary gauge transformations
are given explicitly as follows:

Sia® = —Veg®,
(5§w[“b] = —Veg[“b] ,
558" =papeg " — Vep?,
S =barley 4 Ve
55B~ :fgwaeg’BB"’ +e, A ehb b — DA%t e — Vem® + By 0% Len,
SEBI = fiopin B €8 — e 191 4 oo p bl ¢ 4 plet) de e e plab) By,
5ie" = —Ven + €% bap e’
S§D* =gt D (43)

The transformations are specified by the five free parameters, corresponding to their Lie
algebras—the parameters ¢, and €, are zero-forms, €y and €, are one-forms, and e
are three-forms.

Regarding the HT symmetry, the infinitesimal transformations are most easily expressed in
the following matrix form [67]:

«a ab aB a ab aB
(S(])_ITB(XNV € ﬁpua’A € o S € B;LVU’ € pvo € proig

b B

b B
a a eaﬁug €t oA € LONE

HT a,
50 Cau ,U’H/Mr)\ € o €

HT
SeTpA
HT o
dy %y
HT

60 Ba/u/

HT . A
o Y pwp

A8 Ab AB AB Ab AB

oA

€ 7o\

:u’aﬁ;uf)\

ab

aB

ab

B
€% ore

b
T

aB
Ky

o

puvo

b
€ nUro

aB
€ uvo A

Ab
W pvpo

AB
B pwp

1

,U/Aﬂ;wpa

Ab
B pvpo

AB
€ pvpoé

(44)
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Here, in order to ensure the antisymmetry of the parameter matrix, the following identities
must hold:

b _ b B _ B _
M aauy = —e” pvo s M a;w = —e” Iz Nﬁao;w = 7€aﬁuuaa
ba _ ab Ba _ aB
B o uy = =€ pvo B g e puy = —€7 puolé -
Ba __ aB a — a,
B = =€y, Mﬁ op = "€ po s (45)
ba __ __ab Ba __ __,aB
B oy = —€ o, K oXén = € poré
A A bA _ Ab _ AB
:u’ﬁaffe Baa Hg = —€ o, Hg e = —€ 7o),
b _ b B _ B B _ B
14 aa)\u = —¢€” puoXs M aa)\fu = —¢€” poXés M uoz\f,ull = —¢ uro g -

For more information about properties and importance of HT transformations, see [67].

It is straightforward (if algebraically a bit involved) to verify that transformations (43)
and (44) keep the topological action (1) invariant. However, this is not the case for the con-
strained action (19), since each of the constraint terms may explicitly break one or more of
these symmetries. In order to determine which symmetries are preserved and which are broken,
and by which constraint term, we proceed as follows. For every individual constraint, we intro-
duce the action

§= S3BF + Sconstraint ) (46)

and we take the variation of this action with respect to (43). The topological part Sspp is
known to be already invariant, which means that the invariance of the action S reduces to the
requirement

5gSconslraint =0. (47)

This requirement may not be met automatically, but only by fixing the values of certain sub-
set of parameters €4, €y, e, €m®, and €,%. Each parameter that needs to be fixed indic-
ates that the corresponding symmetry subgroup is broken by the constraint. In the following
Subsections, we shall investigate each of the constraints (21)—(28), and use (47) to discuss
which symmetries are preserved and which are broken.

One should emphasize that the above method based on (47) makes sense only for the ordin-
ary gauge symmetry, whereas the HT symmetry cannot be studied this way. Namely, as was
explained in detail in [67], the definition (44) of the HT symmetry explicitly depends on the
form of the action. This means that the very process of adding a constraint term to the action
changes the HT symmetry group in a nontrivial way, most often by increasing its number of
generators and parameters, so that the HT group of the constrained theory is larger than the
HT group of the topological symmetry. This stands in sharp contrast to the ordinary gauge
group, which is being broken down to one of its subgroups by the same process. Therefore,
the question of explicit symmetry breaking by the introduction of the constraint term makes
sense exclusively for the ordinary gauge symmetry, and cannot be even formulated for the HT
symmetry.

3.1 Gravitational simplicity constraint

As explained above, the procedure for analyzing the symmetry breaking in the case of the
gravitational simplicity constraint boils down to the calculation of the form variation of (21)
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with respect to (43) and then the discussion of the requirement (47). Specifically, we have:

1 .
5§Sgrav = —/ (55)‘[111:] A (B[ab] - Wg[ab]‘dec A €d>
P

2
Ayl A | 88Bla) = clabledgg o p ) 48
+ [“b] ( 0 + 167’(’1;6 0€ €d ( )

The variation of the Lagrange multiplier [, is not defined initially, so we choose to define it
in such way to preserve as many symmetries as we can. Substituting (43) into (48), after some
algebra, the variation of the gravitational constraint becomes:

0 Saray = / (A1 = Auncory”) A (Bm - 16;,12)5[”]"'"6»1 Aem)
4 At Aea A (Eh[an|b]d _ &rlégg[ab}cdnfcveuf)
+ Ay A (0181 = Tl — et plet] 7Dy ) (49)
from where we can see that we can choose the variation of the multiplier A(,,) as follows:

T = —Maniflanin s ™ = Mgy (50)

This choice removes the whole first row in (49). However, from the second row one can see
that the requirement (47) can only be satisfied if one chooses specific values of €%, €,%, €n®
and €. The only parameter that is not fixed is e;*. This implies that this constraint breaks all
symmetry groups M, N, L, and H, except for the group G, which remains unbroken.

3.2. Scalar simplicity constraint

Using the above procedure we examine all the remaining constraints. In the case of the con-
straint for the scalar field, we have:

5 Sscal = / [(5(8)5\/4 A (’?A — Hyp e NP A ) (51)
+ A (65’?‘4 — 08 Hup e N eP N et —3H A 55e NP A €°)
+ 55N, A (Ha;,CAs"defed Nes Nep— Ve Ney N ep)
+ AP, A (§§HabcA5”d€fed Aeo Nep+3Hup e G5eq N e, N ey

— V&t Nea Nep — (58705["[] D[kl]BAQSB NegNep—2V ¢ AS§eq N eb)} )
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Substituting (43) into (51), we get:

5 Seat = / (5 S + Aseg T o4 )

(7" — Hapc e N e N &)
(63Hab - ’J]Habc j]BA) (/\Anadnbgncf A“bAz?Cdgf) NeaNe, Ney
+($MZ+A”ﬁVﬂ>,ﬁ) (Hapeeg Nee Nep— V' Neg Aep)
+ < adpbend — A9, Cdef) A3H e (Vena) Nee Nep

F2A%, AV A Vena A ey + g A ve/‘] . (52)

It is obvious from fourth and fifth row from above equation that scalar field constraint breaks
only N and L symmetries, while H and M symmetries are preserved since their parameters €p’
and e, do not even appear in the variation (52). Finally, in order to preserve G symmetry, we
choose to define variations of new multipliers as:

5g)~\A _ eg[’ﬂXB D[ij]BA ’ 58 Habc _ Habc eg ‘>[u] A, 6gAabA =€ [cd]AabB D[cd]BA ) (53)

3.8. Dirac simplicity constraint

In the same way, variation of the constraint for the Dirac fields gives us:
4 'S\ A i a b c d A
5()SDirac = (50AA) ANy + gf:‘ubcde Ne Ne (’y w)
(5g)\A) ( ;Eahcde AeP A e (1/}7‘1) )

+ )‘A A 637 + €abul.'e A € N ( (5g7/1)) + €ubcd (6 e ) A eb /\eC (’ydw>A>

AN < ég'yA Eahcde AP A el ( 4 ((5(“;1/7)))/4 — %sahcd (68’6“) AeP A€l (’ydﬁj)A> .

(54)
Substituting (43) into (54) gives us:
e = [ (530 + e 5aa ") A (¢ b L N N ww*)
— (BN + €5™ o ABAE) A (’_YA - ésabcdea NeP Aef (%/S’Yd)A>
+MA <V6[A + %eabcd (Vea®) Neb A et (de)A)
— XA <V€[A = %60;,0(1 (Ve ) NeP N et (qﬁyd)A) ) (55)
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This constraint also breaks only N and L symmetries, similar to the scalar constraint. The
variation laws for new multipliers are chosen to be:

55;\,4 = €ga Do BA;\B7 5(5)’/\A = €ga DQAB/\B. (56)

3.4. Yang-Mills simplicity constraint

Yang—Mills simplicity constraint is similar to gravitational constraint, but it contains two more
Lagrange multipliers. We apply the same variation procedure as above:

58 SyangMills = / SN A (Bo — 12C* Mgape N e”)
+ AN (85Bo — 12C*P 5 Mpape® A €” —24CP Mg 65" N €”)
+ 85 ¢ (Maave caere” A N Nel —Fy Neg A ep)
+ ¢oab ((5§Maab) Ecdepe’ N N Nel+ AM pap caer (5€°) N e Nef Nel

— (65Fa) Nea Nep —2F 4 N (85eq) Nep) (57)
where
S8Fo0 =" F bogy - (58)

The variation of the field strength (58) is obtained by varying the definition (2) using (43).
Combining equations (43), (57), and (58) gives us:

85 Syang-mills = / (S5 +X7eg? boyg ) A (B — 12C*P Mgape® Ne”)
+ (6§M,mb — egﬂM'YabDQgﬂ,) (Co‘“bacdgfe” Net nef Al —12C% g AP A e A eb)
+ (85¢O +5,5%C" e ) (Maabecdere® Ne' Ne Nel —Fo Nea Aep)
+A*A (—Vema — e ban BDp + €0 Daa By — €  Aepbaa’ + 24C°‘5M5ab (Ven®) A eb)
+ ¢ (—AM gapeeder (Ven ) Ae? Nef Nel +2F o A (Vena) Aep) - (59)

Similar to the case of gravitational constraint, all symmetries, H, f,, Nand M, except for G are
broken. The variations for new multipliers are chosen as:

A = €PN bpy @) EMaay = "M ipbapy,  O5COP =P bp, Y (60)
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3.5. Higgs, Yukawa, spin, and CC terms

Variation of Higgs term gives us
1
0 Shiges = =3 X / 2(pag* —?) pa (50" ) ey Ney Nec Ney (61)
+ (¢ag™ — v2)2 eed (§8e,) Ney Ne. Ney.

This implies that

1 2 abe
0 Shiges = 3X / (pag" =) e (Vena) Nep Nec Ny, (62)

where we have used the identity >,45 = —>opa from the theorem. This constraint does not
break G symmetry since its parameter drops out of (62) despite being present in the form
variations for both ¢ and e,, so only N symmetry is broken.

The variation of Yukawa coupling term is:

2 _
5§SYukawa = *ﬁ / YABC(s(é), (¢A7/JB) ¢C6ahcdea A eb Ne“ N ed
+ Yapc VP65 0 eancac® N e’ N e e
+ 4Y gt PP e apcadie N Nef Net. (63)

Again, substituting the variations of fields (43) into (63) gives:

1 B
5§SYukawa = g / YABCQZJAwBQSCEabcd (vena) NeP Ne Net. (64)

As above, only N symmetry is broken, because the Y pc matrix is defined in such a way to
preserve G symmetry.

Spin coupling term does not break G symmetry for the same reasons as the Dirac or Higgs
terms, but it does break Nand H symmetries:

3§ Sspin = 2m1LE apea / (05 (57 v) € N e A B+ sy apdg (" et A BY))

=27 ilf,sabcd/zﬁ%v”l/} (2 (Venb) ANeEABE+ e Nef A (Vehd)) . (65)

Finally, the CC term breaks only N symmetry:

1 1
8 _ 8 a b d __ b c d
(50SCC—_/247TII%A€abcd50€[ ANe’ NeS Ne ——/2471_[[2)A5abchEna/\e ANeSAe?.  (66)
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3.6. Overview of symmetry breaking

Summing up all the results from this section, we can make a table of symmetries and con-
straints. Each field labeled with x corresponds to the breaking of a given symmetry by a given
constraint term:

Sgrav Sscal Sbirac SYﬂng—Mills SHiggs Syukawa Sspin Scc
G
I:I X X X
L X x X x
M X x
N X X X X X X X X

From the above table one can observe several interesting features. First, G symmetry is
preserved by all constraints, while N symmetry is broken by all constraints. Second, the grav-
itational and Yang—Mills constraints break all symmetries except G, and these constraints are
the only ones to do so. Finally, the Higgs potential constraint, the Yukawa coupling constraint
and the cosmological constant constraint break exclusively the N symmetry, while preserving
all others.

In addition to the above results, there are three more constraint terms, which do not appear
in the action (19) but will appear later on in sections 4 and 5, after we rewrite the action in a
form corresponding to the spontaneously broken symmetry. The first of these is the mass term
for scalar fields:

2
m .
Sscalar mass = _Igabcd/d)Ad)Aea A eb Ne“ A ed . (67)

Variation of this term is

2
08 Sscatar mass = —%sabcd / (2(550a) ¢ e Ne” N N +4gad (5e”) Ne” Nef Nef)
(68)
which reduces to:
m? .
5(g)SscalaI mass — ?5abcd/¢A¢A (Vena) A eb A e A ed . (69)
We conclude that the term (67) breaks only N symmetry.
The second new constraint term is the Dirac mass term:
m - .
SDirac mass = _ﬁgabcd/wA'wAea A eb Nef N ed~ (70)

Its variation is

m - . - .
§§SDirac mass — — Ei‘:abcd/ ((5§wA)¢Aea A eb Ae A ed + ¢A(5§¢A)e" A\ eb Ae N e‘l

+ 4t (55e)) Ne” Nef nef) (71)
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which reduces to:
m —
6gSDirac mass — ggabc'd/¢A¢A (vena) A eb Ne‘ A ed' (72)

Similar to the scalar mass term, this constraint also breaks only N symmetry.

The third new constraint term is the Proca constraint. This term will explicitly appear in
section 4 in equation (80) below, as part of the discussion of the Proca action. It has the fol-
lowing form (see section 4 for the details of the notation):

M M
Shroca = / Q2 A (Eaabcsc”’efed NeeAep+ —ag Aeg A eb> + —a® AZgapce” Ne® Net.
g 4

(73)
The variation of this term is:
8 M g o A= a o 8= a a A= g a b c
36 Sproca = E (5™ A Eqapee” + % A §gZaapee” + 30" ANEqancdye) Ne” Ne
g2 naab —_ cdef M
+ 0,0 A | Eqavce“eq Ne. Nep+ Eaa Neg Ney
+ @2 A (5§E(wbc€“1‘ffed NegNe, Ner+ 3Ewb656def5(g)ed ANe, A ef)
M aab g 8
+E@ A (Ofaa Nea Nep+20q Noea Nep) | . (74)

Substituting the variations of connection « and tetrad fields, and using the fact that Do =0,

we get:
5gSProca :/

M
+ 0§ Eevabe (ao‘ AN Neb A e + O Aoy Ne, N ef>
8

M
5502 A <Eaab650defed Nee Nep+ —ag Neg A eb> (75)
’ 8

M X
+ —Veg® A (0P Ney Aep — Eqapce® Ne” Ae)
8

M
— 32 0abe (a”‘ AVer® Aeb N e 4+ 0% ge i Ne, N ef)
8

M
— ZE@a”b Aag AVepg N eb] .

We can eliminate the first two rows by choosing the variations of the new multipliers to be
550 =0, 08 Zqame =0. (76)

However, in addition to broken N symmetry, the Proca constraint is the only constraint which
breaks G symmetry, since its parameter appears explicitly in the third row.

Finally, let us note that the scalar mass constraint, Dirac mass constraint and the Proca
constraint supplement the above table of constraints with three more columns, as follows:

18
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S scalar mass N Dirac mass SProca
G X
H
L
M
N X X X

This concludes the analysis of explicit symmetry breaking of the constrained 3BF theory.
In what follows, we turn to the detailed analysis of the Proca action, and after that to the
spontaneous symmetry breaking, which has completely different nature and properties from
the explicit symmetry breaking.

4. Constrained 3BF action for the Proca field

In order to study the electroweak theory, spontaneous symmetry breaking and the Higgs mech-
anism within the framework of higher gauge theory, an important step is to give a review of
the Proca action written as a constrained 3BF theory, since the Higgs mechanism will natur-
ally generate mass terms for the vector bosons. The 3BF formulation of the Proca action will
therefore help us recognize these terms when we turn to the details of the Higgs mechanism.

In order to introduce the constrained 3BF action for the Proca field, the first step is to specify
the choice of a 3-group. The typical choice is the following. The three component Lie groups
are given as:

G=S0(3,1)xSUN), H=R*  L={1.}. (77)

This choice corresponds to the SU(N) Yang—Mills field coupled to Einstein—Cartan gravity,
with no scalar or fermion matter (since the group L is trivial). The trivial choice of L implies
that the Peiffer lifting and the homomorphism ¢ are also trivial, as well as the action > of the
group G onto L. What remains to be specified is the homomorphism 0 and the action > of
the group G onto itself and onto the group H. We choose the homomorphism O to be trivial
as well, while the action i is specified as follows. The action of G onto itself is given via the
equations (11) and (12), similar as for the SM, while the action of G onto H is also given via
the equations (13).

In order to define the corresponding 3BF action, the symmetric nondegenerate invariant
bilinear forms (_,_)4 and (_,_)y are specified via the equations (15) and (16), respectively,
while (_,_) is trivial. These choices simplify the 3BF action into a 2BF action, a special case
of (20), given as:

Sapp = / Bo AF® + B ARy + e ANV B (78)

Here the first term is the BF term for the SU(N) group corresponding to the Yang—Mills part,
while the remaining two terms correspond to the gravitational part.

Once we have specified the topological part of the action, we deform it by adding appro-
priate constraints. In order to obtain appropriate dynamics for gravity, we have to add the
gravitational constraint term (21), while in order to obtain appropriate dynamics for the Yang—
Mills field we similarly have to add the Yang—Mills constraint term (24), and in this case one
additional constraint, called the Proca constraint term:

S = Sopr+ Sgrav + SYang—Mills + SProca - (79)
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The new Proca constraint term has the following form
«ab — cdef M
Sproca = [ O A | Eaavce™eq Nee Nep+ Eaa Neg N\ep
M
+ =% AZaapce® AP N e, (80)
8

where the 1-form ©*% and 0-form =, are new Lagrange multipliers, M is the new para-
meter, while g is the Yang—Mills coupling constant, corresponding to the choice of the coupling
constant bilinear form in (24) as:

Cop = 3805 @1
8
In order to demonstrate that the action (79) really corresponds to the theory of the Proca
field, we compute the corresponding equations of motion. Similarly to the case of the SM, the
variations of the action with respect to all fields will give the equations that can be solved for
the multipliers,

1 c d v b 1 abed oLV

Mooy = —@Eabaje ne z/FaM s Aauy = _Fauy7 Caa = @E ecueduF a ’

M M
b abcd o —_ d
Sk n= @E @ uecuedpa /\[ab]pw = R[ab]uy; Saabe = @f‘:abcdaaue H7 (82)

e o c d

Bopw = _T(nguupaFap , Bauv =0, B[ab],uu = Weabcde ne v,

P

then the Einstein field equation (32) for the stress—energy tensor of the form

1 1 M? 1

T;w = FaupFowp - 7guuFapaFo¢pg + — aauaau - 7g;u/aozpaap s (83)
g 4 8 2

as well as the equations for the spin connection (31) and the torsion equation 7% = Ve =0,

and finally the equation of motion for the vector boson field

V. F, —M*a®, =0, (84)

where F*,,,, is the standard Yang-Mills field strength tensor for the SU(N) connection a® , .
This is precisely the Proca equation for the field with mass M.

In addition to the equations of motion, one can verify that the action (79) corresponds to the
Proca theory by eliminating all auxiliary fields. Since auxiliary fields are algebraically determ-
ined as functions of the dynamical fields, their equations of motion can be substituted back into
the action, leading to the second-order formulation of the theory. In particular, substituting all
equations (82) into (79), after a certain amount of straightforward algebra, one obtains pre-
cisely the traditional formulation of the action for the Proca field coupled to Einstein—Cartan
gravity:

1 1 o 1M,
S:/ 167rlzgabcdRabAef/\edfg—zFa/\*F fﬂga “aa“sadeeg/\eh/\egAed. (85)
7 !

Here a, " = an g"*” where gt = n“”ea"eb”. Also, xF denotes the Hodge dual of the 2-form
F:

1 .
*F* = ZFacdsab‘dea Nep. (86)
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When dealing with the electroweak theory and the SM, one encounters multiple Proca
fields, with different masses M. In order to account for this, let us generalize the action (79) to
the case of multiple Proca fields. This is done by choosing a 3-group with a modified group G
of the form:

G=503,1)x[Ju) x[[sU®N)). (87)

Compared to (77), one can see that the subgroup SU(N) in G has been substituted with mul-
tiple copies of U(1) and SU(N;), depending on how many Proca fields we wish to have in
the theory. The structure of the 3-group remains essentially the same, in the sense that the
action > is extended from the SU(N) case to the more general case in an obvious way, so that
equations (11)—(13) remain valid for the general choice (87).

Given this more general choice of the 3-group, the action for the theory formally still has the
form (79), but now the terms S>pr and Syang-minis correspond to the new choice of the internal
gauge group, and the coupling constant bilinear form C, 3 does not need to have the form (81)
anymore, but instead it may depend on multiple coupling constants g;, one for each term in the
products in (87). The only requirements on C,g are that it must be symmetric, nondegenerate
and G-invariant, since its eigenvalues should be 1/ giz. Finally, the term Spyoc, becomes more
complicated, and has the following form:

Sbroca = / oA <E““””€Cdefed NeeNeptNapal Neg A e”)
+a®A NaﬂEgabce“ ANeP A, (88)

This constraint term features a new bilinear form N, and a new matrix Naﬁ , which are con-
stant and arbitrary, representing new free parameters of the action. In order to understand their
physical meaning, let us discuss the equations of motion for the action, as follows. First, the
equations that can be solved for the multipliers are

1 - d 1 bed
Moap = _@Eubcdép,e uF(x‘uV7 )\a;u/ = _Fap,ua Caah = ZCaBEa ¢ ecuedVFﬁlwv
1~ o _abed = 1 d
@aabu = ENBaga ¢ @ﬂyecyeduv )\[ah]‘uv = R[ah]/,u/: Saabe = gNaﬁguhcdaﬁue 117 (89)
e 1 .4
BOU“’ = _7Caﬁ€MUPGFﬁp07 6a;uz =0, B[ah]uu = jgabcdeLue vy
2 8 L2

where we can see the presence of the parameters Cg, Nog and N,”. Next, the torsion equation
Ve = 0 remains unchanged, while the equation of motion and the stress—energy tensor for the
vector fields obtain the following form:

V. F*, —M%5a°, =0, (90)
1 1
Ty = Cop (Fa#pFﬁup - 4gu,,F"‘pc,FB’w) + CagMﬁy <aa#a7y — 2gu,,aa”oﬂp) .
On
Here the new matrix M g is constructed from Cpg, Nog and Naﬁ as follows:

M5 == (€N (N,°Nsg +Ng°Ns,) . (92)

N —
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This matrix is interpreted as the squared-mass matrix of the theory. Note that due to the fact that
C,p is nondegenerate, it is also invertible. In order to interpret M g as a matrix whose eigen-
values are squares of masses, the parameters C,g, Nog and Naﬁ have to be chosen so that (92)
is positive semi-definite. In such a case, choosing a basis in Lie algebra g as an eigenbasis of
M*® g, and denoting the respective eigenvalues as M%a), one can rewrite the squared-mass mat-
rix into the form

M5 =M ,\05 , (93)

where the parentheses over the index « denote that this index is not summed over. Substituting
this into the equation of motion (90) we finally obtain

VuF*, —M{,a®, =0. (94)

This is a set of equations of motion for several Proca fields, with (possibly different) masses
M), which explains why we can interpret M* 5 as the squared-mass matrix. Also, note that
the obtained equation of motion (94) and the stress—energy tensor (91) are natural generaliz-
ations of their single Proca field counterparts (84) and (83), respectively. Moreover, similarly
to the case of a single Proca field, one can substitute the algebraic equations of motion for the
auxiliary fields (89) back into the action (79) with (88) to obtain the traditional second-order
formulation of the Proca theory coupled to Einstein—Cartan gravity.

In order to be able to successfully compare, term by term, the Proca action with the action
that will be obtained in section 5 as a result of the Higgs mechanism, there is one more gener-
alization that we need to do. In particular, we modify the Proca constraint (88) by introducing
two additional Lagrange multipliers, a 1-form 6% and a 3-form p,,, as follows:

SProca = /@a”b A <Eaa;,cs"defed Nee Nef+ Nug aP Ney N e;,)
+a® ANaﬁpg + 0% A (pa — Foabee® NP A ec) . (95)

The two additional Lagrange multipliers provide a convenient extension of the configura-
tion space, so that it is compatible with the configuration space that will naturally appear in
section 5. Other than that, the multipliers do not modify any other property of the Proca action.
In particular, the equations of motion (89) and (94), as well as the stress—energy tensor (91)
and the torsion equation remain unchanged. Of course, extending the configuration space also
means that we have two additional equations of motion, for the two new multipliers:

0% = —Ngaaﬁu, Pavps =eMag euupgaﬁ“. (96)

As before, these two equations can also be readily substituted back into the action in order to
obtain the traditional second-order formulation of the Proca action.

This concludes our analysis of the higher gauge theory reformulation of the Proca action.
The form of the terms in the Proca constraint (95) are precisely the type of terms one should
look for in the SM action after spontaneous symmetry breaking. As we shall see below, these
kind of terms will be found precisely for the W= and Z° bosons in the electroweak theory.

5. Spontaneous symmetry breaking and the Higgs mechanism

The traditional formulation of the action for the SM of elementary particles does not involve the
3BF action and simplicity constraint terms, but is rather expressed in the ordinary tensor form
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of the Lagrangian. One then performs a sequence of steps, comprising the Higgs mechanism,
in order to rewrite the Lagrangian in the form where the full gauge symmetry is not manifest.
The additional assumption that the vacuum state is not invariant with respect to the full gauge
symmetry, but only one of its subgroups, and the corresponding gauge fixing of the Lagrangian,
renders the gauge symmetry of the theory spontaneously broken.

In light of the framework of 3BF theory with constraints described in section 2, it is natural
to ask whether the Higgs mechanism can be applied to the action (19) which represents the
SM expressed in this new language. Answering that question is the topic of this section.

5.1. Constrained 3BF action for the electroweak theory

In order to demonstrate the Higgs mechanism in the simplest way possible, let us restrict the
action (19) to the electroweak sector, and for the moment ignore the fermion spectrum. In other
words, we choose the 3-group in the following way:

G=S0(3,1)xSU2)xU(l), H=R*  L=C* 97)

The group G features the Lorentz subgroup, the weak isospin SU(2) subgroup, and the weak
hypercharge U(1) subgroup. The group H remains the same as before, describing translations,
while the group L has been reduced to describe only the doublet of complex scalar fields. The
homomorphisms ¢ and 0 remain trivial, as well as the Peiffer lifting {_, _}pf. Finally, the action
of the group G is defined as follows. It acts on itself via conjugation, the Lorentz part acts in
the standard way onto the group H, and trivially onto the group L, thereby defining that all
component fields from L are scalar fields. The weak isospin and hypercharge act trivially on
H, while they act in a nontrivial way on L. In order to explicitly state this action, it is useful to
introduce the matrix notation for the generators T4 of the group L, in an obvious way, as:

T, = T,= I3 = , Ty= (98)

oS = O O
- o O O

1 0
0 1
0f”’ 0]’
0 0

Then, if we denote the generators of weak isospin as 7; (i = 1,2,3), and the generator of
hypercharge as 7y, we have:
Ta > TA = DaABTB 3 (99)

where the index « takes values 0, ..., 3, and thus conveniently counts all four generators (79, 7;)
of the group SU(2) x U(1). The coefficients are explicitly given as:

10 0 0 01 0 0
>3—10100 DBiIOOO
“T510 0 -1 0 | M =510 0 0 -1]"
00 0 -1 00 -1 0
(100)
0 i 0 0 1 0 0 0
Ls_i|-1 0 00 Los_i]0 —1 0 0
7510 0 0 il MTH10 0 -1 0
0 0 —i 0 0 0 0 1
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Note also that the generators of SU(2) x U(1) satisfy the usual commutation relations

_ —€apfy> for%ﬁﬁ?éo’

Japy = { 0 otherwise. (1on
This fixes the choice of the electroweak 3-group. Next, the bilinear forms are defined in the
natural way—for the groups G and H they are defined as in (15) and (16), while for the group
L the choice may appear unusual:

8AB = (102)

N =
O = O O
- o O O

SO O -
S O = O

This is only apparent, since we wish to represent an element of the algebra [ in the form

b+
_ A t t o
¢ =9¢"Ta= ¢ Ti+ T2+ ¢ T3+ oy Ts = o (103)
JTF
0
However, if one switches to a new basis in [ as
T1:T1+T3, TQZiTl—iT3, T3=T2+T4, T4=iT2—iT4, (104)
the same algebra element can be rewritten as
¢ = T1 + o To+ $3T5 + daTa, (105)
where ¢y, ..., ¢4 are real-valued components, and there is a natural correspondence between
the coefficients:
Gy = o1 +idn, ¢o = ¢3 +igy, ¢1=¢1—i¢27 b) = 3 —ida. (106)

In the basis 7} the bilinear form (102) becomes the unit diagonal matrix. The basis Ty is con-
venient because of the diagonal bilinear form and the real-valued components, while the basis
T4 is convenient because it is an eigenbasis for the weak isospin and weak hypercharge opeat-
ors (and as we shall see, also for the electromagnetic charge operator). We will be frequently
switching between these two bases throughout this section.

We should also note that (105) can be understood as an element of the four-dimensional
real-valued Lie algebra L = R*, or equivalently of the two-dimensional complex-valued Lie
algebra L = C? (which is implicitly being used in most standard textbooks dealing with the
Higgs mechanism). On the other hand, (103) is an element of the four-dimensional complex-
valued Lie algebra L = C*, which is a complexification of R*, and if we wish to be able to
seamlessly switch from the basis 74 to TA and back, it is far more convenient to work with the
complexified algebra. Hence the choice L = C* in the electroweak 3-group (97).

Once we have specified the choice of the 3-group and the choices for the bilinear forms,
the action for the electroweak theory can be written as:

S = S3pr+ Sgrav + Sscal + SYang—Mills + SHiggs +Scc - (107)
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It is similar in form to (19), where the constraint terms related to fermions have been ommited.
The coupling constant bilinear form in Syangmins is given as

(108)

S O OoOX

o OB o
ol O O
K[- o o o

reflecting the structure of the SU(2) x U(1) group.

5.2. Overview of the Higgs mechanism

There are three main steps in the Higgs mechanism:

e discussion of the stable vacuum,
e introduction of a change of variables,
e gauge fixing of the scalar fields.

In order to understand the details of the Higgs mechanism in the framework of the action (107),
it is illustrative to repeat these main steps using the new variables and notation.

The analysis of the stable vacuum is essentially identical to the usual case of the Higgs
mechanism. The Syjges constraint introduces the following potential for the scalar field,

V(g)=2x (0" ¢a =), (109)

and one can observe that the stable vacuum is not unique, but is represented by a 3-sphere of
points ¢* ¢, = v* in the configuation space. In order to rewrite the action in terms of fields
that become equal to zero at some given vacuum point, one is led to introduce a change of
variables from (&1, d2, P3, P4) to (b1, P2, h, d4), where h(x) is the new scalar field, obrained by
translating ¢3 by v:

&3 (x) =v+h(x). (110)

This corresponds to the point (0,0, v,0) on the 3-sphere as our vacuum of choice, by conven-
tion. Of course, this convention is completely arbitrary, and nothing in the rest of the analysis
depends on this choice. The change of variables is given in terms of the basis 7, while in
terms of our original basis 74 we have:

9:;+ ¢1+idn

A 0| V+h—|—1¢4

Tl T e | i
(bg v+ h—igs

Finally, given this relation, one can observe that the components ¢;, ¢, and ¢4 are in fact
equivalent (up to linear order) to three gauge parameters of the g-gauge transformation

¢ —¢ =e"Tong. (112)
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Namely, using the action (99) of the generators of algebra g on the generators of algebra [, one
can start from the following state and the choice of the following gauge parameters,

0 ¥4

o v+h a _1 2(;52
=0 | W) =] 2 | O (113)

v+h — ¢4

and evaluate gauge transformation (112) on the above state to obtain:

0 o1 +10;
/A: fa(¢)7—o¢ V+h _ V+h+i¢4 ]14
o7 =e 0 o1 —idy |- (14
v+h v h—igy

Therefore, we see that the fields ¢;, ¢, and ¢4 can be understood as gauge degrees of freedom,
given by the relation (113). One can conclude that only the field 4 is physical, since it cannot
be removed by a g-gauge transformation.

Next, one can see that, even after the removal of ¢, ¢, and ¢4 by using a gauge trans-
formation, the state ¢* in (113) still remains invariant with respect to a U(1) subgroup of G.
Denoting the generator of this stabilizer group as Q, one can easily see from (100) that the
stabilizer requirement Q> ¢ = 0 is satisfied for

O=1+T73. (115)

This equation is known by the name Gell-Mann—Nishijima formula (for electroweak interac-
tions). Phenomenologically, Q corresponds to the electromagnetic charge g, specifically ¢ is
an eigenvalue of the operator —iQ, and the corresponding U(1) stabilizer group is the gauge
group of electrodynamics. From the stabilizer requirement one can observe that the Higgs field
h(x) has no electric charge, since it corresponds for the eigenvalue g = 0.

Let us note that the above results do not depend in any way on the choice of the vacuum
point (0,0,v,0) on the 3-sphere. One could have chosen any other point, in which case the
only difference is that the solution of the stabilizer equation Q> ¢ = 0 would be slighly more
general:

Q=n+a-7, deR, |[adf=1. (116)

Here 7 is understood as a triple (71,72,73). In particular, the electromagnetic charge of the
Higgs field would remain zero even in this case.

5.3. Transformation of the action

Let us now turn to the problem of the transformation of the action with respect to the gauge
transformation of the scalar field that removes the components ¢, ¢, and ¢4,

0

o (S0 0) = Vgh ’ (117)

v+h
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where £ = £%71,, and the parameters £ are given in (113). In order to see what happens to
the action (107), let us first note that the remaining variables that enter the action transform as
follows. The transformation of the 3-connection variables (a,w, 3,7) is given as:

a'=eC(a+det, w=w, B'=5, F =etb7. (118)
The corresponding curvatures transform as:
F'=efFef, R'=R, G'=G, H =eSvH. (119)

The transformations of the Lagrange multipliers which appear in the topological sector of the
action, namely B, B[ab], e, and (i)A, are given as:

B, = (e™*Be*) Bjuy = Blay) e, =eq, (120)

while the transformation of ¢” is already spelled out in (117). Next, the g-valued Lagrange
multipliers which appear in the constraint sector of the action, namely A, )\[ab], M and
Caab» transform as:

Ne= (7)o M= Mla= (M) = (e7¢)

a aab

(121)

The [-valued Lagrange multipliers which appear in the constraint sector of the action, namely
M, Aapa and H e, transform as:

X = <e—f D)\)A C A= (etA),,  Hiyw=(cSoH), . (122)
Finally, the constraint part of the action also features the covariant derivative V ¢, which trans-
forms in a covariant way,

(Vo) =e > (Vo), (123)

as expected for a covariant derivative.

In addition to all of the above fields, the action also features the bilinear form of coupling
constants, C,g, given by (108). One can observe that this bilinear form is in fact term-by-term
proportional to the already introduced bilinear form (_,_>g, as follows:

5{;52 535%
Cop =C(Ta,T8) = —gz (15, T)g + —gz (70,70)g - (124)
1 0

The two terms in the sum correspond to bilinear forms (_,_) su(2) and (_,_) u(1)» respectively.
Given that the gauge transformation can be represented in the form e ¢ 7 x e €'m, owing to
the direct product structure in the group SU(2) x U(1), each term in the gauge transformation

leaves the corresponding bilinear form invariant,

_— iT,‘ — iTl — OT — 07—
€T b7, T b T su(2) = (T Th)su(2) » € b 19,e7 b 70)uety = (10, T0)u(ry, (125)
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as a consequence of the postulated G-invariance property of the bilinear form (_,_)g. This
renders the bilinear form of coupling constants gauge invariant:

C'ap=Cap. (126)

At this point we are ready to discuss the transformation of the action with respect to (117).
Namely, the action (107) is a functional of all fields mentioned above,

aaa w[ab]a /Baa ’?Aa BO(? B[ab]a €a; >\Oca A[ab]a Mocab: Cozaba XA? AabA7 HabCAa ¢A7 (127)

or in other words, the fields in the above list define a kinematical configuration space of our
action. However, not every term in the action is a function of ¢A in particular. Therefore,
when performing the gauge transformation (117), terms independent of ¢* will remain the
same, while the terms dependent of ¢* will transform in a nontrivial way, reducing the full
configuration space to a smaller one, defined by the fields

aa’ w[ab]’ ﬂa’ /?A, Ba, B[ab]7 €a, )‘aa /\[ab]; Moap, Caab7 XA, AabA7 Hepea, I, (128)

which differ from the original set in the replacement (¢', 9%, ¢, ¢*) — (0,0,v + h,0). The task
is then to determine the form of the action S which is defined on this reduced configuration
space, schematically defined by the transformation:

o€ .

S[...,¢"] ——— S[...n=S[..,¢"] (129)

¢'=¢’=¢'=0"
¢ =v+h

One can immediately observe that Sgay, Syang—mins and Scc transform in a trivial way, since
they do not depend on ¢:

€ = €t -
Sgrav — Sgrav = Sgrav ; SYang—Mills — SYang—Mi]ls = SYang—Millsa
-
SCC e—) SCC = SCC . (130)
Moreover, the 2BF part of S3pr also transforms trivially, for the same reason.

On the other hand, the third term in S3pr, as well as Sqcq and S;iges TEqUire more attention.
Let us discuss first the Spjggs term. Specifically, we have that

1

Shiggs = — / Jv(gb) Eavcae® NP Nef Ne? (131)

where under the transformation (129) the Higgs potential V(¢) (see (109)) becomes
et o2 2 3 4

V(p) — V(h) =8v xh”+8vxh’+2xh". (132)
Therefore, we see that

Stiges 2 Stiges = — | V() eapeac® A& A& A e 133

Higgs — OHiges = — 41 (h) Eapcae” Ne” N e Net. (133)

From the form of the quadratic term in the resulting potential (132) and the general form of

the mass term for a single real scalar field (67), one can read off the value of the Higgs mass
as:

m=2v/2. (134)
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Let us also note here that one could choose a potential which has a form alternative to (109),
for example

Vi (0) = 2x (6% ¢a)” — 4x 2 ¢  da - (135)

This potential differs from (109) by a constant term 2 v*, which would then combine with Scc
to give a different value of the cosmological constant. However, the potential (109) does not
suffer from this problem, and in our case the CC term of the action remains the same before
and after spontaneous symmetry breaking.

Next let us discuss the S3pr term. Note that only the final term in S3r depends on ¢, while
the remainder does not and can be denoted as S»gr. Then, using a suitable change of basis
T4 — Ty inthe Lie algebra [ (see (104)), with an additional notation for the indices A — (A, H)
where A € {1,2,4} and H = 3, we have

—£
S3BF:SZBF+/¢AV'?A e—>523F+/(V+h) (V) + (V)ot)
:SZBF‘F/hd’?Hﬁ*Vd’?Hﬁ*(V+h)l>aAHOéa/\’?g

:§3BF—|—/Vd’?H—F(V—Fh)DaAHOéa/\’yA, (136)

where the new action S‘ggp is defined as a functional over the reduced configuration
space (128) as

Sspr = Sapr + / hd7y . (137)

In section 6 we shall discuss in detail its corresponding 3-group. Therefore, we conclude that
—£ ~ _

Sspr — SSBF+/Vd’?H+(V-&-h)DaAHoza/\i;‘, (138)

where the extra terms will later be grouped together with extra terms from other parts of the
action and discussed in detail.

In equations (136)—(138) we have made use of the basis (104) in the Lie algebra [, so that
we can introduce ¥y = o + Yor. The action > was represented via the matrices (100) in the
original basis T4, while in this basis it is now broken into the following set of components:

Sar’s  Pais  Pai’s  Par’ (139)
Since in this basis the bilinear form gap is diagonal, in fact g4z = Jap, a consequence of the the-
orem from section 2 is that all these components have vanishing diagonal elements, in particu-
lar >,y = 0, which implies that Vyy = d7yy and justifies the identification (137). Moreover,
the components t>,52 drop out of equations (136)—(138) and do not appear anywhere. This
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leaves us with the remaining set of relevant components, which can be represented in matrix
form as follows:

0 0 1 0 0 -1
z 1]J]0 1 O 10 -1 0
i_ 1! mH_ !
DaH = ) 1 0 0 ) [>aA - 2 -1 0 0 (140)
0 0 -1 0 0 1
Note that here « is the row index and A is the column index, while H = 3 is constant.
Finally, let us discuss the S, term, which originally has the form
Sscal = /XA A ('?A — Hpeae® N eb N €C> + AbA A HabCAECdgfed Neg N\ er
—APAN(V), Nea Ney, (141)

and similarly to Sspr, it also depends on ¢ only in the final term, while the remainder is
independent of ¢*. Splitting the index A into (A, H), the constraint transforms into:

Sical LR /XH A (i — Haperre® N e N e) + A" N Hypeneey Ne, Nep
— AP AR A ey Ney+ M A (T3 — Hypege A e A e)
1+ AWA A H,.ic%ey Ne, N ep— AR A o2 bali(vdh)Ae,sNey. (142)
Note that the terms in the first row on the right-hand side are precisely the terms that define the

scalar constraint for a single real scalar field, as a functional over the reduced configuration
space (128). Denoting those terms as Sy, we conclude that

e . - 3
Sseal e Sscal + /)‘A A (’YA — Hpeae A ¢’ A ec)
+ APANH 5% ey N e, A er
7AabA/\Oéal>aHA(v+h)/\€a/\eb, (143)

where we again have three extra terms which will be grouped together with the remainder of
the action.

After we have discussed all parts of the action (107) in the context of the transforma-
tion (129), we can put all the pieces together, and compare the full action with the actions for
the Proca and massive scalar fields. However, in order to make this comparison more transpar-
ent, it is useful to introduce yet some more notation. In particular, let us introduce a bilinear
form x*? so that it satisfies the following identity:

_ 1 _
K bop? e = —Zég. (144)

This bilinear form is not unique. Namely, since the matrices (140) are of rank 3, there exists a
projector P,” which satisfies

PP =P,  P.®=3, Pus=Pse, PoPrsut =vou’. (145)
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Note that a projector that satisfies (145) also satisfies the identity P,” >34 H = 41, since

DaAH has the same components as >, H;‘ up to an overall minus sign, see (140). Therefore, the
bilinear form %7 is defined up to a term of the form

maﬂ-—>naﬁ-%[631-P7<G}ABYY, (146)

where A®? is an arbitrary matrix, while the parentheses on the indices denote symmetrization.
One can recognize that the term in the brackets is the orthogonal projector, which maps into
the kernel of the matrices (140). This arbitrariness guarantees that the bilinear form x“? can be
chosen to be invertible. The projector P, ” can be explicitly evaluated using the definition (145)
and the matrices (140), while one convenient choice of the bilinear form £ can be evaluated
from (144), so that they can be written in matrix form as follows:

1 00 —1 1000
1lo 20 o 1o 200

p_ 1 ap _ 1

Pa" =310 02 ol * =32]l0o0 20 (147)
100 1 000 1

In addition to the projector and x*”, we can now also introduce the following quantities:

9 = 72/4)4[3 bg HA):A , @aab = 72/43015 >s HAAabA )

— A = = _ A
pOé = 2 DO( H’YA , Zaabe = 2 DO( HHabcA . (148)
These new quantities satisfy four fundamental identities,

0% A pa = XA YA 0 Eaabe = XAHabc;x )
(__)(xab A Pao = AabA A ’?A ) GaabEacde = AahAHcdeA ) (149)

which are a straightforward consequence of the identity (144). The purpose of introducing
these quantities lies in the fact that they help us eliminate the A indices from equations. Note
that in both the definitions (148) and the identities (149) the indices A are summed over on the
right-hand sides, while they do not appear at all on the left-hand sides.

It is important to empasize that the arbitrariness of £*° in (146) introduces changes into the
action. This is due to the fact that the change of variables (148) introduces additional variables
which do not appear in the original action. The requirement that these additional variables are
absent, i.e. that the left-hand sides of identities (149) have the same number of components
as the corresponding right-hand sides, reduces the arbitrariness (146) of 7 to the following
more specific form:

HQBA4>naﬂ—%[6$4—PWQ}A75[6§4—P56}. (150)

Note that, although this transformation still allows one to choose k%P to be invertible, the
action in fact remains invariant with respect to (150), meaning that we can keep working with
the same theory. See appendix B for a detailed analysis and proof.

Once all these new quantities and notation have been introduced, we can return to the ana-
lysis of the action. Given the transformation (129) of the action (107), one can apply the defini-
tions (148) and the identities (149) to eliminate all indices A, B and thus rewrite the transformed
action S so that it becomes a functional over the reduced configuration space (128). Putting
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together the results (130), (133), (138) and (143), we obtain the following form of the full
action:

§= Sgrav + SYang—Mi]ls + SCC + SHiggs + §3BF + Sscal

v

+ /@aab A (Eaabc gede eqNe. Ner+ 5

/ﬁ;gPﬂ,ﬁoﬂ ANeg N\ eb>

+ / %o/’PQﬁ Apg+0% A (pa — Boaree® N’ /\ec)
1
+ E/ha"‘PaB A (pﬁ — KO Ne, /\eb) —l—v/dﬁH. (151)

This form of the action can now be finally compared to the Proca action (79). Specifically, the
second and third row of (151) should be compared to the Proca constraint term in the form (95).
The term-by-term comparison gives us the identification of the free parameters in the Proca
action as follows:

pP.7. (152)

Using these, we can construct the squared-mass matrix (92) to obtain

[}

MOy = VZ (CH P 0k5 pye, (153)
where the coupling constant matrix C,g is specified in (108), while the projector and the
bilinear form x®# are specified in (147). This gives us an explicit form for the squared-mass
matrix as:

(&% 0 0 -

. Pl 0o ¢ 0 o
Ms=%10 0o & o (154)

—¢ 0 0 g

The physically relevant basis in the Lie algebra g is the one in which the above squared-mass
matrix is diagonal, and the corresponding eigenvalues are interpreted as squares of masses of
gauge vector bosons in that basis. Therefore, we wish to explicitly obtain this basis. Given that
the first and last column in (154) are proportional, the determinant of the squared-mass matrix
is zero, meaning that at least one of its eigenvalues is zero. Moreover, the matrix is already in
block-diagonal form, with g2 being two 1-dimensional blocks, from which one can conclude
that two eigenvalues are the same and are equal to v2 g7 /4. Finally, from the trace of the matrix
one can deduce the fourth eigenvalue, so that the whole set is given as:

[
[S)
S}

v Vv
Mi=0, M;=-—gi, M3=—g, Mi=z(g%+g?)~ (155)

The fact that the eigenvalues M3 and M3 are equal implies that the eigenbasis is not uniquely
determined, and we need some additional input in order to fix it. A natural choice is the eigen-
basis of the stabilizer Q, introduced in (115), since we want to interpret it as the electromagnetic
charge, and the value of this charge should be well-defined for each physical state described
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by our preferred basis. One can reexpress the stabilizer in the matrix form Q,,”, defined by the
action of Q onto the basis vector 7:

0> 7o = Qu"75. (156)

Using (115), one can easily evaluate the components of the matrix Q. to be

00 0 O

00 -1 0
B —

00 0 O

This matrix has the eigenvalues (0,1, —1i,0), so that the electromagnetic charge operator —iQ
has the corresponding eigenvalues:

q1:O, 612:+17 513:—17 514:() (158)

The stabilizer also has two equal eigenvalues, so that its eigenbasis is not uniquely determined
either. Nevertheless, the squared-mass matrix and the stabilizer matrix mutually commute and
therefore share a joint eigenbasis, and this joint eigenbasis is uniquely determined. We can
express the new basis in terms of the old basis as follows,

. . 2 2
T +172 TI — 172 80 81
TA=To+T3 Ty = , T_ = T7=— 0+ 73, (159)
’ V2 V2 g+el gtel

and we can express the components of the connection 1-form o = o®,dx* ® 7, in the new
basis as:

2 2 1 2
81 0 80 3 4+ Qo —1aTy,
A, = b, + =0 a3, wWh=—# "1
Y R e T a V2
1 2
o, +H1a
w, = —& = Z,=-a’, +a’,. (160)

Here we have also introduced the traditional notation for the gauge vector bosons. The elec-
tromagetic charges of the four bosons are already built into the notation, while their masses
can be read from (155):

MA:O7 Mwi:

% A%
815 Mz=§\/g3+g%- (1e1)

In the new basis, the squared-mass matrix and the stabilizer matrix are diagonal, while the
bilinear form g,z and the gauge coupling constant bilinear form C,z become:
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&8 sot+ar
2 0 0 gf+8§ z,gg%‘ 0 0 0
0 0 1 0 0 0 gi 0

8apB = 0 1 0 0 , Caﬁ* 0 L? d 0
£—8 g1+ 5 )
arg 00 (s+2)° o 00 Fg
L0 0 o0
84
0 0 giz 0
=, = % (162)
&

0o 0 o0 %

87

Returning to the action (151), we see that the second and third rows represent the appropriate
Proca constraint term, which leaves us with the action in the following final form:

S= Sgrav + SYang—Mills + SCC + SHiggs + SSBF + Sscal + SProca
1 A ;
+§/hao‘Pa5/\ (pﬁﬂ%l@7 b/\ea/\e;,)ntv/d’m. (163)

The first row in the action contains terms which describe one real scalar field & (the Higgs
field) with mass m = 2v+/2Y, and four vector bosons with masses specified in (161), coupled
to gravity and to each other. The first term in the second row describes the interaction between
the Higgs field and the vector bosons, so that all interactions are equvalent to the interactions
of the ordinary electroweak theory. The second term in the second row is a boundary term, and
as such it does not contribute to the equations of motion of the theory.

This concludes our analysis of the Higgs mechanism in the context of constrained 3BF
theory. In short, the result is the same as in the textbook approach to the spontaneous symmetry
breaking in electroweak theory. Nevertheless, the technical details that enter the analysis are
novel and completely different from the textbook approach, since the 3BF formulation of the
electroweak action is specified over a different configuration space.

6. Conclusions

6.1. Summary of the results

Let us summarize the results of the paper. In section 2, we gave a review of the action rep-
resenting the SM coupled to Einstein—Cartan gravity, within the framework of higher gauge
theory. In particular, the action of the model is written as a constrained 3BF action, based on
a convenient choice of a 3-group representing the gauge symmetry of the model. Section 2
also features one theorem (proved in appendix A) which is important for the study of spon-
taneous symmetry breaking within the higher gauge theory framework, and represents a new
result. Section 3 was devoted to the study of explicit symmetry breaking of the gauge group of
the topological 3BF sector, due to the presence of the constraints. Each constraint was stud-
ied separately, and we discussed which gauge sector is being broken by which constraint.
The results have been summarized in the table. In section 4 we turned our attention to the
3BF formulation of the theory for the Proca field coupled to gravity. This was important for
the subsequent comparison with the action for the electroweak theory after spontaneous sym-
metry breaking. Three completely novel and different formulations of the Proca constraint
have been discussed, the first for a single Proca field, the second for multiple Proca fields,
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and the third also for multiple Proca fields in an extended configuration space convenient for
comparison with the electroweak model. Finally, in section 5 we took up the main task of
studying the spontaneous symmetry breaking and the Higgs mechanism for the 3BF formu-
lation of the electroweak model. While the Higgs mechanism is conceptually the same as in
the ordinary textbook presentations of the electroweak theory, the structure and details of the
3BF version of the action are very different from the standard textbook approach, so much that
the complete procedure of spontaneous symmetry breaking had to be done anew, with many
highly nontrivial details of the calculation. In this sense, the details of the symmetry breaking
procedure described in section 5 represent one of the main results of the paper.

6.2. Discussion

Regarding the above results, there are two main comments that need to be addressed. The
first comment deals with the question what happens with the structure of the 3-group as a
consequence of the spontaneous symmetry breaking. Namely, the initial 2-crossed module
corresponding to the electroweak theory was based on the following choice of the groups (see
equation (97)):

G=S0(3,1)xSU22)x U(1), H=R*, L=C*. (164)

However, after the analysis, the resulting action (163) does not correspond anymore to this
2-crossed module. Instead, it is straightforward to see that the final 2-crossed module is based
on the following choice of the groups:

G=S0(3,1)xSU2)xU(1), H=R*  L=R. (165)

There are two important points to emphasize here. First, the group L has been reduced from
the one describing four complex scalar fields to the one describing a single real scalar field.
This is a direct consequence of the spontaneous symmetry breaking, in particular of the gauge
transformation (117) which was applied to gauge away the fields ¢;, ¢, and ¢4. The gauge
transformation has induced a reduction of the configuration space of the theory, leaving only
a single real scalar field z remaining in the action. In turn, the reduction of the configuration
space is consistent with the choice (165) of the 2-crossed module, which corresponds precisely
to the topological 3BF action (137), obtained by the gauge fixing procedure from the initial
3BF action based on the 2-crossed module (164).

The second point considers the group G. Formally, the group G remains the same in both
the initial and the final 2-crossed module. Nevertheless, as we have seen in section 3, the Proca
constraint in fact breaks the G symmetry group, and is the only constraint to do so. Therefore,
despite the fact that the topological 3BF sector of the initial and final actions shares the same BF
term and the same connection 1-form « stemming from the group G, the presence of the Proca
constraint in the final action in fact breaks the group G down to its subgroup SO(3,1) x U(1),
whereas the initial action did not feature the Proca constraint and the group G was not broken.
The end result is that the final action has a broken G symmetry, despite the fact that it is based
on the 2-crossed module (165) featuring the full group G. This happens due to the appearance
of the Proca constraint during the spontaneous symmetry breaking of the action.

The second comment that needs to be addressed deals with the question of the spontaneous
symmetry breaking of the whole SM action (19). Namely, in section 5 we have studied the

35



J. Phys. A: Math. Theor. 58 (2025) 215201 P Stipsi¢ and M Vojinovi¢

details of the spontaneous symmetry breaking and the Higgs mechanism on the special case of
the electroweak theory, in order to keep the analysis as simple as possible. Nevertheless, it is
straightforward to add the remaining three constraints Spiac, Syukawa, and Spin, as well as the
corresponding (D A H) term for fermions to the action, and examine the same procedure for
the full SM. The resulting action will have the same terms as the action for the electroweak
theory, up to terms corresponding to fermions, and up to the overall presence of the color SU(3)
gauge symmetry (which remains unbroken and does not play a role in the Higgs mechanism).
The (D A #H), term for fermions is equal to

(DfAHp) = a (37)A - (7 %)A Pt (166)

and it transforms trivially under the transformation (129) as well as the Spic and Spin
constraints

—£ ~ ~ —-& .
<Df/\ Hf>[ C_) <Df/\ H}">[ = <Df/\ Hf>[ ) Sbirac s Sbirac = SDirac »
—£ ~
Sspin e—> Sspin = Sspin . (167)

The only constraint which does not transform trivially is Syukawa, and it splits into two terms:

o) _
Svukawa = — / ﬁY 1B P O e peae® N e N e N et

et 1 - .

-5 vYABHwAz/JB Eabed € N NN (168)
1 - .

T Yapu 0 WPhepeae® Ne® Net Ne?

where the first term on the right hand side has the form similar to the Dirac mass term (70),
while the second term is the new Yukawa constraint Syykawa, describing the interaction between
fermions and the Higgs field h. Comparing the first term with the Dirac mass term, we conclude
that Yukawa couplings Yapy are proportional to fermion mass matrix

Map = vY¥apH, (169)

which consists of the actual fermion masses and the corresponding mixing angles. The final
form of the transformed Yukawa constraint thus becomes:

-& - 1 - =
Svukawa SR Syukawa — E /MABwAwBaabcdea A eb NS A ed = Syukawa + SDirac mass - (170)

Thus, we conclude that the Higgs mechanism described for the electroweak model can be
generalized in a straightforward way to the full SM action (19).
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Appendix A. Proof of the theorem from the main text

Theorem. Given a 2-crossed module (L Sl G, >, {_,_}pr) and symmetric, nondegen-
erate bilinear forms (_, _)q, (_,_)y and (_,_)y, if the bilinear forms are G-invariant then the
components of the action >ug-~, Paay and >aap are antisymmetric with respect to the second
and third index. In addition, there exists a choice of basis in Lie algebras g, i and | such that
>ag”, Doa’ and >oa® have vanishing diagonal elements with respect to the second and third

index, and in this basis the bilinear form is also diagonal.

Proof.
Let us first note that the statement of G-invariance of the bilinear form (_, _)p is defined as

(g>h1,g>ha)y = (M1, ho)y, (AD)

forall g € Gand all h,h;, € h. Expanding g, h; and A, in appropriate bases, one can easily see
that the left-hand side can be rewritten as:

<g>hl 8P h2>h = h(fha [guc + ga (Dacdgad + D(mdgdc>] + @) <g2) . (AZ)

Equating this to the right-hand side, one sees that the right-hand side cancels the first term in
the brackets. Then, emloying the symmetry of the bilinear form, the term in the parentheses
reduces to:

>aca + Paac = 07 (A3)

as was stated by the theorem. The antisymmetry of the remaining two actions >, g~ and >qap
is proved analogously.

In addition, the nondegeneracy of the bilinear form g,;, implies that there exists its inverse,
denoted g“’. Then, contracting (A3) with g“ one immediately obtains a basis-independent
statement that the action is traceless,

Do’ = 0. (A4)

Moreover, one can always choose a basis in a Lie algebra b such that the bilinear form g,;, and
its inverse are diagonal. From the identity

Douzb = Daachb (A5)

37



J. Phys. A: Math. Theor. 58 (2025) 215201 P Stipsi¢ and M Vojinovi¢

one can observe that, in this particular basis, >og” must be proportional to > since g”” =0
for ¢ # b. Then, since >y, is antisymmetric due to (A3), it is equal to zero for a = b, which
implies that >oq” is also zero in that case. In other words, >,,,” has vanishing diagonal elements
with respect to second and third index, as was stated by the theorem. The same property for
the remaining two actions >, and >,4? is proved analogously.

Appendix B. Arbitrariness of the x-matrix

In section 5 we introduced the bilinear form x®? via (144) as well as the new variables (148)
which satisfy the list of identities (149). In order to maintain one-to-one correspondence
between the old and the new variables, in these identities the number of independent vari-
ables on the right hand side has to be equal to the number of the independent variables on the
left hand side. Moreover, none of these new variables (148) should be explicitly multiplied by
zero during the construction of the identities (149). These requirements have nontrivial con-
sequences on arbitrariness of the choice of the bilinear form x*?. For instance, let us consider
the first identity from (149),

0% A pa = N Az (B1)

From the definition of the variable p,, in (148) we conclude that the action of the projector (145)
does not change p,,

pa =Po"ps. (B2)

This implies that this projector does not change the left hand side of identity (B1) and it holds
that

0% A po = 0% NP ps. (B3)

Using the requirement that none of the variables should be multiplied by zero during the con-
struction of the identity (B1), we conclude that the action of projector must also leave the
variable 8% invariant. Using the definition of the 8% variable we obtain a nontrivial condition
on k*5:

02 =0°Ps™ = 2k p MM = 2k®TP S TN = 2PsoRPTP s TN
(B4)
which due to arbitrariness of the field A\ implies that
KOTP.° = PgKkPTP.0. (B5)

Using the fact that x*# is symmetric, by transposing (B5) we obtain that the projector and £
commute

KOTP.S =P K7, (B6)

Now, let us consider how this new restriction on k*” reduces its arbitrariness. Combining (146)
and (B6) we obtain

Py 6]~ Py | = [o2

o —P,*]A°PP (B7)
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which is satisfied only if
A 5] = PP =[5 = P,o] AP =[5 — P, a [6) - P B9)

Since the dimension of the subspace of the orthogonal projector is equal to one, the arbitrari-
ness in the choice of the bilinear form x“? is reduced to a single free parameter, whose form
is given in (150):
RoP s k0P 4 [55 — P,] A7 6] — o] (BY)
The arbitrariness of this parameter guarantees the existence of the inverse bilinear form m;l ,
which also commutes with the projector as a consequence of (B6).
Next, we turn to the effect of this arbitrariness onto the action (151). Using the fact that the
inverse bilinear form acts on variables (148) in (151), and variables (148) are invariant under

projector action, the action (151) of the theory, and squared-mass matrix (153) depend only on
the projection of inverse bilinear form /i;éP,yﬂ . The arbitrariness of the inverse bilinear form

Iﬁ:;é can be expressed as a power series in terms of the arbitrary bilinear form A7, as

o0

I{Zé%lﬁ(}iz{(*1)"([5*P}A[57P]H71)n}75, (B10)
n=0

from where one can obtain that the projection of the inverse bilinear form does not depend
on choice of the arbitrary bilinear form A7, This in turn implies that the action (151) and the
squared-mass matrix (153) are uniquely defined.
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Abstract

We construct a correspondence between the quantized constrained 3BF theory
and the quantized Einstein—Cartan theory with contact spin—spin interaction,
both of which describe the Standard Model coupled to Einstein—Cartan gravit-
ational field. First we introduce the expectation values of observables using the
path integral formalism for both theories, and then by integrating out some con-
figuration space variables in the quantum 3BF theory we obtain the definition
of the corresponding observable in the quantum Einstein—Cartan theory with
contact interaction. The correspondence is a rather general result, since it can
be established without actually performing the detailed quantization of either
theory. Finally, we discuss the differences in the predictions of the two theories
on the example of the 4-volume density of spacetime, and on the example of
gravitational waves.

Keywords: quantum gravity, higher gauge theory, 3-group, 3BF action,
spin—spin contact interaction, Einstein—Cartan action,
path integral quantization

1. Introduction

Quantization of the gravitational field represents one of the main open problems in modern
theoretical physics. Over the years, vast research disciplines aiming to formulate a theory of
quantum gravity have been proposed and developed, the most prominent ones being string
theory [1, 2], loop quantum gravity (LQG) [3, 4], and others. Within the LQG framework,
one of the promising research directions is based on the idea of covariant quantization, i.e. the
quantization by providing a rigorous definition of a path integral for the gravitational field.
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This is commonly known as the spinfoam quantization programme, and several models of
quantized gravitational field have been proposed in the literature [5, 6].

One of the typical drawbacks of the spinfoam quantization programme is the lack of matter
fields in the theory, since the quantization method is adapted to work only for the gravitational
field itself. Consequently, various strategies have been proposed to circumvent this issue and
generalize the spinfoam quantization programme to include both gravity and matter on equal
footing. One such promising generalization has recently been developed, and is based on the
application of the so-called higher gauge theory [7-9] and topological quantum field theory
techniques [10-16]. Higher gauge theory is a mathematical framework that provides one with a
way to generalize the notion of a gauge symmetry structure by using the higher category theory
analogs of Lie groups, called Lie n-groups [17-29, 30]. In order to successfully implement the
spinfoam quantization procedure for a theory that describes both gravity and matter on an
equal footing, attention focuses on the notion of a 3-group, and its corresponding topological
action called a 3BF action [31], which represents a suitable generalization of the well known
BF and 2BF actions based on an ordinary Lie group and a Lie 2-group [32-45] (see also
[46] for the 4BF theory and the 4-group approach). A number of recent results [17, 31, 47-53]
have successfully implemented several stages of the spinfoam quantization programme for the
constrained 3BF theory corresponding to the gravitational field coupled to the full Standard
Model. Specifically, general relativity (GR) was first rewritten as a constrained 2BF model in
[17], a first result which emphasized the relevance of nBF models for realistic physics. Next,
in [31, 47] the theory was extended to a 3BF model in order to include matter fields and couple
them to gravity, in particular all fields present in the Standard Model (gauge bosons, fermions
and scalar fields). After that, the properties of the resulting classical theory have been studied in
detail—the phase space, Hamiltonian analysis, and gauge symmetries of the theory have been
discussed in [48, 49], the additional trivial gauge symmetries of the theory were discussed in
[50], while symmetry breaking and the Higgs mechanism were studied in [51]. Finally, the
quantization of the topological 3BF theory, and the construction of the topological invariant
and its corresponding TQFT, have been done in [52, 53]. All this research has demonstrated
that the approach to quantum gravity based on the 3-group and the 3BF action is technically
tangible—the goal of providing a rigorous formulation of a theory of quantum gravity with
matter seems to be a viable and achievable prospect, using the 3BF action and a 3-group as
the starting point.

In this work, we will focus on one interesting property of the 3BF formulation of a theory
of quantum gravity. Specifically, we will establish a correspondence between the quantization
of the suitable constrained 3BF action, and the quantization of the standard Einstein—Cartan
(EC) formulation of GR coupled to the Standard Model. While we will not study the actual
details of the quantization of either the 3BF theory nor the EC theory, we will nevertheless be
able to introduce a very precise relationship between the two quantum theories. Namely, given
any quantum observable that is defined within the context of one specific version of EC theory
(called the EC contact theory), we will introduce a corresponding observable defined within the
context of the quantized 3BF theory, such that the expectation values of the two observables
match exactly (and vice versa). This correspondence is established at a full nonperturbative
level, and it is a surprising feature of the 3BF theory that one can in fact formulate such a
correspondence using only some general assumptions, i.e. without introducing all details of
the actual quantization of either theory.

The obtained correspondence has two important consequences. First, it enables one to in
fact define the quantization of the EC contact theory coupled to the Standard Model (originally
a very hard problem to solve) by passing to the 3BF version of the theory, and performing the
quantization of the 3BF theory instead (a slightly easier problem to solve). In this way, one
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can circumvent a number of problems that render the quantization of EC theory non-feasible,
and establish it instead by exploiting the obtained correspondence to the quantum 3BF theory.
The second important consequence of the correspondence is that there exists a regime where
the two quantum theories could be experimentally distinguished from each other, at least in
principle. To that end, after establishing the correspondence relations as the main result of this
work, we will apply those relations to study a few interesting example observables, and discuss
in what sense and under which conditions the two quantum theories could be experimentally
distinguishable. For example, one can apply the correspondence to compare the magnitude of
the strain generated by gravitational waves. In principle, given a source of gravitational waves
that is both strong in magnitude and has large quantum uncertainty, one can evaluate the differ-
ences in the quantum corrections for the strain amplitude in 3BF theory and EC contact theory,
and test them against the experimental data. In this sense, the correspondence predicts observ-
able signatures that distinguish the two theories. Of course, we do not have actual access to a
gravitational wave source with the required properties, so any such experimental proposal is
still far away from the practical capabilities of current technology, but as a matter of principle,
this question can be studied at least theoretically, and it does illustrate the phenomenological
significance of the obtained correspondence.

The layout of the paper is as follows. In section 2, we present a short review of the clas-
sical 3BF and EC theories, and demonstrate that they give rise to equivalent sets of classical
equations of motions (EoMs). In section 3, we turn to the main analysis of the expectation
values of an arbitrary quantum observable defined in the two quantum theories. After some
mathematical preliminaries, we establish a correspondence between the expectation value of
the observable in one theory, and the expectation value of a similar observable in the other
theory, where ‘similar’ means that the observable is weighted by some power of the absolute
value of the determinant of the tetrad, |e|[*. This correspondence is established in a fully
nonperturbative way, and represents the main result of the paper. Section 4 deals with some
illustrative example observables that one can study in order to compare the two quantum the-
ories. First, we discuss the spacetime 4-volume density operator as a simple example, and also
the classical limit of the two theories. Then, we discuss the case of the gravitational waves, and
give an estimate of how large their quantum uncertainties must be in order to be able to exper-
imentally distinguish between the two quantum theories. In section 5 we give our concluding
remarks and some topics for future research. The appendix A contains proofs of some technical
results used in the main text, while the appendix B contains some additional mathematical and
notational details.

Our notation and conventions are as follows. Spacetime indices, denoted by the mid-
alphabet Greek letters p,v, ..., are raised and lowered by the spacetime metric g,,,,, once it
is defined. The Lorentz metric is denoted as 7,, = diag(—1,+1,41,+1). The indices that
are counting the generators of Lie groups G, H, and L are denoted with initial Greek let-
ters a, 3, ..., lowercase initial Latin letters a, b, c, ..., and uppercase Latin indices A, B, C, ...,
respectively. The generators themselves are typically denoted as 7, , and Ty, respectively.
We work in the natural system of units, defined by c=h=1and G= lg, where [, is the Planck
length.

The indices which correspond to the Lorentz group are pairs of indices ab and the quantities
that depend on them are antisymmetric with respect to their interchange. This means that all
independent components of these quantities, according to Einstein summation convention, are
summed over twice. Because of this, the result of the summation should be divided by two.
Alternatively, in order to avoid this problem, one can introduce the notation [ab] which repres-
ents the pair of indices as a single index for which we always assume that a > b. Summation
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over such indices takes into account every independent component precisely once, so it is not
necessary to divide the total by two. For example, given some quantity K“*, one has

1
Ko = 5K‘”’aab. (1)

In this work, the square brackets will exclusively denote the pairs of Lorentz indices, rather
than the usual antisymmetrization over those indices.

All additional notation and conventions used throughout the paper are explicitly defined in
the text where they first appear. See also appendix B.

2. Review of the classical 3BF and EC actions

In this section, we will provide a short review of four classical theories that will be relevant for
subsequent analysis. We will begin by introducing the topological 3BF action, based on the
notion of a 3-group. This will then be employed to introduce the so-called constrained 3BF
action, which gives rise to physically relevant EoM and is one of the main theories that we
will subsequently study in sections 3 and 4. Then, we will introduce the standard EC action,
coupled to the Standard Model in the usual way. Finally, we will introduce its corresponding
second-order theory, called the EC contact action. The latter will be the second main theory
that we will subsequently study in sections 3 and 4.

2.1 Topological 3BF action

In order to introduce the topological 3BF action, one first needs to introduce the notion of a
strict Lie 3-group, a generalization of the notion of a Lie group stemming from higher category
theory, which is equivalent to the algebraic structure called a Lie 2-crossed module. A Lie
2-crossed module is a triple of Lie groups, G, H and L, together with two homomorphisms
between them,

0:H—G, 6:L—H, 2)
the actions of the group G on all three groups,

>:GxX—=X, X=G,H,L, 3)
as well as the Peiffer lifting map,

{_,_}pptHxH—L. 4

All these maps are subject to a certain set of axioms, and together they make up a Lie 2-crossed
module, denoted as

<L£>H£>G,l>,{_,_}pf). )

This structure represents the notion of a 3-group in the most convenient way for our purposes.
An interested reader can find further mathematical details for example in [7, 8, 31, 49, 52-55].
Given the mathematical structure of a 3-group, it gives rise to a natural choice of an action,
called a 3BF action (see appendix B for a more detailed explanation of the notation used in
this section and throughout the text). The 3BF action is purely topological, and defined as:

sgﬁF:/ (BAF)g +(CAG)y + (DAH):. ©)

4

4
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The Lagrange multipliers B, C and D are two-, one- and zero-forms, and simultaneously they
are elements of Lie algebras g, h and [, corresponding to the Lie groups G, H and L, respect-
ively. The field strengths F, G and ‘H are defined as

F=dat+arha—08, G=dB8+aA” -y, ’H:d7+a/\>7+{ﬁ/\ﬁ}pf, @)

and they are called fake curvatures for the connection one-form «, two-form g and three-form
-, which are also valued in algebras g, h and I, respectively. Bilinear forms (_, ) g <—v—>h and
(_,_)r are assumed to be symmetric, nondegenerate and G-invariant, and they map a pair of
algebra elements into a real number. Let us also note that, given the structure of the 3-group,

one can introduce the notion of a covariant derivative as
V=d+an” )

in the sense that, when V acts for example on the components ¢* of the object ¢ € [, the action
> is being applied as the action from the Lie algebra g to Lie algebra [, giving:

Vot =dg* +papt a® A ¢P, ©)

and similarly for objects that are elements of algebras g and h. Given this notation, one can
rewrite the fake curvatures (7) in terms of ordinary curvatures as:

F=V?-08, G=VB-dy, H=Vy+{BAB},- (10)

We point the reader to the appendix B, which contains more detailed explanation of the above
notation, including some examples.

In order to discuss the field content that corresponds to the Standard Model and EC gravity,
one makes the following choice of the 3-group, called the Standard Model 3-group (see [31,
47, 51] for further details). The three Lie groups G, H and L are chosen as:

G=S0(3,1)xSU(3)xSU(2Q)xU(1), H=R*  L=C*xG*xG*xG*.
(an

The physical interpretation of this choice is as follows. The group G represents the usual
Standard Model gauge group, together with the local Lorentz group. The group H represents
the spacetime translations, while the group L corresponds to the matter fields. Specifically, C*
corresponds to the Higgs sector, while the three Grassmann algebras G* correspond to the
three families of fermions.

In order to fully specify the Standard Model 3-group, one also needs to define all relevant
maps. The homomorphisms 0 and ¢ are chosen to to be trivial, as well as the Peiffer lifting
{_,_}pr- Regarding the action >, it is defined as follows. The group G can be naturally split into
the Lorentz part SO(3, 1) (generators counted using the indices [ab]) and the internal gauge part
SU(3) x SU(2) x U(1) (generators counted collectively using indices «, 3, ...). The action of
G onitself is then given by specifying the action of the Lorentz part on itself and on the internal
gauge part, as

o] — o _ 1 [f] slel (1] 5le
Slat] e = fiap)eq = 3 (77[“|c5‘b]5de - U[a|d5\b]5l ]) ; Dlap)g” =0, (12)

while the action of the internal gauge part on itself and on the Lorentz part is given as
>ag” =fas”s  Pafw ™ =0. (13)

5
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Further, the action of G on H is specified naturally, assuming that the group H is interpreted as
the group of 4-dimensional translations. Then the Lorentz part of G acts in the standard way
on translations, while the internal part of G acts trivially:

1
D[cd]ab = Ena[d\éﬁ] ) Daab =0. (14)

Finally, the action of the Lorentz and internal subgroups of G on L is also given in a natural
way, in accordance with the transformation properties of various fermions and the Higgs scalar.
For example, the action of G on left-isospin fermions is given as:

B

Sreaia” = (0ca)s”s Paa® =3 (0a),"- (15)

N —

Here the matrices (o), % are Pauli matrices, and (0u), % = 1[74,7]4%, where v, are the
standard Dirac matrices satisfying the anticommutation rule v,v, + V5V, = —2n4. Here we
also introduce 5 = —70y172773- In a similar way, one defines the action of group G for all other
fermions and scalars in the group L, depending on their precise transformation properties (see
[31] for details).

Given the Standard Model 3-group, one can rewrite the corresponding topological 3BF
action (6) in the following form:

0 . s \A =
S§§F=/BaAFa+B[“"] AR +ea ANV B+ ¢ (V)4 + 1 (Vw) - (7 V)Aw’*,
(16)

where we have introduced the following new notation. First, F is split into the internal sym-
metry field strength F* (which is a function of the internal symmetry connection a®) and
the Riemann curvature two-form R|,; (which is a function of the spin connection wl@]y. The
Lagrange multiplier C is rewritten as the tetrad field one-form e,, and the Lagrange multiplier
D is rewritten as a tuple of scalar and fermion fields (¢, 1,4, ). This change of notation also
suggests the physical interpretation of the fields in (6).

2.2. Constrained 3BF action

While the action (16) does correspond to the Standard Model 3-group and features all relevant
gravitational, gauge and matter fields, it does not provide the correct classical dynamics for
those fields. Namely, this action is an example of a topological 3BF action, and as such it has
trivial EoM, with no propagating degrees of freedom in the theory. In order to remedy this, one
introduces additional terms to the action, called simplicity constraint terms. By conveniently
choosing and adding simplicity constraints, we can introduce the full classical action corres-
ponding to the Standard Model coupled to EC gravity, with the correct classical dynamics.
Such an action is then commonly called the constrained 3BF action, and has the following
form:

S3pr = St;}fp + Sgrav + Sscal + Sbirac + SYang—Mills + SHiggs + Syukawa + Sspin + Scc - (17)
Here we have:
—_ /= \A <
S = [ B AP+ B ARy e A VS (9,0 (V1) - (79) . (8)

6
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U e
Sgrav = _'/)‘[ub] A (B[ab] - mg[ah] deC /\ed) s (19)

Sscal = /XA A <’?A - HabcAea A eh AN ef)

+ AN (HahcAEﬂdef@d NeeNer— (V) Nea N eb) J (20)
_ i A
Sbirac = / A A (fyA + ée,,bgde" A Ae (’ydw) )
i a c A
XA (= Leae £ e (5 ). @
Syang-Mills = /Aa A (Ba —12CasMP e A eb)
+ C&ab <Maabecdgfe(' ANl NN —F A eq N\ eb) R (22)
2 2
SHiggs = —/ X <¢A ha — vz) cavca® NP A€ A e, (23)
2 _
Svukawa = — / ] Yapc VP 6 apcac” N’ N e N e, (24)
Sspin = /27[’ illz,’t/_JA’ﬁ’yul/)ASabcdeb A A Bd, (25)
1 a b c d
Scc:*/m/\&:brde ANe" Ne“ Ne®. (26)
4

While the form of the full action may appear quite complicated, one can recognize the meaning
and purpose of each part of the action, as follows:

the topological 3BF term (18) is identical to (16), tabulating all fields present in the theory
(as dictated by the structure of the Standard Model 3-group),

the gravitational constraint term (19) gives rise to the dynamics of the gravitational degrees
of freedom,

the scalar constraint (20) gives rise to the dynamics of massless scalar degrees of freedom,
the Dirac constraint (21) gives rise to the dynamics of massless fermions,

the Yang—Mills constraint (22) gives rise to the dynamics of massless gauge bosons,

the Higgs potential constraint (23) contains the self-interactions and the mass of the Higgs
field,

the Yukawa constraint (24) contains the interactions between the Higgs field and fermions,
as well as fermion mixing matrices,

the spin constraint (25) is necessary for the appropriate coupling between fermion spins and
torsion, and

the CC constraint (26) introduces the cosmological constant.

The following free parameters are present in the action:

I, is the Planck length, featuring in Sgray, Sspin and Scc,

C.p represents the gauge coupling constant bilinear form, featuring in Svyang-mits»

X is the coupling constant for the quartic self-interaction of the Higgs field, featuring in
Sl-liggs,

v is the vacuum expectation value of the Higgs field, also featuring in Syjggs,

Y apc represent the Yukawa couplings and fermion mixing matrices, featuring in Syyxawa, and
A is the cosmological constant, featuring in Scc.

7
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The topological part S3 5 and the constraints Sqcy and Spjrac do not contain any free parameters.

Let us discuss the equations of motion (EoMs) for this action. One can obtain the EoMs
solved for all Lagrange multiplier fields, in terms of the dynamical fields and their derivatives
(see for example [31, 51] for details):

1 1
Moy = _7Eabchauyec/Ledl/a Caab = 7C,3a5adeFﬂp,VecuedV;
48 4
€ o
)\a,uu = _FOé/J,l/7 Ba;uz = _EcaﬂguupaFﬁp ’
1 c d
)‘[ab]uu = R[ab];wa B[ab],uu = Flge[ab]cde p€ v,
~ A ~ o \A
>‘AM = (vuqs) ) ’YA;wp = —€&Lupo (v ¢) »
1 1
HabcA - —_ghvpo (v ¢) ue pe o AabAM _ &gu)\a)\upa (vy¢)A eupebo_ ;
’YA,qu —i€apcae” ue ve’ (’Y '(/)) Yapvp = i€apcae” ue ve' (1/]’7 )
A N A _ _
A uw = (V;ﬂ/’) ) )\Au = <¢ VM)A )
ﬂu;w =0. (27)

Next we look at the EoMs for the dynamical fields. The spin connection w!’! 1 18 not equivalent
to the Levi—Civita connection, since fermionic fields give rise to nonzero torsion. We therefore
first split the spin connection into a sum of Ricci rotation coefficients Al“] . and contorsion
tensor K@ Wl

w[“b]u = A[a”}u + K[ab}u ) (28)
Here the Ricci rotation coefficients are given as

1
b
A, =~

5 (Cabc _ Cbac _ Ccah) e (29)

where the commutation coefficients are defined as

cbe — gbr ey (Ouey —0ve,) . 30)
The contorsion tensor is given as:

1
b b b

K“MZE(F“ + T — T e, . 31)

Here T%¢ = T* We”“ec”, where T%,,, are the components of the torsion 2-form, defined as:
1

TQEV€a:§7ﬂHde”/\de, T, =V,e', — Ve, (32)

Given all of the above quantities, one can write the EoM for torsion as:

T =2mils", st = e ey N ecthaysyay?t (33)

8
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We can see that the torsion 2-form is proportional to the spin 2-form s¢. As we shall see below,
this is the same as in EC gravity. Also, using (31), the components of the contorsion 1-form
are given as

K®, = 2w ilapaysyat e ecy (34)
so the relationship between contorsion and torsion simplifies and we obtain:

T"=K®%nep. (335)

Next, the Einstein field equation has the usual form:
1 2

R, — EgWR +Aguy =871, Ty, (36)

where the stress-energy tensor is given as:
T = FaupcaﬁFBVp - %g/wFapoCaﬁFﬂpg
EVLVi0n— s (V00" V6n + 2 (600 —7)’)
45 (00 i) e~ S (1 (51 V02 ) e~ 20anci o) . 37)

It features three parts, describing the Yang-Mills, scalar and fermion stress-energy,

respectively.
EoMs for fermion and scalar fields are
—
(i W = ¥aco®) wF =0, (38)
_ —
s (88 T + Yoneo©) =0, (39)
V. Vit —dx (¢°pp —1?) ¢* =0, (40)

while the EoM for Yang—Mills fields is:
v l —_ v 14 . v V.
VuFo" + 5C "o (DﬁAB (¢AV Y <Z>A) + it <>5CA7 B_y ACDch)) =0.
(4D

One can observe that all these EoMs correspond precisely to the Standard Model coupled to
EC gravity, along with the cosmological constant term.

From the definition of the action (17) one can see that the full configuration space of the
theory is defined over the non-dynamical Lagrange multiplier fields

Moap Caab ) /\a;u/ 7BO¢,LU/ ’ )\[ub]p,l/ 7B[ab];w ) )\~Au a’?A/wp aHabCA )
AabA,u77Apupv’7A,uyp;)‘A;M;\Auaﬁu,uu, (42)

as well as the dynamical fields
w[ab]u7eaua¢A7wAa1Z)Aaaa,u' (43)

The distinction between dynamical and non-dynamical fields is a consequence of the EoM,
since the EoMs for the Lagrange multiplier fields are algebraic equations, while the EoMs for

9
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the dynamical fields are partial differential equations. One exception from this convention is
the torsion equation (33), which can be explicitly solved for the spin connection as a function of
the tetrads and fermion fields, rendering the spin connection as a non-dynamical field as well.
This is a well known property in EC theory, but it is customary to regard the spin connection as a
dynamical field nonetheless, because in more general theories in Riemann—Cartan spacetimes
it often actually becomes a proper dynamical field [56, 57].

2.3. EC actions

The standard EC action is typically introduced in the literature (see for example [56]) as the
sum of the actions for the Standard Model minimally coupled to gravity, and the Einstein—
Hilbert action for the gravitational field (expressed using the tetrad formalism). In our notation,
it reads:

1

&I[&wﬂﬁ¢ﬂﬁa]=i/ PRy Nec Neg—F* N CopxF® — (VoY N (%V ),

678
- ésabgde” N’ Ne A [(ZE %)A Yyt — hary? (%)A}
- % [X (¢A¢A - Vz) ’ + Yapct 4P o + 8717\13} Eapcac” Ne” Ne Ne.
(44)
Here xF denotes the Hodge dual of the 2-form F, and similarly for the 1-form V¢:
*F* = %Facdeab“iea Aep, (*Ve), = % (Vag) e ey Ney Nee.  (45)

The configuration space of this theory is equivalent to the configuration space of the dynamical
fields of the 3BF theory (43), where the spin connection again satisfies the algebraic equation

Wabp = Dapy — 2 il Pavsy Y  €apeae (46)

obtained from the equation of motion for torsion analogous to equation (33), so it does not
represent a dynamical field. Because of this, by substituting this algebraic relation back into the
action, it is possible to construct an equivalent classical theory with the reduced configuration
space and equivalent EoM. Such equivalent theory is usually called the second order theory in
the literature [56]. This substitution is performed by explicitly partitioning the spin connection
into the contorsion and Ricci coefficients in the action, and by separating the contributions of
the individual terms. This operation is equivalent to the following substitution:

1
Vi) =Via) + 5K“”aab. 47
In the action of the EC theory there are only two terms which depend on the spin connection,
namely the term with the Riemann tensor and the Dirac Lagrangian term. After the substitution,
these terms become:

Rap = dwgp + (W Aw)y, = dAgp + (AN A)y, + dK gy + (ANK) y + (KA D)y, + Ko AKe

=Rap (8) + (V(a)K) , + K AKep, (48)
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and
(&%)AW%A — Py (V) = (1/;$<A))A7d¢A — Py’ (V<A)¢)A - %JJA {Cfahﬁd} ¥ Kap
= (@Z%m))A Yt — Py’ (V<A)1/J)A + %EQM@A’YS’WAKM (49)

When these terms are substituted back into the standard EC action, after some algebra one
obtains the action of the same form as the initial one, and with an extra term representing the
contact spin—spin interaction and the fixed spin connection A,,. This extra term, expressed
using contorsion, is 87: 7 K A %K, s0 using the relation between the spin tensor and contor-

P
sion from the standard EC theory one can eliminate the contorsion from the action:

1

SECC [6, ¢7¢7 1;7 a] = / Eab(;dRab Neec/N\eqg— FYA Caﬁ*Fﬁ - (v¢)A A (*V¢)A

1673
i a . b oc S\ a,a 7 af= 0\ 3004
_gsabcde ANe Ne A {(1/1 V)A'y P —hay (Vw) ] + (47rllz))3s N %S4

~ 5 [ (o) vl et NN A (50)
8mi;

In this fashion, one obtains the EC contact action (ECC), with a fourth degree contact inter-
action terms between fermions, featuring within the term s A xs,. The EoM of this theory
are equivalent to the EoM for the standard EC theory and the constrained 3BF theory, but the
configuration space is further reduced and equal to the dynamical configuration space:

e ™ s, 0 (51)

This concludes the review of the topological and constrained 3BF actions, as well as the EC
and ECC actions, regarded as classical theories. In what follows, we will focus our attention
to the constrained 3BF action (from now on just called 3BF action for simplicity), and the
ECC action. Specifically, in the next section we will explore the relationship between their
corresponding quantum theories, namely the quantized 3BF theory and the quantized ECC
theory. This will be done within in a framework which consistently defines the quantization of
both theories in the same way, so that they can be compared.

3. Quantum observables

Although the 3BF and ECC theories are classically equivalent, their quantization may give
rise to potentially different quantum theories. In this section we will establish a correspondence
between the expectation values of observables in the two quantum theories, demonstrating that
although the theories are not fully equivalent at the quantum level, there exists a well-defined
correspondence between them.

The process of construction of quantum theories requires the generalization of mathemat-
ical results related to multiple integrals over real and Grassmann numbers to the correspond-
ing functional integrals over bosonic and fermionic fields. Therefore, in the first Subsection
we will provide a review of the integrals that will be generalized to functional level. In the
second Subsection we will apply those integrals to the definition of the expectation value of
an arbitrary observable in the quantum 3BF theory, step by step, so that the obtained result
can be interpreted as the expectation value of a related observable in the quantum ECC theory.
In this way, we will construct a correspondence between the two quantum theories, at the full
nonperturbative level.

1
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3.1. Mathematical preliminaries

Let us begin from the definitions of certain mathematical identities. We will discuss a total
of four generalizations of the properties of the Dirac delta function in several special cases,
as well as one identity related to the Stokes theorem. The identities can be classified into two
groups, bosonic and fermionic. The two bosonic identities can be obtained by generalizing the
following properties of the Dirac delta function to the bosonic fields. The first identity is

/ dye™ =276 (F), FER, (52)
R
based on which one can obtain the following multiple integral:

/ dy [ doxeH (x;) el OT@IT6ED) — o [ dxH () 6 (F (x)) €900, (53)
R R R

Then, generalizing this identity to the functional level, one obtains:

/ D DgH (¢y) e (P MO0FG00) — 7 / DeH (1) 6 (F () el 9. (54)

The second identity that we need is:

H(G/F

which can be easily proved using a simple change of variables. The corresponding multiple
integral is

H(G™ (x)F~ 5 (x),
[ [ ass (5 )~ 0 ) 1) = [ an M ORI G 8) s,
R R R |F (i)
while the generalization to the functional level is given as:
a (s 1 . —
[ Deons (¢ Fi' (00) - 6 (00) H (g0 = [ Do S (67 (00 F7'4" (60) ).
(57)

where Fg*(¢y) is an arbitrary invertible matrix function, G*(¢;) and H(y, ;) are arbitrary
functions, and |a| denotes the number of possible values of the index a.
Next, we need an identity related to the Stokes theorem, namely

/D(PD(ﬁkH((p,¢k)ei.f(V‘P)/\E(¢k)+ﬁa/\F(¢k)+G(¢k) :/DwaDqﬁkaeiS}Ssﬂa/\E(ma)

% /DtpD(ﬁkH(tp, ox) eif(*l)’M<.9/\VE(<f>k)+<.9/\F(<i>1f)JrG(Cﬁk)7 (58)

which holds equally for both bosonic and fermionic fields. Here it is assumed that ¢ is a p-
form, while @5 and ¢g are values of the fields on the integration boundary. Note that the sole
purpose of this identity is to move the covariant derivative V from acting on ¢ to acting on

E(¢x).
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Finally, the two fermionic identities which can be equivalently generalized from Grassmann
numbers to Grassmann fields are given as

/ d6,db; ...do, e (O2=0==0%) F(g, . 4,

= (—1)”“1'/ d6,...d0, 6 (0, — O3 —---—6;) F(6s,....,6,), (59)
anl

and
/ dmy/ dmx/ d91d62...d6k/ ABpsy ...d6, e =M00) £y 0, 6,)
Rm Rm Gk Gn*k

— (271_);71/ d’”x/ d91d92d9k/ d0k+1 ...do, Hé(xana’:fQi@j) F(x,@.,.“,@,,). (60)
RIH Gk G'l*k

a=1

For proof see appendix A. The corresponding functional identities for the Grassmann fields
look the same as the above two identities, up to the replacement of the integration measure
df — D@, the overall coefficient (27)" — N/, and the notation [[§(x*) — §(¢). One should
note that the last identity contains the Dirac delta function with a combination of real and
Grassmann numbers where the order of integration is important, namely, one must first integ-
rate over the real numbers x“, and only afterwards over the Grassmann numbers. Also, the
Dirac delta function for the Grassmann numbers is odd (i.e. skew-Hermitian) because of the
anticommutativity of the Grassmann numbers, so it always appears paired with an imaginary
unit i = v/—1 in equation (59).

3.2. Expectation values of the observables

The correspondence between two quantum theories can be obtained by comparing the expecta-
tion values of the observables between the two theories. To that end, one defines the expectation
values as

1 — 1 N
<F>SBF — % D¢z F(¢k) elS}BF[¢']’ <F>ECC — E/Dqﬁl F(¢k) eSEcC[¢r] , (61)

where the state sums are given as

Zapr = /D¢i eissmr[¢7i]7 Zece = /Dd)i eiSecc[di] (62)

Here at the beginning it is important to make two comments. First, for the purpose of sub-
sequent analysis one does not need to discuss the precise definition of the path integral itself,
which means that we do not need to specify the quantum 3BF and ECC theories explicitly.
The only requirement that we assume is that the measures in the path integrals are defined
in the same way in both theories, and that they are defined such that the functional identit-
ies (54), (57), (58), (59) and (60) hold. In this way, we can discuss the properties and compare
the expectation values of the observables in two quantum theories in the full nonperturbat-
ive regime, despite the fact that we do not specify the details of the quantizations of the two
theories.

Second, the fields ¢; for 3BF theory and ECC theory belong to their corresponding config-
urations spaces (42)—(43) and (51), respectively. It should be clear that the observables F(¢)
in (61) can be compared only if they both live in the common configuration subspace of both

13
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theories, or in other words, if the observable F' depends only on the fields ¢; belonging to the
reduced configuration subspace (51) which is defined for the ECC theory.

In what follows, we will apply the functional identities (54), (57), (58), (59) and (60),
step by step, in order to reduce the definition of the expectation value of the observable F
in quantum 3BF theory, to the definition of the expectation value of the corresponding observ-
able in quantum EC theory, and then in the quantum ECC theory.

We begin by explicitly writing the product of the state sum and the expectation value of the
observable F in quantum 3BF theory. According to the definition (61), it is equal to:

Zspr(F)spr = N / DaDwDBDeDyDyD¥D$ Dy DYyDBDADNDADADC DHDM

X exp (i / Ba AF® 4+ By AR ey A (VB)' + ¢ (VA), + 9 (V) = (77) o

1 .
TAYA (Ba — 12C o sMP e A eb> Ay A <B[“b] - ms[“b]‘dec A ed>

P

-~ _ i
+ M A (54— Hapeae® Ae” Ae) +Xa A (WA + g avea A e Ne (W)A)
= i a c (.7, S22 a C
XA (’YA = g Cabeae NePne (w’Yd)A) +2mi D haysy Y eanca” N e N B
+Ca® (Mo‘aba(»dffe” ANl NeC Nel — F Neg A eh)

+ A®A A (Hubms”d‘ffed Ne.Neg— (V) Nea A eb)

82

T A > Eabcae® N e N e A e") F(g) - (63)
P

<X (¢A¢A — VZ)2 + Yapc B o +

Applying the Stokes theorem functional identity (58) over the terms in the second row, we
remove the covariant derivative from the variables 34, 54, ¥4 and 44, in order to be able to
perform the integration over these variables in the next step. We obtain:

Zspr(F)spr = N / DBaDeaD7oDva Do Dpo DDy ¢ ¥ $oTr0+Pr07o o vs—eia N
X / DaDwDBDeD3DyD3D¢ Dy DyDBDADADADADCDHDM

X exp (i/Ba AF® 4 Bl AR 4 (Ve), A B — (Vo) A7a — (uﬁ)A AV 74 A (VYA

1
a _ B  a by _ [ab] _ lab]cd
+AYA (Ba — 12CoM” e’ Ae”) — Ay A <B 871'1%8 ec/\ed)

B ) _ i c A
+ XA ('YA — Hapeae® A &’ A ef) AN ('YA + gsab(‘dea NN (’de) )

; o - .
—MA (WA — g’ NN (wvd)A) 2 il gansy W cacae” A 1 B
+ Caah (Maghgcdefec ANednet Nef —F A ea N\ eh)

+ AA A (HabcAa"d"fed NeeNeg— (V) Nea A eb)

_ 11—2 <x (8" ¢4 —V?)* + Yascd vPC + A) Eabca® NP N e A ed) F(¢r) - (64)

8 I

By careful inspection of the above equation one can note that, in the case when the observable
F(¢) does not depend on the fields at the boundary, the integration over the boundary gives no

14
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contribution at all. Also, formulated in this way, the 3BF theory enforces the restrictions that
the matter fields and tetrad fields must be zero on the manifold boundary. These restrictions
can be removed by adding appropriate boundary terms to the classical 3BF action. The detailed
discussion of the boundary conditions is given in section 3.3 below.

Next, we perform the integration over the fields 3, Blap)> Bas FA, V4, Ya Ca“” and A4 by
applying the functional identities (54) and (59), which gives:

Zsgr(F)3pr = N/DeaD%Dﬂ)aDd;a 5(a) 8 (o) (va) 8 (ea)
X / DaDwDeD¢ Dy DYDIXDADADHDM

X6 (F*+A*)6 (Rap) — Aary) 0 (XA — (V¢)A) 0 (S\A - (7/;%)) g ()\A - (Vw)")

e a 1 ab]c \- a c
X exp (i/*lZ)\ A CagMB,,be A eb -+ )\[ab] A 76[ 4] dec Neg— )\A A Hypeae™ N eb Ne

8mi2
_ i A i _
+ A A ésab(-dea AeP A et (’ydw) A éa,,bcdea NN (w’yd)A

1 A a ¢
-7 ( (¢ ¢A*v2) + Yapc P g +8 lz)gabﬂde N /\ed)

X & (Maubgcdgfe(‘ A NeE N —F* Nea A eb)
><5( b€ edAeeAef* (Vo), /\ea/\eb>
((

x 0 ((Ve), —27rtl 2D a5y Eapeae /\e) () - (65)

Then, further integration over A%, )\[ab], ):A, A4 and M removes the Dirac delta terms from the
third row, thus giving the following:

Zspr(F)3pr = N/DeaD%leaDT/ja 5(0) 6 (¥a)d (¥a) 6 (ea)

X / DaDwDeD¢ Dy DYyDHDM

o Ney— (Vd))A A Hgpeac® A e’ A e

X i [ 12F% A CogMP pe® A& + Rap A
exp (l/ af ab€ e+ Rap 1671‘[,2,

- A
— — [ x (¢ ¢a —?) + Yancd P o€ + Cabeae® Ne” AN e N e
12 87 2
) (Maubecde/e” ANe'Nef Nl —F* Aeg A eb)
X & (Ha;,ma foq N\ eo N er— (Vo) Nea N e;,)

8§ (2milparysy ¢ eapeac” N e — (Ve),) F(¢x) (66)

The multipliers M, and H 4.4, Wwhich have so far not been integrated over, are related to the
Hodge duals of the field strengths F* and (V¢) ,, respectively. Applying the functional identity
(57) one can integrate out also these remaining multipliers, in favor of the Hodge duals (45),

giving:
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Zugr(Fysgr = N / DeaDooDiaDia s (69)6 ()8 (105) 3 (¢5)

1
| (Tl +ATD=D)[a]

x / DaDwDeDé Dy Dij

X exp <i / —F* A Capg*F” + Rup ﬁa“b"dec Neg— (Vo) A (xV),
T lp

- éaabcdea Ae® AeE A ((1/_)$)A’7d¢'4 — Pav* (V1/))A>
1

12

%6 (2milydansy "6 eapeae” 1€ = (Ve), ) F (&) (67)

2 — A
(X (¢A¢A — vz) + Yapct P oC + —) Cabea€® N el N e N ed)

8 l%

The quantity D (which appears in the exponent of the determinant of the tetrad) is the dimen-
sion of the spacetime manifold, D =4, so the value of the exponent of the determinant of the
tetrad is N = (|a| + |A|(D — 1))|[ab]| = 144, taking into account that |«| = 12, |A| =4 and
|[ab]| = 6. One can recognize that the obtained argument of the exponent is now the action (44)
of the EC theory, so we can write:

Zugr(Fysgr = N / DeaDooDiaDia 8 (69)6 ()8 (105 3 (¢5)

-1 _ )
X / DaDLDeDODYDY 1§ (271' 2957 0 e apege” e — (Ve)a>

X F () €<, (68)

At this point, one could be tempted to try to establish a correspondence between the
quantum 3BF theory and the quantum EC theory. Unfortunately, this is not a viable option
since the Dirac delta term under the integral enforces an additional strong constraint between
torsion and the spin tensor, and must be integrated out before one can attempt to establish the
correspondence. This can be done by integrating out the spin connection 1-form w!“?!, which
is present inside the Dirac delta term as part of the covariant derivative V acting on the tetrad
1-form. In order to perform this integration, the expression inside the Dirac delta term must
be transformed, since in its original form it depends on the antisymmetric part of the spin con-
nection over the second index and the spacetime index. This dependence can be removed by
passing to the locally inertial coordinate system, where this antisymmetric piece can be eval-
uated, by introducing a change of variables wup. = wappuec”. This change of variables induces
the following change of the path integral measure:

6 (wabcecu)

slef]
Ouwefy

(1| = Dol el (69)

Dwabp, = Dwapc = Dwapc

Now one can introduce the quantity A, which is antisymmetric with respect to the second
and third indices of the spin connection:

1

Agpe = E (wabc - wacb) . (70)

One can easily demonstrate that these fields contain all components of the spin connection. To
see this, it is sufficient to apply the antisymmetry of the spin connection with respect to the
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first two indices onto the following linear combination:

1

Aabc - Abac - Acab = 5 (Wabc — Wach — Whae + Whea — Weab + wcba) = Wabc - (71)

The Jacobian J of this change of variables is a constant, and it can be absorbed in the normal-
ization factor V, so the path integral measure remains essentially the same:

N/Dwabc :N/|u7|DAabc :N//DAabc- (72)

Substituting this back into (68) we obtain the expression which depends on the fields Ap,:

‘e||[ab]\
N

Zusr (Fyspr = N / DeoDoDiboDibo 6 (69)6 (160) 8 (ih0) 6 (¢5) / DaDADeDd Dy DI

le|
x4 (27T il a5y W eapcae’ ue " " — (Opear) 7 +Aab,,.|e|ed”ee"5b"d€)

X F () el (73)

Applying the functional identities (53) and (56) we then obtain the expression which can be
integrated over the fields A, in a straightforward manner:

_ _ _ elllat]l
Zypr(F)3pr = N / DeaDoDibaDio 8 (69) 6 (100) 8 (¥) 6 (ea) / DaDADeDé Dy D |€||e|N
1 - 1
X4 (Aabc - (icabc - Zﬂlllz)wAfYS’deAgabcd)) fa]
[2lelelbel el eyylee, ]|
X F(¢k) eiSEC[¢k] . (74)

The next step is the evaluation of the determinant of the product of two tetrad fields and the

Levi-Civita tensor. One first evaluates the determinants of the Levi-Civita tensor as [l/)[?] | =
!5[“”] o] | = 1, and then one constructs the identity:
! ! [uv][po] lw, vl, lp, o] abcd
“1lel® =lea"ep e leq e
el = [l a
2
= [2e1a ey 1| [2eic7eq | |11 = [2ei ey (75)
from which it follows that
1 1
e e V| = _ . 6
’ Cla™ e |e|%\[w]| |e|%|[ab]| (76)

Using the obtained relation (76) the path integral becomes

Z3pr(F)3pr = N/DeaD¢aD¢aD1/_Ja §(¢a) 0 (¥a)d (va)d(es) /DaDADquﬁsz D

1

|e|1v+|[ab1|(%—1)

1 - i
X 6 <Aabc - (§Cabc —2m ilfz)wA'YS'ydesabcd)> F(¢k) eSEC[¢k] . (77)



Class. Quantum Grav. 42 (2025) 195009 P Stipsi¢ and M Vojinovi¢

In the case of the Standard Model, the exponent of the determinant of the tetrad is given as
M = N+ |[ab]| (% — 1) = N+ 6 = 150, taking into account that |a| = 4. The integration over
the field A, substitutes the connection A, in the action with:

1 _
Aabe = 5 Cabe = 27 ilytbaysy V" apea (78)

which corresponds to the substitution
= Ay — 2milapaysy iyt ¢ 79
Wabpu = Rabp Tl pr'YS’Y PV Eabeae o (79)

which is in turn the previously described procedure of obtaining the action for ECC theory
from the action of the EC theory (see equation (46)). We thus end up with the expression
featuring the action of the ECC theory:

Zsgp(F)sgr =N / DeaDpaDaDYo b (99) 8 (Vo) d (1a) 6 (en)

~ 1 .
X / DaDeD¢ Dip DY) o F(gy) efSeceldd
e

=N"'Zgce LF i (80)
lel™" [ kcc

As a special case, substituting the unit observable, F(¢;) = 1, one can evaluate the state
sum as

Zipr =N / DegDeaDippDibg 6 (99) 8 (105) 6 (1) b (e5) / DaDeD¢ Dip Dy ﬁ elSeceléx]

/ 1
=N ZECC<|€|M>ECC- (81)

As another special case, substituting the observable F(¢;) = |e|", one can evaluate the state

sum in a different way, as
Z3pr <‘6|M>SBF = /\/'/DeaDqﬁaDd)aD?Za §(¢0) 0 (1) 6 (Vo) 6 (ea) /DoeDququ/) Dy ¢'Seccléd
=N’ Zgcc. (82)

Combining (81) and (82), we obtain the normalization relation

1
<|e|M>3BF< |e|M> =1 (83)
ECC

As the last step, substituting (81) and (82) back into (80), and remembering the definitions
(61), we finally obtain the correspondence between the quantum 3BF theory and the quantum
ECC theory, in the following form:

1
<WF>ECC <|e|MF>3BF

< | > ) <F>ECC: <|e|M>3BF . (84)
ECC

<F>3BF =

le[™

The equations (84) are the nonperturbative correspondence between the expectation values
of observables in the quantum 3BF and quantum ECC theories that we were looking for, and
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represent the main result of the paper. The existence of this correspondence emphasizes the
importance of the 3BF theory, since its quantization automatically gives rise to a quantization
of the ECC theory, which is a physically relevant model of quantum gravity with matter of the
Standard Model. Namely, it can be argued that the explicit construction of path integral for the
quantum 3BF theory is, all else being equal, easier to perform than the direct construction of
the path integral for the quantum ECC theory itself.

3.3. Boundary conditions

One technical detail that should be discussed is the presence of the boundary terms in the state
sum (80) and eventual dependence of the observable F on values of fields at the boundary of
a spacetime manifold (if it features a boundary). As they stand, the boundary terms in (80)
feature Dirac delta functions for the boundary values of certain fields, essentially claiming
that those fields should vanish at the boundary. While this is not a big issue for fermion fields
(since we typically assume them to be localized to some finite region in the manifold bulk
anyway), the situation is rather different for the scalar field, and most importantly, the tetrad
field. Namely, the scalar field describes the Higgs sector, which is known to have a nonzero
vacuum expectation value, which should be constant throughout spacetime. This is in obvious
conflict with the statement that it should be zero at the spacetime boundary. Similarly, the
tetrad field is typically assumed to be nondegenerate (the tetrad determinant e is assumed to
be nonzero everywhere), since otherwise there would be singularities in the metric structure of
spacetime. This is again in obvious conflict with the statement that tetrad fields should become
zero at the spacetime boundary.

There are two ways one can think of this issue. One way would be to postulate that space-
time does not (or should not) have a boundary to begin with. Then one could simply drop the
boundary terms from (80), and the issue of the values of Higgs and tetrad fields at the boundary
would become immaterial. Another way would be to modify the 3BF action by adding suitable
boundary counterterms. These extra terms would not influence the dynamics of the theory in
the bulk, but would influence the boundary values of fields. For example, this is a property
of the well known Gibbons—Hawking—York (GHY) boundary term [58, 59]. It would thus be
interesting to introduce such modifications to the 3BF action, and study their influence on the
expectation values of observables in (80), with a possibility of fixing the issues related to the
Higgs and tetrad fields.

In order to discuss GHY term, we first need some elementary formalism to describe the
boundary of the spacetime manifold. Looking at some coordinate patch x* of M which inter-
sects the boundary M, one can introduce a new set of coordinates & (i = 1,2,3) on the
intersection patch in M. Given this, a point with coordinates £ on OM can be assigned
coordinates x* on M using the parametric equations

Xt =z (¢, (85)

where z#(§) are some functions encoding the ‘position” of 9. M in M. In the tangent space of
point &' one can introduce the natural coordinate basis u; = 8;. These vectors also live in the
tangent space of the same point in M, so one can expand them in the coordinate basis 9,, as
u; = u!'d,,, where the components u}' can be evaluated using (85) as

p_ 9206

5 (86)

u
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Next, given a metric g,,,,(x) on M, one introduces the induced metric v;(£) on OM as a
pullback:

i (€) = g (2(8)) uj'uy . (87)

This metric (in older literature also called the first fundamental form on 0 M) is assumed to be
nondegenerate, with its inverse denoted as fyij , and can be used to raise and lower the bound-
ary indices i,j,.... One can additionally introduce the induced triads, connection, covariant
derivative, curvature, torsion, and various other induced quantities on the boundary, but this is
not necessary for the purpose of this work. In addition to all these standard geometric notions
associated to d M as a manifold, the boundary has some additional properties that stem from
its embedding into M. Namely, given that M is 4-dimensional and O M is 3-dimensional,
there will be one additional vector in the tangent space of M that is linearly independent of
the three tangent vectors u;. Calling it the normal vector, and denoting its components as n*,
one can choose it to be orthogonal to all three tangent vectors, n,u}’ = 0, so that the following
resolution of the identity holds:

5 = entn, +ul'ul, (e==1). (88)

The normal vector is normalized as n#n,, = ¢, and the boundary M is called spacelike if
its normal vector is timelike (e = —1, recall that we work with the (—,+,4,+) signature
convention throughout the paper), while it is called timelike if its normal vector is spacelike
(e = +1). We will not introduce lightlike boundary since it is not necessary for our purposes.

The normal vector allows us to introduce one more notion specific to the boundary, called
extrinsic curvature (in older literature also called the second fundamental form), as a projection
of the covariant derivative of the normal vector onto the tangent space of O M,

K= ul“ ujl-’VﬂnV , (89)

where V,, denotes the standard covariant derivative on M, compatible with the metric g,,,,.
The extrinsic curvature scalar is defined as K = 7K.

Now we are ready to introduce the GHY boundary term. In the context of the traditional
Einstein—Hilbert formulation of the action for GR, one can write:

1
167G

1

/ d'x /—gR— —— e e/ K. (90)
M oM

S p—
GR 871G

The first term is the standard Einstein—Hilbert action for GR, while the second term is the GHY
boundary term. Its purpose is to make sure that the action Sgr has well-defined functional
derivatives with respect to the metric g, , since the curvature scalar R contains its second
derivatives. Namely, in the variation of the action 6Sgr the second derivatives of the metric in
R give rise to the variation of the first derivatives of the metric on the boundary, which are then
canceled by the GHY term, rendering 6Sgr ultimately dependent solely on the variation 6g ..,
of the metric itself, rather than its derivatives [58, 59].

The form of the GHY term in (90) has been designed precisely to correspond to the
Einstein—Hilbert formulation of GR, and does not a priori fulfill its purpose when the grav-
itational interaction is formulated in terms of the EC action, or the 3BF action, or otherwise.
Nevertheless, in [60] the GHY boundary term has been reformulated to match a completely
arbitrary theory that may contain curvature, torsion, and even nonmetricity. In our work, non-
metricity is absent, but curvature and torsion are present, so the results of [60] lend themselves
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to be applied in a straightforward manner to the case of the 3BF action (17). Writing (17) in
the form

S3BF=/ Lapr, oD
M

where Lpr is the Lagrangian 4-form of the 3BF action, the GHY term is given as:
SBF — 2§lé N T . 92
GHY M i Xy oM 92)

Here K' is the extrinsic curvature boundary 1-form
K = Kijdgj = ui“uj’»’vunydfi, 93)

while x¢,,,, are the 2-forms obtained from the specific details of the Lagrangian 4-form Lspr,
see [60]. For the purpose of our work, we are not interested in the precise form of *p,,,,. We
merely need to know that it depends on all fields present in the action (17), i.e. %@, is a
function over the whole kinematical configuration space (42) and (43).

At this point we can study the influence of the GHY boundary term on the derivation of
our main result (84). We begin by modifying the original 3BF action by adding to it the GHY
boundary term,

Sigr — Sapr + SeEL,. 94)

We then proceed through the calculation described in the previous subsection. Starting
from (63) with the added GHY boundary term, we proceed to (64), where the boundary con-
tribution to the path integral (the first row of (64)) now generalizes to:

/ DBsDesDy5DvoDY9DpsDYsDYaDByD yDAosDogDwsDAgDAoDN\yDHyDMy

« engffY-&-iﬁ ¢’$’?Aa+%a’vg+‘ma¢g—eaa/\ﬂ‘é. (95)

The difference from the original boundary contribution in (64) consists of the fact that the addi-
tional S3EE, term is present, and since it depends on the full configuration space, we explicitly
denote the path integrals over all boundary fields.

The subsequent steps, given by (65)—(68) all the way to (80), involve integrating out a range
of variables living in the bulk, without any contributions to the boundary. This means that the
boundary term (95) appears in (80) instead of the old one. Note that (80) features also the ECC
action (50), which should arguably also be corrected by its own version of the GHY boundary

term,
Secc — Secc + Sgiay s (96)

where

SES =2 55 eK' At ulx @, o’ 97)
oM

Here x¢,,,, are the 2-forms obtained from the specific details of the ECC Lagrangian 4-form
Lgcc. Itis a function over the kinematical configuration space (51) of ECC theory. Subtracting
the term SES, from the boundary term (95), and reabsorbing it into a redefinition (96) of Sgcc,
the final generalized form of equation (80) reads:
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Zagr(F)sgr =N / DByDesDF5DvoDy9DdoDhoDpaDByDCoDAgDogDwyDXgDAgDXgDHsDM
X eisé[g:v 7i5§${5+i 4) ‘1);\9'7/\8 +1Z’AB'Y?3+’_YAB w?) —€0 /\52)

X /DaDeD(bDwDJJ ﬁ F(¢k) eiSEcc[¢k]
e

ECC

le[

The subsequent analysis leading to (84) remains unchanged—one evaluates (98) for observ-
ables F(¢;) =1 and F(¢;) = |eM| and combines them to obtain both (83) and (84), in an
unchanged form, completing the main result.

Looking at the boundary term in (98), we can observe that it is substantially different from
the boundary term in (80). Namely, both GHY terms in the exponent depend on all variables
in the configuration space, which means that the four remaining terms cannot be integrated
in a straightforward manner, and one does not obtain the problematic Dirac delta functions
§(9)3(105)8(105)8(es). The evaluation of the explicit form of S25F, and SEGS, and the detailed
study of its contribution to the boundary integral, are out of the scope of the current work,
and we postpone them for future research. Nevertheless, even without explicit calculation,
it is reasonably obvious that the GHY terms will give nontrivial contribution and will either
completely remove the Dirac delta functions, or substantially modify their arguments, allowing
the tetrad, scalar and fermion fields to have potentially nonzero values on the boundary.

4. Examples

In this section we will compare the predictions of the quantum 3BF and ECC theories on the
example of the spacetime volume density and discuss the classical limit. Then we will study
the example of the gravitational waves.

4.1. Spacetime 4-volume density

As a simplest example, let us define the 4-volume density observable defined as
F(g) = p=lel, (99)

and the value of the 4-volume density as the expectation value of this operator, in a given
quantum theory of gravity. The name is motivated by the fact that the 4-volume of some 4-
dimensional region R of spacetime is given as

V(R):/ d4x\/jg:/ d*x|el, (100)
R R

hence one can loosely call |e| as the ‘density’ of spacetime 4-volume of the region R.
The correspondence relations (84) can be applied to obtain the ratio of the expectation
values of 4-volume density in the two quantum theories:

_ L
P3BF _ (P)ssr _ <‘6‘M_] >ECC - <|e|>3BF<|e‘M>3BF. (101)

pEcc  {P)gce <|e|)ECC<W> w (leM+1) 35
E
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At this point it is useful to remember the definitions of the statistical quantities of covari-
ance and variance, which are useful to separate the quantum corrections from the classical
quantities:

Cov(X,Y) = (X¥)— (X)(Y),  Var(X) = Cov(X,X) = (AX)>. (102)

Here AX represents the standard deviation, i.e. the uncertainty of the observable X. Covariance
and variance satisfy the Cauchy—Schwarz inequality

ICov (X,Y)| < AXAY, (103)

which can be used to estimate the covariance. Based on the definitions (102), it is clear that
the ratio of the 4-volume densities in 3BF and ECC theories is given as:

1
P3BE _ 4 COV(M’ “f‘M)ECC prce ., Cov(lel,le[) .
-1t OV e (el (e Y
ccC 1
PE <|e|>ECC<‘e|M>Ecc 3BF 3BF
Then, using (103), we can write
AL M
pur gy (Bl 2R ) e (AM = ) . (105)
PECC (lel) <L> P3BF (lel) (lel™) ] 3pr
lel™ /7 gcc

In the classical limit one can assume that the uncertainties tend to zero, and we see that the
4-volume densities have approximately the same value in both theories.

In fact, the above example indicates that the classical limits of the two theories are the same.
In order to demonstrate this in full generality, one can repeat the above analysis for the case
of an arbitrary observable F(¢). Starting from (84), we have

1
(F)spr <|€\’”’F>ECC {(Flece _ (|e"F) 3 _ (106)

(Flecc <ﬁ>ECC (F)ECC) (F)agr  (le/™)spp (F)agr

The expectation value of the product in the numerator can be removed in favor of covariance
using (102), and the covariance can be estimated using the Cauchy—Schwarz inequality (103),
leading us to:

Ai,w F M
AF le] { >ECC <1+ (AF Alel ) _ (107)
3BF

Frce DRERY B GRCL)
ECC

In the classical limit we expect the uncertainties of the observables to become negligible,
AF — 0, giving us

(F)spr <1, (F)gcc <1. (108)
{(F)ecc {F)3pr

Taken together, these two inequalities enforce the result
(F)3pr = (Fpcc (109)

claiming that in the classical limit all observables have the same value in both theories, as
expected. The two theories differ only at the level of quantum correction terms.
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4.2. Gravitational waves

In the example of gravitational waves, we study the two (mutually related) fields, namely
the tetrad field and the metric field, as well as their excitations over the flat spacetime
configuration:

eau:5z+5a,ua Epv = Nuv +huu~ (110)

We expand the determinant to the second order (which is incidentally the full expansion to all
orders):

1 1
le| = 1+&% + = (4" — e%e’a) + — (%ae"se’c — 3e%ae’ e +26%e" %) + e (111)

2 6
Let us note here that in principle one can discuss gravitational wave perturbations over some
more general curved background spacetime, rather than flat spacetime. In other words, given
some background tetrad &%, and its corresponding background metric §,,,,, instead of (110)
we could write

a

ey =e", +e, 8uv = &uv + - (112)

While the subsequent analysis is in principle similar, it is technically more complicated since
the evaluation of the determinant (111) would not have 1 as the leading term, but rather dete“,,.
Because of this, we opt not to work with a generic curved background, but rather with the
special case of the flat background. Qualitatively speaking, all results and conclusions of the
analysis remain the same.

One can introduce the quantity E that collects all corrections of the tetrad determinant with
respect to unity. This is useful for the study of the convergence properties of the power series of
+Mth degree of the tetrad determinant over such a parameter, so the corresponding exponents
of the tetrad determinant in second order are given as:

“+o0

1 1 M+n oM, )

|M:(1+E)M:Z< . )(—E)":l—Maa—l—z(Maas”b+5bs”a)+0(€2).
n=0

(113)

The requirement that this series converges is that |E| < 1, while the terms in the series begin
to decrease when the following condition is satisfied:

n+1
El<————. 114
[E] M+n+1 (114)
From here it follows that the contribution of the second order will be greater that the contribu-
tion of the third order in case when |E| < 0.0196 (assuming that n =2, M = 150), or in other
words, if one requires that the second order contributes k times more than the third order,
then |E| < 0.0196/k. Also, in the case of the tetrad determinant with a positive exponent, we

similarly have:
XM M
|e|M =(1 +E)M = E < )E” =14+Me, + > (Ms“aehb — E“bsha) +o (52) ) (115)
n
n=0
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This series is finite, since the binomial coefficient is equal to zero when n > M, so there are no
convergence issues. In addition, the terms in the series decrease when:

n+1

E|l < :
El < 37—

(116)

which is a weaker requirement from the previous inequality (114) and therefore always
satisfied.

By applying the correspondence equations (84) to the metric perturbation observable,
F(¢r) = hy,, we obtain the following:

() gee — M (e ahuw )pec

€%)pcc + 5 (Meaebs + e9peba)pec

(M) spp = - 117

After the expansion of the denominator into power series one obtains:

()3 = (P ) e = M ahn )
a M a a M2 a 2
X (1 +M () pec — > (M % + & b€ba>ECC TS G a>Ecc>
= (hpw)pec (1M (%) pec) — M (% ahyu ) pec (118)

Also, in the opposite case we have

(huv)gce = <<hl“’>3BF +M<5aahuv>3BF)
M M?
x (1 —M (&) 3pp — > <M‘€aa€bb - 5ab€bﬂ>33p 5 <5aa>§BF)
= () 3 (1= M(e%0)3pp) +M (" ahy ) (119)

These expressions simplify to the following final form:

() spr = (huv)pee — MCov (€%, hyw )gec (120)
(M )pee = () 3 +MCoV (%0, iy )3 e (121)

Using the Cauchy—Schwarz inequality (103), we can estimate the order of magnitude of the
perturbation necessary for the experimental comparison between quantum 3BF and quantum
ECC theories. Namely, up to second order, the deviation of the predictions between two the-
ories is given as

Cov (¢4, hyw ) pee = Cov (€4, My ) 357 = Cov (€4, By ) 5 (122)
i.e. the correction term is the same in both theories up to second order, which can be seen
from (120) and (121). Besides, based on the relations &, = 1,4% + N € s € = Nua€’y

and the Cauchy—Schwarz inequality, assuming also that the uncertainty of each component of
the tetrad is approximately the same, one obtains that:

(P )ece = (huw)sgr = MCov (€94, by ) < 2MAEY Ac
~ 8M (A )’ ~ 2M (Ahy,)* . (123)
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The inequality (123) can in principle be used to experimentally distinguish between the
quantum 3BF theory and quantum ECC theory, by measuring the gravitational waves and com-
paring the outcome to theoretical predictions. In order to obtain some intuition of the orders
of magnitude involved, let us start from some ballpark orders of magnitude for current techno-
logical state of the art measurements of gravitational waves, taking for example LIGO/Virgo
detectors as reference. According to [61], a typical precision of the strain measurement can be
estimated to be 10~2!, which means that the right-hand side of (123) should be

2M(Ahy,)* > 1072, (124)
Remembering that for the Standard Model we have M =150 (see discussion below

equation (77)), this gives us an estimate for the minimal quantum correction that can be
detectable:

~ 10712, (125)

This is a huge value, as can be seen from the fact that the strain amplitude of the black hole
merger signal in [61] is of order 10~'8. While the distance of GW 150914 source was estimated
to rgw ~ 410Mpc, which is far outside of our galaxy, one can infer the strain amplitude of a
hypothetical similar event happening within the Milky Way galaxy, i.e. at a distance of ryw ~
34Kpc. Since the amplitude of the strain of a spherical wave falls off as 1/r from the source,
one could simply estimate that a similar black hole merger within our galaxy would give rise
to the signal with strain amplitude of the order

4.1-10°K
hMW ~ thirGw = 10_18 X pe

- 107 126
Mw 34. 101Kpc ( )

This is still two orders of magnitude smaller than the needed scale of the quantum correction
Ah,,,. Moreover, there is nothing in the theory to suggest why a system of two merging black
holes would even have a quantum uncertainty that big, to begin with.

In other words, using current technology, one would need a gravitational wave source that

(a) generates strain (/,,,,) of the order of at least 10!, and
(b) gives rise to quantum uncertainty of the strain, Ah,,,,, of the order of at least 102

Obviously, there are no known candidates for such a source of gravitational waves in nature.
Nevertheless, at least in principle, if one were to have such a source, it would be possible to
apply (123) to experimentally distinguish between the quantum 3BF theory and the quantum
ECC theory.

5. Conclusions

5.1 Summary of the results

Let us summarize the results of the paper. After the Introduction, in section 2 we gave a
short review of four classical actions—the topological 3BF action, the physically relevant
constrained 3BF action, the EC action featuring the Standard Model matter sector, and the EC
contact action, featuring the four-fermion contact interaction. We have demonstrated that the
constrained 3BF theory and the ECC theory give rise to equivalent sets of classical EoM. In
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section 3, we have turned to the main analysis of the expectation values of an arbitrary quantum
observable F(¢) that can be defined in both theories. After introducing some mathematical
identities needed for the analysis, we have established a correspondence between the expect-
ation value of the observable F in one theory, and the expectation value of a corresponding
observable |¢|F in the other theory, where e is the determinant of the tetrad fields, while the
coefficient M has been determined to be M = 150. This correspondence has been established
in a fully nonperturbative way, and represents the main result of the paper. Section 3 closes
with an analysis of the boundary terms present in the theory. In section 4 we discussed some
illustrative example observables, in order to compare the two quantum theories. First, we have
discussed the spacetime 4-volume density as a simple example, and also the classical limit
of the two theories. Then, we turned our attention to the example of gravitational waves, and
we gave an estimate of how large their quantum uncertainties must be in order to be able to
experimentally distinguish between the two quantum theories.

5.2. Discussion

The main relevance of our results is reflected in the following. On one hand, the classical
ECC theory is arguably the phenomenologically very relevant model for the construction of a
realistic full theory of quantum gravity with matter. Needless to say, the quantization of this
action is rather hard, and so far remains an open problem in modern theoretical physics. On
the other hand, the classical constrained 3BF theory represents a model that is slightly more
tangible for efficient and rigorous quantization, at least within the path integral formalism.
This is partly because it is based on a somewhat novel algebraic structure, a 3-group, which
represents the generalization of the notion of a Lie group within the framework of higher gauge
theory. Initial steps towards the path integral quantization of the 3BF theory for the case of the
Standard Model 3-group have already been taken [31, 47-53], with promising results. Given
this context, establishing a fully nonperturbative correspondence between the quantum 3BF
and quantum ECC theory represents a quite useful result, since it allows us to sidestep the hard
question of quantization of ECC theory itself, and instead define it in terms of the quantization
of the 3BF theory.

The second important consequence of the correspondence is that there exists a regime where
the 3BF and ECC theories could be experimentally distinguished from each other, at least in
principle. As we have seen in section 4.2, given a source of gravitational waves that is both
strong in magnitude and has large quantum uncertainty, the difference in the quantum cor-
rections for the strain amplitude can in principle be large enough to be detected using current
technology. This would allow us to compare 3BF and ECC theories against experimental data.
In this sense, the correspondence predicts observable signatures that distinguish the two the-
ories. Obviously, we do not have actual access to a gravitational wave source with the required
properties, so any such experimental proposal is outside of the realm of practical feasibility.
But as a matter of principle, the fact that such scenarios can be studied at least theoretically
illustrates the phenomenological significance of the obtained correspondence.

Going beyond the 3BF and ECC theories, one can also ask is it possible to establish a
similar correspondence in the context of other approaches to quantum gravity, such as the
canonical LQG, or causal set theory (CST)? This is an interesting question, with no obvious
answer. Namely, the correspondence between 3BF and ECC theories has been established
using the language of path integrals. In the canonical LQG approach one starts essentially
from a variant of EC theory, but the path integral language is not used. Instead, the quant-
ization is being performed by foliating the spacetime into space and time, and by imposing
canonical commutation relations on appropriate variables on each spatial hypersurface [3, 4].
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This canonical quantization programme has not been developed for the 3BF theory so far.
Nevertheless, assuming it could be developed, one could in principle study the same corres-
pondence within the canonical language—given an observable in the canonical quantization
of 3BF theory, can one find a corresponding observable in canonical LQG, such that their
expectation values are equal? This may be an interesting topic for future research.

Regarding the possible correspondence between 3BF theory and CST, the situation is more
complicated. While CST can be formulated using the (discrete) path integral language, there
are two main issues that arise when trying to establish the correspondence between observables
in 3BF and CST. First, the CST formalism has so far not been developed enough to describe
non-scalar matter fields [62]. This is problematic, since the 3BF theory features gravity coupled
to the full Standard Model, including fermions and gauge bosons. Therefore, a correspondence
between most of the observables in 3BF and CST theories is impossible to establish. Second,
in the classical limit, the 3BF theory gives rise to standard Einstein field equations of GR. On
the other hand, the classical limit of CST cannot reproduce full Einstein field equations, since
the fundamental CST assumption of a causal order relation excludes some of their solutions.
For example, closed timelike curves are well known solutions of Einstein equations, but cannot
be present within the CST formalism because they describe spacetime geometry with causal
structure containing cycles, which is incompatible with a poset-type order relation required
by CST. In this sense, 3BF and CST theories have different classical limits (more precisely,
their sets of classical solutions are inequivalent), suggesting that the general correspondence
between observables of the two theories is unlikely to exist.

When looking at the procedure of deriving the correspondence relations (84) in section 3,
there are some technical details that merit further attention. Namely, the relation (68) comes
tantalizingly close to establishing a correspondence between the 3BF theory and the standard
EC theory, as opposed to the ECC theory. As was discussed below (68), such a prospect is
thwarted due to the presence of the Dirac delta function encoding the algebraic relationship
between the spin connection and fermion spin current, which is a consequence of the typical
coupling between fermions and torsion in EC theory. The constrained 3BF action (17) has been
constructed to encode precisely that same coupling, so the presence of the corresponding Dirac
delta function should come as no surprise. Nevertheless, it would be an interesting avenue of
research to extend both the 3BF theory and the EC theory to include some different type of
coupling between fermions and torsion, which could potentially lead to a proper dynamical
equation of motion for the spin connection. This is a valid possibility, since phenomenolo-
gically nobody in fact knows precisely how fermions couple to torsion—this interaction (if
it exists to begin with) is too small and has so far eluded any experimental detection. In this
context, one could formulate some alternative 3BF and EC models, which feature a different
type of fermion-torsion coupling. Then one could attempt to repeat the analysis presented in
this paper for those models, possibly establishing the correspondence between the quantum
versions of the modified 3BF theory and the modified EC theory, rather than the ECC theory.
This seems to be an interesting topic for future investigation.
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Appendix A. Proofs of the identities featuring Dirac delta functions

The proofs of the identities featuring Dirac delta functions for real and Grassmann fields can
be established by the following straightforward computations:

e the identity (57):

[ oD (¢ i (o) - 6™ () H(p.)

5(pF(o)F " (¢))"

= [ D (" Fa" 00) Dok s 00 5( PE (60) = G* (90 H (. 00)
S F(du))"™

= [ Deer]ar i o5 (¢ - 6 (00 1 (64 (00) )

_ 1 aB 1A

= [ Pon it (67 G0 F s 60.). (AD)

e the identity (59):

/d01d02d93...d@neie'(92_93_‘“_9“F(02,493,...,9,,)

:/ df,d6,d6s. ..do, (1 4 i6, (92—93—...—9k))
X (03...0fo1..1 (Okg1, - 00) + ..+ 02 .01 fi..10 (Oks1,- -, 0n))

:i/G” d6,d02d65. . .d0,6,6,05. . .0, (f('nml Oty e s O) 4 oo (=D firt01. (9k+1,...,9n))
/Gnd€3...d0,1d02d01910203...0k( Oty O) F o+ (D) 01 (9k+1,...,9,,))
/@ d93...d0,193...6k(Olml(9k+1,...,6,,)+...+(71)lf11_,_10,1m1(9k+1,...,9,,))

:-i/@ 6s.. A0 F (65 + ... + 04,03, 6,)
/G_I[d]03...d0nd925(92—93—...—0k)F(92,93,...,6’,,)

= (1" i/ d6,...d60,8 (6, — 03 — ... — ) F(02,63,....6,) , (A2)
Gn—l
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e the identity (60):

/d’”y/ d’”x/ d91d02...d0k/ A0y 1. ..d0, VMO0 E (9, 6,)
m m Gk Gn—k

+oo

s oa 1 ..
= / dmy / dmx / d6,do,. ..o, / A6y 1. ..dO, M Z—(—iyaM‘”feiGj)bF(x,Ol,...,9,1)
m m Gk Gn*k b!

b=0

. . . . +o0 b
A 1 -
= / dmy/ d'”x/kdaldez...de/ kd9k+1---d6ne]ya)& E E (M“”G,-@%) F()C,@l,...79n)
m m G G — 7
m

b
— (271’)"1/ d’”x/ d91d92d0k/ d9k+1 d@nH5 x”) E (Mafleg i) F(x’0]7“"0)‘l)
m Gk b!

a=1

x=

“+oo
:(277)'"/ d91d02...d9k/ dOyyy...do, 1 (Ma"fe,-oji) F(x,01,...,60,)
Gk Gn—k =0 b! ox¢
:(27r)m/ d01d62...d9k/ d6yy1..d0, F (M“70,0;,0,,...,0,)
G/I k

(27) /d”‘ / d6,d6s.. dek/ A0y 1...d0, H5 — M0,6,) F (x,01,...,6,) . (A3)
m Gk GH k

a=1

Appendix B. Component form of the notation

Let us illustrate some details regarding the notation introduced in section 2.1. Given a Lie
2-crossed module (5),

(L5360, L)y ), (B1)

the Lie groups G, H and L have their corresponding Lie algebras g, § and [, which allow us to
introduce a corresponding linear structure, called a differential Lie 2-crossed module, as

(libggabv{_v_}pf)v (B2)
with the maps

J:h—g, 6:1—=b, (B3)

pigxa—a, a=g,b,I, (B4)

{_,_}pf: hxh—1l. (BS)

These maps are linearized versions of (2), (3) and (4), and are subject to axioms which are
naturally induced by the axioms of a Lie 2-crossed module.

One can introduce sets of basis vectors for the three algebras g, h and [, denoted
respectively as

{1 €gla=1,...,dimg}, {f,€bhla=1,...,dimh}, {Thel|A=1,...,diml}.
(B6)

This allows us to introduce the components of the above maps as:
ata = aaa'roz ) 5TA = 5Auta7 {ta N }pf = ubATA ’ (B7)
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b B
TaD> T8 =Dag Ty, Tably =Daa ty, TabTh =0aa"Th. (B8)

Next, given a 4-dimensional manifold M, one can denote the space of differential p-forms over
M as A,(M), and its natural basis as dx*' A --- A dx*». One can then introduce a principal 3-
group bundle over a 4-dimensional manifold M. As a section of this bundle one can introduce
the 3-connection (a, 3,7), which consists of a g-valued 1-form «, an f-valued 2-form S and
an [-valued 3-form ~:

aeA(M)og, BeE A (M), yeEA M) (B9)

These can be expanded into components using appropriate basis vectors as:
1
a=a",(x) &' @1, B= Eﬁa;w (x) e Adx" @ 14,

1 v
fyzg'yA,W)\(x) A Ad Adx* @ Ty (B10)

The field a® ,(x) is precisely a traditional connection of a principal G-bundle, while 3¢, (x)
and ¥4, (x) are additional fields, native to the framework based on a principal 3-group
bundle.

Given a 3-connection («, 3,7), one can introduce a so-called fake 3-curvature (F,G, H),
consisting of a g-valued 2-form F, an h-valued 3-form G and an [-valued 4-form #:

fEAz(M)®g7 g€A3(M)®['), H€A4(M)®[. (B11)
These are defined as (see equation (7) in the main text):
F=da+aAa—383, G=dB+an” B—oy, H=dy+an”y+{BAB};. (BI2)

The notation A” means that one should apply the wedge-product A in the subspace of differ-
ential forms, while simultaneously apply the action > in the algebra subspace. One can use the
above equations to work out the explicit components of the fake 3-curvature. For example, the
components of the 3-form G are obtained as follows. The d term is:

dﬁ:d(;ﬂbw dx“/\dx”@tb>
- %@Bbw A A A dx” @1
L [00B s + 880 + B8] AP AR A B3y (B13)
g L v DN D Ap b
The a A” 3 term is:
aN” B=(a®\dx* ®@74) A" Gﬁ“w dx“/\dx”@ta)
— laamaw (M Adxt A dx”) @ (7o > 1)

2

1
= 3 Paa bay B, dx* Adet Adx” @1,
1
= 8 [Daabaakﬁauy + Daabaauﬁal/)\ + Daabaauﬁa)\u] dxA Adx? A dx” R tp. (B 14)
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The § term is:
dy=46 <31!y*‘,m dx* Adx” Adx @ TA>
— éyA,m do” A dx” Adx® @ 0Ty
_ é (647" ] A Ade” A de @ 1y, (B15)

Putting all three terms together, and comparing to the expansion of G into components,
1
G = ggbw (x) dx* Adx* Adx” @15, (B16)

one obtains:

gb)\ul/ = 8>\ﬁhuu + 8u6buA + auﬁb)\u + Dacthaax\ﬁuul/ + Daabaauﬁal/k
+ D(wbaauﬂa)\u - 5Ab'YAuV)\ . (B17)

In a similar fashion, one can derive the components for F and H as well. The result is
-Fauz/ = auaay - auaav + Dﬂyaaﬁpavv - aaalBa/LV s (B13)

and
H oo = 047 voo — 07 por + 07 oy — 007 e
+ DaBAaau’yBVpo' - DaBAOéau“YBpau + DaBAaapWBaW - DaBAaaa’YBWp
+ 2Xa5" B B pr = 2Xa” B 108" v + 2X ™ B o B v - (B19)

Looking at the expressions for G and H, one can note that it is always possible to combine the
derivative term with the term containing a triangle into a covariant derivative term, as:

v)\ﬂbuy = akﬁb;w + Daabaakﬁa;w , V/LFYAupa = au'YAl/pa + DaBAaau’YBypo s (B20)

where the triangle combined with the connection 1-form « serves the purpose of the connection
term for the covariant derivative. This suggests to introduce a notion of covariant exterior
derivative (see equation (8) in the main text) as

V=d+an® (B21)

which can act on any object in spaces A,(M) ® g, A, (M) ® b and A, (M) ® . For example,
given § € Ap(M) ®@ b, we have:

Vﬁzdﬁ+a/\'>,8:1

3 NGy +Pad 2B | D A A @ 1, (B22)

vkﬁbuu
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using the results of (B13) and (B14). As another example, given ¢ € Ag(M) @ [ (i.e. a set of
scalar fields ¢ = ¢*T,), we have:

Vo =dp +aA” ¢ =0h¢* dx* @ Ty + a“\¢? dx @ 74> T

= |\¢" +Pap’a® P | R Ty (B23)
Vgt

The same calculation can be rewritten so that it does not expand 0-forms and 1-forms into a
basis, as follows:

Vo =dp +anN” ¢ =dd* @ Ty +a“ NP @ 10> Ts = |dd? +>os’a® A dP | @ Ty.
Vot

(B24)

This illustrates equation (9) from the main text. As an exercise for an interested reader, one can
apply (B21) to rewrite the field strenghts (B12) into a more compact form (see equation (10)
in the main text):

F=V?*-0p, G=VB—dy, H=Vy+{BAB},. (B25)

Finally, let us rewrite the topological 3BF action into the component form. The action is
defined as (see equation (6) in the main text):

sggF:/ (BAF)g+(CAG)y+ (DAH). (B26)

4

The G-invariant nondegenerate symmetric bilinear forms (_, )4, (_, )y and (_,_); map a

pair of algebra elements into a real number. Evaluating them on the basis vectors of the cor-
responding Lie algebras, one obtains their components:

<To¢7TB>g =8apB; <ta7tb>f] = 8ab <TA7TB>I:gAB- (B27)
Keeping in mind that the Lagrange multipliers B, C and D belong to appropriate spaces,
BeA(M)®g, CeAM)®H, DeAy(M)RI, (B23)

one can rewrite the action in terms of components as

1 o 1 1 v o
S;?F = / (7g04ﬁ3 ,Ua'/}—ﬂﬂf’ + ggahcaughuﬂn + *'gABDA,HBquU) dx” Adx” Adx? Adx? .
My . ‘

4 4
(B29)
Using the basic identity for differential forms
dx# Adx” Adx? Adx® = eHvPo dix (B30)
one can finally rewrite the action into the traditional form
Spe = / Lapedix, (B31)
My

33
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where the Lagrangian density for the topological 3BF theory is given in terms of component
fields as:

voo (1 1 1
EE?F =P (4gaﬁBauufﬁpa + igabcaugbupa + ‘”gABDAHBlwpa) . (B32)
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Abstract: When discussing the gauge symmetries of any theory, the Henneaux-Teitelboim trans-
formations are often underappreciated or even completely ignored, due to their on-shell triviality.
Nevertheless, these gauge transformations play an important role in understanding the structure of
the full gauge symmetry group of any theory, especially regarding the subgroup of diffeomorphisms.
We give a review of the Henneaux-Teitelboim transformations and the resulting gauge group in the
general case and then discuss its role in the applications to the class of topological theories called nBF
models, relevant for the constructions of higher gauge theories and quantum gravity.

Keywords: gauge symmetry; trivial gauge transformations; nBF theory; Chern-Simons theory;
diffeomorphism symmetry

1. Introduction

In modern theoretical physics, gauge symmetries play a very prominent role. The
two most-fundamental theories we have, which describe almost all observed phenomena
in nature—namely Einstein’s theory of general relativity and the Standard Model of ele-
mentary particle physics—are gauge theories. From Maxwell’s electrodynamics to various
approaches to quantum gravity, gauge theories play a central role, and gauge symmetry
represents one of their most-important aspects. In light of this, there is one class of gauge
transformations that is often slightly neglected in the literature, due to their specific nature
and properties.

In order to introduce this particular gauge symmetry in the most-elementary way
possible, let us look at the following simple example. Every action S[¢y, ¢ ], which depends
on the fields ¢; (x) and ¢, (x), is invariant under the following gauge transformation:

oS oS
1 x) =€(x , 1) x) = —€(x , 1
of1(x) = €( )5¢2(x) of2(x) ( )5¢1<x) @
as one can see by calculating the variation of the action:
oS oS
0S[p1, o] = —dop1 + ——do¢p2 = 0. 2
(1, 92] 5y 001 5, 0002 @

This gauge symmetry exists for every action that is a functional of at least two fields,
irrespective of any other gauge symmetry that the action may or may not have. In the
literature, this symmetry is often called trivial gauge symmetry, since the form variations of
the fields are identically zero on-shell. This is in contrast to all other gauge symmetries,
which perform some nontrivial change of the fields on-shell.

It should be noted that, being trivial on-shell, the above transformations cannot
play a role in obtaining any predictions about observables in a given theory, due to the
intrinsic on-shell nature of the physical observables. For example, in practical situations
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of scattering experiments and measurements of cross-sections, this trivial symmetry is
irrelevant. Nevertheless, when constructing a new theory, in general, the off-shell properties
of the theory are important. As a typical example, path integral quantization prescription
depends not only on the classical equations of motion, but on the whole action of the theory.
In this sense, while these trivial transformations are not relevant for making predictions,
they do have methodological relevance and value in theory construction, despite their
on-shell triviality.

For example, these transformations in fact represent a very important part of the
gauge symmetry for any theory and play a crucial role in various contexts, such as in
the Batalin—Vilkovisky formalism (see [1] for a review and also the original papers [2-6]),
or when discussing the diffeomorphism symmetry of the BF-like class of theories [7-11].
Furthermore, in general, a commutator of two ordinary gauge transformations will remain
an ordinary gauge transformation only up to the above trivial transformations, meaning
that the latter are important for the algebraic closure of all gauge transformations into
a group.

To the best of our knowledge, the most-complete treatment and discussion of the
above gauge transformations can be found in the book [12] by Marc Henneaux and Claudio
Teitelboim. Therefore, in this paper, we opted to call them Henneaux—Teitelboim (HT)
transformations. This naming can also be justified with the paper [7] by Gary Horowitz
(published two years before the book [12]), where the author attributes these transfor-
mations to Henneaux and Teitelboim in a footnote and thanks them “for explaining this
to me”.

Regarding terminology, we should also note that we use the terms “gauge symmetry”
and “gauge transformations” with a certain level of charity. Namely, one could argue that
there are two distinct types of local symmetries—those that are obtained by a localization
procedure from a corresponding global symmetry group (the procedure of “gauging” a
global symmetry) and those that are intrinsically local, not obtained by any such localization
procedure. It is not known whether HT symmetry belongs to the former or the latter class,
since a global symmetry whose localization would give rise to HT transformations has not
yet been shown to exist. Either way, in the literature, there is no established terminology
that distinguishes the two classes of symmetries, and most often, both are called “gauge
symmetries”. Therefore, in what follows, for a lack of better terminology, we will adhere to
this practice and describe HT transformations as a gauge symmetry.

In some of the modern approaches to the problem of quantum gravity based on the
spinfoam formalism of loop quantum gravity [13,14], as well as in other applications of
the so-called higher gauge theory (see [15] for a review and [16] for an application to
quantum gravity), the description of gauge symmetry is being extended from the notion
of a Lie group to different algebraic structures, called 2-groups, 3-groups, and in general,
n-groups [17-27]. In this context, it is important to revisit and study the specific class of HT
gauge symmetries, since they provide a nontrivial insight into the properties of these more
general algebraic structures, as well as the physics behind the symmetries they describe.

The purpose of this paper is to provide a review of HT transformations in general and
then discuss their properties and applications in two concrete models—the Chern-Simons
theory and the 3BF theory. The Chern-Simons case is simple enough to serve as an illustra-
tive toy example, while the 3BF theory represents a basis for the construction of a realistic
theory of quantum gravity with matter within the context of the spinfoam formalism (see
also [16,28-32]), discussing that its HT symmetry represents an important stepping stone
towards the goal of a more realistic theory. The main result of this work represents a
clarification of the structure of the gauge symmetry of a pure topological 3BF action, as
well as the corresponding symmetry for the constrained 2BF action, which is classically
equivalent to Einstein’s general relativity. We also discuss in detail the relationship between
diffeomorphism symmetry and the HT symmetry for the Chern-Simons and 3BF theories
and offer some conceptual suggestions regarding the notion of gauge symmetry as it is
being used in the literature.
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The layout of the paper is as follows. In Section 2, we give a review of the general
theory of HT transformations and their main properties. Section 3 is devoted to the example
of HT symmetry in Chern-Simons theory, which is convenient due to its simplicity. In
Section 4, we discuss the main case of HT symmetry in the 3BF and 2BF theories, which
are important for applications in quantum gravity models. Finally, Section 5 contains an
overview of the results, future research directions, and some concluding remarks.

The notation and conventions in the paper are as follows. When important, we assume
the (—, +,+,+) signature of the spacetime metric. The Greek indices from the middle of
the alphabet, A, u,v, . .., represent spacetime indices and take values 0,1, ..., D — 1, where
D is the dimension of the spacetime manifold Mp under consideration. The Greek indices
from the beginning of the alphabet, &, B, 7, ..., represent group indices, as well as Latin
indices a,b, c, ... and uppercase Latin indices A,B,C,... and [, ], K, .... All these indices
will be assigned to various Lie groups under consideration. Lowercase Latin indices from
the middle of the alphabet, i, j,k, ..., are generic and will be used to count all fields in a
given theory or for some other purpose depending on the context. Throughout the paper,
we denote the space of algebra-valued differential p-forms as

AP (M,a) = AP(M) ®a,

where A7 (M) is the ordinary space of differential p-forms over the manifold M, while a is
some Lie algebra.

2. Review of HT Symmetry

We begin by studying some basic general properties of HT transformations. After
the definition, we demonstrate that the group of HT transformations represents a normal
subgroup of the total gauge group of a given theory, and we discuss the triviality of HT
transformations and that they exhaust all possible trivial transformations. Finally, before
moving on to concrete theories, we study the subtleties of the dependence of HT symmetry
on the choice of the action.

2.1. Definition of HT Transformations

Given an action S[¢'] as a functional of fields ¢'(x) (i € {1,..., N} where we assume
N > 2), the infinitesimal HT transformation is defined as

9'(x) = ¢"(x) = ¢'(x) + 0o¢'(x), ®)
where the form variations of the fields are defined as
. y 5S
So¢'(x) = €Y —— . 4
o/ (2) = )5 @
The variation of the action under HT transformations then gives
5S = ﬁao i 9595 i, (5)
o o' o)
If the HT parameters are chosen to be antisymmetric,
el(x) = —€'(x), (6)

the variation of the action (5) is identically zero, and HT transformations (4) represent a
gauge symmetry of the theory.

The most-striking thing in the above definition is the fact that we did not specify the
action in any way. Aside from the assumption N > 2, which excludes only actions describ-
ing a single real scalar field, every action is invariant with respect to the HT transformations.
In other words, HT transformations are a gauge symmetry of essentially every theory.
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The second striking property of the definition is that the form variations of fields
become zero on-shell, according to (4). In this sense, the HT symmetry is sometimes called
trivial symmetry, in contrast to ordinary gauge symmetries that a theory may have, which
transform the fields in a nontrivial way on-shell. Triviality is also the reason why HT gauge
symmetry does not feature in any way in the Hamiltonian analysis of a theory, so only the
presence of ordinary gauge symmetries can be deduced from the Hamiltonian formalism.

2.2. HT Symmetry Group and Its Properties

There are two general properties that can be formulated for HT transformations. The
first is that HT transformations form a normal subgroup within the full group of gauge
symmetries, while the second is that HT transformations exhaust the set of all possible
trivial transformations. The consequence of these properties is that one can always write
the total symmetry group of any theory as

Gtotal = Ynontrivial X GHT, 7)

where Gpontrivial 1S the symmetry group of ordinary gauge transformations (if there are any),
Gur is the HT symmetry group, and the symbol x stands for a semidirect product. One
can also reformulate (7) as

gnontrivial = gtotal/ gHT 7 (8)

so that the group of ordinary gauge symmetries is represented as a quotient group.

The easiest way to demonstrate (7) is to prove that the Lie algebra corresponding to
Gyt represents an ideal within the Lie algebra corresponding to Gia1. To that end, pick an
arbitrary form variation of fields that represents a symmetry of the action and write it in

the form 58

Then, using (4), we can take concatenated variations of this form variation and the HT form
variation as

~ . OF 58
Sadnd ]k,
0009 = 3¢ 59
and §
b = (05 Yot B0 g 8 (05 ) 05 0P
o o/ S5¢F o o7 \ ok Sk o/

The term in the second parentheses is zero by (9), so the commutator of two-form varia-
tions becomes

(10)

. k ik
0, 6ol¢f = (dk(s;? AOF de F) sS

61 ol s ) ogF

which is again an HT transformation, since the expression in the parentheses is antisym-
metric with respect to indices i, k. Therefore, the commutator is always an element of HT
algebra, which means that HT algebra itself is an ideal of the total symmetry algebra. At
the Lie group level, this translates into (7).

The second general property is the statement that there are no other trivial transfor-
mations beside the HT transformations. Assuming that some transformation described by
the form variation Jo¢' is a gauge symmetry of the action that vanishes on-shell, i.e., that

it satisfies
oS

5¢!
then one can prove that this transformation is an HT transformation, i.e., there exists a
choice of antisymmetric HT parameters €”/ such that the form variation §y¢' is of type (4):

— 5t =0, and Sod' =0,

%¢:J£§ a1)
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Provided certain suitable regularity conditions for the action S, this statement can be
rigorously formulated as a theorem. However, we omitted the proof since it is technical
and off topic for the purposes of this paper. The interested reader can find the details of
both the theorem and the proof in [12], Appendix 10.A.2.

To sum up, the first property (10) tells us that one can always factorize the total gauge
symmetry group into the form (7), while the second property (11) guarantees that the
quotient group (8) contains only nontrivial gauge transformations. This factorization of the
total symmetry group is a key result that lays the groundwork for any subsequent analysis
of HT transformations in particular and gauge symmetry in general.

2.3. Dependence of HT Symmetry on the Action

The final property of HT transformations that needs to be discussed is their depen-
dence on the choice of the action. Suppose we are given some action Sy4[¢’'], where
i € {1,...,N}, which has the corresponding HT transformation described as in (4):

€'l —550191 .
ol

Now, suppose that we modify that action into another one, Spew [4)i, )(k], where k € {N +
1,...,N + M}, by adding an extra term to the old action:

5’ = (12)

Snew 9’ X] = Soid[¢'] + Sextral9’, X"]. (13)

Here, x/ are additional fields that may be introduced into the new action. The HT transfor-
mation corresponding to the new action can be written in the block-matrix form, made of
blocks of sizes N and M, as follows:

Snew gpi 55new
0o P _ 5 ijef{l,...,N}, )
(5neka OSnew ! k1€ {N+1,...,N+M}.
0 Toxl
Here, € = —e is an antisymmetric N x N block of parameters €”/, { is a rectangular N x M

block of parameters (!, 0 is a rectangular M x N block such that § = —¢7, and finally,
¢ = —T is an antisymmetric M x M block of parameters y*. Overall, the total parameter
matrix is antisymmetric, as required by (6).

The question one can now study is what is the relation between the two HT gauge
symmetry groups gold and G} that correspond to the two actions. In practice, this
question is most often relevant in cases when one introduces the piece Sextra as a gauge-
fixing term, whose purpose is to break the ordinary gauge symmetry down to its subgroup:

Ghew Gold

nontrivial nontrivial *

Naively, one might expect a similar relationship between the HT symmetry groups, Gi3 C
gold However, looking at (12) and (14), this is obviously wrong. Namely, if M > 1, the HT
symmetry of the new action is larger than the HT symmetry of the old action. Counting the
number of independent parameters of both, one easily sees that

dlm(gold) N(Z\Iz_ 1) , dlm(gneW) _ (N + M)(I;] +M - l) ,
so that the only possible relationship would be the opposite, GO C GIe¥. However, in

fact, this can also be shown to be wrong. Namely, one can choose the extra parameters {, 6
and 1 to be zero in (14), reducing it to the form that is formally similar to (12):

5Snew
spi

new(P —
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However, taking into account the relationship (13) between the two actions, the HT trans-
formation takes the form

new i __ i’(ssold i‘fssextra
SVt =€ 590 + €Y 7
which is explicitly different from (12), due to the presence of the term Sexira in the action.
Therefore, the gauge group Q%‘Tl is not a subgroup of G} either.

The overall conclusion is that introducing additional terms to the action changes the
total gauge symmetry in a nontrivial way. On the one hand, the ordinary gauge symmetry
group typically becomes smaller due to explicit symmetry breaking by the extra term. On
the other hand, the HT gauge symmetry group may become larger if the extra term contains
additional fields, but either way becomes different, as a consequence of the very presence
of the extra term. Given this, one can conclude that the fotal symmetry groups for the
two actions will always be mutually different:

7

’f:)et‘ﬁ = grr:gytrivial X g?leiw 7& gtoc}gﬂ = gg(l)crlltrivial X gIO{l Td" :
Specifically, one cannot claim that the group Q,fggl is being broken down into GEi¥Y as its
subgroup; such a relationship may hold exclusively for the quotient groups of ordinary
gauge transformations.

In the next two sections, we will turn to explicit examples of all general properties
and features of the HT symmetry that have been discussed above. Moreover, we will also
discuss some additional particular properties, such as the fact that some nontrivial gauge
subgroups of Gy, are not simultaneously subgroups of Gyontrivial, Which is a consequence
of the semidirect product in (7). One such example will be the diffeomorphism symmetry
in the Chern-Simons and 3BF actions.

Let us conclude this section with one conceptual comment. Throughout the literature,
the typical practice is to always take the quotient between the total and HT symmetry
groups as in (8), in order to isolate the nontrivial gauge transformations, and call the
latter simply as the “gauge symmetry” of a theory. This approach is in fact advocated
for in [12]. However, we believe that this practice can be misleading and that one should
instead describe the group Gy, as “the gauge symmetry” of a theory, explicitly including
the HT subgroup as a legitimate gauge symmetry group. Namely, despite the fact that
it is often called “trivial”, the consequences of its presence in Gy, are far from trivial.
Granted, it may often be enough to discuss the gauge symmetry on-shell, and then, one
can indeed calculate all symmetry transformations only “up to equations of motion”, with
no mention of the HT subgroup. However, whenever one needs to discuss the gauge
transformations off-shell, the HT subgroup simply cannot be ignored anymore. Typical
situations include the Batalin—Vilkovisky formalism [1], various generalizations of gauge
symmetry in the context of higher gauge theories and quantum gravity [33], and even the
traditional contexts such as the Coleman—Mandula theorem [34]. The situations in which
HT transformations play a significant role may be rare, but nevertheless, they tend to be
important. Thus, in our opinion, it would be prudent to always be aware that, for any given
theory, its total gauge symmetry group is in fact bigger, and more feature-rich, than just the
group of ordinary gauge transformations that are typically discussed in the literature.

3. HT Symmetry in Chern-Simons Theory

As an illustrative example of the general properties of HT symmetry from the previous
section, let us discuss the HT transformations for the simple case of the Chern-Simons
theory. The Chern-Simons theory represents an excellent toy example since it is well known
in the literature and most readers should be familiar with it.
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Given any Lie group G, its corresponding Lie algebra g, and a three-dimensional
manifold M3, the Chern-Simons theory can be defined as a topological field theory over a
trivial principal bundle G — M3, given by the action:

Scsz/M (AAdA)Q—i—%(A/\[AAA])g. (15)

Here, A € A'(Ms3,g) is a g-valued connection one-form over a manifold Ms, and (_,_) g
is a G-invariant symmetric nondegenerate bilinear form on g. One often rewrites the
Chern-Simons action within the framework of the enveloping algebra of g, introducing the
notion of a trace as

Tr(XY) = (X,Y),,

for every X, Y € g. Then, the Chern-Simons action can be rewritten as
2
scs:/ Tr(A/\dA+A/\A/\A), (16)
Ms 3

where, for the second term, one employs the identity Tr(X[Y, Z]) = Tr(XYZ) — Tr(XZY)
forevery X,Y,Z € g.

The gauge symmetry of the Chern-Simons action consists of G-gauge transformations,
determined with the parameters €4/ (x). Using the basis of generators T; to expand the
connection A into components as

A=Al (x)dx' o T,

the form variation of the connection components A, corresponding to gauge transforma-
tions can then be written as

S A, = dueg’ — flleg AR, (17)

where f/x! are the structure constants corresponding to the generators T;. Therefore, the
gauge symmetry of the Chern-Simons theory is usually quoted as the initially chosen Lie
group G:

Gcs=G. (18)

However, as we have seen in the previous section, this is not the complete set of gauge
transformations, and the fotal gauge group should in fact be

Giotal = Gcs X GHT - (19)

Let us define the HT transformations for the Chern-Simons action (15). If we denote
the dimension of the Lie algebra g as dim(g) = p, the number of independent field
components Al}, is N = 3p. The HT transformation is then defined with the HT parameters
el (x) as

oS
_
=€’ AT,

The requirement that the variation of the action vanishes:

SAl, (20)

5SS
= 7611
SAL AT, 1

=0,

enforces the antisymmetry restriction on the HT parameters:
ey =—ély,.

Note that this equation can be satisfied in two different ways—the parameters can be either
antisymmetric with respect to group indices I] and symmetric with respect to spacetime
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indices uv, or vice versa. We, therefore, have two possible choices for their symmetry
properties. The first possibility is defined as

e”yv = 5”1/;1 = _enyv = _eﬂvy , (21)
while the second possibility is defined as
GUW = e”yv = _GUW = —e”vy. (22)
Varying the action, one obtains an explicit form of the HT transformation:
S0y = €l e (9p Ao —Bu gy + ficr) AXpALy ). (23)

In order to demonstrate that HT transformations have highly nontrivial implications,
despite being trivial on-shell, it is instructive to discuss diffeomorphisms. Namely, looking
at the action (15), one expects that the theory has diffeomorphism symmetry, since it is
formulated in a manifestly covariant way using differential forms. However, one can check
that diffeomorphisms are not a subgroup of the ordinary gauge symmetry group Gcg given
by (18), but nevertheless can be obtained as a subgroup of the total gauge group (19). In
other words, one can demonstrate that

Diff(M3) ¢ Gcs, but Diff(M3) C Giotal = Gcs X GHT -

Let us examine this in detail. The diffeomorphism transformation
xt — =¥t 4 2 (x), (24)

determined by the parameter ¢/ (x) represents a subgroup Diff(M) of the full gauge
symmetry of some given action, if for every field ¢(x) in the theory and every choice of
diffeomorphism parameters ¢#(x), there exists a choice of the gauge parameters €8298¢(x)
and the HT parameters €T (x), such that:

(Sodiff(l) — 5Ogauge¢ + 5OHT¢ ) (25)

In other words, if a theory has diffeomorphism symmetry, the diffeomorphism form
variations of all the fields in the theory should be expressible in terms of their ordinary
gauge and HT form variations.

In the case of Chern-Simons theory, this can be demonstrated explicitly. If one chooses
the gauge parameters egl and the HT parameters el v as

1
egl = _‘:AAI/\/ e”yv - _E‘:AE/\yng/ (26)

where g!/ is the inverse of g;; = (T7, T,)g, one can apply Equations (25) using (17) and (23)
to reproduce precisely the well-known diffeomorphism form variation of the connection
Al

SoMAl, = —AT0,8" — 19, A1, (27)

Therefore, as expected, despite the fact that Diff (M3) ¢ Gcg, one obtains that Diff (M3) C
Giotal = Gcs X Gyr. Note that the choice of HT parameters in (26) is nontrivial, which
emphasizes the role of HT transformations and the fact that the full group of gauge sym-
metries is Giya1 rather than Ges. As we shall see in the next section, this property is not
specific only to the Chern-Simons theory.

4. HT Symmetry in 3BF Theory

After discussing the Chern-Simons theory as a toy example, we move to the more
important case of the 3BF theory. This theory is relevant for building models of quantum
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gravity; see [8,20,21,33,35]. Therefore, it is important to study its gauge symmetry and, in
particular, the role of HT transformations.

4.1. Review of the 3BF Theory

Analogous to the fact that Chern-Simons theory is a topological theory based on a
Lie group and a 3-dimensional manifold, the 3BF theory is also a topological theory based
on a notion of a three-group and a 4-dimensional manifold. The notion of a three-group
represents a categorical generalization of the notion of a group, in the context of higher
gauge theory (HGT); see [15] for a review and motivation. For the purpose of defining the
3BF theory, we are interested in particular in a strict Lie three-group, which is known to be
isomorphic to a so-called Lie two-crossed module; see [17-19] for details.

A Lie two-crossed module, denoted as (L S H 3) G,>, {_,_}pf), is an algebraic
structure specified by three Lie groups G, H, and L, together with the homomorphisms
0:L = Handd : H — G, an action > of the group G on all three groups, and a
G-equivariant map, called the Peiffer lifting:

{_ Jpr: HxH—L.

In order for this structure to form a two-crossed module, the structure constants of algebras
g, b, and [ (the Lie algebras corresponding to the Lie groups G, H, and L, respectively), as
well as the maps d and J, the action >, and the Peiffer lifting, must satisfy certain axioms;
see [20] for details.

Given a two-crossed module and a four-dimensional compact and orientable spacetime
manifold My, one can introduce the notion of a trivial principal three-bundle, in analogy
with the notion of a trivial principal bundle constructed from an ordinary Lie group and a
manifold; see [15]. Then, one can introduce the notion of a three-connection, an ordered
triple («, B,7), where «, B, and 7 are algebra-valued differential forms, &« € A'(My, g),
B € A>(My,h), and v € A3(My,1); see [17-19]. The corresponding fake hree-curvature
(F,G,H) is defined as:

F=da+aAa—0B, G=dB+aA” B—oy,
(28)
H=dy+aA" v+ {BAB}p-

Then, for a four-dimensional manifold My, one can define the gauge-invariant topological

3BF action, based on the structure of a two-crossed module (L SHY G >, {_,_}pf), by
the action

S3BPZ/M <B/\.7:>9+<C/\g>b+<D/\H>[, (29)

where B € A%(My,g), C € AY(My,b),and D € A°(My, 1) are Lagrange multipliers and
F € A%(My,g), G € A3(My,h),and H € A*(My,|) represent the fake three-curvature
given by Equation (28). The forms (_,_),, (_,_)y, and (_,_) are G-invariant symmetric
nondegenerate bilinear forms on g, h, and [, respectively. The action (29) is an example of
the so-called higher gauge theory.

By choosing the three bases of generators 7, € g, t, € h, and T4 € [ of the three respec-
tive Lie algebras, one can expand all fields in the theory into components as

B = %B“uv(x)de/\dx”@Ta, o = at(x)di @,
1
= C%(x)dx' ®t,, B o= P wR)d ndx" @t

1
D = DAx)T,, v o= gyAwp(x) dxt Adx? Adx’ @ Ty .
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One can also make use of the following notation for the components of all maps present in
the theory, in the same three bases:

[T, 6] = fap" Ty, Qap = (T, Tp)y, T Tp=Dap"Ty,  0Ta=064",
[tu ’ tb] = fabctc ’ 8ab = <ta ’ tb>h ’ T >t = |>1xabtb ’ oty = 0,y

[Ta,Tg] = fas“Tc, 84 =(Ta,T8)(, Tw>Ta=0aa"Ts, {ta,tp}pt = X" Ta.

The complete gauge symmetry of the 3BF action was studied in [8] using the tech-
niques of Hamiltonian analysis. It consists of five types of gauge transformations, G-, H-,
L-, M-, and N-gauge transformations, determined with the independent parameters €4 (x),
epu(x), e[AW(x), €m”“y(x), and €,"(x), respectively. The form variations of the fields B, C,
D, «, B, and v, obtained in [8] are given as follows:

0B = fpy"eaP BT +2Cop 0" 1 g 8" — Da s e g™ — 2V em"
+Bouv >pa En"g"F
30C" = u"egCly+2DaAX gy en y — 3 em®y — Vyen”,
sDA = DuplesDP 4+ 646", (30)
Joa*y = —0u€e" — fr,_;ﬂy”‘wgwsg7 — 95 ey,
SoB'w = Pap'eg B — 2V €n” ) + Sater
07 e = Barea™ P + 31 uen” 5 X + Ve ve — Ve up + Ve

The gauge transformations (30) form a group Gspr:
Gspr = G x (H x (N x M)), 31)

where G denotes the group of G-gauge transformations, the H-gauge transformations
together with the L-gauge transformations form the group Hy, while M and N are the
groups of M- and N-gauge transformations, respectively. All these groups are determined
from the structure of the initial chosen two-crossed module that defines the theory; see [8]
for details.

However, as we have seen in the general theory in Section 2 and in the example
of the Chern-Simons theory in Section 3, the symmetry group Gspr determined by the
Hamiltonian analysis does not include HT transformations, and therefore, the total gauge
group should in fact be

Grotal = 93BF X GHT - (32)

4.2. Explicit HT Transformations

Let us explicitly define the HT transformations for the 3BF action (29). If we denote
the dimensions of the Lie algebras g, b, [ as

dim(g) = p, dim(h) =g, dim(l) =r,

the number of independent field components in the theory can be counted according to the
following table:

A A
Ba‘uv Ca}t D D‘D‘H :Ba]/“/ T e

6p | 49 | r | 4p | 69 4r

The total number of independent field components is, therefore,

N =6p+4q+r—+4p+6q+4r =10p + 10q + 57.
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Let cpi denote all field components, wherei = 1,2,..., N. We can write the fields schemati-
cally as a column-matrix with six blocks:

The HT transformation is then defined via the parameters €'/ (x) as

... 6S
50(P1 = €l] -— .
o)
The requirement that the variation of the action vanishes enforces the antisymmetry restric-
tion on the parameters, €/ = —¢/’, foralli,j € {1,..., N}. These transformations can be

represented more explicitly as a tensorial 6 x 6 block-matrix equation, in the following form:

SoB" v eaﬂwm\ Eabyw eaB}W eaﬁuva eabyvm\ EaB;u/m\é %‘).éfm

(SOCuy .uuls;w)x eub;w eaBy ea’B;w eab;lm\ euB;uf/\(f, %

(S()DA VAﬁtf/\ ]/lAbg €AB eAﬁJ eAba/\ EABU'/\L: % (33)
Soa*y B HD"B}IU')\ Vab;m VﬂBy eaﬁ;za eab}w/\ eangAﬁ 55;0 .

S0 v V”'BWU)\ Vabpwr VaB;w Vaﬁ]u/zr €abymm eaB;n/M@ % 5;biA

50714}“’#’ VA’B;zvpa/\ VAb;wpa VAByvp VAﬁ;wptf ﬂAb;wpm\ eAByvpLTAcf % 57gi,\g

The coefficients multiplying the variations of the action in the column on the right-hand
side are there to compensate the overcounting of the independent field components. Due
to the antisymmetry of HT parameters, all # blocks (below the diagonal) are determined in
terms of the € blocks (above the diagonal), as follows. For the first column of the parameter
matrix in (33), we have:

Vb’xtfyv = _eabyvar ,uBa;w = _eaB;w/ ,U‘Barr;w = _eaﬁyvar
b b B B (34)
H “(7/\;41/ = —€" WVOA 1 H lxa/\g;w = —€" WOAG -
For the second column, we have:
]’lBuH — 76(13}" ‘uﬁagy — 76‘1‘5140,
b b B B (35)
M aw\y = —¢' UOA 7 H aa)@y = —¢ UOAL -
The y parameters in the third column are determined via:
A A bA Ab BA AB
]/lﬁ o= —€ ﬁa; Hgr = —€ gAs K7 oAd = —€ oAEs (36)

while the remaining p parameters in the fourth and fifth columns are determined as:

b b B B B B
H aa)\y = —¢" UOA 7 M “(7)\@';4 = —¢" UOAE 7 H ”mgw = —¢" WVOAG - (37)
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Finally, in addition to all these, the parameters in the blocks on the diagonal also have to
satisfy certain antisymmetry relations, specifically:

AB _ BA

eP —eP e“bW = —eb”gy , e’ = —eb4,

WoA = acTA;u/ ’

o (38)

b — b AB — BA
b DCU]A ’ e’ uvoh = —€ “m;w, € T uvpoAf = —€ T aAfuvp -

po =
Like in the example of the Chern-Simons theory from the previous section, these antisym-
metry relations can be satisfied in various multiple ways. All those possibilities are allowed,
as long as the identities (38) are satisfied. The final ingredient in (33) is the expressions for
the variation of the action with respect to the fields, and these are given as follows:

4S 1,
. vpoT
5BP,, A
4S 1 A
s, = Ee G
oS 1
A L
oS 1. OTAE b a 1 A B 59
m = Ee (VTB[;M: —Dpa CprBiac + 3 >pp " Davy T/\é) ’
oS 1
T = It (Vcrch'r - 7alethtTT + X(ab)ADAﬁb7T> ’
0B vp 2
‘;75 = &P (VyDp +65"Cao) .
07 pvp

4.3. Diffeomorphisms

As in the case of the Chern-Simons theory, it is instructive to discuss diffeomorphism
symmetry. The 3BF action (29) obviously is diffeomorphism invariant, since it is formulated
in a manifestly covariant way, using differential forms. However, one can check that
the diffeomorphisms are not a subgroup of the gauge symmetry group Gspr given by
Equation (31), but nevertheless can be obtained as a subgroup of the total gauge group (32):

Diff(My) & Gz, but Diff(Ma4) C Giotal = G3BF X GHT - (40)

Let us demonstrate this. Like in the Chern-Simons case, we want to demonstrate that the
form variation of all fields corresponding to diffeomorphisms can be obtained as a suitable
combination of the form variations for the ordinary gauge transformations (30) and the
HT transformations (33). In other words, for an arbitrary choice of the diffeomorphism
parameters ¢#(x) from (24), Equation (25) should hold in the case of the 3BF theory as well:

§0diff¢ — 5Ogauge¢ + 5OHT¢‘ (41)

Indeed, this can be shown by a suitable choice of parameters. Regarding the parame-
ters of the gauge transformations (30), the appropriate choice is given as:

A A A A A
€g" ="y, ehay =- :Bay)u € =—¢"r HVA 1

(42)
emtxy — _(:)\Bzx;ml ena _ ér/\caA .
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Regarding the parameters of the HT transformations (33), we chose the following special
case, with the majority of the parameters equated to zero:

D o | o | o fenm] o | o N g

80C1, 0 0 0 0 | e 0 a5

boD” _ 0 0 0 0 0 | e b7 (43)
oy 1P yon 0 0 0 0 2

S0B" v 0 T 0 0 0 0 ! : ;‘hSM

207 e 0 0 T 0 0 0 3 Mgi/\;‘

Of course, due to antisymmetry, the nonzero i blocks take negative values of the corre-
sponding € blocks, in accordance with (34), (35), and (36). The three independent nonzero e
blocks are chosen as

b

eaﬂyva = ‘:pglxﬁgyvop , e” oA = Cpgabep;um ’ eABa)uj = gpgABea)\Cp- (44)

Finally, substituting (42) and (44) into (30) and (43), respectively, and then substituting all
those results into (41), after a certain amount of work, one obtains precisely the standard
form variations corresponding to diffeomorphisms:

5OdiffB“yv — _Ba/\vayé’/\ _ Bzxw\avg)\ _ é/\a/\BaHV ,
5Odiffcﬂy — _Ca)\ayé')\ o C’Aa/\cuy ,
§0diffDA — _é’)La/\DA ,
. (45)
50d1ffuczxy — _aaAaMCA o g/\a/\“ay ,
5Odiff,5uyv = _,Bﬂ/\vayg)L - ,Bu;t)\avg/\ - ’:;7/\8)\,3’1;11/ ’
50diff"}’A;4vp = *’VA)wpayg/\ - 'YA;t?\pavé'/\ - ’VAyvAapg/\ - ’vz/\a)\')’A;wp .

This establishes both relations (40), as we set out to demonstrate. We note again that the
HT transformations play a crucial role in obtaining the result, since we had to choose the
parameters (44) in a nontrivial manner.

4.4. Symmetry Breaking in 2BF Theory

Let us now turn to the topic of symmetry breaking and the way it influences HT
transformations. To that end, we studied the topological 2BF action, which is a special case
of the 3BF action (29) without the last term:

Sane = [ (BAF)s+(CAG)y. (46)

In order to be even more concrete, let us fix a two-crossed module structure with the
following choice of groups:

G=50(3,1), H=R*  L=/{e}.

In other words, we interpret group G as the Lorentz group, group H as the spacetime
translations group, while group L is trivial, for simplicity. This choice corresponds to
the so-called Poincaré two-group; see [16] for details. Since the generators of the Lorentz
group can be conveniently counted using the antisymmetric combinations of indices from
the group of translations, instead of the G-group indices «, we shall systematically write
[ab] € {01,02,03,12,13,23}, where a,b € {0,1,2,3} are H-group indices, and the brackets
denote antisymmetrization. With a further change in notation from the connection 1-form
« to the spin-connection 1-form w, the curvature 2-form F(«) to R(w), and interpreting
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the Lagrange multiplier 1-form C as the tetrad 1-form ¢, the 2BF action can be rewritten in
new notation as

Sopr = / BIE A Ry + € A Gy 47)
My
The ordinary gauge symmetry group for this action has a form similar to (31):
gZBFZGD((HK(NXM)), (48)
while the total group of gauge symmetries is extended by the HT transformations, so that

Gtotal = G2BF X GHT - (49)

The explicit HT transformations are written as a tensorial 4 x 4 block-matrix equation, in
the form

JOB[ﬂh] w elab][cd] - E[ab]cyvg lab][cd] o e[ub]cw/m\ % 53{);5]”\
doe u fed] HoA eacya efled] Ho eﬂcya/\ (;ZcSU (50)
(50w[ub] " y[ab][cd]’w/\ y[ab]cwr elab[cd] 1o e[ab]chA %&j[fsdl(,
(501311#1/ ya[cd] - ﬂucyva e [ed] o eucw/m\ % 5/{35%/\
where the usual antisymmetry rules apply. Here, we have
éS
_ GMvoA
SBled] | = ¢ Ricajuw
éS .
sl ¢ e (VPBW]VP - e[C|Pﬁ\d]VP) ’
55 1 1)
bec, B Esawpvﬂﬁcvp ’
6S oA
B O Ve

The 2BF action (46) is topological, in the sense that it has no local propagating degrees
of freedom. In this sense, it does not represent a theory of any realistic physics. In order
to construct a more realistic theory, one proceeds by introducing the so-called simplicity
constraint term into the action, which changes the equations of motion of the theory so that
it does have nontrivial degrees of freedom. An example is the action

SGr = /M BIT A Rigpy + €% A VBa — A A (B[ab] - abedee €d> . (52)
4

l6ni2°

where the new constraint term features another Lagrange multiplier two-form A(y,). By
virtue of the simplicity constraint, the theory becomes equivalent to general relativity, in
the sense that the corresponding equations of motion reduce to vacuum Einstein field
equations (see [16] for the analysis and proof). In this sense, constraint terms of various
types are important when building more realistic theories; see [20] for more examples.

However, adding the simplicity constraint term also changes the gauge symmetry
of the theory. In particular, it breaks the gauge group G,pr from (48) down to one of its
subgroups, so that the symmetry group of the action Sgp is

GGr C G2Br - (53)

This is expected and unsurprising. What is less obvious, however, is that the group of HT
transformations Gyt of the action Scy is not a subgroup of the HT group Gy of the original
action Spgr:

Gur ¢ Gur, (54)
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which implies that
Gt & Gionar (55)
despite (53).

Let us demonstrate this. Since the action (52) features an additional field A[*?) uv (%),

the HT transformations (50) have to be modified to take this into account and obtain the
following 5 x 5 block-matrix form:

(SOB[nb]W labl[ed] o e[“b]fyw lab] [Cd]yw e[“b]fw,m g[“b] [Cd];wmj % Jgig]f;
506“;4 u fed] HoA eac;m erled] o €“C,um g" Led] uo¢ (sgsgucf
50w[ub] P _ y[ab] [cd] oA ”[ub]clw e[ub] [cd] e E[ﬂb]c}mA g[ab] [cd] ot % 5‘;5[(641]{” , (56)
a 5S
dop w Vﬂ[Cd]ywA Vﬂcyvo’ Hﬂ[Cd]yw €ucyvm\ éa[Cd]yvmj %;ﬁfii
50A[ab]w glab][cd] o e[ah]cwg plab][cd] e G[ub]cwm\ w[ﬂb] [cd] ot % 5iﬁ§f;
where
0SGRr
_ HvoA _
sBledl T € (R[aﬂw )‘[cd]VV) ’
dSGr b
= puvp _
Seolcdl € (VﬂB[cdlvp e[e\uﬁld]vp) :
0SGRr 1 1 b d
dec,, = EE(TWP (vy,Bcvp + Weabcd)\[u ]yve p) , (57)
p
5SGR
T O Vaee
1o
0SGRr ot 1 b
— = —¢ ”V(B — ——¢&aped€’ue’y ) -
d [ed|pv 5 Cabed€ p€ v
SAled] 87l

We can now investigate the differences in the form of HT transformations for the
topological and constrained theory. First, comparing (56) to (50), we see that the HT
transformations in the constrained theory feature more gauge parameters than are present
in the topological theory. Namely, compared to Sypr, the action Sgr features an extra
Lagrange multiplier two-form Al%), which extends the matrix of HT parameters from
4 x 4 blocks to 5 x 5 blocks, and, therefore, introduces the new parameters ¢ and ¢ (and 6,
which are the negative of { due to antisymmetry). This means that the group G for the
constrained theory is larger than the group Gyt for the topological theory. On the one hand,
this immediately proves (54) and, consequently, (55). On the other hand, one can ask the
opposite question—given that Gy is larger than Gy, is the latter maybe a subgroup of
the former?

The answer to this question is negative:

Gur ¢ Gur, (58)

which together with (54) implies our final conclusion:

Gur # Gur - (59)

In order to demonstrate (58), we can try to set all extra parameters ¢, 1, and 0 to zero
in (56), reducing it to the same form as (50). This would naively suggest that Gy indeed
is a subgroup of Gyr. However, upon closer inspection, we can observe that this is not
true, since the functional derivatives (57) are different from (51). Namely, even taking into
account that the choice { = 1 = 6 = 0 eliminates the fifth equation from (57), the first
four equations are still different from their counterparts (51) because of the presence of the
Lagrange multiplier Ale] in the action. The Lagrange multiplier is a field in the theory, and
generically, it is not zero, since it is determined by the equation of motion:

Al = R,
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Therefore, the HT transformations (56) in fact cannot be reduced to the HT transformations
(50) by setting the extra parameters equal to zero, which proves (58) and (59).

The overall consequences from the above analysis are as follows. The topological
action Sypr has a large ordinary gauge group Gopr and a small HT symmetry group Gyr.
When one changes the action to Sgr by adding a simplicity constraint term, two things
happen—the ordinary gauge group breaks down to its subgroup G¢r, so that it becomes
smaller, while the HT symmetry group grows larger to a completely different group Gyr. In
effect, the total gauge groups for the two actions are intrinsically different:

2BF GR 5
Giotal = 92BF X GHT # Giowal = 9GR X GHT,

in the sense that neither is a subgroup of the other. This conclusion is often overlooked
in the literature, which mostly puts emphasis on the symmetry breaking of the ordinary
gauge group down to its subgroup.

Let us state here, without proof, that the action (52) represents an example of a non-
topological action, for which one can also demonstrate a property analogous to (40), that
diffeomorphisms are not a subgroup of its ordinary gauge group, but are a subgroup
of the total gauge group. Simply put, given that the simplicity constraint term in (52)
breaks the ordinary gauge symmetry group G,pr into its subgroup Ggr (see (53)), one can
expect that diffeomorphisms are not a subgroup of Ggp, since they are not a subgroup of
the larger group G,pr of the topological action (46). Nevertheless, since the action (52) is
written in a manifestly covariant form, diffeomorphisms are certainly a symmetry of the
action and, thus, must be a subgroup of the total gauge group gggl = GGr X Gyr, in line
with the statement analogous to (40). We leave the details of the proof as an exercise for
the reader. The point of this analysis was to demonstrate that the interplay (40) between
diffeomorphisms and the HT symmetry is a generic property of a large class of actions,
including the physically relevant ones, and not limited to examples of topological theories
such as the Chern-Simons or nBF models.

As the last comment, let us remark that, in fact, almost all conclusions discussed for the
cases of the Chern-Simons, 3BF, and 2BF theories are not really specific to these concrete
cases. One can easily generalize our analysis to any other theory, and the conclusions
should remain unchanged, except maybe in some corner cases.

5. Conclusions

Let us review the results. In Section 2, we gave a short overview of HT gauge symme-
try and discussed its most-important general properties. First, the HT group is a normal
subgroup of the total group of gauge symmetries of any given action. Second, HT transfor-
mations exhaust all “trivial” (i.e., vanishing on-shell) symmetries, in the sense that there
are no trivial symmetries that are not of the HT type. Finally, adding additional terms into
the action substantially changes the HT group, often enlarging it. This may be considered
a counterintuitive result, since usually adding additional terms in the action serves the
purpose of fixing the gauge and, thus, is meant to reduce the gauge symmetry, rather than
to enlarge it.

After these general results, in Section 3, we discussed the HT symmetry of the Chern-
Simons action, which is a convenient toy example that neatly displays the general features
from Section 2. Special attention was given to the issue of diffeomorphisms, and it was
shown that, while they are not a subgroup of the ordinary gauge group of the Chern-Simons
action, they nevertheless do represent a proper subgroup of the total gauge symmetry, and
the HT subgroup plays a nontrivial role in demonstrating this.

Section 4 was devoted to the study of HT symmetry in the 2BF and 3BF theories, which
are relevant for the constructions of realistic quantum gravity models within the generalized
spinfoam approach and higher gauge theory. After a brief review and introduction to the
notion of three-groups and the 3BF theory, appropriate HT transformations were explicitly
constructed, complementing the ordinary group of gauge symmetries of the 3BF action
based on a given three-group. This gave us the total gauge symmetry group for this class
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of theories. We again discussed the issue of diffeomorphisms and demonstrated again that
they are a subgroup of the total gauge group, without being a subgroup of the ordinary
gauge group, just like in the case of the Chern-Simons theory. Finally, we introduced a
completely concrete example of the 2BF theory based on the Poincaré two-group, which
becomes classically equivalent to Einstein’s general relativity when one introduces the
additional term into the action, called the simplicity constraint. As argued in general in
Section 2, the presence of this constraint breaks the ordinary gauge group down into its
subgroup, while simultaneously enlarging the HT group, since it introduces an additional
Lagrange multiplier field into the action. This represents an explicit example of the general
statement from Section 2 that the total gauge symmetry group changes nontrivially, as
opposed to simply breaking down to its subgroup.

It should be noted that the analysis and results discussed here do not cover everything
that can be said about HT symmetry. Among the topics not covered, one can mention the
question of an explicit form of finite HT transformations, as opposed to infinitesimal ones.
Can one write down finite HT transformations in closed form, either for some conveniently
chosen action or maybe even in general? A related topic is the explicit evaluation of the
commutator of two HT transformations, or equivalently, the structure constants of the HT
Lie algebra, or in yet other words, the multiplication rule in the group Gyr. Is the group
Abelian or not and for which choices of the action? Finally, one would also like to know the
topological properties of the group Gy, i.e., its global structure. All these are potentially
interesting topics for future research.

As a particularly interesting topic for future research, we should mention the nontrivial
change of the HT symmetry group when additional terms are being added to the action. In
Section 4.4, we briefly demonstrated that HT symmetry does change in a nontrivial way, on
the example action (52). Nevertheless, the precise properties and the physical interpretation
of this change are yet to be studied in full and for a general choice of the action. This topic
is the subject of ongoing research.

Finally, we would like to reiterate the differences in two possible approaches to the
notion of “the gauge symmetry” of a theory. The overwhelmingly common approach
throughout the literature is to factor out the HT group and work only with the ordinary,
nontrivial gauge group as the relevant symmetry. Admittedly, this approach does feature a
certain level of appeal due to its simplicity and economy, since it does not have to deal with
HT symmetry at all. Nevertheless, there are important situations where this is not enough,
and one really needs to take into account the total gauge symmetry group, which includes
HT transformations. As a rule, these situations always involve the gauge symmetry off-
shell, either for the purpose of quantization or otherwise. A typical example is the Batalin—
Vilkovisky formalism, where one needs to explicitly keep track of HT transformations
throughout the whole analysis. Another situation, which was discussed here in more detail,
is the question of diffeomorphism symmetry, where HT transformations are required in
order to prove that diffeomorphisms are a symmetry of the theory even off-shell. This is
especially relevant for building quantum gravity models. Finally, the third scenario would
be the discussion of the Coleman—-Mandula theorem. One of the main assumptions of the
theorem is that the Poincaré group is a subgroup of the full symmetry group of the theory.
Given this assumption, and a number of other assumptions, the theorem implies that the
full symmetry group must be a direct product of the Poincaré subgroup and the internal
symmetry subgroup. In certain cases of theories (such as the 3BF action), the full symmetry
group is not explicitly expressed as such a direct product, and moreover, it is not obvious
that the Poincaré group is a subgroup of the full symmetry group to begin with. Therefore,
in order to verify whether the above assumption of the theorem is satisfied, one needs
to inspect if the Poincaré group is or is not a subgroup of the full symmetry group. At
this point, one may run into a scenario similar to diffeomorphisms: the Poincaré group
may fail to be a subgroup of the ordinary gauge group, but still be a subgroup of the total
gauge group, once the HT symmetry is taken into account. In this sense, HT symmetry
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may become relevant for the proper analysis and application of the Coleman-Mandula
theorem in certain contexts. This topic is the subject of ongoing research [34].

All of the above arguments suggest that it may be prudent to abandon the common
approach of factoring out the HT group and instead adopt the description of the symmetry
with the total gauge group, which includes HT transformations on equal footing as the
ordinary gauge transformations. In the long run, this may be a conceptually cleaner
approach. However, either way, we believe that HT symmetry is relevant for the overall
symmetry structure of a theory and that better understanding of its properties can add
value to and benefit research.
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Metoa MoiesoBamba pe3oHaTopa ca JiBe
oauncke (ppekBeHIje IPUMEHOM HapyHieba
cuMeTpuje

ITasne Cruncuh

I'pymna 3a rpaBuramnmjy, gectuie u mospa

NMucturyT 3a dusuky, Yuusepsurer y Beorpany

IIperpesurma 118, 11080, Beorpam, Cpbouja
pstipsicQipb.ac.rs

Ancmpaxm—Y oBoMm pany hemo HM3JI0XXKUTH IOCTY-
NaK MOJeJIOBamka IOJIMIOHAJIHUX pe3oHaTopa ca jedop-
mucaunom Cp, cumerpujoMm. Pesonaropu cy obisiuka jen-
HAKOCTPAHUYHOI TPOYIJla, KBaJpaTta M Kpyra, 6Jiaro
u3ay>xkeuux ay>k oapehenor mnpasna. Hapymeme cu-
MeTpuje cMamyje OUMEH3Hjy HEeKUX HupeayuOnIHnX
MO/IIPOCTOpAa ca JBa Ha jeJaH W JOBOAU [0 pas/Baja-
Bba (ppeKBEeHLMja ABOCTPYKMX MOZOBA 34 OCLUJIOBAKE y
criekTpy. Meton naje mpeaBubarbe pe3oHaHTHUX dpe-
KBEHIMja U LeNamke CIeKTpa y 3aBUCHOCTU O[] HapamMe-

Tpa nedopmanuje.

Kapyune pewu—pesoHaTop, cuMeTpuja, Teopuja pe-
npeseeHTaIja, HapyIlIelkhe CUMETPHje

I ¥YBOA

Pezonaropu cy ocHoBHU ejleMeHTH 33 KOHCTPYKIIU]y KO-
na y emexkTporexuunn. Kopwuhieme pe3sonaropa ca Burie
PE30HAHTHUX YYIECTAaHOCTH CMambyje Opoj esieMeHaTra Io-
TpeOHUX 33 peaju3allujy KOoJia M CAMUM THM cMamyje dhu-
3UYKe [IUMEeH3Huje KoJia. Jeana oa moryhunx peanmsarmja pe-
30HATOPA jecTe MOJIMIOH WU TOJUTOHAJIHA JTUHIja U3BE/Ie-
HA y IPOBOJHOM CJIOjy €A je/IHE CTPAHE IIOYHIE KOJa. ¥
ceknmju II hiemo pazmorpuTn yTHIaj cuMmerpwuje TOJIUro-
HA HA PE30HAHTHM CIEKTap, a 3aruM hemo y cekmmju 111
PA3JIOKHUTHU MPOCTOD CTAarha PE30HATOPA HA HPEIyIHOnII-
e kKommonente. Y ceknuju IV hemo HamernyTu rpanudxe
yCJIOBE HA MO/IOBE OCIUJIOBAHA Y IOjeIMHATHIM HPELy U=
OwHWM TIOAMpocTOpuMa, a vy cexkmujama V u VI hiemo pe-
JIOM MOJEJIOBATH YTWIA] TEPMAJTHUX TYOUTAKA W HAPYIIe-
Bba CUMEeTpHje Ha PEe30HAHTHU CHeKTap. ¥ IEeJOM DPaIy je
[IO/IPAa3yMeBaH MPUPOJHU CHCTEM jeJMHUIIA, IIITO 3HAYHU 14
cy cBe PU3MIKE BEJIMINOHE U3PAXKEHE Y METPUMa HA OJro-
Bapajyhwu crenen. Merpuka y npocropy MunaKOBCKOT je ca
cUrHATYpOM 1), = diag(+1,—1, -1, —1).

II ¥YTUIIAJ CUMETPUJE HA CHEKTAP
PE3OHATOPA

ITocmarpahemo pe3onarope o0OguMKa TPABUIHOT 7~
royria. ['pyma cumerpuje KoOjy moceayje TpPaBUIAH 7N-
royrao je Ch,, OJHOCHO omeparuje Koje 4yBajy CUMeTpH-
jy Cy poraimje y paBHU 3a IEJOOPOJHU YMHOXKAK YT Of
%’T pammjana, mro ynau C), MOATPYyIy, Kao u pediekcuje
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y OIHOCY Ha CBHX M oca cumerpuje. I'pymy peduitekcuje y
O/THOCY Ha BEPTUKAJHY OCY CHMETpPHje O3HAYaBAMO Ca Oy,
a 1esa Tpymna CUMeTpHje OHJIa UMa CTPYKTYpPY

Cnv - Cn XN Oy . (]‘)

I'pyna C,, je nuBapujanTHA MOATPYIA YKYIIHE I'PYIE CHMe-
rpuje Cp, U KObyramuja ejgementa ci rpyue Cp, pediiek-
CHjOM 0, Jlaje WHBEP3HU eJIEMEHT C_jk. 10 3uaunm ma Ch,
rpyma uuje Abemosa u ako C, u o, jecy:

ocro = ocpo = (oc10) = (c_1) =y (2)

IIpocrop crama pe3onaropa je XumabeproB mpocTop (pyHK-
IMja KOje OIHUCY]y PacHojesy ejJeKTPOMarHeTHOT I10Jba
yHyTap pe3oHaropa. ['pyiy cumerpumje pernpe3eHTyjeMo
CKYTIOM OIEPATOpPA y TOM TPOCTOPY ¥ Taj CKYyT HA3WBAa-
MO penpe3eHTanujoM. Pempe3enTanujy cBakor ejJeMeHTa ¢
rpyue G o3uagasamo ca D(g). VI360p penpesenrtaiyje rpy-
e je y BeJIMKOj MepU IMPOU3BOJbAH JOKJIE I'OJl 330BObABA
npasuno muOokewma D(gg’) = D(g)D(g'), ama ce ncnocra-
BJbA JIa C€ y CJIyUajy HAIlle rPyTe CUMeTpHje, Kao W BeJIOKOT
Opoja rpyma of 3Hadaja 3a (HU3NKY, CBAKA PEMPE3EHTAIIN],
MOXKE PA3JIOKUTH MO CKYITy UPEAYIMOUTHUX DPErpe3eHTa-
nuja. Upenynubniae pernpe3eHTannje rpye mpeacTaBbajy
perpe3enTalje rpyne y upemaynuOuIHIM [T0IIPOCTOPUMA
YKYIIHOI IIPOCTOPa CTaba, IpU 4eMy je neduHuimja upe-
JIyIUOWTHOT TIOAIPOCTOPA Ta 4 j€ TO TOAIPOCTOP Y KOM Ce
CBAaKM BEKTOP U3 MOIIPOCTOPA JEJIOBAHEM CBUX €/IEMEHATA,
rpyrme 3acebHO MPEeCINKAaBa y CKYIl BEKTOPA KOjU pa3aliu-
By 1eo noampocTop. pyrum pedumma, yHyTap WpemyIiu-
OMJTHOT TOIIPOCTOPA HE MTOCTOjU BEKTOP IMTOMONyY KOr ce Jie-
JIOBAFEM CBUX €JIEMEHATA IPYIe HE MOYKE PEKOHCTPYUCATH
€0 WpPEAyIuOWIHN TOAMPOCTOp. Pa3jarame permpeseHTa-
[Mje Ha WPEeIyIuOU/IHE KOMIIOHEHTE je OH/Ia OPTOrOHAJIHU
30Mp perpe3eHTaIja Mo HPeayITHOMIHAM IOIIPOCTOPHUMA,
aT ca:

D(G) =P D" (@), 3)

p=1

rie je f, dpekBeHINja MOjaBbUBABA [I-T€ NPEIYIAONTHEe
perpe3eHTanyje y pasjaramwy, a 7 yKylnaH Opoj mpemyIin-
OMJTHUAX PEIpe3eHTaIn]a.

Wpenynubusme penpe3enTannje moceayjy CKyIr OcoOnHa,
koje fie Ham OuTH O 3HAYAjA TPUIUKOM DA3MATPAMHA, Ka-
KO CHMETPHjCKUX OCOOWHA, PE30HATOPA, TAKO U MPUIUKOM

goee
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oxapehuBama pasjiarama IPOCTOPa CTakba, Ha, IberOBe UPeJLy-
nubuine Kommnonenre. Heke ox 3Hagajunx ocobuna cy mare
ciegehuM uckasmMas:

e IIpsa Ilyposa gema: Oneparop KOju KOMyTHpa €a
CBUM €JIEMEHTHMA TPYTIE Y jeTHOj NPEIyIIHONIHO] pe-
TIPEe3eHTANMjU JeTyje Kao CKaJapH! OMepaTop y TOj
penpe3enTanyju. To 3uaun ja je omneparop y 6a3ucy
UPeIyIUONTHUX PENpe3eHTaNNnja AUjaroHaTaH U 1A
Cy My CBe BPEIHOCTH HA /IMjarOHAJIM UCTE YHYTap I10-
jelMHaYHUX UPeaynuOUIHUX [IOIIIPOCTOPA.

e JIpyra Ilyposa nema: Jenunu omeparop A 3a Koju
jemmaxocr ADW (g) = D) (g) A Baxku 3a cBaxu eie-
menT g rpyme G, mpu gemy cy D) u D) meexnuna-
JIEHTHE WPeayuOnIHe Penpe3eHTalIje, Tj. jeaHa Hi-
je mobwujena o aApyre TPOMEHOM 0a3mca, je OmepaTop
A=0.

e Teopema 0 OPTOrOHAJHOCTH KOMITOHEHATA WPEIYIIN-
OMJTHUX pPEmpe3eHTaIlu]ja:

L _ v 1 _ v
ZDU) 1 Dl(cl)( )*7Ail (A l)kj5H ,

= vl
(4)

rae je |G| 6poj enemenara rpyme G, |v| muMensuja
V-TOT UPEIYyIHONUTHOT MOAIMpOCTOpa, a A omeparop
npomene Oa3uca usmehy pi-Te u v-Te Pernpe3eHTaImje
y caydajy Kaja cy one MeljycOOHO eKBUBAJIEHTHE.

(€]

e Kapaxrep penpesenranuje x(G), OHAHOCHO Tpar Ma-
TPUYIHE perpe3eHTalnje, Kao (PyHKIINja Ha TPYIIH, Ta-
Kobje 3a/10Bo/baBa CAIMYHY PEJIAIN]Y OPTOrOHAJIHOCTH:

|G| ZX(M) —1 (v)( ) = 6. (5)

geG

Osa pesanuja Ham omoryhasa Ja oapeauMo Koedu-
NMjeHTe y pas3jiaramy pernpe3eHTalnje Ha HEeKBUBA-
JIEHTHE UpEeIyIuOn/IHe KOMIOHEHTE KAO:
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e Bpoj upenynmubuanux pempe3eHTarnja rpyme je jes-
HAK OpOjy KJiaca KOWYTallfje y IPYIIn.

e Moxke ce yBecT: mojaM peryaapHe pernpe3eHTaruje
quju je KapakTep (YHKIWja Ha TPYIH KOja jeau-
HUYHOM eJIEMEHTY noje/byje Opoj eemeHara Tpyre,
a cBuM octajauM ejementuma Hysy. OBa dyHKImja
je amamoron mpaksoj omnocHo KpoHekepoBoj mer-
T HaI enementuma rpymne. Ha ocmoBy nperxomme
ocobune ce gobmja ma je (ppekseHIHja MOjaB/bUBA-
Ha CBaKe HEEKBUBAJIEHTHE MPEIYINONIIHE Perpe3eH-
Talldje y pasjaramy perylapHe pempe3eHTalnje jem-
HAK JAMEH3WjH UPEIyIINONIHE Perpe3eHTalln]e.

e Bpoj eremenara rpyme jennak je 30upy KBaJapara, Iu-
MEH3Hja CBUX HEeKBUBAJEHTHHX HPELYITHONTHUX Pe-
IIpe3eHTaluja rpyie.

Ha ocuoBy mpse IllypoBe jlemMe MOKEMO Ja 3aKJbYIIMO
Ila Cy CBe mpenyIubuiHe penpesenranuje AGeJIoBuX rpymna
jemnonumMen3uonasue. Takole, Kako ce oneparop (ppexkBeH-
[1je MOJOBA 3a OCIIUJIOBaE He TPAHCHOPMHUIIIE IPUIHKOM
JiejcTBa ejleMeHaTa I'pylie CUMETPHUje, 3aK/bydyjeMo Jia OH
KOMYTHPA Ca Pelpe3eHTallnjaMa CBUX €JIEMEHATa IPyIle, 113
cy My mnoHoBO, mpema mpBoj Illyposoj memm, cBojcTBeHe
BPEIHOCTH [IET€HEPUCAHE YHYTAP UPEIYIIHOUITHUX TOIITPO-
cropa. To 3uaun na he cBu MOmOBHU 3a OCIIMITOBAKE YHYTAP
jemHOT MpemymuOMTHOT TIOMIPOCTOPa OUTH ca MCTOM (pe-
KBEHIIHjOM, a JereHeparuja (ppeKkBeHImje je jegHaka Im-
MEH3UjU UPEAYIUOUTHOT MOAMTPOCTOPA.

Y naseem pagy hemo u3 CKyla HEEKBUBAJIEHTHUX HUPe-
OYIUOWTHUX PENpPE3eHTAINja OJA0paTH yHUTAPHE TIPEeJ-
CTaBHUKE, Ma he poTalnuje y paBHU OUTH PENPE3EHTOBAHE
MHOXKEEEM KOMILJIEKCHUM OPOjeM Ca jelMHuYHEe KPYKHUIIE,
ei“%{, a pedaekcrja he 6uTu pempe3eHTOBAHA KOMILIEK-
CHOM KOmbyraiujoMm. Bpojad pempesenraryje p y3mMma CBe
BPEIHOCTH TPUPOIHUX OpojeBa ox 1 10 n.

TlocTtynmak mobujarsa CKyTa HEEKBUBAJEHTHUX WPEIy-
MUOWTHUX PEIPE3eHTAINja TPOU3BOJbHE IPyTie HE TOCTOjH.
Unax, y cayuajy Cy, TpyIe IOCTOjU AJrOPUTAM UHIYKIH]jE
ca naBapujantae C), TOArPyIe WHAEKCA 2, KOjU /1aje KOM-

Z X Hx(g). (6)  TICTaH CKyII UpeayIUONTHUX PEIPE3EHTAIN]a KOje Ce MOTY
|G‘ 9€G nonucaru TabesapHo:
TABEJIA1 WPEAYUUBWJIHE PEINPE3EHTALIUJE C,,, CPYIIA
[ DG | o o]
Ag/Bo = DOH(C,,) 0 1 +1
An Q/Bn 2 = D(n/2 ) (Cnv) % (71)]C :I:(il)k
inZrk —inZk
_ 1 e 0 0 e "
E, = DW(C,,) 1. |25t ( 0 - k> (ewi”k 0

OueknBaHO, KAKO je WHBApUjaHTHA TOArpyna Abemosa
U WHJEKCA BA, JUMEH3Hje UPEIyIUOUTHAX PEpPe3eHTAIlN-
ja e mory 6mtm Behe ox aBa. Ha ocmoBy Tabeme Takohe
3aKJpydyjeMo Ja cuMmeTpuja obe3behyje mocrojame maposa
MOJIOBA 33 OCITUIOBAIbE ca UCTOM (ppekBeHiujom. deraban
Mpersies; 0cobMHa NPEAYINONIHUX PENPEe3eHTaIN]a Ce MOXKe
nponalin y [1].

ITT PA3JIATATbE KOOPJIMHATHE
PEIIPEBEHTAIINJE

Ckyn jeqHaunHA CTamba PE30HATOPA YHHE AudepeHIm-
janHa jeTHaYMHA, KpeTama eJeKTPOMArHEeTHOT T0/ha Y Pe-
30HATOPY U je/IHAYMUHA 32 IIPOBOIHOCT CPEJINHE O

OA" — 919, AV = ji,  j'=0o'; (A" = 8°A7) . (7)
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IIpBa jennaumma ce MOXKe IOjeTHOCTABUTH (DUKCHPAHEM
JIopeHnoBor KajmOpaluoHOr yCJIOBA 3a €JIEKTPOMArHeTHU
notennujan A*, 0,A* = 0, gox 3a crpyjy j" Beh Ba-
KW WJIEHTHYHA pesalija Koja ONHCyje jeTHa4YnHy KOHTH-
uyurera 0,j* = 0. Y cBUM jegHaumHaMa HOIPa3yMeBaMO
AjHIITajHOBY CyManMOHy KOHBEHIU]Y 110 IOHOB/HEHUM HH-
JIEKCUMA, Ka0 U Ja Cy MaJjiMM IDYKHAM CJIOBHMA O3HAYEHE
CBe TIPOCTOPBPEMEHCKE KOMITOHEHTE TI0Jha, & MaJINM JIATHH-
CKMM CaMO TPOCTOpHe KOMIIOHeHTe mosba. Hynra koopmm-
HATa je pe3epBHCaHa 32 BPEMEHCKY KOMIIOHEHTY.

O6e jennaqdune cy 3amnucane y KOOPAUHATHO] Pernpe3eH-
TaIUju y KOOPAUHATHOM 0a3MCy KOjU HHje CBOjCTBEH 3, IN-
depentnjaare omepaTope y mHUMa, Ma je TPBU KOPaK CBa-
KaKO TIpesia3ak y 0a3uc paBHUX TajIaca, UMITYJICHU DA3uC,
KOj! je CBOjCTBEH OBHMM jeJHaYMHAMA, & [TOTOM je TOTPeOHO
KOHCTPYHCATH MOAU(PUKOBAHE TPYIIHE MPOjEKTOPE

= i P

geG

P(DW* @ D) Yy® D(g), (8

Koju he KOMILTeTaH MPOCTOpP CTama y CBOjCTBEHOM Oa3mcy
[IPOjEKTOBATH HA BHUIIECTPYKHU 30UD UPEAYIUOUIHUX IO/~
MPOCTOPA TPyIe CUMEeTpPHje, Takohe y CBOjCTBEHOM 6a3wmcy.
BexkTopu dukcHe TauKe OBOr MPOjEKTOPA Cy O0IHKA:

[p|

|,utu> = Z |,LLZ> Y ‘:utu Z> ) (9)

rae UHAEKC t, 1pedpojaBa MojaB/bUBAILE [i-Te HPeLyTHOnI-
HE pempe3eHTalmje y pasjaramy. Tako hemo moburtu Oa-
3uc C,-cuMeTpudnux Tajaca. Kako je mpocTop crama He-
cemapabuiaH, oUeKyjeMo 1a ce Oap jeaHa mpeaynuOnaIHa
perpe3eHTannja y pasjaramwy ojaBibyje OecKoHadaH OpOj
MyTa W J1a Ce FHEeHO MOjaB/bUBabe MpedpojaBa peaHuM Ta-
pamerpom. Hakon pazjarama penpe3enrtanuje hemo Bue-
TH JIa Cy 110jaBJbUBAHA CBUX MPETyIMOMIHNX KOMIIOHEHATA
npebpojaHa peaslHuM HMapaMeTpPUMa KOju he mMaTH CMHU-
€ao KBaJIpaJiTa UMILyJIca eJeKrpoMarsertHor tagaca. OBaj
6a3ucC je y cayuajy jeIHOAUMEH3NOHATHUX PEIPE3EHTAIIN]a,
aT ca:

n

];40(351‘) i(k,z—wt) Z et xcos 27"m)7ysin(27"m,))
u
m=1
eos (ky (ycos (3Fm) + sin (m))).
flfo(xl‘) _ 1 i(kzz—wt) Z ¢ Tcoq 2ﬂm)—ysin(27"m))

xsin(k (ycos(27r m) + zsin (22m))),
Fod (@) = et Z gihe(wcos( 3Em) ysin(22m))
xwwk@wa% ) s () e,

m)fy sin(%’m))

.L COS

B

fk“%( ) — z(kzz wt) Z et

iy (e () s ()
(10)

I COb

JIOK je y ciIyd4ajy JBOJIMMEH3UOHAJIHUX PEIPe3eHTAInja:

z(wt k.2)) Z

(COS (k: (ycos (2” ) + x sin (2”m)) — 2—”mj)

EBcos(k (ycos(ZTr )—i—ycsm(27T ))—&—%’rmj)).
(11)

VY cnenehoj ceknujm hemo HaMeTameM T'DAHUYHUX YCIOBA
73 OBOT' HECeMapadOu/IHOT MPOCTOPA M3ABOJUTH Cermapabui-
HHE HOAIPOCTOP Koju he Outu mepuHUCAH TUCKPETHUM CKY-
IIOM JO3BOJBEHHX BPETHOCTH mHJEKCa k,. CemapabmimocTt
POCTOpa CTama 00e30ehyje AuCKpeTHy MpUpOLY CIEKTPa
pe3oHaTHUX (HPEKBEHITH]A.

IV MOZOBU 3A OCHUIOBAILE NJIEATHOT
PE30OHATOPA

kEH_]( ) xcos(%"m)fysin(%'m))

Jla 6rcMOo U3 yKYITHOT HECEMapaOuIHOT TPOCTOPA CTAHA,
M3BOjUJIN CENApPAOMIIHU TTOITPOCTOD KOjU O/Ir0Bapa MOJIO-
BHMa 32 OCITHJIOBaibe, MOTPEOHO je ma HaMeTHeMo oapeljerne
ycioBe Ha cama cramba. OBU yCJIOBU Cy 3alPAaBO TDAHUYHA
YCJIOBH KOjU Cy CAJIPKAHKU y TEH30PY [POBOJHOCTH:

ol = (S(z+d)+5(z)ﬂ(x,y))%(53;5}””25?)

+ 0(z+ d)@(—z)aéj— .

Dyuxuja II(z,y) je npo3opcka GyHKIMjA TOJUTOHATHOD
ob6/IMKa KOja UMa BpeJHOCT 1 Ha JOMEHY KOju MOKPHUBA, IIPO-
BOJHE CJI0j Pe30HATOpa, a Bpeanoct 0 upade, 10K je 6(z)
jeauHWYHN TIPO30p Aeb/bUHE TMpoBOmHOT cjoja. PyHKIMja
0(z) je cranmapana Xesucajaosa tera GyHKCHjA.

IIpBu rpanndam ycaoB Koju HameheMo je o z KOOpPIu-
HATH, na HapaMeTap 6aszuca k, y3uma memobapojue yMHO-
IIKe O d , rae je d nebpuaa pe3onaropa. IIpBa ampokcu-
Manumja Kojy hemo mampasutn je ta ma hemo cmarpartn 1a
j€ pe30HaTOp MPEBHUINE TAHAK /13 OM ce MOOYIUIN MOIOBU
3a OCIIUJIOBaM€ y 2z IPAaBILy, I1a NeMO ce OrpaHUuYIHTH CaMO
Ha moxmnpoctop k, = 0.

Hawmerame rpanndanx ycjaoBa y PaBHH PE30HATOPA CE
HE MOYKE YBEK TaKO JIaKo m3BprmTu. Hanme, Kako je 6a3uc
y TPOCTOPY CTarha CaCTaB/HEH OJ] MEPUOANIHNX (DYHKIH]a,
CBY HAMETHYTHU IPDAHWYHU YCJIOBU Nie ce MepuoauvHO MOHA-
B/haTh. TO 3HAYUM 1A ce Ha MOjeIWHAYHN OA3WCHH BEKTOP
MOI'y HAMETHYTU T'DAHUYHU YCJOBH CAMO Yy CJIydYajy OHUX
[IOJIMT'OHAJIHAX OOJIMKA KOJUM Ce PAaBAH MOXKE IOILIOYATH
6e3 mpa3HuHa, & TO Cy TPOYTJIOBH, KBAIPATH H IECTOYTIIO-
Bu. JlomaTHo, Kako I1ecCTOyraoHa penieTka uMa ejJeMeHTap-
uy Buruaep-3ajiosy henujy cacraBibeHy O JBa THIA YBO-
poOBa, OBO HaMeTarme T'PAHUIHUX ycaoBa mehe 6uTu MoOry-
he y cBuM mpeaymuOUIHUM perpe3eHTaijama, Beh caMmo y
OHWM Y KOjUMa Cy OBa IBA YBOPA eKBUBAJIEHTHA. Y OCTATINM
CIy9ajeBuMa Ce TPAHWYHE yCJIOBY HaMehy JmHeapHuM KOM-
OwHAIMjaMa BEKTOPA BUINECTPYKUX HMPEIYITUOMIHUX KOM-
IIOHEHATa, IITO je Cy4daj ca KPYKHUM Pe30HATOPOM KO/,
Kojer je 6a3uc y mosapHAM KOOPAWHATAMA AT MPEKO IH-
quaapuaanx Becenosux dyukimja mpee Bpcre. OBe HyHK-
[uje Cy, Wako OCIMJIATOpHE, HEeMmepuoAndHe, ma he Takse

(12)



6utu u ranacue gynkiyje ca cumerpujom Cp, 3a n > 4.
360r Tora hemo ce y gasbem pajy GHOKyCHPATH CIENUjaTHO
HA TPOYTAOHU, KBAAPATHU U KPYXKHU PE3OHATOP.

Y caydajy TpOyraoHOT pPe30HATOpa, BUCWUHE TPOYIJIA
jemnake h, HamMeTarme TPAHUIHUX YCJIOBA JIaje 1Mo aBa 0a3u-
CHA BEKTOPA M3 CBAKE jeJHOAMMEH3UOHATHE UPETy IUOITHE

perpe3eHTaluje:

Fs (21?)

Fo% (x12)
foos (at?)
foose (ah?)

% (sin (xi(%fq)”) cos (y—q\{f”)

sin (1‘%) cos (97(p+2i)\/§ﬂ>

in (2570 con (y24p2) )
(o (25 cos (525
cos (z5F) cos (yW)

o (580 (1 5452)).
3 (sin (x@) sin (y@)
sin (z27) sin @W)

o (x5 (y1252))
(o (i )

cos (x (y (:D+21}1l)\/§7r>

cos (xi(p'fq)”) sin (yi(pﬂ,z\/gﬂ)) )

(13)

%) sin

JIOK Ce y CJIy4ajy JBOAUMEH3UOHAHE PEIIPE3EeHTAIIje YCIIO-
BH MOI'y HAMETHYTH HA JBAa HAYMHA 3a CBAKU BEKTOD U3
pemnpeseHTanuje. ¥y Caydajy Efr pernpe3enTaluje ce m0omja;

FEL @12)

fk112 Cl( b 2)

fk112g52 ( 1, 2)

+
f]il,z,cz (:ZJLQ)

% (sin (m7(2p+3}3+1)”> cos (y (32'\'}1)”)
sin (x (p+32+1)7r) oS (y (3p+3q+1)7r)

h/3
sin (z5F) cos (yi(gptﬁ%%ﬂ)) )

% (COS (.13%) COs (y%)

cos (mi(p+3z+1)w) cos ( 7(31)2?)\?1)77)

cos (25T) cos (yi(‘gptf\%mﬂ)) ;

% (sin (a: (2p+3}l3+2)7‘r) oS (y (324\»/2)#)
sin (x (p+32+2)ﬂ) oS ( (3p+3q+2)7r)

h/3
sin (22%) cos (yw

h h3 )) 9
% (cos (x7(2p+3;3+2)7r> coS ( Ba+2)m )

Y
(x (p+3q+2)w) (3p+3q+2)w>
h

cos (y "3

(3p+6q+4)w))
"3 J

COS

cos (zB) cos (y
(14)

ay caydajy Ej:

fkll‘z 31( )

foia ™ @)

Forta™ (a?)

fk112,02 ( 1’2)
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. (2p+3g+L)7\ _: (3g+1)m
(in (25322 ) o (22
sin (x (;D+3;11+1)7f) sin ( <3p+hs\«;j1>w)

sin (z5") sin (y%)) ,

% (cos (x7(2p+3,f+1)”) sin (y (3;’;}1)”>
cos (x (p+32+1)w) sin ( <3p+3q+1)w)

h/3
cos (2X) sin (yw

h h3 )) 9
% (sin <z7(2p+3}f+2)ﬂ> sin (y (‘3;1:? )

sin (x@+3++2>w) sin (y%)

. T\ . 3p+6q+4)T
sin (zB7) sin (y%)) ,
o )

cos (3:7(1’+3Z+2)”) sin (yi(gpti%'m”)

T\ o (3p+6g+4)
cos (zBF) sin (y%)) .

W

(16)

BpojeBu p u ¢ cy nmpupoauu 6pojeBu uau HyJIa.
Y cayugajy Cy, cuMmeTpuje ce HA CIAWYAH HAYWH J100U-

jajy 6asmchHu BekTOopm. Y CiIy4ajy j€IHOIMMEH3UOHATHUX
pelpe3eHTalja BEKTOPH CY jeJIHAKU:

f}ﬁoé ( 12)

fii @)

f;ﬁoé ( 1, 2)

Fho0(ah?)

fis @)

f;?lzé ( 1, 2)

f]ﬁQQ, ( 12)

fst(ah?)

3 <cos (x@) cos (yW)
cos (:EW) cos (y@)) 7
o3 (250

cos (m@) cos (yqu’T)) ;

! (s o2 in (42020
@) sin (yzﬂ))

% <sin (xm) sin (le)
sin ( <2<p+q>+1>w) sin (y +1)w))

i (cos ( 2q+1)“> cos (y 2(p+q )
cos( (2(p+q)+1) )COS (y%)) 7
$ (cos (e22) con ez

o (252 ) o 2.

3 (sin (w247) sin (250

sin (m@) sin (yQ‘IJ))

i (sin (x@) sin (ZIM)

sin (xi(Q(pJFZ)H)W) sin (quZl)’r)) (17)

sin (x




118

a 'y c/Iyd4ajy JBOJMMEH3UOHAHE Pelpe3eHTallnje jeTHAKU:

+
et = ] (sin (2227) cos @W)
+ i cos (mw) gin (y2ﬂ))
+
f,il,zvc(xm) = 1 (sin (x@> oS (y@)

+ icos (x@) sin (y@)) (18)
BpojeBu p u ¢ m oBAe y3mMajy BPEIHOCTH W3 CKyTNa MpHU-
poxuux OpojeBa u HyJIE, & @ je TyKUHA CTPAHUIIE KBAIPATA.
3a Buine JeTasba 0 HAMETamby IPAHUYHUX YCIOBA TOTJIEIa-
Tu [2].

OBu BEKTOPH ONMKCYjy KAKO KOMIOHEHTE eJIEKTPOMAr-
HETHOTL 110Jha, TAKO ¥ KOMIIOHEHTE CTPyje. 3a aHaIu3y MO-
JIOBa 33 ocIuIoBame iemo ce hoKycupaTn Ha, OMUC KOMITO-
uHerara crpyje. Ctpyjy hemo nonennTn Ha JBE KOMITIOHEHTE,
[apaJiejiHy C MBHIIOM IOJIMTOHA ¥ HOPMAaJIHYy HA MBHILY I1O-
smrona. [Tapasenna KOMIOHEHTA CTPYje MOXKe J1a ce pa3iia-
Keuny swuy cba3ucy, JOK HOPMAJTHA KOMIIOHEHTA IOCTOjU
camo y s 6a3ucy. ¥ cuenujajsHoM CiIy4ajy Ka/ia je pe30HaTop
peasn30BaH y OOJMKY MOJIMTOHAJIHE JIMHHUjE, OPTOTOHAJIHA
KOMIIOHEHTA CTPYje Ce MOyKe 3aHEMapHUTH, a ITapajiesiHa ce
penykyje camo Ha ¢ Da3uc.

V VYTUIIAJ TYBUTAKA HA CIIEKTAP
PE3OHATOPA

Y konmko 6ucmo ybanusin 6a3ucHe BeKTOpe gobujere y
MPETXOTHOM TIOTJIABJbY Y XOMOTEHY jeTHAUNHY KPETarmha 34
€JIEKTPOMArHETHO TI0Jb€, 100U U OUCMO yCJIOB Ha (DpEeKBEH-
[IHjy CJA000IHOT eTeKTOPMArHETHOT TATACA M OBe (PPEKBEH-
Lyje cy jeHake:

Cs 2 - 471'2
“0 T332
2

(WSMU)? = @)

(¢* + 3pq + 3p?) |
(19)

rae je £ = 2qg wim & = 2g+ 1 u ¢ = 2(p + q) win
¥ =2(p+q) + 1 y 3aBucHocTH 01 penpesenranyje.

Y mpucycrBy ryburaka ycses OTIIOPHOCTH ITPOBOIHUX
cJiojeBa U IIPOBOJHOCTU MaTepujajia oJ KOjer je IIo4Yu-
na n3paljena, pesonantrae ¢dpexpennyje hie Outn cHIKEHE.
Cawm pe3omnarop fiemo ampokcuMupaTn KOJIOM ca CIuKe 1.

C

Cuvka 1: ATPOKCHMATHUBHO KOJIO 32 MOJIEJIOBaM-e IyOuTaKa y

DPEe30HATODY.

AnpokcuMaTuBHE BPEIHOCTH €JIEMEHATA KOJa CY:

c=2 G=oc, R=1L_ =9
w§S

d wis’

Kanamurer C' u mpoBonaoct (G 3aBUCE UCKIBYIUBO O] T€0-
MeTpHje pe3oHaTopa U CHeruduIHe MPOBOTHOCTU THETEK-
TPUKA 0 O KOT j€ TLIOYHUIIA CACTAB/HEHA W PacTy ¢ moseha-
BeM MOBpIHHe pe3onaropa S. OrmopHocT R 3aBUCH KaKO
0J1 TEOMETpHje Pe30HATOPA W OTTIOPHOCTH TMTPOBOIHOT CJIOja
p, TAKO U OJI TPOCTOPHE PACIOEE CTPYja, OMHOCHO TaJa-
CHE ay’KuHEe MOJa 33 ocimioBame. Nuaykrusnoct L Takobhe
3ABHCH OJf PFEOMETPHUjE PE30HATOPA U TATACHE JIy KUHE MOJA
3a OCIIMJIOBaIbe M pacTe ¢ moBehameM neb/buHe TUeIeKTPH-
ka d. Ananusom KoJjia ce J00Wja Ja je HOBA PE30HAHTHA,
dpeKBeHImja ca ypadyHATHM TyOUITIMA:

1 2
w\/w§2<02+22).

PezonanTHa dpekBenIuja je UMarnHapHu J€0 MOJIa MPOTa-
raropa (PYHKIHja CTamba y CBOjCTBEHOM 0A3MCy TAHTE€HTHOT
MPOCTOPA, Y OBOM CJIy4ajy IPOCTOPA TAHTEHTHOT HA BPEME.

VI HAPYHIEbE CUMETPUJE PE3SOHATOPA

(20)

(21)

Jla OuCMO KOHTDOJIMCAHO YKJIOHUJIN [OereHeparmjy dpe-
KBEHIIje YyHYTap [JBOJAMMEH3UOHAJHUX WPETYITHOUTHAX
noampocTopa nedopmucalieMo pe3oHaTop ay:K MPaBIa Mo
IPOM3BO/LHUM YIJIOM ¢ y paBHE pe3oHaropa. IlocToje aBa
IABHA IPUCTYIA PElIaBamby jefHaduHa 3a JedopMucanu
pezonartop. [IpBu je 7a ce mpoMeHe TPAHWYHU YCIOBU TaKO
J1a onrosapajy AedOpMUCAHOM PE30HATOPY Y CTapUM KOOD-
JUHaTaMa, a IPYTH je Ja ce cTape KOOPJAUHATE PECKATTUPAjY
TAKO Ja Ce TPAHWYHU YCIOBH Je(DOPMHUCAHOT PE30HATOPA
[OKJIONE Ca IPAHUYHUM YCJIOBAMA M3 0a3uca, aju Ja ce
edeKTUBHO MPOMEHU jeqHAUYNHA CTama pe3oHaropa. OBaj
JIpYTH TIPUCTYTI jé MHOTO jeTHOCTaBHUjH 3a paJ, Oyayhu aa
CMO TIeJIy TPOCIEAYPY KOHCTPYHMCAJIU TAKO 1A y WY yrpa-
MO TPAHWYHE YCJIOBE, & JOJATHU CAOUPIM y jeTHAYMHA
CTamba OCIUIATOPA Ce MOT'Y MHTEPIIPETHPATH KA0 MAJIe [ep-
rypbarnuje o mapamerpy pedopmaruje. Y Ty ¢Bpxy hemo
YBECTHU OMEPATOP PECKAIUPAHa KOOPANHATA KAO:

0 = Dy(e)i’0; = (R($) Do(e)R(=4)); ',

_ 14 ccos?(¢) esin(¢)cos(d)) ’ A
N (gsin(aﬁ) cos(¢) 1+ esin’(¢) >Z 9;. (22)

IIapamerap € je mapamerap pecKaaupamba KOOPAUHATA KOjU
edextuBHO medopmuire pe3onarop. Hosa jemnaunua cra-
Ha PE30HATOPA Ce Pa3IuKYyje o7 cTape jep caja Jlammacujan
y PaBHU PE30HATOPA TOCTaje:

00 = 8,0" — (2 + €) (cos(¢)D, + sin(¢)d,)” . (23)

Honatuu cabupak (2 + ) (cos(¢)d, + sin(¢)8y)2 pasbnja
JIETEHEPAIIN]y YHYTAp UPeLyuONIHUX TOIIMPOCTOPA, TIa Ce
IpBe TompaBKe (DPEKBEHIHja, MOTY JOOUTH IMjarOHAJIN3a-
[IMjOM IHErOBEe MATPHUYUHE PENpPEe3eHTAIlnje y HUPEmLyHOnI-
HOM TOJIPOCTOPY. AKO CBOjCTBEHE BPEIHOCTH MOIPABKE
y UPEIyIUOUTHOM MOAMPOCTOPY O3HAYUMO Ca, Afmu (e, ),
rae je p Opojad pempesenTtanyje, t, Opojad IOjaB/HUBAMA,



[i-Te perpe3eHTanuje u ¢ npebpojaBa CBOjCTBEHE BPEIIHOCTH
Houpaske yHyTap (i,t,)-TOr HpemsynuOUIHOr HOIIPOCTO-
pa, bpEeKBeHIIje MOIOBA TOCTA]Y

, 1 2

w=|wg— AL, (6,0) - 3 (02 + 22) . (24)

Kazma mpojekTyjeMo pe3oHaTOp, AMMeH3uje npuiaroha-
BaMO TAaKO 7 MPOIYCHU OICEr OATOBapa (hbpeKBEHIMjaMa,
U3 HajHUKE IBOAMMEH3MOHAJIHE MPEIynOnIHE Perpe3eH-
ranuje, a Jga ocraie (ppeksennuje O6ymy TOTUCHYTE. 300
tora hemo ce pokycuparu camMo HA IPBU JIBOJIMMEH3UOHAII-
HU WPEAYIUOWIHY MOANPOCTOP. ¥ CIyYajy TPOYTaOHOT pe-
30HATOpPA OBA, PEMpPE3eHTaIlhja OroBapa MapasesIHOj KOM-
IOHEHTH cTpyje y ¢ 6azucy L] 1oy MIONIPABKA je je/IHaKa:

A B e(2+¢) 732#-5—8418@5(2(;5) —2—2 sin(2¢)
0.1 12 _%73 sin(2) 327 —8418cos(2¢) J
e(2+¢) (272 27
AF =22 2 (22 4 2 ) 2
ST T < 3 16) (25)

Buaumo ma mompaska OBzie He 3aBHCH O YIJIA IIOJ KOjUM
ce Bprm aedOpMaIyja.

VY caydajy KBaJpaTHOT PE30HATOPA Ce TTOHOBO HAJHUKA
JIETeHEPHUCAaHN CIIEKTap J00Mja 3a MapajiesiHy KOMIIOHEHTY
cTpyje y ¢ 6a3ucy pempeseHTtaiyje E1i 3a KOMIIOHEHTE IO~
nmpaBke 1061jaMo:

- W+w9@ﬁw o)
’ a? 0 sin“(¢)
Buaumo ma je mompaBka mgujaroHasiHa W ga pasduja mere-
HEpAIn]y y IPBOM peay Kaaa ce nedopmMaliija He BPIIU 1m0
OWjaroHa M KBaJApaTa, a Ja je pa3aBajaibe (ppeKBeHInja
Haju3pakeHuje Kaja ce KBaJpaT H3JyKyje y NpaBoyrao-
HUK.

Kpyxuu pesonarop je cnermuduyuan mo TOME IITO Ce
IErOBA AHAJIN3A MOXKE H3BPIIMUTU MPEJACKOM y MOJAPHE
KOODJIMHATE Y KOjUMa TPAHUYHU YCJIOB HE 3aBUCHU OJ YIJIA.
Hberosa rpymna cumerpuje je aumec 6eckonadror n, Cu,y,
O/IHOCHO TPy MUKJIAYHAX POTAIM]aA IIPEIA3u y IPYILy KOH-
runyanaux porammja Co, — SO(2), umja je yHusep3as-
Ho HarkpuBajyha rpyma U(1l). Tabawia wpemyuOniIHux
pernpesenTanuja ryou cpemmy BpCTy jep A, o u B,/ pe-
mpe3eHTanuje Hucy medpuHUCAHe, BEKTOpHu y By penpesen-
TallMju Cy jeJHAKU HYJIU, TAKO Jla OCTaje caMo jeJHa jeji-
HOJIMMEH3UOHAJIHA Upeaynubuina penpesenranuja Ay, 10K
y TOCJEeIh0j BPCTU OpOjad ABOANMEH3UOHATHUX WPEIYIIH-
OuHWX permpe3eHTanyja m Opoju 10 OECKOHAYHOCTH, & Ta-
pamMeTap @ = %—’:k TOCTaje KOHTUHYAJaH. Ba3nucHu BeKTopu
cy:

Ao (r o) = Jo(kr),  FE(r,9) = Jm(kr)e=me . (27)

Kao u 10 caza, mocroju s u ¢ 6a3uc, Takas 1a je y s 6asucy
BpenuocT BecenroBe dpuHKIMje HA TPAHUINN jeHAKA HYJIH, a
y ¢ 6a3ucy je BpemnocT npsor m3Boga becenose dyHKImje
Ha rpanuny jenHaka nyau. Opeksenunumja (k, m)-tor mona
HJIEAJTHOT PE30HATOPA je jeTHaKa wy = K.

CrpykTypa omneparopa MonpaBKe HaM yKa3yje 1a je Cro-
cobaH Ja yKJIOHU JereHepaInjy cCaMo YHyTap Eli pernpesen-
Tamnuje, jep caapxu camo cabupke et2%¥ u ¢%%. Pammje y

(26)

119

CIydYajy KBaJpaTa W TPOYTJia HUCMO IIPUMETUJIA OBY OCO-
OuHy, jep ce TaMO HHCY I0jaB/bUBAJIE JIBOIUMEH3UOHAIHE
pemnpe3enTtarmje pema sBeher ox 1. @pexBennuje y ocTaamm
JBOIMMEH3NOHATHIM pelpe3eHTaljaMa OCTajy JdereHepu-
came u OMBAjy camMo IOMepeHe Kao MOCaeIuIa 1eOpMaIim-
je. Ha ucru mauyun ce nomepajy u dppekpernuje yayrap Ag
penpesentargje. OBaj momepaj bpekBeHiyje je jeHak:

2

k
Aim# =e(2+¢)—.

5 (28)

Y cayuajy pempe3eHTaIyje Ef[ JIeTeHepaIija ce YKIama 1
nomepaju GPEeKBEHIHje Cy jeTHAKMH:
k2

AE =c(2+ &) (29)
Le@+e) J2(kR) >

1 <k2 T RE(Z(WR) — Jo(kR) 2(kR))

rzae je R nosynpeunuk pesonaropa. Hajuamxke dbpekseniuje
y CTIeKTpY W OBOT TIyTa MPUTAIajy JBOINMEH3NOHAIHO] pe-
npesenrtannjn E; y ¢ 6a3ucy, rae je kR ~ 1.8412. Oueknna-
HO, 360r SO(2) cumerpuje Kpyra, momnpaske (HbpeKBEHIIUja
HE 3aBHUCE O YIJIa MO KOJUM Ce BPInu AedopMaIinja.

3a Buile jeraba 0 IPUMEHU CHMETPHje U MEXaHU3MHUMA
U TOCJIeANIIAMA TheHOT HAPYIIena moriaeaarn [3].

VII 3AK/BYYAK

MopmoBu y ¢ 6a3ucy F; penpeseHTaIyje Cy YBeK UMaJju
HAjHUKY (DPEKBEHITH]Y, TAKO /13 PE30HATOPY Tpeda OrpaHu-
YUTHU TPOILYCHH OICEer caMo ca ropme crpane. OBre Moxe-
MO Ja U3BPIIAMO mopeheme (ppeKkBeHImja IeceTor Moaa 3
OCIIMJIOBAFHE WICAJTHUX PE30HATOPA Ca CBE TPU INeOMETpPHje
u mokaxkemo ga ca nosehameMm cumerpuje (mopacTom n),
CreKTap pe30oHaHTHUX (PPEKBEHIWja MOCTaje Tyihu, mna je
Tako 3a h =a =2R = 1:

wﬁ)z\ﬂ 0, wlljozx/l 8,

Takobe je omaoc n3mely ¢dbpekBennuja y npBoM JereHepu-
CAHOM CIEKTPY ¥ (ppeKBeHInje mpBe cieaehe Mome y Crek-
Tpy omazajyhum ca mopacTom cmmerpmje m m3mHOCH /3 3a
Tpoyraum, \/2, 3a kBajpaTHu, u npubamxknao 1.31 3a Kpy-
xuu pezonHarop. Omarie crequ na je TpOyraoHa reome-
TPHUja HAJIOBOJbHUjA 38 KOHCTPYKIIUjYy PE30HATOPA Ca JIBE
OJIMCKE PE30HAHTHE YUECTAHOCTH, jep TPOYTAOHU PE3OHATOP
uMa Hajpaspelenuju cnekrap.

wdy ~ V114,

(30)
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CumeTrpuje y BUIIUM T'PaJINjeHTHUM TeopujaMa

Cazkerak

YV oBoM pajy je ucnuTaHa CUMETPHjd M MEXAHW3MU EKCIJIUIIMTHOT W CIOHTAHOT HAPYIIe-
wa cumerpuje kiacuune 3BE rTeopuje ca Bezama koja ommcyje Crawgapauu Mojen crper-
HyT ca Ajumraja-KapranoBoMm rpaBUTANMjOM. 3aTUM je KOHCTPYHCAHA HEMEPTYPOATHBHA Be-
za m3mely ksamtme 3BF Teopuje m kBamTHe Teopmje Ajurmraju-Kapranose rpasuTarmje ca
Craumapnanm Monenom. Konauno, gata je gedunuimja kantae 3BF Teopuje ca Besama Ha
TPUAHTYJIAINJA 1 TPEJIUMIHAPHO je aHAJIM3WPAH HeH CEMUKJIACHIAH JIMTMEC.

Kpyune peuu: xBanTHa rpasutanuja, Cranmapaan Mogen, 3BF rteopuja, Bume rpagujentre
Teopuje, CUMeTPHja, XUTICOB MEXaHU3aM
Hayuna obaacm: KsanTHa nosba, 4ecTUIle U PaBUTAIIN]a

Vorca nayuna obaacm: KBanTHa rpaButaimja



Symmetries in Higher Gauge Theories

Abstract

In this work we study the symmetry and mechanisms of explicit and spontaneous symmetry
breaking of the classical constrained 3BF theory, which describes the Standard Model coupled
to Einstein-Cartan gravity. Then we construct a nonperturbative correspondence between
the quantum 3BF theory and the quantum theory of Einstein-Cartan gravity with Standard
Model. Finally, we provide a definition of the quantum constrained 3BF theory on a spacetime
triangulation and give a preliminary analysis of its semiclassical limit.

Keywords: quantum gravity, Standard Model, 3BF theory, higher gauge theories, symmetry,
Higgs mechanism
Field of Study: Quantum fields, particles and gravity

Specific Field of Study: Quantum gravity



CI/IMMeTpI/II/I B BBICIIINX KaﬂI/I6pOBOquIX TEOPpNAX

Annoranus

B nmamnoit pabore m3ydaroTcd CUMMETPHUS U MEXAHW3MbI SIBHOTO W CIIOHTAHHOTO HAPYIIe-
HUH CHMMeTpHN KJaCCHIecKoil orpanmdeHnoil 3BF Teopuu, KoTopas onnceiBaeT 00beIuHEHNIe
Bzaumogeicrsuii Crangapraoii Mogenu ¢ rpapuranueiil Ditnimreiina-Kaprana. Hanee crpo-
WTCA HemepTypOaTHBHOE COOTBETCTBHE MeXKy KBaHTOBOH 3BF Teopmeit m KBaHTOBOI Teopn-
eit rpapuranun ditHinreiina-Kaprana ¢ nosgmu Crangapraoit Mogenu. Hakonew, Mbl jaém
ompejeneHre KBanToBOM orpannvennoit 3BF Teopun B paMkax mpoCTPaHCTBEHHO-BPEMEHHOM
TPUAHTYJIANNN U TIPEIBAPUTEBHBIN aHAIN3 €€ MOJYKIACCUIECKOTO MpeIesa.

Knoueswvie carosa: kBantoBas rpasutanus, Ctangapraasg Momgens, 3BF teopus, Beicime Ka-
JHOPOBOYHBIE TEOPUHU, CAMMETPHUsI, MEXaHU3M XHUITCA

Obaacmv uccaedosanuli (06wa): KBAHTOBast TeOPHUs MOJIst, (DUBUKA YACTHI] ¥ TEOPUsI TPABUTA~
uu

Obracmo uccaedosarud, (Ymounénnas): KBAHTOBAs TEODHs I'PABHTAIAH
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1 VYBoJ

QopMmynanuja Teopuje KBaHTHE I'DaBUTaIlMje MpecTaB/ba jelaH O TJIABHUX OTBOPEHUX ITPO-
buiemMa y caBpeMeHoj dyHIaMeHTaIHO] TeopujcKoj dpusuiu. ToKoM roguHa je pas3BujeHo BUIIE pa-
3JIMYUTUX OPUCTYIIA PEIIaBaby OBOr mpobiaema kao mto ¢y Teopuja Crpyna (ST) [1, 2|, Ksanrna
rpasuTanuja Ha newbama (LQG) |3, | u ocramu npucrynu. CBaku o1 HUX UMa CBOje NMPETHOCTH
u MaHe. KoHKpeTHO, IpUCTYTl KOBapHjaHTHE KBaHTH3AIHje TeOpHje rpaBUTalije Ha met/bama |o]
ce 3aCHUBA Ha NMPENU3HO] jJedUHUINjH WHTerpaJa 1Mo TpajeKTopujama, nomohy Kor ce jedunurie
ocTaTak KBaHTHe Teopuje. JeJHa O TJIABHUX MPETHOCTH OBOT IPHUCTYIA je YIIpaBO Ta Jla ce OBa-
KBa Mpenu3Ha JeduHUNMja MoxkKe HOPMYJIHCATH KOPHUIIhemeM Mpoleaype KBAaHTU3AIN]e MOJIeaa
CIIMHCKE TIeHE U 14 C€ TOM IPOIE/lyPOM MOZKE YCIEITHO KBAHTOBATH I'PABHTAIMOHO 1moJbe. Ca Japy-
re crpaHe, IJIJaBHA MaHa OBOI' IIPUCTYIA je [la Ce KBAHTH3AIKU]a MOXKE CIPOBECTH CAMO 3a YUCTO
IPABUTAIMOHO TT0/be He3 OCTAINX MoJba Koja mocroje y npupoau [0, 7, 8.

Jpyrum pednmMa, HaKo je je;THOCTaBHO KBAHTOBATH I'PABHTAIIN]Y, HUje OUNTJIeTHO HA KOJU HAUWH
je ucToBpeMeHo Moryhie KBAaHTOBATH U I'PABUTAIU]Y U OCTAIY MATEPHU]y.

[Tocsieimbux rojiuHa je HalpaB/bEH HALPEJIAK 110 UTakby IIpeBa3u/iazkemba oBor 1podJemMa. Jej-
HO o7 obehapajyhux npemora peniema je 3aCHOBaHO Ha BHUINMM rpajnjeHTHEM Teopujama |9, 10],
KOje TIPeJICTaB/bajy YOIIITemhe MojMa cuMeTpuje KopulihemeM Buiiie Teopuje Kareropuja. [laxma
je ycMepeHa MPBEHCTBEHO Ha CTPYKTYPe MO/l HA3UBOM N-TPyIe, Koje cy ofpeheH OOMMK yOHIITe-
Bha IMojMa Tpylle W KOPHUCTEe ce 3a ONHUC TpaJrjeHTHe CHMeTpHje TeopHhje YMecTO IMojMa Tpyle
[L1, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24|. KOHKPeTHO, UCIOCTaB/ba Ce Ja CTPYK-
Typa 3—rpyne Haj0osbe omropapa ajgre6apckoM OMUCY CBHX I0JbA Y IPUPOAM (IPABUTAIMOHOT,
Jaur-Mucosor, /Tupakosor u ckanaptor) [25]. Ca apyre crpane, crpyktypa 3—rpyme omoryhasa
JIUPEKTHO VOIIITelme IPoIeype KBAaHTU3AIN]e Y MOJIeTy CIUHCKe TMeHe Ha CBa OcTaja I0Jba IMO0-
peJi rpaBuTalionor |26, mrro omoryhaBa KOHCTPYKIIN]Y KBAHTHE TeOpHje IPABUTAIMjE U MaTepHje
jeTMHCTBEHUM MATEMATHYKUM OTTHCOM.

Jejlan oJ1 JIaBHUX ejieMeHaTa y KOHCTPYKIuju Teopuje je jejcro BE Teopuje u meroso karero-
pujcko yorrmreme 3a nBF Teopuje. [IpBe pesysirare dpopmysucama ONIINTe TEOPUje peJIaTUBHOCTH
U IPYIUX Teopuja rpaputanyje 3acHoBanux Ha BF teopuju je nao [lnebancku y cBom pany [27], a
ocTajie MpUMeHe 38 KOHCTPYKIU]Y Pas3IuIuTuX Mojena ce Mory Hahim y |28, 29, 30|. @opmyranuja
Teopuje momolhy 2-rpyme, nazsana 2BF wiu BFCG mogmen, je mo npsu myt yBemeHa y [31, 32| u
Jasbe npoydasana y [33, 34, 35, 36, 37, 38|, a kaacuune 3BF u 4BF reopuje cy dopmyaucane y
[25] u [39], penom. Ha kBarTHOM HuBOY, nBF Teopuje najy Kjacy TONOJOMKHX TeOpHja 0/ba MPBU
nyT yBegenux y paxay Iloprepa [10], kacuauje y [26, 11].

Jobujen je 3Ha4dajaH O6p0j KOHKPETHUX pe3yJTaTa Yy OKBHUPY IporpaMa HUCTPaKHUBakba BHIIUX
IpaJInjeHTHIX TeOopHja 3aCHOBAHUX Ha CTPYKTYpH 3-rpyte. lIpBo je dpopmynucan mocTtynak KoH-
CTPYKIMje KJacuaHor jejerBa koju omucyje neo Cramgapaan Mogesn (SM) npupojao crnpernyr
ca Ajumraju-KapranoBom rpasutanujom, y (opMu Koja je KoMmaTuOWIHa Ca MPOTETyPOM KBaH-
TH3aIMje Mojena ciuHCKe mere [25]. OBaj moctynak goBoau 10 pedopMmysialyje KIacHdHe Teo-
puje y Teopujy onucany 3BF mejctBom ca Besema. OBO 1ejcTBO ce cacToju U3 JiBa IJIaBHA Jle-
Ja, tonosjomkor 3BF nejcrBa, ompehenor crpykTypom 3-rpyle m Jena ca Be3ama Koje jgedop-
MHUIIY TOMOJIONIKY y HETOIOJONIKY Teopujy, majyhm joj mpomarupajyhe cremene ciobome. Hocta
ncTpazkuBama je Beh ypaheno na jegnocraBuujuM mojenma 3acioBanuM Ha BF u 2BF Teopujama
[28, 29, 31, 32, 33, 34, 35, 36, 37, 38|, a mocroju n momen 3acuoBan Ha 4BF Teopuju [39].

lasbe, porieiypa KBaHTH3AIMje TOIOIONIKOT Jesa je YCIelrHO (DOpMYyINcaHa y OOJUKY UHTe-
rpajia 1mo KoHdurypamgjaMa mosba, Koja oJropapa TOMOJIONIKO] KBaHTHO] Teopuju moba (TQFT)
3aCHOBAHO] Ha jaroj 3-rpynu [26]. Ocum Tora, JerasbHO €y HCIUTaHEe cuMeTpuje Tonosomnke 3BF



reopuje |13, 11|, mrro je goBeso 1o Gosber pasyMeBama PasimauTUX ocobuHa Mojesa. Heku o
3HAYAJHIX MaTeMATHIKHX pe3yiarara ce takohe mory Hahm y [17, 45, 46].

Y mactaBky paja he y rinaBu 2 OuTH JarT JeTa/bHUJU TIperjie/l mocrojehux pesyarara o 3Ha-
4yaja 3a Ja/bu paj, jeduHUNMje M0jMOBa, HOTAIMja U KOHBEeHIUje. ¥ raBu 3 he OUTH W3/10KeHA
aHaJM3a CUMeTpHje U MeXaHH3aMa HheHOT Hapylllelmha Y Teopuju 3acHoBaHo] Ha 3BEF Mmomemny ca Be-
3aMa. Pesysnrar ope amamuse je HOTBpIa eKBHBaIeHIUje m3Mely crammapane kinacuaHe AjHIITAjH-
Kapranose Teopuje rpasuranje u Crangapaaor Mojesna ca jegne cTpade n KJIACHYHE TEOPHje 3a-
cuoBane Ha 3BF moneny ca Besama ca jpyre, y morJieny cuMeTprje JiejcTBa 1 XUICOBOT MeXaHN3Ma
CIIOHTAHOT HAPYIIemha CHMEeTpPHUje JeJa KOju OjroBapa eJIeKTpocsiadboj uarepaknuju [17]. V riasu
4 je pazmarpaHa Be3a u3Melly KBAaHTHHX TeOpHja Koje ce A00Hjajy KOH3MCTEHTHOM KBAHTHU3AIIH-
jom Ajumraju-Kapranose teopuje rpasutaruje u Cranmapaaor Mogena ¢ jeane u 3BF Teopuje ca
Be3ama ca Jpyre crpate [18|, 10k je y ruasu b gara nedbunnnuja ksantae 3BF Teopuje ca Besama.



2 Ilperaen mocagammpux pe3yiaTaTta, AedUWHHUNNIje, HOTAII)a
11 KOHBEHIINje

Y 0BOj TVIaBHU je M3JI0KEH IperJie]l YeTUPH KJIACHIHe Teopuje Koje Cy pejleBaHTHe 3a JaJby
aHa/jiu3y. Y IPBOM IOIJIaB/by je yBeseHo rTonojiomko 3BF jejerBo 3acHoBano na crpykrypu 3-
rpyme. ¥ caenehem morasby je 1aT METOM 33 KOHCTPYKIIA]Y PEAJUCTHIHE HETOMOJIONIKE TeOPH]je
JojaBameM Be3a. Y Tpehem moriasmy je gar mpere ctanaapaaor Ajuamraja-KapranoBor fejcrsa
cuperaytor ca CranmapaauM Mozesom Ha yoOWdajeH HA4YWH, & IMOTOM U Y CJIAYYajy MOCTOjama
cabWpKa Ca CIHH-CIIMH KOHTAKTHOM HHTEpAaKIMjoM, Ha3zBaHoM AjHinTajH-KapramoBa KOHTaKTHa
Teopuja. Y 4ETBPTOM LIOIJIABJ/bY je Jar iperjiejl yKyiHe cumerpuje romoJjomkor 3BE iejersa, a
y meroMm Kpatka (opmynanuja Tonosomnke 3BF kBanTae Teopuje nmo/ba. Pesyaratun y oBoj riiaBu
npouctnay u3 pagosa T. Pagenkosuh u M. Bojunosuh [25, 26, 13, 44].

Horanuja u xomseniuja cy caeiehe. [IpocTopBpeMeHCKM HHJIEKCH CYy O3HAY€HH CJIOBHMA U3
cpeaune I'pukor asndabdera 1, v, ..., 1 IOJUXKY ce U CIYIITajy IPOCTOPBPEMEHCKOM METPUKOM (.,
Kazma je medununcana. Jlopenmosa MeTpuka je o3HaueHa ca 1, = diag(—1,+1,+1,+1). Unmexcn
Koju npebpojapajy reaeparope Jlujesux rpyna GG, H, n L cy o3Ha4YeHH IOYETHUM CJIOBEMA [ pukor
asdabera «, (3, ..., MaIUM JIATHHUYHUM CJIOBHMA Ca MOYeTKA abeneae a, b, c, ..., U BeJIUKAM Jia-
THHIIHIM CJI0BHMa ca moderka abernene A, B, C, ..., penom. CaMu reHepaTopu ¢y O3HAYEHH KAO
Tas ta B Ty, peom. Kopurihen je mpupojHu cHCTeM jeJnHuiia, gedpunucan ca c=h=1u G = Zf,,
rae je [, Iliankosa nyzKuHa.

Nunekcu kKoju ojrosapajy JIopeHioBoj rpyiu cy mapoBu uHjaekca ab u BeJIndrHe Koje 3aBuce 0
BUX CYy AaHTUCHMETPUYHE HA 3aMeHYy HHXOBHX MecTa. 10 3Ha4YM Ja Cy CBe He3aBHUCHE KOMIIOHEHTE
OBUX BeJIMYWHA TIpeMa AjJHINTajHOBO] CyMAaIMOHO] KOHBEHIMjH Mpebpojane jaBa myTa. 360r Tora je
pe3yJTar cyme moTpebHO MOJEJUTH ca JBa. AJITepHATUBHO, ¥ IU/BY u3beraBama OBOI Ipobiiema,
MOXKe e YBeCTH HOoTanuja [ab] Koja pempeseHTyje map MHAEKCA Kao jeJlaH WHIEKC 3a KOjH je YBeK
HPETIOCTaB/beHO Jia Baxku a > b. Cymaruja mo oBaKBUM HHJAEKCHMA IIpedpojaBa CBAKy HE3aBU-
CHY KOMIIOHEHTY Ta4HO jeJJHOM, Ta CyMy HEje moTpebHO mojenuTu ca jaBa. Ha npumep, 3a pary
pesmunny K%, no6uja ce

1
K[ab}a[ab] = EKabaab. (1)

Y oBoMm pajy he npasoyraone 3arpajie Mely mnjekcuma 6utu KopuniheHe UCK/byYUBO 3a O3Ha4a-
Bame napa JIopeHoBux mHIeKCa, yMECTO yoOudajeHe mpuMene 3a aHTUCUMETPH3AIM]Y HHIeKCa.

2.1 Tomoaomko 3BF gejcrso

Y muby KoHeTpyucama Tomnoiomkor 3BE nejerBa, moTpeOHO je KpeHYTH O MOjMa CTPUKTHE
JInjeBe 3-rpytie, Koja je yommTeme mojMa JInjeBe rpyie mpouCcTeKJIO U3 BUIIEe TeOpHUje KaTerophja.
OBa cTpyKTypa je eKBUBaJeHTHA CTPYKTypu JlujeBor 2-ykpurreHor momysa. JlujeB 2-ykpiirenu
Moy je ypehena Tpojka Tpu Jlujese rpyne, G, H u L, 3ajeano ca jgsa xomomopdusma n3mehy

BUX,

0:H— G, 0:L—H, (2)
nejcrBa rpyne G Ha CBe Tpu T'pyTie,
p:GxX =X, X=GH, L, (3)
n npecankasama Ilajdpepopor noanszama,

{_,_}p:HxH—L. (4)

3



Csa Tpu npecjinkaBama cy odyxsaheHa ojpeheHuM CKyImOM akKCHOMa M 3aj€/IHO YUHE CTPYKTYPY
3Bany Jlujes 2-yKpiireHu MOJIyJI, KOjUu ce 0O3HavaBa Kao

(LSXH3G, >, {_, Yu). (5)

OBa cTpyKTypa mpeacTaB/ba mojaM 3-Ipyle Ha HajyoOmdajeHnju HaumH. /lasbe MaTeMaTndke aKCH-
ome u nedbununmje ce Mory Hahu y pedepernama |9, 17, 25, 26, 41, 44, 45, 16, 19].

Jlata mMareMaTHYKa CTPYKTypa 3-Ipyie Hamehe npupogan u3bop gejcrsa 3Bano 3BF mejcrTso.
OBo /1€JCTBO je YHUCTO TOMOJIOIIKO, TeUHUCAHO Ca:

St = [ (BAF)+(CAGY+ (DA ©)
My

JlarpamxeBu muOX)uUTeHU B, C' u D cy nBa-, jeman- u Hyjaa-popMe W HCTOBPEMEHO eJeMEeHTH
JlujeBux anrebpu g, h u [, kKoje oarosapajy Jlujesum rpynmama G, H u L, penom. Jaunne nopa F,
G u H cy necdunucane Kao

F=da+aAa-—038, G=dB8+a N B — b, H=dy+aN v+ {BAB}y, (7)

U HA3UBA]y ce JaKHUM KPUBHHAMa 3a KOHEKcHje jegaH-¢popMme «, jnBa-dopme [ u Tpu-dpopme -,
Koje cy Takobe ernementn anrebpa g, h u [, perom. Bununeapue dopme (_, g, (U, dpu (_, )
Tpeba ma Oyjy cuMmerpudHa, HemereHepucana n G-WHBAPHjAHTHA MIPEC/INKABAIHbA APa eJeMeHaTa
aarebpe y ckymn peajnux OpojeBa. Ha ocHOBY cTpykType 3-Tpylie, MOKe ce joIll yBeCTH M Iojam
KOBapHUjaHTHOT U3BO/A J1e(PHHHCAHOT KA0

V=d+an” (8)

y eMucaty Ja Kaja Vo enyje Ha, Ha IpEMep, KOMIOHeHTe ¢ eleMenTa ¢ € [, 1ejcTBo > IpeicTaBba
nejcTBO eneMenTa JlujeBe anredpe g Ha enement JlujeBe anrebpe [, Ha HAUWH:

Vo' = g +bap’a® A @7, (9)

W CJIM9HO 32 esneMente ajarebpu g u h. Kopumhemem oBe HoTamuje ce naykue kpubuae (7) Mory
npenucat y (pyHKNuju o OOMYHUX KPUBUHA:

F=V"-08, G=VB-06y. H=Vy+{BABh. (10)
JejerBo cBux npecankasama >, 0, 0 u { _, _ },f, Kao u Ouauneapanx Qopmu Ha Ha3nc remeparopa
JImjeBux rpyma je:
Ta D T8 =Dag Ty = fap Ty, Tabte = Daa’th Tab Ta =>oa Ty,
Ote = 0a"Ta,  0Ta =084,  {ta,ty} = X" Ta, (11)
(Ta s T8)g = Yas , (ta s to)y = Gab (Ta, Te)1 = gas -

[TomTo cy dmauHeapHe (popMe HeJereHepHucane, MOCTOje IHUXOBH WHBEP3H M KOMIIOHEHTE THX HH-
Bep3a cy osHaueHe ca ¢’ ¢® u ¢4P. Takobe ce KopucTe 3a OAM3aE U CIYIITARE IPYIHHX
UHJIEKCA.

Jla 6u ce momohy oBe CTPYKType KOHCTPYHCAJIO AejcTBO Koje onroBapa Cranmapaaom Moneny n
Ajumraju-Kapranosoj rpaBuranuju, norpedbHo je uzabparu ogrosapajyhy 3-rpymy, 3Bany 3-rpyna
Crangapasor Mogena [25, 17, 50]. Tpu Jlujese rpyne G, H u L ce Gupajy aa Gyiy:

G =3S80(3,1) x SU(3) x SU(2) x U(1), H=TR*, L=C'xG" xG"* xG*. (12
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Qusnuka wHTEpHpETannja 0Bor m3bopa je ciaeaeha. I'pyna G npegcraB/ba yodudajeHy rpyiy rpa-
mujenTHux cumerpuja Cranmapaaor Mogena, 3ajeiHO ca rpynoM JoOKaJaHe JIOpEeHIIOBe CUMeTpHje.
I'pyma, H nipejicraB/ba NPOCTOPBPEMEHCKE TpaHCIalnje, 10K rpyna L oarosapa rmo/buMa MaTepuje.
Konkperno, C* onrosapa Xurcosom ceKTopy, 10K Tpu I'pacmanose rpyme G% oxrosapajy Tpuma
damurrjama pepMuoHa.

Jla ou 3-rpyna Crangapaaor Mogera Ouna y MOTIYHOCTH gdepuHACAHA, TOTPEOHO je ogadpaTn
u cBa npareha npecimkaBama. XomoMopdusmu 0 u § ce Oupajy Tako Aa Oyay TPUBHjAJIHH, Ko
u ITajdeposo mogmzame { ,  }or. ejerso >, je gedunucano ma caegehu maumn. Ipyma G ce
MOZKe TPUPOHO momesauT Ha Jlopenios geo SO(3,1) (remeparopu cy npebpojanu Kopuihemem
nmapa unjekca [ab]) u yuyTparmimbe rpagujentie cumerpuje SU(3) x SU(2) x U(1) (remeparopu cy
npebpojanu uHgeKcuMa «, 3, ... ). JlejcrBo rpyne G Ha camy cebe je oHia JaTO U360POM JejCTBA
JlopeHioBor jeja Ha caMor cede u J1e0 yHyTpallibiuX CUMETPHUja, Kao

e — e 1 fl ¢cle flcle
Dfatlied] ) = fiapjtea™ = 2 (n[a\cé\[bl‘éli] — 1lalad ) O ]> , Prays’ =0, (13)

JIOK j€ JIeJCTBO YHYTPAallbe IPyIle CUMeTpuje Ha camy cebe u JlopeHumos aeo paro ca
Daﬁfy - faﬁfyv Da[ab] led] — 0. (14)

Jasmwe, nejcrBo rpyne G Ha rpyny H je neduHucano mpupoano, upermnocrasbajyhu ga je rpyna H
HHTEPIPeTUPAHA KA0 T'PYIa 9eTBOPOANMEH3NOHATHIX TpaHcaanuja. Tama Jlopenmos neo rpyme G
JeJIyje Ha CTaHIapJaH HAYWH Ha TPaHCJIAIlje, T0K YHYTpallkhu 1e0 rpyne G aenyje TPUBHAjaHO:

1
l>[cd]ab = 577a[d\5|bc] ) I>ozab =0. (15)

Konauno, nejcrso mene rpyne G Ha L je Takohe gaTo Ha IPUPOIAAH HAUNH, Y CKJIALY ca Tpancdop-
MAIMOHIM OCOOMHAMa, pas3juauTuX (GepMHOHA U XUICOBOI mo/bha. Ha mpumep, mejcrso rpyme G Ha
JIETITOH JIEBOT W30CIWHA j€:

D[cd]AB - (O-cd)A B s [>aAB — % (Oa)A B . (16)
Marpune (04) 42 cy Taymujese marpune u (04) 4 © = $[Va, Wla®, vae ¢y v, cranpapame Tnpaxose
MaTpHUIle KOje 3370BO/baBajy AaHTUKOMYTAIMOHY DeNANn)y VoVo + VoVa = —20Nap- CTaHAADAHO ce
MOKe YBECTH U MAaTPHUIIA Y5 = —7Yo7Y1727Y3. Ha cImdan Ha4MH ce MOxXKe JehUHUCATH U JejCTBO IpyIIe
GG Ha cBe ocTaje (pepMUOHE U CKAJapHA T0/ba Y TPYIHU L, 3aBUCHO OJ1 IbUXOBUX TPaHC(MOPMAIMOHUX
ocobuna [25].

Honarno, nopen npermmsupatba 3-rpyne Crangapaaor Mogena, nejerso (6) Takohe 3aBucn o
n36opa Ounnneapuux gopmu. Y ciaydajy He-AbessoBe rpyte je npupoaan u3dop ose popme Kapran-
Kumunrosa dpopma (Kapranos TeH30p), JOK y ciaydajy AGesoBuX Ipyna He MOCTOjH TPUPOJIAH
u300p, ald je OH OrpaHHYEeH 3aXTEBOM JIa OuamHeapHa ¢opma Mopa ja O0yiae G-mHBapHjaHTHA
U Hejerenepucana. Ysumajyhu oo y 063up, 3a 3-rpyny Crangapaaor Mojena u gejerso (6) ce
bupajy cienehe obmnuneapue popme. 3a anrebpy g:

1

Jiablfed) = 5 Mdla|ble Gap = 0ap, Gajar) = 0. (17)

3a anredpy b, 36or G-uHBapPHUjAHTHOCTH

Gab = Tab - (18)



Konauno, y ciy4ajy anredpe [ je curyanuja komiuimkoBanuja jep ['pacmManoBu OpojeBn aHTHKOMY-
tupajy. Koukperno, 3a 6umo xkoju uzdop A, B € [, Baxu:

<A, B)[ = AIBJg[J, <B,A>[ = BJAIgJ[. (19)

[Tomrro 6unmueapue dhopme Mopajy jga Oyay cuMeTpudHe, JBa H3pa3a MOpajy Ja Oy1y jej HakKa.
MebhyTum, y 3asucrocTn 1a au cy koebunnjeatn Al n B’ T'pacvanosu 6pojesn niam 0ONIHE PeaTHu
opojeBu, oHu he WM AaHTUKOMYTHUPATH WM KOMYTHPATH, IITO 3a HMOCJEIUIY UM JIa je MaTPHIA
KOMIIOHeHaTa OWIumHeapHe popMe ¢y AaHTUCHMETPUYHA WM CHMETPHYHA, peJoM. 300r Tora ce
regeparopu 14 aiarebpe | Mory rpymmcaru y Tpu Kiaace: 1'; Koja mpunajia XUTCOBOM CEKTOpY, 1
napy 13, T4 koju npunaja pepmuonckom cekropy. Onja ce KOMIOHeHTe bunHeapHe GOpMe MOTY
3aMmuCcaT Kao

Sigl 00
gap=| 0 | 0 oF |. (20)
0 | =% 0

Topmu 1eBn 650K ogrosapa anaredpn C*, 1ok nomn mecum 610K ogrosapa aaredopu G x G5 x G5,
Hakon 3amaBama 3-rpyme 3a Crammapmaum Mojen, JejcTBo 3a oaroapajyhy Tomosomky 3BF
Teopujy (6) ce moxke 3amucaru y ciaegehieMm o0auKy:

sBr = /Ba N F 4 BU A Ry + ea AVB + ™ (VA)a + (V)" = (7 V)av?, (21)

r7ie je yBeJeHa HoBa Horanuja. IIpBo, F je mojesbeH Ha jaunmHy Nosba KOja OJroBapa Ipynn yHY-
Tpaiimhe cumerpuje F* (koja je dbyHKIMja yHyTpalimbe KoHekcuje a®) u aBa-dopmy Pumanose
kpusuHe R, (koja je dbyHKIUja CIMHCKe KOHEKCHje wletl), Marpamzxes muoxures C je 3amermen
jenan-popMoM 1oJba TETPAIE €4, a JlarpaH:keB MHOKUTE b D je 3aMelbeH KOMIIOHEeHTaMa XUTI'COBOT
nosba M mosba depmuona (¢, ¥4, 1,). OBa 3aMena HoTanuje IpeacTaBba (GUIMIKY HHTEPIpPETa-

uujy nosba y jejcrpy (6).

2.2 3BF pgejcTrBO ca Be3ama

Uaxko aejerso (21) mma oarosapajyhy cumerpujy omucany 3-rpymom CrammapaHor Mogena u
CaJIPXK1 CBA I'PAJIMjeHTHA, 'PABUTAIMOHO U 110/ba MaTepHje, je/IHaUYHe KpeTaba Koje ce jobujajy Ba-
PHjAIIjOM TI0 MOJ/FUMA HE 0/IT0BAPAjy KJACHIHUM jeHAUYNHAMA KPETaha OBUX I0/ba. 3AMPABO, OBO
JiejcTBO je mpuMep monoaowkoz 3BE jiejecTBa, M Kao TakBoO Jlaje TpUBHjAIHE jeHATMHE KPETarbha,
6e3 mponarupajyhux crenenu caobome. ¥ MUbY KOPUTOBAKA TEOPHje ce JT0/1ajy cabupIy y IejCTBY
KOjH IpPEJICTaB/bajy Be3e 3BaHe cumniuyujasne gese. [Taxk/buBUM H300pOM OBUX Be3a Koje ce J10/1a-
jy y AejcTBo, Moryhe je KOHCTPpYHUCATH HETOIIOJIOIIKO AejCTBO KOje Jaje jeIHaunHe KpeTarma 3a M0/ba
carjacHe jeqHadnHama kpertawma y Crangapaunom Mogeny cuperaytum ca Ajamrajo-KapranoBom
rpasuTaiujoM. TakBo gejcTBO ce yecTo Has3uBa 3BF 1ejcTBo ca Besama, m uma ciegehn obank:

Sspr = Sipp + Seray + Sscal + Sbirac T Syang-Mills + SHiggs + Syukawa T Sspin + Scc - (22)



Hberosu nojejunadnu jiej10BU Cy:

top _ @ [ad] a A ~ T oA (= & A
Sapr = | Ba ANF*+ B A Ry + e AVB* + ¢ (V) a +1a(Vy)" — (7 V)ar™ ,(23)

1
ab ablcd

Sgrav = - / A[ab] A (B[ I — 87[12)6[ } €c N\ ed) ) (24)

Sscal = /;\A A (’?A - HabcAea A Gb A GC)
+ AN (Haeas™ ea hee Neg = (Vo)aNea Ney) (25)

SDirac = /E\A A (7A + %5abcd€a A eb N e (de)A)

1 -

— MA (% - égabcdea A€’ A e (¢7d)A) ; (26)

S¥ang-Mills = /)\a A (Ba — 12C,5M? e A eb)

+ G (M"‘abgcdefec ANelAef Nef — F* Ne, A eb) , (27)
2 2 o c
SHiges = — / @X (¢A¢A - UQ) Eabeae” A€’ Ae® At (28)
9 _
Svukawa = — / EYABC¢A¢B¢C€abcd€a NeP Ae Net, (29)
Sspin = /27Til12)7v/;A/75/7a¢A5abcdeb N e A Bd ) (30)
1
Scc = — | ——=Aeapeac® Ne® A e Ael. 31
cc /96#[12, Eabcd€ € € € ( )

ok 6u 3anmcuBarme Mejor JejcTBa Y jeTHOM W3pa3y OWI0 KOMILITHKOBAHO W HEYUTKO, OBAKO U3e-
JbEHOM Ce MOKe MPOTYMAUUTH 3HAUEHE W CBPXa CBAKOT cabUpKa:

e tonosomku 3BF cabupak (23) je mmentnvan jennaumuu (21), Koja Habpaja ¢Ba Mosba MpH-
cyTHa y Teopuju (oHako Kako Hamehe crpykrypa 3-rpyne Cranmapaaor Momena),

e Be3a 3a IPABUTAIMOHO MOJbe (24) je 3a/1yKEHa 33 CTBaparhe TPABUTAIIMOHUX CTeIeHH CI0601e,

e Be3a 3a CKajapHa mosba (25) je 3ajy:KeHa 3a cTBapame CTeleHH ca00ojae Ge3MaceHnX CKa-
JIAPHUX T10Jba,

e Be3a 3a JlupakoBa nosba (26) je 3aayzkena 3a crBapatbe crernenu cyioboge JnpakoBux nospa,

e Besa 3a Janr-MuicoBa nosba (27) je 3a1ykeHa 3a cTBaparme CTeneHu cJ1060jie IPaInjeHTHUX
oJba,

e Be3a 3a XurcoB moTeHnujast (28) omucyje caMOMHTEpaKIlije U Macy XHICOBHX T0Jba,

e Besa 3a JykaBuny mHTepakimjy (29) omucyje unrepakuujy usmehy Xurcosux u IupakoBux
10Jba, Ka0 ¥ MaTpHIle Mellama (PepMUOHA,

e cruHCKa Be3a (30) je HEONXO/HA 3a UCIPaBaH OMUC MHTepakiuje udmely cnuna dhepMuoHa u
TOp3Wuje,



® Be3a ca KOCMOJIOIIKOM KOHCTAHTOM (31) yBoau cabupak IPOHOPIHOHAIAH KOCMOJIONIKO] KOH-
CTAHTH.

Crnobonau mapaMeTpu TPUCYTHU Y JI€jCTBY CY:
e [, je [ImankoBa fyzknHa, caapKaHa Y Sgray, Sspin B SCC,

o (3 1peacTas/ba OumuHeapny hopMy HHTEPaKIIHOHNX KOHCTAHTH I'PAJIHjeHTHHX 110/ba, Cap-
ZKaHa y SYang—MiIIS7

L' je NHTepaKIUOHa KOHCTAaHTa 3a CaMOI/IHTepaKHI/ij YeTBPTOr CTeIleHa XHUrcoBor 110Jba, Ca-
ApzKaHa y SHiggsa

® ¥ je BaKyyMCKH OYeKHBaHa BpeJHOCT XHUICOBOT HOJba, TaKohe cajpKaHa y Stiggs,

® YABC IpeacraB/ba KOHCTaHTe JyKaBI/IHe I/IHTepaKHI/Ije H MaTpHIe Mellalba CbepMI/IOHa, caap-
KaHeE y SYukawa7 n

e A\ je KOCMOJIOIIKa KOHCTaHTA, caapzKaHa ¥ Scc.

Tomosomknu 1eo 3 B W Be3€ Sseal M Shirac HE CAIPIKE CIOGOTHE TAPAMETDE.
JelHaunHe KpeTama J00OWjeHe BapHjaIlljoM IEJOT JIejCTBa ce MOTY IMONEJUTH Yy JIBe TPYIIe.
IIpBy umHe jeqHaumHe KpeTarma 3a JlarpanzkeBe MHOXKHUTebe, KOje ce MOTY PEITUTH TaKo Ja ce

JlarpamzkeBn MHOKUTEJbU M3pa3e y MYHKIMIU Ol JMHAMUYKAX 10Jba U IbHXOBUX u3BOa (|25, 17]):
M o 1 LR e d aab 10 a abchﬁ m
aab — _ﬁgabcd a €u€ v, C - Z € wCc €d
e ag
/\auy - _Fa/w ; Bauu - _écaﬁg,uupaFﬁp )
1 c .d
>\[ab],w/ = R[ab]uu ) B[ab]uu = W‘g[ab}cde p€ v
p
Y A ~ o A
AA# = (vﬂ¢) ) ’}/Aul/p = —C€&uupo (v ¢) )
bcA 1 bA 1 A A b (32)
H = &6;11/,;0 (V u¢) ‘e pe A2, = @gukg T (V)" et ey,
,YA,LLVp = Zgabcde ,u,e 1/6 (7 1/’) ’7A,uzzp - igabcdea,uebuecp ('(nyd)A )
A — _
A m (pr> ) )\A,u = <¢ VM)A )
Bauu = 0.

. . ab .
Jpyry Tpyny 4mHe jejHadmHe KpeTama 3a JHHAMHYKA 1osba. CruHcKa Konexcnja wl®! , HUJ€ eKBU-

BasenTHa Jlepu-Yupura KoHekcuju, Oyayhum ma dbepMHOHCKA MMOJba TEHEPUNLY HEHYJITY TOP3HJY.
36or Tora je moTpebHO MPBO MOJETUTH CMHUHCKY KOHEKCHjY Ha 30up PuUunjeBUX POTAIMOHUX KOe-
bunmjenara Al x 1 Ten3op xonropsuje K [ab] L

wltl = Ale¥ et (33)

PuunjeBu poranuonu KoedpuIHjeHTH CY JaTH KA0 JUHEApPHA KOMOMHAIM]A KOMYTAIMOHUX Koedu-
IHjeHaTa

Aab‘u — (Cabc o Cbac o Ccab) Cep s (34)



KOjU Cy JlepUHUCAHU KAO
e = e (9,6, — ,e%,) . (35)

Tenzop KoHTOp3H]jE je JaT U3Pa30M:

Kab —

m

(Tcab + Tbac o Tabc) Cop - (36)

N | —

Osre je T = T“Web“ec”, riae cy 1%, xomnonente 2-cpopme Topsuje, JepuHUCAHE KaO:
1
T*=Ve = §T“W da* A dx”, T, =V,e", —Vyel,. (37)

KoMbunoBameM CBUX HPETXOJHUX jeJHAYNHA, jeJHAUMHA KpeTalba 3a TOP3HUjy €€ MOXKe 3aluCaTh
y 00JIUKY:
T = 27rilz s, 5% = e ey A e, haysya?t (38)

Caja je ounrieano ja je 2-popma Top3uje MpomopnuoHaaHa ciuHCKo] 2-dopmu s%. Kao mro he
ce WCIIOCTaBUTHU y cjejehieM moriaBby, 0Baj pesyartar je uctu u y Ajumraju-Kapranosoj Teopuju
rpasutanuje. Takohe, kopuiiliemem (36), kommoHenTe 1-popme KOHTOp3HjE Cy

K™, = —2mil2davsyap e e, (39)
na ce Be3a u3Mehy KOHTOp3Hje u TOP3Hje IM0jeJHOCTaB/bYje U IOCTaje:
T =K Ne,. (40)
Jlaspe, AjHImTajHOBA jeJHAYMHA NMa yoOudajeH OOJIMK:
1 2
R, — §g,ﬂ,R + Agu = 87l Ty, (41)

r7e je TeH30p €HepTruje-uMITyICca:

1
T = FuCo’Fpf — ZQWFQMC&BFBPU
1
+ V0 Vb — 50 (Vo0 V70 + 2x (6704 —1?)°)
1 /- & 1 VA _
+ 5 (94 Vi) el = S (1 (94 Vor'vt) e = Wapcd eo7) . (2)

Tenszop caapxku Tpu jgena Koju oarosapajy Janr-MmuicoBoMm, ckajgapHoM u /lupakoBoM MOJBY, pe-
JIOM.
JeHaunne Kperama 3a (PePMHOHCKA W CKaJIapHa M0Jba CY:

(i7" Va0 = Y ped”) 0P =0, (43)
Ui (651 V" + Yiace”) = 0, (44)
Vet — dy (6% 0n — ) 1 = 0, (45)

JIOK je jeTHadYWHaA KpeTama 3a Janr-MuacoBo mosbe:
1 — v v - v v
ViuFo" + SC7 (bpan 67V 07 = 67VY67%) +ipats (psc ™y =1 050 7)) = 0. (46)
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Ha ocHoBy nperxojHux jejHadrHa ce MOXKe 3aKJ/by4YUTH /I3 CBE je/IHaYMHEe KPeTatba TavyHO OI0Ba~
pajy jennaumuama kperama Cranmapaaor Mogena cupermyror ca Ajuamraju-Kapranosom rpasu-
TAIMJOM Ca KOCMOJIOTITKOM KOHCTAHTOM.

U3 nedunnnumje nejersa (22) ciaenn 1a 1me0 KOHMUTYPAIHOHH TIPOCTOP TEOPHUje CAJPKU U He-
AUHAMHUYKA MoJba-Jlarpan:keBe MHOXKUTEIHE

aab YA A abcA abA A = A Y a
Maab ) C ) /\a;w ) Bocuu ) /\[ab]w/ ) B[ab];w ) A us YV pvp s H ) A wr Y pwp s VApvp A IR )‘Au 75 jnze
(47)
KaO U JHUHaMHN4YKa IIO0Jba
ab a A A 7 «
w[ ],uae,ua(b 72/} 71/114705#- (48)

Paznuka usmel)y [iuHaMHYKUX ¥ HeJIMHAMUAYKHIX 110/ba je ITOCEIUIA je/ITHAYNHA KPeTamba. JeHaIu-
He KpeTamwa 3a JlarpankeBe MHOXKHUTebe cy anarebapcke, JOK €y jeTHAUNHE KPeTamba 338 JTUHAMIIKA
nosba qudepeHiujaite. JeIuHu u3y3eTak ol OBOT MPpaBUJIA je jelHAaYnHa KpeTamba 3a Top3ujy (38),
KOja ce MOKe PelIuTH 10 CIIMHCKO] KOHeKCHju Kao PYyHKINju TeTpajia u JIupakoBux 1moJba, yKasy-
jyhm Ha TO 12 je cnmHCKA KOHEKCHja Takohe HeqmHaMu4dKO mosbe. OBO je m06po mo3HATA 0COOMHA
Ajumraja-Kapranose Teopuje, an je yobndajeHo Ja ce CIMHCKA KOHEKCHja WMAK yOpaja y JWHA-
MWYKa 10Jba, jep Yy ONIMTHjuM TeopHujaMa Yy Puman-KapTaHOBUM TpPOCTOPHMa CIUHCKA KOHEKCH]a
MOZKe JIa [TOCTaHe TMPAaBO JTUHAMHUYKO Tobe |12, H1].

2.3 Ajumraja-KapranoBa gejcTBa

Cranpapauo Ajumrajo-Kapranoso (EC) aejerBo je yobuuajeHo HaBejeHO y JuTepaTypu (Ha
npumep y [12]) kao 36up gejersa 3a Crangapanun Mojges MEHIMATHO CIPETHYTOr ¢a TPABATAIITjOM
1 Ajuimraju-XuabeproBor JAejerBa 3a IPABUTAIMOHO 10Jbe (U3PazkeHOor y (DOPMaIU3My IPBOL PeJia).
Y jocajanimboj HOTAIUjH je TO:

_ 1
Spcle,w, ¢,9,9,a] = / We‘mf Ray AN ec Aeg— FONCog*F? — (V) A (%V)
. D

]

— G abed € N\ e’ A et A [(15 V)t — md(%/*]

1 _
Iz lX (¢"pa — U2)2 + Yapcp PP + ] Eabed €2 NP N el Ael

82
(49)
Osne *F' oznauaa Xonos ayan 2-dpopme I, canano kao u gayan 1-popme Vo
1 1
*F = ZFacdg“bcdea Aey, (%Ve), = 3 (Vaop) 4™y Ney Nee . (50)

Koudurypanuonu npocrop oBe Teopuje je eKBuBaJieHTaH KOH(PHUIYPAIMOHOM HIPOCTOPY JIMHAMMY-
kux nosba 3BF Teopuje (48), rie cimHCKa KOHEKCHja TIOHOBO 33/10BOJbaBa AJrebapcKy jeHadnHy

Waby = Aabu - 27rilz'&A’y5’yd¢Agadeecu ) (51)

nobujeHy W3 jeJHAUYMHE KpeTama 3a TOP3Ujy aHAJOrHY jeaHadnHu (38), ma He mpeJCcTaB/ba Jd-
HAMHWYKO T0/be. 300T TOTa je 3aMeHOM OBe jeJHAadMHe HATpar y jejcTBO Moryhe KOHCTpyHCATH
€KBUBAJIEHTHY KJIACUYIHY TE€OPHjy ca PeTyKOBAHUM KOHMUTYDAIMOHUM IMPOCTOPOM U HCTHM jeTHa-
JyuHaMa KpeTama. OBa eKBHBAJEHTHA TeOpHja ce y JIMTePATypu OOWIHO HA3UBA Mmeopuja dpyzoe
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peda |12]. Bamena ce n3Bo/M pas3jBajarmeM CIHHCKE KOHEKCHje HA KOHTOD3Ujy u Pudujese poraiu-
one kKoepUIlMjeHTE, U Pa3/iBajameM UXOBUX JONPHUHOCA y JejcTBY. 10 je eKBUBAJEHTHO cJjesehoj
3aMeHu:

1
Vw =V + éKabUab (52)

Y Ajamraju-KapranoBoM JejcTBy mocToje camo aBa cabupka Koja 3aBuce oJ1 CUHCKe KoHekcuje. To
cy cabupak ca Pumanosum Tenzopom kpusune u Jlarpanzxujan 3a Jlupakoso nosbe. [locjie 3amene
OBU CaOUPITU TOCTA]Y:

Ry = dwe+ (WAW), =dAg +(ANA),, +dEw +(ANK), + (KAA), + KN Kg

= Rup(A) + (VoK) + Ko N Ko, (53)

(&%Lv —Par( (1#% ) — Py (V)" — 1% {o v} Ky
= (@ZJ%(A)LW% —Payt (V Aﬂ/J) ade@DA%%@D Ko . (54)

Kaza ce oBu cabupiu BpaTe HaTpar y cranaapano Ajamraja-KapranoBo aejcTBo, HaKOH cpeljuBama
ce m00uje AejcTBO UCTOT O0JINKA KAo TMOUYETHO €A JTOJATHUM CADUPKOM KOjU TPEICTaB/ha KOHTAKTHY
CIIMH-CIIUH MHTEPAKIN]Y U (PUKCHPAHOM CIIUHCKOM KOHeKcHjoM A,,. OBaj 101aTHu cabupak, u3pa-
YKeH TTPeKOo KOHTOP3uje, je WK“” A %K, na ce kopuiiihemeM pesanuje u3mel)y Terzopa cunna u
KOHTOP3Hje U3 CTaHIAPAHOT AJHHlTaJH—KapTaHOBOF JejcTBa MOYKe eJIMMUHUCATH KOHTOP3Hja:

SEcc[e,gZﬁ,w,Q/_J,Oé] = / 8“deRab/\ec/\ed—Fa/\C'aﬁ *FB - (V¢)AA (*V¢)A

1672
4 a b c T & d, A T dio NA 37Tl12? a
_ggabcde Ne Ner A [(7/} V) Ay P? = Yay (V) } + 4 57N ksq
- A
1 [X (¢A¢A - U2)2 + Yapep P ¢ + W] Eabed € N €” N e Nel.
p

(55)
Ha raj maunn je mobujeno Ajumraju-Kapranoso jaejecrso 3a koutaktay teopujy (ECC), ca unrep-
aKIMjOM 4eTBpTOr cTeneHa u3melhy dpepmuona, cajpzkane y cabupky s A xS,. Jegnaunne Kperamba
OBe TeopHje Cy eKBHBAJIEHTHE jelHaYMHAMA KpeTama crangapane Ajumrajo-Kapranose Teopuje
u 3BF Teopuje ca Besama, ajiu je KOH(UIYPAIMOHH IIPOCTOP JIPYTAdUju U jeJIHAK JTUHAMUIKOM
KOH(UTYPAIIMOHOM HPOCTOPY OBHUX TEOPHja:

ealt ’ gbA ) 77Z)A ) @Z_)A 3 aa“ . (56)

OsuM je 3ak/pyuena ananusa 3BF nejersa ca Besama, crangapane Ajumraju-Kapranose Teopuje
n Ajumraju-KaprarmoBe Teopuje ca KOHTAKTHOM HHTEPAKIIAOM.

2.4 Cuwmerpuje TonoJomnkor 3BF nejcrBa

YKyIIHa I'Dya CUMeTpH]je TonoaomKor 3B fnejersa je npoydena y [11, 52], m mokaszaHo je na
je wen 06K Gapr = (G x (Hy x (N x M))) x HT. CeMUAMPEKTHI I JUPEKTHH TPOU3BOJ, IPYTIA
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G, lfIL, M, N oJiroBapa yobudajeHoj I'paJiujeHTHO] cuMerpuju Jejcrsa, 1ok HT' rpyna ojarosapa
rako3Bano] Euo-Tantentom (HT) cumerpuju, koja je TpuBujasHa Ha jeHaYnHAMA KpeTamba [H2].

N360p 3-rpyne Cranmapanor Mojesia, yBejiene y MpeTXoHUM MOT/IAB/bUMA, HMILIAIUPA CIIEIH-
JAJTHHE]Y CTPYKTYPY Ipylle rpajujeHTHe cuMerpuje G3pr. KOHKpeTHO, y onimreM caydajy, reHepaTo-
pu rpyne Hj MOry HpHpOIHo [a ce mogele Ha H-remeparope u L-reneparope, KOji 3a10B0/bABA]Y
KoMyTarnuone penanuje Jlujese anredpe y obauky

[ﬁvﬁ]'\'f’a [[:[,[A/]NO, [[A’ai‘]wov (57)

r7e Cy CTPYKTYpHE KOHCTAHTe Yy MPBOM KOMYTATOPY HPOIOPIIMOHAIHE KOMIIOHEHTaMa IpeC/JInKa-
Bama [lajdbeposor mogmsama y naroj 3-rpymu [14]. ¥V cayuajy uzbopa rpusujaauor [Tajdbeposor
MoJIN3armha, KOMYTallnoHe peJialnje mocTajy

[H,H|~0, [H,L~0, [LL~0. (58)
To 3naum ga rpyna H L UMa CTPYKTYPY AUPEKTHOT IIPOU3BO/IA
H,=HxL (59)

cBoje nBe AGeoe HopmasHe oarpyne H u L. Honarno, 6ynyhn na cy H- reHepaTopu OJATOBOPHMU 3a
CTPYKTYPY CEMUIUPEKTHOr Ipou3Boa Hy, X (N x M ) yayTap Gspr, ca KOMYTAIMOHAM peJIaliijaMa
y 00JIUKY

[H,N]~M, [H M ~0, [L,M~0, [L,N]~O0, (60)

Moryhe je JMPeKTHO 3aK/byYUTH JIa Y CJIy4ajy cBake 3-rpyle ca TpuBujasaum [lajbepoBum mnomu-
3ameM, oarosapajyha rpymna cuMmerpuje Gzgr uMa O0JIHK:

Gspr = (G x (L x (H x (N x M)))) x HT . (61)

Jakie, (61) npexcraBmpa rpyny rpajaujeaTae cumerpuje 3B F teopuje 3acHoBane Ha 3-rpynu CraH-
napanor Mojgena.

ejeTBO OBe Tpylie Ha mosba mpucyTHa vy 3B nejerBy v caydajy mpoumsBosbHe 3-TpyIie je Ja-
To uHbUHUTEIUMATHUM TpeHchopManujama y [14] u npeacraBbeno kao Bapujanuja dopme, 10K
cy nudunnresnmanne HT rpancopmanuje nedunucane y [52]. V cnenujaanom ciaydajy 3-rpymne
Cranmapanor Monena, obmdHe rpajujeHTHe TpaHchopMalije cy AaTe eKCIUTHIHTHO Kao BapHja-

uja dpopme:

fa* = —Ve*,
5gw[ab] = —Ve, [ab] ’
(5(g]ﬁa = l>aba€gaﬁb — VEha ,
87t = papteyP + Ve, (62)
¥BY = aegﬁB”Y + eq4 N ebb DY — Dy DO‘BAGIB Ven® + By % len®,
5gB[ab] — f[gh][ij] [ab}B[ij]6 [gh] _ vem[ab} +e, A Eh [ab] £+ Bd [>[ab denc — € D[ab] ABDB 7
5e® = —Ve + €% bap "€’
FDA = bapie,2DE .

Tpancdopmanuje cy 3agare momohy met ¢J1000THAX TapaMeTapa KOjH O/roBapajy cBojuM JlujeBum
airebpama. [Tapamerpu €, u €,* cy nyna-opme, €,° u €,* cy jesan-dopme, u e cy Tpu-dopume.
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Nudunuresumasnne rpancdopmanuje HT cumerpuje je najiaaxkiie uspasuru y nparehoj ma-
TpudHoj hopmu [52]:

5(1)[[TBQMV Gaﬁuua)\ 6abp,l/a' 6(XB/J,V Eaﬂ,u,ua eabuua)\ EaBuuU)\§ %6-36[;90)\
56{Tca# Maﬁ;w/\ Eubug G(LBM EGﬂMU EQbHU,\ GLLBHU/\E %
50HTDA /-‘LABO')\ /J/Abg 6AB GAﬁo_ €Abo_)\ €ABU)\£ 56DSB

= 63
55”0‘0# /‘a’gwk /‘abxw UQBM 6(15”0 eabwk eaBzwké 5275(, o
5(1;1'1“5(1#” /‘aﬁ;wa)\ ,U’ab;wa ,uaBuV Maﬁuua fab;wa)\ EaB;wa)\f %5361:9;>\
56{T7A#VP ,uAﬁ/wprr)\ ,LLAb;wpa /LAB;M//) MAﬁquo ,UfAb/wprTA €AB/wprr)\.§ % (57513?)\5

Jla 6u ce ocurypaja aHTHCHMETPHYHOCT IapaMeTapa MaTpHIle, MOpajy Ja OyIy 3aI0BOJ/bEHHU CJe-
nehy umeHTHTETH:

Mbaolw = _eab;wau ,uBa,u,V = _EaB;wa M/Bacf/u/ = _Eaﬁuya y
/Jlbag)\w, — _eabw/a}\ 7 /LBaU)\aW — _EaBuzza/\g )
:uBau = _GaBpa Mﬁaay = _Eaﬂuav (64)
,ubaU)\u = _Eabuo)\ ) I'I'Baa)\gu = _EULB,uUXEa
UPA, — _eAB_ pbA L — b PPA e = —eMB e |
MbacT)\M — _Gab,ucr)\u /’LBQUAgﬂ — _EaBqu§7 ,uBao)\{,uz/ — —EaB“yg)\g )

3a Buie jeraba o ocobunama u 3uadajy HT Tpancdopmanuja noraenaru [52].

2.5 Tomoaomka naBapujanTa 3a KBaHTHY 3BF Teopmujy

Y mporiecy KOHCTPYKIIHje TOMOJOIIKe KBaHTHe TeopHje MoJba 3acHOBaHe Ha 3BE 1nejcTBy, mo-
TpebHo je mAeduHHCATH CYMY IO CTAILHMA:

Z = /D&DﬁDvDBDCDD exp (z/ (BANF)g+(CNANG)y+ (DA 7-[>[) : (65)
My

WNuaterpamnujom o nosbuma B, C'u D ce nobuja cTpyKTypa CyMe IO CTambuMa y OOJTUKY WHTerpaJa
0 KOHEeKCHjaMma:

Z =N / DaDFDYS (F)5(G) 5 (H) . (66)

NzpadynaBame BpeTHOCTH OBe CyMe IO cTamHUMa je Moryhe Tek HakoH hopMasHOT nedWHUCAHA
Mepe Y HHTerpaty u JoMena maTerpanuje. OBa Mepa ce JedUuHHIIE TAKO MTO e MHOTOCTPYKOCT U3~
Jiesiv Ha hejimje u moToM CBaKoj hesimju j10/1e/1m BpeTHOCT 110/ba KOje Ha 10j KUBH, Tako ja 0-popme
JKUBe y BepTekcuMma, 1-popme Ha uBuiaMa, 2-dopme Ha NoBpInHamMa, 3-hopMe Ha TPO3alpeMu-
HaMma U 4-popme Ha deTBOpo3anmpemMuHaMa. OcoOMHE TOIOJIOMKUX TEOPHja Cy TaKBe /1a BPETHOCT
cyMe II0 CTarbuMa, He 3aBHCH OJI HAUMHA Ha KOjU je MHOI'OCTPYKOCT H3je/beHa Ha hesuje, 0JHOCHO,
cyMa 10 CTambuMa je MHBapHjaHTHa Ha [laxHepose morese (j0JaBambe HOBUX ejieMeHaTa u hesnja).
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Hajenemenrapuuja nojesa Ha hejuje je jgara TpUAHIYJIAIM]OM, OJJHOCHO Y 4€TBOPOJIMMEH3UOHAJI-

HOM CJlyuajy JesberbeM Ha 4-cuMmiuiekce. nBapujanTna cyMa IO CTambUMa HA MHOTOCTPYKOCTH
n3/1eJheH0j Ha 4-CUMILIeKce je:

7 = |G‘*\v|+|l|*|A||H‘|v|*\l|+\A\f|r||L|f\v\+|l\f|A|+|T‘,|g|

X H / dgjx / dh H / dljkim
(jk)ee (ke H (jklm)er ” L
X H 5@ jkl gklgjkg]l ) H 5H Jklm hjlm(glm Dhjkl)hklmh]k:m)
(jkl)eA (jklm)er
X H 5L (lj_lmnhjln [>/ {hlmna (gmngl'rrL) > hjkl}pflj_klln(hjkn [>, lklm7L>ljkmnhjmn [>/ (gmn > ljklm)) )
(jklmn)€o

(67)

rae ¢y |G, |H| u |L| 6poj enemenara rpyna G, H u L, pegom, |v], |I|, |Al, |7| u |o| 6poj Beprekca,
UBHUIA, TPOYIJIOBA, TeTpaeJapa U 4-CUMILIEKCa PEeIoM, U 1ejcTBO I je JepHHUCAHO Kao:

ho'l={h,ol}y, heH, lelL. (68)

[IpecaukaBama Og, 0y u 0, cy genare na rpynama G, H u L [26].
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3 Mexaau3mu Hapymiema cumerpuje 3BF nejcTBa ca Besama

Y HapeaHuM mnorjiaB/buMa he OUTU M3JI0KEH IMper/ie/l MeXaHu3aMa Hapylllemha CAMEeTPHUje TOIO-
Jomikor 3BF nejeTBa, MpBO €KCILIUIUTHO, J0/IaBalbeM Be3a, a moToM he OUTH clpoBe/ieH TOCTYIAK
CIIOHTAHOT HApYIIeha CHMETPHje eJeKTpocaabe HHTepaKinuje H XUICOB MeXaHI3aM.

Ha oBoMm mecTy, 1ipe moderka JUCKyCHje O Hapyllewmy CUMeTpHje, je BaxKHO uctahu jejgHy Besy
u3mebhy 3-rpyne u Tpu Ounmneapue ¢popme, jep he oBa Be3a mMaTH 3HAYAJHY YJIOTY Y MEXaHU3ZMY
HApPYIITemha CUMeTprje 1 XUrcopoMm Mexann3my. Crenpjansan yeaoB Koju onanaeaprae popMe Mopajy
J1a 3a710BoJbe jecTe na O6yny G-uaBapujanTHe. OBo Hamehe HeTpuBHjaHEe ycIoBe Ha W300p JejcTBa
>. OBH ycJI0BHU Cy ojapeheHn TeopeMoM.

Teopema 1. 3a dam 2-yxpwmenu modys (L LN SN G, >, {_,_}pt) u cumempuune, nede-
eenepucane ouauneaphe gopme (_, g, (_,_ )y u (_,_ )i, 6ascu da axo cy busuneapre dopme
G-unsapujarmue, 0H0a KOMNOHEHME 0EJCEA >agy; Pagh U PaaB MOPajy da 6Ydy arnmucumempune
Ha 3ameny opyzoe u mpehee undexca. Jlodammo, nocmoje usbopu basuca y Jlujesum aneebpama g,
bh u l maxeu 0a Bop”, Baa’ U Baa® umajy nyasme eaemenme na dujazonasu y odnocy na dpyeu u
mpehu undekc, a buasuneapre Gopme cy y 0680m 6a3ucy Juja2oHaNHE.

Ba nmokas teopeme mornematu domarak A.l. I[ToTpebHO je HarIacuTH Ja Cy OBe PECTPHUKIIH]je
HA JIEjCTBO > MOC/JIEIUNA UCK/bYyInBO (G-MHBAPUjaHTHOCTH OmanHeapHuX (opMu W /12 HE BaxKe y
OTITIITEM CJIyHUajy.

3.1 ExkcnimmnuTHO HapyIllehe CUMeTpHje

Tpauchopmanuje 3agare jegaadnnama (62) u (63) uysajy obsmk Tonosomkor 3BF aejersa.
Mebyrum, y cryaajy 3BF nejersa ca Besama (22), 0BO BHIIe HUje HCIIYEEHO, jep CBAKA O TOJATHX
Be3a MOZKe EKCILUIUIUTHO Jia HAPYIIW jeHY WJIW BHUINE CHMETPHja TOMOJOINIKOT jejcTBa. Y IHJbY
ojnpehuBama Koja cuMerpuja je odyBaHa, a Koja HapylleHa J0JaBaibeM Koje Be3e, IMoTpebHo je
JgedunucaT moMohiHa JiejcTBa 3a CBaKy Be3y MOCeOHO V OOJIHKY

S = SBBF + Sconstraint ) (69)

W BapUpaTH OBO JEjCTBO mpeMa jennaunnama (62). Tonosomku jgeo S3pr he cBakako ocratu He-
HPOMEIbEH 1IPU OBUM TpaHcopMalijama, mTo UMILIUIKAPA /I je YCJIOB O4yBAHOCTHU 11eJI0T JIejCTBa
JIaT 3aXTEBOM JIa je W Be3a OYyBaHa

5(g)Sconstraint =0. (70)

OBaj 3axTeB He MOpa Ja OyJie ayTOMaTCKH 330BOJbeH, Beh MoxKe J1a ce jiecH Jia je HOTpeOHO HeKe O]
napamMeTapa TpaHcdopMalija €,%, €y, e, en® U €,% dbukcuparu Ha HyTy. CBaKH mapaMeTap Koju
je norpedbHO bukcuparTu yKasyje ja je ojrosapajyha nojgrpyiia cuMerpuje HapylieHa 110CMaTPaHOM
Be30M. Y HapeJHUM ofe/blinMa e 6urTu uenuraHo Koja Besa (24)-(31) mapyraba KOjy MOArpyiry
cumeTprje, Ha OCHOBY ycsoBa (70).

Tpeba ucrahu ja je nperxonnu MeTos 3acHOBaH Ha yCaoBy (70) yonoTpeb/huB caMo 3a UCIUTH-
Bambe CTaHJAPIHAX I'PA/IMjeHTHAX cUMeTpuja, MoK ce H'T cuMeTpuja He MoXKe MPOBEPUTH HA OBaKaB
naunn. Konkperno, nomro aedununuja HT cumerpuje (63) eKCILIUIUTHO 3aBUCH 01 0OIUKA J1e]-
CTBa, Jl0JaBambe Be3a y jejcTBo mema H'T rpymny cumerpuje Ha HeTpuBHjajiaH HaduH, Hajdenihe
TaKo 1ITO nosehasa 6PoOj WHeHUX reHepaTopa u napamerapa. 1o 3uaun ja je nosa HT rpyma eeha o
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HT rpyue ronosomikor gejersa [52|. [omro je oBaksa npomena HT rpyne y normnynoj cynporso-
CTH y OJTHOCY HA TPOMEHY I'pyle I'PaJIijeHTHe CUMEeTpPHje, Koja ce HapyliaBa JI0JaBambeM Be3a, M0/1
HAPYIIEHEM CHUMETPHje J0/[aBalbeM Be3a Ce MOYKe CMATpPaTH CaMO Hapyliermhe rpajujeHTHe rpyre
cUMeTpuje.

3.1.1 Be3sa 3a rpaBuTanmoHO MOJbE

Kao mro je mperxojiHo objallmbeHo, Ipoleaypa 3a aHaJIu3y Hapyllelha CUMeTpHje Y Caydajy
BE3e 3a IPABUTAIMOHO MOJbe Ce CBOJM Ha ofpeljuBame Bapujanuje dopme jeanadnne (24) 3agaTum
a (62) u morom ncnuruBambe ucuymenocru 3axresa (70). Konkperno, nobuja ce:

1 1
_ ab abled [ab abled
0% Sgra = —/ <53>\[ab] A <B[ I - —167%275[ e, A 6d> + Afat) A <5gB I+ — S glatledgge, A ed>> .
(71)

Bapujanuja JlarpanzkeBor MHOXKHATebA A[qp HUje y cTapTy JedUHHCaHA, 114 Ce IHheroBa Bapyjally)ja
MOZKe m3abpary Tako ja cumerpuja Oyje odyBana mro je puie moryhe. 3amenom (62) y (71), ce
j00uja Ja Bapujaluja Be3e 3a rpaBUTaIjy OCTaje:

k% 1 ijlnm
0 Sgravw = / (58)‘[m‘] - /\[z‘lhﬁgmh) A (B[J] - Wﬁm €n N €m>
a 1 ao|cC
+ )\[ab] N €d A\ <€b[ ‘n‘b]d - W&‘[ ) dT]fCVan)
p
+ >\ [ab] N ( Mﬁ'b] Vem[ab] — G[A D[ab} ABDB) y (72)

OJIaKJIe Cce MOKe u3abpaTu BapHjalyja MHOKHTEbA A[qp Y O0IHUKY:

G Nis) = —Aat) Fianig) g™ = Nipneqi" - (73)

Osaj u360p ykjIama 1eo npsu pen y jennadnuu (72). MehyTum, mpeoctana asa pejia yKasyjy aa
ce 3axTeB (70) MOXKe HCIYHHTH caMO (DUKCHPAIbEM BPEIHOCTH Tapamerapa €,%, €%, €z* u e
Jequnn mapamerap Koju octaje caobogan je €,%. OBo IMILIAIMPA Ja Be3a HapyllaBa cBe HOArpyme
cuMeTpHuje M, ]\7, Z~L, u ﬁ, OCUM é, KOja je y MOTIyHOCTH OYyBaHa.

3.1.2 Be3za 3a ckajapua moJba

Kopunthemewm niperxosme mporeaype ce MOr'y UCIUTATH U CBE OCTaJje Be3e. Y CJydajy Bese 3a
cKaJlapHa IoJba ce Jobuja:

08 Sscal = / [585% A (&A — Hy e Aeb A ec)
+ A A (58&’4 — 58HabcAe“ Ael Aet — 3HabcA5(g)ea Ae’ A ec)
+ SN A (HabcA “defo A eg N ef — Vol Aeg A eb) (74)
+ A4 A (53HabcAngef ea Ao Aep+ 3Hup e %eq N e Neg
— V58¢A Aeg N ey — 56’04[’“” D[k B A6B Neg N ey — 2V A deq A ebﬂ )
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Bamena (62) y (74) naje:
08 Sscal = / [(585\,4 + S\Beg[m Dlij]A By A (7’4 — Hy e Aeb A ec)
— (8 Hape — g H P iim ) annon™ — A 4eY A eg Aeg A ey
+ (A4 + A e Dpga B) A (Hape e ea Nee Nep — Vot Aea Aey)  (T5)
+ (/\ nntent — A% ey A 3H b (Vewa) A ee A ey

F2A% 4 AV A Vena A g+ Aa A ver‘] .

OuurseHO je Ja W3 4eTBPTOr M HETOr PeJa CJeu Jia OBa Be3a HapyliaBa camo mnoarpyue N u
L, nox H w M cumerpuje ocrajy ouyBaHe jep Ce HUXOBU NapaMeTph €," M €n™ W He TOojaBJbyjy

y jennaunmuu 3a Bapujanujy (75). Komauno, y mumy ouysawa (G cumerpmje, MOry ce m3abparu
JeduHuIgje Bapujalija HOBUX MHOKHTE bA:
(S(Q)S\A = GQ[U];\B D[ij}B A y 5(g)HabcA = HachGQ[iﬂ D[ij]B A y (58AabA = Eg[Cd]AabB D[cd]B A . (76)

3.1.3 Be3za 3a /IlupakoBa mosba

Ha wcru nauwn, Bapujanuja Bese 3a upakoBa nosba jaje:
- ) a . A
5gSDirac = /(58)\,4) AN (’)/A + affabcde N eb Ne <7d¢) )

7 _
- (58)\A) A (714 - égabcdea A eb A e° (%Z)Vd)A)

2

— MA

+ A (((587‘4) + éeabcde“ Ael A e (’yd(égw))A + 3esabcd((i")]ea) Ael A e (fydw)A
(98720 -

. )
U nea(Ge%) A€ A e (fydlﬁ)A) ()

3.eeabcde“ Aeb A et ( (5gw)) 5

6
Bamenom (62) y (77) ce mobuja:

00 Sbirac = /(58)\A + 65" Baa PAp) A (7A + éﬁabcdea A€’ A e (Wd?/))A)
— (I + €% Da AAB) A ('yA — %5abcdea Aeb A e’ (1/J'yd)A)
+ MA <V6[A + %5abcd(Ven“) Aeb A e (”ydw)A)
— MA (VE[A — %5abcd(Ven“) Aeb A et (zﬁfyd)A) . (78)

Osa Be3a Takobhe nHapymasa camo N u L cuMeTpHje, CIAIHO Kao U Be3a 3a CKaJapHa moJsba. Bapu-
jaluja HOBUX MHOXKHTE/ba ce MOxKe m3abparu Jjia Oy/e:

0ha =€ ba Padp, N =", AP (79)
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3.1.4 Be3a 3a Jaur-MmnuJicoBa moJspa

Beza 3a Jaur-Mwujcosa nosba je comdHa Be3W 3a IpaBUTAIMOHO 1T0Jbe, ajau cajapzKu purie Jla-
I'paHKeBHX MHOKHUTe/ha. [IpuMeHoM ucre mpomeaype ce moduja:

58 Syangntits = / SINT A (Ba — 120 Moe® A )
+ AYA (583(1 - 120‘1558M5abe“ Ael — 24CaﬁM5abégea A eb)
4+ og¢eet (Maabecdefec ANed Nef Nef — F, Ne, A eb) (80)
+ (oab ((58Maab) EcdefES N e Nef Nef + AM papEedef (65€°) N e Nef Aef
— (05FL) Neg ANey —2F, A (08eq) N ey)

re je
S F, = 6" F' gy - (81)

Bapujanuja jaunne nospa (81) je mobujena no medununuju (7) kopunihemem (62). KomGuuanuja
jemnaauna (62), (80) u (81) maje:

03 SYang-ills = / (S5A" + NTeg” Bys @) A (Ba — 12C* Mpape A €°)
+ (58Mocab - EQBM’yabDaﬁv) (Caabgcdefec N ed ANAAY €f - 120(15)\5 Aet A Gb)

+ ((58(““” + Dmgacwbegﬁ) (Maabecdefec ANed Nef Nel — Fy Aeg A eb) (82)
)\a A\ (—VGma — E[A >aA BDB + Ena D>aa bﬁb

— Gha N epDaa b -+ 24Ca’BMgab (Vﬁna) A €b)

4+ (oab <—4Maab€cdef (Ver) Ae? Aef A el +2F, A (Vena) A eb) .
CJIMYHO Kao U y CIydajy Bese 3a PaBHTAIMOHO moJbe, cse cuMerpuje H, L, N u M, ocum G, cy
Hapyiiene. Bapujanuja HOBUX MHOXKHUTE/bA ce MOKe nzabparu Ja Oy/e:
SINY = €" N bg, @, S Maay = 6" M pPapy,  65C = €7 g, . (83)

3.1.5 Be3se 3a XurcoB 1 JykaBuH IIOTEHINjaJI, CIHHCKA 1 Be3a Ca KOCMOJIOIITKOM KOH-
CTaHTOM

Bapujanmja Be3e 3a XUrcoB MOTEHITH]AT /1aje

1
03 Stiges = —3X / 2(pad” — v*)pa(50M)e™ s New Nec Neg
+ (g™ — v*) % (5e,) Ney Nee Neg. (84)
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Onarie caean
1
34 Siiges = X / (bad™ — 02?4 (Ter) Ay A eo A e (85)

HakoH Kopuithema HICHTHTeTa boap = —bapa 13 Teopeme 1. OBa Besa He Hapyiasa G CHMETDPH]Y
jep meH mapamerap Hectaje u3 jenHaunne (85), HAKO je MHUNHUATHO GUO TpUCYTaH y JAehUHAIUT
Bapujanuja ¢ u e,, 1a je HApyILIeHa caMo N CUMETPH]a.

Bapujanuja Bese 3a JykaBun norennujan je:

2

—E YAgc(S(g] (QZAQﬂB)QﬁCéabcdea A €b Ae’ A Gd

g
50 SYukawa

+ YABCJJAwBégQSCsadee“ Ael AefAe + 4YABC7$A@DB¢C€GM536“ Ael Aef Ael.

(86)
ITonoso, 3amenom Bapujanuje mosba (62) y (86) ce mobuja:
1 _
5gSYukawa = g / YABC¢A¢B¢CEabcd(vena) A eb A ed . (87)

Kao n y mpeTxomHoM cirydajy, caMmo je N cUMeTpHja HapylleHa, 3aTo MTo je Y po MaTpuna aedu-
HHCAHA HA TAKAB HAMHH Ja 4yBa G CHMETpH]Y.

Cumncka Besa ne napymasa G CHMETPHjy W3 MCTHX PA3JIOra Kao M LPETXOAHE [Be Be3e, ajli
HapylIaBa NuH cuMeTpuje:

6gSspin - 27Til§5abcd/ (5(5]’ (&75’7(1770)617 A=A Bd + 1/_},)/5,)/&,(#53(&7 A el A Bd)) )
= —27il’¢ abea / V7Y (2(Ve) A e A BT+ e” Ne® A (Ve?)) (88)

Konawyno, Be3a 3a KOCMOJIONTKY KOHCTAHTY Hapymrasa camo N cuMeTpHjy:

1 1
3 Scc = — / m/\%bcd(;g@a Ae® Nef Ae = — / mAeabche‘n“ Ael Aef Ael. (89)
p p

3.1.6 IlIperaen mapyiiema cUMETpHje

Y nmmiby cymMumpama pe3yiaTaTa y OBOM OJIe/bKY, MOYKe ce KOHCTPYUCATH Tabesa CHMeTpHuja |
Be3a. CBaKo mosbe y Tabesin 03HAYEHO ca X OJIT0Bapa MOCTOjamby HApYIIewha JaTe CUMeTpHje JaToOM
BE30M:

’ H Sgrav ‘ Sscal ‘ SDirac ‘ SYang—Mills ‘ SHiggs ‘ SYukawa ‘ Sspin ‘ SCC ‘

RS IStiss o)
X[ X | X |X
X [ X | X [X
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13 oBe tabese je moryhie 3ak/byunru Hekoanko ocobuna. [psa, G cumerpuja je ouyBana y ¢BAM
Besama, 10K je N cuMerpuja HapylieHa cBuM Besama. JIpyra, rpasuranuona u Janr-Mucosa Besa
HapyIIaBajy CcBe CUMETpPHje OCHUM é, M OBe Be3e cy jeamne Takpe. KonauHo, Be3e 3a XUICOB U
JYKaBUH MOTEHIINjaJI, KA0 U Be3a 33 KOCMOJIOMIKY KOHCTAHTY HapYIIaBajy CaMmo N CUMETPH]y.

HonaTHo ce, ope/1 OBUX Be3a, MOTY MCIHTATH U Be3e Koje ce He MOjaBbyjy v JejcTBy (22) aim
he ce mojaBuTH; y ciaegeheM moriaBby O CHOHTAHOM Hapylemy cuMmerpuje. [IpBa oa oBuX Besa je
Be3a 32 Macy CKaJapHUX MOJba:

m2
Sscalar mass — _?gabcd / ¢A¢A€a N eb A e A ed . (90)
Bapujamnuja ose Bese je
m2
6gSscalar mass _zgabcd/ (2<58¢A>¢Aea A eb A ec A ed + 4¢A¢A(5g@a) A eb A ec A ed) ) (91)
OJIHOCHO:
m’ A b d
5gSscalar mass —— ygabcd / ¢A¢ (vena) ANCANAN ec Ne. (92)

Opnarie ce Moze 3ak/byuntn aa Besa (90) mapymasa camo N cumerpujy.
Jlpyra HOBa Be3a je Be3a 3a Macy JIwpakoBux moJsba:

SDirac mass = _%5abcd / baplet NeP Nef net (93)
Hena Bapujamuja je
09 SDirac mass = —%5abcd/ ((53&,4)1&‘46“ AeP Aef Ae 4 hu(831™)e Aeb Aef A el
+ AP (%) Neb A et A ed) , (94)
IITO je jeTHAKO:
08 Shirac mass = %5abcd / Y (Ve,") Neb Aef A el (95)

CamdHO Kao y caydajy Mace CKaJIapHUX MOJba, U OBa Be3a HapylraBa camo N CHUMeTpHjy.
Tpeha nosa Be3a je [Ipokuna Be3a. OBa Be3a ce eKCILIMIATHO I0jaB/byje y ciaenehem mormasiby
y jemmaannn (103), kao geo muckycuje aejecrsa 3a [Ipokuno mosbe. O6MUK oBe Bese je:

M M
Sbroca = /@a“b A (Eaabcacdefed NecNep+ —ag Aeg A eb) + —a® A Zqapee” NP At (96)
g g

Bapujanmja Beze maje:

58 SProca = /

M
+ 070 A (Eaabcscdefed NecNep+ —ag Aeg A eb)
g

M
_ — - b
— (05 A Zqapee” + a® A 0§ Zaabce” + 3% A Zqancdge®) A e’ A e

+ O« A (5gEaabcstefed NegNeeNep+ SEaabcecdeféged A ee N\ ef)

M
+ — O A (§a Aeg A ey + 204 A Seq A eb)] : (97)
g
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BaMeHoOM Bapujalje KOHEKCHje (v M HO/ba TeTPada, K0 U KOPUITNemeM YMILeHUIE A je Do’ = 0,
jo0buja ce:

M
5gSPr0ca — / 5(5)]@04(11) A (Eaabc€Cd8f€d N eg N\ er + ?Oéoé N eg N\ eb)

9= M a a b c aab cdef

+ 05 Eaabe ?a Ne* Ne’ Nef + O Ne““eg Ne. Nes
M a aab = a b c

+ —Vg /\(@ Aeg N ey — Zqapnce” Ne /\e)
g
o M « a b c aab _cdef

— 3Zaabe | —a AV Ne” ANe +O0%e“ NVeng Nee N ey

g

M
— 2—0O"P Ay AVew Aey| . (98)
g

Caza je moryhe ejluMuHECATH TIPBA JIBA Peja U3 jeHadnHe n300POM BapHUjalllje MHOKHUTEhA:
§30°" =0, 6 Zaae=0. (99)

Mebyum, nopes napyutema N cumerpuje, [Ipokuna Be3a je jeauna Koja Hapyliasa i G CUMETPH]Y,
jep ce meH mapaMerap eKCILIHIUTHO TojaB/byje y Tpehem pey.
Konauno, moryhe je KkoHCTpyHCaTn CIMYHY TabeTy W 3a OBe TPH Be3e:

’ H Sscalar mass ‘ SDirac mass ‘ SProca ‘
X

2T QR

X X X

OBuMe je 3aBpIlleHa aHAIN3a eKCILIUIIUTHOT Hapyliewma cuMmeTpuje 3BF nejecrBa ca Besama.

3.2 CnoHTaHO HapyIielkhe CUMETPHje 1 XUTCOB MeXaHW3aM

Yoouuajere dbopmyamnuje aejersa 3a Crangapaan Momgesr eleMeHTapHHX Y9eCTUIA He YKIbY Iy-
jy 3BF nejctBo ca Besama, Beh cy najuernthe u3parkene nomohy .Jlarpan:kujana cactaB/beHUX O/I
obmaHux Tersopa. [loTom ce cipoBohemeM HI3a KOpaka Mo yrieay Ha XUTrcoB MeXaHu3aM, Jlarpan-
JKHjaH IIpenucyje y o0JuK y KOM I'paJiijeHTHa CAMeTpPHUja HUje eKCIIMIUTHO u3pazkeHa. lomarna
HPETTIOCTaBKA je Jla BAKYYMCKO CTabe JeJMMUYHO HAPYIIaBa OBY I'DAJIMjEeHTHY CUMETPU]Y HA Hhe-
HY TOJTPYIY M OJAroBapa JeJUMUYHOM (buKcupamy Kajaubpanuje Jlarpankujana, 1mro J0BOIH 10
CTIOHTAHOT HAPYTIeHha HeroBe CUMeTpuje.

Cana je y xkonTekcty 3BF Teopuje ca Bezama MpHUpPOJHO MOCTABHTHU MUTAE Ja JII ce XUTCOB
MeXaHH3aM MOKe CIPOBeCTH HaJ JejcTBoM (22), Koje mpecraBiba Cranmapauau Moesn n3paxes y
JPYroM OOJIUKY, U PEIPOYKOBATH UCTU PE3YJITATH KA0 Y CAYYA]y CTaHAapaHe TepuHUIINje Teopuje.
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3.2.1 3BF aejcTBOo ca Be3zama 3a IIpokuno mospe

Y 1musby mpoydaBambha Teopuje eJIeKTPOCIaduX HHTEPAKIIHja, CIOHTAHOT HAPYIIEHa CUMETPHje |
XHUTCOBOT MeXaHW3Ma Y KOHTEKCTY BHUIINAX I'PAJINjeHTHUX TEOPHU]a je BaXKHO KOHCTPYHUCATH JI€jCTBO
3a [Ipokuno nmome Kao 3BF nejerBo ca Besama, jep he Xurcop MexaHm3aM Jla FeHEpHINE MaceHe
YJIaHOBE Y JIejCTBY 3a rpajujerTHa mosba. Popmynanuja 3BE nejecTBa ca Besama 3a [Ipokuno nospe
M IeIr0BO IIpOyYaBambhe he KacHHje OJIakIaTi aHaJ n3y XHUICOBOI MeXaHU3Ma.

Y uponecy nedunucama 3BF nejcrra ca Bezama 3a [IpoknHo 110/be, TPBO je MoTpedHO n3adpaTn
KOHKDeTHY 3-Tpyiy. YoOmdajen uzbop 3a tpu JlujeBe rpyme Koje 4mHe CTPYKTYpY 3-Tpyle je:

G =S0(3,1) x SU(N), H=R*, L={1.}. (100)

Osaj u36op oxrosapa SU(N) Jaur-MusicoBom mosby cuperunyTuM ca Ajrimraju-KapraHoBom rpabu-
ranujoM 6e3 cKaJapHuX mosba u depMuoHa (nomTo je L rpyna Tpusujaitna). I360p TpusujaiHe L
rpyIe moBaadn 3a coboM ycIoB na cy u Ilajdbeposo noaunzame n xoMoMopdu3aM 0 TPUBUjATHA, KAO
u jejerso > rpyue G ua rpyny L. [Ipeocraje ma ce pedpunume xomomopdusam 0 U J€jCTBO > Ipyle
(G ma camy cebe u Ha rpyny H. Kao n y cayuajy 3-rpyme 3a Crangapaaun Moges, xomomopdusam
0 ce bupa ma Oylae TpWBHjaJaH, a AejcTBO > je neduHncano Ha ciaexehn wauun. Jlejerso rpyme G
Ha camy cebe je paro jemnaunuava (13) u (14), coiuano kao y cayuajy Crammapaaor Mogena, 10K
je nejerBo rpyne G ua rpyny H takobhe maro jennadunama (15).

Takobe, ja Ou jejcrBo 6u0 JeduHUCAHO, ITOTPEOHO je n3adpaTu KOHKPETHEe CUMeTpUYHe, He-
JereHepucane, HHBapujanTHe, Owinneapue gopme (_, )y u (_, ). Ibuxos u3bop je ompehen
jemmagunama (17) u (18), pemom, g0k je (, ) rpuujaana. Osu n3bopu nojenHocrasibyjy 3BF
JIejCTBO Tako Ja oHo noctaje 2BF nejerso, cnennjanan cayuaj (23), mato ca:

Sopr = /Ba A F® 4+ B A Riyy 4+ ea AVB”. (101)

Osze je upsu uian BF sejecrso 3a SU(N) Jaur-MujicoBo 1nosbe, JOK Ipeocrajia jBa cabupka
0/IrOBapajy rpaBUTAIMOHOM TOJbY.

Haxkon medurucama TOMOJIONIKOT JA€jcTBa Teopuje, TOTPEOHO je OJpeJIuTH Be3e KOjuMa ce OHO
JecdopMulie TakKo Jia jaje jjoope jeaHadnHe Kperaiba 3a [IpoknHo u rpaBuTamuono noJbe. Beza 3a
IPABUTAIMOHO OJbe je TIOHOBO Jata jeaHadnHoM (24), mok ce 3a [IpOKHHO MoJbe MOPajy J0JATH
Bese 3a Jaur-MuiicoBo nosbe (27), Kao u jojaTHa Be3a, 3Bana [Ipokuna Besa:

S = Sopr + Sgrav + Syang-Mills + SProca - (102)

[Tpokuna Be3a uma cJjejehun obnk:

M M
Sbroca = /@aab A <Eaab086defed NecNep+ —ag Aeg A eb) + 0% A Zgapee® A Ae®, (103)
g g

e cy 1-popma ©%% 1 0-bopMa Eqqpe HOBE Jlarpamzkesn MHOKATeBH, M je HOBH TapaMeTap, 0K
je g KOHCTaHTa uHTepakiuje Janr-MuiacoBor moJsba, Koja o/iroBapa KOHKpeTHOM u300py OuinHeapHe
dbopmMe HHTepaKIMOHUX KOHCTAHTH Y (27) Kao:

1

Cag = 9_29045- (104)
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Y nusby mposepe Ja jgejerso (102) saumcra oxrosapa [IpokuHoMm mosby, morpebHO je oxpeuru
jennaunHe Kperama. CamdHo Kao y caydajy aejcra 3a Ctanmapanu Mogen, Bapujamnuja aejcrsa mo
JlarpankeBUM MHOXKHTE/bUMA Jlaje ajaredapcke jeJHauYNHEe KOje ce MOT'Y PEIUTH 110 MHOXKUTE/bIUMA,

1 1
Maab = _Egabcdec,ueduFalw y /\a;w - _Fa;w ’ Caab = 4_925(11)6(160#6(11’}7@”” )
M _ M
@aab'u = @5ab0daazxecyedu ) )\[ab];w = R[ab]uu ) Zaabe = @Ejabcclaozued'u )
€ po a 1 c ,d
Ba;w _2_.926/1,11,00'FO¢ ) 5 wo = Oa B[ab];w = W‘gabcde w€ v,
p
(105)
noroM, AjHINTajHOBY jenHaunny (41) 3a TEH30p eHepruje-uMIyJIca KOju je jeTHaK:
1 o 1 a o M? o 1 o
T,LLV = E (F “pFan - z_LgWF pUFap ) + ? (ozauoz v §gl“,04ap06 p) s (106)

Ka0 U jeJIHAYMHY 3a CHUHCKY KOHeKcHjy (33) u jennaumny 3a top3ujy 1 = Ve® = 0, u KOHA4HO,
jeHAUNHY KpeTama 3a M0Jbe BeKTOPCKNX 0030HA

V. F", — M?a®, =0, (107)

rae je F'*,, crammapanu tensop jadune Janr-Muacosor moma 3a SU(N) konekcmjy a®,. Oso je
yIIpaBoO jeJHadYnHa Kperama 3a [Ipokuno mome mace M.

JlofaTHO ce OcuM pelllaBambeM jeIHAYNHA KPeTaba MOXKe JIeMOHCTpuparu 1a aejctso (102) on-
ropapa jiejcTBy 3a [I[poKuHO 1mo/be e TUMHUHAIIA]OM CBUX IMOMONHUX nosba. [lomrro cy momohHa mosmba
HA jeJlHaYMHaMa KpeTabha 33/a1a ajaredbapckuM jeHaunHaMa, JUHAMUYKUX 110/ba, ThbUXOBE jeIHaYK-
He KpeTarma ce MOI'y 3aMEeHHTH HaTpar y JejCTBO YuMe ce 100uja Teopuja APyror pega. KoOHKPeTHO,
3aMEHOM CBHUX jeqHaqwnHa 3a momohina mosba (105) y (102), ce mobuja ynpaso cTaHIapIHO JIejCTBO
3a [IpokuHO mosbe cuperayrTo ca AjHinTajH-KapraHoBOM I'paBHTAIUjOM:

1 1 1 M?
S = / W&?“b“l Ry NecNeq— —Fo N *F* — Z—zaa#aa” g®ede NepAeoNeg. (108)
™ P g * g

OBIE je A" = aau g™ 1 g = n®e,te”. Takobhe, xF o3magasa Xonos ayaa 2-gopme F:

1
*xF* = ZFO‘Cdeadeea Aep. (109)
Enexrpocnabe narepaknuje y Crangapaaom Mogery cagapzke putie [IpokuHux mospa ca pasiu-
gyutuM Macama M. Jla 6u oBakaB ciydaj 6uo obyxBahen y Teopuju, HOoTpeOHO je YOUIITHTH JIejCTBO
(102) Tako na caapku Buiie IIpokuaux mosba. OBO yOIIITERmE e MOYKe U3BPIIUTH H360POM 3-rpyIie
ca MoauduKoBaHOM TpynoM Gy 00JIuKY:

G=35031)x [Ju) x [[sU;). (110)

Y ogrocy Ha nperxoanu n36op Tpu rpyme (100), moxe ce yountu 1a je noarpyna SU(N) y G 3ame-
mena sumrecTpykuM konujama U(1) u SU(N;) rpyme, y 3aBHCHOCTH O] TOra KOJHKO je IIpoxmmux
noJba cajIp:KkaHo y teopuju. CTpyKTypa 3-Tpyle ocTaje HEIPOMEHmeHa, Y CMUCIY JIa je JejCcTBO b
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camo yormrreno ca SU(N) ciydaja Ha cranjapiad HaduH, Tako Ja jenanaduse (13), (14) u (15)
ocrajy 3am0Bosbeme 3a ommrra u36op (110).

Yax u y cayuajy oBor omimmrujer u3bopa 3-rpyrie, A€jCTBO TeopHje W Jajbe WMa WCTH OOJIUK
Kao y jennaunuu (102), aqu caja wiaHoBU Sapp U Syang-Mills 0IFOBapajy HoBou3abpaHUM IpyHamMa
VHyTpalllibe cuMeTpHje, a bunnaeapHa ¢popMa KOHCTaHTH uHTepakiuje C,3 He MOpa BHUIIE Ja HMa
obiuk (104), Beh Moxke 1a 3aBUCH O BUINE KOHCTAHTH ¢;, OJl KOJUX IO jeJHA OJArOBapa CBAKOM
aunuony y npoussogy (110). Jegunu 3axres koju C,z MOpa a3 33J0BOJbU je ga Oyae cuMeTpud-
Ha, Hejlerenepucana u G-unapujanTtha, Oyayhin jga cy joj ceojcrsene Bpenoctu 1/g?. Konaumno,
cabupakK Sproca MOCTAje KOMILIMKOBAHUJH W UMa OOJIHK:

Sproca = /@O‘“b A (Eaabce‘:defed NeeNer+ Ny AP Aeg A eb> +a® A NaﬁEﬁabcea AeP Aet. (111)

Osa Be3a cajpku HOBY Ousiuneapny dhopmy Nyg 1 HOBY MATPHILY N,”, koje cy koncraurue, npo-
U3BOJbHE U MPEJICTaB/bajy HOBE CJI0DO/HE MapaMeTpe y JIejcTBy. ¥ IU/bY pa3yMeBarba mbuxose u-
3UYKe MHTEpIpeTaluje, ToTpedHo je oJpeiuTu jeaHadntue Kperama. [IpBo ce qobujajy jeanadunne
KpeTama M0 MHOYKUTe/bIMA!

1 1

d bed
Maab = _4_8€abcdecue VFO/W ) )\ap,u = _Faul/ ) Cozab = an,é’ga ¢ ecuedVFﬁW/ )
1 - 1

bed - d

@aabu = gNﬁafa ¢ Ofﬂyecyedua )\[ab];u/ = R[ab];w s Saabe = ENoaﬂgabcdaﬁue a )
€ 1 d
Ba,u,u = _§Ca65uupaFBpau Ba/w = 07 B[ab]ul/ = Wgabcdec,ue v
p

(112)
e ce nojapsbyjy Hobu napamerpu Cop, Nog u N,°. Creneha je jennaunna xperama 3a TOp3ujy
Ve® = () koja je ocTaja HEIPOMEWmeHa, TOK CY jeJHaUNHA KpeTama U TeH30D eHepruje-uMITyJica 3a

BEKTOPCKA 110/ba Y ODJIHMKY:
V, F, — M%a’, =0, (113)

T = Cag (F M,F'Bl,p — Zg’“’F ngﬁp ) + C’ag]\457 (a ua’y, — §gw,oz poﬂp> ) (114)

Osze je noa marpuna Mz nobujena usz Cyg, Nog 1 Naﬁ Kao:

Moy = % ()™ (J\”fwa + NﬁfsNM) . (115)
OBa MaTpHIla ce MOXKe MHTepHpeTHPaTH Kao MaTpuiia KBajpara Maca. OBy marpumy je moryhe
KOHCTpyHcaTH jep je bmiuneapHa dpopma C,3 HeJlerenepucata, I1a je caMUM THM W HHBepTUOUIHA.
Y nuspy unrepuperanuje Mz Kao marpuue KBajapara Maca, napaMmerpu Cyog, Nog 1 Naﬁ MOPpajy Jia
ce u3abepy Tako na je (115) HenerarusHo JedbuanTHA. Y TOM Caydajy ce m3bopom Gasuca y JInjesoj
anareOpn g Koju oArosapa CBOjcTBeHOM Oaszucy Mg, ca CBOjCTBEHHM BPEJHOCTHMA O3HAYEHNUM Ca

M(za), MaTpHIla KBaJpaTa Maca MOXKe 3aIUCaThu Y OOJHKY

M®5 = M85, (116)

e 3arpajie OKO WHJEKCA (v O3HAYaBajy Ja ce 10 WHJEKCY He cymmupa. JeqnadmHa Kperamba (113)
je y oBoM Ha3ucy npejicTaB/beHa CKYIIOM PACHPErHYTHUX jeIHaINHA

Vo, — ME,ya®, = 0. (117)
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Osaj cxyn jennaauna 3a puinte IIpOKMHAX 110/ba, TOTEHNMjAIHO Pa3anauTux Maca My, odjammasa
300r vera ce M ®g MOKe MHTePIPETHPATH Ka0 MATPHIA KBaJApaTa Maca. Taxkohe, Tpeba npumernTn
Ja cy nobujena jenqnadwna kpertawa (117), jeqraduna rensopa enepruje-umiysica (114), mpupoana
yormremwa jennadnsa (107) u (106), pemom, mobujenux 3a jenno Ilpokuno noswe. IllTasurie, kao
Uy ciaydajy jearor IIpokwHOr mosba, anrebapcke jeJHadMHe KpeTama 3a momolina moma (112) ce
HCTO MOTY 3aMeHUuTH HaTpar y aejecrso (102) ca (111) unme ce mobuja cranmapia Teopuja Ipyror
pena 3a Buie [Ipokunux mospa cuperayTux ca Ajamrajo-KapTranoBoMm rpaBHTAIIjOM.

Ja ou nejerso 3a [lpokuno nosbe 6ujio Moryhe ycremnrno yrnopegauTn ca JiejCTBOM JI00MjeHUM Y
HAPEIHAM OJIe/bIIUMAa Kao pe3yaTaT XHICOBOT MeXaHW3Ma WIaH M0 4IaH, HOTPeOHO je joIl MaJjio
moaudukoBaru jiejerBo. KoHKpeTHO, oTpebHo je Moaudukosatu [Ipokuny Besy (111) ysoljemem
jomr nBa Jlarpam:xkeBa MHOX)HUTeBaA, 1-bopmy 0% u 3-bopMmy p,, Ha caegehn HAUWH:

Sbroca = /@O‘“b A (Eaabcscdefed NeeNer~+ Nog P Aey A eb> +a® A Naﬁpg
+ %A (pa — Zoare® N €PN ec) . (118)

JlBa nonarna JlarpamkeBa MHOXKUTE/ba TTOBehaBajy KOH(MUTYPAIMOHN TIPOCTOP HA OJroBapajyhu
HAYMH, TAKO Jla OH I0CTaje KOMIATUOWIAH ca KOHMUTYPAIMOHUM IIPOCTOPOM KOjU Ce I0jaBJbyje
y 0JleJbKy 0 XUT'COBOM MexaHu3My. OcuM Tora, MHOKHUTE/bH He Mewajy HH jeTHY JAPYTy OCOOMHY
nejersa 3a IIpokuna no/ba. KoHkperHo, jeqnadune kperama (112) u (117), Kao 1 TeH30p eHepruje-
umiysca (114) u jeqaaduna 3a Top3ujy ocrajy Henpomemene. Hapasao, nosehame KoubuUrypa-
OHOT' TIPOCTOPA 3HAYHU Ja MMOCTOje J0/IaTHe jeITHAYNHE KPeTamba 3a JBa HOBA MHOKHUTE/bA!

0% = —Ngaaﬁu, Pavps = € Myg gw,pgaﬁ“. (119)

Kao u 1o cana, u oBe jegnaunne cy ajrebapcke U MOy e 3aMEHHTH HATpar y JIejCTBO YUMe ce
Jloduja cramaap/Ha Teopuja apyror peja 3a [Ipokuna mnospa.

OBuM je 3ak/pydyeHa aHauusa pedopmynanuja [[pokrHOT IejcTBa 3aCHOBAHOT Ha BUIIUM I'pa-
nujerTHUM TeopujaMa. O6iuk cabupaka y IIpokunoj sesu (118) tauno ogrosapa Tuiy cabupaxa
Koju ce nobujajy y gejerBy 3a Cramgapaan Mojaen HAKOH CIIOHTAHOD HApyIlemha CHMETPHje eJIeK-
Tpocaabe HHTEpPaKIIHje.

3.2.2 3BF paejcTBO ca Be3amMa 3a TEOPHjy €JIeKTPOCJIaduX MHTEPAKIIIja

Jla 6u XurcoB MexanuzaMm OMO CIPOBEJIEH Ha IINTO jeJHOCTABHUJH HAYUH, ITOCTYIaK Hehe OuTH
CITPOBEJIEH HAJT 1eJuM JiejeTBoM (22) Beli camo HaJ estleKTpocabuM ceKTopoM u 1o 6e3 depmuoHa,
Koju he OuTH pazmarpanu HaKHAIHO. pyruMm pedmma, oarosapajyhum uzbop 3-rpyie je:

G =50(3,1) x SU(2) x U(1), H=R*, L=C". (120)

Ipyna G cagpxu JlopernoBy nmoarpyimy, moarpymy 3a ciaab usoctun SU(2) u noarpymny 3a ciaab
xunepuaboj U(1). Ipyna H ocraje mcra Kao g0 caja, omucyjyhn rtpancianumje, 1ok je rpyma L
peayKOBaHa TAaKO Ja OMHCYje caMo Ay0/eT KOMILIEKCHHX CKaJapHUX I0/ba. XOMOMOPdU3MHI § u
0 ocrajy Tpusnjaitnu, kao n [lajbeposo mogmsame { _, _},¢. Konauno, nejerso rpyme je ciezehe.
I'pyma ma camy cebe nemnyje KomyranujoMm, JlopeHnosa nmoarpyna jenyje Ha cTaHIApAaH HAYWH HA
rpyny H w TpuBHWjajaHO Ha rpymy L, jep ¢y cBe KOMIIOHEHTe TOJha W3 Irpyne L cKaJapHa MOJba.
Citab m3ocnuu u xunepuaboj Je/yjy TpuBujaaHo Ha rpyny H, 10K je/yjy HeTPpUBHjAJIHO HA IPYILY
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L. JTa 6u 0B0 JiejcTBO OUJI0 €KCIUIMIIUTHO U3PAKEHO, KOPUCHO j€ yBECTU MATPUYHY PElPE3eHTaIU]y
reaeparopa 14 rpyne L, Kao:

T = T, = Ty = . Ty= (121)

OO\'OD—‘
OO\'HO
o = O O
— o O O

Ja/be, ako ce reHepaTopu W30CcmuHA O3Hade ca 7; (i = 1,2,3), u rereparop xunepHaboja ca Ty,
Ji00uja ce:
Ta > Ty = >an"Ts, (122)

e UHIEKCH (r Y3UMA]y BPEeIHOCTH U3 cKyna 0, . . ., 3, ITo jeHnoOpa3Ho npebpojaBa cBe TreHepaTope
(70, 7:) Tpyne SU(2) x U(1). Koedunujertn cy eKCHIHIUTHO JATH KAO:

10 0 0 01 0 0
Los_if01 0 0 oos_if10 0 0
4"~ 510 0 -1 0 |’ M =5100 0 —1]°

00 0 -1 00 —1 0

(123)

0 i 0 0 1 0 0 0
op_if=i0 00 LoB_i[0 =1 0 0
2479510 0o 0o 4l 34 79510 0 -1 0

0 0 —i 0 0 0 0 1

Tpeba npumerntn na reseparopu SU(2) x U(1) 3a10Bo/baBajy yobudajene KOMyTalHOHe peJialije

—EapBy > 3a &, O, 07
Fog = { o By # (124)

0 nHave.

Opuwm je dpurcupan n3dop 3-rpyme. Hasme, bunnneapre dopme cy neduHrcane Ha TPUPOAAH HAUNH
u 3a rpyne G u H cy nedunucane kao y (17) u (18), 10k je 3a rpymy L u360op momajio HeoGHYAH:

0010
110 0 0 1
948 =511 0 0 0 (123)
0100
OBo je camMo NpHUBUIHO HEOOHMYHO jep je Oasuc y aaredpu [y obauky
on
A § t ®o
G=0"Ta=o T+ ool + 0 T3+ 0y Tu= | 1 | - (126)
i
0
Mebhytum, npesackoMm y HOBU 6a3uc y ajarebpu [ gatum ca
=T +Ts, Ty =Ty — iT5, Ty=Ty+ Ty, Ty=iTy—iTy, (127)
ce UCTHU eJeMeHT ajarebpe MozKe IpenucaTH y o0JUKY
¢ =Ty + ¢oTo + ¢3Ts + ¢aTh (128)
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rjie ¢y @1, ..., ¢4 peajaHe KOMIIOHEHTEe, U IJie I0CTOju pUPoJHa Be3a udMehy koeduimjenara:

by =1 +ida,  Go=bstids, =61 —igy, =3 —ids. (129)

V Gasucy Ty je 6ummmeapna dopma (125) pernpeseHToBaHa IHjATOHATHOM jeIHHITHOM MATPHIIOM.
Basuc Ty j€ KOPHUCTaH jep je CBOjCTBEH 3a OmnHeapHy (hopMy U Y IeMy KOMIIOHEHTE 110Jba, IIOCTA]y
peasne, 10K je 6azuc Ty KOPUCTAH jep je CBOJCTBEH 3a olepaTope ciabor W30CIuHa (Hherope jejne
KOMIIOHeHTe) U ciaabor xunepHaboja (a ucmocraBuhe ce u omeparopa HaeIeKTpUCAHmA). Y OBOM
norjiaB/by he jegnaumne Outu 3amucuBane y oba Oasuca mpema norpedu.

Tpeba yountn ja ce (128) Moxke pazymMeTn Kao ejeMeHT 4-MMeH3HOHATHe peasHe Jlujese aJi-
re6pe | = R, win kao 2-aumensuonaine Komiuiekche Jlujese anredpe | = C? (koja je MMILTHIUTHO
kopumthena y wHajsefiem 6pojy crangapaHux yibeHnka o Xurcopom Mexauusmy ). Ca apyre crpase,
(126) je emementT 4-muMeH3HoHaIHe KoMilekcHe Jlujese anre6pe [ = C*, koja je kommuexkcuduxa-
muja R*. Kako 6u mpesnasak n3 T Gasuca y T4 6asuc u HA3a/ OUO MITO jeJITHOCTaBHUjU, KOPUCHO
je paguTtn y kKommiexcndgukopanoj | = C* aare6pn, 36or gera oBo u jecte n36op rpyne L = Cty
efeKkTpoctaboj 3-rpymm (120).

Hakon usbopa 3-rpyne m OumnuneapHux (hbOPMH, JI€jCTBO 3a €JeKTpPOCaaby TEOPHjy ce MOyKe
3aMHuCcaTh Kao:

S = S3pr + Sgrav + Sscal + Syang-Mills + Stiggs + Scc - (130)

Caugnor je obiuka Kao (22), t7e cy Bese 3a (depMuoHe W30cTaB/beHe. Bunneapra dopma uHTED-
AKIMOHUX KOHCTAHTH je Y Svyang-Mills JlaTa ca

Cop = (131)

o o o&f~
o o8~ o

ol o o
[ o o o

u uma crpykrypy SU(2) x U(1) rpyme.

3.2.3 Ilpersen XurcoBor MexaHU3Ma
[Tocroje Tpu riaBHa KOpaka y cupoBohemy XUICOBOTI MEXaHU3MA:
® JIMCKYyCHja CTaOMJIHOT BaKyyMa,
e yBOheme cMeHe IPOMeH/bUBUX,
e (dukcupame Kajubpalnuje cKaJapHuX MOJba.

VY 1muby pasyMeBaba jieTaba XUICOBOI MEXaHM3Ma CHpoBejeHor Hasl gejersoMm (130), KopucHo je
MOHOBUTH OBE TJIABHE KOPakKe KOPUITNhemeM HOBUX MPOMEH/bUBUX W HOTAIU]e.

Ananm3a cTabWIHOT BaKyyMa je WIEHTUIHA aHAJIU3W Y CJAy4ajy yoOmdajeHor XUTCOBOT MeXa-
nusMa. Beza Shiggs YBOJAM MOTEHIMjAJl 38 CKaJapHa 110/ba y OOIUKY

V(g) = 2x (674 — 0?)" (132)

U MOXKE Ce YOUUTH Jia CTadWIaH BaKyyM HHUje jeIMHCTBEH, Beh mpejcTaB/ba OMJIO KOjy TAa4dyKy Ha
3-cchepu ¢4 = v? y Kondurypammonom npocropy. da 61 fejecTBo GHI0 3aIHCAHO Y 0OIIKY Y KOM
CBa T0Jba UMAjy BPEJIHOCT jeJHAKY HYJIH Y Ta4YKH Y KOH(DUIYPAIMOHOM MPOCTOPY KOja OJroBapa
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13a0paHOM BaKyyMy, HOTPEOHO je YBECTH CMEeHY HPOMEH/bUBUX U3 ((1, P, P3, 04) Y (01, P2, B, P4),
rie je h(x) HOBO CKaJapHO MoJbe JOOUjEeHO TPAHCJIAIMOM @3 34 U:

¢3(x) = v+ h(x). (133)

OBo oarosapa u36opy tadke (0,0,v,0) #a 3-cdepu 3a BakyyMm, npema Koupennuju. HapasHo, oa
KOHBEHIIN]a je TOTIYHO TPOU3BOJAHA W HUIITA y OCTATKY aHa/Iu3e He 3aBuch o mhe. CMmeHa mpo-
MEHJbUBHX je Jata y 6asucy T4, 10K y opuruHaJIHOM Oaszucy 14 OHa IJIacu:

o ¢1+ i
A ®o v+ h+igy
S 4 B (134
Q§0 v + h — Z¢4

Konadno, Ha ocHOBY OBe peJialidje ce MOXKE YOUHTH Ja Cy KOMIIOHEHTE ¢1, ¢o U (4 CYIITHHCKA
ekBUBaJIeHTHe (y JITHEAPHOM Pa3B0ojy) MapaMeTpuMma g-rpajidjenTHe TpaHcdopmanuje

b= =e"T >, (135)

Konkperno, kopunihemem jiejecra (122) reneparopa anrebpe g Ha reneparope ajuredpe [, Moxe ce
nohum o TpeHyTHOI cTamba W u300pa MmapamMeTrapa rpajujeHTHe TpaHcdopMmalmje,

0 P4
e S U S il BRI ) (136)
v+ h —¢4

a moToM, npuMeHoM Tpancdopmanuje (135) Ha cTamwe W3HA, TOOUTH:

0 ¢1 + 192
P = o |7l imien | (137)
v+ h ’U+h—i¢4

3601 TOra je OUnrAeaHO 18 Ce TM0/ba (1, (o U (4 MOTY PA3yMeTH Kao cTemeHn ca000ae purcupama
KaauOpaiuje naru pesanujom (136), ma je jacHo ma je camo mosbe h Hu3MdKo, 063UPOM Ja ce He
MOZKE YKJOHUTH @-TPaJIAjeHTHOM TPaHCOPMAIHjoM.

Jlabe, MoOXKe ce YOUMTH Ja U HAKOH YKJamhambha H0Jba ¢, ¢o U ¢4 KopuUIIhemeM IpaujeHTHe
tpanchopmanmje, crame ¢ y (136) n mame octaje ouysano mpu gejetsy U(1) moarpyme G. Axo
ce reHepaToOp OBe Tpyle 03Ha4du ca (), jemHocTaBHO je yountu u3 (123) ma je yciaos crabuausanmje
Bakyyma () > ¢ = 0 3a70BO/bEH 32

Q=7+T3. (138)

Osa jennaunna je noshHara mnoj zHazuBoM len-Man—Hummmrmmvuna dbopmyna (3a eqekrpociabe WH-
repakiuje). DeHOMEHOJIOMKY, () 0roBapa eJIeKTPOMAIHETHOM HA00]y ¢, KOHKPETHO ¢ jé CBOjCTBEHA
BpeHOCT oneparopa —i@), u oarosapajyha rpajujenraa rpyua crabususaropa U(1) je rpajujent-
Ha T'pyna cuMerpuje ejekrpoguHamuke. I3 jennadnne crabuinszaropa je OUHUIJIEAHO jia XUTCOBO
oJbe HUje HAEJEKTPHUCAHO, jep je CBOjCcTBEeHO omeparopy —i() 3a cBojcTBeHy Bpeanoct q = 0.
Tpeba joIr je JHOM HATIACHTH JIa TIPETXOHH Pe3yITaTu He 3aBuce o1 u3bopa Bakyyma (0,0, v,0)
Ha 3-cepu. AKo 6m yMecTo oBe Taduke Omiaa omabpaHa HeKa JIpyra, pasJnKOBaJIoO OH ce jeIHHO
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perieme jegHadnae crabuiansaropa QQ > ¢ = 0, agm Ou ce TO pelieme YBEeK MOIVIO 3aluCaTh y
OTITEeM ODJIUKY Kao:

Q=1+a- T, aeR?, |&|?=1. (139)
Osgie je T Tpojkra (71,72, 73). Melyrum, Ha60j XurcoBor nojba u jajbe ocTaje jeIHAK HYJIH, jep je
OH TIOCJIeUIA jeJHAUNHE CTaOHIN3aTOpa BaKyyMa.

3.2.4 Tpaucdhopmamnuja aejcraa

Crnenehu kKopak je 3amMeHa yBeJIEHHX CMEHa y J1ejCTBO W (pUKCUpambe Kaaudparuje mpuMeHOM
rpajiijenTHe TpanchopMmalmje Koja yKaama KOMIOHEHTE 0/ba (1, Qo H Py,

0
v+ h
0 ;
v+ h

ot — (e7tp gb)A = (140)

rie je £ = £97,, a mapamerpu % cy gatu y (136). ¥V nmpy mcnutuBama mra ce goraba ca Jiej-
crBoM (130), morpe6HO je YTBPAUTH JejCTBO TpajijeHTHe TpaHcdopMallije Ha CBa M0Jba Y JIejCTBY.
Tpamncdopmaruje 3-kouekcuja (o, w, B,7) cy mare Kao:

o =e S (a+d)et, Ww=w, g =7, ¥ =etp7. (141)
Oparosapajyhe kpuBune ce TpaHchOPMHUIILY HpEeMa;
F' = e CF¢t, R =R, G =g, H =e*>H. (142)

Tpancdopmanuje JIarpanzkeBUX MHOKUTe/ba KOjU Ce TI0jaBJbY]y V TOIOJONMKOM ey JejcTBa By,
Biay), €a 1 &4, cy nare ca;

Bg = (e*EBega , Bfab} = B[ab}7 @; = e, (143)

10K je Tpancdopmannja ¢ seh oapehena y (140). Tame, Jlarpanzesn MEOKATeLH U3 aaredpe g
KOJH Ce IOjaBJbyjy y Be3aMa A, Ajab), Maas 1 Caab, C€ TPAHCHOPMEILY Kao:

)\ix = (e—f)\€§>a ) )\Eab] - )‘[ab} ) nab = (e_gMeé) C&ab - (6_6665)066117 ' (144)

aab —
JlarpankeBn MHOXKHUTE/BH U3 aaredpe [ Koju ce mojaBbyjy v Be3ama A, Agpa  Hypen, ce Tpanc-
dopmuiiry:

aab ’

Vi = (e_é g 5‘),4 ’ Apa= (50 A),, wea = (€S0 H) (145)
Konauano, Bese cajip:ke KoBapujaHTHU U3BOJ, V@, KOju ce TpanchopMuIie Kao
(Vo) =e 1 (Vo) , (146)

ITO je W OYeKWBAaHO.

HonartHo, nejcTBo cajip:Ku U OunuHeapny ¢dopMy HHTePaKIMOHUX KOHCTaHTH, C,g, IaTy ca
(131). Moxke ce yountn na je ona Beh meo 1o jeo mpomopruoHaiHa Beli yBeneHo] GHINHEAPHO]
dbopmu (_, _)g, Ha caenehn HadmH:

61 0% 5009
Cop = C(Ta,78) = ?<Tj77k>g+?<70770>g' (147)
1 0
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JBa cabupka y cymu ojrosapajy oummneapuum dbopmama (_ , _)eu2) # {_, _)u(1), PesoM. Byyhn
Ja ce rpajujenTHa TpancdOpPMAIja MOKe IpeACTaBuTH y o0muKky e &7 X e 6™ zaxBamyjylin
JIUPEKTHOM HPOU3BOAY v cTpyKTypH rpyme SU(2) x U(1), cBaku 4uHWIAIl Y TPAJIUJEHTHO] TPAHC-

dopmanuju octaB/ba oarosapajyhy omnuneapuy (hopMy HHBapHUjaHTHOM,
e e _¢0 _¢0
(€T o7, e T ) aw) = (T Th)su() » (e om0, e e o)y = (70, To)ury . (148)

Kao [oCJIe ULy nocTyaupane G-unBaprujanTHOCTH OunHeapHe dopme (_, )q. OBO nMIIHIHpPA 12
bumHeapHa popMa KOHCTaHTH MHTepakKiuje Takohe Mopa Ja Oy/ile MHBapujaHTHA Ha I'Pa/IUjeHTHE
Tpancdopmamje:

Cla[} = Caﬁ . (149)

Caza je moryhe mcnurarn tpancdopmanujy menor aejersa y ogaocy Ha (140). KonkperHo,
aejerso (130) je DyHKIMOHAT CBHX TOpE TIOMEHYTHX T10Jba,

Oéav w[ab}’ Baa &A’ Bom B[ab}; €a, )\ay )\[ab]p Maab; Caaby :\Aa AabA7 HabcA7 ¢A7 (150)

UJIN JIPYTUM PEYNMa, TOpe HaBeJeHa JINCTA 1M0/ba, JHepUHUINE 1e0 KHHEMATHIKN KOH(PUTYpaInoHm
npocTop aejcTsa. MehyTuMm, HECY cBI cabupiy y AejcTBy dyHKIHje moba ¢, 360r Tora Tpancdop-
manmja (140) mesyje TpEBHjaIHO Ha cabUpPKe KOjU Cy HE3aBHCHH OJ ¢, 0K ce cabUpIT 3aBUCHH O]
»* TpaHchOPMUILY HETPUBUjaIHO, PeAyKYjyhn KOH(MUIYpAIHOHH IPOCTOp HA Mambl, JebUHUCAH
HAJT OJHIMA

aa7 w[ab]’ ﬁaa &Aa Ba7 B[ab]> €a, /\om )\[ab}a Maaba Caaba 5\Aa AabA> HabcA7 h7 (151)

KOja Ce OJ IOYEeTHOr CKyIa PasmKyjy 3a cveny (¢!, ¢, ¢%, ¢*) = (0,0,v + h,0). Bagarak ce cama
cBOIM Ha ofpehuBame 00IuKa JAejcrBa S Koje je meduHHCAHO HA PEIYKOBAHOM KOH(PHUTYPAIOHOM
HPOCTOPY, MEMATCKH JIe(PUHUCAHO TPAHCHOPMAIIIJOM:

—¢ -

SL..,¢" ——— S[L..,h=S[..,¢" (152)

Pl=g2=¢1=0
¢3=v+h
Moxe ce onmax younT Ja ce cabupiy Sgrav, Svang-Mills B Scc TPaHCHOPMUIITY TPUBHJAJHO jep He

3aBUCE O] TIOJba (:
e—¢ ~ e—¢ ~ e—¢ ~
Sgrav ? Sgrav = Sgrav ) SYang—MiHs ” SYang—Mills = SYang—MiHs ) SCC ” SCC = SCC .
(153)
Irasume, 2B F napye o1 S3pr cabupKa ce Takohe TpancdOpMullle TPUBAJAJTHO U3 UCTOI pasJiora.
y 3
Ca re crpate, Tpehin cabupax v Ss3pr HEY, K0 U Sgeal T SHiges 38XTEBA]Y BHIIIE MaXKIbE. 3a
) 3 ’ sca. ggs
noueTak, Spiggs CAOUPaK je 00IMKa

1
Stiggs = — / EVW) Eaveac” N € N e Nel, (154)

ma nesopabeM (152) Xurcos morentumjan V(¢) (morneaarn (132)) mocraje

V() <5 V(h) = 8uPxh? + 8uxh® + 2xht. (155)
360r Tora je OUMIJIETHO A BayKW

1

IV(h) Eavea” N e’ Nef Net . (156)

e ¢ o
SHiggs ? SHiggs = _/
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U3 obsmka kBajgparudHor wiana y pesyiaryjyhem norenrmujany (155) u ommnrer objauka MaceHor
4iaHa 3a jenHo cKagapHo mosbe (90), MOZKe ce 3aK/bYyUuTH 4 je Maca XHICOBOT HOJba:

m = 2u:/2. (157)

O6sinK moTeHNHjaIa ce MoXKe u3abpaT W Ha IPYravyuju HAUYWH y ofgHocy Ha (132), Ha mpumep

Vi (6) = 2x (6704)" — 4x0?0 . (158)

Ogaj norennujan ce pasaukyje oj (132) 3a xoncranrtan cabupak 2yv?, koju ce onja cabepe ca Sac
U Jlaje JpYradujy BpPETHOCT KOCMOJIOIIKe KoHcTaHTe. MebhyTuMm, morennujan (132) He remepuiie
nonaTHH cabupak, ma CC cabupax y JIejcTBY OCTaje HCTH HAKOH CHOHTAHOT HapyIIelmha CUMeTpHje.

Crenehn cabupak je S3gp wiran. CaMo mocjenmu cabupak y S3gp 3aBUCH Ol 1OJba ¢, JTOK
oCcTaTakK HE 3aBUCH U MOYKE C€ O3HAYMTH Ca Sopp. 3aTuM, KopumihemM ojarosapajyhe mpomene
Gasuca Ty — T4 y Jlujesoj amrebpu [ (mormemaru (127)), ca JOJATHOM HOTAIMjOM 3a WHIEKCE
A— (A H) rae je A€ {1,2,4} m H = 3, nobmja ce

Sspr = Sopr + /¢AV7A LN Sopr + /(U +h) (V3)o + (V7)ot)

:S2BF+/(U+h) (d:}/H—l—paAHaa/\:}/A) ( )
159

:SQBF“‘/hd'?H‘FUd'?H‘i‘(U‘Fh)DaAHaa/\'?A

:§3BF+/Ud7H+(U—f—h)DaAHOZa/\:YA,

r7e je HOBO AejcTBO S3pp geduHncaHo Kao (DYHKIHOHAJ HAJ MObHMa U3 PeayKOBAHOT KOH(UrY-
panmonor mpocropa (151) kao

Sspr = Sapp + /hd%{- (160)

YV HapejHOM 0JieJbKy he OUTH JMCKyTOBaHa herosa ojarosapajyha 3-rpyna. Konauno, moxke ce
3aK/bYyYUTH Ja BaxKU

e~ ¢ = ~ A ~
Sspr — Sspr + /Ud”YH +(v+h)> o HAY AT, (161)

e he Jlojarau 4jaHoBu OUTH I'PYIUCAHM 33j€/IHO Ca JPYIUM JIOJATHUM 4WIAHOBUMA U3 PEOCTAJIUX
JIeJIOBA JIEjCTBA U JIMCKYTOBAHU 3ajeHO.

VY jemnaannama (159), (160) u (161) je kopumhen 6asuc (127) y JIujeBoj anrebpu [, Tako 1a ce
MOKe YBECTH Yy = Yo + ot - JlejcTBo > je 6mito penpesenroBano Marpunama (123) y opuraHa HOM
bazucy T4, Koju je caja nojebeH Ha ciegehe KOMIIOHEHTe:

A H B H
PaH ", Pad Bad PaH - (162)

[Tomro je OmmmHeapHa (opMa gap V OBOM 0a3ucy AWjaroHaJIHA, W 3aIPaBO JeTHAKA gap = 0ap,
npema Teopemu 1 ca noderka oBe 1j1aBe, JIMjaroOHAIHU €JIEMEHTH CBUX OBUX KOMIIOHEHATA MOPAjy J1a
6yay jemmakn mynn. Konkperno, bog!’ = 0, mro Jla/be UMILIAIUPa A2 je Vyy = dyy u onpasiasa
unentudukanujy (160). Illtasume, komonente >, ;7 ne dpurypunty y jeanauunama (159), (160) u
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(161) u me nojasspyjy ce nurge. To 3Ha4dm 1a cy jejuHe peJieBaHTHE KOMIIOHEHTE OHE KOje ce MOry
U3PA3UTH y MATPUYHOM OOJIUKY Kao:

00 1 0 0 -1
i 1ot o 1o -1 o0
A_ = H __ ~
Tl =510 o T4 Talo1 0 0 (163)
00 -1 0 0 1

Tpebda youuru ja je oBie o uHIEKC Koju mnpedpojaBa Bpcere, a A mHjIekce Koju npebpojaBa KOJIOHE,
JIOK je mHeke H = 3 KoHCcTaHTaH.
Konauno, nocieamn cabupak y aejcTBY je Sseal, KOJU HMa TOUETHH 00K

Sacal = /S\A/\ (’yA — Hypene® A e A ec) +AabA/\HabcAecdefed/\ee/\ef—A“bAA(V¢)AAeaAeb , (164)

H CIMYHO Kao Sspp, 3aBHCH O ¢ caMo y mocienmeM cabUpKy, 10K je OCTaTaK He3aBHCAH o1 (.
Pazapajamem ungekca A Ha (A, H), cabupax ce TpancdopMmuie y:

—¢ -
Secal —> /)\H A (ﬁlH — Hpopre® A eb A ec) + A" A Hoypene®eq A e, A ef
—APT N AR A ey Aey + AN (31— Hypee® Aeb A e) (165)
+ADANH g6 ey A e, N er — APAN 0, Hi(v4+h) Aeg Aey.

Tpeba youutu ja upBU peji ca JecHe CTpaHe 3aje/lHO Ca IPBUM CADUPKOM y JIPYIOM Pey OJro-
Bapa TA4yHO CKAJIAPHOj BE3W 3a e THO PeasHO CKAJIapHO MOJbe, Kao (PYHKIIMOHAT Ha PeyKOBAHOM
koHburypanuonom npocropy (151). OBa Be3a ce MOxKe 03HAYUTH €A Syey), A 32 M0 U3PA3 BAKU:

e ¢ G YA g a c
Sscal — Sscal + /)\A N (75 - Habcﬁe N eb Ne )
+ A9A A H,. 6% ey A e, A ey (166)
— AP N0, T4+ h) Aeg Aey,

rje he 1oHOBO J10jaTHU cabupiy OMTH IPYIUCAHU C& OCTAJUM JIOJATHUM CabUpIMa U3 JejCTBa.

Hakon pasmarpama cBux mesoba jgejersa (130) nmojequnadno, npu JgeoBamby TpancdopMmarmje
(152), cBu mesioBU ce MOTY MOHOBO cabpaTH M yIIOPEIUTH Ca JejCTBOM 38 MaCeHO CKaJIapHO MOJbe
u llpokuna mo/ma. Mehyrum, na 6u nopeheme 6MJIO IMITO jeIHOCTABHHjE, KOPUCHO je YBECTH jOII
HoBe HoTammje. KOHKpeTHO, MOzKe ce yBecTH 6mamHeapHa dopma k*° Koja 3a10BosbaBa cirenehu
HIEeHTUTET:

_ 1 -
K bop Mg = —Zég : (167)

136op oee 6ununeapue dhopme Huje jeauncrsen. Koukperno, 6ynyhin ga cy marpure (163) panra
3, nocroju npojekrop P,° koju 3a10B0sbaBa

PP =P, P,"=3, Pup=DPn, Plrsu?=v.gt (168)

Tpeba yountn ga npojextop (168) taxobe sagopobasa naenturer PP vy3 1 = 17, jep v, 47

CAJIPYKI CTEe KOMIOHEHTE Kao Do’ M0 Ha 3HaK MuHyc, morneaatn (163). 36or Tora je GummHeapHa
dbopma k*? nedunncana 10 Ha cabupax y 06Ky

P — 1 4+ [5l* — P,lo] A7 (169)
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rie je A® npoussosbna Marpuna, JOK 3arpaje OKO HHJEKCa O3HauaBajy cumerpusanujy. Moxe
ce YOUHWTH JIa je M3pa3 y 3arpajud OPTOTOHAJHU MPOjeKTOP KOjU MPECnKaBa, y je3rpo MaTpHIle
(163). OBa mpom3BOBLHOCT TapaHTyje na ce bmamHeapHa dbopma £’ Moxe m3abparn Tako jga Oyje
unBepruoniHa. Ilpojekrop P,” ce Moxke aupexTHO oapemutn u3 neduHAITje (168) u marpura
(163), m0oK ce jemanm KoHKpeTaH m30op Omammeapre dopme £’ moxe moburn m3 (167), Tako ma
MOTY J1a OyIy 3alllMcaHd y MATPUIHO] (POPME Kao:

1 00 -1 10 00
110 20 0 110 2 00
B_ 1 ap _ L

FBP=510 02 o " ~3loo020 (170)

-1 0 0 1 0 001

JlonaTHO, OCHM IHpojeKTopa U K7, ce MOTY yBeCTH M 10/IaTHE BeJIHUYHHE:

0° = _2/€aﬂl>5HA5‘A7 @aab = _2KQBD5HAAabAa Pa = QDaAH’?Aa Eaabe = 2I>O¢AHHabc/_1-
(171)

OBe "yeTupy BeJMUYNHE 33I0BObABAjy YeTHPH (DYHIAMEHTAIHA WICHTUTETA,
ea/\pa = S‘A/\ NA ) aEaabc = 5\AI—[abcA ) @aab/\pa = AabA/\;}/A ) @aabEacde = AabAHcdeA )
(172)

KOjU Cy JupeKTHa mocjenuiia wienturera (167). CBpxa yBohema OBHX BeJMYUHA je Y TOME Jia Ce
nomohy BIX MOTy eJUMHHECATH A HHIeKcH U3 jenrHaunua. Tpeba younTn na je u y nedbHHUIIjAMA
(171) u y waenrurernma (172) cymupano mo mnjekcnma A ca jecHe cTpame, JIOK ce OHH YOIIITe
He T0jaB/byjy ca JeBe CTpaHe.

BayKHO je HAIJIACHTH Jia TTPOU3BOJbHOCT K*P y (169) yBomau mpomene y mejerBy. OBo je y Besn
ca YHEEeHUIOM Jla CMeHa mpoMeH/buBHX (171) yBoaH J0/aTHE IPOMEH/BHBE KOje He TTOCTOje Y OpH-
IUHAJTHOM JIejCTBY. 3aXTeB JIa OBe HOJaTHE MPOMEH/bHBE He IOCTOje, OJHOCHO Ja Ha JIeBOj CTpaHU
uienturera (172) mocroju ueru 6poj KOMIOHEHATA KAO HA, JIECHO] CTPAHE, PEJAYKYje POU3BO/BHOCT
(169) oununeapue dopme £ xoja caza nva 06INK:

RF ko0 4 o3 = P A7) - B (173)

Baxxuo je narjmacuTy m Jia je 1 HAKOH OBOT' 3aXTeBa Moryhe m3adpaTu WHBePTUOUIHY OuJIMHEaApHY
dbopmy £*?, 10K je camo JejcTBO MHBAPH]AHTHO Ha TPOMeHY OnjmHeaphe dhopMe (173), mrro 3uaqTw
Jla TeopHuja He 3aBHCH o1 ToT m3bopa. Bumern logarak A.2 3a mera/bHUjy aHAJIH3Y U JIOKA3.

Haxkon yBohema HOBUX BeJTMUNHA U HOTAIH]je Ce MOYKe HACTABUTH €A aHAJIM3OM JejCTBa. 3a AaTy
rpancdopmarjy (152) aejersa (130), mory ce npumenntu gedununuje (171) u waenrurern (172)
KaKo OH Ce eJMMEHICANH CBH HHueKcH A, B, a TpancdopMHCAHO 1ejcTBO S H0CTAI0 (bhyHKIIMOHAT
HaJ [ pejyKoBaHuM KoHburypannorum mpocropom (151). Cacrabmamem pesyarara (153), (156),
(161) u (166), mobuja ce wyH OOJIUK JejCTBA:

S = Sgrav + SYang—Mills + SCC + gHiggs + 5/13BF + gscal

+ /@a“b A (Eaabc eefe, Ne, A ef + g/-@;épfoﬂ Aeg N eb)
v (174)
+ / 504‘1]3&6 Apg+ 0N (pa — Zoanc€® A €PN ec)

1
—|—§/hozaPaﬂ/\ (pg—/{@@wb/\ea/\eb) +v/diH.
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Osaj obuiuk Jejcrsa je caga ynopeaus ca jejersom 3a [Tpokuno noswe (102). Cuenumjanno, Apyru
u tpehu pen y (174) ce mory ymopeauru ca [Tpoknaom Bezom y (118). Vnopehusame ciaobomaux
napamMeTapa 4jaH 1o wiaH Jjaje uaeHTudpukanujy ciaodboanux napamerapa y [Ipokunom jiejcTBy Ha
cienehn HavuH:

/U —1 o U

b Fa7 N, = §PO/3. (175)

KopumihierseMm 0BUX H3pa3a, MOXKe ce KOHCTPYHUCATH MaTpuia Kpaapara maca (115) u goburn

Nop =

U2

M@y = (CT)™ Py Pyt (176)
rzie je bminHeapHa hopMa HHTepakIuoHuX KOHCTaHTH Cpp nedunucana y (131), 10k ¢y mpojekTop

u 6umuneapra dopma Kk’ gatu y (170). Ha ocroBy Tora ce 3a MaTpHIly KBaJIpaTa Maca J00Hja:

9% 0 0 —gg
v’ | 0 ¢} 0 0

M= 02 oo | (177)
-9 0 0 gi

Quznuku pesneBanTan Oazuc y JIujeBoj anrebpu @ je OoHaj y KOjeM je MaTpuia KBajpaTa Maca
JHjaroHa Ha, a oJroapajyhe cBojcTBeHe BpeJHOCTH MOryhe MHTeplpeTupaTh Kao KBajpaTe Maca
BEKTOPCKUX 0030Ha y ToM Gasucy. Byayhu na cy npsa u nocnenmwa Koiaona y (177) mpomopruoHai-
He, JeTepMUHAHTA MATpHUIe je jeTHaKa Hy/Id, ma je 6ap jeaHa meHa CBOJCTBEHA BPEIHOCT jeIHAKA
uysu. [HtaBumnie, marpuna je Beh y 6Jsiok-/ujarona/inoj popmu, ca JiBa jeJHOAMMEH3n0HA/IHA OJI0Ka
g3, oJlaKiie ce MOXKe 3aK/byUdTH Jla Cy Te JiBe CBOjCTBeHe BpeJHocTH jeanake v2gi /4. Konauno, us
Tpara MaTpuIle ce MOyKe JOOWTH W YeTBPTA CBOjCTBEHA BPEIHOCT, I1a je 110 MaCeHW CIeKTap IaT

ca:
2 2 2

(% v v
M{=0,  Mj=—rg, Mi=—gl,  Mi=—(g+9). (178)

YunmeHuna Ja ¢y CBOjcTBeHe Bpeanoctn M3 u M?? jeIHaKe UMILIAIIPA JIa CBOJCTBEHH OA3uC HHUje
jeIHO3HAYHO onpeheH, u 1a je MoTpeOHO J0JaTH jOIl clelidjaannje 3axTene. [Ipupoanu nu3dop oBUx
3axTeBa je da 0a3mc, OCHM 3a MATPHUIY KBajpara maca Oyle CBOjCTBEH W 3a crabmaum3arop (),
yBezeH y (138), Oyayhu ga oH npeacTaBba eqekTpuIHN Ha0Oj, unja Ou BpeJHOCT Tpebaa jga Oyie
J100po JedpuHECAHA 3a ¢Ba onucaHa (hpuU3NUIKa cTarmba y npedepupanom 6asucy. Crabuimsarop ce y
TY CBPXY MOXKe H3DA3UTH y MaTpU4HoM o6auKy Q,.°, neduuncan mejcrsoM () Ha Ga3HCHH BEKTOD
Ta:

Q7o = Q. 5. (179)

Kopumhemenm (138) ce jenroctasro 100uja na ¢y KoMmmoneHTe MaTpuie (Q,°

e}

Q.” = (180)

cooo
oo o
oo |

cooo

Osa marpura nma cBojerere Bpeanoct (0,4, —i, 0), IITO 3HAYH Ja OEPATOP HACTEKTPUCATHA —i()
UMa CBOJCTBEHE BPEIHOCTH:

q1:07 QQ:+17 q3:_17 q4:0 (]‘81)

34



Crabuimmzarop Takohe nma JiBe UCTE CBOjCTBEHE BPEAHOCTH, 11a HU FHEI'OB CBOjCTBEHU 0A3uC HuUje
jenmHo3Ha4vHO oxpeheH. Y cBaKOM CJydajy, MaTpHUIA KBajipaTa Maca u ctabuan3arop MehycoOHO Ko-
MYTHUPA]y, 1a UMajy 3aje/IHIYKN CBOjCTBEHN H6A3UC U 0Baj CBOjCTBEHN Ha3uC je jeHo3uaqHo ojipelen.
HoBu cBojcTBeHu 6a3mc ce MOzKe U3PA3UTH IPEKO CTAPOT,

T + 17 T — 1Ty 93 g%

TA=To+ T3, Ty = ——, T =— Ty = — To + T3, 182
G V2 %+9 gt (152)

H MOI'Y ce U3pa3uTu KomioHeHTe 1-dbopme Konekcuje o = a®,dz# ® 7, y HOBOM 0a3ucy Kao:

2 2 ; 1 ;2

91 0 90 3 +_ Gy —any, _ a, tiat, 0 3
= a a’,, = —, =, Z,=—a,+a,.
g+gt " gt V2 g V2 g g (“)
183

OBze je Takohe yBeeHa TPAUIIMOHAIHA HOTAIM]A 38 BEKTOPCKe 0o30He. Ejtekrpomaraeran Haboju
nobujena verupu 06030HA cy Beh yrpahenm y Horammjy, 10K ce HUXOBE Mace MOIY HPOYUTaTH U3

(178):
(% (% 9 2
MAZO, M{)[/:tzagl, MZ:§ 90 +gl (184)

Y HOBOM 0a3mucy cy MaTpulla KBajpaTa Maca ¥ MaTPHUIA CTAOWIM3ATOPa JIUjarOHATHU, JTOK CY
OmnmHeapua GopMa gop U OmmmHeapHa dhopMa HHTePAKITOHUX KOHCTAaHTH Cfg:

n

gt 9i 91 += 0 0 0

2 00 G5 g 000 7 1
| o o1 0 .| 0 0 Z 0 | _ [0 0 & 0
5=1 0 10 o |- Tl o Lo o |70 2 0 0
gi—gt 00 91+94 0 96 0 -1 0 8/ 0 -+
gi+9s (97 +95)° 95+93 9z

(185)
Yuopehupamwem ca gejerboMm y (174), ouwnrsenno je aa apyru u tpehu pej npeacrapibajy I[Ipo-
KHHY Be3y, Ta je KOHAYHO JIeJCTBO Y OOJIUKY:

S = Sgrav + SYang—Mills + SCC + gHiggs + S3BF + 5‘scal + SProca

1 s e i (186)

+§/ha PrA (pg—fﬁm@ /\ea/\eb) —i—v/d'yH.
IIpBu peny JgjcTBY caJIp:Ku cabupak KOjU OIICY]je jeJIHO PEAHO CKaJapHO 1moJbe h (XUrcoBo mosbe)
Mace m = 2v4/2), ¥ 9eTUpPH BEKTOPCKa GO30HA ca Macama gatuM y (184), cipernyTux ca rpaBaTa-
nujom u Mehycobno. [Ipsu cabupak y Jipyrom pejy ounucyje unrepaxiujy nzmehy XurcoBor 1mojba u
BEKTOPCKUX 0030HA, TAKO JIa Cy CBE MHTEPAKINje eKBUBAJCHTHE Ca WHTEPAKIIAjaMa Y CTAHIAP/IHO]
esekTpociaboj Teopuju. JIpyrun cabupak y JApyrom pejy je TPAaHUYHU 4jIaH U KAaO TAaKaB HE yTU4e
Ha jeJIHAYUNHE KpeTama y TeOPUju.

3.2.5 CmoHTaHO HapyIllemkhe 3-Tpyne CUMETPHUje U MaceHu cueKtap dhepMuoHa

Jla 6u anajiM3a IPETXOAHUX pe3y/irara Ou/ia KOMILIETHA, TOTPEOHO je JaTu OJroBOp Ha JOII JABa
nutama. [IpBo nurame je mra ce joraha ca crpykrypom 3-rpylie y 1IpoIecy CIIOHTAHOD Hapylie-
a cuMmerpuje. KoHKpeTHO, 1Mo/1a3Hu 2-YKPIITEHH MOJY/ KOjU OJroBapa TEOPHUjH eJeKTPOC/1abux
HHTEPaKIKja, je 3acHoBaH Ha u36opy rpymna y (120):

G =50(3,1) x SU(2) x U(1), H=R*, L=C". (187)
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Mebyrum, nakon anasnuse u cuposobema XurcoBor Mexanusma, pesyiaryjyhem jaejersy (186) uie
HE 0JII0Bapa 0Baj 2-yKPIITEHH MOJYJI. ¥ MECTO Ibera, Je JHOCTABHO je YOUHUTH, OJI'0OBapa 2-YKPIITEeHN
MOJIyJI 3acHOBaH Ha cjejaehem u3bopy rpyma:

G =S50(3,1) x SU(2) x U(1), H=R*, L=R. (188)

OBJie mocToje Ba JleTaba Koja Tpeba HarnacuTu. [IpBu, na je rpyma L peaykoBaHa TaKo JIa YMECTO
Jla OTHCYje YeTUPHU KOMILTIEKCHA CKaJapHa M0Jba, CaJla OMUCYje jeTHO PeaTHoO cKaJtapHo mobe. OBO
je JIMpeKTHA MOC/enIa CIIOHTAHOT HAPYIIEHha CUMETPHje, KOHKPETHO, TPaJiijeHTHe Tpancdopma-
muje (140) koja je npumereHa Ja Ou ce yKIOHWIA NOJba (1, o U ¢4. Tpancdopmanmja je gosesna
JI0 pefyKIuje KOHMUTYPAHOHOT MPOCTOpa OCTaB/hajyiu caMo jeJTHO peaHO CKaJapHO moJbe h y
nejerBy. HoBu 06JIMK, peayKOBAHOT KOHMUTIYPAIMOHOT MPOCTOPA je KOH3UCTEHTAH ca HOBUM W3-
Gopom (188) 2-ykprreHor Mojyia, Koju ofrosapa tomosoukom 3BF pejery (160), mobujenom
dbukcupamenm Kaaubparumje nodeTHor 3BF fejcTBa 3aCHOBAHOM Ha 2-yKpiiTeHoM Moysy (187).

Jlpyru gerasm ce tude rpyne G. @opmanno, rpyna Gy (puHATHOM 2-yKPIITEHOM MOIYJIY je
ocTajla MCTa Kao IITO je Owja y WHUIMjaJHOM 2-yKpinTeHoMm momayay. Mehyrum, kao mro je mo-
Ka3aHO y TOIVIaB/bY O eKCILUIMIIMTHOM Hapyliemy cuMmerpuje, [IpokuHa Besa Hapymasa (G rpymy
CUMeTpHje, W OHA je je/IMHa Be3a Koja TO paau. 300r Tora, mako tomnosiomku 3BF neo mouernor
u Kpajmer gejcrBa uma ncru BF cabupak m ucre 1-popme koHekcuje koje caege u3 rpyme G,
npucyctso [Tpokunne Bese Hapymasa rpyny cumerpuje G Ha mweny moarpyny SO(3,1) x U(1), mok
MOYETHO JIejcTBO Huje caapzkaio [Ipokuny Besy u rpymna GG Huje Omia HapyimreHa. KoHadaH pe3yii-
TaT je TaKaB Jla Kpajbe J1ejcTBO nMa HapylleHy (G CHMeTpHjy MaKoO je 3aCHOBAHO HA 2-YKPIITEHOM
moyty (188) koju caaprku ey rpyny G, mTo je nocjaenuna npucycrsa [Ipokune Bese.

Jlpyro nurame Ha KOje Tpeba 0AroBopuTH je mra ce jgemana ca neanm Cramgapaaum Mogesiom
(22) ToKOM mpoIeca CHOHTAHOT HAapyIewha cuMmerpuje. IKOHKPETHO y OBOM HOIJIABJBY, ¥ E-EIOBUM
NMPEeTXOJHUM JeJ0BUMa, Ja OW aHajam3a OW/a IITO jeJIHOCTaBHUja, MPOyYaBaHO je CIOHTAHO Ha-
pyliebe CUMeTpHje U XHUICOB MEeXaHH3aM CaMO Y CIEIHjaJJHOM CIy4ajy TeopHje eJeKTPoc/iabux
HHTEePaKIHja. Y CBAKOM CJIy4Yajy, jeJIHOCTABHO je JOJATH IpeocTaie TPU Be3e Spirac, Ovukawa, X
Sepin, Ka0 1 oarosapajyhu (D A H), cabupax 3a ¢depmuone u 106uTH JejcTBo 32 1neo CTanaapaHu
Mogen. Pesyarar cipoohema nporieaype CIIOHTAHOI HapyIllemha CUMEeTPHje U XUICOBOI MeXaHU-
3Ma Ha OBAKBOM JIEjJCTBY je MCTH Kao W y CJAydYajy ejaekTpociabe Teopwuje, 10 Ha ojaropapajyhe
cabupke Koju oiaroapajy dgepmuonuma u gomatrHoj SU(3) rpaaujeHTHOj cuMeTpuju (Koja ocTa-
je HeHapyIeHa jep He yduecrByje y Xurcopom mexauusmy). Cabupiu (D A H); 3a depmuone cy
jeTHaKH

T S NA _& A
(D ANHpy = ha(Vy)" — (7 V)arb?, (189)
u Tpancdopmuty ce TpuBHjagHO y oanocy Ha (152) Kao u Be3e Spiac U Sspin:
e ¢ ~ "
(Dy ANHpp —> (Dy AHpho= (Dy AHy)r,
675 ~ e’5 ~
SDirac — SDirac = SDirac; Sspin — Sspin = Sspin . (190)

JennHa Be3a Koja ce He TpaHC(hOpMHIITe TPUBHjAIHO je Be3a 33 JyKaBUH MOTEHIHJAT Syukawa, B OHA
ce Jenn Ha JBa cabupka:

2 _
SYukawa - - / EYABchwBQﬁCé‘abcdea N eb A\ ef A ed

—£ 1 _ 1 _
= T VY ABH wAwB Eaped €4 N €PN e A et — 2 YieH @bA@thsabcd e A el Aef A ed,

(191)
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rje upBu cabupak y JpyroMm pejy ojrobapa Besu 3a Macy Jlupakosux mnosba (93), 10K je Apyru
cabupak HOBa Be3a 3a JyKaBWH ITOTEHIN]aJT S'Yukawa, u omucyje marepakiujy mszmehy depmuona u
Xwurcosor moJba h. Yrnopehupamem npBor cabupka ca Be3om 3a Macy /lupakoBux 1mosba, 3aK/bydyje
ce Jla KOHCTaHTe JyKaBuHe HHTepakiuje Y gy jecy HpOIOpIHOHAIHE MACEHO] MATPUIH (hepMUOHA

MAB ZUYABH, (192)

KOja ce cacToju OJI IpaBHUX Maca ¢grepMuoHa U ojropapajyhux yriopa Mmemama. Konaunu obuk
TpaHcdoOpMUCcaHe Be3e 3a JYKaBUHUM MOTEHIIHjaJOM TIOCTaje:

SYukawa i> SYukawa - % / MABwAngabcdea A eb A €SN ed = SYukawa + SDirac mass - (193)
Casa je moxkaszano jma ce XUTCOB MeXaHW3aM ONMWCAH Ha MPUMEPY TeopHuje eJeKTPOCTaduX HHTEpP-
aknuja Moxke yornrrutu Ha neo Cranpapaau Mogenr (22).

OBuMe je 3aK/bydeHa aHAJIM3a XHUICOBOI MEXaHM3Ma W CHOHTAHOI Hapyllema cuMerpuje 3BF
JleJcTBa ca Be3aMa. Y KPaTKO, Pe3yaTaTH XUTCOBOT MeXaHW3Ma Cy WCTU Kao M Y CTaHIapJaHO] TeH-
3opckoj dopmynanmju Jlarpanxujana 3a Cranmmapaan Mogen, aam cy Oponeaypa U TeXHUUKH
Jerasbi OTHYHO japyraduju, oyayhu ga je 3BF nejcrBo dyHKHIHOHAJ HA TOTIYHO PA3JIHINTOM
KOH(UTYPAIIMOHOM IPOCTOPY YV OJIHOCY Ha CTaHIapHO JiejcTBo 3a Cramaapanu Moge.

37



4 Be3za u3mel)y popmynanuja kBauTHe AjamrajH-KapTaHoBe
n 3BF Teopmje ca Besama

Y mpeTxoJHO] TUIaBU je MOKa3aHa eKBuBajdeHNHja u3Mehy kiacwane 3BF Teopuje ca Besama
n Crangapanor Mogesa cupernyror ca Ajumraju-Kapranosom rpasutamujom. Mako cy ose mBe
TeopHuje KJIACUIHO €KBUBAJICHTHE, IbUXOBOM KBAHTHU3AIU]OM CE€ MOTEHIM]AJTHO MOTY JOOUTH Pa3/iu-
4uTe KBAHTHE Teopuje. Y 0BOj IyiaBu he OuTH ycnocTaB/beHa Be3a u3Mely ouekmBaHUX BPEIHOCTH
oricepBabJin v /IBe KBAaHTHE TeOpHje, TeMOHCTpUPajyhu /1a Teopuje HUCY TOTIIYHO eKBUBAaJEHTHE HA
KBAaHTHOM HUBOY, aJI1 Jla TTOCTOju J00po nedbuHUcaHa Be3a nu3Mehy mux. Hakon Tora, y mocsieamem
norJia/by he OuTH pazMarpaHu HPUMEDU HA KOJUMa C€ MOXKE MJIYCTPOBATH PA3J/iMKa y KBAHTHUM
TeopujaMa.

4.1 KsBanTHe omncepBabJie

[Iporec KOHCTPYKIKje KBAHTHE TeOpHUje 3aXTeBa YOIIITABAE MATEMATHUKAX PE3y/ITaTa Be3a-
HUX 33 BUINECTPYKE MHTErpaJje 1no peajnum u ['pacmanoBum OpojeBuma Ha ojarosapajyhe dpyHk-
[IHOHAJIHE WHTerpaJje 1mo D030HCKUM U (HEPMUOHCKUM MOJbHUMa. 300T TOra je y MPBOM OJe/bKY JIaT
nperJie/l HHTerpaja Koju he 6uTu youmTeHn A0 DYHKIIMOHATHOT HABOA. ¥ JIPYIOM OJIeJbKY hie OBH
UHTerpaJim OWTH NMPUMemeHn Ha Je@UHUINN]Y OYeKWBaHe BPETHOCTH MPOU3BOJbHE olcepBadie y
kBaHTHO] 3BF Teopuju, Kopax 1mo Kopak, Tako Ja pe3yaraTr J00hjeH Ha Kpajy IMpoleaype MoxKe 1a
ce WHTepIpeTnpa Kao 0OYeKHBAHA BPEIHOCT Be30M mpujpyzxkene oncepsabjie y ksautuoj ECC teo-
puju. Ha oBaj naumn he Outn KoHCTpyHcana normnyHa HeneprypbaTupHa Be3a usMelhy jBe KkBanTHe
Teopuje.

4.1.1 MaremaTudku pe3yJaTaTu

Y oBoM one/bKy he OumTH H3/10’KeHa YKYIHO YeTHPH YOIIITerma ocobuna lupakoBe peire, y
HEKOJIMKO CIICIHjaTHUX CJIyYajeBa, Kao U UIeHTUTeT moBe3an ca CTokcoBoM TeopeMoM. M nenTuTeTn
ce MOTY IOJIEJINTH Y JiBe I'pylie, 6030HCKY 1 (pepMuoHcKy. /IBa 6030HCKA UAEHTUTETA Ce MOT'Y J00UTH
yormiraBameM cienehux ocobuna /lupakose nesre na 6030mcka nosba. [IpBu waenturer je

/dyein:27r5(F), FeR, (194)
R

Ha OCHOBy KOT' ¢ce MO2Ke ,ZLO6I/ITI/I CJIe,ZLehI/I BI/IH_[eCprKI/I HHTErpa.Ji:
/ dy / Qi H (1) ¢/0F @) 60) o / dy H (1) (F(a)) €60 (195)
R n n

[ToroMm ce, yomnmTemeM OBOI Pe3y/TaTa Ha HUBO (DYHKIMOHAJIHOT HHTErpaJia, 100uja:

| PepocHag e <\ [ Doy Hos (Fow) 419 (150
Jlpyru norpeban UJICHTHTET je:
H(G/F
[avswr -y =T Roer, (197)
R
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KOJH Ce MOKe jeJIHOCTABHO JOKa3aTu CMEeHOM IpoMensbuBuX. Oarosapajyhu BUIIecTpyKu HHTETPAJ
je

H (GQB<$k)F_lBA(£L'k), xk)

/Rdy /n dzy, 8 (y*P Fp™(ax) — G*Yay)) H(y, xx) = /n dzy, P . (198)
JIOK j€ YOIIIITEeme HAa HUBO (DYHKIIMOHATHOD WHTErpaJa JaTo ca:
1

| DeDows (¢ Fi00) = G 0) Hioon) = [ Do (G2 (00) P (60, 1)

|F(¢)] (199

rie ¢y Fp(¢y) npoussosbHa unBepTHOHIHA MaTprana GyrKIHja, G4 (¢r) u H(p, ¢r) TponssobHe
dbyuknmje, u |a| o3ravasa 6poj Moryhux BpeaHOCTH HHIEKCA A.
Hame, ngenturer y se3n ca CTOKCOBOM TEOPEMOM

/ DoDaoy H(p, ¢r) et J(VOINE(¢r) +@NF (61)+G (k)

:/DgpaDgékaeif%AE(d”“@)/D90D¢k H(p, é) eif(*l)p71<ﬂAVE(¢k)+@/\F(¢k)+G(¢k)’
(200)

KOjH TMOJIjeTHAKO BayKu U 3a 0030HCKa U 3a (hepMHUOHCKa Mosba. OBJE je MPETIOCTaBHEHO Ja je ¢
p-bopma, oK Ccy Yy U ¢ry BPEIHOCTH MOHa HA TPAHUIU MHOTOCTPpYKocTH. Tpeba Harmacutu jaa je
rJIaBHA CBPXa OBOI HJEHTHUTETA MpebanuBambe JejCTBa KoBapujaHTHOT u3Boda V ca ¢ Ha E(¢y).

Konauno, nBa dhepMuOHCKaA HJIEHTUTETA KOja Ce MOTY TO/IjeTHAKO YOIIITUTH ca | pacMaHOBUX
opojeBa Ha I'pacManoBa 1mosba cy jara ca

/ d6ydb, . . . db, 200 P, . 4,)
0 (201)
= (_1)71—1@/ d02d9n 5(92 —93— —Qk) F<02,,8n),
Gn—l

n
/ m@/ m%/‘MM%”d&/‘ iy .. dO, (= N00) Py g, 6,
m m Gk Gnrn—k

= (27T)m/ deZ/ d91d02 . d‘gk/ d9k+1 Ce dﬁn H ) (Qla — M“ijﬁiﬁj) F(CL’, 91, ce ,Gn) .
m Gk Gn—k

a=1

(202)
3a goka3 morsematu Jlomarak A.3. Oarosapajyhu dyukmuona o maenturern 3a | pacMaHoBa
0Jba M3IJIE/Iajy MCTO Kao JIBa HACHTHTETA W3HAJI, JO Ha 3aMeHy Mepe uHTerpamnuje df — DO,
HopMasmsanuonor dakropa (2m)™ — N, u vorauuje [[d(x*) — §(¢). Tpeba npumerurtu aa 1o-
CJAeIbY HACHTUTET caapzKu JIupakoBy JenTy o1 KOMOUHAIM]e peaJanux u [ pacMarnoBux Opojena, 1a
je pejocies uaTerpamnuje Baxkan. KOHKpeTHO, IPBO ce MOpPa CIPOBECTU UHTETPAIMja 110 PEAJTHUM
opojeBuma x%, ma Tek onja no ['pacmanoBum Opojesuma. Taxolhe, /Iupakosa menra oj ['pacma-
HOBUX OpojeBa je HemapHa (KOCOXePMHTCKA) Ko MOCIEIUNa ddibeHule na ['pacMaHoBH OpojeBH
AaHTHKOMYTHPA]jy, IIa ce IeITa YBeK IHOjaB/byje V Hapy ca MMATCMHAPHOM jeJHHHIOM i = /—1 y
jemmaqunum (201).
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4.1.2 OuekunBaHe BPEAHOCTH OINCepPBabIN

Besa m3mel)y aBe kBaHTHe Teopmje ce MOxKe M00MTH yrmopehmBameMmM OUYeKWBAHUX BPETHOCTH
oricepBabin u3mehy siBe Teopuje. Jla 6u TO OMIO YCIENTHO CIIPOBEEHO, MOTPEOHO je jebuHucaT
OBe OYEeKHMBAHE BPEIHOCTH Yy 00e TeopHje:

1

ZBBF

(Flasr = 5— [ DocF(0) 57701, (Fyace = - — [ Doy F(on) Secl - (203)

r7e Cy CyMe IO CTambuMa JaTe Kao:
Zapr = /ngi oS3 F (il : Zpoc = /ngi eiSeccldil (204)

[TorpebHO je ojMax Ha MOYETKY JaTH map KoMmeHrapa. [IpBo, 3a nmorpebe aHaJim3e HHUje HEOIIXOJI-
HO 33JIaTH TPEeIU3Ny JeUHUIN]Y HHTEIPaia 10 TpajeKTopujaMa, IIITo 3Ha49H Ja HUje MOTpeOHOo Y
nornyaoctu neburncatu kBantHY 3BF m ECC teopnjy ekcmiumuTtHO. JeauHu ycaoB Koju je mo-
TPebHO NPEeTHOCTABUTH je Jia cy Mepe y oba uHrerpaJa geduHucane Ha UCTH HAYHH 3a 00e Teopuje
u 1a cy gedbuHHCcaHe HA TakaB HaYMH Ja dyukmmonansan uaearurera (196), (199), (200), (201) u
(202) n name Baxke. Ha oBaj maumn je moryhe jguckyroBaru ocobuue u ynopehuBaru oueknBaHe
BpEIHOCTH omncepBabn y 00e KBaHTHE Teopuje y HemepTypOATHBHOM PeKUMY, YIIPKOC YHHEHUIH
Jla caMu JieTa/bl KBAHTU3AIM]e TeOpHja HUCY JI0 Kpaja JedWHICAHN.

Hpyro, noma ¢; y 3BF Teopuju u ECC Teopuju npumajajy HUTOBUM IOje JTHHATHUM KOHMU-
rypanuoruM pocropuma (47)-(48) u (56), pemom. Ouuriieno je ma ce oncepsabie F(¢y) y (203)
Mory yropehuBaru camMo ako Hpuiagajy 3ajeHIYKOM KOHQUIYPAIIOHOM OAIPOCTOPY 00e Teo-
puje, OIHOCHO, aKO orncepBad/ia F' 3aBuCH caMO OJI 10Jba ¢ KOja NMPUITAJIAjy PeLyKOBAaHOM KOHQU-
rypaioroM mpocropy (56) xoju je nedunncan 3a ECC teopujy.

Y gamuM KopaiuMma he 6utn npuMemuBanu upenturern (196), (199), (200), (201) u (202),
KOpakK 110 KOpak, y IHbY cBohema gedunuiuje oncepsadie F'y kpantuoj 3BF teopuju, na medu-
HUIUjy OYeKUBaHe BPeIHOCTH oArosapajyhe omncepsabie mpBo y kBautuoj EC Teopuju, a morom u
y kBauTHO] ECC Teopuju.

3a moderak, MOTPeOHO je eKCILTUIUTHO 3alUCATH BPEJTHOCT MPOU3BO/IA OUEKUBAHE BPETHOCTH
orncepsabie F' u cyme mo cramuMa y KBauTHOj 3BF reopuju. [Ipema medbununuju (203) je Taj
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HPOU3BO/I jeTHAK:
Zspr(F)spr = N/DaDwDﬂDeD’yD’yDﬁquDleEDBDS\D)\DXDAD(DHDM

exp (2 / Ba A F®+ By AR 1 e, A(VB)" + ¢ (VA) , + Pa (V)"
-(39) v

1
+)\a A (Ba - 120aﬁMﬁab€a A €b) - )\[ab] VAN (B[ab] - —€[ab]Cdec AN 6d>

8nl2
5 . i
FAUA (Fa = Hapeac® A e” A e) + A A (“YA + Geanae’ A’ A e (V%)A)
~y ¢ a c (.7 12 T a c
_)\A VAN <’YA - ggabcde A eb Ne (ﬂ)ryd)A) + 277”?#%757 wAgabcdeb NN ﬁd

+(, % (Maabecdefec ANelAef Nef — F* Ne, A eb)

+APYN (Hopeas™eq Nee Nep — (Vo) 4 Aea Aey)

1 2 s A a c
_ﬁ (X (‘bA(bA — U2) + YABchQ/)BQﬁC -+ 87[12)) Eabed€ N eb Ae” A €d>
F (o) - (205)

[Tpumenom dyukuonaanor uiaeHTurera 3a CrokcoBy Teopemy (200) Ham cabupnuma y APYroMm
cabupkoM y TpeheM peiy, yKIamajy ce H3BOAM ca 1omba Bq, Ya, 7* U 74, Kako 6u y ciaenehem
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KOpPaKy MOIJIa Jia ce u3Bpiiu (pyHKIMOHAJIHA MHTeIpaiuja 1o mwuma. Jlobujen pesysrar je:
Zypr(F)apr = N / DfyDey DA Do DV Do Dby Dy ¢ # #3740+ 0a08 70005 e 55
/ DaDwDBDeDyD~yDyD¢ Dy Dy DBDAXDADNDADCDHDM
exp (z / Bo A F® + Bpag A R+ (Ve), A B* — (Vo) Ada
= (#9)  Av T n (Vi)

+AYA (Ba - 12(]&5M5abe“ A eb) — Nay] A (B[“b} - —5[“b]Cdec A ed)

87Tl]2)

\ y a c Y 7/ a c A
FAYA (T4 = Hapead® A" A e) +Aa A (VA + ceaac” A A e (1) )
~/ Z a c (.7 . - a c
—AA <%4 - Egabcde Aeb Ae (@/Wd)A) + QWZZ§¢A757 Ve apeae® N €€ A B
G (M apeegese N e Ae® Ael — F* Neg Aey)

+AA N (HabcAscdefed NecNep— (Vo) Neg A eb)

1 A 2 7A B C A a b c d
_E <X (Qb ¢A - 1)2) —+ YABC¢ ¢ g25 + S?ZIQ) Eabed€ NE NE"Ne
F(éx) - (206)

[TaxK/bHBOM TIPOBEPOM TOPEEr U3pa3a ce MOXKe YOUUTH Jla y KOJHUKO oncepabia F(¢y) He 3aBuCcH
0JI TI0Jba Ha TPpaHUIM, HHTerpalija 1Mo TpaHulM He jgaje jgonpunoc. Takohe, 3BF teopuja dhopmy-
JINCaHa HA OBaKaB HAYMH HaMehe OorpaHMvema Ja Cy MoJba MaTepHje Kao W TeTpajia Ha TPAHUIN
MHOTOCTPYKOCTH jegHaka Hyau. OBa Orpanmderma Ce MOT'Y YKJIOHHTH I0/aBarmeM OAroBapajyhmx
rpannvyHuX wianosa y Kjiaacuuno 3BF jejerro. Jeman o TakBUX rpaHnvdHux 4jaaHoBa je u ['ubomc-
Xokuur-Jopk wma [53, 54, 55].

Y crenehieM Kopaky ce cIpoBOAM MHTerpamuja o nobuMa 3a, Blay, Bas A4, A as va, % m A4
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npumenoM byskuonanux uiaenrurera (196) u (201), xoju aajy:

Zagr(Flasr = N / Dey Dy Dby Dby 8(69)3 (690 (129)3 (e5)
/DoszDquﬁDsz@DﬂDADXDHDM
« a . N N (.7 A A
5 (F* +2) 8 (Ray — Aan) 6 (A = (9),) 5 (M = (8F) )a (W = (ve)*)
exp (z / —12)\% A C’QBM'Babe“ Aeb+ Alab) A Les[“b]c‘iec A eq
T
p
A Hpene® A b A e
+A4 A %sabcde“ Ael A e (vdl/})A + M A %sabcde“ Ael A e (QZ’}/d)A

1
12

- A
( (¢"pa — 02)2 + Yapcp P o + 8%12) Eabea€® N €’ A €€ A ed)
p

M€ apecgese’ N e Nef Nel — FO Ney A eb)

(Ve), — 2mil} wA’Ys’Y PAeaeac’ A e )

0 (
0 (HabcAa Feq A eo A e — (Vo)  Neg A eb)
0 (
(cbk) (207)

F

IToToM, Ja/boM HMHTErPAIMjOM II0 MOBEMA AY, A[e), M, Aam A ce yKJIa/bajy dupakose genre u3
Tpeher pena u jgobuja:

Zspr(F)spr = N/DeachaDwaDl/_)a5(9258)5(1/)8)5(158)5(66)

/ DaDwDeDé¢ Dy Dy DHDM

1
exp ( /12F°‘ A C’aﬁMﬁabe A€’ + Ry A 1672 gabede A ey

— (V(b)A A Hypone® A el A e

_3 a b c n d A 5 d A
65abcde Ne Ne N <<¢%>A7 ¢ TPAW (Vl/}) )
1
12

- A
< (¢ b — 02)2 + YABC¢A¢B¢C + 87rl2) Eaped€® N €” A €SN ed)
p

M€ apecgere N e Nef Nel — F* Ne, A eb)

2mil? ZDA’YE)’Y VA apea’ N e — (Ve), )

o (
) (HabcAE Feqg N es A e — (Vo)  Neg A eb)
0 (
(o) - (208)

F

Muoxutemsn M, u Hypeq, IO KOjUMa JOTT YBEK HUje WHTETPAJHEHO CY y Be3W ca XOIIOBUM JIy-
annMa jadune nosa F* u (Vo) ,, pexom. Ilpumenom dynkimonannor naenturera (199) ce osu
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MHOKUTEJbU MOI'Y OJMHTErpaJuTH y kKopuct Xoposux jyasa (50), mrro gaje:

Zspr(F)spr = N/DeaDQﬁaD%D%5(%)5(%)5(%)5(@8)

/DaDwD6D¢D¢D¢|e|(a|+A(D1))[ab]|

exp (z / —FNCopg*xFP 4 Ry N ——=e, Neg— (Vo) A (xV)

167 l2
—éeabcde“ Aed A e A ((@%)A vYhp?t — 1 ay? (VWA)

1 2 T A a c
05 | X (¢A¢A —v*)" + Yapep P + S5 | Eabed€” N e’ Net Ael
12 8ml2
) (27Til;&A757d@/)A6abcdeb A e’ — (Ve)a)
F(r) - (209)
Besmanna D (koja ce 10jaBibyje y €KCIOHEHTY JeTePMUHAHTE TeTpaje) je AMMEH3HUja IIPOCTOPBpe-
mena, D = 4, na je Bpeanoct ekcnonenta gerepmunante rerpage N = (Jo|+|A|(D—1))|[ab]| = 144,

yaumajyhn y 063up 1a je |of = 12, |A] = 4 u |[ab]| = 6. Moxe ce mpenos3HaT na je g100ujeHn apry-
MeHT y eKcroHeHTY jejcTBo (49) Ajumraju-Kapranose EC Teopuje, ma ce pe3yarar MoxKe 3allHCATH
Kao:

Zspr(F)spr = N/DeaDﬁbaD%D%5(%)5(%)5(%)5(68)

/ DaDwDeD¢Dp D) — r |N § (2mil2 avsy 0 eapeac” A €€ = (Ve),)
F(¢y,) erelod (210)

Ha oBom mecty je norennujajino moryhe ycmocraButu Be3y uzmehy xksantne 3BF Teopuje u
kBanTHe EC Teopuje. Ha xkanoct, oBo Huje moryhe jep /Ilupakosa menta mom waTErpagom nHamehe
JIONIATHY jaKy Be3y u3Mehy TOp3Hje U CIHHCKOT TeH30pa U Mopa OUTH OJMHTerpajbeHa IMpe MOKYIIaja
yCIOCTaBhakbha OMIIO KakBe Bese n3Mely KBaHTHUX Teopuja. OBo je Moryhe ypaJuTu HHTETPAITjOM
110 1-popmu cnuncke korexcuje wl®, koja je npucyrna y JupakoBoj IeTH Kao 10 KOBAPU]aHTHOL
u3Boja V Koju Jesyje Ha 1-popmy terpasie. /la 6u murerpanuja 6uia u3BegeHa, morpedHo je IpBo
tpancdopmucaru u3pas yayrap JlupaxkoBe jeste, jep OPUTMHAIHUA W3PA3 3aBUCH O] aHTUCHME-
TPUYHOT JleJla CIIHHCKe KOHEKCHje Y OHOCY Ha JPYTH WHJEKC U MPOCTOpBpeMeHCKH uHAeKc. OBa
3aBUCHOCT Ce MOKe YKJIOHHUTH MPeJacKoM Y JIOKAJHO WHEPIHjaJTHU KOODIWHATHU CUCTEM, TIe ce
OBaj aHTHCHUMETPUYHHU Je0 MozKe OAPeJUTH yBohemeM cMeHe IPOMEH/BUBUX Wape = Wapul. OBa
CMeHa TTPOMEH/bUBUX MeHha Mepy WHTerpaJia:

0 (Wabcecu)

5[€f]
5wefg

Dwapy = Dwape = Dwabe |013 €| = Dwabe |eflla¥ll, (211)

Caja je moryhe yBecru Beimauny Agp. Koja je aHTHCUMETPUYHA Y OJHOCY Ha JAPYTIU U Tpehu uHIeKC:

1

Aabc - 5 (wabc - wacb) . (212)

JeJIHOCTaBHO je MOKa3aTH Ja KOMIIOHEHTEe HOBE IPOMEHJ/bHBE CaJIpKe CBe KOMIIOHEHTE CIHHCKE
koHekcuje (u HujeaHy Buie). a 6u 0BO GHIIO MOKA3AHO, JOBOJBHO je OJpEeIuTH BpeaHoctT ciaenehe
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JluHeapHe KoMmOuHanuje KopunihemeMm 0COOMHE AHTUCUMETPUYHOCTH CIIMHCKE KOHEKCHje 10 1IPBa
JBa MHIEKCA:

1
Aabc - Abac - Acab = 5 (wabc — Wach — Whae T Whea — Weab + wcba) = Wabc - (213)

Jakobujan J oBe cMeHe TPOMEH/bUBUX je KOHCTAHTAH U MOYXKe ce ancopboBaTH Y HOPMAIU3AIUOHY
koHcTauTy N, IIa ce Mepa MHTerpasia CYIITHHCKH HE MEIba:

N/Dwabc:N/‘j|DAabC:N,/DAabC. (214)

3amenom Harpar y jegnaduny (210) ce mobuja nspas koju je GyHKIHja moba Agpe:

o]l

Z3BF<F>3BF - N/DeangaD?/}aDIZa5(¢3)§(¢a)(5(2f)3)5(63)/DCYDADeD(bDi/JDlZ |€’N

8 (2mil20 avsy 0 Eapeac’ €™ P — (Opear) €77 + Aupclelese7e™ ™)  (215)
F(é) eiSec(éx]

[Tpumenom dyuknnonanuux naenrurera (199) u (202) gobuja ce m3pa3 Koju ce MOKe HHTETDATUTH
110 0JbUMa Agpe TIPABOJUHE]CKH:

el

Zagr(Flasr = N / Dea DDy Diy 8(69)3(19)0 (1) (€5) / DaDADEDODUDY b1

1 _
5 (Aabc - (_Cabc - 27Til§’l/}A757de€abcd>>

1

|2[e|ebalddle o | lal

: (216)

F(@g) eiSec(éx]

Crenehn Kopak je ojpehuBame jeTepMUHAHTE IPOM3BOJIA JIBE TeTpaje U TeHzopa Jlesu-Yusure.
[IpBo je moTpebHO OApeIUTH JeTEPMUHAHTY TeH3opa .JleBu-YuBure Kao ’5[‘”’““1}’ = ‘5[’“’“'”"}’ =1,a
IOTOM Ce MOKe KOHCTPYHUCATH UIeHTUTET:

1 1 v][po v o] ~abcd v o ab][cd L u]|2
ol = [ | = lea e ledeatle ™| = [2ea el [2ecPeq” | |0 = [2epen”]”
(217)
U3 KOT CJIeTh JIa je
1 1
¢ e, V| = _ . 218
} €la" €y | |e|%|[u,j]| |6|%|[ab” ( )

Kopumthemem nobujere peranuje (218) GyHKIMOHATHE HHTEIPAT TTOCTAje

Zapi(Fyspe = N / Dea Do Dby Dby ()5 (10)3 (80)5(c5) / DaDADeD$DYDY
1

|€|N+|[ab}|(%fl)

1 _
6 (Aabc - <§cabc - 27Tilz¢A75’7de€abcd)> (219)

F(¢k> eiSEC(dr]
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Y cayugajy Cramgapaaor Mojesa, eKCIIOHEHT JeTepMuHaHTe Terpaje je jgar u3pasom M = N +
|[ab]| <|a| 1) = N + 6 = 150, y3umajyhu y 063up 1a je |a| = 4. Nurerpamuja no nomy Agpe Memba
noJbe Agpe vV I€jCTBY ca:

1 9 T
Aabc = écabc - 27Zl§wA757de5abcd ) (220)
HIITO oAroBapa 3aMeHN B
Wabpy = Aabu - 27Til§wA757de5abcdec,u ) (221)

KOja je IpeTXoTHO ONucaHa nporeaypa gobujama gejcrsa 3a ECC Teopujy u3 aejersa 3a EC Teopujy
(jennaunua (51)). 360r rTora KoHauan m3pa3 caapxu Jejcrso 3a ECC reopujy y eKCHOHEHTY, a
nU3pa3 3a OUYEKHUBAHY BpeIHOCT orcepadsie y kBauTHoj 3BF Teopuju nmocraje ynopeaus ca nzpaszom
3a OYEKNWBaHY BpeIHOCT oaroBapajyhe omnceppabie y kBanTHoj ECC Teopuju:

Zapi(Fyspe = N / Dea Dy DD 5(6)5(150)5 (8)5 / DaDeDéDY DY
« 1 (Qbk) Spccoldr] Nl ZECC <LMF> . (222)
|€’ ‘€| ECC

Y croenujaTHOM CIIyUajy, 3aMeHOM jeauHuune omcepBabie, F(¢r) = 1, Moxke ce oapeauTu Besa
uzmebhy jBe cyme 1o cramuma

Zsgr = N / DeyDy Doy Diby 8(65)d(19)0 (o) (e5) / DaDeD¢Di) D ‘6% etSeccldn]

, 1
- W uce () o

YV Apyrom crenujagHoM caydajy ce uzbopoM oncepsabie F(¢y) = |e|M

cyMa 10 CTambuMa

, 1obuja apyra Besa usmehy

Zspr (le|" ),y = N / Dey Do Doy Dby 5(9)6(109)6(a)d(es) / DaDeD¢Dip Dy e'rccionl
= N'Zgco. (224)

Kombunosamem Besa (223) u (224), ce mobuja HOpMATH3ANUOHA DeJIaluja

Kao mocsenmbu kKopak, 3amenoM (223) u (224) marpar y (222), u npumenom nedbununuja (203),
KOHA4YHO ce j1obuja Beza m3mehy kBanTHUX 3BF n ECC Teopuja obmuky:

L F M
<<eﬁ>>;:: e = g (220

Jenuaunne (226) nedunurry HenepTypOGaTUBHY Be3y u3Melly OUeKHBAHUX BDPEJIHOCTH OICEp-
Babin y kBantuoj 3BF u ksantnoj ECC reopuju, u npejcrap/pbajy IjiaBuu pe3y/aTar y UUTABO]
rnasu. [lTocrojame oe Beze HariamaBa BaxkHocT 3BF Teopwuje jep 6u mweHOM KBaHTH3AIUjOM Ca-
na ayromarcku owmira mobujera m kBanTHa ECC Teopuja, koja je BaykaH (pu3mIku MO/1€1 KBAHTHE
rpaBuTtanuje u Crangapanor Mogera. Exkciunuria KOHCTPYKITja pYHKITMOHATHOT HHTErpaJia 3a
3BF Teopujy ca Be3ama he dutu msnoxkeHa y ciaenehoj riaBu.

(F)spr =
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4.2 Ilpumepn

Y oBom mornaepy he 6utn ynopehena npenpuhama xkBanTHe 3BF Teopuje m xkpantane ECC
Teopuje Ha MPHUMEpPY T'YCTUHE YeTBOpPO3alpEeMUHe IpOCTOpBpeMena, riae he OGUTH JUCKYTOBAH U
CEeMUKJIACHYAH JIUMEC, H MPUMEPY I'PABUTAIMOHUX TATIACA.

4.2.1 I'ycTmHa ¥eTBOpO3anmpeMHHE ITPOCTOPBEPMEHA

Kao najjemnocTaBHIju TpUMeEp OMcepBadIe, MOXKE ce y3eTH oncepBad/ia I'yCTHHE YeTBOpO3ampe-
MHUHE [IPOCTOPBpeMeHa JepUHUCAHA KA

F(gr) = p=lel, (227)

U TYCTHHA YeTBOPO3AIpPEMIHE TPOCTOPBPEMEHA Ka0 OUeKHBaHa BPETHOCT OBOT OllepaTopa y JAaToj
Teopuju rpaputaiyje. OBO je MOTHBHCAHO YHIHEHUIIOM JIa j& 4eTBOPO3alpeMUHA HEKEe YeTBOPOIH-
MEeH3HOHAJHe 00JIacTH R IMPOCTOpBPEMEHa, JaTa Kao

V(R):/Rd‘lx\/—_g:/Rd‘lzﬂd, (228)

na ce |e| Moxke mposBaTu “TycTHHOM” YeTBOpO3anpeMuHe IPOCTOpBpeMeHa obracti R.
[Ipumenom penanuje Be3a u3mely kBaHTHIX Teopuja (226), nobuja ce omHoC u3Mel)y 0ueKuBaHuX
BPEIHOCTH I'YCTHHA Y€TBOPO3AIPEeMUHA Y IBe KBAHTHE TEOPH]e:

P3BF (P)apr <W%>ECC _ <|e‘>3BF<’e|M>3BF_ (229)

prce {Pece {lel) poc (), (el ) spr

Ha oBoMm mecty je norpedbno yBectu JeduHUIje CTATUCTUYKUX BeJIMUYUHA KOBAPUjaHCEe U BapUjaHCe,
nomMohy Kojux ce jeJIHOCTaBHO MOTY W3JIBOJUTH KBAHTHE IONPABKE O/ KJIACHYHUX BPEIHOCTH:

Cov(X,Y) = (XY) — (X)(Y),  Var(X) = Cov(X,X) = (AX)? . (230)

Opae AX mpencrap/ba CTaHIAPIHO OACTYIAME, OAHOCHO, Heompehenoct omceppabiae X. Kosapu-
jaHca m BapujaHca 3a710BoJbaBajy HejeanakocT Koru-IITBapa

ICov(X,Y)| < AX AY | (231)

KOja ce MOYKe MCKOPHUCTHUTH 3a MpOoleHy KoBapujauce y jemnauman. Ha ocHoBy nedwnunmje (230),
jacHo je na je omHOc TycTuHA deTBopo3anpemube y 3BF u ECC teopuju jennax:

1

P3BF -1 + COV (|€|’ \e\M)ECC PECC _ COV (‘€|, ’6|M)SBF (232)

’ M
PECC <M>ECC <|6+M>Ecc P3BF <|e|>3BF<|€| >3BF
Barum, kopumihemem (231), ce gobuja
1
PECC (lel) < 1M> 7 P3BF (lel) (le[™) ) spp
lel ECC



YV KJIACUYIHOM JIMMECY Ce MOZKe HPETIOCTABUTH J1a OBE HeonpeleHOCTH Tex)e HyJ/H, OJaKJie CJIeu
J1a, je KJIACWYaH JINMeC I'YCTHHE YeTBOpO3ampeMuHe uctu y obe teopuje.

BampaBo, roprha jeaHaunHa yKasyje ga On KjaacudaH JuMec 00e TeopHje Morao jga Oyae MCTH.
Jla 61 oBO OMJIO TEMOHCTPUPAHO, Tpeba CIPOBECTH IPETXOIHY MPOIEAYpPY ¥V CAyUajy IPOU3BOJHHE
orcepsabiie F(¢y). Ilomazehun on (226), nobuja ce

(F)spp _ <‘e|%F>ECC (F)pce _ (e F)spp (234)
(F) pec <\6+M> (F)peo (Fspr (lel)spr (Fspp

OueknBaHa BPEIHOCT MPOU3BO/A V¥ OPOJUOIY ce MOXKe M3PA3UTHU Y OOJUKY KOBapujaHce KOpHIhe-
heM (230), a moroM ce KoBapujaHca MoOKe IporeHuTH npuMenoMm Hejegnakoctu Komu-ITsapra
(231), mTo A0BOIM S0 CKYyTa HejeTHAKOCTH:

(F)spr
(F)pce

AL M
3BF

<1+ | 7o , M
(F) <||%> o (F)spr (F) (lel*)

YV KJIacUYHOM JIMMeCy ce MOyKe OdeKuBaTu Jia HeojpeheHocTn omnceppabin mocrajy 3aHeMap/buBe,
AF — 0, ogakie ciaean

(F)spr <1, (F) goc <1. (236)
(F)pec (Fspr
KoMbunoBameM JiBe Heje JHAKOCTH ce JI00HUja je JTHAKOCT KJIACHIHOT JINMECca,
<F>SBF = <F>ECC ) (237)

KOja IoKa3yje 1a cBe omncepBabiie MMajy MCTe OUYeKHBAHE BPEIHOCTH Y KJIACHIHOM JIUMeCY y obe
reopuje. JlakJje, aBe Teopuje ce MehycoOHO pas3JiMKyjy caMO Ha HMBOY KBAHTHHUX IOIIPABKHU.

4.2.2 TI'paBuTanmoHu TAJIACH

Y mpuMepy rpaBHTAIMOHUX TaJaca ce MojaBibyjy JABa (MeljycobHO moBe3aHa) mosba, KOHKPETHO,
MoJbe TeTpajia U MeTPUIKOT TEH30Pa, Kao W HUXOBE eKCIMTalije OKO PaBHOI MPOCTOPBpEMeHa:

e’ =0, +e%, G = Mpw + M - (238)

JlerepMuHaHTa TETpPaJe ce MOXKE PA3BUTH Yy PEJl MO MOMPABKAMA:

1 1
le] =14 ¢% + 3 (%% — %) + 5 (%% — 3% ee + 26%4E%£%) + |e] (239)
aju he meHa BPEIHOCT Ha JlaJbe OUTH AlPOKCUMHUPAHA JIO KBaJIPATHOT cabupKa. Y OMIITEeM CJIy-
9ajy ce MOry pa3MarpaTy IpaBUTAIOHe IepTypOaluje u y 3aKpuBJ/HEHOM IpocTopBpeMeny. Tama
IOCTOJU TIO33AMHCKH /160 TeTpaje €%, n oarosapajylia mosajinacka MeTpUKa (., a yMecTo (238) ce
MOKe HAIUCATH

ey =€+ ey, Y = Guv + Py - (240)

HNako je anayin3a 0BOT OIIITEr CJAyYaja KOHIENTYAIHO CANYHA PETX0/IHOj, TEXHUIKH je 3aXTeBHU]a,
jep je paspoj gerepmunante Terpase (239) pasanant. Ha mpumep, ymecro 1, Bogehu wian y pa3sojy
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hie ourn det €?,,. 300r Tora je jeanocraBHuje He PA3MaTPATH ONIITH C/Iy4aj 3aKPUBJLEHOT IIPOCTOPA.
Ca apyre crpane, CBU TJIABHU 3aK/bY4llH aHAJN3E OCTAjy MCTH.

Moryhe je yBectu Besmmuuny F Koja y cebu cajpzKu CBe IMONPAaBKE JIETEPMHUHAHTE TETPAJIE Y
omHOCy Ha jenumuuily. OBa cMeHa je KOPHUCHA 3a MpoydaBarme KOHBepreHImje pa3Boja y pem M-
TOT CTelleHa JeTepMUHAHTE TeTpaje MO OBOM MapaMeTpy, Ma cy pa3Boju oarosapajyher cremena
JIeTepMUHAHTE TeTPaJIe JI0 APYror peja JaTh Kao:

+oo
1 1 M+n n M b b 9
= = —E)'=1—-Me*, + — (Me®,e% +%e’,) +o(e?). (241
g g (Meuhu ¥ ehet) o) (241)
YesioB a 6u 0Baj pej KOHBEprupao je aa je |E| < 1, 1ok cabupiy y pey HOYHIbY Ja OlMaiajy Kajaa

je 3aj10BOJbeH cJiejiehn ycJioB:
n+1

Fl<—. 242
| | M+n+1 ( )
Opnarie cieau jga hie monpuroc apyror pejga ouru Belim o jgonpunoca Tpelier pega kana je |F| <
0.0196 (y3 mpermocraBky fa je n = 2, M = 150), wam, ApyruM pednmMa, ako ce 3axTeBa Ja

JIOTPUHOC JApyror pema Oynae k myrta Behu ox mompuuoca Tpeher pema, omma je |E| < 0.0196/k.
Taxobe y ciydajy NO3UTHUBHOT CTEIEHA J€TEPMUHAHTE TETPajie, CJIMIHO ce J100uja:

M M = M n a M a b a b 2
el =1+ B)" = E" =1+ Me's + — (Mo’ — e%e") + o(”). (243)
n

n=0

OBaj pen je kKonavan, 6ynyhu ma je OMHOMHU KoeUIMjeHT jelHAK HYJIH Kaja je n > M, ma He
nocroje npobsieMu ca KoupepreumujoM. /logarHo, cabupiu nmodumby j1a onajajy Kajia je UCIyHheH

YCJIOB:
n+1

M—n’
KOjU je ciabuju 3aXTeB OJf MPeTXOHOr (242) W caMUM THM ayTOMATCKH 3a/10BOJbEH.

[Tpumenom jeanadwna 3a Be3y mamelly teopmja (226) na omnceppabury neprypbaiuje MeTpuke,
F(¢y) = hy, nobuja ce:

E| < (244)

<h‘,LLI/>EC’C' - M <€aah#V>EC'C’

(hu) = . (245)
HYISBE 1 _ M (€%) poc + % (Me2,eby 4+ €%eb) poo
Pa3Boj numennona y pesa naje:
(Pudspr = () poo — M (e abuw) pec)
M M?
(1 + M (%) poc — B} (Me®ae® + €% poe + o <5ad>2ECC)
() pee (1 + M (%) pee) = M {e®ahyw) poc - (246)
Taxobhe, y cynporHom cMmepy ce jobuja:
(hadpoe = ((huw)ype + M (%) 3pr)
a M a a M2 a
<1 - M <€ a>3BF - 7 <ME aEfbb — & bgba>3BF — 7 <€ a>§BF>
(huw)spr (1= M (%) 3pr) + M (e ahw)spp - (247)
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OBu u3pasu ce 1nojeHOCTaB/by]y y ciaejehn 0b/IuK u3pazkeH NpeKo KOBapHujaHce:

<th>SBF = <h/w>Ecc — MCov (g%, h,uu)ECC ) (248)
<hl“’>ECC - <h;u/>33F + MCOV <€aa s h/“/>SBF . (249)

Kopumthemwenm nejegunakocru Komm-I1IBapna (231), moxke ce mponenutn norpebHa BeJnvanHa
neprypbarnuje 1a 6u ce pasnuka nsmehy kBanrae 3BF Teopuje n kpantae ECC Teopuje ekcruepu-
MEHTAJHO YTBpauia. KoHKpeTHO, /10 JIPYTOr peja je pasjiuka y npejgasubamy uszmehy Teopuja

Cov (€%, hyw) poe = Cov (€%, hyw )3 g = Cov (€% ) (250)

OJTHOCHO BeJIMYMHA KBaHTHE MOTPABKE je UcTa y 00e Teopuje, MTO ce MOXKe TOOUTH KOMOMHOBAHEM
3 ¢ 3 — a a —_ a
jenmaumna (248) u (249). Ocum Tora, Ha OCHOBY pesarija hyy = Nua€% + M€, € = Mpa€®y U
nejepnakoctn Kommu-I1IBapra, y3 npernoctaBky jia je HeogapeheHOCT cBaKe KOMIIOHEHTE TeTpa/ie
npuOINKHO UCTA, JI00H]ja ce:

(hw) e — (huv)sge = MCov (€%, hy) < 2MAe®, Ae, ~ 8M (Ae,,)” = 2M (Ahy,,)* . (251)

Hejennakoct (251) ce y TUPUHIUIY MOYXKEe WCKOPUCTUTH JA Ceé €KCIEePUMEHTATHO Pa3IUKY]y
kBanTHa 3BF Teopuja u kBanTHa ECC Teopuja, MepemeM rpaBuTaimoOHnx TaJaaca u ynopehuBamem
ca MCXOIOM TEOPUjCKHX mpeasubama. Y Iu/by CTHUIAma HHTYHIE]E O TOTPEOHOM pey BeJuvmHe,
MOZKE Ce KPEeHYTH OJI OKBUDHHX Pe/I0Ba BeJIUYNHE U3MEPEHUX TPEHYTHO JOCTYIIHOM TE€XHOJIOIH]OM,
na npumep JIUT'O/Bupro gerekropuma. Ha ocHoBy [56], yoOu4ajena mperusHOCT Mepermha Halpe-
sama (Kommonenata (h,,)) ce moxke nponenutn Ha 10721 mro nMmmmnupa 1a gecHa crpana (251)
Tpeba j1a Oye

2M (Ahy,)* = 1072 (252)

Vanmajyhin y 063up na je 3a Crangapauu Mogen spegnoct M = 150 (219), mobuja ce mporeHa
MHIHAMAJIHE KBAHTHE MOIPABKE KOja Ce MOXKe TeTeKTOBATH:

10—21

>
Al 2 2150

~ 10712, (253)

OBo je BeJIKa BPeIHOCT, ITO Ce MOXKe BUIETH U3 YHILEHUIIE 1A je aMILTUTY 1 Halpe3amha CUIHAJA,
cuajama jse npue pyne y [56] pema 1078, Tlomro je pacrojame no ussopa GW150914 npore-
weHo Ha rgw ~ 410 Mpc, mro je gajieko M3BaH Hallle TaJaKCHje, MOXKE C€ MPOIEHUTH UHTEH3U-
TeT Hallpe3amwa y ciaydajy uctor gorahaja yayrap Mueanor Ilyra, ogHOCHO Ha pacTojarmy yHyTap
ryw =~ 34 Kpce. Homro ammmutyna chepHOr Tamaca onajga IMPOHOPIHOHATHO ca 1/r o1 u3Bopa,
MOKe ce TIPOIEHUTH 1a OH Ccllajarbe CJMYHUX IPHUX PYIa YHYTap Hallle rajJakcuje CTBOPUIO CHTHA
YUjU je peJi BeJIMUYMHEe HAlpe3ama

rew _ 10725 % 4.1-10°Kpc

a0, 254
T MW 3.4-10'Kpc (254)

hyw =~ hew
OBo je m ma/be [Ba pela BeJMYHHe Mame Of MOTpeOHe BeqnduHe KBaHTHe nonpaske Ahy,. Illra-
BHIIIe, He TIOCTOJU PA3JIOr ¥ TEOPHUju 300T KOI OM CHCTEM JBe IpHE pylle Koje ce clajajy Tpebao 1a
UMa TAKO BEJIUKY KBAaHTHY HeojpeheHoCT.
Jpyrum peunma, ja 0u nocrojehoM TexHogornjoM pasjinka ndMehy jBe Teopuje OmIa oncepBa-
ousHa, moTPebHO je J1a M3BOP IPABUTAIMOHUX TaJiaca

(a) creapa Hanpesame (h,,) pega BeauunHe HajMawe 107 u
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(b) uma kBanrhy neojpehenocr naupesata, Ah,,, najmame 10712,

B

Ouursie Ho, He MMOCTOje MO3HATU KAaH/IHIATH 33 N3BOPe TAKBUX I'DABUTAIMOHUX TAJIaca y MPUPO/IH.
Y cBakoM cJIydajy, Makap y TeopHju, ako O TakaB M3BOP MOCTajao, buio 6u Moryhe mpumeHuTH
(251) u ekciepumenTasHo paszsiukoBarn kBauTHy 3BF Teopujy on ksanrae ECC Teopuje.
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5 Koncrpyknuja kBantHe 3BF Teopuje ca Bezama

Y mpeTxoJHUM IJiaBaMa je MoTBpleHa ekBHBaJeHIUja u3Mel)y jiBe KjacudyHe Teopuje OlucaHe
3BF nejerBom ca Besama u Cranmapaaum Mogenom cruperaytum ca Ajnmraju-KapranoBom rpa-
BUTANUjoM. 3aTuM je yTBphena HemeprypOaTuBHa Be3a n3Mehy onrosapajyhux KBAHTHUX TeOpHja
3aCHOBAHUX HA OBHM MO/IeJIMMa 0e3 eKCILINIUTHE JedUHAIIje CBaKe 0/ Teopuja n yrBpheHo ja ode
Teopuje Jieie 3aje JHIYKNA CEMUK/IACUYaH jJiuMec. Y Hape HuM norjiasbuMa he 6utu hopmyincana
kBanTHa 3BF Teopuja ca Bezama Ha TpumaHryjamuju u 6whe crpoBejieHa NpeJTUMUHAPHA aHATU3A
CEMUKJIACHYHOI JIIMeca JToOujeHe Teopuje.

5.1 JIuckperusanuja aejcTBa

Y oBoM moryiaB/by he OUTH M3JI0XKEH MOCTYIAaK JiePUHICAHbA JIejCTBA HA TPUAHTYJIAIMJU MHO-
rocTpykoct. OBa CTPYKTYpa 3alpaBo MPeJCTaB/ba JIe0 MO Je0 PaBHY MHOTOCTPYKOCT CACTaBIHEHY
on henmmja Koje mMajy reomerpujy 4-cuMmiuiekca. OcHOBHA HJeja je v TPUAPYKUBAKY YHHUIANA
JIeJCTBa eJIEeMEHTHMA TPUAHTy/Ianuje ucror tuia. OBie ce MOr'y YOUuTH JBe OCHOBHE Moryhuocru
Koje ce decto cpehy y nureparypu. IlpBa je ja cy umHmoOnm JjiejcrBa Koju cy n-dopme J10/1e/beHn
n-JIUMEeH3UOHAJTHUM hejinjama JupeKkTHe TPUaHTyJIalnje, U Apyra, Ja cy n-popMe u3 jejcTsa J0/1e-
JbeHe n-auMeH3noHaTHUM henujama [loenkape-ayasHoj TpHaHTyIAWju. ¥ caydajy Kaja je 1ejcTBO
CaCTaB/bEHO O cabMpaKka KOju caJIprKe 1O JIBa YMHUOIA, IUCKPETH3AINja AejcTBa ce MOXKe BPITUTH
Ha KoMOuHaIuju aupektHe u [loenkape-ayaJia TpHaHTYIAIHje, IO HEKOM YTBpheHOM TpaBUIy KOju
O/l JIBa YMHUOINA y cabuprnuma y jejcTBy Tpeba MocTaBUTH HA KOjy Tpuaurysaanujy. Mebhyrum, y
caydajy KaJja ce cabupIM y JejCTBY CacToje OJi BUIle YMHUJIAIA, a MOr0TOBO KaJja Opoj YuHMIana
HHUje UCTH 3a cBe cabupke, MOCTaB/baibe JejcTBA Ha KoMOMHaINMjy aupekTHe u lloenkape-ayasne
TpUaHTyJIallfje HeMa IPEeBUIlle CMUCIa jep He TOCTOjU NMPUPOIaH HAaYWH KOJU YKa3yje Ha TO Koja
no/ba Tpeba JTOJETUTH KOjoj TpHAHTYIANUju. 300T TOTa je Y HACTABKY IEJI0 /IejCTBO TOCTAB/HEHO
caMo Ha jupeKTHy Tpuanryaanujy 0e3 [loenkapeosor jyaJia.

Cama Tpeba yBecTH HOTalujy Koja he o3HauaBaTm ejemenTe Tpuanryaamuje. CTpyKTypa eje-
MeHTapHe hesmje Tpuanrynanuje, 4-cuMminiekca je ciaegeha. CuMmIiLieke ce cacToju o meT BepTeKkca
O3HAYEHHUX U MPeOpOjaHUX MaJMM CJOBOM ¥, MO JIeCeT UBUIA W TPOYIJIOBA, O3HAYEHUX ca € U A,
pesioM, U TeT TeTpaeiapa o3HadeHux ca 7. Camu cuMILtekcu ce mpebpojaBajy u 03HAYABA]Y MaJUM
cjoBoM 0. JlejerBo je 3a/1aT0 Kao cyma 110 eJleMeHTHMa TPUaHryaluje, a Opojad y CyMu je 0O3HaKa
3a eJleMeHT TPUAHTyJalKje KOju ¢e TPBHU II0jaB/byje ¥ UCKa3y UCIOJ cyMme. Taj ncKa3 MoxKe UMaTh
JBa THNA obJinKa a € b m b S a, rie cy a u b eJeMeHTH TpUAHTYyJ/IaIje OUI0 KOr TOpe HaBeJIeHOT
THTIA.

CBaku eJleMeHT TPHUAHTYJAllAje OCUM BepTeKca je OpHjeHTHucaH. EjaeMeHT HajMame JUMeH3uje
KOjU MMa OpujeHTanujy je cBakako uuna. CBu octaiu ejgemMeHTu Behe JuMeH3uje ce MOry pasJio-
JKUTH Ha UBHIE, & HUXOBA OPHUjeHTalNja JePUHUCATH PEJOC/Ie/IOM HaBohema W OPUjeHTAIlA]OM
IUXOBUX WBHUIA. 300T TOTA je BayKHO PA3MOTPUTH HA KOJUKO ce HaunHa ejeMenTH Behe quvensuje
MOTY Pa3JI0KUTH Ha ejleMeHTe Marbe nuMensnje. OBe MOIYRHOCTH ce MOTY IIpeJICTABUTH TabeTapHO:
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H EnemenT | HauwH 3a pas/iarame ‘ Opoj KombuHaIM]a, H

A 2 X/ 3x20=6
3 X/ 16 x 3! = 96

A /4 A 12

& 4 %/ 125 x 4! = 3000

® 2X/+A 150 x 2! = 300

® /+ A 20

@ 2 XA 15 x 2! =30

Y cBakoj BpcTu je 6poj oapehen kao O6poj HaumHa 3a U300P PABIUYUTHUX eJeMeHATa ITOMHOXKEH
NepMyTaIlnjoM peJociea eJeMeHaTa UCTOT THIIA.

Y 1pBOj BPCTH, y CAyYajy TPOYILJIa, JBE O/ TPU UBUIE Ce MOrY 0jladbparu Ha TPU HAYMHA, JIOK
je 6poj mepmyTaluja pejiocieia BUXOBOT Habpajama 2, na je yKynan 6poj kombunaruja 6.

Terpaenap ce MoyKe KOHCTpYHMCATH HA JiBAa HA4YWHA, MPBU je Y3UMaeM TPU HWBHUIE KOje He
HpHUIIAIajy BcToM Tpoyriay. llpebpojaBame ce MoxKe U3BPIIATHU Ha JBa HaduHa. IIpBu je npema To-
OJIOrKju rpadha caunmeHor o n3abpanux uBuna. [loctoje aBe TomoJsoruje, IpBa KoJI Koje ¢Be TPU
UBUTIE U3JIa3€ U3 UCTOI BEPTEKCa, U TAKBUX UMa YETUPHU jep TeTpaejap CaJp:Ku 4eTUPH BepTeKCca,
U IPYTHU TJe ce TPU WBUIE HAJIOBE3Y]y jeTHa Ha JAPYTY, KOjU ce MOyKe KOHCTPYHCATH TaKO IITO je
NPBU BEPTEKC Yy HU3Y W3a0paH Ha YeTUPU HAYWHA, JAPYTW HA TpuU U Tpehu Ha JIBa MITO je YKYITHO
24, ayi moImTo je rpad cuMmerpudan cMep Opojarba, Ma UX JYILIO Maibe ojHocHo 12. OBO MOXKe J1a
ce M30pPOjU U TAKO MITO ce U3 MPETXOTHOT Irpada ca TP UBHUIE KOje H3Ja3e U3 UCTOT BePTeKca KOju
ce Moxke m3abpaTtn Ha 4 HaumHa, w3abepe jeJHa WBUIA HAa TPU HAYMHA KOja Ce U3BJIAYM U3 3ajel-
HUYKOI BEPTEKCa U MTOBe3yje ca HeKUM OJf JpyTra JBa Beprekca. /lakje, ykynHo nocroju 4+12=16
pasmmuanTux rpadosa ca 3! mepmyranmja, ogaocao 96 moryhHocTn Habpajama 3 WBHIE KOje UWHE
TeTpaeap.

Jpyru Ha4YWH je 7a ce MpBa WBUIA MOXKe m3abpaTu Ha 6 HaYWHA, APYra WBUIA HA D, TAKO Ja
y YeTHPHU CAydYaja OBe JBe MBUIEC MMAjy 3ajeJHUUYKH BepTEKC U Y jeaHoM caydajy Hemajy. Tpeha
UBUIA Ce CaJa MOKe m3adpaTu Ha TPU HAYMHA AKO Cy IPBE JIBE MMaJjie 3aje/JTHUYKN BEPTEKC U Ha
JeTHpu HaunmHa ako Hucy. To je ykymuo 6 - (4-341-4)=96 nauuna.

Jpyru HauYWH 3a KOHCTPYKIU]Y TeTpaeapa je Tpoyrao W UBHUIA Koja My He mpumaja. Tpoyrao
ce MOKe u3abparTu Ha 4 HAaYMHA, a UBHUIA KOja MY He HPHUIaJa HAa TPH, TAKO Ja je TO YKYIIHO 12
Moryhuoctu.

[Teo 4-cumiuiekc ce moxke kKoncrpyucaru na 4 nauuna. [Ipsu je momohy 4 usuie. Bpojame
MoryhHOCTH TIOHOBO MOXKe Jia ce obaBu Ha JBa HaumHa. [locmaTpameMm TOIOJIOTHja, youaBajy ce
Tpu Moryhe torosioruje. I[IpBa je yeTupu uBuUIE ca 3ajeITHUYKUM BEPTEKCOM KOjU ce€ MOKe n3abparu
Ha 5 HauywmHa. pyra je Tpu UBHIlE U3 3ajeJHUUKOT BEPTEKCa KOjU ce MoxKe n3abpaTH Ha IeT HATHHA
U jeJiHa MBHUIA KOja CIlaja MeTH BEPTEKC Koja ce MoxKe m3abparu Ha 4 HauuMHA ca HEKHM OJ TPHU
BEpTEKCa WMBUIA KOje BUPE U3 IHPBOI' 3aje/JHUYKOr Beprekca. TakBux rpadosa uma 5 -4 - 3=60.
Tpehu rpad je cacraBbenr oz 4 UBHIlE KOje ce HamoBe3yjy jeana Ha apyry. CBaku BEPTEKC Yy HH3Y
ce MozKe oj1abpaTu Ha 3a jeJaH Mambe Had4uH OJ1 mpeTxoHor. MehyTum, Kako je meo rpad HesaBucan
oJ1 cMepa Opojarmba, YKyHnan Opoj Mopa ja ce HMOJeJH ca JBa, TaKO Jla TaKBUX I'padoBa YKYIIHO
uMa b-4-3-2/2=60. Jakne nocroju 125 rpadosa ca 4! mepmyramuja uuna, mro je ykymuo 3000
MoryhHocTu.

Jlpyru wauyun 3a Opojame je Taj jga ce mpBa mBuna Moxke mn3abparu na 10 maumna. /pyra
WBHUIA Ha 9, 07 Yera y MIeCT CJIydaja MOCTOJU 3ajeJHNYKN BepTEeKC W Yy TPHU Caydaja He MOCTOju.
Cagna ce mocMmaTpajy oba ciaydaja oasojeHo. Tpeha mBuIa ce y mMpBOM caydajy MoxKe m3abpaTu
Ha ceJaM Ha4YMHA, OJI KOjUX V IIECT IIOCTOJH jeJlaH BepTEKC KOJH je 3ajeJJHUUKH ca Oap jeIHOM O/I
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HPETXO/HE JIBe MBHUIE M jeJaH HAYMH TAKO J1a He MOCTOjU 3ajeHHYKH BepTekc. AKO je mocrajao
je/laH 3ajeIHNYKHN BepTeKC 3a Tpehy u 6ap je/iHy oJ1 IPEeTXOJHUX WBHIIA, TOCTOje JIBe MOryNHOCTH.
Jla je BepTekc 3ajeJHUYKHU 3a CBe TPWU WMBHUIE W Taja ce Tpeha WBHIlA MOXKe m3abpaTH Ha JBa, a
derBpTa Ha derupu Hauusa (10-6-2-4=180 moryhuoctn), u na Tpehia uBuna WMa 3ajeHAUKH
BePTEKC CcaMo ca jeJTHOM O] IIPBe JIBe WBHIle, KaJa ce Tpehia WBUIA MOXKe W3abpaTn Ha 4, a 9eTBpTa
na jorr 4 mauuna (10-6-4-4=960 moryhuoctn). AKo He MOCTOjU 3ajeTHUUKU BepTeKe 3a Tpehy u
NpeTxo/iHe JiBe uBHuile, Tpeha upuia ce Moxke n3adbparTu Ha caMo jeJaH HAYMH, & YeTBPTa MOXKEe /12
noJIa3u W3 JIBa BepTeKca Tpehe WBHUIlE W 3aBPIIN Ce Y HEKU OJi TPU MPEOCTATa BEPTEKCA, OJHOCHO
Moke ce u3abparu Ha 2-3=6 wauuna (10-6-1-6=360 moryhuoctu). Ipyru ciaydaj je Kaja mpsa
U JpyTa WBHIA HEMajy 3ajeJHUIKHN BepTekc. Tasma ce apyra mBUna Moxke m3abpaTu Ha 3 HadWHA,
a Tpeha mBHuIA MoXKe 1a ce m3abepe Ha 8 HaumHa. YeTwpu o1 ocaMm cy TakBH Ja ce Tpeha HUBHIA
KOHCTDYHIIE TaKO IITO jOj je jeJlaH BEPTEKC 3ajeHUYKH ca IIPBOM HBUIOM (2 HAa4YWHA), a JAPYrH
3aje THUYKHN ca ApyroM (jorrm 2 HaYMHA), WK TAKO IITO joj je jeJlaH BepTeKC MeTH, KOjU He MPUIIaia
HH [PBOj HU JIPYTOj WBHIH, a APYTU HEKH o mpeoctasa 4 Beprekca (mpeocrane 4 moryhuocTn).
Y koquko je Tpeha mBuna go0ujeHa H300pPOM jeIHOI BepTeKCa IIPBE M jeJHOI BepTeKca IpyTe,
YeTBpPTa HBUIIA Ce MO)Ke M3a0paTd Ha YeTUPU HaduWHa. Tako Ja joj je jeJaH BepTeKC HMeTH KOoju
He TPHUIAJIA HU JeJ[HO] OJ] IPBE TPU WBHUIE, & JPYIU, HEKH oj mnpeoctasta derupu (10-3-4-4=480
moryhuocrn). TMocaenmu wadun je na je Tpeha wBnma gobujeHa crnajameM MeTOr BepTEKCa KOjH
HUje TTPUIaIa0 HU jeTHO] O TPBe JIBe WBUIIE Ca HEKUM O] IpeocTannx 4 BepTekca U Ty ce 9eTBpTa
UBHIA MOKe m3abpaTu Ha 6 Hauymna. llpe omabupama deTBpTe HUBHIE, I'pad ce cacToju o JIBa
HeroBe3aHa Jena. [IpBu je jenHa 3aceGHa uBuIa (JIBa BepTeKca), a JIPYTH Cy JBe TIOBE3aHEe UBUIIE
(rpu Beprekca). UerBpra mBuma Moxke ja ce usabepe TAKO J1a joj je jejaH BEPTEKC 3aje/[HHYKU
ca jeJIHOM HEMOBe3aHOM WBHIOM (/Ba HAYWHA), a APYTH 3ajeTHHYKN ca 6ap jeHOM OJ] JpyTre JBe
uBHIe (Tpu HaYMHA), Tako na ce gobuje mosesan rpad (10-3-4-6=720 moryhnocrn). YKymHo TO
guan 4804-960-+360-+480+720=3000 moryhurocTu.

Jpyru HaYuH 3a KOHCTPYHUCAhe TeJ0T 4-CUMILIeKCca je TPOyTrao W JIBe WBHIE KOje My He TpHTa-
J1ajy, TAKO Jja CBe 3ajeIHO caJpzKe CBUX MeT BepTekca. 1T poyrao ce Mmoxke m3abpartu Ha 10 HaunHa, a
MBHUIlE HA TaKaB HAYMH /A CBaKa CaJAp:Ku Oap je/aH oJl mpeocTaJia JABa BePTEKca Koja He IIPUIaiajy
TPOyLIy. AKO IPBa MBHUIA CAAPIKI CAMO jeJlaH O MpeocTaia JBa Beprekca (Moxe ce m3abparu Ha
6 HaumHA), Apyra WBHI@A Ce MOxkKe n3abpaTd Ha 4 HaYWHA, a AKO MpBa WBUIA CAJIP:KH 00a Mpeo-
crajia Beprekca (jeJaH HAYWH), Ipyra WBHIA Ce MOKe H3abpaTh Ha ImiecT HaduHa. TO je YKYIHO
10-(6-4+1-6)=300 moryhuocTn. AnrepHaTuBHO ce MOryHHOCTH MOTY H36POjaTH MOCMATPAHEM
rpacdoBa. Ako cy obe uBure npuuBpinhene jeJHUM BEPTEKCOM 3a Tpoyrao, To je 9 moryhuocTu, a
aKo je camo jejiHa npuwaBpiihena 3a Tpoyrao, To je 6 moryhnocru. Bpoj nepmyranuja usuna je 2,
na je ykynas 6poj moryhuocru 10 - (9+6) - 2=300 moryhnocru.

Tpehu HAUUH 32 KOHCTPYKIIHM]Y HEJIOT 4-CUMILIEKCA, je TeTpaej ap U UBHUIA KOja MY He IPHIIa/Ia.
Terpaemap ce moxke n3abpaTn Ha 5 HAYNHA, & UBUIA KOja MY He TTPUTIAJIa Ha YeTUPH, TITO je YKYITHO
20 moryhuocTu.

YerBpTH 1 NOC/IE/IHU HAYUH 38 KOHCTPYKIHUjY 4-CUMILIEKCa je ToMONy JBa TPOYT/ia ca caMo je/I-
HUM 3ajeJHHIKNM BepTekcoM. OBaj BEPTEKC ce MOYKe m3abparn Ha b HAYMHA, a TTAPOBU TPOYTIIOBA
Ha Tpu. Bpoj mepmyTaiuja Tpoyriaosa je 2, ma je ykynHo 5 -3 - 2=30 moryhHocTH.

OBu KOMOWHATOPHU (AKTOPH CY BayKHU Y TPEHYTKY MpeJacKa ca CyMe 10 He3aBUCHUM eJIeMeH-
TUMa 4-CUMILJIEKCA HA CYMY 1O CBUM €JIEMHTUMA 4-CUMILIEKCA.

Y nactaBky he 6UTH U3JI0XKEH MOCTYNAK MOCTaB/baiba JI€JCTBA HA JUPEKTHY TPHUAHTYJIAIN]Y.
OBaj mocTymak ce He MOYKe CIIPOBECTH Ca JejCTBOM y TPOU3BOEHOM 00Ky, Beh cabupru y mejcTBy
MOpajy sa Oyi1y m3paxkeHu y oOJUKY HPOU3BOIa JudepeHIujaanux (popMH.

[Ipomec mocrap/bama JiejcTBa Ha TPUAHTY/IAIMU]Y je U3pakeH noMohy KoHTpakiuje usmehy Bek-
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topa u ¢opmu. [lomro je MHOIOCTPYKOCT JI€0 110 JIe0 paBHA, CUMILJIEKCH O/ KOJUX j& CacTaB/beHa Cy

HO/YaPHU €A TAHT€HTHOM MHOTOCTPYKOIIhY, ma ce murerpaiuja popMe mo CUMILIEKCY MOZKE Bp-
. 4

IMUTH KOHTPAKIUjoM u3Mmehy popmMu Ha MHOTOCTPYKOCTH U (0) TEH30pa HPUJPYIKEHOM CHUMILIEKCY:

1
o= 4'515253548 N0, NO, A Oy, (255)
Ijie Cy €1,...,E4 YETUPHU JIMHEAPHO HE3ABUCHE MBUIE KOje 00pa3yjy 4-cumiiekc. Cam TeH30p 1pu-

JIpYKeH CHMILIEKCY He 3aBHUCH 07 m300pa OBUX HE3ABHUCHOX WBHIA, aJd My je 3HAK OCET/bUB HA
pejiocsie] Habpajama UBHIA 300T aHTHCUMETPUIHOT MPOU3BoAa n3dMely mux.

Jla 6u j1ejcTBO OMJIO JUCKPETU30BAHO OBUM METOIOM, MOTPEOHO je KoHcTpyucaTu Jlarpanzkujan
y 00s1uKky 4-popme. duckperusanuja aejcrsa je oHga:

Slol = /Iﬁwﬂadx“/\dx”/\dﬂ/\dx” => /ﬂﬁuupge“’”’”d%: i > " Lywpolole Vo]
1 pvpo 1 abed
- ZZEWPU[U]*E Ty F1af2n3eEadE

1 1
= 0 Z Lpo|o]e! P’ (—gewfebl,/ecpledg,
I & !

1
X 4'515553545““%# Adz” Ada? Adz® [0 A s A Dy A 85])

v o1 4
= Z Luvpoda’ A da” A da? A da? e e5e1e8 [0 N D5 A D, A )

> Lfo]. (256)

Cabupnuu y JejcrBy Koje je moTpeObHO HHTErPAJIATH 110 eJIEMEHTHMA TPUAHIYJIAIKje MOTY ONTH
y YKYITHO deTupu objnka. Pe3yjirar unrerpaiuje y ¢cBa 4eTupu cjaydaja je ciaejgehu.
[IpBu ciay4aj, 4-cUMILIEKC CACTaB/HEH OJ YeTUPH HBUIIE:

/oza/\ozb/\ac/\ozd = Zaa/\ab/\ac/\ad[a]

o

1
= Z QO Cep Oy 4‘515253 54dx“ Adz” Ada? Adx? [0y A Oy A Oy A O]
= gy Oy ey g € EXELES (5“(5”5’)(5"
4, n p 162€3€4

N 3000Z Y. adaalelacesloale]Wier, 2,324 (257)

T €1y gq€0

Cabupak +(23) y 3arpaJiu o3HadaBa IpeocTaanx 23 cabupaka KOju caapke MepMyTAlUjy HHIEKCA
ca oxrosapajyhum npeznakom, 10K je dynknuja W/...] dynknuja 3naka koja he 6urn nedunu-
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cana kacauje. pyru ciydaj, 4-CUMILIEKC CaCTaBJHEH O ,ZLBe I/IBI/II_le U TpoyrJa;

/oza Aoy A\ B, = Z ag N ay A Belo Z Qap by = ﬁcm4‘€152 ey 54 (5“5”6’)5” (23))

- 3000Z Z aler]aplea] 5 Bcp05354 €1, €2, €3, €4

O €1,..,64€0

B 300Z > ouler]onfea B[AW[er €2, Al (258)

o €1,62,A€0

Tpehu cayuaj, 4-cuMmILIeKC cacTaB/beH 0/1 ;LBa Tpoyrﬂa'

/ﬁa/\ﬁb - Z ﬁa;w Bbpa4'€1525354 (5,“5V5p60’ ( ))

- Z Z Ba[A1]Bo[A2] WAL, As] . (259)

o Aj,As€0

YeTpTHu caydaj, 4-CUMILIEKC cacTaB/beH OJ TeTpaepa u I/IBI/IHe'

/aa Ay = Z Qg ;' Vovpo 41' ereXe? €5 54 (5“51/5055 =30 Z Z aglelw[TIW e, ). (260)
o §g,TEC
Ocuwm 1, 2, 3 u 4-dopmu, y I€jCTBY ce mojaBibyjy U HyJa-hopMe Koje CTaB/babeM Ha TPUAHLY-
JIanAjy KWBe Y BEPTEKCUMa, Ta je HhUXOBa WHTerpalfja Mo eJeMeHTy TPHUaHTyJallije TPUBHjaTHA
(BpeIHOCT TI0Jba Ha BEPTEKCY je jelHaKa BPEJHOCTH MM0Jba ¥ TAYKM Y KOjoj ce Haxasn Beprekc). Jlo-
JIaBalbe€ OBHUX I10/ba HA TPUAHIYJIAIM]Y €€ BPIIM HE3aBUCHO OJI MHTerpaiuje bopMH, Ia IPOU3BOJ
CKaJIAPHUX ¢; 10Jba MOCTaje:

/¢1...¢nF:ZF[a]5in > difvi]. . alvnl, (261)

Vl,...,Un €0
rje je F' mpousBosbHa 4-chopma.

Y JIOKaJHO WHEPIWjaJHOM pedepPeHTHOM CHCTEeMY ce TeTpajia CBOAW HA OMINTY KOODIWHAT-
Hy TpaHchopMalyjy 3ajeJHUUKY 3a CBe eJIeMeHTe IojeuHavHor 4-cuMiniekca. /leroame dpopme
TeTpajie Ha TeH30P 4-CUMILIEKCa U MOCTeIUIA 3aXTeBa 13 KOMIIOHEHTE TeTPaJe MPeICTaB/bajy KOM-
IIOHEHTE MaTpHile olire koopauuarae rpanchopmanuje GL(4,R) naje Besy:

e’le] = eyt =T, et =€, (262)
rie je ['M, crenen ciaoboie dpukcupama Kajubparmje.

Bpeamocrn KBajpaTa 3anpemuna ejqemenara rpuanrynamuje [2[e], A2[A], OV2[r] u DV2?[o] c
peanne pyHKIMje KOMIIOHEHATA BEKTOPA MBUIA TPUAHTYJIAIN]e JaTe Kao:

Oy v] = i (01|) 5MV005>\§9¢77M77V§77/)9770¢ =1, (263)
52[5] = _; (11|) 5/“/0051 5/\5%5177 77p9770¢ = Elfglfnzw = 5% ) (264)
AQ[A] = 21 (21|) 5Wpt751525>\£9¢5 5277 771/5 = }1 (5%53 - (5lf5577uu)2) g (265)
Oy2[r] = 11' (31'> Epwpo€lEneSErcoseiee s | (266)
Y2 = —%& (Epwpotelete]) (267)
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Tomro cy speanocru 12[g], A2[A], @V2[r] u WV2[o] nesasucue o1 osor crenena cja060e, BEKTOPH
MBHUIIA Ce MOT'Y 3aMEHUTH BEKTOPUMA UBUILA y COIICTBEHOM pedepeHTHOM cucTtemy £ n 3anpeMuHe
ce Hehe mpomenuTu. 360r Tora cabupak KOju CaAPZKu TTPOU3BOJL YETHPH TETPAJIe OroBapa OPHjeH-
TUCAHO] 3allpeMUHN 4-CUMILIeKCca:

1 1
/ 4|5abcde AeP A€l A el Z 4|€abcd5152535—:4 Z Ve (268)

Oyukuuja W/. .. | ce moxe nedunucarn kopuiliemeM mperxojne ocobune. [Tomrro je Tpruanryiamu-
ja opujenTucan rpad, CBAKOM TPOYIJY Ce MOTY JTOJEJUTH JIBE UBHIE YUJUM je PeOCTeI0M OH OpH-
jenrucan, A = (€A1, EA2), CBAKOM TE€TDAEJPY TP UBUIE YUJUM j€ PEJIOC/IEI0M HABODEbA 331414 Hhe-
roBa opujeHTanyja T = (€1, Er9,E,3) U CBAKOM 4-CHMILIEKCY YeTUPH UBUIE 0 = (E41,E42, Eo3s Eod)-
®ynkuuja W. . .| je caja KOJIMYHUK OpujeHTHCAHE 4-3aPEMUHE HAJ| eJIeMEHTHMA 4-CHMILTIeKCa KO-
ju cy aprymMeHTH YHKIHje TOJIe/beHU OPHjeHTHCAHOM 3allpeMHHOM Tor 4-cuMmiuiekca. CiaydajeBu

oBe (byHKIIHje cy:

Wiley,eq,€3,64] = —4!5[ ]eabcdelegagei, (269)
WA e1,6] = —ﬁ[a]eabcdezlebmefeg : (270)
W[A,A] = —4!;[ ]eabcdemememedm, (271)

Wie, 7] = —ﬁeabcde%ilgiﬁ% : (272)

[Tomo oBa pynknuja ayromarcku spaha BpenocT Hy/ia Kaja cy joj apryMeHTH JJUHeAPHO 3aBUCHH,
HUje TOTPeOHO CTaB/hATH HUKAKBE [I0/IaTHE YCI0Be Y JehUHUIIIU CYyMe OCUM 3aXTeBa J1a ApTyMEHTH
MPHUIAIA]y UCTOM 4-CUMILIEKCY.

[IpBu geo pedununuje GyHKIHOHAJIHOT HHTEIPAJIA je IberoBa Mepa. ¥y HacTaBKY hie OMTH H3J10-
JKeHa JIBa MeTOo/a JuCKpeTusanuje Mepe. Mepa mHTerpaia Ha TPHAHTYIANUU ce JedUHUIIE KAO
HHTErPAJI TI0 BPEJIHOCTHU 10Jha HA €IeMEHTY TpuaHrynamnuje. Excrannuraa qedunnnmja je Ha NpBH
HAYNH 33/1aTa KaO:

D¢ =[] d¢lv], Da=]]dale], DB=][dslA]. Dy=]]d]. D5—Hd6 -(273)

ArTrepHaTHBHO je yMeCTO eKCTeH3WBHUX Bapujabam moryhe m3abparu naTeH3MBHE. AKO Ce po-
u3BOJbHA N-dopMa 3aluIle Kao:

1
F=—=Fo a,€" N N (274)
n!

KOHTpakKImja popme € A -+ A e? ca n-CUMILIEKC TEH30POM 0, Jiaje:
e N Ne'[o,] = Ve, B (275)

1a je KOHTpakIiiuja 1moja3ne n-gpopme [ jeanaka:

L a0 B V(o] = Flo]Viow] (276)

Floa) = n!
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Mepa unrerpaJsa je y OBUM IPOMEH/bUBHUM je/[HAKA:
D¢ =[] dolv], Da=]]leldals], D5 =]]AlAldBA],
v € A

Dy =[] VIrldylr], Ds=]]VIelds[o]. (277)

Bynyhu na je Beza usmely oBe nBe geduHUIMje cMeHA TPOMEH/bUBUX, PE3y/ITaT HHTErpaluje He o6u
Tpebaso Ja 3aBUCH 01 KOHKpeTHOr u30o0pa, ma he y HacTtaBky O6utn Kopunihena npsa geduHuImja
zamara y (273).

Crenehn Kopak y TpHaHTYJIAIMA]U A€jCTBA MPEACTABbA JehUHUCAHE M3BOIA HA TPUAHTY/IAIH]H.
[TomTo je MHOrOCTPYKOCT cacTaB/beHa O] eJIeMeHaTa Kao IITO CY BEPTEKCH, UBHIIE, OBPIIXHE UT/I.
M3BOJ HA 00jeKTY n-Tor pejna Tpeba medunncaru npeko objekara (n — 1)-or pega, 0JHOCHO U3BOJ
Ha 00jeKTy TpuaHryJaamnuje je (pyHKIUja HA TPAHUIIOM TOT 0OjeKTa. 300T TOora je M3BOJI MOJha Ha
rpuanryaanuju gedpurucan npumenoMm CTOKCOBE Teopeme:

/MndAzngnA — > ddfo] = » Ao (278)

Un,ET(M) On ET(M) O'nfleao'n

BaoKpyzKeHa cyMa MpecTaB/ba CyMy eJIeMeHATa [0 OPUjeHTHCAHO] FPAHKIIN, TAKO 4 ¢ BOIU pady-
Ha O IPeJ3HaKy cabupaka KOjU Cala 3aBHCH U O] yCKIaheHOCTH OpUjeHTAIH]a CerMeHaTa IPAHUIE
Jo, 1 camor o,. 3a Ty norpedy ce yBojau byHKIHja 3HaKA 2|0, 0,1 € Jo,| KOja Bpaha Bpeanoct
+1, ma 3a0KpyzKeHa cyMa MmocTaje:

Y Alowal= D zlowou]Alon]. (279)

On—1€00n On—1€00n

Bpeanoct pyHuKIMje 3HaKa 3aBUCH O] OPHjeHTaIlMja ejeMeHaTa TpUaHTryIallije Hal KOjuMa ce Bp-
. ApryMeHTH HHUCY IpOW3BOJ/bHE KOMOMHAIMje [Ba eJIeMeHTa TpHaHryaamnuje, Beh apyru mopa
Jia Oyzie J1eo TpaHMIle IPBOI M CAMUM THM 34 jJeJIHY JUMEH3Hjy Maibu. CBaKka UBHIEA ce MOXKe Ipe/l-
CTABUTH TPEKO JIBA BEPTEKCA £ = (Vg1, Uea), TAKO /1A je OPUjEHTAINja UBUIE YCMEPEHA O IPYTOT Ka
npBoM Beprekcy. PyHkiuja 3HaKka onja Bpaha BpegHOCT:

z[e, v] = 0oy 0 — Ovaw - (280)

Tpoyrao je 3azar kao ypeheHu nap uBnia Koje mosase u3 ucror seprexca A = (ea1,£a2). Fberosa
opHjeHTAaIN]ja je 3ajarta pejaocaeaoM Habpajamha WBHIA, I1a je BPeIHOCT (DYyHKIMje 3HaKa:

a a

Z[A’ 6] = €A1€a EALE M EA2,E <€A2 — 8A1> 8a55A2—5A1 g - (281)
€, ' €le, ’ e, '

Terpaenap je 3amaT kao ypehena Tpojka uBuia kKoje moJaze U3 HCTOT BEPTEKCA U MOXKe Ce ITocCMa-
TpaTH Kao ypeljeHu map TpoyrioBa ca 3aje JHIYKOM UBUIOM T = (71672, Er) = (Ar1, AL,), TAKBAX
aa je Ay = (eq1,62) 1 Ao = (79,673). omarno, 3apaj jefHOCTaBHUjEr 3ammca, MOTPeOHO je
yBectu jebUHUIA]Y U mpeocTana japa Tpoyria Arg = (€;3,601) U Ary = (671 — 79,673 — E72).
(QyHKIMja 3HAKa je OHjIa:

TLAZA,

—(SA A
j=1 AabAab e

2, A] = (282)
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rje je:

a 1 a a
A" = 2 (5A15bm - EbAlgAz) . (283)

Konauno, 4-cumiuiekc je nedunucan kao ypehena 4derBopka YeTHPH WBHIE KOje U3J1a3€ M3 HUC-
Tor Beprekca. OH CaaprKi MeT MO3UTHBHO OPUJEHTHCAHUX TETPAEIAPA Ty = (801,802, 803), Too =

(80175047802)7 To3 = (50176037504)7 Toa = (50276047503) H Tg5 = (601 — €62,E02 — €03,E04 — é‘0'3)~
QyHKIMja 3HAKA je ¥ OBOM CJIyYajy:

b raber,
o aoc
zlo, 7] = E Ta‘ch Oryir s (284)
j=1 abc
rie je:
1
T = ggadeEdefgfilgiﬁia : (285)

Henta uzmelhy enemenara cuMmiLiekca je jpedunucana Kajga cy oba ejgemMeHTa UCTOI TUIA. Tu ese-
MEHTH Cy JiIaTu ypeljeHuM n-TopKaMa WBHIA, a CBAKa WBHIA je jaTa Kao ypeheHu map Beprekca,
OJIAKJIE Ce CBAKOM €JIeMEHTY CHMILIEKCA MOyKe TPHUJIPYKUTH CKYIl BepTEKca HAJT KOjUM je pas3aller.
Henra n3melhy npa enementa cuMiiexca A u B, pasaleTux HaJl BEDTEKCUMA U4; H Up; je OHIA JaTa
KaoO IIepMaHeHTa MaTpune AeJITH HaJl BEPpTEeKCUMa.:

da,5 = perm (8,4, 05, ) - (286)

IToctrojame oBe genre y medbunuiuju QyHKIHje 3Haka 06e30ehyje na DyHKIMja BpaTu BPETHOCT
HY/JIa Y KOJINKO HhEH JPYTHW apryMeHT HHUje Je0 TPAHUIEe NPpBOT aprymenTa. 30or Tora je moryhe
HPOIIHPUTH JOMEH CyMallije IO APYTOM apryMeHTy Ha 1e0 4-CHMILIeKC 6e3 IpOMeHe pe3ysITara
CyMe.

Nurerpamuja nesie 4-popme Koja y cebu cajpzku judepeHnuja je:

[rnds = 53 S Al Y sl oWinel = 55 3 3 frlolulsle, oWl 28)

[onda = 530 3 AIAT Y aldide WAL A
o A1,As€0 e€Ny
1
- %Z > BlAale]z[Ag, €] WAL Ay, (288)

o A1,Aqxe€0

/a/\dﬁ = oS ol Y ALl AW ]

o eTEC AeT

_ %Z S allBlAlln, AW, 7], (289)

o &,1,A€E0c

/ &y = 33 alrlelo, 7). (290)

o TEO

Hakon jpedunucama cBUX IpaBu/ia W CaydajeBa KOjU Ce jaB/bajy y HPOIECY JAUCKpPeTU3aluje
JaejcrBa, Moryhe je meduHECATH OYEKUBAHY BPEIHOCT MPOU3BO/bHE OICepBad/ie Ha TPUAHTY/IAIN]T
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1o yruepy na (205):

(F)

S

(H / Aoluldv (ol [eldALldCLldH M o

H / dofe Ae]d)[e]dA[e]

/dB JdB[A]A[A H/ch Jd~[r]d7[r )

(exp (5 > Bo[A] < D a%fg]z[Ag, e] WAL, Ay

A€o Age€o

=

=3 aﬂ[elw[@]fmaW[Am,f-er))

£1,62€0

exp (30 Z B[ab Al] ( Z w[“b}[é]z[Ag,g]W[Al,AQ]

A€o Age€o

L1
10

£1,62€0

exp (20 Z eqle1] ( Z BA Wley, 7]

e1€E0 T,A€0

W [er]wNeo] freaqen! ™ WAL €1, 82]>)

N % Z Wl ey) BPIA] Breay aW[€1,€2aA]>>

e9,A€Ec

exp(éng)A[U] (Z%‘[ zlo, T +—ZW57' a®[e] aBA))

veo TET e, TEC

= 55 2 Wle17%I7] (6] papa +o [eloragma ) > v )
exp (;—O Z AA] <Z Ba[A2]W[Ay, Ay]

A€o AoEo
—EC’BZMﬁb Z eSeb WAL, e1, 6]
50 i veo ’ €1,E2€0 v ’ ’
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: a abled c
A W [A Byl Aa] WAL, A
exp (30 AZE:U (8%12 51%:&51 1,€1, €2 AZE:O jab] [Do] WA, 2]>>
exp (20262)\ £1] (26:%4 Wle, 7
€1c0 TET
1
750 Ha,bcA[ ] Z €g€g€ZW[€17€2763754]>>
veo €2,63,E4€0
€10 TET
DM v]>AW[el,sz,ag,a4]>>
VEOT £2,63,£4€0
exp ( Z (Z ’YA T 54
8460 TECT
- oo L X i umel,eg,sg,eﬂ) Mw)
VET £1,62,E3€0

2
_27Tlp5abcd

7500

2.

v1,2,61,62,A€0

500 2= 0] 2 i

o
(i

Dalvr]ysy Y [vs]ehes d[A]W[é“laé?zaA])

(83 EqQ€0

> Wlenenes el | grceaereiel ) M afva]

(1

v1€0T £1,€2€0 voEo
1
- Tofﬁwaaﬁ[€3]a7[54]> - @a[53]Z[A>53]W[A751752}77ac77bd>)
Aes€o
1 1
p <3000 Z AabA[€1]W[€1,€2753754] <5HabcA[U]5Cdef52d53e€4f
£1,€2,€3,64,VE0
1
+ (qf)A[v]z[aQ, v] + 5¢B[’U]O{a[82]l>aBA> 53a54b>)
—i b_c_d A vt 2XU
p Z Eabed€1E€9E5ES (—2 + X Z palv1]d?[va]
(36000 €1,€2,63,E4€0 87Tlp v1,V2E0
1 _
+ EYABC Z A 0] P[] ¢ [vs] + @ Z ¢A[U1}¢A[U2]¢B[Us]¢3[v4]>>
V1,V2,V3€0 V1,V2,V3,V4€0
F (¢rlo]) - (291)

OBume je cBakoMm mospy y kBauHTHO] 3BF Teopuju ca Besama mpuapyken ofaropapajyhu ememeHT

TPUAHTyJallje W MOCTaB/beHa je jeJHaYnHa

3a OYEKHBaHY BPEJHOCT NPOU3BOJbHE orcepnabiie. Jla

ou nedpuHNNMja KBAHTHE Teopuje Oma KOMILIETHA, TOTPeOHO je jorr jepuHucaT JOMEH HHTerpa-

IHje 0 CBAKOM IOJbY.
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5.2 IIpena3zak ca mHTerpalmje 1o mo/bUMa HA MHTErpalujy 1o rpyiama

Jla 6u jgoMeHM MHTErpalyje 1o nojpbuma Ownu jgedunucanu, wHTErpan mo ajaredbpu he ourtn
3aMeeH MHTerpajoM 1o rpynu. OBu mHTerpanau ce JedHHHITY yBoDemeM IojMa WHBApHUjaHTHE
unrerpanuje. Opae Tpeda HAIPABUTH Pa3auKy u3Mely MHBapHjaHTHE MHTErpallfdje U WHBAPUjAHT-
HOT WHTerpaJja. VIlHBapujaHTHW WHTETpaJ je HHTerpasl drja je BPeIHOCT OmepaTop KOju KOMYTHPA
ca CBUM ejieMeHTuMa rpyne. VluBapujanTHa HHTErpalja nojapa3dyMeBa HHTErpanujy 1no ejgeMeHTH-
Ma rpylie, HA TaKaB HAYUH Ja pe3y/TaT WHTerpallije He 3aBUCU O] Ipeypehema eeMenarTa rpyie.
[Ipeypeheme enemenara rpyme ce 3ajaje J1e/0BambeM jeTHOr eJieMeHTa rpyie h € G Ha 1eo JoMeH
HHTEerpaiuje (cBe eJeMeHTe IpyIie) ¢ JeBa WK ¢ JecHa. Y OIIITeM CIydajy ce nedbuHUIMje JeBe n
JlecHe WHBapUjaHTHE WHTETPaIlije Pa3JIuKy]y:

/G £(9)dnz(g / F(hg)dis(g / F(9)duplg) = /G Fg)dun(e),  dusle) # dunlg).

(292)
Benuuune dpuy(g) u dup(g) cy aeBa u necaa Xaaposa Mepa. Ha ocHoBy JakobGujese Teopeme, jacHo
je ma cy TekuHCKe (pyHKIHje y XaapoBoj Mepu JakoOwjaHu:

1o(g)
’d t 20 9’“”))‘ ’

1r(g)

’d tae (hg))

pr(hg) = ,  kplgh) = (293)

rae cy 0;(g) mapamrepu anrebpe Koju oaroBapajy enementy g rpyne G. llomro mckas Baxkw 3a
cBaxo ¢, h € G, MOXKe ce y3eTu g = e, [1a je Pe3yJITar:

e
pn(h) = — 22 po(h) = —L2& (294)
‘det‘% (hg) ‘dtaeg)
90;(9) | gse 9 lgose

3anpaBo, (bUKCHpameM KOHCTAHTe HOpMEpamba y MepH i (e) = pup(e) = 1, MoxkKe ce KOHCTpyHCaTH
Besa u3mely Mepa u npujapyzKeHe penpeseHTanmje:

90;(ghg™") ‘ 09;(ghg™")001(gh) 1r(g)
det(ad(g))| = 'det— = |det = . 295
ldet(ad(s)) 06, s~ | B0lghg 1 0)00,(M) |y, " pnle) )
Konauno, Mepa y unterpasy mno rpyunu je:
dpp(h) = — 2O g gy = — 2O g (296)
’ det 29:(he) ‘det 90;(gh)
90;(9) g—e 90;(g) g—e

I'naBue ocobune XaapoBe mepe 1orpedHe 3a jla/by aHAJIU3y ce MOy U3pa3uTu 1oMohy ciiejehe jiBe
Teopeme:

Teopema 2. Jlujesa epyna G uma jednary aesy u decny Xaaposy mepy aKo U camo aKo je 3G C8aKO
g€ G:
|det(ad(g))| =1. (297)

OBaj ncka3s je eKBeBaJIeHTAH 3aXTEBY Ja je Tpar NpuapyrKeHe permpe3eHTalnje eaeMenTa JInjese
ayirebpe jeJHak HyJIH.

Jlokas. TupektHo caenn u3 (295). ]
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JlupekTHa HOC/IeIuIa TeopeMe je J1a cy JeBa u JecHa XaapoBa Mepa AbesioBux JlujeBux rpyua
jemnake. TTomTo ce n-mapamerapcka AbesioBa rpymna hakTOPHUIe HA TPOU3BOJ, N jeHOTapaMeTap-
CKUX, TeXKNHCKA (pyHKIH]ja n-nmapamerapcke AbesioBe rpyte ce Takohe baxTopuiiie Ha TPOU3BOI N
jeaHOmapaMeTapcKuX TeXKUHCKHX (PYyHKIHja. KoHadHo, 3a jeaHomapaMerapcKy AOesoBy rpyimy je

TeXKUHCKA (PYHKIH]jA:
1 1

w(g) = )89(7 = — = ple), (298)

ot

t—0

rje je T reaepaTop Abesose rpyne. VY ciaydajy rpyne I'pacmanoBux 6pojeBa G, TexknaCKa DyHKIN]ja
y XaapoBoj mepu Mopa jia Oyjae KOHCTaHTa, jep JHUHeapHu JAOIMPUHOC Mopa ja johe o momaumHTe-
rpajine (pyHKIH]e.

Teopema 3. Jlesa u decna Xaaposa mepa cneyujannuz SL(n,F) epyna, nad nowem F cy jednarxe,
jep mwumwose cmpykmypre xoncmanme 3ado6omasajy ycaroe fu = 0, wmo je mpaz npudpysicene
penpesenmauje wurose aszebpe.

Jloxas. Tlomro cTpyKTypHE KOHCTaHTE HE 3aBHUCE 0J n300pa perpeseHTallnje, T0KIe IO je perpe-
3eHTanmja BepHa, penpesentannja (7%°),, remeparopa SL(n,F) rpyme ce Moske n3abpaTu Kao:

(799 ) = 0987 — o100 . (299)

MaTpudna penpeserTanuja KomyTaTopa (7%, 7%, je amrucmmerpuuna (mo ab), ma je momaTHO
MHOZKeIhe pelpe3eHTalujoM regepaTopa (7%). He Memba, olaKJIe ce 3aK/bydyje Ja oHa Mopa OUTH
jeTHaKa CTPYKTYPHO] KOHCTAHTH:

(798, 70y = 077 (5307007 — S007™) + 07 (S780" — 60707 ) + 83636 — 9367077, (300)

[Taﬁ7 TW(S]CLZ)(Tab)cd - [Taﬁu 7-’Ws]cd — faﬂ msab - [Taﬂa 7-’Y(S]ab . (301)
JIIpeKTHOM TpOBepoM ce aobmja 1a je f° 7575 =0. 0

OBuM TeopeMama cy obyxBalieHe cBe IpyIe Koje ce mojaBsbyjy v 3-rpynu 3a Crangapaau Momes
(12). To 3Ha4m ma cBe Ipylie Koje ce T0jaBJbyjy TEOPUjH UMajy UCTY JeBY U JeCHY XaapoBy Mepy,
JIOK je TeXXMHCKa pyHKIHja y Xaapooj Mepu AGemoBUX rpyla KOHCTAHTA.

Nurerpas 1o rpynu je onjia jedpunucan Kao:

Iolf] = /G £(9)dulg) (302)

U IIapaMeTpPU30BaH je mapamerpuma ajreodpe ¢;, nma ce mHTErpalmja BPIIU IO OBUM IIapAMETPUMA.
Taya 0bauK mHTErpasia mocraje:

Ielf) = [ 16)£(o(@)nlsle)s. (303

rie je I1(0) nupasoyraona nposzopcka (pyHKIUja-KOMIIAKTHA HOCAY CKYLa BPEAHOCTH lapaMerapa
asirebpe. Jlepununuja ce MozKe MPONTUPUTU ¥ HA HEKOMIAKTHE TPYIe y3UMarbheM KOHCTaHTHE MPO-
sopcke dyukmuje [1(0) = 1. Ckyn F xom npunanajy napaverpn aarebpe mo KojuMa ce WHTErpaJjn
je, v 3aBHCHOCTH OJ BPCTE 110Jba, CKYIl peaTHuX uin ['pacmanoBux GpojeBa (y cirydajy GO30HCKHX
1 (PEPMUOHCKHX [OJbA, PEJIOM).
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Csa nosba kKoja ce jaBpajy y aedununuju 3BF Teopuje ca Besama cy eeMeHTH jeHe WK
BuIe anarebpa rpymna u3 crpykrype 3-rpyune (12) u 3apaj Jakime HOperiegHoOCTH ux je moryhe
npukaszaru Tabanano. [Tomro Teopuja caapxu depmuone, morpebro je rpyny SO(3, 1) 3amennTn
yuaupepsaiano Harkpusajyhom SL(2,C), jep SO(3,1) He caap:ku penpeseHTalldje M0 KOjHMa Ce
dbepmuoHcka mosba Tpancdopmuiry (poraruje ca OCHOBHIM eproaoM 4 ). IIpea Tabiuna caapxku
M0/ba KOja IIPHUNAIA]y CaMO jeTHO] aaredpu, HCTOBPpeMEeHO MoKa3yjyhu Kojoj aaredpu mobe Ipumaia
U Ha KOM CHUMILIEKCY KHUBH:

cummuiexc | SL(2,C) | SU3) x SU(2) x U(1) | R* | C* | G* x G* x G*
i ¢A ¢A7 ¢A
/ wlab] a® e |\ M
A Alab]> Biay) Ao, Ba B
A ’?A ’yAa ’_YA
®

JOK IprFa CaJpzK1 MHOZKHUTEbe KOjI/I HOCE€ MHJAeKCe BUIIe PA3JIHIUTUX aﬂre6pI/I:
(SU3) x SU(2) x U(1)) x R* x R* | Moy, ¢
R* x R* x C* AobA
R* x R* x R* x C* HoabeA

CBU MHOXKHUTE/bU y JAPYT0j TabJIUIK KUBE CAMO Y BEPTEKCUMA.

5.2.1 Jenra va rpynu u Ilutep-BejioBa Teopema

Y Teopuju KOHAIHUX TPyIa (rpyna ca KoHauHUM GpojeM enemenara |G|) je nedunucan ckym op-
ToronasHuxX GYHKITja Ha rpymH, KapakTepa XY (g), mpebpojanux npe ynuGIIHIM pernpeseHTaIi-
jama rpyte, Kao u byHKIHja Ha rpymu 0(g) Koja ce HA3WBa U IEHOM PEryJIapHOM PEIPe3eHTAIHjOM,
TaKO /13 BaXKHU:

0 gFe
o(g) = ’ 304
(9) {‘G’ g=e. (304)
Paznaramwe dyukiuje d(g) no 6a3ucy Kapakrepa MpepyHOMIHIX Pelpe3eHTaIrja rpyIe faje:
3(g) = dimAx™M(g). (305)
A

Norinreme OBUX MCKa3a U JOKA3 er3UCTEHIUje OPTOrOHAJJIHOT CKYIa KapakKTepa y CJIydajy KOM-
nakTaux JIujesux rpyna je gar I[Turep-BejoBom Teopemom. Pazjor ynorpebe oBe Teopeme je ja
ou ce unTerpamnuja lupakope jesTe joOHjeHe y Ipolecy KBaHTU3AIUje MOIJIA M3BPIIATH Y CBa-
KOM HUPeIyIHONTHOM MOANPOCTOPY 3ace0HO, a TIOTOM Ce WHTerpaJ Mo I'PYNH 3aMEeHHO CYMOM IO
upeaynuouIHuM pernpeserrtanujama. OBaj /1€0 MOCTYNKa KBAHTH3AIM]E je yoOUIajeH y MOAeInMa
cinuncke nene. Y caydajy 3BF Teopuje, unja je cumerpuja omnucana 3-rpynom, O yoIIiTemne OBOT
npucryna TpebaJso ja upakoBy jejiTy 3aMeHU JEATOM Ha 3-IPYINH Kako OW ce WHTerparuja 1o
NOJbUIMa BPINUJIA Y OPTOTOHAJHAM KOMIIOHEHTAMa pa3jarama penpeserTanuje 3-rpyme. Mehyrmm,
KaKO TeopHuja penpe3eHTaIja 3-Tpyna HUje pa3BujeHa y J10BOJbHO] Mepu, pe3yiaraTu [lutep-Bejnose
TeopeMe ce joIl YBEeK He MOy YOUIITUTH Ha CTPYKTYPy 3-rpyne. 300r Tora je OCHOBHA Hjeja Jia
Cce YMEeCTO y OPTOTOHAJHUM IOJANPOCTOPUMA pelpe3eHTaluja 3-rpymne, HHTerpamnuja IeJTH BPIn
YHYTap UPEeAYIUOMITHUX TMOANPOCTOPa IPpyHa oJ KOjUX je 3-Ipyla CacTaB/beHA.

36or Tora je morpebHO OJpeIUTU MMapaMeTpe ajredpe, XaapoBe Mepe, Ipo30pcKe (PYHKIHje H
peryjapHe pernpeseHrtaiyje (JIeare) rpymna Koje ce jaBbajy y TeOpHju:
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e U(1) rpyna

Anrebpa je mapamerpu3oBaHa jeIHHM HmapaMerpoMm 6, a Te:kmHCKa (DYHKIHja y XaapoBoj
MepH je KOHCTaHTa:

1
d = —df. 306
w9) = o (306)
Jlomen mHTErpaiyje je 3aJaT Npo30PCKOM (PYHKIHJOM ODJIUKA:
I1(#) = H(O + m)H(m — 0), (307)

rie je H(s) Xesucajnosa tera dbyukmuja. Jdenra va rpynu je:

d(g) = 2w f 5(0 + 2km) . (308)
k=—o00
e SU(2) rpyna

Anrebpa je mapamerpu3oBaHa ca TPU MapamMerpa, aju Mepa, MPOo30pcKa (PyHKIMja U JeITa
Ha TPYIH 3aBHCE CAMO O I/IHBapI/IJaHTHOF pacrojama KOje OIroBapa pacrojamy v chepHHM
KoopauHaTtaMa r = (0, 0“) Mepa, npozopcka (hbyHKIHja 1 JeaTa Ha IPYIHA CY:

du(g) = % sin® (%r) dr, (309)
I(r) = H(T‘)H(Q?T —r), (310)
5(g) = # Z S (r + 4kr) (311)

IITO HAKOH lapliujajiHe WHTerpaluje mocraje:

i(g) = Z o(r + 4km). (312)

sm kf—oo

e SU(3) rpyna

Aunre6pa SU(3) rpyne je ocMonapameTapcka Koja uMma S° x S5 rononorujy, ma ce y ckauy c
TUM MOYKe U3BPIIUTH MapameTpusanuja mpocropa [57]. MuBapujanTHa pacrojama o KOjUX
3aBHUCH Mepa, Hpo30pcka PyHKIMja U JAe/1Ta HA I'PYIU Cy:

1 V30, V30,
\/_\/_sm ( arctg (ﬁ)) , = /01 cos (—arctg (\/ﬁ)) ,
(313)

o1 =0,0% 0y = dup,00°07 . (314)
Koedunujentu dyg, cy KoedpunujenTn u3 aHTUKOMY TAIUOHHX peJlallija;
{Ta, T8} = doapy 77 . (315)
Mepa, npo3zopcka (pyHKIIHja U JAeJaTa Ha TPYIH CY:
du(g) = 2 sin? (lng) sin? (1 (p + 3§)) sin? (1(90 — 35)) dpd€ | (316)
3m? 2 4 4
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I, p) = H(E + 2m)H(2m — §)H(p + 2m)H(2m — @), (317)

(02 + 302 — 40,0 ) 9, oo
6(&+2km)6(E+ @+ 4lm). (318
sin (£ — %) 4 sin (£ + %) — sin(p) D H(E+2km)S(E+ o +4lm). (318)

k,l=—oc0

3(g) = 4n*

[IonoBo, HAKOH mapIujajiHe HHTErpalnuje ce J00uja:

io 0(& + 2km)0(§ 4+ ¢ + 4lm) . (319)

k,l=—o0

5(g) = 32
9= 2sin? (%gp) sin? (i (p+ 35)) sin® (i(@ - 35))

o SL(2,C) rpyna

AnreGpa je mapaMeTpu30BaHa Ca IIECT HapaMeTapa ¥ MOXKe ce UICHTH(UKOBATH €A KOM-
miekcuukoBaHoM su(2) amredpoM. OBa anrebpa ce MOXKe PA3TOKATH HA TUPEKTHU 36Up
JIBe KOMYTIOBaHO KOMILIEKCHe su(2) anrebpe umju cy napamerpu 0, + ip, u 0, — ip,, 1€
ey by = eapewl u p, = Wioa]- Mepa, mposopcka (yHKIMja 1 jedara Ha rpynn (Maxo je
SL(2,C) HekoMIIaKTHA Ipyma, MOKe ce Je]HHICATH [eTa Ha TPYIH Kao (DYHKIHja mapame-
Tapa aiarebpe) cy mo anasgoruju ca SU(2) rpymnom, dbyHKIHje 0/ HHBAPDHJAHTHAX PACTOjaha
(0,0 — pap™ + 2i9a,0“)% 1 (0,0% — pop® — 2i9ap“)%. V3pasm ce 10JaTHO MOTY 110jeIHOCTABUTH
yBohemeM gogaTHUX cMeHa a = 0;0° — p;p' u b = 20;p', na cy mepa, npo3opcka PpyHKIHja 1

JIeITa Ha TPYIH jeTHAKE:

B ‘sin2 (%\/a — ib) ‘2
B 8m2va2 + b?
(a,b) = H (27r - ‘Re (\/a - ib) D , (321)

du(g) dadb, (320)

5(g) = 4n ’iiffé( v Z - Zzg ‘)2 kii(s (Re (M) + 4k7r> . (322)

e pyie R, Cu G

[IpBo TpebGa HATTIACHTH Jla CY OBe TPyIe aIUTHBHE U JIa ce BUXOBa aiarebpa MoKJana ca rpy-
oM. Ajredpe ¢y jeIHOMapaMeTapcKke ca peaJHuM, KOMIUIEKCHUM Win ['pacMaHoBUM OGpojem
Kao napamerpoM. TexkuHcka (DyHKIMJa Y MEPHU je je/iHaKa jeJUHUIM, TPO30PCKa (PYHKIMja
obyxBaTa I1e0 CKyIl OpojeBa, a JiejTa je crangapana Jupakosa gesra HaJI mapaMeTpom 6:

dp(g) =do,  1(0) =1,  d(g) =0(0). (323)

Y cayuajy ['pacmanoBux mapamerapa, ja Ou wHTerpaJ OMo HeHyJATH, /lMpakoBa jenara o1
napamMeTpa je jeJlnaka caMoM IapaMerTpy, jep 3a I'pacManoBe OpojeBe Baxke IpaBujia 3a WH-
Terpaujy:

/de:o, /9d9:1:>(5(9):9. (324)

OBae Tpeba M3ABOJUTH HEKOJHKO ONIITHX ocobuHa Jenare Ha rpynu. llpsa, mpeacrasiba jemau-
HUYHE OIEPaTop Vv TpocTopy PYHKIHja HA TPYIH:

/G £(9)8(gh V) du(g) = F(h). (325)
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Y crenujaJiHOM cjydajy, Kaja ce 3a QYHKIMjy Ha Ipynu u3adepe dain pyHKIMja Koja Bpaha ese-
MEHT TpyIle y penpesenTtamnuju D, nobuja ce pernpe3eHTarija NHBEP3HOT €JIEMEHTA:

D(n) = [ D@)s(ah)duta). (326)

AKo ce oBaj mHTErpaJs HaIUINE IO MapaMeTPUMa ajaredpe, y Cay4dajy KOMIAKTHUX rpyma je moryhe
Jla BUIE Pa3JUYUTUX U300pa MmapamMerapa y ajredpu oJroBapa UCTOM €JIeMEHTY y IPYIH, IITO MO-
JKe J1a MOKBAapH jeIMHCTBEHOCT MHBEP3HOT eJIeMEeHTa I'PyIle 0 Ha MYJTHIIMKATUBHU (pakTop. 360r
TOra je BaXkKHO Ja MPO30pcKa (pYHKIHjA OJCEIa MPOCTOp MapamMeTapa aaredbpe Tako JIa e CBaKOM
eJIEMEHTY T'pyle JIojie/byje TauHO jelaH CKYIl BPEJHOCTH lapaMeTapa y ajaredpu Koju My OJroBapa.
Ha raj naunn je o6e36ehena jemmHCTBEHOCT WHBEP3a y aaredpu, Kao M jeIMHCTBEHOCT HEYTPAJHOT
eqeMenTa y aiareopu. To jgabe nMILIMIIpa 18 he TPpON3BO/I JIe/ITe HA TPy 1 TPo30opcke PyHKIIHje
Jaru camo jegny JIupakoBy JenTy y TadKH Koja oJroBapa HEyTPaJHOM eJeMeHTY ajrebpe u jeau-
HUYHOM eJIeMEeHTY y Irpynu. KoHauHO, MHOMKEHmEM €a Te:KHMHCKOM (DYHKIHjOM V XaapoBOj MEpH,
Ji00uja ce jeIHaKOCT:

11(0)6(9(0)) u(g(0))d"0 = 6(0)d"0 . (327)

Ha osaj mauun je oapebeno kako ce Jlupakose jesnre jgobujene MHTErpaIujoM 10 MO/bUMa MEHha-
jy JmesTaMa Ha TpyOd M KakKO MPO30pcKe (YHKIHje TepUHUINTY JAOMEH WHTerpalfje Mo MO/HUMA.
Mehyrum, kako kBantHa 3BF Teopuja ca Besama Huje Tomojomka, ocuM J[HpakoBUX JIeJITH Y
JgebUHUIM]N OYeKUBaHe BpegHOCTH oncepiabiie (207), croju u cama oncepBabyia ajd U OCTATH Yd-
HUOIU KOjU HUCY OOJIMKA JIeJTe U KOjU y CBOM pazJjaraimby CaJipzKe CBe MpeyludbuiHe KOMIOHEHTE
rpyma. 360r Tora 6u paznarame AedpuHnINje OTeKHBaHEe BPEIHOCTH OTICepBad/e HA WPe Iy InOIHE
KOMITIOHEHTE T'PYIa MOIPA3yMeBAJIO pasJarame TPOU3BOa JIeJITH U OCTAINX u3pasa y Aedununuju
IITO je Kpajibe HeTpuBHjasHo (360r moctojama Henyarux Kuebu-I'opaonoBux koedurmjeHara y
pasiaramy MPOU3BOJA PEIPE3CHTAIH]A).

Ha oBom mecTy ce MOpa HalpaBUTU OTKJIOH OJI CTAHJAP/IHE MIPOIE/1yPe KBAHTU3AIM]E 110 YIJIe Ly
Ha MOJIeJie CIIMHCKe TeHe u jjobujere /lupakose fesre ce MOpajy MHTErPAJIUTH 110 JIeDUHUIIAJU, jep
3aMeHa JIeJITOM Ha TPYIHU He OJIaKIaBa U3padyHaBarba Y TEOPHUjH.

5.3 Ilomena gejcTBa HA TOIOJIOIIKK €0 U BE3€

Hejcro 3BF Teopmje ca Be3ama ce cacToju OJ TOIMOJIOMIKOT jeja W Be3a. ambu mocrynak
KOHCTpYyKIuje kBaHTHe 3BF Teopuje ca Be3ama mompasymMeBa WHTerpalyjy mo ojpeheHnM mojpuMa
0 yIJiely Ha KOHCTPYKIMjy Tonosonike teopuje (66). Cyma mo crambuMa 3a TOMOJIONIKY TEOPH]y
uMa OOJIMK I[POU3BOJA JEJTH Ha I'PYLH, LA CE 110/ba 110 KOjUMa Ce BpIIM UHTerpanuja oupajy
Tako Jia ce jobuje mro je moryhe Burie gentu. VHTerpaim mo MHOKHUTE/bUMA KOJjU KAaO pPe3yJiTar
uHTerpamnuje aajy JdwpakoBy genry cy obsmka:

/exp iSO pFk o) | Tk =N T (3 Flkol) (328)

o keo o3>k

ITosba 1o kojuma ce naTerpatn ¢y MHoKUTeBH By [A], By [A], B2[A], 34[7], 7ar], 4[], A®4[e]
1 Caap[v]. Ja 6u pesysrar uHTErpanmje mo oBUM moJbuMa O6uo upakosa Jenra, morpebHO je Ja
oricepBabJia He 3aBUCH OJT OBUX TOJba. /lobujen pesyaTar ce MoxKe MOAETUTH Ha Je0 KOJH OJIroBapa
TOTIOJIOINIKO] NHBAPUJAHTH, WHTEPAKITNOHHN JIe0 U JIe0 Ca JAaKUM Be3ama.

(7) = % [ TI delr 8.0l T 7l - Nigl] INT [N - Glel] SCIel Fl) . (329)

o,17,Aev
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3a pas3JimKy 0J1 TOIOJIOIIKE TEOPHU]je, TIe je HHTerpalnja BpireHa 1o nobuma B, C'u D, Koja oaroBa-
pajy Mmuoxure/buMa B, rerpajama u (hepMHOHUMA U CKAJAPHUM MO/BUMA, Y CAYy4ajy KOHCTPYKIHje
kBanTHe 3BF Teopuje ca Bezama ce He MOYKe MHTEIPAJIUTH IO TETPaJgaMa W MOJbUMa MaTepuje, jep
IpPOW3BOJbHA omcepBabiia MOKe HETPUBHjAJHO Ja 3aBUCH OJ BmuX. MehyTum, Kako je BpeaHOCT
cyMe 10 cTamuma y TonoJomkoj 3BF Teopuju (66) HesaBuCHA 0J] pejocjieia HHTErPAIHje, MOKe
ce JIOOUTH W AJTEPHATHBHA TOMOJIONIKA WHBAPUjAHTA MHTETPAIUjoM 1o mobuma B, 5 u v. Osa
aJTePHATHBHA TOIOJIONIKA MHBAPHUjAHTa je MCTOT OOIMKa Kao HpBU dnHMIAl y u3pady (329) xoju
je jemHAK:

TIF - Ale) = [T 8 (z ( S (el VA A

03A1 \Ag,c€0
1
+ E Z Oéﬁ[él]oﬂ[ﬁg]fgva A1,61,€2 Z A AQ A17A2]>)
£1,62€0 As€o
1P <Z (Z W] 2[ Do, )W [AL, Ao = D | NU[AJW[A, A)
Ay 03A1 \Agz,e€o AsEo
+ — Z de] 51 f] Eg]f[ d|[ef] ]W[Al,el,eﬂ)>
81 E9€0
H5 <Z <Z ea2|T, A]W(e, 7] +— Z e1p Wl Dledla "Wley, e, A
A odA \&,T€E0 E1@€U
Amil?
= } nga Yalviysy " [valey 525dbcaW[51,52>A]>>

o>T veEoT

" EZXBHW{W]))
H5 (Z (Zlbg <5Az o, 7| + % ZW[&,T] (el paa ®

U5<Z (qu*[v] <5A207 = e, 7o A)

03T veo

+ wltlg] Dlabja ") > + i Z Mle]W e, T]))
H5 <Z <<5§z[a, 7| + 2—10 Z Wie, 7] (a®[e] bap
+ e oy ) ) YUOEEDS AA[a]W[aﬂ)) . (330)
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Jleo Koju ojiroBapa jakuMm Be3ama je jeIHAK:

1
= H5 <Z ( Z Wier, €2, €3, €4] (gHabcA[U]€Cdef€2d€3e€4f
€1

o3€1 V,£2,£3,64€0

H(S (Z ( Z %ed (Z Wlel, €2, €3, €4 (%ecdef&t;,giZMaab[ﬂ]

0OV \€1,62,63€0 g4€0 VET
fﬁ'y a’[esa’[es nacnbd) > a2, WA, &, 52]77ac77bd> )) . (331)
A€o

JIOK je JIe0 KOju OJITOBapa WHTePaKIjaMa jeTHAK:

INTN@]—G[@H:H[eXp (1‘2—5 > caﬁAa[A]Mﬁab[v]e‘erW[A,61,520

o A,Sl,EQ,UEU

7/- a
exp 2100712 Z ab]cd)\[ b}[A]quW[A 61,52]>

P Aej,e0€0

om0 2o XA[QJHabcA[v]s%s%szvv[el,52,53,541>

€1,€2,E3,E4,VE0

—1
P 90000 Z Aaler] (v'¢[v]) 5253545abch[51752763,64]>

€1,€2,€3,E4,VE0

exp 90_060 Z Palv] (vd)\[al])A5?53555(11,6(11/[/[51, €9, €3, 84])

€1,€2,€3,E4,V€0

—1 ab c A 2XU
exp 36000 Z 5abcd61635351 (8 12 + xv 4_ Z Galvr]o UQ

€1,€2,€3,64€0 V1,V2€0

+%5YABC Z P or]P [va] ¢ 3]

v1,V2,V3€0

o 2 m[vﬂw[m%[@gwﬂm))]. (332)

V1,V2,V3,V4€0

Jaspy wHTerpanujy mo JlarpankeBuM MHOKHUTe/bUMA HUje jeTHOCTABHO CITPOBECTH MO JTebUHUIII)T
jep obJuK m3pas3a 3aBHCH O] O0JIUKA TPHAHTYIAINje, MehyTuM, uHTerpaan cy J100po JaedpuHucaHu.
36or Tora ce npejasuhama Teopuje MOTy U3padyHATH HyMEePUIKN Kopuiiihemem npuaarohenor cod-
TBepa 3a KOHKpeTaH u30op Tpuanryiamuje. OBuMe je y THOTHYHOCTH 3aJaTa AepUHHUINja KBAHTHE
3BF Tteopuje ca Besama koja oarosapa kpaHTHO] Ajumraju-KapranoBoj Teopuju rpaBuTaiuje ca
CIUH-CIUH KOHTAKTHOM MHTEpaKIUjoM criperayrom ca CrangapanuMm MomgeaoMm npema pesaiuju
(226). ¥V mapemHoMm morjasby fie, KOMILUIETHOCTH pajiu, OUTH U3BPIIEHA MpeTUMIHADHA AHATN3A
CEMUKJIACUYHOI' JIMMECA OBE KBaHTHE Teopuje.
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5.4 IlpermvuHapHa aHAJAN3a CEMUKJIACUIHOT JIMMECA

CeMUKTACHYIHU JIUMEC PEJICTaB/ha NCITHTHBAKE TIPeIBNhatba TeOpHje Y CTamy Y KOM Ce KBAHT-
He TIOIpaBKe MOTY 3aHeMapuTHU. JelaH o/l HAaUYWHA 33 UCHUTHBAbE CeMUKJACHIHOT JuMeca je Beh
npeJCTaB/beH Y MOTJIaBiby 4.2 y3uMameM JuMeca y KOM cBe Heopel)eHocTH oncepBadIn TezKe HYJIH.
OBakaB NMPUCTYII je TENTKO TOHOBUTH y CJIYUYajy MPOU3BOJbHE ONcepBadse jep OM TO MOIpa3yMeBa-
JIO JTa mocToju ominTa popMyJsa 3a 0OYeKHBaHY BPEJHOCT NMPOU3BOJbHE OlcepBad/ie y KOjoj Cy cBH
unTerpasn u3 nedununmje (329) permenn. Kako oBo HHUje ciiydaj, CeMUKIACHYAH JUMEC Ce HCIH-
Tyje padyHambeM edeKTUBHOT JejcTBa. Hakon ogpehuBama edeKTUBHOr JejcTBA ce HaJ JIOOMjeHuM
PE3YITATOM CIPOBOIY JIBOCTPYKH JIUMEC:

Aoy > 1> 1, (333)

rae cy A, IpUApyzKeHe TajacHe Iy’KHHe KOMIOHEHATa 10Jba Pk, KOje Cy 0OPHYTO IIPOHOPIIMOHAIE
Op3UHU TpOMeHe T0Jba KPO3 TTPOCTOPBPEME, [, je TyKUHa WBUIe 4-CUMILIeKCa HA TPUAHTYIANUjH 1
l, je Ilnankosa gyzxuna. JIpyruM peduma, 110osba Cy CIIOPOIIPOMEH/BUBA y OJHOCY Ha mepuos henmnja
TPHAHTYJIAIM]e, TAKO JIa ce KOH(UIYpallija 1M0/ha HA MHOIOCTPYKOCTH MOYKE ONHUCATH TJIATKO €a
JIEO-TIO-JIe0 KOHCTAHTHUM BPEJIHOCTUMA HA eJIeMEHTHMa TpUaHry/amuje, jep cy hesuje JTOBO/BHO
MaJjie Uy JIOBOJbHO BestmKoM Opojy. Ca apyre crpane nuMensuja hesmje maoro seha o [l1ankose
Jy’KUHe, Ma je TAaKBOM TpHAHTYJIANUjoM HeMoryhe ommcaru edekTe Ha cKajlaMa Ha KOjHMa ce
TPaJIMIIMOHAIHO OYEKY]Y JOMUHAHTHHU €(DeKTH KBAHTHE I'DABUTAIIM]E.

Y oBom nornas/by, epexruBao gejcrBo Hehe 6uTu padynaro, Beh he nBocTpyku Jjimmec Gutu
NPUMEHEH JIUPEKTHO Ha JIe(DUHUIIN]Y OYeKUBaHe BpeTHOCTH orcepBadie. [IpuMenom ropime crpane
JMMeCa, JIa Cy 10Jba CIIOPONPOMEH/bUBA Y OJHOCY HA YYECTAHOCT JUCKpeTu3aryje (6poj CHMILIEK-
ca je BEJIMKH YHYTap MepUojia MPOMEHe T0J/ba), BPEJHOCT T0/ba HA jeJHOM CHMILIEKCY Ce MOYKe
AIPOKCUMMPATH CPEJHOM BpeIHONINY 110/ba HA OKOJIHMM cuMiuiekcuma. [locjieuia Tora je ja ce
JieqTe y TOIMOJIONIKO] MHBAPHUjAHTH 1 JAKUM Be3aMa, YUju je apryMeHT CyMa IO CUMILIEKCAMAa, MOTY
3aMEHUTH MPOU3BOJIOM JEJATH IO CUMILJIEKCUMA, YUjH aPTYMEHT 3aBUCH CAMO OJT jeJIHOT CUMILICKCA.
OBaj anpoKcHMaTUBHU OOJUK YUHUOIIA €A JaKUM Be3ama je:

1
SClp] = H J Z £5e4 ZW[51,52,€3,54] %gcdefgg)gizj\/[aab[v]

o £1,€2,€3€0 g4€0 veo

1
- Efﬁvaaﬁ[z?ﬂav[&]nacnbd) - Z a[e3]2[A, e3]WIA, €1, €2]NacTba

A€o

1
119 > Wler,ea,e3,64 (gHabcA[v]ec‘lef €2dE3cE4f

g1€0 V,€2,€3,64€0

+ (alelen o] + 50l Eboma ) 2uca ) )| (334)
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JIOK je JIe0 KOju OJIroBapa TOIOJIONIKO] NHBAPUJAHTH jeIHAK:

TI[F[e] - Al = ] [H 5( 37 atfelelAs, el WAL, Ay

o A€o AQ EECT
1
+ 15 > allar)aea fo, WAL Er e + Y Aa[Ag]W[Al,A2]>
£1,62€0 As€o
11 5( > wlle]z[Ag, e] WAL, Ay
A€o Ag,c€0
1
+1—0 Z W[Cd}[éfl]w[ef][&fg]f[ dl[ef [ ]W A1,€1,€2 Z )\[ab AQ Al,A2]>
£1,62€0 As€o
H ) (Z eqoz[T, A]lW e, 7] + — Z e Wl 62 Dledla "Wier, €2, A]
A€o e,TET 51 eo€0
Amil? _
+ 750p ) U2521€2€U D alv1]vs7 0 [va)ebeSe bea W €1, €2, A])

H(s(quA[v] (5Azm ZW&T A)

+ E;XBMW[@,T])

I1¢ (Z%[U] <6Az 0, 7] ZWg T bt B+ e b B)>
T i;ﬂmdmg,f])

H5<<Bzar +—ZW57 €] bag A + W] by )ng

- iz/\A[e]W[e,T])] . (335)

AprymenTn gentu 100MjeHNX y YUHUOILY ca jaKuM Be3ama 3aBrce o mosba Mg, n Hypen. Meby-
THM, Y KOJIIKO OIIicepBabJia dhja ce 0OYeKHBaHa BPEIHOCT padyHa He 3aBHCH OJ] OBHX I10Jba, OCTATAK
nedUHAIAje He 3aBUCH Ol BPETHOCTH OBHX II0/ba Y CBAKOM BEPTEKCY CHMILIEKCA [Oje nHAIHO, Beh
caMoO OJI Cpeibe BPeIHOCTH OBUX I0Jba Ha IMEJI0M 4-CHMILIEKCY, Ma e YBOhemeM CMeHa:

1
= 5 Z Mo‘ab[v] s abcA Z HabcA (336)
veo veo'

OBe JIeJITe MOI'Y CBECTH Ha OOJIMK ITOroJaH 3a mHTerpanujy. VHTerpammja mo ocraanM BPeIHOCTIMA
M0/ba y MOjeIMHAYHIM BEPTEKCHMA, CHMILIEKCA He Jaje JOMPUHOC OYEeKUBAHO] BPEIHOCTH OICEePBa-
6J1e, Beli caMo Mema BpeJIHOCT HOpMa/u3aluone koncranre N .
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Yunwusiall ca jakum Be3ama J00ujeH OBUM CMeHaMa, je ObJIMKa:

sclel = ]
1

* 3000 Z fﬁvaaﬁ[53]a7[54]51a€2bw[€1752,83,84]>)

€1,€2,E3,64€0

1 o 1 1 .
v|amabu[a]5 (“ anlo] + Vo] (ﬁ > a%es) A, el WA, ey, es)eraem

€1,62,63,A€0

1 11
V|A|(|a—1>|[abn[a]5<@“bc“[0]+3!V[a}% 2 Whienssal (¢A[U]Z[51’”]

V,E1,€2,E3,E4E€0

4 é(bB[v]a“[al]DaBA) 52853,&54},)] . (337)

Y caydajy TOTOJIONIKE WHBAapHWjaHTe, MOCTOjU BUIE BPCTA CMeHA Koje Tpeba YBecTH y IuJby
ceohema e/ ITH Ha OGJIMK IOrOJaH 3a MHTerpamujy. IIpBy Bpery umbe cMene 3a mosba A% o A

QA o] Z AAIWIA A, QYA 0] = % D ONAIWIA, A (338)
Aec

I3pa3 y HHTepAaKIHOHOM YHHHOILY KOju cajapkKi 1mosba A% u A je obuxa:

1 ~ - 1 - -
300 ) Z )\[A]W[A,Sl,@]&‘feg = 300 ~ 6>\[A]AabW[A’A] + Z )\[ € EQW[A £1,E2)
Aje1,e9€0 A A€o 51,52¢A
1 A ‘lb ab
Z@NZ A[AJWIA, A]A ZQA o)A (339)
JANWANSYo Aea

HonpwuHoc jgomaTHa 9eTHPHU cabWpKa Koja joJa3e o Caydaja Kajla JABe uBuie He (bopMupajy Tpoy-
rao ce Takohe MOKe allpOKCHMHUPATH KOPHUIIemeM JUMeCa CIIOPOIPOMEH/bUBUX M0JbA, JTOIPHHOCOM
ocTaanx cabupaka Koj KOjux n300p MBHUIA YMHH Tpoyrao. JIpyry BpcTy cMeHa YHHE CMeHe 32 I10Jba

5\A, )\A " X\AZ
1
=1 > NeWe, 7). (340)
g€o

CAn4Ho Kao y MPeTXOIHOM CIyYajy, H3pa3 KOju ce MojaBsbyje Y HMHTEePAKIIMOHOM UHHUOILY, a KOju
CaJIPXKU 110Jba, )\A M 1 Ay je obuka:

1
3000 Z NerleseseiWen, €3, €3, 4]

€1,€2,€3,€4€0

= 3000 Z)\Ael 96 [eq, T]7¢ 4 Z esebesWien, €2, €3, €4]

£1,T€0 62753,5469'
=205 2= N[ (150W ey, 7]7) = ZQAT olree. (341)
£1,TE0 TEU

OBze je MOHOBO, KA0 y MPETXOAHOM CJIyd4ajy, JOMPHUHOC mpeocTana Hd cabupka KOju MOTHUY O
n300pa UBHUIA KOje He YHHE TeTpaejiap CHUMILICKCA allPOKCHUMHUPAH Ha OCHOBY JIIMECA CIIOPOIPO-
MEHJHbUBHX 110Jba JONPUHOCOM OCTAJIUX cabupaka KOju OJroBapajy TeTpaejapuMa.
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Tpehy Bpery umun ckyn cMena 3a nosbe w!®l. Cmena ce yBoam y JBa KOpaka:

1
wla?) [e] = Q[ab}e[a]ge, Appelo] = 3 (Qavelo] — Qaenlo]) - (342)
IomTo je cmena Q%€ [g] yBenena 3a meo 4-cuMIieke, ToCTOji H360p 4 HE3aBUCHE HBUILE £ HA OCHOBY
KOJHX Ce MOKe OJPeJUTH IHeHA BPeJHOCT y 3aBucHocTH of w!®l[e] m ckyma werwpn mesaBmcHmX

uBHIA £,. JakoOujan cMeHe je HeTpuBHjastaH u ucTh Kao y (211):

dw![e] = NVl o] T T do] "), (343)

I/le HOpMaau3anuoHu (hbaKToOp MOTHYEe Of] YNHeHUIIe Ja ca JecHe CTPaHe jeTHAKOCTH MOCTOju Behn
Opoj He3aBHCHUX KOMIIOHEHATA I10Jba HEro Ha JieBoj. MehyruMm, Kako nogumHTerpana (pyHKIHja He
3aBHCH 07 OBUX TOJATHAX KOMIOHeHaTa (jep ce y m3pasmMa mojasibyje camo nmpomsson Q1%¢[o]e,),
MHTEerpalja 1mo OBUM JI0/JIaTHUM KOMIIOHEHTaMa Jlaje caMo JIOJATHH HOPMAJIU3AIMOHT (PaKTOP /\%
Jaxkobujan apyre cMeHe je KOHCTaHTaH, a WHBEP3HA CMeHa ITPOMEH/bUBHX

W] = (A[o] — AM[o] — A[o]) &, . (344)

OBa cmena je, 300T jeTHOCTABHOCTHU 3aIlNCa, eKCILTHIIUTHO YBeIeHA CaMO y JeJTH KOja je HacTasa
UHTErPAIIjOM Be3e 3a TOP3U]Y, JOK je V OCTAJUM JeJATaMa MOAPa3yMeBaHO /1a UMILTHIIATHO BAazKH.
Tomoonka HHBapujaHTa HAKOH YBOhemba OBHUX CMeHa MOCTaje:

TI[F[e] — Ml = ] [H 6( ST atfelelAs, ] WAL, Ay

o A€o Ag EECT

+ % Z aﬁ[‘gl]a'y[gﬂfﬂvaw[Ala81752] + 3QQ[A1,U]>

€1,€2€0
11 5( > wlle]z[Ag, e] WAL, Ay
Ai€o Agc€o
— Z W[Cd]{gl]u}[eﬂ[€Q]f[cd][ef][ab]W[A1,81,52] —3Q[ab][A1,0'])
£1,62€0
a0 (Awlol — s ST easlr AW, A
abc g| — EaZ 7_, 6, T 66 C
ylladll(5-1) 5] ’ 20V[o] &= 1
27?212
Z ¢A v1]y5Y ¢ [V2)€dbea
v1,U02€0
(ZqﬁA[v] ((5AZJT ZW& Tlo A> —l—@B[T,U])
TECT veo 660’
(Z &B[U] <5AZ g, 7' ZW g, 7' >aA +w[“b][8] D[ab]A B)> + Qa[T, O’})
TET veET eco
1
(( 52lo, 7] 2—0 ZW[&,T] (a*[e] pas A 4 leble] >[ab] B ) Zq/;B — Q4 a])] ,
TET g€o veEoT
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Nurepakimonn duHu/Ial HAKOH yBohema cMeHa 1mocraje:

INTQA] — Glel) = [T s [ - 3 Cas@IA, oW (A, A2 o)A

o A,A€o
7 - -
exp 5 Y caea@ A, o] WA, A]A
s0ml2 &
,AEo
exp —% ; QA[T, 0]Oabealo] T“bc>
€xXp 150 UTZEU QA T, U [ ]) €abcd7—abc>
exp __Z Z QEA [U] (’YdQ[T 0-])A5abcd7_abc
150 v, TEC 7
—1 b c d A
exp 36000 Z eabcd€1€2€3€4 (8 12 —+ X 25 vg
£1,€2,€3,64€0 v1,V2€0
1 _
+g5 YaBc DR O i A

v1,V2,V3€0

+ GTXE) Z ¢A[U1]¢A[UQ]¢B [U3]¢B [1}4})>] . (346)

V1,V2,V3,V4€0
Hakon mHTerpamuje cBUX JIeJTH, Pe3yaITyjyhn cabUpIu y eKCIOHEHTY OAroBapajy JIUMeCy CIIOpO-
HPOMEH/BUBUX 10/ba 3a JejcTBo 3a Cranmapmaan Mojes HA TPpUAHTYIANUJH Y 3aKPUBJHEHOM IIPO-
CTOPY Ca JOJaTHUM CabMPKOM 3a KOHTAKTHY CIHH-CITMH WHTEPAKIHjy W cabupak KOju OJroBapa
CKaJIapHOj KPUBWHU, KOju Tpeba mocedHO anau3uparu. Taj cabupak je jeaHax:

T WA, o] A QA AT 347
! gm_swwzzQ oNA e = 5o 12210Z A[A] (4] (347)

o A€o

Bemuunna Q[ab [A] je Ge3muMeH3MOHATHA U IPEJICTaB/ba YTaOHH (DAKTOD jeIHAK:

~ 1 1 - -
QA o) =2 3 e [A WA A+ o5 3 ea ] WA e8], (348)
6,A€O' £1,62€0
rie je
1 1
o*le] = Vo] 20 Z z[r, A]W[E, T|A% e 84 (5Z€efbc — 62€ef“0 — 5Z€6fab) : (349)
g,A,TEC

[Ipoussoa ¢dpyHKIMja 3HAKA Y OBOM H3pa3y HaMehe 3aXTeB ja HBUNA € U TPOyTrao A 4mHe TeTpaeaap
HenyTe 3anpemune. (3a dukcan u36op TPoyIIa MOCTOje Ba TeTpaeapa Koja ra cajipxkKe W CBaKH
OJ1 BbUX Ce JOOKja TaKo IITO Ce UBUIA & MOXKe 01abpATH HA TPH HAYWHA.) 360T TOra JOMPUHOC CYMH
Jaje caMO KOMIIOHEHTa HPOM3BO/Ia TOTAIHO AHTHCHUMETPHIHA 110 MHICKCHMA OBUX €JeMeHaTa, Ia
ce U3pas HOje,ZLHOCTaBJByje W TocTaje:

3 1
olab] €] = ———— Z WE, 7)z[1, A]A% &% 5ef[“b] = —%m Zrequqsef[“b]. (350)
TED

6ATEU
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Jpyru cabupak y uspady (348) ce mMoxke cMATpaTd HOIPABKOM BHIIED pPeja, JOK IIPBU Cabupak
Jlaje JIONPUHOC ODJInKa:

A X -3 1
. ~ ab]cd efa o]
ZSgrcw 87Tl2 Z 10 Z ]3 A; Z[A,g]W[A, Al]W[A A ] 20 V[ ] Z EqEef
g, 1€0 co
_ Aef 4 1 X ota
82 Zg AA] 10AZ€ WIA, A3 AZ (A, e]W 7 (351)
7 7 1&o g,A€0 TEOD

Paznomax % oJaroBapa peaykoBaHoM Ten3opy Jlesu-YHupure Ha Tpoyriy A, a IpousBoi TpU
cyMe Jiaje queJapcKu yrao msmely nBa Terpaeapa HaJ TpoyriaoMm A, o3HaueH ca fa ,. 300r Tora je
JIEJCTBO 34 IPABUTAIMOHO MOJbe (y AMPOKCHMAIU)H JOMPUHOCA TPBOTI cabupKa) 00JInKa:

grav N o5 87‘[‘[2 Z Z Aa 87Tl2 Z Z Ao — ST l2 Z(sAA SR7 (352)

o A€o

rie je oa Aedunur yrao (cyma cBUX JHEJIAPCKUX YIJIOBA). Y KOJHMKO je IMPOCTOP PaBaH, ca CHIHA-
TypoM mpoctopa MuHKOBCKOT, Aedunut yrao je jeqHak HYJIH, TOK OJCTYIalke OBOT yIJIa OJ HyJIe
yKa3yje Ha MPHUCYCTBO HEHYJITE KPUBHHE.

Jlobujeno nejcreo Sk oaropapa jgejcTy 3a Perle rpaBuTalmjy Koja ommcyje KJIaCHIHY TPABUTA-
IUjy Ha JI€0 10 JIe0 PaBHO] MHOTOCTPYKOCTHU. 1O 3HA4YM Jla je y NpeJTMMUHAPHO] aHAIU3U CEMUK,/Ta-
CHUYHOT JIEMeca JOOUjeH pe3y/iTaT 3a OYeKHMBAHY BPEIHOCT olcepBadsie oOJIHKa:

- %H / de[v)dy[v]di[v] / Hda[s]de 1:[|V[a]|M (o) exp <zsR+zs%C) . (353)

r7e je JejcTBO SEEAé)C nejerBo 3a Cramaapanu Mojgesa ca jgoJaTHEM cabUPKOM KOJU OIHUCYje KOH-
TaKTHY CIUH-CIIUH WHTepakinujy, a M = 150.

OBuMe je 3aBpliieHa MpeTuMUHAPHA aHAIN3a CEMHKIACUTHOT JUMeca y KOjoj Cy Jo0mjeHa mej-
CTBa KJIACHIHUX Teopuja y ekcrmoHeHTy. OBa anann3a ykasyje jga kBanTHa 3BF Teopuja ca Bezama
nMa g0bap ceMuKJaacu4IaH JIUMeC, jep je 3a CJAMYHEe Teopuje Koje caap:Ke caMo JejCTBO 3a IpaBUTa~
IIHOHO [OJbe y 0BOM 00Ky Beh mokazano ja mMajy qobap cemukiaacuuan Jgumec [H8; 59).
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6 3akspydak

KorcTpykiuja peajucTudHe KBaHTHe TeOpHje T'PABHTAIje W MaTepHuje U Jlajbe IpercTaB/ha
OTBOpEH TpobJIeM Yy caBpeMeHOj TeOPUjCKOj (pU3HIIH.

Y oBOM pajy je Jar mpeior Mojesa odjenibeHe KBaHTHe TeOpHuje 3aCHOBAH Ha KOHIIENTY TOJI-
nosionikor 3BF jiejerBa ca Besama koje jajy pusuuke crenene €j000je U MaTeMaTHYKOr IIOjMa
3-rpymne, KopuirheHor 3a onuc cuMmerpuje. [IpBu pesysrar u3/10KeH y 1JIaBu 3 ce 6aBHO UCITUTHBA~
IEeM cuMeTpuje Kjacudne Teopuje 3aaare 3BF nejcrBom ca Bezema, ncnuTupameM MeXaHU3aMa 3a
BEHO HapYyIIeme, ONI0 eKCILTHIIUTHO, J0/IaBakheM Be3a Y MpoIecy KOHCTPYKIHje PeaJucTuIHe Te-
opHje, WU CIIOHTAHO XHUTCOBUM MeXaHU3MOM. JlobujeHn pe3yaraTu cy MOTBPIWIN 1A je KIACHIHA
Teopuja JA00MjeHa Ha OBAKAB HAYMH IOTIIYHO €KBUBAJEHTHA KJACHIHO] Teopuju 3a1aroj] Crawn-
napaanm Mogesnom cuperanytum ca Ajumraju-Kapranosom rpasutanujom. OBa eKBUBAJICHIIN]A, j€
YCIIOCTaB/hEHA W HA HUBOY CUMeTpHje TeJIOT AejCTBA U Ha HUBOY jeTHAYMHA KPeTama.

[lorBpaa oBe ekKBUBaJEHIIMje je 3HAYUIA JIa je OMI0 Moryhe IPUCTYIHTH UCIUTUBAILY €KBUBA-
JeHIuje m3Mehy OBUX TeopHja Ha KBAaHTHOM HUBOY. OBO mutame je obpaheno y cienehoj rimasm
4. Pesyararu aHajiuse cy HOTBPJWJIM JIa Y U3BECHO] MepU LIOCTOJU eKBuBaJjieHnuja udMehy kpant-
He U KJjlacu4He Teopuje moj ojapehenum ycsropuma. [Ipsu yciios je na ce Mepe y (DyHKIIMOHATHUM
MHTerpaanMa AedUHANTY Ha WUCTH HAYUH W JAPYTH, Ja Ce TmocMaTpajy camo orcepBadje Koje ce
MOTY HCTOBpeMeHO jedunucaru y obe Teopuje. [lox Tum ycmoBuma ¢y KOHCTpyucaHe Bese (226)
u3Mel)y maposa omncepBabin ca UCTOM OYeKHBAaHOM BpefHomhy y KBaHTHO] 3BF Teopuju ca Besa-
Ma ¥ KBaHTHO] AjurTaju-KapTanoBoj KOHTAKTHOj Teopuju cuperuayToj ca CramgapaauM Momeaom
(ECC). Ocum oBe Bese, neduHuIIja Teopuje Caap:Ku WiaHOBe y nejcTBy Koju Hamehy mysTe rpa-
HUYHE yCJIOBE Ha MMoJba TeTpaje, Xurcoa m Jlupakosa mo/ba. OBH TDAHWUYIHH YCJOBUH CE€ MOTY
OPOMEHHUTH JI0JaBalkbeM O/IT0BapajyNux MOBPITUHCKUX WIAHOBA y NI€JCTBY, aJd je caMa aHAJIM3a
TOT OCTYIKa W3BAaH Ipe/iMeTa NCTpaKuBama u3J0KeHor oBlle. Ha kpajy, 1atu cy miycTpaTuBHA
npuMepH Ha KOjUMa ce KOHIIENTYaTHO MOZKe TeCTUPATH Pa3/nKa y MpeaBuhamuMa OBe IBe KBAHTHE
Teopuje y KOHKPETHOM eKCIIEPUMEHTY.

Konauno, HakoH ycniocTaB/barha Be3e u3Mel)y jiBe KBaHTHE TeopHje, ocje/iba IJiaBa b ce baBu
KOHCTPYKIIjoM KBaHTHe 3BF Teopuje n mpemMuHAPHOM aHAJII30M HEHOT CEMUKJIACHIHOT JITMECA.
KorcTpyKimja KBaHTHe TeOopHje je U3BpIIeHa TPHAHTYIAIN]OM MHOTOCTPYKOCTH W TTOCTaB/baHeM
jeTHaYNHe 33 OYEeKHBAHY BPETHOCT MPOU3BOJbHE OncepBadie Ha TAKBO] /I€0-T0-/1€0 PABHO] MHOTO-
crpykoctu. /ledbunucana nponeiaypa je HpuMeH/bUBA Ha HPOU3BOJHHO JIEJCTBO M3ParKEHO MOMONy
nupepennujaaaux GoOpMH, TIITO je BaXKaH Pe3yJATaT 38 KOHCTPYKIU]y KBAHTHUX TEOPHja HA TPUAH-
ryjanuju yorre. [JIaBHH pe3yaTaT ryaBe MpejcraBba cama JeduHUIMja KBaHTHe Teopuje (329)
jep ce koMbuHOBameM ope Jdedunurmje u Bese (226) Moxke pernpoaykoBaTh JehUHUIMja KBAHTHE
Ajumraju-Kapranose teopuje crperuyre ca Crangapaaum Mojenom na Tpuanryianuju. Mcenuru-
Balbe CEMUKJIACUYHOI' JIMMECA je CIPOBEJIEHO IPUMEHOM AllPOKCUMAllUje CLIOPOIPOMEH/bUBHUX 110/ba
Ha/1 1epUHUIjOM OYeKHBaHe BPEeHOCTH IMPOM3BOJbHE ONcepBabJ/ie, YnMe je 1001jeHo AejCTBO KJia-
cu4He Teopuje y ekcrnonenTy. Ha Taj HaumH je pe3y/aTaT CBEJIEH HA MPETXOJHO IMPOBEPEHe Mo/ie e
ca JOOPUM CEMHKJIACUIHUM JIMMECOM M ONpPaBJaHa je UCIPABHOCT KOHCTPYKIIAje KBAaHTHE TEOpHje
(329). Meljyrum, 3a npaBy aHaJIU3y CEMUKJIACUIHOD JIUMECA OBE TE€OpHje, MOTPEOHO je OIpeuTH
onrosapajylie eeKTHBHO JIejCTBO U UCIHUTATH HHEroB JuMec mpeMa (333), mTo je BaH mpeaMeTa
OBOTI' UCTPAZKUBAIHA.
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A Jomamm
A.1 Jloka3 Teopeme 1

Jloxas. Ocobuna G-unsapujantnoctu Guanneapue dopme (_, )y je gedunncana kao

(99h1>g'>h2>h = <h17h2>f)7 (354)

3a cBako g € G u cBako hy, hy € h. 3anucuBamem KoMIIOHEHATA ¢, hq U hy y oaroBapajyhem basucy,
JeTHOCTaBHO je YOUHTH JIa ce JieBa CTpPaHa jeTHaUYNHe MOXKe 3allHCATh Kao:

<g > hl, gbv h2>f) = h‘fhg |:gac + ga( Pac dgad + Daadgdc)] + 0(92) : (355)

NzjennagaBamem ca JeCHOM CTPAHOM, OYHUIJIETHO je /13 Ce JeCHA CTPaHA MOHUIINTABA CA HMPBHUM
cabMPKOM y 3arpajin. 3aTUM Ce MPUMEHOM OCOOWHE CHMETPUIHOCTH OuanHeapHe popMe OCTaTak
u3pasa y 3arpajyd CBOJW Ha:

Daca T Paac = 0 ) (356)

KaKo je I TBpheHo y TeopeMu. AHTHCHMETPIYHOCT IPEOCTaJIa JIBA IejCTBA Dogy B Paap CE JOKA3YjE
AHAJIOTHO.

HonatHo, HeereHepucanocT ouwinueapue gpopme gy, TMILTHIIIPA JTa TOCTOJH HeH HHBEP3, O3HAa-
gen ca ¢%. 3aTuM, KOHTPAKIHIjOM (356) ca ¢g*¢ nobuja ce Gasuc-HE3ABUCAH MCKA3 14 je JejCTBO 1>
becTpazKHO

Baa® = 0. (357)

[Topen Tora, moxe ce uzabparu 6a3uc y Jlujeoj aynredpu h takas ja je oununeapua popma gup,
na caMuM TUM U theH UHBEP3, jJujaronajsna. Ha ocHOBY miaenturera

Dcmb = I>ozachb (358)

ce MOzKe 3aKJ/bYUHTH /13, Y OBOM KOHKPETHOM 0A3UCY, Bqo” MOpa Ja Gy/1e IPOMOPIHOHATHO Bagp j€P
je g% = 0 3a ¢ # b. 360r Tora, IOIITO je B,q, AHTHCHMeTpHYaH Ipema (356), Mopa OGUTH jexHaK
Hy/M 33 @ = b, IITO Jasbe HMILTHIEPA 113 je Ba,” Takohe HysTa y ToM caydajy. JIpyrmM pednma, bag’
UMa HyJITe eJIeMEHTe Ha JUjaroHajn y OJHOCY Ha APYTH U Tpehn uHIeKe y 0BOM Da3uCy, Kao IITO je
u TBpheno Teopemom. Icre ocobnme ce 3a ocTamta aBa AejcTBa Dag” U Dq 4P nokasyjy anasorno. [

A.2 IIpousBos/bHOCT K-OmamHeapHe popMe

Y onemky 3.2.4 je yBemena 6mmneapna dbopma k%7 y (167) kao 1 Hose mpomensbuse (171) Koje
3a/10BoJbaBajy JucTy uiaenrurera (172). la 6u 6uia 06e36ehena jenan Ha jegan Besa usmelhy crapux
U HOBUX IIPOMEH/HbUBUX, Y OBUM UJIECHTHTETUMA je MOTPeOHO /1a OpOj He3aBUCHUX MTPOMEH/HbUBHUX Ca
JieBe W JlecHe cTpane jennakoctu Oyme ucrn. [Tlrasuine, Hu jegHa o oBux mpomeHsbpuBnx (171) He
cMe GUTH eKCILTUIUTHO MOMHOXKEHA HYJOM TOKOM KOHCTpYyKIuje uaentutera (172). OBu 3axreBn
MMajy HeTpHBHja/IHe TOCIeJnIe Ha MPOM3BOGHOCT m3bopa Ommumeapre dopme . Ha mpumep,
upBu uaenrurer ca jucre (172) je i

0% A po = M A yi. (359)

U3 nedbununuje mpomenbuse p, y (171), Moxke ce 3akbydauTn ja JejctBo mpojektopa (168) me
Memba Py
pa = PP ps. (360)

77



OBO UMILIHIMPA JIa OBA] IPOJEKTOD HE Merba JeBy crpaHy mieHTurera (359) na Baxu:
0% A po = 0% A P.Ppg. (361)

Kopunihemem 3axTeBa jia HU je/iHa IPOMEH/bUBA HE CMe Jia Oy/ie IIOMHOXKEeHa HYJIOM Yy TOKY KOH-
crpykimje uaenturera (359), 3akbydyje ce na JAejCTBO IPOjEKTOPa MOPa 12 4yBa CBe IPOMEHIbUBE
0%. Jlasoum koputthemem peduHUIEje TPOMEH/BUBHX 0 100uja ce HeTpUBUjaTHU YCJIOB HA OWIHU-
HeapHy dopmy K

0° =0°Py = =2k T = 2k PO T = 2P kP PO TN (362)
KOjH 3aXBaJsbyjyhu MPOU3BOJFHOCTH 110/bA 2 AMILTAIAPA J1& BayKA
kTP = PykPTP) . (363)

Ilomrro je kK cumerpudna 6unureapHa dbopMa, TpaHcnoHoBambeM (363) ce qo6Hja 1a IPOjeKTop 1
k% KoMmyTupajy
KOTP° = PR (364)

Cajia ce 0Baj yCJIOB MOXKe HCKOPHCTHTH Tako Jia ce peyKyje Ipou3Bo/bHOCT Guiuneapue dbopme
k%, Kombunosamem (169) u (364) ce mobuja

PoAY ] — B = |02 - Pl AR, (365)
KOjU je 33JI0BOJbEH CaMO aKoO je
43 [57 - B = [0 = P |4 = |02 — P2 40 6] - 7). (366)

Byayhu ja je pqumensuja 1moaipocTopa OPTOIOHAJJIHOD HPOjEKTOPa jeJIHaKa jejaH, IPOU3BO/HHOCT
6uaHeapre opme k7 je pesykoBaHa Ha jesaH cI0604aH HapaMerap, a 06JIMK OBe IIPON3BOJEHOCTH
je mary (173):
5| 58
R o ko 4 (07— Py 4] — PP (367)

[Ipon3Bo/bHOCT OBOT apaMeTpa rapaHTyje MOCTOjalbe HHBePTUOUIHe OnInHeapHe gpopme Ii;ﬁl, KOja
Takohe KOMyTHPa Ca MPOjeKTOPOM, MITo je nociaemuna (364).

Caza Tpeba mcnuTaTH yTHI@] OBe IPOH3BobHOCTH Ha fejcTso (174). Kopumhemem anmerure
Jla WHBep3Ha OuanHeapHa dopMma Jeyje Ha npomersbuse (171) y (174) u na cy npomensbuse (171)
HEIPOMEeHe [IPHU JIejCTBY IPOjeKTopa, jejerso (174) u marpuia KBajgpata Maca (176) 3aBuce camo
0/ TTpOjeKInje HHBeP3He OumInHeapHe (popme /1;ng5 . IIpousBo/pHOCT HHBep3a OumHeapHe dopme
H;ﬂl ce MOYKe W3pa3uTu Kao 1ejj0poB peJl 10 IPOM3BOJbHOj buinaeapHoj dpopmu A7’ kao

o

ok = i S [(=1)" (0= PIA[S — P]s71)"]7 5, (368)

n=0

OJIAKJIe Ce MOYKEe YOUHMTH Jia POojeKIuja nHBep3He OuianHeapHe (opMme He 3aBUCH 0J] H360pa IpPOU-
3BosbHe Oumuneaphe dopme A7, OBo fabe UMILTHIMPa Ja cy Jejecrtso (174) u MaTpuIa KBajgpata
maca (176) jennoznauno gedpuHucaHu.
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A.3 Jloka3m maeHTuUTETA KOjU cajipKe /lupakoBy nenrty

Jlokasu ujenTuTeTa KOju cajipzxKe /IupakoBy jejTy HaJ peajHuM u [ pacMaHOBUM MO/bUMA Ce
MOTY W3BECTU MPABOJTUHUJCKAM PATyHOM:

e uenturer (199):

/ DDy 5 (9P Fs(n) — G*N60)) Hlp, br)

aA

S(eF(e)F 1 (00)"" 54,

= /D (¢*P Fg™(¢1)) Do, 5(¢F(¢k)5ﬁf1(¢k))m 5(8" 6 (¢*PFp(¢n) — G“Now)) H g, o)

S(pF (o))" F
- / DD [52F 5 (01)] 6 (5 — G () H (P F 1 5 (), )
1

= [ Dpp,————H (GB(¢p) F 152 (d0), 01 369
/¢|F<¢k)||a (G (60" 5 (00). 61) (369)

e uenturer (201):
/ db1dfydbs . . . dB,e1 200 (9, s .. 6,)

= / 0:d0d0s ..y, (1+ 6y (By — By — - - - — 0))
X (03 - O fora (Opsrs - On) + -+ 02 Opr fro10(Opsrs- -, On)
= Z/n d01dBsd0ls . . . dB,, 610205 . .. Ok (for..1(Oks1,--- ,0n)
oo (=D fir 101 (O, - - ,0,))
= —1 /n dfs . ..d0,d0yd0, 010505 . .. 0k (for..1(Oks1, ... ,0n)
oot (=D fir 101 (O, - - ,0,))
- /Gn—? @By .. A0 Bs ... O (f01.._1(91g+1, )+ (D fiaoa Bk, - ,Qn))

:—Z/ d@ngnF(Gg—l——i—@k,Hg,,Hn)

Gn—2

_ —i/ 0 d0,d0y 5(0y — 05 — - — 0)F (s, 05, .. .0,)
Gnr—1

= (—1)"—%’/ dbs ... d0, 50y — O3 — - — O,)F (62,05, ... ,6,), (370)
anl

79



e wienrurer (202):

/ d™y / dmz / 6, d0s . . . db, / Abpopy ... dO, e (MO0 P g0,

= / dmy/ dmx/ df,dOy . . . do,, / d8k+1 ...do, eiyafa
m m Gk Gn—k

+o0o

1 . atj
x Y5 (ZigaM90.0,)" F(a,01,... ,0,)
b=0

=/ dmy/ dm:c/ d91d02...d9k/ Abprs . . . d6,, eVae"
m m Gk Gn—k

xza (M J@iej%) F(x,0,....6,)
(2m)™ / d™x / d61dbs . .. dby / dOps1 ... do, Ha
m Gk Gn— k a1

ng' (M 70,0, a_) F(x,0,....,6,)

b
—(27r)m/ d91d62...d9k/ dOpsy - .. d6,, Z Mweei F(x,60y,....0,)
Gk Gnrn—k b‘

=0
— (zw)m/ d6,d0 . .. d@k/ Oy ... dO, F (M“90,0,,6,, ... ,6,)
Gk Gn—k
= (27T)m dmI/ d91d92 e d@k/ d9k+1 Ce dﬁn H ) (l’a - M“ijeiﬁj) F(SL’, 81, oo ,Qn) .
m Gk Gn—k a1
(371)
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Buorpadmnuja

[TaBie Cruncuh je pohern 19.10.1996. rommae y AJjiekcHHILY, Tjie je 3aBPIIHO OCHOBHY IIIKOJIY
u OCHOBHY My3muky mmkosy. CenremOpa 2011. roaune je ynmcao u TOKOM HApPEIHE YETHPHU TOHU-
He 3aBpinuo MareMaTudKky TMMHA3Wj]y W TEOPUJCKH OJICEK CPeJhe My3udke Tikojie Mokpamall y
Beorpay. OcroBHe akagemcke cryauje Ha Pusnakom daxyaTeTy yHUBep3uTeTa y Beorpamy, cmep
Teopujcka u ekcriepuMeHTaIHA (DU3HKA U OCHOBHE akaJieMcKe cTyauje Ha Enxekrporexnnakom da-
KyJsiery yHupepsurTera y beorpajy, cMmep EjieKTpOTEXHUKA U pavyHapCTBO, MOJyJ BJjeKTpOHUKA,
yrucao je mapagenno 2015. roaunre. OcHoBHE cryanje dbusnke je 3aBpino cenremopa 2019. romumae,
ca mpoceunoM orenoM 9,51, a Ha EjgekrporexuudykoMm (akyJITeTy OCHOBHE CTY/IHje je 3aBPIINO Y
MapTy 2023. rojinHe, ca IpocedHOM orneHoM 8,61.

Mactep akagemcke ctyauje je 3aBpmuo Ha Puswakom dakyaTeTy y mepuoy of okToopa 2019.
roaune 10 centeMOpa 2020. roaune, ca mpocednoM onenoM 10,0, oaAOpaHUBIIN MacTep PaJ HA TeMY
"Vr1umaj MarseTHOr mo/ba Ha MPOBOMHOCT y XabapmoBoM mozeny', moa pyKoBOACTBOM ap Jaxiie
Byunduesnha, Butirer Hayunor capajaunka acruryra 3a dusuky y beorpamxy. Ynucao je 10KTopcke
crynuje dpusuke Ha Pusmukom dakyarery y Beorpamy, y yxKkoj Hayanoj odsactu KBanTHa mosba,
JecTHIle U rpaBuTanuja okrobpa 2020. rogune.

Op ampmia 2021. ronuHe je 3am0cyaeH Kao ucTpazxKkuad Ha Vuctutyty 3a dbusuky y Beorpany, y
rpynu 3a ['paBuranujy, 4ecTuie u 1moJba, Yuju je pykosojauaai ap bpanucias [erkoBuh, nayunu
caeTHuK ncruryra 3a pusuky y Beorpay. basu ce HaydYHUM HCTPaXKUBAHEM 101, PYKOBOJICTBOM
Jap Mapka Bojunosuha, nHay4ynor caBernuka Mucruryra 3a usuky y beorpasy, pajgehu na remama
Be3aHUM 324 HUCIHUTUBaKbe U KOHCTPYKIIA]Y MOJeJla KBAHTHE T'DaBUTAIH]e.

Hocamammbn HayuHo-ucTpakupauku paj [lapna Cruncwha ce Moxke kiaacudukoBaTH y TpU
obJracTu:

(1) msyuaBame (POHOHCKH WH/YKOBAHUX CIHMHCKUX DPEJAKCAIMOHUX MPOIEca y CIUHCUM KyOUTH-
Ma,

(2) usyduaBame NpoBOJHOCTH Y XabapI0BOM MOJIEIY,

(3) m3yuaBame cumerpuja m 0cOOMHA KBaHTHE Teopuje rpasutanuje dbopmyaucane npeko 3BF
MOJIesTa Y KOHTEKCTY BUIIUX T'PAJNjeHTHUX TeOpHja.

[IpBe nBe 0O/MACTH CHIAIAjY ¥V THETOB UCTPAYKUBAUKHI PaJ] BE3aH 3a MacTep Te3y, oK je Tpeha obnact
BE3aHA 33 MCTPAKUBAYKHU PAJ Yy OKBUPY PaJia HA JOKTOPCKOj TE3U.

y OKBHDPY HU3y4daBalba CbOHOHCKI/I NHAYKOBaHUX CIIMHCKHUX pPeJIaKCaOUOHHUX ITPOoIecCa y CIIMHCKHUM
KyOMTHMa, IOCMaTpaH je YTUIaj CHMeTpHUje KBaHTHe Tadke Ha PabujeBy dppekBeHujy u (pOHOHCKA
HH/IYKOBAHE CIHHCKE PEIAKCAIIMOHE IPOIEece y jeTHOCTEKTPOHCKOM CIUHCKOM KYOUTY W YTHUIA]
n360pa KOHTPOJHOT MOTEHIHjala Ha 3aBUCHOCT BPEMeHA KUBOTA OJ MPABIA MATHETHOT MOJba 32
HEKOJIMKO JIMCKPETHUX CHUMeTpHja KyOuTa Ha KOHKPETHUM IIPUMEPHUMa TPOYTaOHOT, KBA/IPATHOI U
IPaBOYTaoHOT MoTeHIujaga jame [1, 2|.

Y okBUpPY mM3yUaBama MPOBOJIHOCTH MAaTEPHUjajia KOjU Ce MOTY MOEI0BATH XadapJaOBUM MO-
JIEJIOM, HYMEPHIKUM CHMYJIAlAjaMa je HCHUTUBAHA 3aBHCHOCT MPOBOIHOCTU MAaTepHjasa OJl MpHU-
MEFHEHOT CIOJBAIIHEI MArHETHOT M0Jba Y PEKUMY CJIa0UX eJeKTPOH-eJIEKTPOH HHTEpPaKIHja Ha



YBOPOBUMA peIIeTKe HA Pa3/IMYUTUM TeMiieparypaMa. Takohe, aHa/JIMTUYKK je pellleHAa WHBEP3HA
dypujeona Tpanchopmanmja mo Marybapa dppekpennujama Jlopanosor paspoja ['punoBux dhyHK-
Mja Ha KOHAYHO] Temmeparypu 3a depmuone u 6030He [3].

Kormauno, y okBupy m3y4yaBama KBaHTHE TeOpHje T'pDABHUTAIlMje MPEeKO BHUINUX T'PaIjeHTHUX
Teopuja, TPOyYaBaH je MeXaHW3aM eKCIUTUIUTHOT W CHOHTAHOT Hapyllema cuMerpuje y 3BF Te-
opmjamMa ca Be3aMa, W pa3MaTpaH je XHUIcoB MexaHm3aM. Takohe je marT JOIpUHOC U3yUaBAILY
Eno-Tajresbom cumerpuje. 3atum, geTabHO je mpoydena Besa usmehy xkBanTae 3BF Teopuje ca
Be3ama u kBauTHe Ajumraju-Kapranose Teopuje ca KoHTakTHOM mHTEpakiujom. Konadaxo, hopmy-
JINCAH je eKCIUIUIUTAH MOCTyNaK KBanTu3anuje 3B F Teopuje ca Be3aMa, JeduHUCAmEM HHTErpaJia
110 TpajeKTopHjaMa 3a eIy TeopHjy U ypaheHa je npeuMuHApHA aHAIU3a CEMUKIACHIHOT JIIMECA
reopuje |4, 5, 6.
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AHIJIOME TpeMa CTYAMjCKHM MPoTrpaMyuMa APYyrux BUCOKOLIKOJICKUX YCTAHOBA;

® A& Cy pe3yJITATH KOPEKTHO HaBeleHH U

® JanvcaM KpUiHo/Jia ayToOpCKa npasa U KOPHCTHO/JIa HHTENEKTYa/NHY CBOJUHY IPYTHX
avua.

NMornuc aytopa

Y Beorpaay, 27.2.2026G,

O’jﬁ'% &'Mckf
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06pa3ay u3fase 0 UCMOBEMHOCMUY WNAMNGHE U ACKMPOHCKe gep3auje JoKmopcKoz pada

H3jaBa 0 HCTOBETHOCTH IITAMIIAHE H €JIEKTPOHCKE Bep3Hje JOKTOPCKOT
paja

HmMe u npesume ayTopa fl BbAE C;Tv\\‘\c.vﬁ'\

Bpoj nugexca _2020/8004

Ctyaujcku nporpam K"-‘>3'\’\-‘\'\-\—2‘ nodud , Meciyne u TPagutTaywia

HacnoB paja CMMGX?\ASC- ¥ BUBLUM (PANRIHTHUM TeoPui2M2

MenTop __D-P Ma,w.o %osuwos\x\'\

M3jaB/byjeM fga je wraMilaHa Bep3vja MOl AOKTOPCKOI pajda HCTOBETHA eJIEKTPOHCKO)]
BEP3UjU KoOjy caM Inpegao/ja pajad [HoxpamwuBawa y /JUrurajHoM peno3suTOPHjyMYy
Yausepsurteray beorpaay.

[osBo/paBaM fa ce ofGjaBe MOjM JIMYHH Nojaly Be3aHW 3a JobOHjame aKaJeMCKOr Ha3WBa
JOKTOpa Hayka, Kao IITO Cy UMe W Npe3nMe, roglHa U MecTo pobema 1 JaTym oabpaHe paja.

OBHM JIMUHU HHOAALM MOI'Y Ce 00jaBUTH HA MPEXHMM CTpaHuLlaMa gururaiHe 6ubjvoreke, y
eJIEKTPOHCKOM KaTaJslory u y nybsunkaimjama Yuusepsurera y Georpaay.

Mornuc ayropa

Y Beorpagy, _21. 2. Jo26,

JTC:QM/C/ G[;,ouf c&t%”
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obpa3ay usjase o kopuwihersy

H3jaea o kopuumhemwy

Opnawhyjem YHuBep3uTercky OubGnuoreky ,CBerosap Mapkosuh” pa y /Jururainu
penosuTopujyM YHHBep3uTeTa y beorpaay yHece Mojy [AOKTOPCKY JAHcepTalidjy [0[
HaCJ/IOBOM:

Cumvr?ul\t Y BRWUWA TPANUIHTHUM Teofuiama

KOja je Moje ayTOpPCKO /e10.

[ucepTaymjy ca CBUM NPHJA03MMA NPEAA0//1a caM y CJEeKTPOHCKOM GopMaTy MNorofHoOM 3a
TPAjHO apXUBHUpPaHE.

Mojy ZOKTOPCKY AUCEepTaLHjy NoXpameHy y AHIuTa/JHOM Peno3uTOpPHjyMy YHHBep3HTeTa y
BeorpaZy U AOCTYIIHY ¥ OTBOPEHOM NPUCTYNy MOTY Ja KOpPHUCTe CBU KOjH IOLUTYjy oApence
cajp:kaHe y ofabpaHoM THUny JsuieHle KpeaTuBHe 3ajegHuue (Creative Commons) 3a Kojy
caMm ce ojJiyduno/a.

1. Ayropcrio (CC BY)
2. AytopcTBO — HekoMepuujasiHo (CC BY-NQC)
@AyTOPCTB() - HeKoMepuHjanHo - 6e3 npepaza (CC BY-NC-ND)
4. AyTOpCTBO — HEKOMEPUHjaNHO —- AeAnTH ok netnm yciosuma (CC BY-NC-SA)
5. AytopcTBo — 6e3 npepaza (CC BY-ND)
6. AyTOpPCTBO — AeJIMTH MoA UCTHUM yesaoBuMa (CC BY-SA)

(Mos1vMO 1a 3a0KpYKHTE CaMo jeZIHY O IIECT NOHYHEeHUX JIMLEHIH.
KpaTak onuc IMIleHIH je cCacTaBHU 1e0 oBe u3janc).

IMoTnHc ayTopa

Y Beorpany, _27. 2. 202¢.

OKAAC éﬁ—uﬁcbz-/




1. AyTopcTBo. JlO3BO/bABATE YMHOMABALE, AUCTPUOYLUM]Y M JABHO CROINUNTABAMLE Jea, H
npepaje, aKo ce Hapeje MMe ayropa Ha vaduuH oApeben o ¢TpaHe ayTopa WM J[aBaoya
AVUeHIle, 9aK ¥ y Komepiyjaane cepxe. UBo je naje/ioboiHunja oJf CBHX JTHIEHLH.

2. AyTopcTBo - HeKoMepUujaJIHO. /[lo3pso/baBate yMHOKaBalbe, JAHCTPUOYLH]Y W JaBHO
CAOTIUITARAC JleJIa, M npepajie, ako e Hapeje uMe ayTepa Ha Haduu ojpehen o crpaue

aytopa vy JaBaolia /e Hyc, Opa JIVMLEeHIAa He 403305282 KOMEDIjaaHy yll()'i‘}')@()y Aesid,
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3. AyTropcTBO - HeKoMepuujaJaHo -~ 6Ges npepaja. JospokasaTe  yMHOMAaBambe,
AACTPUBYIM]Y ¥ JaBHO CAONUITasatLe Acsa, 603 nNpoMeHa, Npeot/IMKoBALa HIIK yrorpede
Jeja y CBOM Jledly, aKo Ce Haze/le HMe avropa da nauyui ojpeben oj crpare ayropa wim
gasaona Jivpenne. OBa JMUEHIA He J03B80/baBa KoMepuMjanuy ynorpeby aeaa. Y o/iHocy Ha
CBE OCTA/IC JTMLEHIE, OBOM AHHCHIOM ce ol panivasa Hajrellw obum npasa xopruhensa gena,

4. AyTOpCTBO - HEKOMEepuUHMjaJIHO - JAeJuTy [oj HeTUM yoIoonmMa. JlozBomanare
YMHOMKABAH-€, JUCTPHOYLH]Y ¢ JABHO CAOITaBamke jleia, M npepaje, ako ce Hapeje nuMe
ayTopa H2 HayuH ojpehen o©J crpame ayropa MW JIARacid JIMLEeHUE M aKo ce npepaja
aucTpubynpa 104 MCTOM  HAM  CAMYHOM  JIMIEHUOM. Opa JixLeHLa He J03B0/basa
KoMeprujainy ynoTpeby jena v npepajia.

5. AytopcrBo - 6e3 npepaja. /JdozpomapaTte yMHOMABAME, AACTPHOYUH]Y W JaBHO
caonuITaBame gena, 603 npomena, NPeoBIHKOBAKA AN ynoTpebe gena y CBOM ALY, aKo ce
HaBe[e HMe ayTopa Ha Hadwn oidpehen 04 ¢rpaHe ayropa waw Jasaoda suuerue. Upa
JAMLEHNE J03B0/bAaRA KOMCDIHM] LY YHOTDCOY jeia.

6. AYyTOPCTBO ~ AEJINTH [0 ACTHM yerosuma. Jlosso/basaTe YMHOXaBaILe, AHCTPUOYIU]Y
H }'AUUU CagiTapame Jelia, o e HMMe ayrepa Ha HauinuH ogapef’)en [SFA1
CTPaHe ayTopa W/AH Japaola JnuUeHue M axy ce npepdia /LHC’E‘DHG}/H}'}EE moag HvuoroM WMiaM
CAMYHOM AnIeHIoM. OBa AMHEHIA JQ03B0/LEBA KOMepIHjasHy yioTpeby fena ¥ npepaja.
Chanuna }G C()<§>"x‘§;epc1mm JAuyeHaMa, OHOCHO AneHIAMA OTBOPREHOE KO/44.

e

A0, e 8 Hage






