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Ultracold dipolar Bose gases
Experimental realization 2005 in 52Cr, later in 164Dy, 168Er, ...
Contact and dipol-dipol interaction

Uc(r− r′) =
4πℏ2asN

m
δ(r− r′)

Udd(r− r′) =
µ0µ̄2

4π

1− 3 cos2 θ

|r− r′|3

Uint(r) = Uc(r) + Udd(r)

Stability of the system and critical number of atoms
Harmonically trapped system, with the frequencies
ωx = 7× 2π Hz, ωy = 160.5× 2π Hz, and ωz = 160.5× 2π Hz

P. Engels et al., Phys. Rev. Lett. 98, 095301 (2007).
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Mean-field theory for dipolar Bose gas
Hamiltonian of the system

Ĥ =
ℏ2

2m

∫
dr∇Ψ̂†(r, t)∇Ψ̂(r, t) +

∫
dr Ψ̂†(r, t)U(r, t) Ψ̂†(r′, t)

+
1

2

∫
dr dr′ Ψ̂†(r, t)Ψ̂†(r′, t)Uint(r− r′) Ψ̂(r′, t)Ψ̂(r, t)

Dynamics of the system is governed by the Heisenberg equation
iℏ

∂

∂t
Ψ̂(r, t) =

[
Ψ̂(r, t), Ĥ

]
Dipolar Gross-Pitaevskii equation

iℏ
∂

∂t
ψ(r, t) =

[
−

ℏ2

2m
∇2 + U(r, t) + g|ψ(r, t)|2

+

∫
dr′ ψ∗(r′, t)Udd(r− r′, t)ψ(r′, t)

]
ψ(r, t)

Dimensionless dipolar GPE reads
i
∂ψ(r, t)

∂t
=

[
−
1

2
∇2 +

1

2

(
γ2x2 + ν2y2 + λ2z2

)
+ 4πN

as

l
|ψ(r, t)|2

+ 3N
add

l

∫
dr′

1− 3 cos2 θ

|r− r′|3
∣∣ψ(r′, t)∣∣2 ]ψ(r, t)
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Variational description of dipolar Bose gas
Dipolar GPE can be written as the Euler-Lagrange equation for
the following Lagrangian density

L(ψ,ψ∗) =
i

2

(
ψ∗ψ̇ − ψψ̇∗

)
+

1

2
ψ∗∇2ψ − U |ψ|2 − 2πNas |ψ|4

−
3Nadd

2
|ψ|2

∫
dr′

1− 3 cos2 θ

|r− r′|3
∣∣ψ(r′)∣∣2

For the variational study, we use the Gaussian ansatz

ψ(x, y, z, t) = Ae
− x2

2u2
x
− y2

2u2
y
− z2

2u2
z
+ix2ϕx+iy2ϕy+iz2ϕz

[1 + (α+ iβ) cos kx]

By integration we calculate Lagrangian of the system
L(t) = L1(t) + L2(t) + L3(t) + L4(t) + L5(t)

D. Vudragović et al., Symmetry 11, 1090 (2019).
A. Balaž et al., Phys. Rev. A 89, 023609 (2014).
A. I. Nicolin, Phys. Rev. E 84, 056202 (2011).
S. E. Pollack, Phys. Rev. A 81, 053627 (2010).
A. Balaž et al., Phys. Rev. A 85, 023613 (2012).
P. Engels et al., Phys. Rev. Lett. 98, 095301 (2007).
K. Staliunas, Phys. Rev. Lett. 89, 210406 (2002).
L. Santos et al., Phys. Rev. Lett. 85, 1791 (2000).
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Variational description of dipolar Bose gas
Dipolar GPE can be written as the Euler-Lagrange equation for
the following Lagrangian density

L(ψ,ψ∗) =
i

2

(
ψ∗ψ̇ − ψψ̇∗

)
+

1

2
ψ∗∇2ψ − U |ψ|2 − 2πNas |ψ|4

−
3Nadd

2
|ψ|2

∫
dr′

1− 3 cos2 θ

|r− r′|3
∣∣ψ(r′)∣∣2

For the variational study, we use the Gaussian ansatz

ψ(x, y, z, t) = Ae
− x2

2u2
x
− y2

2u2
y
− z2

2u2
z
+ix2ϕx+iy2ϕy+iz2ϕz

[1 + (α+ iβ) cos kx]

By integration we calculate Lagrangian of the system
L(t) = L1(t) + L2(t) + L3(t) + L4(t) + L5(t)

L1(t) =
i

2

∫
dr
(
ψ∗ψ̇ − ψψ̇∗

)
= −

1

2

(
u2xϕ̇x + u2yϕ̇y + u2zϕ̇z

)
−

αβ̇ − βα̇

2 + α2 + β2

L2(t) = −
1

4

(
1

u2x
+

1

u2y
+

1

u2z
+ 4u2xϕ

2
x + 4u2yϕ

2
y + 4u2zϕ

2
z

)
−

(α2 + β2) k2

2(2 + α2 + β2)
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INSTITUTE OF PHYSICS

BELGRADE

Center for the Study
of Complex Systems

Ultracold dipolar Bose gases
Variational description of dipolar Bose gas

Variational study of Faraday and resonant waves
Faraday and resonant waves

Conclusions

Variational description of dipolar Bose gas
Dipolar GPE can be written as the Euler-Lagrange equation for
the following Lagrangian density

L(ψ,ψ∗) =
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ψ∗ψ̇ − ψψ̇∗

)
+

1

2
ψ∗∇2ψ − U |ψ|2 − 2πNas |ψ|4

−
3Nadd
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|ψ|2

∫
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1− 3 cos2 θ

|r− r′|3
∣∣ψ(r′)∣∣2

For the variational study, we use the Gaussian ansatz

ψ(x, y, z, t) = Ae
− x2

2u2
x
− y2

2u2
y
− z2

2u2
z
+ix2ϕx+iy2ϕy+iz2ϕz

[1 + (α+ iβ) cos kx]

By integration we calculate Lagrangian of the system
L(t) = L1(t) + L2(t) + L3(t) + L4(t) + L5(t)

L3(t) = −
∫
drU |ψ|2 = −

1

4

(
γ2u2x + ν2u2y + λ2u2z

)
L4(t) = −2πNas

∫
dr |ψ|4 = −

Nas√
2π uxuyuz

(
1 +

α4 + 16α2 + 2α2β2 + β4)

2(2 + α2 + β2)2

)
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Lagrangian DDI term calculation
Lagrangian DDI term

L5(t) = −
3Nadd

2

∫
dr |ψ(r)|2

∫
dr′ Udd(r− r′) |ψ(r′)|2

The r′ integral can be calculated using the convolution theorem
L5(t) = −

3Nadd

2

∫
dr |ψ(r)|2 F−1

{
F [Udd] (k)F

[
|ψ|2

]
(k)
}
(r)

If we explicitly write the inverse Fourier transform
L5(t) = −

3Nadd

2 (2π)3

∫
dkF [Udd] (k)F

[
|ψ|2

]
(k)

∫
dr |ψ(r)|2 eik·r

= −
3Nadd

(2π)2

∫
dk

(
3

k2z
k2z + k2y + k2z

− 1

)
B2 e−

1
2
(k2

xu2
x+k2

yu
2
y+k2

zu
2
z)

Can be expressed in terms of the anisotropy function

f(x, y) = −
1

4π

2π∫
0

dφ

π∫
0

dθ sin θ

(
3x2y2 cos2 θ

(x2 sin2 φ+ y2 cos2 φ) sin2 θ + x2y2 cos2 θ
− 1

)

L5(t) =
Nadd√

2π uxuyuz
f

(
ux

uz
,
uy

uz

)(
1−

8α2

(2 + α2 + β2)2

)
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Equations of motion
Euler-Lagrange equations for the variational parameters

d

dt

(
∂L

∂q̇i

)
−
∂L

∂qi
= 0 , qi ∈ {ux, uy , uz , ϕx, ϕy , ϕz , α, β}

üx + γ2ux −
1

u3x
−
√

2

π

N

u2xuyuz

[
as − addf

(
ux

uz
,
uy

uz

)
+ add

ux

uz
f1

(
ux

uz
,
uy

uz

)]
= 0

üy + ν2uy −
1

u3y
−
√

2

π

N

uxu2yuz

[
as − addf

(
ux

uz
,
uy

uz

)
+ add

uy

uz
f2

(
ux

uz
,
uy

uz

)]
= 0

üz + λ2uz −
1

u3z
−
√

2

π

N

uxuyu2z

[
as − addf

(
ux

uz
,
uy

uz

)
− add

ux

uz
f1

(
ux

uz
,
uy

uz

)

− add
uy

uz
f2

(
ux

uz
,
uy

uz

)]
= 0

α̈+

{
k4

4
+

√
2

π

N

uxuyuz

[
as + add f

(
ux

uz
,
uy

uz

)]
k2

}
α = 0
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Variational study of Faraday and resonant waves
The radial component of the trap is harmonically modulated

ωy(t) = ωz(t) = Ω0(1 + ϵ sinωmt) , λ(t) = ν(t) = λ0(1 + ϵ sin ηmt)

Usually cast into the form of the Mathieu-like equation
α̈+ [a(k) + ϵb(k) sin 2τ ]α = 0

Equation of motion for the wave amplitude

α̈+

{
k4

4
+

√
2

π

N

uxuyuz

[
as + add f

(
ux

uz
,
uy

uz

)]
k2

}
α = 0

Mathematical form of the instability condition appears for
a(k) = n2 ⇔ ω = n · ωm/2, n ∈ N

We assume that the condensate width ux, uy and uz slowly varies
with respect to time
For simplicity, we assume uy ≈ uz ≡ uρ
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Variational study of Faraday and resonant waves
Equation for the variational parameter α can be written as

α̈+

[
k4

4
+

Λk2

4
λ0(1 + ϵ sinωmt)

]
α = 0

Λ =
4
√

2
π
N
[
as − add

2
fs
(

uρ

ux

)]
ux
{
1 +

√
2
π

N
ux

[
as + add

2
fs
(

uρ

ux

)
− addf ′s

(
uρ

ux

)]}1/2

After variable change ωmt → 2τ

a(k) =
k4

ω2
m

+
λ0Λk2

ω2
m

, b(k) =
λ0Λk2

ω2
m

Instability condition for the Faraday waves a(k) = 12, ω = ωm/2

kF =

√√√√−
λ0Λ

2
+

√
λ20Λ

2

4
+ ω2

m

Emergence of resonant waves corresponds to a(k) = 22, ω = ωm

kR =

√√√√−
λ0Λ

2
+

√
λ20Λ

2

4
+ 4ω2

m
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Faraday waves in 52Cr BEC

Loading...
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Time evolution of the integrated density

I. Vasić et al., arXiv:2603.11870 (2026).
D. Vudragović et al., Symmetry 11, 1090 (2019).
D. Vudragović et al., Comput. Phys. Commun. 183, 2021 (2012).
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Fourier spectrum in the time-frequency domain
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Interaction effects
Wave vector of the Faraday waves as a function of as
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I. Vasić et al., arXiv:2603.11870 (2026).
D. Vudragović et al., Symmetry 11, 1090 (2019).
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Resonant waves

FFT in in the time-frequency and
spatial-frequency domain
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I. Vasić et al., arXiv:2603.11870 (2026).
D. Vudragović et al., Symmetry 11, 1090 (2019).
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Conclusions
We have developed a variational approach and used it for study
of Faraday and resonant waves in dipolar BECs
We have developed split-step semi-implicit Crank-Nicolson
method used to solve numerically the dipolar GPE
We have derived analytical expressions for the periods of
Faraday/resonant waves
Periods of Faraday/resonant waves were calculated numerically
Comparison of variational and numerical results shows very good
agreement
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In memory of Antun Balaž
I would like to express my sincere gratitude to Antun Balaž for his
support, inspiration, and friendship throughout the years. His
guidance and influence will always remain an important part of both
my scientific and personal life.
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