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Abstract Bosonic string moving in coordinate dependent
background fields is considered. We calculate the generalized
currents Poisson bracket algebra and find that it gives rise
to the Courant bracket, twisted by a 2-form 2B,,,,. Further-
more, we consider the T-dual generalized currents and obtain
their Poisson bracket algebra. It gives rise to the Roytenberg
bracket, equivalent to the Courant bracket twisted by a bi-
vector T4V, in case of [T#¥ = 2* B*¥ = xH"V. We conclude
that the twisted Courant and Roytenberg brackets are T-dual,
when the quantities used for their deformations are mutually
T-dual.

1 Introduction

Non-geometric backgrounds [1-3] include various duali-
ties. Duality symmetry is a way to show the equivalence
between two apparently different theories. Specifically, T-
duality [4,5] is a symmetry between two theories corre-
sponding to different geometries and topologies. It was firstly
noticed as the spectrum equivalence of the bosonic closed
string with one dimension compactified to a radius R, with
the bosonic closed string with one dimension compactified
to a radius «’/R.

The Courant bracket [6,7] is the generalization of the Lie
bracket so that it includes both vectors and 1-forms. It is a
fundamental structure of the generalized complex geometry.
Vectors and 1-forms are treated on equal footing in the gen-
eralized complex structures. Many for string theory relevant
geometries, such as complex, symplectic and Kéhler geom-
etry, are integrated into the framework of generalized com-
plex structures. Moreover, the generalized complex geometry
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provides a framework for a unified description of diffeomor-
phisms and gauge transformations of the Kalb—Ramond field.
Hitchin was the first one to introduce the generalized Calabi—
Yau manifolds, that unified the concept of a Calabi—Yau man-
ifold with the one of a symplectic manifold [8]. Gualtieri in
his PhD thesis contributed further to the mathematical devel-
opment of generalized complex geometry [9].

In generalized complex geometry, closure under the
Courant bracket represents the integrability condition, in a
same way that closure under the Lie bracket represents the
integrability condition of almost complex structures. More-
over, the Courant bracket governs the gauge transformation
in the double field string theory [10].

The Roytenberg bracket is the generalization of the
Courant bracket, so that it includes a bi-vector. It was firstly
introduced by Roytenberg [11]. In [12], the o-model with
both 2-form and a bi-vector was considered. The Poisson
bracket algebra of the generalized currents was obtained. It
has been observed that, while the current algebra is anoma-
lous, the algebra of charges is closed and gives rise to the
Roytenberg bracket. In [13], the Roytenberg bracket was
obtained by lifting the topological sector of the first order
action for the NS string o -model to three dimensions. In [14],
the higher order Roytenberg bracket is realized, by twisting
by a p-vector.

In this paper, we consider the closed bosonic string mov-
ing in the coordinate dependent background fields. Gener-
alized currents are defined as linear combinations of world-
sheet basis vectors with arbitrary coordinate dependent coef-
ficients, and their Poisson bracket algebra is calculated. We
follow the work of [15], that analyzed the most general
currents of the general o model, where it has been shown
that the algebra of most general currents gives rise to the
Courant bracket, twisted by the Kalb—Ramond field. More-
over, we consider the self T-duality, that is to say T-duality
realized in the same phase space. The self T-duality inter-
changes momenta with coordinate derivatives, as well as
the background fields with their T-dual background fields.
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Another set of generalized currents, T-dual to the aforemen-
tioned ones, are constructed and their algebra obtained. We
find that their algebra gives rise to the Roytenberg bracket
obtained by twisting the Courant bracket by the T-dual of
the Kalb—-Ramond field. Hence, we show that the twisted
Courant bracket is T-dual to the corresponding Roytenberg
one, obtaining the relation that connects the mathematically
relevant structures with the T-duality.

2 Hamiltonian of the bosonic string

Consider the closed bosonic string in the nontrivial back-
ground defined by the symmetric metric tensor field G, and
the Kalb-Ramond antisymmetric tensor field B,,,, as well as
the constant dilaton field ® = const. In the conformal gauge,
the propagation is described by the action [16,17]

S:/ d’eL
>

1
- K/ d’¢ [Eno"gG,w(x) + e“ﬂB,w(x)} dox"dpx",
=
.1

where integration goes over a two-dimensional world-sheet
¥ parametrized by £%(£0 = 7, £! = &) with the worldsheet
metric 7*#. Coordinates of the D-dimensional space-time are
xHE), n=0,1,....,D— 1" = —landk = 5.

It is convenient to rewrite the action (2.1) using the light-
cone coordinates £+ = €04 ¢! and derivatives 94 = %(80 +
d1) as

S = K/ d?E0, XM Ty 0 (x)0_x", (2.2)
b
where
1
Hi;w(x) = B;w(x) + EGMV(X)' (2.3)
The canonical momenta are given by
a‘c -V v
Ty = Py =kGpuy(xX)x" — 2k By (x)x'™. 2.4)
The Hamiltonian is obtained in a usual way,
He = mpit — L
1 _ _
= 5.u(G Y, —2x"" B, (G™HYPr,
K
+5x"G X", (2.5)
where
Gl,=Gu —4BG 'B) (2.6)

@ Springer

is the effective metric.
Energy-momentum tensor components can be written as

1 —1\pv .

Ty =F7— (G " jrpjtvs 2.7
4k

where the currents j, are given by

Jp () =y + 26y (X)x. (2.8)

In terms of the energy-momentum tensor components (2.7),
the Hamiltonian is given by

1 o
He=T-—Ti= (G )" [jepitr + jopin]. 29

In this paper, we are interested in these currents, currents T-
dual to them, their generalizations, as well as their Poisson
bracket algebra. Before that, let us present a short overview
of T-duality.

2.1 Lagrangian approach to T-duality

In the Lagrangian approach to T-duality, the Buscher proce-
dure of T-dualization has been developed [18-21]. It provides
us with the procedure of transforming coordinates from one
theory to the coordinates from its T-dual theory, when there
is a global Abelian isometry of coordinates along which T-
dualization is applied. The T-dualization rules for coordinates
are given by [22,23]

axt = —k@ 1y, dpyy = —2TM400x”, (2.10)

where we have introduced the T-dual coordinate y, and new
fields ®%", defined by

2 1
O = — (G MLG™HW = 5 —(GH™,  (2.11)
K K

where 6"V is the non-commutativity parameter, that first
appeared in the context of open string coordinates non-
commutativity in the presence of non-zero Kalb Ramond
field [24], given by

2
o1 = —=(G,'BGHM, (2.12)
K

where (Ggl)‘“’ is the inverse of the effective metric defined
in (2.6). It is straightforward to verify that ®%" fields are
inverse to Iy, fields

1
O Mgpy = -8,

. 2.13
2V 2.13)



Eur. Phys. J. C (2020) 80:571

Page 3 of 12 571

Successive application of the T-dualization (2.10) is involu-
tive

dpxt = —k@Y 3y, = 2O T4, 00 x” = dpxt,
(2.14)
where in the last step we have used (2.13).

Applying the T-dualization laws (2.10) to the action (2.2),
we obtain the T-dual action

/ d*e* L =

Expressing the action (2.15) in the form of the initial action
(2.2), we obtain

2
> /dzgawﬂ(a" A_yy. (2.15)

K
v
_8_ ,

*HMU —
t T2

(2.16)

which allows us to read the T-dual background fields

GRY = (G, BM = ge*”. 2.17)
These relations correspond exactly to the expressions for T-
dual background fields obtained by Buscher [18-21] in case
of the existence of Abelian group of isometries along coor-

dinates along which we perform T-duality.
2.2 Hamiltonian formulation of T-duality

Let us rewrite the T-dualization laws (2.10) in terms of phase
space variables. Firstly, we need the expression for the T-dual
canonical momentum. It is given by

0L

—1\uv ¢ 20V 7
=k(GL )"y, — k7 O"
a).)u ( E) v yu

(2.18)

Secondly, let us rewrite equations (2.10), separating the part
that changes the sign from the part that does not. For the
coordinates of the initial theory, we obtain

M= kM, (G

)yl A Z(GEY k0",

(2.19)
and for the coordinates of the T-dual theory, we obtain

Yu = =2Buyx” +Gupx", v, = Gupi =2Bx". (2.20)

Comparing the second relation of (2.19) with (2.4), as
well as the second relation of (2.20) with (2.18), we obtain
the T-dualization laws (2.10) formulated in terms of the phase

space variables

ex't =rght g, = KY),- 2.21)

When coordinate o-derivatives and canonical momenta are
integrated over the worldsheet space parameter o, the wind-
ing numbers and momenta are respectively obtained [25].
Hence, we see that the T-dualization transforms the momenta
of the initial theory into the winding numbers in its T-dual
theory, and vice versa.

The T-duality can be considered as the canonical transfor-
mation generated by the type I functional [26,27]

F = K/dax“y;u (2.22)
which gives rise to momenta
SF —S5F
T, =— =ky, ‘nt= = kx*. (2.23)
SxH H Syu

This is exactly the relation (2.21). The T-duality does not
change the Hamiltonian, since the generating function (2.22)
does not depend explicitly on time H¢ — Hce + %—f =Hc.
In order to obtain the T-dual Hamiltonian, we apply rela-
tions (2.21)—(2.5), and obtain
* l *
He = o

Tk Gﬁv*nV—Z*n’”(BG ) yv+ yll-(G )/w/

(2.24)

Expressing the T-dual Hamiltonian in the form of the initial
one (2.5), as

1
*HC — JTM*G—I* v

o K
5 p: 2yl/L(*B G l)p; *JTV+7

59 GE ¥

(2.25)

We are able to read once again the expressions for the T-dual
background fields (2.17).

Given that we were able to write the Hamiltonian in terms
of currents ji,, we would like to write the T-dual Hamilto-
nian (2.25) in terms of T-dual currents. By analogy with the
initial theory (2.7), we write the T-dual energy momentum
tensor components as

1
*T:I: — :F_*G—l *]:lé *Jir

2.26
4k ( )
where * ji are T-dual currents, given by

=t acnhy) (2.27)

The T-dual Hamiltonian is then given by

1 — *
*Hc=*T7—*T+=E*G (*]-llf*]i—i_ JIL*JV)

(2.28)

@ Springer
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We can check that substituting (2.27) into (2.28), the T-dual
Hamiltonian in the form (2.25) is obtained. Therefore,
He =*Hc,

Ty =T, (2.29)

2.3 T-dual currents

Let us consider the transformation of the currents under T-
duality. Applying (2.21)—(2.8), we obtain
J+u = Ky,/,, + 2“:!:;,”)*77” = zniuv*ji» (2.30)
where we have used (2.13). Similarly, the T-dualization
applied on the T-dual currents is as easily obtained
= aex™ K@ivnv = K@iujiv. (2.31)
The successive application of T-dualization on any current
returns exactly that current.

Although the initial and T-dual theories are equivalent
(2.29), the currents ji, and * j't do not transform exactly
one into another by the T-dualization laws (2.21). There are
couple of ways to see the nature of this fact. Firstly, the current
J+, has the lower indices, while * jX has the upper indices.

Secondly, substituting (2.30) into (2.7), we obtain the T-
dual transformation of the energy momentum tensor

1, . _ .
Lo =4 ([5G ") "

1, . )
=7 G L = T,

” (2.32)

where in the second step we used (2.3) and (2.6). The direct
transformation of currents under T-duality ji, =* j'y would
violate invariance of the energy momentum tensor. The effec-
tive metric Gﬁv in the expression for T-dual energy momen-
tum tensor is obtained from —I"I;G_l Iy = }TG E, Which is
only possible due to the non-trivial T-duality relation between
currents (2.30).

Lastly, let us rewrite the expressions for currents in terms

of coordinates, by substituting (2.4) into (2.8) and (2.18) into
(2.27)
Jop = kG udax”, i =k (GH"™ oLy, (2.33)
Hence, in the same way that coordinates d+x* do not trans-
form into T-dual coordinates d+y, under (2.10), in the same
way the currents ji, do not transform into T-dual currents
* ji‘ . The transformation of variables under T-duality (2.21)
is presented in the Table 1.

Lastly, let us define for future convenience the right hand
side of (2.31), as a new current li
(2.34)

I = K@ivjiv =xx* + K@ivﬂv.

@ Springer

Table 1 Transformations under the T-dualization

Initial theory T-dual theory
T, o~ Ky;t

Kx™ ~ *ah

JEu = 2y *js
K@)iu.jj:\) = *Ji

In the next chapter, we will see how we can avoid working in
two phase spaces, and the currents //{ will have an important
role throughout the rest of the paper.

2.4 Self T-duality

So far we considered the case when two mutually T-dual
theories are defined in two different phase spaces, that we
have marked by {x*, 7r,,}, and {y,,, *7"}.Itis in fact possible
to realize T-duality in the same phase space, that we will call
self T-duality.

To realize self T-duality, let us rewrite the second relation
of (2.19), using (2.17)
kx™ = *G"yy, — 2 *B*y) . (2.35)
Comparing it with the expression for momenta (2.4), we
conclude that the exchange of coordinate with its T-dual
x" < y, is equivalent to

my < kx™, By, < *B" = 59‘“’,

Guv < *G" = (GH™. (2.36)

These are transformation rules for what we call self T-duality.
Note that unlike in (2.21), here the background fields are
transformed, as well.

The self T-duality gives the same expressions for T-dual
background fields (2.17) as in case of Buscher procedure. It
swaps the winding numbers with momenta as well, therefore
preserving all features of T-duality, with the only difference
being that it is realized in the same phase space.

The two currents ji, and /'y transform into each other
under the self T-duality (2.36)

i =7+ 2 My x” & ex™ + k0 7, = 1. (2.37)

On the other hand, under (2.36) the energy-momentum tensor
is invariant

| PP R Ik
Ty = :F@(G WY jap jrv <> :F@Gwlili =T..
(2.38)

With the help of (2.9), we see that the Hamiltonian does not
change under (2.36). Nevertheless, the Hamiltonian can be
expressed in terms of new currents /'y
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Table 2 Transformations under the self T-duality

Initial theory Self T-dual theory
Ty < KX,
Kx'™ < T
By < somy
Guv = Gz
ji;l, g li
1 E Kqv Hqv
He = —Gy, (1L +141), (2.39)

4k

but with the effective metric instead of the inverse metric.
Substituting (2.6) and (2.34) into the previous equation, we
obtain the initial form of the Hamiltonian (2.9).

It is important to point out that although the energy-
momentum tensor components 7+ and the Hamiltonian H¢
remain invariant under the self T-duality, the currents ji,
and I{ do not. Therefore although both currents ji, and
I'{ are defined in terms of the initial theory variables, they
have to change under self T-duality, due to the invariance of
energy momentum tensor components (2.38). We summa-
rize its transformation rules in the Table 2. Our next goal is
to generalize these two currents and obtain the algebra of
their generalizations.

3 Generalized currents in a new basis

In this chapter, we will construct two types of generalized
currents. Generalized currents are arbitrary functionals of
the fields, parametrized by a pair of vector field and covector
field on the target space, treating both vectors and 1-forms
on equal footing [9]. The convenient bases in which these
generalized currents are defined are components of currents
Jjap and I

Firstly, we will generalize the currents ji,. From (2.8)
we extract its T and o components

. J+u + J-

Jop = w = 7, + 2k By (X)x",

. J+u — J-

nuz—iia—iiszuumx”. G.1)
We will mark
iy =7y + 26 By (x)x", (3.2)

as a new, auxiliary current. Therefore, {kx'*, i w} 1S a new
convenient basis on the world-sheet. We can now write cur-
rents (2.8) in this basis as

Jip =iy £kGpuux”. (3.3)

In the same way as in [15], we define the generalized
currents in the new basis, as the linear combination of both
coordinate o —derivatives and auxiliary currents
Jew,ay = uP (X)iy + ay (x)kx™, (3.4)
where u*(x) and a,(x) are the arbitrary coefficients. The
charges of these currents are

Ocu,a) = /dUJC(u,a)~ (3.5)

The charges exhibit additional symmetry. In order to see
that, let us firstly rewrite the integral of the total derivative of
an arbitrary function A

2 2
/ do(\) =/ dodax" =0,
0 0

which goes to zero for closed strings. From this fact, we
obtain the reducibility relations for the charges

(3.6)

Ocw.a+or) = QCu.a)- 3.7

The expression of the form (3.4) is particularly interest-
ing, since it gives rise to many for string theory relevant
structures. Firstly, for the special case of coefficients relation
a, = £G,yu”, we obtain
Jew,+Guy = ut jp. (3.8)
Hence, the currents (2.8) indeed can be obtained from the
generalized currents (3.4). On the other hand, for special

case a, = —2B,,u", we obtain
Jew,—2Buy = utmy, (3.9
as well as for u* = 0, we obtain
Je.a) = aprx’. (3.10)

We see that the general current algebra for the appropriate
coefficients reduces to non-commutativity relations of both
coordinates and momenta.

We are also interested in another type of generalized cur-
rent, that in analogous way generalizes [/;, in the basis related
to its T and o components

I+ [
-5 =kx" + k0w, I = 5

ly = = (G,

(3.11)
The second set of generalized currents is defined by

JRw.by = V()7 + by (X)kH, (3.12)

@ Springer
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where v/ (x) and b, (x) are the arbitrary coefficients, and we
have introduced another auxiliary current by

= kx™ + k6", (3.13)
Their charges are
ORw.p) = /dUJR(v,b)- (3.14)

Similarly as in (3.7), these charges also exhibit additional
symmetry. In order to see that, let us write the total derivative
integral (3.6), using (3.13), in terms of new basis vectors

2 21
/ do*icaﬂ)»x'“ = f dod a(k" — k0" m,). (3.15)
0 0

As aresult, we obtain the non-uniqueness of the charges

ORw+x001,b+32) = OR(v,b)- (3.16)
In a special case of v** = :t(GE])’“’bv, the generalized
current (3.12) reduces to the current (2.30)

g gk
JR(iGEIb,b) =buly,

(3.17)
thus justifying calling it generalized current. Momenta 7,
and auxiliary currents k** can also be as easily obtained from
it.

The two new bases transform into each other under (2.36):

iy = T +2kByx" < kxM 40", = k*, w, < kxt
(3.18)

Therefore, the generalized currents are defined in the mutu-
ally T-dual bases, and their respective algebras are also going
to be mutually T-dual.

At the end of this chapter, let us obtain the relations for
coefficients when two generalized currents are equal. This
will enable us to obtain the algebra of currents Jg(y ), pro-
vided that we have the algebra of Jc(, ), and vice versa. Let
us start with rewriting the expressions for both generalized
currents in the basis {rr,, x"#}. Substituting the expression
(3.2) into (3.4) we obtain

Jew.a) = u'my +k(ay —2Buu’)x™, (3.19)

while substituting the expression (3.13) into (3.12) we obtain

Jrw.py = W — k0*by), + Kby X (3.20)

@ Springer

Comparing (3.19)-(3.20), we see that generalized currents
are equal when coefficients satisfy following relations

ut = vt — k6"h,,

ay =2B,v" 4+ (GGEh) Vb, (3.21)
The above relations can be easily inversed. We obtain

v = (G5 Gt + k0" a,,

by=a, —2B,u". (3.22)

4 Courant bracket

We are interested in calculating the Poisson bracket algebra
of the most general currents Jc(y q), defined in (3.4), as well
as of their charges Q¢ (4,q), defined in (3.5). We will start with
the generators i, and x"* algebra, that we calculate using the
standard Poisson bracket relations

{x"(o, 1), m, (6, 7))} = 8"8(0 —0),
{(x"(o, 1), x"(0,7)} =0,

{my(o, 1), my(0, 1)} =0. “4.1)

In the accordance with [15], we will obtain that the algebra
of generalized charges (3.5) gives rise to the twisted Courant
bracket [6].

We obtain the algebra of generators (3.2)
{i,(0),iy(0)} = =2k Byypx'"8(0c — &), 4.2)

where the structural constants are the Kalb—Ramond field
strength components, given by
By = 0y Bup + 0y By + 0By “4.3)

The rest of the generators algebra is given by

{in(0), kx"(0)} = 18,/ 3,8(0 — &), {kx'(0),kx"(5)} =0.

4.4)

The Poisson bracket of the most general currents (3.4) is
obtained using (4.2) and (4.4). It reads

Ucw.a) (@), Jew.p) (0)}
= (" u" —u"8,v")i8(c — &) — 2k Byypx™u"vP8(o — o)
—K ((Bﬂav — dya v — (Buby — Bvbﬂ)u”) x*8(o — &)

+ 1 (4 (0)by(0) + v(5)a, (6)) 858(0 — &). (4.5)

We can modify the anomalous part in the following manner

(u" (@)bp(0) + v"(5)a,(6)) 3:8(0 — &)
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1
= 3 (@Wh)(@) + (va)(@)) 9,3(0 — &)
— %(ub)(a)(’)(—,a(o —0)+ %(va)(&)aaﬁ(a —0)
= § (@D)(0) + Wh)(®) +va(o) + W)@) 850 )

+ %a,t(ua —ub)x"8(c — ), (4.6)

where we have used the notation (ub)(0) = u"(0)b, (),
and the relation f(5)9,6(c — ) = f/(0)d(c — o) +
f(0)3;6(c — o) in the last step. Substituting the previous
equation in (4.5) we obtain

{(Jew,a) (@), Jcw,p) (0)}
= —Jcw,o(0)8(0 — o)
+§ (ub)(0) + ub) (&) + (va) (o)

+(a)(0)) 0s6(c — o), 4.7
where the coefficients in the resulting current are
wH = u'9,v* —v',ut, (4.8)

and
¢ = 2B’ v? + (9pay — dvay)v” — (9uby — dyby)u”

+%8u (ub — va). “4.9)

The minus sign in front of the Jc(y,¢) is included for the
future convenience. We see that w* does not depend on back-
ground fields, while the coefficient ¢, does, because of the
H-flux term By,,,p.

The relation (4.7) defines the bracket, that acts on a pair
of two ordered pairs consisting of a vector and a 1-form, that
as a result has another ordered pair, that we can write like
[(u,a), (v,b)]c = (w, 0). (4.10)
The bracket that we have obtained is the twisted Courant
bracket [6]. The Courant bracket represents the generaliza-
tion of the Lie bracket on spaces that contain both vectors
and 1-forms. As a result, it gives an ordered pair of a vector
w = wHd, and a 1-form ¢ = ¢, dx".

Let us confirm the equivalence between the twisted
Courant bracket and the bracket that we have obtained in
(4.10). The coordinate free expression for the twisted Courant
bracket is given by

[(u,a), (v, b)]c = ([u, vle, Lub — Lya — %d(iub —iya)

FH@u, v, .)) =W, 0), 4.11)

where [u, v]y, is the Lie bracket and H (u, v, .) is a 1-form
obtained by contracting a three form. The Lie derivative £,
is defined in a usual way £, = i,d + di,, where d is the

exterior derivative and i, the interior derivative. Their action
on 1-forms is given by da = d,a,dx"dx" and iya = u*a,,.
The Lie bracket is given by

[, v]r * =u"d,v"* — v’ 0,ut. (4.12)
Using the definition of Lie derivative, we furthermore obtain
1
<Eub — Lya — =d(i,b — iva)>
2 w

=u"(dyb, — 3,by) — v (dva, —

pay)

1
+§8M(ub —va). (4.13)
As for the last term in (4.11), it is given by
H(u,v, )|, = 2B ou”v”. (4.14)

The expression for the generalized current corresponding to
the Courant bracket is obtained by substituting (4.12), (4.13)
and (4.14) in (4.11)
[(u,a), (v,b)]c = (w,0), (4.15)
where w" and ¢, are exactly the same as w* and ¢,
defined in (4.8) and (4.9), respectively. Therefore, we see that
the bracket defined in (4.10) is indeed the twisted Courant
bracket.

Besides the current algebra, we are interested in the alge-
bra of charges (3.5). The anomalous term is canceled when
integrated. For example, consider the first term in anomaly

/dad&(ub)(a)aob‘(a —0)
= —/d685/da(ub)(a)5(a —0)

= —/d&&(,(ub(&)) =0, (4.16)

since we are working with the closed strings. The other terms
cancel in a similar manner. Integrating the generalized cur-
rents (4.7) over o and ¢ we obtain
{Qcw,a), Qcw,n} = —Qclw,a),wb)lc- (4.17)
We see that the algebra of charges is anomaly free. The rela-
tion (4.17) was firstly obtained in [15] for the general case
of the Hamiltonian formulation of string o-model, in which
momenta and coordinates satisfy the same Poisson bracket
relations as auxiliary currents and coordinates in our theory.

Let us check whether the algebra (4.7) is consistent with
the known results for the Poisson bracket algebra of the cur-
rents jy, [28]

{j£(0), jv(0)} = £2kT 1px"P8(0 — )

@ Springer



571 Page 8 of 12

Eur. Phys. J. C (2020) 80:571

— 2k Byypx'P8(0 — &)

+2cG 8’ (0 — &),
{zn(0), jv(3)} = £2k Ty 1px " 8(0 = &)

— 2k Bypx'P8(0c — a), (4.18)
where I'y 1y = %(8,,Gpu +0,Gyy — 0, G yp) are Christoffel
symbols. If we substitute a;, = £G,,u" and b, = £G V"

for constants u* and v* in (4.7), with the help of (3.8) we
obtain

{(u" jap (), v jau (3)}
= u'v" (=26 By £ k(3,G oy — 8,Grp)) x"P8(c — G)
+ kut v’ (G (0) + Gy (6))58(0 — &)
= ulv” (=2 Buup £ k0, G py + 3,G iy — 8, Gop)) X7 8(0 — 7)
+ 2ku" v G 1 (0)058(0 — &)
= w0 {jap, jeo} (4.19)
The consistency with the second relation in (4.18) can be as
easily obtained.

5 Roytenberg bracket

The Roytenberg bracket appeared as a result of the current
algebra firstly in [12], where the author twisted the Poisson
structure by trading the 2-form B,,,, with the bi-vector I[1#". In
this paper, we firstly calculate the Poisson bracket algebra for
the generalized currents Jg(y,p) (3.12), in order to calculate
the T-dual Poisson structure of the twisted Courant bracket.

While the currents (3.12) have the same form as the cur-
rents giving the Roytenberg bracket in [12], in [12] the
momenta are redefined so that they are equal to the auxil-
iary currents i, (3.2) in our paper. As a result of this dif-
ference, the currents Jg(y,p) and Jc(u,q) are related by self
T-duality, which is not the case for corresponding currents
in [12]. Therefore, we will show that the Courant bracket
twisted by a2-form 2B, is T-dual to the Roytenberg bracket,
obtained by twisting the Courant bracket by a bi-vector k6/*”.
When the fluxes are turned off, both of them reduce to the
untwisted Courant bracket, that is T-dual to itself.

We will start with the algebra of auxiliary currents k"
(3.13). Using (4.1), we obtain

{(k(0), k" (8)} = —k8,0""x"P8(0 — &) — k> (01 3,0"°
—0"7 9,0M°)7,8(0 — ), (5.1)

where 6" is the non-commutativity parameter (2.12). From
(3.13) we express the coordinate in terms of algebra genera-
tors and obtain

k() K (@)} = =k Q I kP8(0 —5) k> R"P 1,8 (0 —5),
(5.2)

@ Springer

where we expressed the structure constants as fluxes

= ,0M,

) RIP = 019 9,6 + 6" 3,071 + 77 3,01

(5.3)

These are the non-geometric fluxes [29]. They were firstly
obtained by applying the Buscher rules [18-21] on the three-
torus with non-trivial Kalb-Ramond field strength (4.3). After
the T-duality transformations are applied along two isometry
directions, one obtains the space that is locally geometric,
but globally non-geometric. The flux for this background
is Q p“ ", After the T-duality transformation is applied along
all directions, one obtains the space that is neither locally,
nor globally geometric, characterized with the R*P flux.
When considering a generalized T-dualization, the R flux is
obtained when performing T-dualization over the arbitrary
coordinate on which the background fields depend [30].

The rest of the generators algebra is calculated in a similar
way

{k"(0), m,(0)} = k8",0,8(0 — &) +k QP mpé(o —05),
{m, (o), my(0)} =0. 54

‘We obtain the Poisson bracket of the most general currents
JR(u,a), using (5.2) and (5.4). It reads

{JRw.a)(0), JRw,b)(0)}
= "o u" —u"9,v")m,8(c — ) — Kle‘Upn“a‘,bpS(n —0)
— k(03,0 ay — vP0ya,0" — 8,070 a,) 1, 8(0 — &)
—K (u”Bpré’”“ +kuld,0""b, — KQ”/’Spu“bv) 7,8(0 — &)
+ (" @by — duby) — v" (uay — dvay)) kH8(o — &)
— ke (aphyd, 67" — 0" Dpauby — dpbuay)) k8o — &)

+ i (4 (0)byu (o) + v"(6)a, (5)) 0:8(0 — &). (5.5)

Using (4.6) and (3.13) we can transform the anomaly in the
following way
Kk ((ub)(0) + (va)(0)) d;8(c — )

= %((ub)(a) + (ub)(0) + (va)(o) + (va)(0))ds8(c — o)

+ %aﬂ(va —ub)(o) (k" — 0" 1p)é (0 — o). (5.6)

Substituting the last equation in (5.5), we obtain
{VRw,a)(0), JRw,b)(0)}
= —Jrw,5(0)é(0 — o)
+3 (Wh)(©) + Wh)(&) + (va) (@)
+(a)(0)) 0,6(c — o), 5.7

where

wht = w9, — v ut + k60" 9,0 a,

— kvPdya,0"" —k Q f*vVa,
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+ kuf9,b,0"" + ku” Qp"“bv — k0P d,utb,

_ g@’“’av(va — ub) + K2 R"Payb,, (5.8)
and
¢ =v"(0uay — dvay) — u”(duby — d,by,)
1
—EBM(Ua —ub) +Kkapb, Q1"
—k0" (3paub, — d,bpa,), (5.9)

where we have substituted Q and R fluxes (5.3). Unlike
the coefficients in the previous case, here both coefficients
depend on backgrounds, due to the presence of fluxes.

As expected, algebra is not closed due to the anomalous
part. This Poisson bracket defines a new bracket
[(u,a), (v,b)]Ig = (W, 0), (5.10)
which is equal to the Roytenberg bracket [11]. In case of

only R and Q flux present in the generators algebra (5.3), the
Roytenberg bracket is given by

[(u,a), (v,b)]r
1
= ([u, vl = [v. @Ml + [, b1, + 5[, Mls(a b, )

- (L,,a — Lub + %d(iub - iva))n,

1

+ Lub— Loa = 5d(iub — iva) — la. bln). .11
where I1 = I1#Y9,0, is the bi-vector. The expression
[TT, I]s(a, b, .) represents the Schouten—Nijenhuis bracket
[31] contracted with two 1-forms and [a, b]g is the Koszul
bracket [32] given by
[a, bln = Lanb — Lpna + d(I1(a, b)). (5.12)
The Koszul bracket is a generalization of the Lie bracket on
the space of differential forms, while the Schouten-Nijenhuis
bracket is a generalization of the Lie bracket on the space of
multi-vectors.

The terms in (5.11) that we have not calculated yet can be
written, using (4.13), as

1 123
<(£va - Lyb+ Ed(iub - iva))n)

= (u”(aubp —d,b,) —v"(dva, — dpay)

1
+59p(ub va)> ly G (5.13)

The Koszul bracket (5.12) can be further transformed in a
following way

la, bInl, = TI?"(bydvay, — aydyby) + 0,11 ayb,, (5.14)

while the remaining terms linear in IT become

([—v, alllg + [u, bII])®
= 0 (0ya, T + )3, T1") + a, 11779, v

— 1’ (3,b, I + b, 3, T1"°) — b, TI? 9, ut.  (5.15)

Lastly, we write the expression for the Schouten-Nijenhuis
bracket for bi-vectors

[T, M]g|*" = egggn““aonﬂy, (5.16)
where
8o 8p 87
egj/;’y’ =|8) 55 bin (5.17)
8 8 8y
Thus, we get
([T, T]s(a, b, NI* =2R"*Pa,b,, (5.18)

where R*'P is the flux defined in (5.3).

Combining the previously obtained terms, we obtain
the expression for the generalized current corresponding to
the Roytenberg bracket twisted by the non-commutativity
parameter as a bi-vector

[(u,a), (v, b)]g = (w, ¢), (5.19)

where w* and c, are equal to w* and ¢, defined in (5.8)
and (5.9), respectively, provided that [T*" = K"V,

Integrating the previous equation over ¢ and o, we see
that charges satisty
{ORw,a)> ORw.b)} = —OR[(.a),(v,b)]r- (5.20)
The bases in which these generalized currents have been
defined are mutually T-dual (2.36). This means that the gen-
eralized currents also transform into each other
Je@w,a)y < JR,b) (5.21)
provided that we swap also coefficients u" < b, a, < v*.
We say that two types of brackets, one obtained by twisting
the Courant bracket by a 2-form 2B,,,, another obtained by
twisting the Courant bracket by a bi-vector I[T*", are mutually
T-dual, as long as the aforementioned 2-form B, is T-dual
to the bi-vector ITH".

In [33] it has been proposed that T-duality can be under-
stood as the isomorphism ¢ between two Courant algebroids
[7,9]. The relations connecting coefficients of two sets of
generalized currents (3.21) can in fact be rewritten as

¢(u,a) = (u — kba,2Bu + (G5 G)a), (5.22)

@ Springer
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which can be interpreted as the isomorphism ¢(u,a) =
(v, b) between two Courant algebroids with the trivial bun-
dles over a point and with the twisted Courant and Royten-
berg brackets as brackets that act on the Cartesian product of
sections of these bundles, as well as the natural inner product
(., .) between generalized vectors, given by

1
((u,a), (v, b)) = E(ub + va). (5.23)

In order for ¢ to be the isomorphism that corresponds to
T-duality, it has to satisfy the following conditions:

(pu,a), (v, b)) = ((u,a), (v, b)),
[, a), (v, D)lc = ¢ ([(u,a), (v, b)]R) .

To prove that the first condition is satisfied, using (5.22), we
obtain

(5.24)

(p(u,a), ¢(v, b))
= ((u —kBa,2Bu + (GEIG)a), (v —k6b,2Bv
+ (G5 G)b))
_ % (ZB,“,u“v” +26(BO) Vvt ay + (G5 G) by
k(G5 G0 bya,
2By, v u” + 2k (BO) Julb, + (G5 G ayv”
—K(Ggla)ﬂvew’aﬂbp)
1 _
= Wby +v"a) ((G5'6)', +2x(0B)",)

= ((u, a), (v, b)), (5.25)

where we have used the fact that B,,, and (GE] GOV are
both antisymmetric, as well as

(G G + 2k (OB = 8-, (5.26)

which is the identity easily obtained from (2.6) and (2.12). As
for the second relation of (5.24), it can be shown by writing
the relation (4.17) for ¢-transformed coefficients

{Ocow.a) Ocow,p)} = —OClow,a),0@,b)c- (5.27)

On the other hand, due t0 Qcyu,a) = OQR,a) the terms

on the right-hand sides of (5.27) and (5.20) are equal. By
equating them, one obtains

OQR((u,a),(0,0)1r = QClpw,a),0(,b)lc- (5.28)

Lastly, using (5.22), we write the above relation in the form

OQCow,a),0,b)1r) = QClpu,a),p®,b)lcs (5.29)

@ Springer

from which the second condition of (5.24) is easily read.

Therefore, we have shown that the relations connecting
two types of generalized currents (5.22) define the isomor-
phism between two Courant algebroids, characterized by
twisted Courant and Roytenberg bracket, that according to
[33] is interpreted as T-duality.

6 Conclusion

In this paper, we used the T-dualization rules (2.10) for coor-
dinates in the Lagrangian approach, and (2.21) for the canon-
ical variables in the Hamiltonian approach. The relation for
T-dual background fields (2.17) stands in both approaches.
These relations between the fields provide correct relations
between the Courant and Roytenberg bracket.

The T-dualization rules we used, correspond exactly to
Buscher’s rules obtained in its original procedure [18-21]
when there is an Abelian group of isometries of coordi-
nates x“ along which one T-dualizes: B(x?) = B(x% 4 b%),
G(x%) = G(x* 4 b*). In the Buscher procedure the sym-
metry is gauged and the new action is obtained. Integrat-
ing out the gauge fields from that action, one obtains the
T-dual Lagrangian. From that, the T-dual transformation law
between the T-dual coordinate o -derivatives and the canoni-
cal momenta of the initial theory can be obtained Ky[/i =7y
This is exactly the relation (2.21) in our paper.

The most interesting case is when we try to perform the T-
dualization along non-isometry directions x¢, such that back-
ground fields do depend on them. Then we should apply the
generalized Buscher’s procedure, developed in [25,34]. In
this case, the expression for the T-dual background fields
(2.17) remain the same but the argument of the T-dual back-
ground fields is not simply the T-dual variable y,. It is
the line integral V' that is a function of the world-sheet
gauge fields v and v®, namely V*[vy, v_] = [, d§%vS =
Jp(dEtv] 4+ dE~v?). The expressions for gauge fields can
be obtained by varying the Lagrangian with respect to gauge
fields and the expression for the argument of background
fields has the form V¢ = —x 0Py, + Ggl“b Yp, Where y, isa
double of T-dual variable y,, which satisfy relations y;a =y,
and §/, = y,. Let us point out that in such case the T-dual
theory becomes locally non-geometric because the argument
of the background fields is the line integral.

For example, in case of the weakly curved background
[25] the initial theory is geometric and T-dual theory is non-
geometric. In the initial theory the generalized current alge-
bra gives rise to the twisted Courant bracket. However, in
the T-dual theory, the presence of double variable y,, makes
the calculation of T-dual current algebra much more com-
plicated. It is hard to believe that such a bracket or its cor-
responding self T-duality version will be equivalent to the
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Roytenberg one. Therefore, in case of non-geometric theo-
ries, one might expect some new form of brackets.

Next, we introduced the T-duality in the same phase space,
that we call self T-duality. It interchanges the momenta and
coordinate o-derivatives, as well as the background fields
with the T-dual ones. The Hamiltonian was expressed in
terms of currents ji, and metric tensor G, as well as
in terms of its T-dual currents Iy and T-dual metric tensor
G o= (GEI)“”. We considered two types of general-
ized currents, Jc,q) and Jr,p), that generalize currents
J+u and I'{ respectively. The suitable basis for the current
Jc(u.q) consists of coordinate o -derivatives x"* and the aux-
iliary currents i, = m, + 2«xByyx"", and for the current
JR(v,p), it consists of momenta 7, and auxiliary currents
k" = kx'* + k601, These bases transform into each other
under the self T-duality (2.36).

In this paper, we obtained two types of brackets, extracted
from the generalized current Poisson bracket algebra. We
have shown that one of them is equal to the twisted Courant
bracket, while the other equals the Roytenberg bracket. The
former can be obtained by twisting the Courant bracket by
a 2-form, in our paper 2B,,,, resulting in the appearance
of H—flux in generators algebra. The latter bracket can be
obtained by twisting the Courant bracket by a bi-vector IT*",
resulting in the appearance of Q— and R—fluxes, but not
H —flux, in generators algebra. Since bases in which gener-
alized currents are defined are mutually T-dual, we conclude
that the brackets are mutually T-dual, when the bi-vector TT#"
equals to the non-commutativity parameter k9",

We find these results important in itself. Both the Courant
and the Roytenberg bracket are well understood mathemat-
ical structures. Relation between them and T-duality has a
potential to help understand the T-duality better. Moreover,
by analyzing characteristics of these brackets we can exam-
ine how certain aspects of the mutually T-dual theories relate
to each other.

Suppose we turn off all the fluxes. That is equivalent to
setting B, = 0 and IT*Y = 0, which reduce the auxiliary
currents to canonical momentum and coordinate o deriva-
tive: i, — m, and k* — kx’*. The generalized currents
now reduce to Jew,a) = utm, + aukx™ and Jrpp) =
v, + kb, x'* Tt is easy to verify that these currents remain
invariant under exchange of momenta and winding numbers,
provided that we also change the coefficients in the particular
way Jow,a) < dukx™ + atm, = Jeg,m. Therefore, we
conclude that these currents are T-dual to themselves. They
give rise to the Courant bracket, the untwisted one, which
does not contain any fluxes.

It is interesting that both charges Qc,q) and Q g(v,») can
be expressed as the self T-dual symmetry generators in the
form

G= /dcr [/, + Apkex™]. (6.1)

It is easy to show that if we define the new gauge param-
eter A, = [N\M + 2B,,&", the generators (6.1) are charges
Oce.n); if we define /4 = £/ + k0"’ A, the generators
are charges Qp (£.K)- Momenta 7, are generators of general
coordinate transformations and x’* generators of local gauge
transformations 83 By, = BMT\V - BUIN\M, while £# and 1~\M
are their corresponding parameters. These generators were
studied in [28], where it was shown that general coordinate
transformations are T-dual to gauge transformations.
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ABSTRACT: We consider the symmetries of a closed bosonic string, starting with the general
coordinate transformations. Their generator takes vector components £ as its parameter
and its Poisson bracket algebra gives rise to the Lie bracket of its parameters. We are going
to extend this generator in order for it to be invariant upon self T-duality, i.e. T-duality
realized in the same phase space. The new generator is a function of a 2D double symmetry
parameter A, that is a direct sum of vector components {#, and 1-form components \,.
The Poisson bracket algebra of a new generator produces the Courant bracket in a same
way that the algebra of the general coordinate transformations produces Lie bracket. In
that sense, the Courant bracket is T-dual invariant extension of the Lie bracket. When
the Kalb-Ramond field is introduced to the model, the generator governing both general
coordinate and local gauge symmetries is constructed. It is no longer self T-dual and its
algebra gives rise to the B-twisted Courant bracket, while in its self T-dual description, the
relevant bracket becomes the #-twisted Courant bracket. Next, we consider the T-duality
and the symmetry parameters that depend on both the initial coordinates x* and T-dual
coordinates y,. The generator of these transformations is defined as an inner product in a
double space and its algebra gives rise to the C-bracket.
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1 Introduction

The Courant bracket [1, 2] and various generalizations obtained by its twisting had been
relevant to the string theory since its appearance in the algebra of generalized currents [3—
6]. It represents the generalization of the Lie bracket on spaces of generalized vectors,
understood as the direct sum of the elements of the tangent bundle and the elements of
the cotangent bundle. Although the Lie bracket satisfies the Jacobi identity, the Courant
bracket does not. Its Jacobiator is equal to the exterior derivative of the Nijenhuis operator.

It is well known that the commutator of two general coordinate transformations along
two vector fields produces another general coordinate transformation along the vector field
equal to their Lie bracket. Since the Courant bracket represents its generalization, it is
worth considering how it is related to symmetries of the bosonic string o-model.

In [7], the field theory defined on the double torus, and its symmetries for restricted
parameters were considered. The double space is seen as a direct sum of the initial and
T-dual phase space, and the background fields depend on both of these coordinates. The
symmetry algebra is closed only for restricted parameters, defined on the same isotropic
space, in which case it gives rise to the C-bracket as the T-dual invariant bracket. The
C-bracket [8, 9] is the bracket that generalizes the Lie bracket on double space.

In this paper, we analyze the general classical bosonic string o-model and algebra of
its symmetries generators, where both the background fields and symmetry parameters
depend only on the coordinates x#. We firstly consider the closed bosonic string moving



in the background characterized solely by the metric tensor. We extend the generator of
the general coordinate transformations so that it becomes invariant upon self T-duality,
understood as T-duality realized in the same phase space [6]. We obtain the Courant
bracket in the Poisson bracket algebra of this extended generator. The Courant bracket is
therefore a self T-dual invariant extension of the Lie bracket.

Furthermore, we consider the bosonic string o-model that includes the antisymmet-
ric Kalb-Ramond field too. The antisymmetric field is introduced by the action of B-
transformation on the generalized metric. We construct the symmetry generator and recog-
nize that it generates both the general coordinate and the local gauge transformations [10].
In this case, the symmetry generator is not invariant upon self T-duality and it gives rise
to the twisted Courant bracket. The matrix that governs this twist is exactly the matrix
of B-shifts.

Next, we consider the self T-dual description of the theory, that we construct in
the analogous manner, this time with the action of #-transformation, T-dual to the B-
transformation. We obtain the bracket governing the generator algebra that turns out to
be the §-twisted Courant bracket, also known as the Roytenberg bracket [4, 11]. The twisted
Courant and Roytenberg brackets had been shown to be related by self T-duality [6].

Lastly, we consider the more conventional T-duality, connecting different phase spaces.
We generalize our results, by demanding that the symmetry parameters depend on both
the initial and T-dual coordinates. We consider the symmetry generator that is a sum
of the generator of general coordinate transformations and its analogous generator in the
T-dual phase space. In this case, additional constraints, similar to the ones in [7-9],
have to be imposed on symmetry parameters, in order for the generator algebra to be
closed. We extend the Poisson bracket relations for both initial and T-dual phase spaces
and obtain the generator algebra, which produces the C-bracket. The C bracket is the
generalization of the Courant bracket when parameters depend on both initial and T-dual
coordinates. The invariance upon T-duality is guaranteed from the way how the bracket
is obtained. If parameters do not depend on T-dual coordinates, C-bracket reduces to the
Courant bracket.

2 Bosonic string moving in the background characterized by the metric
field

Consider the closed bosonic string, moving in the background defined by the coordinate
dependent metric field G, (x), with the Kalb-Ramond field set to zero B, = 0 and the
constant dilaton field ® = const. In the conformal gauge, the Lagrangian density is given
by [12, 13]

K

£=3

naﬁGuV(x)aa:EHaﬁfEV > (2.1)

where 2#(&), p = 0,1,...,D — 1 are coordinates on the D-dimensional space-time, and

n*®, «, B = 0,1 is the worldsheet metric, €' = —1 is the Levi-Civita symbol, and x = ﬁ

with o' being the Regge slope parameter. The Legendre transformation of the Lagrangian



gives the canonical Hamiltonian

1
HC:MW—L:ZfAGﬂWm+gMGW#Q (2.2)

where 7, are canonical momenta conjugate to coordinates x#, given by
oL

= g

The Hamiltonian can be rewritten in the matrix notation
1
2K

= kG (x)T". (2.3)

He XOHMG XN, (2.4)

where XM is a double canonical variable, given by

xM = (”W> , (2.5)

Th

and Gy is the so called generalized metric, that in the absence of the Kalb-Ramond field

GuN = (G(;W (G—Ol);w> . (2.6)

In this paper, we firstly consider the T-duality realized without changing the phase

takes the diagonal form

space, which is called the self T-duality [6]. Two quantities are said to be self T-dual if
they are invariant upon

k't o G o "GP = (GTHM (2.7)

The first part of (2.7) corresponds to the T-duality interchanging the winding and mo-
mentum numbers, which are respectively obtained by integrating xz'* and m, over the
worldsheet space parameter o [14]. The second part of (2.7) corresponds to swapping the
background fields for the T-dual background fields. Our approach gives the same expres-
sion for the T-dual metric as the usual T-dualization procedure obtained by Buscher in the
special case of zero Kalb-Ramond field [15-17].

2.1 Symmetry generator

Let us consider symmetries of the closed bosonic string. The canonical momenta 7, gen-
erate the general coordinate transformations. The generator is given by [10]
2

Gaor(§) = A do&t(z)m, (2.8)

with £ being a symmetry parameter. The general coordinate transformations of the metric
tensor are given by [7, 10]
0¢Guy = LGy (2.9)

where L¢ is the Lie derivative along the vector field £. Its action on the metric field is

LcGhy = Dby + Doy, (2.10)



where D,, are covariant derivatives defined in a usual way

D,ugu = ,ufu - Ffwgpa (2'11)

and I't, = F(GY(0,Gpe + 8,Gop — 05G,p) are Christoffel symbols. It is easy to verify,
using the standard Poisson bracket relations

{z" (o), m, (o)} = 0", 6(c — ), (2.12)
that the Poisson bracket of these generators can be written as

{QGCT(&), QGCT(€2)} = —QGCT([§1,§2]L> , (2.13)

where [£1, 2] is the Lie bracket. The Lie bracket is the commutator of two Lie derivatives

(1, 8]0 = Lebo — Le&1 = Ley (2.14)

which results in another Lie derivative along the vector &5, given by

é’:: 511/ ufg _£2V I/fil‘ (2.15)

Let us now construct the symmetry generator that is related to the generator of general
coordinate transformations by self T-duality (2.7)

27
Gra(A) = ; da)\u(x)ﬁx’“, (2.16)

where )\, is a gauge parameter.
The symmetry parameters {# and ), are vector and 1-form components, respectively.
They can be combined in a double gauge parameter, given by

_ (&
AM = (A) . (2.17)

The double gauge parameter is a generalized vector, defined on the direct sum of elements
of tangent and cotangent bundle. Combining (2.8) and (2.16), we obtain the symmetry
generator that is self T-dual (2.7)

2m 27
G(£,0) = Gaer(€) + Gra(A) = /O da[{“?ru—kx\ulix'“] = /0 do(ATY My n XN, (2.18)

where nyry is the O(D, D) invariant metric [18], given by

NMN = <(1) (1)> . (2.19)

The expression (AT)M nun XY can be recognized as the natural inner product on the space
of generalized vectors
(AMO XNy = (ATYM v XN (2.20)



We are interested in obtaining the algebra of this extended symmetry generator (2.18),
analogous to (2.13). Using the Poisson bracket relations (2.12), we obtain

{066 0). 962 00)} = [ do[mu(es0,60 — 0,60 + ra (0N, — 0] (2:21)
+ / dodar [ My (0)€4(3) + Aou(@)EL ()] D00 — 3)
In order to transform the anomalous part, we note that
9,3(c — &) = %806(0 _5)— %aﬁa(a _5), (2.22)

and

[(3)0,6(c —G) = f(0)0sd(c —G) + f(0)d(0 — 7). (2.23)
Applying the previous two relations to the right hand side of (2.21), one obtains
{g(ﬁl, A1), G(&2, >\2)} =-G(&N), (2.24)
where the resulting gauge parameters are given by
" =10,y — E50uEYT (2.25)
N = & Do — 000) — B DM — Bdn) + Lou(E ke — ).

These relations define the Courant bracket [(£1, A1), (&2, A2)]c = (&, ) [1, 2], allowing us
to rewrite the generator algebra (2.24)

{9(51,/\1)7 9(52,/\2)} =-G <[(51,)\1)7 (52,)\2)}6) : (2.26)

The Courant bracket represents the self T-dual invariant extension of the Lie bracket.
In the coordinate-free notation, the Courant bracket can be written as

(€1, 0), (&, Az)}c = ([60 &z, Ledo — Lehi - %d(i&)@ —ig M) ) s (2.27)

with i¢ being the interior product along the vector field £, and d being the exterior deriva-
tive. The Lie derivative L¢ can be written as their anticommutator

Le =t¢d+ dig . 2.28
§= % 3

The Courant bracket does not satisfy the Jacobi identity. Nevertheless, the Jacobiator
of the Courant bracket is an exact 1-form [20]

(), [l60.20) (6. %0)] | el = oy (do)= 0. (2.20)

However, if one makes the following change of parameters A\, — A, 4+ 0,9, the genera-
tor (2.18) does not change

GEA+0p) =G(E,N) + K ; o'do =GN, (2.30)



since the total derivative integral vanishes for the closed string. Therefore, the deviation
from Jacobi identity contributes to the trivial symmetry, and we say that the symmetry
is reducible.

The theory with the metric tensor was already discussed in [19], where it was proven
that the invariance under both diffeomorphisms and dual diffeomorphisms requires the
introduction of the Kalb-Ramond field. In our approach, if we want to include the T-dual
of the general coordinate transformation in the same theory, we obtain the local gauge
transformation that constitutes a trivial symmetry, since §\G,,, = 0 [7, 10]. Therefore,
it is necessary to include the Kalb-Ramond field, in order to have non-trivial local gauge
transformations, which we do in the next section.

3 Bosonic string moving in the background characterized by the metric
field and the Kalb-Ramond field

In this section, we extend the Hamiltonian so that it includes the antisymmetric Kalb-
Ramond field. It is possible to obtain this Hamiltonian from the transformation of the gen-
eralized metric Gyn (2.6) under the so called B-transformations. The B-transformations
(or B-shifts) [20] are realized by B, where

. 0 0
BM — ) 1
N <2BW 0) (3.1)

As a result of B2 = 0, the full transformation is easily obtained

; 50
()% = <2BW 55) - (3.2)

Its transpose is given by

from which it is easy to verify that
((GB)T)J% NKL (eB)LN =1MN ; (3.4)

meaning they are the elements of the O(D, D) group.
The transformation of generalized metric Gy (2.6) under the B-shifts is given by

Gun — (eP)1) Grq ()% = Huw, (3.5)
where Hjysy is the generalized metric

GE —2B,,,(G~H)rv
_ mz 1P
HMN — (2(G1)upoy (Gfl)/“, ) (36)
and GE is the effective metric perceived by the open strings, given by

v

Gl =Gu —A(BG™'B) . (3.7)



It is straightforward to write the canonical Hamiltonian

N 1

He = %(XT)MHMNXN (3.8)
1

- %WM(G*)WWV +

R

5 x'“GEVx’” — 2x’”Bup(G*1)p”7r,, ,

as well as the Lagrangian in the canonical form

L(i, 2 7) = mit — Ho(a!, ) (3.9)
K

5 w'“Gfo'” + 2$/NB#p(G_1)pV7T,,.

= m,at — ﬂﬂ#(G_l)ij

On the equations of motion for m,, we obtain
7y = KGi” — 26B,2" . (3.10)

Substituting (3.10) into (3.9) we find the well known expression for bosonic string La-
grangian [12, 13|

L(i,z') = ga':“GWj;” = gx'“GWx”’ — 2kiH B2’ = k01 a1, 0_2" (3.11)
1 .
H:I:ul/ = B,ul/ + §Gp,V7 a:l:ﬂfu =gt + 1,‘/‘“ .
It is possible to rewrite the canonical Hamiltonian (3.8) in terms of the generalized

metric G sy, that characterizes background with the metric only tensor. Substituting (3.5)
into (3.8), we obtain

Ho = o (X)) Grer (PR XY =

1

2E(XT)M Gun XV, (3.12)

where

XM _ (63)% XN _ < Kka'P ) _ </<.'/'1"M> 7 (3.13)

Ty + 26B, "

with 4, being the auxiliary current, given by
iy =Ty + 26B (3.14)
The algebra of auxiliary currents i, gives rise to the H-flux [6]
{iu(0),iu(0)} = —26Bp2'Pé(c — 5), (3.15)
where the structural constants are the Kalb-Ramond field strength components, given by

Byuwp = 0uByp + 0 Bpy + 9B - (3.16)



3.1 Symmetry generator

Let us extend the symmetry transformations of the background fields for the theory with
the non-trivial Kalb-Ramond field. The infinitesimal general coordinate transformations
of the background fields are given by

0¢Guy = L¢Ghy, 6¢Buy = LeBuy (3.17)
where the action of the Lie derivative £¢ (2.28) on the Kalb-Ramond field is given by [10]
EiB/w = fpapBW + 8u§pov - avprﬂu ) (3'18)

while its action on the metric field is the same as in (2.10). The local gauge transformations
of the background fields are [10]

NG =0, 03By = 0\, — O\, (3.19)

Rewriting the symmetry generator G(£, A) (2.18) in terms of the basis defined by com-
ponents of XM (3.13), one obtains

A

66 ) = [ do(aT) men XN = [ (AT ()T micn () i X

= /dU(AT)MUMNXN, (3.20)

where (3.4) was used in the last step, and AM is a new double gauge parameter, given by

M B\M AN _ [ O 0 (&) _ &t _ (&
AT = (B NAT = <2BW 5,3) <Ay> B ()\u +ZBW£”> - (X) ‘ (3:21)

We are going to mark the right hand side of (3.20) as a new generator
Gh (e, A) = /da (i + K] (3.22)

which equals the generator (2.18), when the relations between the gauge parameters (3.21)
are satisfied G(£, \ — 2B,,£") = gé(g, A). The expression (3.22) exactly corresponds to
the symmetry generator obtained in [10], where £ are parameters of general coordinate
transformations and j‘u are parameters of local gauge transformations, that respectively
correspond to transformations of the background fields (3.17) and (3.19).

Our goal is to obtain the algebra in the form

> ~

{gé(&, A, 93(52,5\2)} =GB, N, (3.23)
where
Nip = Nip — 2Bu€Y i =1,2; A\, =X\, —2B,¢", (3.24)

due to (3.21). The Poisson bracket between canonical variables (2.12) remains the same
after the introduction of the Kalb-Ramond field. Therefore the results from previous
section, as well as mutual relations between coefficients in different bases can be used to



obtain the algebra (3.23). Firstly, substituting (3.24) into the second equation in (2.25),
one obtains

~ ~ ~ ~ 1 ~ ~
A= & (Odou = Oudar) = & (DA = Oudi) + 50u(E1he — ©A1) (3.25)
+23;wp£1V§§ - QB;W(flpanQV - ggaﬂgly) .

Secondly, substituting the previous equation in (3.21), one obtains
5“ = ‘511/81/65 - 512/81151L s (3-26)
B\ v 1 B\ v B\ N 1 B\ B\ v
)\;4 = fl (au)\2u - a[l,AQV) - §2 (auAlu - 8,u)\ll/) + iaﬁb({l)\Q - 62)\1) + 2Buup§1 55 .

The above relations define the twisted Courant bracket [(£1, A1), (€2, A2)]e, = (£, ) [21].
This is the bracket of the symmetry transformations

{93(51,5\1), 93(52,5\2)} S ({(51,5\1), (52,5\2)}63) ; (3.27)

in the theory defined by both metric and Kalb-Ramond field.
In the coordinate free notation, the twisted Courant bracket is given by

(€802 h)], = (1661 Lo da—Ladi—jdlie ho-igh) +H(E.6.) ) . (329

where H (&1, &2, ) represents the contraction of the H-flux H = dB (3.16) with two gauge
parameters &1 and &. This term is the corollary of the non-commutativity of the auxiliary
currents i, (3.15), due to twisting of the Courant bracket with the Kalb-Ramond field. In
special case when the Kalb-Ramond field B is a closed form dB = 0, the twisted Courant
bracket (3.28) reduces to the Courant bracket (2.27). This can also be seen from the well
known fact that B-shifts (3.2) are symmetries of the Courant bracket when B is a closed
form [20].

4 Courant bracket twisted by 6+

When both the metric and the Kalb-Ramond field are present in the theory, the expressions
for T-dual fields are given by [15]

K
G o= (GZ ), *BM = oM, 4.1
() : (4.1)
where 0"V is the non-commutativity parameter for the string endpoints on a D-brane [22],
given by
2 - _ g
0 = —= (G5 By (G (4.2)

We say that two quantities are self T-dual, if they are invariant under the interchange [6]
0 K, Gy (G5, By ¢ gew. (4.3)

When the Kalb-Ramond field is set to zero B,, = 0, (4.3) reduces to the self T-duality
transformation laws in the background without the B field (2.7).



From the relations (4.3), it is apparent that the introduction of Kalb-Ramond field
breaks down the self T-duality invariance of the symmetry generator (3.22). To find a
new self T-dual invariant generator, we will analogously to the prior construction start
with the background containing only T-dual metric. The Hamiltonian in the metric only
background, similar to (2.2), reads

1
“He = 5-mu(G5)"m + gxl“nyx/V = (XTYM *G XN, (4.4)
where *G sy is the T-dual generalized metric for the above Hamiltonian, given by
GE, 0
*G = M . 4.5

Note that the self T-duality is realized as the joint action of the permutation of the coor-
dinate o-derivatives with the canonical momenta and the swapping all the fields in (2.6)
for their T-duals. This is equivalent to the Buscher’s procedure [15-17], when it is done in
the same phase space.

In order to construct the Hamiltonian in the self T-dual description, we consider
how the T-dual generalized metric (4.5) is transformed with respect to the so called 6-

. 0 KoM 02 *BH
N <0 0 ) (0 0 ) (4.6)

The full exponential ef is given by

; 51 RkOM
()% @ %>, (4.7)

transformations e’, where

and its transpose by

«&%$:<55‘j. (4.8)

—KOMY K
They are elements of the O(D, D) group as well, i.e.
(")) af mex (€)= nmuw - (4.9)

Under (4.7), the T-dual generalized metric (4.5) transforms in the following way

*Gun = (€))7 *Grr(e”)y = "Hun, (4.10)
where . ,
G —2B,,,(G)PY
*Hyn = H e 4.11
un @w*wmy G )’ )
which is exactly equal to the generalized metric (3.6). From it we can write the T-dual
Hamiltonian
1
"He = 5 (XM “Hyn XY (4.12)
1 N
= ooml(GT)m, + S G — 207 B, (G m, = e

~10 -



The canonical Lagrangian is given by

“L(m, i, x) = 7@t — *Ho(a,7) (4.13)
=mat — iﬂ'u(G_l)'uVﬂ'V -

P 2$’“GEV:B'” + 2$'“Bup(G_1)p”7r,,,

from which one easily obtains
7y = KGui” — 26B,2" . (4.14)

We see that the canonical momentum remains the same, which is expected, since the self
T-duality is realized in the same phase space. Substituting (4.14) into (4.13), one obtains

Lk, x) = gj:“Gw,:t” — gx'“GW:L"” — 2ki" By, a’’ = kOpaM L4, 0_a" . (4.15)

It is obvious that both the Hamiltonian and the Lagrangian are invariant under the
self T-duality.

In the same manner as in the previous section, substituting (4.10) into (4.12), we
rewrite the Hamiltonian

*77 1 ) * ) 1 - o
?wziﬁxﬁﬁaﬁﬁw(GKmJﬂNXN:Z?W%mmXN, (4.16)
where
N 5 B Quy v I [ B
XM:@%%XNzé?w A A e L (4.17)
0 4, Ty Ty Ty

and k" is an auxiliary current, given by
k' = ko' 4+ k0" 7T, . (4.18)
The Poisson bracket algebra of these currents is obtained in [6]
{kH(0), k" (0)} = —kQ K é(0 — T) — K2RMPT,6(0 — 7)), (4.19)
where ) and R are non-geometric fluxes [23], given by
Q)" = 0,0M, RHFYP = 019 0,0"P + 0V 0,0PF + 6P 0,01 . (4.20)
We now define a new double gauge parameter

M _ M AN _ [0 KOMY [EV (& ROA\ _ gr
el G- )

A~

The generator (2.18) written in terms of new gauge parameters G(§ — KO\, \) = gé(é, A) is
given by

f@mszﬁ%ﬂﬂwﬂ. (4.22)

~11 -



The auxiliary currents i, (3.14) and k* (4.18) are related by the self T-duality rela-
tions (4.3). Moreover, one easily demonstrates that the self T-dual image of the generator
Gb (3.22) is the generator G? (4.22).

Like in a previous case, we want to obtain the algebra in the form

{0 M), G (6, 20) b = —G"(€ ), (4.23)
where from (4.21) we read the relations between the old and new gauge parameters
Eh =g kN, i =1,2; EF =P — ROV, (4.24)
Combining (4.24), (2.25) and (4.21), one obtains
¥ = §10,8) — E0,8] + (4.25)
O (éi’(auxgp ~0h) — (0N~ 9ph) — GOb(E N - ém))
+RE D (Map0™) — KES DL (Mpb™) + k(A1) B,pEh — (A2 0"7) D€L
+RPRMYP AL A
Au = & (D Aoy — Budan) — &M — uhiv) + %%(&Az — &)
+1077(ApOp Aoy — A2wOpA1y) + KA1pA2 QL7 .

The relations (4.25) define a bracket [(£1, A1), (€2,A2)]e, = (€,A) that is known as the
f-twisted Courant bracket, or Roytenberg bracket. It is related by self T-duality with the
twisted Courant bracket, when the relations between the fields (4.1) hold [6].

In the coordinate free notation, the #-twisted Courant bracket is given by

52

[(517 M), (&2, )\2)}69 =<[£1,£2}L — K[€a, MO]L + K[Er, Aob]L + ?[9, 05 (A1, A2,.)  (4.26)
1 . .
+ K (,652)\1 - ['51 Ao + Qd(lél)\g — Z&)\l)> 0
1. )
Leda— Lo — pilig da — ig M) — A, AQ]Q) ,

where [0, 0]s(\1, A2, .) represents the Schouten-Nijenhuis bracket [24] contracted with two
1-forms, that when having bi-vectors as domain is given by

[0,60]5"7 = et 07%0,677 = 3R, (4.27)
where
Sk 8% o8
et = |0y o5 ok (4.28)
o8, &ty oY

and [A1, A2]g is the Koszul bracket [25] given by
A1, A2lo = Lox, A2 — Loa, A1+ d(0(A1, A2)) - (4.29)

The Koszul bracket is a generalization of the Lie bracket on the space of differential forms,
while the Schouten-Nijenhuis bracket is a generalization of the Lie bracket on the space of
multi-vectors.

- 12 —



5 C-bracket

In this section, we will show how our results can be generalized, so that they give rise to
the C-bracket [8, 9] as the T-dual invariant bracket, in the accordance with [7]. Consider
that T-dual theory is defined in the T-dual phase space, characterized by T-dual coordi-
nates y, and the T-dual momenta *m#. They are related with the initial phase space by
T-duality relations [15]

Ty =~ KY,, *rh o~ k't (5.1)

We can define a double phase space obtained as a sum of two canonical phase spaces. Let
us introduce the double coordinate

as well as the double canonical momentum

Iy = (f;*;) : (5.3)

In this notation, the T-duality laws (5.1) take a form
HM >~ HnMNX/M, (5.4)
where nyry is the O(D, D) metric (2.19).

5.1 DPoisson brackets of canonical variables

The standard Poisson bracket algebra is assumed for both initial and T-dual phase space
{z#(0),m(0)} = d)6(0 =), {yulo),"n"(0)} = 6,6(c — o), (5.5)

with other bracket of canonical variables within the same phase space being zero.

For the remaining Poisson bracket relations, one must use the consistency with T-
duality relations. Firstly, applying the T-dualization along all initial coordinates z*, i.e.
the second relation of (5.1) on the Poisson bracket algebra between coordinates derivatives,
one obtains

{ka' (o), Ky, ()} ~ {*n"(0), Ky, (0)} = Kd}d (0 — 7). (5.6)
Similarly, applying the T-dualization along all T-dual coordinates y,,, i.e. the first relation
of (5.1), one obtains

{ka™ (o), ky, ()} ~ {ka"(0), m,(5)} = K66 (0 — 7). (5.7)

Hence, we conclude
{ra""(0), kyl,(5)} = noLiS' (0 — ). (5.8)

The successive integration along both ¢ and & for the appropriate choice of the integration
constant produces the relation [26]

{kat (o), ky,(0)} = —kdLl(c — ), (5.9)

~13 -



where

6(c) =40 —T<o<T. (5.10)
: o=m7

Secondly, taking into the account T-duality (5.1), the Poisson bracket algebra of mo-
menta is easily transformed into

{mu(0), 7 (0)} = ~{mu(0), 2" (5)} = kL8 (0 — &), (5.11)
when T-dualization is applied along the coordinates y,,, and
{mu(0), 7 (3)} = w{y (@), " (5)} = w343 (0 — &) (5.12)
when it is applied along the coordinates x*. As in the previous case, we obtain
{mu(0), " 7"(6)} = K60/ (0 — 7). (5.13)
In a same manner, it is easy to demonstrate that
{2"(0),*7%(5)} = 0, {yu(0), m, (@)} = 0. (5.14)
In a double space, the above relations can be simply written as
{HXM(U), mXN(é)} = —kn™N9(c —5), {y(0), 1IN ()} = knund' (0 —F). (5.15)

5.2 Generator in double space

Now let us extend the generator of general coordinate transformations, so that it includes
the T-dual version of that generator

G = [ doG(eN) = [ dofe(wy)m+ Mty ] (5.16)

where the symmetry parameters £ and A depend on both initial coordinates x* and
T-dual coordinates y,. The generator G(£, \) can be rewritten in terms of double canonical
variables as

GA) = AM(z,y)nunIlY = Gy = (ATD), (5.17)
where
Moy 81 (@ yu)
AM(x) = (Au (W’yu)). (5.18)

This generator is manifestly O(D, D) invariant.
We are interested in the algebra of the form

(G(M), G(Aa)} = —G(A). (5.19)

To obtain it, it is convenient to introduces double derivative

_ (Ow _ 9 a9
ou = (5#) <8u = g ot = ayu> ; (5.20)
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so that the following Poisson bracket relations can be written
_ _ _ 1 _
{AY(0),TIn(5)} = OnAMo(0 — ), {AM (0), AN (3) } = —— 0"V opAY (0 ~a). (5.21)

The second relation makes the situation more complicated, since it would result in the
symmetry algebra not closing on another generator. However, in the accordance with [7, 9],
we can consider restricted parameters on isotropic spaces, for which A = n®’ QapaQ = 8Q8Q
anihilates all gauge parameters, as well as their products. Therefore, we write

A (AMTAY) = AMTAY + 200A1T09AY + AV ANY =0, (5.22)
from which one obtains
dgAO9AY =0, (5.23)

Substituting (5.23) into (5.21), we obtain
{AY(0), AV (@)} = 0. (5.24)

We see that the restriction of gauge parameters to isotropic spaces is necessary for the
algebra of generator (5.16) to be closed.

Now we are ready to calculate the algebra. Using the second relation of (5.15), the
first relation of (5.21), and (5.24), we have

{G0,(0), 00, (@)} = = (AYOn A — AYONAL ) TTsd(0 — &) + k(A1 (0), A2(3))d (0 — 7).
(5.25)
Using (2.23), the anomalous term can be rewritten as

k{A1(0),A2(7))0' (0 — &) = k{A1(0),A2(0))d' (0 — &) + k{A1(0), Ay(0))d(0 —T), (5.26)
which with the help of (2.22) can be further transformed into

A(A1(0), 42(9))0' (0 = &) = = (A1, A%) — (A}, A2)) 3o — &)
+ 5 (A1, 42)(0) + (A1, 42)(2)) ' (0 = 7). (5.27)

where the dependence of o has been omitted, where all terms depend solely on it.

Next, we write

KA = g X'NoyAM | (5.28)

and with the help of (5.4)
A™M ~ pNEITponAM (5.29)

The full anomalous term can now be written as

_ 1 _
R(A1(0), A2(0))8' (0 = 5) = Fnpe ™™ (APONAS — AT ONAT ) TTard(0 — )

+ 5 (A1 29)(0) + (A1, A2)(0) ) ' (0 = ). (5.30)
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The second line of the previous equation disappears after the integration with respect to
o and 0.
Consequently,

{Ga,(0),Gr,(5)} = —[A{V ONAY — AY oA (5.31)

1
g™ (APonAT — AgaNA?)] 0(c — 7).

We recognize that we can write the relation (5.19) as
{G(A), G(A9)} = =G([A1, Adle) (5:32)
where [A1, As]c is the C-bracket, given by

(A1, Ag)c™ = ANONAY — AY On A — % (A{VaMAgN - AévaMAlN) : (5.33)

The C-bracket was firstly obtained in [8, 9] as the generalization of the Lie derivative in

the double space. For *n* = 0, and y = 0 the double phase space reduces to the initial

one, while the generator (5.17) reduces to the generator of general coordinate transforma-
tions (2.8), which gives rise to the Lie bracket.

We could have obtained C-bracket within the framework of self T-duality as well, by

demanding that the parameters depend on both z and y, substituting *7# = kz/* in (5.17)

G(&,N) = &Mz, y)mu + kA, y)z™. (5.34)

If we additionally demand that the symmetry parameters do not depend on the T-dual
coordinates y,,, this generator turns out to be exactly the Courant bracket generator (3.20).
It is in the accordance with [7] that the C-bracket reduces to the Courant bracket, in case
when there is no dependence on y.

6 Conclusion

In this paper, we firstly considered the bosonic string moving in the background defined
solely by the metric tensor, in which the generalized metric G;n has a simple diagonal
form (2.6). The general coordinate transformations are generated by canonical momenta
7., parametrised with vector components £#. We have extended this generator, so that it is
self T-dual, adding the symmetry generated by coordinate o-derivative 2’#, that are T-dual
to the canonical momenta 7, (2.7). The extended generator of both of these symmetries is
a function of a double gauge parameter AM (2.17). The latter is a generalized vector, i.e.
an element of a space obtained from a direct sum of vectors and 1-forms. The symmetry
generator G(A) = G(&, A) of both of aforementioned symmetries was expressed as the
standard O(D, D) inner product of two generalized vectors (2.18). The Poisson bracket
between the extended generators G(A;) and G(Az) resulted up to a sign in the generator
G(A), with its argument being equal to the Courant bracket of the double gauge parameters
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A = [A1, As]e. As this is analogous to an appearance of the Lie bracket in the algebra of
general coordinate transformations generators, we concluded that the Courant bracket is
the self T-dual extension of the Lie bracket.

Afterwards, we added the Kalb-Ramond field B,,, to the background, transforming the
diagonal generalized metric G;n acting by the B-transformation B (3.2). The standard
generalized metric for bosonic string Hysn was obtained (3.6), as well as the well known
expressions for the Hamiltonian (3.8) and the Lagrangian (3.11). We noted that it is
possible to express the Hamiltonian in terms of the diagonal generalized metric Gy, on
the expense of transforming the double canonical variable X by the B-shift. This newly
obtained canonical variable X was suitable for rewriting the symmetry generator G as QB ,
which is no longer self T-dual. This is the generator of both general coordinate, and local
gauge transformations. The Poisson bracket algebra of this new generator was calculated
and as an argument of the resulting generator the Courant bracket twisted by the Kalb-
Ramond field was obtained. It deviates from the Courant bracket by the term related to
the H-flux, which is the term that breaks down the self T-duality invariance.

We considered the self T-dual description of the bosonic string o-model. Analogously
as in the first description, the complete Hamiltonian was constructed starting from the
background characterized only by the T-dual metric *G* = (G;JI)‘“’ . We applied the
f-transformations ¢ (4.7), T-dual to B-shifts, and obtained the same canonical Hamilto-
nian. Similarly to the previous case, the action of f-transformation on the double canonical
variable was chosen for an appropriate basis. In this basis, the symmetry generator de-
pendent upon some new gauge parameters was constructed and its algebra gave rise to the
f-twisted Courant bracket. This bracket is characterized by the presence of terms related
to non-geometric @) and R fluxes.

It would be interesting to obtain the bracket that includes all of the fluxes, while
remaining invariant upon the self T-duality. The natural candidate for this is the Courant
bracket twisted by both the Kalb-Ramond field and the non-commutativity parameter.

This could be done by the matrix e, where

o PO 0 kOH
B g B frg . .1
n (m ! ) 6.1)

This transformation is not trivial, as the square of the matrix B is not zero. Nevertheless,
the transformation is also an element of the O(D, D) group, and it remains an interesting
idea for future research [27].

Lastly, we considered the symmetry generator in the double phase space that is a sum
of the initial and T-dual phase space. The generator of general coordinate transformations
is extended so that it includes the analogous generator in the T-dual phase space, generated
by T-dual momenta *7#. Both symmetry parameters were taken to depend on both the
initial and T-dual coordinates, in which case the C-bracket is obtained as the bracket of
the algebra of those generators. The C bracket has already been established as the T-
dual invariant bracket [7-9], from the gauge algebra in the double space. We obtain its
Poisson bracket representation, using the T-duality relations between canonical variables
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of different, mutually T-dual, phase spaces. These T-duality relations gave rise to the non-
trivial Poisson bracket between the initial and T-dual momenta, which makes a crucial step
in obtaining C-bracket.

We conclude that both Courant and C-bracket are T-dual invariant extension of the
Lie bracket. The former is their extension in the initial phase space, that governs both
the local gauge and general coordinate transformations. The latter is the extension of Lie
bracket in the double phase space, that is a direct sum of the initial and T-dual phase
space. Though the algebra of the generators that gives rise to the Courant bracket always
closes, the algebra of generators in a double phase space that produces C-bracket only
closes on a restricted parameters on an isotropic space. If all variables are independent
of T-dual coordinates y,, the C-bracket reduces to the Courant bracket, which confirms
results from our paper.
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Abstract We obtain the Courant bracket twisted simulta-
neously by a 2-form B and a bi-vector 6 by calculating the
Poisson bracket algebra of the symmetry generator in the
basis obtained acting with the relevant twisting matrix. It is
the extension of the Courant bracket that contains well known
Schouten—Nijenhuis and Koszul bracket, as well as some new
star brackets. We give interpretation to the star brackets as
projections on isotropic subspaces.

1 Introduction

The Courant bracket [1,2] represents the generalization of
the Lie bracket on spaces of generalized vectors, understood
as the direct sum of the elements of the tangent bundle and
the elements of the cotangent bundle. It was obtained in the
algebra of generalized currents firstly in [3]. Generalized cur-
rents are arbitrary functionals of the fields, parametrized by
a pair of vector field and covector field on the target space.
Although the Lie bracket satisfies the Jacobi identity, the
Courant bracket does not.

In bosonic string theory, the Courant bracket is govern-
ing both local gauge and general coordinate transformations,
invariant upon T-duality [4,5]. It is a special case of the more
general C-bracket [6,7]. The C-bracket is obtained as the
T-dual invariant bracket of the symmetry generator algebra,
when the symmetry parameters depend both on the initial and
T-dual coordinates. It reduces to the Courant bracket once
when parameters depend solely on the coordinates from the
initial theory.

It is possible to obtain the twisted Courant bracket, when
the self T-dual generator algebra is considered in the basis

Work supported in part by the Serbian Ministry of Education and
Science, under Contract no. 171031.

2e-mail: ljubica@ipb.ac.rs
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obtained from the action of the appropriate O (D, D) trans-
formation [8]. The Courant bracket is usually twisted by a
2-form B, giving rise to what is known as the twisted Courant
bracket [9], and by a bi-vector 6, giving rise to the 6-twisted
Courant bracket [10]. In [3,8,11,12], the former bracket was
obtained in the generalized currents algebra, and it was shown
to be related to the latter by self T-duality [13], when the T-
dual of the B field is the bi-vector 6.

The B-twisted Courant bracket contains H flux, while the
0-twisted Courant bracket contains non-geometric Q and R
fluxes. The fluxes are known to play a crucial role in the
compactification of additional dimensions in string theory
[14]. Non-geometric fluxes can be used to stabilize moduli. In
this paper, we are interested in obtaining the Poisson bracket
representation of the twisted Courant brackets that contain
all fluxes from the generators algebra. Though it is possible
to obtain various twists of the C-bracket as well [15], we do
not deal with them in this paper.

The realization of all fluxes using the generalized geom-
etry was already considered, see [16] for a comprehensive
review. In [17], one considers the generalized tetrads origi-
nating from the generalized metric of the string Hamiltonian.
As the Lie algebra of tetrads originating from the initial met-
ric defines the geometric flux, it is suggested that all the
other fluxes can be extracted from the Courant bracket of
the generalized tetrads. Different examples of O(D, D) and
O(D) x O(D) transformations of generalized tetrads lead
to the Courant bracket algebras with different fluxes as its
structure constants.

In [18], one considers the standard Lie algebroid defined
with the Lie bracket and the identity map as an anchor on the
tangent bundle, as well as the Lie algebroid with the Koszul
bracket and the bi-vector 6 as an anchor on the cotangent
bundle. The tetrad basis in these Lie algebroids is suitable
for defining the geometric f and non-geometric Q fluxes.
It was shown that by twisting both of these Lie algebroids
by H-flux one can construct the Courant algebroid, which
gives rise to all of the fluxes in the Courant bracket algebra.

@ Springer
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Unlike previous approaches where generalized fluxes were
defined using the Courant bracket algebra, in a current paper
we obtain them in the Poisson bracket algebra of the sym-
metry generator.

Firstly, we consider the symmetry generator of local gauge
and global coordinate transformations, defined as a standard
inner product in the generalized tangent bundle of a dou-
ble gauge parameter and a double canonical variable. The
O (D, D) group transforms the double canonical variable
into some other basis, in terms of which the symmetry gen-
erator can be expressed. We demonstrate how the Poisson
bracket algebra of this generator can be used to obtain twist
of the Courant bracket by any such transformation. We give a
brief summary of how e? and ¢ produce respectively the B-
twisted and 6-twisted Courant bracket in the Poisson bracket
algebra of generators [8]. ]

Secondly, we consider the matrix ¢? used for twisting the
Courant bracket simultaneously by a 2-form and a bi-vector.
The argument B is defined simply as a sum of the arguments
B and 6. Unlike B or 6, the square of B is not zero. The
full Taylor series gives rise to the hyperbolic functions of the
parameter depending on the contraction of the 2-form with
the bi-vector &, = 2k0"” B,,. We represent the symme-
try generator in the basis obtained acting with the twisting
matrix e? on the double canonical variable. This generator is
manifestly self T-dual and its algebra closes on the Courant
bracket twisted by both B and 6.

Instead of computing the B — 6 twisted Courant bracket
directly, we introduce the change of basis in which we define
some auxiliary generators, in order to simplify the calcula-
tions. This change of basis is also realized by the action of
an element of the O (D, D) group. The structure constants
appearing in the Poisson bracket algebra have exactly the
same form as the generalized fluxes obtained in other papers
[16—18]. The expressions for fluxes is given in terms of new
auxiliary fields B and 6, both being the function of o”*.

The algebra of these new auxiliary generators closes on
another bracket, that we call C-twisted Courant bracket. We
obtain its full Poisson bracket representation, and express
it in terms of generalized fluxes. We proceed with rewrit-
ing it in the coordinate free notation, where many terms are
recognized as the well known brackets, such as the Koszul
or Schouten—Nijenhuis bracket, but some new brackets, that
we call star brackets, also appear. These star brackets as a
domain take the direct sum of tangent and cotangent bun-
dle, and as a result give the graph of the bi-vector 6 in the
cotangent bundle, i.e. the sub-bundle for which the vector
and 1-form components are related as £ = k6 1,. We
show that they can be defined in terms of the projections on
isotropic subspaces acting on different twists of the Courant
bracket.
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Lastly, we return to the previous basis and obtain the full
expression for the Courant bracket twisted by both B and 6.
It has a similar form as C-twisted Courant bracket, but in this
case the other brackets contained within it are also twisted.
The Courant bracket twisted by both B and 6 and the one
twisted by C are directly related by a O(D, D) transforma-
tion represented with the block diagonal matrix.

2 The bosonic string essentials

The canonical Hamiltonian for closed bosonic string, moving
in the D-dimensional space-time with background charac-
terized by the metric field G, and the antisymmetric Kalb—
Ramond field By, is given by [19,20]

1
He = —m, (G}
¢ ZKTFM(

—2x"" B, (G,

YW, + %x’“Gﬁvx’”
2.1)

where 7, are canonical momenta conjugate to coordinates
x*, and

GE =Gy —4BG™'B),,

v

2.2)

is the effective metric. The Hamiltonian can be rewritten in
the matrix notation

1
He = - (XY Hyn x¥, 23)
2k
where XM is a double canonical variable given by
7z
xM = (” ) , 2.4)
Tu
and Hyy is the so called generalized metric, given by
Gh, —2B,,(G~Hrv
H 1o 2.
= <2<G Warg,, Gy ) 2

with M, N € {0, 1}. In the context of generalized geometry
[21], the double canonical variable X" represents the gen-
eralized vector. The generalized vectors are 2D structures
that combine both vector and 1-form components in a single
entity.

The standard T-duality [22,23] laws for background fields
have been obtained by Buscher [24]

G = (G, *BMY = 39“”, 2.6)
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where (Ggl)/“’ is the inverse of the effective metric (2.2),
and OV is the non-commutativity parameter, given by

2
01’ = — (G5 )" Bpe (G™H7. 2.7)

K
The T-duality can be realized without changing the phase
space, which is called the self T-duality [13]. It has the
same transformation rules for the background fields like T-
duality (2.6), with additionally interchanging the coordinate
o-derivatives kx"* with canonical momenta
kx™ =, (2.8)
Since momenta and winding numbers correspond to o inte-
gral of respectively 7, and kx"*, we see that the self T-
duality, just like the standard T-duality, swaps momenta and
winding numbers.

2.1 Symmetry generator

We consider the symmetry generator that at the same time
governs the general coordinate transformations, parametrized
by £/, and the local gauge transformations, parametrized by
Ay- The generator is given by [25]

21 2
G(E. 1) = f doG(&. 1) = f do &, + dex™].
0 0
2.9)

It has been shown that the general coordinate transformations
and the local gauge transformations are related by self T-
duality [25], meaning that this generator is self T-dual. If one
makes the following change of parameters A,, — A, + 9,9,
the generator (2.9) does not change

27
G(E, A+ 3p) = G(E, 1) +K/ ¢do = G(€, 1), (2.10)
0

since the total derivative integral vanishes for the closed
string. Therefore, the symmetry is reducible.

Let us introduce the double gauge parameter AM | as the
generalized vector, given by

m_ (&
w=(3):

where £/ represent the vector components, and A, represent
the 1-form components. The space of generalized vectors is
endowed with the natural inner product

@2.11)

(A1, A2y = (ADMpun ALY & (51, 1), (B2, 12))

= ig o +igh = & Aoy + 8 Ay, (2.12)

where i¢ is the interior product along the vector field &, and
nmny is O(D, D) metric, given by

01
NMN = <1 O)' (2.13)
Now it is possible to rewrite the generator (2.9) as
G(A) = /da(A, X). (2.14)

In [8], the Poisson bracket algebra of generator (2.9) was
obtained in the form

[can, 6o} =—6(1a1, Azle), 2.15)

where the standard Poisson bracket relations between coor-
dinates and canonical momenta were assumed
{x*(0), my(6)} = 81 8(0 — 7). (2.16)

The bracket [A1, Az]c is the Courant bracket [1], defined by

(A Azle = A & [, 4D, (52, 22)]c = (5, 2),  (2.17)

where

B =008 — 5 g,

and

Do = EV (o — Buhan) — EY (ki — Buhiy)
+%aﬂ(glxz — &A1) (2.18)

It is the generalization of the Lie bracket on spaces of gener-
alized vectors.

3 O(D, D) group

Consider the orthogonal transformation O, i.e. the transfor-
mation that preserves the inner product (2.12)

(OA1, OA2) = (A1, A2) & (OADT n(OA2) = AT 1 As,
(3.19)

which is satisfied for the condition

o no=n. (3.20)
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There is a solution for the above equation in the form O = e,
see Sec. 2.1 of [21], where

A 0
=)

with6 : T"M — TM and B : TM — T*M being anti-
symmetric, and A : TM — T M being the endomorphism.
In general case, B and 6 can be independent for O to satisfy
condition (3.20).

Consider now the action of some element of O(D, D) on
the double coordinate X (2.4) and the double gauge parameter
A (2.11)

(3.21)

XM =M xN AM = oM AN, (3.22)

and note that the relation (2.15) can be written as

[ dofiar 0. a2 30) = = [ dotinr, aste. x),
(3.23)

and using (3.19) and (3.22) as

/do{uh,fm (ha X)) = —/da<[A1,A21c,X>

—/dd([j\l, Adley, X),
(3.24)

where we expressed the right hand side in terms of some new
bracket [A1, Az]c,. Moreover, using (3.19) and (3.22), the
right hand side of (3.23) can be written as

(A1, Adde, X) = ([O7'Ay, 071 As)e, O71X)

= (O[07'A1, 07 Az)e, X). (3.25)

Using (3.24) and (3.25), one obtains

[A1, Azle, =O[O07 AL, O Asle=eT[e"T Ay, e T Adle.

(3.26)

This is a definition of a 7 -twisted Courant bracket. Through-
out this paper, we use the notation where [, ]¢ is the Courant
bracket, while when C has an additional index, it represents
the twist of the Courant bracket by the indexed field, e.g.
[, I¢, is the Courant bracket twisted by B.

In a special case, when A = 0, 6 = 0, the bracket (3.26)
becomes the Courant bracket twisted by a 2-form B [9]

[A1, Adle, = ePle B AL, e B Asle, (3.27)
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where e? is the twisting matrix, given by

- Y0\« 0 0
B _ v M _
¢ _<23,w 5;)’ BN‘(sz 0)'

This bracket has been obtained in the algebra of generalized
currents [11,13].

In case of A = 0, B = 0, the bracket (3.26) becomes the
Courant bracket twisted by a bi-vector 0

(3.28)

[A1 Adle, = e At e Adle (3.29)
where ¢? is the twisting matrix, given by

5 8t ko A 0 xOH*Y

0 _ [Ov M _
e_<0 6;)’9N_(0 0). (3.30)

The B-twisted Courant bracket (3.27) and 6-twisted Courant
bracket (3.29) are related by self T-duality [13]. It is easy to
demonstrate that both ® and e’ satisfy the condition (3.20).

We can now deduce a simple algorithm for finding the
Courant bracket twisted by an arbitrary O (D, D) transfor-
mation. One rewrites the double symmetry generator G (€, A)
in the basis obtained by the action of the matrix e’ on the
double coordinate (2.4). Then, the Poisson bracket algebra
between these generators gives rise to the appropriate twist
of the Courant bracket. In this paper, we apply this algorithm
to obtain the Courant bracket twisted by both B and 6.

4 Twisting matrix

The transformations e? and ¢? do not commute. That is why
we define the transformations that simultaneously twists the

Courant bracket by B and 9 as eB where

o AA 0 ko™
B_B+9—<ZBMV 0 )

The Courant bracket twisted at the same time both by a 2-
form B and by a bi-vector 6 is given by

“.n

[A1, Adley, = ePle B A1, e B Aslc. 4.2)

The full expression for e? can be obtained from the well
known Taylor series expansion of exponential function

B =32 (4.3)
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The square of the matrix Bis easily obtained

o (kOB 0
B _2< 0 K(BG)M” , 4.4)
as well as its cube
y 0 K20 BOY

3 _
B =2 <2K(BQB)W 0 . 4.5)
The higher degree of B are given by
5 @)’ 0 )
B = : 4.6

< 0 ((OtT)”); (4.6)

for even degrees, and for odd degrees by
- 0 Kk (a"O)*rY

2n+1 __
B = <2(Ba"),w 0 ) , ()
where we have marked
all =2k0"°B,,. 4.8)

Substituting (4.6) and (4.7) into (4.3), we obtain the twisting
matrix
n /"l’ n l’(/
. (Tosm),  «(Zowim) o
e = P Tyn\ VY
n ( )
(S wim), (20 &),

(4.9)

Taking into the account the Taylor’s expansion of hyperbolic
functions

00 2k 00 x 2k+1
cosh(x) = o sinh(x) = Tt (4.10)
n=0 n=0

the twisting matrix (4.9) can be rewritten as

. Clt ICS” QPrv
B — v 4 , 4.11
¢ <2BW,S"V (CT);> @10

. n I
with S, = (%) and C, = (cosh ﬁ) . Its deter-
v v

minant is given by

det(e?) = "B =1, (4.12)
and the straightforward calculations show that its inverse is
given by

e—é — < ch _KS%QPV>

2B, (€ (4.13)

One easily obtains the relation

)T pef =, (4.14)

therefore the transformation (4.11) is indeed an element of
O(D, D).

It is worth pointing out characteristics of the matrix o).
It is easy to show that /,6”" = 6 (a”) )} and B, =
() ,f B, which is further generalized to

(flanhor” =60 (f@),), Bup(f (@),
= (f@"))/Bp,
for any analytical function f («). Moreover, the well known

hyperbolic identity cosh(x)? — sinh(x)?> = 1 can also be
expressed in terms of newly defined tensors

(4.15)

CHE — (S, = 8. (4.16)
Lastly, the self T-duality relates the matrix « to its transpose
a = o, due to (2.6). Consequently, we write the following
self T-duality relations

cxzcl, s=st. (4.17)

5 Symmetry generator in an appropriate basis

The direct computation of the b}racket (4.2) would be difficult,
given the form of the matrix eB . Therefore, we use the indi-
rect computation of the bracket, by computing the Poisson
bracket algebra of the symmetry generator (2.9), rewritten in
the appropriate basis. As elaborated at the end of the Chapter
3, this basis is obtained by the action of the matrix (4.11) on
the double coordinate (2.4)

. ” Az

XM = (5™ xN = <]f ) (5.18)
"

where

k* = kCH X" + k(SO

lw =2(BS)x™ + (") /7y, (5.19)

are new currents. Applying (2.6), (2.8) and (4.17) to currents
k" and i, we obtain [, and k" respectively, meaning that
these currents are directly related by self T-duality. Multi-
plying the Eq. (5.18) with the matrix (4.13), we obtain the
relations inverse to (5.19)

Kkx'* = C‘f)l;v — k(SOH*T,,

T = —2(BS)wk” + (C") 1, (5.20)
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Applying the transformation (4.11) to a double gauge param-
eter (2.11), we obtain new gauge parameters

s (EMN _ pom v ChEV +K(SOHA,
A= (i,) =@ AT = (2(38%5” + (cmm)'
(5.21)

The symmetry generator (2.9) rewritten in anew basis G (C&+
kSO, 2(BS)E +CT 1) = G(E, M) is given by

Substituting (5.18) and (5.21) into (5.22), the symmetry gen-
erator in the initial canonical basis (2.9) is obtained. Due
to mutual self T-duality between basis currents (5.19), this
generator is invariant upon self T-duality.

Rewriting the Eq. (2.15) in terms of new gauge parameters
(5.21) in the basis of auxiliary currents (5.19), the Courant
bracket twisted by both a 2-form B, and by a bi-vector 6"
is obtained in the new generator (5.22) algebra

{6, 6Ao} ==G(1A1, Azley, ) (5.23)

5.1 Auxiliary generator

Let us define a new auxiliary basis, so that both the matri-
ces C and S are absorbed in some new fields, giving rise to
the generator algebra that is much more readable. When the
algebra in this basis is obtained, simple change of variables
back to the initial ones will provide us with the bracket in
need.

Multiplying the second equation of (5.19) with the matrix
C~1, we obtain

L€YY, =+ 2(BSCT 1) x", (5.24)
where we have used (BS)Up(C_l)”M = —(BSC_I)W =
(BSC_I)W), due to tensor BS being antisymmetric, and
properties (4.15). We will mark the result as a new auxil-
iary current, given by

L =7 + 26 Byyx”, (5.25)
where B is an auxiliary B-field, given by
B, = B,,S”.(C™H7. (5.26)

On the other hand, multiplying the first equation of (5.19)
with the matrix C, we obtain

CrE” = (CH" kx4 k(CSO* . (5.27)
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Substituting (4.16) in the previous equation, and keeping in
mind that C, S and & commute (4.15), we obtain

CrE" = kcx™ + 1 (CSO)P” (1w, + 26 (BSC™ 1) 6 x7). (5.28)

Using (5.25), the results are marked as a new auxiliary current

B = kex™ 4 k6™, (5.29)
where 6 is given by
o1 = CHSh oY, (5.30)

There is no explicit dependence on either C nor S in rede-
fined auxiliary currents, rather only on canonical variables
and new background fields. From (5.29), it is easy to express
the coordinate o -derivative in the basis of new auxiliary cur-
rents
ex = k" — kb, (5.31)

The first equation of (5.19) could have been multiplied
with C, instead of C~!, given that the latter would also pro-
duce a current that would not explicitly depend on C. How-
ever, the expression for coordinate o -derivative «x* would
explicitly depend on C? in that case, while with our choice
of basis it does not (5.31).

Substituting (5.24) and (5.28) in the expression for the
generator (5.22), we obtain

GE L) = /da[iu(c”)“vé” +§“(CT);2U], (5.32)

from which it is easily seen that the generator (5.22) is equal
to an auxiliary generator

G(h) = / do(X.R) & GE ) = / do[f, R + 814,

provided that

. En e v 1 . .
AM = <)°\'M> ’ )‘4;,L = )‘*U(C 1) we Elt = Clt)s ’ (534)

and
o (F
iy )

Once that the algebra of (5.33) is known, the algebra of gen-
erator (5.22) can be easily obtained using (5.34).

(5.35)



Eur. Phys. J. C (2021) 81:685

Page 70f 15 685

The change of basis to the one suitable for the auxiliary
generator (5.33) corresponds to the transformation

o' 0
A“fv:(()

SM_ oM XN vM_ M 3N
0 ((C_l)T)J>,A =AM KN, XM =AM XN

(5.36)
that can be rewritten as
XM = (ABHYM XV AM = (AeB)M AN, (5.37)
where (5.18) and (5.21) were used. It is easy to show that

the transformation AAI’IV, and consequentially (AeB )M , 18 the
element of O(D, D) group

ATy A =1, (Ae)T 3 (AeB) =, (5.38)
which means that there is C, for which [21]
€ = AP, (5.39)

The generator (5.33) gives rise to algebra that closes on C-
twisted Courant bracket

{6hn. 6An} =—6(1hr Aale, ), (5:40)
where the C-twisted Courant bracket is defined by
(A1, Asle, = eCle €Ay, e € Asle. (5.41)

C

In the next chapter, we will obtain this bracket by direct com-
putation of the generators Poisson bracket algebra.

Lastly, let us briefly comment on reducibility conditions
for the C-twisted Courant bracket. Since we are working
with the closed strings, the total derivatives vanishes when
integrated out over the worldsheet. Using (5.31), we obtain

/dma/:/dcr/(x/ﬂawp:/dcr(lzﬂau(p —I—Kfué‘“’av(p) =0,
(5.42)

for any parameter A. Hence, the generator (5.33) remains
invariant under the following change of parameters

EM s BN L1M7 8,0, Ay — Ay 40 (5.43)

These are reducibility conditions (2.10) in the basis spanned
by k* and i,.

6 Courant bracket twisted by ¢ from the generator
algebra

In order to obtain the Poisson bracket algebra for the genera-
tor (5.33), let us firstly calculate the algebra of basis vectors,
using the standard Poisson bracket relations (2.16). The aux-
iliary currents {,, algebra is

{i0(0). 1,(3)} = 2B pkP8(c — &) — F .y 1,8(0 — &),

6.1)
where B?Wp is the generalized H-flux, given by
Buvp = 3uBup + 8B,y + 8, B, (6.2)
and F, [ZU is the generalized f-flux, given by
Fh = —2kBye b 6.3)

The algebra of currents e is given by

(k" (0), k" (3)} ==Kk Q[ Vk 8 (0 — 5)—k*RIP1,8(0 — &),

6.4)
where
O = 0 + 2l Bye, O =,0%  (6.5)
and
RIW = RIVP 4 270007 B
R = 17 5,6"° + 677 950PH + 6P 95017, (6.6)

The terms in (6.4) containing both 6 and B are the conse-
quence of non-commutativity of auxiliary currents I,,. The
remaining algebra of currents k* and i, can be as easily
obtained

{in(0). k" ()} = k8),8' (0 — &)
+F )y kPs(o — ) —k Q" 1,8(0 — ).
6.7)

The basic algebra relations can be summarized in a sin-
gle algebra relation where the structure constants contain all
generalized fluxes

(XM XNy = —FMN XPs(o —5)+xnN§ (0 —5), (6.8)
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with

PMNp _ <K27:3“W’ _KOQ"VMP>
Q" FhH )
FMN | — (" Q" Fup ) . (6.9)
—F . 2Buup
The form of the generalized fluxes is the same as the ones
already obtained using the tetrad formalism [16—18]. In our
approach, the generalized fluxes are obtained in the Pois-
son bracket algebra, only from the fact that the generalized
canonical variable X is transformed with an element of the
O (D, D) group that twists the Courant bracket both by B
and 6 at the same time. Consequentially, the fluxes obtained
in this paper are functions of some new effective fields, éuv
(5.26) and 61 (5.30).
We now proceed to obtain the full bracket. Let us rewrite
the generator (5.33) algebra

[6¢. 100, 6. i@
= [aoas[{E @) B @0
HA @k @), 20 )8 @)

{
+
{

EH @)iu(0). )2 @R @)

+Hin @k ). @)@ (6.10)
The first term of (6.10) is obtained, using (6.1)
[ dods g @@ B
= [ aofu(Gad - &rag - 2y &)
~2B, R VL | ©6.11)

The second term is obtained, using (6.4)

°

/dad&{xw(a)lé“(a), iz,,((%)é”(&)}
- /da[lé“ (Kéi”ﬂ(izvapim — Favdphan) — kO

vy ) = kPRI i, . (6.12)

The remaining terms are antisymmetric with respect to 1 <>
2, 0 < o interchange. Therefore, it is sufficient to calculate
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only the first term in the last line of (6.10)
/dad5{é{‘(o)zﬂ(a),ih(a)lé”(a)}
- / do [k ( = &io, — £, 852,
+ip, <K (i2vévp)8p§fl - Képvug—fj@y)]
+/dad5xéf(a)izv(5)aga(a —&). (6.13)

In order to transform the anomalous part, we note that

0s8(0 —0) = %858(0 —0)— %858(0 —0), (6.14)

and

f(3)358(c —0) = f(0)3,:8(0 — &)+ f'(0)8(0 —&).
(6.15)

Applying (6.14) and (6.15) to the last row of (6.13), we obtain
/dadaxéf(o)izv(a)aga(a —5)
1 c -
=3 / dokx™ (Sl"BMXZU — BMSI"AQU)

K — (2 o —
+§/dad0(§1 (632 (0)058(0 — &)
~£/(6)42)56(0 — 5))

1 o e -
_ E/do[k“(él"aukz,, _ augfxzv)
ik He (éfapigv - apéfXZV)], (6.16)

where (5.31) was used, as well as antisymmetry of 6. Sub-
stituting (6.16) to (6.13), we obtain

/ dodi (£ ©)i,(0), f2 GF )]
= v/dﬁ[lzu(éi)(auin _av)o\ZM)
i — £ 5
7 0uErha) = Fyp §1 A2y
T PAUNPR B
-HM(K()QVQ )0, + Kcf (gl 9piay — Eap(glxz))
—/cép”"é{’izv)].

Substituting (6.11), (6.12) and (6.17) into (6.10), we write
the full algebra of generator in the form

(6.17)

{6, 6ho)
(6.18)
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where

B =E0E) —E)0.E
x (ko — 80,k — 59,k - B10)
+10" (o1 8,EY — G2y d,El")
R hvap + Py 6787
QP (EL Koy — £ ),

— ke

(6.19)
and
how = E @vhay — uhan) — 8 @uhiy — duki)
+%3u(§15»2 — &)
+16" (e1vBphop — havdphiy)
+2B,,EVE) + KQo,f")a»lu)o»zp +F
x (B0 oy — E501,). (6.20)

It is possible to rewrite the previous two equations, if we
note the relations between the generalized fluxes

R = RIP 4 Guogur e QY = QU 46 F .
(6.21)

Now we have
2 = él‘)avé; - ézvavg]u
+K9°,up (51‘)(3115‘2,0 - ap)o\Zu) - é;(avilp - 8,05\11))
1 o o o o
50,1k b))
€0, (Dau0") — ke (Ron0"P) 38" — k€D, (R1,0"H)
i (R10,0"P) 3,65 + K2Ry,
+ﬁp‘é éioég + Ké”’gjz—g‘:) (élp)o‘Zv - éfilv)

+1 291GV L Ryhap, (6.22)
and
M = E (Buhay — Bpdan) — EY (v — uk1n)

1 .. ..

+§3u($1)»2 — &A1)

+Kél)p(5hlvap5¥2u - inap)o\lu) + KQQ/:pilvjﬁp

+2é/wp§f§2p + ]i—;)jy

x (7 Ay — E510) + k0" F L Rivhap, (6.23)

where the partial integration was used in the equation (6.22).
The relation (6.18) defines the C-twisted Courant bracket

[A1, Adle, = A &[G, A, G h)le, = €.3), (6.24)

that gives the same bracket as (5.41). Both (6.19)-(6.20)
and (6.22)—(6.23) are the products of C-twisted Courant
bracket. The former shows explicitly how the gauge parame-
ters depend on the generalized fluxes. In the latter, similarities
between the expressions for two parameters is easier to see.

6.1 Special cases and relations to other brackets

Even though the non-commutativity parameter 6 and the
Kalb Ramond field B are not mutually independent, while
obtaining the bracket (6.24) the relation between these fields
(2.7) was not used. Therefore, the results stand even if a
bi-vector and a 2-form used for twisting are mutually inde-
pendent. This will turn out to be convenient to analyze the
oori gin of terms appearing in the Courant bracket twisted by
C.

Primarily, consider the case of zero bi-vector 6" = 0
with the 2-form By, arbitrary. Consequently, the parameter
a (4.8) is zero, while the hyperbolic functions C and S are
identity matrices. Therefore, the auxiliary fields (5.26) and
(5.30) simplify in a following way

o*Y — 0, (6.25)

and the twisting matrix e (4.11) becomes the matrix e
(3.28). The expressions (6.19) and (6.20) respectively reduce
to

EM = EVD,E) — £)9,E", (6.26)
and
iu = é_lu(avjﬂu - 8#5\21)) - é;(avilu - 8uilv)
1 o o o o oo
+ zau(fl?\z — &A1) + 2Bkl €Y (6.27)

where B, is the Kalb-Ramond field strength, given by

By = 0y Bup + 0y By + 0By (6.28)
The equations (6.26) and (6.27) define exactly the B-twisted
Courant bracket (3.27) [9].

Secondarily, consider the case of zero 2-form By, = 0
and the bi-vector 6V arbitrary. Similarly, « = 0 and C and
& are identity matrices. The auxiliary fields B, and 61 are
given by
By — 0 01 — o1, (6.29)
The twisting matrix ¢B becomes the matrix of -transformations
¢? (3.30). The gauge parameters (6.19) and (6.20) are respec-
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tively given by
Er = E10,E) — E)a &'
+ KOHP (é]v(aviz,o - apXZV) - ézu(av)o\lp - 8;75\1\;)
1 o o o o
+ 500k —Bad))
+ k&) 8, (RapBP™) — K€Y 3, (R1,67")
+ 1 (K100 EY — K (32,0"7)0,E]"

+ K2 RMP Ry, (6.30)

and
)o‘-p. = é]u(avj)\Z/L - auj"-Zu) - gzv(av)o\ly, - auilu)
1 o o o o
+ Eau(fllz — &A1)

+ Kewo()o\-]vapilu - 5\21)8;)5\1;1) + Kilp)onQlfva
(6.31)

where by Q,,” and R*"? we have marked the non-geometric
fluxes, given by

Q;ﬂ — aMQVﬂ’ RMVP — 9#‘7869”/’_}_6”0309»0#_’_0,00309!“).
(6.32)

The bracket defined by these relations is 6-twisted Courant
bracket (3.29) [8] and it features the non-geometric fluxes
only.

Let us comment on terms in the obtained expressions for
gauge parameters (6.22) and (6.23). The first line of (6.22)
appears in the Courant bracket and in all brackets that can be
obtained from its twisting by either a 2-form or a bi-vector.
The next two lines correspond to the terms appearing in the
O-twisted Courant bracket (6.30). The other terms do not
appear in either B- or 6-twisted Courant bracket.

Similarly, the first line of (6.20) appears in the Courant
bracket (2.18) and in all other brackets obtained from its
twisting, while the terms in the second line appear exclusively
in the 6 twisted Courant bracket (6.27). The first term in the
lastline appear in the B-twisted Courant bracket (6.31), while
the rest are some new terms. We see that all the terms that do
not appear in neither of two brackets are the terms containing
F flux.

6.2 Coordinate free notation

In order to obtain the formulation of the C-twisted Courant
bracket in the coordinate free notation, independent of the
local coordinate system that is used on the manifold, let us
firstly provide definitions for a couple of well know brackets
and derivatives.

@ Springer

The Lie derivative along the vector field £ is given by

’Cé = iéd + dié, (6.33)

with i; being the interior product along the vector field £ and
d being the exterior derivative. Using the Lie derivative one
easily defines the Lie bracket

(&1, 6] = L’gléz - £§2§]~

The generalization of the Lie bracket on a space of 1-forms
is a well known Koszul bracket [26]

(6.34)

(A1, Aale = Lys, 2o — Lys, 01 +d(0Cur, 32)). (6.35)

The expressions (6.19) and (6.20) in the coordinate free
notation are given by

o

E =16, 561 — & L0 + [&1. Aakd]L
o 0 1 L o
—(ﬁél)\z — 552)»1 — Ed(lé_l)»z — zéle))xe
+’¢°.(€:17 éQA ) - Kéﬁ()o\'lv . éz) +K9°ﬁ()c"27 ) él)

+RG, A2, ), (6.36)

and
o o o 1 Lo o o
A= ,Cél)»z — ,ng)ul — Ed(lgl)nz — lé'z)“l) — [A1, Xz]Ké

+HE L E, ) — FOa, . &)+ FOa, ., &)

+k6F G, k2, ), (6.37)

where
H =2dB. (6.38)
We have marked the geometric H flux as H, so that it is

distinguished from the 2-form B. In the local basis, the full
term containing H -flux is given by

b | =28, 8. (6.39)
Similarly are defined the terms containing F flux

Fénb | =20 88, (6.40)
and the non-geometric R flux

R0, fa, .)(“ = RIS 1,50, (6.41)
as well as

6FCa. 52)‘“ = BV F ) R E (6.42)
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It is possible to rewrite the coordinate free notation in
terms of the H-flux and 6 bi-vector only. The geometric F
flux is just the contraction of the H-flux with a bi-vector

F=«bH. (6.43)
The non-geometric R flux can be rewritten as

A 3 s
R = 5[9, Ols + AN (k0)H, (6.44)

where A is the wedge product, and by [6, 615 we have marked
the Schouten—Nijenhuis bracket [27], given by

o o nvp ° ° o
0,615 = eg/;ﬁe““a(,eﬂy = 2RMP, (6.45)
where
8y 8% 8
€hgy = | 8 8y | (6.46)
8 8 8y

Expressing both F and R fluxes in terms of the bi-vector 6
and 3-form H , we obtain

£ =[£, &1L — (&, MkO1L + [E1, Aokb]y
o o 1 L o
_<‘C§| Ay — ‘Cézkl — Ed(lgl Ay — léz)\l))lce
K2 o o ° °
+KOH (. €1, &) — AP kOH (L, ., &)
+ A2 kBH G, . E1) + AkBHG, X2, ), (6.47)
and
A= ﬁél)nz — ,Céz)nl — zd(lélkz — léz)nl) — [Aq, }“2];(90
+HE &, ) —kOH(, . &)
+.kBHG, . E) + N2 kOH (K1, Ao, ). (6.48)

The term K@oﬁ(., él,éz) is the wedge product of a bi-
vector with a 3-form, contracted with two vectors, given by

o o °o o 23 o o oo
(0181 8))" = 26" Bpo kS (6.49)

and k6 H ()Oq . é‘z) is similarly defined, with the 1-form con-
tracted instead of one vector field

(€0 Gr. &) =26 Byohn S (6.50)
nw

The terms like A2k H (5»1, . 52) are the wedge product of
two bi-vectors with a 3-form, contracted with the 1-form A

and the vector éz
(A2kbHG, . 8)" =220"6" Bypinnd],  (6.51)
and similarly when contraction is done with two forms

= 2268 B i,
"

( A2 BE G, b, .)) (6.52)
Lastly, the term N3O H ()oq, 512, .) is obtained by taking a
wedge product of three bi-vectors with a 3-form and than
contracting it with two 1-forms. It is given by

3 o o o ° " 32 ° L ° °
</\ KGH Gy, o, .)) = 230" 0PI By o v,
(6.53)

7 Star brackets

The expressions for gauge parameters (6.36) and (6.37) pro-
duce some well known bracket, such as Lie bracket and
Koszul bracket. The remaining terms can be combined so that
they are expressed by some new brackets, acting on pairs of
generalized vectors. It turns out that these brackets produce a
generalized vector, where the vector part £ and the 1-form
part iu are related by EN = kM, effectively resulting
in the graphs in the generalized cotangent bundle 7*M of
the bi-vector é, i.e. £ = k6(., 1). The star brackets can be
interpreted in terms of projections on isotropic subspaces.

7.1 O-star bracket

Let us firstly consider the second line of (6.22) and the first
line of (6.23). When combined, they define a bracket acting
on a pair of generalized vectors

[Ar, Aoly = A" &[G A, B, )] = G A9, (7))

where

éff = Ké#p (é;)(avilo - 3,05\21;) - é;(avilp - 8,05\11))

1. oo -
+ Eap(E])LZ - Ez)»l)), (7.2)
and
5‘; = élu(avilu - auj)LZv) - ézlj(avil,u - aﬂj‘-l\))
1 o o o o

+§3M($1K2 — &A1), (7.3)
from which one easily reads the relation
§l =11l (7.4)
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In a coordinate free notation, this bracket can be written as

(A1, Aaly = 11, A, (2, A2)T
= (K@o (., ﬁéliz — Eézj‘l)’ [:él)o»z — ‘Cézil)‘
(7.5)

7.2 B6-star bracket

The remaining terms contain geometric H and F fluxes. Note
that they are the only terms that depend on the new effective
Kalb—Ramond field B. Firstly, we mark the last line of (6.23)
as

Kt = 2B Bl EL+E Y (é;’izu—ég}’\w)JrKé”"ﬁ‘Mf; Jivizp.

(7.6)

Secondly, using the definition of F (6.3) and the fact that 6
is antisymmetric, the last line of (6.22) can be rewritten as
é;f = ZKélwévpoéfég + Kéﬂdj—g];) (éio)on - ééoilv)
+K29°,uvéraj}vg 5\‘1'[5\‘2/)
= kb5, (1.7)

Now relations (7.6) and (7.7) define the B6-star bracket
by

[A1, Aol = A & 1 ), B2, ATy = G A9,

(7.8)
We can write the full bracket (6.24) as
[G1, A1), 2, A)le,
= ([517 E2]1 — [&2, AikB]L + [E1, Kakb]L
K2 o o o ° ° °
+ 10, 015G Ao )~ Aol )
+1Er A, G ATy, + 1 A, G AT (79)

7.3 Isotropic subspaces

In order to give an interpretation to newly obtained starred
brackets, it is convenient to consider isotropic subspaces. A
subspace L is isotropic if the inner product (2.12) of any two
generalized vectors from that sub-bundle is zero

(A1, A2) =0, A, ArelL. (7.10)
From (2.12), one easily finds that
EN =k 0"y, (i=1,2) 0" =—0"", (7.11)

@ Springer

for any bi-vector 6, and

Mip =2BuE!". (i=1,2) By, = —By,, (7.12)
for any 2-form B satisfy the condition (7.10).

Furthermore, it is straightforward to introduce projections
on these isotropic subspaces by

Z0AMY = T (M hp) = (K 6™ 0, M), (7.13)
and
Ip(AM) = Tp(E", hy) = (6", 2B,0E"). (7.14)

Now it is easy to give an interpretation to star brackets. The
f-star bracket (7.1) can be defined as the projection of the
Courant bracket (3.29) on the isotropic subspace (7.13)

(A1 Aaly =77 (11, Azle). (7.15)

Similarly, note that all the terms in (6.37) that do not appear
in the 6-twisted Courant bracket, contribute exactly to the
B6-star bracket. From that, it is easy to obtain the definition
of the B6-star bracket (7.8)

(A Aoy, =7 (141, Asle, ) = 7 (1A1, Aslg, ). (7.16)

8 Courant bracket twisted by B and 0

Now it is possible to write down the expression for the
Courant bracket twisted by B and 6 (4.2), using the expres-
sion for C-twisted Courant bracket

[A1, Azley, = A7 [AAL, AR, @.1)

where A is defined in (5.36). Substituting (8.1) into (6.36),
we obtain

E=C7[CE, CEIL
—CYCE, X kCT18]L + CTCE, akCTH]L

~(£eg o™ = Lz, Che™)
1 .
—3dig J2 iéle))/(ec”

K2

+76*1[é’, 61s(C 1 xC )
+xC7Y0H (., C&, C&y)

—C VA2 kOHGCTY, ., CE)
+C VAT KBHGLCTY, L CE)

+C VA bEGGCTY KT ), (8.2)
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and similarly, substituting (8.1) into (6.37), we obtain

y . . 1. . .

K= (Leg, 0aC™) = Loz, CaC™h) = Sdlig A2 — ig An))C
+H(CE, CE, )C
(e R gC = kOH G CT, L CE)C
+k6H(oC7Y, . CENC

+AZkBHOGCTY e e, (8.3)

" o v v
where C* = (cosh ﬁ) and & = (£,%) (5.21). This is
v
somewhat a cumbersome expression, making it difficult to
work with. To simplify it, with the accordance of our con-

vention, we define the twisted Lie bracket by

[€1. &1L = C'[CEL CEL. (8.4)

as well as the twisted Schouten—Nijenhuis bracket

(18.615.)"" = €y ey (1ed.cans) ™
(8.5)

and twisted Koszul bracket

[, Ralee = (€D 7MCT R, C Rz lge (8.6)

where the transpose of the matrix is necessary because the
Koszul bracket acts on 1-forms. Now, the first three terms of
(8.2) can be written as

[£1, &1L — [E2, Mk C 10110 + [E1, XokC 1L, (8.7)
where

YA —1 5pv v

o1’ = (CTHLOP" = SHorY. (8.8)

The second line of (8.2) and the first line of (8.3) originating
from 6 star bracket (7.1) can be easily combined into

[(Célv i'1C71)9 (6527 5\2(371)]2_1@' C. (89)

The terms originating from B6 star bracket (7.8) are com-
bined into

(€1, 7). (B2 A2l oo (8.10)
where
Buwp = Bapy CCACY, = (0,(BSC™ g,

+ 0p(BSC )y + 8, (BSC™ap )C4,CHCY,. B.11)

The expressions for the Courant bracket twisted by both B
and 6 can be written in a form

[E1, A1), (B2, 32)]ey,
= ([51, Exlre — [E2, Ak CT 011, + [£1, Aok C ™01,

K2 v v v v v v
+ 10,015, Chr. ), 1, dalee )
+ [(CE&1, 1Ch, (CE, 2T

c-10
+ [(élsil)a (5275"2]:}‘6_19" (812)
When the Courant bracket is twisted by both B and 6, it
results in a bracket similar to C-twisted Courant bracket,
where Lie brackets, Schouten Nijenhuis bracket and Koszul
bracket are all twisted as well.

9 Conclusion

We examined various twists of the Courant bracket, that
appear in the Poisson bracket algebra of symmetry gener-
ators written in a suitable basis, obtained acting on the dou-
ble canonical variable (2.4) by the appropriate elements of
O (D, D) group. In this paper, we considered the transfor-
mations that twists the Courant bracket simultaneously by
a 2-form B and a bi-vector 6. When these fields are mutu-
ally T-dual, the generator obtained by this transformation is
invariant upon self T-duality.

We obtained the matrix elements of this transformation,
that we denoted e® (4.11), expressed in terms of the hyper-
bolic functions of a parameter o (4.8). In order to avoid
working with such a complicated expression, we considered
another O (D, D) transformation A (5.36) and introduced
a new generator, written in a basis of auxiliary currents 7,
and k*. The Poisson bracket al gebra of a new generator was
obtained and it gave rise to the C-twisted Courant bracket,
which contains all of the fluxes.

The generalized fluxes were obtained using different
methods [10-12,16-18]. In our approach, we started by
an O (D, D) transformation that twists the Courant bracket
simultaneously by a 2-form B and bi-vector 6, making it
manifestly self T-dual. We obtained the expressions for all
fluxes, written in terms of the effective fields

i _p (tanh«/2/<93>p
e Vake )Y
o (sinh2«/2/c9B)# g

-0°".

o = (——m——— 9.1
2+/2k6B e

The fluxes, as a function of these effective fields, appear nat-
urally in the Poisson bracket algebra of such generators.
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Similar bracket was obtained in the algebra of general-
ized currents in [11,12] and is sometimes referred to as the
Roytenberg bracket [10]. In that approach, phase space has
been changed, so that the momentum algebra gives rise to the
H -flux, after which the generalized currents were defined in
terms of the open string fields. The bracket obtained this way
corresponds to the Courant bracket that was firstly twisted
by B field, and then by a bi-vector 8. The matrix of that twist
is given by

R 6B (81’)‘ +afy K@f‘}). ©2)
2By 8y

e =e e =

In our approach, we obtained the transformations that twists
the Courant bracket at the same time by B and 6, resulting in a
C-twisted Courant bracket. As a consequence, the C-twisted
Courantbracket is defined in terms of auxiliary fields B (5.26)
and 6 (5.30), that are themselves function of «. This is not the
case in [11,12]. The Roytenberg bracket calculated therein
can be also obtained following our approach by twisting with
the matrix

5 C? k(CSH)
C _ B __
e =den= (2303 1 )

9.3)
demanding that the background fields are infinitesimal B ~
€, 0 ~ € and keeping the terms up to €. With these con-
ditions, €€ (9.3) becomes exactly e® (9.2), and the bracket
becomes the Roytenberg bracket.

Analyzing the C-twisted Courant bracket, we recognized
that certain terms can be seen as new brackets on the space of
generalized vectors, that we named star brackets. We demon-
strated that they are closely related to projections on isotropic
spaces. Itis well established that the Courant bracket does not
satisfy the Jacobi identity in general case. The sub-bundles
on which the Jacobi identity is satisfied are known as Dirac
structures, which as a necessary condition need to be sub-
sets of isotropic spaces. Therefore, the star brackets might
provide future insights into integrability conditions for the
C-twisted Courant bracket [28].

In the end, we obtained the Courant bracket twisted at the
same time by B and 6 by considering the generator in the
basis spanned by 7 and k, equivalent to undoing A transfor-
mation, used to simplify calculations. With the introduction
of new fields éuv and é’“’, this bracket has a similar form
as C-twisted Courant bracket, whereby the Lie, Schouten—
Nijenhuis and Koszul brackets became their twisted counter-
parts.

It has already been established that B-twisted and 6-
twisted Courant brackets appear in the generator algebra
defined in bases related by self T-duality [13]. When the
Courant bracket is twisted by both B and 6, it is self T-dual,
and as such, represent the self T-dual extension of the Lie

@ Springer

bracket that includes all fluxes. It has been already shown
[8] how the Hamiltonian can be obtained acting with B-
transformations on diagonal generalized metric. The same

method could be replicated with the twisting matrix e?, that
would give rise to a different Hamiltonian, whose further
analysis can provide interesting insights in the role that the
Courant bracket twisted by both B and 0 plays in understand-
ing T-duality.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: No data was used
for this paper.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Funded by SCOAP3.

References

1. T. Courant, Dirac manifolds. Trans. Am. Math. Soc. 319, 631-661
(1990)

2. Z.-J. Liu, A. Weinstein, P. Xu, Manin triples for Lie bialgebroids.
J. Differ. Geom. 45, 547-574 (1997)

3. A. Alekseev, T. Strobl, Current algebras and differential geometry.
JHEP 03, 035 (2005)

4. C.Hull, B. Zwiebach, The gauge algebra of double field theory and
Courant brackets. JHEP 09, 090 (2009)

5. C.Hull, B. Zwiebach, Double field theory. JHEP 0909, 099 (2009)

6. W. Siegel, Two-vierbein formalism for string-inspired axionic
gravity. Phys. Rev. D47, 5453-5459 (1993)

7. W. Siegel, Superspace duality in low-energy superstrings. Phys.
Rev. D48, 28262837 (1993)

8. Lj Davidovi¢, I. Ivanisevié, B. Sazdovi¢, Courant bracket as T-
dual invariant extension of Lie bracket. JHEP 03, 109 (2021).
arXiv:2010.10662

9. P. §evera, A. Weinstein, Poisson geometry with a 3-form back-
ground. Prog. Theor. Phys. Suppl. 144, 145-154 (2001)

10. D. Roytenberg, Quasi-Lie bialgebroids and twisted Poisson mani-
folds. Lett. Math. Phys. 61, 123 (2002)

11. N. Halmagyi, Non-geometric string backgrounds and worldsheet
algebras. JHEP 07, 137 (2008)

12. N.Halmagyi, Non-geometric backgrounds and the first order string
sigma model. arXiv:0906.2891

13. L IvaniSevi¢, Lj Davidovié¢, B. Sazdovi¢, Courant bracket found
out to be T-dual to Roytenberg one. Eur. Phys. J. C 80, 571 (2020)

14. M. Grana, Flux compactifications in string theory: a comprehensive
review. Phys. Rep. 423, 91-158 (2006)

15. Lj. Davidovi¢, 1. IvaniSevi¢, B. Sazodiv¢, Twisted C bracket (in
preparation)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2010.10662
http://arxiv.org/abs/0906.2891

Eur. Phys. J. C (2021) 81:685

Page 150f 15 685

18.

20.

21.

22.

23.

. E. Plauschinn, Non-geometric backgrounds in string theory. Phys.

Rep. 798, 1-122 (2019)

. M. Grana, R. Minasian, M. Petrini, D. Waldram, T-duality, gen-

eralized geometry and non-geometric backgrounds. JHEP 04, 075
(2009)

R. Blumenhagen, A. Deser, E. Plauschinn, F. Rennecke, Bianchi
identities for non-geometric fluxes from quasi-Poisson structures
to Courant algebroids. Fortschr. Phys. 60, 1217-1228 (2012)

. K. Becker, M. Becker, J. Schwarz, String Theory and M-Theory:

A Modern Introduction (Cambridge University Press, Cambridge,
2007)

B. Zwiebach, A First Course in String Theory (Cambridge Univer-
sity Press, Cambridge, 2004)
M. Gualtieri, Generalized
arXiv:0401221 [math]

E. Alvarez, L. Alvarez-Gaume, Y. Lozano, An introduction to T-
duality in string theory. Nucl. Phys. Proc. Suppl. 41, 1-20 (1995)
A. Giveon, M. Parrati, E. Rabinovici, Target space duality in string
theory. Phys. Rep. 244, 77-202 (1994)

complex geometry (2003).

24.

25.

26.

217.

28.

T. Buscher, A symmetry of the string background field equations.
Phys. Lett. B 194, 51 (1987)

Lj Davidovi¢, B. Sazdovi¢, The T-dual symmetries of a bosonic
string. Eur. Phys. J. C 78, 600 (2018)

Y. Kosmann-Schwarzbach, From Poisson algebras to Gerstenhaber
algebras. Annales de ’institut Fourier 46, 1243-1274 (1996)

J.A. de Azcarraga, A.M. Perelomov, J.C. Perez Bueno, The
Schouten—Nijenhuis bracket, cohomology and generalized Pois-
son structures. J. Phys. A29, 7993-8110 (1996)

Lj. Davidovig, I. Ivanisevi¢, B. Sazdovi¢, The integrability proper-
ties of the Courant bracket twisted by elements of O (D, D) group
(in preparation)

@ Springer


http://arxiv.org/abs/0401221

RESEARCH ARTICLE

Fortschritte
der Physik
Progress

of Physics

Twisted C-Brackets

www.fp-journal.org

Ljubica Davidovic, llija Ivanisevi¢,* and Branislay Sazdovi¢

We consider the double field formulation of the closed bosonic string theory,
and calculate the Poisson bracket algebra of the symmetry generators
governing both general coordinate and local gauge transformations.
Parameters of both of these symmetries depend on a double coordinate,
defined as a direct sum of the initial and T-dual coordinate. When no
antisymmetric field is present, the C-bracket appears as the Lie bracket
generalization in a double theory. With the introduction of the Kalb-Ramond
field, the B-twisted C-bracket appears, while with the introduction of the
non-commutativity parameter, the 0-twisted C-bracket appears. We present
the derivation of these brackets and comment on their relations to analogous

twisted Courant brackets and T-duality.

1. Introduction

The development of string theory led to the discovery of T-
duality,l'3] a transformation needed to establish a connection
between the existing string theories. In case of closed strings,
the emergence of T-duality is closely related to the fact that they
can wind around compact dimension. Two theories defined in
different geometries can create the same string spectrum, and
are said to be T-dual. The T-duality was generalized into proce-
dures of finding mutually physically equivalent descriptions of a
string.[+°]

The T-duality opened a search for the connections between the
relevant mathematical structures within T-dual theories. Some
of them appear upon consideration of the generators of symme-
tries, which in the classical theory act on the energy-momentum
tensor via Poisson bracket. The changes of energy-momentum
tensor under the symmetry transformations can be interpreted
as the changes in the space-time fields under diffeomorphisms
and local gauge transformations. Under these transformations,
the Virasoro algebra is not broken, and the corresponding con-
formal field theories of the string are isomorphic.l®’! In the
Poisson bracket algebra of symmetry generator governing both
diffeomorphisms and local gauge transformations the Courant
bracket®?! is obtained. It is known that under T-duality the
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bosonic string symmetries transform
into one another,!% and as such, the
Courant bracket represents the self T-
dual extension of the Lie bracket.

The Courant bracket and its various de-
formations have found their appearances
in string theory in multiple occasions.
For instance, the relevant string theory
fluxes(! appeared in the twisted Courant
brackets,['?] that were obtained from the
world-sheet!’>%) and in the algebroid re-
lations of the appropriate vielbeins.[1¢-18]
They can be obtained in the algebra
of symmetry generators as well, pro-
vided the generator is expressed in the
appropriate non-canonical basis. These
non-canonical variables, also known as
currents, give rise to the string fluxes as its structure constants
in their Poisson bracket algebra. In the presence of Kalb-Ramond
field, the B-twisted Courant bracket was obtained in the generator
algebra.['% In the self T-dual picture, obtained by swapping the
canonical momenta with coordinate o-derivatives, and the back-
ground fields with their T-duals, the algebra bracket becomes
the @-twisted Courant bracket."”) The former twisted Courant
bracket contains geometric H-flux, while the latter contains non-
geometric Q and R fluxes. It was showed that they are mutually
related by T-duality.?”! The Courant bracket twisted simultane-
ously by both B and 6 has also been constructed from the sym-
metry generator algebra.[?!] The bracket contains all string fluxes
and is invariant under T-duality.

The observations regarding T-duality interchanging different
twisted Courant brackets were done in the single theory. How-
ever, there is a growing interest in the double theory approach,
in which all background fields are function both of the initial co-
ordinate and the T-dual coordinate. The T-duality is a symmetry
of a double action, and can be simply realized by permutation of
the coordinates.[?22] We would like to see how the interchange
of different twisted Courant brackets and their fluxes under T-
duality is manifested in the double field theory.

The first steps towards the double field theory development
were done in the early 1990s!26-%°] (for nice reviews on the sub-
ject, see [30, 31]). In [32, 33], generalized Lie derivative was con-
structed in the double space, which acting on another vector de-
fined in the double space gives rise to what is now known as
the C-bracket. It is an extension of the Lie bracket to the dou-
ble space, and found important role in governing symmetries al-
gebra in double field theory. The action on the double torus in-
variant under both initial and T-dual diffeomorphisms was for-
mulated in [34], where background fields were expanded around
constant values up to the cubic order. It was later generalized to
a generalized metric formulation of the double theory.*! In [36],
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it was demonstrated that the C-bracket reduces to the Courant
bracket, when dependence on T-dual coordinates is neglected.
From this correspondence between C- and Courant bracket we ex-
pect that the twisted Courant brackets are related to some twisted
C-bracket, which we consider in this paper by analyzing the Pois-
son bracket algebra of appropriate generators.

We begin by outlining the properties of a closed bosonic string
in the double space, when only metric tensor is present. We con-
sider the standard Poisson bracket relations within the initial and
T-dual phase space, while the algebra of the variables from dif-
ferent phase spaces is obtained from the requirement that the
T-duality transformations commute with the Poisson bracket re-
lations. The algebra of both generalized coordinate transforma-
tions and their T-duals in this background was already considered
in [19], where it was showed that it produces the C-bracket. We
include this case in this paper for completeness and as a prereq-
uisite for future chapters.

Afterwards, we outline a simple procedure of obtaining the
twisted Courant bracket from the generator written in a suit-
able basis, introduced in [21]. We demonstrate that this proce-
dure is applicable to the double theory as well, and that it can
be used to define new brackets in double theory. By analogy with
how twisted Courant brackets are defined, we define these brack-
ets as the twisted C-brackets. From a differential graded alge-
bra perspective the twisted C-brackets were briefly discussed in
37].

Subsequently, we introduce the Kalb-Ramond field dependent
on both coordinates x* and y, to the metric only background.
We show that the usual expressions for the Lagrangian and the
Hamiltonian are obtained, when B-transformations act on a diag-
onal generalized metric. The same transformation can be seen as
keeping the generalized metric diagonal, while transforming the
basis. The transformed basis includes non-canonical momenta,
the Poisson bracket of which includes the double theory flux.
We calculate the Poisson bracket algebra of this new generator,
and obtain what in our notation corresponds to the B-twisted C-
bracket.

We consider the background characterized with the T-dual
metric tensor only, and introduce the non-commutative parame-
ter with the action of §-transformations. The Hamiltonian once
again can be expressed in a diagonal form, in the basis spanned
by non-canonical momenta. In their Poisson bracket algebra, we
show that non-canonical momenta feature ® double flux. We ex-
press the symmetry generator in this basis, and obtain the 6-
twisted C-bracket in their algebra governed by Poisson bracket.
By construction, this bracket is T-dual to the B-twisted C-bracket.

We note that both the initial theory, in which all variables de-
pend solely on x#, and the T-dual theory, in which all variables
depend solely on y, can be obtained from the double theory, by
demanding that there is no dependence on y, in the former, and
no dependence on x* in the latter case. In the initial theory, the B-
twisted C-bracket reduces to the B-twisted Courant bracket, while
the O-twisted C-bracket becomes the #-twisted Courant bracket.
On the other hand, in the T-dual theory the B-twisted C-bracket
reduces to the 6-twisted Courant bracket, while the 6-twisted C-
bracket becomes the B-twisted Courant bracket. This way, we
show that projections of the twisted C-brackets to mutually T-
dual phase spaces establish the twisted Courant brackets that are
mutually T-dual.?!
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2. Bosonic String in a Double Metric Space

Consider the closed bosonic string in the background defined
solely by the coordinate dependent metric field G, (X). The met-
ric tensor is a function of a double coordinate XM, defined in a
direct sum of the initial coordinate space, characterized by x*,
and T-dual coordinate space, characterized by y,

=(})

Vo)’
where y =0,1... D—1, D = 26. In the conformal gauge, the La-
grangian density is given by [38, 39]

(2.1)

L= §a+XMGMNa,XN, 0, XM = XM + X'V, (2.2)
where
G, 0

The canonical momenta are obtained from the variation of the
Lagrangian

7, =G %", 7" = k(G )Yy,, (2.4)

while the Legendre transformation of the Lagrangian gives the
canonical Hamiltonian

H. = iHMGMNHN + %X’MGMNX’N, (2.5)
where

MN _ (G*l)ﬂ\/ O
GMN = ( 0 c. ) (2.6)

The indices on G are lowered by the O(D, D) invariant metric,
given by

0 1

un = (1 0) 4
ie. GMN = yMPyNeG ..

In the conventional field theory, the transformation of the met-
ric tensor under diffeomorphisms parametrized with ¢ is gov-
erned by the Lie derivative §,G,, = £;G,,, and generated by
&#x,. The Poisson bracket algebra of such a generator gives rise
to the Lie bracket.

Analogously, one defines the diffeomorphisms in the double
space by

(2.7)

G(A) = / oG, , (2.8)
with
Gx = (AN)M(X) 1TV e Gy =(ATD), (2.9)
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where AM are the parameters, given by

¢, Y))
AM(X) = , 2.10
X) </1,,(x,y) (2.10)
and (, ) is the natural inner product in a double space
(A, XY = (AT XN . (2.11)

To give an interpretation to the generator (2.9), we expand the
inner product and obtain

Cp=¢&"xy)m, + 4, (%) 7" (2.12)

The first term represents the diffeomorphisms, while the sec-
ond term represents the local gauge transformations, equivalent
to the T-dual diffeomorphisms.!'% The algebra of this generator
leads to the double theory generalization of the Lie bracket.

2.1. C-Bracket
To obtain the Poisson bracket algebra of the generator G,, one

uses the Poisson bracket relations between the double variables
(for details, see [19])

{My(0), Ty (6)} = & N6’ (6 = 5),

{X™(0), Ty(6)} = 8" 6'(c - 5),

(2.13)

the same relations as used in [32, 33]. The terms stemming from
bracket between only coordinates {X™(c), X" (5)} are canceled by
the appropriate choice of Heaviside theta function, which sets all
parameters and fields annihilated by the operator

nMNo 0y = oMo, =0, (2.14)
where oM are the derivatives in a double theory, given by
0 J = Jd
—( =_Y nw=_9
Ay <aﬂ> ) (ay =, ¥'= ayu)‘ (2.15)

Furthermore, we also require that the product of any two fields ¢
and y is also annihilated by (2.14), i.e.

00y (pw) = (0™0y @) w + 20" o\ + $ 00w

=20Mpa,w =0. (2.16)

The conditions (2.14) and (2.16) were also used in [30, 32, 33],

and are referred to as strong condition.
It follows that

{QA1 (o), QAZ (@)} = _Q[AI,AZ]C (0)é(c — 6)

+ 5 (A A)(0) + (A, A,)(6))6 (0 - 5).
(2.17)
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where [A;,A,]c stands for the C-bracket, firstly defined by
Siegel.3%33] Tt was defined by

AL A = AVOGAS — ANo AL
1
Ly (A0 - AYORAT). 218)
It is a well known fact that if the parameters A do not de-

pend on the T-dual coordinates y,, the C-bracket reduces to the
Courant bracket!®!

A Agle = AL Ay]e = A= <i) , (2.19)
where
g =¢/0,8 —&0.&], (2.20)

v v 1
/1;( = 61 (av/IZu - auAZV) - 52 (avllly - a;4/11\/) + an(flﬂl - 52/11) .

The Courant bracket is defined on the generalized tangent bun-
dle, that is a sum of the tangent and the cotangent bundle over
a manifold. The elements of the generalized tangent bundle are
the generalized vectors that combine vectors and 1-forms into a
single entity.*0]

We see that the symmetry generator governing general coordi-
nate and local gauge transformations produces the C-bracket, in
a same way that the generator of general coordinate transforma-
tions produces the Lie bracket. The C-bracket is therefore the T-
dual invariant generalization of the Lie bracket in a double space,
when there is no antisymmetric field.

2.2. O(D, D) Group

At the end of this chapter, we outline the mathematical require-
ments that allows us to introduce the antisymmetric field to the
double theory, and obtain the twisted C-bracket for any orthogo-
nal transformation. Assume a transformation O that transforms
momenta and gauge parameters as I = OI1, and A = OA. The
generator (2.9) in terms of these new variables is given by
Gi = (A TT) = (OA, O11).. (2.21)
If furthermore, we demand that the transformation is
orthogonal,!!! so that

OO =1, (2.22)
the relation (2.17) becomes
{An ). (A, )6 }
= —(O[O7'A,,07'A))c, ) (0)8(0 — &) (2.23)

+§ ((A1, A (o) + (A1, A)(8))6 (0 - 5),
the right hand side of which gives rise to the twisted C-bracket

A, A, = O[07'A,, 07'A . (2.24)
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This is the twisted C-bracket, in a similar way that twisted Pois-
son, or twisted Courant brackets are defined.

We see that the every O(D, D) transformation has a corre-
sponding twisted C-bracket (2.24). It can be obtained in the Pois-
son bracket algebra of generator in the basis of new momenta
I1 = OI1. This procedure, that was applied for different twisted
Courant brackets in'*?!l, will be used to obtain the C-bracket
twisted by a 2-form, and by a bi-vector.

3. Bosonic String in a Complete Double Space

To obtain the action describing the string moving in doubled
space described by both metric G(X) and the antisymmetric Kalb-
Ramond field B(X), one considers the B-transformations

3 o 0
(") = <2va 5V> . (3.1)
"
where
v [0 0
By = <2BW 0)" (32)
One easily finds
3 6" —2B
B\T\ N _ v
(")) = ((; . ) : (33)
and that the B-transformations are O(D, D) (2.22), i.e.
((‘3}3)7-)1\51< Mk (eB)LN =MyN - (3.4)

The doubled action is governed by the generalized metric H,,y,
the B-transformation of the doubled metric G,,y, defined in (2.3)

N . GE 2B (G—l)pv
— B\T\ K B\L __ v 0
Hyn =€) )y G (€)= <2(G_13WB;W (é”_l)m ,
(3.5)
where GF is the effective metric, given by
G,, =G, —4(BG'B),,. (3.6)

The Lagrangian density for closed bosonic string is now given by

L= §6+XMHMN6_XN. (3.7)
This theory was considered in a constant and weakly curved back-
ground in [24, 25], where it was shown that this representation
of doubled theory makes T-duality just a coordinate permutation,
and represents all T-dual theories in an unified manner.

The equation of motion for (3.7) is

0, (Hyn0_XN) + 0_(Hyno,XV) = 0. (3.8)
The conjugate momenta in a double space
V3
M, = <,[) : (3.9)

Fortschr. Phys. 2022, 2200187

2200187 (4 of 11)

www.fp-journal.org

are as usual obtained by varying the Lagrangian density over XM

O, = kH, X", (3.10)

from which we have

@, =GL %" —2(BG™) )}, (3.11)

and

7t = (G, + 2(GTI B & (3.12)
The canonical Hamiltonian is given by

H. = iHMHMNHN + %X’MHMNX’N. (3.13)

3.1. T-Duality

The T-duality relations were firstly obtained by Buscher!*! in case
of existence of a global isometry. As the initial theory is described
with the metric tensor G, and the anti-symmetric Kalb-Ramond
field B,,, the T-dual theory is described with the T-dual metric
tensor *G** and T-dual * B** field, where

*Guv - (Ggl)u\/, *Buv - 59;4\/, (314)

and 6" is the non-commutativity parameter, given by

o*v = 2 G—l Hr B G—l ov 3.15
= —2(G;')" B, (G (315)

In a Lagrangian approach, relations between the coordinates
of mutually T-dual phase spaces are given by

O3 = —Kk0,y,, 0y, ~—2IL,,0,x", (3.16)
where

M, =B, £3G,, 60"=0"%2(G)" 3.17
+uv T ”V_E J7A%4 + +;(E) N ( )

In a double space approach, the above T-duality relations are com-
bined so that they appear simply as a permutation of doubled
coordinates!?22]

0. XM~ +nMVH 0, X5, (3.18)
or equivalently as
O, =~ k7 X™. (3.19)

The consistency condition(?*! for the T-dual transformation (3.18)

is actually the equation of motion of the doubled theory (3.8).
When the T-duality rules (3.16) are applied to relations (3.11)

and (3.12), one easily obtains the usual expressions for the initial

theory momenta

(3.20)

- A /v
7, =kG,x" —2kB, x",
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and similarly for the T-dual momenta

Tt =k (G, — 20"y (3.21)

/
.
Lastly, let us comment on the fact that T-duality transforms
the equations of motions into the Bianchi identities of the T-dual
theory.] In the double space formulation, the equations of mo-
tion and Bianchi identities are united®! in a single relation (3.8).

3.2. C-Bracket Twisted by B

To obtain the C-bracket twisted by B, we rewrite the Hamiltonian
(3.13) in terms of diagonal G,y

H,. = %ﬁMGMNﬁN + %)?’MGMN)?’N, (3.22)
where the new momenta are
N 5 oM 0 *Y
M _ B\M [N _ v
== (g 2) ()
H v
*7[/4 _ *7[”
(s e2m,00)= (%) ez
and new coordinates
N 5 oM 0 X"V
IM _ ,B\M /N _ v
X - (6 ) NX - <ZB“V 5\/) (Y/ >
" v
x'H x“‘)
_ =(%). (3.24)
<Y/,4 + ZBMVx/ ) ( YL

We see that the o-derivative X’M transforms as a vector under the
B-shifts. The T-duality relations are preserved, i.e.
I, ~ kXN (3.25)

Let us now introduce new symmetry parameters

o o sH 0 £ £
N 28, o) \4, A, +2B,¢

()

(3.26)
The symmetry generator can be written as
Gr = MMy I, (3-27)
and its algebra as
{G4,(0).G1, @)} = =Gz, iy, (0)5( = 5)
+ (AL A)(0) + (A, A)@) 8 (0~ ),
(3.28)
where
A, A)le. = e’ PA,, e PA,)c (3.29)
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This is a definition of the B-twisted C-bracket. To obtain its ex-
pression, let us firstly obtain the expressions for Poisson brack-
ets between the new momenta and symmetry parameters. Using
(3.23), one obtains

{(1"(0), 11 (3)} = {(¢" 1) (0), ("1 " ()}
= (¢")(0)(¢") (G} (0), TT¥(3)}
(€)' (¢") 15 (c — &)
+(e")§0/ (") 4T 5(0 - 5), (3.30)

where unless written otherwise, dependence on o is assumed.
To obtain the first term, we apply the T-dual relations (2.13)

. R r JMN
(€)1 ()" LBV (0). 116} =  [e*(one” (3)]  8'(c — ).

J
(3.31)
Using the properties of the § function
f(6)9,6(c — &) = f(0)d,6(c — ) +f'(6)8(c — &), (3.32)
the term becomes
k™6 (o — &) + x(e8) 0o, () ) VX' %6 (0 — 5), (3.33)

where we have used the orthogonal property of B-transformation
(3.4)

k(€ Mn"R (")) N6 (0 - &) = kn*N6' (0 - ). (3.34)
After another application of T-duality, the other term becomes
K (eF)Mn"Ra, (%)) N X' (0 — 5) = (), BNI8(0 - 5) .
(3.35)
Using the properties of BY, matrix (3.2)
BM BK, =0,

B, 028X, =0, (5™, =6M,+B",, (3.36)

and substituting (3.23) and (3.33) into (3.30), one obtains

A

{I1"(), 1"(5)} = —B""° M y6(c — 5) + AN (0 - 5), (3.37)
where AMYN is the anomalous term, where

AMN(G — &) ~ kn™N§' (6 — 5), (3.38)
and BMMQ is the flux, where

BMNQ — BMNQ | gMNQ

BMNQ = gMBNC 4 gNBM 4 92 BMN

SMNC = BM, 9" BNC + BN (0B + B2, 0¥ BMN. (3.39)
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The flux can be also written in a more compact way as

BMNQ = gMBNQ  gNBOM 4 g2 BMN (3.40)
where we have introduced new derivatives

M = (%)M 0K = oM + BM oF. (3.41)
The other necessary algebra is straightforwardly obtained
{AM(6), T1V(5)} = IV AMs(0 - 5) . (3.42)

The careful reader might notice that we wrote the equality in-
stead of T-duality sign in the relations (3.37), even though the
relations between the momenta [TM were given in terms of their
T-duals (2.13). This is possible since the two successive applica-
tions of T-duality act as the identity operation. However, on the
anomalous part we actually applied T-duality relations only once,
the second application will follow soon.

Now we are ready to calculate the full bracket

(3.43)
Again, using (3.32) and (3.38), we obtain

AY (o)A @) Ao = 5)

=~ k(A (0), Ay (0))8' (0 — 5) + k(A (0), A(0))(c — 5)

= %(Z(f\l,f\z)rs/(a -5)+ (A, A,)8(0 - )

+§(<[\1,[\;> — (A, A,))8(0 — &)
= 5 ((AnAy)(0) + (Ay, A,)(9))8' (0 - 5)
+§(([\1,[\’2) — (A, A,))8(0 - 5). (3.44)

The anomalous part correspond exactly to the anomalous part of
the relation (3.28). It does not contribute to the twisted C-bracket.
Using the T-duality relations (3.19) and definitions (2.11) and
(3.41), we write the remaining part as

Ki/x =& N _ kK AM5y AN M N
5((1\1;/\;)_ (AI,A2>) = EnMN (A1 aQAz -A aQA )X,Q
1 A AN M N
= i (AYa9AY — AYa©AY )M,
1 A A A p AN AN A
= SMhuy (AYO2AY — AYoAY)II, .
(3.45)
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Therefore, we applied the T-duality the second time on the last
term contributing to the B-twisted C-bracket. The full bracket is
given by

Q

Ay Aje,” = ANoATY — AVo AL

(3.46)

This is the C-bracket twisted by B. Substituting the expansion of
derivative (3.41), we can separate terms that contain B from those
that do not

PO Q N
[ApAz]cB =AY

(3.47)

The firstline is the C-bracket, while the other two lines are correc-
tions due to twisting. If the Kalb-Ramond field is zero, the bracket
reduces to the C-bracket.

In [41], authors discussed the conditions under which B-
shifts are automorphisms of the C-bracket, i.e. ef[A;, A)]c =
[eEA,, €2 A, ], which they found to be correct for B%()N =0 and
0y By + cyclic = 0. We considered a more general case of ar-
bitrary B-shifts and obtained B-twisted C-bracket, from which
above conditions for automorphism can be read directly.

4. C-Bracket Twisted by 0

In this chapter, we will show how the 9-twisted C-bracket can be
obtained from the generator’s algebra. By analogy, consider the
string moving in the background characterized only with the T-
dual metric tensor. The generalized metric is given by

*G1 0 GE 0
*GMN = ( OM *G;z\z) = < 64 (Ggl)yv> 4

where G is defined in (3.6). Now let us consider another impor-
tant O(D, D) transformation realized by

(4.1)

) 5 Kon
(&) = (5 . ) , (42
M
where
o (0 ko™ (0 2*B"
eN_<0 o )=lo "o ) (4.3)
This is known as a f-transformation. We have
5 6 0
ONT\ N _
(")) = <_K§uv 55) : (4.4)
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from which we verify that it is indeed O(D, D)

(()T),E mi (€)%, = - (4.5)

Under this transformation, the diagonal generalized metric (4.1)
goes to

*Hyy = ((€)7),F *G(e),

G* ~2B,,(G7)
= Y% HP 4
<2(G-1)~"Bm Gy ) (0
which is exactly equal to the generalized metric (3.5).
The Hamiltonian (3.13) can be rewritten in terms of *G,

M, = %ﬁM*GMNIVIN + EX’M*GMNX’N, (4.7)
where
. ; sh K0\ ([«
M _ (B\M 5N _ [ Oy
X _(B)NX _<0 5v><y/>
" v
x'H + kY bl
) < v, YV) - <Y’ > ' 8
" "
and
. R St KoM * v
M _ (,0\M N _ v
== (55 (7)
(At k0T, _ * e 49
- 7, “\=, ) (+9)
The new symmetry parameters are given by
§ ; s KO\ (& B+ k0" )
M _ ,0\M AN _ (9 _ v
e (55 ()= (73
u v u
_ E“)
= , (4.10)
G,
in terms of which we write the symmetry generator as
Cr = Ay (4.11)

Its algebra results in the #-twisted C-bracket
{Gx,(0). Gx, (8)} = =Cix, .1, (0)8(c = 5)
+ %((/‘\1, A o) + (A, R,)(6))6 (0 - 5),
(4.12)
where

[Alrlv\z]ce =e'le A e Ay c. (4.13)
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Let us outline the algebra relations necessary for obtaining this
bracket. Firstly, we have

{I1(0), 11¥(5)} = {('T1) (o). (¢'T))V (3)}

= (&)} (0)(¢")  (GHIV (o), T (6)} (4.14)
()0l ('), 11% (0 — 5)
+e') ol () 1126 (0 - 5).
Next, using (2.13) and (3.32), we obtain
()4 (0) (")} (B){I¥ (0), T (5)}
= AMN(6 — 5) + (') 0,0"™T1%5(c - &), (4.15)

where AMN ig the same anomaly as in the previous chapter (3.38).
Substituting (4.15) and (4.9) into (4.14), we obtain

11"(0), 11"(5)} = —©""1,6(c — 6) + A"V (5 - 5), 4.16
Q

where

(:)MNQ — @MNQ + RMNQ (417)

OMN2 = gMPN2 4 gNHM 4 92HMN

RMNC = M gKGNC 1 N 0K 4 6 0KGMN

This flux can be also written as

OVNE = GMONR 4 GNHRM 4 gROMN . (4.18)

where J™ are new derivatives, given by

M = ()M 9N = oM + 6™ oV . (4.19)

Next, we have

{AM(0),11V(5)} = ONAMS(6 — &) . (4.20)

Comparing relations (4.16) to (3.37), and (4.20) to (3.42), we see
that the basic algebra relations have the same form. Therefore, we
write

{C,(0). Gy, ()} = AY(0)A) () Ay (o — 5)

bracket

(4.22)
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The only difference between the B- and 6-twisted C-brackets is
that the derivatives are defined with B-shifts in the former and
f-transformations in the latter case, and the flux term is given
in terms of different, mutually T-dual fields. Due to the T-duality
relations between these fields (3.14), the two twisted C-brackets
are mutually T-dual as well.

Using (4.19), we can rewrite the above bracket as

+ 0% (Rn0RAT = Ryy0"A2)
1 A0, « o .
—Eei(AlNaR/\gv — A 0RAY)

(4.23)

The first line is the C-bracket, while the remaining terms are cor-
rections due to its twisting. If the bi-vector 0 is zero, this bracket
reduces to the standard C-bracket.

From the double theory it is possible to obtain both the initial
o model, as well its T-dual description. The former is obtained
when all fields and parameters depend on the coordinate x* only,
and the latter when they depend only on y, . In the following chap-
ters, we analyze the twisted C-brackets realization in these theo-
ries.

5. Initial Theory

Firstly consider the B-twisted C-bracket (3.46) and its projection
to the initial theory, characterized solely by coordinates x*. If the
parameters A and Kalb-Ramond field B do not depend on the
T-dual coordinate y, the derivatives 02 become just derivatives
along the initial coordinates x*

N H

=G 2)(0)= () &

It is easy to obtain that

st (355

and

MunAM0%AY — <;1 5 fv?rgva 3 ) ) (5.3)
10,5, 19422y

We see that the derivative 02 no longer depends on the Kalb-
Ramond field. The flux BMNC therefore reduces to BMN2, and

A PO 0

BMNCA A,y — ( . ) , (5.4)
1M**2N ZByvpél 55

where B, is the Kalb-Ramond field strength, given by

B, =9,B,+0,B,,+9,B,, . (5.5)

Fortschr. Phys. 2022, 2200187

2200187 (8 of 11)

www.fp-journal.org

This term represents the geometric H flux in the initial theory.['¢]
Combining previous relations and using the chain rule, the B-
twisted C-bracket becomes

AL A, = (AL A, =A = (i) , (5.6)
where
g =08 — 0.8,
A, = &0, = 0,4) = &1(0,4, = 0,4,,)
+30,60 - &,4) + 28,868 (57)

This bracket is a well known Courant bracket twisted by a 2-form
B.2

Now let us consider the realization of the §-twisted C-bracket
(4.22) in the initial phase space. If we omit the dependence form
y,» the derivative 0 becomes

« or k" 0 K69
= (5 )= (%) o0
o & )\o, 9,
Now, we have
SNy x A,,k0"°9 &+ Evp B
ANg AQ v p52 T 6195 5.
1N (Alvxew’ap/lzy +&0,4,,) " -9
and
M0 K0*(E79, 4y, + 4,,0,E7)
M AM02AY — < ACAMC I (5.10)
! : faﬂ}”Zﬂ + Alﬂauég
The flux term is given by
VRV 2RI Jy, Ay, + KQPMEN Ay, — EV Ay )
AA @MNQ_) (K wv™*2p ; 17%2p 2%1p ,
1IM**2N KQ/Ap A’lpA'ZV
(5.11)
where Q and R are non-geometric fluxes,!'®! given by
Q" =0,0", R =0"0,6"+670,0" +670,6". (512

We see that @2 gave rise to non-geometric Q-flux, while RMNQ
gave rise to the non-geometric R-flux.

Substituting (5.9), (5.10) and (5.11) into (4.22), with the help of
chain rule, we obtain

[Alr/u\z]cg - [Aerzlcs =A= <i> ) (5.13)
where
& = o0& -&o0é + (5.14)

—k0" (E1(0,4,, — 0,43,) — &)(0,41, — 0,4y,

—J0Eh —EA)

© 2022 Wiley-VCH GmbH.
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+xE/0,(4,,07) — k)0, (A,,0")
+K(41,0'7)0,E) — K(A,,0)0, &/

+K2(0"°0,6" +0"°0,0° + 67°0,0"") Ay, A

2p 7
Zv Zv 1 Z £
j’ﬂ = 51 (av/IZM - 014/12\/) - 52 (avlly - ayﬂ'lv) + Eau(éliZ - 52)’1)

2,0 .

2v¥u

+K0"(4,,0, 4

Ww¥pM2u

— 40,0,h0,) + KA, A
This is the Courant bracket twisted by a bi-vector 0. As expected,
the twisted C-brackets reduce to their twisted Courant counter-
parts in the initial theory, in the same way that the C-bracket re-
duces to the Courant one, once there is no dependence on y,.

6. T-Dual Theory

Now let us consider the twisted C-brackets in the T-dual theory,
that is to say the theory obtained after applying the T-dualization
along all of the initial coordinates x*. Effectively, this is obtained
when we demand all quantities to depend solely on y,,.

For the B-twisted C-bracket, we have

= (an. 0)(0) = () o
u v
Moreover, we obtain
wiis-(REEAE). e
1v 2p vpo1 2p
and
rAD A A OHE + EVOH A

Ay 0%A; ~ (221VB:,5”§2“ + ile:;B;:iﬂih) ‘ (63)

The term containing flux B¥N2 becomes
- PO k*Qh &1&)
B A Aoy ~ (rc Q' (e, — )+ K“Rwéfiﬁ) ’

(6.4)

where we have marked the non-geometric fluxes in T-dual theory

by

k*Q =20"B,=x0""0,, (6.5)
and

2 _ o o o
K *RW,, =4B,0°B,,+4B,0°B, +4B,0°B,,, (6.6)

=«"%0,,0°*0,,+K**6,,0" 0, +K* 0,0 *0,,.

Combining previous relations and using the chain rule, the B-
twisted C-bracket becomes

[Alr[\z]cg - [Alezch =A= <§) , (6.7)
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where
&= 0,,(0°8 = 0"&) = A, (&) — 0"&)) + 0" (&1 4, — &, 44)
2B,,(£/0°¢) - &0°¢)) + 20" B, ,£1¢,
j’u = j’lvéiju - j\’ZVa‘leu
-2B,,(4,,(0°8) — 0°&}) — ,,(0"€] - 9&})
1x,,2 N
_50 (}“152 - /1251)>

+24,,0"(&B,,) — 24,,0"(¢/B,,)

+2(&/B,,)0" 4y, — 2(€B,,)0" 1y,

+4(B,,0°B,,+ B,,0°B,, + B,,0°B,,)&/¢&) . (6.8)
In the T-dual description, B,,(y) plays the role of the T-dual bi-
vector B,, = §*0 v» While the parameters of general coordinate
and local gauge transformations correspond to the parameters of
local gauge and general coordinate transformations of the initial
theory, respectively!1%34]

A=,

e, =12, (6.9)

As such, the bracket *0-twisted
Courant bracket.
Similarly, for the derivatives appearing in the f-twisted C-

bracket we have

defined by (6.8) is

< 84 k6" (o0 0"
Q v —
6—><0 5;>(0>_(0>. (6.10)
Next, we write
ANS xQ /11@”5;‘
ANG A - ( i (6.11)
and
N p Ev EvAu
Ay 92A; (ﬂl”a it l”) : (6.12)
while the flux term is simply given by
. * QHVP
ARy @M (K B 0’“”“) , (6.13)
where * B is the H flux in T-dual theory
k*B"" = Kk 0"0"" + K 0"0" + K 070" (6.14)
=20"*B"” +20" *B" +20" *B"".
The full bracket
AL Ae, = AL A, =A= (i) , (6.15)

© 2022 Wiley-VCH GmbH.
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where
& = 4,08 = 0"8) — 4,,(0"E — 9"¢))

+%5/4(.§1 A =&A) (6.16)

+x *B" A4,

Ay = A,0" Ay, — 25,0" 4y, .

We recognize the bracket as the Courant bracket twisted by a 2-
form * B, written in terms of T-dual variables.

In the double theory we naturally obtain both the Courant
bracket twisted by a 2-form B and bi-vector 6 from a single twisted
C-bracket. These twisted Courant brackets define Courant alge-
broids that are mutually isomorphic, where the isomorphism
connecting them represents the T-duality.[2042]

7. Conclusions

We started with the theory characterized solely by the metric ten-
sor and considered firstly generator of diffeomorphisms and lo-
cal gauge transformations, equivalent to the T-dual diffeomor-
phisms. This generator is parametrized by a double parameter,
whose components depend on both the initial and T-dual coordi-
nates. It has already been shown to give rise to the C-bracket,
which is the double theory generalization of the well known
Courant bracket. We followed the method of [19] to obtain the
twisted C-brackets.

Primarily, we considered the twist by a 2-form B, (x,y) and
obtained the C bracket twisted by B. The resulting bracket can be
separated into two parts. The first part of the bracket has identical
form as the C-bracket, though the derivatives 0™ = o™ + B oV
are found in place of the usual 0™ derivatives. The second part of
the twisted C-bracket contains a generalized flux BMNC (3.40).

Secondarily, we obtained the C-bracket twisted by a bi-vector
0, which also contains a part of the same form as the C-bracket,
and the flux contracting two gauge parameters. Similarly to
the previous case, the bracket is written in terms of different
derivatives 3" = 0™ + 8 9N, while the generalized flux is @NC
(4.18). There are a couple of ways how the twisted C-brackets
differ from their twisted Courant counterparts.

Firstly, we noted that the B-twisted (3.46) and -twisted (4.22)
C-brackets have the same form, with only difference being that
the derivatives and fluxes (3.39) of the former are given in terms
of 2-form B, while of the latter in terms of bi-vector 6 (4.17).
As it can be easily seen from comparing (5.7) to (5.14), this is
not the case for their analogous twisted Courant brackets. If we
take into the account that the Kalb-Ramond field and the non-
commutativity parameter are mutually T-dual, the T-duality be-
tween the B- and 6-twisted C-brackets is obvious.

Secondly, the twisting of the Courant bracket can be realized
by adding the terms with fluxes to the standard Courant bracket
expression. When the C-bracket is twisted, apart from adding the
fluxes, the derivatives also change and transform by the same
twisting matrix. The derivatives transform in the same way as
O(D, D) vectors, and do not result in the derivatives in the new ba-
sis.
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Thirdly, both of the twisted C-brackets separately encapsulate
the isomoprhism between two Courant algebroids, which repre-
sents the T-duality. This was shown by considering the initial and
T-dual theories separately, by neglecting the T-dual coordinate de-
pendence in the former and the initial coordinate dependence
in the latter case. We have shown that in the same way that C-
bracket becomes the Courant bracket, the twisted C-brackets be-
come their twisted Courant counterparts. Moreover, we showed
that in the T-dual description, the B-twisted C-bracket becomes
in fact #-twisted Courant bracket, and vice versa.
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ABSTRACT

We consider the o-model for closed bosonic string propagating
in the coordinate dependent metric and Kalb-Ramond field. Firstly,
we consider the generator of both general coordinate and local gauge
transformations. The Poisson bracket algebra of these generators is
obtained and we see that it gives rise to the Courant bracket. Sec-
ondly, we consider generators in a new basis, consisting of the o
derivative of coordinates, as well as the auxiliary currents. Their
Poisson bracket algebra gives rise to the Courant bracket, twisted by
the Kalb-Ramond field. Finally, we calculate the algebra of the T-
dual generator. The Poisson bracket algebra of T-dual generator gives
rise to the Roytenberg bracket, equivalent to the bracket obtained by
twisting the Courant bracket by the non-commutativity parameter,
which is T-dual to the Kalb-Ramond field. We show that the twisted
Courant bracket and the Roytenberg bracket are mutually related via
T-duality.

1. Bosonic string action

The closed bosonic string is moving in a curved background, associated with
the symmetric metric tensor field G, = G,,, the antisymmetric Kalb-
Ramond tensor field B, = —B,,, as well as the scalar dilaton field ®.
If we consider the case of constant dilation field, in a conformal gauge
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9o = €2F'1ap, the action is given by [1]

_ 2 _ 2 1 af af v
S—/Edgﬁ—/@/zdﬁbn Guv(z) +e€ Buy(w)}ﬁaw“ﬁgw (D

The integration goes over two-dimensional world-sheet ¥ parametrized by
(&% = 1,6' = o). Coordinates of the D-dimensional space-time are
(&), p=0,1,...,D -1, = —1 and k = ﬁ In a usual way, we
derive the expression for the canonical momenta

oL "y y
T = e = kG (2)3” — 2By, (z)2", (2)
and obtain the Hamiltonian
1
He = ﬂﬂ'u(Gil)‘w/ﬂ'u — 21’/‘LLBMV(G71)VP7T/) + gas/“GEy:c/” , (3)

where Gf, = G, — 4(BG™'B),, is the effective metric. It is possible to
rewrite the Hamiltonian in a more convenient form

1

HC:&

(Gil)ﬂy [j+uj+l/ + j—uj—u] . (4)
where the currents ji, are defined by
Jau(@) = Jop £ J1p = mp + 26104 2", (5)

and Il ,, = B, + %G v are composite fields. The 7—component of current
Ju will be marked as an auxiliary current jo, = 7, + 2kB,,, 2" = i,. Now,
we rewrite the equation (5)

Jip =1, £ KG " (6)
The generalized current is defined by
Jo (&, A9) = €"(@)iy + AL (x)sa™, (7)

where & and Ag are some coordinate dependent parameters. Due to their
index structure, the former parameters can be regarded as vector field com-
ponents and the latter as 1-form components. The suitable language for
description of generalized currents is the one of generalized geometry [2].
The generalized vectors are direct sum of elements of tangent and cotangent
bundle over some manifold, meaning that the generalized geometry treats
vectors and 1-forms on equal footing. Therefore, it is possible to consider
the generalized current as the function on generalized vector &€ @ AC.
Besides the algebra of these generalized currents, we are also inter-
ested in algebra of T-dual generalized currents. T-duality [1, 3] is inherent
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to string theory and represents the equivalence of two seemingly different
physical theories. The equivalence manifests itself in a way that all quan-
tities in one theory are identified with quantities in its T-dual theory. It
was firstly noticed in case of the bosonic closed string with one dimension
compactified to a radius R. In that case, mass spectrum is given by [1]

KQ
TR

2 , R?

M + W 2 (8)
where K is momentum and W winding number. It is obvious that the
mass spectrum remains invariant upon simultaneously swapping K < W
and R < %. What can be concluded is that spectrums of two theories
that both have one dimension compactified to a circle, where in one case
the circle is of small and in the other of large radius, are indistinguishable.
The momenta in one theory are winding numbers in its T-dual theory, and
vice versa.

We consider the T-duality realized without changing the phase space
[4]. Its transformation rules between the canonical variables are given by

=N 9)

When the above relation is integrated over space parameter o, we obtain
that the T-duality interchanges momenta with the winding numbers. The
background fields have their T-dual counterparts as well [5], namely

xRV — (Gél)uu’ * BHY gg,u,y’ (10)

where 01 = —%(GEIBG_l)W is the non-commutativity parameter. Two
variables are said to be mutually T-dual if they transform one into another
when simultaneously both (9) and (10) are applied [4].

Now we follow the same procedure as above for constructing the T-dual
generalized currents. Applying (9) and (10) to (5), we obtain the current
Iy, T-dual to current ji,

M=k + (G, k' = ka™ + k0T, . (11)
The Hamiltonian can be expressed in terms of these currents by
1
Ho = -G, (e ). (12)

Substituting the expression (11) in (12), we obtain the Hamiltonian in the
form (4). The Hamiltonian remains invariant under T-duality.
The generalization of current I} is given by

JR(SR; A) = fé(x)wu + A“(a}>k“ . (13)
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Instead of auxiliary current ¢, and coordinate o—derivative z’#, the basis
for T-dual generalized currents consist of T-dual auxiliary current k* and
canonical momenta 7,. The coefficients 573 are arbitrary vector field com-
ponents, while A, are arbitrary 1-form components. Next, we will see how
these currents are related to the symmetry generators.

2. Symmetry generators algebra

Let us start with the general coordinate transformations. They are gener-
ated by

27
Gaer(§) 2/0 dogt(x)m, . (14)

Action of the general coordinate transformation on background fields is
governed by the action of Lie derivative [6]

0eGy = LeGluy, By = LeByy . (15)

The Lie derivative is defined by L¢ = i¢d + di¢, where the interior product
i¢ acts as a contraction with a vector field £, while the exterior derivative
d extends the concept of the differential of a function to differential forms.
The commutator of two Lie derivatives results in another Lie derivative

££1£§2 - £52£§1 = £[§17§2]L ) (16)

where by [£1,&2]1,, we marked the Lie bracket between two vector fields &;
and &. Explicitly, it is given by

([6, €2l )" = 70,65 — &50.¢1 - (17)

Calculating the Poisson bracket algebra of general coordinate transfor-
mations generators Goor (14), we obtain the relation:

{Gcor(&), Gaer(§2)} = —Gaor([61,82)L) - (18)

We note that this algebra gives rise to Lie bracket.
We would like to extend the generator Ggor so that it includes the
local gauge transformations as well. They are generated by [6]

Gror(A) = / do Ao (19)

where A, are gauge parameters that are 1-form components. The action of
local gauge transformations on background fields is given by
OANGuw =0, 0AB,, = 0\, — O, A, . (20)

When gauge parameter is changed so that total derivative of arbitrary
function is added A, — A, + 9, A, the action of generator does not change.
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Hence, different gauge parameters generate same symmetry and therefore
the generator is reducible.

Local gauge transformations are T-dual to general coordinate transfor-
mations, due to relation (9). The sum of both generators (14) and (19)
results in symmetry generator that is T-dual to itself

GlemA) = / do [g#(xm n Aums’”] . (21)

Using the language of generalized geometry, we treat the generator (21)
as a function of generalized gauge parameter, defined as the direct sum of
vector and 1-form parameter £ & A.

2.1. Courant bracket
The Poisson bracket algebra of the generators (21) is given by

{G(E1 O A1), G(&2 D A2)} = —G([61© A1, 6 © A2c), (22)

where [§1 @ A1, & @ Ag)c is the Courant bracket [7]. It is considered to
be the generalized geometry extension of the Lie bracket. Just like the Lie
bracket acts on vectors, Courant bracket acts on generalized vectors. Its
full expression is given by

[E1® A1, 2B Ao = [61,&] L@ <ﬁ§1A2 —Ley A — %d(i&fb —ingl)) - (23)

The first term [£1,&2]r on the right hand side of previous equation gives
the vector, while the other terms give 1-form. It has been shown before
[8] that the algebra of symmetry transformations gives rise to the Courant
bracket.

Courant bracket cannot be a bracket of a Lie algebra, as it does not
satisfy the Jacobi identity. However, this does not pose a problem, as
the deviation from Jacobi identity is closed form that disappears after the
integration and hence correspond to a trivial symmetry. The Jacobiator of
Courant bracket is given by [2]

[[E1BA1, E2B A2, E3BAs]c+cyclic = dANij (1M1, E2B N2, E3DA3)c, (24)

where the Nijenhuis operator is defined by
< (LG BMA,L,ELD A, E3D Az > +eycl.
(25)

and < & DA, & DAy >= %(51(1\2) —&2(Aq)) is the natural inner product
between generalized vectors.

Wl

Nij(&1® M, &P A2, 3D A3)c =
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2.2. Twisted Courant bracket

We claimed that it is possible to obtain the generalized currents from the
symmetry generators. To demonstrate that, let us now define the new
gauge parameter

AS = A, +2B,,¢" . (26)

This change of parameter can be interpreted as the B-transformation acting
on the generalized gauge parameter

1Y v 12
Oph = <2%W 5%) . <iy> _ <§,€> . (27)

It is suitable to rewrite the generator (21) in the new basis
Ge(¢ @ AC) = / do [5“@'# + HAS:UW] . (28)

Comparing the expression for the symmetry generator Ge (28) with the
expression for generalized currents (7), we see that this generator is the
charge corresponding to the current Jg.

The change of basis results in the appearance of H-flux in the basis
algebra

{in(0),iv(0)} = —26Bpz'Pé(c — 7), (29)

where
By = (dB)qu = 0uBup + 0By + 0By (30)

is the H-flux. The Poisson bracket algebra of generators was obtained in
[4, 9] and written in the form

{Ge(G @ AT), Ge(o @ AS)} = —Ge([G @AY LD AT]B) . (31)

The bracket [¢& @ A{, & @ AS]p is called the Courant bracket, twisted by
a 2-form 2B,,,. This twist is realized by

[OB(&1 ® A1),0B(& ® A2)lc — Ol ® A1, 6 @ Aole = H(&1,62,.) . (32)

We see that it differs from the Courant bracket (23) by the contraction
of H-flux H = dB (30) with two gauge parameters & and &. The full
expression for this bracket is given by

(& @AY, & d A B = [61,&]L @ (‘CflAg — Le,AY (33)

1. .
- 5d(z&Ag? —ie,AY) + H(&, 6, .)) .
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2.3. Roytenberg bracket

Finally, we are going to consider one more transformation of the gauge
parameter
g =&+ KOMA,, (34)

This can be written as a generalized gauge parameter transformation, char-
acterized by the action of antisymmetric ¥ bi-vector

O\ = v = .
a=(0 %) () - (8 )

The symmetry generator can be rewritten with new parameters in a new
basis

Gr(ER @A) = / do [g,‘gm + Auk;“] . (36)

It is obvious that the generator is the charge corresponding to current Jg
(13) and that the T-duality relation Gr(£r @ A) = Ge(€ @ AC) holds.
There is a presence of non-geometric fluxes in basis algebra

{kH(0), k" (o)} = —kQ " KPd(0 — &) — K2RMPm,0(0 — &), (37)

where Q" = 0,0/ is Q-flux and R*P = 017 0,0"P + "7 0,0 + 0P° 0,01
is R-flux. The new generator algebra [4, 10] is given by

{Gr(Elf @ A1), Gr(E @ A2)} = —Gr(EF @ AL &8 @ Aolr),  (38)

where the resulting bracket is the Roytenberg bracket [11]. It is a gen-
eralization of Courant bracket, obtained by twisting the Courant bracket
by some bi-vector. The corresponding bi-vector in our case is the non-
commutativity parameter k0*”. The Roytenberg bracket differs from the
Courant bracket by

[Og(&1 @ A1), Op(&2 ® A2)]c — Oplé1 @ A1, &2 @ As]c, (39)

In its most general form, Roytenberg bracket encompasses all fluxes. In
this case, canonical momenta are commutative, meaning that there is no
H-flux present in basis algebra. The full expression is

(61 @ Al & o AR = <[§1,§2]L — K[&2, ATO) L + K[€1, ATO)L (40)
K2 1. )
10,005 (AR M) — (LM — L6, A + S, AF — i, AP )
1 . .
& (ﬁflAQR — Le, AT — §d(151b —ig, Af) — [AT, Ag]e) :

The expression [0, 0] s(A¥, AF,.) is the Schouten-Nijenhuis bracket [12] con-
tracted with two 1-forms. It is a generalization of the Lie bracket on the
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space of multi-vectors. The expression [Af, AF], is the Koszul bracket [13],
a generalization of the Lie bracket on the space of differential forms.

We note that 2-form 2B, and bi-vector k0" used for twisting the
Courant bracket in two cases are mutually T-dual (10). Moreover, both of
these brackets appeared in considering charges corresponding to the gener-
alized currents, defined in mutually T-dual bases. Therefore, we can con-
clude that the T-duality connects twisted Courant and Roytenberg bracket,
as long as they are twisted by the mutually T-dual fields.

3. Conclusions

We considered a standard o-model for closed bosonic string. We wrote
Hamiltonian in terms of two types of currents. The components of these
currents have been used as bases in which generalized currents were defined.
These generalized currents are defined in mutually T-dual bases.

Afterwards, we considered the self T-dual symmetry generator G({DA).
It takes the generalized gauge parameter EP A as a parameter and generates
both general coordinate transformations and local gauge transformations.
The Poisson bracket algebra of these generators was calculated and the
Courant bracket has been obtained. The Courant bracket appeared in a
same way in which Lie bracket was obtained in the case of general coordi-
nate transformations algebra.

Next, we considered the action of B-transformation to the generalized
gauge parameter. The symmetry generator written in terms of the resulting
gauge parameter is the charge corresponding to the generalized current Jg.
The Poisson bracket algebra of these generators gives rise to the Courant
bracket twisted by a 2-form 2B.

In the end, we consider the action of #-transformation on the general-
ized gauge parameter. The newly obtained generator is the charge for the
generalized current Jr and it gives rise to the Roytenberg bracket. The
Roytenberg bracket in general represent the Courant bracket twisted by a
bi-vector. In this specific case, the bi-vector is k0*¥, which is T-dual to the
Kalb-Ramond field B,,. Consequently, we conclude that both the twisted
Courant bracket and the Roytenberg bracket appear when generalized cur-
rents defined in two mutually T-dual bases are considered.
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Abstract

Generalized geometry is a new mathematical paradigm in which vectors and 1-forms are united and
investigated as single objects - generalized vectors. In this dissertation, we explore symmetries of
bosonic string theory and their relations with T-duality in the formalism of generalized geometry. The
generator of both diffeomorphisms and local gauge transformations is constructed and expressed as an
O(D, D) invariant inner product of two generalized vectors. In the same way that the Poisson bracket
algebra of generators of diffeomorphism gives rise to the Lie bracket, the algebra of the extended
generators gives rise to the Courant bracket. Taking into account the T-duality relation between two
string symmetries, we interpret the Courant bracket as the T-dual extension of the Lie bracket [1].

We then develop a simple procedure for twisting the Courant bracket with any O(D, D) transfor-
mation, allowing us to obtain Courant brackets deformed with different fluxes. The crux of this method
consists of expressing the generator in the basis of non-canonical currents, which are connected with
canonical variables via the O(D, D) transformation. We show that the Poisson bracket algebra of gen-
erators in the basis of currents closes on the appropriate twisted Courant bracket. We prove that there
is a natural way to define a Courant algebroid using these twisted Courant brackets. We provide many
examples of O(D, D) transformations and their corresponding twisted Courant brackets, including
the B-twisted Courant bracket and the #-twisted Courant bracket. The B-twisted Courant bracket is
characterized by H flux appearing in the algebra of currents, while the f-twisted Courant bracket is
characterized by the so-called non-geometric () and R fluxes. It has been shown that these brackets
are mutually T-dual [2]].

In addition, we construct the generator that produces the Courant bracket twisted simultaneously
by B and 6 in its Poisson bracket algebra. This generator is expressed in terms of currents that contain
all string fluxes in their Poisson bracket relations. Moreover, we show that the Courant bracket twisted
simultaneously by B and 6 is invariant under the T-duality [3)]. We also demonstrate that all fluxes
can exist on the Dirac structures associated with the Courant algebroid for this bracket, without any
restrictions imposed on fluxes.

In the end, results are generalized to a double theory, in which variables depend on both initial and
T-dual coordinates. The algebra of generators that include both initial and T-dual diffeomorphisms

ii



closes on the double field extension of the Courant bracket called C-bracket. Following the same pro-
cedure as in the single theory, we obtained the B-twisted and §-twisted C'-brackets [4]. We demonstrate
that by projecting the twisted C-brackets to the initial and T-dual phase spaces, the mutually T-dual
twisted Courant brackets are obtained.

Key words: Bosonic string, T-duality, Generalized geometry
Scientific field: Physics
Research area: String theory
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Sazetak

Generalisana geometrija podrazumeva novu matematicku paradigmu u kojoj se vektori i 1-forme ob-
jedinjuju i razmatraju kao jedinstveni objekti - generalisani vektori. U ovoj disertaciji istraZujemo
simetrije bozonske teorije struna i njihove veze sa T-dualnosc¢u koris¢enjem formalizma generalisane
geometrije. Konstruisan je jedinstven generator difeomorfizama i lokalnih gradijentnih transformacija
i predstavljen kao O(D, D) invarijantan skalarni proizvod izmedu dva generalisana vektora. Na isti
nacin kao Sto u algebri Poasonovih zagrada generatora difeomorfizama nastaje Lijeva zagradi, alge-
bra proSirenog generatora daje Kurantovu zagradu. Uzimajuci u obzir T-dualne veze izmedu ove dve
simetrije, Kurantova zagrada je interpretirana kao ekstenzija Lijeve zagrade invarijantna na T-dualnost
(L].

Zatim razvijamo jednostavnu proceduru za pronalaZenje Kurantovih zagrada zavrnutih proizvoljnim
O(D, D) transformacijama, $to nam omogucava da dobijemo Kurantove zagrade deformisane ra-
zli¢itim fluksevima. Osnova metode je predstavljanje generatora u bazisu nekanonskih struja, koje
su O(D, D) transformacijom povezane sa kanonskim promenljivama. Pokazano je da se algebra Poa-
sonovih zagrada izmedu generatora izraZenih preko struja zatvara na odgovaraju¢oj zavrnutoj Kuran-
tovoj zagradi. Dokazano je i da takva zavrnuta Kurantova zagrada definiSe na prirodan nac¢in Kuran-
tov algebroid. Dali smo vise primera O(D, D) transformacija i odredili njima odgovarajuce zavrnute
Kurantove zagrade, ukljucujuéi i B-zavrnutu i #-zavrnutu Kurantovu zagradu. Kurantovu zagradu za-
vrnutu poljem B karakteriSe pojavljivanje H fluksa u algebri struja, dok Kurantovu zagradu zavrnutu
poljem 6 karakteriSe pojavljivanje takozvanih negeometrijskih @) i R flukseva. Pokazano je da su ove
dve zagrade medusobno T-dualne [2].

Dodatno, konstruisan je i generator koji daje Kurantovu zagradu istovremeno zavrnutu poljima B
i 6. Ovaj generator izraZen je preko pomocnih struja u ¢ijim algebarskim relacijama izrazenim preko
Poasonovih zagrada se dobijaju svi fluksevi teorije struna. Dodatno, pokazali smo da je na ovakav nacin
zavrnuta Kurantova zagrada i invarijantna na T-dualnost [3]]. Takode smo pokazali da svi fluksevi mogu
postojati na Dirakovim strukturama Kurantovog algebroida definisanog ovom zagradom, bez ikakvih
ogranic¢enja na tim fluksevima.

Na kraju, uopstili smo rezultate na duplu teoriju, u kojoj sve promenljive zavise i od pocetnih i

iv



od T-dualnih koordinata. Algebra generatora koji obuhvata difeomorfizme i T-dualne difeomorfizme
zatvara se na (C'-zagradi, S§to je generalizacija Kurantove zagrade na dupli fazni prostor. Koristeci
se istom procedurom kao i u nedupliranoj teoriji, dobili smo C'-zagrade zavrnute poljima B i 6 [4].
Projektujuci ove zagrade na medusobno T-dualne fazne prostore, dobili smo medusobno T-dualne
zavrnute Kurantove zagrade.

Kljuc¢ne reéi: Bozonska struna, T-dualnost, Generalisana geometrija
Naucna oblast: Fizika
UZa naucna oblast: Teorija struna
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Chapter 1

Introduction

Relation between physics and mathematics is a long and close one. Since Newton’s publication of
Philosophi® Naturalis Principia Mathematica, the accepted paradigm was that laws of physics should
have a precise mathematical formulation. Newton’s three laws of motion formulated in Principia re-
quire only a simple calculus. Physical properties of the system, such as momentum, energy or angular
momentum, are modeled by smooth functions. It was later demonstrated that the introduction of La-
grangian in configuration space is suitable for deriving equations of motions from the principle of
minimal action. Equivalently, everything could be derived from the Hamiltonian in the phase space,
obtained as a Legendre transformation of the Lagrangian. The need for more complex mathematical
formalism grew with the expansion of knowledge of physical phenomena. In the formulation of quan-
tum mechanics, physical variables are expressed as operators on the Hilbert space, and their values are
the eigenvalues of these operators. For the formulation of general relativity, physicists incorporated
Riemannian geometry.

Classical mechanics is able to predict the motion of many different objects, from billiard balls to
rocket ships. Given the initial conditions, i.e. initial coordinates and velocities, the motion of any
object is fully determined by the action of its forces. However, when it comes to the description
of objects on very short or very large scales, classical mechanics is unable to make any meaningful
predictions. It is important to point out that these extremes in scales brought fundamental changes in
our understanding of space-time and challenged intuitive but wrong premises about the world around
us.

Quantum theory is fundamentally predicated upon different premises than classical mechanics.
For instance, Heisenberg’s uncertainty principle disproves the assumption that coordinate and veloc-
ity can be simultaneously well-defined and expressed by single values. Waves and particles are not
seen as fundamentally different phenomena, but each particle has a wave property. The energy of light
is not continuous but is divided into a finite number of chunks of energy. These ideas were necessary



to describe real physics phenomena, like the emission of electrons when metal is hit by light. What
followed was the development of the quantum field theory, where particles arise as excitations of the
fields, and their interactions are described by the coupling of their fields. This is all well combined
into the Standard Model, which adequately describes electromagnetic, weak, and strong nuclear in-
teraction, as was confirmed with a myriad of experiments on different energy scales with very high
precision [5]. Though impressive, the Standard Model has a major limitation: it does not include
gravity.

Gravity is best described by Einstein’s general theory of relativity. It is formulated in a curved
background, and gravity arises as a consequence of the space-time geometry. Many experiments con-
firmed Einstein’s theory [[6], including the light bending and time dilatation near a massive body, as
well as recent observations of gravitational waves by LIGO [/, 8]. Gravity is a weak force, 25 orders
of magnitude weaker than weak nuclear interactions, and even more times weaker than strong nuclear
and electromagnet interactions. As such, on smaller scales, its effects are usually negligible. However,
on large scales, when we are considering massive objects such as galaxies and black holes, it is the
dominant force, due to its long range, and in these situations, the general theory of relativity applies.
However, some situations do not quite fit in either of the descriptions. On very large energies, in the
interior of black holes, or in the moments right after the Big Bang, we do not have a proper argument
to rule out either relativistic or quantum effects. Therefore, it is believed that quantum mechanics and
general relativity are effective theories of a more general quantum theory of gravity.

There is almost a universal belief that the quantum theory of gravity exists. The electromagnetic
and weak interactions are unified at larger energies, and by symmetry breaking mechanism they sepa-
rate. So the argument goes that on even higher energies all interactions should be unified. Moreover,
the quantum field theory is formulated in a fixed background, while the nature of general relativity is
that space-time itself is dynamic, so a more universal theory has to exist.

However, the formulation of this unified theory turned out to be challenging. If one proceeds with
the quantization of gravity in the framework of perturbative quantum field theory, the theory is not
renormalizable by the standard renormalization techniques. Moreover, the quantum effects of grav-
ity are expected to appear at energies of 101°GeV/, which are inaccessible with current accelerators,
making experimental testing of quantum gravity very difficult. It can be argued that understanding
the quantum theory of gravity will bring a better understanding of space-time and the fundamental
properties of the world around us, in the same way as quantum field theory and general relativity did.
As it was historically true, we can expect that description of the theory of quantum gravity will also
require new areas of mathematics.



1.1 String theory

String theory [9, 10, [11]] is a theoretical framework that postulates that the basic elements of Na-
ture are one-dimensional strings, rather than point particles. Unlike Standard Model, which requires
nineteen parameters to be obtained experimentally and put into theory by hand, the string theory re-
quires only one dimensionless parameter, which is the fundamental string length. The quantized string
has a discrete spectrum of vibrating modes, with different modes appearing as different particles at
distances larger than the fundamental string length. The string propagating in space-time spans the
two-dimensional world-sheet parametrized with a time-like parameter 7 and space-like parameter o,
analogous to a relativistic point particle moving along the world-line. The world-sheet can either be a
torus, in which case we have a closed string, or a strip, in which case we have an open string. In the
former case, the periodic boundary conditions are imposed on the string target space. In the latter case,
we can impose either Neumann conditions, where end-points of an open string are fixed in space, or
Dirichlet boundary conditions, where they are on a dynamical object, called D-brane. While it might
appear as having odd assumptions, there are good reasons that make string theory the candidate for
the universal description of all interactions.

First of all, one of the string vibration modes produces a massless spin 2 particle, which has never
been observed. Though initially, this led to the abandonment of the theory, in 1974 it has been shown
that such a particle obeys the Ward identities and can be interpreted as graviton [12]. Formulation
of the quantum theory of gravity is arguably the biggest challenge in contemporary physics, and the
fact that string theory predicts a consistent quantum theory of gravity makes it appealing for research.
Moreover, for one-loop corrections, the gravity emerging from string theory is renormalizable [13]]. In
particle physics, Feynman diagrams are webs of world lines that juxtapose in points, which are sources
of singularities. In string theory, Feynman diagrams are two-dimensional surfaces, that intersect on
smooth areas, and as such there are no local singularities. The divergences in string gravity cancel each
other out. The fundamental string length provides a natural ultraviolet cut-off for graviton scattering
amplitudes.

The first string theory that was developed is the bosonic string theory. Besides graviton, bosonic
string theory also includes gauge bosons. It is an incomplete theory since it does not include fermions.
Moreover, it predicts the existence of tachyons, particles of negative energy. These issues are resolved
with the introduction of supersymmetry, leading to the development of superstring theory. Given that
all particles appear in the spectrum of supersymmetric strings, the superstring theory is a promising
candidate for a unified theory of all fundamental interactions. There are five different superstring
theories that are anomaly free. These are type I, ITA, IIB, heterotic SO(32) and heterotic Eg x Eg.

As was the case with previous breakthroughs in theoretical physics, string theory is also enriched
with more complicated mathematical apparatus. The world-sheet poses conformal symmetry. The



conformal invariance on the quantum level imposes the number of dimensions of space-time. In
bosonic string theory, the critical number of dimensions of space-time is twenty-six, while for the
superstring theories, it is ten. From the optimistic perspective, one can claim that this is an advantage
of string theory because the number of dimensions is predicted by the theory. From the pessimistic
perspective, we do not observe ten dimensions and this is a challenge that the theory has to resolve.

Interestingly enough, the idea that all interactions can be unified in space-time with extra dimen-
sions is older than the string theory itself. Einstein’s general relativity and Maxwell equations were
derived from gravity action in five dimensions in the works of Kaluza and Klein [14}[15)]. They pro-
posed that an additional dimension is compactified on a circle. This motivated the string theorists to
consider the approach where supplementary dimensions are compactified.

1.2 T-duality

The propagation of closed strings in space-time with one dimension being compactified to a circle
led to the discovery of T-duality, a striking feature unique to string theory. It was observed that two
string theories, one with a dimension compactified on a circle with radius R and the other one with a
dimension compactified on a circle with radius proportional to % have the same mass spectrum, and
therefore are physically indistinguishable. The winding number, that is to say, the number of times a
closed string winds around a compact dimension, in one theory represents the momentum number in
its T-dual theory, and vice versa. This is a simple example of a more general string phenomenon, that
two theories can be defined on backgrounds with different geometries, or even topologies, but still,
predict the same physics.

Dualities are relations between different actions that lead to the same observable quantities that are
an integral part of the string theory. For the closed string moving in the background characterized by
constant fields, the procedure of obtaining T-dual theory was developed by Buscher [16]. The open
string with Neumann boundary conditions is T-dual to open strings with Dirichlet boundary condi-
tions. Moreover, the T-duality connects IIA and IIB superstring theories, and two types of heterotic
string theories. Together with S-duality, which connects theories with a strong and weak coupling con-
stant, T-duality connects different supersymmetric string theories with a single, eleven-dimensional
M-theory. This was observed by Witten in 1995, marking the so-called second superstring revolution.
Before that, it was unclear which superstring theory is to be preferred.

As backgrounds become more complicated, obtaining the T-dualization procedure becomes more
challenging. After T-dualization one can obtain so-called non-geometric backgrounds, where back-
ground fields are non-local. Though many advances in understanding this intriguing feature, we still do
not have the universal procedure of obtaining T-duality for string moving in the arbitrary background.
Given its importance in relating different superstring theories, a better understanding of T-duality is
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one of the string theory priorities.

The T-duality gives rise to a plethora of geometries and topologies. Therefore, its universal for-
mulation requires a general mathematical framework, which can include these different spaces. The
promising candidate for such a framework is generalized geometry. It is the geometry of the general-
ized tangent bundle, which is just a direct sum of the tangent and cotangent bundle over a manifold.
Vectors and 1-forms are combined into single objects, called generalized vectors. On the space of gen-
eralized vectors, there is a natural way to define both a symmetric and antisymmetric inner product.
The former is invariant under the O(D, D) transformations, which are transformations that govern
T-duality.

Furthermore, the generalized tangent bundle is equipped with the Courant bracket. It can be under-
stood as a generalization of the Lie bracket on the generalized tangent bundle. Unlike the Lie bracket,
the Courant bracket does not satisfy the Leibniz rule and Jacobi identity, though there are sub-bundles
on which it does satisfy both of them and can be seen as the bracket of Lie algebra. Initially, the
Courant bracket was constructed as a double of Lie bialgebroid, which is just the ordered pair of two
Lie algebroids on mutually dual vector bundles. Soon after its construction, it was observed that one of
the Lie algebroids can be twisted by an exact 3-form, and a twisted Courant bracket was obtained. Sub-
sequently, Roytenberg showed that both Lie algebroids can be twisted, and constructed what is known
as the Roytenberg bracket. The additional terms that appeared due to twisting can be interpreted as
string theory fluxes.

Fluxes in string theory appear among others in the context of background compactification [[17,
18, [19], and generalized geometry [20, 21} 22]. The vacuum in the compactification background is
degenerated. Different possible configurations are parametrized by moduli, that appear as massless
scalar fields in the lower dimensional theory. These fields are problematic from a phenomenological
point of view since they would carry long-range interactions that are unphysical. The problem can be
resolved by introducing fluxes to the background [23, 24, 25]. The fluxes generate the potential that
stabilizes the vacuum expectation value and gives mass to moduli.

1.3 Overview of the thesis

In this dissertation, we explore symmetries of bosonic string theory and their relations with T-duality
in the formalism of generalized geometry. The generator of both diffeomorphisms and local gauge
transformations is constructed and expressed as an O(D, D) invariant inner product of two generalized
vectors. In the same way that the Poisson bracket algebra of generators of diffeomorphism gives rise
to the Lie bracket, the algebra of the extended generators gives rise to the Courant bracket. Taking into
account the T-duality relation between two string symmetries, we interpret the Courant bracket as the
T-dual extension of the Lie bracket [[1]].



We then develop a simple procedure for twisting the Courant bracket with any O(D, D) transfor-
mation, allowing us to obtain Courant brackets deformed with different fluxes. The crux of this method
consists of expressing the generator in the basis of non-canonical currents, which are connected with
canonical variables via the O(D, D) transformation. We show that the Poisson bracket algebra of gen-
erators in the basis of currents closes on the appropriate twisted Courant bracket. We prove that there
is a natural way to define a Courant algebroid using these twisted Courant brackets. We provide many
examples of O(D, D) transformations and their corresponding twisted Courant brackets, including
the B-twisted Courant bracket and the #-twisted Courant bracket. The B-twisted Courant bracket is
characterized by H flux appearing in the algebra of currents, while the §-twisted Courant bracket is
characterized by the so-called non-geometric () and R fluxes. It has been shown that these brackets
are mutually T-dual [2]].

In addition, we construct the generator that produces the Courant bracket twisted simultaneously
by B and 6 in its Poisson bracket algebra. This generator is expressed in terms of currents that contain
all string fluxes in their Poisson bracket relations. Moreover, we show that the Courant bracket twisted
simultaneously by B and @ is invariant under the T-duality [3]]. We also demonstrate that all fluxes
can exist on the Dirac structures associated with the Courant algebroid for this bracket, without any
restrictions imposed on fluxes.

In the end, results are generalized to a double theory, in which variables depend on both initial and
T-dual coordinates. The algebra of generators that include both initial and T-dual diffeomorphisms
closes on the double field extension of the Courant bracket called C-bracket. Following the same pro-
cedure as in the single theory, we obtained the B-twisted and 6-twisted C'-brackets [4]. We demonstrate
that by projecting the twisted C'-brackets to the initial and T-dual phase spaces, the mutually T-dual
twisted Courant brackets are obtained.



Chapter 2

Action for bosonic string

In this chapter, we will give a brief overview of the action for a relativistic particle, after which we will
by analogy, construct the first action for a bosonic string. We will then provide a non-linear o-model,
that describes propagation of the closed bosonic string in coordinately dependent background fields.

2.1 Relativistic particle

Let us first consider a relativistic free particle, moving in a curved D-dimensional background. The
movement of the particle sweeps the one-dimensional world-line parametrized with a time-like pa-
rameter 7. The action of a relativistic particle is proportional to the invariant length of its trajectory

Sy = m/ VG aktardr (2.1)

where G, is the metric of the background, x* represent the coordinates of the particle, and * their
derivatives with respect to 7. The proportionality constant m is obtained from the dimensional analysis
and represents the mass of the particle. Under the reparametrization of the world-line 7/ = f(7) we
have oxror Lo,

= aT/E:fW’ dr’ = fdr, (2.2)
and therefore the action (2.1) remains invariant under the reparametrization of the world-line.

jjﬂ

We are not quite satisfied with the action that features the square root, because it is impossible
to quantize it by Fenyman’s path integral formalism. Recall that in this formalism, the quantum me-
chanical propagator is obtained by integrating over different contributions of all paths in configuration
i

S
space, with weights being expressed as e '#. We can avoid integrating over square root by using an-

other linear action that is equivalent to the action (2.1) on the classical level. With the introduction of



an independent auxiliary field e(7) on the world-line, we define the action

1 1
= — —_ g 2
S Q/dT(eGWx ¥ +m e). (2.3)

The variation of the action along e produces the equations of motions
e=—+/Guiri”, (2.4)
m

on which the action (2.3) becomes (2.1). The variation of action along the coordinates x* provides the
well-known equation of motion for a free relativistic particle along the geodesic, given by

BT Vi =0, (2.5)

where 1', are Christoffel symbols, given by

1 —1\po
Ffw = §(G l)p (auGua + 8uGua - aaG;w> . (26)

In case of a relativistic particle moving in the electromagnetic field, one should add the interacting
term to the action

Sint = /quAu;i:“, (2.7)

where ¢ is the electric charge of the particle, while A, is the vector potential. The action (2.7) is
invariant under gauge transformations

A, — A, + 0, (2.8)

due to

/ drqd\i" = / drgh = 0. (2.9)

2.2 Action for non-interacting string

Now consider a one-dimensional string and suppose we want to introduce its action by analogy with
the relativistic particle. In the same way that the particle sweeps the world-line, a string sweeps the
world-sheet. The Nambu-Goto action [26] that describes the string is proportional to the area of the
worldsheet. It is given by

Sne = K / ng\/ —det(@azp“(‘?ﬁxl’GMV) &€ = dodr (2.10)
M



where Kk = with [; being the string length scale. It is the only parameter in string theory. The

>
string is moving in a D-dimensional space-time characterized with a constant metric G,,,,, where p, v
are the coordinates of the space-time y1, v € 0, 1, ..., D — 1. The indices «, § = 0, 1 are coordinates
on the world-sheet 33, parametrized with one time-like parameter £° = 7 and one space-like parameter
¢! = o. For closed strings, the topology of world-sheet is a torus R x S*, where —oo < 7 < 0o and
0<0o<2m.

Obviously, the same problem as with the action for relativistic particle (2.1) persists - the Nambu-
Goto action cannot be quantized with the Feynman path integral procedure due to its nonlinearity. In
an analogous way, it is possible to introduce the world-sheet metric g,5 and construct the Polyakov

action
K

Sp =3

/dza\/—g go‘ﬁGwﬁax’@gm”, (2.11)

where g° is the inverse of the world-sheet metric ¢*?g.5 = 09, and g is determinant of the world-sheet
metric g = detg,g. The Polyakov action is invariant under the global Poincar€¢ transformations

(&) = M2 (§) + ", gap = Gas (2.12)

where a* are translation parameters, and A*, are Lorentz transformations that satisfy ATnA = 7,
for the Minkowski metric 7. Additionally, the action is invariant under the reparametrization of the
world-sheet

@ af 1oel / n _ ag’y 855
4 =&Y, 2M(E)=2"(E), gup(f) = @W%a, (2.13)
as well as under the Weyl transformations
Gap(€) = e”Cgap(€), 2"(€) = 2"(€) . (2.14)

Reparametrization and Weyl transformations are local transformations and can be used to choose the
gauge. The theory invariant under the Weyl transformations is said to be conformally invariant. The
string theory is therefore the conformal field theory.

The variation of the Polyakov action (2.11) with respect to the worldsheet metric gives rise to the
equations of motions, on which the Nambu-Goto action (2.10) is obtained. To demonstrate this, we
will find useful the following relations

1
69 = —ggapdg®®, 0v/—g = —5V —99ap99°" (2.15)

so that we can obtain the equations of motions by varying the Polyakov action with respect to the

6Sp

worldsheet metric 5-7
9

1
Oa2" 02" Gy — §ga597587x“85x”GW =0. (2.16)
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Its solution is in the form
Gap = A 0,2"02" G,y (2.17)

where ) is an arbitrary scalar, due to Weyl symmetry (2.14). Substituting (2.17) into the Polyakov
action (2.11), one obtains the Nambu-Goto action (2.10). The second set of equations of motion is
obtained from the action variation with respect to z*, in which case the wave equations are obtained

O“Opat = M — 2™ = 0. (2.18)
If we introduce the light-cone coordinates by
F=r+o0, (‘LE:%(&i@U), (2.19)
the equation of motion (2.18) can be rewritten as
0+0_z"=0. (2.20)

Now its general solution will have a decomposition to the left-movers «/; and right-movers z',

o = (€, + ahlEL), (221)
which can be expanded in modes by
o — lxu + 152]9#(7 +0)+ ZZ_S Z laue—%n(ﬂw) (2.22)
L 270 2 24em "
1 1 vlS 1 ~ o, —2in(T—0o
zh = 5958 + §l§p“(7 —0) —|—z§nz¢oﬁaﬁe Zin(r=0)

where xj, is the center of mass position of a string, and p* is total string momentum. The exponential
terms represent the string excitation modes, and o, and a4 its coeflicients.

2.3 Bosonic string o-model

The Polyakov action can be quantized, in which case oscillatory modes o and &/ are promoted to op-
erators that satisfy the harmonic oscillator algebra relations, so that they can be interpreted as creation
and annihilation operators. The ground state is defined as the state annihilated by annihilation oper-
ators. Bosonic string theory also predicts the existence of negative norm states, which are removed
in case of strings moving in 26-dimensional space-time. This is what we call a critical bosonic string
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theory !. In this case, the first excited state gives a set of 24> = 576 of the states that correspond
to the tensor products of two SO(24) representations. It includes the symmetric traceless part, the
antisymmetric part, and the trace.

The symmetric traceless part transforms as a massless particle of spin 2, and for that reason the
background field corresponding to it is space-time metric GG,,,,. The antisymmetric part is represented
by the Kalb-Ramond field B,,,
o-model is described by the following action:

and the trace is represented with the scalar dilaton field ®. The string

S=k /2 d*¢ [%\/—ggaﬁGW(x)ﬁax“ng” + € By (2)0ar"Opr” + E\/—gcb(:c)R@)] , (2.23)

where €*? is the antisymmetric tensor density, with €' = 1, and R® is the scalar curvature of the
world-sheet metric g, given by

R®) = g;WR/W ) R;w =R’

ppv

R, = 0,10, — 9,1t + 7 0 —T7 I (2.24)

puvt TOo po- TV

where I'7,, are Christoffel symbols (2.6) of the world-sheet metric g. The coupling of the string with the
metric tensor is the same as in the case of Polyakov action. The Kalb-Ramond field is analogous to the
potential A,,, and hence this term can be seen as the interacting term. The dilaton is a quantum effect,
that is added to preserve the conformal invariance on the quantum level. The conformal invariance on
the quantum level results in the space-time equations of motion for the background fields, that to the
lowest order in slope parameter o/ = 27” are [129]]

1

Ryy = 7 Bupe B +2D,D,® =0, (2.25)

D,B", —2D,®B’,, =0, (2.26)
1

4(D®)* — 4D, D"'® + 5 BB — R =0, (2.27)

where B, , is the Kalb-Ramond field strength, given by
B, =0,B,, +0,B,,+ 0,B,,, (2.28)

R and R, are respectively the Ricci scalar and Ricci tensor (2.24) of the space-time metric G, and
by D,, we have marked the covariant derivative, which acts on a vector field V), by

b,v,=9,V,-1IV,V,, (2.29)

jn%

Tt is possible to define non-critical bosonic string theory in a space-time with dimensions D < 26, provided that an
appropriate Liouville term is added to the action. This results in a Liouville field theory that is not linear and does not
possess the Weyl invariance but is classically integrable. For reviews of the Liouville field theory, see [27, 28].
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which is easily generalized to the terms appearing in the equations of motions
D,D,® = 0,D,®— FZVD(,(ID , (2.30)

D“B”pg = 8“B”M + FZTBTPU - F;pB”W — F/TMBVPT .
The conformal symmetry allows us to chose the conformal gauge g,s = €%¢1,3, Where 7,4 is a

flat Minkowski metric. Furthermore, if we do not take into account quantum effects, the dilaton field
can be taken to be zero, in which case the action simplifies to

S = /Z PEL = /E d%(%naﬁqﬂ, n e"‘ﬁBW> DathDgz” 2.31)
which in the light-cone coordinates becomes
S = /f/d§28+z"ﬂ+wa_:v”, (2.32)
where I1,, fields are given by
Iy, =B, + %GW . (2.33)

The action in the form (2.31) will mostly be used in this thesis. The symmetries of this action will be
analyzed in detail.

2.4 Canonical Hamiltonian

We finish this chapter with the derivation of the canonical Hamiltonian for string o-model. The canon-
ical momenta corresponding to the coordinate x* are obtained from variation of the Lagrangian (2.31)
with respect to coordinate time derivative

oL
COge

The canonical Hamiltonian is the Legendre transformation of the Lagrangian

o = kG i" — 2kB,,z" . (2.34)

1
He =mit — L= ﬁwu(G_l)‘“’ﬂy + gx’“nyx’” — 22" B,,(G"""7,, (2.35)

where Gz is the effective metric, given by
GY =G, —4BG'B),,. (2.36)

The effective metric is the open string metric. From the symmetric properties of the background fields
B and G, one easily shows that the effective metric is symmetric.
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Often we will find convenient to express the Hamiltonian in matrix notation

1

H
02/1

(XYM Hyn XN (2.37)

where H ), is the generalized metric, given by

GL, 2(BGT),)
and
n
XM = (m ) . (2.39)
Ty

The index M can take values from O to 2D — 1, and includes both covariant and contravariant indices.
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Chapter 3

T-duality

Dualities are well known to appear in physics. There is a unique form of duality that appears in string
theory and relates theories formulated in different geometries or topologies, called T-duality. In this
chapter, we will start with the presentation of the first emergence of T-duality, in the case of a string
moving in a background with one dimension compactified to a circle. Next, we will show how to obtain
the T-dual theory from the initial one by means of the Buscher procedure. Lastly, we will comment
on how the procedure can be generalized and what are the other important features of T-duality.

3.1 First appearance of T-duality

The most well-known example where T-duality emerges is a closed bosonic string in the space-time
with one dimension compactified to a circle of radius R. In that case, the space-time is the tensor
product of Minkowski space-time and a circle R»?* x S1. The compactification on a circle has a
couple of peculiar consequences. Firstly, the generator of translation by a along the dimension x5
is proportional to the factor e25¢, The translation by 27 R should by design be the identity operator
eP25 2R — 1 from which we obtain

25 _ 1
=g n e, (3.1)
where n are integers known as momentum numbers. Secondly, the string can wind around the compact
dimension, which we can express by

% (0 +27) = 2*°(0) + 2rmR, mEZL, (3.2)

where m is the winding number, equals the number of times the string winds around the compact
dimension. The mass spectrum of particles can be obtained in the form
n?*  m2R?

2 _
M=+

(3.3)
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The spectrum remains invariant under the exchange of winding numbers m and momentum numbers
n, provided that one makes the transformation R < %.

The closed string moving on a dimension compactified on a radius R has the indistinguishable
physics from the string moving on a dimension compactified on a radius %. Though two strings would
be described by different actions, the observable quantities would be the same. Moreover, the self
T-dual radius R = [, can be seen as the critical, or minimal radius. All theories with a dimension
compactified on radii lower than the critical one are in fact T-dual to theories with a dimension com-
pactified on a larger one.

In the case of a large radius R — oo, winding modes become very heavy and hence require a lot
of energy to be created. As such, they become irrelevant for the dynamics of a string. The momentum
modes become very light, and the differences between two modes % becomes very small, effectively
meaning that momenta are continuous. The large radius limit R — oo describes a string with no
winding and continuous momenta along that dimension, which is equivalent to that dimension being
effectively non-compactified. In its corresponding T-dual radius R — 0, we have the opposite case.
The momentum modes are very heavy, but the winding modes are very light and basically make the
continuum.

3.2 Buscher procedure

The Buscher procedure is the first formal method of obtaining T-dual theory from the closed string
o-model. The procedure requires a shift of coordinate

oxt = M = const (3.4)

to be a global symmetry of the action (2.31), which corresponds to the case of constant background
fields
B, = const, G, = const. (3.5)

The first step in the procedure is a localization of the global symmetry. The partial derivative is
replaced with the covariant derivative

0" — Dyat = Opat + vl (3.6)
where v are gauge fields. We will require the covariant derivatives to be gauge invariant
6Dyt =0, (3.7)
from which we can easily read the transformation laws for the gauge fields

Sult = O\ (3.8)
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Since the gauge fields are not physical, we will demand that their field strength is zero
Fgﬂ = c%vg“ — 0gvl = 0. (3.9

This condition can be assured by adding the appropriate term with the Lagrangian multiplier y,, to the
action (2.31). The gauge action invariant under the localized symmetries is then given by

af 1
Sloc(x7 Y, 1}) = /i/d2£ [(%Glﬂ/ + eaﬁBuV)DaquﬁxV + §yﬂeaﬁFcljﬁ:| : (310)

In the second step, we will fix the gauge by demanding z* (&) = x* (&), so the gauge fixed action
is

af 1
Spalye) = [ (-G B et + Sy L) a1
or in the light-cone coordinates (2.19)
1
Srin(y,v) = K / d2¢ [Uinwvi + S04 - a_vi)} . (3.12)

Equations of motions can be obtained from the variation principle. By varying with respect to the
Lagrange multiplier y,,, one obtains the condition (3.9), as required. Its solution is

v = Opat, (3.13)

which when substituted in the gauge fixed action (3.12) gives rise to the initial action (2.32). On the
other hand, the variation with respect to the gauge field produces another set of equations of motions

Oy + 20T 0 = 0. (3.14)

To find their solution, we introduce another set of fields by

O =0 F %(GEl)“”, (3.15)

where 60" is the non-commutativity parameter, given by

0" = —%(GElBGl)’“’, (3.16)

and G;' is the inverse of the effective metric (2.36). The non-commutativity parameter appears in
non-commutative relations on the open string endpoints, in the presence of non-zero Kalb-Ramond
field [30]. It is an antisymmetric tensor, while the inverse of the effective metric is symmetric, so one
easily proves that

Oy = -0, (3.17)
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and moreover that

v Lo
s 08 = 50 (3.18)

We can multiply the equation of motion (3.14) with ©_ and obtain its solution

v = —kOY 0Ly, . (3.19)

When substituted (3.19) in the gauge fixed action, the T-dual action is obtained

*S(y) = / AL =k / de?0,y, 0 y,, IV = g@ﬁ”, (3.20)
where y,, is the T-dual coordinate, and the T-dual fields are given by
SGH = (G, *BM = geﬂ”. 3.21)

By comparing (3.13) and (3.18), one obtains the T-duality relations between the coordinates
Orat ~ —kOY 0Ly, , (3.22)
or
it~ —k0"y, + (G )Y, (3.23)
o = (G )" — k0"

When these transformations are applied to the coordinates in the initial Lagrangian, the T-dual La-
grangian is obtained, i.e.

KO 2T, 02" ~ KNP0,y 114,070 y, = —k*0,y,011, ,,0"70_y, (3.24)
2
/{: g
= —E&pr@’i 3_y0 .

The Buscher procedure can be applied to the T-dual action (3.20) as well. We will not go into
details, as the procedure is exactly the same as when it is applied to the initial action. The T-duality
transformation laws on the T-dual coordinates are given by [16]

8iyu ~ —QH;Wﬁix” . (325)

When these relations are applied to the T-dual action (3.20), the initial action is obtained (2.32).

The T-duality relations are as easily expressed in Hamiltonian formalism. The variation of the
T-dual Lagrangian with respect to the T-dual coordinate 7-derivative is equal to the T-dual canonical
momentum

B,

*

it k(G 9, — K20y, (3.26)
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Therefore, in terms of the canonical variables, T-dual relations (3.23) are

*

T~ Ky, ko (3.27)

The T-duality transforms momenta into o-derivatives of the T-dual coordinates, and vice versa. To
give a further interpretation of these relations, we notice that the integrals of the canonical momenta
produce the momentum numbers P*, and the integrals of the o-derivatives of the coordinates along
compact dimension produce the winding numbers W#

PF = /dmr#, WH = /damc'“. (3.28)

The Buscher procedure demonstrates that the winding numbers of the initial theory are the momenta
in its T-dual theory, and vice versa.

3.3 Beyond Buscher procedure

Due to its requirement for global shift symmetry, the Buscher procedure cannot be applied in the
majority of cases. Let us consider a so-called weakly curved background, characterized by the con-
stant metric field GG, = const and the Kalb-Ramond field only linearly dependent on coordinate
By = bu + 3Bu,a”, by, = const. If the field strength B,,, is taken to be infinitesimal and
its higher orders are neglected, it is straightforward to demonstrate the fields in weakly curved back-
ground satisfy equations of motion (2.25) - (2.27). In this case, it is possible to construct the adapted
Buscher procedure [31]. One introduces the gauge fields v# and replaces the partial derivatives with
the covariant ones. This is insufficient, because the Kalb-Ramond field B depends on z*, and the
coordinate z* itself is not locally gauge invariant. This obstacle can be overcome by replacing the
coordinate with the line integral

V= / dgovt = / (detot + de~v) (3.29)
P P

where the integration is done along the path from the initial point £ (7, o) to the final one (7, o).
With this change in mind, one can follow Buscher’s ideas. On the equations of motions related to
the Lagrangian multiplier, the initial theory is obtained. On the equations of motions for the gauge
fields v#, the T-dual theory is obtained. The background fields in the T-dual theory depend on the line
integral of T-dual coordinate y,,. The line integral is a non-local object, and we say that this theory is
non-geometric. The situation becomes even more complicated when other backgrounds are included,
where the metric also depends on coordinates [32].
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3.4 T-duality in superstring theories

Even though this thesis is primarily focused on bosonic strings, we are going to briefly touch on the
importance of T-duality in superstring theories. The bosonic string theory is incomplete because it
does not include fermions. They can be added to the theory with the introduction of supersymmetry.
We can require that the theory is either supersymmetric on the world-sheet, in which case we obtain the
Ramond-Neveu-Schwarz (RNS) strings, or that the theory is supersymmetric in the ten-dimensional
Minkowski space-time, in which case we obtain the Green-Schwarz (GS) strings.

The RNS formalism [33} [34] relies on adding the standard Dirac action for DD massless fermions.
The action is invariant under the N = 2 supersymmetry group. The left and right moving ground
fermionic states can be chosen to have the same or the opposite chirality. The former case corresponds
to the type IIA superstring theory, while the latter case corresponds to the type IIB superstring theory.
These two superstring theories contain only closed strings.

The supersymmetric theory that contains both open and closed strings can be constructed with the
help of GS mechanism [35, 136, 37], where the action is constructed by requiring the manifest Poincaré
supersymmetry. This action can be only invariant under N = 1 supersymmetry, in which case we
obtain type [ superstring theory.

Heterotic string theories [38]] can be constructed by combining the left movers of the 26-dimensional
bosonic string theory, with the right movers of the ten-dimensional superstring theory. The spectrum
contains Yang-Mills multiplets that are either based on SO(32) or Eg x Fg gauge symmetry.

The fact that we are able to construct five different but self-consistent superstring theories was
initially seen as a weakness of string theory since there was no obvious choice of which one should be
preferable. However, these theories are mutually related by dualities. Specifically, T-duality connects
ITA and IIB superstring theories [39, 40], and also two heterotic string theories [4 1}, 142} 143]].

Apart from T-duality, different superstring theories can also be related via S-duality. It is a duality
between theories that have different coupling constants. Type I superstring theory with a coupling
constant ¢ is S-dual to the SO(32) heterotic string theory with coupling constant é [44]. Moreover,
type IIB superstring theory is invariant under S-duality.

In 1995, Edward Witten suggested that all superstring theories could be related with dualities to an
eleven-dimensional M -theory. The M -theory has not been formulated on all orders of perturbations,
but its effective low-energy action is an eleven-dimensional theory of supergravity. Type IIA super-
string theory in strong coupling is equivalent to an eleven-dimensional supergravity theory with one
dimension compactified on T [44]]. Similarly, Fgs x Ey heterotic string theory with strong coupling
constant g becomes M-theory compactified to a Z, orbifold of the circle [45, 46]. These observa-
tions make strong arguments for the existence of the M -theory which is connected with all superstring
theories by a web of dualities.

20



So far, there is no universal description of T-duality that can be applied to an arbitrary string field
configuration. The intricate geometric and non-geometric spaces that can be related via T-duality
necessitate a novel mathematical framework to be able to accommodate them. In the next part, we
will introduce the reader to the basic elements of generalized geometry, which appears to come with
a suitable apparatus for describing T-duality and other relevant string phenomena.
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Part 11

Generalized geometry
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Chapter 4

Differential geometry

This chapter begins with definitions of fundamental geometric terms that will be used throughout the
thesis. We introduce vectors, the Lie derivative of a vector field, and define the Lie bracket. Next,
we define differential forms, together with the exterior derivative and the interior product. Finally, we
extend the definition of Lie bracket to multi-vectors by introducing the Schouten-Nijenhuis bracket.

4.1 Tangent and cotangent bundle

We start with the definition of a manifold:

Definition 1 (Manifold)
A n-dimensional smooth manifold is a Hausdorff ' topological space M such that:

 For each point p € M there is an open neighborhood U, that is homeomorphic to R", i.e. there
is a smooth map ¢, : U, — R"™. The ordered pairs U,, ¢, are called charts, and the collection
of charts covering all topological space is called atlas.

 For each two non-disjoint neighborhoods U, and Ug, transition maps on their intersections
Gap = P 0 ¢t do(Ua NUg) — ¢(Us N Ug) are smooth maps.

This means that locally n-dimensional manifold resembles the n-dimensional Euclidean space, and
that in each chart a local coordinate system is defined. The resemblance with R™ manifests in the
ability to use the calculus techniques on manifolds.

'Hausdorff topological space is a topological space where for any two distinct points, there exists neighborhoods of
each which are disjoint from each other.
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Definition 2 (Tangent vector)

Let M be a smooth n-dimensional manifold. Given a point p on it, let F, M be the family of real
valued smooth functions on M. A function § : F, M — R is called the tangent vector  at p € M if
it satisfies:

o Cislinear - {(af + bg) = a&(f) +b&(g) , for f, g € FyM , and fora, be R ,

* ¢ satisfies Leibniz property - £(fg) = £(f)g + f&(g) , for f, g € FyM.

If we chose a chart at p with coordinates z*, the vector field in point p can be represented in the
basis of partial derivatives { = £/0,. If there is no global covering of the manifold, i.e. if it cannot
be covered by a single chart, then it is not possible to define partial derivatives globally. The set of all
tangent vectors at a point p forms a vector space.

Definition 3 (Tangent space)
The set T, M of all tangent vectors through a point p is called the tangent space of M at p.

Intuitively, we can associate a n-dimensional Euclidean vector space to each point of a manifold.
This is by no means sufficient to describe all physical phenomena. For example, there are internal
degrees of freedom, that are associated to each point on the space-time, and as such we would like
to have generalizations of manifolds, such that to each point on a manifold we can attribute another
manifold. To achieve this, let us define the fiber bundle.

Definition 4 (Fiber bundle)
A bundle is a triple (V, , M) consisting of a base manifold M, a total manifold V' and a

surjective map 7 : V. — M called projection. The inverse image 7w *(p) is the fiber over p, for
p € M. If fibers over all points on the base manifold are homeomorphic to a space F, the triple
<V, , M) is said to be a fiber bundle, with F' being a fiber.

The physical fields are usually represented as functions that depend on specific points on manifolds,
and appear as sections.

Definition 5 (Section)
A section of a bundle (V, T, ./\/l) isamap o : M — V such that the image of each point p € M

lies in the fiber 7 1(p) over p, i.e. ™o o = Id, where Id is an identity operator on the base manifold.

The first example of a fiber bundle can simply be obtained as the disjoint union of the tangent
spaces of a manifold M. This way, we obtain the tangent bundle, which we define below.
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Definition 6 (Tangent bundle)
The tangent bundle is a triple (T./\/l, , M), where T'M is the disjoint union of the tangent
spaces of a base manifold M, and the projection 7 is trivial projection 7 : T,M — p.

The fibers of the tangent bundle are the tangent spaces 7, M. Its section is some function that will
take some point p on the manifold as a domain and map it to the fiber 7}, M. Therefore, we conclude
that vector fields are elements of the smooth section of the tangent bundle.

The tangent bundle is also a smooth manifold, so we can define the higher order tangent bundles
by T"M = T(T" ' M). Their sections’ elements are antisymmetric multi-vectors.

We also define the cotangent space and cotangent bundle:

Definition 7 (Cotangent bundle)
The cotangent space T; M to a smooth manifold M at the point p is the dual space of the tangent
space T, M. The disjoint union of cotangent spaces to the manifold is the cotangent bundle T* M.

The elements of the smooth section of the cotangent bundle are differential 1-forms. In some local
chart, 1-forms can be written in the basis of coordinate differentials, i.e. A = A\, dx*.

The cotangent bundle is also a manifold, so higher order of cotangent bundles are defined as the
cotangent bundles of the cotangent bundles, i.e. A\’ T*M = T* \’"' T* M. The elements of their
sections are differential p-forms w - totally antisymmetric tensors of type (0, p), which in some coor-
dinate basis can be expressed by

1
w = memupdx“l A ... Ndzhr 4.1)
where A denotes the wedge product A : AP T*M x N*T*M — AP™ T*M, which is totally anti-

symmetric, e.g. dz* N dx¥ = —dx¥ A\ dz*.

4.2 Lie derivative

Lie derivative represents the coordinate invariant evaluation of the change of a tensor field along the
flow defined by a vector field. There are multiple equivalent ways to define a Lie derivative. We
present the so-called classical definition:

Definition 8 (Lie derivative)

Let T be a tensor field of type (p, q) (i.e. contravariant of order p and covariant of order q) defined
over a manifold M. The Lie derivative of the tensor field T with respect to the vector field £ is another
tensor field LT of type (p, q) with components

P

q
LTIkt — gpg THb2-tp _ ZT#I---Pﬂi---Npapé'ﬂi + ZT’“"'“P qayigp’ 4.2)
i=1

ViVa...Vq ViVa...Vq V1V2... Vg V1...pV;...0,
=0
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~ ot . H1H2.--Hp __ H1IH2.Hp
where U; denotes omission of such index, e.g. Tul...paq 0y, 6P = Toyiy.p "0, 8P

We will now provide explicit expressions for the action of the Lie derivative on the tensors that we
will encounter most frequently. Lie derivative of a function is defined as the directional derivative of
a function

Lef =E"0,f. 4.3)

The Lie derivative of a vector field produces another vector field, that is known as the Lie bracket,
defined by

€1, &2l f = (L&) f = Loy (Leo f) — Leo(Le [ (4.4)
or in local coordinate basis by
(fen&ale)" = craes — ot 45)
The Lie bracket satisfies the Leibniz rule
61, fle = I61 &lo + (Laf) & (4.6)
and the Jacobi identity
1,62, ol + 60,65, Gl + 6, [6n, ali]e = 0. @7

We can use the Lie derivative properties in order to obtain the action of Lie derivative on the 1-
forms. There is a way to obtain a scalar from a vector £ with a 1-form A using the contraction defined
by A(§) = A& From the fact that Lie derivative satisfies the Leibniz rule, we write

ﬁ&l ()‘(52)) = (551)‘)52 + )‘(£§152) = (£€1)‘)u€g =+ >‘u (511/81/55 - fgaugf) . (48)
On the other hand, A({>) is a scalar, and using (4.3) we obtain
Le, (M&2)) = &0, (NE5) = E0uNES + E1 A0S - (4.9)

By comparing the relations (4.8) and (4.9), we obtain the action of the Lie derivative on 1-form ex-
pressed in some coordinate basis by

(QM)M = &A= 0u) (4.10)
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4.3 Exterior algebra of differential forms

Differential p-forms (4.1) are part of the smooth section of A” T'M. The antisymmetric wedge product
A defines exterior algebra between differential forms, equipped with natural grading related to the
degree of differential forms. It is often convenient working with the exterior derivative and interior
product, which we define below.

Definition 9 (Exterior derivative)
The exterior derivative of a p-form X is a p + 1 -form d), such that

A\ (&, &) = Z(—miﬁ&(A(gO,.n,é,...,gp)> @.11)

~

i=0
3 (DN & o onr i oenr & &)
i<j
where d\ (&, ..., &,) stands for the contraction of a p + 1 -form dX\ with p + 1 vectors &...&,, and él

denotes the omission of &; in such contractions.

The exterior derivative extends the notion of the differential of the function to differential forms of
degree p. It is the antiderivation of degree 1 on the graded algebra of differential forms A” T*M —
N’ L7 M that is also nilpotent, i.e.

d(d\) =0, (4.12)

for any p-form A, and it satisfies the graded Leibniz identity
d(A A Xg) =dM Ada+ (1PN AdAg, (4.13)
where A1, A, are a p-form and a ¢-form, respectively.

Definition 10 (Interior product)
The interior product i : N\' T*M — N\’ T M s defined to be the contraction of a differential
form with a vector field & by

(i£>‘)(§17527 "'>§p—1) = )‘(éa gla 527 "'7517—1) . (414)

The interior product reduces the degree of a differential form by one, and also satisfies the graded
Leibniz identity
ie(A1 A X2) = ieAi Ada 4+ (—1)PA Aigha (4.15)

for any p-form A, and g-form \,, so it is an antiderivation of degree —1 on the graded algebra of
differential forms.
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The Lie derivative on a function (4.3) can be written in terms of interior product by
Lef =iedf (4.16)

while the Lie derivative of a I-form (4.10) can be rewritten in coordinate independent form, also known
as Cartan formula, by
L = ted\ + dig. “4.17)

The Cartan formula stands for any p-form A. Combining Cartan formula with Leibniz rule, we can
obtain the useful identity for Lie derivative

ﬁ(fg))\ = fﬁg)\ + dfig)\ , (4.18)

where f is a smooth function.
For two vector fields &; and &, the interior product satisfies

i€1i£2)‘ - _iﬁzi&)‘? (4.19)

and
Uer el = Leyley — i, Ley - (4.20)

4.4 Schouten-Nijenhuis bracket

The Schouten-Nijenhuis bracket [47, 48, 49] is a bracket that extends the notion of the Lie bracket
to the space of multi-vectors. Formally, multi-vectors and Schouten-Nijenhuis bracket constitute a
Gerstenhaber algebra, which is a graded-commutative algebra with a Lie bracket of degree -1 satisfying
the Poisson identity.

Let§; € T(T A’ M) and 6, € T'(T \? M) be multi-vectors of order p and ¢ respectively, and
0 < p,q < dim(M). Suppose that in some local coordinate basis they are given by

p 7

1 1 o,
6, = Helfl’mupam FANAN a/t by = agzl’m qam AN 8Vq : (4.21)

The Schouten-Nijenhuis bracket of #; and 6, is the function [, |g : T A\” MXT A M — T NPT M,
given by

1

01,005 = ————— (01, 0] A L AD, 422
[ 1 2}5' (p + q— 1)'[ 1 2]5 M1 Hp+q-1 ( )
T1een 1 ]- oVv1...Vp—1 1---Pq

Lol (p—1)lg! € iinepg 1 065"

—1—& Hlebprq—1  QIPLPa=1g gVi--Vp
pl(q — 1)1 Veveprpat 2 00
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where the antisymmetric Levi Civita symbol is defined by

M1 H1
oL o

el = | . (4.23)

V1..Vp

Hp Hp
shr . ok

To get a more grasp into definition of the Schouten-Nijenhuis bracket, let us consider some simple
examples. Firstly, for two vector fields &, = £'0,, and £50,,, we have p = ¢ = 1, and Levi Civita symbol
(4.23) becomes just the trivial Kroneker delta e/ = §*. The second expression in (4.22) becomes

(€1, &l = €10,85 — €087, (4.24)

which is just the expression for Lie bracket. Another case that we will consider in the thesis is of a
Schouten-Nijenhuis bracket of the bi-vector § = %9‘“’@ A 0, with itself. Its expression is given by

[0, 0]5]"" = ehi26°7 9,0, (4.25)
and
o op oF
ehih = |04 05 ok, (4.26)
or 5g oy
resulting in
0, 0]s"" = 6"0,0"" + 6”7 0,0 + 6077 0,0 . (4.27)

It turns out that this coincides with the expression for the string R-flux. The bi-vector § such that
its Schouten-Nijenhuis bracket gives zero is a Poisson bi-vector, which can be used to define Poisson
manifolds (see Appendix [A]).

The Schouten-Nijenhuis bracket is graded-commutative,

01, 62)s = —(=1)" VD[, 01]5, (4.28)
and it satisfies the graded Jacobi identity

(=106, [0, 0] 5] s + (= 1)V P=V10, 03, 61]s]s + (—1)" D V[b5, [61, 6] 5]5 = 0,
(4.29)
where p, ¢, r are oders of multi-vectors 6, 6, 03, respectively. Moreover, it satisfies the graded
Leibniz identity

(01, [62 A B5]s]s = [01, 02]5 A B + (—1)PD90, A [0y, 03] . (4.30)
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In fact, the Schouten-Nijenhuis bracket can be alternatively defined by relations [22]

[fa Q}S = 07 [€7f]5 = Eﬁ(f)? [51752]5 = [51;52][@ (431)

where other relations for multi-vectors are obtained by demanding the graded commutativity (4.28)
and graded Leibniz identity (4.30).
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Chapter 5

Lie algebroid

In general, vector fields can be defined on a smooth section of a vector bundle, that is not necessarily
a tangent bundle. This motivates the question of the change of tensors along these vector fields, which
Lie algebroids can explain. In this chapter, we provide a definition of Lie algebroid and demonstrate
how one can extend the notions of Lie and exterior derivative to some other vector bundles. We also
provide a definition of the Koszul bracket, which is the generalization of the Lie bracket to the space
of 1-forms. Lastly, we define Lie bialgebroids, which will be useful in introducing the Courant bracket
on the generalized tangent bundle.

5.1 Lie algebroid and its corresponding Lie derivative

Definition 11 (Lie algebroid)

Lie algebroid is a triple (V, L1, p) consisting of a vector bundle V', the anchor p : V- — T M, and
the skew-symmetric bracket |, ] on the space of smooth section of V, so that the following compatibility
conditions are satisfied:

plé1, &l = [p(&1), p(&2)]1 (5.1)
(€1, f&) = fl&1, &) + (Loen f)ée, (5.2)
€1, [€2, &3]] + [€2, [€3, )] 4 [€3, [€1,62]) = 0. (5.3)

The Lie algebroid [50,51]] generalizes the notion of the tangent bundle. The first compatibility condi-
tion tells us that the anchor p is the morphism between vector bundle ' and the tangent bundle over a
manifold 7'M that is compatible with the Lie bracket. This way, we relate the Lie algebroid bracket,
defined on some vector bundle to the well-known Lie bracket on the tangent bundle. The remaining
two conditions require that the new bracket satisfies the Leibniz rule and Jacobi identity, both satisfied
by the Lie bracket.
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From the compatibility conditions in the Lie algebroid definition, we see that on this structure we
can define a Lie derivative. Its action on functions is defined by

Lef =Ly f . (5.4)

and on vectors by the Lie algebroid bracket

Le,&=1[6.8]. (5.5)

The second compatibility condition from the definition above ensures that this derivative satisfies the
Leibniz property, i.e.

Le,(f&) = fLeo&o + (Le ), (5.6)

which can be used to obtain its action on dual vectors.
We can also define the exterior derivation by [52]]

p

(&, ...&) = Z(—mmp(&) <)\(§0, b gp)) (5.7)

~

=0
+ Z(_1)1+]>\<[£Z7 €J]7 507 seey fiu sy éju seey é-p) )

1<j

where we effectively in relation (4.11) substituted the Lie derivative with its algebroid counterpart ﬁg.
This exterior derivative is also nilpotent. The Lie derivative on the dual vectors can be expressed by
Cartan formula, i.e.

LA = igd A+ dig X (5.8)

There is a myriad of examples of Lie algebroids. The easiest and the most straightforward is the
Lie algebroid with the tangent bundle over a manifold 7M as a vector bundle, the Lie bracket [, ],
and the identity operator Id as its anchor. The compatibility conditions from Definition 11 are the
well-known characteristics of the Lie bracket (4.6) and (4.7).

5.2 Koszul bracket

We now want to introduce the Lie algebroid on a cotangent bundle over a manifold 7* M. We will
define a morphism from cotangent to tangent bundle by

00N =00, %), (60w)) = Ao, (59)
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where 6 is a bi-vector (0" = —6"*) that satisfies
0,0]s =0, (5.10)

where [, |5 is the Schouten-Nijenhuis bracket (4.25). The bi-vector that satisfies this condition is called
Poisson bi-vector (see Appendix [A]).
We define the Koszul bracket [53]] between two 1-forms by

A1, Ao = Loy A2 — Loy A — d(0(A1, A2)) (5.11)
which in some local basis dx* has the components

([/\1, Ag]g) = 0" (A1 Mo — AawdpAin) + Aiphay D07 . (5.12)
o

To show that the structure <T*./\/l, [, o, 9) is a Lie algebroid, we need to prove that the three Lie
algebroid conditions (5.1)-(5.3) are satisfied. Firstly, in order to show that 8 is really a correct anchor,
we express the left-hand side of the (5.1) by

<0([)\1, AQ]Q)) = 0"P0°" (A Do \a0 — AawOph1o) + ALy 070,00 . (5.13)

w

On the other hand, we express the right-hand side of (5.1) by

(0N, 00)]1)) = AP0, (Aaol™) — Mg 0708, (Ao 67") (5.14)
007 (MuOpAas = AnByia ) + Aiphas (70,0 + 00,0

Now combining (5.13) and (5.14), we obtain

(9([)\1, Az]g)) = ([0(M), 00)]L), — Miphas (epva,,ew n ewaueuﬂ) + Ao, 070,00

I
= ([0(M),0(X2)]1)p — MipAes (070,077 4 6°70,0°" 4 6770, 0") (5.15)

where we used (4.22) and the condition (5.10). If the bi-vector is not Poisson, this condition would
not be satisfied.
Next, let us show that the Koszul bracket satisfies the Leibniz rule (5.2)

A fAale = Loy (fA2) — Loy At — dO(A1, fAz) (5.16)
= fLooA2 + (Lo f)A2 — Lo M
—dfO(A2, A1) — dfO(A1, A2) — fdB(A1, A2)
= flA Ao + Loy fA2
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We used the fact that the Lie derivative satisfies the Leibniz rule (4.6), its property (4.18), and that the
bi-vector is antisymmetric. We did not use the fact that 6 is a Poisson bi-vector, so the Koszul bracket
satisfies the Leibniz rule regardless of that.

Lastly, the associativity (5.3) is easily proven from the first Lie algebroid condition (5.15) and
associativity of Lie derivative (4.7). We write

[0(A1),[0(N2), 0(N3)]L]L + cyclic = [0(A1),0([ A2, Aslo)]L + cyclic (5.17)
= 0([M1,[A2, As]olo + cyclic) = 0.
We showed that the triple (T*/\/l, [, o, 8) is a Lie algebroid, for a Poisson bi-vector 6. In the case of
the bi-vector not being Poisson, the Koszul bracket can still be defined and it will satisfy the Leibniz
rule. However, the anchor 6 is not algebra homomorphism, and the Jacobi identity does not stand.
This structure is then referred to as quasi-Lie algebroid.

For the Lie algebroid associated with the Koszul bracket, we can define its corresponding Lie
derivative. On functions, it can be defined from (5.4)

Lo f=M0"0,f, (5.18)
while on 1-forms, it acts as the Koszul bracket
L As =M, Mo (5.19)

Therefore, the Koszul bracket is interpreted as the generalization of the Lie bracket on 1-forms.

Since this Lie algebroid is defined on the cotangent bundle, and therefore acts on 1-forms, it defines
the exterior derivation on the smooth section of the tangent bundle and higher orders of the tangent
bundle. From (5.7), we obtain the action of exterior derivative on functions and vectors

(dof)" =0"0,f, (de&)" = 0"0,8" — 079 " — £P0,0M . (5.20)

The generalized formula for the exterior derivative can also be written in terms of the Schouten-
Nijenhuis bracket [21]
dg =10, .]s. (5.21)

The exterior derivative is nilpotent for the Poisson bi-vector §. We can prove that easily for functions

(dodg )™ = 6"8,(6"70,f) — 0°P0,(0" 0y f) — 6770, f,0M (5.22)
= 0,f(6"0,0" + 07°0,0°" + 607P0,0") |

which goes to zero if and only if the condition (5.10) is satisfied. For a general multi-vector 3 of rank
r, the nilpotence of the exterior derivative dy is a consequence of the graded Jacobi identity (4.29)

(=1)"710,10, B]s]s — [0, 8, 0)s]s + (—=1)"'[3,16,6]s]s = 0. (5.23)
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The third term is zero due to condition (5.10). After applying the graded-commutative relation (4.28)
to the second term, with the help of definition (5.21), we obtain

dody3 =0, (5.24)

for any multi-vector . If the bi-vector 6 is not Poisson, and the relation (5.10) does not hold, one can
still define the exterior derivative dy. The relation (5.23) has the form

2dpdgB + (B, 10,0]s]s =0, (5.25)

so the exterior derivative is no longer nilpotent, but it does satisfy the Leibniz rule.

5.3 Lie bialgebroid

We saw that Lie algebroid can be defined on a tangent bundle, for example, with the Lie bracket as its
bracket, and on the cotangent bundle, for example with the Koszul bracket as its bracket. In general,
Lie algebroids can be defined on mutually dual bundles. Of particular interest is the case when the
exterior derivative corresponding to one algebroid commute with the bracket of the other algebroid,
in which case we obtain the Lie bialgebroid [54, 53], for which we provide a definition below:

Definition 12 (Lie bialgebroid)
Let (V, L1, p) be a Lie algebroid and supposee that (V*, [ p*> is also a Lie algebroid, where
bundles V and V* are dual to each other. The structure (V,V*) is said to define a Lie bialgebroid if

d*[§1, &)L = [d°61, §a]s + (61, d"Ea]s (5.26)

where d* is a Lie algebroid differential of V*, and &, & are from smooth section of V, and [,|s is a
Schouten-Nijenhuis bracket on a smooth section of multi-vectors T \' M defined graded symmetric

via Leibniz rule.

A simple corollary can be proven - if (V,V*) is a Lie bialgebroid, then (V*,V) is also a Lie
bialgebroid. The condition (5.26) suggests that the exterior derivative related to the one algebroid
bracket acts as the graded bracket on the dual bundle. To illustrate this, let us recall two structures -
(T/\/l, 1L, Id) , and (T *M, [, o, 9) for Poisson bi-vector 6, that we demonstrated are both examples
of Lie algebroids. They are defined on mutually dual bundles and in fact, constitute a Lie bialgebroid.
The condition (5.26) becomes

dol&1, &) = [de&1, &o)s + (€1, doals (5.27)
[97 [51752]5]5 = [[97 £1]57€2]5 + [517 {6752]5]5
[0, 11, &2]s]s + [€1, [€2, Ols]s + [§2, 10, &1]s]s = 0,
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where we firstly used (5.20), and then the graded identity (4.28). The final expression is just the graded
Jacobi identity (4.29), so we proved the condition (5.26). The exterior derivative related to the Koszul
bracket dy acts on multi-vectors as the Schouten-Nijenhuis bracket.

The attempts to construct structures similar to Lie algebroids on the double of Lie bialgebroid
V & V* led to the development of generalized geometry and construction of Courant algebroids, which
we will introduce in the next chapter.
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Chapter 6

Generalized tangent bundle

In this chapter, we will consider the so-called generalized geometry, that is to say, the geometry of
the generalized tangent bundle. Primarily, we will define two natural inner products on the space of
generalized vectors. Secondarily, we will obtain the Courant bracket as the extension of the Lie bracket
to the section of the generalized tangent bundle. Lastly, we will define the Courant algebroid together
with the conditions for it to be the Lie algebroid.

6.1 Inner product and O(D, D) group

The research of generalized geometry was pioneered in the early 2000s, in the works of Hitchin and his
introduction of generalized Calabi-Yau manifolds [56], and later in the works of his student Gualtieri
[57]. It is a geometry of the generalized tangent bundle, defined as a direct sum of tangent and cotan-
gent bundle over a manifold T M & T* M. The elements of its section are generalized vectors, that
have both the vector and 1-form components

AN =¢rgp), = <§“> , (6.1)
>\#

where ¢ represents the vector components, and A represents the 1-form components of generalized
vectors.

The interior product (4.14) defines a natural way to combine vectors and 1-forms into a scalar
1eA = EMA,. We can use this to define an inner product on the smooth section of the generalized
tangent bundle. We can define the inner product between generalized vectors in two ways - so that it
is symmetric and antisymmetric. In the former case, it is defined by

(A1, Ag) = (1B M, & B Ag) =ig, Ao +ig M1 (6.2)

37



The signature of the symmetric inner product is (D, D), where D is the dimension of the manifold
M. Ttis well known that the Lie group of linear transformations that leaves the inner product of such a
signature invariant is the indefinite orthogonal O(D, D) group. This group plays a very important role
in string theory, as it governs the T-duality transformations. The fact that a transformation O keeps
the inner product (6.2) invariant can be expressed in matrix notation by

(OT>]V1[D nrPQ O%\r = 1NMN , (6.3)

where 7 is O(D, D) invariant metric, given by

01
NMN = (1 0) : (6.4)

The metric can be used for lowering or raising indices M, N.
Some of more notable examples of O(D, D) transformations include B-transformations (or B-

s (1 0} . 0 0
B _ BM _— ) 6.5
‘ (23 1) v~ 2B, o (6.9)

Their inverse is easily obtained from (B.4)

B 1 0
e’ = <—ZB 1) : (6.6)

The B-transformations act on the generalized metric (2.38) by shifting the Kalb-Ramond field. The

shifts), which are given by

second example we will outline here is the §-transformations, which are given by

5 1 k0 A 0 wO*
e‘):<0 1), 9%:(0 o)’ (6.7)
5 1 —k0
e ¥ = (0 | > . (6.8)

<€éA1, BBA2> = <A1, A2> s <66AA1, eéA2> = <A1, A2> . (69)

and when inverted by

It is easy to show that indeed

We will encounter these and other O(D, D) transformations throughout the thesis. For more mathe-
matically rigorous details of O(D, D) group, see Appendix [B].
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For completeness, let us also define the antisymmetric inner product by
(A, Ag) - = (1D M, & B Ao)— =g, Ao —ig, M1 (6.10)

As we will see in the next section, this inner product is used in a definition of the Courant bracket. We
will primarily be interested in the symmetric inner product, which we will simply refer to as the inner
product from now onward.

6.2 Courant bracket

We would like to generalize the notion of the Lie bracket, defined on generalized vectors. The definition
of the generalized tangent bundle as a direct sum of two dual bundles 7'M and 7% M is suitable for
considering a Lie bialgebroid structure of the form (7'M, T* M), with their respective brackets [, ],
and [, ]7-. We can define a skew-symmetric bracket on the smooth section of the generalized tangent
bundle by

1
Al = (68l + L6 — L6 — 5d"{An M) ) (6.1)
1
@<[/\17 Aolpr + Le Ay — Ley Ay — §d<A17A2>7> -

Here, L, and d represent the Lie derivative and exterior derivative defined on the Lie algebroid on
T M, while L*) and d* are analogous operations corresponding to the Lie algebroid of 7" M.

Let us construct a simple example of a skew-symmetric bracket using (6.11). For a bracket on the
tangent bundle, we will use the usual Lie bracket. On the cotangent bundle, we can use the trivial
bracket that is zero between any two forms. This corresponds to the Lie algebroid with the anchor
p* = 0, and the Lie bialgebroid compatibility condition (5.26) is satisfied. The above relation for the
bracket gives rise to the well-known Courant bracket given by

AL Aoe = @A (6.12)
£ = [&,&,
)\ == ‘651)‘2 - ££2>\1 - %d(l&)\g - i§2)\1> .

The Courant bracket is the generalization of the Lie bracket to the generalized tangent bundle. The
right-hand side vector and 1-form components of (6.12) can be expressed in some local coordinate
basis by

¢ = 0.8 — &L, (6.13)
1
)‘/L = 5{(81/)\2/1 - au)\Zu) - 52,/(01/)\1;1 - au)\h/) + §au(€l>\2 - 52)\1) :
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There is a natural way to introduce the projections to the tangent and cotangent bundle 7 and 7
respectively by
TA)=n(dN)=¢, 7(A)=7(EDN)=)\. (6.14)

From the expression (6.12), we see that the Courant bracket on vectors reduces to Lie bracket, while
on 1-form it becomes zero

(m(A1), m(Ao)]e = &1, &), [T(A1), T(A2)]e =0. (6.15)

Effectively, the Courant bracket on smooth sections of tangent and cotangent bundles reduces to the
respective Lie algebroid brackets from which it was constructed. Therefore, though the generalized
tangent bundle treats vectors and 1-forms in a symmetrical manner, the Courant bracket defined on it
does not. Moreover, we have

W([Al,Ag]C) = [n(A1), (M)l s ﬁ([Al,AQ]C) £ [7(A1), 7(As)]e, 6.16)

and hence the projection on the tangent bundle is involutive with respect to the Courant bracket, while
the projection on the cotangent bundle is not.

In general, the Courant bracket satisfies neither the Leibniz rule nor Jacobi identity (see Appendix
[C] for proof). In fact, the deviation from these identities can be expressed in terms of the exterior
derivative of the inner product

1
A1, [As)e = fIA1, Asle + (Lrany f)A2 — §<A1, Ao)df (6.17)
JaC(A17A2>A3) = dNij(Al7A27A3> ) (618)

where Jac is the Jacobiator, given by
JaC(Ala A27 A3) - [[Ah AZ] 7A3] + [[A27 A3] 7A1] + [[A37 Al] 7A2] ; (619)

and Nij is the Nijenhuis operator, given by

Nij(Ay, Ag, Ag) = é(qu,AQ],AS) 4 ([Ag, Ag], AL + <[A3,A1],A2>> . (6.20)

6.3 Courant algebroid

We saw that the Courant bracket does not satisfy the Lie algebroid conditions, and as such, we cannot
in general define the Lie algebroid with the Courant bracket as its bracket. However, one can define
the Lie algebroid generalization, called Courant algebroid [S8]. We provide its definition below:
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Definition 13 (Courant algebroid)

Let V' be a vector bundle, {,) the non-degenerate inner product and [, a skew-symmetric bracket
on a smooth section of a vector bundle V', and let p : V' — T'M be a smooth bundle map called anchor.
Let D be a differential operator on smooth functions defined by

(Df,A) =Ly f- (6.21)

The structure (V, () p) is called the Courant algebroid if it satisfies the following compatibility
relations

plA1, Ao] = [p(Ar), p(A2)]L s (6.22)
1
(A1, fA9) = A, Ao] + (Loany f)A2 — §<A1, Ay)Df, (6.23)
1 1
Loa) (Ao, As) = ([A1, Ag] + 51)(/\1,/\2),/\3) + (Ao, [A1, Ag] + §D<A17A3>> , (6.24)
(Df,Dg) =0, (6.25)
Jac(Al, AQ, Ag) = DNU(Al, AQ, Ag) s (626)

for all Ay, Ay, A3 from smooth section of a vector bundle V', and for all smooth functions f and g on
the manifold.

Any double of Lie bialgebroid defines the Courant algebroid. The reverse however is not the case,
and the Courant algebroid brackets encompass a larger set of brackets [59].

A straightforward example of Courant algebroids, that we will refer to as the standard Courant
algebroid, consists of the generalized tangent bundle, the O(D, D) invariant inner product (6.2), the
projection 7 from the generalized tangent bundle to the tangent bundle as its anchor (6.14), and the
Courant bracket (6.12). It is not difficult to show that the five compatibility conditions are satisfied.
We present the proof in the Appendix [C].

There is an alternative definition of the Courant algebroid, in which the Courant algebroid bracket
is defined so that it is not skew-symmetric, but it does satisfy the Leibniz rule and Jacobi identity [60)].
This definition is proven to be equivalent to the one provided above. The skew-symmetric brackets
are more suitable to describe the algebra of symmetries, and we will use the definition (Def. 13)
exclusively in this thesis.

Perhaps the most striking application of Courant algebroids is in the attempt to explain the T-
duality. For instance, in [61}62], authors investigated two manifolds M and M, both principle torus
bundles over a common manifold B. The manifolds had 3-form fluxes H and H on them. The condi-
tions for the theories defined on these two manifolds with fluxes to be mutually T-dual were obtained,
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which were shown in [[63]] to be equivalent to the isomorphism ¢ between two Courant algebroids, that
satisfies

(B(M),6(A2)) = (A1, Az) . 6([As Asle, ) = [B(A), 6(A2)ley (627)

where [, |¢,, denotes the Courant bracket deformed with the flux H. As such, the Courant algebroids
appear convenient to describe T-duality. We will further investigate it in the analysis of bosonic string
o-model symmetries.

6.4 Dirac structures

Definition 14 (Dirac structures)
For a sub-bundle to be isotropic with respect to the inner product means that the inner product of
any two generalized vectors from its section is zero

(A, As) = 0. (6.28)

Dirac structures are defined as the isotropic sub-bundles with the maximal dimension that are

closed under the skew-symmetric Courant algebroid bracket.

For any 2-form B, the sub-bundle
Ve(A) =& @2B,,£" (6.29)

is going to be isotropic with respect to the O(D, D) invariant inner product (6.2) due to the antisym-
metric properties of a 2-form

(€1 @ 2Bk, & @ 2Buo3) = 2By (8165 +&785) = 0. (6.30)
Similarly, for any bi-vector 6, we can construct another isotropic sub-bundle by
Vo(A) = k0" A, &\, (6.31)

The sub-bundle of the form Vg and Vy from the mathematical perspective represent a graph of 2-form
over tangent bundle, and a graph of bi-vector over a cotangent bundle, respectively.

The importance of Dirac structures lies in the fact that the Courant algebroid on them reduces to the
Lie algebroid. To see this, let us take a look at the second Courant algebroid compatibility condition
(6.23), and note that the algebroid bracket satisfies Leibniz rule up to the term %(Al, A)Df. This
term is zero on isotropic sub-spaces (6.28), and therefore the Leibniz identity will be satisfied on
them. Likewise, the fifth compatibility condition (6.26) becomes the usual Jacobi identity on Dirac
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structures. This can be deduced by evaluating the Nijenhuis operator (6.20) of some vectors from the
Dirac structure V. Without loss of generality, we have

A, Ay eV = [Al,AQ] eV, (6.32)
[A17A2]7A3 eV= <[A17A2]7A3> = 07

where the first line is the consequence of Dirac structures being closed under the bracket, and the
second line stands from the definition of isotropic spaces (6.28).

6.4.1 Dirac structures of the standard Courant algebroid

Let us calculate the Dirac structures associated with the standard Courant bracket. Substituting \;,, =
2B,,£) and )y, = 2B,,§5 into the second relation of (6.13), we obtain

Mo = 260 (O(B) = Ou(Bs)) =265 (Bt — u(Bs) ) +20,(By£1€h)
= 2By, (§10,65 — §50,67) + 2Bup (850,87 + £50,87) (6.33)
+251V§§<8VB/W - auBVp - apBw/ + auB/w + auBVp)
= 2B,¢" — 2(8HB,,,0 + 0y By + apBw)flufépa
where we first applied the chain rule, and then the skew-symmetric properties of B, together with

expressing the first relation of (6.13) to express £#. Therefore, the sub-bundle Vg (6.29) is a Dirac
structure for a closed 2-form B

dB =0 < 8,B,,+ 8,By, + 0,B,, =0. (6.34)

Mathematically, the manifold M with a closed non-degenerate 2-form B is a symplectic structure.
If we interpret a 2-form B as the Kalb-Ramond field, we obtained that its field strength is zero, or
equivalently that H-flux is zero.

On the other hand, for sub-bundle Vy we firstly note that it can be written as

Vo(A) = —0(\) @ A, (6.35)

where () is defined as in (5.9). For V, to be closed under the Courant bracket, we can use the
coordinate-free expression for the Courant bracket (6.12), and obtain

& = [0(M),0(N)]1 (6.36)
= — (Lo = Lol — (BN, ) = i, el
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where we recognized in the second line the expression for the Koszul bracket (5.11). We can use the
relation (5.15) which is correct only for [, 0]s = 0 (5.10). On this Dirac structure, we obtained the
Poisson manifold [A]. If the bi-vector 6 is interpreted as the non-commutative parameter (3.16), this
translates into the R-flux being zero.

In general, Dirac structures define integrability conditions for Courant algebroids. We saw how
symplectic and Poisson manifolds are obtained from the Dirac structures for the standard Courant
algebroid. Moreover, we observed that Dirac structures associated with the standard Courant algebroid
put severe restrictions on string fluxes. In the following chapters of the thesis, we will investigate
twisted Courant brackets and their corresponding Courant algebroids. We will demonstrate that these
restrictions on string fluxes are relaxed on Dirac structures related to the twisted Courant algebroids
[64].
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Single theory
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Chapter 7

Symmetries of bosonic string

In this chapter, we will obtain generators of both diffeomorphisms and local gauge transformations
for the bosonic string o-model. We will show that these symmetries are not independent, rather they
are related by T-duality. In the end, we will consider the double generator governing both of these
symmetries and show that its Poisson bracket algebra produces the Courant bracket.

7.1 Symmetry generators

Symmetry is generally understood as a change in space-time fields that does not change the physically
observable quantities. In the standard approach of quantum field theory, symmetries can be seen as
transformations of the background fields that keep classical action invariant. In string theory, back-
ground fields are defined as functions on the world-sheet, which possess conformal invariance. The
physical observable quantities, like scattering amplitudes, are obtained from conformal field theory.
Therefore, symmetries imply the existence of physically equivalent solutions to the string equations
of motions, which correspond to the mutually isomorphic conformal field theories [65, 66].
Symmetries in string theory o-model are governed by generators. They are scalars G, that in
classical theory act on Hamiltonian via Poisson bracket. If the Poisson bracket between the generator
and Hamiltonian can be interpreted as the change in fields, we say that G generates a symmetry, i.e. if

M + {9, He,p)} = HiG+s6,B+6B) » (7.1)

we say that B — B + 0B, and G — G + 0G are symmetry transformations of the background fields
generated by G. We will seek symmetry generators G such that its action on Hamiltonian seeks a
change that can be interpreted as the difference in background fields.

46



7.1.1 Diffeomorphisms

The first generator to be considered will be in the form [67]]
2
0= [ dotta(o))m(o). 72)
0
with £# being a symmetry parameter. The usual equal-time Poisson bracket relations are assumed
{z"(0),m, ()} = 0,6(0c —a), {mu(o),m(0)}={a"(0),2"(a)} =0 . (7.3)
The change in Hamiltonian generated by G, (7.2) can be expressed as
{Ge. H} = 6. (7.4)

The transformation of each term in the Hamiltonian (2.35) will be considered separately. For the
change in the first term, we have

(@ m) = g [ do{E@me) mio @ om o)} 9
= L o (m 0,0 y0m, 4 w6 00,
—wugﬂap(c;—l)wm)a(a ~5)
_ im( €0, (G 4 DG + (G0, ),

where in the second step we omitted dependence on o, and relabeled some dummy indices, to make
the expression more readable. For the second term of Hamiltonian (2.35), we write
K

se(Saranar) = ° / 45 {€(5)m,(5). " (0)GE, (0)2" (o)} (7.6)

= g /dU [(5”(5)nyx’” - x"‘nyﬁ"’(ﬁ))é’(a — &) — 2M¢P0,GE (0 — o)

— g / do [(x’ﬂapguafyx’v + 2" GE 1% 9,e" — x’ﬂgﬂaprya:’”)d (0 —3)
(G a7 GE) o o)
K, v
= Lu(0,6GE + L0 — €20,GE,)a"

14

where in the third line we used the property of the delta function
f()0 (o0 —a)=f(0)d(c —a)+ f(0)d (0 —a7), (7.7)
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and in the last line, we used

/daf(a)(?’(o —0) = f(a)a2 /daé(a —-0)=0, (7.8)

g

which makes the anomalous part become zero in (7.6).
The last term in the Hamiltonian (2.35) transforms as

55( — 2"(BG™) wy) = 2 / da{g%&)wp(&), () (BG™), (o) wy(o—)} (7.9)
_ / da | (*(BG™) 0,6m, — 2€00,(BG), ) oo — o)
+¢4(@)(BG), 7 (0 — 5)]
_ 9 / do [(x’#(BG*); 0,67, — 2€9,(BG) 7
+2770,6" (BG™) Y w,,)a(a —5) + &(BGT)Y 7,0 (0 — a)}
= 2 ((BG™)/ 0,6 + 0,/ (BG™),Y — €0,(BG™)" ).

where we once again used (7.7) and (7.8). Substituting (7.5), (7.6) and (7.9) into (7.4), we can read
the following transformation laws

0e(GT = —€P0,(GTH™ + 0,M(G™1)" + (G710, (7.10)
0:Gl, = 0,8°Gh, + Gl 0,80 —£00,G, (7.11)
5e(BG™Y)Y = (BG™)L 0,8 +0,£"(BG™),Y —&0,(BG™),). (7.12)

From these relations, we can easily obtain the transformation laws for metric and Kalb-Ramond tensor.
For instance, using

5e(Gup(G™I) = 6:GLp (G + Gp0e (G =0, (7.13)

we obtain
0¢G L = =£°0,G — 067G, — 067Gy, . (7.14)

Similarly, substituting d¢(B,,,(G™1)") = 6¢B,,(G™1)" + B,,0¢(G™")*" into (7.12), we obtain
0¢ By = —£°0,B, + 0,6 B, — B,,,0,£" . (7.15)
Without loss of generality, we can change the sign of the parameter ¢ — —&, and write
0¢G = LG, =E8°0,GL + 0,8°Gpy + 0,6°G (7.16)
0¢eB,, = L¢B,, =¢£0,B,, —0,'B,, + B,,0,6". (7.17)
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These are the general coordinate transformations or diffeomorphisms. The Poisson bracket satisfies
the Jacobi identity, so we can write

0 = {g&a {gﬁwH}} + {gﬁza {H7 g£17 }} + {Hv {g&? g&z}} (7.18)
= {g§17 {g&?H}} - {9527 {g€17 H}} - {{g&’gﬁz}a?—[}v

from which we obtain that the algebra of generators governing diffeomorphisms closes on the Lie
bracket (4.5)

{Ger G} = —Gerca, (7.19)

7.1.2 Local gauge transformations

We now seek the generator in the form

G\ = /27T do,(x(0))ka™ (o), (7.20)
0
so that its action on the Hamiltonian via Poisson bracket
{0 H} =0H. (7.21)
can be interpreted as the change of background fields. With the help of delta function identity (7.7),
we obtain
55 (im(g—l)wm) _ i 45 { K\, (3)05(0). 7,(0)(C ) (0)mul0) } (7.22)

_ / 47 (= M@ (G (0~ 7) + 70, (G ) m (o — 7))
= "0\ — 0uA)(GT) Ty

where the anomalous part goes to zero due to (7.8). The second Hamiltonian term (2.35) does not
depend on momenta, so we have

5A<%x’“nyx’”> = %/da{)\p(a)ag,xp(a),x'“(a)ny(a)x'”(U)} =0, (7.23)
and similarly using (7.7), we have
5,\< — 2I/#(BG_1)uV7TV> = —2n/d5{/\p(6)&—,xﬂ(5), x’“(o)(BG_l)#”(J)m(a)} (7.24)

= —2ka™(BG™)) / d&( — X\ (0)0' (0 —T) + 0N\, 2"0(0 — 6))
= 2k2™(BG™1)(0h, — OpA)2" .
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Substituting contributions (7.22), (7.23) and (7.24) into (7.21), we obtain

G =0, (7.25)
(5)\ny = 4(BG_1)MP(0,,)\V—8V)\[,), (7.26)

1
5)‘(BG_1)MV - 5(811)‘,0_8;))‘#)((;_1)/”’ (7.27)

from which we read the transformation of background fields

053G = 0, (7.28)
3B = (AN = 0\, — O\,

where without loss of generality we redefined A\ — %)\. These transformations of the background
fields are known as local gauge transformations. There are analogous to the gauge transformations of
the vector potential in electromagnetism (2.8).

Local gauge transformations are reducible transformations, due to the nilpotency of the exterior
derivative. To demonstrate this, we consider the transformation of the Kalb-Ramond field governed
by the generator of local gauge transformations with the parameter that is a sum of parameter A\ and
the exterior derivative of some smooth function f

Sxraf B = d\+ d*f = 0\B, (7.29)
or in some coordinate basis
Itaf B = 8M(/\V +0.f) — 8V(/\,i + 8uf) = 0\Bu . (7.30)

The T-duality exchanges momenta with the winding numbers (3.28). Since canonical momenta
and the coordinate o-derivatives are also generators of the diffeomorphisms and local gauge transfor-
mations, respectively, we conclude that the general coordinate transformations and local gauge trans-
formations are not independent, rather they are related by T-duality.

7.2 Double generator and Courant bracket

The mutual relation of generators by T-duality motivates us to consider a single generator that will
govern both of these symmetry transformations. The parameters of diffeomorphism &# are vector
components, while the parameters of the local gauge transformations A\, are components of the 1-
forms. Therefore, we can combine two parameters into a generalized vector AM  where

AM = & (7.31)
W )

50



The generator governing both symmetry transformations is just the sum of generators G, (7.2) and G,
(7.20)

2
G = Ge + Gy = / dor (€47, + Aura) (7.32)
0

which can be recognized as the inner product (6.2) on the generalized tangent bundle
gr = / do(A, X) . (7.33)

Let us now proceed with the algebra of double generator G,. Using the Poisson bracket relations
(7.3), we obtain

{Q(& S M), G(&d )\2)} :/da <7r#( 50,81 — £10,8Y) + kM (€50, A1, — 51”81,)\2“)> (7.34)

+ [ dodor(Muo)5(0) + Xau(@)€0 ()0 - 0),

where we adopt the notation in which &; and A, are vector and 1-form components of a generalized
vector A1, etc. To transform the anomalous terms, we note the identity

8 (0 —07)=—050(0c —7) . (7.35)

Now, the first term in the last line on the right-hand side of the equation (7.34) can be rewritten as
P / dodo ), (0)E4(5)8 (0 — &) = g / dada(m(a)gg((})y(a — &) — Mu(0)E4(5)056(c — 5))
- - / Ao (M50 (0~ 7) = Mu(0)64(2)0,0(0 — 3) ) (7.36)
KJ 14 v
+5 / Ao (Muduha” = M )

1
= ﬁ/d0<§8V(A1M§g) — 558,,)\1M>$”} .

We first made the relation symmetric with the help of (7.35). Afterward, we used the relation (7.7),
and in the end, we used the chain rule, and (7.8).
Similarly, the second anomalous term in (7.34) is as easily transformed

; / dodo o, (0)El () (0 ) = & / 405 (3, (2)€0(0)3 (0 — ) — Ao, (6)E4(0)0s5(0 — 7))
- - / Ao (A8 (0~ 7) ~ Mo (@)E4(0)0,0(0 — 3)) (7.37)

+2 / Ao (D Aaula” — Xayd, 4" )

— ok / da(ff&,/\gu - %ay(Agugf))x'”.
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Substituting (7.36) and (7.37) into (7.34), we obtain

{QA17 QAQ} = —G0a, (7.38)

where the resulting gauge parameters are given by

1
>\u = gi/(al/)\Qu - au)\QV) - fg(au)\lp - au>\1l/) + §8M(fl>\2 - 52)\1) .

These relations can be recognized from the previous chapter, as relations (6.13) defining the Courant
bracket

{Gn: G} = ~Ginunae (7.40)

We see that by extending the generator of diffeomorphisms with the local gauge transformations,
the Courant bracket appears [68]. Due to the T-dual relation between two symmetry transformations,
we conclude that the Courant bracket is the T-dual extension of the Lie bracket.

The Courant bracket, together with the generalized tangent bundle and its symmetric bilinear form
(6.2), and the natural projection to the tangent bundle as an anchor, defines the standard Courant
algebroid (see Appendix [C]). In the previous chapter, we obtained its Dirac structures and saw that it
puts a severe restriction on /- and R-fluxes. In the next chapter, we will introduce the twisted Courant
algebroid, that is to say, the Courant algebroid defined with the twisted version of the Courant bracket.
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Chapter 8

Twisted Courant algebroid

We will define the Courant bracket twisted by any element of the O(D, D) group and then show that
it defines a Courant algebroid, where all the compatibility conditions are a priori satisfied.

8.1 Twisted Courant bracket

Let e” be an O(D, D) transformation, keeping the inner product (6.2) invariant. Its action on the basis
XM (2.39) produces another basis
XM= ()M XN (8.1)

We can express the generator G, (7.33) in this basis, using the invariance of the inner product with
respect to e’

Gy = /da(A, X) = /da(eTA, ' X) = /da<[\, X)=6", (8.2)
where we marked the resulting generator as Q/(A\T), and where
AM = ("M AN (8.3)

Using the O(D, D) invariance of the inner product, the algebra relations of the generator written in a
new basis becomes

{g<T> gg?} = — / do([A1, As)e, X) = — / do{[eTAr, e TAs)c, e TX)  (8.4)

A
. / do(e e Ay, e Thle, X) = —G 0|
’ ’ [A1,A2]es

where we defined the 7-twisted Courant bracket by

[Al, AQ]CT = eT[e*Tf\l, €7T,/A\2]C . (85)
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For each O(D, D) invariant transformation e’ there is a corresponding twisted Courant bracket. A

straightforward method of obtaining the twisted Courant bracket involves using the transformation e”'

to change the basis in which the generator is represented, followed by calculating the Poisson bracket
algebra of said generator.

8.2 Courant algebroid related to the twisted Courant bracket

Let us demonstrate that the twisted Courant bracket defines a Courant algebroid. We are looking for
an anchor that satisfies

p([A17A2]CT> = [p(Ay), p(A2)]L . (8.6)

Using (8.3) and (8.5), we rewrite the previous relation as

p(eT[Al, AQ]C) = [p(e" A1), p(e"Ay)]y . (8.7)

Now from the fact that the natural projection 7 (6.14) is the anchor for the standard Courant algebroid
(6.16), we obtain
p(A) = 7(e”TA). (8.8)

The corresponding differential operator is obtained from substituting (8.3) and (8.8) into the definition
of the Courant algebroid differential operator (6.21)

(Df,A) = L,y | =Lanyf = (DOFA) = (DOf e "A) = ("DOf,A),  (89)

from which we obtain
Df=e"DOf, (8.10)

where D) is differential operator of standard Courant algebroid (C.4).

We still need to verify that the compatibility conditions in the Courant algebroid definition (6.23)
- (6.26) are satisfied for the above choice of anchor, bracket, and differential operator. For the second
property (6.23), we have

(A1, fAsle, = e"le”"Ay, fe Al 8.11)
« « ~ 1 « «
= ef <f[e_TA1, e TAsle + (CW(E,TAl)f)(e_TAQ) — §(e_TA1, e_TA2>D(0)f>
PO ~ 1 ~
= fIA AoJer + (L5, ) A2 — §<A1, A2)Df,

where we first used the definition of the twisted Courant bracket (8.5), afterward we applied (6.17),
and in the end used the expressions for the anchor p (8.8) and the differential operator D (8.10), as
well as the fact that O(D, D) transformations keep the inner product invariant.
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For the third condition (6.24), we firstly write

A oA 1 A A A A A 1 A A A
<[A1, AQ]CT —+ §D<A1, A2>, A3> = <€T[€7TA1, eiTAQ]C + §€TD(O) <A1, A2>, A3> (812)

1
- <[A17 AQ]C + ED(O) <A1a A2>7 A3> )

where we used (8.5), (8.3) and (8.10). Similarly, we obtain

A A 1 PO 1
(Ao, (A, Agler + 5D (A1, As)) = (A, [Ar, Asle + 5D (AL Ag)), (8.13)
and
Adding (8.12) and (8.13), we obtain
PN 1 A~ A o o PN 1 A~ A
([A1, Ao)e, + =D(A1, Ag), Az) + (Ao, [A1, Asle, + =D(A1, A3)) = (8.15)
2 2

1 1
([A1, Ao + §D(O)<A17 Ao), Ag) + (Ao, [A1, Asle + 573(0) (A1, A3)) =
LW(A1)<A2, A3> = Ep(A1)<A27 A3> ;

where in the end we used (C.11) and (8.14).
The fourth condition (6.25) is as easily obtained from the orthogonality of e with respect to the

inner product
(Df,Dg) = ("D f,e"DVg) = (DO, DOg) = 0. (8.16)

Lastly, we note that
A1, Aser, Asle, = €T lle™TAy, e T Aole, e T Asle = €T [[Ay, Asle, Asle (8.17)

from which we express the Jacobiator (6.19) for the twisted Courant bracket in terms of the Jacobiator
for the Courant bracket by

JaCCT(]\l,AQ,[\g) = GTJaCc(Al,AQ,Ag) . (818)
Similarly, we note that
([Al,Az]CT,A3> = (T[e"TAy, e TAs)e, Ag) = ([Ar, Agle, As) (8.19)

from which one easily obtains the relation between the Nijenhuis operator (6.20) of the twisted and
standard Courant bracket
NijCT (Al, AQ, A3) == NijC(Al, AQ, A3) . (820)
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Substituting (8.10), (8.18) and (8.20) into (6.18), we obtain the last compatibility condition of (6.26).

Thus, it has been demonstrated that (T./\/l & T*M, (), [, ]cr p) is a Courant algebroid with the
appropriate twisted Courant bracket (8.5) as its bracket. This is a simple consequence of the fact that
the Courant bracket defines the standard Courant algebroid and that the inner product (6.2) remains
invariant under O(D, D) transformations.

It is worth reiterating that the crucial step in obtaining the twisted Courant brackets is a change of
basis by the action of O(D, D) transformation. As we will see in the following chapters, it is possible
to choose different bases in which the generalized metric is diagonal, and Hamiltonian has the form
of a non-interacting Hamiltonian, expressed in terms of non-canonical currents. The Poisson bracket
relations of these currents will contain fluxes.
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Chapter 9

B-twisted Courant bracket

The procedure for obtaining the twisted Courant algebroid from the Poisson bracket algebra will be
applied in this chapter for case of B-transformations. We will obtain the B-twisted Courant bracket,
its related Courant algebroid and its Dirac structures.

9.1 Free form Hamiltonian

Consider the background field characterized only with the metric tensor, so that the generalized metric

G 0
Gun = ( (; (G_l)’“’> . 9.1)

Acting with the B-transformations eP (6.5), we can obtain the usual expression for the generalized
metric Hyn (2.38)

has a simple diagonal form

Hun = (2,5 Gy (eB)E, . 9.2)

Therefore, we can rewrite the canonical Hamiltonian (2.35) in the form of a free Hamiltonian

1 1, 5 : J 5
He = o (XM Hun X" = —(ePX) M Gun (" X)" = XM Gun X, 9.3)
where
M (eB)M XN = K _ Ka'H ©.4)
N T, + 2I€Buyl’/y l.u ) .
where i, is an auxiliary current given by
iy =, + 2kBa" . (9.5)
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The Poisson bracket algebra of auxiliary currents ¢, is easily obtained with the help of the standard
Poisson bracket relations between canonical variables (7.3)

{i,(0),i,(5)} = —2kB,,,2"°8(c — 7)), 9.6)

where B,,,, is the Kalb-Ramond field strength (2.28). In the context of flux compactification, the
Kalb-Ramond field strength is known as the H-flux. Mathematically, this is the exterior derivative of
a 2-form B.

Let us now express the generator (7.32) in the non-canonical basis XM Ttis given by

gf = /da(A,X> = /da(ﬁ“iu - cha:’“) : 9.7

which is exactly equal to the generator written in canonical basis when the following relation between
gauge parameters is satisfied

"M _ / B\M AN __ 55 0 " _ s 3a
A=) AT = <2BW 5;) (A) - <>\H+QBW§”> (X) ' 09

In the previous chapter, we saw that the O(D, D) transformation on the basis in which the generator

is expressed gives rise to the new basis, in which generator closes on the twisted Courant bracket. In
this case, we have e as O(D, D) transformation, which when substituted in (8.4) becomes

{gfl’ ng} = _gﬁl,Ag]cB ) (9-9)
where we have marked the B-twisted Courant bracket (8.5) by

[Al, AQ]CB = GB [G_BAl, B_BAQ]C . (910)

9.2 B-twisted Courant bracket

We see how the B-twisted Courant bracket can be obtained from the newly defined generator gf
(9.7). Before that, we require the Poisson bracket relations between the auxiliary currents (9.5) and
parameters (9.8), which are easily obtained using the standard Poisson bracket relations

(€(0),i,(5)} = 0,6"8(c — 7)., {A\u(0),(5)} = D NS(0 — 5), 9.11)

where we assume the o dependence unless stated otherwise. We note that the part containing only
vector parameters £ in (9.9) produces additional term containing H-flux, compared to the standard
Courant bracket

{€1(0)in(0). &(@)i(a) } = —| (€10, — G0, )iy + 2Bl hna® o0 =), ©0.12)
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The other contributions remain the same as in the case of the Courant bracket, since
{Mu@)ra(0), &(@)i@)} = {Mulo)a(0),&(0)m (o)} 9.13)
{Alu(a)/@x'“(a),)\2,,(6)/196’”(6)} ~ 0.

Substituting (9.12) and (9.13) into (9.9), we obtain the expression for resulting symmetry parameter
A= £ED A for the B-twisted Courant bracket

& = o8 — oL (9.14)

~ ~ ~ ~ 1 ~ ~
)‘u = 5{(&/)\2u - 8u)\2u) - 55(&/)\1“ - 8u)\1u) + éa,u(fl)ﬂ - 52)\1) + 2B,ul/p§1V§§a
or in the coordinate invariant notation

E = [&,&]L, (9.15)
1. .
A= ££1A2 - [’52)‘1 - §d(Z§1)\2 - Z52)\1) + dB(&, &2, ) .

The B-twisted Courant bracket was firstly obtained in [[69]], where the authors considered a double
of a trivial Lie algebroid on cotangent bundle with the bracket [\, A\s] = 0, and a quasi-Lie algebroid
whose bracket is defined as

1,87 = (&, &)L +dB(&, &, ) (9.16)

Then, the relations (6.11) gives rise to the B-twisted Courant bracket. The bracket (9.16) does not
satisfy the Jacobi identity, and for that reason defines a quasi-Lie algebroid. The flux term can be seen
as the deformation from the Lie algebroid.

9.3 Courant algebroid

We saw how the B-twisted Courant bracket is directly obtained from the symmetry generator in basis
obtained from the appropriate O(D, D) transformation. Substituting 7 = e? into (8.8) and (8.10),
we see that the anchor and the derivative operator are defined the same as in the case of non-twisted,
standard Courant algebroid, i.e.

o =r DBfF=_DOF—0adf. (9.17)

Let us seek the Dirac structures in the form of Vg (6.29). On this sub-bundle, the symmetry
generator becomes

G ny = / do (5%# v szgvm’M) _ / do (5“@ + 2B, (E"ka’ +§”m/ﬂ)> 9.18)

= /daﬁ“wu,
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due to B being antisymmetric. This generator is known to be a generator of diffeomorphisms (7.2),
and gives rise to the Lie bracket (7.19) in its Poisson bracket algebra. Hence, V5 is going to be a Dirac
structure no matter what value of the Kalb-Ramond field strength dB, i.e.

VB(Al),VB(Az)] :vB([Al,AQ]CB), VdB. 9.19)

Cp

For the standard Courant algebroid, Vg is a Dirac structure only for a closed 2-form dB = 0 (6.34).
The twisting of the Courant bracket by B lifted the restriction it imposed on its Dirac structures in the
form of Vp.

As for the Dirac structures in the form of Vy (6.31), the restrictions on fluxes remain. The easiest
way to see that is to substitute £# = k6" \, into relation (9.14). We obtain

& = K007 (M1,0, 20 — ApOuAis) + K2 (0°P0,0M7 — 077 0,0 ) N1 )20 (9.20)
>\N = /ﬁ@”p()\lp&,)\gu — )\gp&,)\lu) —+ /ﬁ@ﬁ”’))\lp)\gy + QRQBWPGWQ'D’B)\M)\% .

For this to define a Dirac structure, the condition £# = k6"” A, has to be true on resulting parameters.
However, we have instead the relation

&' = KOM N, — K2(0M70,0" + 0V 0,0°" + 077 0,0" + 260"*0"P 07 Bog ) A 1w Aap (9.21)
and therefore Vy will be a Dirac structure for
Vo(A1), Vo(Aa)les = Va ([Al, AQ]CB> , R=0, (9.22)
where R is generalized R-flux, given by
RMP = RMP + 2/16”“6”59’”Bam . RFP =01"70,0"" + 07 0,0 + 07 0,0" . (9.23)
In the coordinate free notation, the generalized R-flux has the expression
R = %[9, Ols + 2k A0 dB, (9.24)

where A0 dB represents the multiplication of a bi-vector 6 three times with the 3-form dB.

The condition R = 0 defines twisted Poisson structures [69]. In that case, one can define the
twisted Poisson bracket, using the relation (A.1), which will not satisfy the Jacobi identity. The twisted
Poisson structures appeared in many instances in the context of string theory. For instance, they are a
suitable mathematical language for describing the non-commutative and non-associative string back-
grounds [[/0]. As we see, in generalized geometry we obtain twisted Poisson structures as Dirac struc-
tures of the B-twisted Courant algebroids.
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Chapter 10

f-twisted Courant bracket in symmetry
algebra

In this chapter, we will consider the background obtained by the action of #-transformation, acting on
the background characterized solely by the T-dual metric tensor. We will show that Hamiltonian can
be written in the diagonal form in a non-canonical basis and that the symmetry generator algebra in
that basis closes on d-twisted Courant bracket. In the end, we will show that this bracket is in fact
T-dual to B-twisted Courant bracket.

10.1 Free form Hamiltonian

We will begin with the background characterized solely by the T-dual metric tensor. The T-dual of the
diagonal generalized metric Gy (9.1) is given by

. (G Y 0 GE, 0
_ _ 10.1
Gun ( 0 * G 0 (G;Jl)“” ) ( )

where the relation (3.21) was used. We will introduce the antisymmetric field with the T-dual of
B-transformations, which are -transformations ¢ (6.7). The T-dual generalized metric becomes

: ; 10\ (*G' 0) (1 2B
*Hunv = (")) *Grr(e”)y = (—2*3 1) < 0 *G> (0 1) (10.2)

B "G 2*G~*B _( Gs 2BGT _
— \—2BG G-4BGB) \—26'B ¢ ) MY

where in the second line we used (3.21) and (2.38).

61



We rewrite the Hamiltonian in a non-canonical basis, so that the T-dual generalized metric is di-

agonal

*q 1 j * j
He = ﬁ(XT)ﬁ () "Gy () XN =

R A [IRTeY 1w I v 1
KM (P XN o kb ra ) [ Rat KO*' T, _ k ’ (10.4)
0 (5; Ty Ty Ty

and where £* is an auxiliary current, given by

1

2%

XM un XN, (10.3)

where

k= ka'™ + k0", (10.5)

The Poisson bracket algebra of these currents is easily obtained from the standard Poisson bracket
relations between canonical variables (7.3)

{k"(0),k" (@)} = £K*0"7(5)848' (0 — &) — K*0"°6",050(0 — 7) (10.6)
+K%0"7 0,07 ,0(0 — &) — K207 0,0" T ,0(0 — &)
= k0" (0 — 7) + k0,028 (0 — &) + k20" (0 — 7)
+K%0"7 0,07 ,0(0 — &) — K207 0,0" T ,6(0 — &)

— —kQ[KS(0 — 6) — KR m,8(0 — 7).

where in the second step we applied two d-function identities (7.7) and (7.35), and in the last step we
used the inverted relation of (10.5)

ko't = k" — k0T, , (10.7)
and expressed the structure coefficients as non-geometric fluxes () and R, given by
QLN =0,0",  R™ =0"0,0" + 0" 0,0M + 077 0,0"" . (10.8)

These fluxes can create a potential that stabilizes the vacuum expectation value and provides mass to
the moduli 23] 24} 25]. Additionally, () flux is linked to string non-commutativity [71]], while R flux
is linked to string non-associativity [[72].

The other relevant algebra relation is as easily obtained

{k'(0), 7, ()} = KLY (0 — ) + KO,0"T,0(0 — T) . (10.9)
We also rewrite the symmetry generator in a new non-canonical basis

% = /da([\,f(), (10.10)
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which is the same as the generator G, when the following relation between the symmetry parameters

AM _ oM AN _ [0F kO™ (€ M+ KON g
v (5 ) ) () ) e

The algebra of parameters and auxiliary currents is a straightforward application of (7.3), e.g.

stand

(\(0), k7 (5)} = K07°9,\,0(0 — &) | (10.12)

and similarly for other cases.

10.2 O-twisted Courant bracket

Like in the previous chapter, we want to obtain the algebra in the form
0\ _ a0
(G 5} =G4 hu, (10.13)

where [Al, ]\2]68 is the 0-twisted Courant bracket. Again, we will do the termwise calculations. From
the vector-vector contribution, we obtain the Lie bracket

{€imu(0),&m(0)} = — (0,65 — &a.&)ms(o — 7). (10.14)
For the form-form bracket, using (10.6) and (10.12) we obtain
Dk (0), A" (5)} = — (RW(AIV@M% — A + mlpAng;’”> ki (o — &)
—K2RM™P A\, Moy, 6(0 — 7). (10.15)
The direct calculations of the form-vector part gives

Mkt (0), E5m,(3)} = ELD MK S(0 — &) — KA0"°D,E5T,0(0 — &) (10.16)
+f€)\1#(0)€5<6)6/(0— - 5-) + ’i)\l,uayeupﬂ-pézy(g(a — 5') .

As in the previous chapters, the anomalous part can be further transformed. Using (7.7) and (7.35),
we obtain

~

KA (0)EL(5)8 (0 — &) = gm(a)ég(zr) (5'(0 — &) — 856(0 — 5)) (10.17)
= 208 - 00,8 ) 2000 — o)
+2 (M@ (03 (0 = 7) = M) (0)00(0 ~ 7))

63



Now the anomalous part goes to zero after the integration over both ¢ and &, while the non-anomalous
part can be transformed with the help of (10.7). After relabeling some dummy indices, the expressions
for resulting symmetry parameters are

~

& = 0,8 -0+ (10.18)
+rO" (éf(ap)Qu ) éQp(ap)\lu — OyA1p) + %au<él)‘2 - é2)\1)>
FREVD, (Mo B7) — KELD, (A1, 07) + k(MO D,EE — (Nayl?)D,EV
FRZRMP AL N, |

. . 1 . .
)‘M = gi/(au)\zu - a,u)\Qu) - 52’/(81/)\1“ - au)\ll/) + 5(9#(51)\2 - 52)\1)
+/‘€9Vp(>\1,,ap)\2u — /\21/89)\1#) + /i)\lp)\gl,QupU .

In the coordinate free notation, the above expressions read

2

§ =[0,&al1 — Kléa Mli + wlr, Mafle + 10, 0)5(0. ha. ) (10.19)
— k8L, M — Ledo + %d(z'él )

A=Le Xy — Leh — %d(iél)\z —ig, A1) + KA1 Aoy,
where [0, 0] represents the Schouten-Nijenhuis bracket (4.25) [47]], and [\1, A2]s is the Koszul bracket
(5.11) [153]], and #(\) is defined as in (5.9).
10.3 Courant algebroid
The obtained bracket is the f-twisted Courant bracket, given by

[Ar, Asle, = e?le Ay, e O Asgle . (10.20)

It defines the Courant algebroid with the following anchor

pD(A) = ¢# — kO N, | (10.21)

do f
(df> : (10.22)

from which we easily obtain the differential operator

D(é) _ KOO, f
=

64



where dy (5.20) is the exterior derivative corresponding to the Koszul bracket. The structure <T./\/l S

M, [, le, {,), p'® )> is a Courant algebroid, with all compatibility conditions satisfied.
To obtain the Dirac structures, we firstly substitute the graph of a 2-form into the definition of the
symmetry generator (10.10)

Ghony = / Ao (€47, + 2B, € k0", + 2B ki€ ) (10.23)
= /da (él’(&,‘ — 2KB, 0", + ZBWFax”’é”> :
Next, we can use the following identity
6 = 260" B, + (G5 )"*G,, (10.24)

which is easily obtained from (2.36) and (3.16). The generator (10.23) can be rewritten in canonical
form as

Gy = / do <f“7ru+5\u/<3:/“> = Gi, &M =Er2k0"B, £ N, = 2BCGp)w . (10.25)

The generator written like this will give rise to the Courant bracket. We can use the results from
previous chapters, namely (6.34), to establish that the condition for V3 to be Dirac structure is given
by

d(BG'Gg) =dB — 4d(BG'BG'B) =0. (10.26)

On the other hand, when we substitute the graph of the bi-vector into (10.10), the generator be-
comes

Goa) = / doka'\,, (10.27)

which does not depend on canonical momenta, and hence V) is always Dirac structure. Moreover, we
have

[Va(A1), Vo(Az)le, = 0. (10.28)

This reflects the basic asymmetry of the Courant bracket in the way how it treats vectors and 1-forms.
On vectors, it reduces to the Lie bracket, which happens when the B-twisted Courant bracket is con-
sidered on the subspace V. On 1-forms, the Courant bracket is zero. The §-twisted Courant bracket
becomes precisely the Courant bracket of 1-forms on V.

10.4 Relation to B-twisted Courant bracket via self T-duality

Suppose we want to implement T-duality within the same phase space, without adding any new D
coordinates or their corresponding momenta. Such a transformation should swap the momenta 7,
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with the coordinate o-derivatives, as well as the background fields with their T-dual counterparts, i.e.
T, <> k't 2B, < kO (10.29)

We will use the term "self T-duality" to describe this concept. Under such transformation, auxiliary
currents 7, (9.5) and k* (10.5) transform one into another

iy =7, + 26Ba" < k't + k0T, = k. (10.30)

We can conclude that the generators (9.7) and (10.10) are also related by self T-duality, and so is
their algebra. This means that B-twisted Courant bracket and #-twisted Courant bracket are mutually
related by self T-duality. The Courant algebroid with H-flux under the exchange of mutually T-dual
variables becomes the Courant algebroid with () and R fluxes.

The advantage of considering the T-duality and all generators in the same phase space is that we
can easily express one in terms of the other by coordinate transformation. Inverting relations (9.8) and
substituting it into (10.11), we obtain the following relation between the parameters

Al = (e"e ™) Alh) (10.31)

where in order to differentiate between parameters (9.8) and (10.11), we added indices B and 6. We
have obtained the isomorphism between these Courant algebroids

o= (P = (

The isomorphism ¢ satisfies the first rule of (6.27), simply from the fact that the inner product is

no_ p %
o —2k(6B)*, KO ) (10.32)

~2B,, &

invariant under the O(D, D) transformations. The second property can be also easily verified. Firstly,
from relation (9.10) we can derive

AL, Asle, = €le Py, e P, (10.33)
and from (10.20) we obtain
(A1), p(A)le, = le™PAr, e PAgle, (10.34)
and therefore we obtain the second requirement in (6.27)
el Asle, = (fp(A), p(A2)lc, ) (1035)

We demonstrated that the Courant algebroid relations that govern symmetry generator algebra in
both the initial and self T-dual picture are isomorphic. This isomorphism is governed by the same
properties (6.27) as the isomorphism that governs topological T-duality on backgrounds defined on
tori [63]. As aresult, we extended the idea of T-duality as a Courant algebroid isomorphism to include
symmetry transformations as well.
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Chapter 11

B-0 twisted Courant bracket

The focus of this chapter is on creating a Courant bracket that is twisted by both B and 6 fields. The
first step is to construct a twisting matrix that includes both fields and is self T-dual. Next, we derive
the necessary algebraic relations to obtain the complete bracket, along with all the corresponding
generalized fluxes. We then explain how these fluxes can be interpreted in terms of deformations of
Lie algebroids.

11.1 Twisting transformation

The B-twisted Courant bracket is obtained with the action of eB, while the f-twisted Courant bracket
is obtained with the action of ¢’ transformation on the basis of a double generator. Initially, one might
think to obtain the twist by B and 6 by using the product of transformations B and ef. This would
indeed give rise to the twisted Courant bracket since the composition of two group elements remains
in that group. However, the two transformations do not commute, i.e.

eéeé B 1 0 1 k0O B 1 KB (1L.1)
~ \2B 1 0 1) \2B 1+2kB6)"’ '

B _ 1 kO 1 0\ (1+2xk0B k6 (112)
—\o 1 2B 1) 2B 1/ ‘

The Courant bracket twisted with the transformation (11.1) yields the Roytenberg bracket. This is an
extension of the Courant bracket which includes all fluxes and has been derived several times [[60), 73,
'/4]. However, it is unclear why that bracket is to be preferred to the Courant bracket twisted with
the transformation (11.2). Moreover, neither of the brackets is invariant under T-duality. Our goal is
to twist the bracket in a way that treats B and 6 equally and maintains the T-dual invariance of the
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bracket. This we will refer to as the simultaneous twisting of the Courant bracket by both B and 6 [3]].
Let us define B by
o~ A 0 wkO™
B=B+0= . 11.3
+ ( 2B, 0 ) (11.3)

By construction, B is invariant under self T-duality and it treats the Kalb-Ramond field B and the non-
commutativity parameter  equally. Therefore, we defined the Courant bracket twisted at the same time
by a 2-form B and by a bi-vector 6 by

[Al, AQ]CB = eé [e_éAl, B_BAQ]C . (1 14)

It is not as straightforward to derive the formula for the matrix e? as it was in the previous cases. The
reason for this is that while the matrices B and # have a squared value of zero, the same is not true for
the matrix B. Hence, the full Taylor expression

>, én
B __

has to be obtained. The square of the matrix Bis given by

<o [26(0B), 0 [k, 0
B = ( ; 2R(BQ)J> = (0 (OZTL”) , (11.6)

while its cube is given by

B _ 0 262(0BO)™\ 0 Kaktgr L)
~ \4k(BOB),, 0 \2B,0%, 0 ’ '

where we have marked
o, = 20" B, . (11.8)

The matrix « is defined for pure convenience, and it possesses a couple of useful properties. Firstly,
it is a symmetric matrix

ok, = 260" B, = 2k(—0")(=B,,) = 2kB,,0" = (a’)}, (11.9)

and it transforms into its transpose under the self T-duality relations (10.29)
ot & (ah)f (11.10)

14
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Moreover, we have

0" (al)) = 2k0"B,,07" = o 07" (11.11)
By, = 26B,,0° By, = (o), By, .

One easily observes the regularity that degrees of B possess. The even degrees are given by

B = <(O‘n)”” 0 ) , (11.12)

while the odd degrees by

BQn-‘rl — 0 K(ang)w (11 13)
2(Ba™) 0 7 '

where we applied (11.11). We can now substitute (11.12) and (11.13) into (11.5), and write

o] a” H o) a™ H v
N (ano (Qn)!) y K(Zn:ﬂ (2n+1)!) 0
e = ARV o @i\ : (11.14)
2BMP(Zn:0 (2n+1)!> y (ano (2n)! )“

The terms in the twisting matrix can be simplified using the Taylor expressions for hyperbolic functions

o 2n o0 2n+1

Q ) o
COSha:Z )’ smhazzm, (11.15)

from which we derive

= a” sinhya a”
cosh\/azz , :Z—. (11.16)
< (2n)! Ja  (2n+1)

For our convenience let us introduce S*, and C*, by

(sin\l;a\/ayy’ con — (Cosh\/ay;- (11.17)
B

We can now rewrite the full transformation matrix e” as

- cr KSH GPV
B — v p . 11.18
‘ <2Bup8ﬂ; chy ) (L

St =

v

Due to (11.9), the hyperbolic functions (11.17) are symmetric
Sto=(8");, cn =) (11.19)
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Secondly, the relation (11.11) is easily generalized to higher orders of «, from which we obtain

Shor = gre(Sh)y,  Cher =60 (Ch)) (11.20)

1% )
BM,S"V = (ST)upow BWC'OV = (CT)upoV'
Thirdly, the well-known hyperbolic identity cosh? z — sinh? z = 1 can also be expressed in terms of
newly defined tensors by
(C*)h, — at (8%, = oL (11.21)
Lastly, from (11.10) we conclude
CeCh, S+ 8. (11.22)

The transformation has been obtained, but we need to check whether it is an O(D, D) transforma-
tion, and therefore suitable for twisting the Courant bracket and defining the Courant algebroid. The

B\T (CT)V“ _QB,UPSPV
= 11.2

transpose of e is given by

and therefore it can be easily verified that

. . e —9BS\ (0 1\ [ C kSH
B\T B
(") me™ = <—/<;89 c )(1 o) (235 CT) (11:24)
~ (207"BS —2BSC (CT)?—2kBS¥0\
| J2kSO0BS + 2 —kSOCT +rkCSO)

where 7 is O(D, D) invariant metric (6.4), and in the last step the properties (11.20) and (11.21) were
used. The determinant of e? is given by

det(eP) = 7B =1, (11.25)
and its inverse by
9 " _ wnpv
I BN “‘iﬂe , (11.26)
_2Bu08pu (C );

which is in the accordance with (B.4).

11.2 Self T-dual generator

Having constructed the O(D, D)-invariant self T-dual twisting transformation with both B and 6, we
can move forward with the approach outlined in Chapter 8 to derive the corresponding twisted Courant
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bracket using the generator algebra. The Poisson bracket representation of the Courant bracket twisted
by B and 6 can be obtained from the generator written in the basis

y - k
XM = (BYM XN = ( ) , (11.27)
tu
where the new currents 7, and k+ are given by
ko= kCHa™ 4+ k(SO | (11.28)

Lp = 2(BS)ua” +(C") /.

These currents are mutually related by self T-duality (10.29), implying that the generator is invariant
under self T-duality. Using (11.26), the relations (11.28) can easily be inverted

k't = ChE — k(SO (11.29)
T = —2(BS)uk + ()i,
The double generator is given by
Gi = /dap?,m, (11.30)
and is equal to the generator Gy (7.33) for
y . r
A = (B AY =12 ], (11.31)
)\H
where
g = LY+ R(SHM™ N, (11.32)

Mo = 2BS) € + (€M)

We could proceed by directly computing the Poisson bracket between the generators QU;X. However,
the interpretation of terms is easier if an auxiliary basis is introduced by

v (CH 0 P\ [k
A <o <<c-1>T>;> () - () ’ (139

where the auxiliary currents are

o= k't 4 kOMG, (11.34)

o . > v
by = 7+ 268,27,
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and auxiliary fields are
B, = B,,S%(C7Y)° (11.35)

v

and

o = CrSh 0 . (11.36)
The hyperbolic functions of the background fields are incorporated into the auxiliary background fields
in the auxiliary basis. Additionally, the auxiliary currents (11.34) take the same form as the currents
that generate the Roytenberg bracket [60]], although they depend on a different set of fields. We can
easily invert the relation (11.33), and obtain

A T AT v e v
kt = CH k!, L#—LVC#.

(11.37)
Moreover, the coordinate o-derivative is as easily expressed in terms of auxiliary currents by
k't = k" — kO, (11.38)

all of which simplifies computations substantially.

We will find the algebra of the auxiliary currents with auxiliary fluxes as its structure functions.
Using these relations and equation (11.37), we will then determine the necessary algebraic relations
for the twisted Courant bracket with both B and 6 backgrounds.

11.3 Algebra of auxiliary currents

The Poisson bracket algebra of the auxiliary currents i, is given by

{i(0),6,(8)} = —2B,,,k*8(c — &) — E L 1,0(0 — 5), (11.39)
where
B, =0,B,, +0,B,,+ 0,B,, , (11.40)
and
Fof = =26B,,,07" . (11.41)

The algebra of currents Kt is given by
{k"(0), k" (8)} = —k Q" k"6(0 — &) — K*RMPi,0(c — 7)) , (11.42)
where

08 = QP 4 2 W By Q= 0, (11.4)
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and
RIP = R 4 250M0V 0P By, RMP = 0R70,0" + 070,00 + 770,60 . (11.44)
The remaining algebra of currents k* and L, can be as easily obtained
{i,(0), k" ()} = K648"(0 — &) + F,2 kP6(0 — 7) — kQ,Pi,0(0 — 5). (11.45)

These algebra relations can be summarized in the double formalism as

{XM XNV = —FMN XP§(0 — &) + knMNo' (0 — 5), (11.46)
with
2P O 1P Yur T
pMNp _ [ K 703VP /ion,, ’ FMN KQ ' Jo ' (11.47)
KQ/L ]?—w _“77:9 2Bup

The terms appearing are generalized fluxes [20, 21, 22]. Now we can use these relations to obtain the
fluxes related to the Courant bracket twisted with B and 6.

11.4 Fluxes of self T-dual currents

The algebra of auxiliary currents closes with auxiliary fluxes as its structure coefficients. We can now
use the expression for self T-dual currents k and [ in terms of their auxiliary counterparts (11.37) to
compute the fluxes relevant for the Courant bracket twisted with both B and 6. Besides the relations
(11.46), we will require the algebra relations in the form

{€"(0),0,(5)} = 9,0"0(0 — 5), {C"(0),k"(3)} = 0" D,C1.5(0 — 7)), (11.48)

and similar identities for algebra between variables that do not depend on momenta with currents that
form the self T-dual basis.
Firstly, we write

{1,(0),0,(8)} = CoC iy s} +CPin{ip, Co} +0,Co{C0,, in} (11.49)
= —20%C%Byak®d(c — &) — C*CFE S i06(0 — 7)

- (cgapcay - Cf;a,,c;) t,8(0 — &)
= —2B,,,k6(c —5) — EL 1,000 —5),
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where we firstly used (11.37), after which we substituted (11.39) and (11.48). The resulting algebra
we expressed in terms of B flux, given by

By, = CC%CY Bogy (11.50)
and F flux, given by
B = F305C0CT, + (€7 (€5,0,C7, — €10,C7,) (11.51)
In order to simplify the expression for F flux, let us introduce new sets of derivatives by
9, = (CT),L0, . (11.52)

Here itis worth noting that in general there is no coordinate system z* so that @ are well-defined partial
derivatives in that system. This would only be true if the matrix C* defined the diffeomorphisms, i.e.,

if (CT)y = 2%, which would imply d,.(CT)p —d,(C") /= 0. However, the matrix C is defined in

terms of the string fields B and 6, and this relation does not hold.
Furthermore, we introduce a new non-commutative field 8, which is given by

Ny -1 v -2 oV
6" = (SC )“pGp = (C )“pép ) (11.53)
After substituting (11.41) and (11.53) into (11.51), one obtains
Fb = T — 268,077 (11.54)

where
fr—(c Yy, (éuci - éyc;) . (11.55)

nv

Similarly, starting with (11.37), with the help of (11.42) and (11.48), we have

{l(0), k" (@)} = (€71 (ke ko) + (€Y ko {7, (€77} (11.56)
+he{(CT, RTHCTY,
= —/@(C’l)“p(C’l) UQTP"kT(S(J —0)— 52(0’1)“/)(6’1) URP"TLT(S(U —0)
—m(éﬂaéa(c—l)”p - éméa(c—l)ﬂp> i8(c — &)
= —kQMEPS(0 — &) — K*RM™L,0(0 — 7)),
where we used the relations (11.52) and (11.53) to simplify result. The fluxes that we obtained are

pr a(C )”/3( ) Q By CO;) <§Vﬁéﬁ<cfl)ua _ éuﬁéﬁ(C*l)”a> ’ (11.57)
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and
RP — ﬁaﬁv<c—1)u

«

(C e e, (11.58)

¥
These are expressions for analogs of non-geometric fluxes. We will now proceed to rewrite them in
more recognizable forms. For Q—ﬂux, substituting (11.43) into (11.57), we obtain

QM = QM + 260"0" B, (11.59)
where

Q) = o€ — €5 (07057 = 670,C 7)) . (1160)

After expressing the previous relation in terms of 6 (11.53), we obtain

v

QM = alch)Pe ey e —ci)<évﬂéﬁ(c—l)g - éuﬁéﬁ(c—l)g) (11.61)
= ,0m — (€O, (C7Yy + (COYTD,(C 7)) = € (07 0s(C 1y — 070 05(C 7))
= 9,0+ CFPD,(C Y — €30, (CY — 5 (07 0s(C Yy — 07Dy

= 00 0 (CD,(C TNV — 05TV — 0 (C,(C Y — €S D5
L e A

In the first step, we expressed the flux Q using the non-commutative field 0. Then, in the second
step, we used partial integration on the first term and rearranged the resulting expression using equa-
tion (11.52). In subsequent steps, we recognized that (Cé)ﬁ” can be expressed as Cﬁoé"” and that
C’g@a(C‘l)ﬁa equals —8aC"B(C‘1)BU. By relabeling some indices and using equation (11.55), we ar-
rived at the final step of equation (11.61).

Similarly, substituting (11.44) into (11.58), we obtain

RMP = RMP 4 21016"P0 QWBQM , (11.62)
where
Rmve = RePY(CThE () (CT Y, (11.63)
The R-flux can further be rewritten by
R = (C? )"“’8 (629) (C™ )“a(C_l)”ﬁ(C_l)p7 + cyclic (11.64)
= (C )’“’8 g — (C@)“"(Cé)ﬁ”(&,(C_l)”ﬂ(C_l)"7 + (C_l)”ﬂ&,(c_l)’)y) + cyclic
O, 4 B GrR, (C YT, — BPR (Y CT, + eyelic

D, 1 70,8 4 BB, — redoR (LG, + BB (06T,
PR B,CT, + B (CYD,CT, — GG (C LT, + B ()5,
GO0, 1 700,00 1 BB,B — (R Y 4 GG G )
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First, we expressed the flux as a function of 0 according to equation (11.53). Then, we applied the chain
rule and the derivative 9 (11.52). Finally, we applied the chain rule again to hyperbolic functions and
used equation (11.55) to obtain the final expression.

Lastly, the remaining algebra between currents is obtained from (11.45) and (11.48) in a following
way

{0(0), K@)} = CCT) o, K(0)} + Cofios (CT I +in{CT, RHCTYY,  (11.65)

P
= KC(0)(CT) ()8 (0 = 0) + (£ Cn(ChY, = (€YY, )kd(o — )
+( — RQTCH(CTYY, + ﬁ(c—l)yoéwapcw i6(0 — ).
Using (7.7), the anomalous term becomes
KCo(0)(C1)",(0)d (0 —6) = kK0, (0—7) + KC0,(CT),a"0(0 —a)  (11.66)
= k0" (0 — ) +C"0,(CT1) k76(0 — 7)
—KCA,0,(C7), 07 i.6(0 — 7)),
where we also used (11.38). Substituting (11.66) into (11.65), we obtain
{1.(0), k" (@)} = &' (0 — &) (11.67)
(€007, = B,(C 7)) + Co(CTY L T ) k(o — )
+m((c—1)i,8pc;éap N (o X e (i 8 Qp> 5o(0 —5).

Substituting relations between currents in the previous expression (11.37), we obtain

{1,(0),k"(5)} = k048" (0 — &) + E kP6(0 — 5) — KQ,*1,0(0 — 7)) , (11.68)

n

All Poisson bracket relations between currents (11.49), (11.56), (11.68) can be summarized by

(XM XN} = —FMY XP5(0 — 5) + kn™No' (0 — 7), (11.69)
where
FMNe (“27?::’) _“UQ;W> B S . (“Qf“: g ) . (11.70)
FLQ# ‘7711/ _};p 2B,y

With basic algebra relations, we can now proceed with calculations of the Courant bracket twisted
simultaneously by B and 6.
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11.5 Full bracket
The full bracket can be obtained from Poisson bracket relations of the double generator (11.30)
{Gr 00} = G, (11.71)

We rewrite term-wise the left hand side of the previous relation

{Gr,G0} = / dodo ({4(0)1(0), & (91 (9)} + {Mu(@)F* (0), das (@) (2)} (11.72)
& (0)1(0), A2 (3)R" (3)} + {Mu(0)R(0), & (5)5,,(5)}) :
Apart from the relations between currents, other Poisson bracket relations that we will use are

{€l(0),0,(0)} = (C)L0,E16(0 — 5) = D,&16(0 - 5), (11.73)
(e(0),k"(5)} = r(COPIELS (0 —G) = KBPD,EL0 (0 — F) . (11.74)

Using (11.49) and (11.73), the first term of (11.72) becomes

QI

{&(0)iu(0),&(0)0(0)} = (80,8 — /0,8 — 1 &&8)iud(0 — o) (11.75)
—2B,,,£L 8k 5 (0 — 7)

which after we substitute (11.54) becomes

(60)1.(0),65(0)0(0)} = (€50, — €1D,68 — (£ — 2B,,,07)E1E5)1,0(0 — 7)
—2B,,£/ 8k 5 (0 — 7)) (11.76)

and similarly, from (11.56) and (11.74), we obtain

{Mu(0)EH(0), Mo (0)RY(3)} = =K RFP A, \gplu6(0 — &) (11.77)
—k(Q P A1 Aap + KO Dphap Ay — KEP DN N0 )R (7 — ) .

which after substituting (11.59) and (11.62) becomes
D (0 (0), Aoy (3)R ()} = —#?2 (RW + 2Héﬂaéuﬁém§am) Adaplud(o — ) (11.78)
_H<(§M§Vp)\1y>\2p + éypép)\gu)\ly - éupé\pAlu)\Qu

H(fL o — fra + 2mémépﬂz§uaﬁ)xlyxgp) (o — 7).
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Lastly, using (11.68), (11.73), and (11.74), one obtains
{€1(0)iu(0), X (0)R" ()} = E[(0)Aau(0)0' (0 — 7) (11.79)
HEL € Aap — 10, Aoy )K"5 (0 — 7)
H(=RO P Nay, + KXo 07°0,E1)1,0(0 — 5) .
The anomalous part depends on both ¢ and &, so it should be further modified by
REH (O au(@) (0 = 5) = SEH(0)Nu(0)8' (0 — 5) — S0 (0)Nau(8)056(0 — 5)
= S8N0(0 = 8) + SO, 3(o — 7) (11.80)
—58(0)%2,(3)050(0 — 7) = SD,ELNg," 5(o0 ~ )
= S8M0(0 — 8) — S8 (E)u(8)956(0 - )
FS (0N = D,E000, 01,00 — )
+%(§1”5“)\2V — 040 Aoy )k (0 — )

= S8M0(0 = 8) = S8 (E)u(@)956(0 ~ )

9 . 1. ) .
+rOM (5{)&’)‘20 - 581/ (5{))\2/)))%5(0 —0)
A 14 v
+(§1Vau>‘2u - §au(£i/)\2,/))k“5(0 — 5‘) .

We used the property of the delta function (7.7) in the initial two steps, followed by using the rela-
tion (11.29) in the subsequent step, and eventually, we applied the chain rule in the final step. After
substituting (11.80) into (11.79), we obtain

(€(0),(0), Aap(3)KH(5)} = ggf@(s'(a — &) — ggy(a)@(a)aﬁ(g —5) (11.81)
+ (ji;f E Nap + & (Duhay = Duy) —

+< — KO0 Ny + KA, 0770}
R (€00, 0y — S0LEN,)) ) ind(o — ).

To obtain more recognizable terms, we will use the chain rule in order to transform the term containing
Q flux (11.59)

—KQ M Ny, = —m(é,,é"“ N A 2m2é”aéﬂﬁz§aﬁp> Aoy (11.82)
= k&0, A l") + KELD N, 07"
(L B B, ) D
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Substituting (11.54) and (11.82) into (11.81), we obtain
(€0, (@ (@)} = S€N8'(0 = 7) — S (0)\au(@)00(0 — ) (11.83)
A 1x
H(E G —02ay) = 30(E0N)
([ = 268y, 6°7) €4 Ao )

+ [liéuy <€f(éy)\2p — 8p)\2,,)
FRAOPDEN — KEPD, (N9 7M)
—H( freor — frir + znzéméﬂﬁéaﬁp> ngzy] Ld(o —5).

g —0)

5
S0(E0%,,))

Substituting (11.76), (11.78), and (11.83) into (11.72), with the help of (11.71), we obtain

(A1, AgJe, =A=E@ A, (11.84)
where
& = 19,8 — €50, + f el (11.85)
o ~ ~ ~ ~ 1A
+rO" <ff(ap)\2u — 0y Aap) — E5(0pA1y — O A1) + §8u(§1>\2 — &A1)
R L7 (€0 — €600))
+REVD, (Ngpf?) — KELD, (M1 p07") — KX 07PD,E + KA1, 077D, L
ol 07 (E N — A1)
—{—Hzéuyp)\l,,)@p
— 2k B, e 071EVER + 2K20 0" Bog o (€0 Mgy — E5N1,) + 2630496V P07 Bog A1y Aoy
and
~ ~ ~ ~ 1 A
)‘u = gly(al/)\Zu - au)\Qu) - §5<8V)\1M - auAlu) + 5811(51)\2 - 52)\1) (1186)

1 (612 — &)
+/<Lél/p()\1y(§p)\2u - )\2uép)\1#) + l‘i/\lp)‘szaAuépV + H(fjulf/ éop - Jig émj))\l”)\%
+2l§m/p§1,,€5 - Qﬁguuaéop(gly)wp — &A1) + 2’f2émép6[§uaﬁ)‘1v)‘2p :

We grouped the terms in expressions (11.85) and (11.86) for future convenience.
In the process of twisting the Courant bracket simultaneously by B and #, we did not rely on the
fact that these fields are T-dual background fields. Thus, the results should be valid regardless of this
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property. If we take that either of the fields B and 0 is zero, the derivative éu reduces to the ordinary
partial derivative 0, and all the f flux terms become zero. Specifically, for § = 0 and an arbitrary
B, we obtain B-twisted Courant bracket, while for B = 0 and an arbitrary 6, we obtain the #-twisted
Courant bracket.

11.6 Coordinate-free notation

In contrast to prior instances, obtaining the coordinate-free notation with a clear interpretation of its
terms is not as trivial for this bracket. We will need to introduce novel brackets that will ultimately be
identified as the brackets of Lie and quasi-Lie algebroids that have not been encountered previously.

11.6.1 Twisted Lie bracket

Firstly, we will seek the Lie algebroid with C as its anchor. This step will turn out to be crucial for
interpreting many terms that appear in the expressions (11.85) and (11.86). The bracket of this Lie
algebroid should be related to the Lie bracket by

(Clenels)” = (leacalr)” = Ce0.(Ch8) — ¢ g0,Che) (11.87)
= e (0.6 - .8 ) + et (0.0 - ¢ha,eh,)
= o (erdues — gh0,60) + reg (9,0 — 0,1

where we used (11.52) and relabeled some indices. Multiplying the previous relation with C~* and
taking into the account (11.55), we obtain

(I6.60)" = &rdogy — exd.en + fp v, (11.88)

which is exactly the first line of (11.85). Analogous to our notation for twisted Courant brackets, we
will denote this bracket as the twisted Lie bracket, since

(€1, &) = CTY[C&. C&L - (11.89)

In order for C to be a proper anchor of a Lie algebroid, the Leibniz rule has to be satisfied, i.e.

&1, f&ali = (Leey f) §o + fl&1, 62z (11.90)

from which we can derive the action of corresponding Lie derivative on functions
Lef=Lee [=6"0.f. (11.91)
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Its action on vectors is simply given by the twisted Lie bracket. The Jacobi identity is also satisfied,
since

Jac; (&1, 62, &3) = CTY[CEL, [C&2, CE3) L)L + cyclic = Cac(C&1,Céy, CE) = 0. (11.92)

To write the action of Lie derivative Eé on 1-forms, we firstly apply the Leibniz rule (11.90) on
1-form-vector contraction

Le,(E5X) = (Le&a)" Moy + 5 (LeNa), (11.93)
= (gi/auég - 2Val/£¥)>‘2u + fy;; 511/ g/\2# + §5<£51 )‘Q)H )

and then (11.91) on that contraction, since it is effectively a scalar
Loy (65 M0) = E0,(EA0) = G085 oy + EE DN, (11.94)
When we equate right-hand sides of previous two relations, we obtain
(LeA2)y = 0ult Aoy + E D Mo+ 1,0 € N2p = & (Do da — Dudan) + 9u(€ ) + 1,0 € gy - (11.95)

The exterior algebra is easily derived from the relation (5.7). Let us explicitly obtain the action of
exterior derivative on functions and 1-forms. Functions correspond to the case p = 0, so we have

df (&) = CE(f) = €"0uf . (df)u=0uf . (11.96)

From (11.91), we see that the usual relation for the action of Lie derivatives on function /:'5 f= 71502 f
still holds in the twisted case. On the other hand, 1-forms correspond to the case of p = 1 in (5.7),
from which we obtain

d\&,6) = C&4M&)) — C&LM&)) — M6, &) (11.97)
= 5?612/ (éuAV - él/)‘u - jjul/))\P> )
AN = 9h — 0N, — [0N, .
The Cartan formula /35)\ = igcf)\ + (fig)\ can be easily demonstrated using (11.95) and (11.97), and
holds true for any p-form .
We saw how the hyperbolic function C defines an anchor for the Lie algebroid defined with the

twisted Lie bracket as its bracket. Various terms in the expressions (11.85) and (11.86) can be ex-
pressed in terms of the corresponding twisted Lie derivative.
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11.6.2 Generalized H-flux

Let us explore the generalized H-flux B (11.50). It has a structure of a 3-form, that when contracted
with three vectors can be written by

Bl £l s€h = Bag,CoECo e80T €8 = dB(CE, C&, CEs) . (11.98)

where éuyp is defined in (11.40). The right-hand side of the previous relation is expressed in a non
coordinate notation, which using (4.11) can be further transformed by

(AB)(C&1,C6.C8) = C&i(B(C&,C&)) - Ca(B(CE1,C&) ) +C&a( BCE,CE))  (11.99)
~B(1c&,C&lr 8 ) + B([c6n, el C&2) — B(1C&, Ceil1.C6n)
= Ca(B&&) - ca(B(e.&)) +Ca(B6.&)
—B( §1.601,6) + B(16.611,6) - B((6.6]1.6)
= dB(£,6.%).

where B is a new field that we defined by
By, = BasCCY, = (BSC),u (11.100)

and in the last step recognized the expression for twisted exterior derivative acting on a 2-form.

11.6.3 Twisted Koszul bracket

We define the twisted Koszul bracket by

M daly = Ly de = Ly h — d(0(M, X)) (11.101)

where 5()\1)“ = Alyé"“. This is an analogous definition to the one for the (non-twisted) Koszul
bracket. In some local basis, its components are given by

([/\1, A2]9~> = 6 (M Dpdap — Ao i) + 0u0" Aoy + (.2 0°7 — .7 679 Aiphae . (11.102)
o
This bracket can be related to the twisted Lie bracket. In order to do that, we firstly obtain
5<[>\1, AQ]é) — g (éop(xlgépAgy — Ao D) + 077 Ao As, (11.103)

+(fr 07 — £e éTp)AlpAQG) y
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Next, we obtain
O, 00)]; = 072 X1,0, (07 Nay) — 6" 2,0, (0" N1p) + L1 07767 Mg Ao, (11.104)
_ Gregre (AlpéyAgg - AgpéyAlg) + 107767 Ay ey
(679,07 + 6°7D,0"") My p Ao
After relabeling of some dummy indices, we obtain the relation

[é ([Ab Az]é))r _ ([é(m, §(0)] ﬁ)“ + R AL A, (11.105)

where R is defined in (11.64). We can use the definition of the twisted Lie bracket (11.89), to rewrite
the previous relation as

(1 2ly)]" = (1600w), I )" + € R A s, (11.106)

The twisted Koszul bracket defines a quasi-Lie algebroid with anchor p; = C 0 and with the R-flux as
deformation from the Lie algebroid structure.

We can still define the exterior derivative associated with the quasi-Lie algebroid defined with the
twisted Koszul bracket. On functions, its action is obtained from (5.7)

dsf(\) = 0", fN,,  (dgf)" = 6", f . (11.107)
Similarly, on vectors it becomes
A = )D€ N0) = (a)D,(E M) — € (D Mlg) — (11.108)
W
= (070,67 — 870, — @0 + [ 07 = [2 7)) Niyhas

The exterior derivative OZ(; satisfies Leibniz rule, but is not idempotent, unless the R-flux is zero.

11.6.4 Twisted Schouten-Nijenhuis bracket

Lastly, we are going to interpret the term containing the R-flux in terms of newly defined quasi-Lie
algebroid. Recall that in the previous chapters, we defined R-flux as the Schouten-Nijenhuis bracket,
that can be written as dgf = [0, 0]5. This motivates us to consider the action of exterior derivative cié
on the bi-vector §. From definition (5.7), we have

A~

O Ao, Ns) = cé(Al)([Az,Ag]é) —Cé()\Q)([/\l,/\g]é) +C§(A3)([A1,AQ]5)
—é([Al,Az]é,A3> + é([Al,Ag]é,AQ) _ é([Ag,Ag]é,Al) . (11.109)
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There are two types of terms, so let us calculate the components of a representative of each type.
Firstly, we have

v

i) (Do Aali) = M0y (60220, ) (11.110)
= 0" 0,07 N1 o Ay + 07707 N1, (D Ao sy + Aaw0oNsp)
and secondly
(el ) = Mdad (070, + f oo — f2 i) (L
—0"0" (MO Aoy — A2 O M) Asp -
When (11.110) and (11.111) are substituted in (11.109), we obtain
dgB( M1, Aoy Ag) = 2R™P Ay, Aoy A3, (11.112)

which is exactly what we hoped for. We will therefore define the twisted Schouten-Nijenhuis bracket
as

~

[6,0) = dsf . (11.113)

11.7 Courant algebroid

We are now able to express all the terms in the Courant bracket twisted by B and € in terms of newly
defined twisted brackets. In the coordinate free notation, the expression (11.85) is given by

L/ ; 1. .
§ = [6.&l; —k0(Leda — Lo = Sdlic ds — i) (11.114)
2
v o K2 o o
+[&1, £0(N2)]f, — [§2, KO(M1)] 7 + 3[979]50\1; Az, )
4260 dB(.,€1,6) — 2 A2 kO dB(., A\, &) + 2 N2 k0 dB(., Mo, &) + 2 A2 k0 dB(M1, Mo, ),

and the expression (11.86) by
. . 15 .
A = Egl)\g - /:452/\1 + Ed(lgl)\g — 252/\1> + Ii[)\l, )\2]9“ (11115)
+2c§]§’(§1,§2, ) — 2/@5 CZB()\Q, .,61) + 2/435 dAB(/\l, .,52) + 2 /\2 I{é (jB()\l, )\2, ) .

The exponents on the wedge represent how many times a bi-vector is contracted with a 3-form, while
the dot denotes the non-contracted index, e.g.

( A2kl dB(., A, &))“ = K20M 07 B MES (11.116)
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The Courant bracket twisted at the same time by B and 6 defines a Courant algebroid. The anchor
is obtained from substituting e~ (11.26) into (8.8)

PPN =C¢ — kCOX, (11.117)

and similarly the differential operator from (11.18) and (8.10)

PR (*”Eg’;g)@p;j{t ) _ (Cigff ) , (11.118)

Let us now obtain the Dirac structures for this Courant algebroid. Firstly, consider an isotropic space
in the form of graph of B over the tangent bundle

Vi(A) = €4 2B,,£". (11.119)
On this sub-bundle, the symmetry generator (11.30) becomes
Gy, () = / doc” (C} — 2kB,,(S0)"")x,, (11.120)
- / dm,t(c—l)ﬂp((c%ﬂy - 2m(3293)ﬂy> 1%
— [ domc e,
where we firstly used (11.35) and (11.8), and then (11.21). This is the generator of diffeomorphisms
with the parameter (C~1)* £¥, which closes on the Lie bracket in the Poisson bracket algebra. There-

fore, the sub-bundle V; will be a Dirac structure and no restrictions on the B-field have to be imposed.
Similarly, we seek Dirac structures in the form of graphs of 0,i.e.

Vi(A) = 6"\, @\, (11.121)

The generator (11.30) becomes
Gv,0) = / do\,C ka | (11.122)

We encountered this case at the end of the previous chapter - this is a generator that does not depend on
7 and therefore gives zero bracket in its Poisson bracket algebra. The graph V; will be a Dirac structure,
regardless of 0. Once again, we do not need to impose any restrictions on fluxes on the Dirac structures.
Therefore, the Courant bracket twisted at the same time by 5 and # defines a Courant algebroid, such
that on its Dirac structures all fluxes can exist without restrictions.
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Part IV

Double theory
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Chapter 12

Double theory action

In this chapter, we will introduce the basic notions of a string theory defined in a phase space that is
a direct sum of the initial and T-dual phase space, which we call double theory. We will introduce
the Lagrangian of the double theory, derive its canonical momenta and Hamiltonian, and extend the
Poisson bracket relations to the double phase space.

12.1 Lagrangian and Hamiltonian in double formalism

The idea behind the double theory [[75, 176 77,78} [79] is the unification of the D-dimensional initial
and its corresponding T-dual theory into a single theory defined in 2D dimensions. This theory should
incorporate T-duality as its symmetry, and both the initial and T-dual theory should be obtained after
projection to a suitable D-coordinate subspace. One of the most straightforward justifications for the
double theory may be observed in the scenario of a closed string in which certain dimensions are
compactified, enabling it to wrap around these compact dimensions. The winding number, which is
to say the number of times a string curls around the compactified dimension, can be associated with
the set of T-dual momenta, as it was previously demonstrated. The coordinates conjugate to these T-
dual momenta y,, are additional degrees of freedom, so the full description of the string theory should
incorporate them as well.

In order to write Lagrangian, we firstly define a double coordinate X, defined in a direct sum of
the initial coordinate space, characterized by 2*, and T-dual coordinate space, characterized by y,,, i.e.

XM = (x”> : (12.1)
Yu

where p = 0,1...D — 1, M = 0,1...2D — 1, D = 26. We assume that the generalized metric has
the same form as in the single theory, but with all fields, in general, depending on the double set of
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coordinates =* and y,

o :< ~ Ghfw) —2Bup<xiy)<al>pv<x,y>) | (12
2(G7H (2, y) By (. y) (G (x,y)
The Lagrangian density is taken in the same form as in the initial theory
L= g@+XMHMN8_XN. (12.3)
The equations of motions from the variation of the Lagrangian (12.3) become
Oy (Hyn0-X™N) +0_(Hyno, . XN)=0. (12.4)
In the case of constant background fields, these relations simplify to
0,0_a" =0, 0,0_y,=0, (12.5)

which are well-known equations of motion for the initial and T-dual theories, respectively. The relation
(12.4) is also known as the Bianchi identity. We see that the Bianchi identities and equations of motion
are united into a single relation in double formalism.

The double set of coordinates is accompanied by the double set of momenta conjugate to them. It
can be easily obtained by varying the Lagrangian (12.3) with respect to XM
oL
C5XM

which can be written in the component notation as

T,y = (”“) : (12.7)
bt

T =Gl —2(BGY) Vi, (12.8)

Iy = kHyn X", (12.6)

where

and
= (G™H"y, + 2(GIB)* i (12.9)
We can easily obtain the inverse of the relation (12.6)

: 1
XM — EHMNHN, (12.10)

where HM¥ is the inverse of the generalized metric, given by

HMN — pgME N (12.11)
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Now we can apply the Legendre transformation of the Lagrangian (12.3), in order to obtain the canon-
ical Hamiltonian

. 1

ST HYVILy + gX’MHMNX’N , (12.12)

where we used (12.10).

12.2 T-duality

Our goal is to rewrite the Buscher T-duality transformation laws (3.22) and (3.25) in the double formal-
ism. We note that by separating terms that change sign with those that do not, the T-duality relations
can be rewritten as

+0:y, ~ Gl 07" — 2(BG™Y) Oy, |
L0, 0t ~ 2(G B, 0 + (G- dLy, | (12.13)

which can be easily integrated into a single relation
O XM ~ MV e 0. XK (12.14)
To obtain the canonical form of T-duality relations, using (2.19) we rewrite (12.14)
XM 4 XM~ pMN I X pMN T XK (12.15)

or equivalently
XM pMN o X XM pMN G XK (12.16)

which using (12.6) can be expressed as
My~ kg X™. (12.17)
After application of (12.14) to (12.3), we have
g@+XMHMNa_XN ~ —gnMKHKL8+XLHMNnNPHPQ8_XQ = L. (12.18)

The Lagrangian is (up to a sign) invariant under T-duality. The change of sign does not matter, since
equations of the motion will remain the same, and we will have exactly the same theory.
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12.3 Poisson bracket relations in double formalism

As double theory should generalize both initial and T-dual theory, we assume the standard Poisson
bracket relations within the initial and T-dual phase spaces

{2"(0),m,(5)} = 640 (0 — 7), {y,(0)," 1"(7)} = 0;,0'(0c — 7)), (12.19)
with other brackets of canonical variables within the same phase space being zero, i.e.

{ka™ (o), k2" (a)} = {ry,(0), Ky, (o)} =0, (12.20)

and
{m.(0),m,(0)} = {*n"(0),* 7" ()} = 0. (12.21)
These relations have to be extended so that they include relations of phase space variables from
mutually T-dual phase spaces, which we will do using T-duality. Let us firstly apply T-duality along
all coordinates y,, to the Poisson bracket relation between coordinate derivatives in mutually T-dual

phase spaces
{ka'™(0), Ky, (5)} ~ {Kka"(0),7,(5)} = K" (0 — ) . (12.22)

Relations (12.20) and (12.22) can be rewritten in terms of double coordinates as
{kX™M(0), kX" (5)} ~ knund' (0 — 7). (12.23)

If we were to obtain the Poisson bracket relation between double coordinates, rather than their deriva-
tives, we could integrate the previous relation along both ¢ and &, and obtain

{kXM(0), kXN (5)} = —™N0(0 — 7), (12.24)

where 6 is Heavyside step function. The relation (12.24) is determined up to boundary conditions,
that can be set with different choice of Heavyside step function.

Secondly, we apply T-dualization along all y,, coordinates to the Poisson bracket of momenta from
mutually T-dual spaces, and obtain

{mu(0), 7" (0)} =~ k{mu(0), 2" (0)} = K0, (0 — 7). (12.25)
Relations (12.21) and (12.25) nicely combine into
{I1a(0) 1In(0)} = knund'(o — 7). (12.26)
Lastly, we once again T-dualize along all the initial coordinates z* to obtain the remaining bracket
{ka'" (o), " (7))} = {*n" (o), 7" (5)} =0, (12.27)
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which with the other brackets (12.19) can be written as
(XM (0),TIx(5)} = 036 (0 — 7). (12.28)

Some Poisson bracket relations are written as T-duality relations, emphasizing that double theory
intrinsically incorporates T-duality.

12.4 Restricted fields

While it is true that background fields depend on both initial and T-dual coordinates, in order to achieve
invariance under both diffeomorphisms and T-dual diffeomorphisms, specific constraints must be im-
posed to the background fields. Firstly, we will demand that all fields are annihilated by the operator

A =nMN0y08 =0M0y =0, (12.29)

where 9™ are the derivatives in a double theory, given by

_ (O _ 9 gu = 9
O = (@) o (=g 0= ay)' (12.30)

Moreover, we will require the so-called strong constraints, in which all the products of any two fields
¢ and v are also annihilated by (12.29), i.e.

M on (p)) = (0MOnd) ¥ + 20M ¢ Ot + ¢ OMOnp = 20M ¢ Opytp = 0. (12.31)

These conditions appear also from the Virasoro conditions [80, [81]. Without strong constraints, the
symmetry algebra would not close.
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Chapter 13

(C’-bracket

In this chapter, we provide the world-sheet derivation of the C-bracket, which is the double theory
generalization of the Lie bracket. We will present the double generator of diffeomorphisms and show
that the C'-bracket appears in its algebra. We will end this chapter by considering the projection of the
C-bracket to the initial and T-dual phase spaces and show that it reduces to the Courant bracket.

13.1 Generator of diffeomorphisms in double theory

Previously, we saw that the diffeomorphisms are generated by momenta 7,, and we expect that T-
dual diffeomorphisms are generated by T-dual momenta *7*. In double theory, these momenta are
integrated into a double momentum II,; (12.7). We will construct the double generator which is a
sum of generators of initial and T-dual diffeomorphisms. It can be written as the O(D, D) invariant
inner product

Gp = /da<A,H>, (13.1)

where AM are the symmetry parameters, which can be expressed by

AM(X) = (iug ‘Zi) . (13.2)

The parameters £ are associated with initial diffeomorphisms, while the parameters A, are associated
with T-dual diffeomorphisms. Both parameters depend on all initial coordinates x* and all T-dual
coordinates y,,.
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We want to obtain the Poisson bracket relations of a double generator. We have

{9n(0),90,(0)} = / d0d5'</\f4(0){HM(0'),Hw(ﬁ)}/\év (@) (13.3)
+AY (0){Tr (0), A3 (3) Iy (7) + Tas (0){AY (0), T (5) }AY (5)) :

We did not write the term 1y, (o) {A} (o), AY (5)}1x5(5), since it is zero after applying the strong
constraint (12.31) and the chain rule

(AM(0), AN (5)} = —%8PA]1”6PA§V0(0—6) _ —% (AYAY) - 2AVAY)0(r—0) = 0. (13.4)
Without this condition, the generator algebra would be anomalous. In fact, there were successful
attempts to find constraints that are weaker than the strong constraint that we imposed, in which case
anomalous part in the algebra contributes to the trivial transformation [[82]]. We are primarily interested
in constructing the C'-bracket, and for this purpose, it is sufficient to assume strong constraints (12.31).

To the first term of (13.3), we apply the relation (12.26)

kA ()T (0), Hn(5)YAY (5)6 (0 — &) ~ k(A1 (), Ay(5))0' (0 — ) . (13.5)

After applying (7.7) on the right-hand side of the previous relation, we obtain

R(A(0), (@) (0= 0) = 5 (A1, M) = (AF, As)) (o — )
+g((A1,A2) n <A1,A2>(a))5’(a ~5), (13.6)

where parameters depend on o unless otherwise explicitly expressed. With the help of the chain rule
KA™M = g X'NoNyAM | (13.7)

the relation (13.6) further transforms into

k(A1 (0), A (3))0 (0 — &) — %nm (APONAS — AfonAR) X"Vo(o — o)
+g <<A1, Ao (o) + (A, AQ)(6)>5/(0 ~5). (138

The anomaly disappears after the integration with respect to o and &. The first line in (13.8) contributes

to the C'-bracket expression. We apply the T-duality relations (12.17) to it, and obtain
1

o1
S <Af8NA2Q _ A§8NA?)X Vo Snpg Y (AfaNA§ _ Ag’aNA?)HM . (13.9)

Note that we applied T-duality twice - in (13.5) and (13.9), and consequentially we can write

1
A (0){Tas(0), Ty (2)}A3(0) = Snpg ™™ (AfaNAg? - A§8NA?>HM6(U —5).  (13.10)
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After relabeling of some dummy indices, the remaining terms in (13.3) can be written as
—Ty (AYONAY — AYONAY)S (o — &) (13.11)
From relations (13.10) and (13.11), we can express the generator algebra relations

{g/\lag/m} = _g[Al,Ag}c ) (13.12)

where [A1, Ao]c is the C-bracket, given by
M 1
([Al, AQ]C) = AYONAY — AYONAY — 2 (A{V M Ay — AY 8MA1N) . (13.13)
The C-bracket was firstly obtained by Siegel [80, 81]. It is a generalization of the Lie bracket to
double space. One can introduce the double Lie derivative L, that acts on all indices as if they were
both covariant and contravariant and its algebra will give C-bracket. For example, its action on the
generalized metric is given by

LAHMN = APop HMN 1+ (0MAp — OpAMYHPN + (0N Ap — OpAN)HME (13.14)

If no dependence on T-dual momenta and T-dual coordinates exists, the generator G, would be just
the generator of diffeomorphisms. Its algebra is known to close and produces the Lie bracket.

13.2 Projections to the initial and T-dual phase spaces

Let us consider projections of the C-bracket to the initial and T-dual phase spaces. Firstly, we will
demand that all parameters in (13.13) depend exclusively on the initial coordinates x*. In that case,
the double derivative 0 reduces to the derivative along z#, i.e.

oM — o) (13.15)
al/«
The terms in the C-bracket also simplify
ANONAY — [0,8% ANOM A,y — 0 (13.16)
! 2 gi/au)\Qu 7 ! /\luaugg + flua,u)\h/ ’

where parameters depend only on z. Substituting the previous relation into (13.13), we obtain the
projection of the C-bracket to the initial phase space

[A]_ AQ}C - élyal/gg - 5'12’8”5{‘
’ 511/81)‘% - §5ay>\1# - %(/\lvaﬂfzy - /\2V8M51V + &/au)\b - 512/81)‘11/)
& (Ao — o) = &5 (O Ay — Oudin) + 50u(E A2 — &A1) |
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where we used the chain rule, in order to recognize the result as the Courant bracket. By projecting
the C'-bracket to the initial theory, we obtained the standard Courant bracket.

Secondly, by ignoring all dependence on z*, we will obtain the C'-bracket projection to the T-dual
phase space. Then, the double derivative reduces to the derivative along T-dual coordinates y,,

m
oM — (a ) : (13.17)
0
and similarly, we obtain
NI I/Np, N,u v
ANONAY — M08 . ANOM AL — 0% + M0 (13.18)
A0 Aoy 0
Now all parameters depend solely on T-dual coordinates y,,. Substituting (13.18) into (13.13), one
obtains
M Ao (M08 M0 (60" + A0"G — 0" A — M 0E)
A0 Aoy — Ao 0" A1y

_ [ M(07E = 91) = Do (07EY — 9MEY) + 30" (Més — EFAa)
A0 Aoy — Aoy 0" A1y, '

We applied the chain rule in this instance as well. The resulting bracket is again the Courant bracket.
This time, the symmetry parameters £# and A, have swapped their roles.

Both in the initial and T-dual theory, the C'-bracket reduces to the Courant bracket. This way, the
invariance of the Courant bracket under T-duality is shown once again. The C-bracket is a double
theory extension of the Courant bracket.
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Chapter 14

B-twisted ('-bracket

We are going to obtain the B-twisted C-bracket, together with its corresponding flux. Subsequently,
we will consider this bracket’s projection to the initial and T-dual phase space and show that in the
former it produces the B-twisted Couran bracket, while in the latter, it produces the 6-twisted Courant
bracket.

14.1 Non-canonical basis and basic algebra relations

The generator in the double theory also has a form of the O(D, D) invariant inner product, allowing
us to generalize the procedure of twisting the Courant bracket for twisting the C'-bracket in the double
theory. Following the path we took in Chapter 9, we define a diagonal generalized metric Gy by

(G u(z,y) 0
Gun = ( 0 (G_l)””(x,y)> ) (14.1)

which by the action of B-transformation produces the generalized metric Hy;x

R R R SH 0
((€B>T)zvff( GKL(€B>LN = Hun, (eB)AJ/[V = ; v o (14.2)

2B/u/ (I’, y) 5u
The B-transformation has exact same form as we encountered before (6.5), with the only difference
that the Kalb-Ramond field now depends both on the initial coordinates x* and the T-dual coordinates
yu- Whenrelation (14.2) is substituted into (12.12) we obtain the free-form expression of the canonical

Hamiltonian .

2K

He = —TI1,,GMNTI,y + gX’MGMNX’N, (14.3)
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where we introduced the non-canonical momenta I by

R . % * U * o h
oM — <€B)MNHN _ oL 0 ™ _ m —
2B, 5,’1 e T, + 2B, 1"

and non-canonical coordinates o-derivatives X' by

N A o0 " e e
XM= (P XN = op s =\ op )= | (14.5)
jaz 7 yz/ yp, + MV$ yp,

The generator G, (13.1) can be expressed in terms of non-canonical momenta II by

Il
VN
> >]*
= S
N——
=
N

i = /d0<A,fI>, (14.6)

where we introduced a new symmetry parameter A, related to the parameter A (13.2) by

AM _ (,B\M AN _ oy 0 &\ _ 3 _ 3
AT = (F) AT = (QBW 5;) (A) - (AMJFQBW&) - (X,) ' (14.9

Using the fact that e? is an O(D, D) transformation, the generator algebra (13.12) when expressed in
terms of generator G takes the form

N

{Gi,(0),G4,(0)} = ~Yi, A, (0)0(0 =), (14.8)
where [Ay, Ay]c, we define as the B-twisted C-bracket, given by
(A1, Agle, = ePlePAy, e PAgc. (14.9)

In order to obtain the B-twisted C'-bracket from the Poisson bracket algebra, we require the Poisson
bracket relations between non-canonical momenta I1. Using (14.4) we write

A

{IM(0),IIN@)} = {(PI)™(0), ("I (5)} (14.10)
= (%)M(0) eB) % (0){I17(0), 11%(5)} A
(eB %8‘](6 WK S (0 — ) + (eB) NoT(ePYMITES(0 — 7).

Next, using the T-duality relations (12.26) on the first term of the right-hand side of the previous
expression, we obtain

(€)M (0)(P)% () {11 (0), T (5)} =~ & [P (0)n(e®)T(a) | (0 —3), (14.11)

%
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which can be further tranformed by

[Pomey @)

§'(oc—5) = MV (0 —35) (14.12)

+r(eP Mo Rag (P X'9(0 — )

where we have used (7.7) and (6.3) for B-shifts. After applying the T-dual relations (12.17) to the
non-anomalous part of (14.12), we obtain

k(PP RO ((®)T)N X'6(0 — &) ~ (P Y, 9o BPNTIOS (0 — ). (14.13)
We note the following properties of matrix B M (6.5)
BMgBXy =0, BM®BXy=0, (B)My=06My+ By, (14.14)
and rewrite the relation (14.10) as
{TI1M(0), IV (3)} = —BMN?TIu6(0 — ) + AMN (0 —5). (14.15)
With AMY we have marked the anomalous term, given by
AMN (g —5) ~ kN (0 — 7), (14.16)
and with BMNQ the double flux, where

BMNQe = pMNQ@ 4 gMNQ (14.17)
BMNG — 9MBNG 4 gV BeM 4 99 BMN
SMNQ = MR BN? 4 BN k0" BOM 4 B0 BMY .
Flux can be written in a more compact manner
BMNG@ — M BNQ | GN BRM | HR BMN (14.18)
where  is a new double derivative, given by
M = (eBYM 0K = oM 1 BM 9K . (14.19)
Appart from the relation (14.15), we will also need another basic Poisson relation
{AM(0), TIV(5)} = OV AM5(0 — 5), (14.20)
and note that the bracket between parameters is zero, i.e.
{AM(0),AN ()} =0, (14.21)

as a direct consequence of (12.29) and (12.31) (see discussion below (13.4) for more details).
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14.2 Derivation of B-twisted C'-bracket
Substituting (14.15), (14.20) and (14.21) into (14.8), we obtain
{G3,(0).G4,(3)} = AM(0)AY (5)Aun — AiarAon BMNCIIg6(0 — 7) (14.22)

The first term containing anomaly is transformed with the help of (7.7) and (14.16) by

AY (0)AY (3) Ay (o — 0) (14.23)
~ H<A1(U), A2(0)>5’(0‘ —0)+ /1<A/A\1((7)7 Aé(o‘))é(g —0)

= 2 (204040000 = 3) + (A1 Aao(o = ) + 5 (A, Ay) = (A, Ao) o0 — 3)

_ g(m, Ao (o) + (A, A2><5>)5f<0 — &)+ §(<A1, ALY — (A%, A2>)5<U — &),

resulting in two terms. The first term is anomalous and dissappears after the integration. On the second
term, the T-duality relations (12.17) can be applied, after which one obtains
g (<]\1, AT ]\2>) _ gnMN (Z\{W 0oAY — AMa AN >X’Q (14.24)

1 . . . .
Sy (MIRAY - AR AY g

12

1 A A .
= Smun (AVOPAY — AYORAY )ilg
where we used (14.19) and (14.4). Note that this is a second application of T-duality, which acts as

equality. The substitution of (14.23) and (14.24) into (14.22) results in the final expression for the
B-twisted C-bracket

PN M Nt A A Nt A A
([Al,AQ]CB) = ANGyAY — AVHyAM (14.25)
1/ n A A
-3 (Af’ OM Ayy — AY 8MA1N> + A Ao BMNQ.
With the substitution of (14.19) into its expression, B-twisted C'-bracket becomes
PN M o o N o 1/~ o o N
([Al,AQ]CB> = AVONAY — AVoyAM — 5(A{V M Ry — AY 8MA1N> (14.26)
o o o o o 1 - o o o o
+BY, <A1N8RA§” — RonORAM ) - 5B (AlNaRAgV — RonORAN )
+/A\1N/A\2QBMNQ .

We can see that the first line is the C'-bracket, while the other two lines are corrections due to twisting.
If the Kalb-Ramond field is zero, the second and the third lines become zero and the bracket reduces
to the C-bracket.
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14.3 Projections to the initial and T-dual phase space

Firstly, let us consider the B-twisted C-bracket projected to the initial phase space. It can be ob-
tained by demanding that all gauge fields depend solely on the initial coordinates x*. In that case, the
derivatives 9™ become just derivatives along the initial coordinates z*

A 540 0 0
M v = . 14.2
T (% 55) (8) (@) e

The terms from the bracket simplify as

R A v M
AYON ALY — 5; 53 : (14.28)
181/)‘2“
and
o 0
ANOMALy — |« . , (14.29)
e (/\1V0M€2”+§1”@W\2y>
while the flux BMNQ reduces to the standard H-flux, i.e.
BMNCA yAgg — ! en | - (14.30)
2Bup&1 &)

Combining previous relations and using the chain rule, we obtain

[A1,A2]CB — [Al,Az]cB = A= (é) ) (14.31)

where

& = 0,8 — oL (14.32)
>‘u = €1V(au)\2u - au)\Zu) - 55(81/)\1# - 8/1,)\11/) + 5(9#(61)\2 - 52)\1> + 23#1/,051”55 .

The B-twisted C'-bracket becomes B-twisted Courant bracket in the initial theory.
Secondly, let us obtain the projection of B-twisted C'-bracket to the T-dual phase space, by de-
manding that all variables depend solely on T-dual coordinates y,,. In this case, the derivative oM

A M0 o oM
M v = . 14.
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so that the bracket terms reduce to

o A 5V5U+QB Péugu
AYONAYT — 7152 T e S 14.34
Lo (Alyaugﬁszgfa%H (1939

and o o
AN Ay — [ Mw0& T A (14.35)
! 21, B, 0°EY + 26V B,,0P N\, ) '
The term containing flux BN becomes
. ~ ~ * ) é'l/fp
BMNQA, Ay — AT , (14.36)
T\ K QY (€A — M) + K2 Ry €S

where we have marked the non-geometric fluxes in T-dual theory as a function of the T-dual non-
commutative parameter *0,,, = %BW by

K*QN,, =20"B,, = k0" *0,,, (14.37)
and
K*R,,, = 4B,,0°B,,+4B,;0°B,, +4B,;0°B,, (14.38)
= K2 0,50° *0,p + K2 0,007 0, 4 K2 *0,,07 *0,,, .

Combining previous relations and using the chain rule, the B-twisted C'-bracket becomes

3
5

& = A(0°8) — 9"EY) — Moy (97EH — 0MEY) + 0" (&1 — &) (14.40)
2B,,(£/0°¢h — 0PEL) + 20" B, ,£1 5,
A = A0 — A0 A,
2B, (Aap (7€ — °65) — Doy (0E% — 0065) — S0 (e — Do)
+201,0" (€ Bpp) — 22200" (€0 Bop) + 2(8Y Buyp) 0" Agyy — 2(85 B,p) 07 A
4 (BwégByp + Byod° B, + Bpoé"BW> £rer.

[AlaAZ]CB — [[\1,[\2]63 =A

where

With the following change of variables

=g g =0, (14.41)



the B-twisted C-bracket becomes *6-twisted Courant bracket in the T-dual phase space (14.40).

These are very interesting results that show the attractiveness of the double theory. When we con-
sidered only the initial theory and symmetries therein, we needed to act with different transformations
on the generator’s basis to obtain the B- and #-twisted Courant bracket. However, in double theory,
they are both easily obtained from the projection of the B-twisted C-bracket to the relevant subspaces.
Moreover, these projections reduce the double flux BMNQ {6 the geometric H-flux, and also non-
geometric () and R-fluxes, depending on the phase space to which we project it. Lastly, we discussed
T-duality in the context of isomorphism between Courant algebroids and showed that with the ex-
change of background fields with their T-duals according to the Buscher rules, together with momenta
and coordinate o-derivatives, B-twisted and 6-twisted Courant algebroids transform into each other.
This Courant algebroid isomorphism becomes manifest in a double theory, as both algebroids can be
obtained from the single bracket defined in a double space.
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Chapter 15

O-twisted C'-bracket

This chapter we devote to the derivation of the #-twisted C'-bracket and its corresponding double flux.
They have the same form as their B-twisted counterparts, which was not the case with their respective
Courant brackets. We consider the projection of this bracket to the mutually T-dual phase spaces and
obtain the §-twisted C'-bracket in the initial, and B-twisted C'-bracket in the T-dual phase space.

15.1 Non-canonical basis and basic algebra relations

In the analogy with the derivation of the f#-twisted Courant bracket, we consider the string moving in
a double space-time characterized by the T-dual metric

* B *Gi}(%y) 0 B G?V(x’y) 0
GMN - ( i 0 *GNV<I7y)> = ( / 0 (Ggl)’w(l’,y) ’ (151)

where G is defined in (2.36). The generalized metric can be obtained from the action of f-transformation

? (6.7

200G By, (G

which is exactly equal to the generalized metric (2.38), with the difference of background fields de-

*HMN _ ((eé)T)]é *GLK(eé>[](V — ( GEV _QB#p(G_l)py> ’ (15.2)

pending also on T-dual coordinates y,,. In terms of *G'j;x (15.1), the canonical Hamiltonian (12.12)
is written in the form of a free Hamiltonian as
1 o o o o
He = 5T GM VI + gX’M*GMNX’N , (15.3)
K
where the new non-canonical double coordinates o-derivatives are given by

9y R [ ny v Iy [ 2 S
XIM — (69)]\/[NX/N — (50V /{gy ) ('T/ ) — (‘T + "je yu) = <x/ ) 7 (154)
p Yv Yu Yu
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and new non-canonical double momenta by

. R “w Qv * U * uv *
TN (f)M Iy = o kO ™\ _ [T+ KO* T, _ (™) (15.5)
0 5; U Ty Ty

In this basis, the symmetry generator is given by

Gy = /dOUX,ﬁ% (15.6)

o v [O8 KO\ (€ (RN _ (&
e ( ) (=) () oo

The #-twisted C-bracket appears in the algebra of generators (15.6), via relation

{95,(0),65,(0)} = =Gy, ae, (0)3(0 = 0) | (15.8)

where

where o A
[/u\l, AZ]C@ = 69 [676]\1, 676/‘2](: . (159)

In order to compute this bracket, we need to obtain the algebra between non-canonical momenta,
which is expanded as

{I"(0). 1@} = {(')" (). ('M)" (@)} (15.10)
= ()@ k@ (). 0@}
—()M? ()N%(0 — ) + ()N0! (") S % (0 — 7).

Using (12.26) and (7.7), we obtain
()M () ()% (@){I1 (0), 1% (3)} = AMN (0 — 5) + (/) %8067V 1% (0 — 5),  (15.11)

where AMY is the same anomaly defined in (14.16). Substituting (15.11) and (15.5) into (15.10), we
obtain

{1 (0), 11V ()} = —OMN146(0 — 5) + AMN (0 — 7)), (15.12)
where
OMNQ _ @MNQ , pMNQ (15.13)
@MNQ _ aMéNQ + aNéQM + aQéMN
RMNQ  —  gM gKgNQ | gN  §KpRM 4 gQ gKoMN
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In a similar manner as when twisting by 5, we introduce derivatives oM by
M = ()M 9N = oM 4 M 9N | (15.14)
and express the flux in a more compact form
OMNE = GMYNE 4 GNYRM 4 GRGMN (15.15)
From definition of 11 one easily obtains the relation
{AM(0), 1TV (5)} = ONAM6(0 — 7) (15.16)

and from the strong constraints (12.31), the algebra between symmetry parameters is zero.

We note that the algebra relations between non-canonical momenta M (14.15) and parameters
AM (14.20) on the one side, and non-canonical momenta IT (15.12) and parameters AM (15.16) on
the other side, have the exact same form. The difference is that the former basic relations are expressed
in terms of derivatives ™ (14.19) and flux BMNE (14.18), and the latter in terms of derivatives 9™
(15.14) and flux ©MNE (15.15). Therefore, the O-twisted C-bracket can be obtained from relation
(14.25), simply by substituting the relevant expressions with their analogons. We obtain

v v M Gy u Gy u
([Al,AQ]C9> = ANGNRY — AV Gy RM (15.17)
1 /v nwn,y VIRV o o v
-3 (A{V MRy — AY 6MA1N> + Ry Rog®MNQ

which once the expression (15.14) is substituted becomes

VY M o o o o 1 /¢ o o o
<[A1,AQ]C9) = AVoyRY — AYoyRY - 2 (A{V oM Koy — AY OMA1N> (15.18)
~ o o o o 14 o o o o
4N, (AlNaRAgw ~ RonORAM ) - 50% (AlNﬁRAQ’ — Aoy ORAN )
kg ®VVQ

The first line is the C'-bracket, while the remaining terms are contributions due to its twisting by 6.

15.2 Projections to the initial and T-dual phase space

We conclude this chapter with the projections of the #-twisted C'-bracket to the initial and T-dual phase
spaces. In the former case, all fields and parameters will only depend on the initial coordinates x*.

< I 0 KOM O
M v = v 15.1
f”(@ 5z)<au> <6> o
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and moreover

NI A O7PO,E8 4 Ev, &1
ANONAM v P52 T 517V62 15.20
17N (Alywaﬁ,m +E0,M | ( )
and o o
R puv ((¢P p
RV Ry — (0 ET0 A T X080 (1521)
51 aHAQP + Alpaufz

The flux term is given by

(15.22)

/U\IN]\%?(:)MNQ N (,‘QQRNVPAIV)\Qp + /{QVPM(gf/\Qp — 55/\1p))

K‘Qupl/)\lp)\mj

where () and R are non-geometric fluxes (10.8).
Substituting (15.20), (15.21) and (15.22) into (15.17) we obtain the projection of the #-twisted
C-bracket

(A1, As)e, — [Ar, Agle, = A = (i) , (15.23)
where
g = 0,8 — 5, + (15.24)

0 (80,32, — Op) — BNy — Oph) — 30u(E0 — E))
+AE{ 0, (Aay0) = KE Oy (M 07) + K(Mub™) 0l — KMot ) 0,1
+52(0170,0"7 + 0”7 0,07 + 677 0,0 Y A1, Ay
Ao o= E(0ha — o) — (DA — Dudi) + %@(gﬁm — &A1)
+10"P (A1,0p A2 — A2 OpA1y) + KA1 pA2,0,07 .
These are relations defining the 6-twisted Courant bracket.

On the other hand, the projection to the T-dual phase space is obtained by keeping only the terms
with the T-dual coordinates y,,. The double derivatives are just derivatives along the T-dual coordinates

Yu» 1.€.
N " pv Y )
AN o) (") (15.25)
0o & )\o 0

o o U W EI
ANONAY — (Al&a & ) (15.26)

Furthermore, we have



and

A9 Ry — (”f & 5%)
O J

while the flux term is simply given by

. * gHvp
AinAggOMNEQ — (K 0)\1”)\2'0) ;

where * B""? is the H flux in T-dual theory

K*B"™P = k0" + K 00" + K OPOM
= 20" *B"" + 29" *B"™ + 20" *B" .

The expression for -twisted C'-bracket projected to the T-dual phase space is given by

e ti]

where
. . . . 1~ o y
' = A (076 — 0"65) — A (07€) — 0"¢Y) + 58“(51)\2 — &)
+~K *B'uyp)\l,/)\gp s
A = A0 g — A0\,

This is the Courant bracket twisted by a 2-form * 5.

(15.27)

(15.28)

(15.29)

(15.30)

(15.31)

In the case of #-twisted C'-bracket, we see that both the Courant bracket twisted by B and by 6
can be obtained from it, depending on which phase space we project. The isomorphism between two

Courant algebroids appears naturally as a T-duality transformation between different projections of the

bracket, in the same way as in the case of B-twisted C'-bracket. It also features the flux that in different

projections contains both H-flux and non-geometric () and R fluxes.
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Part V

Conclusions
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In this thesis, we considered the application of generalized geometry to bosonic string theory and
obtained various Courant algebroid structures in the symmetry algebra relations. Primarily we focused
on the algebroid brackets and their properties, obtaining different fluxes in the algebroid relations.
Moreover, we established relations of these brackets with T-duality, in both the single and double
theory approach. For each algebroid, we obtained its Dirac structures and the constraints they impose
on string fluxes.

The bosonic string c-model is invariant under two groups of symmetries - diffeomorphisms and
local gauge transformations. The generators of these transformations are self T-dual, so we united these
generators into a single generator. It can be expressed as the O(D, D) invariant inner product of two
generalized vectors, one of which is the double symmetry parameter, a direct sum of diffeomorphism
and local gauge transformations parameters, and another one is the double canonical variable, a direct
sum of the coordinate o derivative and canonical momenta. We obtained the Poisson bracket algebra
relations of these generators and showed that it closes on another generator parametrized with the
Courant bracket of two double symmetry parameters. The Courant bracket is a well-known bracket on
the generalized tangent bundle. We showed that it is in fact the self T-dual extension of the Lie bracket.
The Courant bracket defines the standard Courant algebroid, which consists of the generalized tangent
bundle as its vector bundle, the O(D, D) invariant inner product, and the projection to the tangent
bundle as its anchor. The Dirac structures related to the standard Courant algebroid are a symplectic
manifold and a Poisson manifold. Translated into the language of string fluxes, these are spaces in
which the H-flux and R-flux have to be zero, respectively.

Afterward, we developed a method of obtaining the twisted Courant bracket by an arbitrary O(D, D)
transformation. The method consists of choosing a different basis in which the generator is written,
obtained by the action of the O(D, D) transformation on a double canonical variable. If the symmetry
parameter is transformed with the same transformation, the generator will remain the same, due to
it being the O(D, D) invariant inner product. We demonstrated that in the Poisson bracket algebra
of such a generator, the twisted Courant bracket appears. Moreover, there is a natural way to define
the Courant algebroid, consisting of the generalized tangent bundle, the twisted Courant bracket, the
O(D, D) invariant inner product, and the anchor defined as a composition of the natural projection to
the tangent bundle and the inverse of the O(D, D) transformation used for twisting. We showed that
all five Courant algebroid conditions are apriori satisfied.

We chose three transformations relevant to string theory and twisted the Courant bracket by them,
using the aforementioned method. Firstly, we considered B-transformations and with it acted on the
double canonical variable. The resulting generalized vector consists of coordinates o derivatives as
its vector and auxiliary currents ¢, as its 1-form components. This is a non-canonical basis, but when
expressed in it, the Hamiltonian has a form of a free Hamiltonian, written in terms of diagonal gen-
eralized metric. The structure function of the Poisson bracket algebra of auxiliary currents is the
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Kalb-Ramond field strength, i.e. the //-flux. We expressed the symmetry generator in this basis and
obtained its algebra, where the Courant bracket twisted by B appeared. The bracket differs from the
Courant bracket by a term containing /7-flux. We obtained Dirac structures corresponding to this
bracket on which an arbitrary /7-flux can exist. On the other set of Dirac structures, written in the
form of a graph of bi-vector over a cotangent bundle, we showed that the generalized R-flux has to be
Zero.

Secondly, we considered the background characterized only by the effective metric, which is the
T-dual metric. We acted with the 6-transformation as a similarity transformation and obtained the
generalized metric. It is possible to express this Hamiltonian in terms of the new non-canonical basis
obtained with the action of the #-transformation to the double canonical variable. The resulting basis
consists of a new set of auxiliary currents k* and canonical momenta. In the algebra of auxiliary
currents, the non-geometric ()— and R—fluxes appear as structure functions. We obtained the 6-
twisted Courant bracket in the Poisson algebra of this generator. Some of the terms in the 6-twisted
Courant bracket include the Koszul bracket (the Lie bracket generalization to the cotangent bundle) and
Schouten-Nijenhuis bracket (the Lie bracket generalization to the space of multivectors). We showed
that on Dirac structures related to the Courant algebroid with #-twisted Courant bracket, R-flux can
exist without restrictions on the non-commutativity parameter.

We derived the B-twisted and #-twisted Courant brackets in [[1} 2]. What we found as a peculiar
property is their relation via T-duality. The T-duality is a known string phenomenon where winding
and momenta numbers are interchanged. The former are obtained when the coordinate o derivative is
integrated around the compact dimension, and the latter when the canonical momenta are integrated.
Moreover, the non-commutativity parameter and effective metric are T-duals of the Kalb-Ramond field
and metric tensor, respectively. The T-duality can be realized in the same phase space, by interchanging
canonical momenta and coordinate o derivatives, together with the interchange of background fields
with their T-duals. We coined this term self T-duality and showed that it directly relates two generators
- one giving rise to the B-twisted Courant bracket and another giving rise to the f-twisted Courant
bracket in the Poisson bracket algebra. Because we were working in the same phase space, we were
able to obtain the coordinate transformation that takes the parameters of the one generator and results
in the parameters of the other generator. We showed that this transformation defines the isomorphism
between two Courant algebroids. This way, we demonstrated that B-twisted and §-twisted Courant
brackets are self T-dual.

Thirdly, we obtained the Courant bracket that was simultaneously twisted both by B and 6. This
bracket was first obtained in [3]]. Beforehand, only the successive twists were considered, in which
case the Courant bracket twisted firstly by B and afterward by 6§ was obtained. This bracket, some-
times referred to as the Roytenberg bracket, contains all generalized fluxes, but the bracket itself is not
invariant under T-duality. This is due to the fact that B-shifts and #-transformations do not commute.
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Instead, we considered the matrix B , which is a sum of B and é, exponents of which govern twists of
the Courant bracket by B and 6, respectively. By construction, this transformation is invariant under
T-duality. The price we paid is that the square of the matrix B is not zero, and therefore all terms in
Taylor’s expansion had to be obtained. The full twisting matrix contained hyperbolic functions of the
matrix o, = 2k0"°B,,,,.

Computing the B — #-twisted Courant bracket was not an easy task. On the first hand, it seemed
to produce a meaningless conundrum, with the appearance of a plethora of terms with no obvious
interpretation. Luckily, we were able to overcome this obstacle by considering another twist, which was
related to the simultaneous twist by B and 6 by a simple coordinate transformation. This auxiliary twist
gave rise to the currents in a simpler form, such that it was possible to obtain the fluxes, which were
then related to the fluxes of the B — #-twisted Courant bracket by an inverse of the above-mentioned
twist.

We showed that this bracket contains all generalized fluxes. The H -flux is defined as a field strength
of an antisymmetric field defined on the Lie algebroid, with the twisted Lie bracket as its bracket,
while the R-flux we expressed as the twisted Schouten-Nijenhuis bracket of new bi-vectors 0. The bi-
vector 0 is in general not the Poisson one, so it defines the quasi-Lie algebroid with the twisted Koszul
bracket as its bracket. It is possible to define the non-nilpotent exterior derivative corresponding to
the twisted Koszul bracket. Its action on the bi-vector 6 gives the R-flux and defines the twisted
Schouten-Nijenhuis bracket. We found an interesting result when we computed the Dirac structures
of the B — O-twisted Courant bracket: all generalized fluxes can exist on Dirac structures, with no
restrictions imposed on them.

In the end, we generalized results to the case of double theory, in which all fields depend on both
initial and T-dual coordinates. We considered diffeomorphisms, generated by canonical momenta,
and T-dual diffeomorphisms, generated by T-dual canonical momenta. The parameters were taken to
depend on both the initial and T-dual coordinates. We extended the Poisson bracket relations to the
double space, taking into account that they should commute with T-duality relations. The generator
governing both diffeomorphisms and T-dual diffeomorphisms was written in the form of an O(D, D)
invariant inner product. It has been shown it gives rise to the C'-bracket, which was published in [[1].
The C-bracket reduces to the Courant bracket when either all the initial coordinates or all the T-dual
coordinates are projected out.

In addition, we twisted the C-bracket in the same way as the Courant bracket. We first considered
the Hamiltonian with the generalized metric in the diagonal form, containing only metric tensor, and
the Kalb-Ramond field appearing only through a flux in the non-canonical variables algebra. In its
generator algebra, we obtained the B-twisted C-bracket. It extends the C-bracket with additional
terms due to twisting, including the double theory flux. When dependence on T-dual coordinates is
neglected, the bracket reduces to the B-twisted Courant bracket. On the other hand, when dependence
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on the initial coordinates is neglected, the bracket becomes the f-twisted Courant bracket. In a similar
manner, we twisted the C'-bracket with the #-transformation, obtained from the generator in double
theory expressed in the non-canonical basis, in which Hamiltonian is diagonal, expressed in terms of
T-dual metric. The O-twisted C-bracket was obtained in the algebra of this generator. The bracket
has exactly the same form as the B-twisted C-bracket, which was not the case for their analogous
twisted Courant brackets. When we neglected all the T-dual coordinates in the expression for the -
twisted C'-bracket, the 6-twisted Courant bracket was obtained, while when we neglected all the initial
coordinates, the B-twisted Courant bracket was obtained. We showed that in both twisted C-brackets,
the isomorphism between mutually T-dual Courant algebroids is naturally included. We obtained the
results regarding the twisted C'-brackets and their derivations in [4]].

The explanation of T-duality in terms of generalized geometry is still a work in progress, and there
is a lot more work to be done. For instance, there are solved cases of equations of motions on back-
ground fields that from a simple geometric theory produce the T-dual theory that is not local. It would
be important to see how the understanding of T-duality as the Courant algebroid isomorphism would
generalize to such cases. The non-locality of the T-dual theories poses a challenge to understanding
and interpreting the symmetries of their conformal field theory.

Additionally, there are challenges in the description of open string T-duality in terms of generalized
geometry apparatus that were not touched upon in this dissertation. The open string action has to be
extended with the terms related to the boundary conditions, which also change the symmetry generator.
There was some work in literature with the aim to interpret the D-branes as Dirac structures (83, 84].
Hopefully, our results related to Dirac structures of various Courant algebroids and the fluxes on them
might find the purpose in the challenges related to the open strings.

In the end, the description of Nature in terms of strings is contingent on the formulation of M-theory
that, on one hand, gives effective action that describes gravity, while on the other hand, connects to
a myriad of realizations of supersymmetric string theories. The fact that many of the superstring
theories are connected by T-duality makes understanding it a priority. Therefore, further work will
have to include the supersymmetry and see if isomorphism between Courant algebroids is still a valid
description of T-duality.

112



Part VI

Appendix

113



Appendix A

Poisson manifolds

Let M be a manifold, and C'*° (M) the vector space of real valued functions on M. A Poisson bracket
on Misamap {,}: C®°(M) x C°(M) — C*(M) that satisfies:

1. Skew-symmetry: {f, g} = —{g, f};
2. Leibniz rule: {f,gh} ={f,g}h+{f,h}g;
3. Jacobi identity: {f,{g,h}} + {g,{h, f}} + {h,{f. g}} =0.
The Poisson bracket can be defined with the bi-vector ¢ by
{f.9} = 0(df,dg), (A.1)

if the bi-vector satisfies the condition [¢, 6] s = 0 (5.10). Two definitions are equivalent. The condition
(5.10) ensures that the Jacobi identity is satisfied. The structure (M, @) is then called the Poisson
manifold.
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Appendix B

O(D, D) group

Indefinite orthogonal group O(D, D) [85,186] is defined as the Lie group of all linear transformations
O of a 2D-dimensional real vector space that leave invariant a non-degenerate symmetric bilinear form
of signature (D, D)

(OA1, OAg) = (A1, Ag) (B.1)

Let us express the general form of an O(D, D) transformation as

proQu
0= v B.2
() -

where P, (), R, S are D x D matrices. Substituting (B.2) into (6.3), we obtain the constraint on these
matrices:

PTR+R'P=0, PIS+R'Q=1I, Q's+5STQ=0, (B.3)

where by [ we denoted the D x D identity matrix.
From relation (6.3) we easily obtain that the inverse of the matrix O is given by

O '=nt0Ty, (B.4)
or
ST T
O ' = <RT %) : (B.5)

From the requirement OO~! = I, we obtain another set of conditions on P, ), R, S

PQT+QPT" =0, PST+QR"=1, RST+SR"=0. (B.6)
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and

The generators of O(D, D) group include the following elements:

AL 0
04 - ( ! AT) , (B.7)
1 0
= B.
1-F, =FE;
: i i B.
0., (m 1—E,~>’ (B.9)

where (E;) 1, = 5;.5,2. All other elements can be obtained from these generators.
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Appendix C

Standard Courant algebroid

In this Appendix, we provide the proof for a claim that the structure (T M e TM,(,),],]e, 7T)
consisting of the generalized tangent bundle over a smooth manifold, the natural inner product (6.2),
and the Courant bracket is the Courant algebroid. Firstly, let us obtain the Courant algebroid differential
operator (6.21), which we mark by

o [(DOfE
(DAY = ((D(O)f ) (C.1)
The right hand side of (6.21) becomes

Loy f =icdf =&"0,f. (C.2)
The left-hand side of (6.21) becomes

(A, DO f) = (DO ), + (DO f)FA, . (C.3)

DO f = <Cgc> . (C.4)

The differential operator D) is basically just the exterior derivative d, but we chose the above notation

Equating (C.2) and (C.3), we obtain

so that its action on function gives generalized vector explicitly.
The first property (6.22) is evident when we act with the projection 7 to the definition of the Courant
bracket (6.12), obtaining

m[A1, Agle = [&1, &l = [m(A1), m(A2)]L - (C.5)
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To prove the second property, it is convenient to separate the vector and 1-form part of the left hand
side of (6.23). The vector part becomes

[517 ff?]L = f[gla 52]11 + (‘C& f) 52 ) (C6)
which is just the Leibniz rule for the Lie bracket (4.6). The 1-form part gives
.. .
‘C& (f)‘Q) - ‘C(f&))‘l - §d(Z§1 (f)‘Q) - Z(ffz))‘l) = (C7)
1

fLaAz + (Lef) Ao = fLe A — dfig, M — Sd(ig (fA2) = igen ) =
1 |
F(Lede = L = Sdli de — ig))) + <£glf> Yo — (s, Ao}

where in the second line we applied (4.6) to the term L¢, (fA2), and (4.18) to the term Ls¢,)A;. In the
last line the Leibniz property for exterior derivative d was used. Combining relations (C.6) and (C.7)
we obtain

(A1, fAole = FIAL, Asle + (Loan f) Ao — —<A1,A2> DO f (C.8)

and therefore the second property (6.23) is satisfied.
For the third property (6.23) , we start from the first term on the right-hand side of it and write

1 .
([A1, Ag] + 217 <A1, Ao), As) = ([&,&]L @ (Leha — Ly +digy)\1),E D A3)  (C9)
iy 6], A3 T Tey (L A2 — g, d A1)
= £§1i§2 Az — iéz‘cﬁl Az + i€3 ('Cﬁl/\Q - i52d/\1> )

where we firstly used the definition of the inner product (6.2) and Courant bracket (6.12), and after-
wards the identity (4.20). Because we are working with a symmetric inner product, the second term
of the right-hand side of (6.24) can be obtained from the previous relations by swapping 2 <> 3

1 : : : .
<A2, [Al, A3] + QD <A1, A3>> = 551253/\2 — 253551)\2 + ¢, (551)\3 - Z§3d)\1) . (ClO)
Adding (C.9) and (C.10), we obtain

1 1
<[A17 AQ] + 2D <A1a A2> A3> <A27 [Alv A3] + 2D <A1a A3>> (Cll)
= Le (ig, A3 + g, Aa) — (igyle, + deyiey)dN
= EW(A1)<A27 A3> .

Here, we used (6.14) and (6.2), as well as (4.19). The third condition (6.24) has therefore been proven.
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The fourth property (6.25) is evident from the fact that the inner product (6.2) of pure 1-forms is
Zero, i.e.

(DO, DOg) = (0@ df,0® dg) = 0. (C.12)
The Jacobiator (6.19) for the Courant bracket can be easily obtained from definition of the Courant
bracket. Firstly, we start with
Jac(A1, Ao, A3) = EDA (C.13)
= [[&, &L, &l + eyclic =0
A= LA — Lea(Lg o — Lok — %d(i&)\? — gy A1)

1. ) 1. ) .
_§d<l[§1,§2]L>\3 — g (‘Cﬁl/\Q - Eﬁz)‘l - §d(151 A2 — Z§2>‘1>>> + cyclic.

The vector part is just the Jacobi identity for the Lie bracket (4.7), and is therefore zero. The 1-form
part is complicated, and it requires some more work, in order to be transformed properly. We use the
Cartan formula (4.17) and nilpotency of the exterior derivative, as well as (4.20) to write

1 1 . .
A= 5 (Q&@]M:ﬂ — Le(Ledo = Lo = 5d(ie A — ig A1) (C.14)

. . 1. . .
File) 6], N3 — G5 d(Ley A — Ly A1 — §d(lgl Ao — 2@1))) + cyclic

1. . .
<£[51,§2]L/\3 - ‘C£3 (['51)‘2 - ‘sz)‘1> + §d7’§3d(lfl A2 — Z52)‘1))

+ o=

(Leyig, — i, Lo, )dNs — gy die, dg — z’52d)\1)> + eyclic

1 . . .
(Q&@]Ms = Ley(Ley Ay — Ly M) + §d@£3d(% Ag — g, A1)

| —

- (ig, dig, + dig g, — igydig, )dNs — ie,d(ic,dNs — z'52d)\1)> + eyelic.
Firstly, using the definition of the Lie bracket (4.4), we conclude that

5[51752]L)\3 — ££3 (Egl )\2 — E&)\l) + cyclz'c = (C15)
(LeyLey — LeyLe)A3 + (Ley Loy — LegLey) M + (LegLey — Ly Ly ) Mo
—Ley(Ley Ao — Ley1) — Loy (Ley A3 — LegAa) — Ly (Legh — L Az) = 0.

Secondly, we obtain

(igl di& — i§2di§1>d)\3 — i&)d(’igl d)\g - ’i£2d>\1) + CyCliC = (C16)
ey digyd\s + iy dig,dNy + g, dig, ANy — i, dig, dNg — g digydNy — i, dig,d)s
—ig,dic, dNy — ig, dig,dNs — g, dig, ANy + iy digydNy + g, dig, ANy + i dig,dhg = 0.
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Thirdly, we have

di§3 (digl )\2 — di&/\l) + CyCliC = (C17)
dig,dig, \g + dig, dig, \s + dig,dig, N — digydig,\1 — dig, dig, o — digydig, \y =
(di&di&s - dif:;difz))‘l + (di&sdifl - di&di&s))‘? + (di§1 di&z - di§2di§1))\3 ’

and lastly
dllgll.&d/\g + CyCliC = digli&d)\?) + di&ig?)d)\l + d’i&igl d)\g . (Clg)

Substituting (C.15), (C.16), (C.17) and (C.18) into (C.14), we obtain the Jacobiator of the Courant
bracket

1
2
+1 ((dlszd% — digydig, )\ + (digydig, — dig, digs) Mo

Jac(Ar, As, Ag) = <digli§2d)\3 + digyie,dMy + dig,ic, d)\2> (C.19)

+(dig, dig, — dngdigl))\?)) .

Now in order to obtain the Nijenhuis operator, we substitute (6.12) and (6.2) in (6.20), and note
that

.. 1 .
Nl] (Al, AQ, Ag) = 6<[A1, AQ]C, A3> + CyClZC s (C20)

. . 1. .
(A, Aofo, As) = ijey o], A + ey <£E1/\2 — Lo — dlighs — %Al)) :
If we take the exterior derivative of the above relation, using (4.17) and (4.20), we obtain
. . 1. .
d([Ay, Aslo, As) = difg, 3, s + die, (ﬁgl A = Legh — Sdlie N — %Al)) (C.21)
= dig, dig, \g — dig,dig, A3 — digyig, A3 + digyie, ANy — digte,d\y
1, .
+§(d253d251/\2 - dléSd’L&)\l) .

Again, we can easily add the cyclic permutations od terms that have similar form. For instance, we
have

1
digldi& )\3 — di&digl )\3 + E(dlgsdlgl )\2 - di§3di§2>\1) + CyCliC = (C22)
dig, dig, s — digydig, \s + digydig,\y — digydig, \y + digydig, Ay — dig,dig, M
1
"‘5 (di&)digl )\2 — di&,di&)\l + digl di& )\3 - digl digg/\g + di§2di§3/\1 — di&digl )\3) =

g((diézdi&s - di&,di&))‘l + (di€3di§1 - di&ldiis)AQ + (diildiéz - di&di&))‘i’)) :
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The remaining terms from (C.21) become

—digyig, dA3 + digyie, dNg — dig,ie,d N + cyclic = (C.23)
—digyie,d\s + digyic, dXg — digyie,dN1 — digyigydM1 + dig ie,d)s — dig,ie,ds
—dig,ie,dNs + digyie,d\ — digyic,dNs =

3(diie,dhs + digyie, M + digyid)s ) |

where we used the interior product property (4.19). The derivative D®)of the Nijenhuis operator for
the Courant bracket is obtained by substituting (C.22) and (C.23) in (C.21)

1
DONij(As, Ao, Ay) = 5 (digli&d)\g + digyie,dNs + di&i&d&) (C.24)
+Z ((dl&d@& - dlﬁSdl&))\l + (dlgsdlgl — d251d253))\2
+(dig, dig, — diggdigl))\;;) .

Comparing relations (C.19) and (C.24), we finally prove the last Courant algebroid compatibility con-
dition (6.26)
Jac(Ay, Ay, As) = DONIj(A1, Ay, As) . (C.25)
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Unu gaesaoua nuueHue, Yak n 'y komepuujanHe cepxe. OBO je HajcnobogHuja of CBUX
nuueHUW.

2. AytopcTBO — HekomepuujanHo. [lo3BorbaBaTe yMHOXaBake, OUCTpUbyuujy u
jaBHO caonwTaBawe Aena, n npepage, ako ce HaBede MMe ayTopa Ha HayuH oapefheH
o[ CTpaHe ayTopa unu gasaoua nuueHue. OBa nvueHLa He J03BOMbaBa KomepuujanHy
ynoTpeby gena.

3. AyTopCcTBO — HeKoMmepuujanHo — 6e3 npepapga. [lo3BorbaBaTe yMHOXaBahe€,
ANCTpnbyunjy M jaBHO caonwTaBawe Aena, 6e3 npomeHa, npeobnukoBawa Wnu
ynotpebe gena y CBOM Aeny, ako Ce HaBede MMe ayTopa Ha HauuH ogpeheH of
CTpaHe aytopa wnu gasaoua nuueHue. OBa nuueHua He 003BOSbaBa KoMepuumjanHy
ynoTpeby gena. Y ogHocy Ha cBe ocTane fnuvueHue, OBOM fMLEHLOM Ce orpaHuyaBa
Hajsehu o61M npaBa kopuwwhewa gena.

4. AyTOpCTBO — HEKOMepuMjanHo — AenuTu noga UCTUM ycroBuma. [lo3BorbaBaTe
yMHOXaBak-€e, AUCTpMnbyLMjy 1 jaBHO caonwiTaBake Aena, U npepage, ako ce HaBeae
MMe ayTopa Ha HauvH ogpefheH oA CTpaHe ayTopa WUnu gaBaola fuueHLe M ako ce
npepaga AuCTpuMOyupa nog WCTOM MMM CiMYHOM nuvueHuom. OBa nuueHua He
[103BOSbaBa komepuujanHy ynotpeby aena u npepaga.

5. AytopcTBo — 6e3 npepapa. [lo3BosrbaBate YMHOXaBakwe, OUCTPUOYUUn)y 1 jaBHO
caonwTaBawe aena, 6e3 npomeHa, npeobnukoBara nnu ynotpebe genay cBom geny,
aKo ce HaBege MMe ayTopa Ha HauvH ogapefeH of cTpaHe ayTopa unu gaeaoua
nuueHue. OBa nuueHua Ao3BorbaBa kKoMepuumjanHiy ynotpedy aena.

6. AyTtopcTBO — pgenutu noa UCTUM ycnoBuma. [lo3BosbaBaTe YMHOXaBake,
ANCcTpnbyunjy 1 jaBHO caoniwiTaBawe Aena, u npepage, ako ce HaBeje ume aytopa Ha
HauuH oapefeH o4 cTpaHe ayTopa WnM JaBaoua NuuUeHue U ako ce npepaga
anctpubympa nog WMCTOM WK CNUMYHOM  nuvueHuoM. OBa nuvueHua [03BOrbaBa
koMmepuujanHy ynotpeby gena u npepaga. CnuyHa je codTBepckuMm nuueHuama,
OLHOCHO IN1LeHuamMa OTBOPEeHOr Koaa.
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IIpenJior 3a CTyA€HTCKY Harpamy

Ca BeITMKHIM 33,10BO/ECTBOM 33 OBOTOMIIEY CTYAHTCKY Harpajay VucturyTa 3a busnky
mpejiaXkeM JOKTOpCKy aucepranujy ap Wimje VBanmmesuha moj HasuBoM:

"COURANT ALGEBROIDS IN BOSONIC STRING THEORY”,
, KYPAHTOBU AJITEBPONIN ¥V BOSOHCKOJ TEOPNUJN CTPYHA”,

onbpameny Ha PusnukoM dakyarery YHupepsurera y Beorpagay 15. cenrembpa 2023.
rOJIuHE.

Nnuja Npanumesuh pobhen je 17. jyma 1991. romune y Mocrapy. dumiomupao je na
QusznukoM dakyarery YHupep3urera y Beorpamy 3. okrobpa 2014. roaune Ha cmepy
TeOpUjCKa U eKCclepuMeHTaJaHa ¢pusuka, ca npocednom omenom 9,66. Ha mcrom daxy-
aTety je 16. oxkTobpa 2015. roamue oAGpaHHO MacTep Te3y MOJ Ha3uBOM ,, T-dyaarocm
y saxpusmerom npocmopy”’. Tokom crymuja Wianja VBanumesul je 610 crumeHaucTa
®onga 3a Miaje TajgeHTe 1 MUHHCTaApCTBA IPOCBETe, HAyKe W TeXHOJIOIIKOI Pa3Boja Kao
jenan of HajbOBUX cTydeHaTa. 110 3aBpelIeTKy CTyAuja Kao CTHIeHaucTa MUHHCTapCcTBa
Hayke jgosiasu Ha Uucruryr 3a ¢usuky. Iiuja VBanumesuh je O6uo capaiHuk y Ha-
crapu Pusnukor ¢akyarera Ha npeaMery OCHOBH MaTeMaTHuke (U3nKe 3a CTyJeHTe
npuMemeHe (bU3NKe, MeTeopoJIornje n acTpodusnke, Kao U Ha mpeamery MeTomxe mate-
MaTHuKe pusMKe 3a cryaenTe ommre dusuke. Ilopexn ¢usnke Vinja Banumesuh nacra-
B/ba yCaBpIIaBame y aKaJeMCKUM Jebaramva, jAaBHOM TOBOPHHUINTBY M CTPAHUM je3HIMa
(HampeiHE HUBO EHIVIECKOT, HeMAYKOT U (hPAHILYCKOT je3HKa).

Hcrpazkupame 00yxpalieHO TOKTOPCKOM JIMCEPTAIMjoM, YKJbydyje caapzKaj objaBibe-
HUX PaJI0Ba

1. I Ivanievi¢, Lj. Davidovié, B. Sazdovi¢, ”Courant bracket found out to be T-dual
to Roytenberg one”, Eur. Phys. J. C 80, (2020) 571, IF 4.59,

2. Lj. Davidovié, 1. Ivanisevié¢, B. Sazdovié¢, ”Courant bracket as T-dual invariant
extension of Lie bracket”, JHEP 03 (2021) 109, arxiv: 2010.10662, IF 6.379,

3. Lj. Davidovié, I. Ivanisevié¢, B. Sazdovié¢, ”Courant bracket twisted both by a 2-form
B and by a bi-vector 07, Eur. Phys. J. C 81 685 (2021), arxiv:2103.09585, IF 4.991,

4. Lj. Davidovi¢, 1. Ivanisevi¢, B. Sazdovié, ”Twisted C bracket”, Fortschritte der
Physik 71 (2023), arxiv:2202.03227, IF 3.9,



5. Lj. Davidovi¢, 1. IvaniSevi¢, B. Sazdovi¢, Courant and Roytenberg bracket and their
relation via T-duality, SFIN XXXIII Series A: Conferences, no.Al (2020) 87-96,

Kao W pajia Ha pereH3uju

6. Lj. Davidovi¢, 1. Ivanisevi¢, B. Sazdovi¢, Fluzes of Courant bracket twisted at the
same time by B and 6, e-Print: 2312.11268 [hep-th].

Panosu cy objaB/beHn y BpXYHCKHM MehyHApOIHMM dacomucuma y BpXY JIMCTe da-
conuca y obsactu dbusuke Bucokux eHepruja. Kosera lBanumesuh je npu nucamy pajaosa
MOKAa3a0 CAMOCTAJHOCT M CKJIOHOCT Ka MaTeMaTH4Koj dbusuiy u yckiaahupamy jesmka
pPa3BUjeHUX y JiBe 00JIACTH NP NCTPAXKUBAKY TEOPHje CTPYHA U CPOJAHUX Teopuja. luce-
pramnyja je J0oHeJa IOMAK y pa3yMeBamy yIapuBamba IapamMeTrapa MeHepaiuCaHuX CTPyja
U reHepaTropa cuMeTpuja O030HCKUX CTpYHA Y PA3/IMYUTHM pelpe3eHTallijaMa Teopuje,
ykspyuyjyhu T-ayamnoct u gaymie teopuje, u npoHaazkKemy Be3za uaMely 3a dusuky pe-
JIEBAHTHUX MaTeMaTHIKNX CTPYKTYpa.

Y OKBHUPY pPeJIOBHOT CeMHUHapa rpyne 3a ['paBuranujy, decTuie u 1oJba, IIETKOM Yy
11h, nuja VBanumesuh je oxpzkao jaBa npejaaBama 18. u 25. debpyapa 2022. roaune.
YBujom y npaBuiHuK MHcTuTyTa 38 GU3MKY 0 107/ TOAUIIBIX HArPa/1a, KOHCTATY]eM
Jla UCIYhaBa CBe yCJIOBE 3a KaH/IH/1aTy.
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Nucruryra 3a Gu3nky





