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r: Mosba 3a moKpeTrame IOCTYIKa 3a pen3dbop y 3Bame
/UHU CapaTHUK

Hayuno Behe MucTuTryTa 3a dusuky y Deorpany ma y ckiranmy ca
OM O MOCTYIKY ¥ HAUWHY BPETHOBaHa U KBAHTUTATMBHOM MCKa3M-
10-MCTPAKMBAYKUX PEe3yJTaTa NCTPaKUBayda IIOKPEHe NMOCTYTaK 3a
P V 3Bam€ BUIIM HAYYHU CAPATHUK.

Y mpuaory mocTtaBibaM:

1. Mummspeme pykoBoauna sabopaTopuje ca IpeaIoroM 4JIaHOBa KOMUCH]e
3a u3bop y 3Bame

2. Crpyuny 6uorpadujy
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Hayunom Behy MHCTUTYTa 3a QU3UKY

Mumiseme pykoBoauona jaboparopuje o pemsbopy ap bo-
jara Huxosmha y 3Bame BUIMM HAayUYHU CAPATHUK

Ip
Onx 01.

|

ojan Hukosuh je unan ['pyne 3a rpaBuTanujy, 4eCTHLE U IOJLA.
moseMmbpa 2003. roamue je 3amociacH Ha MucTutyTy 3a QU3MKY

u 6aBu ¢e mpoydaBameM OO30HCKE M CYIepCTPYHa Yy KOHTEKCTY HEeKOMYyTa-
TUBHOCTH, HereoMmeTpuje um T-myanaux tpancopmamuja. Jlummommupao je
2002. romuue ma Pusmuxkom daxynrery Y HuBep3urtera y Leorpaay ca mpoc-

€4YHOM O
pao Ha

esom 9,81. Marucrpupao je meuemOpa 2006. rommse, a HOKTOPU-
buspukoM dakynTery Y HuBepsutera y Deorpaxy 2008. rommme. Y

3Balme BUINM HAydyHU capamgHuk m3abpan je 29.01.2014. roaume pememeMm
MusnucrapcTsa OpocBeTe, HayKe M TEeXHOJOIWKOr pa3Boja, a 21.10.2019. ro-
ouHe pen3abpaH y UCTO 3Bame.

[Ipenopyuyjem Hayunom Behy MucTturyTa 3a ¢n3uky na ono6pu mokpe-
Tame MOCTyIKa 3a pen3dop ap Bojana Hukosmha y 3Bame BUIIM HAyYHU
capamHUMK U3 cicachux passora:

1. Mcnys,eHOCT KBAHTUTATUBHUX U KBAJIUTATUBHUX KpUTEepujyma: 36up
II0eHa Ha OCHOBY O0jaBJ/LEHUX PAaJOBa Ka0 U KBAJMTET YaCONMCa Yy KO-
juMa cy panosu myOaukoBaHu. PanoBu cy o06jaB/LeHM y BPXYHCKUM
Mchynapomaum yaconucuma u3 061acT GU3UKC BUCOKUX CHCPruja.

2. Iloxperame HOBe NUCTPAXKUBAUKe TeMe y okBupy ['pyne 3a rpaBuranmjy,
YecTUlle U I[OJba: HAKOH MIECTOMECEYHOI IOCTAOKTOPCKOT OOopaBKa y
Munxeny 2012. romuse, y capaimu ca MeHTOpoM ap DpanucinaBom
Casposuhem u kosnercaunom ap Jhy6unom Jdasunosuh, nokpeHyo je uc-
TpasKUBAUKK pan y obnacru T-myanusanuje teopuja ca KOODIAMHATHO
3aBUCHUM IO3aAMHCKMM INOJMMa. JemaH meo Te Teme je obpaben y
OKBUPY paJa Ha JOKTOPCKOj Te3u cryaeHTa lanujena O6puha.

3. CamocrasiIHOCT ¥ KBasmreT Hay4yHor pajga: ap Hukonamh mokasyje Bu-

COK

HMBO CAMOCTPAJHOCTHY Yy Paay Koju ce oriena y Opojy objaBibaHUX




pPanoBa Kao U y KBAJUTETY Yacoluca rae cy pagosu objasmenu. lp Bo-
jar Huronuh je ckopo cBe cBoje pamoBe 006jaBMO y 4acONUCUMa Ca BU-
COKMM MMIakT pakropuma (karcropuja M21), a nurupanocT panosa je,
¢ 003UpPOM Ha peJaTUBHO MAJy HAYYHY 3ajeqHUILy KOja ce DaBU CIAUUYHOM
npobaeMaTUKOM, CACBUM IIPUXBATJ/LUABA, UCIyHaBajahu rpanume koje je
3ama0 Matuunu onbop 3a GU3UKY.

. Mcbynaponua capanma: ap Huroauh je y3 momoh crunemmuje Mun-
UCTapCcTBa 3a INPOCBETY, HAYKy MW TeXHOJOmKU pa3Boj 2012. roaune
01O HA HOCTHOKTOPCKOM ycaBpmaBawy Ha JIyasur Makcumunujan Y Hu-
Bep3utery v Munxeny. bopaBuo je u paauo y rpynu CBETCKU IO3HATOT
Hay4dHUMKa y obuactu teopuje crpyHa ap lurepa Jlucra. Kao jeman ox
pesyarar Tor 60paBKa je U rope CIOMEHyTa HOBa TeMa - 1'-ayaIu3anyja
teopuje (cymnep)cTpyHe ca KOOPAMHATHO 3aBUCHUM IOJbUMA Y KOHTEKCTY
HEKOMYTATUBHOCTHU, HEJOKAJIHOCTU U HEACOLUjaTUBHOCTU.

. Ilemaromkn panm u momyJsapu3anuja ¢usuke: ap bojan Hukonuh je
noues on 2015. roaune 6uo meHTOp Yetupu mMacrep paga. Ca crymneH-
tom anujenom O6puhewm je nakon onbpane macrep pana 2017. roaune
Hacrasuo capanmy 2018. romube Ha M3panu OOKTOPCKe OUCEDTAIM]e.
Hoxkropcka aquceprauuja je ycmemso onbpamerna cenereMdbpa 2023. ro-
aune Ha Pusuukom axysarery Y Husep3ureTa y Beorpany.

Y oxBupy mnpojckra kojum pykoBoau ap Mapko Bojunosuh (QGHG-
2021, ®onn 3a mayky Peny6auke Cp6uje, nporpam MIEJE) kpajem
2023. roaune onp:KaHA j€ cepuja IOIYJIapHUX IpefaBama y IPOCTOPU-
jama 3amyxbune Unuje M. Konapua. Ip Hukonuh je ompwxao jemso
O LIET IpenaBamla.

Ip Bojan Hukonuh je mpogecop ua npeamery Teopuja cTpyHa Ha JOK-

TopckuM crymjama Pusuukor pakysnarera Y HuBep3uTera y Leorpany.

Takxobe ap Hurxonuh je kao cnomsm capaaruk paauo mroscke 2013/2014
y MaremaTuukoj rumaasuju, a o4 mrosacke 2015/2016 roaune no masac

je CIOJLHU CapaJHUuK y 3€MYHCKOj TMMHA3UjU Y OKBUPY NOCeOHOr onelbe-

Ba 3a ¢pusuky. Y Bume HaBparta no 2015. roause je 610 y KoMucujama

3a cacTaB/baihbe U Iperjeiarbe 3anaTaka Ha TaKMUYeHhUMa U3 (U3UKe

3a yuenuke cpeamux mrosa. Ox 2004. mo 2006. romuse 6mo je unax

yPEeIHUIITBA YaCONUCa 3a MOomyaapusanujy ¢usuxe Muaamu ¢usuuap.



Ha OCHOBY CB€ra rope HaBeLeHOI KaOo U Ha OCHOBY JIMYHOT yBU A Y KBaJIUTETEe

" I10CBE

henoct pazy, npenopyuyjem Hayunom Behy MucTuTyTa 30 U3UKY da

np DBojany Hukomuhy onobpm mokperame NOCTYIIKA 3a pen3bop y 3Bame
BUIIM HAYUYHU capamauk. IIpemnasxem cienehe unanoBe Komucuje 3a u360p
np Dojana Hukonuha y 3pame BUIIM Hay4YHM CapaaHUK!

1. ap Bpamucnas Ilserkosuh, Hayunu caBeTHUE, MHCTUTYT 32 QU3UKY

2. ap Dpamncras Caznosuh, HayuHn caBeTHHUK y meHsuju, Mucruryr 3a

(hU3UKy

3. opod. ap Boja Panosamosuh, penoBuu mpodecop, Pusuurn paxynrer.

Beorpam, 11.03.2024. ronune Pyxkosoaunan naboparopuje

hascob Pecebsk

np Bpanucnas IIBeTkoBuh
HAYYHU CABETHUK




BUOTrPA®NIA CA NPETJIEJOM HAYUHE AKTMBHOCTU

1 CrpyuHo-Omorpadckm momamu

Poben cam 10. 04. 1979. romume y 3ajeuapy. Y KmawkeBiy cam 3aBp-
IO OCHOBHY IMKOJIY U TMMHA3U]y MTPUPOIHO-MATEMATUUYKOTI CMepa Kao DhHak
reHeparyje.

lN'omuue 1998. ynucao cam ocHOBHe cTyauje Ha Pusmukom dakynTery Y HU-
Bep3uTeTa y beorpany, cmep Teopmjcka m ekcnepuMentasHa ¢usmra. [n-
niaomupao caMm 2002. romuHe Kao OPBU Y I'eHepaluju ca IPOCEYHOM OIEHOM
9,81. IloctounmomMmcke cTynuje HA cMmepy ,,Teopujcka pu3uka ereMeHTAPHUX
yectuna u rpasutanuje’ ynmcao cam 2002., a Marmcrapckud pajn ca TEMOM
Egexam duaamorckoz nosa 1a HEKOMYMAMUBHOCT, NPOCMOPHO-8PEMEHCKUT KO-
opounama cam onopanuo 2006. romuuae Ha Pu3nUKOM GaryITETYy Y HUBEP3UTETA
y Beorpany. Ilokropcky mucepranujy mon HaciaoBoM Hexomymamusrocm u
oumensuornanrrocm Dp-6pane onbpanuo cam 2008. roaune takobhe na Pusmurom
¢arynrery YHuBepsurera y Deorpany. Menrop marmcrapcke Tese m HOK-
TOpCkKe aucepranuje 0uo je mpodecop ap Dpammcnas Cazmosuh, HayuHU
caBeTHUK VHCTUTyTa 3a QU3UKY.

Onx 01. 11. 2003. ronuse, 3anocien caM y llenTpy 3a Teopujcky ¢pusury
WNucturyra 3a Qu3UKy KA0 UCTPAKABAY NPUIPABHUK, y OKBUDPY IPOjEKTa
,,] pamujeHTHEe Teopuje rpaBUTaIje: cuMeTpuje u nuHnamMuka’ MwuHUCTApCTBa
IpOCBeTe, HAYKe W TEXHOJIOMKOr pa3Boja Penybmauke CpbOuje. Omx 2006. mo
2010. rommue O6wo caMm Ha TMPOjeKTy “AJsTepHATUBHE TeOpHUje rpaBuUTalmje
nok caMm on mouerka 2011. roamHe amraskoBaH Ha mpojekTy MwuHMCTapcTBa
npocsere u Hayke ’ PU3WUKe UMIIIUKANN]e MOIU(PUKOBAHOT IPOCTOP-BpeMeHa’” .
Ilouer onm jamyapa 2022. roaumHe aHTa;KOBaH caM Ha MPOjEKTY W3 IIporpama
NAEJE ” Quantum Gravity from Higher Gauge Theory” ¢unancupan ong ctpane
donna 3a mayky Penybsuke CpoOuje.

l'omuue 2007. m3abpan caM y 3Bame UCTPAKABAY CAPATHUK, § OKTOODPY
2009. y 3Bame Hay4YHU CapaJHUE, & Y caJallikhe 3Bame BUIIEl HAYYHOT capal-
Huka m3abpan cam jamyapa 2014. romuue. Y ortobpy 2019. romume cam
pewsabpaH y 3Bame BUIIM HAYYHU CapaTHUK.

Onx 2004.-2006. rommue Owo caMm UYJIaH pemaknuje vacomuca ,,Miamau
¢usuuap”. Y mepumonmy on menemOpa 2004. rommuee nmo asrycra 2005. ro-
nuHe Ouo caM Ha OMCIYKEeHhY BOJHOT POKa. AKTUBHO caM YYeCTBOBAO ¥
obenesxkaBamy CBercke romumuae ¢uswmre 2005. romuuae, moceOGHO y Opranu-
3anuju TakMuuema ,,OTkpuBaMo Tajente 3a ¢usuky’ . Buo cam Tpu myra
YJaH JIOKAJHOT OPraHU3AIMOHOT KoMuTeTra MehyHapomne miroJje u KOHDep-
eHnuje u3 MomepHe maremarmure ¢usuke. On ampuna mgo jyma 2008. ro-



aouHEe OMO caM Ha CTPYYHOM ycaBpmiaBamy Ha VIHCTUTYTY 3a HyKJIeapHa UC-
TpakuBama 1 Hykieapuy eHeprjy y Coduju (Byrapcka) y oksupy OII6 Map-
nja Kupu mcrpaskuBauke tpenunr mpesxke ~ Forces-Universe” MRTN-CT-2004-
005104. Buo cam unan lp:xkaBHe KOMUCHje 33 TAKMUUEHA YUEHUKA CPENHUX
mkosa mroscke 2011/2012 u 2012/2013. Y mepuomy on 01. jyma 2012.
no 24. mememb6bpa 2012. 6wo cam Ha cTpydyHOM ycaBpmasamy y LlenTpy 3a
Teopujcky ¢usuky “Apmonn 3omepdenn’ y Mwunxeny y rpymm mpodecopa
Iurepa Jlucra, jemnor on Bomehmx ¢umsmuapa y obiacTtm Teopuje CTpPYHA.
lomure 2015. cam oapskao mpenaBatbe y CAHY y orkBupy jemHomeHeBHOT
CKyIla MOBOJOM CTO roauHa ommre Tteopuje peaatusuoctu (OTP). Y oksupy
XXXIV Penybamuror cemmHapa HacTaBHUKa ¢usmke 2016. rommae omp:xao
caM TpeaaBame MO TMO3WBY O OTKPUNY TpaBUTANUOHUX TaJjaca ~ ['paBura-
UIOHN TaJlacu-oJ OTKpuha oo mupekTHe nereknuje’. Pan je obGjaBmeH y
Tpehem 6pojy uaconuca ”HacraBa ¢usuke”. Kpajem 2023. romumue mpo-
jexat 7Quantum Gravity from Higher Gauge Theory” woju je ¢umuancupan on
crpane Ponna 3a mayry Pemybaure CpOuje y3 momoh 3any:xbume Wnuje
M. Konapma je opramm3oBao cepujy MOOMyJapHUX MOpeaaBama 13 00JacTu
caBpeMmene Teopujcke ¢u3ure mox HazusoMm "KBAHTHA I'PABUTAIINJA
- CBETU I'PAJI CABPEMEHE ®UN3UMNKE”. Kao unan mpojekra Omp:Kao
caM jemHO On b mpenaBama ca TeMOM ~ 3allTO KBAHTHA Teopuja mospa?” .

[Mkoxncke 2013 /2014 paauo cam ka0 HACTABHUK (PU3UKe y Onememny Tpeher
paspena Maremaruuke rumuasuje, Mok on mkoscke 2015/2016 pamum kao
HacTaBHUK PauyHckor mpaktukyMma 1 (2 mkosicka yaca HemesmHo) u Pauyn-
CKOT IpakTUKyMa 2 (2 MIKOJICKA Yaca HeNeJLHO) y Olesbehy 3a Helly ca moceb-
HUM CIOCOOHOCTMMA 3a (U3UKY y 3EMYHCKOj TMMHA3Uju. DBuo caM MEHTOD
BUIIIE MATYPCKUX PATOBa KAO M YeTUPU MacTep pana Ha Pusmurom daxyii-
tery y Deorpany.

On okrobpa 2018. rommHe caM MEHTOP HAOKTOpCKe aucepranuje lanu-
jena O6puha. Iucepranumja je ycmemHo ombOpamena nHa Puzmurkom dakyi-
tery Y HuBep3utera y beorpany 18.09.2023. romune. Y OKBUPY HOKTOPCKHUX
crynuja Ha PusmukoM pakynrery Y HuUBep3uTera y Beorpany, mpodecop cam
Ha npenmery Teopuja crpyna (y:ka mayuna obaact KBanTHa mospa, yecTture
U TpABUTAIM]A).

Opx 2009. romume cam oxemen u oran cura Crojama (2010) u heprwn,
Amnacracnuje (2012), Casre (2015) u danumne (2019).

2 Ilpersen HayuyHe aKTUBHOCTU

Moj mayunu pan je y obimactu ¢pu3MKe BUCOKUX €Hepruja. AHra:koBaH caM
Ha OCHOBHUM UCTpakuBamuMma y ['pynu 3a rpaBuTamnujy, yecture u mospa a-



cruryTa 3a ¢usuky. OCHOBHaA TeMa MOT UCTPAKMBAYKOL Paja OMHOCU Ce Ha
aHaJn3y OO30HCKE CTPYHE U CYHIepPCTPYHE, HEKOMYTATUBHOCT KaO MOCJIEAUILY
HAMETHYTUX TDAHUYHUX ycyoBa 1 T-nyanusanuje 3aTBOpeHe (Cymnep)CcTpyHe y
MPUCYCTBY KOOPAWHATHO 3aBUCHUX IMO3aAWHCKUX MOJbA W HEKOMYTATUBHOCTU
1 HEeaCOIjaTUBHOCTU MPOUCTEKIUX U3 Tora. Y KOHTEKCTY Tparama 3a 00-
jeMmEeHOM TEOPUjOM CBUX WHTEPAKIWja aHAJIU3UPajy Ce U Teopuje y V-
BOCTPYYEHUM IIPOCTOPUMA I'Ze AyajlHe TpaHCc(hopMaluje IocTajy TpaHcPop-
MaIlyje CUMeTpHje.

2.1 Teopuja 0030HCKe CTpyHE ca MUJIATOHOM UM HEKOMYTa-
TUBHOCT

Jeman om mpemMera MOr MHTepecOBama je OO030HCKA CTPYHA Yy IPUCYCTBY
IpaBUTAMOHOr m0ba () (2) M AHTUCUMETPUYHOT TEH30PCKOr mosba B, (7).
OBy Temy cam obpabuBao TOKOM pajga HA MATUCTAPCKOj U AEIUMUYHO MTOK-
TOPCKO] TE3MU.

Y mupy na KOHQOPMHA MHBAPUjaHTHOCT Oyne 3aAp:kKaHa M Ha KBAHTHOM
HUBOY, TOTPEOHO je MoJaT! jOII jeTHO MO3aIUHCKO MOJbE - MUIIATOHCKO IOJbe
®(x). HaBemena Tpu mozaauHCKa MOJba HUCY HPOM3BOJbHA Bell Mopajy 3a-
OBOJbABATU IPOCTOPHO-BPEMEHCKE jeqHAUMHE KOje cllefle U3 yCJIOBa KOH-
(GopMHE MHBAPUjAHTHOCTH, IITO (OPMATHUM jE€3UKOM 3HAUM Oa Cy [-(QyHKIuIje
Koje oarosapajy rpasuramuonoMm G, u anTucuMeTprdHoM Kanb-PamonoBoMm
nomy B, jemHake Hymu, nok Tpelia, Koja oaroBapa AWIATOHY, MOXKEe OUTHU
Hysna uan koHcTtaHTa. Ciydaj y KoMme je [-(yHEKIUja KOja oaroBapa Iduiia-
TOHCKOM IIOJbY jelHaKa KOHCTAHTU 3axTeBa momaBame JImyBuiaoBor umaHa y
IejCTBO.

Y Teopujum OTBOpEHE CTPYHE NMOPEeN jeqHAUYNHA KpeTama O MOCeOHe Bark-
HOCTU Cy T'DAHUYHU YCJIOBU. MHOTOCTPYKOCT ca p NPOCTOPHUX AUMEH3Wja,
neprHUCaHA CKyNIOM /IMpUXIIeOBUX I'PAHUYHUX YCJIOBA Ha KPajeBUMa OTBOPEHE
cTpyHe, Ha3uBa ce Dp-OpaHa.

Y aHaJIU3U caM KOPUCTUO KAHOHCKE METOME U TPETUPAO I'PAHUYHE YCJIIOBE
Ka0 KAHOHCKE Be3e. 3a CIIydyaj OTBOPEHE CTPYHE y MPUCYCTBY KOHCTAHTHOT
I'PABUTANMOHOT M AHTUCUMETPUYHOT TE€H30PCKOT NMOJha HEKOMYTATWBHE Dejla-
nuje cy Beh Ouisie u3Bemene ApPyruM Meronama, ykmyuyjyhu m kanoncku. Y
HOBOM IIPUCTYIYy, yMecTO yBobhemwa /lupakoBux 3arpama pelieHe cy Bese Koje
MIOTUYY O I'paHUYHUX ycJyoBa. JlobujeHo pememe 3a KOOpAUMHATE, 3aBUCU
He caMO OJ e(eKTUBHMX KoopamHaTa Beh m on edperktmBHuMX mMmmyiica. To
objammaBa unmenuiry na je IloacornoBa 3arpana KOOpAWHATA Pa3JIUYUTA O
HYyJ€E.

Moj opuruHaJ HU JOTPUHOC j€ YKBYUYUBAME IUHEAPHOT OUIATOHCKOT MOJha
d(z) = By + a;x", Koje je omabpaHo TaKo Aa MO3aUHCKA TOJbA 3a0BOJbABA]Y



IPOCTOPHO-BPEMEHCKE jenHaumHe Kperama. llopen ouekmBaHe 3aBUCHOCTU
HEKOMYTATHUBHOT IapaMeTpa O]l AUJIaTOHCKOT M0Jha IM0jaBJbYy CE U IBA HA IPBU
morJie] HEOUEKMBaHA pe3yJsTaTa. JaBiba ce jeaHa KOMYTATUBHA KOOPAWHATA,
a y ciaydajy mDOJaTHUX peJaluja uaMely MOo3aIuHCKUX MOJha CMambyje ce ou-
MeH3uja Dp-Opane. Y mOpommpeHOM TPOCTOPY KOju ce moduja momaBameM
KoH(popMHOT (akTopa F ckymy koopmuuaTa r', moryhe je objemurutu cbe
ciaydajeBe m TO je obpabeno y pamy mom pemauMm OpojeMm 3., Koju je objaB-
JbeH y PENOBHO] CBeclM dacomuca 3ajemuao ca panoM Ensapna Burena.

1. B. Nikolic and B. Sazdovic, Gauge symmetries decrease the number of Dp-
brane dimensions, Phys. Rev. D 74 (2006) 045024.

2. B. Nikolic and B. Sazdovic, Gauge symmetries decrease the number of Dp-
brane dimensions. II. Inclusion of the Liouville term, Phys. Rev. D 75 (2007)
085011.

3. B. Nikolic and B. Sazdovic, Noncommutativity in space-time extended by
Liouville field, Adv. Theor. Math. Phys. 14 (2010) 1.

2.2 HexrxomyTtaTuBHOCT 1 T-ayasIHOCT CymepcTpyHa ca KOH-
CTAaHTHUM MNO33IWHCKUM IIOJbMIMA

Bozoncka Teopuja je mobdap Momesa 3a aHAIU3Y AU Yy PEATHOCTU MOCTOje U
¢pepMuoHCKHU cTenenu ciiobone. Ha Taj mauwn nosmaszmMo no Mozena cymep-
crpyHe. Lo30oHCKa 1 hepMUOHCKA MOJba Cy IIOBe3aHa CYIEePCHUMETPHjOM Koja
je morpebHa 300r KOH3UCTEHTHOCTU caMe Teopuje (eJIMMUHANU]a TAXHOHA)
IIa OTyJa U Ha3WB cynepcrpyHa. VlcmocraBma ce ma mocToju IeT KOH3WUC-
TeHTHUX Teopuja cymnepcrpyne: tumn I, Tum ITA, tun IIB u nBe xereporuuke
teopuje cynepcrpyre. OBe teopuje MeDhycoOHO Ccy moBe3aHe MPEKOM IyaJ-
vHoctu. Teopuja Tuna IIB omucyje cymepcrpyny ca N = 2 cynepcuMeTrpujom
7 PEePMUOHCKUM KOOPAMHATAMA UCTE KUPAJIHOCTH, AOK Cy cunmHOpu y Tun [TA
TEOpUjU CynpoTHe kupasiHocTu. Tun I je cymepcTpyHa ca eKCIIUIMTHOM
N =1 cynepcuMeTpujoM.

Y MoM pany moceOHO MecTO 3ay3uMa IpoydaBame - IyajlHuX TpaHC(Oop-
Mamuja tun [ Teopuje cynmepcTpyHe y GpopMyJanuju YUCTOT COIUMHOPA, KAo0 U
OQHOC HEKOMYTATUBHOCTHU U T'- IyaJIHOCTU 3a CJIy4Yaj KOHCTAHTHUX O3 TUCHKUX
nosba. TakaB m300p MO3aIVHCKUX IIOJbA je y CKIANY Ca BEJIWKAM CKYIIOM
YCJIOB& KOH3UCTEHTHOCTMU.

[Iponenypa T-nyanmuzanuje je TakBa MO KOHCTPYKIUJU A& Cy WHUIN)AJTHA
u T-nyanHa Teopuja (U3NUKA €KBUBAJIEHTHE, a Ta (U3WYKA €KBUBAJIEHTHOCT
“Ma 3a IMOCJIEIUIY OAp:Kame Opoja DO30HCKUX M (EPMUOHCKUX CTENEHU CJIO-
oome. Crammapnan wauma T-nyanusanuje je DymepoBa mporemypa Koja
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IPEeACTBI/bA JIOKAJIU3AIN]Y TPAaHCIANUOHE CUMETPHUje y3 yBoDeme momaTHOT
wjlaHa y AejCTBY KOjU HAM OMOryhaBa €KBUBAJICHIIN]Y Ca MOYETHOM TEOPUjOM.
PurcupameM MHUIMjATHUX KOOpIAUHATA [) IUME3MOHOT MPOCTOpa A00UMjaMo
TEOPUjy KOja 3aBUCHU OJf I'PAAUjEHTHUX MOJbA W AYAJHUX KoopauHarta. Ha
jemHAUYMHAMa KpeTama 3a TpalrjeHTHa moJha Jo0uja ce myaJiHa Teopuja.

Y nureparypu je Oyro BpeMeHa mpoydaBaHa camo 0030HCKa T-myasHoCT.
MebyTtuMm, HemaBHO, y OKBUPY aHaJMU3€ CUMETPUja aMIUIATYAa TJIYOHCKUX
pacejama, OTKpuBeHa je ¢epmmoHcka T-nyannoct. PopmasHO, OHA Tpen-
CTaBJ/ba UCTU TUII TpaHchopmanuje Kao u 0030HCKa T-nyannoct. Peanusyje
ce JIOKaJM3alljoM TpaHCIaluoHe CUMeTpHUje pepMUOHCKUX KoopauHaTta. IIpu-
MenoM Bymepose mponenype Moxke ce nobutn pepMroHcku 1-nyaiiHa Teopuja.

MeTon pa3BujeH y aHaau3u OO30HCKe CTPYHE, IPDUMEHUO CaM Ha TEOPUjy
cynepctpyHa tuna [IB. I'paruynu ycmoBu cy m3abpaHu Tako na je OUyBaHA
N =1 cynepcumerpuja on unuijaiae N = 2 cynepcumerpuje tumna [IB cy-
nepcrpyHe (rpaHUYHM yCJIOBU 3a 6030HCKe KoopauHare cy Hojmanosu). Pe-
ImaBameM I'PAHUYHUX YCJIOBa N00Mja ce HEKOMYyTaTUBHOCT KOOPAWHATA WHU-
OMjaJIHOT IpPOoCTOpa U e(eKTUBHA TeopHrja, Ka0 MHUIMjAJIHA TeOPHrja Ha pell-
ey rpaanuaux ycioBa. C apyre crpane uzspiiesa je T myasusaluja Teopuje
tuna [IB cymepcTpyHe ca KOHCTAHTHUM MO3aAWHCKAM MMOJBUMA. 1 -ayatiHa
moJ/ba KOja Cy HemapHa Ha TPaHCPOPMAIU]Y MapHOCTU CBETCKe moBpIImM ) :
0 — —0 TpeACcTaB/hbajy HEKOMYTATUBHE IIapaMeTpe IOK Cy IoJsba Koja cy {2
mapHa IpeacTaB/bajy mnosba epexktuBHe Teopuje. Tarobhe mokazamo je m na
HojmanoBu rpannyam yciioBu npenase y lupuxiaeoBe rpaHUYHE YCIOBE.

EdexTuBHA Teopuja Koja ce qobuja y IPETXOMHO ONMCAHOM CIIy4Yajy je THUIl
I reopuja cynepcrpyne. C o63upom na je D5-6pana crabunua u y tun [IB n
Tun [ Teopuju cynepcTpyHe, aHAJIU3UPaHa j€ HEKOMYTATUBHOCT U - IyaJHOCT
tun [IB cynmepctpyne ca D5-6panoMm. DBo3onckuM koopamHaTtaMa OpaHe ce
mamehy HojmanoBu a mpeocranum 0030HCKUM KoopauHaTtama JlupuxiaeoBu
rpaHnYHU ycyioBu. PepMUOHCKE IPOMEHJ/bUBE 3a10BOJHbABA]Y UACHTUYIHE T'Da-
HUYHE yCJOBE CaMO paCIucaHe NMPEKO He3aBUCHUX CIMHOPA y MIEeCTOIUMEH-
3UOHAJHOM TPOCTOPY. Pu3muku cMmcao pe3yiaTaTa je UCTU Kao Uy CIaydajy
kana ce HojMmanoBu rpanuvnu yciaoBu Hamehy ¢BuM OO30HCKUM KOO AMHATAMA.

Takobe, y KOHTETKCTY HEKOMYTAaTUBHOCTU, OABUO CaM Ce U (EePMUOHCKUM
T nyamuoctuma tun 1B cynepctpyne. Hameramem IupuxieoBux rpaHUYHUX
yCJIOBa HA CBE KOOpAWHATE NOOUja Ce HEKOMYTATUBHOCT UMITYJICA MHUIM]jAJIHE
reopuje. HerkomyrarusHu mapamerpu cy (IO Ha KOHCTAHTY) HEKA O MOJbA
depMuoHCcKe 1’ myaJsHe Teopuje.

1. B. Nikolic and B. Sazdovic, Type I background fields in terms of type IIB
ones, Phys. Lett. B666 (2008) 400.

2. B. Nikolic and B. Sazdovic, D5-brane type I superstring background fields in

5)



terms of type IIB ones by canonical method and T-duality approach, Nucl.
Phys. B 836 (2010) 100-126.

3. B. Nikolic and B. Sazdovic, Noncommutativity relations in type IIB theory
and their supersymmetry, JHEP 08 (2010) 037.

4. B. Nikolic and B. Sazdovic, Fermionic T-duality and momenta noncommuta-
tivity, Phys. Rev. D 84 (2011) 065012.

5. B. Nikolic and B. Sazdovic, Dirichlet boundary conditions in type IIB super-
string theory and fermionic T-duality, JHEP 06 (2012) 101.

2.3 T-nmyasHOCT M yIOBOCTPYYE€HU IIPOCTOPU

Kana rosopumo o T-ayananocT TOBOPUMO O TpaHCHOPMAIUjU KOja IOBE3Yje
(U3MUKN €KBUBAJEHTHE Teopuje. Y KOJIMKO OMCMO YIBOCTPYYUIU IIPOCTOP
TaKO Oa MHUIM]aJHUM KoopauHaTama r' momamo T-myasHe KOOpIMHATE Y,
OHJIa MOYKEMO TOBOPUTH O T- IyaslHOCTU KA0 CUMETPUjU Teopuje. Y ABOCTPyYa-
Bame npocropa (double space) je jeman ox mpaBalia UCTpaKUBAKA UUjU j€ Wb
HaJla)KeHme je IMHCTBEHE TeOpUje CBUX MHTepaknuja. Vimeja o yaBOCTpYyYEeHUM
IPOCTOPUMA j€ CTapa HEIITO IIPEKO MBEe NeleHuje. Y YIABOCTPYUYEHOM IIPOC-
Topy T-myaJsHOCT ce penmpe3eHTyje MATPUIIOM IMepMyTallrdje MOACKYIa KOOp-
AWHATa KOje myaausdyjeMo m oaroBapajyher monckyma T-myalHuX KOOpAu-
Hata. U3 3axteBa ma 3akoH T-myasnse TpaHchopMmanuje Oyme MCTU 3a yI-
BocTpydere koopmuHaTe ZM u muma T-nyanme ,ZY nobujajy ce mzpasu 3a T-
AyaJiHa IIO03adHCKa II0Jba IIPEKO I/IHI/IHI/Ij AJIHUX ITIO3aJMHCKUX IIOJba. HOK&3&HO
je ma je T-nyammsanmja y OKBUPY (opMasm3Ma yABOCTPYUYEHUX IPOCTOPA
€KBUBAJIEHTHA ca pe3yaratuMa n3 Bymepose mpouenype koja ce MOxke cMa-
TpaTtu nepuHunmjom T-mgyanHocTu, Kako 3a OO30HCKY TAKO U 32 (PEPMUOHCKY.
Y amamnmuzama je xopumhen mozen tun Il cymepcrpyne y ¢popmynanuju yumc-
TOI' CIIMHOPa Ca KOHCTAHTHUM IIO3aIVMHCKUM IIOJ/bUMA. ,Z[aJLI/I pangunoapa3yMeBa
UCIVUTUBAKE ONIIITEr CIIyyaja y KOjeM je jeauHa allpOKCUMAaluja 1a 033 I1H-
CKa IOJba HEe 3aBUCe O] IIpaBala ay:K Kojux ce nyanusyje. IIpoyuaBame T-
Ayaau3anyje y yABOCTPYYEHMM IPOCTOPMMA MPEeNCTaB/ba M MAJIU KOPAK Ka
6omem pasymeBame M-teopuje. Jemua T-nyanusanuja npesomu tunllA/B
y tunlIlB/A, a ¢opmanumszam ymBocTpydeHux mnpocropa objemumyje Te mBe
Teopuje y jenHy, ImTO je jedaH M3y3eTHO BpenaH pesynrar. Takobe dopmad-
“3aM pPa3BUjeH y OBUM PaJOBUMa MPEACTaB/ba MaJo yHampebeme mocTtojeher
dopMmanu3ma jep y cebu o0jenumyje cBe MOTyhe MOJICKYyIOBe KOOPINHATA IO
KOjUMa Ce myaJin3yje.

1. B. Nikolic and B. Sazdovic, Fermionic T-duality in fermionic double space,
Nucl. Phys. B917 (2017) 105-121.



2. B. Nikolic and B. Sazdovic, T-dualization of type II superstring theory in
double space, Eur. Phys. J. C77 (2017) 197.

3. B. Nikoli¢ and B. Sazdovi¢, Advantage of the second-order formalism in double
space T-dualization of type II superstring, Eur. Phys. J. C 79 (2019) 819.

2.4 T-npyamHocTt 6030HCKe U cynepcrpyHe tuna Il y mpu-
CyCTBY KOOPOMHATHO 3aBUCHUX IMO33JUHCKUX IOJbA

JemHa on BpJO aKTyesHUX TeMa y ODJIACTU TeOopUje CTPYHA je MpoydaBame
T-nyannocTu 1 BHEHO TOBE3UBAKHE CA HEKOMYTATUBHOIINY 3aTBOPEHE CTPYHE.
pa3Jior 3amTo je BajKHO PAa3MOTPUTU U 3aTBOPEHY CTPYHY Y KOHTeKcTy T-
AyaJIHOCTHU je Ta MITO je jemHO on moOybhema 3aTBOpeHe CTPYHE U I'DABUTOH,
IpeHOCUJIall TpaBUTalMOHe nHTepaknuje. [IpoyuaBame 3aTBOpeHe CTpyHE Yy
KOHTeKCcTy T-nyanusanuje u KOOPpAWHATHO 3aBUCHUX IMO3aMUHCKUAX TOJbA j€
Ba)KHO 33 HEKe MMPUCTYIle MpoydaBamha 'PABUTAIIMOHE MHTEPAKIU]jE.

Y ciydajy 3aTBOpeHe DO30HCKe CTPYHE KOja IpoIarnpa y IpoCTOP-BPpEMEHY
KOHCTAHTHE METPUWKe W y MPUCYCTBY KOHCcTaHTHOT Kaab-PamomoBor mosma,
KOODAMHATE KOMYTHUDPAjy. 3aap:KaBameM KOHCTATHE METPUKE U YBODemeM
crabor Kamn6-PamonoBOr mossa kKoje 3aBUCH JMHEAPHO On KoopawHaTta (y
CKJIALy Ca MPOCTOPHO-BPEMEHCKUM jeNHAUYMHAMA 34 I[O33JUHCKA [O0Jba) He
ry0u ce TpaHCIANMOHA CUMETPUja TEOPHje aiu ce qoduja, TPUMEHOM yOIIIIT-
eHe Bymepose nponiemype, je1aH HAU3TJIE HEOUEKUBAH PE3YJATAT - HEKOMY-
TATUBHOCT KOODAMHATa 3aTBOpeHe cTpyHe. [lomTo ce noOuja xKoopaumHATHO
3aBMCHA HEKOMYTATWBHOCT, N001ja ce U peJjianuja HeaconujaTUuBHOCTH Tj.
JakoOujeB nneHTUTET HUj€e jeqHAK HYJIIU.

CranyHO KA0 y TEOPUjU OTBOPEHE CTPYHE, y TEOPUjU 3ATBOPEHE CTPYHE
HEKOMYTATUBHOCT CJIEOV U3 YUHEHUIE a Ce MPUMEHOM youinTeHe hymepose
nponenype nobuja na m3Bonu 1-myartHUX KOODAMHATA 3aBUCE O KAHOHCKUX
UMIyJicCA U M3BOJA KOOpawHaTa moderHe Teopuje. CrammapHo ce y JIuUT-
epaTypu IpoydaBajy KOOPAMHATHO 3aBUCHA IIO3aAMHCKA IOJba ajau ce T-
AyaJIi3aIuja BPIIN LYK N30METPU)CKUX IIPaBaIa - IpaBalna O KOjUX I103a I1H-
CKa TOJhba HE 3aBUCE y3 IPUMEHY HETPUBUjAJHUX YCJIOBa HaMoTaBama. [Ipu-
MeHa yommTeHe DBymepoBe mponenype oMoryhaBa Ayajiu3alujy Oy CBUX
npaBana ”u nobujame HEKOMYTATUBHOCTU U HEACOUUjATUBHOCTU U y3 TPUBU-
jasgHe ycioBe HaMoTaBama. larkobe y mobujenoj T-myannoj teopuju HeEIO-
KaJIHOCT je MaHU(pEeCTHa, jJep TeOPprja 3aBUCHU OJ BeJIMUYMHE KOja je Ae(UHUCAHA
Ka0 MHTETPaJ IO JWHUjU Ha CBETCKOj] MOBPIIN.

MeTton yommrene T-nyanmsanuje ce MOKEe IPUMEHUTH U HA CYHIEPCTPYHY.
3ajenno ca mokropannoMm lanumjesmom O6puhem mpoyuaBaau cmo Tun Il cy-
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MePCTPYHY ¥ GOPMYJIaNUjy YUCTOT CIMHOPA Ca KOOPAMHATHO 3aBUCHUM Pamon-
Pamon nomem. Pamon-PamMon moJse mMa v KOHCTAHTAH U JIMHEAPHO 3aBUCAH
YjlaH y3 IPETIOCTABKY Ia je Koe(pUIUjeHT y3 KOOPANHATHO 3aBUCHU UJIaH WH-
¢urMTEe3MMasaH. Pa3zMaTpasau cMO aBe MOTyhHOCTHM: OHINTU CJIydYaj W jenaH
moceban caydaj. [locebuocT Tor ciydaja ce oryiena y TomMe ma je KOHCTaAHTHU
neo Pamon-Pamon nosma cumerpuuan terzop (Ha m3MeHY (EPMUOHCKUX WH-
EeKCa) MOK jé KOOPAWHATHO 3aBUCHU N0 AHTUCUMETPUYAH. Y CJIOBU KOH3UC-
TEHTHOCTU He 3a0pamyjy TakBe uzbope.

[Toceban ciyuyaj ce OpMaJIHO HOTIYHO CBOAU Ha CIIy4Yaj OO30HCKE CTPYHE
ca cinabum KRanb6-PamonoBum mossem. OmmTu ciydaj je DOCTa CIOKEHU)U
PAYYHCKU, aJU je Pe3yJiTaT KBAJUTATUBHO UCTU - 1-nyanne DO30HCKE KOOP-
IUHATE CYy HEKOMYTATWBHE U HeacOUWjaTWBHe, OO30HCKe M (EPMUOHCKE KO-
opauHare cy HekomyTaTuBHe (pabena je u ¢pepmmoncka T-nmyanusanuja) TOK
cy (epMUOHCKe KOOpAMHATE OCTAJe aHTUKOMYTAaTWBHe. 1-mayajiHe Teopwuje
Cy HEJOKaJIHe M3 UCTOT pa3sJjiora Kao u O030HCKa Teopuja ca ciaabum Kamab-
PamonoBum nmomem. O6paben je u cayuaj T-nyanusanuje mnoMeHyTe TeOpUje
3a mocebaH caydaj y yABOCTPYYEHOM mpocTopy. W3 padyHCKuUX pa3sJora,
MOTPEOHO je MPEeTNOCTABUTU U Aa je KOHCTaHTHU aeo Pamon-Pamon moma aH-
TUCUMETPUYAH TEeH30p. Pe3yararu cy HOTIYHO y CRIALY Ca pPe3yITaTuMa
NOOMjeHM aHAJIUTUYKAM IPUCTYIIOM.

1. Lj. Davidovic, B. Nikolic, B. Sazdovic, Canonical approach to the closed string
noncommutativity, Eur. Phys. J C74 (2014) 2734.

2. Lj. Davidovic, B. Nikolic, B. Sazdovic, T-duality diagram for a weakly curved
background, Eur. Phys. J C75 (2015) 576.

3. B. Nikolic and D. Obric, Noncommutativity and nonassociativity of closed
bosonic string on T-dual toroidal background, Fortsch. Phys. 66 (2018)
0400009.

4. B. Nikolic and D. Obric, Directly from H-flux to the family of three nonlocal
R-flux theories, JHEP 03 (2019) 136.

5. B. Nikolic, B. Sazdovic and D. Obric, Noncommutativity and nonassociativity
of type II superstring with coordinate dependent RR field, Fortsch.Phys. 70
(2022) 2200048.

6. B. Nikolic and D. Obric, Combined fermionic and bosonic T-duality of type
IT superstring theory with coordinate dependent RR field, Fortsch.Phys. 71
(2023) 2200160.



7. B. Nikolic and D. Obric, Noncommutativity and nonassociativity of type II
superstring with coordinate dependent RR field - the general case, JHEP 12
(2022) 078.

8. B. Nikolic and D. Obric, Double space T-dualization and coordinate dependent
RR field, arXiv:2307.02438.



1 EgemeHTHU 3a KBAJIUTAaTUBHY AaHAJIMU3Y pana

1.1 KRBajuTeTr HayuyHUX pe3yJTara
1.1.1 Hayusu HEMBO U 3HAuUAaj pe3yJjiTaTa, YTUIAj HAYYHUX PaaoBa

Ip Bojan Huronuh je y cBoM mocanammmem pany objaBuo 45 HAydHUX Iy O-
nukaruja, Mmehy rojuma 17 pamoBa y BpXYHCKUM MeDhyHaApOAHUM UYacOTUCUMA
(M21), 2 pana y ucrakuytuMm Mebhyunapomaum vaconucuma (M22), 3 panma y
mebhynapomanm vacomucuma (M23), 13 panosa y rareropuju M33 (caommr-
eme ca MehyHaApOmHOr CKyla IMTAMIAHO Yy IeJWHU), 5 PamoBa y KaTeropuju
M34 (caonmreme ca MehynapoaHor ckyna mraMmaso y u3Bony), 1 pamy kat-
eropuju M61 (mpemaBame IO MO3UBY Ca CKyIa HAIMOHAJHOL 3HAYAjA [ITAM-
nano y unenuru) u 4 pama u3 kareropuje M63 (caommreme ca Ckyma Ha-
[MOHAJIHOT 3HAYaja IMTAMIAHO y IEeJIUHU ).

On peusbopa y 3Bame BUIIKM HAyYHU capalnuk (yTBpbusame mpeniora
Ha cemuunu Hayuwor seha Wucrturyra 3a ¢usuky 23.10.2018. roawuue), np
Huronuh je o6jaBmo 5 pamoBa y kareropuju M21, 3 pana y kareropuju M33
u 1 pany M34.

Kao mer maj3HavajHMjux panoBa KaHIAUAATA MOTY CE y3€TH:

[1] B. Nikoli¢ and B. Sazdovi¢, Noncommutativity in space-time extended by
Liouville field, Adv. Theor. Math. Phys. 14 (2010) 1.
M21, DOI: 10.4310/ATMP.2010.v14.nl.al

2] B. Nikoli¢ and B. Sazdovi¢, Noncommutativity relations in type IIB theory
and their supersymmetry, JHEP 08 (2010) 037.
M21, DOI: 10.1007/JHEP08(2010)037

3] Lj. Davidovié, B. Nikoli¢, B. Sazdovié¢, T-duality diagram for a weakly curved
background, Eur. Phys. J. C 75 (2015) 576.
M21, DOI: 10.1140/epjc/s10052-015-3808-8

[4] B. Nikolic, B. Sazdovic, Advantage of the second-order formalism in double
space T-dualization of type II superstring, Eur. Phys. J. C79 (2019) 8109.
M21, DOI: 10.1140/epjc/s10052-019-7338-7

[5] B. Nikoli¢ and B. Sazdovié¢, Fermionic T-duality and momenta noncommuta-
tivity, Phys. Rev. D 84 (2022) 065012.
M21, DOI: 10.1103/PhysRevD.84.065012

Pan [1] mpencrasma cucreMarusanujy pajga Ha OpoydaBamy OO30HCKE



CTpyHE y NIPUCYCTBY KOHcTaHTHe MeTrpuke G, Kanb-Pamonosor moma B,
n munartoHckor mossa P(x) koje je nmumeapHa ¢(yHkIUMja koopamHaTta. Oba
TeMaTuka je obpabuBaHa y OKBUDPY M3pale MarucTapcKe Te3€e U jeTHOT MeJia
MOKTOPCKEe nucepranuje Kauamaara. AHaam3a HEKOMYTATUBHOCTHU yKa3yje Ha
6 Moryhux ciaydyajeBa a TUX MECT CIydYajeBa NPOU3UIA3U M3 IIECT yCJIOBa
KOj€ 3aJ0BOJbaBa I'PAANjE€HT AWJIATOHCKOL moJba. 1pm cirydaja ce omHOCE Ha
cuTyanujy kana je rpeha Gera ¢yurmmja S myma, a apyra Tpu Kazna je je-
HaKa HEHYJTO] KOHCTAHTU U Kaja ce yBene JluyBunos unan y mejctBo. CBux
IecT ciiydajeBa ce MOsKe OOjeIMHUTU Y jeIWHCTBEHOM 3aluCy MPU YeMy je
IPOCTOP-BpeMe T¥ IpOmUPEH NOZATHOM KOODAMHATOM - KOH(GOPMHUM (pak-
TOpoM MeTpuke cBercke mospmu F (gos = €*!n.5). Cuayuajesu ca u Ge3
JImyBuiaoBoOr unaHa Cy HOBe3aHW TPaHC(hoOpMamumjoM ciaudHocTu. Pan je o0-
jaBmen y cBecmu Op.l Bosmymena 14 uwacommca Advances in Theoretical and
Mathematical Physics 3ajemno ca jom 5 pamoBa. AyTop jemHor om TuX mpe-
ocTayux meT panoBa je npodecop EmBapn Buren, Bonehu nayuynur Ha cBeT-
CKOM HUBOY y obsactu Teopuje (Cymep)cTpyHa.

Hpyrun pan mpencraBi/ba OeTa/bHY aHAJIW3Y HeKOMyTaTtuBHOcTH Tun 1B
OTBOPEHE CYNePCTPYHE Y GOPMAJIAIU]U YUCTOT CIIMHOPA. Y CRIALY Ca CKYIOM
yCJIOBA KOH3UCTEHTHOCTU, n3abpaHa Cy KOHCTAHTHA MO3aaUCKa moJsba. [lomTo
je y muTamy OTBOPEHa CTPYHa HY:KHO Ce Y aHAJU3U TO0jaBJbYy]y TPaHUYHU
ycaoBu - HojmanoBu 3a 0030HCKe KOOpAMHATE, IOK ce 3a (PEPMUOHCKE IIPO-
MEHJbUBE OMpajy TaKBU I'PAHUYHU YCJIOBU KOju cymepcumeTrpujy N = 2 cBone
Ha cynepcumeTrpujy N = 1. TpertupameM rpaHUYHUX yCIOBA KAO KAHOHCKUX
Be3a U BUXOBUM peliaBameM 100ujajy ce penanuje He(aHTH ) KOMY TATUBHOCTH,
Kao M e(eKTWBHA TeOopUja - WHUIMjaJIHA Teopuja Ha Be3aMa. LQeKkTuBHA
Teopuja je Teopuja TUl | cymepcTpyHe ca MO3aAMHCKUM IOJbMMa KOja Cy
) mapua (2 : 0 — —0), OOK Cy mapaMeTpu HEKOMYTaTUBHOCTU ) HemapHa.
Ilokazano je ma cy egeKTVWBHA IO3aJVWHCKA IOJba U IapaMeTPU HEKOMYTa-
TUBHOCTU TO33aIUHCKa MoJba 1-myasHe Teopuje. Jeman on pe3yiaraTta je u
MOBE3aHOCT peJsaiuja He(aHTU)KOMYTATUBHOCTU MPEKO CYNePCUMETPUYHAX
TpaHCchopManmja.

Tpehu pan npencraBma TpuMeHy IPOIEAype youmTene T-ayanu3anuje Ha
3aTBOpPEHY ODO30HCKY CTPYHY Yy IPUCYCTBY T3B. €JIab0 3aKPUBJHEHUX MO3a IUH-
CKUX TOJba - KOHCTAHTA METPUKA U KOOPIAWHATHO JIMHEAPHO 3aBUCHO KRaib-
PamonoBo mosme. Ilponenypa T-nyanusanuje ce mpuMemyje OY:K CBUX Mpa-
Balla, y3 TPUBUjaJIHE YyCJIOBe HamMoTaBama. VI3Bpmena je cumynarana T-
Ayanu3anuja Oy:K CBUX IpaBalla, Kao W IBE Y3aCTOIHE IPOM3BOJbHE IMap-
nujasue T-nyanuszanuje no normyHe T-nyanusanuje. ['smaBHEM pesynrar je
na je rpyma cBux Moryhwx mapnujasaux 1-nyanusanuja AbesoBa rpyma.
T-nyanuszaoBaHe Teopuje MMajy OCOOMHY HEJOKAJHOCTU jep 3aBUCE O KOOP-
AVMHATE KOja je mepuHMCaHa KAO JWHWjCKU MHTErPAaJ.



Y pany [4] pasmarpana je T-ayamusanuja tun Il cymepcrpyne y ¢op-
MYJIAIAjU YUCTOT CIMHOPA IPEKO YABOCTPYUYEHUX mpoctopa. VHunujasHo
Teopuja je 3amara y (GopmMasu3My IPBOI pena ajyd, MHTeTpaluujoM (epMUOH-
CKUX MMITyJica, obuja ce Teopuja APYror pena. 1-myanu3anuja je pernpe3eH-
TOBaHA MEPMYTaIMjOM jeTHOT IMOJACKYyNIa KOOPAWHATa WHUIA]AJHOT TMPOCTOPAa
ca oarosapajyhum noackynom 7T-nyanaux koopauuara. V3 3axrteBa na je 3a-
KOH TpaHC(POpMaluje MHUIMjaJHe yABOCTPUYEHE KoopauHaTe 1 1-nyasiHe ya-
BOCTpYy4Y€HE KOOPIAUHATE UCTU, NOOUjajy ce cBa T-nyasiHa MO3aAUHCKA MOJba U
IOTIYHO Cllarame ca aHAJIUTUYKUIM NpUCTynoM npeko Bymepose mpouemype.

[letu panx ce 6aBu pepmuonckom 1-nyanusanujom tun [IB cymepcrpyse y
dopmysanuju ynctor cunHopa. PepMmmoncka gyanusanuja je ekcreHsmja Beh
nocrojehe 0o30HCKe myanm3anuje um npouenypa je mcre popme. Paszmarpan
je ciiydaj OTBOpeHe CTpYyHe u 3a D030HCKe KoopauHaTe cy uzabpanu upux-
JIeOBU TPAHUYHU yCJIOBU. Kao pesynrar je mobujeHa HEKOMYTATUBHOCT WM-
myJca ca mapaMeTpuMa HEKOMYTATWBHOCTUA KOjU Cy ¢epMuoHCKU 1-myaJsHa
OJbA.

1.1.2 Ilo3uTuBHA MXTUPAHOCT HAYUYHUX PaaoBa

[Mpema Gasu Scopus Xupmos MHAEKC KaHmuaaTta je 5 (MCKIbYYEeHU ayTOIU-
tatu), a 6poj ykynau nurara 159, mok 6asza WoS naje Xupmos unmexc 7.
W jemna m apyra 6a3a mMajy MamKABOCTU Y CMUCIY [Oa HEKe MyOJMKOBaHE
panoBe TpeTupajy Kao mpenpuste.’

Baza Google Scholar naje Xupimos unnekc 9 u 6poj nurara 219, a Henmocpen-
HUM YBUIOM y pamgoBe u nurare, ykpmrajyhu ca 6azom INSPIRE HEP rauan
Opoj murara je 213. Bpoj nurara 6e3 ayromurara u nurata Koayropa je 28,
oK je O6poj nurata 6e3 ayromurara 88 (MunnManau 3axteB MO®a je 30).

[Ipunor: sucre nutupanoctu u3 6a3a Google Scholar, Scopus u WoS kao u
neTa/baH CIMCAK pagoBa KOjU MUTUPAjY PAJOBE KAaHIUIATA.

1.1.3 Ilapamerpu KBajiMmTeTa 4acOIKCA

Hp Dbojan Huxkosumh je ToroM kapujepe objaBmo ykKymHO 45 IIyOJamKaiuja
y ugaconucuma ca VUCU numcre om Tora ca mMmakr ¢akropoMm 17 y Kat-
eropuju M21, 2 kareropuje M22 u 3 rarteropuje M23. YkymaH mMOakT
daxrop pamosa je 94,002. On peusbopa y 3Bame BUIMM HAYYHU CaAPaTHUK
np Huxkonwmh je oGjaBmo 5 panoBa kareropuje M21. Ykynanm umnaxT gpaxtop
oBUX panoBa je 29,054.

'Yexka ce oarosop amammruuapa Scopus-a jep 7 pamoBa ce Kiacupukyjy Kao TPEIpUHTH
a ycTBapu Cy TO PamoBU MyOJMKOBAHU y daconucmma kareropuje M21.



36upuo npukaszano ap Hukomauh je objaBuo 2

e 4 pana y Journal of High Energy Physics, (U®y59 = UPyp12 = 4,642,
I/I(I)Q()lg = 5, 875, I/I(I)QOQQ = 6, 376)

3 paoga 'y Physical Review D, (Mq)gooﬁ :Mq)2007 = 5, 336, Mq)gon = 5, 373)

4 pama y European Physical Journal C, (U®y4 =UPUPyy5 = 5,436,
M(I)2017 - 5, 297, M(I)Q()lg - 5, 172)

2 pana y Nuclear Physics B(U®qg19 = 4,79, U Py 17 = 3,735)

4 panma y Fortschritte der Physik, (U®gpes = 2,125, Udyp5 = 3,263,
M(I)QOQQ - 6, 099, M(I)Qogg - 5, 532)

2 pama y Romanian Journal of Physics, (U ®yp2 = 0,526)

1 panx y Advances of Theoretical and Mathematical Physics, (U Py =
2,075)

1 pax y Physics Letters B, (M ®yq05 = 5,446)
e 1 pan y International Journal of Modern Physics A, (M ®50090, 982)

[Tocne onnyke Hayunor Beha o yrBpbuBamy mpensora 3a peusbop mp
Hukonuha y 3Bame Bumm Hayunu capannuk (cexnuna Hayunor seha MucTn-
tyta 3a ¢usuky 23.10.2018. roauue):

e 1 pan y European Physical Journal C (U®yp9 = 5,172)
e 2 pana y Fortschritte der Physik (M ®gp00 = 6,099, NdPoge3 = 5,532)
e 2 pana y Journal of High Energy Physics (U®y019 = 5,875, U Pgp0e = 6, 376)

[Tomamu o momaTHMM OMOJIMOMETPUjCKMM HmapaMeTpuMa KBAJUTETA Ja-
commca y KojuMa je KanauaaT o0jaBpuBao panoBe kareropuje M20 y mepu-
omy on yrBpbhuBama mpeajora 3a peu3dOp y 3Bamhe BUIIKM HAYYHU CAPATHUK
(23.10.2018. rommue) nare cy y HOHO0j TabeJu.

| | 1® | M | CHMUII |

Y KynHO 29,054 40 6,71
Y cpens€HO IO YJIaHKY 5,81 7,7 1,342
Y cpemmeno o ayrTopy || 13,511 | 14,667 3,14

2Y umpekcuma o3Haka M® cToje MMIAKT (HAKTOPHU UACOIUCA Ca KOJUMA Cy MU3PaUdyHATE
VKyIHEe cyMe M3 IPEeTXOMHOr macyca. [yemana ce HajmoBOJbHUja BpemHocT uaMmeby ronuue
0o0jaB/bUBamba M ABE TOAUHE yHA3A.



1.1.4 CrenmeH caMOCTAJIHOCTH U cTelleH yuemha y peanm3anuju pe3yJi-
Tara

Y obaacTtu ucTpakmBama KOjOM ce KaHAuIAT ODaBU yoOUUajeHO je nma ce ay-
TOPU NOTHHUCYjy abelemHuM peaoM Tj. He MOCTOju mojaM mpBor ayTopa. Osa
IpakKca je IpUMemeHa y CBUM KaHAUAATOBUM PALOBUMAa. Y TOM CMUCIY KaH-
OUOATOB MONPUHOC y HAYYHUM DPAJOBUMa je MOTIYHO paBHOUpaBaH m3Mmebhy
CBUX IIOTIMCAHUX ayTOpPa.

Y3umajyhu y 063up cBe KaHOUIATOBE PanoBe m3 Kateropuja M21, M22
u M23 (22 pana) camo Tpu cy ypabena ca mBa KoayTopa, JOK Cy OCTaiIU Ca
jemHuM KOoayTOpOM (MEHTODP WM HOKTOPAHXI). Y TOM CMUCIY NOIPUHOC KaH-
munara ce cmarpa 100%-HuM Kako y KBAJIUTATUBHOM TAKO U KABAHTUTATUBHOM
cmucay. Rammmmar je ydecTBoBao y CBUM (pazama M3pase HAYYHUX PagOBa
- 1300Py W OCMUIIJbABAKY TEMa, AUCKYCHjaMa, aHAJUTUIKAM MPOPaAYyHUMA
Kao " y mucamy camux pamoBa. CBuM pamoBu KaHIUIATA CA MAOKTOPAHIOM
HMaunujenrom Ob6puhem objaBienu cy y udaconucuma rareropuje M21 ca Bu-
COKMM MMIIAKT (PaKTOPUMA.

1.2 AmnramoBaHOCT y (popMUpamy HAYUYHUX KaIpoBa

ITon merTopcTBoM np Huronmha ypabene cy uermpmu macrep panga:

e macTep pan Munusoja Jojuha ”T-ngyamHoCcT HA TOPYCY MPEKO KOMILJIEK-
caux nmapamerapa’ ypaben je m ycmemno omopawmen 2015. roaume Ha
Puznurom dakynrery Y HuBep3utera y Leorpany,

e mactep pan Hauujema O6puha ” HekoMyTaTUBHOCT 1 HEACOIIjATUBHOCT
3aTBOpeHe DO30HCKe CTpyHE” ychemHo onbpamer HA Pu3uykoM (ary-
teTy YHuBepsurera y Deorpany 2017. rommne. Pesynratu pana cy
nyoaukoBanu y vaconucy M21 kareropuje,

B. Nikolic, D. Obric, Fortschritte der Physik 66 (2018) 040009.

e Mmactep pan Hemame CumoBuha ” HekomyTaTuBHOCT KOOp AMHATa Ha Dp-
OpaHu y IPUCYCTBY KOHCTAHTHUX MMO3aANHCKUX T0Jba” YCIEIIHO Oa0paH-
jen Ha Pum3muroM darynrery Y HuUBep3urera y Leorpany 2019. romune,

e macrep JoBama Jawmwmha ”Twun IIB cynepcrpyna - eperruBHa Teopuja,
HEKOMYTaTUBHOCT U T-nyasnHoct” ycnemHo onbpamen Ha Pusuurom da-
kyarety Y HuBep3utera y beorpamy 2023. ronune.

[Ton menTopcTBoM ap Hukonuha centem6bpa 2023. roauue crynent lanu-
jen Obpuh ombpaHWO je MOKTOPCKY mucepranujy mnon nacioBom ~T-mya-
nu3anuja 0o30HCKe cTpyHe u Tun [IB cymepcTtpyHe y mpucycTtBy KOOpIu-



HATHO 3aBUCHUX IIO3aIMHCKUX noba” Ha Pusmurom dakynrery Y HUBEp3UTETA
y Beorpany.

Rammunar je Bume myTta Ouo UYjJaH KOMUCUje OAOpAHY MAaCTEP W JOK-
TOpckux panoBa Ha PusmuroMm dakynrery Y HuBep3utera y LBeorpany.

Kanmunar je mroscke 2013/2014 paano kao CnomHA CAPATHUK-TIPOHECOD
¢usure y Maremaruukoj rumuasuju. Opnp mkoscke 2015/2016 anrasxoBan
jé Kao HacTaBHUK Ha mpenveruMa PauyHcku mpakturyM 1 m 2 y mocebHOM
ollehelmY 3a yUeHUKe MoceOHO HamapeHe 3a UMKy Yy 3eMyHCKOj TMMHA3U)U
(4 vaca HemeJHO).

KRanmunat je mpodecop Ha JOKTOPCKUM cTyaujaMa Pu3nykor gpakyiarera
Yuusepsurera y Beorpany 3a y:xky Hayuny obsact KBanTHa nmospa, yectuie
¥V TpaBUTaNMja Ha npeaMery Teopuja cTpyHA.

[Tpusor: yroBop O aHraskoBamy y 3€MYHCKOj TMMHA3UjU, 3AMUCHUIA Ca
cennuna HacraBuo-mayunor Beha ®Pusmukor dakynrera y Beorpany Ha KO-
juMa cy omobOpeHe MacTep Te3e M JOKTOPCKA Te3a MOMEHYTHUX KaHIUIaTa,
TEKCTOBU MacCTep Te3e U NOKTOPCKe Te3e, camka web crpanuie ¢gakxyiarera u
nporpaM npeaMera Teopuja cTpyHa.

1.3 Hopmupame Opoja KoayTOPCKMX panoBa, IMaTeHaTa U
TEeXHUUKUX pPeIlema

Y pemsbopHOoM nepuony (mouyeB ox maryma yTBpbhuBama mpeiora 3a pems-
6op, cemanna HB Uucturyra 3a ¢dmsuky 23.10.2018. rommue) ranmmoat je
yEymHO 00jaBuo: 5 m3 rareropuje M21, 2 u3 M33 u 1 uz M34. Camo y 1
pamry (M33)

B. Nikoli¢, D. Obri¢, T. Radenkovi¢, 1. Salom, M. Vojinovi¢, Higher category
theory and n-groups as gauge symmetries for quantum gravity, J.Phys.Conf.Ser.
2667 (2023) 1 - Contribution to QTS12.

KaHIuOaT uMa 4 KoayTopa IITO 3HAYM nOa y Ckjaamy ca I[IpaBuaHukom
oBaj pan mema Bpennoct 1 M-6oma Beh m = 0,71. Y cBuM ocTajgum
pamoBUMa KaHOUAAT WMa jeTHOT WJIM [OBA KOAYTOpAa, IITO Ce y TEOPUjCKOj
¢m3uIm cMaTpa 3a CTONPOIEHTHU JOIPUHOC.

Ykynan sHopmupanu opoj M-6onoBa je 42,21.

[Ipunor: cnucak pamoBa KaHIUIATa Kao 1 Tabene y meny KBanTuraTtuBHe
aHaJM3e pana KaHAUIaTa.

1.4 PyxoBobeme mpojeKTuMa, MOTIPOjEKTHMA M IIPOjEKT-
HUM 33 0aIIMa

Ip Bojan Hukonuh je pykoBommo morunpojekroM ” T-nyanu3zanuja OTBOpEHE
u 3arBOopeHe (cymep)ctpyne” y OKBUDPY mpojexra MwuHucTapcTBa mpoOCBeTE,
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Hayke u TexHoJsomkor pas3soja OH 171031 7 Pusuuke mMIIUKAIAjE MOOAU-
¢uroBaHOr mpocTtop-BpeMena’ um ['pyme 3a rpaBuramnujy, dectuue u Imojna
NucturyTra 3a ¢pusuxy Deorpan y mepuony 2011. mo 2020. rommue. I[lomTo
je mpojexaTt O6mo cacTaBsbeH on Jbyau ca VucTturyTa 3a ¢usuky y beorpany u
Pusnuror parynrera y beorpany, kaeauaaT je epeKTUBHO OO PYKOBOIUTIALL
WHCTUTYTCKOT JeJia IpojeKra (Mucame MOAUIIKBUX U3BEMTaja, (GUHAHCU]CKUX
M3BEINTaja, Kao U MOTIUCUBAKE Iy THUX HAJIOra U pakTypa). Y IPUIOT OBOME
npuiiaske ce DONMUC PYKOBoAuoIna npojexra npod. ap Maje Bypuh mu3 2018.
roauHe MUCaH 3a morpede peusdopa.

Taxkobe kanmunat je mpencrassmao npojekar MITHTP OH 171031 y Hayu-
HOM caBery Mucturyra 3a ¢usumry y Deorpany y mepmony ox 2011. mo
2013. romuue (MunHMCTApCTBO YKUHYJIO HaydyHE caBeTe), ITO je U Ouo 3a-
JaTak PYKOBOJIMOIA IIPOjEKTA.

[Touer 01.01.2022. romuHe KaHAMAAT je YJaH TpojekTa ' KBaHTHaA TpaB-
uTanuja npero Bummx reju teopuja’ u3 nporpama MIEJE ®onna 3a Hayky
Penybnurke Cpbuje u y OKBUpPY Hera pyKOBOOU NPOjeKTHUM 3anaTtkoM ~ Uc-
OUTUBAKE acClleKaTa KIacudHe Teopuje rpasuranuje”’ (pamau maker 1 mpo-
jexra).

[Ipunor: mommcu pyKOBOIUIIAIA TOMEHYTHUX IPOjeKaTa.

1.5 AKTUBHOCT y HAyYHO CTPYYHUM JAPYHITBUMA

KRammunar je penenszent y uyaconucy Foundations of Physics.

IIp Bojan Hukonuh je y nBa maBpara 6mo unan HpskaBue komucuje 1PC
3a TaKMUYEH€e yUeHUKa cpenmux mkosa - 2003.-2005. u 2011.-2013., u rao
ayTop 3amaTaka U Kao mpersenad. ¥y mepuony 2004. mo 2006. Owo je unan
penaknuje yaconuca Mnamu ¢usuuap, koju n3naje JPC y cBpxy momynap-
n3anuje pusmke. AKTUBHO je ydecTBOBaoO y obeisexkaBamy CBeTCKe roamse
¢usuke Ha WMHCcTUTyTy 3a ¢umsuxy 2005. rommne. DBwno je umanm jgorasHUX
OpPTraHM3AIMOHNX KOMUTETa Bullle MehyHaponHux m nomahmx KoHpepeHIja u
paquoHuna OpraHu3oBaHuX on crpane VMucturyTra 3a ¢usuky unu ['pyne 3a
TPABUTALN]Y, YECTUIE U TOJbA.

[Ipunor: E-mail y kojeMm ce ypeIHUIITBO yacomuca 3axBaJjbyje 3a 00aBbEHY
penensujy. Komwmja ”Maanor ¢musmuapa’, onmramrnane WHTEPHET CTPAHUIE
ImKOJIa 1 KOH(pEepeHIWja, Kao U 3aJanu 3a 2. pa3pen CcpealmUux IIKoJa 3a
Hpxasao Takmuueme 2012. romuse.

1.6 Y TumajHoCT HAyUHUX pe3yJiTaTta

[Mutupanoct kao u kBaaurer yaconuca (Bucok VIP) y kojuma ap Hukomnuh
nyOJauKyje TOBOPE O KBAJUTETY NOOUjeHUX pe3ysiTaTa a caMUM TUM U O HU-



XOBOM (MOTEHIUjATHOM) YTUIAJY HA HAYUHY 3a]eTHUILLY.

C o63upoMm ma ce kagguaaT y u3bopHoMm mepuony 6asuo T-myasausarmjom
3aTBOPEHE CTPYHE Y MPUCYCTBY KOOPAUHATHO 3aBUCHUX MOJbA, & TO je 00JacT
3auera 2010. roamue, ka0 1 300T peJaTUBHO MAJOT OpOja JbYIU KOjU CE€ TOM
reMoMm GaBu, Opoj umrara 88 (6e3 ayroumrara) je 3amoBosbaBajyhu jep je
ocTBapeH BehmHOM y mepuony on mocienmux 13 roauHa.

Pam u3 2010. romune

B. Nikolic and B. Sazdovic, Noncommutativity in space-time extended by Liou-
ville field, Adv. Theor. Math. Phys. 14 (2010) 1,

je objaB/beH y cBecnm ca jom caMoO 5 panoBa O KOjUX je jemaH pan
nesno Ensapna Burena, Bogeher cBerckor ekcmepra y 00J1acTU MaTeMATUUKE
¢u3snKe U Teopuje CTpyHAa.

Pam u3 2018. romune

B. Nikolic, D. Obric, Noncommutativity and nonassociativity of closed bosonic
string on T-dual toroidal backgrounds, Fortschritte der Physik (2018) 1800009,

je y oBom uaconucy M21 rareropuje o0jaB/beH IO MO3UBY I'JIABHOT ypen-
Huka npod. ap durepa Jlucra (Dieter Liist).

[Tpusor: aucrte mutupanoctu ox Google Scholar-a u Scopus-a, konuja npse
cTpaHe vacommca kKao u e-mail rmaBuor ypemnuka vaconumca Fortschritte der
Physik, nmpo¢. np lurepa Jlucra.

1.7 llompmHOC KaHOMOATA y peajn3alij pagoBa y HeHTpuMa
Y 3€MJbU Y MHOCTPAHCTBY

Kammumar je 3HAUYAjHO DOIPUHEO CBAKOM pamy Koju je objaBuo. CBu panoBu
ob6jaBibenu y u3bopHoM nepuony ypabenu cy ca capamgaurnuMma ca MuacTtuTyTa
3a ¢uzury m moxropanmoMm lammjenrom OOpumhem. Ilp Huronuh je umao
3HAYajaH OONPUHOC Y CBAKOj eTamu m3pamne MyOJuEanudje - Kako y u3bopy
TeMe, TAaKO U y AWCKyCHjaMa, aHAJUTUIKMM IIPOpaAdYyHUMAa Kao W Y NHCAHY
caMuX paJoBa U KOMYHHUKAIUjU Ca PEIEH3EHTUMA YaCOMUCa y TOKY MOCTYIIKA
objaB/bUBambA.

1.8 Mebynapoaaa HayuyHa capagmbha

Ip Huronuh je noneo mBe HOBe TeMme y TPYIY KOja ce DaBU TEOPUjOM CTPYyHA
(np Bpaunucaas Casznosuhi, np Jbybuna Hasunosuh, nokropann Nauja Vsan-
umesuh, np Bojan Hukonuh, np Hanujen O6puh).



[Ipa je dpepmuoncka T-myamssHocT (DpoMCTEKIa U3 KOPECIOHAEHIUjE Ca
ap Mmom Baxmarosum?®) a ApyTa HEKOMYTATUBHOCT 3aTBOPEHE CTPYHE TOKOM
IIOCTOOKTOPCKOr OopaBka y rpynu npod. Jlucra. Y oOrxBupy mpBe TeMme Ip
Huronuh je mpumenuo ¢epmmoncky T-nyannoct Ha ciyuaj tun [ Teopuje
cynepcTpyHe Yy (GOPMYJIalji YUCTOT CIUHOPA.

Ipyry cuoMeHy Ty TeMy, HEKOMYTAaTUBHOCT 3aTBOpeHe cTpyHe, ap Hurkonuh
je yumo OVWpPEeKTHO on meHor ayrtopa npod. Jlucra Toxom GopaBka y Mwun-
xeny. Ilo moBparky m3 MwuHxeHa muaeja je koMOmMHOBaHA ca yommTeHOM -
AyaJIU3aIMOHOM TPONEeaypoM Koja je Beh Ouia pasBujena y WucturyTy 3a
¢u3ury on crapue npo¢. ap bpanucnaBa Cazmosuha u np Jbybune lasu-
nosuh. Pesynarar je remepasnmzanuja pesyiarara AOOUjeHUX y TPyOA AP.
Jlucra ka0 u 3HAYAJHO MOjEeTHOCTABHEHE MATEMATUYKOL [eJa MPOLeaype.

Torom 6opaBka y MuHXEHY ycmocTaBJ/beHA je capalma ca TPYIOM HIpod.
Jlucra (HEje popmanmsoBaHa), KOja ce oryela y 4ecToj KOPEeCIOHIEHIUjU U
aHaJM3M HOBUX PaJOBa, MITO AONPUHOCU BUIIEM KBAJUTETY PE3YJITATA.

1.9 Iloka3aTesbu ycmexa y HAYYHOM paiy

[Tocne mperxomuor uzbopa y 3Bame ap bojan Hukosnuh je ompskao caeneha
mpenaBama M0 MO3MBY HA CKYMOBUMAa O HAIMOHAJHOT 3HAavaja:

M 61 b. Hukonuh, I'pasumayuornu masacu - 00 meopuje 00 dupexmme oe-
mexyuje, HacraBa ¢usure Opoj 3, maj 2016, 213-221, X X XV PenyOnuurmu
ceMUHAp O HacTaBu ¢u3ure, 3natudop 12.-14. maj 2016.

Usan opraau3anuoHOr KOMUTETa HEKOJUKO MeDhyHapomHMX CKymoBa:

e IV Summer School in Modern Mathematical Physics, September 2006, Bel-
grade, Serbia
http://mphys4.ipb.ac.rs/

e V Summer School in Modern Mathematical Physics, September 2008, Bel-
grade, Serbia
http://mphys5.ipb.ac.rs/

e VI Summer School in Modern Mathematical Physics, September 2010, Bel-
grade, Serbia
http://mphys6.ipb.ac.rs/

e VII Summer School in Modern Mathematical Physics, September 2012, Bel-
grade, Serbia

3Institute of Theoretical and Mathematical Physics, Moscow State University, Leninskie Gory
119991, Moscow, Russia.



http://mphys7.ipb.ac.rs/
e Gravity and String Theory: New ideas for unsolved problems III (In honour
of Prof. Branislav Sazdovié¢’s retirement)

http://www.gst2018.ipb.ac.rs/
Rammunar je nodbutHuk Harpane Mucturyta 3a ¢usuky y Beorpany 2009.
roauHe 3a HajOosme ypabeny moktopcky Te3dy na Wucturyry y Tory 2008.

rOJINHE.
[Ipunor: komuja pana, miIaH panga CKyla, TO3UB OPraHU3ATOPA.
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[TPEIVIEIL KBAHTUTATUBHUX

[TIOKA3ATEJLA

Hay4JYHOMCTpPasKUBavkKor pana ap bojanma Huxkoamha

OcTBapenu pe3yJaTaTyé HAKOH yTBphuBama mpemiora 3a pen3dop y 3Bame
BUIIM HAY4HU capamuuk (pemoBHa cemuuna Hayunor Beha Wucturyra 3a
¢usuky ox 23.10.2018. romuse)

Kareropuja | M 6omoBa | Bpoj Yrynuo | Hopmupanu 6poj
mo pany | pamoBa | M 6omoBa M 6omoBa
M21 8 5 40 40
M33 1 2 2 1,71
M34 0,5 1 0,5 0,5
| Yrymmo | 8 42,5 42,21

[Topebeme ca MUHMMATHUM KBAHTUTATUBHUM YCJIOBUMA 33 Pem30Op y
3BaHe BUIIEr HAYUYHOT capIHuKal

Heonxonuo | OcTBapeno(HopMuUpaHo)
Y KYITHO 25 42,21
Mo + Moo+
M3y + My
B 2 41,71
WINV HAYYHU CapaIgHUK My + Moy 0 7
+Myo + My
15 40
Moy + Moy + Mog

TMpunuroM pemsbopa y 3Bame BUMN HAYYHU CAPATHAK MUHUMAJHA KBAHTUTATUBHU 3a-
xTeB je, mo IIpaBuiHUKY, IOJIOBUHA OHOr'a IITO j€ HEOIXOMHO 3a M300D y 3Bame BUIIN HAYYHU

capamaHUK.
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Abstract In this article we offer a new interpretation of the
T-dualization procedure of type II superstring theory in the
double space framework. We use the ghost free action of type
IT superstring in pure spinor formulation in approximation
of constant background fields up to the quadratic terms. T-
dualization along any subset of the initial coordinates, x¢, is
equivalent to the permutation of this subset with subset of the
corresponding T-dual coordinates, y,, in double space coor-
dinate Z¥ = (x*, ¥u)- Requiring that the T-dual transfor-
mation law after the exchange x < y, has the same form as
the initial one, we obtain the T-dual NS-NS and NS—R back-
ground fields. The T-dual R-R field strength is determined up
to one arbitrary constant under some assumptions. The com-
patibility between supersymmetry and T-duality produces a
change of bar spinors and R-R field strength. If we dualize
an odd number of dimensions x“, such a change flips type
IIA/B to type I B/A. If we T-dualize the time-like direction,
one imaginary unit / maps type II superstring theories to type
II* ones.

1 Introduction

T-duality is a fundamental feature of string theory [1-8]. As
a consequence of T-duality there is no physical difference
between string theory compactified on a circle of radius R
and circle of radius 1/R. This conclusion can be generalized
to tori of various dimensions.

The mathematical realization of T-duality is given by
Buscher T-dualization procedure [4,5]. If the background
fields have global isometries along some directions then we
can localize that symmetry introducing gauge fields. The
next step is to add the new term in the action with Lagrange

This work is supported in part by the Serbian Ministry of Education,
Science and Technological Development, under contract No. 171031.

4 e-mail: bnikolic@ipb.ac.rs

b e-mail: sazdovic@ipb.ac.rs

multipliers which forces these gauge fields to be unphysical.
Finally, we can use gauge freedom to fix initial coordinates.
Varying this gauge fixed action with respect to the Lagrange
multipliers one gets the initial action and varying with respect
to the gauge fields one gets the T-dual action.

Buscher T-dualization can be applied along directions on
which background fields do not depend [4—10]. Such a proce-
dure was used in Refs. [11-18] in the context of closed string
noncommutativity. There is a generalized Buscher procedure
which deals with background fields depending on all coor-
dinates. The generalized procedure was applied to the case
of bosonic string moving in the weakly curved background
[19,20]. It leads directly to closed string noncommutativity
[21].

The Buscher procedure can be considered as the defini-
tion of T-dualization. But there are also other frameworks
in which we can represent T-dualization which must be in
accordance with the Buscher procedure. Here we talk about
the double space formalism which was the subject of the arti-
cles about 20 years ago [22-26]. Double space is spanned by
coordinates ZM = (x#,y,) (0 =0,1,2,..., D—1), where
x" and y, are the coordinates of the D-dimensional initial
and T-dual space-time, respectively. Interest for this subject
emerged again with Refs. [27-34], where T-duality is related
with O(d, d) transformations. The approach of Ref. [22] has
been recently improved when the T-dualization along some
subset of the initial and corresponding subset of the T-dual
coordinates has been interpreted as permutation of these sub-
sets in the double space coordinates [35,36].

Let us motivate our interest in this subject. It is well known
that T-duality is important feature in understanding M-theory.
In fact, five consistent superstring theories are connected by
a web of T and S dualities. In the beginning we are going
to pay attention to the T-duality. To obtain formulation of
M-theory it is not enough to find all corresponding T-dual
theories. We must construct one theory which contains the
initial theory and all corresponding T-dual ones.

@ Springer
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We have succeeded to realize such program in the bosonic
case, for both constant and weakly curved background. In
Refs. [35,36] we doubled all bosonic coordinates and obtain
the theory which contains the initial and all corresponding T-
dual theories. In such theory T-dualization along an arbitrary
set of coordinates x¢ is equivalent to replacement of these
coordinates with the corresponding T-dual ones, y,. There-
fore, T-duality in double space becomes symmetry transfor-
mation with respect to permutation group.

Performing T-duality in supersymmetric case generates
new problems. In the present paper we are going to extend
such an approach to the type II theories. In fact, doubling all
bosonic coordinates we have unified types IIA, IIB as well
as type II* [37] (obtained by T-dualization along time-like
direction) theories. We expect that such a program could be
a step toward better understanding M-theory.

In the present article we apply the approach of Refs. [35,
36] in the cases of complete (along all bosonic coordinates)
and partial (subset of the bosonic coordinates) T-dualization
of the type II superstring theory [1-3]. We use ghost free
type II superstring theory in pure spinor formulation [33,38—
441 in the approximation of constant background fields and
up to the quadratic terms. This action is obtained from the
general type II superstring action [45] which is given in the
form of an expansion in powers of fermionic coordinates 6*
and 6. In the first step of our consideration we will limit
our analysis to the basic term of the action neglecting 6
and 0 dependent terms. Later, in the discussion of proper
fermionic variables, using an iterative procedure [45], we
take into consideration higher power terms and restore the
supersymmetric invariants 1%, d,, and d, as variables in the
theory.

Rewriting the T-dual transformation laws in terms of the
double space coordinates Z¥ we introduce the generalized
metric Hyn and the generalized current J1y. The permu-
tation matrix (7)™ 5 exchanges the places of x¢ and y,,
where the index a marks the directions along which we
make T-dualization. The basic request is that T-dual dou-
ble space coordinates, ZM = (THMyzZN, satisfy the
transformation law of the same form as initial coordinates,
ZM Tt produces the expressions for the T-dual generalized
metric, ;Hun = (T*HT%)yy, and the T-dual current,
aJ+y = (T%J1)y- Thisis equivalent to the requirement that
transformations of the coordinates and background fields,
M L ZM  Hyn — oHuy and Joy — oJeym, are
symmetry transformations of the double space action. From
transformation of the generalized metric we obtain T-dual
NS-NS background fields and from transformation of the
current we obtain T-dual NS-R fields.

The supersymmetry case includes the new features in both
the Buscher and the double space T-duality approaches. In
the bosonic case the left and right world-sheet chiralities
have different T-duality transformations. It implies that in T-

@ Springer

dual theory two fermionic coordinates, 6 and 0%, and corre-
sponding canonically conjugated momenta, 7, and 7, (with
different world-sheet chiralities), have different supersym-
metry transformations. As shown in [46,47] it is possible
to make a supersymmetry transformation in T-dual theory
unique if we change one world-sheet chirality sector. There-
fore, compatibility between supersymmetry and T-duality
can be achieved by action on the bar variables with the oper-
ator 42, * Ty = 42,7 aTg. As a consequence of the relation
' Q= (=04 ,Qr'"itfollows that such transformations
for odd d change space-time chiralities of the bar spinors. In
such a way the operator ,€2 for odd d maps type IIA/B to
type IIB/A theory. Here d denotes the number of T-dualized
directions.

There is one difference compared with the bosonic string
case [35,36] where all results from the Buscher procedure
were reproduced. In the T-dual transformation laws of type
IT superstring theory the R-R field strength F*# does not
appear. The reason is that R—R field strength couples only
with the fermionic degrees of freedom, which are not dual-
ized. This is in analogy with the term 9, x’ ITyy; d_x/ in the
bosonic case, where background field IT;; couples only with
coordinates x!, which are undualized [27-29]. To reproduce
the Buscher form of the T-dual R-R field strength we should
make some additional assumptions.

There is an appendix, which contains the block-wise
expressions for the tensors used in this article and useful
relations.

2 Buscher T-dualization of type II superstring theory

In this section we will consider type II superstring action
in pure spinor formulation [38,43,44] in the approximation
of constant background fields and up to the quadratic terms.
Then we will give the overview of the results obtained by
Buscher T-dualization procedure [9,10,46,47].

2.1 Type II superstring in pure spinor formulation

The sigma model action for the type II superstring of Ref.
[45] is of the form

s= [ oM A + 5+ @1
>

where the vectors XM and X" are left and right chiral super-
symmetric variables,

9,.0% 9_0%
s - n*
xM = d+ , XN = 7| (2.2)
o o
1 A7V 1 Aymv
Ny I N=
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of which the components are defined as

1
Y = ox" + E90‘(1““)a,f,a+9/3,

| (2.3)
" =a_x" + Eé“(rﬂ)aﬁa,éﬂ,
1 w1
dy =y — E(Fue)a oyxt + Z(GFME)JFQ) ,
I 1 - w1 -
dy = Ty — E(Fﬂe)a a_x" + Z(OFME)_Q) , 24
1 - 1 -
N = Swa (N gal - N = Sy (DI 30
2.5)
Inserting the supermatrix Ay
Aaﬁ Agy Eaﬂﬂ Qa,,uv
Aug Aw EL Q
A — up v I wvp | 2.6
MN E*y Eo PO Co, (2.6)

Qv L2uv,p Cuvﬂ Suv,po
in (2.1), the action gets the expanded form [45]

S = /dzg [0.40% Aapd_0P +8,0% Agy T +T1} A0 06"

+ T4 AT+ dy E®53-6F + doy E* T
+3:0%EoPdg + I E, P dg + dy PP g

1 _ 1

+ ENﬁquv,ﬂa—eﬁ + ENTQW,/)H/:
] 1 :

50407 Qo N2+ ST Qy 0y N7
1 - - 1 -

+ zNﬁUCMvﬂdﬂ + Edacale_w

1 _

+ ZNﬁ”SW pUN””] + Sy + S5. 2.7
The world sheet ¥ is parameterized by £” = (§0 =1, ¢! =
o) and 0+ = 9; % 9d,. Superspace is spanned by bosonic
coordinates, x* (u = 0,1,2,...,9), and fermionic ones,
0% and 6% (@« = 1,2, ..., 16). The variables n, and 7, are
canonically conjugated momenta to 6 and 6%, respectively.
The actions for pure spinors, S and Sj, are free field actions
Sy = / d*Ewad-1%, S5 = / d?EWq 04 1Y, (2.8)
where A% and A% are pure spinors and w, and w, are their
canonically conjugated momenta, respectively. The pure
spinors satisfy the so-called pure spinor constraints,

AT (M) gprf = 24T M) gpnP = 0. (2.9)

The matrix Aysy containing type II superfields generally
depends on x*, 6% and 0% . The superfields A, EM“, E%,
and P*# are physical superfields, because their first compo-
nents are supergravity fields. The fields in the first column

and first row are auxiliary superfields because they can be
expressed in terms of the physical ones [45]. The remaining
ones, y1.vp (v, p)s C% 1y (Civ®) and Sy, o » are the curva-
tures (field strengths) for the physical superfields.

The action from which we start (2.7) could be consid-
ered as an expansion in powers of 6% and 6¢. In the iterative
procedure presented in [45] it has been shown that each com-
ponent in the expansion can be obtained from the previous
one. Therefore, for practical reasons (computational simplic-
ity), in the first step we limit our considerations to the basic
component i.e. we neglect all terms in the action containing
6% and 6°. As a consequence the 6% and 6% terms disap-
pear from I1%, d, and d, and in the solutions for the physi-
cal superfields just x-dependent supergravity fields survive.
Therefore we lose explicit supersymmetry in such approxi-
mation. Later, when we discuss proper fermionic variables,
we would go further in the expansion and take higher power
terms, which means that supersymmetric invariants, TT'}, d,
and d, would play the roles of d.+x", 7, and 7, respec-
tively.

We are going to perform T-dualization along some subset
of bosonic coordinates x“. Therefore, we will assume that
these directions are Killing vectors. Since d+x¢ appears in
M1, dy and d,, it essentially means that corresponding super-
fields (Aup, E,% E%,, P‘)‘ﬁ) should not depend on x“. This
assumption regarding Killing spinors could be extended on
all space-time directions x*, which effectively means, in the
first step, that physical superfields are constant. All auxiliary
superfields can be expressed in terms of space-time deriva-
tives of physical supergravity fields [45]. Then, in the first
step, the auxiliary superfields are zero, because all physi-
cal superfields are constant. On the other hand, having con-
stant physical superfields means that their field strengths,
Qo (Quv.p)s C%un(Crv®) and Sy po, are zero. In this
way, in the first step, we eliminated from the action terms
containing variables N\" and N"" (2.5).

This choice of background fields should be discussed from
the viewpoint of space-time field equations of type II super-
string action [48]. Let us pay attention on the space-time
field equations for type II superstring given in Appendix B
of [48]. Equation (B.7) from this set of equations represents
the back-reaction of P*? on the metric G wv- If we take a con-
stant dilaton @ and a constant antisymmetric NS-NS field
By, we obtain
Ry — %GWR ~ (P*P)2 . (2.10)
If we choose the background field P*f to be constant, in
general, we will have a constant Ricci tensor, which means
that the metric tensor is a quadratic function of the space-time
coordinates i.e. there is back-reaction of R-R field strength
on the metric tensor. If one wants to cancel non-quadratic
terms originating from back-reaction, additional conditions

@ Springer
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must be imposed on the R-R field strength—the Ad S5 x Ss
coset geometry or self-duality condition (see Ref. [38]).
Taking into account the above analysis and arguments, our

approximation can be realized in the following way:
Y — 0.x”, dy — 1, dy — g, (2.11)

and the physical superfields take the form

1 - -
Ay = K <§G,w + B,w) L EY =W, EY =,

pot = Zpos _ 2,
K K

3 pob, (2.12)

where G, is the metric tensor and By, is the antisymmetric
NS-NS background field. Consequently, the full action S is

1
S = K/ d’e |:8+x“1'[+,w8_x” + 4—ch<2>}
X

TTK

+ /E d%& [~ d- (0% + WoxH) + 8,0 + WixM)a,

2
+ _napaﬁr_[ﬂ] ’ (2'13)
K
where
1
iy =By £ EG’W' (2.14)

The actions ) and S5 are decoupled from the rest and can
be neglected in the further analysis. The action, in its final
form, is ghost independent.

The NS-NS sector of the theory described by (2.13) con-
tains the gravitational G, the antisymmetric Kalb-Ramond
field B, and the dilaton field ®. In the NS—R sector there are
two gravitino fields, ¥} and \fll‘f, which are Majorana—Weyl
spinors of the opposite chirality in type IIA and of the same
chirality in type IIB theory. The field F*# is the R-R field
strength and can be expressed in terms of the antisymmetric
tensors Fx) [9,49-51]

D
1
af _ 2 of of ol pdyeB
k=0
where
rlreipamd = plorpue | il (2.16)

is the completely antisymmetrized product of gamma matri-
ces. The bispinor F*/ satisfies the chirality condition,
I''F = 4+Fr!'", where I'!'! is a product of gamma matrices
in D = 10 dimensional space-time and the sign + corre-
sponds to type IIA, while the sign — corresponds to type I1B
superstring theory. Consequently, type IIA theory contains
only even rank tensors F, while type IIB contains only
odd rank tensors. Because of the duality relation, the inde-
pendent tensors are F(oy, F(2) and F4) for type IIA, while
F(1), F(3) and the self-dual part of Fsy for type IIB super-
string theory. Using the mass-shell condition (massless Dirac

@ Springer

equation for F®#) these tensors can be solved in terms of the

potentials F) = dA—1). The factor e? is in accordance
with the conventions adopted from [52].

2.2 T-dualization along arbitrary number of coordinates

Let us start with the action (2.13) and apply the standard T-
dualization procedure [4,5,19,20]. It means that we localize
the shift symmetry for some coordinates x“. We substitute the
ordinary derivatives with covariant ones, introducing gauge
fields vg. Then we add the term % ya F'{_ to the Lagrangian in
order to force the field strength F¢_ to vanish and preserve
equivalence between original and T-dual theories. Finally,
we fix the gauge x“ = 0 and obtain

Sex (v, x7, 0%, 6%, 74, 7Ty)

:/ d’ |:/<vil'l+abvb+/<vil'[+aj8xj+K8+xil'I+ibvb
b

Frcdx Ty 0xd + %CDR@) — T W’

F VT, — T (0% + WIx') + 34 (0% + WP x') 7,

+ % ¥ n FP7g + g(via_ya - v08+ya)] C@17)
Varying the gauge fixed action with respect to the

Lagrange multipliers y, we get the solution for the gauge
fields in the form

v = 9xx4, (2.18)

while varying with respect to the gauge fields v{ we have

vl = —ZKéibl'[iji apxl — Kéibaiyb + Zéibllfibﬂia.
(2.19)

Substituting v§ in (2.17) we find

Sfix (v X', 0%, 0%, e, 7o)

2
:/ d’ [%8+ya0“b8yb +K28+ya9fbl'[+bj8,x~’
by

— K2px TI4ia0%0_yy + L og®
4
idpx (Mij — 26T 100 T4 )0 x7
— 70— (0% + WX — 2WGUTL yix) — WweGyy,)
F 04 (0% + WX 4 2WGIP Ty x) 4 W9y, 72,

o 1
+ 2 WO g + 5 e naF“ﬁﬁﬂ} . (2.20)

Before we read the T-dual background fields, we must express
this action in terms of the appropriate spinor coordinates,
which we will discuss in the next subsections.

Combining two solutions for the gauge fields (2.18) and
(2.19) we obtain the transformation law between initial x¢
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and T-dual coordinates y,,

3x9 = 260 T dax’ — k0L (D yp — Jap).  (2.21)

Its inverse is the solution of the last equation in terms of y,

0xya = —2Mapdex’ — 2M0i04x" 4 g, (2.22)

where we use = to emphasize that these are T-duality rela-
tions. Here we introduced the current J.,, in the form

2
Jap = £ W5 Tta, (2.23)

where

“I’iu = \Ilgv \I’gu = \Ijﬁﬂ Mg = Mg, T—q = g,
(2.24)

and the expression éj‘tb is defined in (A.9).

2.3 Relation between left and right chirality in T-dual
theory

One can see from (2.21) and (2.22) that the left and right
chiralities transform differently in T-dual theory. As a conse-
quence, in T-dual theory we will have two types of vielbeins,
two types of ['-matrices, two types of spin connections and
two types of supersymmetry transformations. We want to
have a single geometry in T-dual theory. Therefore, we will
show that all these different representations of the same vari-
ables can be connected by Lorentz transformations [46,47].

2.3.1 Two sets of vielbeins in T-dual theory

The T-dual transformations of the coordinates (2.22) can be
put in the form

3:|:y€Z _ _2H:Fab —ZH;Faj 3:|:xb. I J+4
aext ) T 0 8; 4 x/ 0o )’

(2.25)
which can be rewritten as
3+ X)p = (07 p04x" + Jip,
- @X)p = (Q ) p0-x" + J_p, (2.26)

where we introduced the T-dual variables , X; = {ya, xi}
Here and further on the left subscript a denotes the T-
dualization along x¢ directions. For coordinates which con-
tain both x’ and y, we will use “hat” indices /1, . The matri-
ces

; K60 k6t 0

v — A N — A
o = (—ZKI—I,-CGib 3;) 0 <—2Kn+,-ceﬁb a;)’

(227) T4 =(ATHS I

and theirs inverse

2M_4 O - 211 0
Q—}=< ab j), Q—}z( +ab j>, (2.28)

wy 2M_p & ny 204 6

perform T-dualization for the vector indices.
Note that different chiralities transform with different

matrices Q4 and Q™. Therefore, there are two types of
T-dual vielbeins

ae = ety (QN, 4 = et (1), (2.29)
with the same T-dual metric
WGM = (") = (G QM = G

= (&' nq&" = (GO (2.30)

The Lorentz indices are underlined (denoted by a, b).
The two T-dual vielbeins are equivalent because they are
related by the particular local Lorentz transformation

_ai bji T (-1
a€ = A% e, A = et (07 0) (e ) e

(2.31)

From (2.27) and (2.28) we have

_ a 2 hac 2 hac .
Qo 'o, = (5 bt g@+ Geb Kegi G”), (2.32)
J

which produces

Agé = (SQQ — 20)&2, aﬂé = —Kegaéff_b(eT)b£ Neb-
(2.33)

It satisfies definition of Lorentz transformations

ATnpA=n = detA%, =+I1. (2.34)

After careful calculations we have det A%, = (—=1)?, where
d is the number of dimensions along which we perform T-
duality.

2.3.2 Two sets of I'-matrices in T-dual theory

Because in T-dual theory there are two vielbeins, there must
also be two sets of I'-matrices in curved space

alp = (e Npa T = (ue '),

aTp = N T = (&', (2.35)
They are related by the expression
aLp=aQ il o, (2.36)

where ,€2 is a spinorial representation of the Lorentz trans-
formation

(2.37)
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2.3.3 Two sets of spin connections in T-dual theory

The spin connection can be expressed in terms of vielbeins
as

1 1
w2t = E(evgcl%u —e"cfy) — Eepgegbcgpgegw (2.38)
where
iy = de®, — dpey. (2.39)

Therefore, in T-dual theory there are two spin connections,
defined in terms of two vielbeins. As a consequence of (2.31)
they are related as

W@ = A% 0Py (AT + A% 0% (ATHE,.  (2.40)

It is useful to introduce the spin connection in the form

O = wugp T, 241
where

ree — rark _ rere, (2.42)
Then from (2.37) for ,€2 = const we obtain

=07 ol Q. (2.43)

2.3.4 Single form of supersymmetry invariants in T-dual
theory and new spinor coordinates

So far we used the action from Ref. [45] which is an expan-
sion in powers of 8% and #%. We performed the procedure of
bosonic T-dualization using the first term in the expansioni.e.
6% and #% independent part of the action. Consequently, the
supersymmetric invariants, I1", d, and dy, in that approxi-
mation became a4 x*, 7, and 77, . Butif we would take higher
power terms into consideration, then these invariants would
appear again in the theory. Consequently, we can use these
invariants to find proper spinor variables.

From the compatibility between supersymmetry and T-
duality we will find appropriate spinor variables changing
the bar ones. We are not going to apply such a procedure to
background fields which transformation we will find from T-
dualization. In Sect. 2.5 we will check that both T-dual grav-
itinos satisfy a single supersymmetry transformation rule.

Note that according to [38,53—-59] fermionic coordinates,
6% and 6%, and their canonically conjugated momenta, 7,
and 7y, are parts of the supersymmetry invariant variables,

1 R
dy = 1la = 5 (T8 ( D4x' + 76T"0,6

1 1. _
dy = a = 5 (Tu)a (8_x“ + Zer“a_e) . (2.44)

@ Springer

In T-dual theory, as a consequence of two types of I matri-
ces, there are two types supersymmetry invariant variables,

oo = aTq — %(arﬂ a®a <a+ oXp + }Laearﬂ(‘u ae) :
(2.45)

T aé) .
(2.46)

1

_ _ _ - 1
ada = aTlq — E(aru a®)e <a— aX;l +7

4

We want the two expressions to have the same I matrices.
Using Eq. (2.36) we can rewrite the bar expressions as

B} ) 1 .

(@R ad)g = (a2 4o — E(aFMaQ a®)a <8_ aXp
1 - _

+ 1“9 OIS 9) aae> . (2.47)

Therefore, if we preserve expressions for ,60% = 6% and
4o = Ty, change bar variables

0% =, Q% 0P, *7y = QWP a7, (2.48)
and take
Qr=1, (2.49)

the transformation with bar variables will get the same
form as those without bar in ,d,. Consequently, the T-dual
supersymmetric invariant variables ,d, and oW; ac?,g; are
expressed in a unique form in terms of the true T-dual spinor
variables 6%, 1, *0% and *77,,

®7 B3 - 1 nepn
aly = dgy, dy = 42 dﬂ: 7701_5(541—‘ 0)a

1 - _
X (0- aXp + 3°0 aT3d- °6), (2.50)

if condition (2.49) is satisfied.

2.3.5 Spinorial representation of the Lorentz
transformation

In order to find expressions for the bar spinors in a T-dual
background we should first solve Eq. (2.37) and find the
expression for ,. We will do it for B, — 0, so that
é_‘f_b — —%(5‘1)“'5, where éab is the ab component of
G 1v- Then from (2.33) it follows that

@ = (G = P, 2.51)

where , P%; is some a dependent projector on the ab sub-

space o P4, ,P€, = 4P%. If we introduce the I'-matrices
in curved space

I* = (e~ Mk, I, (2.52)
we can rewrite Eq. (2.37) in the form
LQTH = [ru —2((e Yy u P ré] 2. (2.53)
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To simplify the derivation from now on we will suppose
that the metric tensor is diagonal. Then (e_l)“g o P4 =
st (e_l)“g and we have

WQIH =[TH =268 T] 4. (2.54)
For 4 = a and u = i we obtain
QT4 =-T9,Q, QI =T ,Q. (2.55)

The I'-matrices in curved space for a diagonal metric satisfy
the algebra

{re.r’y =2G7H",
(ri', r’'y=2(G=hHi.

{r*,r'y =0,
(2.56)

‘We should find such an , 2 as anticommutes with all matri-
ces ' and commutes with all matrices I'*. Let us first intro-
duce the I'!! matrix,

D(D-1) 1

=) —
D—-1
1_[/4=0 G

1T M2 WD
Epypgepp T T2 THP,

(2.57)

where the normalization constant is chosen so that I''! sat-
isfies the condition (['!11)2 = 1.

Then we define an analogy of the I''! matrix in the sub-
space spanned by the T-dualized directions

d
L= @O T [ = O T rare ., (258)
i=l1
so that
d 1
(I)? = ]_[G“i“i =— (2.59)
i=1 Hi:l Gaq

Their commutation (anticommutation) relations with one
" matrix depend on the number of coordinates d, along which

we perform T-dualizations. Therefore we have
JTe=(=Dtre v, ,rri=nir ,r, (2.60)

which means that the solution of Eq. (2.55) is proportional
to

W2~ (e, (2.61)
Taking into account (2.49), «Q% = 1, we obtain
a2 = (2.62)

This is a general solution. Note that for a; () az = 0 we have
a2 Q= (=4, Q where a = a; | ay.

When the number of coordinates along which we per-
form T-duality is even (d = 2k), we have ,Q =

(—l)%,/]_[fl=1 Gua; ol'. As a consequence of the relation

', = (=07, ' we can conclude that in that case

bar spinors preserve chirality. When the number of coordi-
nates along which we perform T-duality is odd (d = 2k + 1),

wehave ;@ = (=) /], Gaa i «T' T'!1. As a conse-
quence of the above relation such a transformation changes
the chirality of the bar spinors.

In the particular case that we perform T-dualization along
only one direction, x4, ;' — I'*',d — 1 and we obtain
the result, well known in the literature [1-3,46,47],

R =i/Gaa MU T

This is the case of the transition between ITA and IIB theory,
when T-duality changes the chirality of the bar spinors.
When we perform T-dualization along all coordinates,

d— D=10,, —> % and from (2.62) we obtain

n=0 GMM

(2.63)

Q= (-2 ! =_r, (2.64)

2.4 Choice of the proper fermionic coordinates and T-dual
background fields

We have already learned that in order to have compatibility
between supersymmetry and T-duality, we should choose the
dual bar variables with a bullet in accordance with (2.48).
Therefore, before we read the T-dual background fields, we
will reexpress the action (2.20) in terms of the appropriate
spinor coordinates (2.48) which, with the help of the relation
an = 1, produces

aS()’aa xi, 904’ .9-“7 T s .7_[01)
2
K A A .
= / d’¢ {73+ya9“”ayb + 1204 Y0P T4y 9_x
b

, . 1
— K29,x T 4a0%0_yy + — PRP

4
idpx (Mij — 26T 10 0P T )9 x7
— 70— (0% + WX — 2WGUTL ix) — WweGyy,)
F 04 [0 Q2% + U 20909 Ty x7
F U0 1, Q6P T + 2 WO Qg7 07,

1
+5e e naF“/f‘aszﬂWﬁy} : (2.65)

Consequently, applying the Buscher T-dualization proce-
dure [4,5] along the bosonic coordinates x¢ of the action
(2.13) the T-dual action gets the form

25 1
S = / d’¢ [xa+<axman’i”8_<ax>o + 5 -a®R?
b)) T

— T [0% o W (, X) 104 [0+ W (. X) ] * T
1 4
+ ﬂer)na FP 'ﬁﬁ} :

(2.66)
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where ((X)p = (va.x'), «¥** = (W W) and
ali/aﬁ' = (a\I,aa’ a\p;x)~
Now, we are ready to read the T-dual background fields

140 = géi’”, (2.67)
oMl = —kTgip02,  o(Me)% = k0% Ty, (2.68)
oTlij = Mj — 26 Mg 0% Ty (2.69)
JVO = W T = e QY TP (2.70)
QU = W — 2k TT 000w,

GV = Q%P — 26Ty, 02 0F), .71
¢ FP = (e% Fey +4ngéibi/g)aszyﬁ (2.72)

when 2 is defined in (2.62).
The dilaton transformation in the term ®R® originates
from quantum theory and will be discussed in Sect. 2.6.

2.5 Supersymmetry transformations of T-dual gravitinos

Note that in the expressions for the T-dual fields , poa \ilf‘
and ,F*f the matrix ,Q appears as a consequence of the
T-dualization procedure and adoption of the bullet spinor
coordinates. In Refs. [46,47] it appears as a consequence of
the compatibility between supersymmetry and T-duality.

A supersymmetry transformation of the gravitino is
expressed in terms of covariant derivatives,

SeW), =Dy +--, 85@3=DM5“+...’ (2.73)

with the same covariant derivative on both left and right
spinors,
D, =0, +w,. (2.74)

In the T-dual theory, as a consequence of the two kinds of
spin connections, there are two kinds of covariant derivatives,

JDF =88 + o, D = 4 b, (2.75)
such that
@0e a WO = DY 5; 4V = ,DFEY, (2.76)

Let us show that improvement with ;€2 in the transformation
of the bar gravitinos just turns , D* to , D*. In fact, from

8z VO = Q% (aﬂéﬂ n a@f‘ﬂyéV) , 2.77)
with the help of (2.43), for constant , 2, we have
a8z W = 31 (, Q9470 + 0y QP B

= DM, Q% 55P) = 48,0z V. (2.78)

Therefore, it is clear that in order to preserve the same spin
connection for the two chiralities we should additionally

@ Springer

change the bar supersymmetry parameter

Y = (,Q)%p 4P, (2.79)

2.6 Transformation of pure spinors

In this subsection we will find transformation laws for pure
spinors, A% and A%, which are the main ingredient of the pure
spinor formalism.

Itis well known that pure spinors satisfy the so-called pure
spinor constraints,

A (TM)gprf =0, A% (TH)epaf = 0. (2.80)
After T-dualization they turn into
a)\a(ar‘;l)aﬂ a)VB =0, a)_\a(af‘ﬁ)aﬂ a)_\ﬁ =0. (2.81)

The relation between matrices ,I"j and , r 418 givenin (2.36).
In order to have the two cases expressed with the same gamma
matrices, as before, we preserve the expression for the unbar
variables,

ar® = 2% (2.82)
and change bar variables
=, Q% AP (2.83)

The variables w, and w, are canonically conjugated
momenta to the pure spinors A% and A%, respectively. The
transformation laws for pure spinor momenta can be found
from the expressions for N iw and N"¥ (2.5) which would
appear in the action if we would take higher power terms in
6* and 0%. After T-dualization these expressions become

N = o Liao)®p at?
a +ﬁf)—5awo¢(a [[u?]) B ar’ s

_ 1 - -
aN_jig = Sata(aliae)"p ot (2.84)
Using Eq. (2.36) and the definition of T'l#'] (2.16) we see
that the relation between ,I'[;; and af‘mg] is the same as
between the gamma matrices (2.36). As in the previous case,
in order to have unique set of gamma matrices, we do not

change the unbar variables,

aWa = Wy, (2.85)
while we choose bar variables in the form
*Wy = a%P 4. (2.86)

Let us note that free field actions S, and S are invariant
under T-dualization because ,Q% = 1.
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2.7 T-dual transformation of antisymmetric fields: from IIB
to IIA theory

To find the T-dual transformation laws for antisymmetric
fields we will start with Eq. (2.72). First, as explained in
Refs. [4,5,60] the quantization procedure produces the well-
known shift in the dilaton transformation

det Ggp
aq) =& —1In det(2H+ab) =& —1In W. (287)

Together with (2.72) it gives a relation between the initial
and T-dual background fields,

det Ggp @ Ao
4 a — > b\, Y
oF*P = \ det ,Gab (F7 +4e” 2cWg00)), 0, P

(2.88)

For B, = 0 we have G = (GEI)“Z’ = (G 1% and

consequently 4/% = J(det Gop)? = /[ detGyy |. It

is important to stress that unlike in Eq. (2.62) for , 2 here we
have the absolute value under the square root. For a diagonal
metric G, we have det G4 = ]_[f=1 G,q; and taking into
account Eq. (2.62) we find

d d
sign (1—[ Gaiai> l_[ Gaa;
i=1 i=1

X (Fay + 46_%16\1135317‘1’1)7/) I’ Ftlil)yﬁ'
(2.89)

Note that we are going to T-dualize all D-directions. Then
it is necessary to perform T-dualization along the time-like
direction. Here the above square root has important conse-
quences. For our signature (4, —, —, ..., —), the square of
the field strength (, F*#)? and, consequently, the square of all
antisymmetric fields will change the sign when we perform
T-dualization along the time-like direction. This is just what
we need to obtain type I 1* theories in accordance with Ref.
[37].

In a simple case when gravitino fields and Kalb—Ramond
field are zero and metric is diagonal we will express the tran-
sition from type IIB to type IIA theory. Taking d = 1 we
have

oF*P =i\/sign(Gaq) Gag F*7 (P19, 7.

Let us choose type IIB as a starting theory. The matrix I'!!
turns F™ to F10~ where

(2.90)

1
(F("))aﬂ — JFMM"'#n (F[M1M2"‘Mn])0tﬁ_ (2.91)

As a consequence of the chirality condition FT'!! = —T1 F
the independent tensors are F M FO and self-dual part of

F®) . So we can write

15\
Forath, f = <F(1) +F® ¢ EFG)) : (2.92)
Similarly, in T-dual theory (here it is IIA) we have
oFP = (;F? 4 FO)P, (2.93)
where now
| R S
(aF(n))aﬂ = EuFﬂlﬂz #n(ur[ﬁlﬂzwﬂn])aﬂ' (294)

The I'-matrices on both sides are defined in curved space.
For the initial theory it is just (2.52), while for T-dual the-
ory it is defined in the first relation in Eq. (2.35) as ,I'; =
(e ™) fa I'®. As a consequence of the first relation (2.29)
between the vielbeins g%t = eQU(QT)”ﬁ we can find the
relation between the I'-matrices,

i = I, (2.95)
which produces
(FMy@h — %(LJQF)MIMHM(F[muz--w])aﬂ’ (2.96)
where
EF)pizepn = aFmﬂzmﬂ"(Q_lT)/llm

X (@ gy (@ Dy, (297

Using the standard relation between the I"-matrices,

a a a —
rlripa-pnlpa _priipo-pwna _ Glbn PH12 - hn 1],

(n—1)!
(2.98)

we obtain

FWrae — 1 12+ pnal

EFMIH‘Z'"MHF

1

(n - 1)’FM”’L2”'/Ln—1a F[M”‘Lz"'”‘nfl].

(2.99)

Therefore, from (2.90), (2.92), (2.93), (2.96), (2.97) and
(2.99) we can find a general relation connecting antisymmet-
ric fields of Type IIA and type IIB theories,

aFlllllz---ﬂn = MGQLI (nF/“:UQ"'Mn—]Sa/,L,,
- FM1#2-~-M,,Q)(QT)M“1 (oTyraiz ... QT yknltn
(2.100)

Under our assumptions we have

i —Gaa
(T _( G 5#’)’ 2.101)
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and consequently

aFij = _i\/Sign—GaaGaaFija’ aFi" = =2i/signGya Fi,
(2.102)

i -
aFijkq = _5 SlgnGaaGuaFijkqa’

aFiji = —4i/signGag Fiji. (2.103)

For the space-like directions G, < 0andi./signG, isreal.
For time-like direction /signG,, — +/signGop = 1 and the
remaining imaginary unit causes squares of the antisymmet-
ric fields to get an additional minus sign and type II theories
to swap to type II* ones [37].

3 Double space formulation

In this section we will introduce double space, doubling all
bosonic coordinates x* by corresponding T-dual ones y,,. We
will rewrite the transformation laws in double space and show
that both the equations of motion and the Bianchi identities
can be written by that single equation.

3.1 T-dualization along all bosonic directions

Applying the Buscher T-dualization procedure [4,5] along
all bosonic coordinates of the action (2.13) the T-dual action
has been obtained in Ref. [9]. This is a particular case of our
relations (2.67)—(2.72) where the T-dual background fields
are of the form

1
Ny =B E ST = ek, 3.1
PO = @R U = i QY @MV, (3.2)
e *Feb — (e% Fer +4K\yg®‘i”\ifg) QP (3.3)

Here we use the notation
2
Gy = Gy = 4(BG™ B)yy, O = —=(G'BG™H",
*Q=-r' (3.4)
and
% 2 —1 —1\uv o 1 1y
OF =~ (Op MeGY" =07 F 2(GE)™, G5

so that

1
(MeO5)," = 5-8," (3.6)
From (3.1) and (3.5) it follows that
TG = (G, *BMY = g(a““. 3.7)

In this case the transformation laws (2.21) and (2.22) (the
relations between the initial x* and T-dual coordinates y,,)
get the form

@ Springer

dext = —c O dry, + 1O J1y,

Oty = =204y 04x” + Jip. (3.8)

3.2 Transformation laws in double space

Rewriting Eq. (3.8) in the form where terms multiplied by
sii = =1 are on the left-hand side of the equation, we

obtain

+01y, = Gpuvdex” —2(BG), dxyy

+2(M+G ™Y " T, 3.9)
+00x" = (GTH™ o1y,
+2(G7'B)*,04x” — (G™HM Iy, (3.10)
Let us introduce double space coordinates
"
M — <x ) (3.11)
Y

which contain all initial and T-dual coordinates. In terms of
double coordinates Egs. (3.9) and (3.10) are replaced by one
equation:

0L ZM = 1 QMN (M porZ? + Jin), (3.12)

where the matrix H sy is known in the literature as the gen-
eralized metric and has the form

GE —2 By, (G~hHrY
— j7aY mp 1
HMN <Z(G_1)M'O pr (G—I)MV (3. 3)
The double current J4 ), is defined as
2(IM+G~ Y,V Iy

iy :( e ), (3.14)
and

QMN — (1(; 15)), (3.15)

is a constant symmetric matrix. Here 1 p denotes the identity
operator in D dimensions. Let us stress that the matrix , 2
and QMY are different quantities.

By straightforward calculation we can prove the relations

HIQH=Q, Q*=1, detHyy =1, (3.16)

which means that H € SO (D, D). In calculation of deter-
minant we use the rule for block matrices

AB\ _ 1
det <C D) = det Ddet(A — BD™'C). (.17

In double field theory QM isthe SO (D, D) invariant metric
and denoted by n™V .
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3.3 Equations of motion and double space action

It is well known that the equations of motion of the initial
theory are the Bianchi identities in T-dual picture and vice

versa [12,19,22,60]. As a consequence of the identity
ap0_zM —9_a,zM =0, (3.18)

known as the Bianchi identity, and Eq. (3.12), we obtain the
consistency condition

O [Huno-Z" + J_p1+ _[Hund+ZN + Jym] = 0.

(3.19)
In components it takes the form

dpd_xt = —%(G”w (W04 7T + W50 _70)

Ay_y, = —%wa (PO, T + * UMY ) . (3.20)

These equations are equations of motion of the initial and
T-dual theory. Double space formalism enables us to write
both equations of motion and Bianchi identities by the single
relation (3.12).

Equation (3.19) is the equation of motion of the following
action:

S = %/dzé[a_i_ZMHMNa_ZN + 3+ZMJ—M

+ T d-ZM 4 L(my, 7)1, (3.21)

where L(my, 7Ty) is an arbitrary functional of the fermionic
momenta.

4 T-dualization of type II superstring theory as a
permutation of coordinates in double space

In this section we will derive the transformations of the gener-
alized metric and current, which are a consequence of the per-
mutation of some subset of the bosonic coordinates with the
corresponding T-dual ones. First we will present the method
in the case of the complete T-dualization (along all bosonic
coordinates) and find the expressions for T-dual background
fields. Then we will apply the results to the case of partial
T-dualization.

4.1 The case of complete T-dualization

In order to exchange all initial and T-dual coordinates let us
introduce the permutation matrix

m (0 1Ip
T N—<1D 0>, 4.1

so that the double T-dual coordinate *Z is obtained:

*ZM ITMNZN — <pr) .

o (4.2)

We require that the T-dual transformation law for the double
T-dual coordinate *Z™ has the same form as for the initial
coordinate Z¥ (3.12)

0 ZM = L+ QMN 1N pa* ZP +*Tin). 4.3)

Then the T-dual generalized metric *H sy and T-dual current
*Jyum are

*Hun = T Hxr TE N, *Jaem = T Jan. 4.4)

Permutation of the coordinates (4.2) together with transfor-
mations of the background fields (4.4) represents the sym-
metry transformations of the action (3.21).

Using the corresponding expressions for 7Y y, H sy and
J+y, we obtain from the generalized metric transformation

GM = (G BN = S 4.5)
Taking into account that as a consequence of (2.48) the bar
dual variable is **7, = (*Q7),*? 7, from the current trans-
formations we have

W = @R, P = i QYO E (4.6)

where *Q = —I'!1,

Consequently, using double space we can easily repro-
duce the results of T-dualization, Egs. (3.7) and (3.2). The
problem with T-dualization of the R-R field strength F*#
will be discussed in Sect. 5.3.

4.2 The case of partial T-dualization
Applying the procedure presented in the previous subsection

to the arbitrary subset of bosonic coordinates we will, in
fact, describe all possible bosonic T-dualizations. Let us split

the coordinate index @ into ¢ and i (a = 0,...,d — 1,
i =d,..., D —1)and denote T-dualization along direction
x% and y, by

T =TT, TaETOOTlo~~on_1,

T,=TpoTio---0Ty_1, “4.7)

where o marks the operation of composition of T-dualizations.
Permutation of the initial coordinates x¢ with its T-dual y,, is
realized by multiplying the double space coordinate by the
constant symmetric matrix (7)™ y,

Ya 001,0 x?

M: .X'l . a\M N _ O 1[ 0 O .X'l
«Z" = x4 (T) NZ 1a 000 Va ,

Vi 0001 Vi

(4.8)
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where 1, and 1; are identity operators in the subspaces
spanned by x“ and x’, respectively. It is easily to check the
following relations:

(TTHYM y =My, (TQTHYMy = QM. (4.9)

The first relation means that after two T-dualizations we get
the initial theory, while the second relation means that 7¢ €
O(D, D).

Let us apply the same approach as in the case of the full T-
dualization presented in the previous subsection. We require
that the double T-dual coordinate ,Z* satisfy the T-duality
transformations of the form like the initial one ZM (3.12),

0r o ZM =2 QYN (Hyk 02 oZ" + aden). (4.10)
Consequently, we find the T-dual generalized metric

oHun = Ty Hxk(THEy, (@.11)
and the T-dual current

aJem = TOu™ Jan. 4.12)

Note that Egs. (4.8), (4.11) and (4.12) are symmetry trans-
formations of the action (3.21). The left subscript ¢ means
dualization along the x¢ directions.

5 T-dual background fields

In this section we will show that permutation of some bosonic
coordinates leads to the same T-dual background fields as
standard Buscher procedure [9]. The transformation of the
generalized metric (4.11) produces expressions for NS-NS
T-dual background fields (G, and B,,,). They are the same
as in bosonic string case obtained in Ref. [35]. Therefore, we
will just shortly repeat these results. From the transformation
of the current Jyy (4.12) we will find T-dual background
fields of the NS-R sector (W}, and \i'/‘i). Because R-R field
strength F*# does not appear in T-dual transformations, we
will find its T-dual under some assumptions.

5.1 T-dual NS-NS background fields G ., By

Requiring that the T-dual generalized metric ,H s n has the
same form as the initial one Hzn (3.13) but in terms of the
T-dual fields

.G

2,6 2B)," G-

—2(,B G~ HK,
cHuN = ( ( ) ) ,

@G D
and using Eq. (4.11), one finds expressions for the NS-NS
T-dual background fields ,TT'}" in terms of the initial ones,

where y and y are defined in (A.4), g and g in (A.5), while

Bi1, B and B are defined in (A.7). The quantities A and D are

given in (A.11) and (A.13), respectively. In more compact

form we have

I — ( 203 KO3 Ty ) . (5.3)
=k Maip0F" Maij — 26 Mg 08 Mg

where éib has been defined in (A.9). Details regarding the
derivation of the Eqgs. (5.2) and (5.3) are given in Ref. [35].
Reading the block components we obtained the NS—NS T-
dual background fields in the flat background after dualiza-

tion along the directions x, (¢ =0,1,...,d — 1)
K A N
MY =202, oM = k02 Ty, (5.4)
T = =k T2,
allgij = Majj — ZKHiiaébeHibj- (5.5

These are just the Eqgs. (2.67)—(2.69). The symmetric and
antisymmetric parts of these expressions are the T-dual metric
and T-dual Kalb—Ramond field, which are in full agreement
with the Refs. [9,20].

5.2 T-dual NS-R background fields Wy, \ilz

Letus find the form of T-dual NS-R background fields, , ¥'*¢,
aVia W2 and , ‘illf". The T-dual current , J+ 7 (4.12) should
have the same form as the initial one, Eq. (3.14), but in terms
of the T-dual background fields

2(uMe «G™H% (DB + 201 «GH ()i

20T+ 4G Vg (0L +2(Ts oG () 4j
@G Map DL = G (o )xi
—@G™ N (DL = (GH (4 )
—(G™Har Iy,

2(MLGYH Ty,

2(MeGH Tey
—(G7Hirgy,

(5.6)

On the left-hand side of this equation we split the index p in
a and i components because in the T-dual picture the index
a has a different position, it is now up. T-dual currents are
written between the brackets to make a distinction between a
left subscript a denoting partial T-dualization and summation
indices in the subspace spanned by x¢.

We can obtain the information about T-dual NS-R back-
ground fields from the lower D components of the above
equation. In order to find the solution of these equations it is
more practical to rewrite them using the block-wise form of
matrices given in the appendix and Ref. [35],

Hw_< gpD Ty = AN B F D) %A—lgT—zg—ImD—l(BT:F%)) 5.2)
a - — - — o - — _ Y ) .
D7y =277 AT B F ) B AT - DT BT F )
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—8ab DL +20B0)a" ()i
~ 1 .
=2 (,3 + 5) b Iy + 20" T,

=280 D%+ 7Y (oD = v T + 77 Ix ;.

5.7
From Eq. (3.18) of [35]
N 8ab —2(BG™h,/
(aG )H«V - <2(G—IB)ib (G—l)ij >
g 28
= _ , 5.8
(—Zﬁf % ) o8

(A.4) and (A.7), we find the components of .G~ L, Gl and
BG™!, respectively. In the first equation on right-hand side
for (HiG_l)ai just stands for (;61),1" because 8,° = 0.

The difference

i =i = G [ 7 S + 2805 L]
(5.9)

obtained from the second equation, we put in the first equa-
tion, which produces

~ 1
2 |:</3 £ E) - 51)7_1)/:| b,
=—(g—4p7'8l) WL (5.10)

From the definition of the quantity A, (A.11) we get

bc
(aJ>i=2[—A1(Bi%)+A1Mly] Jic. (5.11)

Using the expression Ay, = gqp (proved in [35]) and Eq.
(A.12), we recognize the ab block component of Eq. (5.2).

Therefore, with the help of (5.3) it is easy to see that
()i =2 a1 e =k 02 . (5.12)

Note that now the T-dual current ,J/ is of the form

X ) X
a]lL = :l:; a‘yiu allta, (5.13)
where
aqjiﬂ = a\yaﬂ, a\yiﬂ = Q\I,aﬁ,, all4+o = Ta,

ATl = ° Ty, (5.14)
and as before
Jipy = :E;\I/iuﬂia. (5.15)

Therefore, the a components of the T-dual NS-R fields are
of the form

VO = 0w U = i Q% 0P TE (5.16)

Substituting (5.11) into (5.9) we obtain

__ o~ 1
—4[y 'l A 1(ﬁi§)] ia. (5.17)
i
With the help of (A.13) Eq. (5.17) transforms into
()i — J+i
1 ~ 1
=2|-D7y =297 1Bl AT (B S )| Vs
2 2/1;
(5.18)

From the ;“ component of (5.2) and (5.3) we finally have

(o)t = Jai — 2 gip02 Ty (5.19)

As in the previous case, using the expressions for the currents
(5.13) and (5.15), the final form of the T-dual fields is

QW = W — 2k TT_ 000 W,
V= QW] — 21000 0F),

1

(5.20)

Equations (5.16) and (5.20) are in full agreement with the
results from Ref. [9] given by Eqgs. (2.70) and (2.71).

The upper D components of Eq. (5.6) produce the same
result for T-dual background fields.

5.3 T-dual R-R field strength F*#

Using the relations ;/H = 79H7? and ,Jx = T%J1 we
obtained the form of the NS-NS and NS-R T-dual back-
ground fields of type II superstring theory. But we know
from the Buscher T-dualization procedure that the T-dual R—
R field strength , F*# has the form given in Eq. (2.72). In
this subsection we will derive this relation within the double
space framework.

The R-R field strength F*# appears in the action (2.13)
coupled with the fermionic momenta r,, and 7, along which
we do not perform T-dualization. Therefore, we did not dou-
ble these variables. It is an analog of the i j-term in approach
of Refs. [27-29] where x’ coordinates are not doubled. Con-
sequently, as in [27-29] we should make some assumptions.
Let us suppose that the fermionic term L(my, Ty) is Sym-
metric under exchange of the R-R field strength F*# with its
T-dual , F*P

L=e? g FPy+¢7 oty o FP oig = L + oL
(5.21)

for some F®? and , F*#. This term should be invariant under
the T-dual transformation

WL=LA+AL. (5.22)
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Taking into account the fact that two successive T-dualizations
are the identity transformation, we obtain from (5.22)

L= oL+ AL (5.23)
Combining the last two relations we get
aAL=—AL. (5.24)

If AL has the form AL = mg A“ﬂfr}g and consequently
dAL = 47y o AP a7 g, then with the help of the first relation
of Eq. (2.48) we obtain the condition for A%}

aAP = — A7 QP (5.25)

Therefore, we should find the combination of background
fields with two upper spinor indices which under T-dualization
transforms as in (5.25). Using the expression for the NS—
R fields (2.70) and the equation (;01)ap = 2[zap =
L (02 ap [see the T-dual of (5.4) and (A.10)], it is easy
to check that there are D different solutions,

AP = cw2fbyp (5.26)

where d = 1,2,...D and c is an arbitrary constant.
Consequently, when we T-dualize d dimensions x¢ (a =
0,1,...d — 1), from (5.22) we can conclude that the T-dual
R-R field strength has the form

¢ FP = (e% F7 4 c\pgéi”@g) .27, (5.27)
For ¢ = 4k we obtain the agreement with Eq. (2.72). Note
that the fermionic term L, (7, 77, ) depends on d, the number
of directions along which we perform T-duality, just in Refs.
[27-29].

6 Conclusion

In this article we showed that the new interpretation of the
bosonic T-dualization procedure in the double space formal-
ism offered in [35,36] is also valid in the case of type II
superstring theory. We used the ghost free action of type II
superstring theory in a pure spinor formulation in the approx-
imation of quadratic terms and constant background fields.
One can obtain this action from the action (2.7), which could
be considered as an expansion in powers of fermionic coor-
dinates. In the first part of the analysis we neglect all terms
in the action containing powers of 6% and 6¢. This approx-
imation is justified by the fact that the action is a result of
an iterative procedure in which every step results from the
previous one. Later, when we discuss proper fermionic vari-
ables, taking higher power terms we restore supersymmetric
invariants (l'[i, dy, da) as variables instead of d+x*, m, and
Ty

We introduced the double space coordinate ZM =
(x*, y,) adding to all bosonic initial coordinates, x*, the

@ Springer

T-dual ones, y,,. Then we rewrote the T-dual transformation
laws (3.8) in terms of double space variables (3.12) intro-
ducing the generalized metric Hp/n and the current Jiyy.
The generalized metric depends only on the NS-NS back-
ground fields of the initial theory. The current J4 5, contains
fermionic momenta r,, and 7, along which we do not make
a T-dualization, and it depends also on NS—-R background
fields. The R-R background fields do not appear in T-dual
transformation laws.

The coordinate index w is splitina = (0, 1,...d —1) and
i =(,d+1,...D — 1), where index a marks subsets of
the initial and T-dual coordinates, x“ and y,, along which we
make T-dualization. T-dualization is realized as permutation
of the subsets x“ and y, in the double space coordinate Z¥ .
The main require is that T-dual double space coordinates
W ZM = (THM y ZN satisfy the transformation law of the
same form as the initial coordinates Z* . From this condition
we found the T-dual generalized metric ,Hyn and the T-
dual current ,J1y. Because the initial and T-dual theory
are physically equivalent, ,H n and ,J+ s should have the
same form as the initial ones, H and J4 s, but in terms of the
T-dual background fields. It produces the form of the NS—
NS and NS-R T-dual background fields in terms of the initial
ones which are in full accordance with the results obtained
by the Buscher T-dualization procedure [9,10].

The supersymmetry case is not a simple generalization of
the bosonic one, but it requires some new interesting steps.
The origin of the problem is the different T-duality transfor-
mations of the world-sheet chirality sectors. It produces two
possible sets of vielbeins in the T-dual theory with the same
T-dual metric. These vielbeins are related by a particular local
Lorentz transformation which depends on T-duality transfor-
mation and of which the determinant is (—1)¢, where d is the
number of T-dualized coordinates. Therefore, when we per-
form T-dualization along an odd number of coordinates then
such transformation contains a parity transformation. Con-
sistency of T-duality with supersymmetry requires chang-
ing one of two spinor sectors. We redefine the bar spinor
coordinates, 40 — ;9_"‘ = Q¢ 59_/3 , and the variable .7,
Wty —> o7 = aQaﬁr—rﬂ. As a consequence the bar NS—
R and R-R background fields include ,€2 in their T-duality
transformations. For an odd number of coordinates d along
which T-dualization is performed, ,€2 changes the chirality
of the bar gravitino \TJI"j and the chirality condition for F®.
We need it to relate type IIA and type IIB theories.

The transformation law (3.12) induces the consistency
condition which can be considered as equation of motion
of the double space action (3.21). It contains an arbitrary
term depending on the undualized variables L(r,, 7y ). This
is in analogy with the term 9, x' T, | d_x/ in the approach
presented in Refs. [27-29]. Therefore, to obtain the T-dual
transformation of the R-R field strength F*# we should
make some additional assumptions. Supposing that the term
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L(my, my) is T-dual invariant and taking into account that
two successive T-dualizations act as the identity operator, we
found the form of the T-dual R-R field strength up to one
arbitrary constant c. For ¢ = 4k we get the T-dual R-R field
strength , F' @B a5 in the Buscher procedure [9].

A T-duality transformation of the R-R field strength F*#
has two contributions in the form of square roots. The contri-

bution of the dilaton produces the term /| 1—121:1 Ggq;l. On

the other hand the contribution of the spinorial representation
of a Lorentz transformation , €2 contains the same expression

without the absolute value i,/ ]_[f=1 G ;q; - Therefore, the T-

dual R-R field strength , F @B besides a rational expression,

contains the expression 4./ sign(]_[?=1 Gaa;) (2.89). If we

T-dualize along the time-like direction (Goo > 0), the square
root does not produce an imaginary unit i, not canceling the
one in front of the square root. Therefore, T-dualization along
the time-like direction maps type II superstring theories to
type II* ones [37].

The successive T-dualizations make a group called the T-
duality group. In the case of type II superstring T-duality,
transformations are performed by the same matrices 7¢ as
in the bosonic string case [35,36]. Consequently, the corre-
sponding T-duality group is the same.

If we want to find a T-dual transformation of F*# with-
out any assumptions, we should follow the approach of
[35,36] and, besides all bosonic coordinates x*, double
also all fermionic variables m, and 7,. In other words,
besides bosonic T-duality we should also consider fermionic
T-duality [53-59].
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ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
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Appendix A: Block-wise expressions for background
fields

In order to simplify notation we will introduce notations for
the component fields following Ref. [35].
For block-wise matrices there is a rule for inversion,

A B\
CD
(A—BD'O)™!

B —A"'B(D—-cA'B)"!
“\=D'cA-BD ')} '

(D—CA~'B)!
(A.1)

For the metric tensor and the Kalb—Ramond background
fields we define

Gab Gaj G GT

= = = - AZ
Guv (G,»b Gl-j> (G G (A2)
and

_ ((bap baj\ _ (b DT
B = (bib 51’] =\, 5 . (A3)
We also define the notation for inverse of the metric,

sab . aj S~ ., T

G~ ’”:(”. ’f‘.>z(y”_), A4

and for the effective metric

GE =G,y —4B,,(GTHP°

By, = 8ab éiaj = g g_T> .
my gib &ij g 8

(A.5)
Note that because G*" is the inverse of G, we have

y=-G'Gy =-7GG™!,
v = G167y = —5GTG,
=G -G6'¢7'e)"", y=G-66"1¢H,
1

Yy
Gl=y—yTyly, Gl=y—ypplyl (A.6)

It is also useful to introduce a new notation for the expres-
sion
is by T _ BT 5 3
by +by by" +by B2 B
(A7)

We denote by a hat expressions similar to the effective
metric (A.5) and non-commutativity parameters but with all
contributions from the ab subspace,

- -~ - N 2 -~
Sab = (G —4bG ')y, 6 = —Z(7'HGT1). (A8)
K

Note that g, # Zap because g4p, is a projection of g, on the
subspace ab. It is extremely useful to introduce background
field combinations,

1
H:tab = Bab + EGab
A 2 ie s A | S
b = =@ 'ALGTHT =00 F —@TH (A9

which are inverses to each other

B9 My = iag. (A.10)
The quantity A, is defined as

Aab = (& = 48177 B a- (A.11)
One can prove the relation [35]

@ 'BD D =@ By (A.12)
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where D'/ is defined in Eq. (3.21) of [35],

DY =(y —4pl g 'Y,

(D7 Ny = (7 447l AT )

(A.13)
ij
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Noncommutativity and Nonassociativity of Closed Bosonic

String on T-dual Toroidal Backgrounds

B. Nikoli¢* and D. Obrié

In this article we consider closed bosonic string in the presence of constant
metric and Kalb-Ramond field with one non-zero component, B, = Hz,
where field strength H is infinitesimal. Using Buscher T-duality procedure we
dualize along x and y directions and using generalized T-duality procedure
along z direction imposing trivial winding conditions. After first two
T-dualizations we obtain Q flux theory which is just locally well defined, while
after all three T-dualizations we obtain nonlocal R flux theory. Origin of
non-locality is variable AV defined as line integral, which appears as an
argument of the background fields. Rewriting T-dual transformation laws in
the canonical form and using standard Poisson algebra, we obtained that Q
flux theory is commutative one and the R flux theory is noncommutative and
nonassociative one. Consequently, there is a correlation between non-locality

In the last two articles of ™ the method
of solving of boundary conditions is
presented. The basic idea is that open
string boundary condition is treated as
canonical constraint. Investigating the
consistency of the canonical constraint
we obtained the o dependent form of
the boundary condition. Further, we
can proceed twofold: to introduce Dirac
brackets or solve the constraint. Solving
the constraint, we obtained the initial
coordinate as a linear combination of
the effective coordinate and momenta.
Consequently, initial coordinates are
noncommutative and the main contri-

and closed string noncommutativity and nonassociativity.

1. Introduction

Coordinate noncommoutativity means that there exists minimal
possible length, which imposes natural UV cutoff. Idea of coor-
dinate noncommutativity is very old. Heisenberg suggested coor-
dinate noncommutativity to solve the problem of the occurrence
of infinite quantities before renormalization procedure was de-
veloped and accepted. The first scientific paper considering this
subject appeared 19471 where construction of discrete Lorentz
invariant space-time is presented. Later in the period of 1980s A.
Connes developed noncommutative geometry as a generalization
of the standard commutative geometry.”

Noncommutativity became again interesting for particle physi-
cists when the paper’! appeared. In this article it is shown us-
ing propagators that open string endpoints in the presence of
the constant metric and Kalb-Ramond field become noncom-
mutative. D-brane on which the string endpoints are forced
to move becomes noncommutative manifold. After this article
many articles® appeared addressing the same subject but us-
ing different approaches - Fourier expansion, canonical methods,
solving of boundary conditions etc.
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bution to noncomutativity parameter
comes from Kalb-Ramond field as it was
expected.
Following the result of the article®! it
can be proven that gauge fields “live” at
the open string endpoints. Consequently, many interesting pa-
pers concerning non-commutative Yang-Mills theories and their
renormalisability appeared.l® In the papers!’! cross sections for
some decays, allowed in noncommutative Yang-Mills theories
and forbidden in commutative ones, are calculated, which offers
a possibility of the experimental check of the noncommutativity
idea and further, indirectly, idea of strings.

It is obvious that closed bosonic string in the presence of
constant background fields remains commutative. There are no
boundaries and, consequently, boundary conditions constraining
string dynamics. In the case of open string we obtained initial
coordinate in the form of linear combination of effective coordi-
nates and momenta using boundary condition. That is achieved
in the closed string case® using T-duality procedure and coordi-
nate dependent background.

T-duality as a fundamental feature of string theory,’"! unex-
perienced by point particle, makes that there is no physical dif-
ference between string theory compactified on a circle of radius
R and circle of radius 1/ R. Buscher T-dualization procedure!'”
represents a mathematical frame in which T-dualization is
realized. If the background fields do not depend on some co-
ordinates then those coordinates are isometry directions. Con-
sequently, that symmetry can be localized replacing ordinary
world-sheet derivatives .. by covariant ones Dyx" = d.x" + vff,
where v’ are gauge fields. In order to make T-dual theory has the
same number of degrees of freedom, the new term with Lagrange
multipliers is added to the action which forces the gauge fields to
be unphysical degrees of freedom. Because of the shift symme-
try, using gauge freedom we fix initial coordinates. Variation of
this gauge fixed action with respect to the Lagrange multipliers
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produces initial action and with respect to the gauge fields pro-
duces T-dual action.

Standard Buscher T-dualization was applied in closed string
case in the papers.B161% In Ref. [16] authors consider 3-torus
in the presence of constant metric and Kalb-Ramond field with
one nonzero component B,, = Hz, where field strength His in-
finitesimal. They systematically apply Buscher procedure and, af-
ter two T-dualizations along isometry directions, obtain theory
with Q flux which is noncommutative. In the calculations they
used nontrivial boundary conditions (winding conditions). The
result is that T-dual closed string coordinates are noncommuta-
tive for the same values of parameters o = & with noncommuta-
tivity parameter proportional to field strength H and N;, winding
number for z coordinate.

But, except this standard Buscher procedure, there is a gen-
eralized Buscher procedure dealing with background fields
depending on all coordinates. The generalized procedure was
applied to the case of bosonic string moving in the weakly
curved background®-?? and in the case where metric is quadratic
in coordinates and Kalb-Ramond field is linear function of
coordinates.”®l The generalized procedure enables us to make
T-dualization in mentioned cases along arbitrary subset of coor-
dinates.

Double space is one picturesque framework for representation
of T-duality. Double space is introduced two to three decades
ago.”™¥ 1t is spanned by double coordinates ZM = (x*, y,)
(t=0,1,2,..., D—1), where x* are the coordinates of the
initial theory and y, are T-dual coordinates. In this space
T-dualization is represented as O(d, d) transformation.?9-3
Permutation of the appropriate subsets of the initial and
T-dual coordinates is interpreted as partial T-dualization***]
expanding Duff’s idea.’¥ The newly invented intrinsic
noncommutativity®® is related to double space. Intrinsic
noncommoutativity exists in the constant background case
because it is considered within double space framework.

In this article we will deal with closed bosonic string propagat-
ing in the constant metric and linear dependent Kalb-Ramond
field with B,, = Hz, the same background as in [16]. This con-
figuration is known in literature as torus with H-flux. As in
the Ref. [16] we will use approximation of diluted flux, which
means that in all calculations we keep constant and linear terms
in infinitesimal field strength H. Transformation laws, relations
which connect initial and T-dual variables, we will write in canon-
ical form expressing initial momenta in terms of the T-dual co-
ordinates. Unlike Ref. [16], except T-dualization along two isom-
etry directions, we will make one step more and T-dualize along
z coordinate using generalized T-dualization procedure. During
dualization procedure we will use trivial boundary (winding) con-
ditions.

Transformation laws in canonical form enable us to express
sigma derivative of the T-dual coordinate as a linear combination
of the initial momenta and coordinates. Because initial theory is
geometrical locally and globally, its coordinates and canonically
conjugated momenta satisfy standard Poisson algebra. This fact
means that we can calculate the Poisson brackets of the T-dual
coordinates using technical instruction given in subsection 4.1.

After T-dualizations along isometry directions (along x and
y) we obtain the same background as in Ref. [16] but, obtained
Q flux theory, which is still locally well defined, is commuta-
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tive. This is a consequence of the imposed trivial winding condi-
tions. Having in mind the generalized T-duality procedure,?*1-23]
T-dualization along z coordinate produces R flux nonlocal theory
because it depends on the variable AV which is defined as line
integral. Calculating Poisson brackets of the T-dual coordinates
we obtain two nonzero Poisson brackets and show that there is a
correlation between non-locality and closed string noncommuta-
tivity.

The form of noncommutativity is such that it exists when ar-
guments of the coordinates are different, 0 # &. That is another
difference with respect to the result of Ref. [16] but there is no
contradiction because the origins of noncommutativity are differ-
ent. In this article non-locality is related with noncommutativity
of R flux theory under trivial winding conditions while in Ref. [16]
it is about noncommutativity of Q flux theory under nontrivial
winding conditions.

From the noncommutativity relations it follows that Jacobi
identity is broken i.e. nonassociativity occurs. Nonassociativity
parameter, R flux, is proportional to the field strength H. Us-
ing generalized T-duality??>?!?3l we obtain the concrete form of
nonassociativity from string dynamics. Similar as noncommu-
tativity, discovery of nonassociativity pushes the scientists to ex-
plore the effects of nonassociativity in the field of renormalis-
ability of ¢* theory® as well as formulation of nonassociative
gravity.*®)

At the end we add an appendix containing some conventions
used in the paper.

2. Bosonic String Action and Choice of Background
Fields

The action of the closed bosonic string in the presence of
the space-time metric G, (x), Kalb-Ramond antisymmetric field
B,,(%), and dilaton scalar field ®(x) is given by the following
expression!’!

Szk-LdzéJjg

1 Q, 8aﬂ L v
x {[Eg PG (%) + ﬁBM(x)} Buxdpx” + @ (x) R(2>} ,

2.1)

where ¥ is the world-sheet surface parameterized by §* = (z, o)
[(@ =0,1), o € (0, )], while the D-dimensional space-time is
spanned by the coordinates x* (1 =0,1,2,..., D —1). We de-
note intrinsic world sheet metric with g4, and the corresponding
scalar curvature with R@.

In order to keep conformal symmetry on the quantum level
background fields must obey space-time field equationst”

G _ 1 po
= R, — 7 B.ps B,*° +2D,a, =0, (2.2)
Bi, = D,B’u, — 24,8, =0, (2.3)
D—126 1
® =21k — R— —B,,, B*° — D,a" + 4a®> = ¢,
p 6 24 1 !
(2.4)
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where c is an arbitrary constant. The function 8% could be a con-
stant because of the relation
DVIBSA. + 8Mﬁ¢ = 0 (25)
Further, R,, and D, are Ricci tensor and covariant derivative with
respect to the space-time metric G,,,, while

Bup =08,By+8,Byy +8,Bu, a,=109,9, (2.6)
are field strength for Kalb-Ramond field B,,, and dilaton gradient,
respectively. Trivial solution of these equations is that all three
background fields are constant. This case was pretty exploited in
the analysis of the open string noncommutativity.

The less trivial case would be a case where some background
fields are coordinate dependent. If we choose Kalb-Ramond field
to be linearly coordinate dependent and dilaton field to be con-
stant then the first equation (2.2) becomes

1
R/w - = B;Lpa va{r =0.

2 (2.7)

The field strength B,,,, is constant and, if we assume that it is in-
finitesimal, then we can take G, to be constant in approximation
linear in B,,,. Consequently, all three space-time field equations
are satisfied. Especially, the third one is of the form

D-26 _
= -

2K

c, (2.8)

which enables us to work in arbitrary number of space-time di-
mensions.

In this article we will work in D = 3 dimensions with the fol-
lowing choice of background fields

R 0 0 0 Hz 0
Go=|0 R o], B,=|-Hz 0o o], (9
0 0 R 0 0 0

where R, (u = 1, 2, 3) are radii of the compact dimensions. This
choice of background fields is known in geometry as torus with
flux (field strength) H.'S! Our choice of infinitesimal H can be
understood in terms of the radii as that

H 2
—— ) =0
R R, R,

This approximation is known in literature as the approximation
of diluted flux. Physically, this means that we work with the torus
which is sufficiently large. Consequently, we can rescale the co-
ordinates

(2.10)

xll
X — —, (2.11)
R,
which simplifies the form of the metric
10 0
Gw=|0 10 (2.12)
0 01
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The final form of the closed bosonic string action is

S = K/ d’E9, x"T1,,,d_x"
z
21
=« | d°€ 7 (0;x0_x+ 0, yd_y + 3,.20_2)
z

+ 0y xHz0_y — B+sza_x:|, (2.13)

where 9, = 9, + 9, is world-sheet derivative with respect to the
light-cone coordinates §* = 1(t + ), M+, = By, +1G,, and

X
(2.14)

Let us note that we do not write dilaton term because its
T-dualization is performed separately within quantum formal-
ism and here will be skipped.

3. T-dualization of the Bosonic Closed String
Action

In this section we will perform T-dualization along three direc-
tions, one direction at time. Our goal is to find the relations con-
necting initial variables with T-dual ones called transformation
laws. Using transformation laws we will find noncommutativity
and nonassociativity relations.

3.1. T-dualization Along x Direction — from Torus with H Flux to
the Twisted Torus

Let us perform standard Buscher T-dualization™ of action (2.13)
along x direction. Note that x direction is an isometry direction
which means that action has a global shift symmetry, x — x + a.
In order to perform Buscher procedure, we have to localize this
symmetry introducing covariant world-sheet derivatives instead
of the ordinary ones

8ix —> Dix = Bix—{- V4, (31)

where v are gauge fields which transform as v, = —d.a. Be-
cause T-dual action must have the same number of degrees of
freedom as initial one, we have to make these fields v, be un-
physical degrees of freedom. This is accomplished by adding fol-
lowing term to the action

Sui = 5 / @2y, (0,0 — 0. v.), (3.2)
x

where y; is a Lagrange multiplier. After gauge fixing, x = const.,
the action gets the form

1
Sfix = K/dzé“ |:§ (vyv_ + 0,90y +0,20-2) + vy Hz0_y

1
— 0 yHzv_ + §Y1(3+U7 — 8,v+):| . (3.3)
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From the equations of motion for y; we obtain that field
strength for the gauge field v. is equal to zero

Fii =d,0_ —d vy =0, (3.4)
which gives us the solution for gauge field
vy = Bix. (35)

Inserting this solution for gauge field into gauge fixed action (3.3)
we obtain initial action given by Eq. (2.13). Equations of motion
for v, will lead to the T-dual action. Varying the gauge fixed action
(3.3) with respect to the gauge field v, we get

v_ = —0_y; —2Hz0_y, (3.6)
while on the equation of motion for v_ it holds
vy =04y +2Hz0yy. (3.7)

Inserting relations (3.6) and (3.7) into expression for gauge
fixed action (3.3), keeping terms linear in H, we obtain the
T-dual action

.S= K/ AP0, (X)L T4 00 (. X)" (3.8)
x

where subscript , denotes quantity obtained after T-dualization
along x direction and

Y1
Xi=1y (3.9)
z
Further we have the T-dual background fields
1
xn+uv = xBuv + ExG;Lva XBMV = 07
1 2Hz 0
Guw=|2Hz 1 o0 (3.10)
0 0 1

Obtained background fields (3.10) define that what is known
in literature as twisted torus geometry. String theory after one
T-dualization is geometrically well defined globally and locally or,
simply, theory is geometrical (lux H takes the role of connection).
Combining the solutions of equations of motion for La-
grange multiplier (3.5) and for gauge fields, (3.6) and (3.7), we
get the transformation laws connecting initial, x*, and T-dual,
X", coordinates
Bix = ﬂ:aiyl + ZHZBiY, (311)
where = denotes T-duality relation. The momentum r,, is canon-
ically conjugated to the initial coordinate x. Using the initial
action (2.13) we get

sS . ’
T, = — = k(¥ — 2Hzy'),

> (3.12)
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where A= 9, Aand A' = 3, A. From transformation law (3.11) it
is straightforward to obtain
Xyl +2Hzy, (3.13)
which, inserted in the expression for momentum 7, gives trans-
formation law in canonical form

Ty = kY]

(3.14)

3.2. From Twisted Torus to Non-geometrical Q Flux

In this subsection we will continue the T-dualization of
action (3.8) along y direction. After x and y T-dualization we ob-
tain the structure which has local geometrical interpretation but
global omissions. Such structure is known in literature as non-
geometry.

We repeat the procedure from the previous subsection and
form the gauge fixed action

1
Sfix = /c/ de [E (01 y10-y1 + vyv_ +0,20_2) + 0, y1 Hzu_
b

1
+ v, Hzy1 + 2 pa(iv- 8_v+)]. (3.15)
From the equation of motion for Lagrange multiplier y,
04v_ —0_vy =0 —> vy = 04y, (3.16)

gauge fixed action becomes initial one (3.8). Varying the gauge
fixed action (3.15) with respect to the gauge fields we get
vy = :I:Giyz — ZHZE)iyl (317)
Inserting these expressions for gauge fields into gauge fixed ac-

tion, keeping the terms linear in H, gauge fixed action is driven
into T-dual action

wS= K/d2$8+(xyX)“xyl'lﬂwa,(xYX)", (3.18)
where
2!
@X)" =1r|
z
. % —Hz 0
xyn+ul) = xy B;w + Expr,v = Hz % 0 (319)
1
0 0 3
Explicit expressions for background fields are
0 —Hz O 1 0 0
wBu=[Hz 0 0|=-B,, 4,Gu.=[0 10
0 0 0 0 01
(3.20)
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Let us note that background fields obtained after two
T-dualizations are similar to the geometric background of
torus with H flux, but they should be considered only locally.
Their global properties are non-trivial and because of that the
term “non-geometry” is introduced.

Combining the equations of motion for Lagrange multiplier y,
and for gauge fields v, we obtain T-dual transformation laws

Biy = :l:aiYZ — 2H28iyl (321)

The y component of the initial canonical momentum , is a vari-
ation of the initial action with respect to the y

8S

Ty = — =(j + 2Hzx). (3.22)
3y

Using T-dual transformation laws (3.21) we easily get

7=y, — 2Hzp, (3.23)

while from the transformation law (3.11), at zeroth order in H,
it holds ¥’ = y;. Inserting last two expression into , we obtain
transformation law in canonical form

Ty = ky;. (3.24)
After two T-dualizations along isometry directions, in the approx-
imation of the diluted flux (keeping just terms linear in H), ac-
cording to the canonical forms of the transformation laws (3.14)
and (3.24), we see that T-dual coordinates y; and y, are still com-
mutative. This is a consequence of the simple fact that variables

of the initial theory, which is geometrical one, satisfy standard
Poisson algebra

{x“(a), m(&)} =880 —3a), ¥ x"}= {nﬂ, nu} =0,

(3.25)
where
Ty
m,=|m (3.26)
T

3.3. From Qto R Flux — T-dualization Along z Coordinate

In this subsection we will finalize the process of T-dualization
dualizing along remaining z direction. For this purpose we will
use generalized T-dualization procedure.?*?!?% The result is a
theory which is not well defined even locally and is known in
literature as theory with R-flux.

We start with the action obtained after T-dualizations along x
and y directions (3.18). The Kalb-Ramond field (3.20) depends on
zand it seems that it is not possible to perform T-dualization. Let
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us assume that Kalb-Ramond field linearly depends on all coor-
dinates, By, = b, + 1 By, %" and check if some global transfor-
mation can be treated as isometry one. We start with global shift
transformation

Sxtt = A", (3.27)
and make a variation of action
— K P d2 L v
8S = §B,w,)k g £0,x"0_x
Zk papf 2 o v n v
= 5 Buph e | e 0pn) -5 @dpx ) (3.28)

The second term vanishes explicitly, while the first term is sur-
face one. Consequently, in the case of constant metric and lin-
early dependent Kalb-Ramond field, global shift transformation
is an isometry transformation. This means that we can make
T-dualization along z coordinate using generalized T-dualization
procedure.

The generalized T-dualization procedure is presented in detail
in Ref. [20]. In order to localize shift symmetry of the action (3.18)
along z direction we introduce covariant derivative
Biz — DiZ = Biz—|— U4, (329)
which is a part of the standard Buscher procedure. The novelty is
introduction of the invariant coordinate as line integral

2 — f d£ D,z
P
= / dé*DJrz—i—/ dé"D_z=z(§) — z(&) + AV,  (3.30)
p p
where
(3.31)

AV:[ dE“ v, =/(d§+v++d$’v,).
P P

Here & and & are the current and initial point of the world-sheet
line P. Atthe end, as in the standard Buscher procedure, in order
to make vy to be unphysical degrees of freedom we add to the
action term with Lagrange multiplier

K
Sadd = E/ d’& yy(d, v — dyv ). (3.32)
x
The final form of the action is
S= K/ d’e [— HZ™ (3, y18_y, — 3420 y1)
x
1
+ 5@0y19-y1+ 9. y29-y2 + D;2zD_2)
1
3 Balosv- - 8,v+)i| . (3.33)
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Because of existing shift symmetry we fix the gauge, z(£) = z(&),
and then the gauge fixed action takes the form

Sfix = K/ d’e [— HAV(3,y19_y, — 8, 7,0_11)
z
1
+E(8+Y1 0-y1 + 9:y20-y2 + viv-)

+ %maw, - a,m] . (3.34)

From the equation of motion for Lagrange multiplier y; we
obtain

dov_ —0v, =0=> vy =0:2, AV =Az (3.35)
which drives back the gauge fixed action to the initial action
(3.18). Varying the gauge fixed action (3.34) with respect to the
gauge fields v, we get the following equations of motion

vy = +d,y; — 287, (3.36)
where 8% functions are defined as

" 1
B = £ Hipidss = padeyi). (3.37)

The B* functions are obtained as a result of the variation of the
term containing AV

s, (—2/{ / d?&e“ Ha,y195y2A v)

= / d% (B*sv, + B 8v.), (3.38)

using partial integration and the fact that 9. V = v,. Inserting
the relations (3.36) into the gauge fixed action, keeping linear
terms in H, we obtain the T-dual action

y2S =K / A7E Dy rye X" sy T4y 0 1y X, (3.39)
b
where
Y1 1
xszM = Y2 1> xyzH-Hw = xyz B/u} + ExyzG/l.vv (340)
Y3
0 —HAjp; 0 00
xzBu = | HAP; 0 0], 4:Guw=]0 10
0 0 0 0 1
(3.41)
Here we introduced double coordinate y; defined as
aiY3 = :I:Bi%. (342)
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Let us note that AV stands beside field strength H, which impli-
cates that, according to the diluted flux approximation, we calcu-
late AV in the zeroth order in H

AV = /dg*am —/dé’&y;. (3.43)

Having this into account it is clear why we defined double co-
ordinate j; as in Eq. (3.42). Also it is useful to note that pres-
ence of AV, which is defined as line integral, represents the
source of non-locality of the T-dual theory. the result of the
three T-dualization is a theory with R flux as it is known in
the literature.

Combining the equations of motion for Lagrange multiplier
(3.35), v+ = 9.z, and equations of motion for gauge fields (3.36),
we obtain the T-dual transformation law
9.2 £,y — 287 (3.44)
Adding transformation laws for 9,z and 9_z we get the transfor-
mation law for z

2= y;+ H(yy, — y2n1) (3.45)
which enables us to write down the transformation law in the
canonical form

/o~ 1 ! /
¥y = e — Hxy' — yx). (3.46)

Here we used the expression for the canonical momentum of the
initial theory (2.13)

=5 =« (3.47)

Tz

4. Noncommutativity and Nonassociativity Using
T-duality

In the open string case noncommutativity comes from the
boundary conditions which makes that coordinates x* depend
both on the effective coordinates and on the effective momenta.!
Effective coordinates and momenta do not commute and, conse-
quently, coordinates x* do not commute. In the closed bosonic
string case the logic is the same but the execution is different.
Using T-duality we obtained transformation laws, (3.11), (3.21)
and (3.44), which relate T-dual coordinates with the initial coordi-
nates and their canonically conjugated momenta. In this section
we will use these relations to get noncommutativity and nonas-
sociativity relations.

4.1. Noncommutativity Relations

Let us start with the Poisson bracket of the o derivatives of two
arbitrary coordinates in the form

{A(o), B'(6)} = U(0)8(c — &)+ V(o) (0 — &), (4.1)
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where §'(c — &) = 9,8(0 — &). In order to find the form of the
Poisson bracket

{A(o), B()},
we have to find the form of the Poisson bracket
{AA(o, 00), AB(&, 69)},

where

A Ao, 09) = /” dxA(x) = Alo) — A(o),

AB(G,5) = [ dxB'(x) = B(6) — B(0). (4.2)
Now we have
{A A(o, 0y), AB(6, 59)}
=/ dx[ dy [U(x)8(x — y) + V(%) (x — y)] - (4.3)

After integration over y we get

{AA(o, 00), AB(G, Go)} = /a dx {U'(x) [0(x — &0) — O(x — &)]

90

+ V(%) [8(x — 60) — 8(x — 5)]}, (4.4)

where function 6 (x) is defined as

x 1 1
O(x) = and(n) = — 2 — si
o= [ anson =5 [x+ ;nsmmx)}
0 ifx=0
={1/2 if0<x<2m. (4.5)
1 if x=2m

Integrating over x using partial integration finally we obtain

{AA(0, 00), AB(5.650)} = U(o)[0(o — 6o) — 0o — &)]
—~U(o0)[0(00 — 50) — (o0 — 5)] — U(@0)[f(o — 60) — 0(00 — 60)]
+U(G)[0(0 — &) = O(oo — )]+ V(50)[6(0 — Go) — 0(00 — o]
—V(3)[B(o — &) — 6(o0 — &)]. (4.6)

From the last expression, using the right-hand sides of the ex-
pressions in Eq. (4.2), we extract the desired Poisson bracket
{A(0), B(6)} = —[U(o) — U(6) + V(0)]0 (0 — ). (4.7)

Let us rewrite the canonical forms of the transformation laws,
(3.14), (3.24) and (3.46), in the following way

(4.8)
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In order to find the Poisson brackets between T-dual coordinates
yu we will use the algebra of the coordinates and momenta of
the initial theory (3.25). It is obvious that only nontrivial Poisson
brackets will be {y, (o), y3(6)} and {y,(0), y3(5)}-

Let us first write the corresponding Poisson brackets of the
sigma derivatives of T-dual coordinates y, using (4.8)

2 1
ri(0). v3(0)) = —Hy'(0)8(0 = &) + — Hy(0)d'(0 = &), (49)

2 1
(5(0). ¥3(6)) = == H¥ (0)3(0 = 5) —  Hx(0)8'(0 — &),
(4.10)

while all other Poisson brackets are zero. We see that these Pois-
son brackets are of the form (4.1), so, we can apply the result (4.7).
Consequently, we get

[2y(c) — y(6)]0(c —6). (4.11)

.. H
{yi(o), y3(6)} = e

H B} _
= — [2x(0) — x(5)] 0(0 — &),

{ya(0). vs(@)} = (4.12)

where function 0 (x) is defined in (4.5). Let us note that these two
Poisson brackets are zero when o = ¢ and/or field strength H
is equal to zero. But if we take that 0 — 6 = 27 then we have
6(27) = 1 and it follows

_ H
{yi(o +27), y3(0)} = e [47 N, + y(0)],

(4.13)

H
{y2(o +2m). ys(0)} = —— [47 N, + x(0)] , (4.14)

where N, and N, are winding numbers defined as

x(0 +2m) — x(0) =27 N, y(o +2m) —y(0) =27 N,. (4.15)
From these relations we can see that if we choose such o for
which x(0) = 0 and y(o) = 0 then noncommutativity relations
are proportional to winding numbers. On the other side, for
winding numbers which are equal to zero there is still noncom-
mutativity between T-dual coordinates.

4.2. Nonassociativity
In order to calculate Jacobi identity of the T-dual coordinates

we first have to find Poisson brackets {y;(c), (&)} as well as
{y2(0), y(6)}. We start with

{Ay1(0, 00), %(0)} = {/ dny; (), x(ﬁ)}, (4.16)

and then use the T-dual transformation for x-direction in canon-
ical form

e = Ky, (4.17)

© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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From these two equations it follows

1 o

(Ayi(o. 00). %(6)) = {/ dnnx(n),x(é)}, (4.18)
a0

which, using the standard Poisson algebra, produces
o~ 1 - -
{Ayi(0, 00), x(5)} = - [6(c — &) — (o0 — 5)]
o~ 1 -
= {y1(0), x(6)} = —;0(0 — ). (4.19)

The relation {y,(o), (&)} can be obtained in the same way. Be-
cause the transformation law for y-direction is of the same form
as for x-direction, the Poisson bracket is of the same form

(1ao). Y(6)) = — 200 — &),

- (4.20)

Now we can calculate Jacobi identity using noncommutativity re-
lations (4.11) and (4.12) and above two Poisson brackets

{y1(01), 2(02), y3(03)} = {y1(01): {y2(02), y3(03)}}

H{y2(02), {y3(03), y1(01)}} + {y3(03), {y1(01) y2(02)}}

2H
-

~

[0(01 — 02)0 (0, — 03)

+ 0(02 — 01)0(01 — 03) + 0(01 — 03)0 (03 — 03) ] - (4.21)

Jacobi identity is nonzero which means that theory with R-flux is
nonassociative. For 0, = 03 = 0 and 01 = o + 27 we get

2H
e

{yi(o + 27), y2(0), y3(0)} = (4.22)

From the last two equations, general form of Jacobi identity and
Jacobi identity for special choice of o’s, we see that presence of
the coordinate dependent Kalb-Ramond field is a source of non-
commutativity and nonassociativity.

5. Conclusion

In this article we have considered the closed bosonic string
propagating in the three-dimensional constant metric and Kalb-
Ramond field with just one nonzero component B,, = Hz. This
choice of background is in accordance with consistency condi-
tions in the sense that all calculations were made in approxi-
mation linear in Kalb-Ramond field strength H. Geometrically,
this settings corresponds to the torus with H flux. Then we per-
formed standard Buscher T-dualization procedure along isom-
etry directions, first along x and then along y direction. At the
end we performed generalized T-dualization procedure along z
direction and obtained nonlocal theory with R flux. Using the re-
lations between initial and T-dual variables, called T-dual trans-
formation laws, in canonical form we find the noncommutativity
and nonassociativity relations between T-dual coordinates.

After T-dualization along x direction we obtained theory em-
bedded in geometry known in literature as twisted torus geom-

Fortschr. Phys. 2018, 1800009
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etry. The relation between initial and T-dual variables is triv-
ial, m, = ky;, where m, is x component of the canonical mo-
mentum of the initial theory and y; is coordinate T-dual to x.
Consequently, flux H takes a role of connection, obtained the-
ory is globally and locally well defined and commutative, because
the coordinates and their canonically conjugated momenta sat-
isfy the standard Poisson algebra (3.25).

The second T-dualization, along y direction, produces nonge-
ometrical theory, in literature known as Q flux theory. The metric
is the same as initial one and Kalb-Ramond field have the same
form as initial up to minus sign. But, this theory has just local
geometrical interpretation. We obtained that, in approximation
linear in H, the transformation law in canonical form is again
trivial, r, = kyj}, where m, is y component od the canonical mo-
mentum of the initial theory and y, is coordinate T-dual to y.
As a consequence of the standard Poisson algebra (3.25), we con-
clude that Q flux theory is still commutative. This result seems to
be opposite from the result of the reference [16] where in detailed
calculation it is shown that Q flux theory is noncommutative. The
difference is in the so called boundary condition i.e. winding con-
dition. In the Ref. [16] they imposed nontrivial winding condition
which mixes the coordinates and their T-dual partners (condition
given in Eq. (C.18) of Ref. [16]) and the result is noncommutativ-
ity. In this article the trivial winding condition is imposed on x
and y coordinates. The consequence is that Q flux theory is com-
mutative. But as it is written in Ref. [16] on page 42, “a priori other
reasonings could as well be pursued”.

T-dualizing along coordinate z using the machinery of the gen-
eralized T-dualization procedure?*?:23l we obtain the nonlocal
theory (theory with R flux) and nontrivial transformation law
in canonical form. Non-locality stems from the fact that back-
ground fields are expressed in terms of the variable AV which
is defined as line integral. On the other side, dependence of the
Kalb-Ramond field on z coordinate produces the f*(x, y) func-
tions and nontrivial transformation law for 7. Consequently, co-
ordinate dependent background gives non-locality and, further,
nonzero Poisson brackets of the T-dual coordinates. We can claim
that there is a correlation between non-locality (R-flux theory)
and closed string noncommutativity and nonassociativity. In ad-
dition, nonzero Poisson bracket implies nonzero Jacobi identity
which is a signal of nonassociativity.

From the expressions (4.11), (4.12) and (4.21) it follows that
parameters of noncommutativity and nonassociativity are pro-
portional to the field strength H. That means that closed string
noncommuatativity and nonassociativity are consequence of the
fact that Kalb-Ramond field is coordinate dependent, B,, = Hz,
where H is an infinitesimal parameter according to the approxi-
mation of diluted flux. Using T-duality and trivial winding condi-
tions we obtained noncommutativity relations. The noncommu-
tativity relations are zero if o = & because in noncommuatativity
relations function 6 (o — &) is present, which is zero if its argu-
ment is zero. This is also at the first glance opposite to the result
of Ref. [16], but, having in mind that origin of noncommutativ-
ity is not same, this difference is not surprising. If we made a
round in sigma choosing 0 — ¢ + 27 and 6 — o, because of
0(2r) = 1, we obtained nonzero Poisson brackets. From the rela-
tions (4.13) and (4.14) we see that noncommutativity exists even
in the case when winding numbers are zero, noncommutativity
relations still stand unlike the result in [16]. Consequently, we can

© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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speak about some essential noncommutativity originating from
non-locality.

We showed that in ordinary space coordinate dependent back-
ground is a sufficient condition for closed string noncommutativ-
ity. Some papers*®! show that noncommutativity is possible even
in the constant background case. But that could be realized using
the double space formalism. At the zeroth order the explanation fol-
lows from the fact that transformation law in canonical form is of
the form 7, = «y,,, where y, is T-dual coordinate. Forming dou-
ble space spanned by ZM = (x*, y,), we obtained noncommua-
tive (double) space. In literature this kind of noncommutativity
is called intrinsic one.

Appendix: Light-Cone Coordinates

In the paper we often use light-cone coordinates defined as

£t = %(1’ +0). (A1)

The corresponding partial derivatives are

3
— =0, £ 0,

7 (A.2)

3iz

Two dimensional Levi-Civita % is chosen in (t, o) basis as
e™ = —1. Consequently, in the light-cone basis the form of ten-

sor is
1
2 .
0

(0
Elc = _1
2

The flat world-sheet metric is of the form in (r, o) and light-cone
basis, respectively

(10 (30
n= 0_1 3 Nic = 0% .
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Abstract

In this article we offer the interpretation of the fermionic T-duality of the type II superstring theory in
double space. We generalize the idea of double space doubling the fermionic sector of the superspace. In
such doubled space fermionic T-duality is represented as permutation of the fermionic coordinates 6% and
6% with the corresponding fermionic T-dual ones, ¥ and ¥, respectively. Demanding that T-dual transfor-
mation law has the same form as initial one, we obtain the known form of the fermionic T-dual NS-R and
R-R background fields. Fermionic T-dual NS-NS background fields are obtained under some assumptions.
‘We conclude that only symmetric part of R-R field strength and symmetric part of its fermionic T-dual con-
tribute to the fermionic T-duality transformation of dilaton field and analyze the dilaton field in fermionic
double space. As a model we use the ghost free action of type II superstring in pure spinor formulation in
approximation of constant background fields up to the quadratic terms.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Two theories T-dual to one another can be viewed as being physically identical [1,2]. T-duality
presents an important tool which shows the equivalence of different geometries and topologies.
The useful T-duality procedure was first introduced by Buscher [3].
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Mathematical realization of T-duality is given by Buscher T-dualization procedure [3], which
is considered as standard one. There are also other frameworks in which we can represent
T-dualization which should agree with the Buscher procedure. It is double space formalism which
was the subject of the articles about twenty years ago [4—8]. Double space is spanned by coor-
dinates Z¥ = (x* y,)T (u=0,1,2,..., D — 1), where x* and y,, are the coordinates of the
D-dimensional initial and T-dual space—time, respectively. Interest for this subject emerged re-
cently with papers [9—13], where T-duality along some subset of d coordinates is considered as
0O (d, d) symmetry transformation and [14,15], where it is considered as permutation of d initial
with corresponding d T-dual coordinates.

Until recently only T-duality along bosonic coordinates has been considered. Analyzing the
gluon scattering amplitudes in N = 4 super Yang—Mills theory, a new kind of T-dual symmetry,
fermionic T-duality, was discovered [16,17]. It is a part of the dual superconformal symmetry
which should be connected to integrability and it is valid just at string tree level. Mathemat-
ically, fermionic T-duality is realized within the same procedure as bosonic one, except that
dualization is performed along fermionic variables. So, it can be considered as a generalization of
Buscher T-duality. Fermionic T-duality consists in certain non-local redefinitions of the fermionic
variables of the superstring mapping a supersymmetric background to another supersymmetric
background. In Refs. [16,17] it was shown that fermionic T-duality maps gluon scattering ampli-
tudes in the original theory to an object very close to Wilson loops in the dual one. Calculation of
gluon scattering amplitudes in the initial theory is equivalent to the calculation of Wilson loops
in fermionic T-dual theory. Generalizing the idea of double space to the fermionic case we would
get fermionic double space in which fermionic T-duality is a symmetry [18] which exchanges
scattering amplitudes and Wilson loops. Fermionic double space can be also successfully ap-
plied in random lattice [19], where doubling of the supercoordinate was done. Relation between
fermionic T-duality and open string noncommutativity was considered in Ref. [20].

Let us explain our motivation for fermionic T-duality. It is well known that T-duality is im-
portant feature in understanding the M-theory. In fact, five consistent superstring theories are
connected by web of T and S dualities. We are going to pay attention to the T-duality, hoping
that S-duality (which can be understood as transformation of dilaton background field also) can
be later successfully incorporated into our procedure. If we start with arbitrary (of five consistent
superstring) theory and find all corresponding T-dual theories we can achieve any of other four
consistent superstring theories. But to obtain formulation of M-theory it is not enough. We must
construct one theory which contains the initial theory and all corresponding T-dual ones.

In the bosonic case (which is substantially simpler that supersymmetric one) we have suc-
ceeded to realize such program. In Refs. [14,15] we doubled all bosonic coordinates and showed
that such theory contained the initial and all corresponding T-dual theories. We can connect arbi-
trary two of these theories just replacing some initial coordinates x with corresponding T-dual
ones y,. This is equivalent with T-dualization along coordinates x“. So, introducing double space
T-duality ceases to be transformation which connects two physically equivalent theories but it be-
comes symmetry transformation in extended space with respect to permutation group. We proved
this in the bosonic string case both for constant and for weakly curved background with linear
dependence on coordinates.

Unfortunately, this is not enough for construction of M-theory, because the T-duality for su-
perstrings is much more complicated then in the bosonic case [21]. In Ref. [22] we have tried to
extend such approach to the type II theories. In fact, doubling all bosonic coordinates we have
unified types IIA, 1IB as well as type II* [23] (obtained by T-dualization along time-like direc-
tion) theories. There is an incompleteness in such approach. Doubling all bosonic coordinates,
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by simple permutations of initial with corresponding T-dual coordinates, we obtained all T-dual
background fields except T-dual R-R field strength F*#. To obtain , F*# (the field strength af-
ter T-dualization along coordinates x%) we need to introduce some additional assumptions. The
explanation is that R—R field strength F*# appears coupled with fermionic momenta 7, and
7o along which we did not performed T-dualization and consequently we did not double these
variables. It is an analogue of ij-term in approach of Refs. [9,10] where x’ coordinates are not
doubled.

Therefore, in the first step of our approach to the formulation of M-theory (unification of
types II theories) we must include T-dualization along fermionic variables (77, and 7y in partic-
ular case). It means that we should doubled these fermionic variables, also. The present article
represents a necessary step for understanding T-dualization along all fermionic coordinates in
fermionic double space. We expect that final step in construction of M-theory will be unification
of all theories obtained after T-dualization along all bosonic and all fermionic variables [18,19].
In that case we should double all coordinates in superspace, anticipating that some superpermu-
tation will connect arbitrary two of our five consistent supersymmetric string theories.

In this article we are going to double fermionic sector of type II theories adding to the coor-
dinates 6% and 6% their fermionic T-duals, ¥, and ¥,, where index « counts independent real
components of the spinors, « = 1,2, ..., 16. Rewriting T-dual transformation laws in terms of
the double coordinates, @4 = (6%, 9¥,) and @4 = (6%, ¥,), we define the “fermionic generalized
metric” Fp and the generalized currents j+ A and J_4. The permutation matrix TAp ex-
changes 9 and A% with their T-dual partners, 9, and 9%, respectively. From the requirement that
fermionic T-dual coordinates, *@4 = T4 0% and *©4 = TA 505, have the same transforma-
tion law as initial ones, ®4 and ®4, we obtain the expressions for fermionic T-dual generalized
metric, *Fap = (TFT)ap, and T-dual currents, * 7,4 = Ta® T and *T_4 = TaBJ_5, in
terms of the initial ones. These expressions produce the expression for fermionic T-dual NS—
R fields and R-R field strength. Expressions for fermionic T-dual metric and Kalb—Ramond
field are obtained separately under some assumptions. We conclude that only symmetric part
of R-R field strength, Fy' - %(F @b 4 FA) and symmetric part of its fermionic T-dual,
*F (‘;ﬁ = %(* Fup + *Fpy), give contribution to the dilaton field transformation under fermionic
T-duality. We also investigate the dilaton field in double space.

2. Type II superstring and fermionic T-duality

In this section we will introduce the action of type II superstring theory in pure spinor formu-
lation and perform fermionic T-duality [16,17,20] using fermionic analogue of Buscher rules [3].

2.1. Action and supergravity constraints

In this manuscript we use the action of type II superstring theory in pure spinor formulation
[24] up to the quadratic terms with constant background fields. Here we will derive the final form
of the action which will be exploited in the further analysis. It corresponds to the actions used in
Refs. [25-28].

The sigma model action for type II superstring of Ref. [29] is of the form

S=580+ Vsg, 2.1

where Sy is the action in the flat background
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So= /dzg (gnmnnwamx“anx“ 7l _6% + a+é“ﬁo,) + S+ S5, 2.2)
X

and it is deformed by integrated form of the massless type II supergravity vertex operator

VsG = / d2e(XTHYM Ay XN (2.3)
>

The vectors X and XV are defined as

9,6% d_0"
I . n
xM=1 S XV= ] (2.4)
o o
1 ATHV 1 apHv
2N+ IN-

and supermatrix Ay is of the form

Awp Awv Eo? Qo
7B

Aup A Ep S

E% E* P Co, |’

Qv Quv,p Cuvﬁ Suv,p0

Ayn = (2.5)

where notation and definitions are taken from Ref. [29]. The actions for pure spinors, Sj and S5,
are free field actions and fully decoupled from the rest of action Sp. The world sheet ¥ is
parameterized by &" = (£ = 7,£! = ¢) and 9+ = 9, + 9,. Bosonic part of superspace is
spanned by coordinates x* (u =0, 1,2, ...,9), while the fermionic one is spanned by 6 and o
(¢ =1,2,...,16). The variables 7, and 7, are canonically conjugated momenta to 6% and oY,
respectively. All spinors are Majorana—Weyl ones, which means that each of them has 16 inde-
pendent real components. Matrix with superfields generally depends on x*, 6 and 6%.

The superfields A, E w%, E*, and P*? are known as physical superfields, while the fields
given in the first column and first row are auxiliary superfields because they can be expressed
in terms of the physical ones [29]. The rest ones, €2,i,10(20,p), C"‘W(C_‘W"‘) and S,y oo, are
curvatures (field strengths) for physical superfields.

The expanded form of the vertex operator (2.3) is [29]

Vs = / d?€ [040% Aqpd_0P +0,60% Ag, TT* + T A d_0% + TTH A, TV
+dy E“39_0F + dy E*, 1" 4+ 8,0“E,Pdg + Y E, P dg + d, P*P dg

1 1 1 . 1 }
+5 MYy, p0-0F + EN_’ﬁ”szw,pnfj + 5am"’szwwN‘_‘“ + EHiQM,UpNKP

Lo g 1 _ 1 _
+ ENﬁ”c,wﬁdﬁ + Edo,c"‘,wzvﬁ” + ZNﬁ”sﬂv,pgN””] : (2.6)

The supergravity constraints are the conditions obtained as a consequence of nilpotency and
(anti)holomorphicity of BRST operators Q = f A%dy and Q = f 29d,, where A% and A% are
pure spinors and d,, and d,, are independent variables. Let us discuss the choice of background
fields satisfying superspace equations of motion in the context of supergravity constraints which
are explained in details for pure spinor formalism in Refs. [32,29].

In order to implement T-duality many restrictions should be imposed. For example, in bosonic
case one should assume the existence of Killing vectors, which in fact means background fields
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independence on corresponding suitably selected coordinates. The idea is to avoid dependence
on the coordinate x** and allow only dependence on the o and t derivatives of the coordinates,
x* and x"*. The case with explicit dependence on the coordinate requires particular attention
and has been considered in Ref. [30]. Similar simplifications must be imposed in consideration
of the non-commutativity of the coordinates [31,30].

A similar situation occurs in the supersymmetric case. In order to perform fermionic T-duality
we must avoid explicit dependence of background fields on the fermionic coordinates 6% and 6
(fermionic coordinates are Killing spinors) and allow only dependence on the o and t deriva-
tives of these coordinates. Assumption of existence of Killing spinors produces that the auxiliary
superfields should be taken to be zero what can be seen from Eq. (5.5) of Ref. [29].

The right-hand side of the equations of motion for background fields (see for example [33]) is
energy-momentum tensor which is generally square of field strengths. In our case physical super-
fields G v, By, @, \I/l‘j and \ilfj are constant (do not depend on x*, 6%, 6%) and corresponding
field strengths, 2,5 (R20.p), C“W(C_'W"‘) and S, o, are zero. The only nontrivial contribu-
tion of the quadratic terms in equations of motion comes from constant field strength P*#. It can
induce back-reaction to the background fields. In order to analyze this issue we will use relations
from Eq. (3.6) of Ref. [29] labeled by (1, 3, 3)

1 - _ 1
PP — 2T PG, =0, DPF = 2(T")7 CFy =0, @7
in which derivative of P*# appears. Here
0 1 ad — d 1 -9
D - — - FMQ . D - =~ F“@ - > 28
o 80a+2( )“axu o 80“+2( )“axﬂ (2.8)

are superspace covariant derivatives and C*,,, and C w® are field strengths for gravitino fields
W7 and Wy, respectively. In order to perform fermionic T-dualization along all fermionic direc-

tions, 8% and A%, we assume that they are Killing spinors which means
oPPY  opBY
960%  p«

=0. (2.9)

Taking into account that gravitino fields, W} and ‘1/2{, are constant (corresponding field strengths
are zero), from the equations (2.7) it follows

(T')as3, PP =0. (2.10)
Note that this is more general case than equation of motion for R-R field strength,
(T*)4p9, PPY =0,

given in Eq. (3.11) of Ref. [29] where there is summation over spinor indices. Our choice of
constant P*? is consistent with this condition. It is known fact that even constant R-R field
strength produces back-reaction on background fields. In order to cancel non-quadratic terms
originating from back-reaction, the constant R—R field strength must satisfy additional conditions
— AdSs5 x Ss coset geometry or self-duality condition.

Taking into account these assumptions there exists solution

04 — dux?, dy— 7y, dy—> 7o, (2.11)

and only nontrivial superfields take the form
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1 _ - 2 2
Ap =€ Gguv + Bu),  EY ==V, Ei=W, P“ﬂ=;P“ﬂ=;e%F“ﬁ,<2.12>

where g,,, is symmetric and By, is antisymmetric tensor.
The final form of the vertex operator under these assumptions is

1 - 2
Vsg = /dzé [K(Eg’w + Byv)dyxHo_x" — mo Wa_xt + dpx Wi, + ;naP“ﬁnﬁ] .

z
(2.13)
Consequently, the action S is of the form
1
S=« / d’e |:8+x”“l'l+wa_x” + —<1>R<2>] (2.14)
4k
2 o o1 no TN A= 2 af =
+ [ d76 | —ma0- (0% + W, x") + 046" + WV x") 7o + ;naP g |,
b
where G, =y + guv and
1
Miyy =By = EG’W . (2.15)

All terms containing pure spinors vanished because curvatures are zero under our assumption
that physical superfields are constant. Actions S and Sj are fully decoupled from the rest action
and can be neglected in the further analysis. The action, in its final form, is ghost independent.

Here we work both with type IIA and type IIB superstring theory. The difference is in
the chirality of NS-R background fields and content of R—R sector. In NS—-R sector there are
two gravitino fields W and \Ilfj which are Majorana—Weyl spinors of the opposite chirality in
type IIA and same chirality in type IIB theory. The same feature stands for the pairs of spinors
(6%, 0%) and (4, To). The R-R field strength F®P is expressed in terms of the antisymmetric
tensors Fxy = Fyuypuy. g [1]

D

1
Fe = Z o % (CT ), [Fzg = (F[m...m])aﬂ] (2.16)
k=0
where
rleipomd — plipre - ol , 2.17)

is basis of completely antisymmetrized product of gamma matrices and C is charge conjugation
operator. For more technical details regarding gamma matrices see the first reference in [1].

R-R field strength satisfies the chirality condition I'' F = +FT'!!, where I''! is a product
of gamma matrices in D = 10 dimensional space—time. The sign + corresponds to type IIA
while sign — corresponds to type IIB superstring theory. Consequently, type IIA theory contains
only even rank tensors F(y), while type IIB contains only odd rank tensors. For type ITA the
independent tensors are F(g), F(2) and F(4), while independent tensors for type IIB are F(1), F(3)
and self-dual part of F(s.
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2.2. Fixing the chiral gauge invariance

The fermionic part of the action (2.14) has the form of the first order theory. We want to
eliminate the fermionic momenta and work with the action expressed in terms of coordinates and
their derivatives. So, on the equations of motion for fermionic momenta 7, and 77,

K - - - K p—
T =50 (@ + V) (P gy, o= G Dapd_ (07 +Whxk) | (2.18)

the action gets the form

i} 1
S(d1x,0_6,0,0) =/</.d2§3+x“1'[+w8_x” + 4—/d2§d>R(2>
JT

) )
K — -
+ E/dzgzu (6% + Bext) (P~ gpo— (0F + W)
)
1. 1
— K/dzgmx“ [m,w + Ewg(P‘)aﬁwf] a_x"+ E/dzsch@) (2.19)

n % / &2 [aﬁ“(rl)aﬂa,eﬁ +0,6%(P™ W) g0 x + a+xﬂ(\IJP—1)Wa,9“] .
D)

In the above action 6% appears only in the form d_6% and 6% in the form ;6. This means
that the theory has a local symmetry

80 =¢e%(0t), 80%=z%0"), (6T =1%o0). (2.20)

We will treat this symmetry within BRST formalism. The corresponding BRST transformations
are

6% =%y, s0%=¢%7), (2.21)

where for each gauge parameter ¢%(o ") and % (o ™) we introduced the ghost fields c®(o+) and
¢c¥(o ™), respectively. Here s is BRST nilpotent operator.
To fix gauge freedom we introduce gauge fermion with ghost number —1

K 2 ~ o aaﬁ no 1~ Ba
V= 5 d°&|Cy | 040% + Tbﬂz; + [ 0-0% + Eb,ﬂa Cyl, (2.22)
where a®” is arbitrary non-singular matrix, C, and C, are antighost fields, while b, and b_y
are Nakanishi—Lautrup auxiliary fields which satisfy
sCyo=biq, $Cy=b_q, sbiag=0 sh_q=0. (2.23)
BRST transformation of gauge fermion W produces the gauge fixed and Fadeev—Popov action

S\IJZng-I-SFP,

K - - -
Ser =3 / A% [b_q040% + 004y +b_qa®big]

SEp = g/dzg [Cadic® + (0-C*)Cy] . (2.24)
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The Fadeev—Popov action is decoupled from the rest and, consequently, it can be omitted in
further analysis. On the equations of motion for b-fields

big=—( Napds0F, bo=-0-6"("")pa, (2.25)

we obtain the final form of the BRST gauge fixed action
Sef = —gfdzsa_é“(a*‘)aﬁamﬂ. (2.26)

2.3. Fermionic T-duality

We will perform fermionic T-duality using fermionic version of Buscher procedure similarly
to Refs. [20] where we worked without chiral gauge fixing. After introducing S, the action still
has a global shift symmetry in 6% and 8¢ directions. We introduce gauge fields v§ and v and
replace ordinary world-sheet derivatives with covariant ones

340% — Dy0* =03.0% +vY, 340" — D10% = 3.0% + 0. (2.27)
In order to make the fields v§ and v to be unphysical we add the following terms in the action
Sqange (v 9 1) = oic [ dPED (030" — e
gauge( Vg, U, Ug) = 5’( §Vq (0402 — —v+)
z

1
+ 3¢ / d*E(31 0% — 3_V%) Vg, (2.28)
p))

where 9, and 9, are Lagrange multipliers. The full gauge invariant action is of the form

Sinv(X, 9’ 9_7 197 159 via l_)i) = S(aix, D_G, D+9_)
+ Sg(D_0, D10) + Sgauge (D, D, v, 1) . (2.29)

Fixing 0% and ¢ to zero we obtain the gauge fixed action

1. 1
Sfix = K/dzga+x“ [mw + Ewg(P—l)aﬂwf] a_x" + yo / d’€dRP (2.30)
D) D)

K _ _ _ _ = _ _ _
+—f[ui(P Dagt? + 5P NapWlo_x" + 0, xh B (P op0f — 5% (@ l)aﬁvﬁ]

2
>
S 2ED, (0.0 — v+ S [ d2E@. 5% — 952D,
+§ §Vq (0402 — —U+)+§ §(04+02 —0-v))0, .
>z =

Varying the above action with respect to the Lagrange multipliers 9, and 9, we obtain the initial
action (2.19) because

v — vy =0= v =940%, ;0% — -0 =0=> 0§ = 340" (2.31)
The equations of motion for v§ and v§ give

0% =0_Dpal*, 0% =0, 05 PPY — 0, x"TY (2.32)
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v =—aa g, v =—P_ 95— Wio_xt. (2.33)
Substituting these expressions in the action Sy;, we obtain the fermionic T-dual action
_ 1
*S(dxx, 0_0, 0,) =dezga+xﬂn+wa_x“ + 4—/d2§ *®RP (2.34)
TT
p) )
K - - - -
+3 /a’2§ (0400 PPO_10g — 04X WEO_ 0y + 04 Do WEI_xH — 0_Dua™P o 0p] .
)

It should be in the form of the initial action (2.19)

1 1
*S =k / d’E0, x" [*nﬂw + E*waﬂ(*P—l)“ﬂ*\yﬁv] a_x"+ o / d’e*®R?
T
)

(2.35)
+ g f d’¢ [a+z§a(*P—1)“ﬁa_ﬂﬂ o xt (U PTH%_ 9o + 8+1§a(*P_1*\II)‘;8_x”]
)
- g / d*60_D, (e~ )P, 9., (2.36)
and so we get
*‘I’ap. = (Pil\p)ap, s *‘I’;wt = _(lilpil);ux s (237)
*Pyp=(P Nap. *ogp=1(a Nap. (2.38)

From the condition
* 1* I * p—1\of x
H+pw + 5 ‘*I"au ( P ) \Ijﬂv = H+;w ’ (2-39)
we read the fermionic T-dual metric and Kalb—Ramond field
1r - _
G =G+ 3 [(\pp—lw),w + (\yp—lxy)m] ,

1. .
*BM=BW+Z[(\I/P ), — (bP lxy)w]. (2.40)

Dilaton transformation under fermionic T-duality will be presented in the section 4. Let us note
that two successive dualizations give the initial background fields.

The T-dual transformation laws are connection between initial and T-dual coordinates. We can
obtain them combining the different solutions of equations of motion for v and v (2.31) and
(2.32)—(2.33)

00" = —P*PY_9y — Wha_x', 9,.0% =0, D PP — 0, x T, (2.41)
0,09 = —a"Py 05, 9-6"=0_Ogal”. (2.42)

Here the symbol = denotes the T-duality relation. From these relations we can obtain inverse
transformation rules

0Dy = —(P™1)apd_0F — (P~ 1)opwho_x,
0100 = 0107 (P~ gy + 0 x WL (P gy, (2.43)
3100 = — (@ Nepds6”, Iy =00 (@ Mgy . (2.44)
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Note that without gauge fixing in subsection 2.2, instead expressions for v2 and v (first
relations of (2.32) and (2.33)), we would have only constraints on the T-dual variables, 0_9, =0
and 9049, = 0. Consequently, integration over v and v§ would be singular and we would lose
the part of T-dual transformations (2.42) and (2.44).

3. Fermionic T-dualization in fermionic double space

In this section we will extend the meaning of the double space. We will introduce double
fermionic space adding to the fermionic coordinates, 6% and 9%, the fermionic T-dual ones,
4 and Y. Then we will show that fermionic T-dualization can be represented as permutation of
the appropriate fermionic coordinates and their T-dual partners.

3.1. Transformation laws in fermionic double space

In the same way as the double bosonic coordinates were introduced [4,14,15], we double both
fermionic coordinate as

a4 _ (9% 54 _ (0"
<) _(0a>’ o) _(f?a)' G.1)

Each double coordinate has 32 real components. In terms of the double fermionic coordinates
the transformation laws, (2.41)—(2.44), can be rewritten in the form

9@ = _QAB [cha_®C n J_B] 9,00 [8+©C]:CB + j+3] QB (32
3,040 Q4 Apc0,0°, 304 =3_BAcpQP4, (3.3)
where “fermionic generalized metric” F4p has the form
p-! 0
Fn=("3 ). G4
and
ol 0
Ay — (( O)aﬁ aV‘S) _ (3.5)

F ap is bosonic variable but we put the name fermionic because it appears in the case of fermionic
T-duality. B
The double currents, J4+ 4 and J_4, are fermionic variables of the form

= (WP 0 Xt (PN, 0 xH

j—‘rA - ( _\Ijga_i_xu ) J—A - wga_xu 5 (36)

while the matrix Q45 is constant
0 1
AB _

Qb — ( : 0) , (3.7)
where identity matrix is 16 x 16. By straightforward calculation we can prove the relations

Q*=1, detFap=1. (3.8)

Consistency of the transformation laws (3.2) produces

QF?*=1, J. =FQJ., Jr=-T.QF. (3.9)
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3.2. Double action

It is well known that equations of motion of initial theory are Bianchi identities in T-dual
picture and vice versa. As a consequence of the identities

340_04 —9_0,04 =0, 09;0_04—0_0,64=0, (3.10)
known as Bianchi identities, and relations (3.2) and (3.3), we obtain the consistency conditions
04 (Fapd-0° +J_p) — - (Appd+ ©°) =0, (3.11)
0- (0408 Fga + J1a) — 04 (0-68 Apa) =0. (3.12)
The equations (3.11) and (3.12) are equations of motion of the following action
Sdouble(©, ©) = (3.13)
_ g/d2§ [a+©AFABa_®B FTa0-04 40,010 T 4 — 0_07 Appo, 0F + L(x)] :

where L (x) is arbitrary functional of the bosonic coordinates.

3.3. Fermionic T-dualization of type Il superstring theory as permutation of fermionic
coordinates in double space

In order to exchange 6% with 9, and 6 with ¥, let us introduce the permutation matrix

0 1
A __
TB—<1 0), (3.14)
so that double T-dual coordinates are
*®A:7-AB®B’ *(:)A:TAB(:)B. (3.15)

‘We demand that T-dual transformation laws for double T-dual coordinates *®4 and *©4 have
the same form as for initial ones ©®4 and ®4 (3.2) and (3.3)

8_*®A ~ _QAB |:*]:BC8—*®C +*J—B] , a+*®A ~ |:a+*éc*]:CB +*j+B] QBA ,
(3.16)
3,70 = —QAB* Ao, *0C, 904 = 9_*O T AcpQBA. (3.17)

Then the fermionic T-dual “generalized metric” * F4 g and T-dual currents, *j+ A and * J_ 4, with
the help of (3.15) and (3.2), can be expressed in terms of initial ones

*Fap=TaFeoTPp, *Tia=TalTis, *T-a=TaBT 5. (3.18)
The matrix A4 p transforms as
*Aap =TaAcpTP s = (A a5 (3.19)

Note that, as well as bosonic case, double space action (3.13) has global symmetry under trans-
formations (3.15) if the conditions (3.18) are satisfied.

From the first relation in (3.18) we obtain the form of the fermionic T-dual R-R background
field
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*Pop = (P g, (3.20)

while from the second and third equation we obtain the form of the fermionic T-dual NS-R
background fields

"Wop = (P NapWh, W =—UH(P 4. (3.21)

wo
The non-singular matrix «®? transforms as
(e)ap = (@ ap (3.22)

The expressions (3.20)—(3.22) are in full agreement with the relations (2.37) and (2.38) obtained
by the standard fermionic Buscher procedure. Consequently, we showed that permutation of
fermionic coordinates defined in (3.14) and (3.15) completely reproduces fermionic T-dual R-R
and NS-R background fields.

3.4. Fermionic T-dual metric *G,, and Kalb—Ramond field * B,

The expression Iy, + %‘I'ff(P_l)aﬁ \II,’? appears in the action (2.19) coupled with dx*,
along which we do not T-dualize. It is an analogue of i j-term of Refs. [9,10] where x’ coordinates
are not T-dualized, and a-term in [22] where fermionic directions are undualized.

Taking into account the form of the doubled action (3.13) we suppose that term L (x) has the
form

L(x) =204 x" (M pp + Ty p) d-x" =L+ L, (3.23)

where I1,,, is defined in (2.15) and *T1,, is fermionic T-dual which we are going to find. This
term should be invariant under T-dual transformation

*L=L+AL. (3.24)
Using the fact that two successive T-dualizations are identity transformation, we obtain

L="L+"AL. (3.25)
Combining last two relations we get

*AL=—-AL. (3.26)
If AL=204x"A,,0_x", we obtain the condition for A,

FApy=—Apy. (3.27)

Using the relations (2.37) and (2.38) we realize that, up to multiplication constant, combina-
tion
Ay =P gl (3.28)
satisfies the condition (3.27). So, we conclude that
"My = My + UL (P gl (3.29)
where ¢ is an arbitrary constant. For ¢ = % we obtain the relations (2.40). So, in double space

formulation the fermionic T-dual NS—NS background fields can be obtained up to an arbitrary
constant under assumption that two successive T-dualizations produce initial action.
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4. Dilaton field in double fermionic space

Dilaton field transformation under fermionic T-duality is considered [16]. Here we will dis-
cuss some new features of dilaton transformation under fermionic T-duality as well as the dilaton
field in fermionic double space.

Because the dilaton transformation has quantum origin we start with the path integral for the
gauge fixed action given in Eq. (2.30)

z:fdﬁidaiduidv‘idﬁadﬁaef Srix (Ve 0,029,059) 4.1)

For constant background case, after integration over the fermionic gauge fields v§ and v, we
obtain the generating functional Z in the form

z :/dé‘adz?a det [(P_la_l)aﬁ]ei S@.9) (4.2)

where *S(#9, ) is T-dual action given in Eq. (2.34). We are able to perform such integration
thank to the facts that we fixed the gauge in subsection 2.2.

Note that here we multiplied with determinants of P~! and o~! because we integrate over
Grassman fields v and v§. We can choose that deta = 1, and the generating functional gets the
form

z :/df;adﬁa det[(P~!)up el SO 4.3)
This produces the fermionic T-dual transformation of dilaton field
*® = & + In det [(P—l)aﬁ] — & —Indet P* . (4.4)

Let us calculate det P* using the expression

(PP PTYF = pob — P77 (P71, s PP (4.5)
where we introduce the symmetric and antisymmetric parts for initial background fields
1 1
PP = 5 (PP + PP*) | PIP = 5 (PeF — pPe) (4.6)

and similar expressions for T-dual background fields, * P} P and *Po‘jﬂ. Taking into account that

(P-*P)*g=148%, 4.7
we obtain
ay *xps QY xpa __ g QY x pa AY x ps __
Py Pyg+Pa" "Pyg=68%, Pi""P,y+ P "Pg=0. (4.8)
From these two equations we obtain
Pag =[P = PP P (4.9)
op

and, consequently, we have

(PP PTy = [(*PS)_I]W : 4.10)
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Taking determinant of the left and right-hand side of the above equation we get

det P
det pof = | L5 4.11)
det* P
which produces
det Py
o= —In |13 (4.12)
det* P

Using the fact that P8 — e% FoB and * PP = eT(D*F @B fermionic T-dual transformation law
for dilaton takes the form

det F,
o= —ln [eB@—r®) =8 (4.13)
det* F;
and finally we have
1 detF,
*¢=d+—1In = (4.14)
6 det*F;
It is obvious that two successive T-dualizations act as identity transformation
o=, (4.15)

We can conclude that only symmetric parts of the R-R field strengths give contribution to
the transformation of dilaton field under fermionic T-duality. In type IIA superstring theory R—-R
field strength F*# contains tensors Fé“, F lfv and F4 . while in type IIB F*f contains F5,

HVpAr?
F ;fv , and self dual part of F, fv oA Using the conventions for gamma matrices from the appendix

of the first reference in [1] (see Appendix A), we conclude that symmetric part of F*# in type
ITA contains scalar F(f and 2-rank tensor F lfv, while in type IIB superstring theory it contains
I-rank F? and self dual part of 5-rank tensor F2 . .

Let us write the path integral for double action (3.13)
Z double = / d©Ad@4 ¢iSiowe(©.0) (4.16)

Because detF = 1 and det.A = 1 we obtain that dilaton field in double space is invariant under
fermionic T-duality. Consequently, a new dilaton should be introduced (see [14,15]), invariant
under T-duality transformations. Because of the relation (4.15) we define the T-duality invariant
dilaton as

(*(I)+CI>):(I)+i]n det Fy

;) = ,
m 12 det*F,

*cpinv =iy . (4~17)

N =

5. Concluding remarks

In this article we considered the fermionic T-duality of the type II superstring theory using
the double space approach. We used the action of the type II superstring theory in pure spinor
formulation neglecting ghost terms and keeping all terms up to the quadratic ones which means
that all background fields are constant.
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Using equations of motion with respect to the fermionic momenta m, and 7, we eliminated
them from the action. We obtained the action expressed in terms of the derivatives d1x*, 9_6“
and 9, 0%, where #“ and 9 are fermionic coordinates. Because A% appears in the action in the
form d_6% and 6% in the form 9,6, there is a local chiral gauge symmetry with parameters
depending on o = t 4 . We fixed this gauge invariance using BRST approach.

Using the Buscher approach we performed fermionic T-duality procedure and obtained the
form of the fermionic T-dual background fields. It is obvious that two successive fermionic
T-dualizations produce initial theory i.e. they are equivalent to the identity transformation.

In the central point of the article we generalize the idea of double space and show that
fermionic T-duality can be represented as permutation in fermionic double space. In the bosonic
case double space spanned by coordinates ZM = (x*, Yu) can be obtained adding T-dual co-
ordinates y,, to the initial ones x*. Using analogy with the bosonic case we introduced double
fermionic space doubling the initial coordinates 8% and A% with their fermionic T-duals, 9, and
. Double fermionic space is spanned by the coordinates ®4 = (6%, 9¥,) and O4 = (8, V).

T-dual transformation laws and their inverse ones are rewritten in fermionic double space by
single relation introducing the fermionic generalized metric F4p5 and currents J_4 and j+A.
Demanding that transformation laws for fermionic T-dual double coordinates, *@4 = T4 3 ®F
and *@4 = T4 B o8 , are of the same form as those for ®4 and @A, we obtained fermionic T-dual
generalized metric * F4p and currents *.7_4 and * 7, 4. These transformations act as symmetry
transformations of the double action (3.13). They produce the form of the fermionic T-dual NS-R
and R-R background fields which are in full accordance with the results obtained by standard
Buscher procedure.

The expressions for T-dual metric *G ,,, and Kalb-Ramond field *B;,, cannot be found from
double space formalism because they do not appear in the T-dual transformation laws. These
expressions, up to arbitrary constant, are obtained assuming that two successive T-dualizations
act as identity transformation.

We considered transformation of dilaton field under fermionic T-duality. We derived the trans-
formation law for dilaton field and concluded that just symmetric parts of R—R field strengths,
Fy P and *F (‘;ﬂ, affected the dilaton transformation law. This means that in the case of type IIA
scalar and 2-rank tensor have influence on the dilaton transformation, while in the case of type
[IB 1-rank tensor and self-dual part of 5-rank tensor take that role.

Therefore, we extended T-dualization in double space to the fermionic case. We proved that
permutation of fermionic coordinates with corresponding T-dual ones in double space is equiva-
lent to the fermionic T-duality along initial coordinates 6 and 6.

Appendix A. Gamma matrices

In the appendix of the first reference of [1] one specific representation of gamma matrices is
given. Here we will calculate the transpositions of basis matrices (CT" (k))"‘/s fork=1,2,3,4,5,
where C is charge conjugation operator.

The charge conjugation operator is antisymmetric matrix, C’ = —C, and it acts on gamma
matrices as

cric !t =—ammT, (A.1)
Now we have

cry =amTc =—armTc=crrc~'c=cr, (A.2)
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cr*r)!’ =crir' = criwh? = criwl,
C€rr'r)! = —crer'r? = (crivrh = _crlwel
(C€rerr’rh’ = —crervrrt = (criweh! = —crlwer
(Crr'r/rro)l = crir TP re = (criwereh = crierel,
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1 Introduction

String theory as a possible candidate for unification of all known interactions offers a
framework for description of both gauge interactions and gravity. Analyzing the relation
between world-sheet diffeomorphisms and transformations of the background fields for open
bosonic string [1-3] it is concluded that Kalb-Ramond field gets one additional term that
is in fact a field strength of some gauge field. In sigma-model action it looks like that
gauge fields are attached at the string endpoints moving along Dp-brane. Finiteness of
the gauge theories (UV cutoff) demands existence of some minimal length. Consequently,
noncommutativity naturally arose in open bosonic string theory in the presence of the
constant background fields [4-7].

The fact that noncommutativity appears together with gauge theory produces a new
line of investigation in quantum field theory — noncommutative gauge theories [8-10], but
not noncommutative gravity.

The open bosonic string in the presence of the constant background fields gives con-
stant noncommutativity [4-7], but, consequently, Jacobi identity is zero and associativity
is not broken. Closed string in the presence of the constant background fields remains
commutative.

Noncommutativity in open string theory comes from the boundary conditions (see [5—
7]). Coordinates and their canonically conjugated momenta are mixed in the boundary



conditions, and because they obey standard Poisson algebra, at the end we get noncom-
mutativity of the initial coordinates. All these facts tell us about the way how we can
reach noncommutativity in the bosonic closed string case. Kalb-Ramond field must be,
at least, linearly coordinate dependent, and the generalized T-dualization procedure is a
machinery [11-19]. The noncommutativity relations are coordinate dependent and produce
nonzero Jacobi identity — nonassociativity appears in the closed string theory [13, 18, 20—
22].

The noncommutativity and nonassociativity can be considered also within superstring
theory [23, 24]. In ref. [25] we considered one special case of the type I superstring theory
in pure spinor formulation [26-30] — all physical background fields are constant except
Ramond-Ramond (RR) field strength. The RR field strength consists of the constant
part and linearly coordinate dependent one, which is infinitesimal. In accordance with
consistency conditions, we have chosen constant part of RR field strength to be symmetric
and cooordinate dependent part to be antisymmetric tensor.

The motivation for this choice of background fields is the quest for the anticommutation
relation between fermionic coordinates suggested in [30, 31]. Formally, this case is similar
to the bosonic string case with coordinate dependent Kalb-Ramond field (weakly curved
background). The difference is that in the superstring case noncommutativity parameter
depends both on the bosonic and fermionic coordinates. Also we obtained that Jacobiator
is nonzero. Both noncommutativity and nonassociativity parameters are proportional to
the infinitesimal tensor from RR field strength.

In this article we consider the same action as in [25], but we will not imply the ad-
ditional restrictions on the constant and coordinate dependent part of RR field strength
as in [25]. The fundamental difference in relation to the choice of background field in [25]
is in the fact that action with RR field strength without restrictions does not possess
translational isometry. In that sense this case can be considered as general one comparing
with [25].

We will use the generalized T-dualization procedure [16, 19] along bosonic directions.
Because this general case cannot be deduced to the form of the bosonic string with linearly
dependent Kalb-Ramond field, as it could in the case [25], we obtained more complicated
form of T-dual transformation laws and, consequently, the generalization of /3, functions
in the form of N(§) functions. Besides the complexity of the T-dual transformation laws
we succeeded to find expressions for noncommutativity and nonassociativity as well as the
form of the T-dual theory.

At the end we give some concluding remarks. In the appendices we present the deriva-
tion of N () functions and show their properties.

2 General type Il superstring action and choice of background fields

In this section we will shortly present how we derive the action of type II superstring in
pure spinor formulation with all constant background fields except RR field strength from
the general form of that action given in [26-30].



2.1 General form of the pure spinor type II superstring action

The general form of the type II superstring action in pure spinor formalism is derived and
given in [30]. It consists of two parts and can be represent as their sum

S =Sy + Vs, (2.1)

where Sy describes the motion of string in flat background
%zéﬁ%?w%ﬂ&ﬂwWwﬁﬁ%ﬁﬂ%Q+&+&, (2.2)
while the second one contains all possible interactions
lggziéd%LYUMAMNXN. (2.3)

The second part of the action is expressed in terms of the integrated form of massless type
IT supergravity vertex operator Vsg. The actions Sy and S5 in (2.2) are free-field actions
for pure spinors

&:/f&wjﬁ,gz/f@wgw (2.4)

Here, A* and A% are pure spinors whose canonically conjugated momenta are wq and @q,
respectively.
The vectors XM and X and matrix Ay n are of the form

8+9a 6_0_’\ Aaﬁ Aay Eaﬁ Qa,uu

H,U _ Hu A A EB Q
xM _ + XM _ . A _ up pv W Hvp 25
%Niy %Nﬁy Qs Quvp CBW Syv,po

where notation is taken from refs. [25, 30]. Every component of the matrix Ay is function
of bosonic, z*, and fermionic, # and 0%, coordinates. For more details about derivation of
the components consult [30]. The superfields A,,, Eﬁ‘, EY and P# are known as physical
superfields, superfields that are in the first row and the first column are known as auxil-
iary because they can be expressed in terms of physical ones [30]. Remaining superfields
Quvp (), C% (CPL) and S 0, are curvatures (field strengths) for physical fields.
Components of XM and XV are of the form

1 1 ~
nizmw+§wm%wﬁﬁ Hﬁ:&ﬂ+§mm%wﬁ% (2.6)

1 1
da = Ty — i(l—‘ﬂg)a 34_%“ + Z(@F“&ﬂ)

)

%:m;mm46ﬂ+hwmeﬂ, 2.7)

v 1 Yo N4 4 1_ Vo oy
N* zziwauﬂu])ﬁA5’ N* ::§waaﬂul)ﬁAﬁ. (2.8)

The world-sheet is spanned by ¢™ = (£° = 7,¢! = o), while world-sheet light-cone
partial derivatives are defined as 04+ = 0; £ J,. Superspace contains bosonic z# (u =
0,1,...,9) and fermionic %, #* (o = 1,2,...,16) coordinates. Variables 7, and 7, are
canonically conjugated momenta to the fermionic coordinates 0% and 6%, respectively.



2.2 Choice of the background fields

In this particular case we will use the supermatrix A;ny where all physical background
fields, except RR field strength P®? are constant. RR fields strength will have linear
coordinate dependence on bosonic coordinate x*. Consequently, supermatrix Ay is of
the following form

0 0 0 0
0 k(39w + Bu) v 0

Ansn — 29pw T By p , 2.9

MY T o —wg 2(f0f 1 09Par) 0 (29)
0 0 0 0

where g, is symmetric tensor, B, is Kalb-Ramond antisymmetric field, ¥§; and \T/fj are
Mayorana-Weyl gravitino fields and f*# and CE‘B are constant tensors. Let us stress this
will be a classical analysis and we will not calculate the dilaton shift under T-duality
transformation.

From the consistency conditions given in ref. [30], following this choice of background
fields, it follows

VhsCl =0, A0 =0. (2.10)

Because all background fields are expanded in powers of 8% and 6%, 6% and 6 terms
in XM and XV will be neglected. Taking into account all imposed assumptions and
approximations, the full action S is getting the form

S:/Ed2§

k v a « v N \TLAY
§H+W8+9:“8_95 — Ta(0-0% + WJ0_2") + (040% + 012"V} 7,

(2.11)
2 (poB | b o)
+%7Ta(f + Cp €T )ﬂ-ﬁ 5
where 111, = B,,, + %GW, and G, = 1w + guw is metric tensor. The actions Sy and S5
are fully decoupled from the rest and they will not be analyzed from now on.

It is easy to notice that fermionic momenta play the roles of the auxiliary fields in full
action. They can be integrated out finding equations for motion for both 7, and 7,

k

o= (F‘l(x))ﬁa (0_6% + W2O_a") (2.12)
To = —g (0.0 + 012 wf) (F_l(x))ﬁa , (2.13)

where F*5(z) and (F~!(x))as are of the form
FPz) = fP+ CPak . (FH(@))ap = (f Das = (F Daar Cp P2 (F . (2.14)

For practical reasons, we assume that C*3 u is infinitesimal. This assumption is in accor-
dance with constraints (2.10). Substituting equations (2.12) and (2.13) into (2.11) the final
form of action is

S=k / d2¢ Ty, 002" 0_ 2" + é(méa + 042 0) (F~N () (0-0° + W)0_a")| .
by

of
(2.15)




Let us note that we did not impose any conditions on tensors f** and Cﬁ‘ﬁ as we did in
ref. [25]. The case considered in this article is more general than the case studied in [25],
because action does not possess translational symmetry.

3 T-dualization

Here we will make T-dualization of all bosonic directions aiming to find T-dual transforma-
tion laws — relations between T-dual coordinates and canonical variables of the original
theory. The T-dual transformation laws will be used to calculate Poisson brackets of the
T-dual coordinates.

3.1 Implementation of the generalized T-dualization procedure

In implementing of T-dualization procedure we will use generalized Buscher T-dualization
procedure [16]. The standard Buscher procedure [14, 15] is made to be used along directions
on which background fields do not depend (isometry directions), while generalized Buscher
procedure can be applied to theories with coordinate dependent background fields along
all directions. The generalized T-dualization procedure follows three steps — introduction
of covariant derivatives, invariant coordinates and additional gauge fields, which produces
additional degrees of freedom. The starting and T-dual theory must have the same number
of degrees of freedom. In order to achieve that we eliminate all excessive degrees of freedom
demanding that field strength of gauge fields (F;_ = dyv_ — d_v4) vanishes by addition
of Lagrange multipliers. Then we fix the gauge symmetry (shift symmetry) and action is
left with gauge fields and their derivatives. Finding equations of motion for gauge fields,
expressing in terms of the Lagrange multipliers and inserting those equations into action
we obtain T-dual action, where Lagrange multipliers have roles of T-dual coordinates.

T-duality can be performed also in the cases of the absence of shift symmetry [19].
Then we replace original action with translation invariant auxiliary action. Form of the
auxiliary action is exactly the same as the form of action where translation symmetry was
localized and gauge fixed. It produces correct T-dual theory only if original action can be
salvaged from it.

Action (2.15) is not translational invariant. Consequently, we make the following

substitutions
Orat — vl (3.1)
2P - AVP = / dﬁlmvfn(fl), (3.2)
P
k
S — S+ 5/ d*¢ [ho_y, — v 04y, , (3.3)
)

and insert them in action (2.15). The result is auxiliary action convenient for T-dualization
procedure
1 - _
KoV o o -1 B B,V
I tfo” + 5040 + o 05) (F (AV))aﬂ (0_6° + Thy”)

1
+§(vﬁ8_y# — v, y,)

Saux = k/ d2£
b

(3.4)

Let us note that path P starts from &y and ends in £. In this way action becomes non-local.

-5



Finding equations of motion for Lagrange multipliers
O_vlf =0t =0 ol = drat, (3.5)

and inserting them into (3.2) we have

AV? = [ g 02" (€) = 27(€) — a?(&0) = A, (3.6)

In absence of translational symmetry, in order to extract starting action from auxiliary
one, we impose z”(£y) = 0 as a constraint. Taking all this into account, we get the starting
action (2.15).

Euler-Lagrange equations of motion for gauge fields vy (k) give the following ones

- %6_3/“(/-6) Ly (k) + %@3 (FHAV))  0-0%() + Wi () (3.7)
- % /Z PE[0,.0°(€) + v (TS (FDacs CLP (F )N (57) [0-0°(€) + w507 ()],
%myu(m) = Tl () + §<a+éa<n> T () (FHAY)) v (3.8)

— 5 L REOIE) + o2 (O] o € () a N () 0-0%(6) + Wiy (€)].

Here, function N (k%) is obtained from variation of term containing AV* in expression for
F~1(AV) (details are presented in appendix A). They represent the generalization of beta,
functions introduced in ref. [25]

=
=
X
j
[
(=%}

(€7 (€M) —n) [HE - s — HEG = D], (39)
(€T (€)W = wY) [HE )~ HG —x7)],  (3.10)

=
=
X
|
I
=%}

where more details on Dirac delta function and step function are given in appendix A. As
we see the expressions for derivatives of y, are more complex comparing with those in [25],
where translational symmetry is present.

Assuming that Cﬁ‘ﬂ is an infinitesimal, we can iteratively invert equations of mo-
tion (3.7) and (3.8) [20]. Separating variables into two parts, one finite and one infinitesimal



proportional to Cﬁ‘ﬁ , we have

v(k)= —%(:)lfjl {ayyl (k) + U2 (F1 (AV))ap0—0° (k) (3.11)

1 — a1 — a3 V2V T, —
58 (e O 2 AV (™ oy U530 (9 (9) + WEL (f ) 505007 () )

-/ PE[0F(€) 4 5 (0494 ()~ 08 (O (F s W2 )02 T ] (o O
X (f_1)515N(’{+) [6*9'6(5) - %\I]E}géiz‘w (a*yuz (5) + ‘T’Z?; (f_l)’YS’ma*‘gM (f))} }7
o (k) = iéﬁw{mym (k) = 046° (k) (F 1 (AV))as ¥, (3.12)

1 — _ o\ A piopis T Be /e _
5 (0591 () = 04 8° () (F ™y Wi ) O W3 (1) 3, O AVP ()05 05,
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Tensor O is inverse tensor to Iy, = Iy + 502 (f 1) ap Ul

O 1Ly, = 0k, (3.13)
where
ay4 v 1 T [ f— Vv
oL = e — ey (f Das ¥l 047, (3.14)
_ o 1 o U=
fob = fof 5 V50" oo, (3.15)
Oy, =6k, O_=—4(G5'TI_G")™. (3.16)

Effective metric tensor is defined as G = G — 4(BG_1B)W.

In above expressions AV is a quantity in the zeroth order in C’fjﬂ

AV”z/d{*Uﬁ—l—/dﬁ‘Uf (3.17)
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Using (3.7) and (3.8) and inserting them into (3.4), we get T-dual action

1=
ST—dual = k/ d2£ [465V6+yuayu (318)
P

1_ _ _
+ GO UL (o G AVA(f )55, 0270 yu0 -y

45028 (N AV s + 5 o O AV s U O T ()5
= SO WO T (), + (1 s U O B (S P AV ()5
= U D U BT (s O AV (), WSO T () ) 007

+ imyyéﬁ“@z‘l ((F‘l(AVm,e + ;(f‘l)aal03“15%‘/”(1"_1),8352‘Ifff@il”‘flfl(f‘l)ﬁlﬁ)
x 0_0°

1, 5 - L. o1 QMM 2 [ £— asf1 - Quiv
- 184-00[ ((F 1(Av))a5 + Q(f 1)04041\1111 @liﬂ \IIM (f 1)0620430[)35 Avp(f 1)515>\1151®—1

X 8y,,] .

Let us note that above we kept terms up to the first order in C’fjﬁ.
T-dual action contains all terms as initial action (2.15) up to the change z* — y,,.
Consequently, T-dual background fields are of the form

s — Lgmr  Lgmmga [(p- - o -
Y = 201+ O WL | (FHAV)ag+ (/™ aea O AVE(F ) gy (3.19)

—_
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_*(f l)amqjué@? 2\1'521(.}0 1),31[3+§(f 1)aa10p1 QAVp(f l)azasll'pg@liQ ngé(f 1)615
(F oo To1OM22 W0 (£ 1) 5 5 CHAAVP(f71) 5,5

(F ™ )aon Wo2OH2H3G02 (£71) 0, OSB3 AVP(f71) 5,5, U207 201 (f71) 5, 5| WE €17,

HFH@)ap = (F7H(AD))ap + %(f_l)aalC,?laQAV”(f_l)azas‘I’Z“Sé’i”‘i’fl (fas (3.20)
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Comparing background field of T-dual theory with background fields from [25] we imme-
diately notice that background fields have become more complex. However, this is just an
illusion. In both cases background field are exactly the same only difference is that here
we did not introduce tensor fI+W =1y + %i’ﬁF‘l(AV)aglllf and its inverse, therefore
we are missing ingredients to express our fields in more compactified format.



3.2 T-dualization of T-dual theory

Since the initial theory is not symmetric under translations, T-dual action that is obtained
from auxiliary action (3.4) and it is now invariant to translations of T-dual coordinates.
Consequently, we can dualize T-dual theory by generalized Buscher procedure. We start
with the introduction of following substitutions

O+yy — Diyy = 01yy + uty — Diyy = usy, (3.22)
AyP — Au”, (3.23)
AP = ;/Pdéé’ilp [u+p1 - a+9‘a(f*1)a5\1/§1}
— % /P d¢— e [u_,,l + W5 ( f—l)aﬁa_eﬁ} , (3.24)
S— S+ %(uﬂﬁ,m“ —u_,0yat). (3.25)
From the first line we see that gauge is fixed choosing y(§) = const. Inserting these

substitutions into (3.18) we obtain

1 aY 14
Sgauge fix = /<;/Pd2§ Ll@’i Ug Uy (3.26)
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1, a1 ALY T _ 1, . 1 ALY T _ oy e
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X U_y
1
+ i(u_wf)_x“ - u_ua+x“)] .

Using equations of motion for Lagrange multipliers, we return to the T-dual action. Finding
equations of motion for gauge fields, we have

upu(k) = 20,0427 (5) — 042" (K)US(F ooy Co P Al (1), 500 (3.27)
+0,.6%(k) (F~1(AZ))ap V)

— [ €(040°(6) + 010 O, ) (o G ()N ()

x (0-6°() + Wio_a"(€)),



Uy () = =200 () + T )aay C2H AT (f )5, WED_ab (k) (3.28)
— U (P (AZ))apd_0" ()

+ [ (04079 + 010" (o O ()N ()

x (0-0°(€) + w5, 0-2"(€))

Here we have that Azt = z(&) — x(&p), and inserting these equations into the gauge fixed
action, keeping all terms linear with respect to C/’j” and selecting &y such that (&) = 0,
we obtain our original action (2.15).

4 Non-commutative relations

In this section we will establish a relationship between Poisson brackets of original and
T-dual theory using results from the previous one. Original theory is a geometric one,
which means that canonical variables x#(£) and 7, (&) satisfy standard Poisson algebra

{z"(0),m(0)} = 0pd(0 — ), {a"(0),2"(0)} =0, {mu(0),m,(7)} =0. (4.1)

We will find Poisson structure of T-dual theory using relations (3.7) and (3.8) and ex-
pressing them in terms of the coordinates and momenta of the initial theory. Replacing
gauge fields with solutions of equations of motion for Lagrange multipliers, we get T-dual
transformation laws in Lagrangian form. Because we implement here canonical approach,
the next step is removing of all terms that are proportional to d;z#(§). The most of the
terms of this type will get incorporated into expression for canonical momenta (), but
term that is non-local and which is dependent on function N(£¥) remains. One way of
removing this term is to first use equations of motion for coordinate z# (), and then replace
remaining 0, z* term with canonical momentum. By doing all the steps that were outlined,
we have following relationship between T-dual coordinate and variables of starting theory

Ty

aayu(a) = 2Buuaa$'u - Gl/u(ﬁ-i- + Hi)lylu[ L

-5 (P @) 000 (4.2)

- %méa (F'@))
1

+ 5‘3,3‘1(f_l)aalC,?“ﬂlx"(a)(f_l)ﬁlﬁ‘l’ﬁz (853882 — ahrakz) (ILy. + 1) 1

B
aﬁ \IIVI - 2 M1

1_
Ty + =00 (F_l(w))aﬂ \1152} (611612 — 611512y a2

T 1-, . 1, -, — =
x []: 9 p(f 1)y 007 — §8+97(f 1)771\1121 + 1 Oo P! — H+p1pao'xle-

To find Poisson bracket between T-dual coordinates, we can start by finding Poisson
bracket of sigma derivatives of T-dual coordinates and then integrating twice (see [25]).
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Implementing this procedure we have that Poisson bracket for sigma derivatives is given as

{afflyyl (01)78023/1/2 (02)} = (4'3)
2 - —
= E(H-i- + Hi) thapz [Gmm BV2u28025(01 —03) — By Guzu28015(01 - ‘72)]
1= « — « — v3 SV vy SV I I — I I —
+ 7\111/3 (f l)aoélcp 151 (f l)ﬂlﬂ\llli (6u§ 5/14?1 + 6#§6ui)(n+ + Hz) Lnap (H+ + HI) Lhapz

k
X [GVWlB'/2M2$p(Ul)8025(‘71 - 02) - Bl/lulGl/ﬂmxp(o'Z)amé(Ul - 02)}'

Then we integrate with respect to o1 (02), where we set boundaries as o (9) and o ().
Extracting only Poisson bracket terms that contain o and &, we have
_ 2 = —7\ _
{901 (0). 90 (0)} = (T + TE) ™42 [ Gy By + By Goga| H (0 — 0) (4.4)
1

+ U0 (e G5 (£, (0705 + 012303 (T + TLE) ~Heor (I o T )~ Heare

% | Guips Buaps”(3) + Busyu Guapun”(0) | H (0 = 7,
Here, H(o — &) is same step function defined in appendix A. It should be noted that these

Poisson brackets are zero when ¢ = ¢. However, in cases where string in curled around
compactified dimension, that is cases where 0 — ¢ = 27, we have following situation

2 _

{904 (0 + 2,915 (0)} = = (I +T1) 74972 [ Gy By + Boyys Gl (4.5)
1- _ _ _ _

+ U0 (™ Daa O3 ()50, (G307 + 00y ) (T + TLE) 1 (T - T ) e

= [47TGV1mBV2u2Np + (Guoypy Buaps + BV1M1GV2u2)$p(U)]~

We used fact that H(27) = 1. The symbol N* denotes winding number around compact-
ified coordinate, if is defined as

xH (o +2m) — 2t (o) = 2nNF. (4.6)

Let us note that if we choose z#(¢) = 0 than Poisson bracket has linear dependence on
winding number. In cases where we don’t have any winding number, we still have non-
commutativity that is proportional to background fields.

Using the expression for sigma derivative of y,, (4.2) and expression for Poisson bracket
of sigma derivatives (4.3), we can find non-associative relations. Procedure is the same as
for finding Poisson brackets of T-dual theory, we find Poisson bracket of sigma derivatives
and integrate with respect to sigma coordinate, this time integral is done trice. Going
along with this procedure we have following final result

Gy, = e
{(0). {un (1), 9 (02)}} = =5 (I + TI) 717" (4.7)
XU (f N aat CoP (1) a5 W0, (873814 + 54 643 ) (T + TIL) s (ITy. + TIF) ~Heane

< [Gorr BuagsH( = 02) + By Gongn (o = 00) | H o1 = ).
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Since Jacobi identity is non-zero for T-dual theory we have that coordinate dependent RR
field produces non-associative theory. However putting o1 = 09 = 6 and 0 = 7 + 27 we
have that Jacobi identity disappears

{yl/(a- + 27T)7 {ym (5)’ Yy (5)}} =0. (4'8)

5 Conclusion

In this article we examined type II superstring propagating in presence of coordinate de-
pendent RR field. This choice of background was in accordance with consistency conditions
for background field and all calculations were made in approximation that are linear with
respect to coordinate dependent part of RR field. We have also excluded parts that were
non-linear in fermionic coordinates and neglected pure spinor actions. Using equations of
motion for fermionic momenta we obtained action that was expressed in terms of bosonic
coordinates, their derivatives and derivatives of fermionic coordinates. Unlike [25] we do not
impose any conditions on the constant and coordinate dependent part of RR field strength,
S0, it is not possible to deduce this case to the form of the weakly curved background one.

Action with our choice of background fields did not possess translation symmetry,
therefore we needed to use Buscher procedure that was extended to such cases. By substi-
tuting starting action with auxiliary action we gave up on locality in order to be able to
find T-dual theory. Finding equations of motion of newly introduced Lagrange multipliers
we were able to salvage starting action giving us assurance that auxiliary action we selected
would produce correct T-dual theory. After this we found equations of motion for gauge
fields and by inserting them into action, we found T-dual theory.

Having found T-dual theory, we applied T-dual procedure once again as a more thor-
ough way of checking if action we obtained was in fact correct T-dual of starting action.
Unlike starting action, T-dual action possessed translation symmetry and was non-local
from the start by virtue of having dual coordinate AV#. Applying steps of generalized
Buscher procedure [16, 19] we obtained starting action, again confirming that our choice
of auxiliary action was correct.

We obtained non-commutativity relations in context of T-dual theory, where we used
T-dual transformation laws as a bridge between Poisson brackets of starting theory and
T-dual theory. T-dual transformation laws were expressed as functions of coordinates
and momenta of original theory and using their standard Poisson algebra, we got non-
commutativity in T-dual theory. From expression for Poisson brackets (4.4) we can see
that non-commutativity is proportional to infinitesimal part of RR field as well as to
symmetrised inverse of field II. Non-commutativity relations are zero in case when o = &,
while in case where 0 = ¢ + 27 we see the emergence of winding numbers.

Taking into account Poisson brackets of sigma derivatives and expression for sigma
derivative of T-dual coordinate we were able to find non-associative relation for T-dual
theory. In general case this relation was non-zero and it was proportional to infinitesimal
constant C4”. In special case when we put 01 = 02 = 0 and o = 0 + 27 we noticed that
non-associativity relation disappears. During the implementation of the T-dualization

- 12 —



procedure and calculations, we obtained generalization of 3, functions in the form of the
N-functions.

It should be noted that since we did not preform T-dualization along fermionic coor-
dinates their Poisson structure would remain the same as in original theory. Furthermore,
since background fields do not depend on fermionic coordinates it should be expected, as
in the case of bosonic coordinates [18], that T-duality would leave Poisson brackets be-
tween fermionic fields the same. We expect that, if proposed non-commutative relations
from [30, 31] are even possible, we would need at least RR field that depends both on

fermionic and bosonic coordinates.
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A Obtaining N (k%) terms

In this paper function N (k%) emerged in T-dual transformation laws as a consequence of
variation of term that was proportional to AV. Here we will present derivation of this

function.

8 (F(AV) gy _ g mBU () _
57}5_(,{) __(f )aa1C 515/ d§ 5v+(li) (A-l)
— (e O (s / 4T~ RHIET k)
£/+

= ~(f aa O (f Ngus Yt ST = rM)SE ()~ r7)

’L

dt
= (e O (F s / dud(u— )5 (€ ((€7) () = x7)

=~ e O (I Dapd (€7 (€M) = w7) [HE = ") = H (&S — 7))
= _(fil)amGﬁlﬂl (fil)BhBN(KJr)-

In third line we have parametrized the path with parameter ¢t where &’ +(ti) =& and
0 7) = &', In fourth line we introduced substitution u = ¢’ *(t), in delta function this
substitute is inverted. Fifth line is obtained by using following integration rule for Dirac
delta function

/ " dnf(m)s(n — i) = £(7) [H(o — ) — H(oo —7)]. (A.2)
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Here, H(x) is a step function defined as

H(z) = / dnd(n {a: + Z — sin nm)}

n>2
0 if x=0
=4q1/2 if O<z<2m . (A.3)
1 if x=2n

Procedure for obtaining N (k™) is similar.

B Properties of N(k*) terms

Here ve will list some properties of N(x*) function.

Where x° and k! represent 7 and o coordinates respectevly

/E d*¢0, N(kT) =1, /2 d*¢0_N(k™) =0, (B.3)
/E d*€0_N (k™) =1, /2 d*€0, N (k™) = 0. (B.4)
These relationships can be checked directly by applying partial derivatives to expressions
from A.
[ 0N () = [[de(e (€))7 () = )0u [H(ET — M)~ H(gf — )

= [ (67 (€N M)~ )l —nt) = [des (€€ THEN —wT). (B5)

In appendix A we had following parametrisation of path P: &¥(t;) = &7 and ¢/ (tf) =
¢*. Applying inverse parametrisation we have (&7)~1(&) = t; and (&7)71(&r) = t;.
With these we have

Jaems(e (€M) —n) = [deo(e ) — )
- /ngw; € -n)=1 (B.6)

Same rules apply for N(k7), N(x°) and N(x!). In cases where F~1(x),5 is antisym-
metric we can transfer partial derivatives from 0+V™u to N(k¥) and obtain standard A+
functions.
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1 Introduction

Noncommutativity of coordinates has come into focus of physics about hundred years ago
when the problem with infinite value of physical quantities occurred. The solution was
proposed by Heisenberg in the form of noncommutative coordinates. But after developing
of renormalization procedure coordinate noncommutativity was forgotten as a tool for
cancelling of infinities.

Commuting of coordinates means that there is no minimal possible length in Nature
i.e. that we can measure the position of particle with infinite precision. The return of
noncommutativity into physics starts with the article of Hartland Snyder [1]. Usually we
treat space-time as continuum but Snyder showed that there is Lorentz invariant discrete
space-time. Consequently, this means that commutator of coordinates is nonzero, and
noncommutativity parameter dictates the scale at which noncommutativity exists.

In the paper [2] existence of noncommutative manifold was shown using propagators
in open bosonic string theory with constant metric and constant Kalb-Ramond field. This
result is proven in many articles [3-12] after that but using different mathematical meth-
ods. Obtained noncommutativity with constant noncommutativity parameter is known



in literature as canonical noncommutativity. Consequently, canonical noncommutativity
implies that theory is still associative one.

One of the first application of canonical noncommutativity was in Yang-Mills (YM)
theories [13-16]. Noncommutative YM theories are constructed and their renormalisability
properties are analyzed. It turned out that some processes forbidden in commutative YM
are allowed in noncommutative YM theories. Consequently, cross sections for those decays
and processes are calculated [17, 18]. Such predictions offer the possibility of indirect check
of idea of noncommutativity.

The next type of noncommuatativity which is considered in literature is Lie-algebraic
one, which means that commutator of two coordinates is proportional to the coordinate.
The k-Minkowski space-time is an example of this kind of noncommutativity and it is
considered in various contexts [19-24]. The s-Minkowski space is noncommutative but
it is easy to check that is associative one. But, in general, if the commutator of the
coordinates is proportional to the some linear combination of coordinates, then the space
is nonassociative because jacobiator and associator are nonzero. For example, such spaces
are closely related to the L, algebra [25].

The mathematical framework for T-dualization is standard Buscher procedure [26, 27].
It consists of the localization of the shift symmetry and adding a term with Lagrange
multiplier in order to make gauge fields unphysical degrees of freedom. Also there is an
improvement of standard Buscher procedure developed and applied in refs. [28-31], gener-
alized Buscher procedure. In the application of the generalized procedure of T-dualization
there is one additional step with respect to the standard one. We introduce invariant
coordinate in order to localize shift symmetry in the coordinate dependent backgrounds.

The first articles addressing the subject of coordinate dependent backgrounds appear
in the last ten years [32-43]. A 3-torus with constant metric and Kalb-Ramond field
with just one nonzero component, B,, = Hz, was considered within standard Buscher
procedure [33]. Authors made two successive T-dualzation along isometry directions x and
y, and, using nontrivial winding conditions, obtained noncommutativity with parameter
proportional to field strength H and winding number Nj.

Using generalized T-duality procedure [30, 44] we obtained coordinate dependent non-
commutativity and, consequently, nonassociativity. Also it is shown that final theory is
nonlocal. In ref. [30] the bosonic string is considered in the weakly curved background —
constant metric and linearly coordinate dependent Kalb-Ramond field with infinitesimal
field strength, while in [44] we consider the same model as in [33], but T-dualizing along
all three directions and imposing trivial winding conditions. Obtained nonlocality comes
from the coordinate dependent background, or more precisely, from invariant coordinates.
At the end of T-dualization procedure background fields depend on AV, defined as line
integral. Nonlocality has been become very important issue in the quantum mechanical
considerations [45].

In this article we will deal with closed bosonic string propagating in the constant
metric and linear dependent Kalb-Ramond field with B,, = Hz, the same background as
in [33, 44]. But our goal here is to examine the influence of order of T-dualizations. In
ref. [44] we T-dualize first along isometry directions, first along = and then along y, and at



the end, along direction z. The first T-dualization produces configuration known as twisted
torus which is commutative, and it is globally and locally well defined. After second T-
dualization we obtained nongeometric theory with @ flux which is still locally well defined
and it is commutative. The final T-dualization along z direction produces nonlocal theory
which is noncommutative and nonassociative one. This line of T-dualizations we will call
XYz one.

But what it will happen, if we change the order of T-dualizations, regrading (non)lo-
cality issue as well as (non)commutativity and (non)associativity? It is quite obvious that
nothing will be changed if we T-dualize along line yxz, because the first two directions,
which are T-dualized, are isometry ones. Some nontrivial issues could be expected if
we T-dualize first along z direction. In this article we will present T-dualization of the
model from [33, 44] along the T-dualization line zyx. After every step of T-dualization
we will rewrite the T-dual transformation law in canonical form using the expressions for
canonical momenta of the initial theory. Also we will check whether the obtained theory
is commutative or not and, consequently, we will see whether it is associative or not.

The fact which is quite sure is that all three theories which we will obtain from the
T-dualization line zyx are nonlocal. The explanation comes from the fact that background
field By, is z dependent and according to the generalized T-dualization procedure, after T-
dualization along z, we obtain quantity AV which is defined as line integral. Consequently,
the theory is nonlocal. But because y and x T-dualizations do not affect AV, all three
theories obtained in zyx T-dualization line are nonlocal. That is a difference with respect
to the zyz T-dualization line considered in [44].

The interesting thing is that transformation laws can be obtained from the corre-
sponding ones in [44] by replacing H — —H, but because in this article we T-dualize in
the opposite direction, that produces theories of the different commutative and associative
features with respect to [44]. After first T-dualization we get commutative and associative
theory which is the same as in xyz case from [44]. But the second T-dualization here
produces noncommutative and associative theory of x-Minkowski type. That is different
with respect to the zyz case, where second theory in the line is both commutative and
associative. At the end we obtain the same theory as in [44] which is nonassociative and
noncommutative. The noncommutativity and nonassociativity parameters have one addi-

7

tional “—” sign comparing with the corresponding ones in [44]. In this article as well as
in [44], we impose trivial winding conditions which means z#(o + 27) = z#(0) + 27 NH,
where N* is a winding number.

At the end we comment some quantum aspects of the problem and add two appendices.
The first one contains conventions regarding light-cone coordinates, while the second one is
related to the mathematical details concerning derivation of two kinds of Poisson brackets

appearing in the article.

2 Bosonic string action and choice of background fields

In this section we will introduce the action for bosonic string propagating in 3D space with
constant metric and Kalb-Ramond field which single component is different from zero,



B,y = Hz. This model is well known in literature as torus with H-flux. Since we are
working with the same model as in [33, 44], for completeness we will repeat most of the
steps from introductory part in the [44].

The closed bosonic string which propagates in the presence of the space-time metric
G (z), Kalb-Ramond field By, (x), and dilaton field ®(x) is described by action [46-48]

gob
N

where world-sheet surface ¥ is parameterized by £¢ = (7,0) [(a = 0,1), 0 € (0,7)],

S = R/Edzf\/TQ{ [;go‘ﬁGW(x) + By (x)| Oqat0ga” + CI>($)R(2)} , (2.1)

while z# (u=0,1,2,...,D — 1) are space-time coordinates. Intrinsic world sheet metric is
denoted by g, and the corresponding scalar curvature with R®.

Conformal symmetry on the quantum level is not preserved for any choice of back-
ground fields. If we want to keep conformal symmetry on the quantum level, background
fields must obey the space-time field equations [49]

1

= R — 7 Bupo B + 2Dy, =0, (2.2)

= D,B" ., — 20,8, =0, (2.3)
D —26 1

® = ok 6 R — ﬂBupUB“pU — Dya* +4a* = c, (2.4)

where c is an arbitrary constant. From
DY, +0,8% =0, (2.5)

it follows that third beta function, 5%, is equal to an arbitrary constant. Here R,, and D,
are Ricci tensor and covariant derivative with respect to the space-time metric G,,. Field
strength for Kalb-Ramond field By, and dilaton gradient are defined as

Buvp = 0By, + 0,By, + 0,Buy,  ay = 0,P. (2.6)

One of the solutions of these equations which is important for us here is the solution
where some background fields are coordinate dependent. Let us choose Kalb-Ramond field
to be linearly coordinate dependent and dilaton field to be constant. The equation (2.2)
turns into

1
Ryuy = 7 Bups B, = 0. (2.7)

If we assume that field strength is infinitesimal, then we take G, to be constant in ap-
proximation linear in B,,,,. Consequently, the third equation (2.4) is of the form

D-26
—— =

2Tk

c. (2.8)

The constant c is arbitrary, and fixing its value at ¢ = —23§T £ we obtain D = 3, dimension

of the space in which we will work further.



The choice of background fields in the case we will consider is

R0 0 0 Hz0
Gw=| 0R 0|, Bu=|-Hz 0 0], (2.9)
0 0 R} 0 00

where R, (1 = 1,2,3) are radii of the compact dimensions. In terms of radii, the imposed
condition that H is infinitesimal, can be rewritten as

_H i -0 (2.10)
RiRsR3) '

Physically, infinitesimality of H means that we work with sufficiently large torus (diluted
flux approximation). If we rescale the coordinates

o — 2™ = Ry at 2.11
o

where indices on the right hand-side of equation are not summed, the form of the met-
ric simplifies
100
Gw=1010]. (2.12)
001

Taking all assumption into consideration, the action is of the form
S = Ii/ d*€0 2"y, 02" (2.13)
b
1
= n/ d%¢ [2 (O4x0_x + 04yO_y + 0420_2) + OyxHz0_y — OyyHz0_zx| |
by

where 01 = 0; £ 0, is world-sheet derivative with respect to the light-cone coordinates
gi = %(T * 0)7 H:I:;w = B;w + %G,w and

=y (2.14)
z

T-dualization of dilaton is done within quantum formalism and here it will not be presented.

3 Family of three R flux non-local theories

In this section we will perform T-dualization of closed bosonic string equipped by H-
flux torus background fields, one direction at time. T-dualization procedure will go along
zyx line. We will show that all three theories are nonlocal with R-flux. Also we will
find expressions connecting initial and T-dual variables, so called T-dual transformation
laws. Using transformation laws in canonical form, we will check after every step whether
obtained theory is (non)commutative and/or (non)associative.



3.1 T-dualization along z direction — shortcut to R-flux

Unlike the cases considered in [33, 44], where T-dualization drives along zyz line, let us
do that in opposite direction and perform generalized T-dualization [28] of action (2.13)
along z direction.

3.1.1 T-dualization procedure

It looks like that this direction is not isometry one. But we can show that it can be treated
like isometry direction. Let us consider the global transformation

St =AM, (3.1)

and vary the action with respect to this transformation

68 = gBWp)\p /E d*€0, x'o_a¥ = %BW,,A%@L* /E d*€[0 (21 052" ) — 2" (90 0p2")] . (3.2)

The second term vanishes as a consequence of contraction of antisymmetric (¢*?) and
symmetric (0,03) tensors, while the first one, surface term, survives, and it is, in general,
different from zero. But, the expression .5 is an topological invariant, so it vanishes if the
map from the world-sheet to D-dimensional space-time is topologically trivial. Essentially,
infinitesimal field strength H does not affect the vanishing of the surface term.

There is one more explanation of vanishing of this surface term. It is more technical
and adjusted to the approximation we used in this article which essence is the explanation
in paragraph above. Because we work in the approximation up to the linear terms in H, z*
satisfies equation of motion for constant G, and B,,,, 040_x* = 0, which solution is well
known in literature. If the winding number is equal to zero, it holds z# (27 + o) = z#(0),
and since the configuration in the initial 7; and final moment 7; is fixed, the surface term
vanishes.

So, in the weakly curved background case (H-flux torus background is such like that),
z direction is an isometry one. Localization of the shift symmetry of the action (2.13) along
z starts with introducing the covariant derivative

O+z —> Dyz =042z + v, (3.3)

where vy is a gauge field. In order to make gauge fields unphysical ones, we introduce term
with Lagrange multiplier

Soa = /E Peys(D4v- —_v,). (3.4)

These two steps are the part of the standard Buscher procedure. Because of coordinate
dependent background field B, generalized T-dualization procedure has an additional
step, introducing of an invariant coordinate

S /PdfaDaz _ /I;d€+D+z +/Pd§_D—Z = Z(f) — 2(50) + AV, (3.5)



where
_ a, + -
AV —/Pdf va—/P(df vy +dEvo). (3.6)

The form of the action is now

S = /{/ d*¢ [Hzm”(&ra:a_y — 0yyo_z) + %((’Lx({)_:c + 04+y0_y+ DyzD_xz)
b

+ % y3(Oyv_ — 8_v+)} . (3.7)

Fixing the gauge, z(£) = 2(&), we get gauged fixed action in the form

S iz = /{/ d*¢ [HAV((%m@y — 04y0_x) + %(&r:n@,x + 04y0_y +vyv_)
b

+ %yg(a_w_ _ 8_v+)] . (3.9)

The equation of motion for Lagrange multiplier ys3 obtained from above action (3.8)
produces
Oyv_ —0_vy =0= vy =012, (3.9)
which drives us back to the initial action (2.13). On the other side, if we found equations
of motion for gauge fields vy, we get

vy = +0ry3 — 267, (3.10)

where 8% functions are defined as
1
Bt = :FiH(x(?;y —yo+x). (3.11)

The f* functions stem from the variation of the term containing AV. The derivation of
beta functions S* is based on the relation 9 AV = vi. In the derivation of the beta
functions there is one nontrivial technical point and that is vanishing of the surface term
after one partial integration. That surface term is of the same form as in eq. (3.2), so
the same reasons for surface term vanishing hold here. Mathematical details regarding
derivation of 3% functions can be found in refs. [28-31, 44].

Inserting the relations (3.10) into the gauge fixed action, keeping linear terms in H,
we obtain the T-dual action

S =k / d*€04 , X", 104,,0_, X", (3.12)
by
where
N 1
XM= Yy ) zHer/ = zB;w + §ZG[LZ/? (3'13)
Y3
0 HAV 0 100
B = -HAV 0 0|, Guw=10101. (3.14)
0 0 0 001

Let us note that presence of AV, defined as line integral, represents the source of
nonlocality of the T-dual theory.



3.1.2 T-dual transformation law

Combining the equations of motion for Lagrange multiplier (3.9) and for gauge fields (3.10),
we obtain T-dual transformation laws

O0+z 2 +01ys F H(xé?iy - yaix) , (3'15)

~

where = is used here to mark T-dual relation. Momentum of the initial theory (2.13)
canonically conjugated to the coordinate z is of the form

oL
=57 =
where £ is a Lagrangian density defined as S = fz d*¢L. Calculating # using T-dual

K2, (3.16)

Tz

transformation law (3.15), we get the T-dual transformation law in canonical form

1
yh s + H(zy' —y2'), (3.17)

which is of the same form as in the zyz case.

In all further expressions we will keep the symbol AV, but we must have in mind
that we used equations of motion for Lagrange multipliers (3.9) at the end of T-dulization
procedure along z coordinate, so, having in mind (3.6) and (3.15), we get

AV = Az = /d§+8+y3 — /dg_a_yg =7;3. (3.18)

The variable AV is multiplied by infinitesimal field strength H, so, in the above expression
we used 01z = +01y3, as a consequence of diluted flux approximation.

3.1.3 (Non)commutativity and (non)associativity

The initial theory is geometric one and its variables satisfy the standard Poisson algebra
{z"(0),2"(0)} = {mu(o), m ()} =0, {a* m(0)} = ",6(0c —7), (3.19)

where 2# are the coordinates of the initial theory, while 7, are their canonically conju-
gated momenta. Using expression (3.17) and standard Poisson algebra (3.19), we obtain
that coordinates of the theory obtained after one T-dualization, ,X*, are commutative.
Consequently, Jacobiator is equal to zero, which means that theory is associative.

Summarizing this first step of T-dualization, obtained theory is commutative and as-
sociative nonlocal R-flux theory. Comparing with the results of the ref. [44] after first
T-dualization, qualitatively we obtain the same result, but with the essential difference
that here obtained theory is nonlocal R-flux theory unlike that in [44] which is geometrical
one, locally and globally well defined.

3.2 Step 2 — T-dualization along y direction

Our starting point is the action given in eq. (3.12). The background fields are independent
of y, so, we apply standard Buscher procedure. This means that, unlike the previous
case, we perform just first two steps in T-dualization procedure and skip the third one —
introducing of invariant coordinate. The T-dualization procedure is already presented, so,
we will skip explaining procedure steps further.



3.2.1 T-dualization procedure

The gauge fixed action is of the form

1
Stiz = m/ d*¢ [2 (O120_x +viv_ + 04y30_ys) + HAV (v_04x — vy0_x)
2

K
+ 2/ d*€yn(01v_ — D_vy). (3.20)
by
Varying with respect to the Lagrange multiplier yo we get

vt =01y, (3.21)
while the equations of motion for gauge fields are
vy = +0+ys F2HAVO1x. (3.22)

Inserting the expression for gauge fields (3.22) into gauge fixed action (3.20), we obtain the
T-dual action

WS =k /Z d*€ 04 Ly XF T4 0— XY, (3.23)
where
o 1
zyX# =1 92 > zyHJr;w = zyB/u/ + 5 zyG;w ) (3.24)
Y3
1 —2HAV 0
B =0, WG = —2HAV 1 0. (3.25)
0 0 1

Let us note that after two T-dualizations in the xyz case in [44] we also obtained that
T-dual Kalb-Ramond field is zero.

3.2.2 T-dual transformation law

Combining equations of motion (3.21) and (3.22) we get the corresponding transforma-
tion law
O+y &2 +01yo F2HAV 01 . (3.26)

Let us now prescribe the transformation law in canonical form. The momentum canonically
conjugated to the initial coordinate y is obtained by variation of the initial action (2.13)
with respect to the y and it is of the form

my = k(y + 2Hz1'"), (3.27)
while from transformation law (3.26) we have
U2 yh—2HAVZ . (3.28)

Combining last two equations and using the fact that, in the approximation linear in H,
AV and z are T-dual to each other, we get
1

L 3.29
~my (3.29)

I

Y

As we see the transformation law is the same as in the xyz case.



3.2.3 (Non)commutativity and (non)associativity

In this paragraph we will calculate Poisson brackets of the coordinates ., X* using trans-
formation laws in canonical form given by egs. (3.17) and (3.29).

With the help of the standard Poisson algebra (3.19) and instructions from appendix
B, it is easy to see that

{z(0),2()} = {12(0),y2(0)} = {y3(0),y3(0) } = {x(0),42(5)} = {z(0),y3(7)} = 0.
(3.30)
The only non-zero Poisson bracket is

{y2(0),y3(0)} = % [24/(0)d(0 — &) + 2(0)d (0 — )] , (3.31)

where ¢’ = 0,0(c — ). This result is obtained by straightforward calculation using T-
dual transformation laws, (3.17) and (3.29), and standard Poisson algebra (3.19). The
relation (3.31) is of the form (B.1), where A'(0) = y4(0), B'(5) = y4(5), U'(0) = £22/(0)
and V(o) = %w(a). With these substitutions in mind, we have that final expression is of
the form (B.8)

[12(0),35(0)} =~ [22(0) ~ 2(0)] 60 ~ ) . (332)

For ¢ — 0 + 27 and 6 — ¢ we have
. H
{y2(0 +2m), y3(0)} = ——[2(0) + 4mNz] , (3.33)
because 0(27) = 1 (B.6), while N, is winding number for = coordinate
x(o+27) —x(0) = 27N, . (3.34)

As we can see the noncommutativity relation (3.32) is of k-Minkowski type. It is straight-
forward to see that

{z(01), {y2(02), ys(03)}} + {y2(02), {ys(o3), x(01)}} + {y3(o3), {z(01),y2(02) } } = 0.
(3.35)
Because the Jacobiator is zero, we conclude that this R-flux theory is noncommutative
and associative one.

3.3 Step 3 — T-dualization along x direction

In this subsection we will finish T-dualization procedure not repeating the mathematical
details, but giving just the important equations and results.
The gauge fixed action is given by the following equation

1
Stiz = n/ d*¢ [2 (Vv + 04y20_ya + 04+y30_y3) — HAV (v40_ya + O4+y2 v_)
b

K

+ 5 /Ed2§y1(8+v_ —0_vy). (3.36)
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The equations of motion for Lagrange multiplier produces

vy =0t (3.37)
while the equations of motion for gauge fields vy give
Uy = i@iyl +2HAV aiyg . (3.38)
Inserting expressions for v4 into gauge fixed action we get the T-dual action
zy:vS = /f/ d2§a—|— zy:cXM zya:H-I—uV ZYyT XV7 (339)
b
where
Y1 1
X = s | vl = syaBu + 5 G (340)
Y3
0 —HAV O 100
waeBuw = | HAV 0 0|, 2yeGu=1010 | . (3.41)
0 0 0 001
Combining the equations of motion (3.37) and (3.38) we obtain the T-dual transfor-
mation law
O+x = +01y1 + 2HAV I1Lys . (3.42)
It directly follows that
Ty +2HAV . (3.43)

From the initial action (2.13) it is obvious that momentum canonically conjugated to x is
of the form

T = ki — 26Hzy' . (3.44)
The T-dual transformation law for y (3.26), in the approximation linear in H, produces
that ¢’ = g5. Taking into account the relation (3.43), we get the canonical form of the

T-dual transformation law 1
i T (3.45)

As we see the full set of T-dual transformation laws, (3.17), (3.29) and (3.45), are the same
as in the case where T-dualization was along xyz line [44] up to H — —H. The full T-
dualized theory is of the same form as in [44] with the expressions for noncommutativity

{v1(0),y3(0)} = g 2y(0) —y(a)]0(c — ), (3.46)

{y2(0), y3(0)} = —g 22(0) — 2(3)]0(c — 7), (3.47)
and nonassociativity

{y1(o1),y2(02), y3(03) } =
{y1(01), {y2(02), y3(03) }} + {2(02), {y3(03), y1(01)}} + {y3(03), {y1(01), y2(02) }} =
2 (o~ 02)0(0 — 05) + 602 — 01)0(01 — 03) + (o1 — 5)6(os —2)] ,  (3.48)

which can be obtained from the corresponding ones in zyz case [44] by replacing H — —H.

- 11 -



4 Quantum aspects of T-dualization in the weakly curved background

In proving isometry and computing the f* functions we assumed the trivial topology and
the surface term occurring there vanishes. Now we want to discuss some quantum as-
pects of the considered problems in nontrivial topologies. We will consider the action for
bosonic string in the weakly curved background — constant metric and Kalb-Ramond field
depending on all coordinates and with infinitesimal field strength. Torus with infinitesimal
H-flux is special case of this model.

On th classical level there are a few problems in the theory. In order to perform the
éLTL’U
is multivalued and the proof of equivalence of gauged and initial theories needs the part

generalized T-dualization procedure the invariant coordinate z  is introduced. But it
considering global characteristics. Moreover, in the quantum theory at higher genus, the
holonomies of the world-sheet gauge fields complicate the situation a little bit. Fortunately,
these problems can be resolved in Abelian case in the quantum theory [50-52].

First, we make Wick rotation 7 — —i¢7, which makes the term which contains metric
tensor G, gets multiplier ¢, while the terms which contain Kalb-Ramond field B, and
Lagrange multiplier y, stay unchanged. Then the partition function is of the form

00
223 [Dypuen oG vt PV (41)
g=0

We use differential forms and omit the space-time indices to simplify writing of equations.
The Hodge duality operator is denoted by star. The index g denotes the genus of manifold.

The first step in the calculation process is separation the one form dy into the exact
part dy. (ye is single valued) and the harmonic part y;, (dy, = 0 = diy;)

dy = dye + yp. (4.2)

For the closed forms the co-exact term dfy,, in the Hodge decomposition is missing.

The path integral (4.1) goes over all degrees of freedom including local degrees of
freedom as well as the sum over different topologies. Consequently, according to the (4.2),
we substitute Dy with the path integral over y. and the sum over all possible topologically
nontrivial states contained in y;, (marked by H,)

Dy —Dye » . (4.3)
Hy

The integration over y. induces vanishing of the field strength

Z= / Do §(dv) e 5 0 G vrin iy eBIVIO S o fow, (4.4)
HL/

The 1-form v can be expressed as sum of exact, co-exact and the harmonic parts

v=dz+ dve + vy, (4.5)
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which means that
Dv — DxDd v dH,. (4.6)

The functional integration over harmonic part v, drives to the ordinary integration over
topologically nontrivial periods (marked by symbol H,). After integration over d'vee we get

7 /Ddev 6_% Js; v G *vtik [guB[V]v Ze% Js VYh (47)
Hy

The last term in the exponent is responsible for nontrivial holonomies. Eliminating
Vee part, the 1-form v becomes closed and the Riemann bilinear relation becomes usable

/Evyh:g[iiv}iyh_iiyhiv]' (4.8)

The symbols a;,b; (i = 1,2,...,¢g) represent the canonical homology basis for the world-
sheet. Because of the periodicity of the Lagrange multiplier y, its periods are just the
winding numbers around cycles a; and b;

N, :j{ Yn, Ny, :j{ Yn, - (4.9)
a; b;

7 K3

Ai :% v, Bz :%U, (410)
a; bz

g
/ vYp = Z(NbiAi — N, B;). (4.11)
z i—1

Denoting the periods with

we get

Now the partition function (4.7) gets the form

7 = /DSU dAdele—% fEUG*v—FZ’HfE vB[V]v Z 6% zg:1(Nb¢Ai_NaiBi). (412)
Na; Ny, €Z
The periodic delta function is defined as d(x) = % nez e’ which produces
7 = /D:L’ dA;dB;6 (gA’) ) (gBl) =5 JsvGrutin [y vB[V]v (4.13)

It is useful to examine the path dependence of the variable V#, which form is now
VH©) = 2(€) - at(60) + [ . (4.14)
P

Let us consider two paths, P, and P>, with the same initial £ and the final points .
Now we will subtract from the value of V# along P; the value along path P> and obtain
the integral over closed curve PPy L of the harmonic form

VI[P - VHP) = Jé - vl (4.15)
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Establishing the homology between the closed curve PP, 1 and curve > [niai + mibz-],
(ni,m; € Z) we get finally

VEP] = VHPy] + > (niAl +m;Bl). (4.16)

The variable V#() in classical theory is path dependent if holonomies are nontrivial.
Integrating eq. (4.13) over A; and B; implies that periods A; and B; are zero. Conse-
quently
v =dz. (4.17)

The variable V# becomes single valued, and the initial theory is restored
7 /Dme—’; Js dz G *da+ik [ deBlx]de _ /Dxe—nfz d?¢02T1 4 [x]0x ] (418)

Consequently, starting with partition function of the gauged fixed action of bosonic
string in the weakly curved background, within path integral formalism and in the presence
of nontrivial topologies, we came to the partition function of the initial theory. That means
that introducing coordinate dependent Kalb-Ramond field is consistent with path integral
quantization process.

5 Conclusion

In this article we studied the 3D closed bosonic string propagating in the geometry known
as torus with H-flux — constant metric and Kalb-Ramond field with just one nonzero
component, By, = —By, = Hz. The choice of background fields is consistent with the
consistency conditions if we work in the diluted flux approximation which assumes that
in all calculations we keep just the constant terms and those linear in the infinitesimal
field strength H. Our goal was to study the T-dualization line which goes in the oppo-
site direction from the standard one. First, we T-dualize z direction, then y and at the
end along x direction — so-called zyx T-dualization line. We analyzed in every step the
(non)commutativity and (non)associativity of the obtained theory and made comparisons
with the case of xyz T-dualization line considered in [33, 44].

The common fact for all three theories obtained in the process of T-dualization step by
step is that all three ones are nonlocal R-flux theories. The nonlocality comes as a result
of the first step in T-dualization procedure, T-dualization along z direction. Generalized
T-dualization procedure has one additional step with respect to the standard Buscher
procedure and that is introduction of invariant coordinate. In the process of T-dualization
invariant coordinate turns into variable AV which is defined as line integral. Consequently,
this means that obtained theory is nonlocal. Further T-dualizations does not affect AV
and, all three theories are nonlocal ones. As we know, in the case of zyz T-dualization
line [44], we obtained three different theories in geometrical sense — twisted torus, Q-flux
theory (which is local) and nonlocal R-flux theory.

The dualization along z direction produces nonlocal R-flux theory unlike the zyz
case [33, 44] where the theory obtained after first T-dualization is locally and globally
well defined. Because initial theory is geometrical one, its variables satisfy standard Pois-
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son algebra (3.19). Using (3.19) and T-dual transformation law written in the canonical
form (3.17), we showed that theory obtained after T-dualization along z coordinate (using
generalized T-dualization procedure) is commutative and, consequently, associative one
as in [44].

The second step in T-dualization is T-dualization along y direction. Using standard
Buscher procedure, we obtained the form of the T-dual theory and the corresponding T-
dual transformation law, which is rewritten in the canonical form (3.29) in terms of the
coordinates and momenta of the initial theory. Using standard Poisson algebra (3.19) and
T-dual transformation laws in canonical form, (3.17) and (3.29), we easily proved that
theory after two T-dualizations is noncommutative, but it is still associative one. In this
article we used trivial winding condition (3.34) and showed that T-dual coordinates y2 (o)
and y3(0) are commutative for equal arguments, ¢ = &, but they are noncommutative
if 0 — & = 27. The result is qualitatively similar to the result of [33], where after two
T-dualizations the obtained theory is noncommutative one. But, the difference is in the
winding condition which is nontrivial in [33], mixing different coordinates. The different
winding condition induces the noncommutativity for ¢ = & (for more details see [33]).
On the other hand in the analysis presented in [44] (zyz T-dualization line) the theory
obtained after two T-dualizations is commutative under trivial winding condition.

The final step in T-dualization procedure is T-dualization along x direction. The
theory after full T-dualization is the same as in xyz case [44] with the noncommutativity
and nonassociativity parameters which can be obtained from those in zyz case [44] adding

w_»

sign. This is a consequence of the fact that the full set of T-dual transformation
laws is the same as in [44] up to the replacing H — —H. This difference up to the “—”
sign stems from the initial actions. In this article we start from (2.13), while in [44] the
starting action for z T-dualization is @-flux action, formally the same as (2.13) up to the
replacing H — —H.

Finishing the discussion of the results obtained in this paper it is interesting to make
comparison with some similar efforts. We studied the abelian isometries using both stan-
dard and generalized T-duality procedure, while in the paper [53] nonabelian isometries
using standard Buscher procedure are considered. The authors of [53] showed that spaces
with isometry maps to the nonisometry spaces, while in this paper there is isometry in
every T- dualization step. One of their conclusions that T-dual transformations are more
than continuous isometry can be added to the concluding remarks of this paper. In the
ref. [43] generalized T-duality and nongeometric background are considered, but using low
energy effective action, unlike here, where we used sigma model action. The paper [54]
deals with T-dualizations along nonisometry directions like in [31], using extension of gauge
symmetry, while the authors of [31] use the generalized T-dualization procedure introduc-

2

ing invariant coordinates (in [54] they call them “covariant” coordinates). In this paper we
use this generalized T-dualization procedure but all directions considered here are isome-
try ones. It is useful to mention that in the paper [55] bosonic string in the presence of
the weakly curved backgrounds is considered using double space formalism as well as the
influence of the order of T-dualizations. The double space formalism gives the result which

is in accordance with the result of the current paper.
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Consequently, we conclude that in the case of the full T-dualization the form of the
T-dual theory do not depend on the order of T-dualization, while parameters of noncom-
mutativity and nonassociativity change sign.

A Light-cone coordinates

In the paper we often use light-cone coordinates defined as

1
¢ =S +0). (A.1)
The corresponding partial derivatives are
0t = 0 _ 0r £0 A
+ = agj — T :i: (o) ( 2)
Two dimensional Levi-Civita €*? is chosen in (7, ) basis as €77 = —1. Consequently,

in the light-cone basis the form of tensor is

erf = (_O ) : (A.3)

The flat world-sheet metric is of the form in (7, 0) and light-cone basis, respectively

10 . 30
= ol = , A4

Let us stress that in whole article we use standard notation for 7 and o derivatives —
A=0;A and A’ = 9, A, where A is an arbitrary variable.

N[ +—
O Nl

B Two types of Poisson brackets used in the paper

In this paper, we have seen that T-dual transformation laws connect derivatives of T-dual
coordinates with coordinates and momenta of initial theory. While initial theory satisfies
standard Poisson brackets, in order to find Poisson brackets for T-dual theory, we first need
to find Poisson brackets between o derivatives of T-dual coordinates. This type of Poisson
bracket will, in general case, be some function of initial coordinates, Dirac delta functions
and their derivatives with respect to ¢. Having this in mind, general case for our Poisson
brackets will have following form

{A'(0),B'(5)} =U'(0)d(c — ) + V(0)§' (0 — 7), (B.1)

where 0'(c—5) = 0,0(0c —a). For terms A’(c), U'(0) and B'(5), symbol ' stands for partial
derivative with respect to o and &, respectively. If we want to calculate the Poisson bracket

{A(0), B(9)},
first we have to calculate the following one

{AA(0,00),AB(7,00)}, (B.2)
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where

AA(o,00) = / " A A(2) = A(0) — A(oy), AB(5,50) = / " d2B'(z) = B(5) — B(5y).
7 " (B.3)

Substituting the expressions (B.3) into (B.2), we have
{AA(0,00), AB(5, 50)} = / " da / iy [U@)5 -y + V@) —y)] . (BA)

After integration over y we get
{AA(0,00),AB(c,00)} =
- / da{U'(2) [0(a — 50) — 6(x — 0)] + V() [5(z — 50) — 6z — 8]}, (B.5)

0

where 0(x) is defined as

- 1 1 0 ifz=0
0(z) =/ dnd(n) = —— [z +2) _ —sin(nz)| =1 1/2if 0 <z < 27, (B.6)
0 21 n .
n=1 1 ifx=2rx
where 6(x) = % nez e Finally, integrating over z, we obtain

+
/S —
Q
e
=
R)

|
Qi
N

|
>
S)
(e)

|
Qi
()

|
=
Ql
=
R)

|
Qi

|
=
S)
o

|
D
vy
-

From the last expression, using (B.3), we extract the searched Poisson bracket
{A(0),B(0)} = —[U(0) =U(a) + V(9)]0(c — 7). (B-8)

In order to calculate Jacobiator we have to find Poisson brackets of type {y(c),z(5)},
where y(o) is coordinate T-dual to initial one x (o). Having this in mind, we start with the
following Poisson bracket

ol o0hs(@) = { [

and using T-dual transformation law in canonical form

(o

dny/ (1), xw)} , (B.9)

0

TRy, (B.10)
we get
ol a(@} = { [ dur.alo)} (B.11)

where (o) is momentum canonically conjugated to the coordinate z(c). Initial theory is
geometric one which variables satisfy standard Poisson algebra, so, the final result is of
the form

(Ay(0,00), ()} = —2 [0(0 — ) — (o0 — )] —> {y(0),2(5)} = —%9(0 _5).
(B.12)

=
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Combined Fermionic and Bosonic T-duality of Type Il
Superstring Theory with Coordinate Dependent RR Field

B. Nikoli¢ and D. Obrié*

We investigate effects of fermionic T-duality on type Il superstring in presence
of Ramond-Ramond (RR) field that has infinitesimal linear dependence on
bosonic coordinate x*. Other fields are assumed to be constant. Procedure
that we employ for obtaining fermionic T-dual theory is Buscher procedure,
where we will consider two distinct cases. One, where action has not been
T-dualized along bosonic coordinates and other where it has. By analyzing
these two cases, their actions and T-dual transformation laws, we obtain
some insight into how background fields transform and what are necessary

ingredients for emergence of fermionic non-commutativity.

1. Introduction

T-duality represents a map that connects different superstring
theories, mapping geometry and topology from one theory to
another.[!l This symmetry was originally developed with bosonic
coordinates in mind, where two theories are connected by trans-
formation laws that establish a link between coordinates.’ It
was not until 2008 that it has been noticed that the same dual-
ity can emerge in case of fermionic coordinates. In their paper!®]
Berkovits and Maldacena showed that tree level superstring the-
ories in presence of supersymmetric background fields posses
new kind of symmetry. Symmetry that maps supersymmetric
background fields of one theory to supersymmetric backgrounds
of other theory, where dilaton and RR fields are now different.
Just like in case of bosonic T-duality, mathematical machinery
for obtaining T-dual theories is Buscher procedure!*3] applied to
fermionic coordinates % and 6.

Busher T-dualization procedure including its extension to
fermionic coordinates!®®! and its generalizations!'*'2) mainly
follow the same steps. We notice some global symmetry in the
theory, usually shift symmetry, which is then localized by replac-
ing partial derivatives with covariant ones. Covariant derivatives
come with new gauge fields that insert new degrees of freedom
into the theory, these degrees of freedom are eliminated with help
of Lagrange multipliers. Next step is utilizing gauge freedom to
fix starting coordinates. After that, finding equations of motion
for gauge fields and inserting their solutions into the action we
obtain T-dual theory. Extension of procedure for fermionic coor-
dinates does not introduce any new steps into the play. However,
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extending the procedure to include coor-
dinate dependent background fields does
introduce one additional step. Namely,
we need to replace all coordinates with
invariant ones constructed as integrals of
covariant derivatives. This step is neces-
sary in order to preserve local shift sym-
metry.

In our previous paper!!?] we demon-
strated that T-dual of type II superstring
which is moving in coordinate dependent
RR field possesses non-commutative
Poisson brackets. Since T-duality was
performed only along bosonic coordinates it produced non-
commutativity only between bosonic T-dual coordinates. In addi-
tion to this, we had that background fields that were constants in
original theory became functions of both bosonic and fermionic
coordinates in dual theory. This has left us with one open ques-
tion: Would fermionic T-duality of starting theory or even theory
that has been dualized along bosonic coordinates produce non-
commutative relations between fermionic coordinates? While
it has been shown that, in case of closed bosonic string, non-
commutativity arises only in coordinates that had appeared in
background fields of starting theory!!#l, it is not clear if that is the
case for fermionic coordinates, especially when we have emer-
gence of new coordinate dependence in background fields after
bosonic T-duality.

In this article, our goal is to find what effects fermionic T-
duality has on action where RR field has dependence on bosonic
coordinates and do these effects change for fully dualized action.
By obtaining background fields in different stages of T-duality we
can determine how geometry of theory changes and when the
theory makes the switch from being local to non-local one. At the
end we provide few notes on how fermionic T-duality interacts
with bosonic T-duality in providing new non-commutative rela-
tions.

2. Type Il Superstring, Choice of Fields and
Bosonic T-Duality

In this section we will present action for type II superstring in
pure spinor formulation. We will also define background fields
in which string propagates. Finally, we present action that has
been T-dualized along bosonic coordinates.

2.1. Type |l Superstring in Pure Spinor Formulation

The most general form of type II superstring action in pure
spinor formalism!'>1% is given as

S=5S,+ V. (2.1)

© 2022 Wiley-VCH GmbH.
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First term is action for string that propagates in flat background
fields.

S, = /zdlg(gnwamxﬂanxvnw — 7,0 0% + 6+9“ﬁa> +S,+5S;,
(2.2)

where terms S, and S;represent actions that are composed of
pure spinors and their canonical momenta. The pure spinors sat-
isfy pure spinor constraints

A4 A7 = AT¥),,47 = 0. (2.3)

All modifications to flat background fields are accomplished
by introducing second term in equation (2.1). This term is an
integrated vertex operator for massless type II supergravity

Vo = / AEXTIMA WX, (2.4)
z

In general case matrix A, is composed of physical fields, their
curvatures (field strengths) and auxiliary fields that can be ex-
pressed with physical ones. These fields are some functions of
both bosonic coordinates x* and fermionic coordinates 6% and
0. Dependence of fields on fermionic coordinates is given as ex-
pansion in powers of % and 8%. In our particular case, we will
set all background fields except RR field to be constant. Further
more, in order to simplify calculations, all terms that are non-
linear in fermionic coordinates #* and 8* will be neglected. With
these assumptions in mind we have that vectors X and X™ and
matrix A,y have following form

2,6 0.6
XM = 0, x" M = oa_x"

7, | z, |

1 \THv 1 Kruv

N+ N

K 0 0 0

0 k(ig, +B,) L2 0
Ayy = 25 1 Sy " : 25
MN = —ye 2(fe0 4 Coxr) 0 (23)

v k 4
0 0 0 0

Pure spinor contribution to vectors X¥ and X™ are encoded in

1 —
- (uvlya 2 Vo
w, (W) 28, N =

N =2

@, (T, 2P, (2.6)

N —

Since this term does not contribute to the vertex operator, we have
that pure spinor actions are decoupled from the rest. This allows
us to neglect pure spinor parts from now on.

Our choice of matrix A,y is composed of following fields:
symmetric tensor g,,, Kalb-Ramon antisymmetric tensor B,,,
Mayorana-Weyl gravitino fields ¥ and ‘PZ, Ramond-Ramond
field %(f “# 4 C*x*) where f*¥ and C* are constant tensors. We
have also assumed that dilaton field @ is constant. This means
that factor e® is included in constants f*# and C®. This choice of
background fields is accompanied with following condition
vyt chr =0, y*C’=o0. (2.7)

af “u af Tu
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String propagates in superspace spanned by bosonic coordi-
nates ¥* (4 = 0, 1, ..., 9) and fermionic ones 6%, §* with 16
independent real components each. Fermionic coordinates are
accompanied by their canonically conjugated momenta , and
7,. Both fermionic coordiantes and their momenta are given as
Majorana-Wejl spinors. World sheet Z that string sweeps in this
superspace is parameterized by £" (£° = 7, &' = 5). By combin-
ing these parameters we can define light-cone parametrization
&t = %(r + 0) and light-cone partial derivatives 9, = 9, + 9,.

Inserting all these assumptions into action (2.1) and integrat-
ing out fermionic momenta, we are left with following expression

S= k/dzé [nwaﬁﬂa,xv
s

+5(0,0% +0,x"¥) (F' (%)) ,(0-6” +'¥o_x")|, (2.8)

1
2
where we have introduced following tensors

In,, =B +1G

+uv HV — 2 Hv?
af — faof af yoH
F(x) =" + CPx",

(F N ap = (g = F o, &P (F ) (2.10)

To obtain meaningful T-dual transformation laws we need to
assume that x* dependent part of tensor (F~'(x)),, is antisym-
metric and infinitesimal. This additional assumption does not
infringe on constraint (2.7).,11%)

Having obtained one of relevant actions , we will now focus on
bosonic T-dualization of (2.8) to obtain our second action of in-
terest.

2.2. Bosonic T-dualization

Bosonic T-dualization of action (2.8) is given in detail in [13].
Here we will only summarize the most important results.

One way to obtain T-duality is by Buscher procedure. This pro-
cedure is based on localization of translation symmetry. When
we localize symmetry we replace all partial derivatives with co-
variant ones, while in cases where background fields depend on
coordinates we also need to introduce invariant coordinate. In-
variant coordinate is non-local addition to action and it is the sole
reason for emergence of non-commutative behavior in closed
strings. Introduction of covariant derivatives and invariant coor-
dinates produces additional gauge fields in action, which in turn
add new degrees of freedom to the theory. T-dual and original
theory represent same physical system and we expect that those
two theories carry exact same degrees of freedom. Because of
this, we remove all newly introduced degrees of freedom with La-
grange multipliers. By utilizing gauge freedom of action we can
fix bosonic coordinates to be some constant, in essence remov-
ing them from action. This gauge fixed action is only a function
of gauge fields and Lagrange multipliers. Finding equation of
motion for Lagrange multipliers and inserting them into action
we can restore original action. On the other hand, finding equa-
tions of motion for gauge fields and inserting them into action
we obtain T-dual action.

© 2022 Wiley-VCH GmbH.
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Action (2.8), due to antisymmetric part of tensor F_; () is in-
variant under global translations of bosonic coordinates. Follow-
ing steps of Busher procedure, described in preceding paragraph,
we obtain following T-dual action

bg = g/dzg[%éwa%a_yv + aﬁ“("F*l(V(O)))aﬁa_eﬂ
z

+0,y, P ("F (V) 0.0

+a+§“(bF’l(V‘O’))aﬂb‘P””d_yv]. (2.11)

Here, y, is a dual coordinate, left superscript * denotes bosonic
T-duality and V° represents following integral

1 . .
avor =2 /P dg @ [0,y - 0,0°(F ), |

- 1/d§‘é{ﬂ1 [a,yp + e (f-l)a,,a,oﬂ]. (2.12)
2 P 1 1

T-dual tensors that appear in action have following interpreta-
. Sy o = _ 1 \&a o _
tion: @ _1s inverse tensor of I, ,, =TI, + ¥ (F (%)) P! =
mn,, - %‘{’Z(f‘l)aal Czlﬂlx”(f‘l)l,lﬂ‘l‘f, defined as
o~fl,,, =8, (2.13)

where

Sy Auv 1 o (- a - 1Y
O =6+ EG‘—“‘PM(’[ 1)M1C01ﬂ1 VO (f 1)/311?‘{]6;@—1 , o (2.14)

er,,, =6, 0" =0"- %@5/‘@;;1 (F)ap¥ @17 (2.15)
fo? = foh 4 %\pzeg@g’, (2.16)
0", =68,  O_=-4G;'TLG)". (2.17)

Tensor (*F'$(V©)$),, is T-dual to (F'(x)),,;,

— — 1 — a UV
(bF 1(V(0)))aﬂ — (F 1(V(O)))aﬂ _ E(F 1(V(O)))aa1l}l}tl®ﬁ lIl/jl

x (F1 (V) (2.18)

Y

Finally, "P#* and "¥"# are T-dual gravitino fields, given as

_ 1=, 1= 7
e _ L guge o 1 @ungp (5-1,10) hevw g
= 2® Y+ 49* \Pm(F (v ))ﬂﬂl\yv O,
— 1@;{\/@0, (219)
2 - H
byvh — _llpﬁ(:);:v _ l\yﬁ@/:m\;m (F—l(v(o))) lPalc:)ilv
2 - 2+ # e
- _Llyew. (2.20)
20

Having obtained actions (2.8) and (2.11), we can now consider
dualization along fermionic coordinates.
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3. Fermionic T-duality

In this section the objectives are to find fermionic T-dual trans-
formation laws and actions that have been T-dualized along
fermionic coordinates for case where we performed bosonic T-
duality and case where we have not.

Bosonic T-duality relies on utilization of symmetries of
action to produce T-dual action and T-dual transformation
laws. This task is usually accomplished by utilizing Busher
procedure.[*>1%121 The main idea of fermionic T-duality is essen-
tially the same, we utilize isometries of fermionic coordinates to
generate T-dual action and T-dual transformation laws.[>¢-# Just
like in bosonic case, we localize translational symmetry by intro-
ducing covariant derivatives and, in cases where necessary, in-
variant coordinates. After this we introduce term that eliminates
additional degrees of freedom and gauge fix existing symmetry.
From this point on, finding equations of motion for gauge fields
and inserting those equations of motion into gauge fixed action
we obtain T-dual action.

Before proceeding with fermionic variant of Buscher proce-
dure, we can notice that our actions (2.8) and (2.11) do not
posses terms proportional to d, 8% and d_0?. This means that our
fermionic coordinates have following local symmetry

80 =&%(c7), (o6 =71 +o). (3.1)

We need to fix this symmetry before obtaining T-dual theory, one
way to do this is through BRST formalism. This symmetry has
following corresponding BRST transformations for fermionic
fields
0% =c*(c7),  sB° =t(o"). (3.2)
Here sis BRST nilpotent operator, ¢* and ¢* represent ghost fields
that correspond to gauge parameters €* and €” respectively. In
addition to ghost fields we also have following BRST transforma-
tions
sC,=b,,, sC,=b_,, sb,=0, sh_, =0. (3.3)
where C, and C, are anti-ghosts, b,, and b_, are Nakanishi-
Lautrup auxiliary fields.

Fixing of gauge symmetry is accomplished by introduction of
gauge fermion, where we have decided to follow in the same
choice as”!

%l_)_ﬂaﬂ")ca] ,

(3.4)

- ’%/zdz.f[éa@ﬁ“ + %a”’ﬁbw) + (a_é“ +

here a*/ is arbitrary invertible matrix.
Applying BRST transformation to gauge fermion we obtain
gauge fixed action and Fadeev-Popov action

k _ _ -
sgf = E ./zdzé [b_aa+9(x + a—aabﬂr + baaaﬂb‘*'ﬁ]’ (35)

Sp_p= % /Z d?&[C,0,c" + (0_t°)C,]. (3.6)
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Fadeev-Popov term contains only ghosts and anti-ghosts and
it is decoupled from the actions (2.8) and (2.11). From this point
on, this term will be ignored. Gauge fixing term contains auxiliary
fields b_, and b, , that can be removed with equations of motion

by=-0_0"(a),,, b =—(a"),0,0, (3.7)
giving us
_k / d*&0_6"(a"),;0,0”. (3.8)
2 s

Inserting guage fixing term into (2.8) and (2.11) gives us actions
that can be dualized with Buscher procedure.

3.1. Type Il superstring - Fermionic T-Duality

Since both action (2.8) and gauge fixing term (3.8) are trivially
invariant to global translations of fermionic coordinates, we lo-
calize this translational symmetry by replacing partial derivatives
with covariant ones

9,0 — D,0% = 0,6 +u”, (3.9)
9,0 - D,0% = 0,6 + " (3.10)

New gauge fields u? and #% introduce new degrees of freedom
that are removed by addition of term

Spdd = = /d2 0 u" = 0_u%) + (0,8 —0_i%)z,]. (3.11)

Gauge freedom can be utilized to fix fermionic coordinates
such that % = 6 = const and 8" = 6 = const. This in turn re-
duces our covariant derivatives to

D,6" > ut,  D,0%— .

+

(3.12)

H R

With all this in mind, we have following action
Sy = k/zdzg[nwa X' + -(uj +0,2%) (F (),
)aﬂu + z(()u —o_u})
1 —a -
+ 50,7 — 0.3 )za]. (3.13)

On one side we have equations of motion for Lagrange multi-
pliers 7, and g,

o ut —0ut =0 - =0,6°, (3.14)

0,8 —0.0° =0 - =0,6° (3.15)

Inserting solutions for these equations into action (3.13) we
obtain starting action plus gauge fixing term. Variation of action
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with respect to gauge fields produces following set of equations of
motion

= —(F“ﬂ(x)a_zﬁ + ‘PZ&_x"), (3.16)
ul = —a"0,z,, (3.17)
B = 0,2, F(x) — 0, %", (3.18)
A =0z, (3.19)

Utilizing these equations we can remove gauge fields from ac-
tion, resulting in action that depends only on Lagrange multipli-
ers and bosonic coordinates

f5=k/d2§[n 9,x"9_x" +1azw o
z

+uv 2 at Y-

+%6+2aF“ﬂ(x)0_zﬁ - Ea W0z, — za z,a0,z,|.

(3.20)
Just like in the bosonic case, we have that left superscript/ de-

notes fermionic T-duality. From here we can deduce background
fields of feriomionic T-dual theory

M, =Mm,,, (3.21)
F(F ') = F(x), (3.22)
19, (Fiw) =9 - S8, =-90(F (), (323)
JF )W, = - T, = (F (), P (3.24)

Unlike bosonic case, fermionic T-dual theory is local. This
can be attributed to the fact that background fields do not de-
pend on fermionic coordinates. This in turn means that the-
ory is geometric and we should not expect emergence of non-
commutative phenomena.

3.2. Type |l Superstring - Full T-Duality

To obtain fully dualized theory we start with action that is al-
ready T-dualized along bosonic coordinates (2.11). Procedure for
fermionic T-duality is mostly the same as described before. The
only difference comes from the fact that bosonic T-duality intro-
duced non-local term W which depends on 6% and 8% and now
we need to introduce invariant fermionic coordinates in order for
action to exhibit to local shift symmetry

D,6" = 9,6" +u’, (3.25)
D,8" =9,0" + 1, (3.26)

/d:mD 0" = /dgm 0,,0% +ul) = Ag" + AU%,  (3.27)

/démD 9"—/d5m 0,0" + 1) = AG + AT".  (3.28)

© 2022 Wiley-VCH GmbH.
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Fixing gauge symmetry as before, setting fermionic coordi-
nates to constants, we deduce following relations

D,0" - ul, DG —ul, 67 — AU, 67 — AU
(3-29)

With these relations we obtain action that is only a function of
gauge fields, lagrange multipliers and dual coordinates

k Law I
vSy = E/Zdzg[z(aﬂ 9,y,0-y, + i ("F (V1))
+0,y, P ("F (V) +us (CF(VO)) Py,

—ai(a*)aﬂm +Z,(0,u" —o_ul)+

(3.30)

In order to simplify calculations we introduce the following
two substitutions

("F(VO)),, oy, + 0.2, = Z,

0.y, P ("F (V) = 0.2 = Z,y. (3.31)

Now, our action can be expressed as
b5, =& [ |18 0,y,0., + a0 (CFVO)) W+ Z, 00
of — E . 5 E +Yu Yy + u+( ( ))a/}u_ + +ﬂu_

O Z =i (@) Uy + 02Ul — 00,2, | (3.32)

Similar to the first case, we can always revert to starting action
by finding equations of motion for Lagrange multipliers and in-
serting their solutions into the action. In both cases equations of
motion are the same so we take the freedom to omit them here.

Equations of motion for gauge fields differ in this case. Since
we have that VO depends on fermionic coordinates, equations of
motion have additional term that depends on invariant coordi-
nate.

ul = —(@)%0,z,,  # =0_z,(a)", (3.33)
0 = b fa - 0)\ hapva

u = —Z,, "Fr*(vO) — g (v, UO) P, (3.34)
W = bFﬂ“(vw))z_ - BV, U) by, (3.35)

The beta functions, f(V®, UY), are obtained by varying V**
(seel3] for more detaﬂs) They are given as

ﬂi(v(O) U(O))
1 a \% o — Q- \%
= g0, [ U7+ VB (1), COP () [ U7 4 0 V]
1 TTo v\ — a v
2 [O7 v | (), COR ) 0, [ U+ 9 V2.

(3.36)
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Inserting equations of motion for gauge fields into action
(3-32) and keeping only terms linear with respect to CZ/’ , we ob-
tain fully dualized action

k
o_ K 2
S 2_/2d§

1- v = a, s a
X [300.,0-9, = Z,,"F7(VO)Z_, = 0.2,(@)70,2,|.

(3.37)
Expanded, we have
2 v 1 o

=k d @‘ 9,y,0_y, — +yﬂ®f Yo _z,
—1() 2, WU0M0y, + 1,z PP (VO)o_z

4 +%a Ty — —Yv 2 +~a -

1 — llﬁ
—Eafza(a) 9,2, (3.38)

From here, we can read background fields of T-dual theory

1

bfﬁiv — Zé;jv _ %b\i]ya (bF—l(V(O)))aﬁh\Pvﬂ — @5\/,

V(F )" = PE ) = )+ 20,

Y (F ()" = P = Lo
a 2 - v

U 1= navy —
- Hgr= 7O PU(F (),
— @, v va 1 o v
Y (F () P = e = -
- Yy= (F‘ (%)), ¥0". (339

Comparing background fields in different stages of T-
dualization we notice that both fermionic T-duality and bosonic
T-duality affect all field, where all T-dual theories now have co-
ordinate dependent fields. It should also be noted that non-
commutative relations in theory emerge only after performing
bosonic T-duality. Fermionic T-dual coordinates are always only
proportional to fermionic momenta therefore Poisson brackets
between fermionic coordiantes always remain zero.

3.3. Bosonic T-Duality of Fermionic T-Dual Theory

For completion sake, we will also T-dualize fermionic T-dual ac-
tion (3.20) along »* coordinates. In this specific case, where only
RR field depends on bosonic coordinate, we expect that bosonic
and ferionic T-dualities commute. Therefore, this section can be
thought of as a check for calculations from previous section.
Bosonic T-duality is mostly the same as fermionic one,!1%1]
where only difference is the lack of introduction of Fadeev-Popov
and gauge fixing actions. We again start by localizing transla-
tional symmetry, inserting Lagrange multipliers and fixing gauge

© 2022 Wiley-VCH GmbH.
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fields. This produces following auxiliary action
. S D
fSaux =K / de I:V:—H-%—M\/V_ + Ea+sz ﬁa_Zﬁ

+%a+z Co_z,AV* + %agawzvz ~Lgeg

@y 2 + "
1. 1 " u
- Ea_zaa 0,2, + EY;:(‘)J’_ —o_v,)|. (3.40)
Introducing the variables
Y, =0y, -0.2Y,, Y, =dy,-¥oz, (3.41)

the action (3.40) gets much simpler form

fsuux = K/dzf I:Vin-k/xyvi + %5+2Jaﬁa_z/,

1. o1y, 1
+50,2,CP0 2 AV = ZY, V' + Evﬁy_,,] . (342
Varying the above action with respect to gauge fields v} and v¥,
we get, respectively,

. 1

I, v = —(EY_# + ﬂW(V)) , (3.43)
, 1

vl =5 = Au(V), (3.44)

where 3, are the beta functions obtained from coordinate de-
pendent term in the action

b, = 1% (2.C00.2, - 0.2,C%2, ). (3.45)

Inserting (3.43) and (3.44) into the auxiliary action (3.42), keeping
the terms linear in C%, we obtain fully T-dualized action (first
fermionic, then bosonic T-dualization)

Ps = / dzé[%djaF”‘/’(AV)a_zﬁ + %YW(H;l)’”Y_V] . (3.46)

Expanding above action we prove that it is identical to one given
in (3.38).

4. Few Notes on Non-commutativity

In paper!!®] it has been shown that bosonic T-duality produces
non-commutative relations between bosonic T-dual coordinates.
With this in mind, following question naturally arises: can we
expect emergence of same behavior for fermionic coordinates af-
ter fermionic T-dualization? To get the answer for this question
we have to express fermionic T-dual coordinates as some com-
bination of starting coordinates and their momenta and connect
T-dual Poisson brackets with Poisson brackets of original theory.
Original theory is geometric theory with regular Poisson struc-
ture

{¥"(0), 7,(8)} = 8/8(c - 5),

{0%(0), 7,()} = {0"(0), 7,(6)} = 8}8(c - 5), (1)
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where all other Poisson brackets vanish.

We start with case that has only been T-dualized along
fermionic coordinates. To find how T-dual coordinates depend
on starting ones and their momenta we can begin by find-
ing fermionic momenta of starting theory. It is useful to re-
member that starting theory did not posses terms that are pro-
portional to 9,0% and 0_0* and that this symmetry was fixed
with BRST formalism. Addition of gauge fixing term intro-
duced modification to momenta of starting theory and to ob-
tain correct non-commutative relations we should be working
with theories that have gauge fixing term in them. With this in
mind, it is easy to find fermionic momentum of original theory
(3.13)

7= =508 0T ), -0 0, 6

Ty =

N =

[(F'(9),,(0.0" + Wlo_x) = (a™),,0,0°]. (4.3)

Since we want to obtain Poisson brackets for equal = we want
to find o partial derivatives of dual coordinate

=N

0,z,=0,z,—0_2, =

Ty (4.4)

0,2,=0,2,— 0%, = —%7[

—“a

(4.5)

«

Momenta of original theory commute with each other and
with x# coordinates, therefore we deduce that there has been no
change to geometric structure of this theory.

For fully dualized theory, transformation laws (3.33) (3.34)
(3.35) all depend on dual bosonic coordinate however, when we
insert transformation laws that connect original bosonic coordi-
nates with T-dual ones (more details in(!3])

0.y, = z[a+xvr‘[+w + p;(x)] +0,0%(F(x)),, ¥, (4.6)
ay, = —2[1=I+Md_x” ¥ ﬁ;(x)] ~ ¥ (F'(x),,0.0", (4.7)

into transformation laws for fermionic coordinates (3.33), (3.34)
and (3.35) we again obtain relations (4.4) and (4.5).

On a first glance it would seem that fermionic T-duality has not
produced any new Poisson brackets, however this is not the case.
While it is true that there are no modifications to Poisson brack-
ets between fermions, we have new Poisson bracket structure be-
tween fermions and bosons. This can be seen from ¢ derivative
of bosonic T-dual coordinate

Ty B (x), (4.8)

P

=
1R

where ﬁ';’(x) is combination g (x) + f, (x) given as
1 na Vi — a — V;
) = 30u[57 40, [0, [0 L
1 na v \pa — a fy (£— vy
-5[0 +x Wvl](f Yy C(f 1)ﬂ1,,ac[aﬂ+\yfzx ]

(4.9)
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Finding Poisson brackets between o derivatives of coordinates
and integrating twice we obtain following relations

1,00). 2,60} = [0"(0) + ¥ (012, = 2(0%(6) + ()% )|

X (f e, € (), HlE = ), (4.10)

0,000 200} = 160, 2P )
x [0ﬁ (0) + ¥’ x" (o) - 2(0” (6) + ¥/ " (5))]

X H(o - &). (4.11)

5. Conclusions

In this article we examined effects of fermionic T-duality per-
formed on action of type II superstring in pure spinor formal-
ism. We carried out our investigation in two cases, one where we
performed fermionic T-duality on previously non dualized action
and in second case where we had action that was already dualized
along bosonic coordinates. Starting (non dualized) action that we
worked with described closed string that propagates in presence
of Ramond-Ramond field with linear coordinate dependence. We
made a decision to only consider dependence on bosonic coordi-
nates, furthermore this dependence was tied to infinitesimal an-
tisymmetric term C5/. Rest of the background fields were held
constant. Terms in action that were non-linearly dependent on
fermionic coordinates were neglected. These choices were in ac-
cordance with consistency conditions for background fields and
were made in order to keep calculations manageable.

On the other hand, bosonic T-duality of starting action pro-
vided us with theory that was non-local. Unlike starting the-
ory that only dependent on coordinates through RR field, this
theory manifested coordinate dependence on all background
fields. Furthermore, bosonic T-dual coordinates now exhibit non-
commutative properties.

Before we could start with T-dualization we noticed that both
cases posses additional local symmetry which removed terms
proportional to 9,6 and 9_#*. In order to obtain correct T-dual
theory this symmetry was fixed through BRST formalism. In
both cases procedure for obtaining fermionic T-duality was the
same, we employed Buscher T-dualizing procedure. Procedure is
based on localization of translational symmetry where we replace
partial derivatives with covariant ones. Introduction of covariant
derivatives carries with itself new degrees of freedom in shape
of gauge fields. By demanding that starting and T-dual theory
give description of same physical system we inevitably demand
for both theories to posses same degrees of freedom. Thus, all
additional degrees of freedom must be removed with Lagrange
multipliers. By utilizing gauge freedom we can also remove all in-
stances of fermionic coordinates in action obtaining action that is
only a function of gaguge fields and Lagrange multipliers. Find-
ing equations of motion for gauge fields of this gauge fixed action
and inserting their solutions into the action we obtain T-dual the-
ory.

Carrying Buscher procedure for fermionic coordinates of non
dualized action we obtain local theory where all fields depend
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on bosonic coordinates. This theory is commutative, its Poisson
brackets are identical to Poisson brackets of starting theory.

Buscher procedure in case of theory that has been dual-
izied along bosonic coordinates does not change coordinate
dependence of the background fields. All fields are still de-
pendent on both bosonic and fermionic coordinates and the-
ory is still non-local. However, this theory posseses two ad-
ditional non-trivial Poisson brackets. We have emergence of
non-commutativity between bosonic and fermionic coordinates,
where non-commutativity is proportional to infinitesimal con-
stant C3/.

Same result is obtained even in case where we first perform
fermionic and then bosonic T-duality. Commutativity between
different dualities was expected since fully T-dual theory must be
unique. Only distinction between different paths of T-dualization
procedures can be noticed in intermediate theories, where most
important change is transition of theory from being local to non-
local.

We suspect that it is possible to obtain T-dual theory that is
fully non-commutative, theory that has non-commutativity even
between fermionic coordinates, but we would need starting the-
ory that has background fields that depend on both bosonic and
fermionic coordinates.
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Noncommutativity and Nonassociativity of Type Il
Superstring with Coordinate Dependent RR Field

B. Nikoli¢, D. Obri¢,* and B. Sazdovié¢

In this paper we will consider noncommutativity that arises from bosonic
T-dualization of type Il superstring in presence of Ramond-Ramond (RR) field,
which linearly depends on the bosonic coordinates x*. The derivative of the
RR field CZ’S is infinitesimal. We will employ generalized Buscher procedure
that can be applied to cases that have coordinate dependent background
fields. Bosonic part of newly obtained T-dual theory is non-local. It is defined
in non-geometric space spanned by Lagrange multipliers y,,. We will apply
generalized Buscher procedure once more on T-dual theory and prove that
original theory can be salvaged. Finally, we will use T-dual transformation laws
along with Poisson brackets of original theory to derive Poisson bracket
structure of T-dual theory and nonassociativity relation. Noncommutativity
parameter depends on the supercoordinates x*, 6% and %, while
nonassociativity parameter is a constant tensor containing infinitesimal Cf,’ﬂ o

1. Introduction

In 1982 emerged a modell!! that would offer the possibility of
obtaining bosonic coordinates of space-time as emergent prop-
erties of more fundamental fermionic coordinates. While this
model worked with supersymmetric particle, this approach sug-
gested that maybe we can express bosonic coordinates as a Pois-
son bracket of fermionic coordinates. In addition to these Pois-
son brackets, Poisson brackets between bosonic coordinates as
well as between bosonic and fermionic coordinates would remain
zero. Later, in paper,[?] it has been suggested that the same result
can be obtained in context of string theory in case of coordinate
dependent RR field. It is also suggested that unlike supersym-
metric particle model, coordinate dependent RR field would pro-
duce full spectrum of non-commutative relations, bosonic coor-
dinates themselves would become non-commutative. In this pa-
per our goal is to determine if coordinate dependent RR field,
while remaining background fields are as simple as consistency
relations allow, can produce suggested non-commutative rela-
tions.

Superstring theory, as a theory of extended objects propagat-
ing in space-time, is defined in 10 dimensions.>* In order to
establish link between this mathematical model and real world
observations, surplus space-like dimensions are compactified
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on circles of radius R. From this kind of
geometry arises new kind of symmetry, T-
duality, that links theories that have radii
of compactification R with ones that have
radii of compactification o' /R.>® Exis-
tence of T-duality between different theo-
ries implies that those theories are phys-
ically equivalent and it gives us a way
to explore how geometry and topology of
one theory is connected to other. This
connection between different geometries
makes T-duality a useful tool in examin-
ing emergence of non-commutativity in
context of closed strings.”]

While in string theory both open and
closed strings, under certain conditions,
exhibit emergence of non-commutativity,
mechanisms that enable this emergence
are different. In case of open string,
we have that endpoints of string that propagates in pres-
ence of constant metric and Kalb-Ramond field become non-
commutative.l®] Basic idea of open string non-commutativity
is that initial coordinates can be expressed as linear combi-
nation of effective coordinates and momenta by employing
boundary conditions. In case of closed string, we do not have
string endpoints therefore we don’t have emergence of non-
commutativity when string propagates in presence of con-
stant background fields. In order to achieve same effect as
in case of open string, we have to use coordinate depen-
dent background fields. By finding T-dual of theories with this
kind of geometry we obtain T-dual theory in non-geometric
background, where T-dual coordinates are expressed as lin-
ear combinations of original coordinates and their conjugated
momenta.

Mathematical framework for obtaining T-dual theories is stan-
dard Buscher procedure.l”!%] Procedure is based on existence of
shift symmetry in relevant action and its implementation can be
summarized in few steps. First step is localization of translational
symmetry by introduction of covariant derivatives and introduc-
tion of Lagrange multipliers that make newly introduced gauge
fields nonphysical. By gauge fixing and finding equations of mo-
tion of both gauge fields and Lagrange multipliers we obtain T-
dual transformation laws. These transformation laws inserted
into gauge fixed action produce T-dual action. For cases where
we have coordinate dependent background fields there exist gen-
eralized Buscher procedure,''" this extension has one addi-
tional step, replacement of all initial coordinates with invariant
coordinates. Further extension of generalized Buscher procedure
is possiblel'®! and it is applicable to theories that do not posses
shift symmetry.

© 2022 Wiley-VCH GmbH.
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In this article we will deal with closed superstring propagating
in presence of linearly coordinate dependent Ramond-Ramond
(RR) field using type II superstring model in pure spinor formu-
lation. All calculations we will do in approximation of diluted flux,
which means that in all calculations we keep constant and linear
terms in infinitesimal derivative of the RR field strength. Rest of
the fields, metric, Kalb-Ramond and gravitino fields are constant.
Furthermore all dependence of background field on fermionic
terms will be neglected for mathematical simplicity. This choice
of field configuration is in full accordance with consistency equa-
tions for background fields.!”]

Because we are currently only interested in non-commutative
relations between bosonic coordinates, T-dualization procedure
will be applied only on bosonic part of action. To find T-dual ac-
tion and T-dual transformation laws we will employ extension
of generalized Buscher procedure that works with coordinate de-
pendent background fields.'!) After finding T-dual theory, we will
apply Buscher procedure once more to see if we can obtain orig-
inal theory.

Transformation laws that connect variables from initial with
variables from T-dual theory will be written in canonical form,
where initial momenta are expressed in terms of the T-dual coor-
dinates. By inverting these transformation laws we obtain how
sigma derivatives of T-dual theory depend on linear combina-
tions of coordinates and momenta of original theory. Taking into
account that original theory is geometrical, both locally and glob-
ally, we have that its coordinate and conjugated momenta sat-
isfy standard Poisson brackets. By using this fact we are able to
find Poisson structure of sigma derivatives of T-dual coordinates
and by doing integration, Poisson structure of T-dual coordinates
is obtained.

The form of obtained non-commutativity is such that non-
commutativity exists when arguments are different, ¢ # 6. Im-
posing trivial winding conditions, we obtain string winding num-
bers from Poisson brackets.

In the end, we give conclusions and in appendix we present
some technical details regarding derivation of §; functions.

2. General Type Il Superstring Action and Choice of
Background Fields

Starting point of this investigation will be action of type II super-
string theory in pure spinor formulation.["®21] We will present
and explain assumed approximations in order to obtain type II
pure spinor action with non-constant RR field-strength. It turns
out that ghost fields are neglected and only quadratic terms are
considered. Final form of this kind of action will be used in sub-
sequent sections.

2.1. General Form of the Pure Spinor Type Il Superstring Action

Sigma model of type IIB superstring has the following
form!17]

S=S,+ V. (2.1)
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This general form of action is expressed as a sum of the part that
describes the motion of string in flat background

S, = / d2 S,,0,50,5° 0" = 7,0.0° +0+9“7fa>
+S,+5;, (2.2)

and part that governs the modifications to the background fields
Vg = / BEXTIMA XN (2.3)
z

Modifications to the flat background are introduced by integrated
form of massless type II supergravity vertex operator V.. The
terms S, and S; in (2.2) are free-field actions for pure spinors

S, =/d21§wa0_/1", S;:/dzfcbazh/_l“. (2.4
z z

Here, A% and A* are pure spinors whose canonically conjugated
momenta are o, and @,, respectively. Pure spinors satisfy pure
spinor constraints

AT 40 = )27 = 0. (2.5)

In general case, vectors XM and X" as well as a supermatrix
A,y are given by

0,6" 0_6%
o I _ i
- d{l ’ - aA B
NI Lmy
Alxﬁ Aav E{lﬁ Qa,;u/
A A E’ Q
_ P Hv u uyvp
Ayn = E, Fe pa c,, , (2.6)
qu,ﬁ qu,p Cﬂuv Suv,/w

where notation is in accordance with Ref [17]. The components
of matrix A,y are generally functions of x*, # and §*. Compo-
nents themselves are derived as expansions in powers of 0 and
6° (for details consult'"”)). The superfields A, E%, E¢ and P/ are
known as physical superfields, while superﬁelc{s that are in the
firstrow and the first column are known as auxiliary because they
can be expressed in terms of physical ones.!'”] Remaining super-
fields Q, , (2,,,), C*,, (C’,) and S, ., are curvatures (field
strengths) for physical fields. Components of vectors XM and XN
are defined as

1 1 a 1 na 1 0
I =0, x" + 79 (M),50,0", TI* =o_x* + 79 (*),50_0”,
(2.7)
d, = Loy, 0.2+ Liorva,o
a_”a_i( I )a[ +x +Z( + )]’
- _ 1 _ 1= _
d, =7, - 3(,0), [ix‘ + Z(erﬂa,a)], (2.8)

© 2022 Wiley-VCH GmbH.
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NV = %a} (e A%, Nm =

N —

@, (T, 27 (2.9)

The world sheet ¥ is parameterized by &" = (&% = 7,&! = 0)
and world sheet light-cone partial derivatives are defines as
0, =0, % 0,. Superspace in which string propagates is spanned
both by bosonic x# (4 =0,1,...,9) and fermionic 6%, 6% (« =
1,2,...,16) coordinates. Variables =, and 7, represent canoni-
cally conjugated momenta of fermionic coordinates #* and ¢,
respectively. Fermionic coordinates and their canonically conju-
gated momenta are Majorana-Weyl spinors. It means that each
of these spinors has 16 independent real valued components.

2.2. Choice of the Background Fields

In this particular case we will work with the supermatrix A,y
where all background fields, except RR field strength P*#, are con-
stants. RR field strength will have linear coordinate dependence
on bosonic coordinate x*. With these restrictions in mind, super-
matrix A,y has the following form

0 0 0 0
0« (l . +B ) 7] 0
Ayy = 28 g " ) (2.10)
2
0 -y =(fP + CiPx?) O

0 0 0 0

Here g, is symmetric tensor, B, is Kalb-Ramond antisymmetric
field, ¥} and ‘T’Z are Mayorana-Weyl gravitino fields, and finally,
ff and CZ/’ are constants. Let us stress that dilaton field ® is
assumed to be constant, so, the factor e® is included in f*/ and
C*. This will be a classical analysis and we will not calculate the
dilaton shift under T-duality transformation. Based on the chiral-
ity of spinors, there are type IIA superstring theory for opposite
chirality and type IIB superstring theory for same chirality.

This particular choice of supermatrix imposes following re-
striction on background fields

by — HoorB —
ylClr =0, ylcr=o. (2.11)

Remaining constraints!'”] are trivial and applied only to non-
physical fields.

In addition to choice of supermatrix, in order to simplify cal-
culation of bosonic T-duality, because all background fields are
expanded in powers of #* and 8%, all #* and 6% non-linear terms
in X™ and XV will be neglected. With this in mind, components
of these two vectors reduce into the following form
I - o.x", d, -, d, = 7,. (2.12)
Taking into account all these assumptions, the action (2.1) takes
the form

S= / e [%mwaﬁ“a,xv — 7, (0_0% + P 0_x")
z

na QN = 2 a, a —
+(0,0° + 0,07, + S, (7 + cﬂﬁxﬂ)nﬁ] . (2.13)
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Here, new tensor I, ,, = B, + %Gﬂv is introduced, where G, =
f,, + 8, is metric tensor. Terms for S, and S are fully decoupled
from action and they will not be considered from now on.

Before considering T-duality, we can notice that fermionic mo-
menta act as auxiliary fields in full actions. These fields can be in-
tegrated out and final action will be function of only coordinates
and their derivatives. Finding equations for motion for both 7,
and 7, we get following two equations

K

7y =5 (F(2),,(0-0" + ¥j0_x"), (2.14)

7, =% (aﬁf’ +0.00) (F(¥),,,. (2.15)

where F*/ (x) and (F~'(x)),, are of the form
FP(x) = f* 4+ Colxt,
(F 0N ap = (Fap = (€ (F 1) % - (2.16)

In order to invert previous equations and T-dual transforma-
tion laws, as well as to simplify calculations, we take two addi-
tional assumptions. First assumption is that CZ/’ is infinitesimal.

Second assumption is that (f'),, C;/ i) 5,5 is antisymmetric
under exchange of first and last index. In other words, tensor
(F'(x)) s has only antysimetric part that depends on x* and it
is infinitesimal. These assumptions are in full accordance with
constraints.[]

Substituting equations (2.14) and (2.15) into (2.13) the final
form of action is

S=x / d’e ., 0,x"9_x"
z

—_

+5(0,0 +0,x"¥) (F' (%)) ,(0-6” + l}lfa,xV)] . (217)

\S]

In the following sections, this form of action will be used for in-
vestigation of bosonic T-duality and for obtaining transformation
laws between starting and T-dual coordinates.

3. T-dualization

In this section T-duality will be performed along all bosonic coor-
dinates in order to find relations that connect T-dual coordinates
with coordinates and momenta of original theory. These trans-
formation laws will then be used in subsequent chapters to find
non-commutativity relations between coordinates of T-dual the-
ory.

Starting point for considering T-duality will be general-
ized Buscher T-dualization procedure."'l Standard Buscher
procedure!®!% is designed to be applied along isometry directions
on which background fields do not depend. Generalized Buscher
procedure can be applied to theories with coordinate dependent
background fields. The shift symmetry in the generalized proce-
dure is localized by introduction of covariant derivatives, invari-
ant coordinates and additional gauge fields. These newly intro-
duced gauge fields produce additional degrees of freedom. Since
we expect that starting and T-dual theory have exactly the same

© 2022 Wiley-VCH GmbH.
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number of degrees of freedom we need to eliminate all exces-
sive degrees of freedom. This is accomplished by demanding that
field strength of gauge fields (F,_ = d,v_ — d_v,) vanishes by ad-
dition of Lagrange multipliers. Next step in procedure is fixing
the gauge symmetry such that starting coordinates are constant
and action is only left with gauge fields and its derivatives. From
this gauge fixed action, finding equations of motion for gauge
fields, expressing gauge fields as function of Lagrange multipli-
ers and inserting those equations into action we can obtain T-dual
action, were Lagrange multipliers of original theory now play the
role of T-dual coordinates.

In cases where shift symmetry is absent, T-duality can still be
performed by extending generalized Buscher procedure.l'! This
extension is based on replacing original action with translation
invariant auxiliary action. Form of this auxiliary action is exactly
the same as the form of action where translation symmetry was
localized and gauged fixed, that is, derivatives have been replaced
with gauge fields and coordinates with integrals of gauge fields.
Auxiliary action gives correct T-dual theory only if original action
can be salvaged from it. In cases where this is possible, original
theory is obtained by finding equations of motion with respect
to Lagrange multipliers and inserting their solutions into auxil-
iary action.

Action (2.17) is invariant to translation symmetry, by the virtue
of antisymmetric part of F,j, tensor (f~'C,f™"),,. Following an-
tisymmetricity of this tensor, we can rewrite the action (2.17) in
the following way

S=x / A&, 0, %" x"
z
1 mn na pa — v
€0, (B 4 3 (F1(),,0,(67 + Wl )]. (3.1)

Let us now consider the global shift symmetry §x* = A# and
vary the action (3.1)

K - - no o,V
58 = —E(f "Cf 1) ap A /Zdzfemnam(e +¥x")0,(0" + ¥x’),
(3.2)
where m, n are indices of the twodimensional worldsheet. After
one partial integration, we obtain one surface term and one term

which is identically zero because it is summation of symmetric,
0,,0,, and antisymmetric, €™, tensor. The surface term is zero

m=n?
for trivial topology. So, the shift isometry exists.
In order to find T-dual action we have to implement following
substitutions

0,x" = D xt =0, x" + VI, (3-3)
¥ -l = /Pd.f’”Dmx" = x"(&) — x"(&) + AVH,
AVH = /dé’”vﬁq(é), (3.4)
P

S— S+ % / FE[oy, —v'a,y,]. (3.5)
z
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Because of the shift symmetry we fix the gauge, x#(&) = x*(&,)
and, inserting these substitutions into action (2.17), we obtain
auxiliary action suitable for T-dualization

Saux = K‘édzf I:H+vaivi + %(04—&“ + VKTZ)(F_l(AV))aﬂ
X (0_07 + W) + %(via_y” - vfd+y#)] . (3.6)

It should be noted that, path P that is taken in expression for A V?
goes from some starting point &, to end point &. Introduction of
this element makes this action non-local, however, this is a nec-
essary step in order to find T-dual theory of coordinate dependent
background fields.['!]

In order to check if substitutions we had introduced are valid
and that they will lead to correct T-dual theory of starting action,
we need to be able to obtain original action by finding solutions to
equations of motion for Lagrange multipliers. Equations of mo-
tion for Lagrange multipliers give us

ovi—0 =0 = v =09.x" (3.7

Inserting this result into (3.4) we get the following
AV? = / d&'"0,,x" (E') = x°(€) — x" (&) = Ax”. (3.8)
P

Since, we had shift symmetry in original action, we can let x”(&,)
be any arbitrary constant. Taking all this into account and insert-
ing (3.7), (3.8) into (3.6) we obtain our starting action (2.17).

Before we obtain equations for motion for gauge fields, we
would like to make following substitution in action

Y, =0y, — aj“(F‘l(AV))aﬁ‘Pﬁ,

Y_, =0y, + ¥ (F'(AV)),0.6, (3.9)
mn,, =I,, + %@’Z(F’l(AV))aﬁ‘I‘f

=11, - %@;(f-l)ml Col(f), YA VY, (3.10)

m,=0,+ %lif;j(f*l)aﬂtpf. (3.11)

With these substitutions in mind we have that auxiliary action
takes the following form

Sax = K/dzé [I_] vty Ly
s

+uv i+ — 2 + T —u 2 - +u
1. i
+50,0°(F 1(AV))nﬂa_6”]. (3.12)

This action produces following equations of motion for gauge
fields

_ 1 - 1
+/4VV— = _(_Y—y + ﬁ;(v))’ H Vﬁ = _Y

2 +uv 2 +v

(V). (313)

Here, function f*(V) is obtained from variation of term con-
taining AV” in expression for F~}(AV) (details are presented in
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Appendix A)
B(V) = %a+ [+ Vo | (1), P )0 + 92 V]
- % [é“ + vvl@;'l] )y C ()00, [aﬁ +w vvz],
(3.14)

B (V) =

"

0 v, o0 [ e v

Al

1 Sa v — oy (£~ V2
_Za_[e +V \Pw](f 1)‘“’1C/4ﬂ(f 1)ﬂ1ﬁ[0ﬁ+lpflv ]

(3.15)

Here we have took advantage of the fact that 9, V¥ = v} (more
details in Appendix A). Let us note that V¥ in the expressions for
beta functions is actually V© because it stands besides Cy/. We
omit index (0) just in order to simplify the form of the expres-
sions.

In order to find how gauge fields depend on Lagrange multi-
pliers, we need to invert equations of motion (3.13). Since CZ”
is an infinitesimal constant, these equations can be inverted
iteratively.[?2] We separate variables into two parts, one finite and
one proportional to CZ” . After doing this we have

e X R VAl A S AR N X

2
(3.16)

Functions f,, (V%) are obtained by substituting first order of
expression for v, into g, (V), where V© is given by

AVOr — /d«:mvﬁ?”
P

1 . o
=1 [aerrfoy, —o.00 .,

- %/Pd{é{ﬂl [6_))’,] +lil;l(f*1)nﬂa_9ﬂ]. (3.17)
Where ©" is inverse temsor of TII,, =T, +
SWe(F1(AV)),, W7, defined as
oL, =6, (3.18)
where

AUV 1V 1x Jro — a - Vv
" =0 + Eeﬁﬂlwul(f ")y cplﬂl vOr(f 1),,],,\115;@_1 . (3.19)

QUVTT  — SH UV — v_ 1 g (f- viv
0L, =6l O =0 - oM (), ¥ 00 (320)

- 1 _

aff _ fap 2w Ul
JO=f + S0, (3.21)
O I, =8, O =—-4(G;' TG )", (3.22)
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Tensor Gg,, = G, — 4(BG™'B),,, is known in the literature as the
effective metric.

Inserting equations (3.16) into (3.6), keeping only terms that
are linear in C;:” we obtain T-dual action

z

Comparing starting action (2.17) with T-dual action, were we note
that 0, x* transforms into d,y, and »* transforms into V¥, we
can deduce that T-dual action has following arguments.

= % o, (3.24)
(EVO),, = (F1(VO),,

*@W(*F—l(v(m))aﬁ = %@f”i’f(F_l(V(o)))a,y (3.26)

(FVM), 7 = =3 (), 6 62

In order to express T-dual gravitino background fields in terms
of its components, it is useful to calculate inverse of field *F;ﬁl

Q, a, 1 a @QHV
*FP (VO = FA(vO) + El{fﬂ@j 9. (3.28)

With this equation at hand it is straightforward to obtain T-dual
gravitino fields. Here we present T-dual gravitino fields expanded
in terms of their components
*\P U 1_v_a 1_¢l_ﬁ —1(v/(0)
P = §®M Y+ Z@‘_‘I‘Pul(F (V)

P @QVV1 o
5, PO (3.29)

wyt = _Lgrge _ Lgrguage (51 (v0)) wu@n (3.30)
9 H 9 H m a v

The general conclusion is that all background fields get the linear
corrections in C;"ﬁ comparing with the results of the case with
constant background fields.[3! Also the coordinate dependence
is present in all T-dual background fields.

From the above equations we see how background fields of
original theory transform under T-duality. It should be noted that
these actions are of the same form taking into account that initial
coordinates x* are replaced by y, after T-dualization.

4. T-dualization of T-dual Theory

From requirement that original theory and T-dual theory be phys-
ically equivalent, it should be possible to obtain original theory
from T-dual one by applying T-duality procedure a second time.
Since original action possessed translation symmetry, we have
that this symmetry is inherited by T-dual action. T-dual theory is
invariant to translations of T-dual coordinate. However, even in
cases where starting action is not invariant to translation symme-
try we can expect emergence of this symmetry in T-dual theory.
This is a natural consequence of introducing A V'% and of the fact

© 2022 Wiley-VCH GmbH.
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that T-dual theory is intrinsically a non-local one. T-dualization
of T-dual theory is obtained with generalized Buscher procedure
and steps are identical as before.

aiyu _)DtYu = atyu + utu - DiYM = utﬂ’ (4'1)
AV SAUOP, (4.2)
0 _1 . .

N Pd§+®{ﬂ[u o= 00,0 |
1 - pa (-1 Y

-3 /P g0 [u,ﬂl +W (f7),50-0 ] (4-3)

Yoy =Usy =ty — a+ém(F_l(A U(O)))a,glp,/i (4.4)

Y, =U_, =u, +¥;(F(auY)) o6 (4.5)

*5—>*s+§/zd2 (U 0" — u_,0,%"). (4.6)

In first line we immediately fixed gauge by choosing y(£) =
const. Inserting these substitutions into (3.23) we get

k y o (
Sy = E/y_dz SO"U,, U, +0,0°(F'(aU")) 0.6’

+(u,,0_x" — u_“0+x“)] . (4.7)

+u
Finding equations of motion for Lagrange multipliers and insert-
ing solution to those equations into gauge fixed action we return
to the starting point of this chapter, T-dual action. On the other
hand, finding equations of motion for gauge fields

- z[a ©1L,,, + ﬁ‘(x)] +0,6"(F (), ¥, (4.8)
U, = -z[ o 0X" + B[ ] ¥ (F'(x),,0.0", (4.9)

and inserting these equations into the gauge fixed action, keeping
all terms linear with respect to C*V,, we obtain our original action
(2.17). Here we use the freedom to choose Ax* = x(&) — x(&)),
with x(&) =0

5. Non-commutative Relations

Having found T-dual action and equations that link T-dual co-
ordinate with original coordinates in previous chapters, in this
chapter we will focus on establishing a relationship between Pois-
son brackets of original and T-dual theory. Furthermore, we will
mainly focus on Poisson brackets between bosonic variables and
their momenta. Original theory is a geometric one with variables
%*(&) and 7, (£). Therefore, it is natural to impose standard Pois-
son structure on original theory

{¥"(0), 7,(0)} = 6)6(c —5), {x(c

{z,(0).7,(6)} = 0. (5.1)

), x"(8)} =0,
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In order to find Poisson brackets of T-dual theory, we need to
find T-dual transformation laws which connect the initial and T-
dual coordinates. Starting with relations (4.8) and (4.9) and using
equations of motion for Lagrange multipliers x*, u,, = d,y,, we
obtain T-dual transformation laws

d,y, = 2[a+xvr'1+w + ﬁ;(x)] +0,8°(F (), %", (5.2)
0.y, = =2[ML,,.0.%" + p(x)] - Wi(F () 0.0, (5.3)

where symbol = denotes T-dual transformation. Subtracting
these two equations, we get
Y, 210, 0_%" +0,x'TL,,, + f7 + 6,

+vu
1. 20/ [
+ Ea+9"(1~“ (%)), 20 + E‘PV(F '(x)),,;0-6" . (5.4)

Taking into account that bosonic momenta, = u of original theory
are of the form

z, —K[H o.x" +0,xT1

+pv’— +vu

L (g
+ ¥ (' (),,0-0"

+ %6+0_"(F’1(x))aﬂ‘1’€] , (5.5)

and /32 = p; + B, , we obtain

N

Y, = ?" + (). (5.6)

Here f)(x) is given by

1

PE0) = 20, [0+ 208 (), CP () [0 + 90 5]

1 no Vo - o - v
-3 [9 +x 1‘I‘V1] (), €2 )00, [aﬁ + z] .
(5.7)
To find Poisson bracket between T-dual coordinates, we can
start by finding Poisson bracket of sigma derivatives of T-dual co-

ordinates and then integrating twice (see [13, 24, 25], B ). Imple-
menting this procedure we have that Poisson bracket is given as

v, (0).7,,6)}

1,0
= (26060 — 526K, ,, (6) + K

Hy My

©)Hc-8).  (58)
where, for the sake of simplicity, we introduced
Kou(0) = (8(0) + 2 @)% ) (), G 1))

“U ), C ) () + W (0)). (59)

Here, H(o — &) is same step function defined in Appendix B. It
should be noted that these Poisson brackets are zero when ¢ = 5.
However, in cases where string in curled around compactified

© 2022 Wiley-VCH GmbH.

85U8017 SUOLILLOD BATea10 3edldde aup Aq pausenob afe sajoie YO ‘8sN JO Sa|nJ Joj A%eiq18ulUO A8]IM UO (SUOTHPUOO-PUB-SWLBY W0 A8 | 1M ARIq 1 BU1 UO//:SdNL) SUORIPUOD pUe swie 1 8y 885 *[202/20/T0] uo AriqiTauliuo A1 ‘speibeg JO AiseAlun Ag 87000220z doid/z00T 0T/I0p/wo A8 | 1M AeIq Ul |UO//SAnY Woi) pepeojumod ‘G ‘2202 ‘86ETZST


http://www.advancedsciencenews.com
http://www.fp-journal.org

ADVANCED
SCIENCE NEWS

Fortschritte
der Physik

Progress
of Physics

www.advancedsciencenews.com

dimension, that is cases where ¢ — 6 = 2z, we have following
situation

{le (O- + 2”)’ sz (O-)}

1 .
> 26018 — 526111[K,,,, () + K, (0)]
T o — a — I z
+ E NM‘P!H (f 1 )aal C}‘iﬂl (f ] )ﬂlﬁ‘{’lﬂlz [6::1 5“’412 5C23 - 5:21 6(/412 5/‘:3
+ 81§ — i ErEh . (5.10)
KoV VioVy o H

Here we used fact that H(2x) = 1, while N’ is winding number
around compactified coordinate defined as

x"(o + 2x) — x/(c) = 2z N*. (5.11)

From this relation we can see that if we choose x*(¢) = 0 than
Poisson bracket has linear dependence on winding number. In
cases where we do not have any winding number, we still have
non-commutativity that is proportional to background fields.

Using the expression for sigma derivative of y, (5.6) and ex-
pression for Poisson bracket of T-dual coordinates (5.8), we can
find non-associative relations. Procedure is the same as for find-
ing Poisson brackets of T-dual theory, we find Poisson bracket of
sigma derivative and integrate with respect to sigma coordinate,
this time integration is done once. Going along with this proce-
dure we have the final result

{Yv (O-)' {Y\q (o-l)’ sz (62)}}

1 pa (- « -
=~ ﬁH(O_l - GZ)TM(f 1)M1 Cﬂ;ﬂl(f l)ﬂ‘ﬂq’i3

X H(O’l — 6)[25141 OH2 M3 — Qe SH2§H3 — SH1GH2 §H3 + oML §H2 5/43]
vV TV, v Vi Vy v VoV oy, V) Vp oV

+H(o, — 6)[26"16"26" — 261 6" 6" — 6116261 4 51161 61)
2 v TV v, Vy Vv VoV vy Vi vy v

(5.12)

Since Jacobi identity is non-zero for T-dual theory we have that
coordinate dependent RR field produces non-associative theory.
However putting ¢ = ¢, = 6 and 6, = & + 2z we have following

Jacobi identity

@) {v, (6 +27),y,,()}}

P e o (), ¥, (288280 — 26018028,

1R

— B8 + 656 (5.13)

Examining equation (5.6), we notice that d,y, is not only a lin-
ear combination of initial coordinate and its momenta but also
has terms that are proportional to fermionic coordinates. This
might lead us to believe that T-dual theory would have nontrivial
Poisson bracket between T-dual coordinate and fermionic coor-
dinates. However, this is not the case, and it can be directly cal-
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culated by finding Poisson bracket between sigma derivative of
T-dual coordinate and fermion coordinates (more details in B).

{0°(0).y,(0)} =0, {9°(0).y. (@)} = 0. (5.14)

6. Conclusion

In this article we examined type II superstring propagating in
presence of coordinate dependent RR field. This choice of back-
ground was in accordance with consistency conditions for back-
ground field and all calculations were made in approximation
that are linear with respect to the space-time derivative of the RR
field, CZ" , which is infinitesimal one. We have also excluded parts
that were non-linear in fermionic coordinates and neglected pure
spinor actions. Using equations of motion for fermionic mo-
menta we obtained action that was expressed in terms of bosonic
coordinates, their derivatives and derivatives of fermionic coordi-
nates.

Action with our choice of background fields possessed transla-
tion symmetry, therefore we use generalized Buscher procedure
that was developed for such cases. By substituting starting action
with auxiliary action we gave up on locality in order to be able to
find T-dual theory. Finding equations of motion of newly intro-
duced Lagrange multipliers we were able to salvage starting ac-
tion giving us assurance that auxiliary action we selected would
produce correct T-dual theory. After this we found equations of
motion for gauge fields and by inserting them into action, we
found T-dual theory.

Having found T-dual theory, we applied T-dual procedure once
again as a more thorough way of checking if action we obtained
was in fact correct T-dual of starting action. Unlike starting ac-
tion, T-dual action was non-local from the start by virtue of con-
taining V©® term. Applying steps of generalized Buscher pro-
cedure we obtained starting action, again confirming that our
choice of auxiliary action was correct.

We obtained non-commutativity relations in context of T-dual
theory, where we used T-dual transformation laws as a bridge
between Poisson brackets of starting theory and T-dual theory.
T-dual transformation laws were expressed in terms of coordi-
nates and momenta of original theory, which produced non-
commutativity in T-dual theory. From expression for Poisson
brackets (5.8) we can see that non-commutativity is proportional
to infinitesimal part of RR field. Non-commutativity relations are
zero in case when o = &, while in case where o = 6 + 27 we see
the emergence of winding numbers. Noncommutativity param-
eters are linearly dependent on bosonic coordinates x* as well as
on fermionic ones, % and 8°.

Taking into account Poisson brackets of T-dual coordinates
and expression for sigma derivative of T-dual coordinate we were
able to find non-associative relation for T-dual theory. In gen-
eral case this relation was non-zero and it was proportional to
infinitesimal constant, which is proportional to Czﬂ . In special
case when we put o, = 0, = ¢ and o; = & + 27 we noticed that
non-associativity relation remains constant.

It should be noted that since we did not preform T-dualization
along fermionic coordinates their Poisson structure would re-
main the same as in original theory. However, unlike original the-
ory, T-dual coordinates depend on sigma derivatives of fermionic

© 2022 Wiley-VCH GmbH.
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coordinates. This dependence does not affect the Poisson brack-
ets of the T-dual coordinates and fermionic coordinates (5.14). So,
T-dual SUSY algebra has non zero Poisson bracket of the bosonic
coordinates, while the rest ones are zero. In further investigation
we will study fermionic T-dualization and we expect the effect on
the algebra of the fermionic coordinates.

Appendix A: Obtaining B;; Terms

In this paper function f;(V) emerged in T-dual transformation
laws as a consequence of variation of term that was proportional
to AV. Here we will present derivation of this function.

Here we will use substitutions 0,0% = 9,6 +1}/'¥? , 0.0/ =
0.6 + ‘I“V’Z v, also we will use F,,
infinitesimal constant

to represent term containing

/ #£0,0°F,,,AV70_0’ = / d&e™0,0°F, , AV70, 0F
z z

1 Qa
- /Z dzé[zem”de) F,,, AV

1 Sa 0 8
~3€"0,0°F,,AV"0,0 ]

1 Qa
=3 /E dzg[emn(a F,p,0,AV 79,0

; g O°F,, 9 Av<0ﬂ®/’]

afp“m

_ 1 2 0 Qa o
=3 /E d’¢e™o, AV [0°F,,,0,0/ —0,0°F,; 0]

= -3 [ #eemn (65,000 - 0,6°F,,00]
z

afpn
_ 2 m
= /zd v pr. (A1)
Variation with respect to gauge field v, and setting F,,, =
~( ey zlﬂl(f )s,» Produces desired f functions (3.14), (3.15)

in equations of motion (3.13). Here we have used the prop-
erty that (f),,, C MY )5, > i€ Fyp,, is antisymmetric under ex-
change of @ and ﬂ this, in combination with the fact that we can
express d,00_0 as ¢""9,00,,0, removes all terms proportional
to ,0_, using identity €"©9,,0,0 = 0.

It should be noted that g, (V) functions are not unique, we
could have obtained different function simply by not using us-
ing symmetrization in (A.1). In case of non-symmetric g, ,(V),
all results that have been obtained would take a simpler form.
We have chosen to work with symmetric function because re-
sults that are deduced from this case can be easily reduced, by
neglecting terms, to simpler case.

Appendix B: Poisson Bracket Between Sigma
Derivatives of T-dual Coordinate

In this article, in order to find Poisson brackets of the T-dual coor-
dinates we had to find first Poisson brackets of the sigma deriva-
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tive of T-dual coordinates, y, = 9d,y,(0). In this section we will
demonstrate how to obtain Poisson brackets from Poisson brack-
ets that contain sigma derivatives. We will use canonical form of
the T-dual transformation law (5.6) and standard Poisson alge-
bra, because the initial theory is geometric one. First, we have to
calculate the following Poisson bracket

{ao'l le (61)’ aaz sz (62)}

szvl (62)0526(62 - 61) Kvlvz (61)0 6( - 0-2)

-1
T2k
+9, K, , (61)8(0; — 03) =9, K, , (63)6(0, — 01) |, (B.1)

03" VoY

where K, () is given by (5.9).
On the other side we have

{AY\/I (60’ 6)’ AYVZ (6_0’ 6_)}

= / dal / do-Z{ao'l Yv] (Gl)’ aaz sz (62)}

{le sz } {le sz O—O } {YV1 O—O sz (O—)}

+{y,, (00).,,(60)} (B.2)
where
Ay, (00,0 / 40,0, 3,(0) = ¥,(0) = v,(00). (B.3)

Combining the equations (B.1) and (B.2) we have

%c/ dcl/ do,

o'1)‘7515(‘71 —0,)

{AY\/I (0—0’ 6)’ AYVZ (&0' 6_)} =

X vzvl (02)6 5( - 61) vlvz(

+9, K, , (64)6(c; —0,)—0, K, , (0 )5(62—61)]. (B.4)

01" V2 03" VoY1

By applying partial integration, it is straightforward to extract the
Poisson bracket of T-dual coordinates given by (5.8).

In paper!™! it has been shown that Poisson brackets between
o derivatives of coordinates have following form

{an'l ;t ’ 62 v 0-2)} = 661 uv(o-l) (61 _0-2)
+L,,(01)0,,6(01 — 0y). (B.5)

Applying integrating twice and using partial integration this
equation reduces to

{X,(01). Y, (02)} = = [K,.(01) = K, (02) + L, (02)]8(01 = ).

v

(B.6)

In our case, we can bring equation (B.1) to the form of equa-
tion (B.5) by making following substitutions

© 2022 Wiley-VCH GmbH.
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aal Kv] vy (61) = ao'l Kvlvz (61)’ ao'z szvl (O-Z) = aaz szvl (62)’
K (O-l) = _Lvlvz (61)’ szv1 (62) = _vav1 (62)'

Viva

(B.7)

Because we chose to work with symmetric f; function we obtain
duplicated terms in (B.5).

Same procedure can be applied to find Poisson bracket be-
tween T-dual coordinate and fermionic momenta. That is, we
start from Poisson bracket for sigma derivative of T-dual coordi-
nate and fermionic momenta, then integrate once and compare
left and right hand sides.

The step function H(x) is defined as

¥ 1 ¥ ins __
H(x)—/0 dsé(s) = EE”EZ/O e =

0 if x=0
1/2 if 0<x<2x.
1 it x=2z

(B.8)
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Abstract In one of our previous papers we generalized the
Buscher T-dualization procedure. Here we will investigate
the application of this procedure to the theory of a bosonic
string moving in the weakly curved background. We obtain
the complete T-dualization diagram, connecting the theories
which are the result of the T-dualizations over all possible
choices of the coordinates. We distinguish three forms of
the T-dual theories: the initial theory, the theory obtained T-
dualizing some of the coordinates of the initial theory and
the theory obtained T-dualizing all of the initial coordinates.
While the initial theory is geometric, all the other theories are
non-geometric and additionally non-local. We find the T-dual
coordinate transformation laws connecting these theories and
show that the set of all T-dualizations forms an Abelian group.

1 Introduction

T-duality is a property of string theory that was not encoun-
tered in any point particle theory [1-4]. Its discovery was sur-
prising, because it implies that there exist theories, defined for
essentially different geometries of the compactified dimen-
sions, which are physically equivalent. The origin of T-
duality is seen in the possibility that, unlike a point particle,
the string can wrap around compactified dimensions. But,
no matter if one dimension is compactified on a circle of
radius R or rather on a circle of radius lf /R, where [ is the
fundamental string length scale, the theory will describe the
string with the same physical properties. The investigation of
T-duality does not cease to provide interesting new physical
implications.

Work supported in part by the Serbian Ministry of Education, Science
and Technological Development, under contract No. 171031.

2 e-mail: ljubica@ipb.ac.rs
b e-mail: bnikolic@ipb.ac.rs

¢ e-mail: sazdovic@ipb.ac.rs

The prescription for obtaining the equivalent T-dual the-
ories is given by the Buscher T-dualization procedure [5,6].
The procedure is applicable along the isometry directions,
which allows the investigation of the backgrounds which do
not depend on some coordinates. It is found that T-duality
transforms geometric backgrounds to the non-geometric
backgrounds with Q flux which are locally well defined, and
these to different types of non-geometric backgrounds, back-
grounds with R flux which are not well defined even locally
[7,8]. A similar prescription can be used to obtain fermionic
T-duality [9,10]. It is argued that the better understanding
of T-duality should be sought for by doubling the coordi-
nates, investigating the theories in which the background
fields depend on both the usual space-time coordinates and
their doubles [11-14], which would make the T-duality a
manifest symmetry.

T-duality enables the investigation of the closed string
non-commutativity. The coordinates of the closed string are
commutative when the string moves in a constant back-
ground. In a 3-dimensional space with the Kalb—-Ramond
field depending on one of the coordinates, successive T-
dualizations along isometry directions lead to a theory with
Q flux and the non-commutative coordinates [15-17]. The
novelty in the research is the generalized T-dualization pro-
cedure, realized in [18], addressing the bosonic string mov-
ing in the weakly curved background—constant gravitational
field and coordinate dependent Kalb—Ramond field with an
infinitesimal field strength. The non-commutativity charac-
teristics of a closed string moving in the weakly curved back-
ground was considered in [19].

The generalized procedure is applicable to all the space-
time coordinates on which the string backgrounds depend. In
Ref. [18], it was first applied to all initial coordinates, which
produces a T-dual theory; it was then applied to all the T-dual
coordinates and the initial theory was obtained. In this paper,
we will investigate the application of the generalized T-du-
alization procedure to an arbitrary set of coordinates. Let us
denote the T-dualization along the direction x* by T# and

@ Springer
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the T-dualization along dual direction y,, by T,,. Choosing d
arbitrary directions, we denote

Ti:OD

d D
T = On=lTMn’ n=d+1TMn’ T= On:lTMn’ (1)

Ty =0}

n=1

T=02,1,, @

- _ D
Tlln’ 7; - On:d+lTMn’ n=1

where u, € (0,1,..., D — 1), and o denotes the compo-
sition of T-dualizations. We will apply T-dualizations (1) to
the initial theory, and T-dualizations (2) to its completely T-
dual theory (obtained in [18]). We will prove the following
composition laws:

T oT=T, T0T,=T, T,0T% =1, 3)

where 1 denotes the identical transformation (T-dualization
not performed). Therefore, the elements 1, 7¢ and 7, with
d = 1,...,D, form an Abelian group. We will find the
explicit form of the resulting theories and the corresponding
T-dual coordinate transformation laws. These results com-
plete the T-dualization diagram connecting all the theories
T-dual to the initial theory.

Throughout the whole article (except for Sect. 9) we
assume that the Kalb—Ramond field depends on all coordi-
nates. In that case all T-dual theories, except the initial theory,
are non-geometric and non-local because they depend on the
variable V#, which is a line integral of the derivatives of the
dual coordinates. To all of these theories there corresponds a
flux which is of the same type as the R flux unlike the non-
geometric theories with Q flux, which have a local geometric
description.

In Sects. 9.1 and 9.2, we present an example of the 3-
dimensional torus, T3 with H-flux, where Kalb—Ramond
field depends only on coordinate x>. Then T-dualizations
along the isometry directions x! and x? lead to geometric
background and the T-dualization along x* leads to non-
geometric background. In Sect. 9.1 putting D = 3,d = 1,2
with B,,,, depending on x> we reproduce the T-duality chain
of Refs. [15-17].

In Sect. 9.2 we will compare the results of our paper
with those of Ref. [8]. In our manuscript, the background
fields’ argument, the variable V*, incorporates all features
of the non-geometric spaces. First, as pointed out in Ref. [§]
it “eludes a geometric description even locally” because it
is a line integral of the derivative. Second, we obtain non-
associativity and breaking of Jacobi identity typical for the
so called R-flux backgrounds. In Sect. 9.3 we present exam-
ple of the 4-dimensional torus 7* to generalize the case of
Ref. [20] to critical surface.

The generalized T-dualization procedure originates from
the Buscher T-dualization procedure. The first rule in the
prescription is to replace the derivatives with the covariant
derivatives. The new point in the prescription is the replace-
ment of the coordinates in the background fields’ argument
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with the invariant coordinates. The invariant coordinates are
defined as the line integrals of the covariant derivatives of the
original coordinates. Both covariant derivatives and invariant
coordinates are defined using the gauge fields. These fields
should be nonphysical, so one requires that their field strength
should be zero. This is realized by adding the corresponding
Lagrange multipliers’ terms. As a consequence of the transla-
tional symmetry one can fix the coordinates along which the
T-dualization is performed and obtain a gauge fixed action.
An important cross-way in the T-dualization procedure is
determined by the equations of motion of the gauge fixed
action. Two equations of motion obtained varying this action
are used to direct the procedure either back to the initial
action or forward to the T-dual action. For the equation of
motion obtained varying the action over the Lagrange mul-
tipliers, the gauge fixed action reduces to the initial action.
For the equation of motion obtained varying the action over
the gauge fields one obtains the T-dual theory. Comparing
the solutions for the gauge fields in these two directions, one
obtains the T-dual coordinate transformation laws.

2 T-duality in the weakly curved background

Let us consider the closed bosonic string propagating in the
background with metric field G, Kalb-Ramond field B,
and a dilaton field @, described by the action [3,4]

Y 1 gup e’
St = & [ @ y=5] (387 0o + = Buoto)

1
X g x " Bp” + —cb(x)R@)]. o
4k
The integration goes over a 2-dimensional world-sheet X

parametrized by £ (£° = 1, £! = o), gup 1s the intrinsic
world-sheet metric, R® corresponding 2-dimensional scalar

curvature, x* (&), uw = 0,1,..., D — 1 are the coordinates
of the D-dimensional space-time, k = ﬁ with o’ being
the Regge slope parameter and ¢! = —1.

2.1 Weakly curved background

The requirement of the quantum conformal invariance of the
world-sheet results in the space-time equations of motion
for the background fields. In the lowest order in the slope
parameter o’ these equations are

1 o
Ryv = 3 Bupo B,” +2D,0,® =0,
D,B",, —28,®B",, =0,

1
4(3®)* — 4D, 0  d + 3 B B
+4mi(D —26)/3 — R = 0. Q)
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Here B, = 9, Byp + 0y By, + 0, By, is the field strength
of the field B;,,, and R, and D), are the Ricci tensor and the
covariant derivative with respect to the space-time metric.
We will consider one of the simplest coordinate dependent
solutions of (5), the weakly curved background. This back-
ground was considered in Refs. [21-23], where the influence
of the boundary conditions on the non-commutativity of the
open bosonic string has been investigated. The same approx-
imation was considered in [16,19] in context of the closed
string non-commutativity.
The weakly curved background is defined by

G v (x) = const,

1
B;w(x) = bp.v + gBuupxp = b;,w + h;w(x)s
®(x) = const, (6)

with by, By, = const. This background is the solu-
tion of the space-time equations of motion if the constant
B, is taken to be infinitesimal and all the calculations
are done in the first order in By,,, so that the curvature
R,y can be neglected as the infinitesimal of the second
order. Through the whole manuscript (with the exception
of Sect. 9) we assume that the background has the topology
of D-dimensional torus T2, where the Kalb—-Ramond field
depends on all coordinates. In Sects. 9.1 and 9.2 we give an
example of the 3-dimensional torus, T3, with H-flux, where
the Kalb-Ramond field depends only on the coordinate x°,
while in Sect. 9.3 we give an example of the 4-dimensional
torus 7 with constant background fields.

The assumption that B,,, is infinitesimal means that we
consider the D-dimensional torus so large that for any choice
of indices

Bvp
m <1 @)
holds [16], where R, are the radii of the torus. The H-
flux background, considered in Refs. [8,16], is of the same
type as the weakly curved background. However, this back-
ground depends just on x> and corresponds to the examples
addressed in Sect. 9 of our paper. The background considered
in the rest of the article depends on all coordinates.

In this paper we will investigate the T-dualization proper-
ties of the action (4) describing the closed string moving in
the weakly curved background. Taking the conformal gauge
8up = ad Nap, the action (4) becomes

S[x] = K/ d%& 9 x T (6)9_x", (®)
)

with the background field composition equal to

1
My (x) = Byy(x) = EGMU(X)’ )

and the light-cone coordinates given by
L 1
£ = E(T:’:G), 0+ = 0; £ 05. (10)

2.2 Complete T-dualization

The T-dualization of the closed string theory in the weakly
curved background was presented in [18]. The procedure is
related to a global symmetry of the theory

SxH = Ak (11)

The symmetry still exists in the presence of the nontrivial
Kalb—Ramond field (6), but only in the case of the trivial
mapping of the world-sheet into the space-time, because in
that case the variation of the action (8)

5S = ge“ﬂme / d2E " 9px" (12)

after partial integration, using the identity £*d, g = 0,
becomes

58 = %Bﬂup,\ﬂe“ﬁ/dzgaa(x“aﬁx“), (13)

which is equal to zero. This means that classically, directions
which appear in the argument of Kalb—Ramond field are also
Killing directions. However, the standard Buscher procedure
cannot be applied to them, because background fields depend
on the coordinates but not on their derivatives.

The T-dual picture of the theory, obtained on applying the
T-dualization procedure to all the coordinates, is given by

STyl = « / @& 3y, T (AV (1)) Dy

- gfd% Ay O (AV (y))a—yy, (14)
where
oL = —%(GglniG*)““ =" F %(Ggl)'”, (15)
with
Geuw = Gy —4(BG™'B)
oL = —%(GEIBG_l)“”, (16)

being the effective metric and the non-commutativity param-
eter in Seiberg—Witten terminology of the open bosonic string
theory [24]. The T-dual background fields are equal to

"G (AV () = (GEHY" (AV(y)),
*BHY(AV(y)) = gewmvw)), (17)
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and their argument is given by
K
AVH(y) = =5 (85" +6p1) Ay,
K v v ~
+§ (€02 — ©p1) Ay
= k6" Ay, + (87" Ay (18)

Here ©), is the zeroth order value of the field composition
@'y defined in (15) and g,y = Gy — 4bfw and 0)" =
—%(g’le’1 )V are the zeroth order values of the effective
fields (16). The variable A y,, is the double of the dual variable

Ay, = yu(5)—yu(&o), defined as the following line integral:

AT, =/ID(dry;+dayM)=/Pdg“e€xaﬁyﬂ, (19)

taken along the path P, from the point &5 (9, 0¢) to the point
§% . 0).

The fact that we are working with the weakly curved
background ensures that the T-dual background fields are the
solution of the space-time equations (5). Because both dual
metric *G*¥ and dual Kalb—-Ramond field * B*" are linear in
coordinates with infinitesimal coefficients, the dual Christof-
fel symbol *T') and dual field strength * B#"? are constant
and infinitesimal. In Eq. (114) of Sect. 8 we will show that
T-dual dilaton field is *® = & — Indet /211, where ®
is constant and I is linear in coordinates with infinitesi-
mal coefficients. So, ®*® is also linear in coordinates with
infinitesimal coefficients, and 9,,* ® is constant and infinites-
imal. Consequently, D, 9,°®, 9,°®B”,, and (EJM’CD)2 are
infinitesimals of the second order. So, all T-dual space-time
equations, for the metric, for the Kalb—-Ramond field and for
dilaton field, are infinitesimals of the second order and as
such are neglected.

The initial theory (8) and its completely T-dual theory (14)
are connected by the T-dual coordinate transformation laws
(eq. (42) of Ref. [18])

dxxt = —k @M (AV) oLy, F 2k Op, BT (V). (20)
and its inverse (eq. (66) of Ref. [18])

dxyp = —20u0 (Ax)0Lx” F 28,5 (%), 21
where ;7 (x) = F 3y (x)dxx". Tt is shown that

T: Sl — STyl T : Slyul — Sk, (22)
and therefore

ToT =1. (23)
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3 T-dualization along arbitrary subset of coordinates
T : S[x*] — Slx', yal

In this section, we will learn what theory is obtained if one
chooses to apply the T-dualization procedure to the action (8),
along arbitrary d coordinates x4, 7¢ : S[x*] — § [x/, Yal,
with 7¢ = o?_ THn, pu, € (0,1,..., D — 1).

The closed string action in the weakly curved background
(6) has a global symmetry (11). One localizes the symmetry
for the coordinates x“, by introducing the gauge fields v
and substituting the ordinary derivatives with the covariant
derivatives

o x? = Dox® = dux + V5. (24)

The covariant derivatives are invariant under standard gauge
transformations

V8 = — 917 (25)

In the case of the weakly curved background, in order to
obtain the gauge invariant action one should additionally sub-
stitute the coordinates x¢ in the argument of the background
fields with their invariant extension, defined by

Axiy, = /;dé‘“ Dyx® = /P(dE+D+xa +dé"D_x%)
=x“ —x"(&) + AV, (26)

where
AV s/ d&*ve =/(dg+vi+dg*v_). (27)
P P

To preserve the physical equivalence between the gauged and
the original theory, one introduces the Lagrange multipliers
v, and adds term %ya F{_ tothe Lagrangian, which will force
the field strength F{ = d,v? —d_v{ = —2F§, to vanish.
In this way, the gauge invariant action

Siny[x", xﬁwy Yal
=K / d’ [8+xil'l+ij (xi, Axi‘fw)a_xj

+ 04X Tia (x, Ax

mv

+ Dox T (x', Ax{,

myv

+ Dy x“ Tl (x', Axt

mv

)D_x“

)8_xi

)D_xb

SO0y~ %0 50)] (28)

is obtained, where the last term is equal to %ya F{_uptothe
total divergence. Now, we can fix the gauge taking x4 (&) =
x%(&p) and obtain the gauge fixed action

Sex[x', v, yal
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= K/d25[3+x"n+,»,-(x", AV)o_x
+ 0 o (x', AV)0® + v Ty (x, AV) Dy’
0 T (xF, AVO)0? + %(via_ya — %0130
(29)

This action reduces to the initial one for the equations of
motion obtained varying over the Lagrange multipliers. The
T-dual action is obtained for the equations of motion for the
gauge fields.

3.1 Regaining the initial action

Varying the gauge fixed action (29) over the Lagrange mul-
tipliers y, one obtains the equations of motion

av? —a_vf =0, (30)
which have the solution
v = dex?. (31

On this solution the background fields’ argument AV?
defined in (27) is path independent and reduces to

AVEE) = x(&) — x“ (o). (32)

The gauge fixed action (29) reduces to the initial action (8),
but the background fields’ argument is AV instead of x'.
However, the action (8) is invariant under the constant shift
of coordinates, so shifting coordinates by x“(&p) one obtains
the exact form of the initial action.

3.2 The T-dual action

Using the equations of motion for the gauge fields, we elim-
inate them and obtain the T-dual action.

The equations of motion obtained varying the gauge fixed
action (29) over the gauge fields v{ are

_ . . 1
Maqi (7, AV)dgx’ + Mgy (x', AV)0E + 5% Va
= £87(x', V), (33)
where
(.0 a 1 i i i b
B (' V) = T3 | has (7’ + hap(x)32V
hai (VO)ex +hap(V)oeV?| G34)

is the contribution from the background fields’ argument
AV, defined in a same way as in Ref. [18], by §y Sax =
—« [ dE(BF8ve + B, du™). If the initial background 1,

does not depend on the coordinates x“, the corresponding
beta functions are zero = = 0.

Multiplying Eq. (33) by 2«¢©%, defined in (A.7), the
inverse of the background fields composition 14,5, one
obtains

vi = —2K(:)‘]’Fb(xi, AV“)[Hib,- (xi, AV“)ajin + %8;”,
=67 (', V)] (35)

Substituting (35) into the action (29), we obtain the T-dual
action

S[x', yal
=k / d’e |:8+xiﬁ+ij (xi, AVE(xE, ya))aij
— Kk 01x T yig (xi, AV, Ya))
x O (xF, AV, ya))d-ys
+x 8+ya(:)‘ib(xi, AV, )’a))
x Mg (2, AVAG, ya))d-x'

- g 34y, (x", AV (', ya))ayb} (36)
where
Myij = Myij — 21O T 37)

In order to find the explicit value of the background fields
argument AV9(x’, y,), it is enough to consider the zeroth
order of the equations of motion for the gauge fields v (35)

. 1
v = <208} [ Mornoax® + So.yy” . (38)

Here égi and I, stand for the zeroth order values of @‘j_f’
and I14p;, and they are defined in (A.11).
Substituting (38) into (27) we obtain

AVO(xl )
=—K [égiHO—bi + @811H0+bi]Ax(0)i

—K [@SiHO—bi — egh H0+bi]Af(0)i
KT ~ ~ 0 KT ~ ~ ~(0
—5[631 + 05 Ay - 5[@3’; - 632 |5 (39)
Here
AP = /P [ty +doy ),

AZOF = f dex @ 4+ dox @), (40)
P

are the variables T-dual to the coordinates y, and x’ in the
zeroth order in By, for b, = 0, which we call the double
variables.
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Thus, we obtain the explicit form of the T-dual action
and conclude that it is given in terms of the original coor-
dinates x’ and the dual coordinates y, originating from the
Lagrange multipliers. However, the background fields’ argu-
ment depends not only on these variables but on their doubles
as well. Because of this the theory is non-local as the double
variables X' and y, are defined as line integrals.

The action (36) can be obtained from the initial action (8)
under the following substitutions of the coordinate deriva-
tives and the background fields:

dix’ — drx', px? — iy, (41)
Myij = "Taije Moia = *TL

Mg — "M%, i — *TY, 42)
where the dual background fields are
My =My, T = —«,60%,
° ~ ° K ~

M4, = k@M, N9 = 5@6”, (43)

with TT;;, 14,0, and @ defined in (37), (9),and (A.7). The
argument of all T-dual background fields is [x?, V¢(x', y,)].
According to (27) and (39), it is non-local and consequently
non-geometric. Calculating the symmetric and antisymmet-
ric part of the T-dual field compositions (43), we find that the
T-dual metric and Kalb—Ramond field are equal to

*Gij = Gij = Gij — Gia(G )" Gy;
wy (Bmé“”ij + G,»aé“”Bbj) — 4B, (GF) By,
. 57} K N ~—
Bij = Bij = Bij — 5 Gia0*"Gpj — Bia(G )" Gy

~Gia(G ;)" Byj — 2k Biu6°° Byj,

oGub — (Ggl)ab,
oBab — féab
2 9

G4 = k0 Gy + 2G5 )" By,

1

- |
*B% = k60 By + §<GE‘> Gy, (44)

where G gqp and 6% are defined in (A.6) and (A.10). The
T-dual background fields have the same form as in the flat
background[1,5,25] butin the present case fields B/, GE lab
and 09? are coordinate dependent.

Comparing the solutions for the gauge fields (31) and (35),
we obtain the T-dual coordinate transformation law

dx® = —260% (x, AV, ya))
. . 1
X[ M (6, AV (e, 3) o’ + S0

T (L VA v0) | (45)
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4 Inverse T-dualization 7, : S[x‘, Ya]l = S[x*]

In this section we will show that T-dualization of the action
S[xt, Yal, given by (36), along already treated directions y,
leads to the original action.

So, let us localize the global symmetry of the coordinates

Ya

8ya = Aa, (46)
of the action (36). Note that this is the symmetry, despite the
coordinate dependence of the metric (44), due to the invari-
ance of the background fields’ argument [18]. Following the
T-dualization procedure, we substitute the ordinary deriva-
tives with the covariant ones
D1y, = 0+yq + Uztq, 47
where u4, are gauge fields which transform as duy, =
—0d+A,. We also substitute coordinates y, in the background
fields” argument with the invariant coordinates

W = /P (A& D yo +d&~D_y,)
= ya(é) —va(é0) + AU,,

where

(43)

AU, = / (dE g + dEu_y). (49)
P

In this way, adding the Lagrange multiplier term which makes
the introduced gauge fields nonphysical, we obtain the gauge
invariant action

mv , Z(Z]

Sinv[xia Yas Y,
=K / d’ [8+xiﬁ+ij (xi, AV (x!, yjle))a,xf'
—K 3+xil'l+,~a (xi, INGIED yjlnv )

X @”ib(xi, AVE(x, yim’ )D,yb

a

+ K D+ya®‘ib(-xi7 Av(l(xi, yil’lV )

a

x 4 (xi, AV (xt, yimv )8_xi

a
+ % Dy, O (x', AVA(xT, yI™)D_y,
l a a
+ 5(u+a8_z —U_q042%) |, (50)
which after fixing the gauge by y,(§) = y,(&o) becomes
Stixlx', tta, 2
= dezs [a+x"ﬁ+,-,- (x', AVE(x, AUL))-x7
— & Apx TLia (x', AV, AUL))
x @ (x', AVA(x', AU u—yp
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Frura @ (X, AVIGT, AUL))
x Typi (x', AVE(X', AUL))O-x'

+ % U@ (x, AV AUy

1 a a
+ §(M+a3—Z —u_q0+2%) |, (51)
where AV? is defined in (39) and AU, in (49).
4.1 Regaining the T-dual action

The equations of motion obtained varying the gauge fixed
action (51) over the Lagrange multipliers z¢

Opl_gq —0_uyy =0, (52)
have the solution
Utg = 0+Yq- (53)

On this solution the variable AU, defined by (49) is path
independent and reduces to

AUG(§) = ya(§) — ya(&0), (54)

and the gauge fixed action (51) reduces to the action (36).
4.2 Regaining the initial action

The equations of motion obtained varying the gauge fixed
action (51) over the gauge fields u 4, are

kO (x', AV (x', AU,))
1 . . : 1
x [Euﬂ, + g (xF, AV, AUQ))aqcxl] + 5052
= £c O By (x', V4 (', U)). (55)

where terms (:)ng ,B;E are the contribution from the variation
over the background field argument

Su i = [ e (oo B+ u-uB8L 7). 50

Here ,BjE is of the same form as (34) and @82 is defined in
(A.11).

Let us show that for the equations of motion (55), the
gauge fixed action (51) will reduce to the initial action (8).
Using the fact that (:)‘ij is inverse to 2« [T, these equations
of motion can be rewritten as

Ugq = =24 (X', AVA(X', AU,))dgx!
~2Mpap(x, AV, AU,)) 052"
£2BF (', VAL, Up)). (57)

Substituting (57) into (51), using the definition (37) and the
first relation in (A.22) one obtains

S[x', 2%]
—_ f d25[3+xf M4 -x7 + 84 x 4,02
P
042 T i x + a+z“n+a,,a,zb]. (58)

The explicit form of the argument of the background fields
is obtained substituting the zeroth order of Eq. (57) into (49)

U = —2b,ix V" 4 G i i O = 26,z O + G 17 OP. (59)

Consequently, the argument of the background fields AV¥,
defined in (39), is just

vOad U, = 4. (60)

So, the action (58) is equal to the initial action (8) with x* =
7).

Comparing the solutions for the gauge fields (53) and (57),
we obtain the T-dual transformation law

I va = 20 (x', 2)d5x" — 2Magp(x’, 2%)02"
285 (x', 2%). (61)

Substituting d-y, to (45) with the help of (60) one finds
0+x? = 04+z%. Therefore, (61) is the transformation inverse
to (45), which confirms the relation 7% o 7, = 1.

5 T-dualization along all undualized coordinates
T : SIx*, yal = Slyyl

In this section we will T-dualize the action (36), applying
the T-dualization procedure to the undualized coordinates x.
Substituting the ordinary derivatives d.x’ with the covariant
derivatives

Dixi = aixi + wi, (62)

where the gauge fields w', transform as Sw/, = —d.A!, sub-
stituting the coordinates x’ in the background field arguments
with

Ay, = / (d67Dyx +dg™D_x), (63)
P

and adding the Lagrange multiplier term, we obtain the gauge
invariant action
Sinv[x', xfpys V]

=« / d’¢ [D+x"ﬁ+,- i(Axl,, AVE(AXL,, va)) D-x!

— & Dyx' Tiiq (Axly,, AVE(AXL,, Ya))

i
inv’
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x OP(Axly,. AV (Axly. ya))d-yp
+ k04 9a0% (Axfy,. AV (Axy,. Ya))

mnv?
x Tpi (AxLyy, AVA(AXL,, va)) DX’

K ~ N .
+ 5 945202 (Axiy,, AV (Axipy, ¥a)) D3

1 . .
5wl 9y — wl_8+)’i)i|~ (64)

Substituting the gauge fixing condition x’ (&) = x’(&)) one
obtains

Sixlx’, wh, ]
=k / d’e [w;m,-j(AW)wi
— i w' Ty (AW) O (AW)3_yp
+ & 04 ya OP (AW) Tipi (AW ) wh
+ % 01y, O (AW)D_y,

1. .
+ E(wia—yi - w’_3+yi)}, (65)

where AWH = [AW!, AVY(AW', y,)] with AW’ defined
by

AW = / (dETw!, +d&"wh), (66)
P

and AV = AVE(AW!, y,) is defined in (39), where argu-
ment x' is replaced by AW'.

5.1 Regaining the T-dual action

The equations of motion for the Lagrange multipliers y; are
dpw’ — 9w =0, (67)
and they have the solution

wly = dex’. (68)

For this solution the background field argument A W' defined
in (66) reduces to

AW () = x" (&) — x' (&), (69)
so that the argument AV“ becomes
AVEAW! vy = AV, y9), (70)

and therefore the gauge fixed action (65) reduces to the action
(36).
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5.2 From the gauge fixed action to the completely T-dual
action

The equations of motion obtained varying the gauge fixed
action (65) over w!, are

— ; ~ 1
i (AW w3 — kTleia (AW)OL (AW 3y + 2 i

= 42Ty 02 BE(W), (71)
where

+ 1 v
B (V) = ﬂthw(V)aq:V . (72)

Terms T4 j @fFM ,Bff( W) are the contribution from the back-
ground fields’ argument, defined by

Su Six = —2ic> / d’ (5w"+ﬁ+i,-@f;”ﬂ;
+suwl T 018} ), (73)

calculated using (A.15), (A.16), and (39).
Using the fact that the background field composition TT; ]

is invese to 2K@¥ defined by (A.22), we can rewrite the
equation of motion (71) expressing the gauge fields as

wl = 2,<@;f(AW)[Knija(AW)é‘;Fb(AW)aijb
l .
—Eaij,] + 2O BEW). (74)
Using the second relation in (A.23), we obtain
wh = —K®$(AW)[a¢yM ¥ 2,3,f(W)]. (75)

Substituting (75) into the gauge fixed action (65), we
obtain

Slyl
= K/dzg [a+y,- (K®’Z - K2®i_kﬁ+k1®’£)a_yj

+ (- k20U, 0k + g@"_“ 207 M,;,6)

X 04.yi 0-Ya

+ ( - K2®Lijﬁ+jk®k_i + g@lil - ch:)‘]_bn-;-bj@'ii)

X 04Yq 0—Yi + 04 Ya (%éih - K2@‘fﬁ+ij@£b

i 2OY T, O — Kzéi“mci@"_b)a_ ybi|. (76)
Using (A.22), (A.27), and (A.29) one can rewrite this action
as

K2

S[y] = 5> / A% 94y, 0" (AW)d_y,. (77)
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In order to find the background fields’ argument AW’ we
consider the zeroth order of Egs. (75), and we conclude that

AW = —k6) Ay, + (g7 )P AT, (78)

Using (A.28) and (A.23), we find that AV4(AW!, y%)
defined in (39) equals

AVIAW!, y,) = =05 Ay, + (g7 )™M AT, (79)

Therefore, we conclude that the background fields’ argument
isequal to (18), so that the action (77) is the completely T-dual
action (14), which is in agreement with Ref. [18]. Comparing
the solutions for the gauge fields (68) and (75), we obtain the
T-dual transformation law

b = 0l (AV)[ory F28EV)]. (80)

One can verify that two successive T-duality transforma-
tions (45) and (80) correspond to the total T-duality transfor-
mation (20). Indeed, the relation (80) is just the ith compo-
nent of this transformation. Substituting d.x' from (80) into
(45), using (A.25) and (A.29), we obtain
dex® = —cOL (AV) [y, 2287 (V) .

which is just the ath component of the complete T-duality
transformation. So, we confirm that 7% o 7% = 7.

6 Inverse T-dualization along arbitrary subset of the
dual coordinates 7; : S[y,] — S[x’, yal

Finally, in this section we will show that the T-dualization of
the completely T-dual action (14), along arbitrary subset of
the dual coordinates y; leads to T-dual action (36). So, let us
start with the T-dual action

2
st =" / A2 9, 7,0 (AV(1))0_y,, @81)

which is globally invariant to the constant shift of coordinates
Y

8y = A (82)

We localize this symmetry for the coordinates y; and obtain
the locally invariant action

Sy, ¥, 21
2
. ) _
=5 [ @e[pinel (avor. )y,
+ D1y O (AV (™, ya))d-
+04 3. O (AV (™. ya)) D—yi

+ a+)’a®ih (AV()’;HV, ya))afyb

1 . .
(- — w02, (83)
where D1y, = 01y, + uy; are the covariant derivatives.
The gauge fields u4; transform as Sui; = —0d4A; and the

invariant coordinates are defined by yi™ = [, (d€ "D, y; +

d&~D_y;). After fixing the gauge by yi(€) = yi(£o). the
action becomes

Stix[Ya» Ui, 7'
2 L.
- %/dzé[u_,_i@lf(AV(AUi,ya))u_j
+u4i©®“(AV(AU;, ¥4))0-ya
+ 04 3,0 (AV(AU;, ya))u—i
+04y.0(AV(AU;, ya))d- s

1 . .
02 — 02 (84)
where AU; = fP(d§+u+i +déTu_y).
6.1 Regaining the T-dual action

The equations of motion obtained varying the gauge fixed
action (84) over the Lagrange multipliers

opu_j —o—_uqi =0, (85)
have the solution

Uti = 0+Y;. (86)
On this solution the variable AU; reduces to

AU;(§) = yi(§) — yi(%o), (87)
and therefore

AVE(AU;, ya) = AVE(y). (88)
So, the action (84) becomes the action (81).

6.2 Obtaining the T-dual action

The equations of motion obtained varying the action (84)

over uy; are

KOL(AV(AU;, yo))uzj + kOL(AV(AU;, ya))dzYa
+oxz' = 2008, (VUi ya)), (89)

where ,Bf are given by (72). The terms with beta function
come from the variation over the argument U;

suSin = [ e (5O ]+ du_iOfipy). ©0

@ Springer
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and are calculated using (A.15) and (18). Using the fact that
2k T14; is the inverse of ®Y, the equation (89) can be rewrit-
ten as

uzi = —2M4;(AV(AU;, ya))[KG)i“(AV(AUu Ya))

Substituting (91) into the gauge fixed action (84), using
(A.25) we obtain

S[z', yal
K’ 2,12, iF ' iTT jb
— de g[;mz Tyij0_2) + 20,2070y,
— 201y, 0% T ;0-2/ + 3+ya(:)‘l"37yb], (92)

which with the help of (A.29) becomes

2
N - P S
S[z', yal = 5 d-& K8+Z IMy;0-z
—2012' 14O 0_yp + 204y, O T 4p;0-2/

+0:3,60-yp 93)

In order to find the argument of the background fields
AV (AU, y,), one considers the zeroth order of Egs. (91)
and obtains

AUY = _[ﬁ0+ij +ﬁ0—ij]AZ(O)j
+[ﬁ0+i,/ — Mo j]AZ(O)j
—K [ﬁ0+i 0L + o0 ]Ayflo)
+x [ﬁ0+,- 00 —Ty_;00¢ ]A ) (94)

where the double variables are defined in analogy with (40).
Substituting (94) into (18), we obtain

AVH(AU;, ya) = AZ, (95)

and
AVAAUL, va) = k| B2 Mo + OFF Mossi | A2
—k [@)83 Mo_pi — OFF H0+bi] Az O

__[@) n @db]Ay(O)

3108 -

which is exactly (39) with z/ = x’. So, we can conclude that
the action (93) is equal to the T-dual action (36).

Comparing the solutions for the gauge fields (86) and (91),
we obtain the T-dual transformation law

& |asy, (%)

@ Springer

dryi = —2T4y; (A, AVE(AUI(E, Ya), Ya))
x [KG)ZF“(AZC AVU(AU (', Ya)s Ya)) 05 Ya + 352

FUOPBE(E VIR v 30) ©7)

These transformations are inverse to (80), so that 77 o T; =
1. Successively applying (97) and (61), using (A.29) and
(A.25), we obtain the ith component of the inverse law of
the total T-dualization (21). Its ath component is (61), so we
confirm that 7, 0 7; = 7.

7 Group of the T-dual transformation laws

In this section we will recapitulate the coordinate transfor-
mation laws between the theories considered. In Sect. 3, we
performed the T-dualization procedure along the coordinates
xa

T : S[x*] = S[x', yal, (98)

and obtained the following coordinate transformation law:
(45)

dpx® = 210 (x, AVIG, ya))
‘ . S
X |:H:|:bi ()Cl, AVE(X', Ya))a$xl + §3¥)’b
B (X, Ve, ya))] ©9)

where V¢ and ,BjE are given by (39) and (34). In the zeroth
oder this law implies

xWa = yOagy -y, (100)

In Sect. 4, starting from the action S[x’, y,] we performed
the T-dualization procedure along the coordinates y,

T, 2 S[x', ya] = S[x*], (101)
and obtained the transformation law (61)
9 ya = —20M4q, (x)dxH £ 2;3 (x), (102)

which is the law inverse to (99) and in the zeroth order it
implies

WO =y ). (103)
Multiplying the transformation law (99) from the left side
by Mica(x) = H:I:ca(xiv Avu(xi’ ya)), using (100), we

obtain the transformation law (102). So, we confirm that
T%0T, =1.
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In Sect. 5, starting once again from the action S [xf, Yal, we
performed the T-dualization procedure along the undualized
coordinates x'

T': S[x', yal > Slyul, (104)
and obtained the coordinate transformation law (80)
dpxi = —K@;"(AV(y))[aﬂM - 2ﬂj(V(y))], (105)

where V# and ,83: are given by (18) and (72). In the zeroth
order it gives
xOF = yOi gy (106)
The two successive T-duality transformations (99) and (105)
give the complete transformation (20), so that 7¢ o 7/ = 7.

In Sect. 6, starting from the completely T-dual action S[y],
we performed the T-dualization procedure along the coordi-
nates y;

T Slyul — SIx', yal, (107)

and obtained (97)
dryi = —2T04; (A", AVYUAU; (X', Ya), Ya))
x[KOF (Ax, AVAAU G, 30, ya)) s va +

FAOULE( VAU )| (08)
with V¢, U;, and ﬂff given by (79), (94), and (72). In the
zeroth order this law implies

y O =uO, ). (109)

Multiplying (108) from the left by
O (Ax!, AV (y)) = O (Ax', AVI(AUI(X, ya), ya)),

using (106), we obtain the transformation law (105), so that
T' o T; = 1. Successively applying (108) and (102), using
(A.29) and (A.25), we obtain the i th component of the inverse
law of the complete T-dualization (21). Its ath component is
(102), so we confirm that 7, o 7; = T.

We can conclude that the elements 1, 7% and 7,, with
d = 1,..., D, form an Abelian group. The element 7¢ is
the inverse of the element 7.

8 Dilaton field in the weakly curved background

The T-duality transformation of the dilaton field in the weakly
curved background was considered in Ref. [26]. For com-
pleteness and further use, we give here a brief recapitulation
of some basic steps of the treatment.

It is well known that a dilaton transformation has a quan-
tum origin. So, let us start with the path integral for the gauge
fixed action

Z = / dv! dvdy, e Six (Ve 0:7) (110)
where
Shix (V+, 0+y) = So + 1, (111)

with S7 being the infinitesimal part of the action
1
So =« / dzé[viHOJmuvi + E(vﬁ‘_a_yu — v53+yu)],

S| = dezg Vi (V)Y (112)

For a constant background (S; = 0) the path integral is
Gaussian and it equals (det 1'I0+W)’1. In our case the back-
ground is coordinate dependent and thus the integral is not
Gaussian. The fact that we work with an infinitesimal param-
eter enables us to show that the final result is formally the
same as in the flat case [26],

1 ;o

Z:/dy — TS, (113)
" det(I4 00 (V)

where *S(y) = % [ d?€ 3y, O (V)d_y, is the complete
T-dual action and I1;,,(V) = B, (V) + %G,w. Conse-
quently, although for the weakly curved background the func-
tional integration over v+ is of the third degree, it produces
formally the same result as in the flat space (where the action
is Gaussian),

*d =& — Indet /2111 4p.

Using the expressions for T-dual fields (43) we can find
the relations between the determinants

1 _ det Gyp
det(2°m14?) ~ V det*G?
B det Gy
~\ det* Gy’

where because of the relation I11,;, = B,y & %Gab we putin
the factor 2 for convenience. The symbol *G ,,, denotes met-
ric in the whole space-time after partial T-dualization along
x“ directions. With the help of last relation we can show
that the change of space-time measure in the path integral is
correct

‘ , 1
mdxzdxa — \/delm dya
= /det*G ., dx'dy,,

when we performed T-dualization 7¢ along x¢ directions.

(114)

det(2Itqp) =

(115)

(116)
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9 Comparison with the existing facts
9.1 T-dualization chain for the background with H flux

In this section we will compare our results with the T-du-

alization chain of Ref. [16]. The coordinates of the D = 3-

dimensional torus will be denoted by x!, x2, x3. Because

of the different notation, the background fields considered in

this paper and those considered in [16], which will be denoted

G and B, are related by

BH«U = —2B;u), g,uv = Gl,LLH H, V= 1,2,3. (117)
Nontrivial components of the background considered in

Ref. [16] are

By = Hx?,

Guv = b, (118)

which in our notation corresponds to the background fields

1
Guv = 8uv, Bin = —sz3. (119)
Let us first compare the results in the case d = 1, corre-
sponding to the transition

T' : torus with H-flux — twisted torus.

To do so, let us perform T-dualization along the direction
xbL Tl Six] — Sly1, x2, x3], for the string moving in the
background (119). The indices take the values a, b € {1} and
i, j € {2, 3}. Because the only nontrivial component of the
Kalb-Ramond field is B,;; = — % Hx38; , the effective fields
are just Gﬁv = 8, and 67 = 0. So, the T-dual background
fields (44), in the linear order in H, are

*Gij = éij, °Bij =0,

oGab — Sab oBab — 0

*G% = —Hx%8;5, °*B% =0. (120)

Therefore
1 —Hx> 0

Gy = | —Hx? I 0)]="Gu, (121)
0 0 1

and

*Buy =0="8B,,, (122)

so our result is in agreement with that of Ref. [16].
Now, let us make the comparison in the case d = 2, which
corresponds to the transition

T' o T2 : torus with H-flux — Q-flux non-geometry.

@ Springer

Instead to perform T? dualization, from twisted torus to 0-
flux non-geometry as in [16], we will start from the initial
background with H-flux and perform T-dualizations along
x'and x2, T' o T% : S[x] — S[y1, 2, x3]. The indices
take the values a,b € {1,2} and i, j € {3}. Because the
only nontrivial contribution to the Kalb—Ramond field B,y is
B, = —%H x3, the effective background fields are Gf =
Sabs Gg = 4;j, and the only nonzero component of 69 is
62 = %H x3. The T-dual background fields linear in H are
therefore

*Gij = 8ij, "GP =" *Gi =0, (123)
and
° o pl2 1 3 e na
B,‘j:O, B ZEHX s B ,':0. (124)
Consequently
1 0 0
.G;w = 0 1 0 = .g/w, (125)
0 0 1
0 —Hx* 0
*Buy = —2°By, = | Hx? 0 0], (126)
0 0 0

so the results of this paper and [16] in this case coincide.

9.2 Non-associativity of R-flux background and breaking
of Jacobi identity

InRefs. [18,19] we obtained T-dual transformation laws con-
necting T-dual coordinates y, with the initial coordinates
x". Here we will reduce our case to the 3-dimensional torus
with H-flux considered in [8]. Then, the full T-dualization
along all coordinates corresponds to the so-called R-flux.
So, we are going to calculate its characteristic features: non-
associativity relation and breaking of Jacobi identity.

We will work in the background of Sect. 9.1 consisting of
euclidean flat metric G, and Kalb—Ramond field with one
nontrivial component B, = — % H x3. T-dual transformation
laws for coordinates y, (u =1, 2, 3) are of the form

1 1
V= -m+ —Hx3x", (127)
K 2
1 1
L —my — —Hxx', 128
b Ifﬂz S Hxx (128)
V3 = —m3, (129)
K

where 1, 2, 3 are canonically conjugated momenta for

coordinates x!, x2, x3, respectively. The initial space is a

geometric one, so, the standard Poisson algebra is satisfied,
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{x*(0), m,(0)} = §",8(0 —5),

{xt, x"} = {7y, 7} =0. (130)
From (127)—(129) we obtain

1
{y.(0), y,(@)} = _ZHEMU,OX/'OS(G —0), (131)

which, after two partial integrations, produces

1
(@), (@)} = S-Heurp [x*(0) = x"(3)]6(c — &),
(132)

where €,,,, is the 3-dimensional Levi-Civita tensor (123 =
1) and the function 6 (o) is defined as

0 if 0=0
0()=1{1/2 if 0<o <27,
1 if o=2n

o €0, 2n]. (133)

Using the standard Poisson algebra (130) and transformation
laws (127)—(129), after one partial integration, we get

{{y,4(01), w(02)}, yp(63)}

1
= WHSW,) [0(02 — 01)8(01 — 03)

+0(01 — 02)0(02 — 03)], (134)

Now we have all ingredients to calculate the non-
associativity relation

{{yu(o1), yu(02)}, yp(03)} = {yu(o1), {yv(02), yp(03)}}
1
= 2_1(21'15;/,11,0 [20 (03 — 02)0(02 — 01)
+0(01 — 03)0(03 — 02) + 0(03 — 01)0(01 — 02)]
(135)
and breaking of Jacobi identity
{yu(o1), yu(02), yp(03)}
= {{yu(ol)s yv(UZ)}s yp(03)}+{{yv(02)» yp(US)}, yu(gl)}
+{yp(03), yu(o1)}, yv(02)}
1
= EHS’”” [0(01 — 02)8(02 — 03)
+ 0(03 — 01)0(01 — 02) + 60(02 — 03)0(03 — 01)].
(136)

For example, for 01 = 27 + ¢ and 0, = 03 = o one has

1
{yu@m +0),y(0),y,(0)} = —;Hewp. (137)
In the approach of this article, the background of the T-
dual theory depends on the non-local variable V#, which
incorporates the main features of the non-geometric spaces.

Reducing our procedure to three dimensions and using the
backgrounds of Refs. [8,16,27], we showed that our structure
of arguments of background fields proves the proposal of
Refs. [8,27] that non-associativity and breaking of Jacobi
identity are features of R-flux background.

9.3 Critical surface

Let us generalize the discussion of Ref. [20] where the
critical surface, which separates equivalent sections of back-
ground fields, generalizes the critical radius. Using the dila-
ton field analysis, namely the relation (115), we can conclude
that T-duality maps the theories with a given

det(2M+4p)

into the theories with

1/ det(2M+ap),

so that all different theories are in the region
det(2I144p) < 0.

The theories which background fields satisfy the condition
det(2l1445) = 1, are mapped into each other under T-
duality. This is a generalization of the critical radius and can
be consider as a critical surface. So, relation (115) implies
Jdet Ggp, = vV det *G*, which means that a dual volume is
equal to the initial one. At the critical surface the extended
symmetry should be expected.

Let us, following [20], give an example of the relation
between the original and T-dual background fields. We will
consider the initial background in the 4-dimensional torus
T4 given by

Guv =88, Buy=VE],, (138)
where
0 0 0 1 0 0 1 0
0 0 1 0 0 0 0 -1
1 2 _
E=lo -1t o of 5|1 0 0 of
-1 0 0 0 0 1 0 0
0 1 0 0
-1 0 0 0
3
E=l"0 o o 1l (139)
0 0 -1 0
satisfies
E'El =81+ EF, &P =1 (140)
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The zero modes of the T-dual metric and T-dual Kalb—
Ramond field (17) for the initial fields (138) are

* MUV —1 _ 8
GM = (GH" = e (141)
and
1 b :
s = Koo — 7 pi (142)
2 224+ b2

with b> = b'b'. They have the same form as the initial fields
(138)

*Guv =88, *Buy ="b'EL,. (143)
with

i
%:ﬁ, * =_g2bW‘ (144)
One easily shows
*o? 4 = ﬁ. (145)

In spheric coordinates one has

(g, b, b%, b*) = (rcos6, rsinf cos g,

r sin @ sin ¢ cos @1, r sin 6 sin ¢ sin ¢1),

(146)
so g2 + b?> = r?, and using (144) one obtains
(*87 vlbl7 *b2’ *b3)
1 1 . 1. .
= | —cosf, ——sinf cos ¢, —— sin 6 sin ¢ cos ¢1,
r r r
L. . .
——sinfsingsingg | . (147)
P
Therefore, T-duality transforms (r, 8, ¢, ¢1) to
* * * * 1
( r, 0’ (ﬂ, (ﬂl) = ;9 _65 (pa (Pl . (148)
From the relation l'IjEG_ll'I¥ = —%GE we find
gz
det(2Myyy) = = = (g% +bH)> =r*. (149)

8

Backgrounds corresponding to r = 1 are mapped into them-
selves. The subset of this is the fixed surface with the condi-
tion

det2Myy) =r*=1,6 =0

org =1, b =0.

@ Springer

10 Conclusion

In this paper, we considered the closed string propagat-
ing in the weakly curved background (6), composed of a
constant metric G, and a linearly coordinate dependent
Kalb—Ramond field By, withinfinitesimal field strength. We
investigated the application of the generalized T-dualization
procedure on the arbitrary set of coordinates and obtained
the following T-duality diagram:

Sz, ya]

St ~ Sy,

Let us stress that generalized T-dualization procedure
enables the T-dualization along arbitrary direction, even if
the background fields depend on these directions. The con-
sequence of this procedure is that the arguments of the back-
ground fields, such as AV¢, are non-local. They are non-local
by definition, as they are the line integrals of the gauge fields.
Once the explicit form is obtained the non-locality is seen in
a fact that they depend on double coordinates x and y, which
are the line integrals of the t and o derivatives of the original
coordinates. To all the theories considered, except the initial
theory, there corresponds the non-geometric, non-local flux.

The generalized T-dualization procedure was first applied
along arbitrary d (d = 1,..., D — 1) coordinates x¢ =
{x#1, ..., x"}. We obtained the T-dual action S[x', y,],
given by Eq. (36) with the dual background fields equal to

k=l b
My =My, "ML = —«M4,07,

MY, = k@M, IV = 26 (150)

59—
The argument of all background fields, [xf, Va(xt, Ya)l,
depends nonlinearly on coordinates x*, y, through their dou-
bles &', 7, [see (39) and (40)]. All actions S[x’, y,] are phys-
ically equivalent, but they are described with coordinates
xt = {xtat1  x"D} forthe untreated directions and dual
coordinates y, = {yu;, .., Yu, ), for the dualized directions.
The case d = D corresponds to the completely T-dual action
with the T-dual fields §©""(V (y)) and the case d = 0 to the
initial action with the background IT ;, (x).

Applying the procedure to the T-dual action along dual
directions y, = {Yu;,-..,Yu,} We obtained the initial
theory, and applying it to the untreated directions x' =
{xHatr ., x"P} we obtained the completely T-dual the-
ory. All these derivations confirmed that the set of all T-
dualizations forms an Abelian group. The neutral element
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of the group is the unexecuted T-dualization, while the T-
dualizations along some subset of original directions 7¢ is
inverse to the T-dualizations along the set of the correspond-
ing dual directions 7.
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Appendix A: The background field compositions

The background field compositions I, of the initial theory
are

1

Iy, =B = EGW’ (A.1)

where G, and B, are the initial metric and the initial Kalb—
Ramond field. The background field compositions ®;” of the
T-dual theory are

2 1

O = —~ (G5 MG " =" £ —(GEH™,  (A2)
K K

with G g, being the effective metric

Gepw = Gy —4(BG™'B) 40, (A.3)

and OV being the parameter of non-commutativity

v 2 -1 —1\puv

0" = —— (G, BG ). (A4)
K

These background field compositions satisfy

1
My, 0F =64 Ny, = Zag. (A5)

Let us define the analogs of ®4" in the d- and D — d-
dimensional subspaces determined by coordinates x¢ =

{x#t ..., xH4} and xl = {xHa+l . ., xH*DP}, where d =
1,2,..., D — 1. The effective metrics in these subspaces
are defined by

GEab =Gu — 4Bac(é_1)CdBdb’

Grij = Gij — 4By (G~ By;, (A.6)

where Gy = Ggp and G,-j = G;j. Using these we define
the following field compositions:

- 2 . .
0F = —=(GE) " Meea(GTHY,

i 2 . _
Of = == (G Mau(GTHY, (A7)
which are in fact the inverses of 2« [1+4p and 2« T4
. ~ 1
b b
(")1 H:Fbc = H:Fcb® ¢ = E(Sg,
&Ml = Moy @ = s A8
13k = UFh e T 5 % (A.8)

Analogously as the fields theta @iv defined in the whole
space by (A.2), the theta fields defined in the subspaces can
be separated into antisymmetric and symmetric parts as

~ ~ 1 -
@t:ltb — eab :F ;(Ggl)ab’

. .. 1 - .

O =67 F ;(GEl)”, (A.9)

where

- 2 . ~

Qab = _;(GEI)HCBCd(G—l)db’

_.. 2 _ , _ .

0" = —-=(GH*Bu(G™HY. (A.10)
K

In the zeroth order the quantities T4y, o1, eub , and

O reduce to

1
HO:i:uv = b;u) + EG/wv

2 _ 1
@51 — _;(g I)MPHing(G l)ov — 96” T ;(g l)uv7
~ 2 ~_ ~ _ 1 .
0% = —Z (@ H Mowea (GHP =050 7 — (g7 H,
K K

. 2 R D
Ofy = —= @ H* Moz (GHY =0 £ @ ",
K K

(A.11)
where the zeroth order effective metrics are
guv = Gy — 4bup (G~ by,
Zab = Gap — 4bac (G~ )by,
gij = Gij — 4bi (G HM by, (A.12)

and the zeroth order non-commutativity parameters are

2
0" = == (™" bps (GTHT,

~ 2 ~
0" ==~ @ " bea(GTH

o
e
I

—%(g‘l)”‘ b (G™HY, (A.13)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

576 Page 16 of 17

Eur. Phys. J. C (2015) 75:576

et nwv  Nab S .
Quantities Mo+, Oy, Of;, and O, satisfy

Vo PV _ 0
HOiw®0¢ = 04 Mogvp = Z‘Sw

2be _ @b »
Mo+ab Ops = O Hogpa = Z(S;,

1
Mo o(,jF = O, Moz = Zalf. (A.14)

1

The non-commutativity parameters theta ®’f, ®4b , and
@Y can be expressed as

AV Y
OL" = 041 — 2O hpo OF
@(Jb — @0
i @il
Of = 0Oy,

~ac
— 2k O:I:th®():|:’

— 2K®Oi]’lkl ®0i. (A.15)
Appendix A.1: Relations between field compositions

In Sect. 3.2 we introduced the background field composition

Maij = Maij — 2 Mg O sy, (A.16)
and analogously we define
ﬁ:tab =14, — 2Kn:|:ui®¥r[:|:jb~ (A.17)

Here we will show that these quantities are the inverses of
the ordinary non-commutativity parameters theta, projected
to the i- and a-subspaces [see (A.22)].

Let us express the tensors I14,, and ©4", which satisfy
(A.5), in a block-wise form as

_ o My s w ®i' e
nip,v = <H:I:aj H:I:ab) s ®j: - ®a] @11; .
(A.18)

We will use the definition of block-wise inversion, which
states that the inverse of the matrix of the form

(2 5)

equals

(A.19)

M—l
_ ( (A—BD o)}

A7'B(D—-CcA7'B)!
—-D'c(A-BD'0O)!

(D—CA~'B)™!
(A.20)

Applying (A.20) to the first matrix in (A.18), Eq. (A.5)
implies

y 5 .
2K@l:']: = (H:I:ij — ZKH:tia@)‘:i:bH:tbj) ,
20 = —2k O M jo(Map — 2k M ON Tayp) 1,

@ Springer

2/(@;'/ = —2/<C:)‘__‘Fbl'lib,-(l'li,’j‘ — ZKH:tiC@;:dnidj)71 s
20% = (Migp — 26 OL T j) 1, (A21)

and we can conclude that (A.16) and (A.17) are the inverses
of 2k @” and 2« @“b respectively. So, we can write

13 1 k

M0l = ek ni,, = 2/<8"’
- bc ch Ty 1 c
NiapOF = OL T, = Zéa, (A.22)
and

ib S b
OF = —2«6M;,0%,
0F = —2c0% M1y O (A.23)

Applying (A.20) to the second matrix in (A.18), Eq. (A.5)
implies

2Tzj = (07 — 2K®§f .05 71,

2 Mip = —2k T4 O (@“" 260U Ty ©0) 71,
2Ty = —2u 110 (O] 2K®i0ﬁ¥cd®if)—1,

2 Map = (O — 2O 4,071, (A.24)
so using (A.8) we conclude that

L N . .

0 = 0 — 2O T4+ 07,

0% = 0% — 0% T4, 07, (A.25)
and

ey = —ZKﬁp‘j@i{ll—l;ah,

My = —2k Mgy O T (A.26)

Let us derive some useful relations between these quan-
tities. Equation (A.5), foru = a,v=iand p =i,v = a,
becomes

niab®bi
[JER @j

= T, O
Hilb®

:F 9

(A.27)
while taking 4 = a,v = b and u =i, v = j we obtain
1

Maiae®F + M0 OF = -8,
1

M+,0Y + My 0Y i) 2—5’ (A.28)
K

Multiplying Eq. (A.27) from the left with (:)SF“ and from the
right with ITx;; we get the relation

O Mt = —OF Mar, (A.29)
while multiplying Eq. (A.28) from the right with @kl nd
from the left with Hiac, we obtain

®]:(|§l ﬁ:I:ac =

— O M. (A.30)
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Abstract We consider the closed string moving in a weakly
curved background and its totally T-dualized background.
Using T-duality transformation laws, we find the structure
of the Poisson brackets in the T-dual space corresponding
to the fundamental Poisson brackets in the original theory.
From this structure we see that the commutative original
theory is equivalent to the non-commutative T-dual theory,
whose Poisson brackets are proportional to the background
fluxes times winding and momentum numbers. The non-
commutative theory of the present article is more nonge-
ometrical than T-folds and in the case of three space-time
dimensions corresponds to the nongeometric space-time with
R-flux.

1 Introduction

It is well known that the open string endpoints, attached
to a Dp-brane, are non-commutative [1-12]. The non-
commutativity is implied by the fact that for the solution
of the boundary conditions the initial coordinate is given as a
linear combination of the effective coordinate and the effec-
tive momentum, which have a nonzero Poisson bracket (PB).
In the constant background case, the coefficient in front of
the momenta is proportional to the Kalb—-Ramond field B,,,,
whose presence is crucial in gaining the non-commutativity.

The closed string does not have endpoints and in the flat
space the boundary conditions are satisfied automatically.
But, to understand the closed string non-commutativity, we
are going to use a explanation similar to the open string case.
We will express the closed string coordinates in terms of
the coordinates and momenta of some other space. The rela-
tion between different spaces will be established using the
T-duality transformations.

2 e-mail: ljubica@ipb.ac.rs
b e-mail: bnikolic@ipb.ac.rs

¢ e-mail: sazdovic @ipb.ac.rs

The T-dualization along isometry directions, and the con-
struction of T-dual theory was first realized through a Buscher
procedure [13,14]. The procedure is in fact a localization
of the translation invariance symmetry, in which beside the
covariantization of derivatives one adds the Lagrangian mul-
tiplier term to the action, which ensures the physical equiv-
alence of the initial and the T-dual theory.

In flat space, T-duality relates o -derivatives of the coor-
dinates of the original theory with the momenta of its T-dual
theory, and vice versa. As the momenta of the original the-
ory are taken to be commutative, it follows that the coor-
dinates commute as well. So, in flat space there is no non-
commutativity of the closed string T-dual coordinates. This
is in agreement with the fact that T-duality is a canonical
transformation in the flat space, and with the fact that PB’s
are invariant under such transformations.

The closed string non-commutativity was first observed
in the papers [15], and investigated further in [16-20], where
it was found that the commutators of the coordinates are
proportional to the flux and the winding number.

Let us briefly describe the result of Ref. [16], following its
notation. After 7-dualization along the X I coordinate, one
obtains the twisted torus with coordinates Y%(a = 1, 2, 3)
and f-flux. After additional T>-dualization along X> = ¥?
one obtains the nongeometric background with coordinates
Z% and Q-flux. Using the standard Buscher prescription one
cannot perform T3-dualization along the coordinate X3 =
Y3 = Z3 because the Kalb—-Ramond field By, depends on
Z3. But it is argued in Refs. [16,21,22] that T3-dualization
leads to a nongeometric background with R-flux configura-
tion and W¢ coordinates presented in the T-duality chain,

Hoper X4 25 o ya By gab za I gave yya ()
In the paper [16], the non-commutativity of the nongeomet-
ric background (Z¢ with Q-flux) has been obtained using

its T»-duality connection Z¢ = Z*(Y“) with the geometric
background (twisted torus with Y and f-flux).

@ Springer
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In our paper [23], we performed a generalized Buscher
T-dualization procedure along all the coordinate directions.
It corresponds to the T = T7 o Tp o - - - o Tp-duality relation
Yu = Yu(x"), connecting the beginning and the end of the
T-duality chain:

H;wp» xH i (fl);wpa x{l 2) (fZ)p,u,m xg B) cee
2) (fD)pwp, xg = Yu>

where (f;)up and xl”, (i = 1,2,..., D) are fluxes and
the coordinates of the corresponding configuration. In D-
dimensional space-time it is possible to perform T-duality
along any subset of coordinates. For simplicity, in the present
article we will T-dualize all the directions. The general case
will be published separately.

We considered the bosonic string moving in a background
with constant metric G,, = const and the linear Kalb—
Ramond field B, = by, + %B#prp, where the field
strength of the Kalb—-Ramond field B, is infinitesimally
small (for more details see the introductory part of Sect. 2).
The T-dual theory obtained is of the same form as the initial
theory, so that the T-dual string moves in the T-dual back-
ground, but in the doubled space given by the coordinates
Yu, Yu. The dual coordinates satisty the following condi-
tions: y, = y,, y, = ¥, The improvement, in compar-
ison to the standard Buscher procedure, is the covarianti-
zation of the coordinates x**. In fact, because x* is gauge
dependent, it is replaced by the gauge invariant expression
Axﬁw = f dé% Dy x*. As pointed out in [21,22], the T-dual
background of the present paper is of the ‘new class that is
even more nongeometrical than 7-folds’. Unlike the T-folds,
this background is not a standard manifold even locally. In
our formulation, this stems from the fact that the argument of
the background fields Axi’fw is the line integral. Some authors
argued that such a spaces (for D = 3 known as R-flux back-
ground) involve nonassociative geometries [24].

In the canonical formalism, the T-dual variables can be
expressed in terms of the original ones in the simple form
v, = ftmy — B [x]and *m# = kx4 126" ) [x]. The
infinitesimal expression /32 is an improvement in compari-
son to the flat background case. Because the coordinates and
momenta of the original theory do not commute, ,32 is the
source of the closed string non-commutativity.

We will follow the main idea of Ref. [16], using the T-
duality transformation laws between the T-dual backgrounds
in order to study the non-commutativity of the coordinates.
In the paper [16], the T>-duality connects coordinates Z¢ =
Z%(Y“) of the nongeometric background (Z¢ with Q-flux)
and the geometric background (twisted torus with Y and
f-flux). We performed the T-dualization procedure along all
the coordinates, and we obtained the T-duality transformation
Yu = yu(x*) of the locally nongeometric background (the
end of the chain (1.2) with y, and fp-flux) and the geometric

(1.2)

@ Springer

background (torus with H-flux in the beginning of the chain
(1.2)). In both approaches it was assumed that the geometric
backgrounds (described by Y in[16] and by X“ in our paper)
have the standard commutation relations. The PB between the
Yy is proportional to the flux B, and the winding number
N™ of the initial theory. In addition, we obtain the complete
algebra of the T-dual coordinates and momenta in terms of
the fluxes.

For D = 3, the case of the present article corresponds to
T-duality, T = T} o T; o T3, which connects the coordinates
W = W4(X?) of the nongeometric background (W¢ with
R-flux) and the geometric background (torus with X“ and
H-flux). In comparison to Ref. [16], this procedure contains
one T'-dualization more, 73-dualization along the coordinate
X3 = y3 = Z3, which cannot be done using the standard
Buscher prescription because the Kalb—Ramond field B
depends on Z 3. Thus, in terms of Ref. [16], we obtained the
non-commutativity of the nongeometric background, with
R-flux configuration. This background does not look like the
conventional space even locally.

At the end we give three appendices. In the first one we
derive in detail the expression for the dual momentum *#,
while in the second one we present a list of the fluxes used
in the paper. The third appendix contains the mathematical
details regarding the transition from PB {AX, AY} to PB
{X, Y}

2 Bosonic string in the weakly curved background
and its T-dual picture

Letus consider the closed string moving in the D-dimensional
space-time, in the coordinate x*(zr,0), 0 =0,...,D — 1
dependent background, described by the action
S[x] =« / A€ 84" Ty [x] 0-x". .1

by
We suppose that all the coordinates are compact, with radii

R,,. The background is defined by the space-time metric G,
and the antisymmetric Kalb—Ramond field B,

1
Mty [x] = Buy [x] £ EG’” [x]. (2.2)
The light-cone coordinates are
:l: 1
s = E(T i0)9 8:|: = 8‘[ + 809 (23)

and the action is given in the conformal gauge (the world-
sheet metric is taken to be gug = e2F Nap)-

World-sheet conformal invariance is required as a con-
dition of having a consistent theory on the quantum level
[25-28]. This results in the following space-time equations
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for the background fields:

1
Ruy — 7 Bupe B =0, D,B", =0,

J 2.4)

in the lowest order in the slope parameter o’ and for the
constant dilaton field & = const. Here

B = 0 Byp + 0y By + 9By (2.5)
is the field strength of the field By, and R, and D, are
Ricci tensor and the covariant derivative with respect to the
space-time metric.

We will consider a weakly curved background [11,12,16,
23,29-31] defined by

G [x] = const,

1
B;w [x] = b;w + hp,v [x] = b;w + §B,uvpx'0a

by, Byyp = const. (2.6)

Here, the constant B, is infinitesimally small, which,
according to [15,16,18-20], means that we will assume that
the D-dimensional torus is so large that for any w, v, p

Buvp

__ Ky 1,
R.R,R, <

2.7
where R, (u =0, 1, ... D — 1) are the radii of the torus. For
simplicity we will take Ry = Ry = --- = Rp_1 and rescale
the background fields according to Appendix A of Ref. [16].
The background (2.6) is the solution of Eq. (2.4) in the first
order in the B, approximation of closed string theory of
Eq. (2.1).

2.1 T-dual bosonic string

The T-dualization of closed string theory in a weakly curved
background was the subject of investigation in [23]. There
we presented the T-dualization procedure performed along
all the coordinates, in a background which depends on these
coordinates. Here we will give a short overview of the most
important results.

The T-dual picture of the theory is given by

Syl =« / d?g 84y, T [AV [y]] 9—yy

i 2 wv
— / @& 343, 0" [AV [y]] 3y, 2.8)
with
ny 2 -1 —1\uv LV 1 —1\puv
OL = =Gy MLG™HY" =0 5 — (G )",
GEpy = Gy —4BG7'B) . (2.9)

The dual background fields, defined in analogy with Eq. (2.2)
as *T1L" = *BH £ %*G’“’, have the form

*GM AV [yl = (GEH™ [AV [y]],

K
*BMIAV Y = 56‘” [AV [¥]]. (2.10)

Using the terminology introduced in the open string case,
they are equal to the inverse of the effective metric G 5v and
proportional to the non-commutativity parameter 6#". Their
argument is given by

AVH [yl = —k0)" Ay, + (87" ATy, @2.11)
where
Ay = /(dfy'u +doy,) = yu&) — yu(o),

P (2.12)

A, = /(dry;L +doy,).
P

and

2
guv = Gy — 4(bGT'b)y, O = —;(g—le—lw“
(2.13)

are constant finite parts of the effective metric and the non-
commutativity parameter. The variable Ay, is path indepen-
dent on the zeroth order equation of motion. T-dual theory is
defined in the doubled space, defined by the two coordinates
yu and yy, related by the expressions y, = 3,,, v, = yLM.

2.2 Transformation laws
The T-duality transformation connecting the variables of the

closed string theory in the weakly curved background and its
T-dualized string theory is [23]

dpx" = —kOL" [AV][dxyy £28F [V]]. (2.14)
with
+ 1 0 1 1 v
:3” [x] = E(ﬁ,u + IBM) = :th/w [x] aZFx ’
By [x] = hyy [x1x", B [x] = —hy, [x] 5" (2.15)

From Eq. (2.14) we can find the transformation law for x*

and x*:

HE e [AV] P+ (G AV (g~ B V]
+x0y BLIV] (2.16a)

X Z(G Y TAVT Gy — k0" [AV]y, — <0} B) V]
—(g "B V] (2.16b)

Using the expression for the canonical momentum of the

original theory,

8S

T = i K [lefc” — 2B, [x]x/”] ,

(2.17)

@ Springer
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and the T-dual canonical momentum,

5* _ .
At = —= = k(G )" AV [yl

Syu
—OM [AV [¥]ly, — k(@B [V V]I,
derived in Appendix A, we rewrite the above transformations
in canonical form:

*

(2.18)

1
Xt = - *wh— i) BV, (2.19a)

T = Ky, + kB V], (2.19b)

with g7} [V] defined in Eq. (2.15). It is shown in Ref. [23]
that the T-dual of the T-dual action is the original one. The
corresponding T-dual transformation of the variables law is
the inverse of Eq. (2.14),

0y = —2Mgy,, [Ax]0cx” F 267 [x],

and so the transformation laws for y,, and y/; are equal to

(2.20)

Y = 2By [x]5” + Gpux” + B [x,

¥, = Guui” — 2By, [x]1x" — By [x].

(2.21a)
(2.21b)

Using Eqs. (2.17) and (2.18) we obtain the canonical form
of the T-dual transformations,

1

T — By [x], (2.22a)

k=™ 4+ 204 B [x). (2.22b)

In the zeroth order one has x(©#* = V# and it is easy to see
that Eq. (2.22) is the inverse of Eq. (2.17).

Because the T-dual theory is defined in the doubled space,
we will need the canonical expression for -)N}l/l. = yu. Using
Egs.(2.21a) and (2.17), we obtain

S~ 2 1 —1\vp
Yy =—= B[Ax]+§h[x] (G )"m,

K v

+ (GE [Ax] — 2k [x] G—lb) X, (2.23)

v

3 Non-commutativity relations between canonical
variables

We want to establish the relation between the Poisson struc-
tures of the original and T-dual theory. The initial theory is
the geometric one, described by the canonical variables x*
and . Thus, we choose the standard form of the PB’s in
the original space, which are

{x"(0), my(0)} = 8}/8(0c —5), {x"(0),x"(6)} =0,
{mu(o), my(0)} =0. (3.1)

The T-dual theory is the nongeometric one, defined in the
doubled space, with two coordinates y,, and y,, connected

@ Springer

by relations y,, = y,,, v, = ﬁﬂ Using the T-duality transfor-
mation laws, we search for the corresponding Poisson struc-
ture in T-dual theory i.e. the expressions for the PB’s between
the T-dual string coordinates y, (o), ¥, (o) and momenta
*m" (o). This is done considering the brackets between

o

AY, (0, 00) = / dn Y., (1) = V(@) — Yy (00)

o0

(3.2)

Y, = yu, Y, and calculating the equal time commutators.
The fact that T-dual coordinates under T-duality transform
to both coordinate and momentum dependent expressions
enables non-commutativity. The relation of the form

{X,,(0), Y, (0)} = K, (0)8(0 = &) + Ly (0)8'(0 = &)
(3.3)

implies the following relation (derived in Appendix C)
between the coordinates

{Xu(r,0), Y, (1,0)}

= - [KW(U) — Kuv(0) + LW(6)] (o — o), (3.4)

where 0(o) is the step function defined in Eq. (8.6).

In flat space the coordinate dependent part of the Kalb—
Ramond field is absent, i, = 0, and consequently ,32 =0.
Thus, from Egs. (2.22a) and (2.22b) follows )’;/L = %nﬂ and
*mH = i x'*. Therefore, the PB of the canonical variables of
the T-dual theory remain the standard ones, the same as in the
original theory. So, the nontrivial infinitesimal expression 8,
which exists only in the coordinate dependent backgrounds,
is the source of the closed string non-commutativity.

Using the transformation laws (2.22a) and (2.23), we cal-
culate the PB’s {y/,, .}, (¥,(0), 5,(5)} and (5, (o), 5,,(5)}
and express them in the form of Eq. (3.3) with K and L equal:

L {y, vl
3 1 o
K;w [x] = ;h;w [x] = ;Buvpx > L;w =0, (3.5)
2. {y )
K =200 [71= 8 [ 1 G- b+-6G—1n
o [, F] = Sy [7] =2 [ 11 G ot ]

v

| 6 ~ _
Ly [¥] = <guv = = [h x1G~'b 4+ bG lh[x]]lw

(3.6)

with

1
= (G Y, +2(GT' B ", (3.7)
K
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Using Egs.(2.6) and (7.2), expressions (3.6) can be
rewritten in terms of the fluxes:

[ T R
Ky [x, %] = ;Buvpxp - ﬂrp,uuxpa
3
L,uv [x]= ;guv - er,ﬂvxp, (3.8)

3. Ve W0}
3 24
Ky X1 = —hyy [x] + —— [bh [x] D]
+g [n[5]6—0bn[5]],,. Lu=0. (3.9

In terms of fluxes it becomes

1
Ky = T [Bzwp — 08pa Qa/?)gﬁd xP

3 E E 4 —1 ~
- [_ﬂ (Flwp - Fu,up) + ;B’”"(G b)% | X7,

(3.10)

E
where I}’ )

and Q. are defined in Egs. (7.1) and (7.5).
For the above values of K and L, the relation (3.4) gives
1
(@), 30 (@)} = =By [x7(0) — x"(&)]0(c — &), (3.11)

1
{yu(G), (@)} =~ {;Buvp [ip(a) - iﬂ(&)]

3 _
—ngE,W [xp(a) — xp(a)]
1 3
+oguw — 5 Ty, x" @) }9(0 -&), (3.12)

—_

{yu(o-)’ W)} = — {** [Buvp - 6gana€;gﬂv] [Xp(o') - Xp((})]

=

3 . 4 |
" [_ﬂ (F#’W’ - rww) + = Bus (G b)’%,

x [ (o) — i ()] }9(0‘—5‘)4 (3.13)
After two-dimensional reparametrization, the o depen-
dent part takes the form

[X*(f(0) = X" (f(@N]O1f(0) = f(@)],

where f(o) is a monotonically increasing function with
properties f(0) = 0 and f(2w) = 2m. Therefore, the PB
between different points is not reparametrization invariant.
For fixed points, it can be fit to be arbitrary small, by the
appropriate choice of the function f (o). So, only PB’s at the
same point are physically significant.

Taking 0 = o we find that all PB’s vanish, and conse-
quently the coordinates commute. But, taking o = 0 427 in
the non-commutativity relation between the dual coordinates

y’s (3.11), we obtain the closed string non-commutativity
relation

. 2m
{yulo +2m), yu(0)} = _TB’“)'ONP' (3.14)

Here, N* = % [x"* (o 4+ 2m) — x"(0)] is the winding num-
ber of the original coordinates. In Sec. 4, we will compare
this relation with the result of Refs. [16,18-20].

Similarly, from Eqgs. (3.12) and (3.13), we obtain

{ulo +27), yu(0)} + {yu(0), Yv(o +21)} =

47 s
B+ T (3FE
K2 o P" K

P (3.15)

_ 8me*p) N”,
and

{Yu(o +2m), yu(0)}

2w
= 7 [_Bp,vp - 6gpwt Qa/f)gﬂv + 2Buvkgkp

VA FE#A) bAP ] N?
i
+= [3 (rf,up - I‘Eup> PP — SmeAp] PP, (3.16)
Using Eq. (3.7) and integrating from o to o + 27 we have
1
— [¥*(o +27) — 3" (0)]
2

1
- ;(G”)va +2(G™H* b N, (3.17)

where
o+2n

1
Pu= 5= f dnm, (n). (3.18)

To complete the algebra, using the expressions (2.22) and
(2.23) and after one o integration, we find that the algebra of
Yu» Y and *m# is of the following form:

[yu(@),* 7V ()} = 8,"8(0 — &) + khyy [x(0)]6]" x 8
(0 — &) +rhy, [x'(6)]05"0(c — o),
{iu((f),*ﬂv((_f)}

~ [—ZbG_l —3h[x(0)] G~ ' =2kbh [x(0)] 90] ! S(oc — &)
i

(3.19)

- [3h [x'(3)] G~ +2«bh [x' ()] 90] "0 —5), (3.0
In

(3.21)

{*7* (o), *7" ()} = 0.

Note that at the zeroth order one has {y,(0),*7"(0)} =
8,8(c —0o)and{y, (o), *n"(0)} = —2b,/8(c — &), so both
doubled space variables y, and y, have a nontrivial PB with
*h

4 Comparison with the previous results

Let us mention that the case considered in the present
paper is different from that of Ref.[16]. In Ref.[16], the

@ Springer
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non-commutativity relations in the nongeometric back-
ground with Q-flux where established, which are given
in terms of winding numbers on the twisted torus N3 =
% (Y3((r +2m) — Y3((r)). In the present article, the non-
commutativity of the nongeometric background, which is not
standard even locally and for D = 3 turns to R-flux back-
ground, was obtained in terms of the winding numbers on
the torus with H-flux N* = ;- (X" (0 4 27) — X" (0)).

4.1 The brief overview of the results of Ref. [16]

Before comparing the results of our paper with those of Ref.
[16] let us shortly reexpress the result of Ref. [16] using its
notation. From the last identification in Eq.(2.17) and the
first relation in (2.25) of Ref. [16] it follows that
YL =YY+, 4.1
Using the expression for G5 (Y3) for the twisted torus (Table
1) of Ref. [16] we find

m =Y - HYJY, m=Y>—HYJY], (4.2)
and consequently
7T()1=Y.'01, NHQZY.'E[—YOSYOIZYI%I—Y(?NOL (4.3)

The T»>-duality along Y2, from the twisted torus to the
nongeometric background produces

Zl=y' =y + HY]YS, 2P =Y - HY(Y]

=my =nmn+ H (lei — Y3N01> . “4.4)
Thus, we find the PB
(2Y(0), 2% @)} = (Y (0), m2(5))
—H [Yg(a) - Yg(&)] 8o (0 — ). (4.5)

Note that 8>, (0 — 7)) is a 2z periodic §-function, §r (o) =
Y nez 8(a — 2mn), so the periodic parts in the bracket in

front of the §-function disappear and we obtain
(2(0), 2%@)} = HN*(0 = 6)822(0 — 3). (4.6)

Here N3 is the winding number of Y3, which has the general
form

Y5 (@) = N0 + Yirioaic (0).

Ci

%))

The expression ada, () is zero for @ = 0, but it is different
from zero for o = 2nmw (n € Z,n # 0).
The integration over &, from oy to &, produces

(ZY(0), Z%3)} — (2" (0), Z*(50))

=~ L HN3F(o —6) - Fo — 60, (4.8)
27

@ Springer

where
o
2z / dnnéax () = F(a) — F(ap), 4.9)
a0
and
F(a) = Z ie—""“ +ia Z le_i”“ + a—z (4.10)
n? n 2 '

n#0 n#0

The function F («) is even, F(—a) = F(a),and F(0) = %,
So, the result for the PB itself,

(ZY(0), Z*(5)) = —%HN3 [F(o — &)+ Cl, 4.11)

is in fact equation (4.41) of Ref. [16] up to some integration
constant C. The undetermined constant C corresponds to the
contribution of the zero modes of the undetermined com-
mutators, because one started with the o-derivative of the
coordinate Z2. The choice of Ref. [16] in subsection 4.4.2
is C = 0, which produces the expression (4.41) of Ref. [16]
and the non-commutativity at the same point, 0 = 7,

(Z\(0). Z2(0)) = ———HN3F(0) = ~ZHN3.  (4.12)
21 6

As was pointed out in Ref. [16], ‘other reasonings could
as well be pursued’. Following the line of our paper one may
require that coordinates are commutative at the same point
(o = 0), which produces

72
C:—F(O):—?. (4.13)
Thus, with this choice one has
2
1 2, - 3 - T
{(Z'(0),Z°(6)} = HN [F(o—a)—?}, (4.14)

and one obtains the non-commutativity for o = 27 + 7,

(Z' (o +27), Z*(0)} = THN>. 4.15)

4.2 Similarities and differences

Although we analyzed the different cases, let us compare
some general features of the results considered. In both
approaches the commutators are infinitesimally small and
they close on some winding numbers. Note that, in gen-
eral, we can connect any geometric background with every
nongeometric background from the chain of T-duality (1.2).
Using the T-duality transformations we can calculate the non-
commutativity of the coordinates of the nongeometric back-
ground in terms of the winding numbers of the geometrical
background.

For arbitrary o and &, the o-dependence is different. In
Ref. [16], up to the integration constant C, it is equal to

F(o —0)+C,
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and in the present article, up to the integration constant Cy,
itis

[x"(0) — x"(5)]6(0 — &) + C).

The constants appear because in both approaches we started
with the sigma derivatives of the coordinates. In the papers
considered, the values of the constants are taken to be C =
0 and C; = 0. For these choices, the non-commutativity
appears for 0 = ¢ in Ref. [16] and for 0 = ¢ + 27 in the
present article. For the other choice, C = —F(0) = —%2
and C; = 0, in both cases the coordinates commute at the
same point 0 = ¢ and have nontrivial PB for o = ¢ + 27.

The main difference between the two approaches is the
origin of non-commutativity. The nontrivial boundary con-
ditions given in Eq. (2.25) of Ref. [16] are the source of the
non-commutativity in that article. Because Ref. [16] does
not consider 73-dualization, the ﬁg—functions (introduced in
Eq. (2.15)) are zero and there is no non-commutativity of
this kind. On the other hand, in the case considered in this
paper, just these ,32 functions are the sources of the non-
commutativity, even in the absence of the nontrivial bound-
ary conditions of Ref. [16]. For complete non-commutativity
relations one should take into account both kinds of non-
commutativity.

5 Concluding remarks

In the present article we derived the closed string non-
commutativity relations. We considered the theory describ-
ing a string moving in a weakly curved background. Its T-
dual theory is obtained performing the T-dualization proce-
dure along all the coordinates [23]. The T-dual transformation
laws play a central role in our approach. These laws connect
the world-sheet derivatives of the coordinates and momenta
in the original and the T-dual theory. The zero orders are
transformation laws of the constant background and they do
not lead to the non-commutativity. The term [30, which is
infinitesimally small and bilinear in the x** coordinates, plays
a key role in obtaining the non-commutativity relations.

In the original space we choose the standard Poisoon
brackets. The T-dual coordinates y, have two terms: one
linear in the original momenta and the other bilinear in the
original coordinates. This explains the nontrivial PB {y,, y,}
of Eq.(3.11), which is linear in the coordinates. Note that in
the case of an open string moving in the flat background
coordinate is linear function in both effective momenta and
coordinates. Therefore, the corresponding PB is constant.

The T-dual momenta *z#* are bilinear expressions in the
original coordinates. Thus, the PB of the T-dual momenta
vanishes, see Eq. (3.21), but the PB between the T-dual coor-

dinates and the momenta (3.19) obtained an additional term
linear in the coordinates.

In the doubled space there exists the additional coordinate
Yu. It consists of a term linear in the original momenta, but
with the coefficient linear in the original coordinate and the
other terms bilinear in the original coordinates. Thus, it pro-
duces a nontrivial PB with all variables (y,, Y., *7#), see
Egs. (3.12), (3.13), and (3.20).

The general structure of the non-commutativity relations
is
{Y(0), Y0(8)} = (Fuvp [x°(0) — xP(0)]

+Fpp [¥°(0) — ¥ (5)]}0(0 — ), 3.1

where Y, = (y,, y») and F,,, and I:“,wp are the constant and
infinitesimally small fluxes. At the same points, foro = o all
PB’s are zero. In the important particular case foro = o +2x
we get

{Yy(o +27), Yy (0)}
2 o\ ATP 1= P

=2r (F/wp + 2F/wotbp)N + ;F,uv Pp | (52)
where N* and p,, are the winding numbers and momenta of
the original theory. We rewrite it in the form
V(o +27), Yy (0)}

_ 7§ Fuupdx? + 7{ Frunpdi,

Co Cp

(5.3)

where C, and C,, are cycles around which the closed string
is wrapped. Note that the ‘wrapping’ of the auxiliary coordi-
nate x* is in accordance with Eq. (3.17) and represents a lin-
ear combination of momenta p,, and winding numbers N*.
This generalizes the conjecture of Ref. [32] on the relation
between the closed string non-commutativity and fluxes.

In terms of Ref. [16] for the three-dimensional torus
xt — X% (a = 1,2, 3) our case corresponds to the non-
commutativity of the nongeometric background with W¢
coordinates and R-fluxes obtained after the successive per-
formation of all three T-dualizations along all three coordi-
nates. It relates the W with the X“ coordinates of the torus
with H-flux, and so the PB closes on the winding number
of the X“-coordinates. We hope that these results will con-
tribute to a better understanding of the strangest, uncommon
R-flux configurations where the non-commutativity appears
as a consequence of the nontrivial ,82 -functions. Note that
Ref. [16] uses T>-duality (performed along Y 2) and the rela-
tion Z¢ = Z%(Y“) to obtain the non-commutativity of the
nongeometric background with Q-flux in terms of the wind-
ing of the Y“-coordinates. There the non-commutativity orig-
inates from the nontrivial boundary conditions. To obtain the
general structure of the closed string non-commutativity for
arbitrary background of the chain (1.2) one should find its
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T-duality transformations with all other backgrounds of the
chain and calculate both kinds of non-commutativity origi-
nating from nontrivial boundary conditions as well as from
nontrivial ﬂg functions.

The term of the action with the constant part of the Kalb—
Ramond field b,,,, is topological. Thus, it does not contribute
to the equations of motion. In the open string case it con-
tributes to the boundary conditions and it is a source of the
open string non-commutativity. In the closed string case it is
absent from boundary conditions as well. Classically, we can
gauge it away and the Kalb—Ramond field becomes infinites-
imally small. But if b, = 0 one loses topological contribu-
tions. In order to investigate the global structure of the theory
with holonomies of the world-sheet gauge fields in quantum
theory we should preserve such a term.

Putting b,,, = 0 the non-commutativity relations (3.14),
(3.15), and (3.16) get a simpler form,

2 o
{y;l.(a +2m), yv(0)} = _TBp.upN >

2

. 1
{)’M(U +2m), yu(o)} = _;G/w - K_ZBV‘VPP'O’

6
(o +27), 5(0)} = —T”BWNP. (5.4)
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Appendix A: The momentum in T-dual theory

Let us here calculate the T-dual momentum given in
Eq.(2.18). The T-dual theory depends on the two variables
Yu» Yu» Which are connected by the relations y,, = %,
y;’; = yLM. Therefore, to obtain the momentum canonically
conjugated to y,,, we should vary the action with respect to
both y, and y,,.

First, let us calculate the contribution from the background
fields argument. With the help of the relation

O [x]1 = 0" — 2O hyo [x]107”, (6.1)

we rewrite the T-dual action (2.8) as
Syl =*So—«> / 4% 34y, 00  hoo [AV [y]1©F2 0y,

2
* K
So="3 / A% 945,00 0_y,. (6.2)

@ Springer

Using the expression

LV = —kOh a1y, (6.3)
we obtain
*Syl=*So +/</d2g: A VP hy [AV]_VY

=*So+« f dZEAVH Ry, [0-V] 8LV (6.4)
Because of the relation
Iy [0-V] 04 V" = 308 [V1+ 818, [V1. (6.5)
the action becomes
*S[y] = *So + « f d%e [myﬂeg” + Aj)ﬂ(g_l)’“’]

x (0B 1V1+ 0Bl V1) (6.6)

So, the contribution to the T-dual momentum coming
from the T-dual background fields argument is obtained from
Eq.(6.6), integrating over ¢ by parts in Ay, (g_l)””alﬂg.
Using §,, = y,, we obtain

At = —k (g H"B IV]. (6.7)
Therefore, the total T-dual momentum is
T = k(GO AV Y]] 9w

—iCOM AV Y11y, — k(g H™BLIV Y. (6.8)

Appendix B: Fluxes

The field strength of the original Kalb—Ramond field is given
by Eq.(2.5). The original metric G, is constant, and there-
fore the corresponding Christoffel connection is zero. The
effective metric Gﬁu is linear in the coordinates and the cor-
responding Christoffel connection,

1
Ot =5 (0Gh, +8,65, - 0,61,

4

= =3 (Buon(G7'0), + Buop (G7'0)%) . (D)

is an infinitesimally small constant. It will be used in the
following form:

rE xh =4 (h X1G~'b+bG"h [x])vp (1.2)
and
(CE = TE )xP = 8h,, [bx]
—4 (h x]1G~'b—bG~'h [x])w (1.3)
We express the dual Kalb—Ramond field [23] as
*BM[AV] = "D+ QM AV, (7.4)
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where *b*" = £6//" and

1
0"y =3 [ ) =0T | By (75)
This will be used as

0*px? = —(¢~" [h 1) + 4G h X167 1b] (g7 H

po

- [g*‘h xlg~ !+ k260h [x]eo}’” . (7.6)

Appendix C: PB’s between pure coordinates
Starting with the PB of the o derivatives of the coordinates

{X,,(0), Y, (@)} =K, (0)8(0 — &) + Lyuy(0)8' (0 — 5),
8.1
let us find the expression for the PB between the coordinates,

{X,(0),Y,(0)}. From Eq.(8.1) it follows that AX (o, 0¢)
and AY), (o, 09) defined by

AX,(o,00) = /dn X,,(M) = Xu(0) — X, (00),
s (8.2)
AY, (o, 00) = /dn Y, (1) = Y, (0) — Yy (00)

o0

satisfy

{AX, (0, 00), AY, (G, 00)}

= [ an [ i (&m0 =)+ L' = )]
(0] 00

(8.3)

Integrating over 7 and using

o

/dﬂf(n)ﬁ(n —0)
00

= f(@)[0(0c —6) —0(o0 — )], (8.4)

we obtain

{AX (0, 00), AY,(5, 50))
= / dn [K},, () [6(n — Go) — 6(n — 3)]
o0

+Luwm [8(n —60) —8(n — o)1 1, (8.5

where the function 6 (o) is defined as

o

1 1 .
Q(G)E/dné(n)zg a+22;smna

0 n>1
0 ifo=0
={1/2if 0 <o <2m, o €[0.27]. (8.6)
1 if o =27

Integrating by parts over 1 and using Eq. (8.4) we get

{AX,(0,00), AY, (5, 00)}
= Kuw(0)[0(0c — o) —0(0 — )]
—K 10 (00) [0 (00 — 60) — 0(00 — 7)]
— K1 (00) [0(0 — 00) — 6 (00 — 00)]
+Ku(0)[0(0 —0) —6(00 — )]
+L v (60) [6(0 — 60) — 0(00 — 00)]

—Luw(0)[0(0 — ) —0(o0 —0)]. (8.7

The relation

(Xu(1,0), Yy(1,6)} = = [Kpuv(0) — Ky (6) + Lun (6)]
x0(0 — &) (8.8)

solves Eq. (8.7), up to additive constant.

For X,, = Y,,, the antisymmetry of the left hand side under
the replacement i <> v and 0 <> ¢ produces the conditions
Ly, =Ly,and K, + Ky, = L.
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Abstract In this article we present bosonic T-dualization
in double space of the type II superstring theory in the pure
spinor formulation. We use the action with constant back-
ground fields obtained from the general case under some
physically and mathematically justified assumptions. Unlike
Nikoli¢ and Sazdovi¢ (EPJ C 77:197, 2017), where we used
the first-order theory, in this article fermionic momenta are
integrated out. Full T-dualization in double space is repre-
sented as a permutation of the initial x* and T-dual coordi-
nates y,. Requiring that a T-dual transformation law of the
T-dual double coordinate *Z¥ = (Yu, x*) to be of the same
form as for initial one Z¥ = (x*, y,.), we obtain the form
of the T-dual background fields in terms of the initial ones.
The advantage of using the action with integrated fermionic
momenta is that it gives all T-dual background fields in terms
of the initial ones. In the case of the first-order theory Nikoli¢
and Sazdovic (2017) a T-dual R-R field strength was obtained
out of the double space formalism under additional assump-
tions.

1 Introduction

T-duality is a feature which cannot be met in the point-particle
theory and represents a novelty brought about by string the-
ory [2-9]. The basic mathematical framework, in which T-
dualization is performed, is the Buscher procedure [5,6].
The starting point of the procedure is the existence of global
isometries along some directions. In the next step we localize
that symmetry introducing world-sheet covariant derivatives
(instead of ordinary ones) and gauge fields. In order to make
the gauge field an unphysical degree of freedom, a term with

This work was supported in part by the Serbian Ministry of Education,
Science and Technological Development, under contract no. 171031.

4 e-mail: bnikolic@ipb.ac.rs

b e-mail: sazdovic@ipb.ac.rs

Lagrange multipliers is added to the action. The final phase of
the procedure is using gauge freedom to fix the initial coordi-
nates. Variation of the gauge fixed action with respect to the
Lagrange multipliers produces the initial action, while vari-
ation with respect to the gauge fields gives a T-dual action.
Combining these equations of motion the relations connect-
ing initial and T-dual coordinates are obtained. These rela-
tions are known in the literature as T-dual transformation
laws.

Why is T-duality so important? The answer is concerned
with M-theory. Five consistent superstring theories are con-
nected by a web of T- and S-dualities. It is a well-known fact
in the case of type II superstring theories that T-dualization
along one spatial dimension transforms type IIA(B) to type
IIB(A) theory, while T-dualization along the time-like direc-
tion produces type II* theory, of which the R-R field strength
is the initial one multiplied by the imaginary unit [1,10].
Using double space enables one to unify all three theories.
This could be a way toward better understanding M-theory.

The basic presumption for implementing the Buscher T-
dualization procedure is the existence of global isometry
along some directions. Effectively, it means that we can
find the coordinate basis in which background fields do not
depend on those directions [5-9,11,12].

Except the standard Buscher procedure, there is a gen-
eralized Buscher procedure dealing with T-dualization along
directions on which the background fields depend. In the gen-
eralized Buscher procedure, to be compared with the standard
one, an additional ingredient is present and that is an invari-
ant coordinate, xi‘fw = f d&% Dyx*, where D, is a world-
sheet covariant derivative. So far the generalized procedure
was applied in two cases: the bosonic string moving in the
weakly curved background [13—15] and the case where the
metric is quadratic in the coordinates and the Kalb—-Ramond
field is a linear function of the coordinates [16]. In the first
case isometry is not obvious but actually exists, while in the
second case isometry is absent.

@ Springer
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The Buscher T-dualization procedure was used in Refs.
[17-24] in the context of closed string noncommutativity. In
these articles there was considered the coordinate dependent
background—a constant metric and a Kalb—-Ramond field
with only one nonzero component, By, = Hz, where the
field strength H is infinitesimal.

The Buscher T-dualization procedure can be considered
as a definition of T-dualization. But there is a illuminating
way of representing T-duality representation using double
space and a permutation group. The name “double” comes
from the way it is constructed. The double space coordinate
ZM consists of initial coordinates x* and their T-dual ones,
i ZM = (x*,y,) (0 = 0,1,2,...,D — 1). The for-
malism emerged about 20 years ago and it was addressed in
Refs. [25-29]. In recent years the interest for this formal-
ism was revived [30-37]. In these recent articles T-duality
is related with O(d, d) transformations. On the other hand,
in Refs. [1,25,38-40], T-dualization along some subset of
directions is represented as a permutation of that subset of ini-
tial coordinates and the corresponding T-dual ones. T-duality
becomes a symmetry transformation in double space.

In Ref. [1] we demonstrated the equivalence of the
Buscher approach and the double space one for type II super-
string theory. But there is one detail which has to be empha-
sized. In the mentioned article we used the pure spinor type
II superstring action with constant background fields in the
form of the first-order theory, i.e., the fermionic momenta,
7, and 74, are not integrated out. In that case the process
of T-dualization is mathematically simple, but the price to
pay is that the T-dual R-R field strength P*# could not be
obtained within the double space formalism. The reason is
that the R-R field strength is coupled only with the fermionic
degrees of freedom which are not dualized. To reproduce the
Buscher form of the T-dual R-R field strength we made some
additional assumptions.

In this article we will integrate out the momenta and obtain
the theory in terms of the derivatives of the bosonic coordi-
nates, x*, and the fermionic coordinates, 0% and 6%. After the
fermionic momenta are integrated out, the R-R field strength
is coupled with d1x*. It turns out that Buscher T-dualization
with such an action is slightly more complicated, but, as
expected, gives the same result as in the case of the first-order
theory. The mathematical framework for double space T-
dualization is the same as in [1]. We rewrite the T-dual trans-
formation laws in terms of the double space coordinates Z¥,
introducing the generalized metric Huw, the generalized
current Jvi um and the permutation matrix 7~ M which swaps
the initial coordinates x** and T-dual ones y,,. Requiring that
the T-dual double space coordinates, *Z M _— M, 7N sat-
isfy the transformation law of the same form as the initial
coordinates, ZM, we obtain the expressions for the T-dual
generalized metric, *Hun = (T 7:(’2') MmN, and T-dual cur-
rent, *j:I:M = (Tj:t)M.

@ Springer

There is an advantage when we perform T-duality within
the double space formalism. The main benefit of the using
the action with integrated fermionic momenta is that we get
all T-dual background fields.

2 Buscher T-dualization of type II superstring theory
with integrated fermionic momenta

In this section we will introduce the type II superstring action
in a pure spinor formulation [41-48] in the approximation of
constant background fields and up to the quadratic terms.
Then we will integrate out the fermionic momenta and apply
the standard Buscher procedure. This leads to more compli-
cated calculations, but in double space an advantage occurs.

2.1 Type II superstring in the pure spinor formulation

The general form of the action is borrowed from [49] and it
is of the form

5= [ @exT M aunEY 45,455, @1
)

where the vectors X and X" are the left and right chiral
supersymmetric variables

9,6% a_6%
I’ . n
M + M _ i
X" = d , XV = i , 2.2)
1 v 1 v
INE N
of which the components are defined as
1
M = 3y + 207 ()07,
1- _
n* = g_x* + z9"‘(1“/*)04,33_% , (2.3)
1 1
dct =TTy — E(Fﬂe)a 8.;,.)6'“ + Z(GFM8+9) N
= _ 1 - 1 - -
dy = Ty — E(Flﬂ)a _xt 4+ Z(@FMELQ) , 24

1 _ 1 -
N = Swa (TN il N = Sy (DU 30

2.5)
The supermatrix Ay is of the form
Aaﬁ Aav Eaﬁ Qa,;w
B
A A E Q
A — np 2% iz H,vp ) 2.6
MN E%y  E liaﬂ co, (2.6)
Quvg v Cuvﬁ Suv,po
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The world sheet ¥ is parameterized by &” = (£ =
7,6 = o) and 3+ = 9, & 9,. Superspace is spanned by
the bosonic coordinates x* (u = 0,1,2,...,9) and the
fermionic ones 0% and 6% (o« = 1, 2, ..., 16). The variables
7, and 7, are canonically conjugate momenta to #% and 6%,
respectively. The actions for the pure spinors, S; and Sy, are
the free field actions

S = f d*ewgd_2%, S5 = / d* €Wy 04 2%, 2.7

where A% and A% are pure spinors and w, and w, are
their canonically conjugate momenta, respectively. The pure
spinors satisfy the so-called pure spinor constraints
A% (TH)gprlf = 24 (TH)pn? = 0. (2.8)
This action (2.1) for type II superstring in the pure spinor
formulation is general and it is constructed as an expansion
in powers of 6 and 0% (for details see [49]).

Our plan is to implement full T-dualization, which means
that we T-dualize along all bosonic directions x*. Conse-
quently, we will assume that the background fields do not
depend on them. On the other hand, because of the way how
the action is constructed, for practical reasons (mathematical
simplification), we will consider just the first components
in the expansion in powers of % and 9%. Effectively, this
means that the nonzero background fields are constant. The
background fields from the first and last columns and rows
in the matrix Ay are zero (a detailed explanation could be
found in [1,49]). The fields surviving these approximations
are known in the literature as physical superfields because
their first components are supergravity fields.

Finally, all our assumptions produce

Hi — dxx¥, dy = 7y, do — Tg, (2.9)
where the physical superfields take the form
1 1 o o
A/w =K Eg/w + B;w + Enuvq), EU = _\Ijv s
_ - 1
— B _ _ pob
Ez = \I/l‘i‘, P* = P P, (2.10)

Here g, is a symmetric and B, is an antisymmetric tensor.
Consequently, the full action S is

1
S = K/ d’e [a+x“n+wax” + —q>R<2>]
p) Ak
+ fzdzg [ — w0 (0% + WixH)

. 1
04 (6% + Wox!) Ty + Znapaﬂﬁﬂ] , (2.11)

where G, = 1,y + guv 1s the metric tensor and

1
i =B £ EGW'

(2.12)
We will neglect the Tseytlin term in the further analysis
because, for a constant dilaton field @, it is proportional to the
Euler characteristic. Consequently, on some given manifold
that term is constant. The actions S and S; are decoupled
from the rest and the action, in its final form, is ghost inde-
pendent.

2.2 Full bosonic T-dualization using Buscher rules

Let us now integrate out the fermionic momenta from the
action (2.11) and obtain the theory expressed in terms of the
supercoordinates (x**, 8%, 6%) and their world-sheet deriva-
tives. For the equations of motion for fermionic momenta 7,
and 7,

o = —2kdy (07 + WPxH) (P™1)ga,

o = 26c(P™ g (07 + Whx) (2.13)

the action gets the form
S = K/ d2E0, x" [nﬂw + 2®g(P—1)aﬂw§] 9 x"
)
+2;</ a2t [a+é“(P—1)aﬂa_95
)]

+0,0% (P~ W) g x” + 8+x“(\IIP_1)W8_0°‘] .
(2.14)

We will perform bosonic T-dualization of the action (2.14)
along all directions x* using the Buscher T-dualization rules.
In order to gauge global symmetry éx* = A*, we introduce
covariant derivatives, Dyx* = 9Lx* + vi, instead of the
ordinary ones, d+x*, where v/} are gauge fields. Fixing the
gauge (x" = const.) means effectively that ordinary deriva-
tives d4x* are replaced with gauge fields v/ in the initial
action (2.14), while, in order to make v/ unphysical degrees
of freedom, we add to the action

K
Sudd = 5 / d*g (Vo_y, — v"dsy,). (2.15)
The gauged fixed action is of the form
Sfix = S+ Sada
- K/dzgr [vim,wvz +2(040% + T ) (P )ap
1
(9-67 + whv”) + E(uia,yﬂ - vﬁ&ryﬂ)] ) (2.16)

Varying the gauge fixed action (2.16) with respect to the
Lagrange multipliers y,, we find that the field strength for
gauge fields v/} is equal to zero,

@ Springer



819 Page4of8

Eur. Phys. J. C (2019) 79:819

v —0_vl =0 = vl = 0.x. (2.17)
In this way we restore the initial theory from the gauge fixed
action. Let us note that we omitted the dilaton term because
this is a classical analysis while the dilaton is treated within
the quantum formalism.

Varying the gauge fixed action with respect to the gauge
fields v/ and v", we get the equations, respectively,

_ 1
My ppv” +20% (P Do (0-67 + WP 0") + 0o =0,

(2.18)
_ _ 1

VY Ty + 2 (040% + W%00) (P HepWh ), — 50+ = 0.
(2.19)

Here we introduce the notation

M T —1 B P 1

H+uv = H+/w +2v /L(P )aﬁ\p v = Bp.v + EG/wv
(2.20)

where lv?,w and CV}W are the antisymmetric and symmetric
parts of l:I+,w, respectively. These expressions are in fact
the Kalb—Ramond field By, and metric G, improved by
some expressions consisting of the NS-R and R-R back-
ground fields. The above expressions for the gauge fields
can be rewritten in the form

. ; 1
M pv” +20%, (P Np0-07 + Ea_yM =0, (2.21)

VT norp—1 B 1
W ey +2040% (P ap WPy = Sy = 0. (222)

Using the relations

v Ly 1 v 2 (v e a MY
®livn+u,0 = Z‘Supv ®,iv = —; <GE -G ) ,
(2.23)
where
OM = O"” — 4@ W% (P71 WP, O
v 1 /. v
— O 4 - (Ggl)” , (2.24)
K

PP = PP 4w, 0" WP (2.25)

2 v 1
s -1 -1 we
- 2 (c:'m_ ) : My = — 8%,
o1 = - (65'n-c O My, = 58",
(2.26)
we get
o = & [yu n 4®“M(P—1)aﬂef’] , 2.27)
Vi =y [y — 409 (PP, | 6 (2.28)

@ Springer

Equation (2.23) is proved by direct calculation and using
the definition of PP

Inserting the expressions (2.27) and (2.28) into the expres-
sion for the gauge fixed action (2.16) we obtain the T-dual
action

'S = K/d2§ [gawﬂé’i”a_yu
+26cd4 y, O WY, (P71 p0_0F
—2c9,:0% (P Vg WP 0" 5y,
+20,6%(P™ — 4 PTIWO_U P gpi-6").
(2.29)

Introducing T-dual background fields marked by *, we write
the T-dual action in the form of the initial action (2.14)

2 - 1 my
5 = K/d £ [a+yﬂ (*n+ T q:) Iy,
4204y, (U P, _6”
+ 20,6 PTINW) My, + 2a+é“(*P—1)aﬂa,9] .
(2.30)

Comparing the last two equations, we get the T-dual back-
ground fields in terms of the initial ones,

*T, * D— * K ~
8 C A 2 G S WP 5@’1”, (2.31)
WP gy = k@M BE (PN gy, (PP Tt WA
= k(P Hwh 0", (2.32)
CP Nap = (P Dap — 4c(P1)g W7, 0" W8 (P 1)55.
(2.33)

By direct calculation, solving the above four equations, we
finally get

*Hiv — g(aliv’ (234)
P = e, @ UM = @Y (2.35)
*pob _ pob, (2.36)

which is in full agreement with the case where we T-dualize
the same model in the form of the first-order theory.

Combining the equations of motion for the Lagrange mul-
tiplier (2.17) with the equations of motion for the gauge fields,
(2.28) and (2.28), we obtain the relation between the initial
x" and T-dual coordinates y,,

doxh = O I:ajz)’v + 4\1/1U(P;1)aﬁaieﬁ] .37

The inverse of this relation is also useful and it is of the form

0y = —2M g dex” — 4WY (P )apdsl. (2.38)
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Here we use the notation

0y =0%, 0% =6, (2.39)
Py = pef, p* = phe, (2.40)
WY, =W, W =0, (2.41)
O = -0 (2.42)

As we see, the two chirality sectors transform differently
under T-dualization. The form of the T-dualization transfor-
mation laws is of the same form as in [1]. Consequently, in
accordance with the results of Refs. [1,50,51], we introduce
the proper fermionic coordinates

0% =0%, 0% =—-(16-)°, (2.43)
and the correct form of the T-dual fields is
. K

ny' = 5@’1”, (2.44)
PO = e Y TR = e @MY (M D)%, (2.45)
*pf = —(PTyy)*. (2.46)

3 T-dualization of type II superstring in double space

In this section we will demonstrate another framework in
which we can perform the T-dualization procedure. Unlike
the case of the T-dualization of type II superstring theory in
the form of the first-order theory [1] where the T-dual R-R
field strength is not obtained within double space framework,
here we will see that, when fermionic momenta are integrated
out, the double space formalism gives all T-dual background
fields. Before the T-dualization procedure we will introduce
double space and the corresponding quantities.

3.1 T-dual transformation law in double space
Let us introduce the double space coordinate
= (3.)

Yu ’

and rewrite the T-dual transformation laws (2.37)—-(2.38) in
the form

@3.1)

+01y, = G, 0ex" + kG, 0" 0xy,

v

+4cGE O WY, (P )apos6l, (3.2)
+oux" = (G Yoy, +2(G B)*,dxx”
HGTH WY (PT g6l (3.3)

These two equations can be rewritten in double space as

QUL ZN = Hynor ZN + Jiu, (3.4)

where the generalized metric is of the form

7:lMN = (ég" Kéllfpépv>

2G~HB,, (GTHw (33)

and the double current is

y kGE ©f _

Jim = ( (é;il)uiv ) Jeps Jep = ‘Ijiu(})xl)aﬁaieﬁ'
(3.6)

The matrix

Q= (?D (I)D) i (3.7)

where 1 p denotes the unity matrix in D dimensions, knownin
double field theory (DFT) as the invariant SO (D, D) metric.

Note that generalized metric is not of the standard form
because its components contain the improved Kalb-Ramond
field Ié,w and the improved metric G wv- Those additional

factors in é,w and é,w have a bilinear form in the NS-R
fields %, and @‘1#. Still, we have

HIQH=Q, Q*=1, detH =1, (3.8)
which means that H € SO(D, D).
3.2 Full T-dualization in double space

Let us introduce the permutation matrix

0 1
Mo D
TN—<1D 0>,

and define the T-dual double coordinate *ZM as

(3.9)

M — M\ 7N, (3.10)

We require that the T-dual transformation law for the T-
dual double coordinate *Z¥ has the same form as for initial
double coordinate Z¥ (3.4)

+Qun - ZN = Harp* 29 +*Jim, (3.11)

which implies that T-dual generalized metric and double cur-
rent are of the form, respectively,

Fun = Tu " HpoT %N, *Jem = T Jan. (3.12)

Let us make explicit the first equation in (3.12):

* CYPx
K*Gg @,,U)

*él“"
E . v
2(*G_1)Mp*pr (*G—I)MV
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Gy 2G-yme
= < e o e ”“) . (3.13)
K& p v
Equating the (2, 2) block components we get
(G Y =G, (3.14)
which produces
* /A < _1\*Y
G = (GEl) . (3.15)
Using (2, 1) the block components equation
206G, B = kGE, 0, (3.16)
combining with (3.14), we obtain
v K v
*BMY = —0M, (3.17)
2
Using these two results we have
. 1, . K| - 1 /- Wy K
* UV _ ok puv | Sk Suy w4 - -1 — M
My =*B"+*G _2[@) +- (67" ]—2@¢~
(3.18)

The obtained equation coincides with the equation obtained
by the standard Buscher procedure (2.31). The block com-
ponents (1, 1) and (1, 2) give, respectively,

v )4 p4 b4 2 > V
*Gl]ﬁ*v = (G_l)lw, *Glép*(’apv = ;(G_I)M)B/JV' (3.19)

Combining the last two equations produces

M 2.
*®p,u = ;B;w, (320)
and, furthermore, we have
* A 2 ~

O = ;Hﬂw. (3.21)

Using the relations between the initial and T-dual NS-NS
background fields obtained above and the second equation
in (3.12), we get
I =0 Iy, (3.22)
where the T-dual current * J' has the same form as the initial
one but in terms of the T-dual background fields and proper
fermionic coordinates (for details see [1])

W o S WS (3.23)
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The proper fermionic coordinates are defined as

0% =0%, *0% = —(I'16-)". (3.24)
From Eq. (3.23) we have
IR = Y 4 2 P g A, (3.25)

*éfp.v — *@71“) _ 4K*®7up*\i’pa(*ﬁ_l)aﬁ*q}ﬂk*@f)ws

(3.26)
and, solving these equations, we get
"por — :I:/(\Ilav@v_ﬂ, par — :l:K@’i”(Fulf/)]'j‘,
*P(Jtﬁ = _(POI}/ +4Kq’aﬂ®uv\pyv) (Fll)yﬂ- (327)

Here the double space formalism produces (3.18) and (3.27)
i.e. all relations (2.44)—(2.46), up to the sign of the T-dual
NS-R background fields. This uncertainty in sign is a conse-
quence of the fact that in both equations, (3.25) and (3.26),
the NS-R fields, *Wo* and *W*H, appear in a bilinear com-
bination. In comparison with the case where the fermionic
momenta are not integrated out [1], this is an improvement
because the double formalism gives all T-dual background
fields. In Ref. [1] we did not obtain the relation for the T-
dual R-R background field and we had to impose additional
conditions. Here the calculation is slightly more complicated,
but we obtain all fields within one formalism. The reason is
that in [1] the R-R field is coupled by fermionic momenta
which are not T-dualized. Consequently, after integration of
the fermionic momenta, there appears a coupling between
the R-R field strength with bosonic coordinates x* which
results in Eq. (3.27).

4 Conclusion

In this article we considered the type II superstring theory in a
pure spinor formulation with constant background fields. We
integrated out the fermionic momenta and obtained the theory
quadratic in world-sheet derivatives of bosonic and fermionic
coordinates. Our goal was to show the advantage of the T-
dualization within the double space formalism comparing to
the first-order theory [1].

At the beginning we explained how we obtained the action
with constant background field from the general one derived
in [49]. The assumed shift symmetry along the bosonic direc-
tions x* means that the background fields do not depend on
x*. On the other hand, for technical simplicity of the cal-
culations, we take just the first terms in the expansions of
background fields in powers of 8% and 6%. All these assump-
tions result in constant background fields. In the final form
of the action, just physical superfields are present, while the
auxiliary fields and field strengths are zero.
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The main mathematical difference from Ref. [1] is that
the fermionic momenta are integrated out. In this way we
obtained a theory which is quadratic in the world-sheet
derivatives of the coordinates, 91 x, 3.0% and 3.0%. It is
important to emphasize that in such a formulation R-R field
strength PP is coupled with the derivatives of the bosonic
coordinates d+x". Then we applied the Buscher procedure
and, beside some slightly more complicated mathematical
calculations, we obtained the same result as in the case for
the first-order theory [1].

Our contribution was to show the benefit in performing
a T-dualization procedure in double space using the action
(2.14), to be compared with the results obtained for the action
(2.11) in Ref. [1].

The double space is spanned by the coordinates Z¥ =
(x*, yu), where x* are initial bosonic coordinates and y,,
are corresponding the T-dual ones. The T-dual transforma-
tion laws are rewritten in terms of the double space coordi-
nates introducing the generalized metric Hary and the cur-
rent J- . Note that their components are expressed in terms
of the improved Kalb—Ramond field and the metric contain-
ing additional terms bilinear in the NS-R background fields
W7 and ‘ilfj. Requiring that T-dual double space coordinates
*ZM = TM 7N satisfy a transformation law of the same
form as the initial coordinates Z¥ we found the T-dual gen-
eralized metric *H un and the T-dual current * J4 . The T-
dual generalized metric should have the same form as the
initial ones, so, in this way we obtain relations which pro-
duce the expressions for T-dual background fields in terms
of the initial ones, which agrees with that obtained applying
the Buscher procedure.

In Ref. [1] we obtained the expressions for the T-dual NS-
NS background fields as well as for the NS-R fields. But
because we T-dualized along the bosonic directions which
are not coupled with R-R field strength, the double space
formalism did not give us the expression for the T-dual R-R
field strength. These expressions were obtained under some
additional assumptions out of the double space formalism.

Here we succeeded in obtaining the expressions for all T-
dual background fields, which showed that there is an advan-
tage in performing double space T-dualization in the second-
order theory where the fermionic momenta are integrated
out.

After having summarized the results of this article it is
interesting to discuss their significance and relation to the
results of other articles addressing the same or similar sub-
jects. For example, in Ref. [52] the authors construct the type
II model with T-duality as a manifest symmetry. The way of
construction is partially similar to the one from [49] used in
this paper. In [49] they used (anti)holomorphicity and nilpo-
tency conditions, while in [52] instead of nilpotency con-
ditions they used conditions originating from « symmetry.

But in [52] they do not study the problem of the RR field
strength as well as an interchange between types IIA/B in
the T-dualization process, which are the subjects addressed
in this article. Furthermore, in [53] one version of the dou-
bled superspace is discussed. It is pretty similar to the space
we used in this article, but it is obtained by multiplication
of the left and right chiral sectors with A/ = 1 supersym-
metry in D = 10. The space which is obtained is spanned
by the initial bosonic coordinates, their T-dual ones and two
fermionic coordinates. Our doubled coordinate contains just
the bosonic part of this doubled supercoordinate because we
consider here just bosonic T-dualization and, consequently,
we do not consider a fermionic sector. The obvious difference
is that in [53] they obtained a type II action in the Green—
Schwarz formalism, while we study here a pure spinor action.
In [54] the geometry of superspace is developed with a type
I model as the main example. One of the things discussed is
the relation of some sectors with pure spinor fields. Finnaly,
it is useful to mention also Ref. [55]. In this article a reduc-
tion of type IIA/B superstring theory from 10d to 94 is done,
which effectively could be T-dualization. The Lo, isomor-
phisms relate two coefficient L, algebras. Also one derived
the Buscher rules for the RR field strength, which is done in
this article using simpler mathematical methods.
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PREFACE

This volume contains some reviews and original research contributions,
which are related to the 10th Mathematical Physics Meeting: School
and Conference on Modern Mathematical Physics, organized by
the Institute of Physics, Belgrade (Serbia), September 9-14, 2019. The
programme of this meeting was mainly oriented towards some recent de-
velopments in gravity and cosmology, string and quantum field theory, and
some relevant mathematical methods. We hope that articles presented here
will be valuable literature not only for the participants of this meeting but
also for many other PhD students and researchers in modern mathematical
and theoretical physics. We are grateful to all authors for writing their
contributions for these proceedings.

The previous nine meetings in this series of schools and conferences on
modern mathematical physics were also held in Serbia: Sokobanja 2001,
Kopaonik 2002, Zlatibor 2004, Belgrade 2006, 2008, 2010, 2012, 2014, and
2017. The corresponding proceedings of all these meetings were published
by the Institute of Physics Belgrade, and are available in the printed form
as well as online at the websites. According to an agreement with the jour-
nal Symmetry, several papers are published in the special issue “Selected
Papers: 10th Mathematical Physics Meeting”.

This jubilary tenth meeting took place at two different venues — the
opening and the first day of lectures was held in the grand lecture hall of the
Serbian Academy of Sciences and Arts, while the lectures for the remaining
five days were held at the Mathematical Institute. Both venues are located
in Belgrade downtown, across the road of each other. We hope that all
attendees of this meeting will recall it as a useful and pleasant event, and
will wish to participate again in the future.

We wish to thank all lecturers and other speakers for their interesting
and valuable talks. We also thank all participants for their active partic-
ipation. Financial support of our sponsors, Ministry of Education, Sci-
ence and Technological Development of the Republic of Serbia, Belgrade;
Telekom Srbija; Open access journal “Symmetry”, and the support of our
media partner, Open access journal “Entropy”, were very significant for
realization of this activity.

April 2020 Editors

B. Dragovich
I. Salom
M. Vojinovié¢
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From 3D torus with H-flux to torus with R-flux
and back*

Bojan Nikolié'
Institute of Physics Belgrade, University of Belgrade
Pregrevica 118, Belgrade, Serbia

Danijel Obriét
Institute of Physics Belgrade, University of Belgrade
Pregrevica 118, Belgrade, Serbia

ABSTRACT

In this article we study 3D closed bosonic string propagating in the constant
metric and Kalb-Ramond field with one non-zero component, B,, = Hz, where
field strength H is infinitesimal. We will T-dualize along line x — y — z, which
means that we T-dualize first along = coordinate, then along y and, finally, along
z coordinate. After first two T-dualizations we obtain @ flux theory which is
just locally well defined, while after all three T-dualizations we obtain nonlocal
R flux theory. The @ flux theory is commutative one and the R flux theory is
noncommutative and nonassociative one. After that we reverse the T-dualization
line and T-dualize along z — y — x. All three theories are nonlocal, but after
the first T-dualization we obtain commutative and associative theory, while after
we T-dualize along y, we get noncommutative and associative theory. T-dualizing
along x, we come to the theory which is both noncommutative and nonassociative.
The form of the final T-dual action does not depend on the order of T-dualization
while noncommutativity and nonassociativity relations could be obtained from
those in the x — y — 2 case by replacing H — —H.

1. Introduction

Heisenberg suggested coordinate noncommutativity in order to solve the
problem of infinities before developing of renormalization procedure. In
the paper [1] discrete Lorentz invariant space-time is constructed, which
means that coordinates are noncommutative.

Noncommutativity came into the focus of interest with the appearance
of the paper [2], where it is shown that open string endpoints in the presence

* This work has been supported by the Serbian Ministry of Science and Technological
Development, under contract No. 171031.

T e-mail address: bnikolic@ipb.ac.rs
1 e-mail address: dobric@ipb.ac.rs
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234 B. NikoLi¢ AND D. OBRIC

of the constant metric and Kalb-Ramond field became noncommutative.
After this article many others [3] appeared addressing the same subject
but using different approaches.

The closed bosonic string in the presence of constant metric and Kalb-
Ramond filed remains commutative, because there are no boundary condi-
tions constraining string dynamics. Noncommutativity could be achieved
[4] but using T-duality procedure and coordinate dependent Kalb-Ramond
field.

T-duality as a fundamental feature of string theory [5, 6, 7, 8, 9, 10, 11]
is realized within Buscher T-dualization procedure [6] which can consid-
ered as definition of T-dualization. It is applicable along directions on
which background fields do not depend. In order to work with coordinate
dependent backgrounds generalized T-dualization procedure is developed
[12, 13, 14].

Here we will study closed bosonic string in the presence of the constant
metric and linear dependent Kalb-Ramond field with just one nonzero com-
ponent, By, = Hz, the background already analyzed in [15]. In all calcu-
lations we keep constant and linear terms in infinitesimal field strength H.
We will use transformation laws, relations which connect initial and T-dual
variables, in canonical form, expressed in terms of the coordinates and mo-
menta. Our task is to T-dualize along T-dualization chain x — y — 2
and in opposite direction and examine the influence of the T-dualization
sequence on the form of the final theory (theory obtained after three T-
dualizations) as well as on the noncommutativity and nonassociativity pa-
rameters.

T-dualizations along = and y produces the Q-flux background [15],
which is still locally well defined, but the theory is commutative. Applying
the generalized T-duality procedure [12, 13, 14], z T-dualization gives R
flux theory which is nonlocal one because it depends on the non-locally
defined variable AV. Nonzero Poisson brackets of the T-dual coordinates
shows that there is a connection of non-locality and closed string noncom-
mutativity.

The form of noncommutativity is proportional to the infinitesimal field
strength H and difference of the initial coordinates. When arguments of the
coordinates are different, o # &, there exists noncommutativity. The conse-
quence of the coordinate dependent noncommutativity relations is broken
Jacobi identity - nonassociativity occurs. Nonassociativity parameter is
proportional to the field strength H.

In the second part of the article we will T-dualize first along z and then
along isometry directions y and finally along x. After first T-dualization
we get commutative and associative theory as in xyz case. The second
T-dualization produces noncommutative and associative theory. In the
xyz case, theory second in the T-dualization chain is both commutative
and associative. The action of the final theory is the same as in xyz case
which is nonassociative and noncommutative. The noncommutativity and
nonassociativity parameters have one additional ”—" sign comparing with
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the corresponding ones in [16].

2. Action and T-dualization procedure

In this section we will present the construction of the model and give some
important details of the T-dualization procedure.

2.1. Model

The closed bosonic string action is of the form [5]

gob
V=g
(1)

where world-sheet surface ¥ is parameterized by £* = (7,0) [(a = 0,1),
o € (0,7)], while * (un = 0,1,2,...,D — 1) are space-time coordinates.
Intrinsic world sheet metric is denoted by g, and the corresponding scalar
curvature with R®. Here G is, in the general case, coordinate dependent
metric, By, is coordinate dependent Kalb-Ramond field, while ® is dilaton
field.

If we intend to have conformal symmetry on the quantum level, back-
ground fields are not arbitrarily chosen i.e. they must obey the space-time
field equations [17]

S=x / d%r—g{[;gaﬁ%@w Byuy(x)| Oaatdga” + @(x)RP) 4
b

1
Bt = Ruw = 3 Bupo B +2Dya, = 0, (2)
o = DpB 1 — 208", = 0, (3)
D —26 1
B® =27k o~ B— 5 Bupo B — Dy + 4a®> = c, (4)

where c is an arbitrary constant. It holds
D"BG, + 0,8% =0, (5)

which means that third beta function, 5%, can be zero or nonzero constant.
The notation is in the standard form: R,, and D, are Ricci tensor and
covariant derivative with respect to the space-time metric G, while field
strength for Kalb-Ramond field B, and dilaton gradient are defined as

B, =0,B,,+0,B,,+0,B,,, a,=0,®. (6)

Choosing Kalb-Ramond field to be linearly coordinate dependent and
dilaton field to be constant, we obtain (2)

1
R, — ZBupovaU =0. (7)
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Assuming that Kalb-Ramond field strength is infinitesimal we can take G,
to be constant but in approximation linear in B,,,,. As a consequence the
third equation (4) becomes

D-26

2
TK 5

c. (8)

23w

The arbitrary constant c can be fixed, ¢ = —=3%,

The background fields are of the form

R? 0 0 0 Hz 0
Gw=| 0 R} 0 |, Bu=|-Hz 0 0|, (9)
0 0 R} 0 0 0

which gives D = 3.

where R, (1 = 1,2,3) are radii of the compact dimensions. If we rescale
the coordinates

zt — 2" = R a2t (10)

the form of the metric simplifies

100
Gw=|[010]. (11)
0 01
After all the action gets the form
S = & / 260, ML 02" (12)
b

- s / d2¢ %(8+x8_$ O yd_y + 04 20_2)
2

+ OjxHz0_y—0yyHz0_z|

where 0+ = 0, + 0,, and
1 T
Iy, = B, £ §GW, =1y |. (13)
z

2.2. T-dualization procedure

In the standard Buscher procedure, the starting point is assumption that
the target space has isometries. Our background is coordinate dependent
so it is useful to examine if the isometry exists. Let us start with the
coordinate shift

ozt = N\ = const, (14)
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and assume that all the coordinates are compact. As B, is linear in
coordinate, we have

K v
55 = LBV / 260, M0
& Bup\e? / €Dt D" (15)
This is proportional to the total divergence
55 = S B, e / 260, (21 9g2") = 0, (16)

which vanishes in the case of the closed string and the topologically trivial
mapping of the world-sheet into the space-time. So, the isometry exists
even in the case we have chosen.

To localize the global symmetry, we introduce the gauge fields v# and
substitute the ordinary derivatives with the covariant ones

Ot — Dot = Oqat + k. (17)

The covariant derivatives are gauge invariant under the following transfor-
mation law for the gauge fields

Sul = —0u A, (M = \(r, ). (18)

This replacement is not sufficient to make the action locally invariant be-
cause the background field B,,, is coordinate dependent. The coordinate
z#, should be replaced with the invariant coordinate

At = [ de" Dox = [ (d*Diat 4 dgm Do)
P P
— ot (G) + AV, (19)
where

AVF = / deot = / (detoly +de M), (20)
P P

In order to make gauge fields v# nonphysical degrees of freedom, the
corresponding field strength

Flls = 0av — 00, (21)

must vanish. Technically, this can be achieved by introducing the Lagrange
multiplier y,, and the appropriate additional term in the Lagrangian

K
Sadd = §/d2(via—yu—vﬁa+yu), (22)

where the last term is equal %yﬂF ' up to the total divergence. At the end
of procedure we fix gauge freedom in the way that x*(&) = z#(&p).
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3. T-dualization along chain r — y — 2

In this section we will make T-dualization along chain x — y — z, step
by step. Our goal is to find transformation laws, and using them we will
calculate noncommutativity and nonassociativity relations.

3.1. Twisted torus geometry from torus with H-flux

Because background fields do not depend on coordinate x, T-dualization
along direction x is performed within standard Buscher procedure (without
introduction of invariant coordinate). Here we will repeat the standard and
generalized Buscher procedure explained above, while in other cases we will
just give the final results.
Since x direction is an isometry one, action has a global shift symmetry,
r — x+a. Localizing this symmetry we replace ordinary derivatives with
the covariant ones
O+x — Dix = O+ + v, (23)

where v are gauge field. In order to have T-dual action with the same
number of degrees of freedom as initial one, we have to add following term
to the action

KR
Sadd = 5 /2 ey (80— — D-vy), (24)

where y; is a Lagrange multiplier. Symmetry enables us to fix gauge,
x = const., which produces

1
Stiz = m/d2§ [2 (vyv_ 4+ 04y0_y + 04 20_%2)
vy Hz0_y — 0yyHzvu_

_l’_

(25)

_l’_

1
F¥1(04v- —9-vy)

On the equations of motion for y; field strength for the gauge field vy
is equal to zero
FJrf = 0+v, — 87U+ =0. (26)

Vanishing of the field strength gives us the solution
vy =0+ . (27)

Applying this solution from gauge fixed action (25) we restore initial action
(12). Varying the gauge fixed action with respect to the gauge fields we get

v =—0_y1 —2Hz0_y, (28)

vy =04+y1 +2H204y. (29)
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Using (28) and (29) from gauge fixed action (25) we get the T-dual action

o8 = [ 0. (X) 0 (X)" (30)
¥

n

and T-dual background fields

where

1 1 2Hz 0
:EH+;W = :BB,uZ/ + isz’ ) :L"B,uz/ = 07 :BG[LI/ = 2H=z 1 0 .
0 0 1
(32)
Geometry described by background fields (32) defines so called twisted torus
geometry. String theory after one T-dualization is geometrical (flux H takes
the role of connection).
Combining two sets of equations of motion, (27), (28) and (29), we get
the transformation laws

O+x &2 +041y7 £ 2H 2041y, (33)

where = denotes T-duality relation. From the initial action (12) we can
easily find canonical momentum 7,

69

=2 = k(i —2Hzy 4
= k(i 2Hy), (34)

Ty

where A = 9;A and A’ = 9,A. Transformation law (33) produces the
relation

@2y, +2Hzy (35)

which, combined with the expression for 7, enables us to find transforma-
tion law in canonical form

e = KY] - (36)

The initial theory described by action (12) is geometrical one and their
coordinates and canonical momenta satisfy standard Poisson algebra

{a¥ (o), (o)} = *,6(0c —7), {a" 2"} ={m,,m}=0. (37)

Using this algebra it is simply to show that obtained theory (30) is com-
mutative one

(X" X"} =0. (38)
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3.2. The second step - (-flux theory

In this subsection the starting action is the action obtained after T-duali-

zation along z (30). Because y is an isometry direction T-dualization along

y direction will be performed according to standard Buscher procedure.
Let us construct the gauge fixed action starting with (30)

1
Sfix = Ii/ d2§ [2 (8+y18_y1 +vypv_ + 8+28_z)
pX
1
+ OyyiHzv_ +viHz0_y; + §yg(8+v_ —0_vy)| . (39)
The equation of motion for Lagrange multiplier yo produces

Oyv_ —0_vy =0 — vy =01y. (40)

Application of these equations of motions transfers action (39) to (30).
Varying the gauge fixed action with respect to the gauge fields are

vy = £04+ys — 2H 20+ . (41)
Putting these expressions into gauge fixed action, we get T-dual action
oy = 5/d2§8+(xyX)“zyH+W8— (29 X)", (42)

where the background fields are

0 —-Hz 0 1 00
eyBw=| Hz 0 0 |=-Bu, ,Gw={(01 0], (43)
0 01

0 0 0
and
(nyX)# =1 ¥ s ayllipw = ayBuw + ixyGl“/ =\| Hz 5 0 .
z o 0 3
(44)

We see that background fields look like those of torus with H flux (12).
Their global properties are non-trivial and that is a reason why the term
nongeometry is introduced.

Using T-dual transformation laws in Lagrangian form

Ory = +01ys — 2H204y1 , (45)

in combination with the expression for canonical momentum of the initial

theory

Ty = (;j = k(y+2Hz2). (46)
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we get T-dual transformation law in canonical form
Ty = Ky . (47)

From standard Poisson algebra (37) it follows that theory obtained by two
T-dualizations along isometry directions is still commutative

{ay XH, 0y X"} =0. (48)

3.3. Full T-dualized theory

Kalb-Ramond field is dependent on z but this direction is still isometry
one (see subsection 2.2). For T-dualization along z we use generalized T-
dualization procedure [12, 13, 14].

Starting action is the one obtained in the previous step (42). The
first step in the T-dualization procedure is localizing shift symmetry of
the action (42) along z direction. This means that we have to introduce
covariant derivative

O+z —> Dyz=0+z + vy . (49)
Then we introduce the invariant coordinate as line integral

2 :/Pdgapaz:/Pdg+D+z+/Pd£‘sz22(6)—2(50)+AV, (50)

where
AV = /Pdfo‘va = /P(d£+v+ +d¢vo). (51)

In order to make v+ to be nonphysical degrees of freedom we add to the
action term with Lagrange multiplier

Sadd = g/zd2€ y3(0yv_ — 0yv_). (52)
The final form of the action is
S = [ a6 [<H 04010 90— 04100-p1) (53)
+ %(&yla—yl +04y20-y2 + DyzD_z) + % Yy3(Opv— — 5U+)} :

The final step in the procedure is gauge fixing, z(§) = 2(§p), and then the
gauge fixed action is of the form

Stiz = H/2d2§ [—HAV (04y10-y2 — 04+y20_y1) (54)

1 1
500y + Dyt vsv ) + ys@rv a_u)} |
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We restore initial theory (42) from the gauge fixed action using equation
of motion for Lagrange multiplier y3

Oyv_ —0_vy =0= vy =012z, AV =Az. (55)
Varying the gauge fixed action (54) with respect to the gauge fields we get
vy = +01y3 — 267, (56)

where 8% are functions defined as

1
pE = iiH(ylaﬂF?ﬁ —y205y1) - (57)

They are a result of the variation of the term containing AV. Using rela-
tions (56) from the gauge fixed action, we obtain the T-dual action

xyzs == K//Ed2§8+1szumy2H+yl/87$szy7 (58)

where background fields are

0 —HAj; 0 100
myzB,uz/ = HA?;S 0 0 ) :nyzG;w = 010 ) (59)
0 0 0 0 0 1

n
zyzX e Y2 . (60)
Y3

The double coordinate g3 is defined as

0+ys = £0+93, (61)

while, because it stands together with H, we calculate AV in the zeroth
order

and

AV = / dET 0, ys — / A0 ys . (62)

Because AV is defined as line integral, the nonlocality occures in the T-dual
theory. The result of the three T-dualization is a theory with R flux.
Lagrangian form of the T-dual transformation law is

Orz = +01y3 — 28T . (63)

while its canonical form is

1
Y3 = e —H (zy —ya'). (64)
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4. Noncommutativity and nonassociativity

In this section we will calculate noncommutativity and nonassociativity
relations using canonical forms of the transformation laws.

4.1. Noncommutativity relations
Rewriting the relations (36), (47) and (64) as

1 1 1
= Eﬂ'x, yh =2 Eﬂ'y, Yyl ET('Z — H(zy —ya'). (65)

we conclude that nontrivial Poisson brackets will be {yi(c),y3(d)} and
{y2(0),y3(d)}. Using the result presented in the Appendix A and the
relations

I

x|

{n1(0),y3(0)} = —Hy'(0)é(0 — 7) + %Hy(a)y(ff —-a),  (66)

(h(0).55(0)} = ~ 2 Ha'(0)0(0 — ) — - Hr(o) (0~ ), (67)

we get the Poisson brackets of the T-dual coordinates
T~ H _ _
{y1(0),3(0)} = ——1[2y(0) —y(9)]0(0 — 7)), (68)

(2(0). 1600} = - 22(0) ~ 2(0)] 0o — ) (69)

If 0 = & then these two Poisson brackets are zero. But if we choose that
o —d = 27 then (27) = 1 and it follows

{10 +27),95(0)} =~ (47N, + (o)) | (70)
{alo +2m),45(0)} = L 47N, + 2(0)] | ()

where N, and N, are winding numbers defined as
(0 +2m) —x(0) =21N,, y(o+2m) —y(o) =27N,. (72)

4.2. Nonassociativity

Let us start calculating Poisson brackets {yi(c),z(¢)} and {y2(0),y(d)}.
Similar to the calculations presented in Appendix A, we start with

(Buio.n).a@) = { | dny (n), 5(@)} - (73)



244 B. NikoLi¢ AND D. OBRIC

Using the T-dual transformation in canonical form (36), we obtain

(Auio00),2(0)} = A [ dima(n), o)} (74)

o0
which produces further

{Ayi(0,00),2(5)} = — [0(0 — 5) — B(o0 — 7))

K

— {31(0),#(0)} = 00 7). (75)

The relation {y2(0),y(d)} can be obtained in the same way

(12(0). y(@)} = — 00~ 7). (76)

Now it is straightforward to calculate Jacobi identity using (68), (69) and
above Poisson brackets

{y1(01),y2(02),y3(03)} =

{y1(01), {y2(02), y3(3)}} + {y2(02), {y3(3), y1(01)}}
+ {y3(03)a {yl(gl),yg(dz)}} =

_2,;2[ [0(01 — 02)0(02 — 03) + 0(02 — 01)0(01 — 03)
+ O(o1 —03)0(03 —02)] . (77)

Jacobi identity is nonzero which means that theory with R-flux is in general
nonassociative. For oo = 03 = ¢ and 07 = 0 + 27 we get

2H

{y1(0 + 27), y2(0), ys(o)} = =

=3 (78)

5. Reversed T-dualization chain z -y —

Our intention is to T-dualize (12) in opposite direction to find the form
of noncommutativity and nonassociativity relations. Because we T-dualize
first along z, all three theories are R-flux ones.

The T-dualization procedure is presented and already applied three
times. So, omitting all technical steps, the T-dual action is of the form

S =k / 260, X110, X" | (79)
b

where

x

1

z)(‘u = ( Y ) ) zH+,uV :zBuv+§ZGNV’ (80)
Y3
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0 HAV 0 100
Bu=| -HAV 0 0|, .Gu=[010]. (81)
00 1

0 0 0

T-dual transformation laws are
O+z 2 +01ys F H(xdry — yo+x) . (82)

Momentum of the initial theory (12) canonically conjugated to the coordi-
nate z is of the form
T, = KZ, (83)

so, the T-dual transformation law in canonical form is
!~ 1 / /
ys = —m + H(zy —ya). (84)

From the expressions (84) and (37), we get that coordinates . X* are
commutative. Consequently, Jacobiator is equal to zero, which means that
theory is associative.

After T-dualization along y direction the T-dual action is

zyS - H/Ed2£ 8+ zyXu zyHJr/w 0- Z?JXV’ (85)
where
T 1
zyX“ = Y2 , zyH-Hw = zyBuV + 5 ZyGuV ) (86)
Y3
1 —2HAV 0
B =0, G = —2HAV 1 0 . (87)
0 0 1
The canonical form of the T-dual transformation law is
1
l e~ Zog 88
Yo E”y (88)

The only non-zero Poisson bracket is

H

{42(0),43(9)} = — [24/(0)3(0 = &) + 2(0)'(0 = )] . (89)

Using the instructions from Appendix A, the solution is of the form (107)

{y2(0), y3(0)} = —% 2z(0) — x(0)] (0 — 7). (90)
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For o0 — 6 = 2w, we have

{20 +2m), (o)} =~ [i(o) + 4N, o)

where N, is winding number for x coordinate defined as
x(o+27) —x(o) =27N, . (92)
It is straightforward to calculate the Jacobiator

{z(01),{y2(02),y3(03)}} + {v2(02), {ys(o3), z(c1) }}
+ A{wslos), {z(01),42(02)}} = 0. (93)
Because it is zero, we conclude that this R-flux theory is noncommutative

and associative one.
The full T-dualozed action is

zy:JcS = /{/E d2£a+ zyxXM zya:HJr,uzx zZyx XY, (94)
where
Y1 1
zszu = Y2 s zy:pH—Hw = zymB;w + 5 Zwa/JJ/ (95)
Y3
0 —HAV 0 1 00
weBuw = HAV 0 0|, uGu={010]. (9)
0 0 0 0 0 1

The canonical form of the T-dual transformation law is the same as in

the case x -y — 2
1
The set of T-dual transformation laws, (84), (88) and (97), is the same as

in the zyz case up to H — —H. Consequently, we have

1

/
U1

1(0),15)) = L (29(0) ~ (@) 000 - ), (98)
(12(0), 5(7)} = - [22(0) ~ ()] 6o~ 7). (99)

and nonassociativity

{yi(o1),y2(02),y3(03)} =
{y1(01), {y2(02), ys(o3)}} + {w2(02), {ys(o3), y1(01)}}
+ {ys(o3), {y1(01), y2(02) } } =
2%3 [0(o1 — 02)0(02 — 03) + 0(02 — 01)0(01 — 03)

+ 6(o1 —o03)0(03 — 02)] . (100)
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6. Conclusion

In this article we considered closed bosonic string propagating in the con-
stant metric and Kalb-Ramond field with just one nonzero component,
B, = —By, = Hz. We worked in the approximation linear in H. We
T-dualized along chain xyz and in opposite direction. Our goal was to ex-
amine the influence of the sequence of T-dualizations on the full T-dualized
theory, geometrical features and noncommutativity and nonassociativity of
the coordinates.

T-dualizing along chain xyz we concluded that the first theory is geo-
metrical, commutative and associative, the second one is nongeometrical,
commutative and associative, while the full T-dualized theory is nongeo-
metrical R flux theory which is noncommuattive and nonassociative. When
we reversed the direction of T-dualizations we obtained that all three the-
ories are non geometrical R flux ones. But the first one is both commu-
tative and associative, the second one is noncommutative and associative,
while the third one is both nonassociative and noncommutative. The cor-
responding parameters can be obtained from those in xyz case by replacing
H — —H. The form of the full T-dualized theory does not depend on the
sequence of T-dualizations.

A Important Poisson bracket

Let us start with the Poisson bracket of the o derivatives of two arbitrary
functions in the form

{A'(0),B'(5)} =U'(0)d(c — ) + V(0)§' (0 — 7), (101)
where ¢'(0 — ) = 9,6(c — 7). Our task is to find

{A(0), B(9)},

from

{AA(0,00),AB(7,00)},

where

AA(o, 00) = / " de Al (z) = A(o) — A(o) |

o0

AB(5,50) = ’ dzB'(z) = B(5) — B(00) - (102)

a0
It is obvious that

(AA(0,00), AB(5,50)} = /U: dz /U: dy [U'(2)8(x —y) + V()8 (z —y)] ,
(103)
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and after integration over y we get
{AA(J> 00)1 AB(57 60)} (104)
= [ de{U'(@)[8(z — 50) — b(x — 3)] + V(@) [§(x — 50) — 5z — 3)]},

0]

where 0(x) is defined as

/x 1 Z 1 0 ifz=0
= [ dné(n)=— |z+2» —sin(nz)| =< 1/2 if0<z<27.
0 27 n>1 1 if v =27
(105)
Integrating over z, finally we get
{AA(0,00),AB(7,50)} =
U(o)[0(o — a0) —

(0 — )] — U(o0)[0(00 — 50) — 0(00 — 7)]
— U(60)[0(c — 60) — 6(c0 — 00)] + U()[0(0c — &) — 6(c0 — 7)]
+ V(0)[0(c —G9) — 0(c0 —G0] — V(5)[0(c —7) — O(00g — 7)](106)

From the last expression, we extract the desired Poisson bracket

{A(0),B(6)} =—[U(c) = U(a) +V(a)]0(c — 7). (107)
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PREFACE

This volume contains some reviews and original research contributions,
which are related to the 9th Mathematical Physics Meeting: School
and Conference on Modern Mathematical Physics, organized by
the Institute of Physics, Belgrade (Serbia), September 18-23, 2017. The
programme of this meeting was mainly oriented towards some recent de-
velopments in gravity and cosmology, string and quantum field theory, and
some relevant mathematical methods. We hope that articles presented here
will be valuable literature not only for the participants of this meeting but
also for many other PhD students and researchers in modern mathematical
and theoretical physics. We are grateful to all authors for writing their
contributions for these proceedings.

The previous eight meetings in this series of schools and conferences
on modern mathematical physics were also held in Serbia: Sokobanja, 13—
25 August 2001; Kopaonik, 1-12 September 2002; Zlatibor, 20-31 August
2004; Belgrade, 3—14 September 2006; Belgrade, 6-17 July 2008; Belgrade,
14-23 September 2010; Belgrade, 9-19 September 2012; and Belgrade, 24—
31 August 2014. The corresponding proceedings of all these meetings were
published by the Institute of Physics, Belgrade, and are available in the
printed form as well as online at the websites.

This ninth meeting took place at the Mathematical Institute, Serbian
Academy of Sciences and Arts, located in Belgrade downtown. We hope
that all attending this meeting will recall it as a useful and pleasant event,
and will wish to participate again in the future.

We wish to thank all lecturers and other speakers for their interesting
and valuable talks. We also thank all participants for their active partici-
pation. Financial support of our sponsors, Ministry of Education, Science
and Technological Development of the Republic of Serbia, Belgrade; and the
Abdus Salam International Centre for Theoretical Physics was very signif-
icant for realization of this activity.

April 2018 Editors
B. Dragovich

I. Salom

M. Vojinovié
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Representation of T-duality of type II pure spinor
superstring in double space*

Bojan Nikoliéf
Branislav Sazdovié?
Institute of Physics Belgrade, University of Belgrade
Pregrevica 118, 11080 Belgrade, Serbia

ABSTRACT

In this article we present a new way of representation of T-duality using dou-
ble space. Double space is obtained by adding T-dual coordinates to the initial
ones. T-dualization in double space is represented by permutation of appropri-
ate directions from initial and T-dual space. We did this both for bosonic and
fermionic T-dualization of type II superstring theory propagating in the constant
background fields. Obtained results are in full correspondence with the results of
standard Buscher procedure.

1. Introduction

T-duality as a fundamental characteristic of string dynamics [1, 2, 3, 4, 5],
unexprerienced by point-like particle, makes that there is no difference in
physical content between string theories compactified on a circle of radius R
and circle of radius 1/R. It is very important for understanding M-theory,
because five consistent superstring theories are connected by web of T and
S dualities.

Buscher T-dualization procedure [2] represents a mathematical environ-
ment for performing T-duality. In order to make T-dualization along some
directions, they should be isometry ones. Effectively, this means that back-
ground fields do not depend on those coordinates [2, 3, 4, 5, 6, 7|. Further,
we localize noticed symmetry in standard way introducing world-sheet co-
variant derivatives, d1z# — Dyt = dra# + vk, where v/ are gauge fields.
In order to have the same number of degrees of freedom in T-dual theory as
in the initial one, the new term with Lagrange multipliers is added to the
action. Using gauge freedom we fix initial coordinates and get the gauge

*This work has been supported by the Serbian Ministry of Education, Science and
Technological Development, under contract No. 171031.

T e-mail address: bnikolic@ipb.ac.rs

1 e-mail address: sazadovic@ipb.ac.rs
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fixed action. Varying gauge fixed action with respect to the Lagrange mul-
tipliers one gets the initial action and varying with respect to the gauge
fields one gets T-dual action.

This standard T-dualization procedure was used in the papers [8, 9,
10, 11, 12] in the context of closed string noncommutativity. There is a
generalized Buscher procedure which deals with background fields depend-
ing on all coordinates. The new step in this procedure is introducing of
gauge invariant coordinate for the directions on which background fields
depend on. The generalized procedure was applied to the case of bosonic
string moving in the weakly curved background [13, 14]. It leads directly
to closed string noncommutativity [15].

Double space formalism is a framework in which we can represent T-
dualization in a simple and elegant way. It is spanned by double coordinates
ZM = (gt yu) (k=0,1,2,...,D—1), where 2* and y,, are the coordinates
of the D-dimensional initial and T-dual space-time, respectively. It was
the subject of the articles about twenty years ago [16, 17, 18, 19, 20], but
interest for it occured again [21, 22, 23, 24, 25]. In all these papers T-duality
is represented as O(d, d) symmetry transformations.

In Refs.[26, 27] we doubled all bosonic coordinates and obtain the the-
ory which contains the initial and all corresponding T-dual theories. In
such theory partial T-dualization (T-dualization along some of the initial
directions z) is represented as permutation of the corresponding coordi-
nate subsets, * and y,, which is a generalization of ideas given in [16].

When one says T-duality, one means bosonic T-duality. But since re-
cently we can also speak about fermionic T-duality. Analyzing the gluon
scattering amplitudes in N = 4 super Yang-Mills theory fermionic T-
duality was discovered [28, 29]. Mathematically, fermionic T-duality is
realized within Buscher procedure, except that dualization is performed
along fermionic directions, 8¢ and 6.

In the present paper we are going to extend approach of double space
to the type II theories both in the case of bosonic and fermionic T-duality
[28, 30, 31]. We will show that double space method gives the same results
as in the case of applying of standard Buscher procedure.

Here we start applying the approach of Refs.[26, 27] in the case of partial
bosonic T-dualization of the type II superstring theory [1] and then in the
case of fermionic T-duality. Generally, we use type Il pure spinor action
from [32]. This action is given in the form of an expansion in powers of
fermionic coordinates 8¢ and 6. In both cases we simplify the action using
different assumptions explained in the paper. As a result in both cases we
obtain same action, which describes ghost free type II superstring theory
in pure spinor formulation [33, 34, 35] in the approximation of constant
background fields and up to the quadratic terms.

Bosonic T-dual transformation laws can be rewritten via double space
coordinates ZM. In order to achieve that we introduce the generalized
metric Hysny and the generalized current Jijp;. The permutation ma-
trix (7%)™ x makes permutation of x% and y,, where index a marks the
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directions along which we make partial bosonic T-dualization. The T-
dual coordinate is defined as ,ZM = (T*)MyZN and it has to obey
the T-dual transformation law of the same form as initial coordinates,
ZM . This demand produces the expressions for T-dual generalized met-
ric, yHyn = (T*HT*) N, and T-dual current, ,Jiy = (T%J1 )y From
transformation of the generalized metric we obtain T-dual NS-NS back-
ground fields and from transformation of the current we obtain T-dual NS-
R fields. The transformation law for R-R field strength we get imposing
additional assumtions because it is coupled by fermionic degrees of freedom
along which we do not dualize.

Further we apply the method in the case of fermionic T-dualization. We
are going to double fermionic sector of type II theories adding to the coordi-
nates 0% and 6% their fermionic T-duals, ¥, and 9, where « = 1,2, ..., 16.
Rewriting T-dual transformation laws in terms of the double coordinates,
04 = (0*,9,) and ©4 = (#*,1,), we define the ”fermionic generalized
metric” Fap and the generalized currents J;4 and J_4. The permu-
tation matrix 745 exchanges 6 and #“ with their T-dual partners, U,
and 9J,, respectively. From the requirement that fermionic T-dual coordi-
nates, *04 = 74508 and *64 = TA5OF have the same T-dual trans-
formation law as initial ones, ©4 and ©4, we obtain the expressions for
fermionic T-dual generalized metric, *Fap = (TFT)an, and T-dual cur-
rents, * T4 = TaPJrp and *J_4 = TaBJ_p, in terms of the initial ones.
These expressions produce the expressions for fermionic T-dual NS-R fields
and R-R field strength. Expressions for fermionic T-dual metric and Kalb-
Ramond field are obtained separately under some assumptions.

In this article we will not present explicitely the transformation of dila-
ton field, which demands quantum treatment.

2. Pure spinor action of type II action

The sigma model of pure spinor type II superstring action for type II su-
perstring [32] is of the form

S:tﬂ%@m%ﬁﬁ+m%MW+WMﬂW+WMﬂ”
daEaga_éﬁ + daEaHI:[“ + 8+9aEaﬁJ,8 4 H/LEuﬂgB + daPaB(j@
1 g8, 1 = 1 _ 1 )
§NMUQ#V’[38796 + §NMVQHV,ﬂHP + §a+eaﬂa,p.uNMV + §H“Q#7VPNVP

I | - 1 _
- §Nﬂ"cwﬂd5 + 500l N + TN Sy, o NP7 | + S5+ S5, (1)

where

1 _ 1- _
IW:mﬂ+f%%W&W,Hhﬂjwﬁwm%wﬁﬂ (2)
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do = T %(rﬂe)a [8+3:“ + i(eruma)] ,

dy = Fo-— %(r,ﬁ‘)a [81‘“ + i(éruae‘)] , (3)

1 _ 1 -
N = Zuwa (D)0 N = S (D) 537 (4)

Type II superfields generally depends on z#, 8% and #“. The superfields
A, B, E%, and P?# are physical superfields, because their first com-
ponents are supergravity fields. The fields €,,,,(Qu,p), C%u (Cu®) and
Suvpo, are curvatures (field strengths) for physical superfields. The rest
fields are auxiliary superfirlds because they can be expressed in terms of
the physical ones [32].

The world sheet ¥ is parameterized by ¢™ = (£ = 7,¢! = ¢) and 04 =
0-+0,. Superspace is spanned by bosonic coordinates z* (u = 0,1,2,...,9)
and fermionic ones ¢ and 0% (« = 1,2,...,16). The variables 7, and 7,
are canonically conjugated momenta to % and 0%, respectively. The actions
for pure spinors, Sy and S5, are free field actions

Sy = / Pewad N, S5 = / P DN (5)

where A\* and A® are pure spinors and w, and W, are their canonically
conjugated momenta, respectively. The pure spinors satisfy so called pure
spinor constraints

AY(TH) N = XHTH) 05N = 0. (6)

3. Bosonic T-dualization

In this section we will introduce approximated action and then apply stan-
dard Buscher procedure on some subset of coordinates z® Then we will
compare obtained result with the result following from double space for-
malism.

3.1. Simplification of action

The action (1) could be considered as an expansion in powers of % and
0%. For computational simplicity, in the first step we neglect all terms
in the action containing 0% and 6%. As a consequence #¢ and ¢ terms
disappear from ITY, d,, and d, and in the solutions for physical superfields,
just z-dependence of the supergravity fields survives.

Let us make T-dualization along some subset of bosonic coordinates
x®. So, we will assume that these directions are isometry ones. It essen-
tially means that corresponding superfields (Aqp, E.%, E%, Paﬁ) should
not depend on x®. This assumption could be extended on all space-time
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directions x* which means that physical superfields are constant. Accord-
ing to [32], auxiliary superfields are zero, because all physical superfields
are constant. Further, constant physical superfields means that their field
strengths, €, ,,(Quwp); C%u(Cu®) and S,y 5o, are zero.

Background fields obey space-time field equations [36], which are some
kind of consistency conditions. The equation (B.7) from this set of equa-
tions represents the backreaction of P on the metric G- If we take
constant dilaton ® and constant antisymmetric NS-NS field B,,, we obtain
that

1 «
R — gGuvR ~ (P 6);2111‘ (7)

If we choose the background field P®? to be constant, in general, we will
have constant Ricci tensor which means that metric tensor is quadratic
function of space-time coordinates. If one wants to cancel non-quadratic
terms originating from back-reaction, additional conditions must be im-
posed on R-R field strength (see the first reference in [33]).

Taking into account above analysis and arguments, our approximation
is realized in the following way

04 — 0xa”, do — T, do — Ta, (8)

and physical superfields take the form

1 _ _
A,ul/ = K}(iGuy + Buy) 5 Ea = —\Ifa y Eﬁ = \P,ZC y

v 14

pPes — gpaﬁ - g€§Fa57 (9)
K K

where G, is metric tensor and B, is antisymmetric NS-NS background
field.

Consequently, the full action S is

S =k / &2¢
b))
_ _ ~ 2 o
- /E d*¢ [—waa_(ea + What) + 04 (0% + Ve o + —ma P Prg|

1
Oy ML, 0 " + —dRP 10
1+ X +p x + Ak ( )

where

1
H:I:;uz = Buu + §Guu . (11)

Actions Sy and S5 are decoupled from the rest and can be neglected in the
further analysis.
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3.2. Buscher T-dualization

Let some shift symmetry along x® directions exists. The first step in
Buscher procedure is that we localize the noticed shift symmetry. We sub-
stitute the ordinary derivatives with covariant ones, introducing gauge fields

v%. Then we add the term %yaFj‘__ to the Lagrangian in order to force the
field strength F'{  to vanish and preserve equivalence between original and

T-dual theories. Finally, we fix the gauge z® = 0 and obtain gauge fixed
action

Sfim(vi,xi,Ha,g",ﬂa77’ra) =
/Ed2§ [fwiﬂ_mbvzi + nviHJraj(‘)_xj + /@8+aciH+ibvb_—|—

+  KOya'Tly0_27 + ﬁ@R@) — o U

+ V9P T, — T O (0% + UPa') + 04 (0% + USa")To + i e T F*P7s
K

+ S0y — 02 04ya)] (12)

Varying the gauge fixed action with respect to the Lagrange multipliers y,
we get the solution for gauge fields in the form

v{ = dra?, (13)

which produces the initial action, while varying with respect to the gauge
fields v{ we have

0L = =260y 0sx’ — KOLOLyy + 2090V Tty - (14)
Substituting v¢ in (12) we find
Sﬁx(ya,xi,@o‘,éa,wa,ﬁa) =
/E d2¢ [’fmyaéa_ba_yb + K20, Yo 0T 0_ 27 — K20, 2T, 1,070 _y,
+ ROy (T — 26T, 10004 ;)0_ a7 + ﬁ@R@)
To0_ (0% + Uz — 2SOy 07 — kSO y,)
+ 04 (0% + Uia' + QA\ifg‘éin_bjzj + K\i/g‘éibyb)fra
+ 2 U0, + i e? T FPrg| (15)
Combining two solutions for gauge fields (13) and (14) we obtain trans-
formation law between initial * and T-dual coordinates y,

04 (aX)p = (@ Mpw0sa” + T, 0-(uX)p=(Q )p0_a” + J7€176)
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where we introduced the T-dual variables ,X; = {y,, 2'}. For coordinates
which contain both z* and y, we will use "hat” indices fi, 7. The matrices

R jab . Hab
=Lttt 5 )@= ot 5 ) O
and theirs inverse
G-(B28). a-(Bel) o
perform T-dualization for vector indices. Here we introduced the currents
Jip
La= (") = (). (19)
where 5
Jiy = i;‘lliuﬂ:l:a ; (20)
v, =Y, \Il‘fuz\fffj, Tia =TMa, Teq=Ta, (21)

and éftb is defined by the relation

A 1
04 Tley = 50" (22)

__Note that different chiralities transform with different matrices Q™ and
Q. So, there are two types of T-dual vielbeins

aegﬂ = BQV(QT)V[L7 aéﬂﬂ = egu(QT)Vﬂ ) (23)
with the same T-dual metric
WGP = (oeT140)" = (QGQT)Y = (G = (s )" = (QGQTY™ .
(24)

The two T-dual vielbeins are related by particular local Lorentz transfor-

mation X X B
W0 = Ay et A% = e, (QTIQ) ()" (25)

From (17) and (18) we have

5% + 260%Gyy  266%°G.; ) (26)

-1 \Tp __ :
which produces

AQQ = (5£Q — QWQQ, wgb = —Hegaéib(eT%gngb. (27)
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It satisfies definition of Lorentz transformations
ATpA=n = detA%, =+1, (28)

and it holds det A%, = (—1)¢, where d is the number of dimensions along
which we perform T-duality.

Existence of the local Lorentz transformation which connects two sets
of vielbeins means that in T-dual picture we can take that, for example,
nonbar variables remain the same while bar variables must be multiplied
by matrix .2, which is a spinorial representation of that local Lorentz
symmetry. Skipping technical details explained in details in [37], we give
here the final form of the matrix ,{2

d
o = \|[I Gasar o (GiTMH)%, (29)
=1

d(d—1) d(d—1)

d
J =)z [[r“=@G)"=z T9T®...1%. (30)
=1

where

It is easy to check that ,02% = 1.
Let we introduce proper fermionic variables

W0 =0% Ta=70, “0°=,0%.0°, *70=a0."ams.  (31)

Using the action (15) and proper fermionic variables, we read T-dual back-
ground fields

I = 26 (32)
olli® = kT, a(Te)% = KOS Ty , (33)
alliij = a5 — QKHizaé?FbHibj , (34)
SO0 = 500 = g Q0 T (35)
JUS = UE — 26T 302000 U8 = ,03(T — 2411, ,0°TF) (36)
e JFOP = (e3 FO 4 4r20°0T7)), 0.7 . (37)

3.3. Double space

Above expressions for T-dual background fields in the case of full T-duali-
zation are

1 K
Y =*BM + *GM = 0~ 38
+ 9 2 T (38)

MO = ORI T = QY 01T (39)
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e
2

e *FP = (e3 FO 4 4r 000" 07", P (40)

Here we use the notation
2
Gl =Gu —4BG'B),, O = —;(G;BG*)W Q=T (41)

and
or - ey mor s la.

In this case the T-dual transformation laws (16) obtain the form
Opat = —n@iyaiy,, + /i@’iyjiy , 8iyu = —2H¢W8ix” + J:I:u . (43)

In terms of double coordinates

ZM=<5”“>, (44)

Yu

the relations (16) are replaced by one
aiZM >~ L OMN (HNPaiZP + J:I:N) , (45)

where the matrix Hysn is generalized metric and has the form

Gl —2 By, (G~
= m2 wp
HMN ( Q(Gfl)‘up Bpl/ (Gfl),uy ) (46)
The double current Ji,; is defined as
. Q(Hinl)uVJil,
Jim = ( _(G_l)MVJiV ’ (47)
and 0 1
MN _ D
¥ — (). (48)

is constant symmetric matrix. Here 1p denotes the identity operator in D
dimensions.

It is known that equations of motion of initial theory are Bianchi iden-
tities in T-dual picture and vice versa [9, 13, 16, 38]. From Bianchi identity

0,0-zM —9_0,zM =0, (49)

and relation (45), we obtain the consistency condition

Oy [Harn0-ZN + T | +0- [Hano 2V + T =0, (50)



290 B. NikoLi¢ AND B. Sazpovi¢

The equation (50) is equation of motion of the following action

s=4 / @€ [0 2 Harn0- 2" + 0, 2 T_pr + Jersd- 2" + Lima, 7))
(51)
where L(7,, o) is arbitrary functional of fermionic momenta.
Let us split coordinate index p into @ and i (¢ = 0,---,d — 1, i =
d,---,D — 1) and denote T-dualization along direction z* and y, as

TC=T%T,, T*=T’cT'o-..0T% ' T,=TyoTio---0Ty_q, (52)
where o marks the operation of composition of T-dualizations. Permutation

of the initial coordinates z* with its T-dual y, we realize by multiplying
double space coordinate by the constant symmetric matrix (7)™ y

Ya 0 0 14 O Z‘?

M _ z’ _ ra\M N _ 0O 1, 0 O T’
LM = o | = (TH" nZ" = L, 0 0 0 Yo ,  (53)

Ui 0O 0 0 1 Ui

where 1, and 1; are identity operators in the subspaces spanned by 2 and
x', respectively. We demand that double T-dual coordinate ,ZM satisfy
the T-duality transformations of the form as initial one Z™ (45)

Oy o ZM = £ QMN (aHNK o1 o2 + aJ:tN) : (54)
From this relation we find the T-dual generalized metric

JHun = (TS Hx (T N, (55)

and T-dual current
ol = (TuN Jan . (56)

Demanding that the T-dual generalized metric Hysn has the same
form as the initial one H sy (46)

— GG%V _2(‘1B
aHMN - ( 2(CLG71 aB)uV (aG

we obtain the T-dual NS-NS background fields

A~

JIY = 509 ol1% = KOPTLy, (58)

oIl = —Hﬂﬂbég?7 alltiy = g5 — 2/€H:tiaég|:bnibj ;o (59)

which are in full agreement with those from the Refs.[6, 14].
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The T-dual current ,J1 s (56) should have the same form as initial one
(47) but in terms of the T-dual background fields

2(aHi aG_l)ab (aJ)i)t + Q(aHi aG_l)a_l (aJ)ii *(Gil)aﬂjztu

2((LHi aG_l)ia (a'])?t + Q(LLHi aG_l)i] (aJ)ij _ 2(H:I:G_1)iut]:t,u
_(aG_l)ab (aJ)?t - (aG_l)ai (aJ +i - 2<HiG_1>a'uJiu
_(aG_l)ia (a'])i - (aG_l)ij (aJ)ij _(Gil)wJﬂ:#

(60)
From the lower D components of the above equation, after straightforward
calculation we get

JUOT = ROPTE T = Q0500 (61)

JUS = U8 — 26T1_ 00000 | U = ,Q%3(DF — 26T1 0% TP) . (62)

(2

which is in full agreement with results obtained applying standard Buscher
procedure. The upper D components of Eq.(60) produce the same result
for T-dual background fields.

The R-R field strength F*? appears in the action (10) coupled with
fermionic momenta 7, and 7, along which we do not perform T-dualization.
Let us suppose that fermionic term L(74, 7o) (51) in the form

LZB%WQFO[B%Q‘F@%QTFQ JFB ag =L+ L, (63)
for some F*8 and ,F*8. This term should be invariant under T-dual trans-
formation

L=L+NAL. (64)

Taking into account the fact that two successive T-dualization are identity
transformation, we obtain that the T-dual R-R field strength has the form

a®

€T JF0 = (e2 P 4 U™ T)), 0,0 . (65)

For ¢ = 4k we obtain the agreement with the expression (37).

4. Fermionic T-dualization
4.1. Action

We start with the action (1). In order to perform fermionic T-duality we
must avoid explicit dependence of background fields on the fermionic coor-
dinates % and 6% and allow only dependence on the ¢ and 7 derivatives of
these coordinates. This assumption produces that the auxiliary superfields
are zero what can be seen from Eq.(5.5) of Ref.[32].

We choose that G, B, @, W and W) are constant, and correspond-
ing field strengths, Q,,,(Qu.p), C%uw (Cu®) and S, o, are zero. The only
nontrivial contribution of the quadratic terms in equations of motion (see
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[36]) comes from constant field strength P®?. In order to analyze this issue

we will use relations from Eq.(3.6) of Ref.[32] labeled by (3, 3, 2)

1 _ _ 1
DQPB'Y — Z(I‘M”)O{BCHV'Y = O; DCVPB,Y - Z(FMV)Q’YCB“V =0. (66)

Here

_0
~ 960

1 0 _ 0 1 0
Z(TH0),, —— = —+ —(T*9),—
+ 2(F 0) D, + 2(F G)Q&W )

D aq
OxH 00>

(67)
are superspace covariant derivatives and C,, and C_’W‘" are field strengths
for gravitino fields W}, and W}, respectively. In order to perform fermionic

T-dualization along all fermionic directions, 8% and %, we assume that
they are Killing spinors which means

P8 opPhAY
=——=0. 63
06« 06« (68)
From the equations (66) it follows
(T") 050, PP = 0. (69)

Our choice of constant P®? is consistent with this condition.

Under these assumptions the final form of the action is given by the
expression (10). The fermionic part of the action (10) has the form of the
first order theory. On the equations of motion for fermionic momenta =,
and T,

T = —gm (07 + 0a#) (P s, T =5 (P M)apd (07 + What) |

(70)

r
2
the action gets the form

5 2 v 1L 2 e (2)

S(0+2,0-0,040) =k | d°§04atTly,,0_2" + — [ d°¢€PR
p) Am Jx
T / P60, (0% + Toa) (P~)op0- (6° + Wla¥)
b

= /<;/ d?¢0, at [Hwﬁlxyg(zal)aﬁqﬂj} a,xwi/ d?¢dR® (1)
» 2 47T »

+ g/ A€ (040 (P~ )ap0-_0° + 0,0%(P1V) 4,0 2"
h

+ 0" (TP1),00-6°] .
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We notice that theory has a local symmetry
60% =e%(oT), 80*=2%0"), (6T =7=0). (72)
The corresponding BRST transformations are
0% = c*(oT), s0*=¢&*(o7), (73)

where for each gauge parameter £*(c ") and £€%(0~) we introduced the ghost
fields ¢*(o") and ¢*(o™), respectively. Here s denotes BRST nilpotent
operator.

To fix gauge freedom we introduce gauge fermion with ghost number
—1

_ af _ 1-
v=" / ¢ lca (mea + O‘2b+ﬁ> + (aea + 2b_5aﬂa) ca] ()
where a®” is arbitrary non singular matrix, C,, and C, are antighost fields,
while b1, and b_, are Nakanishi-Lautrup auxillary fields which satisfy
5Cy =bia, 5Ca=b_o, 8biqa=0 sb_o=0. (75)

BRST transformation of gauge fermion W produces the gauge fixed and
Fadeev-Popov action

s = ng—l—SFp,

Syp = g / 06 [D_004 8% + 0_07bso + h_a0bg] |
Srp =4 / 26 [Cadyc® + (9_%)Ca - (76)

The Fadeev-Popov action is decoupled from the rest and, consequently, it
can be omitted in further analysis. On the equations of motion for b-fields

bia = _<Oé_1)aﬁa+9aa E—a = _a—gﬁ(a_l)ﬁa’ (77)

we obtain the final form of the BRST gauge fixed action
Sor =15 / 2€0_0°(a ") 050467 (78)

4.2. Fermionic T-duality using Buscher rules

As in the bosonic case we introduce gauge fields v§ and v$ and replace
ordinary world-sheet derivatives with covariant ones

0+0% — D4L0% = 040 + Ui , 3:|:§a — Diéa = aiéa + T)i . (79)
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In order to make the fields v§ and v to be unphysical we add the following
terms in the action
_ 1 _
Sgauge(V9,v4,0,01) = 5/{/ 2604, (010 — 0_v) + ln/ d?€(0,0% — 0_0%) Vs,
Y ®

2
] (80)
where 9, and 9, are Lagrange multipliers. The full gauge invariant action
is of the form

Si’fw(x: 07 é? 07 67 U+, @:I:) = S(aj:flf, D_H, D+é)
+ ng(D_Q, D+9_) + Sgauge(ﬁ, 757 U+, Q_]:I:) . (81)

Fixing 6% and #® to zero we obtain the gauge fixed action
1., L1
Stiz = /{/ d?€d, ot {Hﬂw + 5P 1)aﬁqf{f} o_z¥ + E/ d?¢dR®
b b

+g/ [@i(P‘l)aﬂvf+175’;(P‘1)a5\1156_x”
>

+ 8+$“\112(P_1)a5v§—ﬁf(a_l)agvﬂ
K

3

/E d*€0, (010 — 0_vT) + g /E d*E(040% — 0_1)Vq - (82)

Varying the above action with respect to the Lagrange multipliers we
obtain the initial action (71) because

04v® — 00 =0 = v} = 040%, 0,0 —O0_1} =0= 0% = 9.0*.

(83)

On the other side, the equations of motion for v§ and v give
7% = B,Q%aﬁa S BH%P'BC“ — 8+33“\I/Z‘ , (84)
v} = —a*P9,95, v* = P9 95— Who_axh. (85)

Substituting these expressions in the action Sy;, we obtain the fermionic
T-dual action

_ 1
*S(0+2,0_09,0,0) = K / d?€0, aM Tl ,,,0 o + — / d?¢ *®R?
by AT Js

K

/ d*¢ [049,P*P0_14
2 >
— 042" URO_ g + 040 VEO_a" — 0_Dqa*P 0, 0] . (86)

+

We read fermionic T-dual background fields
*\Ijau = (Pilq’)auv *\T’ua - _(‘T’Pil)uav (87)



REPRESENTATION OF T-DUALITY OF TYPE II PURE SPINOR SUPERSTRING 295

*Pag = (P Nag, *aap=(a"as. (88)
From the condition

1, = _
*H+;u/ + 5*\1104’11, (*P 1)0&5 *\I’ﬂy _ H+y,1/ , (89)

the fermionic T-dual metric and Kalb-Ramond field are

1r = _
*GIJV =G+ 9 [(‘I/P_l“p)ﬁw + (\I’P_l‘lj)w} )

11 _ _
*Buy = B + ; [(FP0),, — (FPTD),,.] . (90)

We obtain T-dual transformation laws combining the different solutions
of equations of motion for v$ and v¢ (83) and (84)-(85)

0_0% = —PPO_95 — WOO_at,  0,0% = 0 05P " — 0 2" TE (91)

910% = —a*P9, 0, D_6% =9 _Jgal. (92)
From these relations we can obtain inverse transformation rules

0 = _(P_l)aﬁafeﬂ - (P_I)Q5W§8,x“7

0400 2 0407 (P~ ") g + 012U (P 1) 54, (93)

0100 = —(a Vo087, 0-0,20-0°(a)pa. (94)

4.3. Fermionic T-dualization using double space

Now we will extend the meaning of the double space and double both
fermionic coordinate as

@A:(§Z), @A:<gz>. (95)

The transformation laws, (91)-(94), can be rewritten in the form

§_64 =~ _AB []:BCE)_@C + j,B] , 0,04 [a+éCfCB + j+B] 0BA
(96)
0,04 = 4B Apc0,0%, 9_64=0_0°Acp0P4, (97)

where ”fermionic generalized metric” F4p has the form

Fap = ( (P*()l)a/g qua ) ; (98)
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and

Aap = ( (Org)aﬁ aga ) : (99)

The double currents, j+ 4 and J_ 4, are of the form

Fon= ( (TP1) 00 2" ) T ( (P710) 40—zt ) C(100)

~ U8, at VaO_at

Let us introduce the permutation matrix

0 1
TAB=<1 0), (101)
so that double T-dual coordinates are
04 =T4508, 64 =T4568. (102)

As in the case of bosonic T-dualization, from demand that T-dual transfor-
mation laws for T-dual coordinates *04 and *©4 have the same form as for
initial ones ©4 and 04 we get the fermionic T-dual ”generalized metric”
*Fap and T-dual currents, * 7y 4 and *J_ 4

*Fap = Ta’FepTPs, *Tia=TalTis, *Ta=TaBJ 5. (103)
The matrix A4p transforms as
*Aap = TAC.ACDTDB = (A_I)AB . (104)

From the first relation in (103) we obtain the form of the fermionic
T-dual R-R background field

*Papg = (P g, (105)

while from the second and third equation we obtain the form of the fermionic

T-dual NS-R background fields
Woy = (P Nag¥lh, *Wou=—T0(P g, (106)
The non singular matrix o®® transforms as

(*O‘)aﬁ = (O‘_l)aﬁ- (107)

As in the case of bosonic T-dualization, in the same way how we ob-
tained the double action (51), we get the double action corresponding to
the fermionic T-dual transformation law

Sdouble(@7 é) = (108)
= g /dzf {84.(:)’4]:1438_@]9 + j+A8_@A + 6+@AJ_A
— 0.0 A4p50.0° + L(m)] :
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where L(z) is arbitrary functional of the bosonic coordinates. In order to
find fermionic T-dual metric and Kalb-Ramond field we suppose that term
L(zx) has the form

L(z) =20yat Uy + My ) 0_a” = L+7L. (109)
This term should be invariant under T-dual transformation
*L=L+AL. (110)

Using the fact that two successive T-dualization are identity transforma-
tion, we obtain

L="L+*AL. (111)

Combining last two relations we get

AL =-AL. (112)
If AL =20,2"A,,0_x", we obtain the condition for A,

Dy = — A (113)

Using the relations (87) and (88) we realize that, up to multiplication
constant, combination

Ay = TP )00 (114)
satisfies the condition (113). So, we conclude that

M =T + C‘I’;Of(P_l)aﬁ‘I’E , (115)

where c is an arbitrary constant. For ¢ = % we obtain the relations (90).

5. Conclusions

In this article we showed that the new interpretation of T-dualization pro-
cedure in double space formalism offered in [26, 27] is also valid in the case
of type Il superstring theory - both for bosonic and fermionic T-dualization.
We used the ghost free action of type II superstring theory in pure spinor
formulation in the approximation of quadratic terms and constant back-
ground fields. One can obtain this action from action (1) under some set
of assumptions.

We introduced the double space coordinate ZM = (z#,y,) adding to
all bosonic initial coordinates, x#, the T-dual ones, y,. Then we rewrote
the T-dual transformation laws (43) in terms of double space variables (45)
introducing the generalized metric Hjsn and the current Jips. Further,
we split initial coordinates x# in two parts: z% are directions along which
we made T-dulization and the rest ones z*.
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T-dualization is realized as permutation of the subsets % and y, in the
double space coordinate Z. Demanding that T-dual double space coor-
dinates ,ZM = (T*)M xZN satisfy the T-dual transformation law of the
same form as the initial coordinates ZM we found the T-dual generalized
metric o Hysy and the T-dual current ,J1ps. Consequently, we obtained
the form of NS-NS and NS-R T-dual background fields in terms of the ini-
tial ones which are in full accordance with the results obtained by Buscher
T-dualization procedure [6, 7].

In order to obtain T-dual R-R field strength F*? we should make some
additional assumptions. Supposing that term L(m,,T) (51) is T-dual in-
variant and taking into account that two successive T-dualizations act as
identity operator, we found the form of T-dual R-R field strength up to
one arbitrary constant c¢. For ¢ = 4k we get the T-dual R-R field strength
«F8 as in Buscher procedure [6].

In the case of fermionic T-duality, using equations of motion with re-
spect to the fermionic momenta m, and 7., we eliminated them from the
action. Then we fixed local chiral gauge invariance using BRST approach.

Using the Buscher approach we performed fermionic T-duality proce-
dure and obtained the form of the fermionic T-dual background fields.
Analogously with the bosonic case we introduced double fermionic space
doubling the initial coordinates % and 6% with their fermionic T-duals,
Vo and J,. Double fermionic space is spanned by the coordinates 04 =
(6%,9,) and ©4 = (§*,9,). Demanding that T-dual transformation laws
for fermionic T-dual double coordinates, *04 = T450F and *04 = TA505,
are of the same form as those for 4 and 04, we obtained the form of the
fermionic T-dual NS-R and R-R background fields which are in full ac-
cordance with the results obtained by standard Buscher procedure. The
expressions for T-dual metric *G,, and Kalb-Ramond field *B,, cannot
be found from double space formalism because they do not appear in the
T-dual transformation laws. These expressions, up to arbitrary constant,
are obtained assuming that two successive T-dualization act as identity
transformation.
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Abstract. Higher category theory can be employed to generalize the notion of a gauge group
to the notion of a gauge n-group. This novel algebraic structure is designed to generalize notions
of connection, parallel transport and holonomy from curves to manifolds of dimension higher
than one. Thus it generalizes the concept of gauge symmetry, giving rise to a topological action
called nBF' action, living on a corresponding m-principal bundle over a spacetime manifold.
Similarly as for the Plebanski action, one can deform the topological nBF action by adding
appropriate simplicity constraints, in order to describe the correct dynamics of both gravity
and matter fields. Specifically, one can describe the whole Standard Model coupled to gravity
as a constrained 3BF or 4BF action. The split of the full action into a topological sector and
simplicity constraints sector is adapted to the spinfoam quantization technique, with the aim
to construct a full model of quantum gravity with matter. In addition, the properties of the
gauge n-group structure open up a possibility of a nontrivial unification of all fields. An n-group
naturally contains additional novel gauge groups which specify the spectrum of matter fields
present in the theory, in a similar way to the ordinary gauge group that prescribes the spectrum
of gauge vector bosons in the Yang-Mills theory. The presence and the properties of these new
gauge groups has the potential to explain fermion families, and other structure in the matter
spectrum of the theory.

1. Introduction

The formulation of a quantum theory of gravity represents one of the fundamental open
problems in modern theoretical physics. Among the many approaches to this problem, some
have developed into vast research frameworks, such as Loop Quantum Gravity, which aims to
formulate a model of quantum gravity (QG) in a nonperturbative fashion, both canonically and
covariantly [1, 2, 3]. The covariant approach aims to give a tentative rigorous definition of the
path integral for the gravitational field,

Z = /Dg el (1)

One of the essential assumptions is a triangulation of a spacetime manifold, and the path integral
is introduced as a discrete state sum of the gravitational field configurations, living on the
simplicial complex structure. This approach to quantization of gravity is usually called the
spinfoam quantization method. It is performed via the following three steps:

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOIL.
Published under licence by IOP Publishing Ltd 1



XII International Symposium on Quantum Theory and Symmetries (QTS12) IOP Publishing
Journal of Physics: Conference Series 2667(2023) 012019  doi:10.1088/1742-6596/2667/1/012019

(1) one reformulates the classical action S[g] as a constrained BF' action, separating the
topological BF' part and the constraint part of the action;

(2) one employs the underlying Lie group structure of the BF' sector of the action, in order to
define a triangulation-independent state sum Z;

(3) finally, one deforms the topological state sum by applying the simplicity constraints, and
therefore redefining it into a triangulation-dependent state sum, which plays the role of a
definition for the path integral (1).

This type of quantization prescription has been implemented in a number of cases, for various
choices of the gravitational action, of the Lie group, and of the spacetime dimension. Historically
the first spinfoam model was the Ponzano-Regge model [4], defined in 3 spacetime dimensions.
In 4 dimensions multiple models have been formulated, differing in the choice of the Lie group
and the way one imposes the simplicity constraints [5, 6, 7, 8, 9]. While all these models do
represent definitions of the gravitational path integral, none of them are able to include matter
fields in a seamless way. Introducing the latter into a spinfoam QG model has so far had only
limited success [10], predominantly due to the lack of the tetrad fields in the topological part of
the model.

Recently, a new approach has been developed to address the issue of matter fields, which
employs the framework of higher gauge theory (see [11] for a review). Specifically, one uses the
notion of a categorical ladder to generalize the BF action (based on a Lie group) to a 2BF
action (based on the so-called 2-group structure), and further to a 3BF action (based on a
3-group structure). A convenient choice of the Poincaré 2-group gives rise to the needed tetrad
fields in the topological sector of the action [12], while an additional extension to the 3-group
naturally introduces the matter fields (fermions and scalars) into the model [13]. The steps of
the categorical ladder and their corresponding structures are summarized as follows:

categorical algebraic linear topological degrees of
structure structure structure action freedom
Lie group Lie group Lie algebra BF theory gauge fields
. Lie crossed differential Lie

Lie 2-group module crossed module 2BF theory | tetrad fields
. Lie 2-crossed differential Lie scalar and

Lie 3-group module 2-crossed module 3BF theory fermion fields

The main aim of this work is to provide a short review of the classical pure BF', 2BF and
3BF actions, in order to demonstrate the categorical ladder procedure and the construction of
higher gauge theories. In other words, we mainly focus on the step 1 of the spinfoam quantization
programme, with a very short review of step 2 of the programme.

The layout of the paper is as follows. Section 2 deals with first three examples of n BF theories,
namely BF', 2BF and 3BF actions, and their construction using the categorical ladder. After
this, in Section 3 we briefly present an application of a 3BF theory to the Standard Model of
elementary particles coupled to Einstein-Cartan gravity. As it turns out, the scalar and fermion
fields are naturally associated to a new gauge group, generalizing the role of an ordinary gauge
group in the Yang-Mills theory. This opens up a possibility of an algebraic classification of
matter fields, and (more speculatively) a possibility of the explanation of the three fermion
families. Finally, Section 4 contains some discussion and our conclusions.

The notation and conventions are as follows. Spacetime indices are denoted by the Greek
letters p,v, ..., and are raised and lowered by the spacetime metric g, = nabeaueby, where
e?, are the tetrad fields. The inverse tetrad is denoted as e,. The local Lorentz indices are
denoted by the Latin letters a,b,c, ..., take values 0,1, 2,3, and are raised and lowered using
the Minkowski metric 7,;, with signature (—, +, 4+, +). All other indices that appear in the paper
depend on the context, and their use is explicitly defined in the text where they appear. We



XII International Symposium on Quantum Theory and Symmetries (QTS12) IOP Publishing
Journal of Physics: Conference Series 2667(2023) 012019  doi:10.1088/1742-6596/2667/1/012019

work in the natural system of units where c=h =1, and G = lg, where [, is the Planck length.
The exterior product in the space of differential forms is denoted with the standard “wedge”
symbol, A.

2. nBF theories
We begin by giving a short review of nBF theories, for n = 1,2, 3, which represent the most
interesting cases for physics.

2.1. BF theory

A BF theory and its various applications in physics are already well known in the literature,
see for example [14, 15, 16], so here we merely give a brief definition. Given a Lie group G, and
its corresponding Lie algebra as g, one defines the BF' action in the form (we discuss only the
4-dimensional spacetime manifolds My):

SBF:/M <B/\]:>g. (2)

Here, F = da+aAa is the curvature 2-form for the g-valued connection 1-form a € A (My)®g,
while B € A*(My) ® g is a g-valued Lagrange multiplier 2-form. Also, (-,_); denotes a G-
invariant nondegenerate symmetric bilinear form over g.

Varying the action (2) with respect to B and «, one obtains the equations of motion:

F=0, VB=dB+aAB=0. (3)

The first equation implies that « is a flat connection, in the sense that a = 0 up to gauge
transformations. The second equation then implies that B is covariantly constant. From these
one can deduce that there are no local propagating degrees of freedom, and therefore the theory
is said to be topological.

2.2. 2BF theory

Once we have introduced the BF model, we procceed to first step of the categorical ladder,
generalizing the algebraic notion of a group to the notion of a 2-group. This leads to the
generalization of the BF' theory to the 2BF theory, also sometimes called BFCG theory
[11, 17, 18, 19].

The categorical ladder is a procedure of generalizing various notions in mathematics, using
the framework of category theory, and works as follows. One starts from the notion of a group
as an algebraic structure, and notes that it can be understood as a category with only one object
and invertible morphisms [11]. Then, one employs the fundamental idea that a category can be
generalized to the so-called higher categories, which have not only objects and morphisms, but
also 2-morphisms (maps between morphisms), 3-morphisms (maps between 2-morphisms), and
so on. This tower of n-categories is known as the categorical ladder. Applying the construction to
groups, it is straightforward to introduce the notion of a 2-group as a 2-category consisting of only
one object, where all the morphisms and all 2-morphisms are invertible. It was demonstrated

that every strict 2-group is equivalent to a crossed module (H %G ,>), see [13] for detailed
definitions. Here G and H are groups, 0 is a homomorphism from H to G, while > : Gx H — H
is an action of G on H.

Just like an ordinary Lie group G has a naturally associated connection « and gives rise to
a BF theory, a Lie 2-group has a naturally associated 2-connection (a, ), described by the
usual g-valued 1-form a € A'(M,4) ® g and an h-valued 2-form 3 € A%2(My) ® b, where b is a
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Lie algebra of the Lie group H. This 2-connection gives rise to the so-called fake 2-curvature
(F,G), defined as
F=dat+aAha—098, G=dB+an”p. (4)

Here o A 8 means that « and 8 are multiplied as forms using A, and simultaneously multiplied
as algebra elements using >, see [13]. The curvature pair (F,G) is called “fake” due of the
presence of the additional term 05 in the definition of F [11].

Using the structure of a 2-group, or equivalently the crossed module, one can introduce the
so-called 2BF action, as a generalization of the BF action, as follows [17, 18]:

Sy — /M (BAF)g+(CAG. (5)

Here the 2-form B € A%2(M,) ® g and the 1-form C € A'(My) ® b are Lagrange multipliers.
Also, (-, _)g and (-, _)y denote the G-invariant nondegenerate symmetric bilinear forms over the
Lie algebras g and b, respectively. As a consequence of the axiomatic structure of a crossed
module (see [13]), the bilinear form (_,_), is H-invariant as well. See [17, 18] for review and
references.

The equations of motion for a 2BF theory are an extension of the equations of motion of a
BF theory. Varying with respect to B and C one obtains

=0, g"=o, (6)
while varying with respect to a and S one obtains the equations for the multipliers,
VB+CAT =0, VC - 3B =0. (7)

Here the map 7 is defined in [13]. A rigorous Hamiltonian analysis of the model demonstrates
that in this case as well there are no local propagating degrees of freedom [20, 21| (see also [22]).
Therefore the 2BF' theory is also topological.

2.3. 3BF theory
When constructing more realistic (nontopological) models by adding constraints to BF' and 2BF
models, it becomes apparent that the group G with a constrained BF action can successfully
describe ordinary gauge vector bosons, while the so-called Poincaré 2-group with a constrained
2BF action can successfully describe general relativity. However, neither of these can suitably
accomodate matter fields, such as fermions or scalars. Nevertheless, it turns out that this can
be remedied if we make one further step in the categorical ladder, passing from the notion of a
2-group to the notion of a 3-group. As we shall see in the next Section, the notion of a 3-group
will prove to be an excellent structure for the description of all fields that are present in the
Standard Model, coupled to Einstein-Cartan gravity. Moreover, a 3-group contains one more
gauge group, which is novel and specifies the spectrum of scalar and fermion fields present in
the theory. This is an unexpected and beautiful result, absent from ordinary gauge theory.
Applying the categorical ladder once more, one can introduce the notion of a 3-group in
the framework of higher category theory, as a 3-category with only one object where all the
morphisms, 2-morphisms and 3-morphisms are invertible. Also, the equivalence between a 2-
group and a crossed module has been generalized to the equivalence between a strict 3-group

and a 2-crossed module [23]. A Lie 2-crossed module, denoted as (L SHSaG >, {-,-}), is an
algebraic structure specified by three Lie groups G, H and L, together with the homomorphisms
6 and 0, an action > of the group G on all three groups, and a G-equivariant map

{,):HxH—L.
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called the Peiffer lifting. The maps 0, §, > and the Peiffer lifting satisfy certain axioms, so that
the resulting structure is equivalent to a 3-group [13].

Based on a given 2-crossed module (L Sl G,>,{-,-}), one can introduce a gauge
invariant topological 3BF' action over the manifold M, as follows. Denoting g, h and [ as
Lie algebras corresponding to the groups G, H and L, respectively, the Lie 3-group structure
allows one to introduce a 3-connection («, 3,7) given by the algebra-valued differential forms
a€ MMy ®g, Be A (My) @b and v € A3(My) ® . The corresponding fake 3-curvature
(F,G,H) is then defined as

F=da+ara—098, Gg=dB+an” B —dy,
H=dy+ar" v+ {8AS},

(8)

see [23, 24] for details. Note that ~ is a 3-form, while its corresponding field strength H is a
4-form, requiring that the spacetime manifold be at least 4-dimensional. Also, for this reason,
going beyond 3-groups and 4-groups in the categorical ladder does not have many applications
in realistic 4-dimensional physics. A 3BF action is defined as

SgBFz/M (BAF)g+(C NG+ (DAH), )

where B € A2(My)®g, C € AY(My)®bh and D € A°(M,) @[ are Lagrange multipliers valued in
the respective algebras. Note that exclusively in 4 spacetime dimensions the Lagrange multiplier
D corresponding to #H is a O-form, i.e. a scalar function. As before, the bilinear forms (_,_) g
<*’*>h and (_,_); are G-invariant, nondegenerate and symmetric, over the algebras g, h and I,

respectively.
The equations of motion can be obtained by varying the action with respect to the multipliers

B, C and D,
F=0, G=0, H=0, (10)

and by varying with respect to the connections «, 5 and 7,
VB+CATB—DASy=0, VC — 9B — D ANMF+2) 5 — VD+46C=0. (11)
See [13] for the detailed definitions of the maps 7, S, X1 and Xs.

3. The Standard Model 3-group
At this point we are finally ready to construct a realistic classical action, featuring the full
Standard Model of elementary particles coupled to Einstein-Cartan gravity. The action is based

on a so-called Standard Model 3-group, which is a 2-crossed module ( L Sala, s, {-,-})
with a following choices for the Lie groups:

G =50(3,1) x SU(3) x SU(2) x U(1), H =R,

L=C*x G x G% x G%.

We choose the group G as a product of the Lorentz group and the usual internal gauge symmetry
group of the Standard Model. The group H is chosen to be the group of spacetime translations,
motivated by the Poincaré 2-group construction [12]. Finally, we choose the group L as a product
of C* accouning for the doublet of complex scalar fields, and three copies of the 64-dimensional
Grassmann algebra G%, representing three families of fermions. The maps 6, 9 and {_, _} are
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trivial, while the map > is chosen in a natural way, in accord with the usual action of the gauge
group G onto translations and various components of matter fields. It is defined in detail in [13].

Once the 3-group has been completely specified, the corresponding action can be written as
a 3BF action with suitable constraint terms, as follows:

(BAF) (CAG) (DAH)
o [ab] a A - 2 A _ & A
S = [ Be AF* + B“Y A Rjay +ea AVB + 0" (V) a + 9a(Vy)" — (7 V)avp 3BF
1 1
— /)\[ B A <B[ab] 167r12 glatled o A ed) + T l2 Acapeac® A AeS Ael GR and CC
T /)\O‘/\(B&712C Mpay & Ae)+<‘mb( aabscdefec/\ed/\eﬁ/\effFa/\ea/\eb> YM
+ /)\A/\ (’yA— apea e ANel Ae ) + A4 A (HabcA e egNee Ney — (V¢)AAeaAeb) Higgs
— / le X ( A —v ) Eabed €4 N e nef Ael Higgs potential
d A _ { an b ocf7.d .
+ / A/\(’y +65abcde Ae’ Aef ('y w) )—)\ /\(’yA—aaabcde ANe’ Ne (w’y )A) Dirac
_ / 112 YABcz/) 1/1 ¢ Eabed € Ael Ael A el Yukawa,
+ /27rz lp 1/?,4757“1/1’4 Eabed € A €S A ﬁd . spin-torsion

Here the first row represents the topological 3BF part, while the remaining rows represent
various constraint terms, each corresponding to one sector of the theory. Taking all together,
the equations of motion obtained from the action S are equivalent to the full set of equations of
motion for all Standard Model fields, coupled to the Einstein-Cartan theory of gravity.

The key novelty of the above structure is the role of the group L, which prescribes the
spectrum of scalar and fermion fields present in the theory, via the (DAH) term in the topological
sector of the action.

4. Conclusions
Let us summarize the results of the paper. In Section 2 we have introduced the nBF' theories
for n = 1,2, 3, and explanied in brief terms how the categorical ladder procedure can be applied
to generalize the notion of a group to the notions of a 2-group and a 3-group, which represent
more powerful ways to describe the gauge symmetry of a physical theory. These structures
were employed in Section 3 to construct the constrained 3BF action for the Standard Model
of elementary particles coupled to the Einstein-Cartan gravity in the usual way. Within that
framework, the spectrum of scalar and fermion fields happens to be determined by a new gauge
group, in a way similar to that of the ordinary gauge group determining the spectrum of gauge
vector bosons in Yang-Mills theory. This opens up a very interesting possibility of applying the
structure of a 3-group to classify matter fields, and possibly gain some insight into why there
are three families of fermions.

These results complete the first step of the spinfoam quantization programme, as outlined
in the Introduction. The second step has also been performed in [25], for a general case of a

Lie 2-crossed module (L Snda ,>>,{_,-}). The resulting state sum is a novel topological
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invariant of a 4-dimensional manifold, and has the following form:

_ —|Aol+[A1|—|Az2] [Ao|=[Ax[+[Az|=|As] | 7= [Ao|+[Ar[—|Az|+[As]—]As]
Z =G| |H]| L]

x H /dgjk H /dhgk:é H /dl]kem

(Jk)eM ¢ (Gke)eA2 Iy (jktm)€As T,

X H 5G( hjke) gre 9ik 950 ) H OH (5( ikem)Pjem (Gem > hike) highn h]klm>
(jke)EA2 (jktm)€eAs
X H 6L (lj_éinn hj@n ‘>/ {hf'mna (gmngfm) > hjk@}p lj_klgn(h]kn D/ lkénm)ljkmnhjmn ‘>/ (gnLn > ljkénL)) .
(jkbmn)eAy
(12)

Here g;;, hijk, lijri are elements from groups G, H, L, respectively, which are assigned to simplices
of the triangulation whose vertices are numerated by indices 4, j,... In other words, g;; are
assigned to edges, h;;, are assigned to triangles, and l;;;; are assigned to tetrahedra of the
simplicial complex representing a compact 4-manifold, which has a total number of Ag vertices,
A1 edges, As triangles, A3 tetrahedra, and A4 4-simplices.

Of course, when building a realistic theory, we are in fact not interested in a topological theory,
but instead in a theory which contains local propagating degrees of freedom. Thus the state sum
Z should be appropriately deformed. This is the task of step 3 of the spinfoam quantization
programme, by imposing the simplicity constraints on Z. The classical action from Section 3
manifestly distinguishes the topological sector from the simplicity constraints. Imposing those
constraints should thus complete the spinfoam quantization programme, and would ultimately
lead us to a tentative model of quantum gravity with matter, by providing a rigorous definition

for the path integral
= / Dy / D¢ 59:9) (13)

which is a generalization of (1) in the sense that it contains matter fields as well as gravity, at
the quantum level.

In addition to the construction of a full quantum theory of gravity, there are also many
additional possible studies of the classical constrained 3BF action. For example, a full
Hamiltonian analysis of the 3B F' action has been done for the example of scalar electrodynamics
[26], and then also for a general choice of a Lie 3-group [27], and the complete gauge symmetry
group has been discussed in detail [27, 28]. Also, it is worth looking into the idea of imposing
the simplicity constraints using a spontaneous symmetry breaking mechanism, and some work
has already begun in this area. Finally, one can also study in more depth the mathematical
structure and properties of the simplicity constraints. The list is not conclusive, and there may
be many other interesting topics to study.
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ABSTRACT

We discuss the generalized T-dualization procedure, its connection
to the standard procedure, and the results of its application to the
arbitrary set of coordinates of the closed string moving in the weakly
curved background. This background consists of a constant metric
and linearly coordinate dependent Kalb-Ramond field with infinites-
imal strength. We unite all the results into a T-dualization diagram,
representing all T-dual theories, the ways to obtain the theories from
one another and the T-dual coordinate transformation laws connect-
ing the corresponding coordinates.
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T-duality is a symmetry seen in the string spectrum. It was observed
that for toroidal compactifications [1], where one dimension is compactified
on a circle of radius R and the corresponding dual dimension is compactified
on a circle of radius 1/R, one obtains the discription of a string with the
same physical properties. So, there exist different string theories, describ-
ing the string in the geometrically different backgrounds, with the same
predictions. Such a symmetry is not present in any point particle theory
[2, 3, 4, 5], and because of that the explanation for T-duality was sought for
in a fact that strings can wrap around compactified dimensions. Investiga-
tion of T-duality lead to a discovery of a Buscher T-dualization procedure
[6, 7], which gave a prescription how to find the T-dual theory for same
known theory. The procedure is applicable along isometry directions, what
allowed the investigation of a backgrounds which do not depend on some
coordinates. This procedure enabled the investigation of the properties of
the background connected by T-duality. It was discovered that geometric
backgrounds transform to the non-geometric backgrounds and these to dif-
ferent non-geometric backgrounds, which differ in a form of the background
fluxes, some of which are not locally well defined [8, 9]. T-duality is also
investigated for the double string theories, where T-duality is a manifest
symmetry [10, 11, 12, 13].

In this talk we will discuss the results of T-dualizations done for the
closed string moving in the weakly curved background, using the general-
ized T-dualization procedure, defined in our paper [14]. This background
depends on all the space-time coordinates and as such was not a candi-
date for T-dualization using the standard T-dualization procedures. In
paper [14], we presented generalized T-dualization procedure applicable to
all space-time directions regardless of the possible background coordinate
dependence. We obtained the T-dual theory which is a result of T-dualizing
all the initial coordinates. In paper [15], we broadened the investigation by
considering T-dualization of an arbitrary set of coordinates of both initial
and its completely T-dual theory. We will recapitulate the results here and
discuss further investigations. We obtained the T-dualization diagram de-
scribing the relation between all string theories T-dual to the string moving
in a weakly curved background, their backgrounds and giving the T-duality
laws connecting the corresponding coordinates.

So, let us start by the action describing a closed string moving in a
coordinate dependent background

St =k [ €O a”, De=0rkD, ()
b

given in the conformal gauge gng = et Nag- The background field compo-
sition is defined by

I (2) = Bu(z) + %GW(:):). ()

It consists of a symmetric metric tensor G, = G, and an antisymmetric
Kalb-Ramond field B,,, = —B,,,. The background must obey the following
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space-time equations of motion

1 o
RIW - ZBMPUBV/) =0, DPBp,uu =0, (3)

in order to have a consistent quantum theory. We will consider one of the
simplest coordinate dependent solutions, the weakly curved background,
composed of a constant metric and linearly coordinate dependent Kalb-
Ramond field which has an infinitesimal field strength

1
3

What are the backgrounds T-dual to this background? As, the standard
T-dualization procedure is applicable to coordinate directions which do not
appear as background field arguments, and the weakly curved background
depends on all space-time coordinates, this procedure could not provide the
answer to this question. So, a generalization of a T-dualization procedure
which does not have this limitation had to be made. The main difference
between the procedures obviously must be connected to background fields
argument. We presented the new T-dualization procedure in [14].

Both procedures are built as a localization of a global coordinate shift
symmetry dz# = M = const. One introduces the gauge fields v# and
substitutes the ordinary derivatives with the covariant ones

Guv(x) = const, B (x) = by + 5 Bupx’, by, By, = const. (4)

Opxt — Dyxt = Opzt + k. (5)
Imposing the following transformation law for the gauge fields
vk = =0\, (N = N(T,0)) (6)

one obtains that §D,xz* = 0. If the background does not depend on the
coordinates which are T-dualized the gauge invariant action is already ob-
tained. But, what if the background depends on all the coordinates? The
additional step must be introduced. It consists of a substitution of back-
ground field argument (the coordinate z*), by the invariant argument (in-
variant coordinate) defined as a line integral of the covariant derivatives of
the original coordinate

Aot = [ e D = 0% — (&) + AV, ™)
P

where
AV“E/ &k, (8)
P

Consequently the arguments of the background fields will be nonlocal.
Here, they are defined as the line integrals of the gauge fields, and as such
are nonlocal. Later, once the explicit form of T-dual theories is obtained
the non locality will appear as dependence on double coordinates.



46 Li. Davipovi¢, B. NIKOLIC AND B. SAzDOVIC

In order to obtain the physically equivalent theories, one must make the
introduced gauge fields nonphysical which is done by requiring that there
field strength

Fllg = 0av — Ol 9)

must be zero. This is achieved by adding the Lagrange multiplier y,, term to
the Lagrangian. Finally, the gauge invariant action, physically equivalent
to the initial action is

, 1
Siny = m/d2§[D+x“H+W(Aaﬁmv)D_ac + 5(1&8_3/“ — vﬁ&ryu)] (10)
Fixing the gauge x#(&) = x#(&p), one obtains

1
Stizly, ve] = /i/de[UiHJmu(AV)Ui + §(vi8,y“ - Uﬁ@+y#):|‘ (11)

The gauge fixed action is the main crossway of the procedure, for an
appropriate equation of motion it can transform both to initial action and to
the T-dual action. For the equation of motion obtained varying the action
over the Lagrange multipliers 040" — d_v/l = 0, with solution v/ = dyz*,
the gauge fixed action reduces to the initial action. For the equation of
motion obtained varying the action over the gauge fields Il4,, [AV]vY +
%@:yu = :Fﬂff [V], where BS[V] = 8MB,,pe°‘BV”85Vp, one obtains the T-
dual theory. Comparing the solutions for the gauge fields in these two
directions, one obtains the T-dual coordinate transformation laws. So, for
application along all directions we obtain the following connection

2
Sla] = & / Dt Tl (2)0 2 & *Sly] = / d%€ 0, y,0" (AV)O_y,,
b

(12)
with AVE = VE(E) — VE(&), VH = (g7 [(2bG1),Ly, + §]. The dual
background field composition is defined by

v 2 — - v v 1 - v
O = 2 (G LGy = 0" 5 (G5, (13)

and consequently the T-dual background are

G & G"(y.3) = (G5 (AV),
Bu(a) & *B"(y,3) = 36" (AV), (14)

where Gg,, and 0% are the effective metric and the noncommutativity
parameter for open bosonic string, which are

2
GE,uu = G/,W - 4(BG_1B),LLW o = _;(GngG_l)NV' (15)
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But what if one does not consider T-dualization over all coordinates,
but only some set of coordinates. To investigate this problem, let us mark
a T-dualization along direction z* by T and a T-dualization along dual
direction y, by T),. Also mark the T-dualizations along some d initial
directions, all other D — d initial directions, and all initial directions by

T =ol_ T,  Ti=oP . TH, T =ol Tk (16)
and T-dualizations along corresponding dual directions by
To = OgLZITllzn7 Ti = O£=d+1Tunv % = nglT n (17)

pn € (0,1,...,D —1). We showed in [15] that these T-dualizations form
an Abelian group

ToT" =T, TioTo=T, TooT*=1L1 (18)

We showed that all the theories T-dual to the theory of the closed bosonic
string are the part of the T-dualization diagram, given by

S, ya)

Sla"] < - ~Syul-

This diagram clearly describes the connection between arbitrary theory and
the initial and completely T-dual theory. The explicit form of the theory
obtained T-dualizing some set (marked by a) of the initial coordinates is
the following

Sty = w [

—k O Tl o (27, AV(2 14)) O (27, AV(2, ya)) Oy
+5 04 Yo O (2, AV (2", yo) I (2, AV (27, y4)) 02

Oy ' Tl i5(a', AV (2, ya) )02

/{ ~ . .
2 05O, AV (2, )0 . (19)

The new background field compositions ﬁiij and (:)‘jcb are defined as the

inveres of the ordinary background field compositions @ZFk and 14, reduced
to the appropriate d and D — d dimensional subspaces

_ . . 1
I.,;0/ = YT, ; = %55, (20)
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~ ~ 1
O Mgy = M, O = ?55- (21)
K
It can be shown that
ﬁ+,’j = H—l—ij — 2/€H+iaé(ibn+bj. (22)

The argument of the background fields is

A{/(O)a(xi7 Yo) = —& [éginofbi + égb_Hoﬂn} A0
K [égino_bi - ég’inom} A7
KT~ ~ KT~ ~ N
= [68% + 05t [ Ay — S [6gh — g Az, (23)
2 2
where Act(€) = 2#(€) — ¥ (€) and Ayu(€) = u(€) — yy(€o) while A (€)
and Ag,(§) are their duals, defined by

Ad(€) = /P de® &8, gat, AG(E) = /P e 8 Oy, (24)

Calculating the symmetric and antisymmetric part of the background fields
we obtain the T-dual metric and Kalb-Ramond field:

*Gij = Gij = Gij — Gia(G5) "Gy,
~25(Bial** Gy + Gial™ Biy ) — 4Bia(G5") " By
*Byj = By = Bij — gcméabcbj — Bia(GEH) ™Gy,
~Gia(G5") ™ By; — 26B,0" By,
OGab — (év]—fl)ab
'Bab _ nab
50
*G% = KOGy + 2(G5" )™ By;
~ 1 -
"B = k0" Byi + 5 (G5')" G- (25)

As the constituents of the dual background field there appear the effec-
tive metric in the d-dimensional subspace a, defined by

éEab = Gab - 4Ba0(é_1)CdBdba (26)
the non-commutativity parameter in the same subspace

éab —

(G5 Bea(G™H™, (27)

L
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which combined give the new theta function (:)ib =6 ¥ %(@El)“b.

Every arrow in the T-duality diagram is accompanied with the appropri-
ate T-dual coordinate transformation law. These are obtained comparing
the solutions for the gauge fields in a T-dualization procedures performed
between two actions in both directions. The laws for transitions

TO: St = Sla'ya),  Ta: Sla',ya] = Sla'],
which are inverse to each other, are given by
Ora® = —2/{(:)ib(:ri, AV y,)) -
. . 1 . ,
[Mani(e’, AV (' ya)) D5’ + S0 F B (2, V7 (@ ya))]
VO () (28)

S
=
)

2

and its inverse

Orta = —2Mpy,(z)052" + 28F (),
v = UO(). (29)

These relations enable an investigation of the closed string non-commu-
tativity and other geometric properties of the T-dual backgrounds. One
can determine the geometric structure for an arbitrary sigma model in
a T-duality diagram, find the connection between the Poisson structures
of T-dual theories and the relations between non-commutativity parame-
ters. The coordinates of the closed string are commutative when the string
moves in a constant background. In a three dimensional space with the
Kalb-Ramond field depending on one of the coordinates, successive T-
dualizations along isometry directions lead to a theory with Q flux and
the non-commutative coordinates [16, 17, 18]. Using the generalized T-
dualization procedure, we found the non-commutativity characteristics of
a closed string moving in the weakly curved background [15] comparing the
initial and completely T-daul theory. One can expect the further investi-
gations will reveal novelties regarding the form of the fluxes of all T-dual
background forming a diagram. For now it is known that all fluxes are of
type R.
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ABSTRACT

We consider the closed bosonic string moving in the weakly curved background.
Using T-duality transformation laws we calculate the Poisson brackets of the co-
ordinates in the T-dual space assuming that initial theory is geometric one, which
means that standard Poisson algebra is obeyed. The result is that the commutative
initial theory is equivalent to the non-commutative T-dual theory. All noncommu-
tativity parameters are infinitesimal and proportional to the B, ,, field strength
of Kalb-Ramond field B,,,. In addition we find the algebra of the T-dual wind-
ing numbers and momenta in terms of the winding numbers and momenta of the
initial theory.

1. Introduction

In order to obtain noncommutativity in the open string case it is enough
to consider the open string in the presence of the constant gravitational
G and Kalb-Ramond field By, and use the boundary conditions [1, 2].
Treating boundary conditions as canonical constraints and solving them,
one gets the initial coordinates expressed in terms of the 2 even effective
coordinates and momenta, where €2 is world-sheet parity transformation
Q : 0 — —o. Because effective variables have nonzero Poisson bracket (PB),
the PB between initial coordinates is also nonzero. The noncommutativity
parameter is proportional to the Kalb-Ramond field B, .

There is one interesting thing which we noted in tﬁe open string case.
The effective metric and the noncommutativity parameter are (up to some
constants) the backgroud fields of the T-dual theory. As we know T-dual
theory is physically equivalent to the initial one in the sense they have the
same degrees of freedom - one at the scale R and the T-dual one at the scale
1/R. The mathematical realization of the T-duality goes through Buscher
procedure [3]. As a result of the procedure we get the relation between
initial and T-dual variables which we call transformation laws.

* Work supported in part by the Serbian Ministry of Education and Science, under
contract number No.171031.
 e-mail address: ljubica, bnikolic, sazdovic@ipb.ac.rs
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The closed strings do not have endpoints, so in the constant background
there are no boundary conditions. To obtain noncommutativity in the
closed string case we have to use T-duality as a helping tool. But, in the
constant background case, T-duality relates o-derivatives of the coordinates
of one theory with the momenta of its T-dual one. Assuming that momenta
of the initial theory commute (geometric theory) it follows that the T-dual
coordinates commute as well. Consequently, in the constant background
case there is no closed string non-commutativity.

It is obvious that T-duality is just one part of the solution in order to get
the closed string noncommutativity. The second part is coordinate depen-
dent background obeying the space-time field equations [4, 5]. Considering
the closed string in the constant gravitational field G, and Kalb-Ramond
field depending on one coordinate, the closed string non-commutativity was
first observed in the paper [6], and investigated further in [7, 8, 9]. In these
articles 3-torus is considered, where B,,, depends on one coordinate and T-
dualization is performed along two other coordinates (isometry directions)
using standard Buscher procedure [3].

Omne can ask if it is possible to do that in the background where B,,,
depends on all space-time coordinates. The answer is affirmative but in
order to achieve that we have to use the generalized T-duality procedure
presented in details in [10] and to apply it to the weakly curved back-
ground. The weakly curved background used in the present article is de-
fined by constant gravitational G, = const and the linear Kalb-Ramond
field B, = by + %Bwpx” , where the field strength B, is supposed to
be infinitesimal. Such background obeys space-time field equations [4, 5]
in the linear approximation in B,,,.

We perform the generalized T-dualization procedure [10] along all the
coordinates and obtain the T-duality transformation law, 0+, = 0+y,(0+x),
where J4 are world-sheet partial derivatives. Using canonical formalism,
the T-dual coordinates are expressed in terms of the original variables,

Y, = %77# — ﬁg[x], where 7, are canonically conjugated momenta to the

coordinates x*. The infinitesimal expression ﬂg is the correction in com-

parison to the flat background case. Assuming that the coordinates and
momenta of the original theory satisfy standard Poisson algebra (initial
theory is geometric one), we get the coordinate noncommutativity rela-
tions in the T-dual picture. In addition, we obtain the complete algebra of
the T-dual winding numbers and momenta.

2. Generalized T-duality and noncommutativity

We consider the closed bosonic string moving in the D-dimensional space-
time described by the action

Sla] = & /E € 0, ot (Bu,j[x] + ;GW[:E}) 0 2" (1)

where the light-cone coordinates are defined as ¢+ = %(7‘ + o) and the cor-
responding derivatives 0+ = 0, +0,. In order to keep conformal invariance
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on the quantum level, the background fields have to obey the following
one-loop consistency conditions [4, 5]

1
Ru — 4 ByupeB,” =0, D,B’,, =0. (2)

Here B,,,, = 0,B,, + 0,B,, + 0,B,,, is the field strength of the field B,,,,
and R, and ﬁu are Ricci tensor and the covariant derivative with respect
to the space-time metric.

The solution of the equations in the first order in B,,,,, so called the

weakly curved background, [7, 10, 11, 12], is defined by
Guwlr] = const,
1
Bulr] = by +hwlr] =0bu + gBWpacp, buv, Buwp = const. (3)

Here, the field strength B, is infinitesimal.

Applying the generalized T-dualization procedure [10] on the closed
string propagating in the weakly curved background, we obtain the T-dual
action

* K“Q v
Sl =% [ 46 04,0 [AVIgIO_y. @
where
[ 2 2 -1 —1\uv v 1 —1\uv
0L = _E(GE LG )" =o" :F;(GE )
Gew = Gu —4(BG™'B),,, HiW:BWi%GW. (5)

The argument AV is defined nonlocally as
AV = —k85" Ay, + (97 Ay (6)

where
Ay, = /P(de]u +doy,) = yu(&) —yu(&), Ay, = /P(dTy:‘ +dogy,), (7)

and 5
s = G = A O, O = (g 70GT ()

It is obvious from the definitions (7) that these two coordinates are related
by the following expressions, §,, = ¥, ¥,, = U,

The transformation laws connecting initial and T-dual coordinates play
the key role in our considerations. To be more precise, we obtain from T-

dualization procedure the relations between world-sheet derivatives of the
initial and T-dual coordinates

Orat = —kOL [AV] |0y, + 267 [V]], (9)
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where
Bl = 560+ B) = Fghuuloldga”
62[‘7:] = h#”[x]xw7 /Bplt[x] = _huy[x}iy . (10)

Because we use the canonical formalism, we must have these transformation
laws in the canonical form

P

I

1
~ it — wf BV, (1)

Ky, + KBV], (12)

I

Ty
where 7, and *7# are canonically conjugated momenta to the coordinates
x# and y,, respectively. It is shown in Ref. [10] that the T-dual of the

T-dual action is the initial one. If we want to have T-dual coordinates in
terms of the initial ones, we just have to invert the relation (9)

Oxryy = —2Mg,, [Az]0ra” F 26 [z]. (13)

The canonical form of the T-dual transformations is

1
h = L Al (1)
ko mx’“—i—nQG(‘)‘yﬁg[x]. (15)

Our intention is to calculate the PB’s of the T-dual variables y, and
Ju using PB algebra of the initial variables. Consequently, we assume that
initial theory is geometric which means that coordinates z*# and momenta
m, satisfy standard PB algebra

{z#(0), (o)} = 080(0c — ), {azt(0),2"(0)} =0, {mu(o),m(a)}=0.
(16)
In this article we will calculate, besides already mentioned PB algebra of
the T-dual coordinates, also the algebra of the T-dual winding numbers
and momenta. For both purposes, the first step is introducing the quantity

AYu(ao0) = [ dn¥i(m) = V(o) = Yilow), (17)

0

where Y}, = (Y, 9,). The second step is to calculate their PB’s. It is obvious
that key relation which we have to calculate is PB between o derivatives
of Y’s. When we calculate it in three possible cases it turns out that it can
be written in the form

{X,(0),Y,(0)} 2 K, (0)0(0 = 7) + Lyun(0)d' (0 — 7). (18)
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Integrating this relation by parts over ¢ and &, after straightforward cal-
culation, we extract PB we are searching for

{Xu(Tu 0),Y,(1,0)} = — [KW(U) - KW(‘?) + LW(‘?)] 0(c—0a), (19)

where 6(0) is the step function defined as

0 ifto=0
6(c) =< 1/2 if0<o<2m, o€]|0,2n]. (20)
1 ifo =27

This is a general form of the relation. Using transforation laws we calcu-
late PBs in three cases: {y/,(7),45(0)}, {0(0), 7(9)} and {7,(0), 7,7},
and express them in the form of (18). Reading the corresponding values of
K and L and using (19), we get the noncommutativity relations for T-dual
closed string coordinates

Wl0).00(0)} = - By la(0) — 27(2)}6(c — ). (21)
(01,5000} = ~{ Bugli?(0) ~ #(0)] - 2-T5,,[a#(0) — (2]
—i—%gw _ % r%,,27(2)}0(0 - 7). (22)
(), 5000 2= ~{ — - [Bup — 6,0@05, ] #(0) ~ 2°(0)]  (28)
= o (T8, —TE,) + 2 Buuo (@)% [#(0) — #(0)) 0o — ),
where
= %(G’l)’“’ny +2AGIBY 2| (24)

Here the infinitesimal fluxes are defined as
1 4
E E E E\ _ —13\0 R PAY
Tiup = 5 (0Gh, + 0,61 = 0uG, ) = =5 (Buow(G70)% +Buop (G707, )
(25
(26

Lro —1 2
Q"= =57 (™)™ — K067057] Bory.
For 0 = & we obtain that all PB’s vanish, and consequently, coordinates
commute. Also we can consider ¢ = ¢ + 27, which is the same point on
the world-sheet as our first choice ¢ = 4. Taking ¢ = & + 2w, three non-
commutativity relations take the form

~— ~— o

o+ 2m), (o)} = =T By NP (27)
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oo+ 2m), ()} + (3(0), (o +2m)) = — 5 Bu?

+ (3PEW 8Byuab, ) N7, (28)
and

{9u(o +2m),5,(0)} =
2
= [ B,uz/p 69#01@ pg,é’y + 2B/LZ/ Irp + 3 (F,u vA T V,LL)\) b }

K
+ % [3 (FE -k ) P —8B,,\b p} PP, (29)

Bovp V,p1p

where N* = 2L [z#(0 + 27) — #(0)] is winding number of the initial coor-
dinates and

dnmy(n) , (30)

is mean value of the momentum 7,. Note that all three PB’s are propor-
tional to the Kalb-Ramond field strength which means they are infinitesi-
mal.

In addition we can obtain the algebra of the T-dual winding number
and momenta defined as

Ay,(2m,0) =27*N,,, Ag,(27,0) =271*P,, (31)
while we introduced earlier
Azxt(2m,0) =27 N*,  AzZH(2m,0) = 2w PH. (32)

Using (17), (18), transformation laws and above definitions we have

1
{*N *N } - ;prp ) (33)
*N,,*P, i PP — irE NP 34
{ Iz } - uup Ak PHY ) ( )
¢P.*P} = —— (B (Bup — 6940Q” pg5, ) N”
ws vy = o uvp Jua p98v
1 3 4 _
+ T [ lwp Vup) + BWU(G lb)ap] pr
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3. Concluding remarks

In the present article we considered the theory describing the closed bosonic
string moving in the weakly curved background and derived the non-com-
mutativity relations using canonical approach.

We applied generalized T-duality procedure and obtained the transfor-
mation laws connecting the initial and T-dual variables. They, expressed
in the canonical form, have the central role in calculation of the PB’s of the
T-dual coordinates y, and g,. Infinitesimal Kalb-Ramond field strength,
as a part of the function 3, gives the main contribution to the noncommu-
tativity parameters. The result is that we showed the physical equivalence
of the commutative initial theory and noncommutative T-dual one in linear
approximation in the field strength B,,,.

The general structure of the non-commutativity relations is

{Y(0), Yol@)} = {Fp [19(0) = 2°(3)) + Fpup [#(0) — #(3)] 00 — 7
35
where Y, = (yu, 9,) and F,,,, and Fqu are the constant and infinitesimally
small fluxes. At the same points, for ¢ = & all PB’s are zero. In the
important particular case for o = & 4 27 we get

- 1 .
(Yl +2m), Y (0)} = 27 | (Fiwp + 2F,0ab)N + —Fiufpp| o (36)

where N# and p,, are winding numbers and momenta of the original theory.
In addition we calculated the PB algebra of the T-dual winding numbers
and momenta in terms of the initial ones.
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Preface

The Workshop series ‘Lie Theory and Its Applications in Physics’ is designed
to serve the community of theoretical physicists, mathematical physicists and
mathematicians working on mathematical models for physical systems based on
geometrical methods and in the field of Lie theory.

The series reflects the trend towards a geometrisation of the mathematical
description of physical systems and objects. A geometric approach to a system
yields in general some notion of symmetry which is very helpful in understanding
its structure. Geometrisation and symmetries are meant in their widest sense, i.e.,
representation theory, algebraic geometry, infinite-dimensional Lie algebras and
groups, superalgebras and supergroups, groups and quantum groups, noncom-
mutative geometry, symmetries of linear and nonlinear PDE, special functions.
Furthermore we include the necessary tools from functional analysis and number
theory. This is a big interdisciplinary and interrelated field.

The first three workshops were organised in Clausthal (1995, 1997, 1999), the
4th was part of the 2nd Symposium ‘Quantum Theory and Symmetries’ in Cracow
(2001), the 5th, 7th, 8th and 9th were organised in Varna (2003, 2007, 2009, 2011),
the 6th was part of the 4th Symposium ‘Quantum Theory and Symmetries’ in Varna
(2005), but has its own volume of Proceedings.

The 10th Workshop of the series (LT-10) was organized by the Institute of
Nuclear Research and Nuclear Energy of the Bulgarian Academy of Sciences (BAS)
in June 2013 (17-23), at the Guest House of BAS near Varna on the Bulgarian Black
Sea Coast.

The overall number of participants was 71 and they came from 21 countries.

The scientific level was very high as can be judged by the speakers. The
plenary speakers were: Loriano Bonora (Trieste), Branko Dragovich (Belgrade),
Ludvig Faddeev (St. Petersburg), Malte Henkel (Nancy), Evgeny Ivanov (Dubna),
Toshiyuki Kobayashi (Tokyo), Ivan Kostov (Saclay), Karl-Hermann Neeb (Erlan-
gen), Eric Ragoucy (Annecy), Ivan Todorov (Sofia), Joris Van Der Jeugt (Ghent),
George Zoupanos (Athens).

The topics covered the most modern trends in the field of the Workshop:
Symmetries in String Theories and Gravity Theories, Conformal Field Theory,
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Integrable Systems, Representation Theory, Supersymmetry, Quantum Groups,
Vertex Algebras and Superalgebras, Quantum Computing.

There is some similarity with the topics of preceding workshops, however, the
comparison shows how certain topics evolve and that new structures were found
and used. For the present workshop we mention more emphasis on: representation
theory, quantum groups, integrable systems, vertex algebras and superalgebras,
on conformal field theories, applications to the minimal supersymmetric standard
model.

The International Organizing Committee was: V.K. Dobrev (Sofia) and H.-D.
Doebner (Clausthal) in collaboration with G. Rudolph (Leipzig).

The Local Organizing Committee was: V.K. Dobrev (Chairman), V.I. Doseva,
A.Ch. Ganchev, S.G. Mihov, D.T. Nedanovski, T.V. Popov, T.P. Stefanova, M.N.
Stoilov, N.I. Stoilova, S.T. Stoimenov.
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Complete T-Dualization of a String in a Weakly
Curved Background

Lj. Davidovié, B. Nikoli¢, and B. Sazdovié¢

Abstract We apply the generalized Buscher procedure, to a subset of the initial
coordinates of the bosonic string moving in the weakly curved background, com-
posed of a constant metric and a linearly coordinate dependent Kalb-Ramond field
with the infinitesimal strength. In this way we obtain the partially T-dualized action.
Applying the procedure to the rest of the original coordinates we obtain the totally T-
dualized action. This derivation allows the investigation of the relations between the
Poisson structures of the original, the partially T-dualized and the totally T-dualized
theory.

1 Bosonic String in the Weakly Curved Background

Let us consider the closed string moving in the coordinate dependent background,
described by the action [1]

S[x] = /c/ d?€ 91 x I, [x]0_x". @)
b

The background is defined by the space-time metric G, and the antisymmetric
Kalb-Ramond field B,

1
My, [x] = Bu[x] £ EGW[x]. 2)
The light-cone coordinates are
L+ 1
£ =§(r:|:o), 0+ =0, £ 05, 3)

and the action is given in the conformal gauge (the world-sheet metric is taken to be
8ap = eZFnaﬁ)~
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The world-sheet conformal invariance is required, as a condition of having a
consistent theory on a quantum level. This leads to the space-time equations for the
background fields, which equal

1
Ry = 3 BupaB” = 0. DyB', =0, 4)

in the lowest order in slope parameter o’ and for the constant dilaton field @ =
const. Here B,,, = 0,B,, + 0,B,, + 0,B,, is the field strength of the field
B, and R, and D, are Ricci tensor and covariant derivative with respect to the
space-time metric.

We will consider a weakly curved background [2, 3], defined by

Guv[x] = const,
1
B [x] = buy 4 hyo[x] = by + ngpx", buy, By = const.  (5)

Here, the constant B,,,, is infinitesimal. The background (5) is the solution of the
field equations (4) in the first order in B,,,.

2 Partial T-Dualization

In the paper [3], we generalized the Buscher prescription for a construction of
a T-dual theory. This prescription, unlike the standard one [4], is applicable to
the string backgrounds depending on all the space-time coordinates, such as the
weakly curved background. We performed the procedure along all the coordinates
and obtained T-dual theory. The noncommutativity of the T-dual coordinates we
investigated in [5]. In the present paper we consider the partial T-dualization, i.e. the
application of the procedure to some without subset of the coordinates. We construct
the partially T-dualized theory. The noncommutativity of the coordinates in similar
theories was considered in [6].

Let us mark the T-dualization along the coordinate x* by T},, and separate the
coordinates into two subsets (x’, x?) withi =0,...,d —landa =d,...,D — 1
and mark the T-dualizations along these subsets of coordinates by

TiETQO---OTd_l, TaETdO---OTD_l. (6)

In this section we will find the partially T-dualized action performing T-dualization
along coordinates x“, 7% : S.
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The closed string action in the weakly curved background has a global symmetry
Sxt = AP, 7

Let us localize this symmetry for the coordinates x¢
8x* = A(zr,0), a=d,...,D—1, )

by introducing the gauge fields v¢ and substituting the ordinary derivatives with the
covariant ones

0oy x? — Dox® = 0gx? + V5. )

The gauge invariance of the covariant derivatives is obtained by imposing the
following transformation law for the gauge fields

SV = —9, A", (10)

Also, substitute x“ in the argument of the background fields with its invariant
extension, defined by

axt, = [ g Doxt = [ @ Dot +dg D_x)
P P
= x*—x%&) + AV, (11)

where
AV = / dEn = / (dEHV 4 dEV). (12)
P P

The line integral is taken along the path P, from the initial point £§ (o, 09) to the
final one £*(z,0). To preserve the physical equivalence between the gauged and
the original theory, one introduces the Lagrange multiplier y, and adds the term
% yaF§{_ to the Lagrangian, which will force the field strength F{_ = 94v¢ —
0-v4 = —2Fg; to vanish. In this way, we obtain the gauge invariant action

Siny = K/d2§[8+xi17+ij[xi,Axf’ 10_x7 4+ 04 x Myjq[x', Ax® 1D_x*

12A% iny

+ D x M ygi[x', Ax®, 10_x" + Dy x“ M [x", Ax? |D_x°

ny ny

1
+3 0402y, - Vo1 y0)] (13)

where the last term is equal to % Ya F{_ up to the total divergence. Now, we can use
the gauge freedom to fix the gauge x“(§) = x“(&). The gauge fixed action equals



16 Lj. Davidovic et al.

Srix = K/d2$[8+xi17+ij [Xi, AV”]B_xj + 8+xi17+i,,[xi, AV
+ Vi Ty [x', AV]_x" + VI 1 ap [x', AVAE
1
+ E(Via_ya — v“_8+ya)]. (14)

The equations of motion for the Lagrange multiplier y,, d+v2 — d-v4 = 0, have a
solution v = d1+x“, which turns the gauge fixed action to the initial one.

2.1 The Partially T-Dualized Action

The partially T-dualized action will be obtained after elimination of the gauge fields
from the gauge fixed action (14), using their equations of motion. Varying over the
gauge fields v one obtains

. , . 1 .
Mygi[x', AV0£x" + Hagp[x', AVS + 0% )a = +BEX, VY, (15)

where BE[x', V] is the infinitesimal contribution from the background fields
argument. Usmg the inverse of the background fields composition 2k [T+, defined
by @“b = (G Nae T, d(G 1db  where Gy = Gu and Gy = Gup —
4B, (G 1)"" Bdb, we can extract the gauge fields v from Eq. (15)

~ . . . 1 .
Ve = _zx@ng[x’,Ava][nib,- W AV + Sowys T BT, V“]]. (16)
Substituting (16) into the action (14), we obtain the partially T-dualized action
Selx’, ya] =« / d* |:8+xi1_7+ij X', AV(x', y*)]o_x/
K Naby i a/.i a

+Ea+y(l@— [X ’AV (x 5y )]a—J’b

—K D4 x T a[x', AV (x", yD]OP[x!, AV (x', y*)]0-ys

D4yl O, AV, O [, AV, y“)]a_xf] an

where

Myij = Myij — 264,04y (18)
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In order to find the explicit value of the background fields argument AV4(x’, y9),
one substitutes the zeroth order of the equations of motion (16) into (12) and obtains

AVOa — I:@gino_bi + @Sfﬂoﬁi]Ax(O)i
- K[ég—bi-no—bi - égfnwbi]ﬂf(o)i
-slés + ety - 5lew - o ]an”. a9

where @gi stands for the zeroth order value of @ftb, which can be written as

Of = ——(g“l)‘“ Mosca (G = 65" (g‘l)“b, (20)
where g, = —4b,. (G 1)"dbd;, G”b = ——(g_l)“cb d(G l)db
7O = /(dty + doy(o)) AFOF = /(drx(o)” + dox©7). 21)

Initial theory, the partially T-dualized theory and the totally T-dualized theory
obtained in [3] are physically equivalent theories. In the next section we will
partially T-dualize the partially T-dualized theory.

3 The Total T-Dualization of the Initial Action

The T-dual theory, derived in [3], a result of T-dualization of the initial action along
all the coordinates, is given by

v K
=k [ @iy, mEAvONy, = 5 [ dEdy,emaveley,
@)
with
1% 2 —1 —1\pv v 1 —Iypv
O =~ (G5 MGy = 0 F (G 3)

where

Geu = G,y —4(BG7'B),,, O™

2
—;(GEIBG_I)’”. (24)
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The T-dual background fields are equal to
* v — * K

GM AV = (GEH"[AV(M]. "B [AV(y)] = S0IAVL (25)

The argument of the background fields is given by
AVE(y) = =" Ayy + (7" AS, (26)

where Ay, = y,(§)—y, (&) and §, = [(dy], +doy,), while g,, = G, —4b},
and 6" = —2(g7'bGHH,

Let us now show that the same result will be obtained applying the T-dualization
procedure to the coordinates x’ of the partially T-dualized theory (17), T°
S, [x', y4]. Substituting the ordinary derivatives d+x' with the covariant derivatives

Dix' = d4x' +V, (27)

where the gauge fields v/, transform as §), = —9+A’, and substituting the
coordinates x’ in the background field arguments by

ax, = [@5* Do +a5D 2, e8)
P

we obtain the gauge invariant action, which after fixing the gauge by x’ (£§) = x* (&)
becomes

51 = [ @[Vt lavnt + 50y 60av oy,
—k V' T4 1o [AVHIOTAVMIO_yp + ke 04 9, O [AVH T 4 [AVFVE
L0y v, y,-)}. (29)
Here AV is defined by
AVi = /P TV, +dEv), (30)

and AV is defined in (19), whose arguments are in this case AV’ and y“.

The totally T-dualized action will be obtained by eliminating the gauge fields
from the gauge fixed action, using their equations of motion. Varying the action
(29) over the gauge fields v’ﬂE one obtains

. 3 |
[Msijvy — kMo OF D5 yp + Ea:Fyi = +6;". (1)
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Using the fact that the background field composition IT; j s inverse to 2k o4 ,
we can rewrite the equation of motion (31) expressing the gauge fields as

v = 2% @Y [Kni,aé?;’a;yb - %a:Fy, + ﬁﬂ. (32)
Using [T1,,0% = —I1,) @fFi, we note that
OLMy ;0% = —O%NL,,0% = —%@;:b, (33)
and obtain
Ve = kO 05y, + 2 OLpFE. (34)

Substituting (34) into (29), the action becomes
s = K/dzg[a”,- (K@f_f —Kz@"_"mk,@’_f')a_yj 35)
e L Y [
+ 04y ( - K2@ij1—7+jk@]ia + %@L‘l - Kz@ijﬂ+jbélia)8_ya
+ 34 ¥a (gé”_b — 2O L4101 — POU 11, 6P — PO 407 ) y,,].
Using [Ta;; O = O Myji = 165 Maay@ = OL Mapy = %85 M @4 =

—4,;OF; My, OF = —I11,,0% and O 11 = —OL 144, one can rewrite
this action as

2
S = %/dzg 01y, @M y,. (36)

In order to find the background fields argument AV, we consider the zeroth
order of Eq. (34)

Vi = —KO D5V, (37)

and conclude that
AV =~k Ay, + (7 Ay (38)
Using the integral form'qf the variables gnd the relations 14, @5}’ + Hiai@gﬁ’ =
Lsb 0L = —2uOLMy;,0%; 0F = —20PMy,OL, we obtain that

AV AV, y?) defined in (19) equals
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AVHAV, y,) = —k0," Ay, + (g7 Ay, (39)

Therefore, we conclude that action (36) is the totally T-dualized action (22).
In this paper we performed the partial T-dualizations and obtained the T-duality
chain

S 2 Sulxl vl 2> *S [yl (40)

The first action describes the geometrical background, while the second and the third
describe the non-geometrical backgrounds with nontrivial fluxes. From this chain
one can find the relations between the arbitrary two coordinates in the chain. These
general T-duality coordinate transformation laws are used in the investigation of
the relations between the Poisson structures of the original, the partially T-dualized
and the totally T-dualized theory [5]. Their canonical form will be used in deriving
the complete closed string non-commutativity relations, which are the important
features of the non-geometrical backgrounds.

Acknowledgements Work supported in part by the Serbian Ministry of Education, Science and
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T-dualization of a weakly curved background

Lj. Davidovié, B. Nikoli¢ and B. Sazdovié
Institute of Physics, University of Belgrade, Belgrade, Serbia

Abstract. We consider a string moving in a weakly curved background, composed of a
constant metric and a linearly coordinate dependent Kalb-Ramond field with an infinitesimal
strength. We discuss the T-dualization procedure which we developed for a closed bosonic
string moving in a weakly curved background. The procedure is a generalization of a Buscher
T-dualization procedure and enables the T-dualization of the nonisometry directions. The same
procedure is used to investigate the T-duals of an open bosonic string as well. The generalized
T-dualizations give insight to the connection between the geometrical properties of the T-dual
spaces.

1. Introduction

In string theory there exists a symmetry, T-duality, which allows the physical equivalence of the
string living on the different geometrical structures of the compactified dimensions. The string
living in a space with one dimension compactified on a radius R, has the same physical features
as a string leaving in a space with one dimension compactified on a radius %, where o is a Regge
slope parameter. T-duality was first described in the context of toroidal compactification in [1]
(thoroughly explained in [2]), it can be generalized to the arbitrary toroidal compactification
[3], and extended to the non-flat conformal backgrounds [4]. The origin of T-duality is seen in
a possibility that, unlike a point particle, the string can wrap around compactified dimensions.

The first T-dualization procedure, the prescription for obtaining a theory which is T-dual of
a given theory, was defined by Buscher [5]. The procedure was done for a string sigma model,
describing a string moving in a background composed of a metric G, an antisymmetric field
B,,, and a dilaton field ®. It is required that the metric admits at least one continuous abelian
isometry which leaves the action invariant. The procedure is founded in gauging the isometry by
introducing the gauge fields v£. In order to preserve the physical content of the original theory,
one requires that the new fields v# are nonphysical, which is achieved by the requirement that
the gauge fields have a vanishing field strength Fj; = 0}y —dgvh. This requirement is included
in the theory by adding the Lagrange multiplier term y, F); into the Lagrangian. Fixing the
gauge one obtains the gauge fixed Lagrangian which carries the information on both initial and
a T-dual theory. The integration over the Lagrange multipliers y,,, simply recovers the original
theory. The integration over the gauge fields v#, produces the T-dual theory.

The standard T-dualization procedure is applicable along directions which do not appear as
the background field arguments. The generalized T-dualization procedure which is applicable
along an arbitrary coordinate was done in Refs. [6, 7, 8]. The procedure is founded in the
standard procedure and keeps the main rules of the standard procedure. In order to gauge the
global isometry, one introduces the gauge fields v#, as usual. The replacement of the derivatives
Opx® with the covariant ones D,x*, does not as before make the whole action invariant. The
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obstacle is the background field B,,, depending on x#, which is not locally gauge invariant. So, as
a new rule we substitute the argument of the background fields by an invariant argument Az%
defined as the line integral of the covariant derivatives of the original argument. As before,
in order to obtain the theory physically equivalent to the original one, we add the Lagrange
multiplier term. Using the local gauge freedom we fix the gauge taking z#(§) = z#(§p). The
obtained gauge fixed action reduces to to the original action for the equations of motion for the
Lagrange multiplier. The T-dual theory is obtained for the equations of motion for the gauge
fields vk.

The generalized T-dualization procedure was investigated for a string moving in a weakly
curved background composed of a constant metric, a linearly coordinate dependent Kalb-
Ramond field with an infinitesimal filed strength and a constant dilaton field. It was first
applied to all space-time coordinates in Ref. [6], and a T-dual was obtained. In Ref. [§],
the procedure was applied to an arbitrary set of the initial coordinates. Choosing d arbitrary
directions, we denote 7% = of_ T¥» T =0 Tt and T = ol T+ where T" stands for
a T-dualization along direction z# and T, = o_,T,,., T; = o,?:dHTun, T = ob T, , where T),
stands for the T-dualization along a dual direction y,,. Performing the generalized procedure we
proved the following composition laws:

ToT®=T, TioTa=T, TooT*=1, (1)

where 1 denotes the identical transformation (T-dualization not performed). We found the
explicit forms of the resulting theories and the corresponding T-dual coordinate transformation
laws. These results complete the T-dualization diagram connecting all the theories T-dual to
the initial theory.

Y-

The initial theory, describing the bosonic string moving in the weakly curved background
is defined on the geometrical space. All its T-dual theories are non-geometric and non-local
because they depend on variable V# which is a line integral of the derivatives of the dual
coordinates. To all of these theories there corresponds a flux which is of the same type as the R
flux unlike the non-geometric theories with @ flux, which have a local geometric description.

2. Bosonic string action
Let us consider the action [9, 10] describing the propagation of the bosonic string in a background
composed of a space-time metric G, a Kalb-Ramond field B, and a dilaton field ®

1 gB 1
— 2 — - af & m v - (2)
S[a] R/Ed 6v=g (56" Gule) + \/ngMV(x))aax Osa” + ()R], 2)
The integration goes over two-dimensional world-sheet ¥ parametrized by £* (€0 = 7, ¢! = o),
Jap is intrinsic world-sheet metric, R® corresponding 2-dimensional scalar curvature, (&), u=
0,1,..., D — 1 are the coordinates of the D-dimensional space-time, k = 27rla, and 9 = —1.
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In order to have a world-sheet conformal invariance on the quantum level, the background
fields have to obey the space-time equations of motion which in the lowest order in slope
parameter o, have the following form

1 g
Ruy = 1 Bupa B,” +2D,0,% =0,
D,B,, —20,8B",, =0,
D - 26

1
4(09)* — 4D,0"® + 15 BB = R+ dmri—— =0, (3)

where B,,,, = 0,B,,+ 0, B, + 0,B,,, is the field strength of the field B,,, and R, and D, are
Ricci tensor and covariant derivative with respect to space-time metric. We consider the weakly
curved background, defined by

1
Gy = const, By, () = by, + gBWp:np =bu + hw(z), O = const. (4)

The Kalb-Ramond field strength B,,, is taken to be infinitesimal. All the calculations are done
in the first order in B,,,,. In this approximation the weakly curved background is the solution
of the space-time equations of motion (3).

Introducing the light-cone coordinates

and their derivatives 0+ = 0, £ 0, taking a conformal gauge g.g = e?F a8, the action (2) can
be written as

Slx] = &/Ed2§ 04Ty, (x)0_a”, (5)

where
MLep () = By (x) + %Gw,(x). (6)

3. The Generalized Buscher T-dualization procedure

The standard T-dualization procedure, enables one to find a T-dual of a given theory, applying
the procedure to the coordinate directions which do not appear as the background field
arguments. The generalized T-dualization procedure does not have this limitation. Both
procedures are grounded in a localization of a global coordinate shift symmetry dz# = M\ =
const. The first rule of the procedures is the introduction of the gauge fields v# and the
substitution of the ordinary derivatives with the covariant derivatives, defined by

Opxt — Dozt = dpat + vk, (7)
If one imposes the following transformation law for the gauge fields
vk = =0 N, (N = N(T,0)) (8)

one obtains §D,x* = 0. In the case when the background does not depend on the coordinates,
along which the T-dualization is performed, the first step is sufficient to obtain the gauge
invariant action. However if the background depends on all the coordinates, an additional
rule must be introduced. The new rule reads: Substitute the background field argument (the
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coordinate x*), by the invariant argument (invariant coordinate), defined as a line integral of
the covariant derivatives of the original coordinate

Aty = [ de Dot =t — at(0) + AV, AVH = [ devan, (9)
P P

The invariant coordinate is by definition nonlocal. The consequence of this will be a nonlocal
T-dual theory, defined on the doubled geometrical space composed of the dual coordinate y,,
and its double g,,.

The common rule of the procedures is the addition of the Lagrange multiplier term which
makes the introduced gauge fields nonphysical, by requiring that there field strength

Fllg = 0qv — Ol (10)

must be zero. This enables the physical equivalence of the theories. Following these rules we
built the gauge invariant action.

The main object and the main crossway of the procedure are the gauge fixed action and their
equations of motion, because for the equation of motion obtained varying the action over the
Lagrange multipliers, one returns to the initial action. On the other hand for the equation of
motion obtained varying the gauge fixed action over the gauge fields one obtains the T-dual
theory. Comparing the solutions for the gauge fields in these two directions, one obtains the
T-dual coordinate transformation laws. These laws are used in investigation of the relations
between the non-commutativity characteristics of the spaces connected by T-duality.

The generalized procedure, can be generalized once more in order to allow the T-dualization
of the backgrounds which do not have a global symmetry. The generalization was made in Ref.
[7] for a bosonic string moving in a weakly curved background of the second order, which consists
of the coordinate dependent metric and Kalb-Ramond field. One postulates the auxiliary action
which inherits two important features of the gauge fixed action. It reduces to the initial theory for
the equations of motion for the Lagrange multipliers and to the T-dual action for the equations
of motion for the auxiliary fields.

3.1. Complete T-dualization
If one applies the T-dualization procedure to all coordinates, one obtains a following gauge
invariant action

1
Sime = / @€ Dy Ty (Atins) Dot + 5 (V4 0_y, — 0" D1y (11)

which is physically equivalent to the initial action. Fixing the gauge by (&) = x#(&p), one
obtains the gauge fixed action

1
Sisly, ve] = & / A [V AV 4 5 (00 — 0 0:,)]. (12)

In order to find a T-dual action one has to integrate out the gauge fields from (12).
The equations of motion with respect to the gauge fields v/ are

1
HZFMV(AV)UZ: + §8iy,u = :Fﬁ/f(v)? (13)

with the right hand side coming from the variation of the background fields argument, with
Bff (z) = F3hyuw[z]0+2”. The equation of motion can be rewritten as

i(y) = —rkOLIAV(y)][0sy + 265 [V(y)]], (14)
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where
v 2 — - v v 1 — v
eAV] = —;(GEll'IiG hyp = g AV q:;(GEl)“ [AV], (15)

and GEV = [G—4BG™'B], 0" = —%(GE}BG_I)‘“’ are the open string background fields: the
effective metric and the non-commutativity parameter respectively. They are defined in analogy
with the flat space-time open string background fields introduced in [11]. Tensors IIy,, and
© are connected by ©4 T4, = 5-6%. Substituting (14) into the action (12), we obtain T-dual

action )
K v
Sl = Spulyl = [ & 05,0 (AVO )}, (16)

where we neglected the term 3, B as the infinitesimal of the second order, and the argument
is given by
AVOr(y) = —rb5” Ayl + (g7 AgY. (17)

v

Comparing the initial action (5) with the T-dual action (16), we see that they are equal under
following transformations dra# — 91y, and i [z] — SO [AV (O], which implies

Gu — *G" = (G5 )™ [AV©O),
K

Bulr] — B =0 [AV), (18)

where (G31)* and 6" are introduced in (15).

The initial background consisted of a constant metric and a linearly coordinate dependent
Kalb-Ramond field with an infinitesimal field strength. The T-dual background consists of
coordinate dependent metric and Kalb-Ramond field, with the argument AV#, which is the
linear combination of y, and its double 3,,. Note that the variable V# and consequently T-dual
action is not defined on the geometrical space (defined by the coordinate y,,) but on the so called
doubled target space [12] composed of both ¥, and g,,.

3.2. Partial T-dualization
If one choses only a subset of the initial coordinates, say d coordinates z%, and performs T-
dualization procedure along these coordinates, one obtains the following gauge invariant action

Sinv [l‘#? x?nv? ya]

/{/d2§[8+aciﬂ+ij(xi,Ax?m))ﬁ_xj
Oy 'l (2', Azl ) D_2% + Dy 2L, i (2, Azl )O_z

inv inuv

_l_
. 1
+ DpaMian(at, Aad,, ) Doa® + 5 (040 — o 04 va)|.

wmuv

(19)

This action is obtained localizing the global shift symmetry only for the coordinates z%, by
introducing the gauge fields v%. The ordinary derivatives 0,2% were substituted by the covariant
derivatives Dyx® = 0q2® +v%. The covariant derivatives are invariant under the standard gauge
transformations 0v% = —0,A%. The coordinates z* in the argument of the background fields were
substituted by their invariant extension, defined by Axz?, = [pd{* Dox® = 2% — 2%(&) + AV,
where AV = [, d¢“v%. The physical equivalence is preserved by adding the Lagrange multiplier
term (the last term in the action). Fixing the gauge by z%(§) = z%({o) one obtains the gauge
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fixed action
Spizlr’, v,y = K//d2£|:a+l'il__[+ij (z', AVHO_a’
+ 040 Ty (2", AV + 04T (2", AV*)O 2"
T, AV + %(via_ya 0 0. (20)

This action reduces to the initial one for the equations of motion obtained varying over the
Lagrange multipliers. The T-dual action is obtained for the equations of motion for the gauge
fields. It reads

Sla'yal = [ &%
—k Oy ' o (2, AV, ya))OX (2, AV (2, ya) ) Oy
+Ha+ya@(ib(x AV (2! 7ya))Heri(xiaAva@:iaya))a—xi

6+xiﬁ+ij (xiv AVe (wia ya))a_.fj

/{: ~ . .
20,y O (', AV (2, )0 . (21)

The T-dual background fields compositions are the inverses of the already known background
compositions, divided into two coordinate subspaces, the subspace formed by the coordinates
we T-dualize and the subspace formed by the rest of the coordinates. The background field
compositions IT;; and (:)?tb are defined as the inverses of the background field compositions @ﬁFk
and Ilp., which are the parts of G’JFV and Ilz,, in an appropriate subspace

o A L 1
M.y 0% = 0¥ = 76557

Q%M1 = M,0% = 7(53. (22)
2k
It can be shown that B 3
Iy = Iy — 2611100%TL,;. (23)
The argument of the background fields is
AVOa(gi ) = —H[~ 60 oy + égb_HOerz} Az

- n@ﬁﬂmm—éﬁﬂwﬂAﬂW
- [@ + 65| Ay - g[égi - 62| ag. (24)

Calculating the symmetric and antisymmetric part of the background fields we obtain a T-dual
metric and a T-dual Kalb-Ramond field

*Gij = Gij = Gij — Gia(GE') "Gy
~25( Bial**Gy; + Gial™ Byy ) — ABia(G5" ) By,
*Bij = Biyj = Bij — fcméababj — Bia(G51)™ Gy,
~Gia(G5")™ By — 26B;a0" By,
(GE

oGab ~ 1)
oBab E nab
29
.Gai _ Heabii + 2(GEI)GbBbi,
_ 1 -
*B% = k0™ By,; + 5(051)“1’(;&. (25)
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As the constituents of the T-dual background field there appear the effective metric in the
subspace a, defined by Gray = Gap — 4Bue(G71) By, the non-commutativity parameter in

the same subspace 6% = —%(Ggl)“CBCd(é_l)db, which combined give the new theta function

é(:ztb — éab F %(GEl)ab_

4. Open string T-dualization
In paper [13] we investigated a T-duality of an open string moving in a weakly curved
background. The open string moving in a weakly curved background was a subject of
investigation in our papers [14, 15, 16]. Solving the boundary conditions at the open string
end-points, one obtains the effective closed string described by the effective closed string theory
S¢/f | defined on the doubled space (g”,G"). As the effective theory is closed string theory, one
can try to apply the generalized T-dualization procedure to this theory. The effective theory
is defined on the doubled theory, just as the T-duals of the closed string theory moving in the
weakly curved background. So, the application in this case resembles the application of the
T-dualization procedure to the T-dual theories.

The effective theory of the open string moving in the weakly curved background, obtained
for the solution of the boundary conditions equals

seff — K,/dT do 04q" Hiffy(q,%(j) 0-q", (26)
where 1
17, (a, 20q) = Bl (2b0) £ 3Gl (a). (27)

The effective variable is ¢#(o), an even part of the initial coordinate. The effective metric and
the Kalb-Ramond field are explicitly given by

Gilf(a) = Gh(a) == (G—4B*(q),,
Bilf(2bg) = 3 (9mA0(2bd)gx) (28)

where A@*” is the infinitesimal part of the non-commutativity parameter 6*¥ =
—%[G;BG_I]W = o) — %[ggl(h + 4bhb)g§1}wj. In paper [13] we applied the generalized
Buscher T-dualization procedure, to the effective theory along all effective directions g¢*.
Following the procedure we find the gauge fixed action

Stiz = /ﬁ/d%[uiﬂiffy(AV, QbAf/)vZ + %(vi8,gu — v’i&r,g#)], (29)
obtained from the effective action (26), by substituting the light-cone derivatives dig¢* with
the covariant derivatives D1g" = d4q" + v!, where v/ are the gauge fields, which transform as
0vy = —0+A*. The argument of the background fields is substituted with an invariant argument,
which is obtained substituting the effective coordinate ¢* and its double ¢* with an invariant
effective coordinate and its double, defined by the following line integrals of the gauge fields
AVHE = [p(detrvll +dev?), and AVF = [,(déF v — dév"). The physical equivalence was
achieved by adding the Lagrange multiplier term %(viﬁ_gu —v"940,) and the gauge is fixed
with ¢(€) = ¢(0)-

The T-dual theory was obtained for the equation of motion for the gauge fields. The T-dual
action reads

S = k / d2£8+g#g(@e_ff)w(AV(9)a 26AV (0))0-0,, (30)
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where
e v v v 1 — v
(OF )" () = O (Geps(x), Begy(y)) = 0475 (y) F — (G (=), (31)
v y - - p
0L = 0" (Geps(@), Begs () = —2(Gu"(Geps(@), Bess() Bess(0)Gofy(w))” and the
argument is
Vi'(o) = (95" )" (G, B )6, = (95" )" b,

Vi'(0) = (95" )™ (G, B )0, = (95" 0v. (32)

The T-dual metric *G*” which depends on the first variable AV# and the T-dual Kalb-Ramond
field *B*¥ | which depends on the second variable 2b¥, AV" are

G = (GEYA),
*gh g(eeff)W(szf/) = gAW(%Af/). (33)
We see, that the effective metric has transformed to its inverse and that the Kalb-Ramond field
has transformed to the infinitesimal part of the non-commutativity parameter.

Finally, we searched for the open string theory S such that its effective theory is *S¢// exactly.
We found

Sl = [ &% 0,9,11 ()0 . (34)
with
G = —(ch e,
B(y) = +(C") ' b—hC y)C, (35)

where C' makes a connection between the variables of the effective theory of S and the T-dual
theory (30)

Q,u(y) = O/u/(ggl)ypépa
Tu(y) = FCuw2(G 'bgp')Po,. (36)

In the closed string moving in the weakly curved background case, the T-duality transforms
the geometrical background into a doubled non-geometrical background. It transforms a
constant metric to a coordinate dependent effective metric inverse, while the linearly coordinate
dependent Kalb-Ramond field is transformed into a coordinate dependent non-commutativity
parameter. In the open string case, the T-dual theory remains geometric. T-duality transforms
the constant metric of the weakly curved background to a constant T-dual metric, while the
coordinate dependent Kalb-Ramond field transforms again to the coordinate dependent field.

In paper [17] a generalization of the standard analysis of the open bosonic string moving in
a flat background is addressed. The T-dualization was performed in two ways, first in terms
of non-constant vector fields in which case the Buscher T-dualization procedure can not be
applied and second in terms of the field strengths of the gauge fields. The role of the gauge
fields, which live on the string boundary, is to restore the symmetries of the closed string: the
local gauge symmetry of the Kalb-Ramond field and the general coordinate transformations, at
the string end-points. The investigation lead to a discovery of the geometrical features of the
non-geometry.
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Conclusion

The generalized T-dualization procedure, enabled T-dualization over the non isometry
directions. It gives the new insights into a connection between the spaces connected by T-duality.
It enabled further investigations of the closed string non-commutativity [18]. Comparing the
solutions for the gauge fields which transform the gauge fixed actions into the initial or the T-
dual actions, one obtains the T-dual coordinate transformation laws. Using these laws one can
find how does for example a standard Poisson bracket transform. It is obtained that the original
theory which is commutative is equivalent to the non-commutative T-dual theory, whose Poisson
brackets are proportional to the background fluxes times winding and momentum numbers. The
obtained results add novelty to the form and the origin of different non-commutative structures.
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Bojan Nikoli¢

From 3D torus with H-flux to torus
with R-flux and back

We consider 3D closed bosonic string propagating in the constant
metric and Kalb-Ramond field with one non-zero component, B, =
Hz, where field strength H is infinitesimal. In the first part of the ar-
ticle, applying Buscher T-dualization procedure and generalized one,
we T-dualize along line z — y — z, which means that we T-dualize
first along  coordinate, then along y and, finally, along z coordinate.
After first two T-dualizations we obtain @ flux theory which is just
locally well defined, while after all three T-dualizations we obtain non-
local R flux theory. Origin of non-locality is variable AV defined as
line integral, which appears as an argument of the background fields.
Rewriting T-dual transformation laws in the canonical form and using
standard Poisson algebra, we obtained that @ flux theory is commuta-
tive one and the R flux theory is noncommutative and nonassociative
one.

In the second part, of the article, we reverse the T-dualization line
and T-dualize along z — y — x. All three theories are nonlocal,
because variable AV appears as an argument of background fields.
After the first T-dualization we obtain commutative and associative
theory, while after we T-dualize once more, along y, we get noncom-
mutative and associative theory. At the end, dualizing along z, we
come to the theory which is both noncommutative and nonassocia-
tive. The form of the final T-dual action does not depend on the
order of T-dualization while noncommutativity and nonassociativity
relations could be obtained from those in the z — Yy — z case by
replacing H — — [,
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3axBabyjeMo ce MITHTP Peny6muke Cp6uje u Cprickoj akajeMuju HayKa M YMETHOCTM Ha
GbMHAHCHjCKOj 1 OPTaHM3ALMOHO] IOMOhN.
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100 rogmHa omire Teopuje penatuBHoCTH 2015.
4:43-50

bojan Huxommh

WucturyT 3a Gpusuky
Yuusepsuret y Beorpamy
Mejm: BNIKOLIC@IPB.AC.RS

Kbyunu nojMoBu

rpaBuranyonn tamacu, OTP, geTexmyja rpaBUTaIMOHNX Tamaca

Pe3sume

Y TpeHyTKy HacTaHKa omTe Teopuje penaruHoctyt (OTP) y dusumm cy 61mm
HIO3HATY MEXaHMYKY ¥ eIeKTPOMAarHeTHM Tajaacu. JemHa of mocmepuna OTP je
II0CTOjarbe TPaBUTALMOHNX Tanaca. CBaka Maca Koja BPIIN HEKO IIePUONINIHO
KpeTame je M3BOp Tajaca, alu Cy OHM HeJeTeKTabVIHM 300T BMCOKOT HMBOA
myMa Ha ppeKBeHIMjaMa Ha KOjuMa ce OdeKyje HbUXoBa fleTeKuuja. VsBopu
TPaBUTALMOHMX Ta/aca 611 MOV 6MTY 6 HapHM CHCTEMI Hey TPOHCKMX 3Be3fia
(poTypajy penaTMBHO BemMKOM (peKBeHIMjoM) Kao M gmorabaju y kojuma
To7masy o 3HaYajHe Ipepaciofesne Maca (Cyfapy rajakcuja u o). YnmeHnma
je ia TpaBUTAIIMOHN TajIacK O JaHAC HUCY AMPEKTHO AeTeKTOBAHM ajli TOCTOje
BEe/MKM eKCIIEPMMEHTH KOju IOKyIIaBajy To Aa octsape (LIGO u merosu
“HacnemHuun’).
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1. YBOg

Kamen 6aueH y BoAy M3asuBa I0jaBy TPaHCBEp3aJHMX Tajlaca Ha IEHO] IOBPILIVMHU, Tpeleperme
IJIaCHMX JKMIla oMoryhaBsa fia 4yjeMo carOBOPHIKa, 3eM/bOTPECH 13a31Bajy I10jaBy LIyHaMM Tajlaca UTH.
CBe HaBefIeHO Cy IIPUMePM MexXaHuukux Tajaaca. 3a IpOCTUpame MEeXaHMYKMX Tajaca je HoTpebHa
MatepujanHa cpeuHa. Ilopemehaj HacTao Ha jemHOM MeCTy IIPEHOCH Ce TaacoM KPO3 MaTepyjamHy
cpenuHy. MeXaHUYKM Tanmacu ce He MPOCTUPY Kpo3 BakyyM. Ilomoxkaj dectuile cpefiuHe y HaToM
TPeHYTKY ¢ y Tauky 7 (konmoksujanHo “niopemeha;j”) u (7, t) 3a0Bo/baBa XOMOTEHY MAndcHy jeOHaUHy
92 02 92 1 6° R
@+87y?+@7172@ u(7,t) =0. (1)
BenmuyHa v IpeficTaB/ba OP3VHY Tajlaca y JaToj MaTepyjalHoj CpeayHM (Hije jemHaKa 6p3VHM YeCTHLe
MarepujanHe cpenute). Ilopemehaj u(7,t) MOXKXe 6UTU OPTOrOHA/IAH Ha IIpaBall IPOCTUpPaba Taaaca
(TpaHCBep3a/IHM TajIac) VWM KOJMMHEapaH ca IpaBlieM IPOCTHPaba Tanaca (JIOHTUTYVHAIAH TajIac).
Y npyroj monosuHy 19. Beka enrnecku ¢msuyap Ilejmc Kmapx Mekcsen je, objenumasajyhu
TOoTafalliba eKCIepMMEHTATHA Ca3Halba, HAIMCAO0 jeffHauYMHE eleKTPOMAarHeTHOT Io/ba IO3HaTe y
JIUTEpPaTypy Kao MeKCBeNoBe jefHauMHe. JefHOCTaBHA aHA/N3a THUX jeflHAYMHA [TOKasyje la y IPOCTOpy
I7le HeMa HaeleKTpucama M CTpyja eleKTPUIHO E u marnerso nome B 3a7l0BO/baBajy XOMOT€eHe
TanacHe jenHaunHe. IIpocTuje peyeHo, OKO IPOCTOpa y KOMe Cy 3afjaTe pacIofieie HaeleKTpucarmba
u cTpyja nocroju enekrpomarserno (EM) nome. Enepruja EM nospa ce mpeHOCK AY>K IIpaBLa Koju je
OPTOTOHA/IAH Ha BEKTOPE jaunHe eleKTPUMYHOT ¥ MarHETHOT To/ba - EM Tanac je TpaHcBepsanaH. 3a
Pa3NUKy Of MeXaHMYKMX Tamaca, EM Tamacu ce mpocTupy 1 Kpo3 BaKyyM U To Hajsehom 6p3uHOM
y mpupomu ¢ = 3 x 10%m/s. Xepuosum excrepumenrom (1888) morBpheno je mocrojame EM
ranmaca. [Inrame Koje Cy NOCTaBM/IM HAYYHMIIM TOTAa BpeMeHa TUIAJIO ce CpefyHe Kpo3 Kojy ce EM
Tanac npoctupe. Ilo aHanmoruju ca MEXaHMYKUM TajlaCMa MOPAJia je MOCTOjaTH HeKa CpefuHa Koja
npeHocu tanace. Tafa je yBefeH mojaM etepa. Mebytum, MajkencoH-MopiujeB eKCIIEPUMEHT Kao 1
MHOTa yHarnpelerma 0BOT eKCIIepiMeHTa IOTBPAWIN CY Aa je Op3MHa CBETIOCTHU MICTA Y CBMM IIPaBLYIMa
¥ 1a He 3aBUCH Of 1360pa pedepeHTHOT CUCTEMA - jefHOCTaBHMUje PedeHo, eTepa, Y 00Ky KaKo Cy Ia
HayYHMIM 3aMuIUbamy, Hema. M taga (1905) ce popuia crienjujanHa teopuja penatussoctu (CTP).
IToyerak 20. Beka (u3MKa je “cayekana’ ca MO3HaBameM JBe BPCTe Tajaca. AJM YOBEK KOjU
je dopmymucao CTP, Anbepr AjHiuTajH, BpeJHO je pajio Ha HOBOj TeOpuju rpaBuTanyje momasehn
Off jeFHOT OCHOBHOT 3aXTeBa - 3aKOHM (M3MKe MOPajy O6MTI MHBapMjaHTHM Ha u360p pedepeHTHOr
cuctema (MHepLMjaTHOT MM HeyHepLyjamHor). VI fomrao je go Teopuje Koja je Ha PyHZaMeHTaIHO
HOB HAa4WMH MHTEpPIpeTHpana rpaBuTaLyjy - ¢popmynucana je Ommra teopuja penatusaoctu (OTP)
1915. ropune.

2. Ocuose OTP

Y EbyTHOBO]j Teopuju rpaBUTAaLMje Maca je U3BOP IPaBUTALMOHOT Iojba. CBakKo Apyro Tenmo ofpehene
Mace Koje ce Hae y JaToM IpaBUTAIL[IOHOM IIOJbY je M37I0)KEHO Jie/IoBakby NMpyBIadHe cue. IbyTH je
Ia0 aHAIMTUYKM OOJIMK 3a TPaBUTALMOHY MHTEPAKIM)Y IBe TauKacTe Mace (cuia KojoM Teo 1 genyje

Ha Tejo 2)
l mimz -
A EE( =), @
e je G = 6.67 x 107 ''Nm’/kg’ IbyrHoBa rpaBuTamuMona Koncrauta. Vs IbyrHoBor

3aKOHa IpaBUTalMje ce BUAM fia je CH/Ia IIPONMOPIMOHATHA MacaMa Te/la, OOpPHYTO HPOIOPLOHATHA
Mehyco6HOM pacTojamy, IpMBIadHa 1 KOJIMHeapHa ca BeKTOPOM PeIaTHBHOT IIOI0Xaja.

Fpasumauuor-tu manacu - wma ce mo manaca?



Ilo HbyTHOBO] Teopuju rpasutanuja je CUJIA. VI mo ToMm murtamy Huje 6MI0 HMKAKBUX
KBa/IMTATUBHMX [TOMaKa o roderka 20. Beka. A oHJa ce 1mojaBuo AnbepT AjHIITajH, IIPBO ca CBOjOM
CIeLMjaTHOM TeOPMjOM PelaTUBHOCTU. JefHa Off peBONYLVIOHAPHUX CTBapy KOjy je AjHIITajH Tazna
yBeo y GU3NKY je 06jeMIbEeHOCT IIPOCTOPa VM BpeMeHa Yy jeflaH IIPOCTOPHO-BPEMEHCKI KOHTMHYYM Tj.
BpeMe BHIlle Hije mapamerap Beh koopauHara. JegaH op aBa nocrynara CTP 3axTeBa MHBapMjaHTHOCT
bU3MYKMX 3aKOHA Y OHOCY Ha M300p MHepLUjalIHOT pedepeHTHOr cucTeMa (Ipyru ce Tude 6p3uHe
CBET/IOCTN).

Cam AjHiuTajH Huje 6110 3atoBo/baH. CMaTpao je fa QUSMYKY 3aKOHY MOPajy OMTH MHBAPYjaHTHN
¥ OTHOCY Ha M360p MHePLVjaTHOT ¥ HeMHEePLMjaTHOT CUCTeMa Tj. YBMJEO je fa 'y ~Hpudy’ Mopa fia
YK/bY4M U TpaBuUTaLyjy. MaTeMaTH4KMM je3UKOM pedeHo, KaKBy rofi TpaHchOopManujy KoopuHaTa
la HaIpaBMMO 3aKOHM (PU3MKe MOpajy O4yBaTM CBOj OOMMK (CTPOro pedyeHO MHBAPMjaHTHOCT Ha
rudeomopdusme).

Ospie HeheMo yasuTH y CynTHIHE AeTasbe 3Bohera AjHINITAjHOBMX jefHAYMHA 3a TPAaBUTALIIIOHO
nosbe. AjJHINTAjH je jemHauMHe M3Beo Kopucrehm ce 3aKOHOM OfpKama TeH30pa eHpruje-MMITy/ca
Kao 1 0coOMHaMa HEKVX FeOMeTPMjCKMX BeMM4YMHA. Y CaBpeMEHOj MuTepaTypu usBobeme upe us
oprosapajyher fejctBa IpMMEHOM MeTOfle MMHVIMYMa JigjcTBa. Dumo kKako Oumso, jemHaumHe 3a
TPaBUTALMOHO IIOJbe CY 00/INKa

1 8nG

Ry — SguwR= —

5 Ty, n=0,1,2,3] (3

Ifie je, Hajrpybme pedeno, Ha neBoj crpanu TEOMETPUJA, a Ha mecHoj ctpanu MATEPUJA.
ITpenu3sHuje pedeHo, 1eBa CTpaHa jefHaYMHe je KOMOMHaIja PudnjeBor TeH30pa KpVMBIHE 11 CKa/lapHe
KpUBMHE, [IOK je Ha IeCHOj CTPAaHM TeH30p eHepruje-uMITy/Ica MaTepuje/eHepruje (Moxe ce OfHOCUTH
U Ha €/IeKTPOMArHeTHO IOJbe).

OBa jefHauMHa yCIIOCTaB/ba Be3y M3Mehy reoMmeTpuje IpocTop-BpeMeHa 1 MaTepuje Koja CBOjUM
IPUCYCTBOM “3aKpUBbyje” Taj IPOCTOp-BpeMe. Y AjHIITajHOBOj CIVIV IpaBUTalja Hije cuaa Beh
TEOMETPUJA npocrop-Bpemena. HapasHo, fo6pa ¢usndka Teopuja uMa 0coOuHy fia objaiimaBa
nosHare GpeHOMeHe U mpefiBuba Heke HoBe. Y OKBUPY AjHIITajHOBE Teopuje YCIENTHO je objammena
I0jaBa CKpeTama CBETIOCHMX 3paka Koju nponase 613y CyHIa, 3aTuM Ipelnecuja MepKypoBor
nepuxena. Teopuja npegsuba mocrojame cuHrymaputera (OCHOB 3a Teopljy Bemukor mpacka) Kao 1
IIPHUX PyIIa, 32 4Mje IOCTOjambe MOCToje MHAMpeKkTHN fAokasy. Takobe jenna on mocnepuma OTP je u
MIOCTOjambe 2PAsUMayUuoOHUX Mmanaca.

3. IpaBuranuonn ranacu y OTP

Mertop Koju KOPMCTMMO HIPY MaTeMaTHMYKOM OIMCY Tajaca je MeTof MO3aJMHCKOT Hosba. Tamac
(mama mepTypb6anuja) ce NpoCTHpe KPO3 IMIPOCTOP OMNMCAH ofpeeHOM MeTpPMKOM Koja 3a/j0BOJbaBa
AjJHINTajHOBE jelHAYMHE.

MaTeMaTH4KM JIOKa3 IOCTojama rpaBuTanmonnx Tamaca y OTP je Bpro jenHocTaBaH. YKOMMKO
nocMarpaMo AjHIITajHOBe jefHaunHe (3) mazeko oy u3Bopa mosba (Tj. Maca) U METPUKY y3MeMO Y
00/MKy

Guv = gfLOu) + v, (4)

rhe je hy, Maa nepryp6auuja (tamac) u gfg,) MeTpUKa IIPOCTOpa y KOMe II0CMaTpaMo Tasac, Taja

AjumrajHoBe jenHauMHe (y3 joLI HeKe JOATHE IPETIIOCTAaBKe) MMajy OO/IMK Ta/lacHe jefHadIHe

82 82 82 1 82
(axﬁayﬁazz‘czata)hwzo’ ®
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. 0
r7e je ¢ 6p3uHA CBET/IOCTH Y Bakyymy. IlosajuHCKa MeTpuka gf“,) MOXe OUTU U MeTpHUKa PaBHOT

IIPOCTOpa KA0 U METPUKA 3aKPUB/LEHOT MpocTopa’. Y 06a crydaja MCXOM je je MCTH, TajiacHa
jeIHauMHa 3a MaTy IepTypbarujy Metpuke h,,,. Moxe ce fa/be OKa3aTy Aa je Talac TpaHCBep3asIaH.
MareMaT4Ky fienyje CBe HONPYIIMYIHO jefTHOCTaBHO. [PaBUTAIIMOHM TajIacy ITOCTOje YKonuKo je OTP
“mobpa” Teopuja. ITorBpae OTP y cnyvajeBuMa cCKpeTama CBETIOCHOT 3paKa, perecuje MepKypoBor
nepuxesna 1 MHIMPEKTaH JOKa3 IOCTOjarba LPHUX PyIIa Hac 0xpabpyjy #a Bepyjemo y OTP.

HapasHo, 10rnyHo nurame je Ira ce TO Tajaaca. MeXaHM4M Tajac je IPeHOC OCLuIanuja Kpo3
OKOJIHY MaTepujalHy cpeiuHy. EleKTpoMarHeTHM Ta/lac je IPeHOC eeKTPUIHOT U MarHeTHOT I10/ba
Hae/leKTpJCaHe JecTulle Koja ce kpehe yopsano (HIp. ociuyje). Y cnydajy rpaBUTAaLMOHUX Talaca,
MaTeMaTMYKI PEYeHo, Talaca ce MeTpuka. Pacrojamwe usmeby gse nnduunTesnmanto 61mcke Tadxe y
HPOCTOPY Ca METPUKOM §u () je

ds® = 30 _ 0¥ _ogu (x)dz*dz” . (6)

YKONMKO [ieCHy CTpaHy CTaBUMO IO KBaJpaTHM KOPeH ¥ MHTeTpaauMmo of Tauke A fo Tauke B,
nobuhemo pacrojame n3Mmeby Tavaka y 3sakpuB/beHOM IpocTopy. ~Tamacame” MeTpuKe crobofgHuje
pedeHOo 3HauM U Ta/llacambe pacTojarmbe 13Mehy fBe Tauke. YKOMIKO 6MCMO JIeTeKTOBA/IM Te OCIIUIALje
pacTojara n3melyy Tena To 611 3HAUNMIIO U [1a CMO YCIIe/N 1A IeTeKTYjeMO IPaBUTALIMIOHE Tajlace.

4. lereknuja rpaBUTAIMOHNX Tajdaca

JupeKTHa ieTeKIMja IPaBUTALIMOHNX Tajlaca je BeoMa KOMIUIMKOBaHa 360T 13y3eTHO cmabor edexra
KOj! Ta/lacyl M3a3uBajy y AeTeKTOpuMa. AMIUIMTY/A TPaBUTAIIOHOT Tajlaca Oafia ca pacTojabeM Kao
~ 1/r. Tako fa je BeOMa TEIIKO [IETEKTOBATY U Tajlace KOj)I HACTAjy yC/lef Cliajaba LPHUX pyIa
jep MM je aMIUTMTYyZa 3aHeMap/buBO Maja Kaia foby mo 3emme. [lo 2014. roayHe Huje OCTBapeHa
IVpeKTHa ieTeKLija IPaBUTALMOHNX Tanaca. MelyTym, mocToju HU3 eKcrepyMeHarta Kojy yKasyjy Ha
TO Jla TPaBUTALMOHM TajIacy 3a1CTa IocToje. Ha mpumep, eBonynuja opoutupama 6MHaApHUX ITy/Icapa
HOTIYHO je je Y CKIafy ca TyOuIMMa eHepruje Kpo3 TPaBUTAIMOHO 3padere Koje mpeasuha OTP. 3a
orkpuhe Te mocebHe BpcTe my/capa gofebeHa je 1 Hobemosa Harpaga 1993. roguue (Pacen Xac un
Llosed Tejmop Jynuop).

Jbyny HeNpeKUAHO pajie Ha pPasHMM BUJIOBMMA JIeTEKTOpa KOjUMa OM perucTpoBamm
rpaBUTaIMOHe Tamace. IIpBU M HajjefHOCTaBHUjM AETEKTOpM Cy T3B. BebepoBe mmnke. [Ipyra
Tpylla JeTeKTopa Cy MHTepdepoMeTapcKy [eTeKTOpY, a y HOBMje BpeMe ce pasBuUjajy M rpajie
BI/ICOKO(bpeKBeHTHI/I AETEKTOPU I'PAaBUTALMOHMX Tajlaca.

4.1. BeGepose mrumke

JenHocTaBaH ypebhaj 3a feTeK1ujy O4eKMBAHOT Ta/ACHOT KpeTatba je T3B. BeGepoBa 1imika - Be/nKa,
YBpCTA MeTa/HA LIMIIKA M30/I0BaHA Off CIO/bAlIBUX Bubpanyja. OBaj THUII leTeKTopa je 610 IpBU
koju je xopumheH. IIpuHIMI pajia OBOT JeTeKTOpa je jeHOCTaBaH. YIaJHM IPABUTALVIOHN Tasac
no6ybyje pe3aoHaHTHO OCLIMIOBaMbe IINIIKe, @ LIMIIKA OHJIA CBOjUM OCLIM/IOBabeM HojayaBa Taj edexar
Ha feTekTabuiHy HuBO. CaBpeMeHe BapujaHTe OBAKBUX €TEKTOPA Cy ox/IaleHe J0 eKCTpeMHO HUCKUX
TeMIIepaTypa U OlpeM/beHe KBAaHTHUM UHTepdepeHInoHnM ypehajuma 3a ferexiujy Bubparuja (Ha

IMarematuukiu, 3aKpUB/BEHOCT IPOCTOPA TIOIPA3yMeBa fIa je TEH30p KPUBUHE Pasmuuut of Hyrne. Camum
TUM Cy U KOMIIOHEHTe MeTpyKe (QyHKIMje KOOpAMHaTa IIpocTop-BpeMeHa. IlocToju MoryhHOCT fia je TeH3op
KpMBUHE HYJIa a /I je MeTPMKa 3aBJICHA Off KOOPAiMHATe. Y TOM CIIy4ajy POCTOD je paBaH U HOTOSHUM M360poM
KOOpAIMHATa MO>KeMO npehyt Ha MeTpUKY paBHOT IIPOCTOPA.

Fpasumauuor-tu manacu - wma ce mo manaca?



Cnuka 1
AURIGA perexkTop

Cnuka 2
MiniGRAIL peTextop

npumep, ALLEGRO). IIpo6eM ca 0BUM HeTEKTOPMMa LITO C€ OHJM MOTY KOPYCTUTH CaMo 3a BPJIO jake
rpaBUTAIMOHE TasIace.

MiniGRAIL je aHTeHa 3a [eTeKUUjy I'PaBUTALMOHNUX Tamaca chepHor obmuka. OBa aHTeHa ce
Hamasy Ha YHuBepsurery y Jlajoeny (Xomanpuja), a cactoju ce of cdepe Mace 1150 xmmorpama
oxnmabene Ha Temmeparypy 20 mK. O6muk cdepe omoryhaBa pmeTekiujy M3 CBUX IpaBalia.
DpexBeHIMje Koje 0Baj leTeKTOp Hajoosbe “xBarta” ¢y nHTepBany 2-4 kHz, nia je moropas 3a geTekumjy
TPaBUTAIMOHMX Tajaca KOjU HACTajy y OMHApHMM IIy/IcapyMa M CIajabeM MambiX LPHUX pyIIa.
Cmuanor tuma je ynrpaxnagau gerekrop AURIGA koju ce nanmasu Ha INFN-y y Uranuju. On ce
CacToju Off aTyMUHUjyMCKOT LWIMHApa AyXXMHe 3 MeTpa Koju je oxnaheH Ha TemmepaTypy pena
BenmuuHe ~ mK.

100 200una Onwme meopuje penamuerocmu o Beozpad, 23. jyn 2015.
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Relative
Orbit of
Spacecraft

Cnuka 3
LISA

4.2. Vinrepdepomerpu

OBa rpymna jieTeKTopa KOPUCTH JIACEPCKY MHTep(epOMeTpujy 3a leTeKLijy IPaBUTAIMOHNX TaJaca.
Csernoct kpehyhm ce kpo3 HpocTop mpary 3aKpuB/beHe NPOCTOPHO-BPEMEHCKOT KOHTMHYMA.
ITpyHLUI pajia OBUX eTEKTOPa je fa ce usMepu edexaT nutepdepeHIje TacCePCKUX 3paKa IpU deMy
je myTHa pas/myuKa HacTana “ckpahusamwem” Wi “M3HyKuBambeM IIPOCTOPA.

Jlamac mocroje camo uHTepdepoMeTpUM Ha 3eMIBM. TpeHYTHO  HajoCeT/BUBV)U
unrepdpepomerapckn metekrop je LIGO (Laser Interferometer Gravitational Wave Observatory).
LIGO uma Tpu meTekTopa: jefaH je y Jlupuurcrony (mpxasa Jlymsujana) a gpyra sa cy y XeHdopmy
(mpxaBa Bamunrron). CBu OHM ce cacToje Of 11O /1Ba Be/IMKa KpaKa Jy>XuHe 2-4 KUJIoMeTpa KOji Cy
oz mpaBuM yroM. JIacepcku spaly Iy Tyjy YHyTap KpakoBa y LeB1Ma fujamerpa 1 metap. IIpomene
y Hy>KMHU KOje JIacepCKMU 3pak IIperasy ycief Ipojacka IPaBUTALMOHOT Talaca 6u y IpUHLVITY
Tpebao a perucTpyje feTeKTop y BUAY Heke (macepcke) nHTepdepennyone cnuke. Haxanoct, LIGO
HMje yCIIeo fa JieTeKTyje rpaBuTanmoHe Tamace. Odekyje ce fa yHanpeheHe Bepauje 0BOT eTeKTOpa
Behe ocerpuBocTu (VIRGO, GEO 600, TAMA 300) noBeny fo AeTeKije rpaBUTaLMOHNX Tajaca.

VIHTepdepomeTapCKyt JeTEKTOPU MMajy U CBOja OrpaHmyersa. 1IpBa off WX je IIyM KOju HacTaje
Kao MOCTIeIUIIA TOTa LIITO JIACEPCKY M3BOP MPOM3BOAM POTOHE y IPOM3BOBHUM TPEHYLIMa. AKO Y3 TO
KOPUCTUMO ¥ MaJIO jauy Jlacep OHJa caMy GOTOHY CBOjUM MMITY/ICOM MOTY Jia Y3[pPMajy JileTeKTOpCKa
ornefana. Jpyru mpo6reM je mpo6mem BpayHOBOr KpeTama, a HU CEM3MUYKM IIYM Ce HE MOXE
3aHEeMapuUTH.

360r mpobeMa Koje 1Majy 3eMa/bCKI JeTeKTOPY, IVIAHMPA Ce U TPajiiba eTeKTOpa y OpOUTH OKO
3emme (eLISA). Tpu carenura 6u ¢popMupana Tpoyrao Impy demy 61 cBaka CTpaHuua 6mmaa oko 5
MMINOHA KimoMeTapa. TuMe ce mobuja fobap BakyyM, alm U fajbe 0CTaje mpo6aeM GOTOHCKOT ITyMa
Kao U mpo06jieM ca KOCMIYKVIM 3pavyerheM.

4.3. BucokodpekBeHTHU IeTeKTOPH

TpeHyTHO IOCTOje /1B OTlePATUBHA IETEKTOPa KOjU paJie Ha Topi»0]j rpanuiy criektpa (10~ —10°Hz).
Jenan je Ha YHuBepautery y bupmunremy (Enrnecka) a apyru je Ha INFN-y y Denosu (Mranuja).
Tpehu ce rpagn Ha Yuusepsurery y Yonkunry (Kuna). Jerexrop y bupmunremy mepu npomene y
CTamYy HoJIapy3aliije MUKPOTANTacHOT 3paKa Koju KPY>KI [0 KPYTy IIpedHMKa oKo 1 MeTpa. JleTekTop y
"DeHOBM je pe30HaHTHA aHTEHA KOja Ce CACTOjU Off IBa CIIPETHYTa cepHa CYIeprpoBOoiHa XapMOHMjCKa

Fpasumauuor-tu manacu - wma ce mo manaca?



Cmmka 4
VIRGO perextop

Cnuka 5

Pacriper; metTekTopa y cBeTy

OII/IaTOPa ITPEeYHMKA HEKONMKO LeHTuMeTapa. OCIMIaTOpy Kafla HUCY CIPETHYTH MMajy Pe3OHaHTHE
¢bpexBenmyje Koje cy ckopo jemHake. KnmHecky meTektop 61 Tpebano ma 6ysie y CTamy Aa leTeKTyje
tanace ppexBennuje pena 10 GHz.

5. 3aK/by4aK

OTP je y BpeMeHy Kaja je HacTana ycIiena fa o6jacHM Heke (eHOMeHe KOju Cy OViy IO3HATH
HAyYHUIMMA IOIIyT CKpeTama CBET/IOCHNX 3paKka y OIVM3MHM BeNMKNX 3Be3fa U IIpelecujy
Mepkyposor nepuxena. Caxa “mpaBa” ¢usudka Teopuja He o6jurmaBa camo mocTojehie 1 mosHare
benomene Beh mpemBuba m Heke HoBe. IpaBuTaUMOHM Tanmacu Cy jemaH Of Tux (eHOMeHa.
ITocrojare rpaBUTALMOHNX TajIaca TEOPUJCKI je IOTKPEIUbEHO OIIITOM TEOPHjOM PeaTBHOCTH jep
cret U3 AjHIITAajHOBMX je[fHAYMHA rpaBUTALMOHOT moba. Otkpuhe 6MHapHUX Iyncapa (cucreM

100 200una Onwime meopuje penamusrocmu o Beoepad, 23. jyn 2015.
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IBe HEYTPOHCKe 3Besfie), Kojyu rybe eHeprujy IOTIYHO y ckmapy ca mpepsubamuma OTP, paje
€KCIepYMEHTA/IHN OCHOB II0CTOjalby TPaBUTalMOHMX Tanaca. [lomro aMnmmMTysa Tamaca omaza Kao
ca pacTojameM Kao ~ 1/7 edeTy rpaBUTALMOHOT 3paderba Koje ce Mepe Ha 3eM/bI CY BPJIO MaJli, ITa
je M leTeKIuja IPUINYHO OTeXaHa. Ipafie ce caBpeMeHM JIeTEKTOPU BICOKE OCET/BUBOCTI KOjU MIajy
HaJy y KOHauYHY IUPEKTHY JeTEKIMjy TPABUTALIMOHNX Ta/aca.

IOITATHA TUTEPATYPA

1. C. M. Misner, K. S. Thorne, J. A. Wheeler, Gravitation, W. H. Freeman and Co., San Francisco, 1973.
2. L.D. Landau, E.M. Lifshitz, The Classical Theory of Fields, Pergsmon Press, 1971.
3. http://en.wikipedia.org/wiki/Gravitational-wave observatory.
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Institute of Physics Belgrade Roundcube Webmai... https://mail.ipb.ac.rs/roundcube/? task=mail& ...

1of1

Subject Re: RS2016 W m | l
From Ljubisa Nesic <nesiclj@junis.ni.ac.rs> I $ e b a

To Bojan Nikolic <bnikolic@ipb.ac.rs>, lvan Dojcinovic
<ivan.dojcinovic@ff.bg.ac.rs>

Date 2016-02-23 14:07

Dragi Bojane,
drago mi je sto si privhatio da drzis predavanje o talasima.
prosledjujem tvoj mail predsedniku DFS. Nadam se da ce ti dati odgovarajuca uputstva.

Ljubisa

On 2/23/2016 1:54 PM, Bojan Nikolic wrote:
Dragi Ljubisa,

hvala na pozivu. Sve je jasno sem jednog tehnickog detalja. Sta ja tacno treba da
uradim da bih bio clan DFS? Kome treba da platim i koliko?

Pozdrav,
Bojan

On 22 Feb 2016 17:05, rep.seminar@ff.bg.ac.rs wrote:

Postovani Bojane,

imam izuzetno zadovoljstvo da vas, ispred Strucnog odbora republickog
seminara o nastavi fizike za 2016. godinu
(http://www.dfs.rs/seminar2016/), pozovem da odrzite plenarno
predavanje vezano za otkrice gravitacionih talasa.

Seminar ce biti odrzan na Zlatiboru od 12. do 14. maja a rok za
pisanje rada je 14. mart. Radovi ce, nakon recenzije, biti objavljeni
u 3. broju casopisa Nastava fizike koji smo pokrenuli prosle godine.
Na sajtu seminara mozete naci i upustvo za pisanje rada, odnosno
odgovarajuci template a vi, kao predavac po pozivu, imate na
raspolaganju do 10 strana. Ukoliko imate bilo kakav tehnicki problem
slobodno se obratite. DFS ce snositi troskove vaseg puta i smestaja
ali je potrebno da budete clan drustva.

Imajte u vidu da ce na seminaru biti takodje i jedno uvodno predavanje o OTR.

Ljubisa Nesic
predsednik Komisije za seminare DFS

This email has been checked for viruses by Avast antivirus software.
https://www.avast.com/antivirus

7/4/18, 2:29 PM
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SANMTUCHUK

ca X cegHuue N3bopHor n HactaBHo-Hay4yHor Beha ogprkaHe y cpeay 20. centembpa 2017. roanHe

CegHuum npucycteyje 42 ynaHa M3bopHor 1 HactaBHo-Hay4Hor Beha.

Cnyxb6eHo oacyTHU: npod. ap Maja bypuh
npod. ap Boja PagoBaHosuh
npod. ap behko Kacanmua
aou,. ap Muxajno Banesuh
pou,. aAp UeaH BugeHosuh

OnpaBaaHo 0ACYTHU: npood. aAp Bnagnmump Munocasmwesuh
npod. ap UBaHka Munowesuh
npod. ap TaTtjaHa Bykosuh
npod. ap BnapgaH Byykosuh
pou,. ap Cawa AmuTtposuh
ooy, ap Hemara Kosayesuh
pou,. ap AparaH Peynh
pou,. ap Hukona Wunwosuh
Op Munow Ckounh
MapjaH hupkosuh
Hopa Tpkma
CseTtuncnae Mujatosuh

HeonpasaaHo oACyTHU: npod. ap Unnja Mapuh
aou,. ap Bnagnmup Musbkosuh

CegHuua je 3anoyena y 11:10 yacoBa ogaBarbem nowte MUHyTOM hyTaka nNpemuHyIoOM Ap
OdywaHy Muxajnosuhy, Hekagaltem AOUEHTY 1 BubanoTekapy OusmnuKkor gpakynteta y neHsunju. JekaH
dakynteTa npod. ap Jabnan Jojumnosuh npeanoxuo je, 3atum, cnegehu

OHeBHN peg

1. YcBajarbe 3anucHuKa ca IX cegHuue U3bopHor n HactaBHo-Hay4yHor Beha ®usumykor pakyntera.
MN36opHo Behe
2. Pa3smatpatbe npegsiora Kategapa y Besu ca NoKpeTakbem NocTynka 3a 3bop HacTaBHUKaA DunyKor pakyateTa v To:
a) Karegpe 3a dM3MKy aTOMa, MONIEKYA, JOHU30BAHUX racoBa, Naa3Me U KBaHTHY ONTUKY Yy BE3U Ca PacnMCUBatbEM
KOHKypca 3a n3bop jegHor BaHpeAHOr npodecopa 3a YKy Hay4yHy obnact ®m3nka aToma M mosekyna
b) KaTegapa MHcTUTYTa 3a MeTeopoorujy y Be3um ca pacnmMcuBakbem KOHKypca 3a M36op jeaHor AoLEeHTa 3a YKy
Hay4Hy ob6nact Knmmartonoruja n npumerbeHa MeTeoposioruja
3. YcBajarbe M3BewTaja Komucuje 3a n3bop HactaBHUKa PusnyKor pakynteTa u 10:
a) jeaHor BaHpegHor npodecopa 3a YKy HayuyHy obnact KBaHTHa U MaTemaTuyKa ¢pu3mnKa
b) jeaHor goueHTa 3a y:Ky HayuHy obnact PU3MKa jOHU30BaAHMX racoBa M Naasme
C) jeaHor foueHTa 3a YKy HaydyHy obnacT HacrtaBsa ¢pusmke
MokpeTarse nocTynka 3a u3bop HOPE TPK/bA y 3Batbe MCTparkMBay-capagHUK
5. YcBa jarbe MU3BewTaja Komucuje 3a M360p y Hay4yHO 3Bare U TO:
a) Aap BNAAVMMMPA CTOJAHOBURA y 3Batbe BULLM HAy4YHM CapagHnK
b) ap BPAHUC/TIABE MUCAUNOBUT y 3Bakbe Hay4yHWU capagHUK
HactaBHO-Hay4Ho Behe
6. Ogapehusare Komucuje 3a oueHy UCnyHEHOCTM YCN0Ba M ONPABAAHOCT NPeAoKeHe TeMe 33 U3paay AOKTOpCKe

aucepTaumje 3a:
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a) JACMUHY ATUTR, AMNaoMUpPaHOr MHXEHEPa eNeKTPOTEXHMKE, KOja je NpujaBuna 4OKTOPCKY AucepTaumjy nog,
Hasueom: ,TPAHCMNOPT EJIEKTPOHA, PA3BOJ JTABUHA U NPONATALMIA CTPUMEPA Y JAKO
ENEKTPOHETATUBHUM TACOBUMA*

7. YcBajare U3BewTaja Kommcuje 3a oueHy UCNYyHEHOCTHM YC/I0BA M ONPaBAAHOCT NPeANoXeHe Teme 3a u3paay

LOKTOPCKe aucepTaumje n oapehmsatbe MeHTOpa 3a:

a) HUKONY MBAHOBURA, annnomupaHor ¢usmyapa, Koju je NpnjaBno SOKTOPCKY AUcepTaumjy nog HasmBom:
,IPOYYABAHE OB/IMKA CMEKTPANTHUX TMHUIA Ne | U Ne Il Y MPUKATOAHOJ OBJTACTU ABHOPMAJTHOT
TUHABOT MPAXHEHA”

b) BE/bKA JAHKOBURA, gunnomupaHor ¢pu1smnyapa, Koju je NnpmMjaBnuo AOKTOPCKY AMcepTaumjy nos Ha3suBom:
,EXCITON DYNAMICS AT PHOTOEXCITED ORGANIC HETEROJUNCTIONS” (OuHamMMKa eKCLLMTOHA Ha OpraHCKUM
xeTopocnojesnuma nobyheHum ceetnowhy)

8. YcBajatbe M3BewTaja Komucuje 3a npernes v oueHy AOKTOpCKe aucepTtaumje n ogpehumsarbe Komucuje 3a ogbpaHy
aucepTaumje 3a:

a) ANEKCAHAPY OUMUTPUEBCKY, aunnomupaHor pusmnyapa, Koja je npegana LOKTOPCKY aucepTayujy noa
Hasmeom: ,MEASUREMENT OF THE W BOSON MASS AND THE CALIBRATION OF THE MUON MOMENTUM WITH
THE ATLAS DETECTOR" (Meperse mace W 6030Ha 1 Kannbpaumja umnyaca MMoHa Ha getektopy ATLAS)

b) JENEHY NEWWHR, annnommnpaHor ¢msmyapa, Koja je npeaana AOKTOPCKY AUcepTaumjy nog HasmBom:
,INVESTIGATION OF SUPERCONDUCTIVITY IN GRAPHENE AND RELATED MATERIALS BASED ON Ab-INITIO”
(McTparknBatrbe cyneprnpoBogHOCTM Y rpadeHy n CAMYHUM MaTepujannma Kopuwherem ab-initio metoga)

c¢) TOPOAHY MUNYTUHOBUR-OYMBE/IOBUR, aunnommpaHor ¢p1smnyapa, Koja je npegana AOKTOPCKY gucepTaumjy
nog Hasusom: ,METOAE MEPEHA OJHOCA TPAHAHA XMTCOBOTI BO30HA Y MPOUECUMA H>p+pu- U H->ZZ*
HA 1.4 TeV HA BYOYREM JIMHEAPHOM CYOAPANY CLIC*

9. VYcBajatbe NpujaB/beHe TeMe 33 U3paZy macTep paga, oapehusare pykosoauoua n Komucnje 3a oabpaHy pasga 3a:

a) BJAJAHA CUMWURA, ctyaeHTa macTtep cTyaumja pusmke, cmep OnwTa GpU3mMKa, KOjU je NpujaBno mactep pag noa,
Hasusom: "HYMEPUYKE CUMY/IALUMIE NPOLECA X/IABEHA TPAHY/TAPHOT FACA"

b) MMWPJAHY PAKUREBUT, cTyaeHTa macTep cTyauja ousmuke, cmep OnwTta $pM3mMKa, Koja je NnpujaBuna mactep pag
nog, Hasusom: "MPOYYABAHE ANENEKTPUYHUX U ONTUYKUX KAPAKTEPUCTUKA NONUETUNEH TEPEGTANAT
MEMBPAHE MOAN®UKOBAHE JOHCKMM CHOMOBMMA"

c) HUKONY BYJUYURA, cTygeHTa macTep CTyAMja MeTeOPO/Ioruje, KOju je NpujaBMo mactep pas nos HasuBoM:
"KBA3W - PE3OHAHTHU PO3BWJEBU TANACU U NONNABE TOKOM MAJA 2014 Y CPBUIN"

d) MWNEHY NIA3SAPEBUT, cTyLeHTa macTep CTyamja MeTeoponoruje, Koja je npujasuaa mactep pas nog, HasMBom:
"TPAHCNOPT CAXAPCKOTI NECKA M3HA/L CPEWUJE TOKOM NEPUOLA 2012-2016"

e) [OAHWIJESIA OBPURA, cTyaeHTa macTep cTyaumja dusmke, cmep Teopujcka U eKcnepumeHTanHa GU3KMKa, Koju je
npujaBuo mactep pag, nog Hasmsom: "HEKOMYTATUBHOCT U HEACOLMJATUBHOCT 3ATBOPEHE BEO30HCKE
CTPYHE"

f) CTEBAHA BYPBEBURA, cTyieHTa MacTep cTyamja pusmke, cmep Teopujcka U eKcnepumeHTanHa ousmka, Koju je
npujaBuo mactep pag nog Hasusom: "YTULAJ OPUJEHTALMIE d-WAVE CYNEPMPOBOANHUNKA HA
LIO3E®PCOHOBY CTPYJY Y CNOJEBUMA CA HEXOMOTEHUM ®EPOMATHETOM"

g) MWJKY NONEAUUA, ctyaeHTa macTep cTyamja dusmnke, cmep Teopujcka u ekcnepMmeHTanHa Gpusmka, Koja je
npuvjasuna mactep pag nog Hasvsom: "OLPEBUBAHE HEYTPA/IM3ALMOHUX PACTOJAHA NMPU UHTEPAKLMIN
BULLECTPYKO HAEJTEKTPUCAHUX JOHA CA NOBPLUMHOM YBPCTOTI TENA"

h) HEMAHY CTEBURA, cTyaeHTa macTep ctyguja dusmnke, cmep NMpumerbeHa M KomnjyTepcka ousmKa, Koju je
npujaBuo mactep pag nog Hasmnsom: "MPOJEKTOBAHE N U3PALA MUKPOKOHTPOJIEPCKOT
TEPMOXUIPOMETPA "

10. YcBajarbe npujaB/beHe Teme 3a U3pagy AMNAOMCKOT paga, oapehusatbe pykosogmoua n Komucuje 3a ogbpaHy paga
3a:

a) AHAPUMIAHY HOMJIUIA, anconseHTa pusumke, cmep Teopujcka 1 ekcnepmmeHTanHa $U3MKa, Koja je npujaBmna
OUNNOMCKM paa nog Hasmeom: "OAPEBMBAHE NAPAMETAPA NACEPCKU MHAYKOBAHE NJIASME AHA/IM30OM
BPEMEHCKW PA3/IOKEHUX CNEKTPOCKOIMNCKUX MEPEHA"

11. YcBajarbe peueH3uje pykonuca "AHOMANHO WNPeHE CNEKTPANHUX IMHWUjA BOAOHWUKA Y NpaXKkbernma' aytopa ap

Hukone LisetaHoBuha.

12. [aBatbe carnacHocty ®usmykor GpakynTeTa Ha aHraxKoBare y HacTasu U TO:
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a) npod. ap Nlasapa Jlasuha 3a npeameT MeTeoponorvja U Mogenosare 3arahera y atmocdepu (Ha OCHOBHUM
cTyAvjama Xemuja X1BOTHE cpeanHe)

b) npod. ap Unuje Mapuha 3a npegmeTt Punocoduja NpMpPoaHUX HayKa (Ha UHTErPUCAHUM OCHOBHUM M MacTep
cTyanjama HactaBa xemuje)

c) npod. ap OywaHa MNonosuha 3a npegmeTt Pusnka (Ha UHTErPUCAHMM OCHOBHUM M MacTep cTygujama Hactasa
xemuje)

d) pou. ap Case lNanujawa 3a npeamet Pusmka (Ha OCHOBHMM CTyAMjaMa XeMuja U Xemmja UBOTHE cpeanHe n
WMHTErpucaHnMm OCHOBHUM M MacTep cTygujama Hactasa xemuje)

e) npod. gp Bnagumupa Munocassbeuha 3a npegmet OgabpaHa nornassba ¢pu3nke (Ha OCHOBHMM CTyaujama
Xemuja n Xemuja }KMBOTHE CpeamHe U MHTErpucaHMM OCHOBHMM W MacTep cTyaujama Hactasa xemuje)n OcHoBM
¢du3nKe (Ha OCHOBHUM cTyanjama Bruoxemuje)

f)  pou. gp Cnasuue Manetuh 3a npegmet OcHOBU dM3MKe (Ha OCHOBHUM CTyaAnjama Broxemuje)

g) npod. ap Bpatucnasa O6bpagosuha 3a npegmet YHanpeheHn oKCHAALMOHN NpoLecH (Ha AOKTOPCKUM
cTyanjama)

h) MapjaHa hmpkosuha 3a nssohere Hactase Ha LLlymapckom dakynteTy YHuBep3auteta y beorpagy

i)  ap BpaHucnase Mucannosuh 3a nssohere HacTase 13 npegmeTa ®usmKka Ha BojHoj akagemnjm YHusep3suTeta
onbpaHe

13. PasmaTpatbe npeasiora Kategapa MHCTUTYTa 32 MeTeoposiornjy y Besu ca nsbopom npod. ap MeaHe Towwuh 3a weda

Kateape 3a onwTy meteoponorujy.

14. MwuTarba HacTaBe, HayKe U PpUHaHCK]a.

15. 3axTeBu 3a og0bpere oacycTBa.

16. YcBajatbe u3BelwTaja ca CAyKOeHUX nyToBakba.

17. [Oonwucu u monbe ynyheHe HactaBHo-HayyHom Behy.
18. ObasewTerba. Tekyha nuTama. MuTtakba u Npegiosu.

MowrTo je ycBojeH nNpeasioxkeHun HEBHM pea, NPELO Ce Ha

1. Tauky

YcBojeH je 3anucHuK ca IX cegHuue N3bopHor n HactaBHo-HayyHor Beha dusnykor dpakyntera.

N360pHO Behe

2. TaykKa

Ha npegnor Kategapa AOHETa je 04NyKa O MOKpeTaky NOCTYyNKa 3a n3bop HacTaBHMKa Pusmnykor
¢daKynteTa 1 T0:
a) Ha npegnor Kateape 3a ¢pU3MKy aToMa, MONEKYA, JOHM30BAHMX racoBa, Niasme U KBaHTHY
ONTMKY AOHETA je 04NyKa O pacnucMBakby KOHKYpCa 3a M3bop jeaHor BaHpeaHor npodecopa 3a
YKy Hay4YHy obnacT ®usmka aToma U Mosiekyia
Komucuja: 0p CphaH bykesuh, pedosHu npogecop PP
0p Bnaoumup Munocasswesuh, pedosHu npogecop ®P
0p bpamucnas MapuHKosuh, Hay4HU casemHUK N®

b) Ha npeanor Kategapa MIHCTMTYTa 32 METEOPO/IOTUjy IOHETA je 04J/1yKa O PacnMCUBakby KOHKypca
3a n360p jeAHOr AOLEHTa 3a YKy HayuyHy obnacT KnMmaTtonoruja u npumer-eHa MeTeoposoruja
Komucuja: 0p NeaHa Towuh, pedosHu npogecop PP
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O0p Baadumup bypheesuh, saHpedHu npogecop ®
0p Mupocnasa YHkawesuh, pedosHu ripogecop @

3. Tayka

MNosogom M3BewTaja Komucuje 3a nsbop HactaBHUKA Pusmukor pakynteta N3bopHo Behe je AoHeENO

cnepehe oanyke:

a) HaKOH jaBHOT rnacakba Yy KOMe Cy y4ecTBOBa/IM pefoBHM M BaHpeaHU npodecopu PakynTeTa,
jeaHornacHo, ca 29 rnacosa 3A, ap TATJAHA BYKOBUT je nsabpaHa y 3Barbe BaHpeaHOr
npodecopa 3a YKy Hay4yHy obnact KBaHTHa U matemaTunyKa ¢puM3nKa

b) HakoH jaBHOr rnacakba y KOme Cy y4ecTBOBa/IM PEAOBHU U BaHPeAHW Npodecopu 1 AOLEHTH
dakynTeTa, jeaHornacHo, ca 38 rnacosa 3A, ap HUKONA LLUNLWLOBUT je nsabpaH y 3Bare
[OLUeHTa 32 YKy Hay4yHy ob6nact Pu3nKa joHM30BaHMX racosa U naasme

C) HaKOH jaBHOT rnacakba y KOMe Cy y4ecTBOBa M PeoBHM U BaHpeaHW Npodecopu u AOUEHTH
dakynteta ca 37 rnacosa 3A v jegHum Y3APKAHUM rnacom, ap CALLUA NBKOBUT je nsabpaHy
3Bakbe AOLEHTa 3a YKy HaydHy obnact HacraBa ¢usmke

4, Ta4yKa

N360pHO Behe je AOHENO 0A/YKY O MOKpeTakby NocTynKa 3a n3bop HOPE TPK/bA y 3Bame
NCTParKMBaY-capasHuK.
Komucuja: O0p UNeaH fojyuHosuh, saHpedHU npogecop O
0p bpamucnas Obpadosuh, saHpedHuU npogecop
0p Munopad Kypauuya, pedosHu npogecop @@

5. Tauyka

N360pHo Behe je ycBojuno M3sewTaj Komucnje n goHeno oaayky o nsbopy y HayyHo 3Bakbe U TO:

a) HaKOH jaBHOT rnacakba Yy KOMe Cy y4ecTBOBaIM pefoBHM U BaHpeaHW npodecopu PakynTeta
jeaHornacHo, ca 29 rnacosa 3A (o4 yKynHO 37 KONMKO YMHU U3BOPHO TeN0), AOHETA je 0ANYKa O
usbopy ap BNAANMUPA CTOJAHOBUTRA y 3Barbe BULIKM HAyYHU CapaZHUK

b) HaKoOH jaBHOr rnacakba y KOme Cy y4ecTBOBA/IM PEAOBHU U BaHPeAHWN Npodecopun N AOLEHTU
dakynTeTa jegHornacHo, ca 38 rnacosa 3A (og yKynHo 53 KO/IMKO YMHM M36OPHO Teno), AoHeTa
je oanyka o nsbopy ap 6PAHUC/TABE MUCAUTOBUT y 3Barbe Hay4HM capagHuK

HactaBHo-Hay4yHo Behe

6. TaykKa

OgapeheHa je Komucuja 3a oueHy UCMyHEHOCTM YCI0BA U ONPaBAAHOCT Npes/1oKeHe TemMe 3a
n3paay LOKTOPCKe aucepTaLmje 3a:



a)

7.
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JACMUHY ATUR, AnnnommnpaHor nHXewepa eNekTPOTEXHUKE, KOja je npujaBmaa AOKTOPCKY
ancepTaunjy nog Hasmeom: ,, TPAHCIMOPT EJIEKTPOHA, PA3BOJ IABUHA U MPONATALIMIA
CTPUMEPA'Y JAKO ENTEKTPOHEFATUBHUM TACOBNMA*
Komucuja: O0p Cawa Ayjko, suwiu Hay4YHU CapadHuK N

0p hophe Cnacojesuh, saHpedHu npogecop PP

0p CphaH Bykeuh, pedosHu npogecop PP

O0p 3opaH /b. [lemposuh, Hay4YHU casemHuUK NP

Ta4yKa

YcBojeH je N3BewTaj Komuncuje 3a oueHy NcnyHweHOCTM YCA0Ba M ONPaBAaHOCT NpeasioXeHe TemMe 33

n3paay LOKTOpCKe aucepTaumje n ogpeheH meHTop 3a:

a)

b)

HUKONY MBAHOBUTRA, aunnomupaHor ¢pmsmyapa, Koju je npmjaBmo LOKTOPCKY AncepTauunjy
nog, Hasnsom: ,,[IPOYYABAHE OB/IMKA CNEKTPANTHUX TMHWIA Ne | U Ne Il Y NTPUKATOAHO)
OBJTIACTU ABHOPMAJTHOT TUHABOT MPAXKHEHA”

MeHmop: O0p Hukona Wuwosuh, doueHm @@

BE/bKA JAHKOBURA, aunnomupaHor ¢pusmndapa, Koju je npmnjaBuo A4OKTOPCKY AncepTaLmjy nog,
Ha3mnsom: ,EXCITON DYNAMICS AT PHOTOEXCITED ORGANIC HETEROJUNCTIONS” (AnHammKa
€KCLMTOHA Ha OpraHCKMM XeTopocnojesnma nobyheHum ceetnowhy)

Me+Hmop: 0p HeHad Bykmuposuh, HayuyHU casemHuK U@

Ta4yKa

YcBojeH je M3BewwTaj Komucuje 3a npernes v oueHy AOKTOPCKe aguceptaumje n ogpeheHa Komucuja

3a oabpaHy gucepraumje 3a:

a)

b)

AJIEKCAHAOPY AUMUTPUEBCRY, gunaomunpaHor pusmyapa, Koja je npesana OKTOPCKY
anceptaunjy nog Hasmeom: ,,MEASUREMENT OF THE W BOSON MASS AND THE CALIBRATION
OF THE MUON MOMENTUM WITH THE ATLAS DETECTOR" (Mepere mace W 6030Ha u
Kannbpaumja umnynca mmoHa Ha getektopy ATLAS)
Komucuja: 0p HeHad Bparnew, HayyHu capadHuK Nd

op MNMemap Auuh, pedosHu npogecop PP

0p Maja bypuh, pedosHu npogecop P

0p Boja PadosaHosuh, pedosHu npogecop P

0p /luduja MusKkosuh, Hay4YHu casemHuxk N

0p MapmeH boHekamn, CEA Saclay, NMapu3s (®paHyycka)

JENEHY NELWWNTR, gunaomupaHor ¢pmsnyapa, Koja je npeaana AOKTOPCKY AucepTaumjy noa
HasmsomMm: ,,INVESTIGATION OF SUPERCONDUCTIVITY IN GRAPHENE AND RELATED MATERIALS
BASED ON Ab-INITIO” (UcTpauBarbe cynepnpoBoAHOCTU Y rpadeHy 1 CANYHUM MaTepujanuma
Kopuwherem ab-initio meToaa)
Komucuja: 0p Padow lajuh, Hay4yHu capadHuKk N

0p NeaHka Munowesuh, pedosHu npogecop PP
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c)

9.

0p MunaH KHexcesuh, pedosHu npogecop @

0p hophe Cnacojesuh, saHpedHu npogecop PP

0p 3opaH lonosuh, Hay4HU casemHuKk MHH BuHya
dr Kurt Hingerl, Johannes Kepler Univerzitet, Austrija

rOPOAHY MUNYTUHOBUR-AYMBENOBUR, aunnomupaHor ¢pusmyapa, Koja je npegana
OOKTOPCKY AncepTtaumjy noa Hasmsom: ,,METOAE MEPEHA OAHOCA TPAHAHA XUTCOBOT
BO30OHA Y NMPOLECUMA H>p+p- W H->ZZ+ HA 1.4 TeV HA BYAYREM JIMHEAPHOM CYJAPAYY
cLic”
Komucuja: Op UNeaHka boxcosuh-Jenucasyuh, HayyHu casemHuk MHH BuHua

O0p Boja PadosaHosuh, pedosHu npogecop @

0p JosaH lNy3oeuh, saHpeOHu npogecop PP

Ta4yKa

YcBojeHa je npujaB/beHa TeMa 3a U3paay macTtep paga, oapeheH pykosoaunauy u Komucuja 3a

oAabpaHy paaa 3a:

a)

b)

d)

BNAOAHA CUMWUTRA, cTyaeHTa mactep ctyauja pusmnke, cmep OnwTta p13mMKa, Koju je npujasmo
macTtep pag nog Hasmsom: "HYMEPUYKE CUMYJTALIMIE MPOLIECA XTABEHA TPAHYNNAPHOT
FACA"
Komucuja: dp CnobodaH Bpxosau, Hay4YHU casemHuk U®, pykosodunay pada

Op AHOpujaHa ekuh, saHpedHu rnpogecop ®P

0p 3opuya lMonosuh, doueHm PP

MWPJAHY PAKUREBUT, cTyaeHTa mactep ctyamja dpusmke, cmep Onwrta ¢usnka, Koja je
npujaeuna mactep pag nog Hasnmsom: "MPOYYABAHE ANENEKTPUYHUX U ONTUYKUX
KAPAKTEPUCTUKA NONTMETUNEH TEPEDTANNAT MEMBPAHE MOANPUKOBAHE JOHCKUM
CHOMNOBMMA"
Komucuja: op Cnasuya Manemuh, doyeHm ®®, pykosodunay, pada

O0p AywaH lNonosuh, saHpedHu npogecop dd

0p ApazaHa Lleposuh, Hay4HU capadHUK @@

HUKOJTY BYJUYUNTRA, cTygeHTa macTep CTyAnja METEOPOI0IMje, KOjUu je NpMjaBMo macTep pas
nog Hasmsom: "KBA3WM - PE3OHAHTHU PO3BMIEBU TAJTACU U MONJIABE TOKOM MAIJA 2014 Y
CPBEMIN"
Komucuja: 0p Baadoumup byphesuh, doueHm ®®, pykosoounay pada

0p KamapuHa Bervosuh, doueHm @@

dp Hemarna Kosayesuh, doueHm @@

MWNERY JIASAPEBUT, cTyaeHTa macTtep CTyAnja MeTeopoaoruje, Koja je npunjasmaa macrtep pas
noA Hasusom: "TPAHCIMOPT CAXAPCKOI NECKA U3HAL CPBEMJE TOKOM MEPMOAA 2012-2016"
Komucuja: 0p Baaoumup byphesuh, douyeHm @@, pykosoounay, pada

0p /lazap J/lazuh, pedosHu npogecop PP
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0p KamapuHa Bemwosuh, doueHm ®@

e) OAHWUIENA OBPURA, cTygeHTa mactep ctyauja dmsmke, cmep TeopujcKa U eKcnepmmeHTanHa

f)

h)

$U13KMKa, Koju je NpujaBno mactep pag nog Hasmsom: "HEKOMYTATUBHOCT U
HEACOUMJATUBHOCT 3ATBOPEHE BO3OHCKE CTPYHE"
Komucuja: 0p bojaH Hukonuh, suwiu Hay4HuU capadHuk NP, pykosoodunay pada
O0p Boja PadosaHosuh, pedosHu npogecop @
op Aywko /lamac, doueHm ®P

CTEBAHA BYPBEBUTRA, cTyaeHTa mactep ctyaunja dusmnke, cmep Teopujcka U eKcnepmMmeHTaHa
dU13KMKa, Koju je NpujaBno mactep pag nog Hasmsom: "YTULAJ OPUJEHTAUMIE d-WAVE
CYNEPMNPOBOAMHNKA HA LIO3E®COHOBY CTPYJY Y CNOJEBUMA CA HEXOMOTEHUM
®EPOMATHETOM"
Komucuja: 0p 3opuya lMonosuh, doueHm @@, pykosodunay pada

op Cnasuya Manemuh, doyeHm @

O0p boxcudap Hukonuh, doueHm ®P

0p lNpedpaz MupaHosuh, pedosHu npogecop MM Nodzopuya

MWKY NONEANLUA, cTypeHTa mactep cTyguja dmsmke, cmep TeopujcKa U eKcnepMmeHTanHa
du13KMKa, Koja je npujaBuna mactep pag nog Hasmesom: "OAPEBUBAHE HEYTPANTM3ALMOHUX
PACTOJAHA NMPU MHTEPAKUMIN BULLECTPYKO HAENEKTPUCAHMUX JOHA CA NOBPLLUMHOM
YBPCTOI TENA"
Komucuja: 0p Casa lanujaw, doueHm @@, pykosodunay pada

d0p Cnasuya Manemuh, doyeHm @

0p Baadumup Cpehkosuh, suwiu Hay4YHU capadHuK NP

HEMAHY CTEBURA, cTyaeHTa mactep ctyamja dusunke, cmep NpumerseHa 1 KomnjyTepcka
¢du13KKa, Koju je npujaBno mactep pag nog Hasmsom: "MPOJEKTOBAHE U U3PALA
MWKPOKOHTPOJIEPCKOT TEPMOXUITPOMETPA "
Komucuja: Op UeaH benya, pedosHuU npogecop PP, pykosoounaau pada

0p behko Kacanuya, saHpedHu npogecop ®P

0p Henad Taduh, ucmpaxcusay capaoHuUK @@

10. Tayka

YcBojeHa je npujaB/beHa TeMa 3a U3pady mactep paga, oapeheH pykosoamnaw, 1 Komucuja 3a
oabpaHy paga 3a:

a)

AHOPUIAHY BOMJINIA, anconseHTa dpnsnKe, cmep Teopujcka U ekcnepmmeHTanHa GU3nKa, Koja
je npujaBuna gunaomcku pag nog Hasmeom: "OOPEBUBAHE MAPAMETAPA NACEPCKU
MHAOYKOBAHE MN/1ASME AHA/TIM30M BPEMEHCKWM PA3TOXKEHUX CNEKTPOCKOTMCKKUX
MEPEHA"
Komucuja: 0p CphaH bykeuh, pedosHu npogecop @D, pykosodunau pada

0p Hukona LWuwosuh, doyeHm P
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0p Munow CKo4uh, ucmpaxugay-capadHuxk @@

11. TayKa

HactaBHo-Hay4yHo Behe je ycBOjuI0 peueHsujy pykonuca "AHOMaNHO LWNpeHe CNEeKTPasHUX IMHKU]a

BOAOHMKA Y Npaxkkernma" aytopa ap Hukone LiseTaHoBMha 1 npuxeaTuao npeasor peLeHseHaTta 4a

ce pykonuc nybsimkyje Kao MoHorpadCcKo Hay4yHo Aeso.

12. Ta4yKa

HactaBHo-Hay4Ho Behe je JA/I0 CATJIACHOCT Ha aHraxoBatbe Y HacTaBu U TO:

a)

b)

f)

npod. ap Masapa /lasuha 3a npegmeT MeTeoponoruja u Mogenosarbe 3arahera y atmocdepu
(Ha ocHOBHMM cTyAnjama Xemuja *KUBOTHeE cpeauHe) Ha Xemunjckom dakynTeTy YHuBepsuTeTa y
beorpagy

npod. ap Nnnje Mapuha 3a npeamet dunocoduja NpUPOAHUX HayKa (HA UHTETPUCAHUM
OCHOBHUM U MacTep cTyaujama HactaBa xemuje) Ha Xemujckom dpaKkyntety YHuUBep3uTeTa y
beorpagy

npod. ap AywaHa Monosuha 3a npeamet ®usmka (Ha UHTErPUCAHUM OCHOBHMUM U MacTep
cTyanjama HactaBa xemuje) Ha Xemujckom dpakyntety YHuMBep3uTeTa y beorpaay

pou,. ap Case lanujawa 3a npegmet dnsmKa (Ha OCHOBHMM CTyaAnjama Xemuja 1 Xemuja
XUWBOTHE cpeaMHe N MHTErPUCaHMM OCHOBHMM M MacTep CTyanjama HactaBa xemuje) Ha
Xemunjckom pakyntety YHuBep3suTteta y beorpaay

npod. ap Bnagummnpa Munocasswesunha 3a npegmet OgabpaHa nornassba ¢usmnke (Ha
OCHOBHUM CTyaMjama Xemuja u Xemuja KMBOTHE CPeaANHE U MHTErPUCAHMM OCHOBHMM U MacTep
cTyamjama HactaBa xemnje)u OcHoBM PU3MKe (Ha OCHOBHUM CcTygujama bruoxemumje) Ha
Xemunjckom pakyntety YHnBep3suTeTa y beorpagy

aou. ap Cnasuue Manetuh 3a npegmeT OcHoBM $pU3UnKe (Ha OCHOBHUM CTyauMjama buoxemuje)
Ha Xemujckom dakynteTy YHuBepsuTeTa y beorpaay

npod. ap bpatncnasa O6pasosuha 3a npegmeT YHanpeheHM oKCUOAUMOHN npouecH (Ha
AOKTOPCKUM CTyAMjama) Ha Xemumjckom dakynTeTy YHuBep3suTeTa y beorpaay

MapjaHa hmpkoBuha 3a ussoherbe HacTase Ha LLlymapckom dakyntety YHMBep3uTeTa y
beorpagy

Ap bpaHucnase Mucannosuh 3a nssohere HactaBe U3 npegmeta Pusnka Ha BojHoj akagemmju
YHuBep3unTeTa oabpaHe

Takohe, HactaBHO-Hay4Ho Behe je AoHeno ognyky Aa npeHece osnawhere Ha aekaHa ®akynTteTa

[a 0406pK aHraXKoBakba y HacTaBu Ha GaKkyaTeTMMa ca KOjMma MMamMo Cnopasym o u3Bohery HacTaBe

3a CBe 3axeBe KOjM NMPUCTUTHY HaKHA4HO, KaKO HAaCTaBHU npouec He 6u Tpneo 360r KalHeHa Apyrux

daKkynteTa.



20. centembap 2017.

13. TayKa

Ha npegnor kategapa MHcTUTYTa 3a MeTeoposiornjy AoHeTa je oasyKa aa ce npod. ap MeaHa Towwuh
nsabepe 3a weda Kategpe 3a onwty MeTeoposiorujy.

14. Tayka
Mutarba HacTase

MpoaeKaH 3a HacTasy, gou. ap Chasuua Manetuh, obaBectuna je unaHose Beha ga je TpeHyTHO y
TOKYy |l ynncHUM pok 3a ynuc cTyaeHaTa y | roanHy ocHoBHUX cTyamja. He padyHajyhu ynucHu pok Koju je y
TOKY M Ha KOMe ce 3a YNUC npnjaBmao 3 KaHauaaTa, oBe roanHe cmo y | rogmHy ynucanm ykynHo 95
CTy4eHaTa, No CMepoBMMa:

Cme YnucaHo

P Byuet+ Camod.
OnwTa PpusmnKa 14+0
TeopujcKka n eKCnepumeHTanHa 35+0
MpumerseHa 1 KomnjyTepcka 21+2
MeTteoponoruja 22+1
YKynHo 92+3

CeeyaHu npujem cTyaeHata ogprkahe ce y netak 29. centembpa 2017. roagmHe y 12 catn y canm 60 y
Uapa AywaHa 13 1 npoaeKaH je no3Bana HAaCTaBHUKE U CapaHUKe Aa My NPUCYCTBYjy U NpeacTase ce
HOBUM CTyAeHTUMA PakynTeTa.

HacTaBa Ha OCHOBHUM CTyAuMjama Noumnmbe y noHeae/bak 2. oKTobpa, a Ha macTep CTyAnjama ase
Hegesbe KacHuje, y NoHeaesbak 16. okTobpa.

360r ynuca y HapeaHy roauMHy cTyamja, NpoAeKaH je NoAceTuna HacTaBHUKE Aa je CBE YCMeHe
ncnute notpebHo 3aspwuTn o 30. centembpa.

Ha KOHKypC 3a aHra»koBatbe y HacTaBM CTyAeHaTa LOKTOPCKUX U macTep cTyamja npujasuo ce 31
KaHamaat. CBM NpujaB/beHn KaHANAATU UCMYHaBajy YCI0Be KOHKypca. Y Toky nayhe Heaesbe he 6uTH
3aKasaH cacTaHakK wedoBa KaTegapa U WwedoBa cMepoBa paan LOroBopa O aHraXKoBakby MPUjaB/bEHUX
CTyZ,eHaTa M kUXOBOT pacrnopeza no npeameTMma.
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Mutarwa puHaHcuja

MpoaeKaH 3a puHaHcmje npod. ap MeaH benua obasecTno je ynaHose Beha aa he ynytutn npeanor
CaeTy ®akynTeTa 3a ycBajatbe pebanaHca byyeta PakynteTa 3a 0By rogmHy, C 063Mpom Aa CMO MManu

HenjaHupaHe TPOLIKOBE (CaHalnja WTeTe oZ nonsase, HabaBKa payyHapcKe onpeme paau OTKasMBakba
nocrojehe u gp).

Mutara HayKe

Y oAcycTBy NpoAeKaHa 3a HayKy, iekaH je obaBecTno YnaHose Beha aa je y TOKy pe-akpeauTtauyuja
daKkynTeTa Kao Hay4yHo-UCTpaXKmMBauKe opraHusaumje.

Jow yBeK Hema BecTu U3 MUHUCTapCTBa O TEPMMHY PacnMcuBakba HOBOT KOHKYPCA 3a NpojeKTe.

15. 1ayka
HactaBHo-Hay4yHO Behe je 0406puno naaheHo o4CycTBO HAaCTaBHMLMMA M cCapagHMLUMmMa U TO:

a) pou. ap MeaHy BugeHosuhy y nepuoay og 18. centembpa ao 6. oktobpa 2017. rogmnHe pagu
cTyamjckor 6bopaska y MehyHapoaHoj areHumMju 3a aToMcKy eHeprujy y beuy (Ayctpuja)

b) npod. ap MNetpy Aumhy y nepuoay oa 22. centembpa o 10. okTtobpa 2017. rogmHe paam
npucycTeoBatba cegHuu.ama Caseta CERN-a y *eHeswu (LLBajuapcka)

c) npod. ap JosaHy My3osuhy y nepmoay oa 4. oo 15. oktobpa 2017. rogmHe paam paaa Ha
NA61/SHINE ekcnepumeHTy y MNpesecuHy (PpaHuycKa)

d) HacrasHo-Hay4Ho Behe je 0406puno 1 HennaheHo oacycTeo Ap Munowy byprepy y nepuoay oz,
1. okTOb6pa A0 Kpaja Tekyhe rogmHe, 04HOCHO NPOjEKTHOT LMKAYCa, PaAM HaCTaBKa
ycaBpluaBarba Ha YHuBepsutety y MuunreHy (CAL)

16. Tayka

Mpoo. ap MeaH dojumHosuh obasecTno je gonrcom YnaHoee Beha o nputUcuMma Koju ce BpLue Ha
Hera Kako 61 ce NoByKao ca mecTa npeaceaHunka dpywTea ¢pusmuapa Cpbuje.

CeaHuua je 3aBplueHa y 12:25 yacoBa. HapeaHa cegHuua UN3bopHor n HactaBHo-Hay4yHor Beha
naaHupa ce 3a 18. oktobap.

beorpag, 26.9.2017. LOEKAH ®U3NYKOT PAKYNITETA
MNpod. ap Jabnan Oojunnosuh, c.p.



SANUCHUK

ca VIl cegHnue N3bopHor n HactaBHo-Hay4yHor Beha ®usmyKor pakynteTta
oapKaHe y cpeay 31. maja 2023. roguHe

CegHuum npucycteyje 39 unaHosa N3bopHor n HactaBHo-Hay4yHor Beha.

Cnyx6eHo oaCcyTHU: npod. ap Munopag Kypauua
npod. ap MBaHka Munoweswuh
npoo¢. ap bpatnucnas O6bpagosuh

OnpaBAaHO OACYTHM: aou. ap AnekcaHgpa foyaHuH
pou,. ap CysaHa NyTHUKoBMh
aou,. ap Munow Ckounh
Aap MapjaH hupkosuh

HeonpasaaHo oACyTHU: npod. ap 3opaH bopjaH
npood. ap MNpeapar MuneHosuh
pou. ap Casa lNanujaw
pou,. ap Cawa MeKosuh
pou,. ap Bnagnmup Musbkosuh
ooy, ap AparaH Peynh

[ekaH ®akynterta, npod. ap MeaH benua, otBopmo je ceaHmuy y 11.05 yacosa 1 npeasioRkmno
cnepehn

OdHeBHN pep

1. YcBajarbe 3anucHuka ca VIl ceaHumue U3bopHor n HactaBHo-Hay4Hor Beha dusunukor dpakynteta.
N3bopHo Behe

2. MokpeTake nocTtynka 3a nsbop gp APATAHA MPEKPATA y 3Batbe Hay4yHU CapagHUK.

3.  YcBajatbe M3BewTaja Komucuje 3a nsbop JIYKE PAJAYUTRA y 3Barbe UCTpaXKmnsay-capagHuk.
HacTtaBHo-Hay4Ho Behe

4. YcBajarbe M3BewTaja Komucuje 3a npernen v oueHy AOKTOPCKe AncepTaumje u ogpehusare Komucnje 3a oabpaHy
aucepTaumje 3a:

a) AHY BPAHWHR (2017/8006), macTep ¢usmuapa, Koja je npeaana AOKTOPCKY AUCEPTALM]Y NOA HA3UBOM:
"EVOLVING COMPLEX NETWORKS: STRUCTURE AND DYNAMICS" (PacTyhe KOMNAeKCHe Mpexe: CTPYKTypa 1
OMHAMKKaA), ypaheHy nog meHTopcTBoM Ap Mapuje MuTposuh [IaHKyNOB, BULLIEr HAY4YHOT capafHuKa MHCTUTyTa
3a OU3MKY

b) AAHMIENA OBPUTRA (8013/2018), macTep pu3nyapa, Koju je npeaao JOKTOPCKY AUcepTaumjy nog Hasmusom: "T-
DUALIZATION OF BOSONIC STRING AND TYPE 11B SUPERSTRING IN PRESENCE OF COORDINATE DEPENDENT
BACKGROUND FIELDS" (T-gyanusaumja 6030HcKe cTpyHe 1 T1n |IB cynepcTpyHe y NPUCTYCTBY KOOPAMHATHO
3aBMCHMX NO3aAMHCKUX NOJba), ypaheHy noa meHTopcTBOM Ap BojaHa Hukonuha, Buwer Hay4YHoOr capaZiHuKa
MHcTuTyTa 33 dU3nKy

c) TWIAHY PALEHKOBWT (2017/8009), macTtep pu3nyapa, Koja je npesana 4OKTOPCKY AMcepTaLmjy Nog HasMBom:
"BMLLIE TPAOMIJEHTHE TEOPUJE M KBAHTHA TPABUTALMIA", ypaheHy noa meHTopcTBOM Ap MapkKa BojHoBuha,
BULLEr Hay4yHOr capagHuka MHcTUTyTa 33 dU3MKy

5. YcBajatbe npujasB/beHe Teme 3a U3pasy mactep paga, ogpehusare meHTopa u Komucuje 3a og6paHy paaa 3a:

a) CAJIMXUIA MYXAMA/JA, cTyaeHTa mactep cTyaumja cmepa NMpumerbeHa 1 komnjytepcka Gpusnka, Koju je npujasmo
macTep pas noa Hasusom: "@OTOKATA/TUTUYKE MPUMEHE OKCUAHWUX CNOJEBA ®OPMWPAHUX MNASMEHOM
ENEKTPOJ/IUTUHKOM OKCUOALMIOM HUNOBUIYMA" (Photocalalytic applications of oxide coatings formed by
plasma electrolytic oxidation of niobium)

b) AHY PAHBENOB, cTyaeHTa macTep cTyguja cmepa Teopujcka M ekcnepMmeHTanHa GpusmKa, Koja je npujasuna
macTep pag noa Hasusom: "TEHEPUCAHE KBAHTHO KOPE/IMCAHUX MAPOBA ©®OTOHA NYTEM CNOHTAHE
MNAPAMETAPCKE KOHBEP3UJE ®OTOHA Y HENMHEAPHOM KPUCTANY"
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c) HUKONY CABURA, cTyaeHTa macTep CTyamja cmepa Teopujcka M eKcnepumeHTanHa $uUsnKa, Koju je npujaBmo
macTep pag noa Hasusom: "KNACUYHU U KBAHTHU XAOC Y PACEJAHY BUCOKO EKCLIMTOBAHUX CTPYHA"

d) TWIAHY TAOUT, cTygeHTa macTep cTyanja cmepa NpumerbeHa n KomnjyTepcka oM3unKa, Koja je npujaBuna macrep
pag, nog, Hasusom: "AHAIM3A CUMYNIALMIA PA3BUIAHUX KOPULLIREHEM NAATOOPME myPhysicsLab"

e) HATALLY CUMWT, cTyaeHTa mactep cTyamja cmepa MNpumerseHa u KomnjyTepcka ¢usmKa, Koja je npujasuna
macTep pag noa Hasusom: "KOPULUIREHE Y/ITPABP3E BUAEO KAMEPE Y NMPARERY U AHANN3U ANHAMUKE
®U3NYKUX MPOLLECA"

6. [aBarbe carnacHocTu Ha n3bop ap OPATAHA MPEKPATA y 3Batbe acMCTEHTA Ca AOKTOPATOM 3a YKy Hay4Hy obnacT

OnwTa ¢um3unKa Ha Papmaueytckom dakynTety YHuBep3uTeTa y beorpaay

7. [aBatbe carnacHoOCTM Ha aHraxkoBake HacTaBHUKA Ha APYroj UHCTUTYL MU U TO:

a) npod. gp OparaHe Byjosuh 3a nssohere HacTaBe 13 NpegmeTa Basgyxonnoea meteoponoruja (45+0+1) y
3MMCKOM cemecTpy LWKoscke 2023/24 rognHe Ha OCHOBHUM aKaZeMCKUM CTyamnjama BojHe akagemuje
MwuHucTapcTea ogbpare Penybavke Cpbuje

b) pou. ap BpaHucnase ByyeTtnh 3a nssohere Bexbu U3 npegmera dusmka A (0+60+20) y 3MMCKOM cemecTpy
wKoncke 2023/24 rognHe Ha OCHOBHUM aKaAeMCKMM cTyanjama BojHe akagemunje MuHuctapcTsa ogbpaHe
Penybauke Cpbuje

c) HukoauHa Heguha 3a nssoherse Bexbu us npegmeta dusmka A (0+60+20) y 3MMCKOM CEMECTPY LLKO/ICKE
2023/24 rognHe Ha OCHOBHMM akaeMCKUM CTyaujama BojHe akagemuje MuHuctapcrsa oabpaHe Penybanke
Cpbuje

d) pou. ap 3opaHa MNonosuha 3a n3sohere HacTase U3 Npeameta MNporpammparse y dmsmum 1 n 2 u KBaHTHa
mexaHuKa 1 1 2 y wkonckoj 2023/24 roanHu Ha NMpupoaHo-matemaTMUKom pakyateTa YHusepsuteta y baroj
JNlyum (BuX, Penybaumka Cpncka)

8. Oppehusarbe Kupuja 3a goaeny loavwmwe Harpaze 3a HayYyHU pag MAaLoM UCTPaXKUBaYy, }Kpebom 13 pegosa
pepoBHUX npodecopa dusmykor dakynTeTa.
9. VYcBajatbe AOKyMeHaTa NOTpebHUX 3a peakpeauTaumjy LleHTpa 3a KBaHTHY TeOpMjcKy GU3UKY Kao LEHTPA U3BPCHOCTU

n TO:

a) MnaHa pasBoja LleHTpa 3a KBaHTHY TEOPMjCKY GU3NKY
b) MnaHa pa3soja HayYHO-UCTPAXKMBAYKOT NoamaaTKa LleHTpa
10. MwuTarba HacTase, HayKe U PUHaHCK]a.
11. 3axTeBu 3a og0bpere oacyCTBa.
12. YcBajarbe u3BeLTaja ca CayKbeHWxX nyToBakba.
13. [Odonwucu u monbe ynyheHe HactaBHO-Hay4yHom Behy.
14. Ob6asewrTerba. Tekyha nuTama. MuTakba u Npegaosu.

MowrTo je ycBojeH nNpeasioxeHun [AHeBHM pea, NPELO Ce Ha

1. Tauky

YcBojeH je 3anucHuK ca VIl cegHuue U3bopHor n HactaBHo-Hay4vHor Beha dusmykor
daKkynteTa.

N360pHO Behe

2. Tayka

MoKpeHyT je nocTynak 3a n3bop ap APATAHA MNPEKPATA y 3Batbe HayYHU capagHuK.
Komucuja: dp Maja Bypuh, pedosHu npogecop P

0p Hukona Korwbuk, doyeHm @

0p Mapko BojuHosuh, suuwu Hay4yHU capadHUK N@
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3. Tayka

YcBojeH je N3BewTaj Komucuje 3a n3bop JIYKE PAJAYUTRA y 3Barbe UCTPaXKMBay-capagHuK.

HacTaBHO-Hay4yHo Behe

4. Ta4yKa

YcBojeH je M3BewTaj Komucuje 3a nperneq v oueHy AOKTOPCKe aucepTaumje n ogpeheHa
Komucuja 3a ogbpaHy gucepraumje 3a:

a) AHY BPAHWUT (2017/8006), mactep pusmyapa, Koja je npegana AOKTOPCKY AMcepTaumjy noa,
HasmBom: "EVOLVING COMPLEX NETWORKS: STRUCTURE AND DYNAMICS" (Pactyhe
KOMMJIEKCHE MpeKe: CTPYKTYpa U AMHaAMMKKa), ypaheHy nog meHTopcTBoM Ap Mapuje
Mutposuh [aHKyn10B, BULLET HAyYHOT capafHuKa MHCTUTYTa 3a U3UKY
Komucuja: O0p CyHyuua Enezosuh Xauuh, pedosHu npogecop OP

dp Ceemucnas Mujamosuh, doueHm @
Op AHmMyH banax, Hay4yHU casemHuK N

b) AAHWMIENA OBPURA (8013/2018), macTep pusmyapa, Koju je npeaao AOKTOPCKY
ancepTtaunjy nog Hasmeom: "T-DUALIZATION OF BOSONIC STRING AND TYPE 11B
SUPERSTRING IN PRESENCE OF COORDINATE DEPENDENT BACKGROUND FIELDS" (T-
Ayanusaumja 6030HCKe CTpyHe 1 TMnN |IB cynepcTpyHe y NPUCTYCTBY KOOPANHATHO 3aBUCHUX
Nno3aAMHCKMX Nosba), ypaheHy noa meHTopcTBom Ap bojaHa Hukonuha, Buwer Hay4Hor
capagHuKa MHcTUTyTa 3a GU3KNKY
Komucuja: 0p Maja bypuh, pedosHu npogecop P

0p Boja PadosaHosuh, pedosHu npogecop P
0p bpaHucnas Lisemkosuh, HayyHU casemHuK NP

c) TWIAHY PAOEHKOBWT (2017/8009), mactep ¢pusnuyapa, Koja je npegana AOKTOPCKY
ancepTaunjy nog Hasmeom: "BULLE FPAOUIEHTHE TEOPUJE N KBAHTHA TPABUTALUIA",
ypaheHy nog meHTopcTBom Ap Mapka BojuHosuha, Buwwer Hay4YHor capagHuKa MHCTUTYTa 3a

OV EV Y
Komucuja: 0p Maja bypuh, pedosHu npogecop PP
0p Boja PadosaHosuh, pedosHu npogecop P
0p bpaHucnas Llsemkosuh, HayyHU casemHuK NP
5. Tauyka

YcBojeHa je npujaB/beHa Tema 3a U3paay mactep paga, ogpeheH meHTop u Komucnjae 3a
oabpaHy paga 3a:

a) CAJINXUIA MYXAMALA, cTyaeHTa mactep cTyamnja cmepa NpumerseHa 1 KomnjyTepcKa
du13KKa, Koju je NnpujaBno mactep pag nog Hasmsom: "OOTOKATATUTUYKE NPUMEHE
OKCUOHUX CNOJEBA POPMUPAHUX MAASMEHOM ENEKTPO/IUTUYKOM OKCUOAUMIOM
HUOBUIJYMA" (Photocalalytic applications of oxide coatings formed by plasma electrolytic
oxidation of niobium)

Komucuja: dp CmesaH CmojaduHosuh, pedosHu rnpogecop ®d, meHmop
0p Mapuja lNNemxkosuh beHa330y3, Hay4yHuU capadHUK O
0p HeHad Paduh, Hay4yHU casemHuK UXTM
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b) AHY PAHBENOB, cTyaeHTa macTep cTyamja cmepa Teopujcka n ekcnepumeHTanHa pUsmka,
Koja je npujaBuna mactep pag nog Hasmsom: "TEHEPUCAHE KBAHTHO KOPEJTMCAHUX
MAPOBA ®OTOHA NMYTEM CNOHTAHE NMAPAMETAPCKE KOHBEP3UJE ®OTOHA Y
HEJTMHEAPHOM KPUCTANY"

Komucuja: Op AnekcaHopa lovaHuH, douyeHm P, memop
Op AywaH ApceHosuh, Hay4YHu casemHuk NN®, meHmop
0p Munopad Kypauya, pedosHu npogecop ®P
Op Mpedpaz PaHumosuh, Hay4yHu casemHuxk @@

c) HUKONY CABURA, cTtyaeHTa mactep cTyauja cmepa Teopujcka U ekcnepumeHTanHa Gusuka,
KOju1 je npujaBnmo mactep pag nog Hasmsom: "KJTACUYHU U KBAHTHU XAOC Y PACEJAHY
BMCOKO EKCLUMTOBAHMX CTPYHA"

Komucuja: op Mapuja Aumumpujesuh hupuh, pedosHu npogecop ®d, meHmop
0p Muxauno Yybposuh, HayyHU capadHuUK N®d, meHmop
op Apazosbyb MouaHUH, douyeHm PP

d) TWIAHY TAOWF, ctyaeHTa mactep cTyaumja cmepa MNpumerbeHa 1 Komnjytepcka dusumka, Koja
je npujaBuna mactep pag nog Hasmsom: "AHATU3A CUMYNAUUIA PA3BNIAHNX
KOPULWREHEM NNTATOOPME myPhysicsLab"

Komucuja: O0p 3opaH Hukonuh, pedosHu npogecop @D, meHmMop
Op Eoub fobapuuh, saHpedHU npogecop O
O0p HeHad Taduh, doyeHm PP

e) HATALLUY CUMWUT, cTygeHTa macTep cTyauja cmepa MNprmerbeHa M KomnjyTepcka ¢pusmka,
Koja je npujasmna mactep pag nog Hasmesom: "KOPULIREHE YITPABP3E BUAEO KAMEPE Y
MPAREHY U AHANU3U AUHAMUKE PU3INUYKUX MPOLLECA"

Komucuja: 0p 3opaH Hukonuh, pedosHu npogecop PP, meHmop
0p NeaH MempoHujesuh, Hay4yHU capaOHUK QP
0p Hebojwa MNomkorak, Hay4Hu capadHuk MHH BuHua

6. TadkKa

HacTtaBHo-HayuyHo Behe je JA/10 CAT/TIACHOCT Ha usbop gp OPATAHA MPEKPATA y 3Barbe
aCMCTEHTa ca AOKTOPATOM 3a YKy HayyHy obiact OnwTa ¢m3mnka Ha PapmaueyTckom haryaTeTy
YHusep3uteTa y beorpagy.

7. Tauyka

HacTtaBHo-Hay4yHo Behe je JA/I0 CAT/TACHOCT Ha aHra»koBare HaCTaBHWKA Ha Apyroj
WHCTUTYLN[U U TO:

a) npod. ap OparaHe Byjosuh 3a nssohere HacTaBe n3 npeameTa Basgyxoniosa
meTeoposoruja (45+0+1) y 3Mmckom cemecTpy LwKoncke 2023/24 roamHe Ha OCHOBHUM
aKageMcKum ctyaujama BojHe akagemuje MuHuctapcTea ogbpaHe Penybnavke Cpbuje

b) pou. ap BpaHucnase Byuyetunh 3a usBoherbe Bexkbu us npeamerta ®usmka A (0+60+20) y
3MMCKOM cemecTpy LwKoscke 2023/24 rogmHe Ha OCHOBHMM aKageMCKUM CTyaujama BojHe
akagemmnje MuHuctapctea ogbpaHe Penybanke Cpbuje

c) HukoguHa Heguha 3a nssohere Bexbu 13 npegmeta dPusmka A (0+60+20) y 3MuMcKom
cemecTpy wKoncke 2023/24 roamnHe Ha OCHOBHMM aKaZeMCKUM CTyanjama BojHe akagemuje
MwuHucTapcTBa oabpaHe Penybamke Cpbuje
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d) pou. ap 3opaHa Monosuha 3a usBohere HactTaBe U3 npeameta Mporpammparse y dpmsmum 1
1 2 n KBaHTHa mexaHuKa 1 1 2 y wKonckoj 2023/24 roanHu Ha MpupoaHo-maTeMaTUYKOM
dakynTeta YHuBepsuteTa y baroj Slyum (BuX, Penybamnka Cpncka)

8. Tauyka

pebom 13 penosa pegoBHMxX npodecopa Pusunykor ¢pakyateta ogpeheH je *Kunpu 3a
foaeny fogvwme Harpage 3a HayyHu pag MIagoM UCTPaXKUBaYYy:

- npod. gp Mapuja Anmutpujesuh hupuh

- npod. ap Bnagnmmp Munocasmesuh

- npoo. ap hophe Cnacojesuh

- pesepBHM YnaH xupuja npod. ap MopaH MNonapuh

9. TayKa

HacTtaBHO-Hay4Ho Behe je ycBOjuUN0 AOKYyMeHTa NnoTpebHa 3a peakpeguTaumjy LieHTpa 3a
KBaHTHY TEOPWUjCKY PU3MKY Kao LEeHTPA U3BPCHOCTU U TO:
a) TMnaH pasBoja LleHTpa 3a KBaHTHY TEOPUjCKY GU3NKY

b) TMnaH pasBoja Hay4YHO-UCTParKMBAYKOr NogmnaTka LieHTpa

10. Ta4yKa

MuTarba HacTase

MpoaeKaH 3a HacTasy, gou,. Ap 3opuua Monosuh, obaBecTmna je unaHose Beha aa je
pacnucaH KoHKypC 3a ynuc cTyaeHaTta y NpBey roauHy ctyamja wkoncke 2023/24 ropyHe. HactasHo-
Hay4Ho Behe je, Ha Npeanor NpoAeKaHa, UMEHOBaN0 KOMMUCHje 3a YIUC U TO:

Komucuja 3a nspagy 3agartaka 3a npujemHm UCNUT U3 MaTeMaTUKE:

- npodo. ap TatjaHa Bykosuh

- npod. ap Boxkmaap Hukonuh

- pou. ap Ceetucnas Mujatosuh

Komucuja 3a u3paay 3agataka 3a NpUjeMHU UCnUT ns pusmnke:

- pou. ap 3opaH MNonoswuh

- ap lopaH CpeTteHosuh

Komucuja 3a kanbe KaHAMAATa Ha PaHT NCTY:

- npod. gp AHapujaHa HKekuh

- npodo. ap Boja PagoBaHoBuh

- npoo. gp NeaH benua

- npoo. gp NeaHa Towunh

- pou. ap 3opwvua Nonoswuh

MpeacTaBHUK UCTPaXkMBaYva Ha HacTtaBHO-Hay4YHom Behy, CTYAEHT LOKTOPCKUX CTyAuja
OywaH hophesuh nsHeo je npumeabe Ha pag Komucuje 3a Takmuuera [pywtea ¢pmsmyapa Cpbuje.
Mocne gucKycuje y Kojoj je yuecTBOBanO BMLIE YaHoBa Beha, AOHET je 3aKk/byyak ga Pakyntet Tpeba
BUMLUE A3 Ce YK/bY4M Y paj KOMUCH]ja 33 Takmuderse PC-a, c 063Mpom Aa Ha Takmuuera nay hauu
Koju cy y Beninkom bpojy Hawu byayhu ctyaeHTu. HactaBHo-Hay4Ho Behe je 3aTum gano npeanor
Komucumje 3a 3agaTtke y cactasy:

- npodo. ap Boja PagoBaHoBuh
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a)

b)

d)

f)

h)

j)

k)
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- npod. ap boxunaap Hukonuh

- npoo. ap 3opaH Hukonuh

- npod. gp NopaH Nonapwuh

- npod. gp Munow Buhuh

- npoo. ap bpatnucnas O6pagosuh
- [OywaH hophesuh n

- hophe borgaHosuh.

Ta4yKa

HactasHo-Hay4Ho Behe je of406puno oacycTsa cneaehnum HacTaBHULMMA U CapagHULMMA:
Npuan Nasuh y nepuoay og 31. maja go 17. jyHa 2023. rogmHe paam ydewha Ha neTHoj
wKkonwm FERS High Level Course on Data Science and Machine Learning for Climate Research
Koja ce oap:kaBa y bepuHopy (Utanuja)

Nasapy Mapkosuhy y nepuoay og, 1. jyHa go 31. aBrycta 2023. rogmHe pagu CTyanjckor
6opaBKa Ha YHuBep3uTeTy y TopuHy (UTanuja)

npod. gp Mapuju Oumutpujesuh hinpuh, gou. ap Hukonn Korwunky n hophy borgaHosuhy y
nepuogy o4 5. no 10. jyHa 2023. roanHe pagm cTpyyHe nocete UHcTuTyTy Pyhep bowkosuh y
3arpeby (XpBaTcka)

npod. ap AHapujaHu Heknh u Muanum Munojesuh y nepuoay og 14. oo 16. jyHa 2023.
roguHe pagu yyewha Ha 28. KoHdepeHumju Cpnckor KpucTanorpadckor ApyLwTea, Koja ce
ofAprkaBa y Yauky (Cpbuja)

aou,. ap Oparosbyby MoyaHuHy, gou,. Ap AnekcaHgapu FodaHuH, MBaHn Ctojuskosuh 1
OywaHy hophesuhy y nepuoay og 18. jyHa go 1. jyna 2023. rogmHe pagu CTyamjcKor
6opaBKa Ha MHCTUTYTY 33 KBaHTHY MHbOpPMauujy y beuy (AycTpuja)

npod. ap NeaHy [ojunHosuhy og 19. oo 23. jyHa 2023. roanHe pagm yyewha Ha 14" Serbian
Conference on Spectral Line Shapes in Astrophysics Koja ce ogp»aBa y bajuHoj bawTu
(Cpbuja)

[Japky Casuhy y neproay oz 27. oo 29. jyHa 2023. roguHe pagu yydewha Ha KoHdepeHunju
International Conference on Hydro Climate Extremes and Society, Koja ce ogp»asa y Hosom
Caay (Cpbwija)

Npuan Nasuh y nepuoay og 27. go 29. jyHa 2023. roguHe paam yyewha Ha KoHbepeHuuju
International Conference on Hydro Climate Extremes and Society, Koja ce ogp»asa y Hosom
Caay (Cpbwija)

Mwunnua Towunh y nepuogy og 27. fo 29. jyHa 2023. rogmHe pagu ydewha Ha KoHbepeHUmju
International Conference on Hydro Climate Extremes and Society, Koja ce ogp»asa y Hosom
Caay (Cpbwija)

npod. ap NeaHkn Munowesuh y nepuoay og 30. jyHa go 9. jyna 2023. roanHe pagm yyewha
Ha International Conferences and Exhibition on Nanotechnologies, Organic Electronics &
Nanomedicine Koja ce oap:kaBa y ConyHy (Ipuka)

Mwunnuy Towwnh y nepuoay og 27. aBrycta go 3. centembpa 2023. roguHe paam yyewha Ha
neTr0j wKonm Mediterranean Machine Learning Summer School Koja ce ogpkaBa y ConyHy
(Fpuka)
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1) npod. ap Munopaay Kypanum n npood. ap bpatucnasy Obpagosuhy y nepmnoay oa 15. go 24.
centembpa 2023. roguHe paau yyewha Ha KoHbepeHuuju 16" International Conference
"Gas Discharge Plasma and Their Applications" - GDPA 2023, koja ce oaprkasa y Yéu (Pycuja)

m) npod. ap Mapuju Aumutpujesuh hmupuh y nepmoay oa 16. go 23. centembpa 2023. roanHe
paau yyewha Ha KoHdepeHumju Workshop on Noncommutative and generalized geometry
in string theory, gauge theory and related physical models Koja ce oap»aBa Ha Kpdy (Mpuka)

n) npod. ap Cnasuun Manetuh y nepmoay og 20. go 23. centembpa 2023. roanHe pagu
yuyewha Ha 26. koHrpecy CLLTM Koju ce ogp:aBa y Opxpuay (MakegoHuja)

o) npod. ap Brnaanmmnpy Munocassesuhy y nepmoay oa 20. oktobpa ao 15. Hosembpa 2023.
roguHe pagu ydyewha Ha KoHbepeHumju 69. AVC - International Symposium and Exhibition
Koja ce oap:kasa y MopTtnanay (CAL)

CepgHuua je 3aBpweHa y 11.50 yacosa.

Beorpaa, 14.6.2023. OEKAH ®dU3UYKOT GAKYNTETA
Mpod. ap NeaH benua, c.p.
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T-dualization of bosonic string and type IIB superstring in presence of
coordinate dependent background fields

Abstract

Topic of this disertation is examination of non-commutative and non-associative
properties that emerge in context of closed string theory. This examination will be
carried out on two distinct models. One where we work with bosonic string and
other where we work with type IIB superstring. Furthermore, both of these models
will be analyzed in presence of coordinate dependent background fields. Subjecting
these models to T-dualization we will be able to obtain both T-dual theories and
transformation laws that connect coordinates of starting theory with T-dual one.
Utilizing transformation laws and commutative relations of starting theory we will be
able to deduce non-commutative properties of T-dual theories. Method for obtaining
T-duality will be based on Buscher procedure and its extensions. Main idea of
Buscher procedure lies in localization of translational symmetry by replacing partial
derivatives and coordinates that appear in action with covariant derivatives and
invariant coordinates. This substitution inevitably introduces additional degrees
of freedom which are encoded in gauge fields. By elimination of newly introduced
degrees of freedom with method of Lagrange multipliers and subsequently finding
equations of motion for gauge fields we obtain transformation laws. Inserting these
laws into the action we will obtain T-dual theory.

In examination of bosonic string theory, we will work with 3D space where Kalb-
Ramond background field will have infinitesimal linear dependence on one coordi-
nate, z coordinate. Dualization will be carried along two distinct chains, one where
coordinate that appears in background fields will be dualized last and other where it
will be dualized first. By comparing these two approaches we will be able do discern
what are necessary components for emergence of non-commutative properties.

Second part of thesis will be concerned with T-duality of type II superstring that
propagates in linearly coordinate dependent Ramond-Ramond field. Unlike previous
case, this theory possesses both bosonic and fermionic coordinates, however back-
ground field will only depend on bosonic part. T-duality will first focus only on
bosonic part and later we will also incorporate fermionic part. We will also present
alternative chain of duality where first we dualize fermionic coordinates and later
bosonic ones. It will be shown that both chains produce same non-commutative
relations. Finally, at the end of the thesis, we will also make analysis of same case
when we have more general Ramond-Ramond field.

Key words: String theory, non-commutativity, non-associativity, Buscher procedure
Scientific area: Physics
Scientific subfield: High energy theoretical physics



T-dualizacija bozonske strune i tip IIB superstrune u prisustvu koorinatno
zavisnih pozadinskih polja

Sazetak

Tema ove disertacije je bazirana na izu¢avanju nekomutativnih i neasocijativnih os-
obina koje se javljaju u kontekstu teorije struna. Ovo izucavanje ¢e biti obavljeno na
dva razli¢ita modela. Prvi model sa kojim ¢emo raditi je model bozonske strune dok
je drugi model za tip IIB superstrunu. Oba modela ¢e biti analizirana u prisustvu
koordinatno zavisnih pozadinskih polja. Podvrgavanjem ovih modela T-dualizaciji
bi¢emo u stanju da dobijemo T-dualne teorije i zakone transfromacija koji povezuju
koordinate pocetnih i T-dualnih teorija. Koris¢enjem datih zakona transformacije,
kao i komutativnih osobina pocetnih teorija bi¢emo u stanju da dedukujemo neko-
mutativne osobine T-dualnih teorija. Metoda za dobijanje T-dualnosti je bazirana
na BusSerovoj proceduri i njenim prosirenjima. Glavna ideja BuSerove procedure
lezi u lokalizaciji translacione simetrije, gde mi zamenjujemo parcijalne izvode i
koordinate koje se javljaju u dejstvu sa kovarijantnim izvodima i invarijantnim ko-
ordinatama. Ova smena sa sobom povlaci i uvodenje dodatnih stepeni slobode koji
su kodirani preko kalibracionih polja. Eliminacijom novih stepeni slobode preko
metode Lagranzevih mnozitelja a zatim pronalazenjem jednacina kretanja za kali-
braciona polja, dobijamo zakone transformacija izmedu koordinata. Ubacivanjem
ovih zakona transformacija u dejstvo dobijamo T-dualnu teoriju.

U proucavanje bozonske teorije struna, radi¢emo sa 3D prostorom gde uzimamo
da Kalb-Ramondovo pozadinsko polje ima infinitezimalu linearnu koordinatnu zav-
isnost od samo jedne koordinate, z koordinate. Dualizacija ¢e biti sprovedena duz
dva razlic¢ita lanca, jedan gde tek na kraju dualizujemo duz koordinate koja se javlja
u pozadinskom polju a druge gde ovu koordinatu prvu dualizujemo. Poredenjem ova
dva pristupa bi¢emo u stanju da zaklju¢imo koji su sastojci neophodni za javljanje
nekomutativnih osobina.

Drugi deo disertacije tice se T-dualizacije tip II superstrune koja se krée u linearno
koordinatno zavisnom Ramond-Ramon polju. Za razliku od ploslig slucaja, ova
teorija poseduje i bozonske i fermionske koordinate, doduse pozadinska polja zavise
samo od bozonskih koordinata. T-dualizacija ¢e se prvo fokusirati samo na bozonski
deo, nakon toga ¢emo ukljuciti i fermionske koordinate. Kao i u proslom slucaju,
predstavicemo i jos jedan alternativan lanaz dualizacije, lanac gde prvo dualizu-
jemo fermionske a zatim bozonske koordinate. Pokaza¢emo da oba lanca vode do
istih nekomutativnih relacija. Konacno, na kraju disertacije, izvrSi¢cemo analizu iste
teorije ali sa opstijim slucajem Ramond-Ramond polja.

Kljuéne reci: Teroija struna, nekomutativnost, neasocijativnost, BuSerova procedura
Naucna oblast: Fizika
Uza naucna oblast: Teorijska fizika visokih energija
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MPOW3BOAHSE EIEKTPUYHE EHEPTUJE Y BJETPOMNAPKY KPHOBO (HUKLUWK) HA OCHOBY AHA/TU3E U NPOTHO3E
METEOPO/IOWKNX BEJIMYUHA"

y) KATAPUHY NOJAHULY, macTtep cTyaeHTa dusmke, cmep OnwTa Gpusuka, Koja je npujaBuna mactep pag nos HasnBom:
,BONYMETPUICKA AHA/IN3A 3ACHOBAHA HA MEPEHY BPEMEHA PEBEPBEPALIMIE 3BYYHUX TAJTACA”
z) CTEDAHA JOKY, macTep cTyaeHTa dpusmKe, cmep Teopujcka U ekcnepumeHTanHa Gpusnka, Koju je npujaBuo mactep pag nog

Hasusom: "EHTPOMWIA LPHMX PYNAY 3D FrPABUTALMIN"
7.  YcBajarbe NpujaB/beHe TeMe 3a U3pady AMNNOMCKOr paga, oapehusarse pykosoanoua n Komucuje 3a oabpaHy paga 3a:
a) [OPATAHY CTAHMMWPOBWT, anconseHTa ¢pusmnke, cmep OnwTa ¢pU3MKa, Koja je NpujaBuaa AUNAOMCKM Pas Noj Ha3UBOM:
"MNPUMEHA CABPEMEHNX HACTABHUX METOOA Y O6PAAWN HACTABHE TEME MTPUTUCAK"
8.  [laBarbe carnacHOCTM Ha aHraXkoBarbe HaCTaBHWKa M capafH1Ka U TO:
a) ap OEJAHA JAHUA, BaHpegHor npodecopa ®usumukor dpakynTtera 3a gprkakbe HacTase U3 npegmeta BasyxonaosHa
memeoposoauja Ha BojHoj akagemuju Munuctapctsa ogbpaHe PC
b)  ap BPAHUCNABE BYYETU, poueHTa dusmnykor GpakynTera, 3a gpKarbe HacTase U3 npegmeTa @usuka A Ha BojHoj akagemujn
MwuHucTapcTea oabpaHe PC
c) HUKOANHA HEOUTRA, uctparkmsada ®usnykor dakynteTa, 3a Aparbe Bexxbu ns npeagmerta dusuka A Ha BojHOj akagemujm
MuHucTapcTea oabpaHe PC
d) ap CPRAHA BYKBURA, pegosHor npodcopa Pusnykor pakyateTa, 3a Ap:Karbe HacTase u3 npeametra Memode mjeperba Ha
MpupoaHo-maTemaTuukom dakyntety YHuBep3suteTa y baroj Slyum
e) pap 30PAHA NOMOBUHRA, goueHTa dusmukor dakynTeTa, 3a ApKatkbe HacTaBe U3 Nnpeameta lMpoepamuparbe y pusuyu 1 v 2,
KeaHmHa mexaHuka 1 v 2 Ha MpupoaHo-maTemaTuukom dakynteTy YHuBep3auteTa y baroj Slyum
f)  ap AIEKCAHOPE AUMUT, poueHTa dusmukor dakynTeTa, 3a AprKarbe HacTase U3 NnpeameTa buodoToHmKa Ha [JOKTOpCKUM
cTyAvjama YHusep3uTteTa y beorpagy
9.  YcBajambe peueHsuje pykonuca "ATmocdepcku enektpuumteT" aytopa gou. ap Hemare Kosauesuha.
10. W3bop npeactaBHuka Pakynteta y Behy rpynaumja npupoaHo-maTemMaTUYKMX HayKa U3 peda pefoBHUX npodecopa.
11. TMuTarba HacTaBe, Hayke U pUHaHcHja.
12. 3axTesu 3a ogobpetrbe 0AcyCTBa.
13. VYcBajatbe M3BeLTaja ca CAyKbeHUX nyToBakba.
14. [Jdonwucu n monbe ynyheHe HactaBHo-Hay4Hom Behy.
15. O6aBewTerva. Tekyha nuTtarba. MuTarba U Npeanosu.

MowrTo je ycBojeH nNpeasioxkeHun [AHeBHM pea, NPELO Ce Ha

1. TauKky

YcBojeH je 3anucHuK ca VIl cegHuue M3b6opHor n HactaBHo-HayyHor Beha ®usnukor ¢pakynteTa.

MN360pHO Behe

2. TayKa

YcBojeH je npegnor KaTeape 3a KBAaHTHY M maTemMaTUuKy GU3UKY y Be3n ca usbopom npod. ap Yacnasa
BpykHepa y 3Barbe 2ocmyjyhu npogecop
Komucuja: 0p NeaHka Munowesuh, pedosHu npogecop PP
0p TamjaHa Bykosuh, pedosHu npogecop O
0p MunaH amraHosuh, pedosHu npogecop @D y neH3uju

3. Ta4Ka

MN36opHo Behe je ycBojuno M3BelwTaj Komucuje 3a n3bop HacTaBHUMKA PusnyKor dakynTera u To:

a) nocne Kpahe AWCKycKje 1 jaBHOT racakba, jeAHOrNacHo, ca 26 rnacoea 3A o4 YKYnHO 33 KOIMKO YMHU
n360opHO Teno, AoHeTa je oanyKka o usbopy ap AJAPKA TAHACKOBWRA y 3Batbe BaHpeaHOr
npodecopa ca 4o 30% pagHor BpeMeHa 3a YKy Hay4Hy obnact ®13mnKa KOHAEH30BaHe maTepuje



23. jyn 2021.

b) nocne Kpahe gucKycuje u jaBHOr rnacama, jegHornacHo, ca 26 rnacosa 3A o4 yKynHO 33 KOJIMKO YNHM
n3bopHo Teno, goHeta je oanyka o nsbopy ap MUIULE MUTOBAHOBUT y 3Barbe BaHpeaHOr
npodecopa ca 2o 30% pagHor BpeMeHa 3a YKy Hay4Hy obnact CtaTucTnyka PpusmKa

HactaBHO-Hay4yHO Behe

4. Tayka

YcBojeH je M3BewTaj Komucuje 3a oyeHy McnyreHOCTU YC10Ba M ONPaBAaHOCT NpeasioXKeHe Teme 3a
u3pagy AOKTOPCKe ancepTaumje n oapeheH meHTop 3a:
a) AHY BPAHWUR, macTtep ¢dusmyapa, Koja je npujaBuna AOKTOPCKY AucepTaumjy nog HasMsom
,EVOLVING COMPLEX NETWORKS: STRUCTURE AND DYNAMICS” (PacTyhe KomnieKkcHe mperKe:
CTPYKTYpa U gUHaMMKa)
MeHmop: 0p Mapuja Mumposuh [aHKyn08, 8uliu Hay4YHU CapadHUK N®

b) BOJAHY BOKWH, macTep ¢pusnyapa, Koja je npujaBmna AOKTOPCKY AMcepTaLMjy Nod HasUuBOM:
LZANHAMUKA MPOCTUPAHA EMPUIEBMX CHOMOBA Y ®OTOPE®PAKTUBHUM CPEOMHAMA®
MeHmop: Op bpaHucnag JeneHKosuh, Hay4yHU casemHUK U® y neH3uju

5. TayKka

OgzpeheHa je Komucuja 3a npernes v oueHy JOKTOPCKe gucepTtaumje 3a:

a) TATJAHY MAPKOBWHF - TOMNANOBWTH (8011/2016), aunnomupaHor ¢pusmyapa, Koja je npujasmna
OOKTOPCKY ancepTtaumjy nog Hasmsom: ,EAYKALUNOHA BUIYENN3ZALUIA PUINYKNX DEHOMEHA Y
MAPKY HAYKE U LLUKO/ZICKOM NPOCTOPY" nog meHTopcTBOM Ap AHApujaHe Hekuh, peaosHor
npodecopa Pusnykor pakynteta
Komucuja: 0p Muho Mumposuh, pedoeHu npogecop ®d

0p JabnaaH fojuyunosuh, pedosHu npogecop ®® y neHzuju
0p MuneHa fJasudosuh, doueHm pahesuHcKoa pakyamema

b) MAPJAHA RUPKOBWRA (8011/2013), macTep dpu3muapa, Koju je NpnjaBuo AOKTOPCKY AncepTaumjy
nog Hasusom: "MPOAYKLMIA KSO ME3OHA Y HEENACTUYHUM p+p CYOAPUMA HA EHEPTUIN O,
158 GeV MEPEHA NA61/SHINE AETEKTOPOM HA SPS-Y Y CERN-Y" noa meHTOopcTBOM Ap JoBaHa
Mysosuha, pegosHor npodecopa Pusmykor pakynteta
Komucuja: dp JosaH ly3osuh, pedosHu npogecop &
0p lMpedpaz MuneHosuh, saHpedHuU npogecop O
0p Tamjaxa LLywa, Hay4HU casemHuk MHcmumyma Pyhep bowkKoesuh

6. Ta4yKa

YcBojeHa je npujaB/beHa Tema 3a U3pasy mactep pasa, oapeheH pykosogunar, u Komucumja 3a oabpaHy
paja 3a:
a) BYPBWUIY JENEHKOBWH, macTep cTyaeHTa dpusmke, cmep MpumerseHa n Komnjytepcka ¢u1smKa, Koja je
npujaBuaa mactep pag nog Hasmsom: "MEPEHE KOEOULMIEHTA ANCOPNUMIE 3BYKA MATEPUIANA
KOJU CE KOPUCTE Y NO30OPULLUHNUM U KOHLUEPTHUM OBOPAHAMA"
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c)
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f)

g)

23. jyn 2021.

Komucuja: 9p lNopat Monapuh, pedosHu npogecop ®®, pykosodunay pada
0p behko Kacanuya, pedosHo npogecop ®P
0p MupjaHa BojHosuh, Hay4yHU capaOHUK @@

CTE®AHA FOPHEBURA, macTep cTyaeHTa ¢unsuke, cmep Teopujcka 1 eKcnepumeHTasnHa $13mnKa, Koju
je npunjasno mactep pag nog Hasmsom: ,,EHTPOMMIA XOKMHIOBOT 3PAYEHA Y 2D AUTATOHCKOJ
rPABUTALLNIN“
Komucuja: Ap Boja PadosaHosuh, pedosHu npogecop @@, pykosodunay pada

0p Maja bypuh, pedosHu npogecop OO

0p [pazoseyb MNouaHuH, doyeHm @

0p AnekcaHdpa umuh, doyeHm O

AHACTACWJY MUNAOUHOBUH, mactep cTyaeHTa ¢dum3mnKe, cmep MprumerbeHa M KOMMjyTepcka
$u13MKa, Koja je npujaBmna macrep pag nog Hasmsom: "CEMUN-CTOXACTUYKN MOAEN ENACTUYHOTI
PACEJAHA ETEKTPOHA HA ATOMY BOAOHUKA"
Komucuja: 0p lNopat Monapuh, pedosHu npogecop ®®, pykosodunauy pada

0p Casa Nanujaw, doueHm @

0p MupjaHa BojHosuh, Hay4yHU capaOHUK @@

JOBAHY JE/INUTR, macTep cTyaeHTa ¢pum3sunke, cmep MNprumereHa 1 KomnjyTepcka pusnKa, Koja je
npujasuna mactep pag nog Hasmeom: "PA3BOJ EKCMEPUMEHTA/THE MOCTABKE 3A AETEKLWIY
NOJEOMHAYHUX MOJTEKYZTIA MPUMEHOM ®NYOPECLLEHTHE KOPE/TALMOHE CNEKTPOCKONMWUIE"
Komucuja: 9dp AnekcaHdap Kpmnom, suwiu Hay4yHU capadHuK U®, pykosodunaay pada

0p bpamucnae Obpadosuh, pedosHu npogecop P

0p Musnopad Kypauya, pedosHu npogecop ®P

ANNIEKCY AEHYEBCKOI, macTep cTyaeHTa dumsuke, cmep MNpumerbeHa 1 Komnjytepcka du3mnKa, Koju je
npujaBno mactep pag noa Hasmsom: "KAPAKTEPU3ALMIA N CUHXPOHU3ALMIA NOBYAHOT,
YMNPABJ/bAYKOT U AETEKLMOHOT CUCTEMA MUKPOCKONA CA CTPYKTYPUCAHUM
MPOCBET/bABAHEM"
Komucuja: Adp Muxauno Pabacosuh, Hay4YHu capadHuK N®, pykosodunay pada

0p UNeaH benua, pedosHu npogecop dd

0p CmesaH CmojaduHosuh, pedosHu npogecop dd

OPATAHY PYIUHR, mactep cTyaeHTa ¢pumsmKe, cmep OnwTta U3MKa, Koja je npujaBuia mactep pas nog,
Hasusom: "YNOPEAHA AHANN3A MAPAMETAPA ®OTONYMEHUCLUEHTHUX CUTHANA BOAEHUX
PACTBOPA"
Komucuja: 0p Baadoumup Munocasmesuh, pedosHu npogecop @@, pykosodunay pada

0p lopaH lMonapuh, pedosHu npogecop ®P

O0p AdywaH MNonosuh, eaHpedHU npogecop PP

JOBAHA JABLURA, macTtep ctyaeHTa pusmnke, cmep Teopujcka 1 ekcnepumeHTanHa pusmka, Koju je
npujaBno mactep pag nog Hasmsom: "TUM 1I-B CYNEPCTPYHA - EQEKTUBHA TEOPUIJA,
HEKOMYTATUBHOCT U T-AYANTHOCT"
Komucuja: 9p bojaH Hukonauh, suwu Hay4Hu capadHuK N®, pykosodunay pada

O0p Boja PadosaHosuh, pedosHu npogecop @P

0p Mapuja Jumumpujesuh, pedosHu npogecop @@



h)

i)

k)

m)
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JENEHY CTOLUWT, macTep cTyaeHTa dusmnke, cmep Onwra dusmKa, Koja je npujasmia mactep pag nog
Hasmeom: "MOJMOBU MACE, TPABUTALUOHE CUNE, CUNTE 3EMJ/BUHE TEXKE U TEXUHE Y
YIIBEHUYKOJ IUTEPATYPUN"
Komucuja:  dp Muho Mumposuh, pedosHu npogecop ®®, pykosodunay pada

Op AHOpujaHa Mekuh, pedosHu npogecop OO

Hopa Tpkrea boya, ucmpaxcusay-capadHuk d@

BACU/IMIA MATUTRA, macTep cTyaeHTa dpusmke, cmep Teopujcka n ekcnepumeHTanHa Gu3mnKa, Koju je
npujaBno mactep pag nog Hasmsom: "JEAHOCTABAH MOAE/T AYTONTOKANN3ALUMIE BUBPOHCKINX
MNOBYBEHA Y ANPA-XETMKOUOATHUM BUOMONEKY/TIMMA"
Komucuja: dp Aanubop Yesuzosuh, 8. H. capadHuk UHH Bur4a, pykosodunay pada

0p bophe Cnacojesuh, pedosHu npogecop &

0p 3opuya Monosuh, doyeHm P

PATOMMWPA CABURA, macTep cTyaeHTa dusuke, cmep OnwTa G13nKa, KOju je npujaBno mactep pag
noga Hasusom: "YJIOTA NNATOOPMU 3A YNPAB/bAHE YYEHEM Y LUKO/ICKOJ HACTABU ®U3NKE"
Komucuja: 9dp AHOpujaHa Xekuh, pedosHu npogecop ®®, pykosodunay, pada

Op FopaH Monapuh, pedosHu npogecop P

0p Cawa Uskosuh, doyeHm O

EMUNNIY MONOBWUT, macTtep cTyaeHTa pusmnke, cmep OnwTa $p13mMKa, Koju je NpmjaBMo mactep paj,
noga Hasusom: "MPUMEPU N AHATU3A U3A30BA Y HACTABU ©®U3NKE HA JATBUHY"
Komucuja: 9dp AHOpujaHa Xekuh, pedosHu npogecop ®®, pykosodunay, pada

Op FopaH lMonapuh, pedosHu npogecop ®P

0p Cawa Uskosuh, doyeHm O

HOPHA BEOTAAHOBUTRA, macTep cTyaeHTa pusmke, cmep Teopujcka n ekcnepumeHTanHa dpusmnka,
KOju je npujaBMo mactep pag noga Hasmeom: "L BECKOHAYHO A/TTEBPA U BRST KBAHTU3ALMIA"
Komucuja: Ap Boja PadosaHosuh, pedosHu npogecop @@, pykosodunay pada

op Mapuja Aumumpujesuh hupuh, pedosHu npogecop dd

0p Hukona Koruk, doyeHm @@

MULLY TOMAHA, mactep cTyaeHTa dusmke, cmep Teopujcka n ekcnepmmeHTanHa GpusmnKa, Koju je
npujaBno mactep pag nog Hasmsom: " L BECKOHAYHO A/TTEBPE EIEKTPOANHAMMKE HA
KOMYTATMBHOM U HEKOMYTATVUBHOM MPOCTOPY"
Komucuja: 0p Mapuja Aumumpujesuh hupuh, ped. npog. ®®, pykosodunay pada

0p Boja PadosaHosuh, pedosHu npogecop @D

0p Hukona Koruk, doyeHm @

CAHbY JOBAHOBWTR, macTep cTygeHTa METEOPO/10r1je, Koja je npujaBuana mactep pag nog, HasuBoM:
"AHAJIM3A CUHONTUYKOT CNTYHAJA NPONACKA MHTEH3UBHOT LLUK/TOHA MPEKO EBPONE Y
NEPMOAY Of, 3. 10 7. ®EGPYAPA 2020. TOAMHE"
Komucuja: 9dp KamapuHa Besmmosuh Kopa4vuH, doyeHm @@, pykogodunay pada

0p Hemarba Kosayesuh, doueHm @@

0p /lazap /lasuh, pedosHu npogecop @@ y neHzuju
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AJIEKCAHOPY CTEBKOB, mactep cTygeHTa meTeoposiormje, Koju je Npujasno mactep pas noga
Hasmsom: "MPOCTOPHO-BPEMEHCKA AHAJTM3A CYLLUA Y CEBEPHOJ MAKEAOHWIN MPUMEHOM
PA3/IMYUTUX UHOEKCA 3A MOHUTOPUHT CYLLUE"
Komucuja: Adp MeaHa Towuh, pedosHu npogecop @@, pykosodunay pada

0p Bnadumup byphesuh, saHpedHu npogecop O

0p ApazaHa Byjosuh, saHpedHu npogecop @D

XAHRY WN®, mactep cTyaeHTa dpusmke, cmep Teopujcka n ekcnepumeHTasHa $U3nKa, Koja je
npujaBuaa mactep pag nog Hasmeom: "BEHA KOPEMPE3EHTALWMIE U TONO/IOLWLKE ®A3E KBA3U-
JEAHOOMMEH3UOHATHUX CUCTEMA CA MATHETHUM YPEBEHLEM"
Komucuja:  dp Cawa Amumposuh, doyeHm ®®, pykosodunay pada

O0p TamjaHa Bykosuh, pedosHu npogecop @@

O0p Hamawa Jlasuh, Hay4yHU capadHuK P

MBAHY CTOJU/bKOBUTH, macTep cTyaeHTa du13mnKe, cmep TeopujcKa 1 ekcnepumeHTasHa pusmka,
KOja je npujaBuaa macTtep pag nog Hasmsom: "MMMNJAEMEHTALMIA MPOTOKONA 3A AETEKLUUNIY
KBAHTHUX KOPEJTAUMIA'Y MPOFPAMCKOM MAKETY QISKIT"
Komucuja: 0p AnexkcaHopa Aumuh, doyeHm @@, pykogodunay pada

0p NeaHKa Musnowesuh, pedosHu npogecop P

O0p TamjaHa Bykosuh, pedosHu rnipoghecop @@

op Cawa [mumposuh, doueHm @

OYLWAHA HOPBEBURA, macTep cTyaeHTa ¢pusmke, cmep Teopujcka u ekcnepmmeHTasHa ¢pusnKa, Koju
je npujaBno mactep pag nog Hasmsom: "NONCOMMUTATIVE FIVE - DIMENSIONAL CHERN - SIMONS
GRAVITY",Nekomutativna petodimenziona YepH-CajmoHcoBa rpasuTaumja
Komucuja: 0p Apazosbyb MovaHuH, douyeHm @@, pykogodunay pada

0p Boja PadosaHosuh, pedosHu npogecop @D

0p Mapuja Aumumpujesuh hupuh, pedosHu npogecop PP

ANNEKCAHAPY TPHABALL, macTtep ctyaeHTa ¢pusmnke, cmep NMpumerseHa 1 Komnjytepcka pusmka, Koja
je npujaBuna mactep pag nog Hasmsom: "MOJE/TOBAHE UHTEPAKLIMIA Y HEON3UYKUM
CUCTEMUMA - AHANTA3A TPABUTALMOHOT MOAENA Y MEBYHAPOAHOJ TPTOBUHN"
Komucuja: 9dp 3opaH Hukonuh, saHpeOHu npogecop ®®, pykosodunay pada

0p EOub flobapuuh, saHpedHu npogecop ®d

0p JacHa AmaHacujesuh, saHpedHuU npogecop NMM® Hosu Cad

MA, PALLALYNT UCNAM, macTep cTyaeHTa pusmke, cmep MpumerseHa U Komnjytepcka pusmka, Koju je
npujaBno mactep pag nog Hasmsom: "DEVELOPMENT OF OPTIMIZED SOLUTIONS FOR BIG DATA
ANALYTICS ON THE INTERNET USING THE PYTHON PANDAS LIBRARY" (PA3BOJ ONTUMWN30OBAHNX
PELLUEHA 3A AHANN3Y BETMKNX KONEKUWMIA MOOATAKA HA MHTEPHETY KOPULWUREHEM PYTHON
PANDAS EUBNTUOTEKE)
Komucuja: 0p 3opaH Hukonuh, saHpedHu npogecop @, pykosodunay pada

0p E0ub fJobapuuh, saHpedHu npogecop ®d

0p Munow Buhuh, pedosHu npogecop P

JOBAHY NETKOBUWH, macTep ctyaeHTa pusunke, cmep NMprmerbeHa n Komnjytepcka ¢pusmka, Koja je
npujaBuaa mactep pag nog Hasmsom: "ENIEKTPUYHA KAPAKTEPU3ALUMIA U EMUCUOHW CNEKTPU
OUENEKTPUYHOT BEAPUJEPHOT MPAXKHEHA CA CEFTMEHTUPAHOM ENTIEKTPOAOM"
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Komucuja: 0p Hukona LLIKopo, suwiu Hay4HU capadHuk N®, pykosodunay pada
0p CmesaH CmojaduHosuh, pedosHu npogecop ®®
0p lNopaH CpemeHosuh, Hay4HU capadHuK @@

HELY BABYLINT, macTep cTyaeHTa pusmke, cmep MpumerbeHa M KomnjyTepcka GuUsKKa, Koja je
npujasuaa mactep pag nog Hasmsom: "YHAMPEBEHE MHTEPPEPOMETPUIE METO40M
CONCTBEHOI MELWWAHA CUTHANA NACEPCKE AMOAE"
Komucuja: Adp HeHad CakaH, Hay4YHu capadHuK N®, pykosodunay pada

0p Munopad Kypauya, pedosHu npogecop @@

0p bpamucnas Obpadosuh, pedosHu npogecop ®®

JENEHY MAPKOBWT, macTep cTyaeHTa ¢pusmke, cmep MNprumerseHa n KomnjyTepcka pusmnKa, Koja je
npujaBuaa mactep pag nog Hasmsom: "HYMEPUYKA AHATU3A PAANO-PPEKBEHTHUX HAMOHCKKNX
CUTHANA 3A MEPEHE CHATE NPEJATE NJTA3SMWN Y ®PEKBEHTHOM U BPEMEHCKOM AOMEHY"
Komucuja: 0p HeseHa lNyay, Hay4Hu casemHuk U@, pykosodunay pada

Op FopaH Monapuh, pedosHu npogecop dP

0p CmesaH CmojaduHosuh, pedosHu npogecop ®d

ANNEKCAHAPA 3E4YEBUTRA, macTep CTyaeHTa METEOPO/IOrMje, KOjU je NpmjaBno mactep pag, nog,
Hasusom: ,,MPOJEKLIMIA NPON3BOAHE ENEKTPUYHE EHEPTUIE Y BJETPOMAPKY KPHOBO
(HUKWWTR) HA OCHOBY AHAJTU3E M MPOTHO3E METEOPOJIOLUKMNX BEJTMHNHA"
Komucuja: 0p ApazaHa Byjosuh, saHpeoHu npogecop @@, pykosodunay pada

0p /lazap /lasuh, pedosHu npogecop P, y neH3uju

op AejaH JaHu, saHpedHu npogecop

KATAPUHY NTOJAHULLY, macTtep cTygeHTa pusmke, cmep Onwra usmnKa, Koja je npujaBuna macrep
pag nog Hasusom: ,,BONYMETPUICKA AHATN3A SACHOBAHA HA MEPEHY BPEMEHA
PEBEPBEPALIMIE 3BYYHUX TAJTACA“
Komucuja: 0p 3opaH Hukonuh, saHpedHu npogecop @@, pykosodunay pada

0p behko Kacanuuya, pedosHu npogecop ®P

0p 3opaH Monosuh, doyeHm O

CTEDAHA JOKY, macTep cTyaeHTa pusmnke, cmep Teopujcka U ekcnepumeHTanHa Gu3mnKa, Koju je
npujaBno mactep pag nog Hasmsom: "EHTPOMUIA LPHUX PYNA'Y 3D FPABUTALUIN"
Komucuja: Ap bpaHucnas Lleemkosuh, Hay4yHU casemHuk U®, pykosodunay pada

op Aywko /lamac, doueHm P

0p Apazoseyb MNouaHUH, douyeHm @

7. TayKa

YcBojeHa je npujas/beHa Tema 3a M3pady AMNAOMCKOr paga, oapeheH pykosogunau u Komucuja 3a
ofbpaHy paga 3a:

a)

OPATAHY CTAHUMUWPOBWT, anconseHTa ¢umsnke, cmep OnwTta puU3mMKa, Koja je npujasuna
ONNAOMCKM pag nog Hasmeom: "MPUMEHA CABPEMEHUX HACTABHUX METOZA Y OBPAAN
HACTABHE TEME MPUTUCAK"
Komucuja: Ap lNopat Monapuh, pedosHu npogecop ®®, pykosodunay pada

O0p AHOpujaHa *ekuh, pedosHu npogecop PP

0p MupjaHa BojHosuh, HayyHU capaOHUK @@
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8. TaukKa

JaTa je carnacHOCT Ha aHra*koBake HAaCTaBHMKA U CapagHUKa U TO:

a) ap AEJAHA JAHUA, BaHpegHor npodecopa Pusmnykor dakynTera 3a AprKarkbe HacTaBe U3 npegmeTa
BasyxonsnosHa memeoposozuja Ha BojHoj akagemnju MuHuctapcTea ogbpaHe PC

b) ap BPAHUCNABE BYYETUH, aoueHTa ©®usnuKkor dpakynteTa, 3a gpKatbe HacTaBe U3 npeamerta Qusuka
A Ha BojHoj akagemmnju Munuctapctea ogbpaHe PC

c¢) HUKOOMHA HEOWRA, nctparkmsaua ®usmnykor GpakynTteTa, 3a ApKarbe BexXbu ns npegmeta dusuka A
Ha BojHoj akagemuju MuHuctapcTea ogbpaHe PC

d) ap CPRAHA BYKBURA, pesoBHor npodcopa Pusnukor dpakynTeTa, 3a ApKatbe HacTaBe M3 npeameTta
Memode mjeperba Ha MpupogHO-maTeMaTUUYKOM dakynTeTy YHMBep3uTeTa y bamoj /lyum

e) ap 30PAHA NOMOBURA, goueHTa ®dusmnykor pakynTeTa, 3a AprKakbe HacTaBe M3 NpeameTa
Mpozpamuparbe y puzuyu 1 v 2, KeaHmHa mexaHuka 1 n 2 Ha MNpupoaHo-maTeMaTUYKOM paKynTeTy
YHuBep3uteTa y barwoj Jlyum

f)  ap ANEKCAHOPE AMMUT, poueHTa dusmnuKor pakynTeTa, 3a ApKakbe HacTaBe U3 npegmeTa
BuodpoToHMKa Ha [JOKTOPCKUM cTyamnjama YHuBep3uTeTa y beorpaay

9. TayKa

YcBojeHa je peueHsuja pykonuca "Atmocdepcku enektpuumTtet” aytopa gou. ap Hemarbe Kosayesuha.

10. TayKa

M3abpaHu cy npeactaBHmum PakynteTta y Behy rpynaumja npMpoaHo-mateMaTUYKUX HayKa U3 peaa
pepoBHMX Nnpodecopa.
lMpedcmasHuyu: npog. Op AHOpujaHa Hekuh
npog. Op bpamucnae Obpadosuh

11. TayKa

MNuTara HacTase

MpogaekaH 3a HacTasy gou,. aAp Cnasuua Manetuh obasecTuna je unaHose Beha Aa gaHac Noynkbe npujasa
KaHAuMAaTta 3a ynuc y npey roguuy ctyanja. Mpujasa Tpaje Ao netka 25.6, a NprMjeMHM UCNIUTU Ce NONAXY Y
noHezesbak 28. u yTopak 29. jyna.

MpopaekaH je 3amonnna wedose KaTegapa Aa joj Nolasby pacnopes HacTaBHMKa U capaZHUKa no
npeamMmeTMma 3a jecerbn cemecrtap.

Ha npeanor npogekaHa HactaBHo-Hay4Ho Behe je pacnucano KOHKYPC 33 aHraXKoBakbe y HacTaBu
CTyAeHaTa LOKTOPCKUX M MacTep CcTyauja. YCN0BM Cy UCTU Kao M paHujux roguHa. NMoTpebaH je npocek oueHa ca
CTyAuja Hajmatbe 8.5, 1 HajBMLEe ABe NOHOB/LEHE roaAnHeE.

HactaBHO-Hay4HO Behe je opopmuio KOMUCKHjy 3a CTyAEHTE MO CTapoOM Nporpamy Koju ce npebalyjy Ha
HacTaBHW NaaH no bonoru:

- npod. ap AHgpujaHa HKekuh

- npod. ap BnapaH Byukosuh

- npod. ap NopaH Nonapwuh

- npod. ap Boja PagosaHosuh

- pou. ap 3opuua Nonosuh



23.jyn 2021.
]
MuTama Hayke
MpopekaH 3a Hayky npo¢. ap CresaH CtojagmHoBuh ob6aBecTmo je ynaHose Beha ga he ce nagyhe cpeae
0A,p¥KaTu cacTaHaK Konernjyma gOKTOPCKUX CTyauja.

Mutarba dmHaHcKja

MpopekaH 3a puHaHcuje npod. ap Nopar Monapuh noaceTuno je YunaHose Beha aa Ham npeacToju
nnaharbe NoOHoBHe akpeauTaumje PakynTteTa. Paam HeWwTo HeENOBO/bHMje GUHAHCK]CKe cuTyalmje, Bapujabuna 3a
YyacoBa je BpaheHa Ha pefoBHUX 5%.

12. TayKka

HacTtaBHO-Hay4Ho Behe je ycBojuno nnaheHa oacycTsa cieaehmm HaCTaBHULMM U CapagHULMMa:
a) Ap WeaHkn Munowesuh y nepuoay oa 05. 07. go 10. 07. 2021. rogmHe paau ydewha Ha
mehyHapoaHom HaydyHom ckyny NANOTEXNOLOGY 2021 koju ce ogpxasa y ConyHy, MpuKa.

b) Aap 3opuum Monosuh y nepmoay oa 24. 06. go 29. 06. 2021. roamHe paau nocete MNpupoaHo
matematmykom dakynteTy YHusepsuteta LipHe Mope y Moaropuum Koja ce peanunsyje y okBupy
BunatepanHor npojekta Cpbuja-LipHa MNopa.

¢) Kpuctnunu Mojcunosuh og 1. 07. go 30. 07. 2021. roanHe 6opaBak Kao roctyjyhu nctpaxusay Ha
BojHoM MHCTUTYTY TexHonoruje (Wojskowa Akademia Techniczna, Wydzialu Nowych Technologii
i Chemii ogHocHo Military University of Technology, Faculty of Advanced Technologies &
Chemistry) y Bapiuasu, MNosbeka.

d) Jenenu Najosuhy nepuoay og 19. 07. go 19. 10. 2021. roauHe paau nocete YHUBEP3UTETY Y
Konopaay, bonaep, CAL.

13. TayKa

HactaBHO-Hay4HO Behe je ycBOjuno M3BewWwTaj ca cnyxbeHor nyToBarba npod. Ap 3opaHa Hukonunha Koju je
y nepuogy og 3. 8o 6. jyHa 2021. roanHe y4ecTBoBao Ha mehyHapoaHoj KoHdepeHuuju X International Conference
on Social and Technological Development STED 2021, Koja je oaprkaHa y Tpebury, bocHa 1 XepuerosmHa.

14. TayKa

Cekpetap ®akynTeta flenmua Bykosuh Pagow 3amonuna je unaHose Beha ga je ybyayhe Ha Bpeme
obasecTe 0 HennaheHom 0ACYCTBY, 3aTO LUTO Ce CBE NPOMEHE Yy PajHOM OZHOCY MOpajy cnpoBoanTH Kpo3 LIPOCO
perucrap, a 6110 KakBO PETPOAKTUBHO YNUCKUBatbe NPOoMeHe Huje moryhe.

Nenuua Bykosuh Pagolw je, Takohe obasectuna unaHose Beha aa je unan Caseta ®akynteta npod. Ap
Munopag Kypaunua 4ao OCTaBKy Ha Y41aHCTBO. YMECTO thera je noTpebHo nsabpaTu Hosor YnaHa CaseTa 13 peaosa
HacTaBHMKa PaKynTeTa. HactaBHO-Hay4yHo Behe je JOHeN0 oANyKy Aa Taj u3bop ocTaBu 3a centembap Kaga he
6uTK noTpebHo BupaTh 1 unaHa Caseta ymecTo gou. ap 3opuue Monoeuh, Koja he npeyseTn Ay»KHOCT NpogeKaHa
3a HacTaBy.

CeaHuua je 3aBplieHa y 11:52 yacosa.
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beorpag, 29.6.2021. roga. OEKAH ®U3NYKOT GAKYNITETA
MNpod. ap UeaH benua, c.p.
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SANMUNCHUK

ca Xl cegHunue HactasHo-Hay4yHor Beha oaprkaHe y cpegy 30. centembpa 2015.

CeaHunum npucyctsyje 49 ynaHoBa HactaBHo-Hay4Hor Beha

Cny»K6eHo o0aCyTHU: npod. ap Munopag Kypaunua
npoo¢. ap O6pagosuh Bpatucnas
Mwpocnas Monosuh

OnpaBaaHoO OACYTHMU: npod. ap CphaH byksuh
npod. ap CresaH heHuke
npod. ap Bnagumup Munocasbesuh
npod. ap BnagaH Byykosuh
mp Cawa UBKosuh
MapjaH hupkosuh
BusbaHa Hukonunh

JekaH ®akynteta npod. ap JabnaH Adojumnosuh otBopuo je ceanuuy y 13:15 yacosa u
npeanoxuno cnegehu

OdHeBHN pep

YcBajarbe 3anucHuKa ca X cegHuue N3bopHor u HactasHo-Hay4yHor Beha.
M360p 11 unaHosa CaBeTa ®u3myKor $pakyaTETa U3 peaoBa HACTaBHMKA 3a MaHZaTHU nepuog, 2015-2018 rogmHa
3. Oppehusare Komucuje 3a oueHy UCNYHEHOCTM YCI0Ba M ONPaBAAHOCT NPeA/IOXKEHe TeMe 3a U3Ppaay AOKTOPCKe
aucepTaumje 3a:
a) BNAHKY WKUMWHA, aunnomupaHor pusmnyapa, Koja je npujaBuna LOKTOPCKY AMcepTaLmjy Nos HasuBom:
,MOBPLUMHCKE ®OTOAMNENEKTPUYHE OCOBUHE MOTMMEPHUX KOMMNO3UTA“
4. YcBajame M3BewwTaja Komucuje 3a oueHy NCNyHeHOCTM YC10Ba U ONPaBAAHOCT NpesoxKeHe Teme 3a nspaay
[LOKTOPCKe aucepTaunje n ogpehmsarbe meHTopa 3a:
a) MWNOWA OPAXKURA, amnaomupaHor ¢pusmnyapa, Koju je NpujaBno SOKTOPCKY aucepTaLmjy nos Hasmsom:
, TEOPUJA ENNEKTPOHCKOI TPAHCIMOPTA KPO3 KBAHTHE TAYKE U MONEKY/IE”
5. YcBajarbe npujaB/beHe Teme 3a U3pagy mactep paga, oapehusare pykosoanoua n Komucuje 3a oabpaHy pasa 3a:
a) MWIMBOJA JOJURA, cTyaeHTa macTep ctyauja dusmnke, cmep Teopujcka n ekcnepMmeHTanHa Gpusmnka, Koju je
npujasmMo mactep pag nog Hasusom: , T-AYA/IU3ALUMIA HA TOPYCY NPEKO KOMMNJIEKCHUX MAPAMETAPA*
6. YcBajarbe npujaB/beHe Teme 33 U3paay AMMIOMCKOr paja, oapehusarse pykosogmoua u Komucuje 3a ogbpaHy paga
3a:
a) WBAHA TOPIMEBCKOT, anconseHTa MeTeopooruje, Koju je NpnjaBno AUNJAOMCKM pag nog HasuBoMm:
,KAPAKTEPUCTUKA NETHUX N 3UMCKNX ONTYJA®
7. Pa3matpatrbe 3axTeBa XemujcKor dakynTeTa y Besu ca AaBakbeM CarflaCHOCTU Ha aHraXoBakbe HAaCTaBHMKa U
capafHuKa ®usnykor dpakynTera 3a WwKoscky 2015/2016 roamHy 1 To:
a) npod. ap /lasapa Jlasuha 3a npeameT MeTeoposiorvja u Moaenosare 3arahera y atmocdepu (Ha OCHOBHUM
cTyamnjama Xemuja }KMBOTHE cpeauHe)
b) npoo. ap Nnnje Mapuha 3a npegmeT dunocoduja NPUPOAHMX HayKa (Ha UHTErPUCAHUM OCHOBHUM M MacTep
cTyavjama Hactasa xemuje)
c) npod. ap AywaHa Nonosuha 3a npeamer PUsMKa (Ha MHTErPUCaHMM OCHOBHUM M MacTep cTyaujama Hactasa
xemuje)
d) pou. ap Case lNanujawa 3a npeamet Pusmka (Ha OCHOBHUM CTyAMjaMa XemMmja U Xemuja KUBOTHE CpeauHe u
WHTErpMcaHMM OCHOBHUM U MacTep CTyamnjama Hactasa xemuje)
e) npod. ap Bragumupa Munocaemwesuha 3a npeamer OgabpaHa nornas/ba pusnke (Ha OCHOBHUM CTyAMjama
Xemuja n Xemuja }KUBOTHE CpeamMHE U UHTETPUCAHUM OCHOBHUM W MacTep cTyaunjama Hactasa xemuje)u OCHOBM
¢du3smKe (Ha OCHOBHUM CTyaMjama Broxemuje)
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f)  pou. gp Cnasuue Manetuh 3a npeamet OcHOBM GM3UKe (Ha OCHOBHUM CTyanjama Bnoxemuje) n dmsmka (Ha
OCHOBHWM CTyAMjaMa Xemuja 1 Xemuja }KUBOTHE CpefuHe U UHTerpucaHUM OCHOBHUM U MacTep CTyaujama
HacTaBa xemuje)

g) pfou. ap 3opuue Monosuh 3a npeameT PusnKa (Ha OCHOBHMM CTyaMjama Xemuja u Xemuja XKUBOTHe cpeanHe 1
WHTErpUCaHNUM OCHOBHUM WM MacTep cTygunjama Hactasa xemuje)

h) npo¢. ap Bpatnucnasa Obpagosuha 3a npegmeT YHanpeheH oKCMAaUMOHKM NpoLuecy (Ha OKTOPCKUM
cTyanjama)

8. Pa3smatpatbe 3axTeBa bruonowkKor dakynTeTa y Besn ca AaBarbeM CarfacHOCTU Ha aHraxosare npod. ap Unuje
Mapwuha 3a nssohere Hactase 13 npegmeta dunocoduja NPUPOAHUX HayKa HA OCHOBHUM aKafZEeMCKUM CTyaujama
buonoruja.

9. WU3bop wedoBa cmepoBa OCHOBHUX U MACTep CTyauja.

10. MwuTakba HacTaBe, HayKe U PpUHaHCK]a.

11. 3axTeBu 3a og0bpere oacycTBa.

12. YcBajakbe u3BelTaja ca CyK6eHUX nyToBakba.

13. [Odonwucu u monbe ynyheHe HactaBHo-HayyHom Behy.

14. Ob6aewTerba. Tekyha nuTama. MuTakba 1 Npegosu.

MowTo je ycBOjeH npeanoxKeHu [IHEBHM pen, NPELLNo Ce Ha

1. Tayky

YcBojeHa je npumeaba Ha 3anMCHUK ca NPeTXoAHEe ceAHMLE Kojy je usHeo npod. ap JosaH Mysosuh.
Mpumenba ce ogHocuna Ha Tadky 11, ctaB 4 y Koju Tpeba goaatv pedy ,KaHauaat”, Te Tpeba ga rnacu
»KaHOMAaT 33 pefoBHOr npodecopa MOpa MMaTM MefarowKo MCKYCTBO Y BMCOKOLIKOJ/ICKO] yCTaHOBM®
(ymecTo ,,pefoBHU Npodecop Mopa MMATH NeJAroLLIKO UCKYCTBO Y BUCOKOLLKO/ICKO] yCTaHOBKU ).

2. Tayka

MNosogom m3bopa 11 ynaHoea CaBeta PmsnUKor pakynTeTa U3 peLoBa HAaCTaBHMKA 32 MaHAATHU
nepuog 2015-2018 roauHa, nsabpaHa je N3bopHa Komucuja y cacTaBy:

- npod. ap OejaH JaHy,

- pou. ap 3opaH MNonoswuh

- BecHa KoBayesuh

CaseT du3mnyKor dpakynTeTa U3 pefoBa 3anocneHnx Ha Pakyntety he UMHUTU jolw 2 NpeacTaBHMKA

aAMUHUCTPATUBHO-TEXHUYKOT 0cob/ba 1 2 NpeacTaBHUKA UCTpaxkMBada. OHM he cBoje npeacTaBHUKE
n3abpaT Ha NocebHMM CKYynoBUMa.

HakoH wTo cy unaHosu Beha ganu ceoje npeanore, ytBpheHa je ancta KaHAWAaTa 3a YiaHoBe
Caseta u T0:

Bykeuh CphaH

Bypuh Maja

Besbosuh KatapuHa

Buhuh Munow

Byjosuh [paraHa

Bykosuh TaTjaHa

Byukosuh BnagaH
Aumuntpnjesmh-hnpuh Mapuja

PN WN R
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9.

10.
11.
12.
13.
14.
15.
16.
17.
18.

Omuntposuh Cawa
JojunHosuh UBaH
eknh AHgpujaHa
Kacanuua behko
Mwunowesunh MBaHKa
MwuTtposuh Muho
O6pagosuh bpatucnas
Monapwuh MopaH
Monoswh AywaH
Monoswuh 3opuua

HaKoH Tora ce npucTynuao TajHoM rnacamy. [nacano je ykynHo 47 ynaHosa Beha, umnme je

3a40B0OJ/bEH YCn0B 3a AsoTpehuHckom BehnHom. Komucuja je npebpojana rnacose, Te je AeKaH

npouunTao cnmcak 11 kaHamnaaTa Koju cy Aobuam HajsuLle rnacosa un Koju he 6utn ynaHosm CaseTa

dusnykor pakynTeta 3a MaHAaTHM nepmog 2015-2018 roamHa:

1.

L N WN

[
= O

Besbosuh KatapuHa
ByjoBuh [paraHa
Monapwuh FopaH
Monoswuh 3opuua
Monoswuh AywaH
Byukosuh BnagaH
Bbypuh Maja
[ojunHosuh MBaH
ekunh AHgpujaHa

. Kacanuua behko
. Mutposuh Muho

Ta4yKa

OapeheHa je Komucuja 3a oueHy MCNYHEHOCTM YCI0BA M ONPaBAAHOCT Npes/IoXKeHe TeMe 3a

n3pagy OOKTOPCKe AncepTaumje 3a:

a)

4.

BTAHKY WWKUNMWHA, aunnomupaHor dusmnyapa, Koja je npujaBnaa AOKTOPCKY AucepTaumjy nog,
Hasmeom: ,,[MOBPLUMHCKE ®OTOAUENEKTPUYHE OCOBUHE NOJTUMEPHUX KOMMNO3UTA
Komucuja: op Aywko Ayouh, HayuyHu capadHuKk MHH BuHya

0p JabaaH fojuunosuh, pedosHu npogecop O

op AywaH lNMonosuh, saHpedHu npogecop dd

Op ApazaHa Lieposuh, HayyHU capadHUK Bucoka mekcmuaHa cmpyk. WKona

Ta4yKa

YcBojeH je M3BewwTaj Komucuje 3a oueHy MCNyHEHOCTM YCI0Ba M ONPaBAAHOCT Npea/ioxKeHe Teme 3a

n3paay AOKTOPCKe aucepTaumje n ogpeheH meHTop 3a:
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a) MWUNOWA OPAXKURA, aunnommnpaHor ¢pmsmyapa, Koju je npmjaBmo AOKTOPCKY AUcepTaLmjy Noa
Hasmnsom: ,TEOPUJA EJTIEKTPOHCKOI TPAHCIMOPTA KPO3 KBAHTHE TAYKE U MOJTEKYNTE”
MeHmop: Op Bukmop Lleposcku, suwiu Hay4HU capadHuK Ne

5. Tayka

YcBojeHa je npujaB/beHa TeMa 3a U3pady mactep paga, oapeheH pykosoamnay u Komucuja 3a

oAb6paHy paja 3a:

a) MWUNUBOJA JOJURA, cTyaeHTa mactep ctyamja pusuke, cmep Teopujcka U eKcnepumeHTaHa
dU3KKa, KOju je NpnjaBuo mactep pag nog Hasmsom: , T-AYASTUIALIMIA HA TOPYCY MNPEKO
KOMMNJIEKCHUX MAPAMETAPA"

Komucuja: 0p bojaH Hukonuh, Hay4yHU capadHuK N®, pykosodunay pada
0p Boja PadoesaHosuh, pedosHu npogecop P
dp Maja bypuh, pedosHu npogecop PP
Apazoseyb MoyaHUH, ucmpaxcueay

6. Tauyka

YcBojeHa je npujaB/beHa TeMa 3a U3paay AMNAOMCKOT paga, oapeheH pykosoamnau, u Komucuja 3a
oabpaHy paja 3a:
a) MBAHA TOPTMEBCKOT, anconBseHTa MeTeoponoruje, Koju je npujaBno AMNAoOMcKKU pas nog
Hasmeom: ,KAPAKTEPUCTUKA NETHNX U SUMCKUX OJ/TYIA”
Komucuja: 0p MnaheH Rypuh, pedosHu npogecop P, pykosodunay pada
op AejaH JaHy, eaHpeoHu npogecop P
0p KamapuHa Besrwosuh, doueHm @@

7. Tauyka

Ha 3axteB Xemujckor pakynteta HactaBHO-Hay4Ho Behe je JAJTIO CAIJTACHCT Ha aHraxoBarbe
HacTaBHMKa U capaaHuka dusmnukor dakynteta 3a WwKoacky 2015/2016 roanHy 1 To:

a) npod. ap Nasapa flasnha 3a npeamet MeTteoposioruja u Mogenoame 3arahera y atmochepu
(Ha ocHOBHMM cTyaujama XeMuja UBOTHE cpeauHe)

b) npood. ap Ununje Mapwuha 3a npegmet Punocoduja NPUPOAHNX HAayKa (HA MHTETPUCAHUM
OCHOBHMM M MacTep cTyanjama HacTaBa xemuje)

c) npod. ap AywaHa Nonosuha 3a npeameT PusmKa (Ha MHTErPUCAHMM OCHOBHMM U MacTep
cTyanjama HactaBa xemuje)

d) pou. ap Case MNanujawa 3a npegmet dPursnkKa (Ha OCHOBHMM CTyaujama Xemuja U Xemuja
KMBOTHE CpeauHe U MHTErpUCaHMM OCHOBHMM M MacTep cTyaujama Hactasa xemuje)

e) npod. ap Bnagummpa Munocassbesuha 3a npegmet OgabpaHa nornassba pusmke (Ha
OCHOBHUM CTyaujama Xemuja u Xemuja XMBOTHE CpeanHe U UHTEerpuCcCaHMM OCHOBHMM U MacTep
cTyamjama HactaBa xemuje)u OcHoBM Ppu3MKe (Ha 0OCHOBHMM cTyaujama broxemuje)
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f)

h)

ooy, ap Cnasnue Manetuh 3a npeamet OcHoBU dU3UKe (Ha OCHOBHUM cTyamjama Bruoxemuje) un
®u3nka (Ha OCHOBHMM CTyaujama XemMuja u Xemuja *KUBOTHE CPeanHE U UHTErPUCAHUM
OCHOBHUM M MacTep cTyaujama HactaBa xemuje)

ooy, ap 3opuue MNonosuh 3a npeamet PusnKa (Ha OCHOBHUM CTyaMjama Xemnja n Xemuja
YKMBOTHE CpeANHE U MHTErpuCcaHMM OCHOBHMM M MacTep cTyamnjama Hactasa xemuje)

npo¢. ap bpatnucnasa Obpagosuha 3a npeamet YHanpeheHM oKkcuaaLMOHN npoLecu (Ha
OOKTOPCKUM CTyaujama)

Ta4yKa

Ha 3axTeB buonowkor ¢pakynteta HacraBHo-Hay4yHo Behe je JA/10 CAT/TACHOCT Ha aHraskoBake

npo¢. ap Nnnje Mapuha 3a nssohere HacTaBe 13 npeameTta Prunocoduja NPUPOAHMX HayKa Ha

OCHOBHMM aKageMCcKUm cTyamjama buonoruja.

9.

Ta4yKa

HacrasHo-HayuHo Behe je 3a pykoBoamoLLe CMEPOBa OCHOBHUX U MacTep CTyAuja MMeHOBaso:

10.

npod. ap Jabnana Jojunnosuha 3a pykosogmoua cmepa OnwTa Ppusmka

npod. ap Bojy PaposaHoBMha 3a pykoBoamoua cmepa Teopujcka U eKcnepumeHTanHa ¢pusnka
npoo¢. ap NeaHa benuy 3a pykosoamoua cmepa Mpnumer-eHa n KomnjyTepcka ¢pursmKa

npod. ap Masapa /lasuha 3a pykosoguoua cmepa Meteoposoruja

Ta4yKa

HactaBHO-Hay4Ho Behe pa3maTpasio je cnucak KaHaMaaTa NpujaB/beHNX HAa KOHKYPC 3a aHraXKoBarbe

CTygeHaTa AOKTOPCKMX M MacTep cTyauja 3a u3Bohere fAena HacTaBe Ha OCHOBHUM CTyaujama.

MpoaekaH 3a HacTasy nNpood. ap MeaH [ojumHoBuh npeaoumno je unaHoBMma Beha cnvcak npujaB/beHnx

KaHAMAaTa of Kojux je jeaaH 6poj KaHAMAaTa NPeasoXMo M NPeaMeTHW HacTaBHMK 3a u3Bohere

HacTaBe U3 CBOr NpeamMeTa, 40K je jeaaH 6poj npujaB/beHMX KaHaMAaT HepacnopeheH nNo npegmeTMma.

Mpema ycnoBMma KOHKypca, NOTpebHOo je Aa KaHAMAAT MMa NPOCeYHY OLEHY Ha OCHOBHWM CTyaujama

Hajmarbe 8.5 U Oa OyKMHa HEroBUX CTyAMja He npenasu LWecT roguHa. Mo oBom nuTakby pasBuaa ce

Ay»a AMCKycuja, ¢ 063Mpom Aa YeTUpU KaHauaaTta Koje cy NpeanosKuan npegMeTHU HacTaBHULM He

MCNyHaBajy yCl0Be KOHKypca. HakoH pacnpaBe je AoHeTa oA4J/lyKa Aa TW KaHAuAaTu He mory 6utu

dHraXoBaHu, Te je HaCTaBHO-Hay‘-IHO Behe ycsojmno cnep,ehw CNCaK KaHangata U lbUXOBO aHlraXKoBame

no npeameTmnma:

foanHa MpoceuHa
P.6. | Wme v npeanme MNpeamer foanHa gunaomuparba
ynuca oueHa 1 cmep
- MexaHuKa 963
1. Mapko Munusojesuh - KBaHTHa mexaHuKa I n Il 2008. 2012. IE
- CumeTpuje y pusnum
-0 9,37
2. Hopa Tpk/ba visnKa aroma . 2008. 2012.
- MpumereHa cnekTpockonuja b
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- NNTabopaTopuja pusmke I m i

- NNabopaTtopuju dpusmke 3 n 4

9,15

3. lopaH CpeTeHosuh 2002. 2006.
P P - dusmka (3a xemmnuape) A
- NNabopaTopuja ¢pusmnke 3 n 4 853
4, Mwunow CKouuh - ®U3MKa jOHN30BaHMX racoBa 2005. 2010. IU.
- Obpaga pesyntata mepema
9,00
5. Mwunow byprep -¥YBoa y nHdopmaumoHe cucteme | 2004. 2010. U
-0 1 8,71
6. BpaHucnasa Mucannosuh vsukay tukonn 2005. 2010.
- ®usnKa y wkonm 2 L,
. -0 A, B, 9,85
7. | Jenena Majosuh v3UKa UBpeTor crarma H 2007. 2011.
- TabopaTopuja pusmke I m i b
- CaBpemeHa ¢u3uKa | 9,60
8. BupaHa Pagmwa 2008. 2012.
A - MeToavKa HacTtase (DdX) A
- NNabopaTtopuja ousuke I n i 10.00
9. CseTtncnas Mujatosuh - dU3nUKa MexaHUKa 2009. 2013. |'5
- MonekynapHa ¢usmka n T/,
8,98
10. | MNetap BokaH - Nabopatopuja dpusmke I n ll 2008. 2013. E
9,84
11. | Aparosby6b NoyaHuH - CtaTmucTnuka dmsmka L m i 2009. 2013. :
9,97
12. | BesbKo JaHKoBMh - KBaHTHa cTaTUCTUYKa dU3MKa 2009. 2013. :
. 9,92
13. | CphaH CraBpuh - Teopwja KOHAEH30BaHOr CTakba 2009. 2013. £
. 9,13
14. | OparyTvH Joskosuh - NabopaTtopuja dpusmke [ un ll 2009. 2014. g
. . 9,97
15. | CredaH Mujun - Teopujcka dpusmnKa nnasme 2011. 2015. £
. 9,52
17. | KatapuHa Munetuh - Nabopatopuja dpusmke I n ll 2010. 2014. L
. -M 9,66
18. | WUnuja UBaHnwesuh ETOAN MATEMATHIKE p3UKe 2010. 2014.
- OCHOBM MaTemaTuyKe GpusnKe b
10,00
19. | QaHuno Hukonuh - OCHOBM efNleKTpoANHaAMUKe 2011. 2015. 5
9,07
20. | HeHapg Taguh - EnekTpoHuKa 2006. 2011. U
-E Inll 9,66
21. | Hukona Kowuk neKTp,Op'MHaMMKa 4 20009. 2013.
- Teopuja enemeHTapHUX YecTnua b
9,31
22. | Hemara KoBauesuh - MeTeoponoluKa mepera 2000. 2005. M
-0 jal 9,73
23. | CysaHa MNyTHMKOBMO nura MeTeo,ponorma 2006. 2010.
- Knumartonoruja M
9,28
26. | Bnagumwup Yybposuh - ®u3mka (3a xemmuape) 2004. 2010.
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HepacnopeheHu KaHaMaaTu:

foanHa MNMpoceyHa
P.6. Mme u npesnme Mpegmet foanHa aunnomuparba
ynwuca oueHa
10,00
1. AneKkcaHapa Avmuh 2010. 2014. £
8,69
2. Buoneta CraHkoBuh 2009. 2014. U
. 8,62
3. Mwunouw Byjosuh 2008. 2014. Y
8,79
4. AHa bynakosuh 2010. 2013. A
9,59
5. MBaHa Qyranunh 2011. 2014. A
. 9,95
6. Mapuja JaHKkosuh 2010. 2015. e
9,19
7. Jenena Koctuh 2011. 2014. A
10,00
8. BykawmH Munowesuh 2011. 2015. 5
9,42
9. JaHa MNeTposuh 2011. 2014. A
9,19
10. JeneHa Penuh 2011. 2014. A
9,57
11. NHec Ckoko 2010. 2014. M
. 8,84
12. BecHa CtojaHal, 2012. A
KanauaaTu unje aHraxoBambe Huje 0406peHo:
foanHa foanHa MpoceyHa
P.6. | Wme n npesume MNpeamet A A P
ynuca ANNNoMUpPatba oueHa 1 cmep
8,21
1. Mwununua Bacumwesuh - NabopaTopuja ¢pusmke 3 n 4 2008. 2014.
Hosu Cag,
9,11
2. MBaH Kpctuh - dusuka (3a xemnyape) 2003. 2010. L
. 8,06
3. MBaH MeTpoHnjesuh - dusnka (3a xemuyape) 2001. 2010. L
8,00
4. ®duann MapuHkosuh - ®du3uka (3a xemnyape) 2004. 2010. 1

HakoH oanyke o KaHguaatuma Koju he 6UTKM aHraxkoBaHuM y Aeny HacTaBe Ha OCHOBHUM
CTygMjama, NnpegMeTHU HaAcTaBHMK Ha Kypcy PusmKa 3a ctygeHTe xemuje, npod. ap Aywan MNonoswuh,
obasecTno je HactaBHo-Hay4HO Behe fAa BuMLUE He Keau Aa U3BOAM HacTaBy Ha TOM npeamety. [lekaH je
npodecopa Monosuha ynytmo Aa cBojy Hamepy y nucmeHoj ¢opmu goctasm Kategpu 3a onwth Kypc
dU3MKe Ha NPBOj rOANHU CTyAnja.

MpoaeKaH 3a HacTaBy npod. aAp MeaH dojumHoBuh obasecTno je unaHoBe Beha aa je Ha | roanHy
OCHOBHMX CTyaMja wwKoacke 2015/2016 rogmHe ynucaHo 169 cTyaeHata. Y OKBUPY YNUCHE KBOTe je
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ynucaHo 165 cTyaeHaTta UMme cy nonykeHa cBa MecTa, a 4 CTyAeHTa MMMO KBOTE Cy ynuncaHa no Apyrum
ocHoBama. Mpood. ap UeaH dojunHoBuh je 3aTum noacetTmo YynaHose Beha, aa je, nocne 6 rogmHa, kemy
0BO MocnefkM JaH Ha MecTy NPOoAEeKaHa 3a HAcTaBy, a O, HOBe LWKO/CKe roanHe 1. okTobpa ayHoCT
npoAeKkaHa npeysuma gou. ap Cnasuua Manetuh. HacrtaBHo-HayyHo Behe ce npod. ap MBaHy
JojunHoBuMhy 3aXBaMA0 annay3om.

11. Tauyka

HactasHo-Hay4Ho Behe je opgobpuno nnaheHo oacyctso npod. ap AywaHny Nonosuhy y nepuoay o4,
6. no 10. HoBembpa 2015. roanHe pagu ydewha Ha KoHbepeHUMju ,6™ International Conference on
Nanotechnology” koja ce oaprkaBa y Pumy (Utanuja).

HactaBHo-HayyHo Behe HWMIE OOOBPUNO npoayxeTak HennaheHor oacyctBa Mwupocnasy

Monosuhy, Koju ce ce og jaHyapa 2013. rogvHe Hanasu Ha ycaBplwaBakwy Ha KanndopHujckom
yHuBep3uTeTy y bepknujy (CAL).

CepHuua je 3aBpweHa y 13:30 yacosa.

Beorpag, 15.10.2015. OEKAH ®U3NYKOT GAKYNITETA

Mpod. ap JabnaH Jojunnosuh



SANMTUCHUK

ca X cegHuue N3bopHor n HactasHo-Hay4yHor Beha ogprkaHe y cpeay 11. centembpa 2019. roanHe

CepHuum npucyctseyje 41 yunan N3bopHor n HactaBHo-Hay4Hor Beha.

Cny»K6eHo o0aCyTHU: npod. ap MNpeapar MuneHosuh
npod. ap AHapujaHa Keknh
npod. ap Mapwuja Aumutpujesuh-hupuh
MapjaH hupKosuh

OnpaBaaHo O0ACYTHMU: npod. ap hophe Cnacojesuh
npod. ap 3opaH bopjaH
pou. ap Casa lNanujaw
npod. ap Maja bypuh
pou,. ap AparaH Peynh
Ap busbaHa Hukonvh

HeonpasaaHo oACyTHU: npod. ap Munopag Kypauua
npod. ap Muho Mutposuh
npo¢. ap AparaHa Byjosuh
npod. ap BnagaH Byykosuh
npood. ap Nnnja Mapuh
pou,. ap Cawa MeKosuh
ooy, ap Bnagnmup Musbkosuh
®unmn MapuHkosuh
Mapko Munusojesuh

JekaH dakynteTta npod. ap MeaH benya otBopwmo je cegrmuy y 11:15 yacoBa u npeanoKmo
cnepehu

OHeBHN pep

1. YcBajakbe 3anucHuKa ca IX cegHuue M36opHor n HactaBHo-Hay4yHor Beha ®dusnykor pakynTera.
MN360pHo Behe
2. Pasmatpame npeanora Kategpe 3a GM3nKy jesrpa v yectvia o NOKpeTarby NOCTyMNKa 3a U3bop jeAHOr AOLEHTa 33 YKy
Hay4yHy o6nacT PusnKa yectTuua 1 Noswba.
3. VYcBajatbe M3BewTaja Komucuje 3a n3bop HacTaBHUKA Du3MUKor pakynTeta v 10:
a) jeaHor pesoBHOr Npodecopa 3a yxKy HaydHy o6nacT MpumerbeHa GuU3MKa
b) jeaHor BaHpeaHor npodecopa 3a yxy HayuHy o6nacT Gusnka obnaka
4. YcBajarbe U3BewTaja Komucnje 3a n3bop y Hay4Ho 3Bakbe U TO:
a) Aap TOMUCNABE BYKUREBUTR y 3Batbe HayYHW CaBETHMUK,
b) ap ANEKCAHAPA RUPURA y 3Barbe Hay4YHM CapagHuK.
HacraBHO-Hay4Ho Behe

5. Oapehusare Komucuje 3a npernes n oueHy JOKTOPCKe AncepTaumje 3a:
a) ANEKCAHAPY ANMWUT, amnnomupaHor ¢pusmnyapa, Koja je npesana AOKTOPCKY AMcepTaumjy nog Ha3vBOM:
"DETECTION OF QUANTUM CORRELATIONS" ([eTeKuuja KBaHTHUX Kopenauuja)

b) OPATOJ/bYBA TOYAHUHA, annnomumpaHor ¢pusmnyapa, Koju je npeaao AOKTOPCKY AucepTaumnjy nod HasmBom:
"FIELD THEORY IN SO(2,3)« MODEL OF NONCOMMUTATIVE GRAVITY" (Teopwuja nosba y SO(2,3)« moaeny
HeKoMyTaTMBHe rpaBuTaumje)
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c) CPBAHA CTABPURA, amnaomupaHor ¢pusmnyapa, Koju je npegao AOKTOPCKY AucepTtaumjy nog Hasmsom: "FIRST-
PRINCIPLES STUDY OF THE STRUCTURAL AND ELECTRONIC PROPERTIES OF METALS ADSORBED ON TWO-
DIMENSIONAL MATERIALS" (Ab initio ucTpasknBarbe CTPYKTYPHUX U €/IEKTPOHCKMUX 0COBMHa meTana
afcopboBaHUX Ha ABOAUMEH3MOHAIHUM MaTepujannuma)

d) AYWAHA BYAPATOBURA, aunnomupaHor ¢pusnyapa, Koju je npesao AOKTOPCKY AucepTaumjy nog Hasmsom: "
FARADAY WAVES IN ULTRACOLD DIPOLAR BOSE GASES" (®apaaejeBu Tanacu y ynTpaxaagHum annosnHmm bose
racoBMma)

6. YcBajatbe n3BewTaja Komucuje 3a npernies v oueHy AOKTOPCKe gucepTauuje n ogpehumsarbe Komucnje 3a oabpaHy

aucepTaumje 3a:

a) BJAAVMMUPA BE/BURA, gunnomupaHor ¢p1smnyapa, Koju je npeaao AOKTOPCKY AUCEPTaLMjy NoL HasUBOM:
,QUANTUM KINETIC THEORY FOR ULTRACOLD DIPOLAR FERMI GASES" (HacnoB Ha cprnckom je3uky: ,KBAHTHA
KUHETUYKA TEOPUJA 3A YNTPAXNALHE ONMNONHE ®EPMW FTACOBE”)

b)  MAPKA MUNUBOJEBURA, annaommnpaHor ¢pusmyapa, Koju je npesao AOKTOPCKY AucepTauujy nos HasuBom:
,SPIN-ORBIT INTERACTION IN LOW DIMENSIONAL SYSTEMS: SYMMETRY BASED APPROACH” (Hacnos Ha
cpnckom jesuky: ,,CMNH-OPBEUT MHTEPAKUWIA Y HUCKOOANMEH3UOHATHUM CUCTEMUMA: CUMETPUICKU
NPUCTYN)

c) HUKONY KOHUKA, aunnommpaHor ¢pusmnyapa, Koju je npeaao AOKTOPCKY AvcepTaumjy noj Ha3uBoM:
,PEHOMEHO/IOTMJA HEKOMYTATUBHOT CKANAPHOT NOJ/bA Y PABHOM U 3AKPUB/BEHOM MPOCTOPY“

d) WBAHE BYKALLMHOBUT, aunnomupaHor ¢pusnyapa, Koja je npegana AOKTOPCKY AucepTalmjy nod HasuBOM:
"3ABMCHOCT ANCTPUBYLINIE PAIMOHYKAMUAA U- U Th- CEPUIE K 1 **7Cs 01 dU3NYKO-XEMUICKMX
OCOBWMHA 3EM/BULLUTA Y CUCTEMY 3EMJ/bULLTE-BU/BKA"

7. YcBajarbe npujaB/beHe TeEMe 33 U3pady AMMIOMCKOr pasa, oapehusare pykosogmoua n Komucuje 3a oabpaHy paga
3a:

a) JENEHY TACUF, anconseHTa ¢ou13unKa, cmepa OnwTa GpusmKa, Koja je npujasmna gMNAoMCKM pag nog Hasmeom:
,KOMMAPATUBHE METOAE MOAENUPAHA CNOBOAHOTI MNAJA U BYYHE CUNIE — EKCNEPUMEHTU Y dU3NLN“
8. YcBajatbe Npujas/beHe TeMe 33 U3paZy macTep paga, oapehusare pykosoamoua u Komucuje 3a ogbpaHy pasa 3a:

a) OAHWNA PAKOH LA, cTyaeHTa macTep cTyamja cmepa Teopujcka u eKcnepumeHTanHa pusnka, Koju je npujasmo
mactep pag nog Hasusom: ,, TPOANMEH3MOHA MOEHKAPEOBA TFPAAMIEHTHA TEOPUJA: HAPYLLEHE
MNAPHOCTWU Y ADS CEKTOPY*

b) METPA MUTPURA, cTyaeHTa macTep CTyaunja cmepa TeopujcKa U eKcnepumeHTanHa GU3KnKa, Koju je npujaBmo
mactep pag noga Hasmsom: ,KAHOHCKA CTPYKTYPA TENENAPANE/HE ®OPMYNAUMIE ONLUTE TEOPUIE
PENATUBHOCTN”

C) BE/bKA MAKCMMOBWTRA, cTyaeHTa macTep cTyguja cmepa TeopujcKa U eKcrneprmeHTaiHa pusumka, Koju je
npujasmMo mactep pag nog Hasusom: ,MOIYRHOCTU 3A YHANPEBEHE MEPEHA MACE W BO30OHA HA
EKCMEPUMEHTY AT/IAC”

d) CY3AHA MUNALWT, cTyaeHTa macTep cTyguja cmepa TeopumjcKa U ekcnepmmeHTanHa ¢u3mnKa, Koja je npujasmna
macTep pag noa Hasusom: ,,CMIMHCKA PE3OHAHLUA U PENAKCALUMIA'Y KBAHTHUM TAYKAMA YHYTAP InSb
HAHOXWLA“

e) HEMAHE CUMOBURA, cTyaeHTa macTep cTyauja cmepa Teopujcka 1 eKcnepumeHTanHa GusiKa, Koju je
npujasmo mactep pag nog Hasusom: ,HEKOMYTATUBHOCT OTBOPEHE BO3OHCKE CTPYHE Y MPUCYCTBY
KOHCTAHTHWX NO3AANHCKUX MOJbA“

f) NIYKY PAJAYURA, cTypeHTa macTep cTyamja cmepa Teopujcka U ekcnepumeHTanHa du13mnKa, Koju je npujasno
macTep pag nog Hasusom: "MHTEPAKTUBHU KMHETUYKMN MOZEN NPUKATOAHE OB/IACTU ABHOPMATHOT
TUHABOT NPAXHEHA Y HEOHY CA PABHOM KATOAOM"

g) NYKY BTATOJEBURA, cTyaeHTa macTep cTyauja cmepa Teopujcka n ekcnepumeHTanHa pusmka, Koju je npujasmo
mactep pag nog Hasmsom: "PRODUCTION AND DISTRIBUTION OF KNOWLEDGE: AN AGENT BASED MODEL"
(Mpoaykumja n ancTpubyuumja 3HaHa: MoAen 3aCHOBaH Ha areHTMMma)

h) MWNNLY BEKUT, ctyaeHTa mactep ctyanja dmsuke, cmep Onwta pusmka, Koja je npujaBuna macrep pag nos
Hasmsom: "MPOYYABAHE YTULUAJIA BEOMBAPAOBAHA JOHUMA N>* HA CMEKTPANHE KAPAKTEPUCTUKE
MO/IMMEPA NONMUETUNEHTEPEDTANATA"

i) JENEHY NETPOBWUH, cTygeHTa mactep CTyAnja MeTeoposiornje, Koje je npujasuna macrep pag nog HasmBom:
"MPOrHO3A UHAEKCA 3ANTEBUBAHA BA3AYXONJ/IOBA Y NETY"
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9. VYcBajatbe M3BeLTaja 0 peLeH3nju pykonuca "JasbMHCKa meperba y meTeoponorujn', aytopa ap Hemare
KoBauesuha.

10. MwuTakba HacTaBe, HayKe U PpUHaHCK]a.

11. 3axTeBM 3a og0bpere o4CyCTBa.

12. YcBajarbe M3BeLTaja ca cay:KbeHnx nyToBakba.

13. [Odonwucu u monbe ynyheHe HactaBHO-Hay4yHom Behy.

14. O6aselwwTetba. Tekyha nutama. NMutarba 1 Npeanosu.

MowTo je ycBojeH npeanoxKeHu [IHEBHM pea, NpeLwno ce Ha
1. Taury

YcBojeH je 3anucHuUK ca IX cegHuue N3bopHor n HactaBHo-HayyHor Beha dusnukor ¢pakyntera.

N360pHO Behe

2. Tauyka

MN3b6opHo Behe je noap:kano npeasor Kateape 3a GpM3nKy jesrpa v yectmua U OHENO OL/YKY O
pacnucmMBakby KOHKypCa 3a M360p jegHOr AOLEHTa 3a YKy HayyHy obnacT PM3mMKa yecTmua 1 nosba.
Komucuja: 0p Maja bypuh, pedosHu npogecop @
0p Boja PadoesaHosuh, pedosHu npogecop P
0p bpaHucnas Lleemkosuh, HayyHU casemHuK NP

3. Tadka

YcBojeH je M3BewTaj Komucuje n goHeTta oanyka o nsbopy HactaBHMKa Pusmnykor pakynteta u
TO:

a) HAKOH TajHOr r/1acakba y KOMe Cy y4eCcTBOBaM pefoBHU npodecopu dakynTeTa, ca 15
rnacosa 3A n 2 Y3[PXAHA, ytepheH je npegnor 3a nsbop ap MUIOLLA BURURA y 3Batbe
penosHor npodecopa 3a YKy Hay4Hy obnacT MpumereHa dpu3mMKa

b) HaKoOH rnacarba y KOme Cy y4ecTBOBaN PEAOBHM U BaHpeaHM npodecopu PakynTeTa,
jeaHornacHo, ca 27 rnacosa 3A ytepheH je npeanor 3a usbop ap BJJAOJAHA BYYKOBURA y
3Bakbe BaHpegHor npodecopa 3a YKy HaydHy obnact Pu3nka obnaka

4. Ta4yKa

YcBojeH je M3BewTaj Komucuje 3a n3bop y Hay4yHo 3Bar€e U TO:

a) HAKOH rnacakba y Kome Cy y4ecTBOBa/IM pefoBHU npodecopn dusmnykor GakynTera,
jeaHornacHo je, ca 17 rnacosa 3A (oA yKynHo 21 Ko/IMKO YMHM M360pHO Teno) yTepheH je
npegnor 3a nsbop ap TOMUC/ABE BYKUREBUT y 3Batbe Hay4yHU CaBETHUK

b) HaKoOH rnacarba y Kome cy yuyecTBOBaAM peaoBHM Npodecopu, BaHpegHN npodecopu u
AoueHTn, M3bopHo Behe je jeaHornacHo, ca 36 rnacosa 3A (oA YKynHO 52 KONMKO YMHU
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n3bopHo Teno), yrepheH npeanor 3a nsbop ap A/IEKCAHAPA RUPURA y 3Barbe HayuYHU
CapajHuK.

5. TaukKa

OppeheHa je Komucuja 3a npernea v oLeHy AOKTOPCKe gucepTaumje 3a:

a) AJIEKCAHAOPY AUMWR, gunnomupaHor ¢msmnyapa, Koja je npegana AOKTOPCKY ancepTaumjy
nog Hasmsom: "DETECTION OF QUANTUM CORRELATIONS" (deTeKumnja KBAaHTHUX
Kopenauuja)

Komucuja: 0Op bopusoje [Jakuh, doyeHm @ P YHusepzumema y beuy
0p NeaHka Munowesuh, pedosHu npogecop PP
0p TamjaHa Bykosuh, saHpedHu npogecop ®
0p AHmMyH banaxc, Hay4yHU casemHuK N
op Munax JamraHosuh, pedosHu rpogecop @

b) OPArOJ/bYBEA TOYAHUHA, aunnomupaHor pusmndapa, Koju je npenao AOKTOPCKY
AncepTaunjy noa Hasmsom: "FIELD THEORY IN SO(2,3)- MODEL OF NONCOMMUTATIVE
GRAVITY" (Teopuja noswa y SO(2,3) mogeny HeKOMyTaTUBHe rpasuTaLmje)

Komucuja: Op Boja PadosaHosuh, pedosHu npogecop P
0p Mapuja Aumumpujesuh-hupuh, saHpedHu rnpogecop ®O
Op bpaHucnas Lisemkosuh, HayuyHu cagemHuxk N®

c) CPBRAHA CTABPURA, annnomupaHor ¢u1snyapa, Koju je npeaao AOKTOPCKY AncepTaumjy nos
Hasmeom: "FIRST-PRINCIPLES STUDY OF THE STRUCTURAL AND ELECTRONIC PROPERTIES OF
METALS ADSORBED ON TWO-DIMENSIONAL MATERIALS" (Ab initio uctpa>kusame
CTPYKTYPHUX U e/IEKTPOHCKMX 0COBMHA MeTana afcopboBaHNX HA ABOANMEH3NOHATHUM
maTtepujanmma)

Komucuja: 0p Mesvko LLrbusaHYaHUH, HayYyHU casemHuK MHH BuHya
O0p TamjaHa Bykosuh, eaHpedHu npogecop P
0p UeaHka Munowesuh, pedosHu npogecop PP

d) AYWAHA BYOPATOBURA, aunaomupaHor pusnyapa, Koju je npenao A0KTOPCKY
ancepTaunjy nog Hasmesom: " FARADAY WAVES IN ULTRACOLD DIPOLAR BOSE GASES"
(Papapejesu Tanacu y yntpaxnagHum gunoaHum bose racosuma)

Komucuja: 0p AHmyH Banax, HayyHU casemHuk N
O0p NeaHa Bacuh, suwiu Hay4HU capadHuK N
op Munax JamraHosuh, pedosHu rpogecop ®P
0p MunaH KHexcesuh, pedosHu npogecop P

5. Tayka

YcBojeH je n3BewTaj Komucuje 3a npernes v oueHy AOKTOPCKe gucepTtauuje u ogpeheHa
Komucuja 3a oabpaHy auceptaumje 3a:
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a) BNAOUMWPA BE/BURA, amnnommnpaHor ¢pumsmyapa, Koju je npeaao AOKTOPCKY AnucepTaunjy
noz Hasmsom: ,QUANTUM KINETIC THEORY FOR ULTRACOLD DIPOLAR FERMI GASES“
(HacnoB Ha cpnckom jesnky: ,,KBAHTHA KUHETUYKA TEOPUJA 3A YATPAXIAOHE ANNONHE
$GEPMMU FACOBE")

Komucuja: 0p AHmMyH banax, Hay4HU cagemHuK N®
Op NeaHa Bacuh, suwiu Hay4YHU CapadHUK
op MunaH amraHosuh, pedosHu npogecop PP
0p MunaH KHexcesuh, pedosHu npogecop @

b) MAPKA MUNUBOJEBURA, guniomupaHor ¢pusndapa, Koju je npeaao AOKTOPCKY
ancepTtaumjy nog Hasmsom: ,SPIN-ORBIT INTERACTION IN LOW DIMENSIONAL SYSTEMS:
SYMMETRY BASED APPROACH” (HacnoB Ha cpnckom je3suky: ,,CMMUH-OPBUT MHTEPAKLILIA
Y HUCKOAUMEH3UOHATHUM CUCTEMUMA: CUMETPUICKU MPUNCTYN)

Komucuja: 0p TamjaHa Bykosuh, saHpeOHu npogecop P
op Munax JamraHosuh, pedosHu ripogecop dP
O0p Baadumup AamsmaHosuh, suwiu Hay4yHuU capadHuK N®
op Cawa Amumposuh, doyeHm @
0p Hamauwa /la3uh, Hay4HU capadHuxk @@

c) HUKONY KOHUKA, aunnommnpaHor ¢msmyapa, Koju je npeaao AOKTOPCKY AMcepTauujy nog,
Hasmsom: ,PEHOMEHO/IOTMJA HEKOMYTATUBHOTI CKAZTAPHOT NMOJ/bA 'Y PABHOM U
3AKPUB/BLEHOM MPOCTOPY*

Komucuja: 0p Boja PadosaHosuh, pedosHu npogecop @@
op Mapuja Aumumpujesuh-hupuh, eaHpedHu npogecop ®d
O0p AHheno Camcapos, Hay4yHU capadHuUK UHcm. P. bowkosuh 3azpeb
op Aywko Jlamac, doueHm @@
0p bpaHucnas Lleemkosuh, HayyHU casemHuK N

d) WMBAHY BYKALUMHOBWH, aunnommnpaHor ¢ou1smyapa, Koja je npesana AOKTOPCKY
ancepTaunjy nog Hasmeom: "3ABUCHOCT AUCTPUBYUMIE PAANOHYKNUAOA U- U Th-
CEPWJE *K M **'Cs 0, ®U3NYKO-XEMMICKMX OCOBUHA 3EMJ/BULLITA Y CUCTEMY
3EMJ/bULLITE-BU/BKA"

Komcuja:  dp ApazaHa Toooposuh, Hay4HuU cagemHuKk MHH BuHya
0p JosaH lNy3osuh, pedosHu npogecop PP
0p Munow Buhuh, eaHpeoHu npogecop @@

7. Tayka

YcBojeHa je npujaB/beHa Tema 3a U3paay AMNAOMCKOT paga, oapeheH pykosoamnau, u Komucuja
3a oabpaHy paga 3a:
a) JENEHY TACUT, anconseHTa ¢pu13mMKa, cmepa OnwTta GpU3MKa, Koja je npujaBmna AUNIOMCKN
pag nog Hasueom: ,,KOMMAPATUBHE METOAE MOAE/TMPAHA CNOBOAHOT NALJA U
BYYHE CUNE — EKCNEPUMEHTN Y ®U3NLINY
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Komucuja: 0p Muho Mumpoesuh, pedosHu npogecop P, pykosodunay pada
Op AHOpujaHa ekuh, saHpedHu rpogecop ®P
0p bpaHucnasa Mucaunosuh, Hay4yHU capaOHUK PP

8. TaukKa

YcBajeHa je npujas/beHa Tema 3a U3pady mactep paga, oapeheH pykosoamnau n Komucuja 3a
oAb6paHy paja 3a:

a)

b)

d)

OAHUNA PAKOHUA, ctyaeHTa mactep ctygmja cmepa Teopujcka 1 eKcnepumeHTanHa
$M13KMKa, KOjU je NpujaBno mactep pag nog Hasmsom: ,, TPOANMEH3NMOHA NMOEHKAPEOBA
rPAOVNIEHTHA TEOPUJA: HAPYLUEHSE MAPHOCTU Y ADS CEKTOPY*
Komucuja: 0Op bpaHucnas Liesemkosuh, Hay4yHU casemHuK U@, pykosodunau pada

0p Mapuja Aumumpujesuh-hupuh, saHpedHu rnpogecop @O

op Aywko Jlamac, doyeHm @@

METPA MUTPURA, cTyaeHTa macTep cTyanja cmepa Teopujcka 1 eKkcnepumeHTanHa pusmka,
KOju je npujaBno mactep pag nog Hasmsom: ,KAHOHCKA CTPYKTYPA TENIEMNAPANE/HE
dOPMYNALMIE ONWTE TEOPUIJE PENATUBHOCTU"
Komucuja: 0Op BpaHucnaes Lleemkosuh, Hay4HU casemHuUK U®, pykosoounauy pada

op Aywko Jlamac, doyeHm @@

0p Boja PadoesaHosuh, pedosHu npogecop P

BE/bKA MAKCUMOBMWRA, cTyaeHTa mactep cTyamja cmepa TeopujcKka n eKcnepmmeHTaHa
dn3KnKa, Koju je npujaBmo mactep pag nos Hasmsom: ,MOIYRHOCTU 3A YHANPEBEHE
MEPEHA MACE W BEO30HA HA EKCNEPUMEHTY AT/IAC”
Komucuja: 0p HeHad Bparbeu, 8ullu Hay4yHU capadHuK N®, pykosodunay pada

op MNMemap Auuh, pedosHu npogecop @D y neH3uju

op Aywko Jlamac, doyeHm @

CY3AHA MUNALWNT, cTyaeHTa macTep cTyamja cmepa Teopujcka n eKcnepmmeHTanHa
$u13KMKa, Koja je npujaBuna mactep pag nog Hasmsom: ,,CMMHCKA PESOHAHLIA U
PENAKCALMIA Y KBAHTHUM TAYKAMA YHYTAP InSb HAHOXULA“
Komucuja: 0dp Eoub obapuuh, eaHpedHu npogecop @D, pykosodunau pada

0p 3opaH lonosuh, doueHm @ P

Mapko Munusojesuh, ucmpaxcusay capadHuK @@

HEMAHE CUMOBWRA, cTyaeHTa mactep cTyauja cmepa TeopujcKka n eKcnepmmeHTa IHa
dn3KnKa, Koju je NnpujaBmo mactep pag noa Hasmesom: ,,HEKOMYTATUBHOCT OTBOPEHE
BO30OHCKE CTPYHE Y MPUCYCTBY KOHCTAHTHUX NO3AANHCKUX MOJ/bA”
Komucuja: 0p bojaH Hukoauh, suwu Hay4yHU capadHuk N®, pykosodunay, pada

0p Boja PadosaHosuh, pedosHu npogecop P

op Mapuja Aumumpujesuh-hupuh, saHpedHu npogecop ®d



11. cenmem6ap 2019.

f)  NYKY PAJAYURA, cTyaeHTa macTep cTyamnja cmepa Teopujcka U ekcnepumeHTanHa ¢pu1smnKa,
KOju je npujaBno mactep pag nog Hasmsom: "MIHTEPAKTUBHU KUHETUYKN MOEN
NPUKATOAHE OB/TACTN ABHOPMAJTHOT TUHABOT MPAXKHEHA Y HEOHY CA PABHOM
KATO4OM"

Komucuja: 0Op Bophe Crnacojesuh, pedosHu npogecop @D, pykosodunay pada
0p CphaH Bykesuh, pedosHu npogecop PP
0p Hukona UsaHosuh, doueHm lMosvonpuspedHoe ¢hakynema

g) NYKY BJIATOJEBUTRA, cTyaeHTa macTep cTyauja cmepa TeopujcKa U eKcnepumMeHTasHa
$u13KMKa, Koju je NpujaBno mactep pag nog Hasmsom: "PRODUCTION AND DISTRIBUTION OF
KNOWLEDGE: AN AGENT BASED MODEL" (MpoayKuwnja n auctpmubyuuja sHarba: Moaen
3aCHOBAH Ha areHTMMa)

Komucuja: Op AnekcaHdpa Anopuh, Hay4yHu capadHuk N®, pykosodunay pada
dp hophe Cnacojesuh, pedosHu npogecop
0p 3opuya lMonosuh, doueHm PP

h) MWNULY BEKUTR, ctyaeHTa mactep cTyamja omsmke, cmep OnwTa $pu3mKKa, Koja je
npujaeuna mactep pag nog Hasmsom: "MPOYYABAHE YTUUAJA EOMBAPAOBAHA
JOHUMA N>* HA CMEKTPA/THE KAPAKTEPUCTUKE NOJIMMEPA
NONMUETUNEHTEPEDTAIATA"

Komucuja: 9p Cnasuuya Manemuh, doyueHm @@, pykosodunay pada
Op ApazaHa Lleposuh, suwiu Hay4YHU capadHUK @@
0p JabaaH fojuunosuh, pedosHu npogecop P

i) JENEHY NETPOBWH, cTyaeHTa macTep CTyamja MeTeoposiorunje, Koje je npujasmuna macrep
pag nog Hasueom: "MPOMHO3A MHAEKCA 3ANIEBMBAHA BA3AYXOMN/IOBA Y NETY"
Komucuja: 0p ApazaHa Byjosuh, saHpedHu npogecop @@, pykosoounay pada

0p /lazap J/lazuh, pedosHu npogecop PP
0p BnadaH Byykosuh, saHpedHu npogecop P

9. TayKa

YcBojeH je M3BeluTaj KomucHje 0 peLeH3uju pykonuca ,,Jla/bUHCKa Meperba y meTeoponorunjun”,
aytopa ap Hemare Kosauyesuha.

10. TayKa

MuTarba HacTaBe

MpoaeKaH 3a HacTasy, gou. ap Chasuua Manetuh, obasectuna je unaHose Beha ga HacTaBa 3a
CBe roguHe nouunmse y ytopak 1. okTobpa, Kaga he ce oap:KaTu M cBevyaHu npujem bpyuowa. fa 6u
CTYOEHTM CTUIAM Ja ynuuwy HapeagHy roguvHy cTyamja, CBM MCNUTM ce Mopajy 3aspwutn go 20.
centembpa. M3 ncTor pasnora NnpoAeKaH je 3amMo/IM1a HaCTaBHUKE [a Ha Bpeme apxXMBUpPajy 3anucHUKe
Ca MUcnuTa, a 3aTMM X 06aBe3HO oALTaMMnaHe U NOTNUCcaHe Npeaajy CyAeHTCKOj CyKou.
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MpoaekaH je ynaHoBMma Beha npepgnoxuna KaneHaap 3a HapegHy roaAuHy ctyauja y Kojoj cy
oba cemecTpa ckpaheHa Ha no 13 Heaesba. HactaBa je ckpaheHa no npenopyun YHMBep3uTeTa, a npema
Hanory MuHucTapctea npocseTe, nowTto ce y neto 2020. roanHe y beorpaay opprkasajy EBponcke
NeTe YHUBEP3UTETCKe urpe. Pagm cmelTaja yuecHMKa YHuBepsujage y jyny meceuy he 6utn ncesbenu
CTYZAEHCKM LOMOBM, Ma CEMECTap, KAa0 U jYHCKU U jyJICKM UCNUTHU POK MOpPajy Aa ce 3aBpLue paHuje.

Mocne Kpahe guckycuje, ca 1 rnacom MPOTUB, 5 Y3OPHKAHUX n 35 rnacoBa 3A, ycBojeH je
KaneHaap 3a HapeaHy LWKOJICKY roauHy.

HactaBHo-Hay4yHO Behe ycBOjWU/O je cnucaKk cTyaeHaTa AOKTOPCKUMX U MacTep cTyAuja Koju cy ce
NpWjaBUAN HAa KOHKYPC 33 aHra*koBakbe Yy HacTaBMu.

Pagn opnacka y neHsujy npod. ap Uaunje Mapuha, og mayhe wKosicke roguHe npeamet
®dunocoduja NpMpoaHMX HayKa YKMZA ce Kao M3bopHM npeameT Ha OCHOBHMM cTyaujama. Mpod. ap
Nnunja Mapuh 6uhe aHraxkosaH 3a HacTaBy Ha MmacTep cTyaujama.

Oou. ap Cnasunua Manetnh obasectuna je ynaHose Beha ga ce y Apyrom ynmcHOM pPoKy 3a yrnnc
cTyaeHata y | roguHy ocHOBHMX CTyaMja Ha PakynTteT ynucano jow 17 ctypeHata. CeHat he oBux AaHa
O4NlyYMBaATU O pacnucmearby Tpeher ynucHor poKka, ¢ 063Mpom Aa je oCTano AocTa MecTa 33 ynuc Ha
Buwe dakynaTeTa.

MNuTarba Hayke
Ha npegnor npoaekaHa 3a Hayky npo¢. ap CresaHa CrtojaanHosuha, odpopmsbeHa je Komucuja
3a YNWUC Ha ALOKTOPCKe cTyaunje u To:
- npog. dp Boja PadosaHosuh
- npog. dp NopaH Monapuh
- npog. dp NeaHa Towuh
Mosoaom ponuca npod. ap TatjaHe Bykosuh, gou. ap Cawe Amutposuha, gou. ap 3opaHa
Monoswuha n gp Josuue Jososrha, opopmsbeHa je Komucuja 3a uspaagy npaBuaHUKa o pacnopehmsarby
cpefcTaBa CTeYeHUX Ha OCHOBY NpojeKaTa Koje he puHaHcupaTn PoHA 3a HayKy Penybanke Cpbuje.
Komucuja: npog. 0p CmesaH CmojaduHosuh
npog. dp NopaH Monapuh
npog. Op TamjaHa Bykosuh
Jleauua Bykosuh-Padouw

13. TayKka

HacTtaBHO-Hay4yHo Behe je ogobpwuao nnaheHa oacycTea cieaehmm HacTaBHULMMA U
capagHuLmMma:

a) npod. ap Muhu Mutposuhy y nepuoay oa 10.09. go 12.09.2019. roauHe, pagu
y4yecTBoBatba Ha MehyHapoaHoj koHdepeHumjm Collaborative Conference on Crystal Growth
(3CG 2019), y Munany, Utanuja.

b) ap bpaHucnasu Mucaunosuh y nepmnoay og 10.09. go 12.09.2019. roamHe, pagu
yyecTBoBarba Ha MehyHapoaHoj KoHdepeHumju ,,Collaborative Conference on Crystal
Growth (3CG 2019)”, y MunaHy, Utanuja.

c) npod. ap Bnagumupy hyphesuhy
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- y nepuoay oa 16.09. ao 20.09.2019. roamHe, paau ydyewha Ha paguoHnum
HYMepUYKor mogenupara atmocdepe , SEE Network” npojekra, y 3arpeby,
XpBaTcKa;

- y nepuoay og 6.10. no 11.10.2019. rogmHe, paau ydewha Ha KOHGpeHUMju
yInterdisciplinary Endeavor in Technology: Energy Nanoscale, Environment”, y
Cnauty, XpBaTCKa;

- y nepvoay oa 13.10. o 15.10.2019. roamHe, paau ydewha Ha cactaHky H2020
npojekta Tepeduka, y Mapunsy, PpaHuycKa.

d) HwuKonm Kowbumky, Oparosbyby MoyaHuHy 1 Anekcanapu Aumuh y nepuoay oa 16.09. go
26.09.2019. roguHe, paam ydewha Ha KoHpepeHumjn ,,Humboldt Kolleg Frontiers in Physics:
From the Electroweak to the Planck Scales” n ,,Workshop on Quantum Geometry, Field
Theory and Gravity”, Ha Kpody, puKa

e) npod. ap Munopaay Kypamum n npod. ap bpatucnasy Obpagosuhy

- y nepuoay oa 18.09. go 23.09. 2019. roaunHe, pagm yyewha Ha 25" Congress of
SCTM y Oxpuay, CesepHa MakeaoHuja.

- y nepuoay og 26.09. o 05.10.2019. rogmHe paan nocete NHCTUTYTY 3a pU3MKY
HaumoHanHe akagemuje benopycuje y MUHCKy.

f) npod. ap CreBaHy CtojagmnHoBuhy 1 npod. ap PacTky Bacunuhy, y nepmoay og 20.09. oo
19.10.2019. roanHe paam oasiacka Ha Ccay*KbeHu nyT y okBupy npojekta FUNCOAT u3
nporpama XopusoHT 2020, y AxeH, Hemauka.

g) npod. ap UeaHy BugeHosuhy y nepuoay oa 20.10. go 26.10.2019. rogmHe paam yyewha Ha
cactaHKy Regional Workshop on Nuclear Safety and Security Education, y oksupy
pervMoHaNHOr NpojeKkTa TEXHUYKe capagte MehyHapoaHe areHumje 3a aTOMCKy eHeprujy
RER/0/043 Enhancing Capacity Building Activities in the European Nuclear and Radiation
Safety Organiyations for the Safe Operation of Facilities, y ATuHu, 'puka.

HactasHo-Hay4Ho Behe je ycnosHo oao6punao npod. ap 3opaHy bopjaHy Kopuwhere jeaHe
cnobosHe WKoscKe rogmHe og 1. oktobpa 2019. no 30. centembpa 2020. roanHe, YKOJIMKO KaTegpe Ha
KojuMa npodecop Ap»Ku HacTaBy oapeae oarosapajyhy 3ameHy.

14. Tauka

YcBojeH je npeanor Kateape 3a Onwty 1 IMHaMUYKy meTeoposornjy n nsabpax npod. ap /lasap
Nasuh 3a ynaHa Konernjyma gOKTOPCKMX CTyaunja.

15. Ta4yKa

Hpebom cy ogpeheHn YnaHoBK Xunpuja 3a goaeny froauwe Harpage ®Pusmukor pakynTera 3a
Hay4yHM paj MIaZ0oM UCTPAXKMBaYY U TO:

- npog. dp JosaH lNy3osuh

- npog. Op Muho Mumpoesuh

- npog. dp NeaHka Munowesuh
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16. Tayka

Mosogom monbe 3a carnacHocT 3a ydyewhe dusmykor dpakyntTetTa Ha Nporpamy mactep cTyauja
OnTtuKa n 6ModoTOHMKaA 3a BuomeanLMHY Ha YHMBep3uTeTY y beorpaay, pa3suaa ce ANCKycKuja y Kojoj je
y4ecTBOBasI0 BMLWeE YnaHoBa Beha. MpycTynuno ce u rnacamby, NpUIMKOM Yera je ytepheHo aa je
ceaHuua usrybuna ksopym notpebaH 3a ognyumsatse, Te je 04/1yKa 0 OBOM NUTaky OAJ/10KEHa.

CepgHuua je 3aBpweHa y 13 yacosa.

OEKAH ®U3NYKOT GAKYITETA

beorpaga, 20.9.2019.
Mpod. ap UeaH benua, c.p.
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HEy BRURE wunw

supy srepr vy Ten/daxc: 011/261-6915; 011/316-2680; anpeca: ['pancku mapk 6p. 1
S il Henosoauu 6poj: 18/62 mail:office@zemunskagimnazija.edu.rs
Hatym: 01.09.2020. ronuxe web: www.zemunskagimnazija.edu.rs

Ha ocHoBy unana 126. a 'y Be3u unana 158. 3akona o ocHOBamMa cucTeMa 00Opa3oBama M BacruTama ( ,,CiayxbeHu
rnacauk PC ” 88/2017, 27/2018 — pmp. 3akon, 10/2019 u 6/2020) u carnacHocTd aAekaHa @u3MUKOr (akynreTa
YHusepaureta y beorpany, 6p. on .20__. roaune,

1) 3emyHcka rumHasyja, ca cequiureM y yauuu I'pagcku mapk 1 3emyH (y nassem Tekcry: lllkona), kojy 3actyna
nupekTtop 1kone Muom bjenanosuh u

2) bojan Hukonuh, moxtop ¢usuke, u3 beorpama ca craHom y ynuiu Banraszapa Borummha 6p. 4 , onmTuhHa
Capcku BeHall, (y masbem TekcTy: M3Bpiuuiall nociia), 3akJby4uiiu cy:

YI'OBOP O U3BBOBEBY HACTABE

Ynan 1.
Ilxona ycryna, a M3spumnal nocia mnpeysuMa Mocao KOju ce CacTOju Yy M3BOhemy HacTaBe 3a mpexamer: PauyHcku
npakTukyM | u PauyHncku nmpaxtukym Il 3a yyeHuke ca noceOHUM criocoOHOCTHMA 3a PHU3UKY Y 3eMyHCKO] THMHA3HjH Y
mrosnckoj 2020/2021. roguHu U 1O 3a 4 (2+2) waca HenesbHO y mepuoxy ox 01.09.2020. roguHe OO Kpaja HacTaBHE
roJivHe, ITO YKyNHO u3Hocu 30 % pamHOr BpeMeHa MeceuHo.

Yuau 2.
Illkona uma obase3y na 3a 00aBJLEHH MOCAO UCIUIATH CBE IOpe3e U JIOTNPUHOCE Y CKJIay ca 3aKOHOM M JIPYT'MM OMIITHM
aKTHMa.
IlIkona he n3HOC HETO HaKHaIe 3a 00ABJHEH MOCA0 YIUIATUTH Ha TeKyhH pauyH W3BpILIMOLA [ocTa

Ynan 3.
Wzppiuunan nocsiosa obasesyje ce Ja 1nocjiope 00aBsba CaBecHO U OATOBOPHO.
NzBohewem mocnoBa HactaBe M3ppinwmnall rocia He cruye CBOJCTBO 3allOCICHOr Yy IIKOJIM a NpaBO Ha HaKHAAy 3a
00aBJbEHH paj] CTUYE Ha OCHOBY M3BEILTAja O O/AP’KAHUM YacOBHMA HACTaBe.
W3Bpiuuninan nocia y4ecTByje y pagy CTpy4HHUX opraHa 0e3 rnpasa oUTyudBama, OCUM y pajy ofeJbercKor Behia.

Ynau 4.
W3ppumnan nocna je ayxaH aa crynu Ha pan 01.09.2020. ronuse.

Ynam 5.
YroBop npecrtaje 1a BaKH U Mpe UCTeKa pOKa Ha KOjH je 3ax/uyueH y cienelinM ciydajeBuma:
- cnopasymoM usmely Lllkone u M3Bpuivona nocna,
- oTka3oM yroBopa of ctpase lllkone wnu M3Bpuimonia nocna,
- Yy IpyTUM ciy4ajeBuMa yTBphEHHUM 3aKOHOM.

Yiau 6.
IlIkona MoXe OTKa3aTH yrOBOP:
- ako M3Bpumialn nocja HecaBeCHO, HECTPYYHO U Hc(JiaroBpeMeHo 00aBsba MOCJIOBE U3 OBOT yTrOBOPA,
- ako M3Bpiumal nocia He MoOINTYje pajHy JUCLMILIMILY.

Ynan 7.
OBgaj yroBop cauumeH je y 3 (Tpu) UcTOBeTHa npuMepaka, (1) jenan npumepak 3a M3spmmouna nocna a (2) asa 3a Llkomy.

I/IBBPLIII/UIAL[ CJIA JHUPEKTOP LIKOJIE

ﬂ//v‘ 4 %’M poboer

OJaH Huxonnh e ‘Munom Bjenanosuh

—
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: i ten/daxc: 011/7455-852; 011/316-7226; anpeca: ['pajcku napk 6p.1
g JenoBomuu 6poj: 18/47-48 mail:office@zemunskagimnazija.edu.rs
AL CIL Hartym: 01.09.2023. roguse web: www.zemunskagimnazija.edu.rs

Ha ocHoBy unama 126. a'y Besu unana 158. 3akoHa 0 ocHOBaMa cHcTeMa 06pa3oBama U BacmuTama ( ,,Ciiyx6eHn
rnacuuk PC ” 88/2017, 27/2018 — np. 3akon, 10/2019, 27/2018 — np. 3axoH, 6/2020 1 129/2021) u carnacHoctd MHCTHTYTA
3a Qusmuky y 3emyHy, 6p. on .20 . TOJIUHE,

1) 3emyHcka rumHasuja, ca cenuuirem y ynuuu I'panckn mapk 1 3emyH (y gassem Tekcry: 1llkona), kojy 3acTyma
JupekTop wmkone Musom bjenanosuh u

2) bojan Hukonuh, noktop ¢usuke, u3 Beorpaga ca craHom y ymuuu Banrasapa Bormmmha 6p. 4 , ommuruna
Cagcku Benan, (y majbeM TekcTy: M3Bpiumian nocia), 3akJby4miim Cy:

YT'OBOP O U3BBOBEBY HACTABE

Ynan 1.
[lixona ycryna, a M3Bpumnan nocna npeysuma nocao KOju ce cacToji y H3BOlemy Hacrae 3a mpeamer: PauyHckw
npakTukym I i Padyncku npaktukym II 3a yuenrke ca moceGHMM crocoGHOCTHMA 3 (QU3HKY y 3€MYyHCKO] TUMHA3HjH Y
mKosickoj 2023/2024. roaunu u to 3a 4 (2+2) waca nene/pHo y nepuogy on 01.09.2023. rojuHe 10 Kpaja HacTaBHE
FOJIMHE, ITO YKYIHO u3HocH 30 % pasHOr BpeMeHa MeCeuHo.

Yian 2.
IlIxona uma obage3y na 3a oGaBJLeHH 110Ca0 MCILIATH CBE MOPE3€ M JONPHHOCE Y CKIIa[y ca 3aKOHOM H JPYIMM OIIUTHM
aKTUMa.

[lIkona he u3HOC HETO HakHajle 32 00aBIbEH NOCAO YIUIATHTH Ha TeKyhu pauyH U3BpIIHOLA MOCHa

Yan 3.
Msppummnan nociosa obasesyje ce 1a nocnose o0aBJba CaBECHO U OArOBOPHO.
MspohemeM mocioBa HacTaBe M3BpIimian 1ocia He CTHYE CBOjCTBO 3aMOCIEHOT y IIKOJM a IIpaBO Ha HaKHAIy 3a
00aBJbEHH paJ] CTHYE HA OCHOBY U3BEINTaja O OAPIKAHUM YaCOBHMMA HACTABE.

W3Bpruninial nocna yuecTByje y pajly CTpy4HHX opraHa 0e3 mpasa OflyuHBarma, OCHM y pajy OJe/bercKor Beha.

Ynan 4.
M3Bpumnal nocna je 1yas ja CTylH Ha pazl 01 09.2023. ropune.

Yanan S.
YTroBop npecTaje 1a BaXu U pe UCTeKa POKa Ha KOjH je 3aKJby4eH y cienehiM ciydajeBuma:
- cnopasymoM u3mely Illkone u M3Bpmmona nocia,
- OTKa3oM yrosopa oz crpate Illkone unu M3Bpumona mocina,
- Y ApYTHM Clly4ajeBuUMa yTBphEeHUM 3aKOHOM.

Ynan 6.
[IIxosa MOXe OTKa3aTH YrOBOP:

- aKo M3Bpiumiial nocna HecaBeCcHO, HECTPYUYHO H HeOIaroBpeMeHo 06aBiba MOCJIOBE U3 OBOT YrOBODA,
- axo M3ppmmnan nocna He nomryje pajHy JUCHUILUIAHY.

Ynaan 7.

Oaj yroBop caunmeH je y 3 (TpH) HCTOBETHA npUMepaka, (1) jenan npuMepak 3a I/I3Bpmnoua nocia a (2) nsa 3a Ilkodmy.

3BPIINIIA OCJIA

(/Boj an Huxonuh unow bjenanopuh




Tabena 5.1 Crienudpukanuja npeaMeTa Ha CTYIUjCKOM MPOTpamMy JOKTOPCKUX CTYyIHja

Ha3zus npeamera: Teopuja ctpyna

HacraBHuk wim HactapHunm: bojan Hukoauh

Cratyc npeamera: u300pHHu

Bbpoj ECIIB: 15

Ycaos: KBaHTHa Teopuja rpagujeHTHUX nosba, Cynepcumetpuja

Iwb npeamera
PasymeBatbe OCHOBa Teopuje CTpyHa, Kao Teopuje Koja npeTeHAayje Ha yjeourewe CBUX
WHTEepakuuja.

Hcxon npeamera
CTygeHTu cy npunpemMsbeHN 3a CTPaXnBaYKM pag y oBoj obnactu.

Capp:xaj npeqmera
Teopujcka nacmaea

1. Bo3oHcka cTpyHa. [lejcTBo. -
KaHoHCKa kBaHTM3auuja. -
KBaHTu3aumja Ha CBETIIOCHOM KOHYCY.

2. KoHhopmHa Teopuja norba U HTepakuuja cTpyHa. -
BRST kBaHTM3auuja .

-MosagnHcka nosrba.

-BeptekcHu onepatopu.

3. Ramond-Neveu-Schwarz cTpyHe (ca cynepcMMeTpmnjom CBETCKE NOBPLUM)

4, Green-Schwarz cTpyHe (ca cynepcMMeTpujoM NpoCTOp-BpeEMEHA).

5. T-gyanHocT .

-Dp-6paHe.

6. Tunl,Tunll,xeTepoTnyke Teopuje CTpyHa.

-M-Teopuja.

Hpakmulma Hacmaea

CTyneHTu peluaBajy camocTasniHo gomahe 3aaaTke y3 KOHTPOIy HacTaBHMKa

IIpenopy4ena aureparypa

1. K. Becker, M Becker, J. H. Schwarz, String theory and M_theory, A modern introduction,
Cambridge Univerzity press, UK, 2007.

2. M. B. Green, J. H. Schwarz, E. Witten, Superstring theory,

(vol. i ll) Cambridge Univerzity press, UK, 1987.

3. B. Zwiebach, A first course in string theory, Cambridge University press, 2004.

bpoj uacoBa akTHBHE HacTaBe | Teopujcka HacTaBa: 5 | IIpakTuyHa HacTaBa:

MeTtoae usBolhema HacTaBe

Mpepaeaka, KOHCYNTauUWje,u3paga gomahux 3agartaka.

Ouena 3Hama (MakcuMaJHu 0poj moena 100)
MMucmenu ucnur 40%

Ycemenu ucnut 40 %

Homahu 3aganu 10 %

Cemunapu 10 %

Hauun IpOBEpPC 3HaAKba MOTY outu Pa3aIMIUTH | MMCMEHNU UCIUT, YCMEHU HUCHHUT, CEMUHAp, U3paaa ,HOMahI/IX
3azaTraka

*MakcuMaliHa nykHa | crpannma A4 gopmata




Table 5.1 Specification of subjects in the doctoral studies study program

Name of the subject: String theory

Teacher(s): Bojan Nikolic

Status of the subject: optional

Number of ECIIB points: 15

Condition: Quantum theory of gauge fields, Supersymmetry

Goal of the subject
Understanding foundations of string theory as theory which unifies all known interactions

Outcome of the subject
Students are prepared for research work in the domain of string theory

Content of the subject

Theoretical lectures

1. Bosonic string. Action. Canonical and light-cone quantization

2. Conformal field theory and string interactions. Background fields. Vertex operators. BRST
guantization

3. RNS superstring

4. GS superstring

5. T-duality. Dp-branes

6. Type I, type I, heterotic string. M-theory

Practical lectures
Solving computational problems in string theory

Recommended literature

1. K. Becker, M Becker, J. H. Schwarz, String theory and M_theory, A modern introduction,
Cambridge Univerzity press, UK, 2007.

2. M. B. Green, J. H. Schwarz, E. Witten, Superstring theory,

(vol. i ll) Cambridge Univerzity press, UK, 1987.

3. B. Zwiebach, A first course in string theory, Cambridge University press, 2004.

Number of active classes | Theory: 5 | Practice:




Methods of delivering lectures: written examination, oral examination, seminar, homework

Evaluation of knowledge (maximum number of points 100)
written examination 40 %, oral examination 40 %, seminar 10 %, homework 10 %

Weays of testing the knowledge may vary: (written tests, oral exam, project presentation, seminars

*maximum length 1 A4 page
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[TIOTBPOA O PYKOBOREWY ITPOJEKTHUM 3AJATKOM

OBuM moTBphjyjeM fa je BuiM HayyHd capafHuK Ap Bojan Hukosmh, anraxosad y I'pymnu 3a
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TIPOjeKTHOM 3a/laTKy Cy aHra)koBaHu ciezehu uctpaxuBauu: gp bojan Hukomuh, gp Urop Casowm,
np Mapko Bojunosuh, ap Janujen O6puh u 1p Tujana PagenkoBuh.
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nporpama U/JEJE ®on/a 3a HayKy Perny6mke Cpbuje




IIorBpna o pykoBobemy moTmpojexTom

Osum norspbhyjem na ap Bojan Hukonwh (3a xora ce mokpehe peusGop y 3Bame
BUIIM HAYYHU CApPaJHUK) y OKBUPY ['pyme 3a IpaBUTALM]y, YECTUNE U TOJbA,
Wucruryra 3a ¢usuky YHuUBepsuTera y Georpaly, OOHOCHO y OKBUpY HpoO-
jexra OH 171031 ” Pusuuke umnaruxayuje MOOuPuKo8aroz npocmop-epemena’
pykoBomu TemoMm 7 T-dyanrusayuja omeopene u 3ameopene (cynep)cmpyne’. Ha
IIOMEHYTOM TIOTIPOJEKTY Cy aHra:KOBAaHM HCTpaskuBadu: Ap DBojan Hwukonuh,
ap bpanucnas Casmosuh, np Jbhy6una Jlaswmosuh u crynent Wnuja sanu-
meBu .

IIp Bojan Huxonuh je 6umo npencraseuk mpojexra OH 171031 y Hayumom
caBery WMucruryra 3a ¢usuky YmuBepsurera y Deorpany y mepuomy 2011.-
2013. romume, a y TOKy mesor Tpajama Hpoje}{Ta Tj. onx 2011. romume opra-
HU3AMUOHO ¥ aJIMUHUCTPATUBHO BOAM NEO UCTpPaskuBama Koja ce 06aBmajy y
WNucTuryry 3a ¢usuxy.

Beorpan, 3. jynx 2018.

- ¢ I
Mg Buce

PyroBomunan npojexra OH 171031
IIpod. np Maja Bypuh
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JApymrBo ®usnuapa Cpouje
II PA3PE/lT Mumnucrapcrso IIpocsere n Hayke Peny6anke Cpouje

I'pyna I1 3AAIIA

CEHTA
21.04.2012.

1. Ha nyraykoM IJIaTKOM XOPH30HTQJIHOM CTOJNy JIEKH Jacka Mace
m, =2kg u nyxusne L =1m. Ha neBoM kpajy JacKke MOCTAaBJbEHO j€ n

tenno  Mace m, =1kg. Koepunmjent tpema m3mely macke u Tena
jenHak je p. Temo m, Be3aHO je JJaKOM HEpacTErJbUBOM HUTHU Ca TETOM
M =1kg mpeko riaTkor JIakor KoTypa (Bumu ciuky). [atm cucrem
nouxe aa ce kpehe. a) IIpu kojuM BpenHOCTHMA KOeduUIMjeHTa Tpewma W he Teno m; u macka m, na ce kpehy
Kao jeqHa uenuHa (0e3 mpokiusaBama)? 0) M3pauyHajTe MUHMMalHY BPEIHOCT KOe(ULMjEHTa Tpewma W ;. [pU

K0joj je Mmoryhe kperame 0e3 Hmpoknn3aBama. B) 3a [ =W . /2 H3padyHajTe YKyIHO BpeMe ! OJ IOYeTKa
KpeTama Koje je Teno m, mposerno Ha aacuu? Yiern gaje g =10m/s>. (20 m)

2. JemaH Mo xenujyma Kao HJI€ATHOT raca BpIIM KPY)KHH LUKIyC NMPHUKa3aH Ha
pV nmjarpamy Ha cnuy. Taj MUKITyC ce cacToju U3 /iBa JeNia y KOjuMa moctoju P 2.
JIMHEeapHa 3aBHCHOCT MPUTUCKA p OJ 3ampeMuHe V , u jenne uzobape. [lozHato je

Ja je Ha m300apu 3—1 Hajx racoMm M3BpLIEH paj A, (A31 >0), a TIpu TOME je

TeMmIeparypa raca cmameHa o myta. Ctama 2 U 3 mpumanajy ucToj U30TEepMHU. 1* 3
Tauke 1 u 2 npunanajy npaBoj Koja mposa3u Kpo3 KOOpJAUHATHH TOYETaK. A
a) V3BeauTe ommTy m3pa3 3aBUCHOCTH YKYITHOT paja A raca y OUKIYCy O] paja v

Ay,; 6) Iler He3aBHCHUX eKcIEpHMEHATa j€ M3BPIICHO Ca MCTOM KOJIUYHUHOM
XeIMjyMa M MCTHM LHUKIYCOM y KOjUMa j€ 3a pa3siIM4YuTe BPEAHOCTH A;, M3padyHaBaH yKynaH pax A racay
IUKITYCY, ¥ T0OMjeHu cy cienehu pe3ynraru:

Ay, /1] 200 300 400 500 600
A/ 105 145 200 255 295

Kopucrehn naty tabeny Hauptajre rpadpux 4= f (A31); B) Ha OCHOBY pe3yiTara Ioja a) u 0) W3padyHajTe
temneparype 1, y Tauku | 3a CBakM HOjeMHAYHU €KCIEPUMEHT, 3Hajyhu na je 04;, = Ad,,/ Ay, =5%=0,05.
YHuBep3aiHa racHa KoHcTanta usocu R = 8,3 J/(molK). (25 m)

3. JlowH Kpaj BepTUKalHE CTaklieHEe IICBU JAyKUHE 2L je 3aTolJbeH, JIOK je TOPHH OTBOPEH Ka
aTtMochepH. Y 0W0j MOJOBUHU LIEBH Hala3H Cce WAEAIHH rac Ha TeMmneparypu I, IOK ce y TOpmOj
MOJIOBUHU Haja3W XuBa (BUOW CIHMKYy). a) AKO IIeB IOYHEMO JlaraHo Ja 3arpeBamo, 10 Koje
MHUHHAMAJIHE TeMIeparype Tpeba 3arpejatu rac y LeBW Aa OM OH MCTHCHYO XHBY Y MOTIYHOCTH? 0)
AKO 11eB TIOYHEMO JIaraHo Jla XJIaJANMO, U3BEAUTE OIMIITH M3pa3 MPOMEHe TeMIIepaTrype raca y IeBH.
AtMochepcku IpUTUCAK p,, je JaT y MUIUMETpUMa )KUBHHOT cTy0a (H 0= L). (15 m)

4. Y cyny koju Mupyje 3anpemure ¥ = 30 dm?, 1 Koju MMa Y4BPCTE U CaBPIICHO TOIUIOTHO HEMPOIYCHE 3HI0BE
Hajase ce Ba3lyX IIPU HOPMaJHHUM YCIOBHUMA (Po = 10’ Pa, T, o = 273 K) U Bojga Mace m, = 9 g. Y jenHoM
TPEHYTKY Cy[ Io4He fa ce kpehe TpancinaropHo Op3uHOM V. [locie ycnocTaBibama TONIIOTHE PABHOTEXKE Ba3ayX
y Cyay MMa penaTtuBHy BiIaxkHOCT ¢ = 50%. M3padyHajre xomukoM Op3uHOM Vv ce kpehe cyxn. Yseru na cy:
cnenuduyHa TOIUIOTA HCIIapaBama BOAE A = 2,2><106 J/kg, crnenupuuHA TOIUJIOTHH KalalHuTeT BOJE
c = 4200J/ (kg-K), MmpUTHCaK 3acuheHe BoAeHE mape Mpu HOpMalHUM ycioBuma p = 600Pa, cneunpuuna
TOIUIOTHA KallallMTaTUBHOCT Ba3jayxa IPH KOHCTAaHTHOj 3ampeMuun ¢, = 7201J/ (kg- K), cpeama MoJlapHa Maca
Basnyxa M = 0,029kgmol, monapna maca Boxe My o =0,018kgmol, yHuBepsanna racHa KOHCTaHTa

R = 831J/(mol-K). TIlputucak 3acuhene BomeHe mnape mnpu Temmeparypu on (= 100°C wu3HOCH
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p=p, = 10° Pa. PenaTuHa BIaXHOCT BasayXa ¢ ce jedMHHMINE KAO OJHOC Mace BOJEHE Mape 71, y HeKOj

3alpeMUHH ¥ Mace Kojy Ou nMaa 3acuhieHa BoJieHa Iapa m,. " y UCTOj TOj 3ampeMuHu: @ =m, /m." . (20 m)

5. Ha pacrojamy d onx XOpu30HTaJIHE, OECKOHAYHE paBHE, TAHKE W PaBHOMEPHO HaeJICKTPHICAHEe IIoue, Op3uHa
eNeKTPOHA je HM3HOCWIA V,, IIPU 4YeMy je Ipapal Op3uHE 3aKjamao yrao o ca BepTHKanoM. [lnoua je

HaeJIeKTpHCcaHa HETaTUBHUM HaelleKTpUCamkbeM, MpPU 4YeMy je TIOBPIIMHCKA TYCTHHA HaelleKTpucama (1o
aricoJIyTHOj BPEAHOCTH) G = const.

a) IlpernocraBspajyhu na je elekTpUYHO MOJbE JOBOJFHO jaKo Ja €NEKTPOH CBO BpPEME OCTaje ca UCTE CTpaHe
HaeJIeKTpHcaHe IJio4e, Hahu HajMame pacTojambe d . €JIEeKTpOHa OJl IUIoUe TOKOM KpeTama. Koiuko BpeMeHa T

n
NPOTEKHE O MOYETKA KPeTara eJIEKTPOHA A0 TaYKe MUHUMAITHOT pacTojama oJ mioye?

0) AKo je eneKTpUYIHO TO0JbE TAKBO Ja IMyTama eIeKTPOHA TAHTHUpa HaeJeKTpUcaHy Iuody, Hahum KoopauHare Te
TayKe.

B) Heka je enekTpuyHO mMoJbe TaKBO Jia €NEKTPOH MpoJiasu Kpo3 miovy. Konuku je yrao B (MepeH y oaHoOCy Ha
BEPTUKATY Kao M 0 ) TOJ KOjUM eJISKTpOH yiehe y oOmact mcmona HaejekTpucane rmiode. Kommka je Op3uHa
eJIeKTpoHa (KOjH Ce Hajla3u MCIIOJ IUI0YE) Ha pacTojamby A o mioue?

3amarak pemuT 6€3 IpUMEHE 3aK0Ha oJpkama eHepruje. CHTy Texe Kao U YTHIA] eTeKTPOHA Ha MPEPacIIofeITy
HaeJIeKTpHCamka Ha MI04YH 3aHeMapHTH. (20 m)

% ok ok ok ok ok ok ok %k %
IIOMO*h

EnexktpuyuHo moJjbe OeCKOHavHe, TIOBPIIMHCKH PABHOMEPHO HAENEKTPHCAHE II0Ye OCTOjU ca 00e ieHe cTpaHe. IHTeH3uTeT
BEKTOpA jaurHe eJIEKTPUYHOT 1I0Jba OKO IUI0Ye jeqHaK je F = 0/(280), rze je O MOBPUIMHCKA I'YCTHHA HAaelNeKTpucama, a €,
JIMENIeKTPUYHA POIYCT/BUBOCT Bakyyma. Ha mpoOHO MO3UTHBHO HaeJEeKTpHCame (Ca jeJHE WK Ipyre CTpaHe paBHH) AeIyje
0/100jHa CHJIa aKO je IUIOYa MO3UTHBHO HACEKTPHCaHa, a MPHBJAYHA aKO je IUI0Ya HEraTUBHO HaelekTpucana. Cuia OKo
UI0Ye JIeNyje yBeK AYXK MpaBlia HopMalie Ha [UIouy.

| Hexke ocHOBHe TPHIOHOMETPHjCKe jeAHAKOCTH U dopmy.Jie: |

sin‘o+cos’a =1 sin’(a/2) = (1-cosa)/2
sina=1/4/1+ctg’a cos*(a/2)=(1+cosa)/2
coso=1/4/1+tg’a sin20 = 2simicosa
tg2a=2tga/(1—tg2(x) cos2a = cos’ a—sin’ a
sin (ai B)z sino.cos 3 + cos asinf3 cos (ai B)z cos acos B Fsinasinf

1
[Tapabona (1 —21)(1 + f) UMa Hyney x, =2a, X, =—a, a MUHUMYM 32 X = 5 a.
a a

k ok ok ok ok ok ok ok ok

3anaTke npunpemunu: op Cara Towuh, UHcTUTYT 32 Qusuky, beorpan
op bojan Huxonuh, Uactutyt 3a ¢pusuky, beorpasg
Peuensenrt: op /paean JI. Mapkywes, UnctutyT 3a dusuky, beorpan
[Ipencennnk Komucuje 3a takmuuewe IDPC: op Arexcandap Kpmnom, Unactutyt 3a dpusuxy, beorpan
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JApymreo ®usnyapa Cpouje
II PA3PE/Zl, Munucrapcrso IIpocsere m Hayke Peny6smmke Cpouje
I'pyna I1 PEIIEBA 3ATIATAKA

CEHTA
21.04.2012.

P1. a) Osnauumo cuiy 3aresama HutH ca T’ a cuity Tpewa ca F, . Hanmummo npyru byTHOB 3aK0H 32

CBa TPH TeNa:
ma, =T—-F_, ma,=F_, Ma,=Mg—T .(3m)

'['p’

W3 oBUX jeqHauMHA CIIEIU J1a Cy:
Mg —-F
a=——>"mua,=—2.2mn)
m, + M m,

[TpunukoM kperama 0e3 IpOKIM3aBamka BaXu Aa je a, = a, (1 ), na je:

Mg-F_F
—g ™ __ ™ Tj~ F = —Mm2 g. (2 H)
m+M  m, m,+m, +M

IIpu ToMe cuina Tpewa He Mpea3y BpeAHOCT Wm, g . 3Hauu, 3a KpeTame 0e3 IpOoKIN3aBama je

Mm
F =——"2 o< ,(2n
» ml+m2+Mg wn, g , (2 m)

OJIaKIJIe je

Mm,
ml(m1 +m, +M)'

w> 2 m)

6) MuHuMaaHa BpeAHOCT Koe(UIjeHTa Tpewa [ . [PU K0joj je Moryhe kpetame 0e3 MpoKIn3aBama,
Ha OCHOBY ITPETXOJIHOT pe3yJiTaTra, H3HOCH

Mm, 1
l’lmin = = .

m](ml+m2+M) 5 (2 m

3a cBE BPEJHOCTH [ = | . HEMa IMPOKJIM3aBama, 10K he 3a W< . TeJI0 m, KIU3UTH MO JACIH.

B) Ha ocHOBy mpeTxoaHe aHanm3e BUAMMO J1a ce 32 (W<l . TeJI0 m, W Jacka m, kpehy paznumaurum
yOp3amnuMa (al #a, ) VY Tom ciydajy cy
_ M —pm, _um,

a=——gnua=-g2.2n
1 m1+Mg 2 ng( )

PenarusHo yOpsame a ., U3HOCH (p =W, /2=1/ 4):

2l |

M —wm, um, g
a =a, —Aad, = — =—. 211
per T T2 [mlJrM m, & 4 (2 m)
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Bpeme knmu3ama no gaciy HajgazuMmo U3 Gopmyse

pex

L=a %,najet= =0,9s.|(2 m)

pen

% %k 3k

P2. a) Axo temmnepartypy xenujyma y Tauku | o3HaumMo ca 7, OHZa je MO ycloBy 3agaTtka 715 =al;.

Pan A,, u3BplieH HaJ racoM Iy U300ape U3HOCU
= p,(V,=V,)=VR(T; —T}) = vRT(0.—1). (1 m)
Opatne je,3a v=1,

A
T =——l— (1m)

R(a—1)

VYkymnaH paj raca y HUKIycy J00uja ce Kao MOBPIIMHA TPOYTIa

A= (ps=p ¥, -¥). A
3a n300apcku mporiec Baku aa je V ~ T, ma MoKeMo Ja MHUIIeMO Ja je
V=V, =V(a-1). (1 m)
[TomTo Tauke 1 1 2 jexe Ha MPaBoj Koja MpoJia3u KPo3 KOOPAMHATHU TIOYETAK, OHIA je

V.
pz :721719(1 H)

1
JIOK Tayke 2 1 3 MpuIajajy UCTOj H30TEPMH I1a je

PV, =pV;. (1 m)

HckopucTuBIIM OCTIEAHE TPH jeIHAaYnHE 100ujaMo, y3 p, = p,, Aa je
V,
Py = 73171 :\/apr (1 m)
1

Cama MOXKEMO J1a HalMIIeMo jaa je,3a v =1,

FE T P ) O S P

[locnenmwa jeHaYMHA MPECTAaBIba OMIITH W3pa3 3aBUCHOCTH YKYITHOT pajia A raca y IMKIYCY O] paja
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A,, nyx u3obape, u BUIUMO [a C€ MOXKE M3pa3sUTU y OOJIHUKY JIMHeapHe QyHKuuje A = f (A31)= k4,,,
rie je k xoeduiujeHT mpasiia oBe PyHKIH]e, KOJU U3HOCH

k:@.(ln)

0) Ha ocHOBy nate Tabese y ocTaBLM U yClI0Ba 3afatka 04,, = A4,,/ A;, = 2% = 0,02 nobujamo na je
04 =AA/ A=2%=0,02, na rpadpuk upramo nomohy rademne

A4,, /7] 2004 3006 4008 50010 60012
AllJ] 105+2 145+3 200+4 24545 295+6
(1m)
350
300
250
5 200 —
~
150 <
100 >
50 H
0 T T T T T T T T T T T T T
0 100 200 300 400 500 600 700
A, 1]
(4 m)

Kana nanpramo moMeHyTu rpaduk, y3MeMo JBE€ Tayke ca IpaBe W TO TAKO Ja MPBY TauyKy y3UMaMo
u3mely npee nee (1 m) A(250 J, 125 J), a npyry u3mely nocienme n1Be excriepuMenTanne Tauke (1 m)
B(550J, 275 J). Ha ocHOBY WUX 100HjaMO Koe(HIIMjEeHT TpaBIia IpaBe

A, —A -
PR T _ (275 125):150:1.(111)
Ay — 4y, (550-250) 300 2

['pemrka koeduirjeHTa MpaBLa H3HOCH

Ak:k(AAA +AMy My, +AA31BJ= 1(2+6 4412
2

— + j =0,05. (1 m)
Ay—A, Ay, —A 150 300

31A

Cana je
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5§é

k=(50+0,5)x10".

Wo-1)
Cana ce, Ha OCHOBY k = 5 MOJKE U3padyHaTH 0 Kao

YHja je Tpellka jeTHaKa

k:

Jo -1
2

— a=02k+1) =4, A mw

(1m)

Do, A2k+Y) |, O —0,4, (1)
a 2k +1 2k +1
1a je Ha Kpajy
0=(40%0,4)|(1 n)
A AA A
Canma ce, Ha ocHOBY 1| = L um AT, =T, I (1 m) nonyHu Tabena ca TpakKeHUM
R(a—1) 4, (a-1)
TeMIepaTypama:
A, /7] 200+4 300+6 400+8 50010 60012
A/[T] 105+2 14543 2004 24545 295+6
T, /[K] 8+1 12+2 16x2 20+3 24+4
(1 m)
k %k %k
P3. a) [IpeTniocTaBuMoO 112 je rac y eBU UCTHCHYO JKUBY 3a JYKHHY X (BUAHU CIUKY). N
Hahumo ommtu wm3pa3 3aBUCHOCTH Temmeparype I Taca y LEBH OJ MOYETHE ‘
temnepatype 7, 3a oBaj mpouec. V3 jenHaunHe cTama HAEAIHOr raca Cieiu Ja 3a L
MOYETHHU M KPAjibH MOJI0KA] HUBOA JKUBE IMAMO j€THAKOCT . I_ 0%
RIS
(po +pgL)SL _ [py +pg(L—x)IS(L