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Basics

e Stationarity of action I = [ L(q, ¢) dt leads to N second

order Euler-Lagrange equations of motion
d oL 0L
dt8g; Oq;

@ Defining momenta as p; = a L allows us to implement the
Legendre transformation H = p;¢; — L. By construction
H = H(q,p). The Hamiltonian generates 2N first order
equations of motion
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Hessian matrix

@ The Hessian is defined as

Wi — api o 82L

Y94 9¢i0g;
If it is not invertible (i.e. det W;; = 0) all the velocities
can’t be expressed in terms of momenta — system contains
gauge symmetries and constraints (Hamiltonian follows
from the Dirac-Bergmann algorithm).

o In the Lagrange formalism if the Hessian is not invertible
we can’t solve for all accelerations.

e From now on we focus on systems with invertible Hessians.
Legendre transform gives H from L and vice versa.
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External fields

e In the classical formalism introduction of external fields is
trivial. Taking L — L + J;q; the equations of motion
becomes

o Similarly for Hamiltonians we take H — H — J;q; — K;p;
and the corresponding equations of motion become

OH
i — K;=0
1 3pi+

oOH
i+ ——J;, =0
p+3%‘
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L vs. H (Quantum)

Path integrals

@ The phase space path integral for the generating functionl
with external fields J;, K; is

ZlJ, K] = /[dqdp] eXp;/(pi(ii — H + Jigi + K;p;) dt

o Unitarity of time evolution implies a trivial path integral
measure in phase space, i.e. [dqdp| =[], ; dg:(t)dpi(t)

e The Lagrangian path integral is calculated by doing (if we
can) the integrals over all the momenta. In general we find

ZJ| = Z|J,0] = /[dqu] eXp;/(L—FJiQi) dt

where p is a non-trivial coordinate space measure.
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Identities

o We will determine this measure for a general quantum
theory by paralleling the relation between L and H
formalisms using Schwinger-Dyson equations.

@ The SD equations follow from the following two identities

0= / dadp] pi(t)

0= /[dqdp] 5q6(t) 6% J(pigi—H~+J;q;+K;ip;)dt

(assuming integrand falls off fast enough on the boundary).

6% J(pigi—H+J;q;+K;p;)dt

=g

L vs. H (Quantum)
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Identities (continued)

o The first identity gives

0= /[dqdp] <qi — ZH 4 Kz> ot JPidi—H+Jigi+Kipi)dt
Pi
. OH
_ (Qi ~ap * Kl> Z[J, K]
h 0

where we have introduced differential operators Q; = 755
and P; = %6% Hence [Q;, J;] = [P, Kj] = héz], while all
other commutators vanish.

@ We proceed similarly for the second identity

L vs. H (Quantum)
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L vs. H (Quantum)

Schwinger-Dyson equations

@ The two SD equations in the Hamiltonian formalism are

. oH
<Qi— BRJFKl) Z[J,K] =0

0Q;

o These equations have the same form as the classical
Hamilton equations of motion in the presence of external
fields. The key difference is in the non-trivial commutators.
Because of this we can’t absorb the external field terms
into the Hamiltonian as we could classicaly.

o We next use the above equations to derive the SD equation
in the Lagrange formalism. Note that in quantum theory
we go from the Hamiltonian (which naturally encodes

unitarity) to the Lagrangian not the other way around.
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L vs. H (Quantum)

Legendre Transform (kind of)

o Consider the quantity L. = PQ — H(Q, P). P's and Q's all
commute so just as in the classical case we find

oL OH
0Q;  0Q;
I _p

90

oL . OH
o~ %" ap

@ Unlike in the classical case the last equation is not zero, so
we have L = L(Q, Q, P), i.e we have not gotten rid of
momentums. Though useful, IL is not the Lagrangian.
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L vs. H (Quantum)

Towards the Lagrangian

@ The Hamiltonian SD equations can be written in terms of

L as 5L
(aB- - K) Z[J,K] =0
d OL L

@ The second equation above seems to be exactly what we
need for the Lagrangian formalism, however, we still hove
to get rid of the P dependence in .. To do this we use the
first equation to determine how P acts on Z[J, K| and then
to use that to get rid of the P dependence in the second
equation.

o Before we tackle the general case we first look at a simple
and illustrative example.
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Illustrative Example

o L =1G(q)¢* — V(q) implies H = 3 G~(q)p* 4+ V(g). The
Hamiltonian SD equations for this model read

(Q —GY Q)P + K) Z[J,K] =0

(P - leQeP Vi) - J) 21, K] =0

e The first equation gives P Z[J, K] = G (Q + K)Z[J, K].
Differentiating this with respect to time gives

PZ[J, K] = (G’Cf FGOK + GO + GK) Z[J, K]

On the other hand, applying P once more (and using the
non-trivial [P, K| commutator) we find

P2Z[J, K] = GQ(Q+K)2+§G Z[J, K]
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Illustrative Example (Continued)

@ We can now eliminate all P dependance from the second
SD equation. Having done that we can set K = 0 to obtain
the SD equation for Z[J] = Z[J,0] as

. 1 . 1
(GQ + 5G’Q2 -3 ?G*G’ +V - J) Z[J] =0

@ The classical action I = f Ldt satisfies
ol oL d OL 1 . .
— = T = QOGO -V
0Q  0Q dt 9Q 2 @ @

e In addition, we also have G~1G’ = % [dtlnG
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Illustrative Example (Concluded)

o Putting everything together we can write the Lagrangian
SD equation in its standard form as

<§g +J) Z[J] =0

where S = I—i—%%flnGdt.
e The path integral expression for Z[J] is is just the
functional Fourier transform of the above SD equation

Z1J] 2/[dq]eXp; <S+/Jth) _
Z/[dqu]eXp; (I+/Jth>

where the measure is simply 1 = v/G. In the case of many
components ¢; the measure is simply (det G; ')1/ %
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For simplicity in this section we present results for a
general single component model.

The first SD equation (used to get rid of P dependence)
can be written as

OH

Note that Z is short for Z[J, K]. We have also introduced
r=Q+ K.

Relevant commutators are [P, z] = %, while for for general
function f(z) we have [P, f(x)] = %f’(w}.

The action of P on Z is PZ = p(Q,x)Z and p is chosen so
that this is consistent with the above SD equation. To do

this we have to first look at how all powers of P act on Z.
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How P" acts on Z

o It. obviously follows that
P’Z=PpZ= (pP+ [P,p])Z = <p2 + ﬁp') Z
i
o In the same way we find

2
P37 = <p3—|-3’;pp’+ <:‘> p//) Z

o It is relatively easy to determine the action of P™ on Z.
For example to O(h?) we find

n n h(n n—2 ./ h 2 n n—3 1
P"Z = |p"+ - Py + | = prop 4+
7\ 2 ) 3
N2 /n 2
3 _ n—4 / Z
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e For a general function f(P) =) f.P" (to order O(h)) we

find
2
12— (w4505t 2

In what follows we will only present results to this order.

o Set f = 6P Consistency with the first SD equation now
gives the equation that determines p to be

OH 1h ,0°H _

op 21 b op3
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General Case

Solving for p(Q, x)

o To solve the above consistency equation we expand

p(Q, ) = po + %pl, substitute this in the above equation
and equate like powers of A.

@ Doing this we find g—; = x, S0 po is just the classical
momentum.

@ The first correction p; equals

o )
__1 /ﬂ__l , 0 In aiH
b1 = 2 Po 82}2[ - 2 Do 8}?0 8}?%
apg
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Towards Lagrangian SD equation

e Having solved for p we can now input this into the
remaining SD equation

- 0OH
<P+8Q_J> =0

o Differentiating the P equation we find

PZ= [aQQ—i-p(Q—l—K)]Z

e Setting f = Q we determine how 2 6— acts on Z. Having
gotten rid all P’s we can now also set K = 0 to obtain

0H(Q.p) 1 ! <ﬁ> , PH(Q,p)

Q

A. Bogojevié: Completing Feynman’s Path Integral Program (Last AB3 paper)



INSTITUTE OF PHYSICS

** SCIENTIFIC
'.. COMPUTING
.. LAB ORATORY General Case

Towards Lagrangian SD equation (Continued)

o Finally the second SD equation becomes

dpo »  OH (Q1po)
[ 0Q+ 20 +76Q +
op1 0’H 1, 03H _
NI S A P

o Note that this is the Lagrangian SD equation we seek. We
just have to write all the expressions above in terms of L
and not H.
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@ Note that pg = % implies g—g = (. It follows that

| — Opo _ L
Po="%q = oc?
o To express higher derivatives of H in terms of L we use

o _ (@) o _ (8190)‘16_ (M)a
dpo \Opo ) 0Q \o0Q/) 0Q \oQ*) 0Q
@ We can now easily turn all remaining quantities from the

-1
H to the L world. For example %27? = (g%;;) and so

__1 ,81n<82}I>_181n<82L>
PE= 7570 o, m)  20Q \oQ2
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@ We could now cast the remaining SD equation into the
canonical form

determining the effective Lagrangian Leg = L + (%) M.
The measure is just u = exp M. M depends on & and is
regular as h goes to zero, so M = My + (%) M+ ...

@ Due to the overall factor of % in the expression relating Leg
and M, to obtain results to order O(A™) we need to
expanding M to O(h"™1).
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Focus on the Measure

o Rather than continuing with casting the Lagrangian SD
equation into its canonical form we will now focus directly
on the M term

o Note that pg = 5 and P=-; 5“ Their difference is
p—po= aT‘g (Leff— L), so that My =Ilnpug = 1 In (gQL2>

Therefore, to leading order, the measure is s1mply

1
_ (9%L\2
Ho = (86'22)

e For a general multi component non-singular theory (to
leading order) we find

o = (det Wl])%

@ One can easily extend this procedure to higher orders.
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o We consider general theories with an invertible Hessian
matrix (second derivatives of the Lagrangian with respect
to the velocities). For these theories it is possible to
calculate velocities in terms of the momenta p = %’ to
define the corresponding Hamiltonian as the Legendre
transformation H(q,p) = p¢—L(q,¢) and to obtain the

phase space equations of motion.

@ We extend this to general non-singular quantum theories
by looking at SD equations for the generating functional in
L and H formalisms. In so doing we establish the relation
between L and H and uniquely determine the path integral
measure p of the Lagrangian path integral. The role of the
measure is to maintain unitarity of time evolution in the
coordinate space formalism.
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