INSTITUTE OF PHYSICS, BELGRADE
SCIENTIFIC COMPUTING LABORATORY

SCIENTIFIC

»Efg;;;ggy PATH INTEGRALS AT WARP SPEED:
REPORTING TO MY CAPTAIN
FOR QUARTER-CENTURY

DANICA STOJILJKOVI(

BELGRADE, IN MEMORY OF ANTUN BALA? - INSIGHTS INTO COMPLEX SYSTEMS
11.06.2026.



OVERVIEW

PATH INTEGRALS FOR NOOBS
DO IT SMARTER — MAKE IT FASTER:

0 ACCELERATING PATH INTEGRAL
CALCULATIONS

USE IT OR LOSE IT:

CALCULATION OF ENERGY SPECTRA
FURTHER EXPEDITIONS AT WARP SPEED
OPEN SOURCE BLACK BOX:

SPEEDUP CODE PACKAGE
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BASED ON:

Bogojevi¢, Balaz, Beli¢, PRL 94, 180403 (2005)

"Systematically Accelerated Convergence of Path Integrals"

Stojiljkovi¢, Bogojevi¢, Balaz, PLA 360 (2006)
"Efficient Calculation of Energy Spectra Using Path

Integrals*

Stojiljkovic et al., JPCS 8 (2008)
Balaz et al., CiCP 11 (2012)
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BRIEF HISTORY OF PATH
INTEGRALS

R. P. FEYNMAN INTRODUCED PATH
INTEGRAL FORMULATION OF QM

IT REPLACES THE TRADITIONAL
OPERATOR-BASED MATHEMATICS WITH
INFINITE-DIMENSIONAL INTEGRATION
OVER VARIABLES OR CLASSICAL PATHS.

DIFFERENT PROBLEMS ARE TREATED IN
THE SAME MANNER

ENABLED US TO TREAT PROBLEMS THAT
WERE UNAVAILABLE BEFORE
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WHEN TO USE PATH INTEGRAL?

CALCULATING
A TRANSITION
AMPLITUDE FOR A
F PARTICLE

PROPAGATION FROM

Q/ AN INITIAL TO A

- FINAL POINT IN
TIME [

.

A(qi' Qf; :B]
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HOW TO CALCULATE PATH
INTEGRAL?
THREE RULES

FIRST RULE:
SINGLE PATH
CONTRIBUTION IS

M ~ e-g(a]
S(a) IS ACTION FOR

PATH a

B
S(a) =f L(q(r)) dt
0
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HOW TO CALCULATE PATH
INTEGRAL?
THREE RULES

SECOND RULE:
LINEARITY - PATH
CONTRIBUTIONS
ADD UP

~ eS(0) 4 S()
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HOW TO CALCULATE PATH
INTEGRAL?
THREE RULES

THIRD RULE:
ALL PATHS MATTER

~ e'S[a]+e'S(b) +e'5[)+m
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HOW TO CALCULATE PATH
INTEGRAL?
THREE RULES

SINGLE PATH CONTRIBUTION IS
~ e-S[a]

LINEARITY. PATH CONTRIBUTIONS ADD UP
~ o S(a) 4o S0b)

ALL PATHS MATTER
~ e'S(a]+e'S(b] +e'5(]+___
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NUMERICAL CALCULATION OF
PATH INTEGRALS

CONTINUOUS
PATHS ARE
APPROXIMATED BY
DISCRETIZED

M PATHS
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NUMERICAL CALCULATION OF
PATH INTEGRALS

TWO
PROPAGATION
STEPS

~A

/\ ’
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NUMERICAL CALCULATION OF
PATH INTEGRALS

FOUR
PROPAGATION
STEPS

~A4

N
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NUMERICAL CALCULATION OF
PATH INTEGRALS

EIGHT
PROPAGATION
STEPS

- ~A,
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NUMERICAL CALCULATION OF
PATH INTEGRALS

BY CONTINUING PROCEDURE, WE GET
SERIES THAT CONVERGE TO ITS
CONTINUUM LIMIT:

Al 2 Ay 2 Ay 2 Ag > - > A =< A >

CONVERGENCE SPEED: A, — Ay ~ 1/N

o SLOW AND CPU DEMANDING
o EXPENSIVE
o SOMETIMES INSUFFICIENTLY ACCURATE
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SYSTEMATICALLY ACCELERATED
CONVERGENCE OF PATH INTEGRALS

A. Bogojevic, A. Balaz, and A. Belic, Phys. Rev. Lett. 94, 180403 (2005)

CONVERGENCE CAN BE ACCELERATED
BY DIFFERENT CHOICE OF THE ACTION

NEW METHOD FOR CONSTRUCTING
HIERARCHY OF EFFECTIVE ACTION FOR
GENERAL THEORY IN QM IS DEVELOPED
AND TESTED

¢ 562 5, 6B 5 ... 5 g

EFFECTIVE ACTION OF LEVEL p:
S(P) HAVE THE PROPERTY
A(p)OO - A(p)N~ 1/NP
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SYSTEMATICALLY ACCELERATED
CONVERGENCE OF PATH INTEGRALS

A. Bogojevic, A. Balaz, and A. Belic, Phys. Rev. Lett. 94, 180403 (2005)

“THE INCREASE IN SPEED RESULTS FROM NEW
ANALYTICAL INPUT THAT COMES FROM A
SYSTEMATIC INVESTIGATION OF THE RELATION
BETWEEN DISCRETIZATIONS OF DIFFERENT
COARSENESS. WE HAVE PRESENTED AN EXPLICIT
PROCEDURE FOR OBTAINING A SET OF EFFECTIVE
ACTIONS SP) THAT HAVE THE SAME CONTINUUM
LIMIT AS THE STARTING ACTION S, BUT WHICH
APPROACH THAT LIMIT EVER FASTER.”
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SYSTEMATICALLY ACCELERATED
CONVERGENCE OF PATH INTEGRALS

A. Bogojevic, A. Balaz, and A. Belic, Phys. Rev. Lett. 94, 180403 (2005)

I 10
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Deviations from the continuum limit
|AI(€) — A| as functions of N for

p=1, 2, 4, and 6 for an anharmonic
oscillator with quadratic coupling

g = 10, time of propagation 7=1
from i=0 to /=1. NMC was 9.2 x 10°
for p=1, 2, 9.2 x 101° for p=4, and
3.68 x 101! for p=6. Dashed lines
correspond to appropriate //N
polynomial fits to the data. Solid lines
give the leading //N behavior. The
level p curve has a 1/NP leading
behavior.
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SYSTEMATICALLY ACCELERATED
CONVERGENCE OF PATH INTEGRALS

A. Bogojevic, A. Balaz, and A. Belic, Phys. Rev. Lett. 94, 180403 (2005)

“WE HAVE FOUND THAT THE GROWTH IN
COMPLEXITY OF THE EFFECTIVE ACTIONS WITH
INCREASING p HAS LITTLE EFFECT ON
COMPUTATION TIME FORDp = 4, WHILE
SIMULATIONS WITHD = 9 ARE ROUGHLY 10 TIMES
SLOWER DUE TO THIS. HOWEVER, THIS IS AN
EXTREMELY SMALL PRICE TO PAY FOR A GAIN OF 9
ORDERS OF MAGNITUDE IN THE SPEED OF
CONVERGENCE.”
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NUMERICAL RESULTS -
CALCULATING ENERGY SPECTRA

FIRST FEW ENERGY LEVELS CAN BE
EXTRACTED RECURSIVELY FROM FREE
ENERGIES CALCULATED FOR A SET OF
TEMPERATURES [

0.0)

1 _
F(B) = —Elnz:e BE

n=0
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NUMERICAL RESULTS -
CALCULATING ENERGY SPECTRA

SINGLE 1D PARTICLE IN A QUARTIC

POTENTIAL .
g
174 — _ 2 J 4
() 54"+ 54
FREE ENERGY IS RELATED TO PARTITION
FUNCTION:

Fw>=—%mzw>

PARTITION FUNCTION IS CALCULATED
VIA TRANSITION AMPLITUDES:.

Z(p) = j A(qi,q;; B) dg;
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NUMERICAL RESULTS ~
FREE ENERGY VERSUS PROPAGATION STEPS
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NUMERICAL RESULTS -
CALCULATING ENERGY SPECTRA

¥ *DEPENDANCE OF THE FREE
351 Tl I ENERGY F ON PROPAGATION
¥ TIME T FOR THE
ANHARMONIC OSCILLATOR
o5 | | WITH QUARTIC COUPLING
g=1. THE HORIZONTAL LINES
o - CORRESPOND TO THE
ENERGY LEVELS E_
15 } . DETERMINED FROM THE FITS

- T ‘NUMERICAL SIMULATIONS

WERE PERFORMED WITH p=9

LEVEL IMPROVED ACTIONS,
=256, AND N, =107
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NUMERICAL RESULTS -
CALCULATING ENERGY SPECTRA

FIRST FEW ENERGY LEVELS CAN BE
EXTRACTED BY CALCULATING FREE ENERGIES

AT SET OF TEMPERATURES

NO ACCELERATION ACCELERATION LEVEL 5

g Ey Ly L L o E, E, £, B,
5 522 (7) | 2.45 (7) | 3.4 (7
01 | 0.50298 (2) | 1.522 (7) | 245 (7) | 34 (T) | | o1 | 050354 (7) | 1.498 (9) | 2.6 (1) | 4.1 (4)
1| 0.52756 (2) | 1.642 (5) | 2.68 (6
2756 (2) | 1642 (5) | 2.68 (6) 1| 0.52825 (4) | 1.616 (7) | 2.8 (1)
10 | 0.67333 (4) | 2.26 (1)
10 | 0.67402 (5) | 2.22 (1) | 4.1 (4)
100 | 1.1618 (1) | 4.12 (3)
100 | 1.1614 (4) | 4.16 (8)
1000 | 2.3613 (7)
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NUMERICAL RESULTS —
ENERGY EXPECTATION VALUES

J. Grujic, A. Bogojevic, A. Balaz, Phys. Lett. A 360, 217 (2006)

ESTIMATING MEAN VALUES OF OBSERVABLE

~ O[a]e's[a)

EFFECTIVE ESTIMATORS 0P’ WERE NEEDED
FOR EFFICIENT CALCULATION

EFFECTIVE VIRIAL AND KINETIC
ESTIMATORS OF ENERGY WERE
CALCULATED, SO THAT EW, - EP)_~1/NV
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NUMERICAL RESULTS —
ENERGY EXPECTATION VALUES

1.8 T T T T T T

1.4 F

1.2

0.8 -
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SOME LATER EXPEDITIONS INTO
CONVERGENCE AT WARP SPEED

A. Bogojevic, I. Vidanovic, A. Balaz, and A. Belic:

"Fast Convergence of Path Integrals for Many-Body Systems"
Phys. Lett. A 372, 3341 (2008).

A. Balaz, A. Bogojevic, I. Vidanovic, and A. Pelster:

"Recursive Schroedinger Equation Approach to Faster Converging Path Integrals“, Phys. Rev.
E 79, 036701 (2009).

Phys. Rev. E 80, 066706 (2009).

A. Balaz, I. Vidanovic, A. Bogojevic, and A. Pelster:

"Ultra-fast Converging Path-integral Approach for Rotating Ideal Bose-Einstein Condensates®,
Phys. Lett. A 374, 1539 (2010).

A. Balaz, I. Vidanovic, A. Bogojevic, A. Belic, and A. Pelster:

"Fast Converging Path Integrals for Time-Dependent Potentials: |I. Recursive Calculation of
Short-Time Expansion of the Propagator"

J. Stat. Mech.-Theory Exp., P03004 (2011).

A. Balaz, I. Vidanovic, A. Bogojevic, A. Belic, and A. Pelster:

"Fast Converging Path Integrals for Time-Dependent Potentials: Il. Generalization to Many-
Body Systems and Real-Time Formalism"

J. Stat. Mech.-Theory Exp., PO3005 (2011).
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SPEEDUP CODE FOR CALCULATION
OF TRANSITION AMPLITUDES VIA THE
EFFECTIVE ACTION APPROACH

A. Balaz, I. Vidanovic, D. Stojiljkovic, D. Vudragovic, A. Belic, and A.
Bogojevic, Commun. Comput. Phys. 11, 739 (2012).

COMPONENTS:
MATHEMATICA PACKAGE
SYMBOLIC DERIVATION

EFFECTIVE ACTIONS
C PACKAGE

MONTE CARLO CALCULATIONS
TRANSITION AMPLITUDES
EXPECTATION VALUES
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SPEEDUP CAPABILITIES

SUPPORTS:

O

O
O
O

GENERIC ONE-DIMENSIONAL SYSTEMS
MULTI-DIMENSIONAL POTENTIALS
MANY-BODY SYSTEMS

EFFECTIVE ACTIONS UP TO p = 18 CAN BE
GENERATED AUTOMATICALLY.
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CONCLUSIONS

STANDARD PATH INTEGRALS CONVERGE
AS ~1/N.

EFFECTIVE ACTIONS IMPROVE
CONVERGENCE TO ~1/NP.

ENERGY SPECTRA CAN BE EXTRACTED
EFFICIENTLY.

EXPECTATION VALUES BENEFIT FROM THE
SAME ACCELERATION.

SPEEDUP TRANSFORMED THE METHOD
INTO A PRACTICAL COMPUTATIONAL TOOL..
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THANK YOU FOR
YOUR ATTENTION!
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A SHORT STORY

| MET ANTUN IN 1998 IN PETNICA SCIENCE
CENTER.

IN 2000. HE MENTORED MY HIGH SCHOOL
GRADUATION THESES ON GENERAL THEORY OF
RELATIVITY.

WAYS TO CONTRIBUTE TO SCIENCE:
o DOING RESEARCH ¢

o ADVOCATING FOR SCIENCE AND
INFLUENCING POLICYMAKERSY.¢
(SECURING FUNDS AND EQUIPMENT)

o EDUCATION AND MENTORSHIP! v Yv Y
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QUESTIONS?

o® SCIENTIFIC

% e
. » & COMPUTING
BELGRADE. 11.06.2006. PATH INTEGRALS AT WARP SPEED: B AEBCRATORY

REPORTING TO MY CAPTAIN FOR QUARTER-CENTURY




