BELGRADE 8

Faraday and resonant waves in dipolar cigar-shaped
Bose-Einstein condensates

Dusan Vudragovié¢ and Antun Balaz

Scientific Computing Laboratory
Center for the Study of Complex Systems
Institute of Physics Belgrade, University of Belgrade

In memory of Antun Balaz, IPB, Belgrade 11 Jun 2026 | 1/16



Contents

e Ultracold dipolar Bose gases

e Variational description of dipolar Bose gas

e Variational study of Faraday and resonant waves
Faraday waves in 2Cr, '®Er and 1Dy BECs

Fourier spectrum in the time- and spatial-frequency domains

o Interaction effects on Faraday and resonant waves

o Conclusions

D. Vudragovié and A. BalaZ : Faraday and resonant waves in dipolar cigar-shaped BECs



Ultracold dipolar Bose gases

Ultracold dipolar Bose gases

o Experimental realization 2005 in °2Cr, later in 4Dy, 168Er, ...

o Contact and dipol-dipol interaction
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e Stability of the system and critical number of atoms

e Harmonically trapped system, with the frequencies
wy = 7 % 2w Hz, w, = 160.5 x 2m Hz, and w, = 160.5 x 27 Hz

P. Engels et al., Phys. Rev. Lett. 98, 095301 (2007).

D. Vudragovié and A. BalaZ : Faraday and resonant waves in dipolar cigar-shaped BECs



Ultracold dipolar Bose gases

Mean-field theory for dipolar Bose gas

o Hamiltonian of the system
g it i it it (r
a= —/drV\Il (r,t)V\I/(r,t)Jr/drlI/ (0, ) U(r, ) §1 (', 1)
2m
% /dr dr’ U (0, )T () Ui (r — ©/) B (2, 6)(x, 1)
@ Dynamics of the system is governed by the Heisenberg equation
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e Dipolar Gross-Pitaevskii equation
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e Dimensionless dipolar GPE reads
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Variational description of dipolar Bose gas

e Dipolar GPE can be written as the Euler-Lagrange equation for
the following Lagrangian densmy
L@ 97) = 5 (¥ —997) + S0 V2~ U — 2mNa, [yt

3Nadd , 1 —3cos?6 2
[ / e [o(x")]

e For the variational study, we use the Gaussian ansatz

R R TR P p
Wz, y, z,t) = Ae 2%z vy 2z ) [1+ (a + i8) cos kx]

o By integration we calculate Lagrangian of the system
L(t) = L1(t) + L2(t) + La(t) + La(t) + Ls(t)

Vudragovié et al., Symmetry 11, 1090 (2019).
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Variational description of dipolar Bose gas

e Dipolar GPE can be written as the Euler-Lagrange equation for
the following Lagrangian density

L 97) = 5 (879~ 997) + S0 V2~ U P — 2mNa, [yt
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e For the variational study, we use the Gaussian ansatz
_w? w22 2 24 402
e +ia? by iy oy +iz2e.

2u§ 2u2

Y(z,y,2,t) = Ae *U% [1+ (a+ i) cos kx]

o By integration we calculate Lagrangian of the system
L(t) = L1(t) + La(t) + L3(t) + La(t) + Ls(t)
af — Bé

La(0) = 5 [de (6= vi) = =5 (e + a3y +026.) - ST

_ 11 1 1 2,2 2,2 2.2 (o + %) K2
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Variational description of dipolar Bose gas

e Dipolar GPE can be written as the Euler-Lagrange equation for
the following Lagrangian density
. . _ .
L0, 4) = = (W' — v9*) + 59"V — Ul - 2nNag ol
3Nagq 2 , 1 —3cos?6 12
- ¥ /dl‘ N |(x")]
e For the variational study, we use the Gaussian ansatz

2 2 2

=g Zotic® b tiy oy +iz g,
Y(z,y,2,t) = Ae "Mz Tty Uz [1+ (o + i) cos kx]

e By integration we calculate Lagrangian of the system
L(t) = L1(t) + La(t) + La(t) + La(t) + Ls(t)
L3(t) = —/drU )2 = —i (72ui + l/2u§ + )\2uz)

Nas ( a4+16a2+2a252+54))
V2T upuyus 2(2 + a2 + (2)2

La(t) = —27rNas/dr lp|* = —
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Lagrangian DDI term calculation

e Lagrangian DDI term
Lo() = =209 [ o) [ dv’ Uaate - ) [0
e The r’ integral can be calculated using the convolution theorem
La(t) = =254 [ arlp)P 71 {7 Uad) (0 7 [1017] 00} o)

o If we explicitly write the inverse Fourier transform
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e Can be expgessed in terms of the anisotropy function
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Equations of motion

e Kuler-Lagrange equations for the variational parameters
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Variational study of Faraday and resonant waves

@ The radial component of the trap is harmonically modulated
wy(t) = wz(t) = Qo(1 + esinwmt), A(t) = v(t) = Ao(1 + esinnmt)
e Usually cast into the form of the Mathieu-like equation
&+ |a(k) + eb(k)sin27] e =0

e Equation of motion for the wave amplitude

K [2 N
Oé+{+ —_ |:as+addf<urvuy):|k2}a:0
4 T Uy Uy Uz Uz Uz

e Mathematical form of the instability condition appears for
ak)=n*cw=n-wy,/2,neN

e We assume that the condensate width u,, u, and wu, slowly varies
with respect to time

e For simplicity, we assume u, ~ u, = u,
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Variational study of Faraday and resonant waves

e Equation for the variational parameter o can be written as

4
4\/gN [a,s — %fs (%)}
e {1428 [out 20 (22) —aaars (2]}

o After variable change wy,t — 27

. [KY AK2 .
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o Instability condition for the Faraday waves a(k) = 12, w = wy, /2
_ e [A8A L
kp = J B + 1 + wi,

o Emergence of resonant waves corresponds to a(k) = 2%, w = wy,

XA [A2A2
kp =A| —— Aw?2
R \j 2 + 4 + 4wz,
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Faraday waves in °2Cr BEC

Loading...
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Time evolution of the integrated density
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I. Vasi¢ et al., arXiv:2603.11870 (2026).

D. Vudragovi¢ et al., Symmetry 11, 1090 (2019).

D. Vudragovi¢ et al., Comput. Phys. Commun. 183, 2021 (2012).
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Faraday and resonant waves

Fourier spectrum in the time-frequency domain
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Interaction effects

o Wave vector of the Faraday waves as a function of ag
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Resonant waves

6n(z,t) = n(z,t) = n(z,0) (atoms/pm)

Ty @ FFT in in the time-frequency and
spatial-frequency domain
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Conclusions

@ We have developed a variational approach and used it for study
of Faraday and resonant waves in dipolar BECs

@ We have developed split-step semi-implicit Crank-Nicolson
method used to solve numerically the dipolar GPE

@ We have derived analytical expressions for the periods of
Faraday /resonant waves

e Periods of Faraday/resonant waves were calculated numerically

e Comparison of variational and numerical results shows very good
agreement
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In memory of Antun Balaz
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