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Лични подаци:    
Датум рођења:  03. 12. 1988.  

Место рођења:  Београд – Савски Венац  

 

Образовање:  
2011 – Дипломирао основне студије физике на Физичком факултету у Београду, 

студијска група: ''Теоријска и експериментална физика''.  

2012 – Дипломирао мастер студије на Физичком факултету у Београду са   

дипломским радом под називом: ''Модерна теорија поларизације 

диелектрика''.   

2012 – Уписао докторксе студије физике (група ''Квантна, математичка и 

нанофизика'') под менторством Др Татјане Вуковић.  

2014 – Променио смер докторских студија на ''Физика атома и молекула'' под 

менторством Др Ненада Симоновића. 

2018 – Одбранио докторску дисертацију под називом ''Израчунавање насељености 

атомских стања, угаоне расподеле и енергијског спектра фотоелектрона 

код атомских система у јаким ласерским пољима применом временски 

зависних метода'' под менторством Др Ненада Симоновића.  

  

Професионална ангажованост:  
• Новембар 2012 – Новембар 2014:  запослен на пројекту “Карбоснке и 

неорганске наноструктуре ниске димензионалности” под руководством Др 

Милана Дамњановића. 

• У летњем семестру 2013/2014 држао експерименталне вежбе из предмета 

Физика 1 на факултету за физичку хемију. 

• Новембар 2014 – сада:  запослен на пројекту “Физика судара и фотопроцеса 

у атомским, (био)молекулским и нанодимензионим системима” под 

руководством Др Братислава Маринковића.  

• Септембар 2014 – 2017:  изводио наставу математике у Brook Hill International 

School у Београду.  

• 2017 – 2021: изводи наставу математике у International School Savremena у 

Београду. 

• Члан организационог комитета конференције ''COST XLIC WG2 Expert 

meeting on biomolecules, 27th – 30th April 2015, Fruška Gora''. 

• 2018 – 2022: Учествовао у COST акцији CA17126 под називом “Towards 

understanding and modelling intense electronic excitation (TUMIEE)” 



• 2019 – 2023: Учествовао у COST акцији CA18222 под називом “Attosecond 

Chemistry (АttoChem)” 

• 2020 – 2023: Сарадња са лабораторијом “JPL” у изради рачунарских кодова 

за решавање Лапласове једначине на не-униформној мрежи као и пропагацију 

наелектрисане честице кроз тако израчунато поље. 

• 2021 – 2024: Учешће на пројекту FRAP OPM у сарадњи са немачким 

институтом “Leibniz Institute for Photonic Technologies” под руководством Др. 

Зорана Грујића. 



Преглед научне активности кандидата 

 

Истраживачка област којом се кандидат бавио пре и након последњег избора у звање је 

интеракција јаких поља са атомским системима. У истраживањима су кориштени теоријски 

и нумерички методи који се углавном односе на решавање временски зависне 

Шредингерове једначине и анализу добијених резултата. 

Истраживана је пре свега интеракција атомских система са јаким ласерским зрачењем која 

доводи до процеса мултифотонске и тунелне јонизације, што је била и тема докторске 

дисертације кандидата (Израчунавање насељености атомских стања, угаоне распоеделе и 

енергијског спектра фотоелектрона код атомских система у јаким ласерским пољима 

применом временски зависних метода) коју је одбранио 2018. године под менторством др 

Ненада Симоновића. Кандидат је до сада објавио седам радова у међународним часописима, 

три пре последњег избора у звање и четири након тога. Поред тога коаутор је на великом 

броју публикација које се односе на саопштења на међународним и домаћим 

конференцијама. 

 

I. Научна активност до претходног избора у звање научни сарадник 

У периоду до претходног избора у звање научни сарадник кандидат је проучавао 

интеракцију атома алкалних метала, као шро су атоми натријума и литијума, са јаким 

ласерским пољем који су изабрани због могућности рачунања у једноелектронској слици 

(због изузетно захтевних нумеричких процедура). На овим системима испитивани су 

ефекти јонизације у различитим режимима спољашњег електромагнетног поља, а рачунате 

су вероватноће јонизације, угаоне расподеле и енергијски спектар фотоелектрона, као и 

насељености побуђених стања након примењеног ласерског пулса, а све у циљу испитивања 

ефеката попут резонантно појачане мултифотонске јонизације (REMPI), јонизације преко 

прага (ATI), као и рачунања динамичког Штарковог помака. Резултати су објављени у 3 

рада у међународним часописима и приказани као 5 саопштења на међународним 

конференцијама. Такође су били и садржај једног предавања по позиву на међународној 

конференцији. 

 

1. Рачунање стопе јонизације атома натријума у режиму тунелирања у 

квазистатичкој апроксимацији 

Кандидат је испрограмио нумеричку процедуру за рачунање стопа јонизације и енергија 

везаних стања код алкалних метала у ласерском пољу велике таласне дужине (око 14 μм) 

користећи моделни Хелманов потенцијал за опис система. При овако великим таласним 

дужинама могуће је користити квазистатичку апроксимацију. Кандидат је испитао домен 

важења квазистатичке апроксимације користећи симулацију реалног пулса за поређење. 

Показано је да се ова апроксимације може користити у домену у ком је Келдишев параметар 

𝛾 =
𝜔√2𝐼𝑝

𝐹
 мањи од 0.2. Резултати симулација су у добром слагању са објављеним 

резултатима на сличним системима. Сви добијени резултати приказани су на једној 

међународној конференцији и објављени у једном раду: 



A. Bunjac, D. B. Popović, and N. S. Simonović, 

“Wave-packet analysis of strong-field ionization of sodium in the quasistatic regime”, 

Eur. Phys. J. D: At. Mol. Clusters & Opt. Phys. 70(5), 116 (2016). [6 pp] 

Topical Issue: Advances in Positron and Electron Scattering, P. Limao -Vieira, G. Garcia, 

E. Krishnakumar, J. Sullivan, H. Tanuma and Z. Petrovic (Guest editors) 

DOI: 10.1140/epjd/e2016-60738-0 

http://link.springer.com/article/10.1140%2Fepjd%2Fe2016-60738-0 

ISSN: 1434-6060 

(Категорија М23) 

 

2. Рачунање угаоних расподела и енергијског спектра фотоелектрона атома 

натријума и литијума у јаким ласерским пољима. 

У оквиру мултифотонског режима нумерички је испитан атом натријума изложен кратким 

ласерским пулсевима у широком опсегу фреквенција и интензитета поља. Кандидат је опет 

испрограмирао нумеричку процедуру за еволуцију таласне функције помоћу решавања 

временски зависне Шредингерове једначине. Као резултат ове симулације дају вероватноће 

насељености атомских стања и показују услове при којима се одвија резонантно 

попуњавање. Интерполацијом добијених резултата предложен је метод за рачунање 

динамичког Штарковог помака под условом резонантности, као и метод за рачунање 

енергијског спектра фотоелектрона који репродукује профиле добијене услед резонантно 

појачане мултифотонске јонизације. Добијени резултати упоређени су недавно објављеним 

експерименталним подацима и дају добро слагање. Поред тога, рачунате су угаоне 

расподеле фотоелектрона атома натријума и литијума третираних интензивним ласерским 

пулсевима у трајању неколико десетина фемтосекунди. Из добијених профила импулсном 

простору израчунати су енергијски спектри који су упоређени са недавно објављеним 

експерименталним резултатима и дају добро слагање. Ови резултати објављени су у 2 рада: 

A. Bunjac, D. B. Popović and N. S. Simonović, 

“Resonant dynamic Stark shift as a tool in strong-field quantum control: calculation and application for 

selective multiphoton ionization of sodium”, 

Phys. Chem. Chem. Phys. 19, 19829-19836 (2017). [on-line 07.07.2017] 

https://doi.org/10.1039/C7CP02146A 

From themed collection XUV/X-ray light and fast ions for ultrafast chemistry 

ISSN: 1463-9076 

(Категорија М21) 

 

A. Bunjac, D. B. Popović and N. S. Simonović, 

“Calculations of photoelectron momentum distributions and energy spectra at strong-field multiphoton 

ionization of sodium”, 

Eur. Phys. J D 71(8), 208 (2017). [6pp, online 8 Aug.2017] 

doi: 10.1140/epjd/e2017-80276-5 

Contribution to the Topical Issue: “Physics of Ionized Gases (SPIG 2016)”, Edited by G. Poparic, 

B. Obradovic, D. Maric and A. Milosavljevic. 
ISSN: 1434-6060 

(Категорија М23) 

 

 

http://dx.doi.org/10.1140/epjd/e2016-60738-0
http://link.springer.com/article/10.1140%2Fepjd%2Fe2016-60738-0
https://doi.org/10.1039/C7CP02146A
https://doi.org/10.1140/epjd/e2017-80276-5


II. Научна активност након претходног избора 

У периоду након претходног избора у звање кандидат је наставио са 1) проучавањем 

интеракцију атома натријума са јаким ласерским пољем. Поред тога отворене су две нове 

теме: 2) Хиперфино цепање и време живота најнижег нивоа позитронијума у јаком 

електричном пољу и 3) утицај Рабијеве динамике на енергијски спектар фотоелектрона 

насталих при резонантној двофотонској јонизацији атома јаким ласерским импулсима. 

Резултати су објављени у 3 рада у међународним часописима и приказани већем броју 

саопштења на међународним конференцијама. 

 

1. Селективна вишефотонска јонизација натријума фемтосекундним ласерским 

импулсима: анализа парцијалних таласа 

У оквиру ове теме проучавана је вишефотонска јонизација натријума фемтосекундним 

ласерским пулсевима таласне дужине 800 нм у опсегу ласерских пикова интензитета који 

припадају домену јонизације преко баријере. Расподела импулса фотоелектрона и 

енергетски спектри одређени су нумерички решавањем временски зависне Шредингерове 

једначине за три вредности интензитета ласера из овог домена. Положаји пикова који се 

односе на Фриманове резонанције у израчунатим спектрима слажу се са позицијама пикова 

у експериментално одређеним спектрима. Анализирајући ове пикове методом парцијалних 

таласа откривено је да је сваки пик суперпозиција доприноса фотоелектрона произведених 

резонантно појачаном вишефотонском јонизацијом преко различитих међустања. Показано 

је да је при одговарајућим интензитетима ласера могућа селективна јонизација, која се 

одвија претежно кроз једно међустање. Добијени резултати приказани су на више 

међународних и домаћих научних скупова и објављени у једном раду: 

A. Bunjac, D. B. Popović, and N. S. Simonović, 

“On the selective multiphoton ionization of sodium by femtosecond laser pulses: A partial-wave 

analysis”,  

Phys. Lett. A 394, 127197 (2021). [6 pp] 

https://doi.org/10.1016/j.physleta.2021.127197 

(Категорија М22) 

 

2. Хиперфино цепање и време живота најнижег нивоа позитронијума у јаком 

електричном пољу 

Ова тема се бави додатном нестабилношћу позитронијума, који већ има коначан животни 

век услед анихилације, сада због могућности јонизације изазване електричним пољем. 

Прорачуни стопе јонизације коришћењем нумеричких метода показују да, у поређењу са 

анихилацијом, она постаје доминантна у опсегу јачине поља који припада режиму 

јонизације преко баријере (OBI). С друге стране, хиперфино цепање најнижег нивоа 

позитронијума опада у домену тунелирања, узимајући на почетку OBI-домена вредност која 

је око 20% нижа од вредности без поља. Како се јачина поља даље повећава, ово цепање 

варира прилично споро, али овде долази до додатног цепања нивоа триплета, чија је брзина 

упоредива са овом варијацијом. Коначно, показано је да су најнижи нивои енергије и стопе 

јонизације за атом водоника и позитронијум, одређени унутар грубе структуре, повезани са 

https://doi.org/10.1016/j.physleta.2021.127197


скалирајућим трансформацијама. Добијени резултати приказани су на више међународних 

и домаћих научних скупова и објављени у једном раду: 

M. Z. Milošević, A. Bunjac, D. B. Popović and N. S. Simonović 

"Hyperfine splitting and lifetime of the positronium lowest level in a strong electric field" 

J. Phys. B: At. Mol. Opt. Phys. 54, 035001 (2021) 

https://doi.org/10.1088/1361-6455/abce96 

(Категорија М22) 

 

3. Утицај Рабијеве динамике на енергијски спектар фотоелектрона насталих при 

резонантној двофотонској јонизацији атома јаким ласерским импулсима 

У овој теми проучавани су ефекти Рабијеве динамике на енергијски спектар фотоелектрона, 

насталих при резонантној двофотонској јонизацији атома водоника јаким ласерским 

пулсевима, у које спадају асиметрија Аутлер-Таунсових дублета у спектрима и појава 

интерференционих образаца између пикова дублета. Под Рабијевом динамиком се 

подразумевају Рабијеве осцилације електронске популације између основног и побуђеног 

2p стања атома водоника, изазване интензивним кратким ласерским пулсевима који 

резонантно спрежу два стања. Исти ласерско зрачење доводи до накнадне фотојонизације 

из побуђеног стања. 

 

Спектри су рачунати применом методе временски зависних амплитуда коришћењем два 

приступа различитог нивоа апроксимације. Први приступ подразумева решавање 

комплетног скупа једначина за амплитуде, који поред амплитуда спрегнутих (1s, 2p) и стања 

континума, укључује и амплитуде других дискретних (мање значајних) стања. Други 

приступ је модел на три нивоа који укључује само амплитуде два спрегнута стања и стања 

континуума. Упоређивањем спектра добијених коришћењем ова два приступа потврђујено 

је да се померање Аутлер–Таунсових дублета, које постоји само у спектрима добијеним 

решавањем комплетног скупа једначина, може приписати динамичком Штарковом помаку, 

што је последица спреге са осталим стањима. Коначно, утврђено је да је асиметрија 

интензитета компонената Аутлер-Таунсових дублета, која се појављује у спектрима 

добијеним коришћењем оба нумеричка приступа, првенствено последица смањења 

вероватноће прелаза између 2p и стања континуумa са повећањем енергије фотоелектрона. 

 

Утврђено је да, за Гаусове, полугаусове и правоугаоне пулсеве, које карактерише иста 

пулсна површина, коначне популације имају исте вредности и да се спектри састоје од 

сличних образаца који имају исти број пикова и приближно исто раздвајање између 

Аутлер–Таунсових пикова. Додатна анализа преко „обучених стања“ показала је да је 

механизам формирања структура са вишеструким пиковима током процеса фотојонизације 

исти без обзира на облик пулса. Ове чињенице оповргавају хипотезу предложену у ранијим 

студијама са Гаусовим пулсом, да се образац вишеструких пикова појављује услед 

динамичке интерференције фотоелектрона емитованих са временским кашњењем на 

растућој и опадајућој страни пулса, пошто хипотеза није применљива ни на полу-Гаусов 
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Abstract
When placed in an external electric field, positronium, which already has a finite lifetime due
to annihilation, becomes additionally unstable due to field-induced ionization. Calculations of
the ionization rate using ab initio methods show that, compared to annihilation, it becomes
dominant in the range of field strengths belonging to over-the-barrier ionization (OBI) regime.
On the other hand, the hyperfine splitting of the positronium lowest level decreases in the
tunnelling domain, taking at the beginning of the OBI domain a value that is about 20% lower
than the field-free value. As the field strength increases further, this splitting varies rather
slowly, but here an additional splitting of triplet levels occurs, whose rate is comparable to this
variation. Finally, it is demonstrated that the lowest energy levels and ionization rates for the
hydrogen atom and positronium, determined within the gross structure, are related to scaling
transformations.

Keywords: positronium, hyperfine splitting, electric field, ionization

(Some figures may appear in colour only in the online journal)

1. Introduction

In contrast to ordinary hydrogen-like atoms (H, He+, Li++,
etc), positronium (Ps) is an unstable system due to a non-
negligible probability for annihilation of the electron-positron
(e−e+) pair which constitutes this exotic atom [1]. The life-
times of the singlet (11S0) and triplet (13S1) components of the
ground-state of positronium, the so-called para-positronium
(p-Ps) and ortho-positronium (o-Ps), are 125 ps and 142 ns,
respectively [2]. The ground state energy of positronium is
about half of that of hydrogen (E ≈ −6.8 eV), but its hyper-
fine splitting (HFS), Eo−Ps − Ep−Ps = 0.845 meV [3], when
compared to that for hydrogen, is more than three orders of
magnitude larger. This splitting is a consequence of two spin-
dependent interactions: (i) the spin–spin coupling (the inter-
action of individual magnetic momenta of e− and e+) and (ii)
‘the annihilation force’ (the possibility of virtual annihilation
and re-creation of the e−e+ pair) [4].

∗ Author to whom any correspondence should be addressed.

When positronium is placed in an electric field another kind
of instability arises—the field induced decay of e−e+ pair,
i.e. the ionization of positronium by the electric, Namely, the
external electric field distorts the Coulomb potential of the pair,
forming a potential (Stark) barrier through which the system
can decay by tunnelling. The limiting case of this process when
the barrier is suppressed below the energy of the atomic state,
which takes place at very strong fields, is usually referred to
as over-the-barrier ionization (OBI). Since the ionization rate
increases with the field strength, at sufficiently strong fields the
related lifetime may be much shorter than the lifetimes of p-Ps
and o-Ps, leading to a reduction of the annihilation events. In
a recent study it has been shown how the annihilation dynam-
ics of the excited positronium can be controlled using parallel
electric and magnetic fields [5, 6].

Tunnel ionization as well as the Stark shift of the energy
levels of hydrogen-like atoms is successfully described ana-
lytically in the case of weak fields [7]. An improved formula
[8] was recently used to determine the tunnelling rates for the
field ionization of Rydberg positronium [9]. At stronger fields,
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however, particularly in the OBI domain, accurate values for
energies and ionization rates can be obtained only by applying
ab initio (numerical) methods. In this paper we study the low-
est state energy and the ionization rate of positronium in the
range of field strengths from zero to a value deep in the OBI
domain, using two different numerical methods: the Wave-
Packet Propagation (WPP) method and the complex-rotation
(CR) method. These methods were previously successfully
used in studies of ordinary atoms and ions in strong fields
[10–12].

Research into HFS of energy levels of the field-free positro-
nium and under the influence of magnetic field began imme-
diately after its discovery [13]. This research, as well as the
research of fine and ultrafine structure of the positronium spec-
trum, has continued until today, resulting in a huge number of
publications. One of the goals of studying this purely leptonic
system was to test the precision of quantum electrodynam-
ics. Existing measurements for a number of level transitions,
like 13S1–11S0 (ground-state HFS) [3, 14], 23S1–13S1 [15, 16]
and 23S1–22S+1PJ [17–19], were generally in agreement with
theoretical predictions (see [20, 21] and references therein).
However, a recently reported discrepancy in measuring the
fine structure of the n = 2 state with theoretical predictions
[22] opens up new questions that require further research. On
the other hand, research on effects of the electric field on the
hyperfine structure of positronium spectrum is present in the
literature to a much lesser extent (see reference [6] as a recent
example). A reason may be the fact that HFS of energy levels
of positronium is not strongly affected by an external electric
field. A weak dependence of HFS on the electric field occurs
due to the change of form of the positronium lowest state wave
function when the field increases. The results which we present
here are a contribution in this direction.

The paper is organized in the following way. In the next
section we introduce the model and define the ionization
regimes (tunnelling and OBI). Approximate formulae for the
lowest state energy and ionization rate are given in section 3.
Numerical methods are briefly described in the same section.
The results for positronium, obtained using different meth-
ods, are presented and compared in section 4. In section 5 it
is shown how the energies and ionization rates for positron-
ium and hydrogen can be related using scaling properties of
the Coulomb systems. A summary and discussion are given in
section 6.

2. The model

2.1. Interaction with the electric field

The Hamiltonian describing the relative motion of a two-
particle system consisting of one electron (q1 = −1, m1 = 1)
and another particle of the opposite charge (q2 = +1) and mass
m2, placed in the external electric field of strength F, reads (in
atomic units)

H0 = − 1
2μ

∇2 − 1
r
− Fz, (1)

where r is the inter-particle distance, z is its component in the
field direction and μ = m1m2/(m1 + m2) is the reduced mass.

Figure 1. Potential V = −1/r − Fz, where r = (ρ2 + z2)1/2 and
ρ = (x2 + y2)1/2 (bottom, light blue), the lowest energy level E
(bottom, dark blue) and the real part of wave function ψ (top, green)
corresponding to the lowest resonant state at the field strength
F = 0.05 a.u. (≈2.571 × 1010 V m−1) for: (a) hydrogen (μ = 1,
E = −0.5061 a.u.) and (b) positronium (μ = 1/2,
E = −0.2846 a.u.). The vertical arrow shows the position of the
saddle point of the potential barrier. Note that at this field strength
the ionization of hydrogen realizes by tunnelling, while in the case
of positronium it is OBI.

For the hydrogen atom this mass is μ = 1 (in the approxima-
tion of infinitely heavy nucleus), whereas for positronium it
takes the value μ = 1/2. Since the spin–orbit and spin–spin
coupling, as well as other higher order terms, are neglected in
Hamiltonian (1), it describes the so-called gross structure of
the system. At the end of section 4 it will be shown that it is
sufficient to use this method when considering the ionization
rates.

When F �= 0, the Coulomb potential −1/r and the exter-
nal field form the potential barrier (see figure 1) with
the saddle point of height Vsp = −2

√
F located at rsp =

(0, 0, 1/
√

F). Since the potential energy outside the barrier
asymptotically tends to −∞, the system can decay by tun-
nelling at any energy E. Therefore, all bound states of the
field-free atom become resonant (autoionizing) states when
F �= 0.

As it was already mentioned in the introduction, two ion-
ization regimes can be distinguished: (i) the tunnel ionization
(tunnelling) regime, when E < Vsp (see figure 1(a)), and (ii)
the OBI regime, when E > Vsp (see figure 1(b)). Here we con-
sider the ionization from the lowest state which in the limit
F → 0 approaches the ground state of the field-free atom.
The value of the field strength which separates the ionization
regimes F∗ is the root of the equation

E(F∗) = Vsp(F∗) ≡ −2
√

F∗. (2)

Thus, the tunnelling and OBI take place for: (i) F < F∗ and
(ii) F > F∗, respectively.

2.2. The spin–spin coupling and the annihilation interaction

The interactions which lead to the energy splitting between
the o-Ps and p-Ps ground states—the spin–spin coupling and
the annihilation interaction—are described by two additional
terms in the Hamiltonian which take the forms [23]

Vss =
α2

4

[
3(�σ1 · r)(�σ2 · r)

r5
− �σ1 · �σ2

r3
+

8π
3

�σ1 · �σ2 δ(r)

]
, (3)

2
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Vann =
πα2

2
(3 + �σ1 · �σ2)δ(r). (4)

Here r = r1 − r2 is the relative radius vector of e−e+ pair, �σ1,2

are the Pauli matrices describing the spin of these two particles
and α = 1/137.036 is the fine-structure constant. In analogy
with ordinary atoms, this energy splitting is called the HFS,
although for positronium it is of the same order of magnitude
as the fine structure corrections.

Assuming that the spin–spin coupling and the annihilation
interaction are not directly affected by the external electric
field, the Hamiltonian for positronium in this field, which takes

into account the HFS, reads

H = H0 + Vss + Vann = H0 + Vhfs. (5)

Using relations �σ1 · �σ2 = 2S2 − 3 and (�σ1 · r)(�σ2 · r) =
2(S · r)2 − r2, where S = (�σ1 + �σ2)/2 is the total spin, and
writing r = rer, the HFS term becomes

Vhfs =
α2

2r3

[
3(S · er)

2 − S2]+ πα2

(
7
3

S2 − 2

)
δ(r). (6)

The matrix which represents the operator (S · er)2 in the
basis of singlet/triplet spin states {|S, MS〉|S = 0, 1; MS =
−S, . . . , S} has a quasi-diagonal form

(7)

while the corresponding matrix of the operator S2 is diagonal

(S2)SMS,S′M′
S
= S(S + 1) δSS′δMSM′

S
. (8)

Thus, the HFS terms do not couple the singlet (S = 0) and
the triplet (S = 1) states, but Vss couples the triplet states with
different values of MS.

Since the first diagonal element (SMS = S′M′
S = 00) of

matrices (7) and (8) is zero, in the singlet case the spin-
dependent terms in equation (6) vanish and Vhfs reduces to

V (S=0)
hfs = −2πα2δ(r). (9)

For the triplet case the spin-dependent terms in Vhfs are
different from zero. Assuming, however, that their contribu-
tion is much smaller than the contribution of the term with
delta-function, we neglect the MS-coupling and characterize
the lowest state by a definite value of quantum number MS.
In this approximation we only keep the diagonal matrix ele-
ments [(S · er)2]1MS,1MS and (S2)1MS,1MS = 2 in the HFS term
and apply the expression

V (S=1)
hfs =

α2

2r3

[
3[(S · er)2]1MS,1MS − 2

]
+

8
3
πα2δ(r). (10)

3. Methods

3.1. Approximate formulae

The lowest energy level E of the system described by
Hamiltonian (1) can be written as the sum of the ground state

energy of the field-free atom (−μ/2) and the Stark shift ΔE
of this level at the field strength F. For weak fields (F � F∗)
the later can be approximated by the quadratic term −αpF2/2,
where αp = 9/(2μ3) is the polarizability of the ground state.
Therefore

E = −μ

2
− 9

4
F2

μ3
. (11)

In the same range of field strengths, the ionization (tunnelling)
rate w is given by the Landau formula [7]

w =
4μ3

F
exp

(
−2μ2

3F

)
. (12)

Functions E(F) and w(F) are shown in figures 2(a) and (b),
respectively, for μ = 1 (H, dashed line) and μ = 1/2 (Ps, full
line).

3.2. The wave-packet propagation method

In this method the resonance position and width are deter-
mined from the time-evolution of the system. If ψ(r, 0) is
the initial wave function (wave packet), the wave function
ψ(r, t) at an arbitrary time t can be determined by numer-
ically integrating the time dependent Schrödinger equation.
For this purpose here a variant of the second-order-difference
scheme [24] was used. The energy spectrum is obtained from
the autocorrelation function c(t) = 〈ψ(0)|ψ(t)〉 by calculating
its power spectrum (the square of the absolute value of its
Fourier transform). The resonances are related to (approxi-
mate) Lorentzian profiles in the power spectrum containing the
information about their positions (E) and widths (Γ). In order
to calculate these parameters for the lowest state, the initial

3
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Figure 2. (a) The ground state energy E and (b) the ionization rate
w for the hydrogen atom (dashed line, blue circles) and positronium
(full line, orange squares, crosses) as functions of the strength of
external electric field F. The lines, full symbols and crosses
represent the analytical values (formulae), numerical results
obtained by the WPP method and those obtained by the CR method,
respectively. Green circles represent the results for positronium
obtained by scaling the numerical data for hydrogen. Vertical gray
lines mark the field strengths F∗ dividing the tunnelling and
over-the-barrier domains for each atom. For comparison, the
annihilation rates for para- and ortho-positronium, wp−Ps

ann and wo−Ps
ann ,

are shown in the inset (red lines) in plot (b).

wave function ψ(r, 0) is set to be the ground state wave func-
tion of the field-free atom. In this case the spectrum reduces
to a single Lorentzian corresponding to the lowest state and
|c(t)|2 = e−wt, wherew = Γ/� is the corresponding decay rate
(hereafter we put � = 1). Then, Γ (or w) can be determined
more precisely by calculating the gradient of ln(|c(t)|2). This
method was used here to calculate the lowest state energies and
widths of hydrogen and positronium in electric field described
by Hamiltonian (1).

3.3. The complex-rotation method

A resonant state ψ(r) can be regarded as an extension of the
concept of bound state in a sense that it is an eigensolution
of the Schrödinger equation which asymptotically behaves
as a purely outgoing wave (ψ(r) is not square integrable,
see figure 1) with complex eigenenergy Eres. The real and
imaginary parts of Eres determine the energy (position) and
the width of the resonance, E = Re(Eres), Γ = −2 Im(Eres).
The basic idea of the complex rotation method (see e.g.

references [25–27]) is to make the resonance wave function
ψ(r) square integrable by a complex rotation of the coordinate,
ψ(r) → ψθ(r) = ψ(eiθ r), where θ is a real parameter called the
‘rotation angle’. Such a ‘rotated’ state ψθ(r) is an eigenfunc-
tion of the so-called complex rotated Hamiltonian Hθ obtained
from the original Hamiltonian H by the transformations
r → eiθr. The spectrum of Hamiltonian (5) (or (1)) can be com-
puted by diagonalizing the corresponding rotated Hamiltonian

Hθ = −e−2iθ

2μ
∇2 − e−iθ

r
− eiθFz + e−3iθ Vhfs (13)

in a square integrable basis which is complete in a sense that
it covers the continuous part of the spectrum, too. For this
purpose we use the Sturmian basis [28].

4. Results

In the first step of this analysis we neglect higher order
terms in the Hamiltonian and calculate the lowest state ener-
gies and widths (ionization rates) for the hydrogen atom
and positronium using Hamiltonian (1). These quantities
in the range of field strengths from F = 0 to 0.25 a.u.
(≈1.286 × 1011, V, m−1), obtained using the formulae and
methods described in the previous section, are shown in
figure 2. It can be seen that the expressions (11) and (12)
approximately reproduce numerical results in the tunnelling
regime (F < F∗) but fail in the OBI regime (F > F∗). The val-
ues of the field strength which separate the ionization regimes
(F∗ = 0.065 a.u. for H and F∗ = 0.016 a.u. for Ps) are deter-
mined from equation (2) using the expression (11) or the corre-
sponding numerical values for the lowest state energy. A grow-
ing difference between the analytical and numerical results for
E and w at F > F∗ confirms the fact that equations (11) and
(12) are valid only for weak fields, and the values for E and
w at stronger fields (especially in the OBI regime) must be
determined numerically.

Numerical values for positronium (gross structure)
obtained by the WPP method and by the CR method are show
in columns 2–5 of table 1. It can be seen that a difference
between the results obtained by these two numerical methods,
which is small for F ∼ F∗ (|ΔE/E| < 0.2% for F < 0.1 a.u.,
Δw/w < 0.5% for F ∈ (0.02, 0.1) a.u.), becomes significant
when F � F∗, especially for energies (|ΔE/E| ≈ 8.2% and
Δw/w ≈ 1.7% for F = 0.25 a.u.). The small difference at
lower field strengths can be attributed to a numerical error
(of the WPP method, primarily). However, the significant
discrepancy that occurs at very strong fields should be
attributed to the fact that the quantities E and Γ/2, which
appear in the Breit–Wigner formula (Lorentz parameters), are
not identical to the real and imaginary part of the complex
energy, especially for very broad resonances (large Γ) [32].
Namely, the correspondence between resonant states and
complex poles of the scattering matrix makes sense only
under the assumption that Γ � |E| (see e.g. the introduction
in reference [33]). Therefore, although the CR calculations
introduce a smaller numerical error, the values for E and Γ,
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Table 1. The lowest state energies (EPs, Ep−Ps, Eo−Ps) and widths (ΓPs) of positronium at different strengths of external electric
field F (all in atomic units) obtained by the WPP method and by the CR method. Quantities EPs, Ep−Ps and Eo−Ps are the lowest
state energies for: positronium calculated without a HFS contribution, para- and ortho-positronium calculated using only the
term with delta-function in expression (10), respectively. The quantity Ehfs in the last column is the HFS of the lowest state
energy of positronium, determined as Eo−Ps − Ep−Ps.

F EPs (WPP) ΓPs (WPP) EPs (CR) ΓPs (CR) Ep−Ps (CR) Eo−Ps (CR) Ehfs

0 −0.25 0 −0.25 0 −0.2500133 −0.2499823 3.1053 × 10−5

0.01 −0.25188 2 × 10−6 −0.2518858 1.946 35 × 10−6 −0.2518988 −0.2518685 3.0220 × 10−5

0.02 −0.25875 2.121 × 10−3 −0.2587803 2.269 83 × 10−3 −0.2587919 −0.2587649 2.7001 × 10−5

0.03 −0.26866 1.484 × 10−2 −0.2686678 1.495 79 × 10−2 −0.2686785 −0.2686535 2.4945 × 10−5

0.04 −0.27743 3.560 × 10−2 −0.2776272 3.570 81 × 10−2 −0.2776376 −0.2776133 2.4289 × 10−5

0.05 −0.28464 6.033 × 10−2 −0.2850625 6.061 45 × 10−2 −0.2850728 −0.2850487 2.4140 × 10−5

0.06 −0.29055 8.757 × 10−2 −0.2911676 8.775 19 × 10−2 −0.2911779 −0.2911538 2.4140 × 10−5

0.07 −0.29555 0.1157 −0.2961905 0.116 1592 −0.2962008 −0.2961766 2.4199 × 10−5

0.08 −0.29989 0.1448 −0.3003339 0.145 3131 −0.3003444 −0.3003201 2.4319 × 10−5

0.09 −0.30374 0.1751 −0.3037541 0.174 9071 −0.3037645 −0.3037401 2.4378 × 10−5

0.10 −0.30722 0.2034 −0.3065706 0.204 7509 −0.3065811 −0.3065566 2.4468 × 10−5

0.11 −0.31035 0.2343 −0.3088764 0.234 7219 −0.3088869 −0.3088624 2.4527 × 10−5

0.12 −0.31328 0.2646 −0.3107449 0.264 7381 −0.3107555 −0.3107309 2.4527 × 10−5

0.13 −0.31599 0.2951 −0.3122348 0.294 7434 −0.3122454 −0.3122208 2.4557 × 10−5

0.14 −0.31850 0.3257 −0.3133938 0.324 6994 −0.3134043 −0.3133798 2.4527 × 10−5

0.15 −0.32087 0.3564 −0.3142612 0.354 5786 −0.3142717 −0.3142472 2.4498 × 10−5

0.16 −0.32305 0.3871 −0.3148696 0.384 3615 −0.3148801 −0.3148557 2.4408 × 10−5

0.17 −0.32509 0.4180 −0.3152467 0.414 0357 −0.3152571 −0.3152328 2.4348 × 10−5

0.18 −0.32701 0.4487 −0.3154157 0.443 5906 −0.3154262 −0.3154019 2.4259 × 10−5

0.19 −0.32879 0.4794 −0.3153969 0.473 0203 −0.3154073 −0.3153832 2.4110 × 10−5

0.20 −0.33047 0.5100 −0.3152075 0.502 3201 −0.3152178 −0.3151938 2.3961 × 10−5

0.21 −0.33206 0.5403 −0.3148625 0.531 4882 −0.3148727 −0.3148489 2.3842 × 10−5

0.22 −0.33355 0.5705 −0.3143751 0.560 5221 −0.3143853 −0.3143616 2.3663 × 10−5

0.23 −0.33495 0.6000 −0.3137570 0.589 4222 −0.3137670 −0.3137436 2.3454 × 10−5

0.24 −0.33627 0.6288 −0.3130183 0.618 1881 −0.3130283 −0.3130050 2.3246 × 10−5

0.25 −0.33763 0.6576 −0.3121682 0.646 8209 −0.3121781 −0.3121551 2.3007 × 10−5

obtained by the WPP method, are closer in meaning to those
in experiments.

For comparison with the ionization rate, the annihilation
rates for p-Ps (wp−Ps

ann = 1.935 × 10−7 a.u.) and o-Ps (wo−Ps
ann =

1.704 × 10−10 a.u.) are shown in the inset in figure 2(b). The
field strengths leading to the same values for the ionization
rates are F ≈ 0.0085 a.u. and 0.0062 a.u., respectively, i.e.
both of them are in the middle of the tunnelling domain. Since
the ionization rate increases with the field strength, in the OBI
regime it becomes much higher than the annihilation rates.

In the next step we calculate the lowest state energies and
widths for positronium in the electric field by taking into
account the HFS. For this purpose we use the CR method
and rotated Hamiltonian (13) with terms (9) and (10) for p-Ps
(singlet) and o-Ps (triplet), respectively. The calculations for
o-Ps have shown that the term in Vhfs, which is proportional
to 1/r3, gives much smaller contribution to the HFS (for about
two orders of magnitude) than the term with delta-function.
This fact is in agreement with the assumption from the last
paragraph of section 2.2 which validates expression (10) as
a good approximation. Moreover, if we do not require high
accuracy, we can neglect the term ∼1/r3 and perform the cal-
culations using only the second term (with delta-function) in
equation (6). The values for the lowest state energies of p-Ps
(Ep−Ps) and o-Ps (Eo−Ps) obtained in this way and their dif-
ferences Ehfs(F) = Eo−Ps(F) − Ep−Ps(F) are given in the last

Figure 3. HFS of the lowest state energy of positronium in electric
field. The p-Ps and o-Ps lowest state energies relative to the
corresponding gross structure energy (ΔEp−Ps,o−Ps =
Ep−Ps,o−Ps − EPs), as functions of the field strength, are represented
by the red and blue curves, respectively. The dashed blue lines
represent the values for o-Ps which are obtained using the full
expression (10) for MS = 0 and MS = ±1 separately, whereas the
full blue line is obtained using only the term with delta-function.

three columns of table 1. These values (relative to the cor-
responding gross structure energy), as well as those for o-Ps
obtained using expression (10) for MS = 0 and MS = ±1, are
shown in figure 3. It can be seen that the HFS, compared to the
field-free value (Ehfs(0) ≈3.1053 × 10−5a.u. ≈0.845 meV),
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decreases significantly in the tunnelling domain and at the
beginning of the OBI domain (F ∼ 2F∗

Ps) takes the value that
is about 20% lower than the initial one. As the field strength
increases further, this splitting varies rather slowly, but there
is an additional splitting of the triplet level that is increasing
((EMS=±1

o−Ps − EMS=0
o−Ps )/Ehfs ≈ 6.3% at F = 0.25 a.u.).

The behaviour of HFS in the electric field can be explained
by the change of form of the lowest state wave function of
positronium when it is placed in the field. The HFS in the range
F < 2F∗

Ps can be estimated applying the first order perturbation
theory, using Vhfs (without the term∼1/r3) as the perturbation.
This approach gives

Ehfs(F) ≈ 14
3
πα2|ψ(0; F)|2, (14)

where ψ(0; F) is the value of the lowest state wave function
of positronium in the field of strength F for r = 0. Using
equation (14) one sees that the observed decrease of HFS,
while increasing F, is a direct consequence of the decrease of
electron density at the positron position (|ψ(0; F)|2). The lat-
ter can be explained by the fact that the density distribution in
electric field shifts towards the barrier and thereby decreases
at r = 0.

The widths of the lowest states of p-Ps and o-Ps are deter-
mined simultaneously with the corresponding energies. These
values are not shown in table 1, but they can be approx-
imated by linear fits: Γp−Ps(F) ≈ ΓPs(F) − 2.6 · 10−4F and
Γo−Ps(F) ≈ ΓPs(F) + 3.4 · 10−4F (in a.u.). It should be noted
that, unlike Ehfs, which can be precisely determined in the
experiment by measuring the frequency of absorbed/emitted
radiation, corrections to the ionization rate are not related
to similar quantities and, therefore, are not as significant as
corrections to the energy.

5. Scaling properties

Approximate expressions (11) and (12) for the ground state
energy E and the ionization rate w can be written in the form

Ẽ = −1
2
− 9

4
F̃2, (15)

w̃ =
4

F̃
exp

(
− 2

3F̃

)
, (16)

where

Ẽ = E/μ, w̃ = w/μ, F̃ = F/μ2, (17)

are the mass-scaled values for energy, ionization rate and field
strength. These scaling properties follow from the invariance
of equations of motion for the system described by Hamilto-
nian (1) under simultaneous transformations

μ→ μ̃ = μ/λ,

t → t̃ = λ t,

r → r̃ = λ r, (18)

p → p̃ = p/λ,

E → Ẽ = E/λ,

F → F̃ = F/λ2

when we take λ = μ.
The invariance of the equations of motion for Hamiltonian

(1) under transformations (18) extends the validity of scal-
ing properties (17) to their exact solutions (numerical values
for E and w calculated within the gross structure). The con-
firmation of this assumption is the coincidence of numerical
results for positronium and scaled numerical results for hydro-
gen with scaling parameter λ = μ = 1/2 (see figure 2). Thus,
instead of direct calculation, the gross structure values for
E and w for positronium can be obtained immediately by scal-
ing the corresponding numerical data for hydrogen (see e.g.
references [29–31]). Recent measurements of the ionization
rates for positronium in Rydberg states [9] have shown that
these rates are consistent with the scaled values obtained for
hydrogen,which implies that the reduced mass scaling is valid,
and that for practical purposes the scaled hydrogen rates can
be used to describe positronium experiments. Of course, if
we need the values with the HFS, the calculations must be
performed directly for positronium.

6. Summary and conclusions

In this paper we studied the ionization of positronium in the
external electric field of strengths belonging both to the tun-
nelling and the OBI regimes. The lowest state energy E and its
width Γ (ionization rate w) as functions of the field strength
are calculated using two different numerical methods: the
WPP method and the CR method. The results obtained within
the gross structure (i.e. by neglecting the fine and hyperfine
structure and other higher order corrections) are in a good
agreement and confirm the validity of the approximate expres-
sions (11) and (12) for energy and width at weak fields. For
extremely strong fields, however, a difference between the
results obtained by these two numerical methods becomes sig-
nificant. This discrepancy can be attributed to different formu-
lations of quantities E and Γ in the theoretical backgrounds of
the two methods.

The ionization rates are compared with the annihilation
rates for p-Ps and o-Ps. These rates were found to be compa-
rable at field strengths belonging to the tunnelling domain, but
in the OBI domain the ionization rate largely prevails over the
annihilation rates. Accordingly, it is expected that at these field
strengths the majority of positronium atoms will be ionized
before e−e+ pair annihilates.

The HFS of the positronium ground state in an electric field
is calculated using the CR method and the Hamiltonian for
relative motion of positronium with the spin–spin coupling
and annihilation interaction terms. It is found that in the tun-
nelling domain and at the beginning of the OBI domain the
HFS decreases, as the field strength increases, but after that
it varies slowly. There is, however, an additional splitting of
triplet levels that increases with the field strength. As the field
strength increases further, this splitting varies rather slowly,
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but here an additional splitting of triplet levels occurs, whose
rate is comparable to this variation.

Since the higher order terms in Hamiltonian are not affected
by the electric field, the variation of HFS is a direct conse-
quence of the wave function dependence on the field strength.
This means that the HFS values for positronium determined
experimentally at different field strengths could be used to esti-
mate how the electron density at the positron position (|ψ(0)|2),
which is the quantity that gives the annihilation rate, depends
on the field strength.

Finally, it is demonstrated that the gross structure values of
E and Γ for positronium and for the hydrogen atom, obtained
either by approximate expressions or numerically, are related
by scaling transformations and can be used to determine the
corresponding quantities for other hydrogen-like exotic atoms
(muonium, for example).
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Multiphoton ionization of sodium by femtosecond laser pulses of 800 nm wavelength in the range 
of laser peak intensities belonging to the over-the-barrier ionization domain is studied. Photoelectron 
momentum distributions and the energy spectra are determined numerically by solving the time 
dependent Schrödinger equation for three values of the laser intensity from this domain. The positions 
of peaks related to Freeman resonances in the calculated spectra agree with the peak positions in the 
spectra obtained experimentally by Hart et al. [7]. A partial wave analysis of these peaks revealed that 
each peak is a superposition of the contributions of photoelectrons produced by the resonantly enhanced 
multiphoton ionization via different intermediate states. It is demonstrated that at appropriate laser 
intensities the selective ionization, which occurs predominantly through a single intermediate state, is 
possible.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Strong-field ionization of the alkali-metal atoms has been stud-
ied intensively over the past decade and earlier, both experimen-
tally and theoretically including ab initio numerical calculations 
[1–9]. A specific feature of this group of atoms – a low ioniza-
tion potential, which ranges from I p ≈ 3.89 eV (for cesium) to 
5.39 eV (for lithium), causes that a considerably smaller number 
of photons of a given energy h̄ω is required for their photoion-
ization than for the ionization of other atoms. For example, with 
the laser wavelength of around 800 nm (h̄ω ≈ 1.55 eV) it takes 
four photons to ionize an alkali-metal atom, unlike the case of fre-
quently used noble gases where this number is of the order of 
ten. Since for a dipole transition requiring N photons the low-
est order perturbation theory predicts that the photon absorption 
rate is W ∼ I N if I � Ia , where I is the laser intensity and Ia =
3.50945 × 1016 W/cm2 is the atomic unit value for intensity, mea-
surable effects in experiments with multiphoton ionization (MPI) 
of alkali can be observed at relatively low laser intensities, avail-
able in table-top laser systems. The perturbative treatment, how-
ever, is not applicable at higher intensities which can be achieved 
today. One indication of the nonperturbative regime is the so-
called above threshold ionization (ATI) [10–12] in which the atom 
absorbs more photons than the minimum required. By increasing 

* Corresponding author.
E-mail address: simonovic@ipb.ac.rs (N.S. Simonović).

the intensity over a certain value, W does not follow further the 
prediction of perturbation theory.

At a sufficiently high intensity the electric component of the 
laser field becomes comparable with the Coulomb field of atomic 
core, opening up another ionization mechanism – the tunnel ion-
ization. In this case the field distorts the atomic potential form-
ing a potential barrier through which the electron can tunnel. 
Multiphoton and tunneling ionization regimes are distinguished 
by the value of Keldysh parameter [13] which can be written as 
γ = √

I p/(2U p), where U p = e2 F 2/(4meω
2) is the ponderomotive 

potential of ejected electron with mass me and charge e. The value 
of the electric field F in the expression for γ corresponds to the 
peak value of laser intensity. Multiphoton and tunneling regimes 
are characterized by γ � 1 (low-intensity, short-wavelength limit) 
and γ � 1 (high-intensity, long-wavelength limit), respectively. 
The transition regime at γ ≈ 1 for alkali-metal atoms is reached 
at considerably lower intensities than for other atoms, again due 
to the small ionization potential I p . The experiments accessing 
the strong-field regime with alkali [3,6,7,9] have revealed that the 
commonly used strong-field ionization models in the form of a 
pure MPI or tunnel ionization cannot be strictly applied. The prob-
lem, however, goes beyond by using an ab initio numerical method 
for solving the time-dependent Schrödinger equation (TDSE).

At even larger laser intensities the field strength overcomes the 
atomic potential. This can be considered as the limiting case of 
tunnel ionization when the barrier is suppressed below the en-
ergy of atomic state. This regime is usually referred to as over-
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the-barrier ionization (OBI). Such a barrier suppression takes place 
independently of the value of Keldysh parameter. For neutral atoms 
the threshold value of field strength for OBI is estimated as FOBI ≈
I2

p/4 (in atomic units). FOBI values for alkali, determined more 
accurately, are given in Ref. [14]. For example, the laser peak in-
tensity that corresponds to the OBI threshold for sodium is about 
3.3 TW/cm2 (FOBI = 0.0097 a.u. [14], I = Ia F 2), while the value of 
Keldish parameter for the sodium atom interacting with the radi-
ation of this intensity and 800 nm wavelength is γ = 3.61. Thus, 
the OBI threshold in this case belongs to the MPI regime. Previous 
experiments and theoretical studies have already mentioned this 
peculiar situation for sodium and other alkali [3–7,9]. In addition, 
it is demonstrated that at intensities above the OBI threshold most 
of atoms will be ionized before the laser peak intensity is reached 
[5]. Thus, the ionization occurs at the leading edge of the pulse 
only, that is equivalent to the ionization by a shorter pulse.

A remarkable feature of the photoelectron energy spectrum 
(PES) obtained using short (sub-picosecond) laser pulses is the 
existence of substructures in ATI peaks known as Freeman reso-
nances [15,16]. The mechanism which is responsible for occurrence 
of these substructures is the dynamic (or AC) Stark shift [10,11,17]
which brings the atomic energy levels into resonance with an in-
teger multiple of the photon energy. In this case the resonantly 
enhanced multiphoton ionization (REMPI) [11,12,18]) takes place, 
increasing the photoelectron yield, and one observes peaks at the 
corresponding values of photoelectron energy. Thus, the peaks in 
the PES can be related to REMPI occurring via different intermedi-
ate states.

The resonant dynamic Stark shift of energy levels correspond-
ing to sodium excited states nl (n ≤ 6), relative to its ground state 
(3s) energy, is recently calculated for the laser intensities up to 
7.9 TW/cm2 and wavelengths in the range from 455.6 to 1139 nm 
[8]. These data are used to predict the positions of REMPI peaks in 
the PES of sodium interacting with an 800 nm laser pulse. Freeman 
resonances in the PES of alkali-metal atoms have been studied in 
papers [1–9], mentioned at the beginning of this section, where a 
number of significant results have been reported.

The dynamic Stark shift is an important mechanism in the 
strong-field quantum control of various atomic and molecular pro-
cesses [19–22]. Focusing on the MPI of atoms, a particular chal-
lenge is the selective ionization of an atom through a single inter-
mediate state which could produce a high ion yield. By increasing 
simply the laser intensity one increases the yield, but also spreads 
the electron population over multiple states [16] and, in turn, re-
duces the selectivity. Krug et al. [2] demonstrated that chirped 
pulses can be an efficient tool in strong-field quantum control of 
multiple states of sodium at the MPI. Hart et al. [7] have shown 
that improved selectivity and yield could be achieved by control-
ling the resonant dynamic Stark shift via intensity of the laser 
pulse of an appropriate wavelength (∼ 800 nm).

In this paper we study the photoionization of sodium by the 
laser pulse of 800 nm wavelength and 57 fs full width at half 
maximum (FWHM) with the peak intensities ranging from 3.5
to 8.8 TW/cm2, which belong to OBI domain in the MPI regime. 
These values were chosen for comparison with the experiment by 
Hart et al. [7]. Using the single-active-electron approximation we 
calculate the corresponding photoelectron momentum distribution 
(PMD) and the PES by solving numerically the TDSE and perform 
a similar analysis as it has been done in Refs. [1–9]. In order to 
make a deeper insight into the ionization process, in addition, we 
perform a partial-wave analysis of the calculated PMD. In the next 
section we describe the model and in Sec. 3 consider the exci-
tation scheme and ionization channels. In Sec. 4 we analyze the 
calculated photoelectron momentum distribution and energy spec-
tra. A summary and conclusions are given in Sec. 5.

2. The model

Singly-excited states and the single ionization of the alkali-
metal atoms are, for most purposes, described in a satisfactory 
manner using the single-active-electron (SAE) approximation. The 
valence electron is here weakly bound and can be considered 
as moving in an effective core potential. One of the simplest 
models for the effective core potential, applicable for the alkali-
metal atoms, is the Hellmann pseudopotential [23] which reads (in 
atomic units)

V core(r) = −1

r
+ A

r
e−ar . (1)

The parameters A = 21 and a = 2.54920 [14] provide the cor-
rect value for the ionization potential of sodium Ip = 5.1391 eV =
0.18886 a.u. and reproduce approximately the energies of singly-
excited states [24] (deviations are less than 1%). The associated 
eigenfunctions ψnlm(r) = Rnl(r)Ylm(�) are one-electron approxi-
mations of these states. Here, the radial functions Rnl(r) are orig-
inally characterized by the quantum number nSAE = 1, 2, . . . and 
the orbital quantum number l, but for convenience, instead of the 
quantum number nSAE, we use the principal quantum number of 
the valence electron in the full multielectron model of the sodium 
atom n = nSAE + 2 = 3, 4, . . . .

Assuming that the field effects on the core electrons can be ne-
glected (the so-called frozen-core approximation [14]), the Hamil-
tonian describing the dynamics of valence (active) electron of the 
sodium atom in an alternating field, whose electric component is 
F (t) cosωt , reads (in atomic units)

H = −1

2
∇2 + V core(r) − F (t)z cosωt. (2)

We consider the linearly polarized laser pulse whose amplitude of 
the electric field component (field strength) has the form

F (t) = Fpeak sin2(πt/Tp), 0 < t < Tp, (3)

otherwise F (t) = 0. Here ω, Fpeak and Tp are the frequency 
of the laser field, the peak value of F and the pulse duration 
(2 × FWHM = 114 fs ≈ 4713 a.u.), respectively. Since the system is 
axially symmetric, the magnetic quantum number m of the ac-
tive electron is a good quantum number for any field strength. In 
the sodium ground state (when F = 0) the orbital and magnetic 
quantum numbers are equal to zero and in our calculations we set 
m = 0.

Photoabsorption processes were simulated by solving numeri-
cally the TDSE for the active electron wave function ψ(r, t), as-
suming that at t = 0 the atom is in the ground state represented 
by the lowest eigenstate of Hamiltonian (2) with F = 0. Photoex-
citation can be studied by the method of time dependent co-
efficients (TDC), where the wave function ψ(r, t) expands in a 
finite basis consisting of functions ψnl0(r). In this approach the 
populations of atomic states are the squares of absolute values 
of expansion coefficients cnl(t), determined by solving the cor-
responding set of equations numerically. This method, however, 
cannot be used to calculate photoionization because the basis of 
atomic states does not include the continuum states. An ade-
quate alternative for this purpose is the wave-packet propagation 
method on a spatial grid. Here we use the second-order-difference 
(SOD) scheme [25] adapted to cylindrical coordinates (ρ, ϕ, z), see 
Refs. [8,26]. Due to the axial symmetry of the system, Hamilto-
nian (2) and the electron’s wave function do not depend on the 
angle ϕ and the dynamics reduces to two degrees of freedom (ρ
and z). The calculations were performed on a 6144 ×12288 grid in 
the wave-packet propagation domain ρ, |z| ≤ L = 3000 a.u. and the 
propagation time was about 1.3 T p with the step 	t = 0.002 a.u. 
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Fig. 1. (a) The unperturbed energy levels (short black lines) corresponding to singly excited states of sodium [24] relative to its ground state (3s) and possible four-photon 
and five-photon absorption pathways (arrows) from the ground state to continuum for the radiation of 800 nm wavelength (h̄ω ≈ 1.55 eV). The continuum boundary is drawn 
by the dash-dot line and ε0 is the excess energy of photoelectrons produced in the nonresonant four-photon ionization. (b) Energy levels corresponding to 4s and P states 
(black curves) and to F states (gray curves), as functions of the field strength, and 3+1 REMPI pathways via intermediate states 4f, 5p, 5f and 6p (orange arrows). ε(nl) are the 
corresponding photoelectron excess energies. (c) Energy levels corresponding to 4s and P states as functions of the field strength (black curves) and 2+1+1 REMPI pathways 
via near resonant (at weak fields) 3s → 4s transition and subsequent excitation of P states (blue arrows). The wave lines represent nonresonant transitions related to Rabi 
oscillations between the corresponding states. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

The absorbing potential of the form −0.03 i (r − r0)
2 in the area 

r > r0 = L − 100 a.u. was used to suppress the reflection of the 
wave packet from the domain boundaries.

3. Energy scheme and photoionization channels

The lowest energy levels corresponding to singly-excited states 
of sodium and possible multiphoton absorption pathways during 
the interaction of the atom with a laser radiation of 800 nm wave-
length (h̄ω = 0.05695 a.u. ≈ 1.55 eV) are shown in Fig. 1(a). At this 
wavelength there exist three dominant REMPI channels: (i) (3+1)-
photon ionization via excitation of 5p, 6p and 7p states, giving 
rise to photoelectrons with s and d-symmetry; (ii) (3+1)-photon 
ionization via excitation of 4f, 5f and 6f states, producing photo-
electrons with d and g-symmetry; (iii) (2+1+1)-photon ionization 
via nearly resonant two-photon transition 3s → 4s and subsequent 
excitation of P-states, giving rise again to photoelectrons with s 
and d-symmetry [2,7].

3.1. Estimation of the photoelectron excess energy. The nonresonant MPI

Theoretically, if the MPI occurs by absorbing N photons, the 
excess energy of ejected electrons in the weak field limit is 
ε(0) = Nh̄ω − I p . At stronger fields, however, the dynamic Stark 
shift of the ground state (δEgr), as well as that of the continuum 
boundary (δEcb), change effectively the ionization potential I p to 
I p − δEgr + δEcb and the excess energy becomes dependent on the 
field strength (see Fig. 1(b))

ε(F ) = Nh̄ω − I p + δEgr(F ) − δEcb(F ). (4)

This equation, using quadratic approximation δE ≈ −α(ω)F 2/4
[11], reads

ε(F ) ≈ Nh̄ω − I p −
(
αstat

gr + e2

me ω2

)
F 2

4
, (5)

where the dynamic polarizability α(ω) in the ground state and at 
the continuum boundary is approximated by its static value for 
the sodium ground state αstat

gr = 162.7 a.u. [27] and by its asymp-

totic value in the high frequency limit αcb(ω) ≈ −e2/(me ω2) [11], 

respectively. Thus, δEcb ≈ U p , where U p is the ponderomotive po-
tential of the active electron, whereas δEgr ≈ −0.53 U p .

When the MPI is induced by a laser pulse, the field strength 
varies from 0 to Fpeak and back producing photoelectrons of differ-
ent energies, but with the maximum yield at ε(Fpeak) (for a given 
N). This peak in the PES corresponds to the nonresonant N-photon 
ionization and its position can be estimated by formula (5) width 
F = Fpeak.

3.2. 3+1 REMPI channels

Formula (5) is also useful for estimating the positions of REMPI 
peaks in the PES. Replacing the variable F with the value Fnl at 
which the atomic state nl shifts in the three-photon resonance 
with the laser field, this formula for N = 4 estimates the excess 
energy ε(nl) of photoelectrons produced in the 3+1 REMPI via this 
state (see Fig. 1(b)). The values Fnl for states 4p, 4f, 5p, 5f and 6p 
in the case of laser field of 800 nm wavelength are determined in 
a previous work [8]. These values, together with the corresponding 
values for ε(nl) estimated by formula (5) are given in Table 1.

Rewriting the resonance condition Enl(Fnl) − Egr(Fnl) = 3h̄ω in 
the form Enl(Fnl) = 3h̄ω− I p +δEgr(Fnl) and inserting it into Eq. (4)
(with N = 4 and F = Fnl), one has

ε(nl) = Enl(Fnl) − δEcb(Fnl) + h̄ω. (6)

Since the dynamic Stark shift for the high lying levels takes ap-
proximately the same value as that for the continuum boundary 
(δEnl(F ) ≈ δEcb(F ) ≈ U p(F )), the photoelectron energy at the 3+1 
REMPI via considered state will be

ε(nl) ≈ E(0)

nl + h̄ω, (7)

where E(0)

nl is the energy of the state nl for the field-free atom. 
The positions of REMPI maxima in the PES are, therefore, almost 
independent on the peak intensity of the laser pulse, in contrast to 
the position of the nonresonant four-photon ionization maximum 
ε(Fpeak). The values for ε(nl) obtained by Eq. (7) are shown in the 
last column of Table 1. Since usually δEnl + δEgr > 0 (at least for 
P and F states, see Fig. 1(b)), the states which can be shifted into 
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Table 1
Energies E(0)

nl of singly excited P and F-states (nl from 4p to 7p) of the field free 
sodium atom [24], field strengths Fnl at which these states shift into the three-
photon resonance with the laser field of 800 nm wavelength (Enl(Fnl) − E3s(Fnl) =
3h̄ω, h̄ω ≈ 1.55 eV) [8] and the excess energies ε(nl) of photoelectrons produced in 
the 3+1 REMPI via these states, obtained by Eq. (5). The values for ε(nl) obtained by 
formula (7), which are also related to 2+1+1 REMPI via 4s and subsequent excitation 
of P intermediate states, are shown in the fifth column.

state (nl) E(0)

nl (eV) Fnl (a.u.) ε(nl) (eV) E(0)

nl + h̄ω (eV)

4p −1.386 0.0148 0.358 (0.164)
4f −0.851 0.0105 0.707 0.699
5p −0.795 0.0092 0.789 0.755
5f −0.545 0.0043 1.001 1.005
6p −0.515 0.0028 1.035 1.035
6f −0.378 – – 1.172
7p −0.361 – – 1.189

three-photon resonance are those with E(0)

nl ≤ 3h̄ω − I p (for the 
wavelength of 800 nm these states are 4f, 5p, 5f, 6p, but not 7p 
and 6f, which are only near resonant at small values of F ). As a 
consequence the REMPI maxima are in the spectrum located below 
the theoretical value for photoelectron energy in the weak field 
limit (ε(nl) ≤ ε(0)).

3.3. The 2+1+1 REMPI channel

Earlier experimental and theoretical studies [2,7] have indicated 
that a particularly important role in the MPI of sodium using the 
radiation of around 800 nm wavelength has the 2+1+1 REMPI via 
nearly resonant two-photon transition 3s → 4s and subsequent 
excitation of P states. Our previous calculations [8] have shown 
that this two-photon transition is close to be resonant at the val-
ues of field strength when the dynamic Stark shift is small (see 
Fig. 1(c)). The TDC calculations at the field strength F = 0.002 a.u. 
confirm that the transfer of population from the ground (3s) to 4s 
state, compared to other excited states, is significant (see Fig. 2(a)). 
This transfer is also high at stronger fields (see Fig. 2(c) for F =
0.01 a.u.), which can be explained by strong Rabi oscillations be-
tween these two states. The population from 4s state flows further 

to state 5p (as a consequence of Rabi oscillations between these 
states) and to states 6p and 7p (by the near resonant one-photon 
absorption), see Fig. 1(c). Since δE4s(F ) ≈ δEnp(F ) ≈ δEcb(F ), dif-
ferences Enp − E4s and Ecb − Enp are almost independent of F , 
and transitions 4s → np and subsequent ionization occur at all 
values of the field strength, producing the photoelectrons with s 
and d-symmetry and excess energies given by Eq. (7). Therefore, 
the photoelectrons produced in the 2+1+1 REMPI and in the 3+1 
REMPI via the same intermediate P state cannot be distinguished 
either by angular momentum or by energy.

Relative contributions of these two ionization channels in the 
total photoelectron yield can be theoretically estimated from the 
populations of sodium P states. Fig. 2 shows the populations of 
the 4s, 4f and 5p states over time, excited by the continuous ra-
diation of 800 nm wavelength, which were calculated using the 
TDC method in the basis of SAE orbitals with n = 3, . . . , 7 and 
l = 0, 1, 2, 3 (17 states, ending with 7p). The plots (a) and (c) are 
obtained taking into account all allowed transitions between the 
orbitals, while the plots (b) and (d) are determined taking into 
account all transitions except those related to 4s state. One can 
see that the presence of transition 3s → 4s, which is nearly res-
onant at F = 0.002 a.u., significantly increases the population of P 
states at this field strength, but does not affect the F states. Con-
trarily, at F = 0.01 a.u. this transition does not affect significantly 
the population of higher states. Based on this, we conclude that at 
smaller values of the field strength (F < 0.004 a.u.) the 2+1+1 pro-
cess dominates over the 3+1 one, but at stronger fields it is rather 
suppressed.

4. Photoionization by femtosecond pulses

4.1. Photoelectron momentum distribution

The photoelectron momentum distribution (PMD) is given by 
|ψ̄(k)|2, where ψ̄(k) is the momentum representation of the pho-
toelectron wave function ψ(r, t) at a time t ≥ T p (here we take 
t = 6000 a.u. ≈ 145 fs). The function ψ̄(k) is obtained by project-
ing the wave function ψ(r, t) onto the continuum states of the 

Fig. 2. Populations of 4s, 4f and 5p states of the sodium atom under the influence of 800 nm wavelength continuous laser of the field strength: (top) F = 0.002 a.u. and 
(bottom) F = 0.01 a.u., calculated by the TDC method: (left) using the basis of 17 lowest S, P, D and F sodium states, and (right) using the same basis, but without the 4s 
state.
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field-free atom with definite values of k. These continuum states 
are solutions of the Schrödinger equation for the active electron in 
the spherically symmetric potential (1) which satisfy the incoming 
boundary condition and can be written as the partial wave expan-
sion [28]

φ
(−)

k (r) =
√

2

π

1

k

∑
l,m

ile−i	l
ul(k, r)

r
Ylm(�)Y ∗

lm(�k). (8)

The functions ul(k, r) = rRl(k, r) are numerically determined solu-
tions of the radial equation for given values of the orbital quantum 
number l and energy ε = h̄2k2/2me , while 	l is the scattering 
phase shift for the lth partial wave. This shift is the sum of the 
Coulomb phase shift σl = arg �(l + 1 + iη), where η = −1/k (for 
k given in atomic units), and the phase shift δl due to the short-
range term in the potential (1). The values of δl can be determined 
by matching the numerical solution ul(k, r) to its asymptotic form 
cos δl Fl(η, kr) + sin δl Gl(η, kr), where Fl(η, kr) and Gl(η, kr) are the 
regular and irregular Coulomb functions [29]. In the case of poten-
tial (1) we found δl ≈ −2, −0.4, −0.05 and 0 radians for l = 0, 1, 2
and l ≥ 3, respectively. Thus, the photoelectron wave function in 
momentum representation reads

ψ̄(k) = 〈φ(−)

k |ψ(t)〉 =
√

2

π

1

k

∑
l

(−i)lei	l Yl0(ϑk)Il(k), (9)

where

Il(k) = 2π

∞∫
0

∞∫
−∞

ul(k, r)

r
Yl0(ϑ)ψ(ρ, z)ρdρdz, (10)

assuming that r = √
ρ2 + z2 and cos ϑ = z/r. Note that in Eq. (9)

there is no summation over the quantum number m since the 
wave function ψ(r, t) is characterized by the value m = 0. Integral 
Il(k) is calculated numerically on the same (ρ, z)-grid as ψ(r, t).

Fig. 3 shows the calculated PMD for the photoionization of 
sodium by 800 nm wavelength laser pulse of the form (3) with 
T p = 114 fs (≈ 4713 a.u., FWHM = 57 fs) for three values of the 
peak intensity: 3.5, 4.9 and 8.8 TW/cm2 (the corresponding field 
strengths are: Fpeak = 0.0100, 0.0118 and 0.0158 a.u.).

The radial (k) dependence of the PMD contains information 
about the photoelectron energies ε = h̄2k2/2me . The dashed semi-
circles of radii k0 = 0.279 a.u. (ε(0) = 1.060 eV) and k′

0 = 0.438 a.u. 
(ε(0)′ = 2.610 eV), drawn in the PMD plots, mark the asymp-
totic values of momenta (energies) of the photoelectrons gener-
ated in the nonresonant MPI with four and five photons, respec-
tively, in the weak field limit. Compared to these values, the ra-
dial maxima of PMD determined numerically are shifted toward 
smaller k-values. The origin of these local maxima is twofold. Some 
of them are related to the nonresonant MPI for different num-
bers of absorbed photons, while others can be attributed to the 
REMPI (Freeman resonances). The shift of nonresonant maxima 
δk = h̄−1√2meε(Fpeak) − k0, referring to Eq. (5), is determined by 
the dynamic Stark shift of the ground state and the continuum 
boundary at the given laser peak intensity. The positions of Free-
man resonances are, on the other hand, almost independent on the 
field strength, but they are also located below k0 due to inequality 
ε(nl) ≤ ε(0) discussed in Sec. 3.2.

The angular structure of the PMD, the so-called photoelectron 
angular distribution (PAD), carries information about the super-
position of accessible emitted partial waves, which, according to 
selection rules for the four-photon absorption, can be s, d and g-
waves (see Fig. 1(a)). Indeed, apart from the strong emission along 
the laser polarization direction (ϑ = 0◦ and 180◦), which can be 

Fig. 3. Photoelectron momentum distribution |ψ̄(k)|2 (arbitrary units) in the pho-
toionization of sodium by the laser pulse (λ = 800 nm, T p = 2 × FWHM = 114 fs) 
of the form (3) calculated at t = 145 fs for three values of the laser peak intensity: 
(a) 3.5 TW/cm2, (b) 4.9 TW/cm2 and (c) 8.8 TW/cm2. The blue area corresponds 
to the value |ψ̄(k)|2 = 0, while the white area is the cutoff of the distribution at 
12.5% of its maximum value. The dashed semicircles of radii k0 = 0.279 a.u. and 
k′

0 = 0.438 a.u. correspond to the asymptotic values of the photoelectron momen-
tum in the weak field limit after absorption of four and five photons (the threshold 
and the 1st ATI order), respectively.

attributed to all three partial waves, the PADs also show maxima 
at ϑ = 90◦ , which characterize d and g-waves and at ϑ ≈ 45◦ and 
135◦ , which characterize the g-wave. Analogously, accessible emit-
ted partial waves for the five-photon absorption can be p, f and 
h-waves (see Fig. 1(a)).

4.2. Partial probability densities and photoelectron energy spectra

In order to determine the partial probability densities and the 
PES, we rewrite the expression (9) in the form

ψ̄(k) =
∑

l

�l(k)Yl0(ϑk), (11)

where

�l(k) =
√

2

π

1

k
(−i)lei	l Il(k) (12)
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Fig. 4. Partial probability densities wl for l = 0, . . . , 5 (left column) and the total probability density w (right column, black line), as functions of the photoelectron energy 
ε = h̄2k2/2me , obtained for three values of the laser peak intensity: (a, b) 3.5 TW/cm2, (c, d) 4.9 TW/cm2, (e, f) 8.8 TW/cm2. Experimental results (electron yield) [7] are 
represented by green lines (right column). The total probability densities are rescaled for comparison with the experimental results. Thin vertical lines mark the positions of 
the 5p resonance in the threshold and higher order ATI peaks, as well as the positions of the nonresonant peak and the 4f, 5f/6p and 7p resonances in the threshold peak.

are the radial functions in momentum representation. Thus, the 
partial radial probability densities of photoelectrons in momentum 
space are

wl(k) = |�l(k)|2 k2 = 2

π
|Il(k)|2 (13)

and the total radial probability density is the sum w(k) = ∑
l wl(k). 

The quantities wl for l = 0, . . . , 5, as functions of the photoelec-
tron excess energy ε = h̄2k2/2me , are shown in the left column 
of Fig. 4 for three values of the laser peak intensity: 3.5, 4.9 and 
8.8 TW/cm2. The corresponding total probability densities w rep-
resent the PES for these three values of laser intensity. They are 
shown in the right column of Fig. 4 together with the correspond-
ing spectra obtained experimentally [7].

The spectra, both the calculated and experimental, exhibit typ-
ical ATI structure with prominent peaks separated by the photon 
energy h̄ω ≈ 1.55 eV. Fig. 4 (right column) shows the peaks corre-
sponding to the lowest three orders of ATI (MPI by 4 + s photons, 
s = 0, 1, 2) which are located approximately at ε = 0.76 eV + sh̄ω. 
As expected, the peak intensity decreases with the increase of ATI 
order. Compared to the threshold peak (s = 0), the reduction co-
efficient is 0.2-0.3 for s = 1 and 0.02-0.03 for s = 2). The partial 
wave analysis recovers the character of these peaks. The insets 
in Fig. 4 (left column) clearly show that the dominant contribu-
tion in the total probability density around the threshold peak 

(s = 0, ε ≈ 0.76 eV) and around the second-order ATI peak (s = 2, 
ε ≈ 3.86 eV) comes from the partial waves with even l (s, d, g-
waves). Thus, the photoelectrons with these energies are generated 
by absorbing an even number of photons (N = 4 and 6). Contrar-
ily, in the vicinity of the first-order ATI peak (s = 1, ε ≈ 2.31 eV) 
the partial waves with even l are suppressed and those with odd 
l (p, f, h-waves) dominate. Therefore, in this case odd number of 
photons is absorbed (here N = 5). Each ATI peak, in addition, has 
an internal structure in the form of local (sub)peaks which can be 
attributed to the nonresonant MPI and to the REMPI via different 
excited states. The positions of these subpeaks in the calculated 
spectra, especially those belonging to the threshold peak (s = 0), 
agree well with the peak positions in the spectra obtained ex-
perimentally by Hart et al. [7]. A small displacement observed at 
higher order ATI peaks is due to the deviation of the experimen-
tal value for the distance between the threshold and the first ATI 
peak from the theoretical value h̄ω.

4.3. Nonresonant photoionization

The position of the nonresonant threshold peak (four-photon 
ionization maximum) predicted by formula (7) for laser peak in-
tensities 3.5, 4.9 and 8.8 TW/cm2 is ε(Fpeak) = 0.74 eV, 0.61 eV and 
0.26 eV, respectively. This peak is visible in the numerically deter-
mined spectra shown in Fig. 4. Since the energy of photoelectrons 
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produced by the nonresonant MPI does not depend on l, a fea-
ture of the nonresonant peak is that the maxima of contributing 
partial densities wl have the same positions on the energy axis. 
At the laser peak intensity of 3.5 TW/cm2, however, the nonres-
onant peak overlaps with the most prominent REMPI peak (see 
Fig. 4(a, b)) and it is difficult to estimate the position of former 
from the numerical data. The position of this peak at intensi-
ties 4.9 TW/cm2 and 8.8 TW/cm2 is 0.54 eV and 0.41 eV (numerical 
values), respectively (see Fig. 4(c-f)). A discrepancy between the 
values obtained by formula (7) and from numerical calculations 
(especially at I = 8.8 TW/cm2) is attributed to the approximative 
character of the former. In addition, it should be mentioned that 
in experimental spectra the nonresonant peak is less prominent 
(almost invisible). This observation is reported also in an earlier 
work presenting a comparison between calculated and experimen-
tal data for the photoionization of lithium [5]. Nonresonant peaks 
of the first and of the second ATI order can be observed in Fig. 4, 
too, at positions which are shifted by one and two-photon energy 
relative to the threshold peak at a given laser intensity.

4.4. Resonantly enhanced multiphoton ionization

In contrast to nonresonant peaks the positions of REMPI peaks 
(Freeman resonances), as explained in Sec. 3, are almost indepen-
dent of the laser peak intensity. For the most prominent peak at 
ε ≈ 0.76 eV the intermediate P and F states are the states 5p and 
4f, whereas for the subpeaks at ε ≈ 1 eV and at ε ≈ 1.2 eV these 
are the states 6p and 5f and the states 7p and 6f, respectively. 
Note, however, that for the radiation of 800 nm wavelength the 
transfer of population from the ground state to states 7p and 6f is 
only near resonant (E7p, E6f > 3h̄ω − I p , see Fig. 1(b)) and, strictly 
speaking, the four-photon ionization via these states is not 3+1 
REMPI (see Sec. 3.2). In this case formula (5) is not applicable, but 
the photoelectron energy can be estimated using relation (7).

Here we focus on the main subpeak of the threshold peak 
(around 0.76 eV). Taking into account all three ionization pathways 
(see the first paragraph in Sec. 3) and the fact that photoelec-
trons produced in the 3+1 and 2+1+1 REMPI via P states cannot 
be distinguished (Sec. 3.3), the electron outgoing wave in the en-
ergy domain of this peak can be written as the superposition of 
two wave-packets

ψ̄ = ψ̄(5p) + ψ̄(4f), (14)

which, according to Fig. 1(a), have forms

ψ̄(5p) = �
(5p)
0 Y00 + �

(5p)
2 Y20, (15)

ψ̄(4f) = �
(4f)
2 Y20 + �

(4f)
4 Y40. (16)

Since states 5p and 4f shift into the three-photon resonance at 
different field strengths (see Table 1 and Fig. 1(b)), wave packets 
(15) and (16) are formed in different phases of the laser pulse and 
characterized by different mean energies (≈ 0.8 eV and 0.7 eV, re-
spectively, referring to Table 1).

Expression (14) with components (15), (16) is compatible with 
the partial wave expansion of function ψ̄ . Fig. 4(a, c, e) demon-
strates that the outgoing wave in the domain of threshold peak 
decomposes into s, d and g-waves

ψ̄ = �0Y00 + �2Y20 + �4Y40. (17)

Radial functions �l and the corresponding partial probability den-
sities wl are determined numerically using formulae (12) and (13), 
respectively. The positions of maxima of wl(ε) (see Table 2) con-
firm the existence of two electron wave-packets with different 
mean energies. The photoelectrons with s and d-symmetry have 

Table 2
Photoelectron energies ε at which the partial probability densities wl (l = 0, 2, 4) 
shown in Fig. 4(a, c, e) take maximal values wm

l and the ratios wm
l /wm

0 (l = 2, 4).

partial wave: s (l = 0) d (l = 2) g (l = 4)

I (TW/cm2) ε (eV) ε (eV) wm
2 /wm

0 ε (eV) wm
4 /wm

0

3.5 0.77 0.76 2.40 0.68 0.79
4.9 0.76 0.76 2.45 0.68 2.30
8.8 0.78 0.79 3.00 0.69 4.55

a higher mean energy (∼ 0.8 eV) than those with g-symmetry 
(∼ 0.7 eV). Referring to Table 1, these two energies characterize the 
photoelectrons produced in the REMPI via 5p and 4f states (ε(5p)

and ε(4f)). Since the maxima of w2(ε) and w0(ε) almost coincide, 
we conclude that s-electrons and the majority of d-electrons be-
long to the same channel, i.e. they are generated in the 3+1 (or 
2+1+1) REMPI via 5p state. Thus, the contribution of d-electrons 
in the wave packet (16) is minor (�(4f)

2 ≈ 0). Then, comparing ex-

pansion (17) and expressions (14), (15), (16), we get �(5p)
0 = �0, 

�
(5p)
2 ≈ �2 and �(4f)

4 = �4.
A similar analysis indicates that the subpeak at ε ≈ 1 eV is re-

lated to 3+1 REMPI via states 5f and 6p, while that at ε ≈ 1.2 eV 
is related to 3+1 (or 2+2+1) REMPI via 7p state (or sequence 
4s → 7p) and much less to 3+1 REMPI via state 6f. Finally, note 
that for 8.8 TW/cm2 laser intensity an additional peak arises at 
ε ≈ 0.35 eV (see Fig. 4(e)), which can be related to the 3+1 REMPI 
via state 4p [8]. Then, the peak at ε ≈ 0.39 eV in the PES (Fig. 4(f)) 
can be attributed to the overlap between this resonant peak and 
the nonresonant peak at ε ≈ 0.41 eV.

4.5. Selective enhancement of photoionization channels

Partial-wave analysis of the photoelectron wave function re-
vealed that each subpeak of the threshold peak and succeeding 
ATI peaks, shown in Fig. 4(b, d, f), contains contributions of three 
REMPI channels, i.e. it is a superposition of three Freeman reso-
nances. Here we examine their relative share in the electron yield 
and the possibility for selective ionization of atom through a single 
channel.

At the laser peak intensity I = 3.5 TW/cm2 the maximum con-
tribution in the peak around 0.76 eV comes from the electrons of 
d-symmetry (see Fig. 4(a)). At I = 4.9 TW/cm2 the electrons of d 
and g-symmetry have approximately equal contributions to this 
peak (Fig. 4(c)), while at intensity I = 8.8 TW/cm2 the maximum 
contribution comes from the electrons of g-symmetry (Fig. 4(e), 
see also the ratios of wl maxima shown in Table 2). The con-
tribution of s-electrons in this peak is 2.4-3 times smaller than 
the contribution of d-electrons. The contributions of s, d and g-
electrons in the peaks at ε ≈ 1 eV and ε ≈ 1.2 eV do not change 
significantly with the laser intensity. The peak at ε ≈ 1 eV is built 
predominantly by the electrons of g-symmetry, while the max-
imum contribution to the peak at ε ≈ 1.2 eV comes from the 
electrons of d-symmetry. These results indicate that for F ≤ FOBI
dominant ionization channel in the peak around 0.76 eV is the 3+1 
or, more likely, 2+1+1 REMPI via 5p state, while for F > FOBI it is 
the 3+1 REMPI via 4f state. For the peaks around 1 eV and 1.2 eV, 
dominant channels are the 3+1 REMPI via 5f state and the 2+1+1 
REMPI via 7p state, respectively.

These findings are verified by calculating the populations 
of the unperturbed atomic states nl (i.e. transition probabilities 
|〈nl|ψ(t)〉|2) during the pulse, while solving the TDSE. Fig. 5
shows the populations of relevant S, P and F states during the 
pulse of 3.5 TW/cm2 and 8.8 TW/cm2 peak intensity. Although 
I = 3.5 TW/cm2 corresponds to the OBI threshold, for this peak in-
tensity there is still a significant population of atoms which are not 
ionized at all phases of the pulse (see the left side of Fig. 5). The 
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Fig. 5. Populations of the unperturbed ground (3s) and excited states 4s, 4f, 5p, 5f, 6p, 6f and 7p of sodium during the 114 fs laser pulse of 800 nm wavelength with 
peak intensities 3.5 TW/cm2 (left column) and 8.8 TW/cm2 (right column), calculated by the wave-packet propagation method. The gray line represents normalized envelope 
F (t)/Fpeak of the pulse.

population of states 5p and 7p is here higher than that of states 4f 
and 6f, respectively, but the population of state 5f is higher than 
the population of state 6p. Contrarily, at I = 8.8 TW/cm2 most 
atoms after the first half of the pulse are ionized (see the right 
side of Fig. 5). Among the atoms that were not ionized the popu-
lation of states 4f and 5f in this case is higher than that of states 
5p and 6p, respectively, while the population of state 7p is again 
higher than the population of state 6f. These observations fully 
agree with the findings concerning the photoionization channels.

The populations at different phases of the laser pulse can be 
well understood from diagrams (b) and (c) in Fig. 1. Diagram 
(b) predicts and Fig. 5(a, b) confirms that three-photon transitions 
from the ground state to states 4f and 5p are resonant with the 
radiation of 800 nm at the field strength F ≈ 0.01 a.u. (see also Ta-
ble 1), which takes place in the middle of the laser pulse when 
I = 3.5 TW/cm2 and at T p/3 and 2T p/3 for I = 8.8 TW/cm2. States 
5f and 6p, on the other hand, shift into resonance at smaller val-
ues of the field strength, which are reached at the beginning and 
at the end of pulse (see Fig. 5(c, d)). Contrarily, the three-photon 
transitions from the ground state to states 6f and 7p are not res-
onant with the radiation of 800 nm, but 2+1-photon transition 
3s → 4s → 7p is near resonant in the weak field limit. Since the 
dynamic Stark shift for P states grows with the field strength ap-
proximately as the shift for 4s state (see Fig. 1(c)), the transition 
4s → 7p remains near resonant and occurs during the whole pulse 
(see Fig. 5(e, f)). This is supported by the fact that populating the 

4s state continues at higher field strengths due to Rabi oscillations 
between this and the ground state. In addition, the transitions 
4s → 5p and 4s → 6p, which also occur due to Rabi oscillations, 
partially contribute to the population of 5p and 6p states.

5. Summary and conclusions

In this paper we studied the photoionization of sodium by 
femtosecond laser pulses of 800 nm wavelength in the range of 
field strengths belonging to the over-the-barrier ionization do-
main and analyzed possibilities for selective resonantly enhanced 
multiphoton ionization through a single channel. Using the single-
active-electron approximation we calculated the photoelectron mo-
mentum distributions by solving numerically the time dependent 
Schrödinger equation for these pulse parameters. In order to de-
termine the contribution of different ionization channels to the 
total photoelectron yield, a partial wave analysis of the outgoing 
wave function in momentum representation was performed from 
which the partial probability densities wl as functions of the pho-
toelectron energy ε were obtained. The total density 

∑
l wl(ε) then 

represents the photoelectron energy spectrum. The spectra calcu-
lated for the pulses of 800 nm wavelength, 57 fs duration (FWHM) 
and 3.5-8.8 TW/cm2 peak intensity agree well with the spectra ob-
tained experimentally by Hart et al. [7]. This holds for the positions 
of both REMPI and ATI peaks.
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The partial wave analysis of the spectral peaks related to Free-
man resonances revealed that each peak is a superposition of the 
contributions of photoelectrons from different ionization channels. 
We found that at the laser peak intensity of 3.5 TW/cm2 domi-
nant contribution in the main peak (around 0.76 eV) comes from 
d-electrons, while at the intensity of 8.8TW/cm2 the electrons of 
g-symmetry dominate. In this way, by changing the laser inten-
sity, one can select the main ionization channel. We have shown 
that in the first case it is combined 3+1 and 2+1+1 REMPI via 5p 
state, while in the second case it is the 3+1 REMPI via 4f state. 
In contrast to the main peak, the structure of local peaks around 
1 eV and 1.2 eV is not sensitive to the laser intensity. The peak at 
1 eV is related to 3+1 REMPI via the states 5f and 6p, whereas the 
dominant ionization channel for the peak around 1.2 eV is 2+1+1 
REMPI via the near resonant 4s state and subsequently excited 7p 
state. These findings were justified by calculating the populations 
of excited states during the pulse. The selectivity might be further 
improved by choosing more appropriate pulse parameters (that 
is feasible with modern TI:sapphire lasers enabling pulse-shaping, 
phase-locking, spectral broadening, amplification, etc.) leading to a 
better resonance between intermediate states and the laser field.
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sion, Conceptualization, Methodology, Investigation, Writing, Origi-
nal draft preparation.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to 
influence the work reported in this paper.

Acknowledgements

This work was done in the Laboratory for Atomic Collision Pro-
cesses, Institute of Physics Belgrade, under Project No. OI171020 
of the Ministry of Education, Science and Technological Develop-
ment of the Republic of Serbia. Numerical simulations were run 
on the PARADOX-IV supercomputing facility at the Scientific Com-
puting Laboratory, National Center of Excellence for the Study of 

Complex Systems, Institute of Physics Belgrade, supported in part 
by the Ministry of Education, Science and Technological Develop-
ment of the Republic of Serbia under project No. OI171017.

References

[1] M. Wollenhaupt, M. Krug, J. Köhler, T. Bayer, C. Sarpe-Tudoran, T. Baumert, Appl. 
Phys. B 95 (2009) 245.

[2] M. Krug, T. Bayer, M. Wollenhaupt, C. Sarpe-Tudoran, T. Baumert, S.S. Ivanov, 
N.V. Vitanov, New J. Phys. 11 (2009) 105051.

[3] M. Schuricke, G. Zhu, J. Steinmann, K. Simeonidis, I. Ivanov, A. Kheifets, A.N. 
Grum-Grzhimailo, K. Bartschat, A. Dorn, J. Ullrich, Phys. Rev. A 83 (2011) 
023413.

[4] S.-D. Jheng, T.F. Jiang, J. Phys. B, At. Mol. Opt. Phys. 46 (2013) 115601.
[5] T. Morishita, C.D. Lin, Phys. Rev. A 87 (2013) 063405.
[6] M. Schuricke, K. Bartschat, A.N. Grum-Grzhimailo, G. Zhu, J. Steinmann, R. 

Moshammer, J. Ullrich, A. Dorn, Phys. Rev. A 88 (2013) 023427.
[7] N.A. Hart, J. Strohaber, A.A. Kolomenskii, G.G. Paulus, D. Bauer, H.A. Schuessler, 

Phys. Rev. A 93 (2016) 063426.
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Abstract. We analyzed the asymmetry of Autler–Townes doublets in the calculated photoelectron energy
spectra for the two-photon ionization of the hydrogen atom by an intense short laser pulse that resonantly
couples its ground state with the excited 2p state. The spectra are calculated applying the method of time-
dependent amplitudes using two approaches of different level of approximation. The first approach involves
solving a complete set of equations for amplitudes, which, in addition to amplitudes of coupled (1s, 2p) and
continuous states, also includes the amplitudes of other discrete (nonessential) states. The second approach
is the three-level model that includes only the amplitudes of the two coupled states and those of continuum
states. By comparing the spectra obtained using these two approaches it is confirmed that the shift of the
Autler–Townes doublets, which exists only in the spectra obtained by solving the full set of equations,
can be attributed to the AC Stark shift, which is a consequence of the coupling with nonessential states.
Finally, it was found that the asymmetry in the intensity of the Autler–Townes doublet components, which
appears in the spectra obtained using both computational approaches, is primarily due to the decrease in
the transition probability between the 2p and continuum states with increasing photoelectron energy.

1 Introduction

Multiphoton ionization of an atom by a laser field that
resonantly couples its ground state to an excited state
can serve as a probe for the field induced Rabi dynamics
of the coupled states. In the time-dependent picture this
dynamics is manifested as the periodic transfer of pop-
ulation from one state to another—the so-called Rabi
flopping (see e.g. [1]), but in the frequency domain it
leads to a splitting of the resonant peak in the pho-
toabsorption spectrum, known as the Autler–Townes
(AT) doublet. Before the availability of coherent light
sources this splitting was first detected in the absorp-
tion spectrum of a molecule using radiation from the
radio frequency domain [2].

Apart from the photoabsorption spectra, the AT
splitting can also be detected in the energy spectra
of photoelectrons produced at multiphoton ionization
of atoms and molecules. However, despite theoretical
predictions to observe it at short wavelengths [3–8],
its direct observation at XUV wavelengths has been
reported only recently, after the free-electron lasers
with high temporal and spatial coherence became avail-

a e-mail: bunjac@ipb.ac.rs
b e-mail: duska@ipb.ac.rs
c e-mail: simonovic@ipb.ac.rs (corresponding author)

able [9]. Applying intense pulses from such a source,
one-photon Rabi oscillations are successfully induced
between the ground state and an excited state of the
atom, particularly if the carrier frequency of the source
is resonant for the transition between these states. A
second photon from the same pulse can further ionize
the atom from the excited state, so finally we have res-
onant two-photon ionization. The emitted photoelec-
trons coherently probe the dynamics of the coupled
states and the photoelectron energy spectrum (PES)
reveals the AT doublet.

A detailed theoretical analysis of the AT splitting,
instead of a simple doublet, predicts a multiple-peak
pattern in the PES [5–8], as well as additional effects
such as energy shift and asymmetry of the pattern
[3,4,7,8]. An explanation for the multiple-peak struc-
ture, which has been proposed in previous studies [6],
is the so-called dynamic interference of photoelectrons
emitted on the rising and falling sides of the pulse with
a time delay. However, subsequent analysis has shown
that this explanation is not adequate in the general case
[10,11], which is also confirmed by our recent calcula-
tions [12].

In this paper, we focus on the analysis of shift and
asymmetry of AT doublets, taking as an example the
resonant two-photon ionization of hydrogen atoms by
short laser pulses. In order to get more pronounced
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effects, we have chosen pulses of higher intensity and
shorter duration than previously used. In the next sec-
tion we present two computational approaches with dif-
ferent degrees of approximation for calculating the pop-
ulations of atomic states and the photoelectron energy
spectra. Both approaches are based on the method of
time-dependent amplitudes, whereby the first solves
the full set of equations for amplitudes, while the sec-
ond takes into account only two resonantly coupled
states and continuum states. In Sect. 3 we present the
results obtained within these approaches and analyze
the above effects in the AT splitting. A summary and
conclusions are given in Sect. 4.

2 Model and computational approaches

The populations of atomic states during the interac-
tion of the atom with the laser pulse, including their
final values when the pulse has expired, and the pho-
toelectron energy spectra, that are the subject of the
analysis carried out in the next section, were obtained
by solving the time-dependent Schrödinger equation (in
atomic units)

i
d
dt

|ψ(t)〉 = (H0 + zE(t))|ψ(t)〉. (1)

Here |ψ(t)〉 is the non-stationary atomic state at time
t, H0 is the Hamiltonian of the field-free (bare) atom,
E(t) is the electric field component of the laser pulse
and z is the projection of the electron-nucleus distance
in the field direction. The term z E(t) describes the
atom-field interaction in the dipole approximation using
the length gauge. We consider a linearly polarized laser
pulse whose electric field component reads

E(t) = E0 g(t) cosωt, (2)

where E0 is the peak value of the field strength, ω is the
laser carrier frequency and the function g(t) determines
the shape of the pulse envelope.

Equation (1) is solved numerically assuming that the
atom is initially in its ground state, i.e. |ψ(t0)〉 = |1s〉,
where t0 is a time before the beginning of the interac-
tion. Since the atom interacting with the field (2) has
axial symmetry, the z-projection of the electron angular
momentum lz is a constant of motion and the magnetic
quantum number m is a good quantum number. Thus,
the state |ψ(t)〉 is at any time t characterized by the
value m = 0, which characterizes the ground state of
the bare atom. Unless otherwise stated, atomic units
(a.u.) are used throughout the paper.

2.1 The full set of equations for amplitudes

The state of the hydrogen atom at time t interacting
with a laser field can be written as the superposition of
eigenstates of the commuting observables H0, l2, and lz

|ψ(t)〉 =
∑

n,l

cnl(t)|nl〉 +
∫ ∑

l

cεl(t)|εl〉dε, (3)

where cnl(t) and cεl(t) are the time-dependent ampli-
tudes for the population of discrete and continuum
eigenstates, |nl〉 ≡ |nlm〉 and |εl〉 ≡ |εlm〉 with m = 0,
respectively.

By substituting expansion (3) in Schrödinger equa-
tion (1) and projecting the result onto each eigenstate,
one obtains the following set of equations for the ampli-
tudes

iċnl = En cnl(t) + E(t)
∑

n′,l′
〈nl|z|n′l′〉cn′l′(t)

+E(t)
∫ ∑

l′
〈nl|z|εl′〉cεl′ (t)dε,

iċεl = εcεl(t) + E(t)
∑

n′,l′
〈εl|z|n′l′〉cn′l′(t)

+E(t)
∫ ∑

l′
〈εl|z|ε′l′〉cε′l′(t)dε′, (4)

where En and ε are the values of the discrete and con-
tinuum energy levels of the bare atom, respectively.

By representing the integral over ε by the sum over
a set of its discretized values εi and neglecting the
continuum-continuum interaction, the set of integro-
differential equations (4) reduces to the following set
of differential equations

iċnl = En cnl(t) + E(t)
∑

n′,l′
〈nl|z|n′l′〉cn′l′(t)

+E(t)
∑

i,l′
〈nl|z|εil

′〉cεil′(t)Δε,

iċεil = εcεil(t) + E(t)
∑

n′,l′
〈εil|z|n′l′〉cn′l′(t). (5)

At the laser peak intensities up to few hundred
TW/cm2 that we consider here, in the expansion (3)
it is sufficient to use the set of discrete states |nl〉
with n ≤ 7 and l = 0, . . . , n − 1, and s and d dis-
cretized continuum states (see Fig. 1) with energies in
the interval from 5 to 8.6 eV with the step Δε = 0.01 eV.
The restriction to s and d continuum state justifies the
neglect of the continuum-continuum interaction since
the matrix elements between states of the same parity
(here s and d) are equal to zero. The expressions for
matrix elements 〈nl|z|n′l′〉 and 〈nl|z|εl′〉 are given in
Appendix A.

The quantities |cnl(t)|2 can be interpreted as the pop-
ulations of atomic states |nl〉 after the interaction of
the atom with the laser field which has ended at time
t. Thus, the populations of states |nl〉, after time tex
when we assume that the laser pulse has expired, are
|cnl(tex)|2. Analogously, the quantity |cεl(tex)|2 repre-
sents the probability density of finding the atomic elec-
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Fig. 1 Energy level scheme of the hydrogen atom and the
two-photon absorption paths for transitions from the ground
(1s) state to the final continuum states (εs and εd) via one-
photon resonant excitation of 2p state

tron in the continuum state |εl〉 after the pulse has
expired.

Since the photoelectron yield at a given energy ε is
proportional to the total probability density of find-
ing the electron in continuum states corresponding to
this energy, the photoelectron energy spectrum (PES)
is adequately represented by the distribution

w(ε) =
∑

l

|cεl(tex)|2, (6)

which in the considered case practically reduces to for-
mula w(ε) = |cεs(tex)|2 + |cεd(tex)|2.

2.2 The three-level model

In the case of resonant or near resonant excitation of
an intermediate state (here 2p), the other excited states
are nonessential and at weak fields their role in the ion-
ization process may be neglected, i.e. the process may
be adequately described within the three-level model
(E1, E2, ε) [6]. Then, the atomic state at time t reads

|ψ(t)〉 = C1s(t)|1s〉 + C2p(t)e−iωt|2p〉
+e−2iωt

∫
[Cεs(t)|εs〉 + Cεd(t)|εd〉]dε, (7)

where C1s(t), C2p(t) and Cεl(t) are the time-dependent
amplitudes for the population of states |1s〉 (ground
state), |2p〉 (intermediate state) and |εl〉, l = 0, 2
(continuum states), respectively. In this expansion the
states |2p〉 and |εl〉 have been multiplied with the
phase factors e−iωt and e−2iωt in order to simplify
the set of equations for the amplitudes. By compar-
ing Eqs. (3) and (7), one sees that C1s(t) = c1s(t),
C2p(t) = eiωtc2p(t) and Cεl(t) = e2iωtcεl(t). Since the

difference between the C and c sets of amplitudes is only
in the phase factors, both sets adequately determine the
populations of atomic states and photoelectron yield.

If we set the ground state energy to zero (E1 = 0, as
shown in Fig. 1), by inserting Eq. (7) in the Schrödinger
equation (1) and applying the rotating wave approxi-
mation [1], we obtain the following system of equations
for the amplitudes

iĊ1s =
1
2

D∗E0 g(t)C2p(t),

iĊ2p =
1
2

DE0 g(t)C1s(t) + (E2 − ω)C2p(t)

+
1
2

E0 g(t)
∫

[d∗
εsCεs(t) + d∗

εdCεd(t)]dε,

iĊεs =
1
2

dεs E0g(t)C2p(t) + (Ip + ε − 2ω)Cεs(t),

iĊεd =
1
2

dεd E0g(t)C2p(t) + (Ip + ε − 2ω)Cεd(t).

(8)

Note that, by taking E1 = 0, the energies of the 2p and
final continuum states are E2 = 0.375 a.u. = 10.204eV
and Ip +ε, respectively, where Ip = 0.5 a.u. = 13.606eV
is the ionization potential of the hydrogen atom. Here
D = 〈2p|z|1s〉 and dεl = 〈εl|z|2p〉 are the dipole transi-
tion matrix elements for the excitation of the 2p state
and for its subsequent ionization, respectively.

Using formal solutions of the third and fourth of
Eq. (8)

Cεl(t) = − i

2
E0dεl

∫ t

−∞
e−i(Ip+ε−2ω)(t−t′)g(t′)C2p(t′)dt′,

(9)

where l = 0, 2, and the local approximation which
assumes that the main contribution of the integral over
t′ stems from the times around t′ ∼ t [13,14], the last
term in the second of Eq. (8) reduces to

1
2

E0 g(t)
∫

[d∗
εsCεs(t) + d∗

εdCεd(t)]dε

= −πi
|dε0 |2E2

0

4
g2(t)C2p(t), (10)

where |dε0 |2 = |dε0s|2 + |dε0d|2 and ε0 = 2ω − Ip. Note
also that the third and the forth of Eq. (8) are equiv-
alent. Namely, dividing them by dεs and dεd, respec-
tively, they reduce to the same equation for the scaled
amplitude C̃ε(t) = Cεs(t)/dεs ≡ Cεd(t)/dεd (which also
follows from Eq. (9)).

Finally, one obtains the set of equations

iĊ1s =
1
2

Ω∗
0 g(t)C2p(t),

iĊ2p =
1
2

Ω0g(t)C1s(t) +
[
E2 − i

2
Γg2(t) − ω

]
C2p(t),
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Fig. 2 The squares of modula of the dipole matrix ele-
ments for transitions from the 2p state to continuum states
εs and εd (dashed and dash-dot lines, respectively), deter-
mined by Eq. (18), and their sum |dε|2 (full line) in the
energy interval ε ∈ (6.4, 7.2) eV. The vertical and horizon-
tal dotted lines mark the resonant energy ε0 = 6.803 eV
and the corresponding value of |dε|2 (|dε0 |2 = 0.1663 a.u.),
respectively

i ˙̃Cε =
1
2

E0g(t)C2p(t) + (ε − ε0)C̃ε(t), (11)

where Ω0 = DE0 is the frequency of Rabi flopping
between the populations of states 1s and 2p at the peak
value of laser intensity and

Γ = 2π

∣∣∣∣
dε0E0

2

∣∣∣∣
2

(12)

is the ionization rate of the intermediate resonant state
|2p〉. The imaginary term − i

2 Γg2(t) describes the losses
of the population of the intermediate state by the ion-
ization into all final electron continuum states |εl〉.

The PES can be determined applying formula (6),
which here takes the form

w(ε) = |dε|2|C̃ε(tex)|2, (13)

where |dε|2 = |dεs|2 + |dεd|2. The values of the dipole
matrix elements for transitions from the 1s to the 2p
state and from the 2p state to continuum states are
determined using Eqs. (17)–(21). The matrix element
for the transition 1s → 2p is D = 0.7449 a.u., while the
values of |dε|2 for ε ∈ (5, 8.6) eV are shown in Fig. 2.
The resonant excitation of the 2p state and the sub-
sequent ionization occurs if the laser carrier frequency
is ω = 0.375 a.u., which coincides with the transition
frequency between the 1s and 2p states (in the weak
field limit). The photon energy corresponding to this
frequency is 10.204eV and the expected kinetic energy
of the ejected electrons is ε0 = 0.25 a.u. = 6.803 eV.

In the next section it will be shown that the approx-
imate results obtained using the three-level model, in
which the exact values for |dε|2 are replaced by the
value of |dε0 |2, as it was the case in previous stud-
ies [6], are sufficient for a qualitative analysis of spec-
tra. The values of the matrix elements for transitions
from the 2p state to continuum s and d states at the
energy ε0 are dε0s = (0.1469− 0.0296 i)a.u. and dε0d =
(−0.0749−0.3717 i)a.u., respectively. These values give
|dε0 |2 = 0.1663a.u. and the quotient |dε0s|2/|dε0d|2 =
0.1563 which estimates the relative ratio of s and d-
electrons in the photoelectron yield.

3 Results

Using the methods described in the previous section,
we analyze the populations of atomic states and photo-
electron energy spectra for the two-photon ionization of
the hydrogen atom by the laser pulse (2) of the gaussian
form

g(t) = e−t2/τ2
(14)

with τ = 6 fs and the carrier frequency ω = 0.375 a.u.
which is resonant for the transition 1s → 2p.

Figure 3 shows the evolution of the populations of
atomic states 1s and 2p, calculated for the pulse of peak
intensity I0 = 25TW/cm2 (I0 = E2

0/(8πα), α = 1/137)
for which approximately 1.5 Rabi cycles during the
pulses are completed. The populations shown in panel
(a) were obtained using the method of time-dependent
amplitudes described in Sect. 2.1, i.e. by solving the
system of Eq. (5) for the recommended set of ampli-
tudes, while those in panel (b) were obtained applying
the three-level model described in Sect. 2.2, i.e. by solv-
ing the system of Eq. (11). Beside the populations of
the 1s and 2p states, in the panel (a) the populations of
the states 2s and 3d are shown, too. The populations of
other states are significantly smaller and, for this rea-
son, not shown in the figure. A good agreement between
the results for the populations of the states 1s and 2p in
the panels (a) and (b), as well as relatively small values
for populations of other (non-essential) states, confirm
the validity of the three-level model, particularly for
describing the electron dynamics in the discrete-state
subspace.

Figure 4 shows the final populations of the ground
and intermediate states, using tex = 3τ for the gaus-
sian pulse (14), as functions of the peak intensity
I0 in the domain of 0.02–400TW/cm2. The values
obtained using the computational approaches described
in Sects. 2.1 and 2.2 practically coincide and for this
reason they are represented in the figure by the same
lines. The vertical dashed lines indicate the values of
I0 at which the atom manages to complete an integer
number of Rabi cycles during the pulse.

Figure 5 shows the photoelectron energy spectra cal-
culated for the laser peak intensities which are in Fig. 4
indicated by the vertical dashed lines. The spectra
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Fig. 3 a Populations of the ground state (1s) and the
excited states 2s, 2p and 3d of the hydrogen atom during
the action of the gaussian laser pulse of 25 TW/cm2 peak
intensity, τ = 6 fs and ω = 0.375 a.u., calculated by solving
the set of Eq. (5). b Populations of the ground state (1s)
and the excited state 2p of the hydrogen atom during the
action of the same pulse, calculated by solving the set of
Eq. (11) (the three-level model). The dashed line represents
the envelope of the laser pulse. For the chosen peak inten-
sity the populations perform approximately 1.5 Rabi cycles
during the pulse

Fig. 4 Populations of the ground (1s) and the excited
2p state of hydrogen, after the laser pulse has expired,
as functions of the laser peak intensity. The results are
obtained using the gaussian pulse of the carrier frequency
ω = 0.375 a.u. (which corresponds to the photon energy of
10.204 eV) and τ = 6 fs. The vertical dashed lines indicate
the peak intensities at which an integer number of Rabi
cycles is completed during the pulse

in panel (a) are determined by solving the system of
Eq. (5) and applying Eq. (6), while those in panel (b)
are obtained by solving the system of Eq. (11) (the
three-level model) and applying Eq. (13) with |dε|2 val-
ues shown in Fig. 2 (solid red lines) and, alternatively,
with |dε|2 ≈ |dε0 |2 (dotted lines). It can be seen that,
regardless of the calculation method, for each value of
I0 the spectrum consists of a pattern exhibiting the AT

Fig. 5 Calculated photoelectron energy spectra for two-
photon ionization of the hydrogen atom by gaussian laser
pulses of 6 fs duration, 10.203 eV photon energy, and peak
intensities indicated in Fig. 4 by vertical dashed lines. The
spectra in panel (a) are determined by solving the full set of
Eq. (5) with recommended number of states (see the text in
Sect. 2.1), while those in panel (b) are obtained using the
three-level model with exact |dε|2 values (solid red lines)
and with |dε|2 ≈ |dε0 |2 (dashed lines). The weak field value
of the photoelectron energy ε0 = 6.803 eV is marked by
the vertical thin line. The dashed line in panel (a) shows
the shift of the spectral patterns (AT doublets) which is a
slowly increasing function of the laser peak intensity

splitting. An exception is the pattern for the laser peak
intensity corresponding to one Rabi cycle during the
pulse. Namely, the separation between the components
of the AT doublet (the edge peaks) is proportional to
the field strength [2], and in the one-cycle case this sep-
aration is of the same order as the widths of the com-
ponents.
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A notable difference between the spectra shown in
panels (a) and (b) of Fig. 5 is a shift of the AT dou-
blets to higher values of the photoelectron energy that
exists in the former and does not exist in the latter
spectra. The shift increases with the laser peak inten-
sity and can be attributed to the dynamic (AC) Stark
shift that is a consequence of coupling of the ground and
resonant states with nonessential states [7,8]. Since the
last states do not participate in the three-level model,
the AC Stark shift is not included and the AT dou-
blets calculated using such an approximate model are
not shifted.

Another difference between the spectra obtained
using approaches of different degrees of approximation
is in the intensity of the AT doublet components. In
the spectra obtained using the three-level model with
the approximation |dε|2 = |dε0 |2, the edge peaks are
of the same intensity, but in the spectra obtained by
the method of time-dependent amplitudes with a larger
number of states (panel (a)) and those obtained using
the three-level model with exact values for |dε|2, the
right peak is lower than the left one. According to Refs.
[7,8] the AC Stark shift could be an explanation for this
kind of asymmetry, too. Namely, the carrier frequency,
which is resonant for the transition 1s → 2p, is due to
the Stark shift slightly different from the field-free res-
onant frequency ω = 0.375 a.u., and this detuning may
be a reason for the asymmetry [5]. However, our cal-
culations performed within the three-level model with
exact values for |dε|2 reproduce very well the asym-
metry obtained by the full calculations. Therefore, we
conclude that, although the asymmetry in the intensity
of the AT doublet components may be partially caused
by the AC Stark shift, it is primarily due to the change
of the values of matrix elements dεl with the photoelec-
tron energy ε.

4 Summary and conclusions

In this paper we analyzed the shift and asymmetry of
Autler–Townes doublets observed in the photoelectron
energy spectra in the case of two-photon ionization of
the hydrogen atom by intense short laser pulses of the
carrier frequency which is resonant with the transition
1s → 2p. These doublets are a manifestation of the
field induced Rabi flopping of population between the
resonantly coupled 1s and 2p (essential) states, but also
they carry information about other atomic (nonessen-
tial) states and transitions to continuum states. The
spectra were calculated applying the method of time-
dependent amplitudes using two approaches of different
level of approximation. The first approach involves solv-
ing a complete set of equations for amplitudes, which,
apart from the amplitudes of essential and contin-
uum states, also include the amplitudes of non-essential
states. The second approach is the three-level model
that includes only the amplitudes of the two essential
states (1s, 2p) and those of continuum states. Thus, the
AC Stark shift which is a consequence of the coupling

of essential states with non-essential ones, can appear
only in spectra obtained using the first approach, which
was confirmed by the calculations. The asymmetry in
the intensity of the Autler–Townes doublet compo-
nents appears both in the results obtained by the first
approach and in the results obtained using the three-
level model with exact values of the dipole matrix ele-
ments for transitions between the 2p and continuum
states. Thus, we conclude that this asymmetry is pri-
marily a consequence of the decrease in the probability
of transitions between the 2p and continuum states with
increasing photoelectron energy.
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Appendix A: Matrix elements for dipole
transitions

The matrix elements that occur in Eqs. (4), (5) and (8)
are conveniently calculated using the coordinate repre-
sentation for the discrete and continuum energy eigen-
states of the bare atom

|nl〉 → ψnl(r) = Rnl(r)Yl0(Ω), (15)

|εl〉 → ψεl(r) =

√
2

πk
ile−iσl(k)

Fl(η, kr)
r

Yl0(Ω),

(16)

where Rnl(r) and Yl0(Ω) are the radial wave functions
of hydrogen and the spherical harmonics with m = 0,
respectively, whereas σl = argΓ(l+1+iη) and Fl(η, kr)
are the Coulomb phase shift and the regular Coulomb
functions [15], where η = −1/k and k =

√
2ε (in atomic

units). Then

〈nl|z|n′l′〉 =
∫

ψ∗
nl(r) r cosϑ ψn′l′(r) d3r = I

(dis)
nl,n′l′Jll′ ,

(17)
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〈nl|z|εl′〉 =
∫

ψ∗
nl(r) r cosϑ ψεl′(r) d3r

=

√
2
πk

il
′
e−iσl′ (k)I

(cont)
nl,εl′ Jll′ , (18)

where

I
(dis)
nl,n′l′ =

∫ ∞

0

Rnl(r)Rn′l′(r) r3dr, (19)

I
(cont)
nl,εl′ =

∫ ∞

0

Rnl(r) Fl′ (η, kr) r2dr, (20)

Jll′ =
∫

Ω

Yl0(Ω)Yl′0(Ω) cos ϑ dΩ. (21)
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8. A. Tóth, A. Csehi, J. Phys. B: At. Mol. Opt. Phys. 54,
035005 (2021)

9. S. Nandi, E. Olofsson, M. Bertolino, S. Carlström, F.
Zapata, D. Busto, C. Callegari, M. Di Fraia, P. Eng-
Johnsson, R. Feifel, G. Gallician, M. Gisselbrecht, S.
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* Correspondence: simonovic@ipb.ac.rs

Abstract: We study the Rabi flopping of the population between the ground and excited 2p states of
the hydrogen atom, induced by intense short laser pulses of different shapes and of carrier frequency
ω = 0.375 a.u. which resonantly couples the two states, and manifestations of this dynamics in
the energy spectra of photoelectrons produced in the subsequent ionization of the atom from the
excited state. It is found that, for Gaussian, half-Gaussian and rectangular pulses, characterized by
the same pulse area, the final populations take the same values and the spectra consist of similar
patterns having the same number of peaks and approximately the same separation between the
prominent edge (Autler–Townes) peaks. The additional analysis in terms of dressed states showed
that the mechanism of formation of multiple-peak structures during the photoionization process
is the same regardless of the pulse shape. These facts disprove the hypothesis proposed in earlier
studies with Gaussian pulse, that the multiple-peak pattern appears due to dynamic interference of
the photoelectrons emitted with a time delay at the rising and falling sides of the pulse, since the
hypothesis is not applicable to either a half-Gaussian pulse that has no rising part or a rectangular
pulse whose intensity is constant.

Keywords: Rabi dynamics; laser pulse; photoionization; photoelectron energy spectrum; Autler–
Townes splitting; multiple-peak pattern; dressed states; dynamic interference

1. Introduction

If an atom, initially being in its ground state, interacts with an alternating field that res-
onantly couples this state to an excited state, the population will be periodically transferred
from one state to another. This effect was first described theoretically by Rabi, who applied
it for fermions in rotating magnetic fields [1]. In general, the flopping of the population can
be explained by the fact that the eigenstates of the Hamiltonian describing the bare atom
are no longer stationary states if the atom interacts with the field. Another consequence
of this fact is the splitting of the coupled atomic states into doublets of “dressed states”,
whose quasi-energies are separated by the value corresponding to the frequency of Rabi
flopping (see, e.g., Ref. [2]). This splitting can be observed in the photoabsorption and
photoionization spectra of atoms and molecules. Before the availability of coherent light
sources, it was first detected using radiation from the radio frequency domain. In the origi-
nal observation by Autler and Townes [3], a radio frequency source tuned to the separation
between two doublet microwave absorption lines of the OCS molecule was used.

Despite theoretical predictions to observe Rabi dynamics at short wavelengths [4,5]
and the availability of intense XUV light sources for more than a decade, direct observation
of Rabi dynamics at such short wavelengths has been reported only recently [6]. In the
actual experiment, applying intense XUV laser pulses from a free-electron laser with high
temporal and spatial coherence, one-photon Rabi oscillations are induced between the
ground state and an excited state in helium atoms (pump). Then, a second (probe) photon
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from the same pulse ionizes the atom from the excited state (resonant two-photon ioniza-
tion) or, at higher intensities, two photons can do it from the ground state (nonresonant
two-photon ionization). In both cases, the emitted photoelectrons coherently probe the
underlying dynamics and the measured signal reveals an Autler–Townes (AT) doublet.

In the above experiment, the AT doublets were built at the resonant two-photon
ionization for 1.5 completed Rabi cycles. However, theoretical analysis of the resonant mul-
tiphoton ionization for more than two completed Rabi cycles during the pulse predicts the
appearance of a multiple-peak pattern in the photoelectron energy spectrum (PES) [7–10].
The number of peaks appearing in the pattern is essentially determined by the pulse area [7].
The area theorem (see Ref. [11] and references therein) actually, relates this quantity to
the number of Rabi cycles during the pulse, but numerical calculations have shown that
this number, the number of peaks in the radial density of photoelectrons and the number
of peaks in the pattern coincide [9]. The coincidence between the first two numbers is
easily explained by the propagation of the emitted bunches of photoelectrons, which are
separated in time and, thus, separated in space, too. On the other hand, the explanation for
the multiple-peak pattern in the spectrum is still under consideration. There is a general
agreement that this pattern is a result of the superposition of the contributions of photoelec-
trons ejected via two dressed states during the pulse action. The situation is simplest in the
case of photoionization by a rectangular pulse, where the two contributions have the forms
of cardinal sine (sinc) functions of energy, shifted by the value of the corresponding Rabi
frequency, and the multiple-peak pattern is a result of their overlap [7] (see also Section 3.3).
Conversely, in the case of smooth pulses such as the Gaussian, it is not clear exactly what is
happening. The analysis performed within the stationary phase approximation suggested
that dynamic interference of the photoelectrons emitted with the same energy, but with a
time delay at the rising and falling sides of the pulse, essentially determines the multiple-
peak structure (modulations) in the PES [8,12,13]. However, this assumption has been
questioned by analyzing the conditions for dynamic interference [14,15], where it was
found that they are not always fulfilled, particularly in the case of photoionization from the
hydrogen ground state.

To shed more light on the above issue, in this paper we investigate manifestations
of Rabi dynamics in the photoelectron energy spectra calculated for resonant two-photon
ionization of the hydrogen atom by intense short laser pulses of three different forms—
Gaussian, half-Gaussian and rectangular ones. By choosing the carrier frequency of
0.375 a.u. that resonantly couples the hydrogen ground (1s) and excited 2p states, the pulse
induces one-photon Rabi oscillations between these states, and a second photon from
the same pulse subsequently ionizes the atom from the 2p state. The problem was pre-
viously studied by other authors, who also used different forms of the laser pulse (see
Refs. [4,5,7–9]), but conditions for the dynamic interference were not considered. The paper
is organized in the following way. In the next section, we briefly describe the computational
method for calculating the populations of atomic states and the photoelectron energy spec-
tra, based on the three-level model, and present results for resonant two-photon ionization
of hydrogen by intense short laser pulses. In Section 3 we analyze the Rabi dynamics and
the AT patterns in the spectra in terms of dressed states. A summary and conclusions are
given in Section 4.

2. Calculation of Populations of Atomic States and Photoelectron Energy Spectra

The populations of atomic states during the interaction of the atom with the laser
pulse, including their final values when the pulse has expired, and the photoelectron
energy spectra were obtained by solving the time-dependent Schrödinger equation (in
atomic units)

i
d
dt
|ψ(t)〉 = (H0 + zE(t))|ψ(t)〉. (1)

Here |ψ(t)〉 is the non-stationary atomic state at time t, H0 is the Hamiltonian of the
field-free (bare) atom, E(t) is the electric field component of the laser pulse and z is the
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projection of the electron–nucleus distance in the field direction. The term zE(t) describes
the atom-field interaction in the dipole approximation using the length gauge. We consider
a linearly polarized laser pulse, whose electric field component reads

E(t) = E0 g(t) cos ωt, (2)

where E0 is the peak value of the field strength, ω is the laser carrier frequency, and the
function g(t) determines the shape of the pulse envelope.

Below, we solve Equation (1), assuming that the atom is initially in its ground state,
i.e., |ψ(t0)〉 = |1s〉, where t0 is a time before the beginning of the interaction. Since the
atom interacting with the field (2) has axial symmetry, the z-projection of the electron
angular momentum lz is a constant of motion and the magnetic quantum number m is
a good quantum number for any field strength. Thus, the state |ψ(t)〉 is at any time t
characterized by the value m = 0, which characterizes the ground state of the bare atom.
Unless otherwise stated, atomic units (a.u.) are used throughout the paper.

2.1. The Three-Level Model

In the case of photoionization which goes via resonant or near-resonant excitation
of an intermediate state, which here is 2p, the other excited states are nonessential and at
weak fields the process can be adequately described within the three-level model. A com-
putational method for solving Equation (1) within this model is presented in our recent
paper [16], and in more detail in Ref. [8]. Here, we give only the basic expressions and the
final set of relevant equations.

The atomic state at time t within the three-level model reads

|ψ(t)〉 = C1s(t)|1s〉+ C2p(t)e−iωt|2p〉+ e−2iωt
∫
[Cεs(t)|εs〉+ Cεd(t)|εd〉]dε, (3)

where C1s(t), C2p(t) and Cεl(t) are the time-dependent amplitudes for the population
of the ground state |1s〉, intermediate state |2p〉 and continuum states |εl〉 (l = 0, 2),
respectively. The variables ε and l label the kinetic energy and orbital momentum of
produced photoelectrons. The states |2p〉 and |εl〉 have been multiplied with the phase
factors e−iωt and e−2iωt in order to simplify the set of equations for the amplitudes.

If we set the ground state energy E1 to zero, by inserting Equation (3) in the Schrödinger
Equation (1) and applying the rotating wave approximation [2] and the local approxima-
tion [8,17], we obtain the set of equations for the amplitudes

iĊ1s =
1
2

Ω∗0 g(t)C2p(t),

iĊ2p =
1
2

Ω0 g(t)C1s(t) +
[

E2 −
i
2

Γg2(t)−ω

]
C2p(t), (4)

i ˙̃Cε =
1
2
E0 g(t)C2p(t) + (ε− ε0)C̃ε(t),

where Ω0 = DE0 is the frequency of Rabi flopping between the populations of states 1s
and 2p at the peak value of laser intensity, Γ = 2π|dε0E0/2|2 is the ionization rate of the
intermediate (near-)resonant state 2p and C̃ε(t) = Cεs(t)/dεs ≡ Cεd(t)/dεd is the scaled
amplitude for the population of continuum states. Here, D = 〈2p|z|1s〉 and dεl = 〈εl|z|2p〉
are the dipole transition matrix elements for the excitation of the 2p state and for its
subsequent ionization, respectively, and |dε|2 = |dεs|2 + |dεd|2. For a given carrier fre-
quency of the laser pulse ω, the expected energy of photoelectrons is ε0 = 2ω− Ip, where
Ip = 0.5 a.u. = 13.606 eV is the ionization potential of the hydrogen atom. Note that, by tak-
ing E1 = 0, the energies of the 2p and final continuum states are E2 = 0.375 a.u. =
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10.204 eV and Ip + ε, respectively. Finally, let us state that the formal solution of the third of
Equation (4) is

C̃ε(t) = −
i
2
E0

∫ t

−∞
e−i(ε−ε0)(t−t′)g(t′)C2p(t′)dt′. (5)

The quantities |C1s(t)|2 and |C2p(t)|2 can be interpreted, respectively, as the popula-
tions of atomic states |1s〉 and |2p〉 after the interaction of the atom with the laser field
until time t. Thus, the populations of these states, after time tex when we assume that
the laser pulse has expired, are |C1s(tex)|2 and |C2p(tex)|2. Analogously, the quantities
|Cεl(t)|2 and |Cεl(tex)|2 represent the probability densities of finding the atomic electron
in the continuum state |εl〉 (here l = 0, 2) after the interaction of the atom with the laser
field until time t and after the pulse has expired, respectively. Since the photoelectron yield
at a given energy ε is proportional to the total probability density of finding the electron
in continuum states corresponding to this energy, the PES is adequately represented by
the distribution

w(ε) = |Cεs(tex)|2 + |Cεd(tex)|2 = |dε|2|C̃ε(tex)|2. (6)

The values of the dipole matrix elements for transitions from the 1s to the 2p state
and from the 2p state to continuum states are determined applying expressions given in
Appendix A in Ref. [16]. The matrix element for the transition 1s→ 2p is D = 0.7449 a.u.,
while the values of |dε|2 are shown in Figure 2 in the same reference. The resonant excita-
tion of the 2p state and the subsequent ionization occurs if the laser carrier frequency is
ω = 0.375 a.u., which coincides with the transition frequency between the 1s and 2p states
(in the weak field limit). The photon energy corresponding to this frequency is 10.204 eV,
and the expected kinetic energy of the ejected electrons is ε0 = 0.25 a.u. = 6.803 eV. In this
case, one has |dε0 |2 = 0.1663 a.u. [16]. We will see later that the approximate results ob-
tained using the three-level model, in which the exact values for |dε|2 are replaced by the
value of |dε0 |2, as used in previous studies [8], are sufficient for a qualitative analysis
of spectra.

2.2. Results

The populations of atomic states and the photoelectron energy spectra of the hydrogen
atom exposed to the laser pulse of carrier frequency ω = 0.375 a.u. have been calculated
using the described method for three pulse shapes: (a) the Gaussian shape

g(t) = e−t2/τ2
(7)

with τ = 30 fs, (b) the half-Gaussian shape

g(t) =

{
0 for t < 0,

e−t2/τ′2 for t > 0,
(8)

with τ′ = 2τ = 60 fs, and (c) the rectangular shape

g(t) =
{

1 for |t| < τ′′,
0 for |t| > τ′′,

(9)

with τ′′ = τ
√

π/2 = 26.5868 fs. The parameters τ, τ′ and τ′′ are chosen so that for a given
value of E0 all three pulses have the same value of the pulse area [7]

θ = Ω0

∫ +∞

−∞
g(t)dt, (10)

which here is θ =
√

π Ω0τ =
√

π Ω0τ′/2 = 2 Ω0τ′′. For times when the pulses (7)–(9)
expire, we take tex = 3τ, t′ex = 3τ′ and t′′ex = τ′′, respectively. Let us state at this point that,
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referring to the area theorem [7,11], the number of Rabi cycles completed during the pulse
is N = θ/(2π).

Figure 1 shows the evolution of the populations of states 1s and 2p, calculated for
pulses of the above three shapes and peak intensity I0 = 1 TW/cm2 (I0 = E2

0 /(8πα),
α = 1/137) for which the pulse area is θ = 8.741 and N ≈ 1.4. One can see that, although
the evolution is different, in accordance with the area theorem [11] the final populations for
all three pulses (after they have expired) take the same values.
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Figure 1. (Color online) The evolution of populations of the ground state (1s) and the excited 2p
state during the process of resonant two-photon ionization of hydrogen by: (a) Gaussian laser
pulse (7) with τ = 30 fs, (b) half-Gaussian pulse (8) with τ′ = 60 fs and (c) rectangular pulse (9) with
τ′′ = 26.5868 fs, all of carrier frequency ω = 0.375 a.u. = 10.203 eV, which is resonant for transition
1s→ 2p and peak intensity of 1 TW/cm2. The dashed lines represent the envelopes of the laser pulses.
The parameters τ, τ′ and τ′′ are chosen so that all three pulses have the same value of the pulse area
θ = 8.741, for which the populations perform approximately 1.4 Rabi cycles.

Figure 2 shows the final populations of the states 1s and 2p as functions of I0 in the
domain of 109–1013 W/cm2. Again, in agreement with the area theorem, for each peak
intensity the final populations of atomic states for the considered three pulses have the same
values. Due to this fact, the blue and red lines in Figure 2 represent the populations of the
ground and excited states, respectively, obtained for all three pulse shapes. The vertical dashed
lines indicate the peak intensities at which an integer number of Rabi cycles during the pulse is
completed: I0(N) = 0.517, 2.067, 4.650, 8.267, 12.917 TW/cm2 for N = 1, 2, 3, 4, 5, respectively.
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Figure 2. (Color online) Final populations of the ground state (1s) and the excited 2p state of hydrogen
at the end of the process of its resonant two-photon ionization, as functions of the laser peak intensity.
The results obtained using the Gaussian, half-Gaussian and rectangular pulses (Equations (7)–(9)) of
carrier frequency ω = 0.375 a.u. with τ = 30 fs, τ′ = 60 fs and τ′′ = 26.5868 fs practically coincide
and they are represented by common lines. The vertical dashed lines indicate the peak intensities at
which an integer number of Rabi cycles during the pulse is completed.

Figure 3 shows the photoelectron energy spectra determined by solving the set of
Equation (4) and applying Equation (6) with exact |dε|2 values (solid red lines) and with
|dε|2 ≈ |dε0 |2 (dashed lines) for: (a) Gaussian pulse (7), (b) half-Gaussian pulse (8) and
(c) rectangular pulse (9), with the peak intensities I0(N), N = 1, . . . , 5. Note that the spectra
obtained using the approximate value |dε0 |2 are symmetric, but this is not the case when
the exact values for |dε|2 are used. The observed asymmetry, which is more pronounced
at higher laser field intensities, has recently been studied in several publications [9,16,18].
For each value of I0, the PES consist of a pattern exhibiting the AT splitting. The separation
between the most prominent edge peaks (AT doublet) increases with the square root of I0,
i.e., linearly with the peak value of electric field strength. In addition, for the laser peak
intensities when more than two Rabi cycles during the pulse are completed, our results
confirm the previously reported appearance of a multiple-peak pattern in the calculated
PES [7–10].
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Figure 3. (Color online) Photoelectron energy spectra calculated using the three-level model
(Equations (4)–(6)) with exact values of |dε |2 (solid orange lines) and with the approximation
|dε |2 ≈ |dε0 |2 (dashed lines) for: (a) Gaussian pulse (7), (b) half-Gaussian pulse (8) and (c) rectan-
gular pulse (9), all of carrier frequency ω = 0.375 a.u. and the peak intensities marked in Figure 2
by vertical dashed lines. Black dots mark the real parts of E±(0) + ε0, whose separation (≈Ω0)
estimates the splitting of the resonant peak.

Demekhin and Cederbaum [8] analyzed the multiple-peak patterns in the PES ob-
tained for the photoionization with the Gaussian pulse. They attributed the appearance
of modulations inside the AT doublets to the dynamic interference of two photoelectron
waves with the same kinetic energy emitted at two different times during the pulse—at
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the time when the pulse is growing and at the time when it decreases. Our calculations,
however, show that similar modulations also exist in the case of photoionization with the
half-Gaussian pulse, that has no growing part, as well as at the photoionization with the
rectangular pulse, whose intensity is constant. Thus, we conclude that the dynamic inter-
ference cannot be the principal reason for the modulations in the calculated spectra. This
conclusion is supported by the analysis of the conditions for dynamic interference [14,15],
where it was found that they are not fulfilled in the case of resonant photoionization via
the 2p state (see Figure 3c in Ref. [14]).

3. Analysis of the AT Patterns in Terms of Dressed States
3.1. Dynamics of the Ground and Intermediate States

As the amplitude C̃ε(t) does not appear in the first two of Equation (4), the dynamics of
the 1s and 2p states within the three-level model is formally decoupled from the dynamics
of continuum states. The equations for these two states can be written in the matrix form

i
d
dt

(
C1s(t)

C2p(t)

)
=

(
0 1

2 Ω∗0 g(t)
1
2 Ω0 g(t) − i

2 Γg2(t)

)(
C1s(t)

C2p(t)

)
. (11)

This matrix equation represents the time-dependent Schrödinger equation that describes
the resonantly coupled dynamics of the 1s and 2p states in the basis of the same states in
the interaction picture [19]. Using Dirac’s formalism, this equation reads

i
d
dt
|ψb(t)〉 = H|ψb(t)〉, (12)

where |ψb(t)〉 = eiH0t [C1s(t)|1s〉+ C2p(t)e−iωt|2p〉] = C1s(t)|1s〉+ C2p(t)|2p〉 is the bound
part of the state (3) in the interaction picture andH is the interaction Hamiltonian, whose
representations in the actual basis are

|ψb(t)〉 →
(

C1s(t)

C2p(t)

)
, (13)

H →
(

0 1
2 Ω∗0 g(t)

1
2 Ω0 g(t) − i

2 Γg2(t)

)
. (14)

Since the interaction picture hides the time dependence related to the unperturbed
Hamiltonian H0, the amplitudes C1s(t), C2p(t) and the HamiltonianH are slowly varying
quantities. By diagonalizing this Hamiltonian, one obtains two slowly varying complex
eigenenergies (quasi-energies)

E±(t) = ±
1
2

√
Ω2

0 g2(t)− Γ2g4(t)/4− i
4

Γg2(t) ≈ ±1
2

Ω0 g(t)− i
4

Γg2(t), (15)

which correspond to dressed states

|±〉 ≈ 1√
2
(|1s〉 ± |2p〉). (16)

The approximate expressions are applicable if Ω0 � Γg(t), which is fulfilled if the pulses
are not of excessive intensity. Using inverse relations |1s〉 = (|+〉 + |−〉)/

√
2, |2p〉 =

(|+〉 − |−〉)/
√

2, the state |ψb(t)〉 can be written in the form

|ψb(t)〉 = C+(t)|+〉+ C−(t)|−〉, (17)

where
C±(t) =

1√
2
[C1s(t)± C2p(t)]. (18)
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Note that, due to the presence of an imaginary part in E±, the dressed states |±〉 are
decaying, i.e., they are two decoupled resonances. The real parts of the quasi-energies move
adiabatically apart as the pulse arrives, and towards each other as the pulse expires. More
precisely, according to Equation (15), their distance evolves as E+(t)− E−(t) ≈ Ω0 g(t).

3.2. Dynamics of Continuum States

By inserting Equation (17) into Equation (12) and applying the eigenvalue problem
H|±〉 = E±|±〉, one obtains equation iĊ± = E±(t)C±(t), which can be solved analytically.
Employing the initial conditions C±(−∞) = 1/

√
2, we find

C±(t) =
1√
2

e−i
∫ t
−∞ E±(t′)dt′ =

1√
2

e∓i Ω0J1(t)/2e−ΓJ2(t)/4, (19)

where Jn(t) =
∫ t
−∞ gn(t′)dt′.

From Equation (18), it follows that C2p(t) = [C+(t)− C−(t)]/
√

2, which by substitu-
tion in Equation (5) gives

C̃ε(t) = −
i

2
√

2
E0

∫ t

−∞
e−i(ε−ε0)(t−t′)g(t′) [C+(t′)− C−(t′)]dt′. (20)

Finally, using Equation (6), we obtain

w(ε) =
|dε|2E2

0
8

∣∣∣∣∫ +∞

−∞
ei(ε−ε0)tg(t) [C+(t)− C−(t)]dt

∣∣∣∣2
(21)

=

∣∣∣∣dεE0

4

∫ +∞

−∞
g(t) e−ΓJ2(t)/4

[
eiφ+(t) − eiφ−(t)

]
dt
∣∣∣∣2,

where φ±(t) = (ε− ε0)t∓Ω0J1(t)/2 are the phases of two oscillatory functions in the
integrand. This formula gives exactly the same results as Equations (4)–(6), some of them
shown in Figure 3, but it provides a deeper insight into the multiple peak structure of
the PES.

The AT splitting of the resonant peak in the PES can be roughly estimated from the
maximum distance between quasi-energies (15)

∆AT ≡ ε+ − ε− ∼ E+(0)− E−(0) ≈ Ω0 g0, (22)

where ε± are the positions of the AT doublet peaks in the PES and g0 ≡ g(0) is the
maximum value of the envelope g(t) (usually g0 = 1).

Figure 4 shows the time evolution of the photoelectron energy distribution, represented
by |C̃ε(t)|2 using Equation (20), during the photoionization process of the hydrogen atom
by: (a) Gaussian pulse (7), (b) half-Gaussian pulse (8) and (c) rectangular pulse (9), all of
them having the carrier frequency of 0.375 a.u. and the peak intensity of 12.917 TW/cm2,
which leads to five Rabi cycles completed at the end of the pulse (N = 5). In all three
cases, the number of Rabi cycles performed up to a given instant of time coincides with
the number of peaks in the energy distribution at that instant. Thus, the mechanism of
formation of a structure with multiple peaks is the same regardless of the shape of the
pulse and, therefore, it cannot be dynamic interference of two photoelectron waves emitted
during the rising and falling part of the pulse. The appearance of a multiple-peak pattern
in the case of rectangular pulse, where an analytical solution is possible, is analyzed in the
next subsection.
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Figure 4. (Color online) Time evolution of the photoelectron energy distribution (in arbitrary units)
during the photoionization process of the hydrogen atom by: (a) Gaussian pulse (7), (b) half-Gaussian
pulse (8) and (c) rectangular pulse (9) of carrier frequency ω = 0.375 a.u. and peak intensity of
12.917 TW/cm2 at which the atom completes five Rabi cycles during the pulse.

3.3. Analytical Solution for Rectangular Pulse

The limits of the integral in Equation (21) for the rectangular pulse (9) are reduced
to interval [−τ′′,+τ′′], in which Jn(t) = τ′′ + t and φ±(t) = (ε− ε0 ∓Ω0/2) t∓Ω0τ′′/2,
so that this integral can be solved analytically. Furthermore, since the ionization rate for
the laser peak intensities considered here (up to 13 TW/cm2) is small (Γ < 10−4 a.u.), it
can be neglected and the expression for energy distribution of photoelectrons to a good
approximation becomes

w(ε) =

∣∣∣∣dε0E0

2

(
e−iΩ0τ′′/2 sin δ+τ′′

δ+
− eiΩ0τ′′/2 sin δ−τ′′

δ−

)∣∣∣∣2, (23)

where δ±= ε−ε0 ∓Ω0/2. The positions of the two main peaks of this distribution are very
close to the positions of the main peaks of partial distributions

w±(ε) =
∣∣∣∣dε0E0

2

∣∣∣∣2( sin δ±τ′′

δ±

)2

, (24)

whose values are ε± = ε0±Ω0/2. Since the zeros of functions sin(δ±τ′′)/δ± are δ± = kπ/τ′′,
where k are integers, and in agreement with the area theorem τ′′ = Nπ/Ω0, where N
is the number of Rabi cycles during the pulse, the separation of two adjacent zeros is
∆ε = π/τ′′ = Ω0/N. Thus, in the interval (ε−, ε+), whose length here is ∆AT = Ω0,
there are exactly N − 1 zeros and N peaks (see Figure 5 for N = 5). The latter explains
the coincidence between the number of Rabi cycles during the pulse and the number of
peaks in the AT pattern in PES. Obviously, local peaks in distribution (23) also exist in partial
distributions (24), i.e., they are not a product of dynamic interference.
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Figure 5. (Color online) (a) Partial distributions w±(ε) and (b) total distribution w(ε) given by
Equations (23) and (24), respectively, for the rectangular laser pulse with N = θ/(2π) = 5.
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4. Summary and Conclusions

In this paper, we studied the Rabi flopping of the population between the ground (1s)
and excited 2p states of the hydrogen atom, induced by intense short laser pulses of different
shapes and of carrier frequency ω = 0.375 a.u., which resonantly couples these states,
and manifestations of these dynamics in the energy spectra of photoelectrons produced
in the subsequent ionization of the atom from its periodically populated/depopulated
2p state. Manifestations of the Rabi dynamics in the spectra are the AT splitting and
multiple-peak structure of the AT pattern. The populations of states and spectra were
calculated for three different pulse shapes—Gaussian, half-Gaussian and rectangular ones,
whose pulse durations were tuned so that, for a given laser peak intensity, their pulse
areas have the same value. It was found that, for these pulses, in accordance with the
area theorem, the final populations (once the pulses have expired) are the same, and the
spectra have similar forms in that they consist of AT patterns with the same number of
peaks and with approximately the same separation between the prominent edge (AT) peaks.
These facts essentially disprove the assumption that the multiple-peak pattern appears
due to dynamic interference of the photoelectrons emitted with the same energy, but with
a time delay at the rising and falling sides of the pulse [8,12,13], for the simple reason
that a half-Gaussian pulse has no rising part, while the intensity of a rectangular pulse is
constant. This conclusion is in agreement with the analysis of the conditions for dynamic
interference [14,15], where it was found that they are not fulfilled in the case of resonant
photoionization via the 2p state.

The additional analysis in terms of dressed states provided deeper insight into the
structure of obtained spectra. This approach implies that the ionization occurs via dressed
states, which directly explains the appearance of AT doublets in the PES. Here, the formula
for the energy distribution of photoelectrons has the form of the time integral of the sum of
two terms with different phase factors corresponding to two dressed states. In the case of
rectangular pulse, this integral is analytically solvable and is reduced to the sum of two
contributions that have the forms of sinc functions of energy, shifted by the value of the
corresponding Rabi frequency. Then, the multiple-peak pattern is simply the result of their
overlapping, which explains the matching of the number of completed Rabi oscillations
with the number of peaks in the AT pattern. Analysis of the time evolution of the photoelec-
tron energy distribution during the photoionization process showed that the mechanism
of formation of multiple-peak structures is the same regardless of the pulse shape and is,
therefore, not related to dynamic interference.
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STRONG FIELD MULTIPHOTON
IONIZATION OF LITHIUM

A. Bunjac, D. B. Popović and N. S. Simonović

Institute of Physics, University of Belgrade, P.O. Box 57, 11001 Belgrade,
Serbia

Abstract. Multiphoton ionization of lithium by 30 fs laser pulses of 785 nm
wavelength is studied using a single-electron model where the valence elec-
tron moves in an effective core potential and in the external electromag-
netic field. The photoelectron momentum distributions and energy spectra
are calculated for several field strengths by numerically solving the time-
dependent Schrödinger equation. Besides the nonresonant multiphoton ion-
ization, which is the dominating process, structures related to the above
threshold ionization are observed in the spectra. The present results are in
good agreement with recent experimental and theoretical results.

1. THEORETICAL MODEL

The study of multiphoton ionization (MPI) of atoms, which has a
much lower probability than the corresponding single-photon process, be-
came experimentally accessible in last decades after appearance of a new
generation of high intensity lasers. The MPI manifests itself as nonresonant
multiphoton ionization (NRMPI), above threshold ionization (ATI) and res-
onantly enhanced multiphoton ionization (REMPI). The theoretical study
of such strong field processes exclude any perturbative treatment, that is a
valid approach in describing the single-photon ionization. Here we study the
MPI of the lithium atom in strong laser fields using a single-electron approx-
imation and solving numerically the time-dependent Schrödinger equation.
The calculated photoelectron momentum distributions and energy spectra
are compared with recently published experimental and theoretical results
[1].

Within the single-electron model and the frozen core approxima-
tion the dynamics of the valence (active) electron of lithium atom in an
alternating electric field F (t) is described by Hamiltonian (in atomic units)

H =
p2

2
+ Vcore(r)− F (t)z. (1)
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Figure 1. Energy scheme of lithium showing the lowest excited states (black
lines - experimental values, gray lines - eigenenergies of pseudopotential (2))
and possible four-photon absorption pathways from the ground state to con-
tinuum in the case of laser of 785 nm wavelength (ω = 0.05804 a.u.).

The effective core potential Vcore(r) describes the interaction of the
valence electron with the atomic core (inner electrons + atomic nucleus).
For this purpose we use the Hellmann’s pseudopotential [2]

Vcore(r) = −1

r
+
A

r
e−ar. (2)

The parameters A = 34 and a = 3.14331 [3] provide the correct value
for the ionization potential of lithium Ip = 5.3917 eV = 0.19814 a.u. and
reproduce approximately the energies of singly-excited states (see Fig. 1).
Unfortunately, for lithium it is not possible to find a set of parameters
providing sufficiently good agreement with experimental values for s and p
states simultaneously. In this case the parameters are chosen to get the best
agreement for s states.

We consider a linearly polarized laser pulse of the form

F (t) = Fpeak sin
2(πt/Tp) cos(ωt), 0 < t < Tp (3)

(otherwise F (t) = 0). Here ω, Fpeak and Tp are the frequency of laser field,
the peak value of its electric component and the pulse duration, respectively.
Due to the axial symmetry of the system, the magnetic quantum number
m of the valence electron is a good quantum number for all values of F (in
contrast to the orbital quantum number l). Since the ground state of the
field-free lithium atom is characterized by l = m = 0, we set m = 0 also for
F ̸= 0.

The photoionization process is simulated by calculating the evolu-
tion of the wave function of valence electron ψ(r, t), which is initially (t = 0)
chosen to be the lowest eigenstate of Hamiltonian (1) (then F = 0) that de-
scribes the lithium ground state. The evolution is calculated by numerically
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Figure 2. Photoelectron momentum distribution parallel (longitudinal)
and transversal (perpendicular) to the polarization direction of 785 nm wave-
length laser with 30 fs pulse duration and three different intensities (left: I =
8× 1011 W/cm2, middle: I = 2× 1012 W/cm2, right: I = 4× 1012 W/cm2).
Top: experimental data obtained by recoil-ion momentum detection [1]. Bot-
tom: calculated distribution |ψ̄(k, t)|2 at t = 1500 a.u. Dashed semicircle
denotes the nominal position of the four-photon line.

integrating the time-dependent Schrödinger equation [4]. The photoelectron
momentum distribution (PMD) is obtained from the Fourier transform of
the wave function at t > Tp (PMD ∼ |ψ̄(k, t)|2).

2. RESULTS

Using the described model we study the photoionization of the
lithium atom by a 785 nm (ω = 0.05804 a.u., ~ω = 1.5794 eV) laser pulse
of the form (3) with three values of the peak intensities and 30 fs duration
(Tp = 1240 a.u.) and compare our numerical results with recent experimen-
tal and numerical results obtained by Schuricke at al [1]. The energy level
diagram (Fig. 1) illustrates that from the ground state (2s) at least four
photons of energy 1.5794 eV are required to reach the continuum. In the
low-intensity regime the NRMPI is the dominating process and the expected

excess energy of the photoelectrons is E
(0)
e = 0.03403 a.u. (0.926 eV).

Fig. 2 shows the experimental (top) and calculated (bottom) mo-
mentum distributions for three values of the laser field strength. The nodal
structure of the observed distributions can be related to superpositions of
the accessible emitted partial waves. In the case of four-photon absorption s,
d and g partial waves can be emitted (see Fig. 1). Both the experimental and
calculated distribution indicate that the d partial wave (two nodes) is dom-
inant at lower laser intensities, whereas the g partial wave is dominant (four
nodes) at higher intensities. As expected, the distribution maxima are ap-

proximately located at semicircles of radius k
(0)
e = (2E

(0)
e )1/2 = 0.2609 a.u.

Besides NRMPI, already for the lowest intensity considered here,

the ATI, i.e. five-photon absorption, can be identified at the radius k
(0)′
e =
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Figure 3. Photoelectron energy spectra extracted from the experimental
and theoretical momentum data shown in Fig. 2 (left: I = 8× 1011 W/cm2,
middle: I = 2 × 1012 W/cm2, right: I = 4 × 1012 W/cm2). Top: Results
by Schuricke et al [1]. Bottom: Present calculations. The count rates and
probabilities for energies E > 0.18 eV are multiplied by 15.

(2E
(0)′
e )1/2 = 0.4291 a.u. (E

(0)′
e = E

(0)
e + ~ω = 2.5054 eV). In this case p,

f and h partial waves can be emitted. The corresponding ATI semicircle
contains five nodes which is a feature of h waves.

The photoelectron energy spectrum is obtained by averaging the
probability distribution |ψ̄(k, t)|2 at a time t > Tp along semicircles k2ρ +
k2z = 2Ee corresponding to different photoelectron excess energies Ee. The
spectra at three values of the field strength, with clearly visible NRMPI
and the first ATI peaks, are shown in Fig. 3. The difference between the

NRMPI and ATI peak positions and E
(0)
e and E

(0)′
e values, respectively, can

be attributed to the dynamic Stark shift.
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We study the excitation and multiphoton ionization of sodium induced by strong femtosecond 
laser pulses [1,2]. The resonant dynamic Stark shift (RDSS) of energy levels and momentum 
distributions of photoelectrons are determined, both using a wave-packet propagation method. 
This method is used to determine an RDSS data set for transitions 3s → nl (n ≤ 6) in sodium 
induced by the laser pulse with the peak intensities up to 7.9 × 1012 W/cm2 and wavelengths in 
the range from 455.6 to 1139 nm. The data is applied to analyze the photoelectron spectra 
(electron yield versus excess energy) of the sodium atom interacting with an 800 nm laser 
radiation. The momentum distributions of photoelectrons are determined from the calculated 
electrons’ outgoing wave by applying a Fourier transform, and energy spectra are extracted from 
them. Substructures observed in the recent experimentally measured spectra [3] are successfully 
reproduced and related to the resonantly enhanced multiphoton ionization (REMPI) via specific 
(P and F) intermediate states. 
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       Abstract. The multiphoton ionization of sodium by the laser pulses of 800 nm 

wavelength and 57 fs FWHM is studied for laser peak intensities in the range of a few 

TW/cm2. Photoelectron momentum distributions and the energy spectra are determined 

numerically by solving the time dependent Schrödinger equation. The calculated spectra 

agree well with the spectra obtained experimentally by Hart et al. [1]. It is shown that the 

spectral peaks related to the Freeman resonances have contributions from different ionization 

channels which are characterized by different photoelectron energies and different 

symmetries of released photoelectron wave-packets. 
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SELECTIVE MULTIPHOTON IONIZATION

OF SODIUM BY FEMTOSECOND LASER PULSES

A. BUNJAC, D. B. POPOVIĆ and N. S. SIMONOVIĆ

Institute of Physics, University of Belgrade, Pregrevica 118, 11080 Belgrade, Serbia

Abstract. Multiphoton ionization of sodium by femtosecond laser pulses of 800 nm wave-
length is studied in the range of laser peak intensities from 3.5 to 8.8TW/cm2. Photoelectron
probability distributions and the energy spectra are determined numerically by solving the
time dependent Schrödinger equation. The calculated spectra agree well with recent experi-
mental results. A partial wave analysis of the spectral peaks related to Freeman resonances
has shown that under specific conditions the resonantly enhanced multiphoton ionization
may be realized through a single energy level.

1. INTRODUCTION

A remarkable feature of the photoelectron energy spectra (PES) obtained at the
multiphoton ionization (MPI) of atoms using short (sub-picosecond) laser pulses is the
existence of the so-called Freeman resonances. The mechanism which is responsible
for occurrence of these spectral structures is the dynamic (or AC) Stark shift which
brings the atomic energy levels into resonance with an integer multiple of the photon
energy. Freeman et al. (1987) have shown that when atomic states during the laser
pulse transiently shift into resonance, the resonantly enhanced multiphoton ionization
(REMPI) takes place, increasing the photoelectron yield, and one observes peaks
at the corresponding values of photoelectron energy. Thus, the peaks in the PES
are related to the REMPI occurring via different intermediate states. A particular
challenge would be the selective ionization of the atom through a single energy level
which could produce a high ion yield. By increasing the laser intensity one increases
the yield, but also spreads the electron population over multiple energy levels and, in
turn, reduces the selectivity. Hart et al (2016) have shown that improved selectivity
and yield could be achieved by controlling the resonant dynamic Stark shift of sodium
states via intensity of the laser pulse of an appropriate wavelength.

Here we study the MPI of the sodium atom by the laser pulse of 800 nm wavelength
and 57 fs full width at half maximum (FWHM) with the peak intensities ranging from
3.5 to 8.8TW/cm2, which are the same values as used in the experiment by Hart et al.
Using the single-active-electron approximation we calculate the photoelectron proba-
bility distribution and the PES by solving numerically the time dependent Schrödinger
equation (TDSE). In order to make a deeper insight into the ionization process, we
perform, in addition, a partial-wave analysis of the photoelectron outgoing wave.
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2. THE MODEL, ENERGY SCHEME
AND PHOTOIONIZATION CHANNELS

Within the single-electron model the dynamics of the valence (active) electron of
sodium atom in an alternating electric field F (t) is described by Hamiltonian (in
atomic units)

H =
p2

2
+ Vcore(r)− F (t)z. (1)

The effective core potential Vcore(r) describes the interaction of the valence electron
with the atomic core (inner electrons + atomic nucleus). For this purpose we use
the Hellmann’s pseudopotential Vcore(r) = −1/r+Ae−ar/r. The parameters A = 21
and a = 2.54920 provide the correct value for the ionization potential of lithium
Ip = 5.1391 eV = 0.18886 a.u. and reproduce approximately the energies of singly-
excited states (see Fig. 1).
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Figure 1: The unperturbed energy levels (short black lines) corresponding to singly
excited states of sodium (Sansonetti, 2008) relative to its ground state (3s) and possi-
ble four-photon and five-photon absorption pathways (arrows) from the ground state
to continuum for the radiation of 800 nm wavelength (h̄ω ≈ 1.55 eV). The continuum
boundary is drown by the dash-dot line and ϵ0 is the excess energy of photoelectrons
produced in the nonresonat four-photon ionization.

We consider a linearly polarized laser pulse of the form

F (t) = Fpeak sin
2(πt/Tp) cos(ωt), 0 < t < Tp (2)

(otherwise F (t) = 0). Here ω, Fpeak and Tp are the frequency of laser field, the peak
value of its electric component and the pulse duration (2×FWHM), respectively. Due
to the axial symmetry of the system, the magnetic quantum number m of the valence
electron is a good quantum number and we set m = 0 (the ground state value).

The photoionization process is simulated by calculating the evolution of the wave
function of valence electron ψ(r, t), which is initially (t = 0) chosen to be the lowest
eigenstate of Hamiltonian (1) (then F = 0) that describes the sodium ground state.
The evolution is calculated by integrating the TDSE (see Bunjac et al., 2017).
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Fig. 1(a) shows the lowest energy levels corresponding to singly-excited states of
sodium and possible multiphoton absorption pathways during the interaction of the
atom with a laser radiation of 800 nm wavelength (h̄ω = 0.05695 a.u. ≈ 1.55 eV).
At this wavelenghth there are three dominant REMPI channels: (i) (3+1)-photon
ionization via excitation of 5p, 6p and 7p states, giving rise to photoelectrons with
s and d-symmetry; (ii) (3+1)-photon ionization via excitation of 4f, 5f and 6f states,
producing photoelectrons with d and g-symmetry; (iii) (3+1+1)-photon ionization via
nearly resonant two-photon transition 3s → 4s and subsequent excitation of P-states,
giving rise to photoelectrons with s and d-symmetry.

3. PARTIAL WAVE ANALYSIS

In order to determine the PES, the outgoing part of the active electron wave function
ψ(r, t) at a time t > Tp is transformed from the coordinate to momentum represen-
tation ψ̄(k, t) by the Fourier transform and expanded in terms of partial waves

ψ̄(k) =
∑
l

Φl(k)Yl0(ϑ), (3)

where Yl0(ϑ) are the spherical harmonics with m = 0 and Φl(k) =
∫
Y ∗
l0(ϑ) ψ̄(k) dΩ

are the corresponding radial functions. Using the representation of ψ̄ in cylindrical
coordinates, the radial functions can be calculated as

Φl(k) = 2π

∫ π

0

ψ̄(k sinϑ, k cosϑ)Yl0(ϑ) sinϑ dϑ. (4)

According to partial wave expansion (3), the radial probability density of photoelec-
trons in momentum space is the sum w(k) =

∑
l wl(k), where

wl(k) = |Φl(k)|2 k2 (5)

are the partial probability densities. These quantities for l = 0, . . . , 5, as functions
of the photoelectron excess energy ϵ = h̄2k2/2me, are shown in the left column of
Fig. 2 for three values of the laser peak intensity: 3.5, 4.9 and 8.8TW/cm2. The
corresponding total probability densities w represent the PES for these three values
of laser intensity. They are shown in the right column of Fig. 2 together with the
corresponding spectra obtained experimentally (Hart et al., 2016).

The spectra, both the calculated and experimental, exhibit a typical above thresh-
old ionization (ATI) structure with prominent peaks separated by the photon en-
ergy h̄ω ≈ 1.55 eV. Fig. 2 shows the peaks corresponding to lowest three orders
of ATI (MPI by 4 + s photons, s = 0, 1, 2) which are located approximately at
ϵ = 0.8 eV+sh̄ω. The partial wave analysis recovers the character of these peaks. We
see in Fig. 2 (left) that for the photoelectron energies around the main peak (s = 0,
ϵ ≈ 0.8 eV) and around the second-order ATI peak (s = 2, ϵ ≈ 3.9 eV) dominant
contributions in the total probability density come from the partial waves with even
l (s, d, g-waves). Thus, the photoelectrons with these energies are generated by ab-
sorbing an even number of photons (N = 4 and 6). Contrarily, in the vicinity of the
first-order ATI peak (s = 1, ϵ ≈ 2.35 eV) the partial waves with even l are suppressed
and those with odd l (p, f, h-waves) dominate. Therefore, in this case odd number of
photons is absorbed (here N = 5).
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Fig. 2 (left column) shows that at the laser peak intensity of 3.5TW/cm2 dominant
contribution in the main peak (around 0.8 eV) comes from d-electrons, while at the
intensity of 8.8TW/cm2 the electrons of g-symmetry dominate. In conclusion, by
changing the laser intensity, one selects the main ionization channel – in the first case
this is the 3+1 (or 2+1+1) REMPI via 5p state, while in the second case it is the
3+1 REMPI via 4f state.

0 1 2 3 4
  0

  4x10-3

  8x10-3

1.2x10-2

7p

5f
6p

5p
 s
 p
 d
 f
 g
 h

 

w
l (

ar
bi

tra
ry

 u
ni

ts)

Photoelectron energy (eV)

(a)

4f

0.8 1.0 1.2 1.4
0

5x10-4

1x10-3

6f

 

 

 

0 1 2 3 4
0

500

1000

1500

6f
5f 6p

5p

 

El
ec

tro
n 

yi
el

d 
(c

ou
nt

s)
Photoelectron energy (eV)

(b) 4f

1.55 eV
0.8 1.0 1.2 1.4

0

50
102

103

104

 7p

 

 

 

0 1 2 3 4
0

2x10-3

4x10-3

6x10-3

8x10-3

no
nr

es
. 

6f

5f
6p

5p
 s
 p
 d
 f
 g
 h

w
l (

ar
bi

tra
ry

 u
ni

ts)

Photoelectron energy (eV)

(c) 4f

0.8 1.0 1.2 1.4
0

5x10-4

1x10-3

7p

 

 

 

0 1 2 3 4
0

2x103

4x103

6x103

8x103

1x104

no
nr

es
. 

6f

5f
6p

5p

El
ec

tro
n 

ye
al

d 
(c

ou
nt

s)

Photoelectron energy (eV)

(d)
 4f

1.55 eV
0.8 1.0 1.2 1.4

0

1x103

2x103

 7p

 

 

 

0 1 2 3 4
0

2x10-3

4x10-3

6x10-3

4p

7p

5f
6p5p

 s
 p
 d
 f
 g
 h

w
l (

ar
bi

tra
ry

 u
ni

ts)

Photoelectron energy (eV)

(e) 4f

no
nr

es
.

0.8 1.0 1.2 1.4
0

5x10-4

1x10-3

6f

 

 

 

0 1 2 3 4
0

2x104

4x104

6x104

no
nr

es
.+

 4
p 5f 6p5p

El
ec

tro
n 

yi
el

d 
(c

ou
nt

s)

Photoelectron energy (eV)

(f ) 4f

1.55 eV
0.8 1.0 1.2 1.4

0
2x103

4x103

6x103

8x103

6f  

7p

 

 

 

Figure 2: Partial probability densities wl for l = 0, . . . , 5 (left column) and the total
probability density w (right column, green line) as functions of the photoelectron
energy ϵ = h̄2k2/(2me) obtained at three values of the laser peak intensity: (a,b)
3.5TW/cm2, (c,d) 4.9TW/cm2, (e,f) 8.8TW/cm2. Experimental results (Hart et
al., 2016) are represented by full black lines (right column). The full vertical lines
mark the energies of two REMPI channels (via f and p states) of the threshold peak
as well as the position of 5p subpeak in the higher order ATI peaks.
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Institute of Physics, University of Belgrade, Pregrevica 118, 11080 Belgrade, Serbia

Abstract. The lowest state energy of positronium in an external electric field is calculated
in the range of field strengths belonging to the tunnelling and over-the-barrier ionization
regimes, using the wave-packet propagation method and the complex-rotation method. It
is found that the hyperfine splitting of this level in the tunnelling domain decreases by
increasing the field strength, but in the over-the-barrier domain the additional splitting
occurs for triplet states.

1. INTRODUCTION

The electron-positron (e−e+) bound system, known as positronium (Ps), is an unsta-
ble exotic atom due to a non-negligible probability for annihilation of its constituents
(see e.g. Rich et al. 1981). The lifetimes of the singlet (11S0) and triplet (13S1)
components of the ground-state of Ps, the so-called para-positronium (p-Ps) and orto-
positronium (o-Ps), are 125 ps and 142 ns, respectively. The ground state energy of
Ps is about half of that of hydrogen (E ≈ −6.8 eV), but its hyperfine splitting (HFS)
Eo-Ps −Ep-Ps = 0.845meV, when compared to that for hydrogen, is more than three
orders of magnitude larger. This splitting is a consequence of two spin-dependent in-
teractions: (i) the spin-spin coupling (the interaction of individual magnetic momenta
of e− and e+) and (ii) ”the annihilation force” (the possibility of virtual annihilation
and re-creation of the e−e+ pair, see Deutsch, 1952).

However, when positronium is placed in an electric field, another kind of instability
arises – the ionization of Ps by the field. In this case the Coulomb potential of e−e+

pair and the external electric field form a potential (Stark) barrier through which the
system can decay by tunnelling. The limiting case of this process when the barrier
is suppressed below the energy of the atomic state, which takes place at very strong
fields, is usually referred to as over-the-barrier ionization (OBI). The HFS of energy
levels of Ps, on the other hand, is not directly affected by the external electric field.
A weak dependence of HFS on electric field, however, occurs due to the change of
form of the lowest state wave function of positronium when the field increases. In
order to calculate this effect and the influence of electric filed generally, we apply
two different numerical methods: the wave-packet propagation (WP) method and the
complex-rotation (CR) method, used previously in the studies of ordinary atoms in
strong fields (see Bunjac et al., 2017; Milošević and Simonović, 2015).
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2. THE MODEL

2. 1. INTERACTION WITH ELECTRIC FIELD

The first step in the analysis of electric field effects on the positronium lowest levels
will be the calculation of energies and ionization rates without the HFS terms. The
corresponding unperturbed Hamiltonian describing the relative motion of the e−e+

pair, placed in the external electric field of strength F , reads (in atomic units)

H0 = − 1

2µ
∇2 − 1

r
− Fz, (1)

where r is the inter-particle distance, z is its component in the field direction and
µ is the reduced mass which for positronium takes the value 1/2. When F ̸= 0 the
Coulomb potential −1/r and the external field form the potential barrier with the
saddle point of hight Vsp = −2

√
F located at rsp = (0, 0, 1/

√
F ). Since the potential

energy outside the barrier asymptotically tends to −∞, the system can decay by
tunnelling at any energy E. Therefore, all bound states of the field-free atom become
resonant (autoionizing) states when F ̸= 0.

As it was already mentioned in Introduction, two ionization regimes can be dis-
tinguished: (i) the tunnel ionization (tunnelling) regime, when E < Vsp, and (ii)
over-the-barrier ionization (OBI) regime, when E > Vsp. Here we consider the lowest
resonant state which in the limit F → 0 approaches the ground state of the field-free
atom. The value of the field strength which separates the ionization regimes F ∗ is the
root of equation E(F ∗) = Vsp(F

∗) ≡ −2
√
F ∗. Using numerically determined values

for the lowest state energy, this equation gives F ∗ = 0.016 a.u. for Ps. Thus, the
tunnelling and OBI take place for: (i) F < F ∗ and (ii) F > F ∗, respectively.

2. 2. THE SPIN-SPIN COUPLING AND ANNIHILATION INTERACTION

The interactions which lead to the energy splitting between the o-Ps and p-Ps ground
states, the spin-spin coupling and the annihilation interaction, are described by two
additional terms in the Hamiltonian for relative motion (Berestetskii et al., 1982)

Vss =
α2

4

[
3(σ⃗1 · r)(σ⃗2 · r)

r5
− σ⃗1 · σ⃗2

r3
+

8π

3
σ⃗1 · σ⃗2 δ(r)

]
, (2)

Vann =
πα2

2
(3 + σ⃗1 · σ⃗2)δ(r). (3)

Here r = r1− r2 is the relative radius vector of e−e+ pair, σ⃗1,2 are the Pauli matrices
describing the spin of these two particles and α = 1/137.036 is the fine-structure
constant. In analogy with ordinary atoms, this energy splitting is called the hyperfine
splitting (HFS), although for Ps it is of the same order as the fine structure corrections.

Assuming that the interaction with electric field is fully described by the dipole
term −Fz, the Hamiltonian for positronium in electric field, which takes into account
the HFS, reads

H = H0 + Vss + Vann = H0 + Vhfs. (4)
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Using relations σ⃗1·σ⃗2 = 2S2−3 and (σ⃗1·r)(σ⃗2·r) = 2(S·r)2−r2, where S = (σ⃗1+σ⃗2)/2
is the total spin, and writing r = rer, the HFS term becomes

Vhfs =
α2

2r3
[
3(S · er)2 − S2

]
+ πα2

(
7

3
S2 − 2

)
δ(r). (5)

The matrix which represents operator (S · er)2 in the basis of singlet/triplet spin
states {|S,MS⟩ |S = 0, 1;MS = −S, . . . , S} has quasi-diagonal form

(S · er)2 =


0 0 0 0

0 1
4 (cos2ϑ+3) − sin2ϑeiφ

2
√
2

1
2 sin

2ϑe2iφ

0 − sin2ϑe−iφ

2
√
2

sin2ϑ sin2ϑeiφ

2
√
2

0 1
2 sin

2ϑe−2iφ sin2ϑe−iφ

2
√
2

1
4 (cos2ϑ+3)

 , (6)

while the corresponding matrix of operator S2 is diagonal

(S2)SMS ,S′M ′
S
= S(S + 1) δSS′δMSM ′

S
. (7)

Thus, the HFS terms do not couple singlet (S = 0) and triplet (S = 1) states, but
Vss couples the triplet states with different values of MS .

Since the first diagonal element (SMS = S′M ′
S = 00) of matrices (6) and (7) is

zero, in the singlet case the spin-dependent terms in Eq. (5) vanish and Vhfs reduces
to

V
(S=0)
hfs = −2πα2δ(r). (8)

For the triplet case the spin-dependent terms in Vhfs are different from zero. As-
suming, however, that their contribution is much smaller than the contribution of
the term with delta-function, we neglect the MS-coupling and characterize the lowest
state by a definite value of quantum number MS . In this approximation we keep in
the HFS term only diagonal matrix elements [(S · er)2]1MS ,1MS

and (S2)1MS ,1MS
= 2

and apply the expression

V
(S=1)
hfs =

α2

2r3
[
3[(S · er)2]1MS ,1MS

− 2
]
+

8

3
πα2δ(r). (9)

3. RESULTS

The lowest state energy of positronium, calculated using the model without the HFS
terms by the WP and CR methods, is shown in Fig. 1(a) in the range of the field
strengths from F = 0 to 0.25 a.u. (≈ 1.286 × 1011 V/m). A difference between
results obtained by these two methods, which becomes significant at very strong
fields (F ≫ F ∗), indicates that the resonance mean energy E obtained by the WP
method and the real part of complex energy obtained by the CR method do not have
the same meaning, particularly for very broad resonances (see Klaiman, 2010).

The lowest state Ps energy with the HFS, i.e. the p-Ps and o-Ps energies as
functions of the field strength, are calculated using the CR method. The calculations
show that the term in Eq. (9) which is proportional to 1/r3 gives much smaller
contribution to the HFS (for about two orders of magnitude) than the term with delta-
function. This fact is in agreement with the assumption from the previous section
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Figure 1: (a) Dependence of the lowest state energy E of positronium on the strength
of external electric field F obtained numerically using the wave-packet method (WP)
and the complex-rotation method (CR), respectively. For comparison the Stark shift
expansion up to the quadratic term is shown (dashed line). The vertical dotted line
marks the field strength F ∗ dividing the tunnelling and OBI domains. (b) Hyperfine
splitting of the lowest state energy of Ps in electric field. The p-Ps and o-Ps lowest
state energies relative to the unperturbed energy (∆Ep-Ps,o-Ps = Ep-Ps,o-Ps − E), as
functions of the field strength. The dashed lines represent the values for o-Ps which
are obtained using the complete expression (9) for MS = 0 and MS = ±1 separately,
whereas the full line is obtained using only the term with delta-function.

which validates Eq. (9) as a good approximation. The p-Ps and o-Ps energies (the
later with and without the term ∼ 1/r3), relative to the unperturbed energy shown
in Fig. 1(a), are presented in Fig. 1(b). It can be seen that in the tunnelling domain
and at the beginning of OBI domain the HFS decreases significantly by increasing
the field strength, but for F > 2F ∗ it changes slowly taking the values which are
20-25% smaller than the field-free value. This behaviour can be explained by the
change of form of the lowest state wave function of positronium when it is placed
in the field. The HFS in the range F < 2F ∗ can be estimated by applying the first
order perturbation theory, using Vhfs (without term ∼ 1/r3) as the perturbation. This
approach gives Ehfs(F ) ≈ 14

3 πα
2|ψ(0;F )|2, where ψ(0;F ) is the value of the lowest

state wave function of Ps in the field of strength F for r = 0. This relation indicates
that the observed decrease of HFS when F increases is a consequence of the decrease
of electron density at the positron position (|ψ(0;F )|2), which can be explained by
the shift of the density distribution in electric field towards the barrier.
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Multiphoton ionization of sodium by laser pulses of 800 nm wavelength and 57 fs duration is 

studied in the range of laser peak intensities belonging to over-the-barrier ionization regime. 

Photoelectron momentum distributions (PMD, see Figure 1) and energy spectra are determined 

numerically by solving the time dependent Schrödinger equation [1]. The calculated spectra 

agree well with the spectra obtained experimentally by Hart et al. [2]. The contributions of 

photoelectrons with different values of the orbital quantum number in the PMD are determined 

by expanding the photoelectron wave function in terms of partial waves. Partial wave analysis 

of the spectral peaks related to Freeman resonances has shown that each peak has photoelectron 

contributions from different ionization channels which are characterized by different 

photoelectron energies and different symmetries of released electron wave-packets. 

 

 

 

 

 

 

 

 

 

 

 

 

 

References 
 

[1] A. Bunjac, D. B. Popović and N. S. Simonović, Phys. Chem. Chem. Phys. 19, (2017), 

19829 

[2] N. A. Hart, J. Strohaber, A. A. Kolomenskii, G. G. Paulus, D. Bauer, and H. A. Schuessler, 

Phys. Rev. A 93, (2016), 063426 

Figure 1: Calculated momentum distribution of photoelectrons produced in the ionization of 

sodium by the laser pulse of 800 nm wavelength, 57 fs FWHM and 4.9 TW/cm2 peak intensity. 
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Partial-wave analysis of the resonantly enhanced multiphoton ionization of 
sodium by femtosecond laser pulses 

Andrej Bunjac, Duška B. Popović , Nenad S. Simonović 

Institute of Physics, Pregrevica 118, 11080 Belgrade, Serbia 

Contact: D.B.Popović (duska@ipb.ac.rs) 

    Abstract. We studied resonantly enhanced multiphoton ionization (REMPI) of sodium induced 
by femtosecond laser pulses of 800 nm wavelength in the range of laser peak intensities belonging 
to the over-the-barrier ionization domain. The positions of REMPI peaks in the calculated 
photoelectron energy spectra agree with the peak positions in the spectra obtained experimentally 
by Hart et al [1]. A partial wave analysis of these peaks revealed that each peak is a superposition of 
the contributions of photoelectrons produced by REMPI via different intermediate states. We 
investigated the possibility for selective resonantly enhanced multi photon ionization through a 
single channel and showed that it is possible to choose the main ionization channel by changing the 
laser intensity. 
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The dynamics of atomic levels resonantly coupled by an intense short laser pulse is studied by 

calculating numerically the time-dependent amplitudes for the populations of atomic states (both 

discrete and continuum) [1, 2]. Here we consider the resonant multiphoton ionization of atoms which 

can be described within the single active electron approximation (hydrogen, alkali), studied earlier using 

other methods [3, 4]. It is demonstrated that the laser pulse gives rise to two wave packets emitted with 

a time delay with respect to each other (at the rising and falling sides of the pulse) which interfere in 

the time domain (see Fig. 1). The interference effects are observed in the energy spectrum and 

momentum distribution of photoelectrons. 

 

 
 

Figure 1. (a) If the intensity I of applied laser field varies, an atomic state can (due to the dynamic Stark shift) 

transiently shift into resonance, that ocurrs two times during the pulse (at t1 and t2 when I = Ires). (b) Then the 

photoelectrons emitted at the rising and falling sides of the pulse (electron wave packets wp1 and wp2, 

respectively) interfere due to a time delay Δt = t2 – t1. 
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Abstract. Energy spectra of photoelectrons produced in sequential two-photon ionization
of hydrogen by gaussian and half-gaussian laser pulses are studied using a three-level model
(1s, 2p, continuum). The spectra show an intensity dependent splitting of the resonant peak
and associated modulations. The splitting can be attributed to the existence of two dressed
states whose quasi-energies repel each other by the field-induced coupling. The modulations
can be explained by the interference of electron waves emitted at different times during the
pulse duration.

1. INTRODUCTION

We study the sequential two-photon ionization of the hydrogen atom by an intense
short laser pulse and analyze interference effects in the photoelectron energy spectrum
(PES). The atom, which was initially in its ground state (1s), is resonantly excited
into the intermediate 2p state by the absorption of a single photon of energy ω =
E2 − E1 = 3/8 a.u. and subsequently ionized by a second photon (see Fig. 1).

In order to determine the populations of atomic states during the action of the
laser pulse and after, and to obtain the PES, we calculate the evolution of atomic
state |ψ(t)⟩ by solving the time-dependent Schrödinger equation (in atomic units)

i
d

dt
|ψ(t)⟩ = H |ψ(t)⟩ (1)

with the initial condition |ψ(t0)⟩ = |1s⟩. The total Hamiltonian has the form H =
H0 +W , where H0 is the Hamiltonian of the field-free (bare) atom, while the term
W (t) describes the atom-field interaction. We consider a linearly polarized laser pulse
whose electric component, directed along the z-axis, reads

E(t) = E0 g(t) cosωt. (2)

E0g(t) is the time-dependent amplitude of the electric field strength, where g(t) is the
pulse envelope and ω is the carrier frequency of the pulse. Then the interaction term
in the dipole approximation has the form W (t) = zE(t), where z is the projection of
the electron-nucleus distance in the field direction.

2. THE THREE-LEVEL MODEL

2. 1. EQUATIONS FOR THE AMPLITUDES FOR POPULATION OF STATES

In the case of resonant excitation of an intermediate state (here 2p), the other excited
states are nonessential and at weak fields their role in the ionization process may
be neglected, i.e. the process may be adequately described within the three-level
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Figure 1: Energy level scheme of the hydrogen atom and the two-photon absorption
paths for transitions from the ground (1s) state to the final continuum states (εs and
εd) via one-photon resonant excitation of 2p state.

model (1s, 2p, continuum). Then, the atomic state at time t reads (Demekhin and
Cederbaum 2012)

|ψ(t)⟩ = aI(t)|I⟩+ aR(t)e
−iωt|R⟩+

∫
aε(t)e

−2iωt|Fε⟩dε, (3)

where aI(t), aR(t) and aε(t) are the time-dependent amplitudes for the population
of states |I⟩ ≡ |1s⟩ (initial), |R⟩ ≡ |2p⟩ (resonant) and |Fε⟩ (final), respectively. The
states |R⟩ and |Fε⟩ have been multiplied with the phase factors e−iωt and e−2iωt in
order to simplify the set of equations for the amplitudes.

By inserting Eq. (3) in the Schrödinger equation (1) and applying the rotating wave
approximation (Steck 2020) and the local approximation (Demekhin and Cederbaum
2011), one obtains the following set of equations for the amplitudes (Demekhin and
Cederbaum 2012)

iȧI =
1

2
D∗E0 g(t)aR(t),

iȧR =
1

2
DE0 g(t)aI(t) +

(
ER − i

2
Γg2(t)− ω

)
aR(t), (4)

iȧε =
1

2
dε E0 g(t)aR(t) + (Ip + ε− 2ω)aε(t),

where D = ⟨R|z|I⟩ and dε = ⟨Fε|z|R⟩ are the dipole transition matrix elements for
the excitation of the intermediate state and for its subsequent ionization, respectively.
Here we set the ground state energy to zero (EI = 0, as in Fig. 1). Then the energies
of the resonant and final (continuum) states are ER = Ip + E2 = 3/8 a.u. and
EF = Ip+ε, where Ip = 1/2 a.u. is the ionization potential of the hydrogen atom and
ε is the kinetic energy of photoelectrons. The resonant value of ε is ε0 = 2ω− Ip (see

Fig. 1). Finally, Γ = 2π |dε0/E02|
2
is the ionization rate of the intermediate resonant

state |R⟩. The imaginary term − i
2 Γg

2(t) describes the losses of the population of the
intermediate state by the ionization into all final electron continuum states |Fε⟩.
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2. 2. DRESSED STATES AND THE ENERGY SPLITTING

The resonantly coupled dynamics of states |I⟩ and |R⟩ in the first two of Eqs. (4) is
governed by the 2× 2 Hamiltonian

H =

(
0 1

2Ω
∗
0g(t)

1
2 Ω0g(t) − i

2Γg
2(t)

)
, (5)

where Ω0 = DE0 is the frequency of Rabi flopping between populations of the coupled
states at the peak value of laser intensity. By solving the eigenvalue problem of
Hamiltonian (5) we obtain two dressed states as superpositions |±⟩ ≈ (|I⟩ ± |R⟩)/

√
2

and the corresponding complex eigenenergies E±(t)≈± 1
2Ω0 g(t)− i

4Γg
2(t). Due to the

imaginary parts of E±, dressed states |±⟩ are decaying, i.e. they are two decoupled
resonances. The real parts of E− and E+ move apart as the pulse arrives, and towards
each other as the pulse expires, estimating the splitting of the resonant peak in the
PES ∆ε ∼ Ω0g0, where g0 is the maximum value of envelope g(t) (usually g0 = 1).

3. RESULTS

The evolution of the ground state of the hydrogen atom exposed to the laser pulse
of carrier frequency ω = ER = 3/8 a.u. = 10.2 eV has been calculated for two pulse

shapes: (a) the gaussian shape g(t) = e−t2/τ2

with τ = 30 fs and (b) the half-gaussian

shape g(t) = e−t2/τ2

H(t) with τ = 60 fs (H(t) is the Heaviside step function). The
computed dipole transition matrix elements for the excitation and ionization, used in
Eqs. (4), are D = 0.744936 a.u. and dε0 = 0.407759 a.u. Figure 2 shows the evolution
of populations of the ground (1s) and excited 2p state for the pulses of these two
shapes and peak intensity I0 = 1TW/cm2 (I0 = E2

0/(8πα), α = 1/137), while figure
3 shows the populations of these states as functions of I0 in the domain of 109-1013

W/cm2 after the pulses have expired. One can see that the latest populations for the
two pulses practically coincide.
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Figure 2: (a) Populations of the ground (1s) and the excited 2p state, calculated as
|aI(t)|2 and |aR(t)|2, respectively, at the sequential two-photon ionization of hydro-
gen by a gaussian laser pulse of 1TW/cm2 peak intensity, τ = 30 fs and the carrier
frequency ω = 10.2 eV which fits to the energy of 1s→ 2p transition. (b) The popu-
lations obtained using the half-gaussian pulse with τ = 60 fs and the same frequency
and intensity. The dashed lines represent the envelopes of the laser pulses.

Figure 4 shows the photoelectron energy spectra calculated for the two shapes of
the laser pulse and the peak intensities I0 marked in figure 3 by vertical lines. For
each value of I0 the spectra consist of the resonant peak whose splitting, according
to relation ∆ε ∼ Ω0g0, increases with the peak value of field strength E0 (∼

√
I0).
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Figure 3: Populations of the ground (1s) and excited 2p state of hydrogen as functions
of the laser peak intensity after the laser pulse has expired. The results obtained for
the gaussian and half-gaussian pulses of the same carrier frequency ω = 10.2 eV with
τ = 30 fs and τ = 60 fs, respectively, which practically coincide, are presented. The
vertical dashed lines indicate the peak intensities at which the atom manages to
complete an integer number of Rabi cycles during the pulse.
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Figure 4: Photoelectron energy spectra represented by distributions w(ε) = |aε(3τ)|2
calculated for the gaussian and half-gaussian laser pulses (orange/black lines) with
the peak intensities marked in Fig. 3 by vertical lines. Black dots mark the real parts
of E±(0), whose separation (≈ Ω0) estimates the splitting of the resonant peak.

Demekhin and Cederbaum (2012) analyzed the modulations in the PES obtained
for the photoionization with the gaussian pulse. They explained the occurrence of
modulations between the positions of E± resonances by the interference of two pho-
toelectron waves emitted with the same kinetic energy at two different times – at
time when the pulse is growing and at time when it decreases. Our calculations, how-
ever, show that similar modulations exist also in the case of photoionization with the
half-gaussian pulse, that has no growing part. Based on this, we conclude that the
modulations are due to the interference of electron waves emitted all the time during
the pulse duration, rather than at two specific times.
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We analyze the splitting of the resonant peak and associated modulations in the photoelectron energy 

spectrum which occur at sequential two-photon ionization of hydrogen atom whose ground (1s) and excited 

2p states are coupled resonantly by a short laser pulse. The spectra as well as the populations of atomic 

states for different laser peak intensities are determined by solving numerically the time-dependent Schrö-

dinger equation for the atom in the laser field. The results are further analyzed theoretically within   the 

three-level model (1s, 2p, continuum) [1]. It is shown that the splitting can be attributed to the existence of 

two dressed states whose quasi-energies repel each other by the field-induced coupling [2], while the mod-

ulations occur due to the interference of electron waves emitted at different times during the pulse. It   is 

explained why the number of peaks in the interference patterns coincides with the number of Rabi oscilla-

tions between the populations of 1s and 2p levels during the pulse. 
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Analysis of the photoelectron energy spectra at resonant two-photon 

ionization of hydrogen atom by intense short laser pulses 

Nenad S. Simonović, Duška B. Popović, Andrej Bunjac 
Institute of Physics, Pregrevica 118, 11080 Belgrade, Serbia 

  
Contact: D. B. Popović ( duska@ipb.ac.rs ) 

Abstract. We study theoretically the Rabi flopping of the population between the 

ground and excited 2p states of the hydrogen atom, induced by intense short laser pulses 

of different shapes and of carrier frequency ω = 0.375 a.u. which resonantly couples the 

two states, and effects of this dynamics in the energy spectra of photoelectrons produced 

in the subsequent ionization of the atom from the excited state. It is found that, for 

Gaussian, half-Gaussian and rectangular pulses, characterized by the same pulse area, 

the final populations take the same values and the spectra consist of similar patterns (see 

Fig. 1) having the same number of peaks and approximately the same separation 

between the prominent edge (Autler–Townes) peaks [1]. These facts disprove the 

hypothesis proposed in earlier studies with Gaussian pulse [2], that the multiple-peak 

pattern appears due to dynamic interference of the photoelectrons emitted with a time 

delay at the rising and falling sides of the pulse, since the hypothesis is not applicable 

to either a half-Gaussian pulse that has no rising part or a rectangular pulse whose 

intensity is constant. 

     

Figure 1. Time evolution of the photoelectron energy distribution (in arbitrary units) during the photoionization 

process of the hydrogen atom by: (a) Gaussian pulse, (b) half-Gaussian pulse and (c) rectangular pulse of carrier 

frequency ω = 0.375 a.u. and peak intensity of 12.917 TW/cm2 at which the atom completes five Rabi cycles during 

the pulse. 
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Abstract. A true scalar magnetometer (TSM) is one where the phase is independent of the 

magnetic field orientation and instead depends on the modulus only. We analyzed a 

magnetometer consisting of a paraffin-coated glass cell filled with CS vapor where the RF field 

is parallel to the light propagation direction while oscillating at Larmor frequency [1] 

The magnetometer was applied in the measurement of small magnetic field components 

orthogonal to the main field direction. Experimental measurements of the RF projection phase 

show significantly different behavior in cases where the transversal field component is 

perpendicular to the RF field and when it is in the plane formed by the main magnetic and the 

RF fields. For the “in-plane” case the RF projection phase doesn’t show any perturbation on 

changing the intensity or field direction, while the “perpendicular” case shows significant peaks 

and slow relaxations under the same circumstances. 

This phenomenon was initially explored through numerical simulations with a model that 

shows good agreement with experimental results and later backed with analytical calculations 

of the Bloch equation for this case in Cartesian spin components. The equations were solved 

analytically by moving into a rotating frame of reference and applying the Rotating Wave 

Approximation (RWA) and the disambiguation of the remaining solution terms by the 

significance of their contribution. The results show a simplified picture of the described 

problem but capture the qualitative behavior well. The measurements, numerical solution and 

the analytical approach will all be presented in a wholesome description and analysis of the 

described phenomenon. 

 

Figure 1. Two different field geometries considered for the DC transverse magnetic field scans. Left: The 

“in-plane” case with constant phase error, Right: The “perpendicular” case with phase error perturbations. 
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Analysis of Autler-Townes patterns in photoelectron energy spectra at resonant two-

photon ionization of atom by laser pulses of different shapes 

SIMONOVIĆ, Nenad (Institute of Physics Belgrade); POPOVIĆ, Duška; BUNJAC, Andrej 

Using the method of time-dependent amplitudes we analyze the fingerprints of the Rabi 

dynamics between the ground and excited 2p states of the hydrogen atom, induced by an intense 

short laser pulse which resonantly couples the two states, in the energy spectra of photoelectrons 

produced in the subsequent ionization of the atom from the excited state. It is found that for 

Gaussian, half-Gaussian and rectangular pulses, characterized by the same pulse area, the 

spectra consist of similar patterns having the same number of peaks between the prominent 

edge (Autler-Townes) peaks [1]. The analysis in terms of dressed states performed within the 

minimal three-level model showed that the mechanism of formation of multiple-peak structures 

during the photoionization process is the same regardless of the pulse shape. This fact disproves 

the hypothesis proposed in earlier studies [2] that the multiple-peak pattern appears due to 

dynamic interference of the photoelectrons emitted with a time delay at the rising and falling 

sides of the pulse, because, in contrast to the Gaussian pulse, the pulses of other two shapes do 

not have one or both sides. This conclusion is in agreement with the analysis of the conditions 

for dynamic interference [3], where it was found that they are not always fulfilled. 

References 

[1] N. S. Simonović, D. B. Popović and A. Bunjac, Atoms 11, 20 (2023). 

[2] P. V. Domekhin and L. S. Cederbaum, Phys. Rev. A 86, 063412 (2012). 

[3] M. Baghery, U. Saalmann, J. M. Rost, Phys. Rev. Lett. 118, 143202 (2017). 

 



17th Photonics Workshop    Kopaonik, March 10 – 14, 2024 

18 

 

A dressed states analysis of Autler-Townes patterns in the PES at resonant 

two-photon ionization of hydrogen by short laser pulses  

Duška B. Popović1, Andrej Bunjac1, Nenad S. Simonović 

(1) Institute of Physics, University of Belgrade, Pregrevica 118, 11080 Belgrade, Serbia 

Contact: D. Popović ( duska@ipb.ac.rs ) 

Abstract. Interaction of atoms with a strong laser field leads to transitions between the atomic 

states as well as to modification (shifting and splitting) of the atomic energy levels. We 

examined the Autler-Townes (AT) splitting and additional modulations (multiple-peak 

structure) of the resonant peak in the photoelectron energy spectra (PES) at two-photon 

ionization of hydrogen by intense short laser pulses, which occur via one-photon resonant 1s -

> 2p transitions [1]. The number of peaks appearing in the pattern was found to match the 

number of Rabi flopping of the population between the 1s and 2p states during the pulse [2]. 

Analysis in terms of dressed states, which are eigenstates of the atomic Hamiltonian including 

the coupling with the laser field (the so-called dressed Hamiltonian), directly explains the 

appearance of the AT splitting of the resonant peak in the PES. Using this approach, it is shown 

that the mechanism of formation of multiple-peak structures during the photoionization process 

is the same regardless of the pulse [3]. 
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