YHUBLRIMTET Y BEDMFAAY

|
WHCTUTYT 3A GU3KURY | BEOTPAL

UHCTUTYT O HAUUOHANHOT
JHAUAJA 3A PENYBAUKY CPBUIY

www.ipb.ac.rs

Epoj ("‘).?Of\~6041/§
09, 05. 07

Hayuynom Behy UHcTuTyTa 32 dusuxy y Beorpaxy

IIpeamer: Mumubene pykosoguona jaboparopuje o n36opy ap Bopuca Crynosckor y
3Bam-€ HAYYHH CAPATHHK

Hp bopuc CtymoBcku je 3aumHTepecoBaH 3a capanmwy ca JlaGopaTopujoM 3a mpumeHy
padyHapa y Hayuu, y OKBUpY HauuoHamHOr LEeHTpa M3y3eTHHX BPEIHOCTH 3a M3y4aBarbe
KOMIUIEKCHHUX cuctema MucTuTyTa 32 Qusuky y beorpany. ¥ uctpaxmBadkom pany GaBu ce
TeMama BE3aHMM 3a IPUMEHY TEOpHjeé KOMIUIEKCHHX MpeXa Y CTaTUCTHYKOj dusunu. C
003upoM Jla HCIlymaBa cBe npenBubeHe yclioBe y ckiiaay ca [IpaBUIHUKOM O CTHLIAbY
UCTPaXXMBAYKKUX M HAyYHUX 3Barba Munucrapctea HUTPA, carnacan cam ca mokpeTamem
nocTynkKa 3a u3dop ap bopuca CTynoBCKOT y 3Bame HAYYHH CapaHHK.

3a cactas komucHje 3a u360p ap bopuca CTynoBcKor y 3Bame HayIHH CApaJHUK MPeIakKeM:

(1) mp Mapuja Murposuh JlanKysi0B, BUIIM HAyYHH CapagHUK, MHCTUTYT 3a Qusmky y
beorpany,

(2) mp Mupocnas Anbenkosuh, Hay4dHM capafHMK, VIHCTUTYT 3a HyK/IeapHe Hayke
“Bunya”,

(3) np Auryn banax, HayuHU caBeTHHK, MHcTHTyT 32 dusuky y Beorpany.
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Pyxooaunan JlaGoparopuje 3a npumMeHy pauyHapa y HayLu



BUOT'PA®CKHU U CTPYUYHHU ITOJALINA O KAHANJIATY

Bopuc Crymoscku je poher 1988. ronnre y Kuknnaau. 2007. rogune je 3aBpmmo ['mmHasnjy y Kukuaan
kao Hocwian Bykoe auruiome. Vcre roamHe ymucao je OCHOBHE CTyauje Ha EneKTpoTeXHUYKOM
¢daxyntery VYHuuBep3utera y beorpanmy. IloueB onm napyre roawHe cTyauja HOYMEe Ja ce OaBu
UCTPAKUBAKHEM EJIEKTPOHCKE CTPYKType IOMYNPOBOAHUYKHX XETEPOCTPYKTYpa II0[, MEHTOPCTBOM
Hejana I'Bozauha. 2010. roquHe mapanenHo ynucyje ocHoBHE cTyauje @usuke Ha Orznukom (akynrety
yHuBep3uteTa y beorpamy, cmep Teopujcka u ekcnepumeHTanHa ¢usuka. OCHOBHE CTyauje
eJIeKTpOTeXHUKe Ha cMepy HaHoenekrponuka, Onroenexkrponuka u Jlacepcka TexHuka 3aBpmasa 2011.
roguHe ca mpocedyHoM oreHoM 9,21. 3aBpmrHu pan mox HaswBoM “ElEKTpoHCKa CTpyKTypa HH30Ba
KBaHTHUX LPTa” ypamuo je mox pykoBonactBoMm [lejana ['Bo3muha. OcHoBHE cTyauje (usnke 3aBpiiaBa
2013. ca mpocekom 9,79.

2013. roguue ymucyje Macrtep crynuje Ha Dusumukom dakynrery YHuBep3utera y beorpamy, cmep
Teopujcka u excriepuMenTanHa ¢usuka. 2016. Opanu pan “HexomyTaruBHA rpaBUTaLMja Ha KAHOHCKH
nehopMICaHOM TIPOCTOP BpeMEHY’, o] pyKoBoAcTBOM Boje PagoBanoBmha.

Bopuc Crynoscku je 2016. kao cTHIEHAMCTA yNHCao JOKTOPCKE CTyAHMje Ha HWHCTHTYTYy Scuola
Internazionale Superiore di Studi Avanzati (SISSA), cpm. - MuTepHanmmoHadHa MIKOJa 3a HAIpeIHE
ctynuje y Tpcry, Utanuju, n3 obnactu mMaremarvke, npenusnuje 3 ['eomerpuje u Maremarnuke pusuke.
Tesy u3 obnactu PumanoBe reomerpuje je Hamucao mox pykoBoncTBoMm Padaema Topeca. Tesy mox
HazuBoM “Tloctojame PumaHOBHMX MeTprKa ca MO3UTHBHOM OHOPTOTOHATHOM KPHWBHHOM Ha IMPOCTO
MOBE3aHUM TETOJUMEH3MOHUM MHOTOCTpyKocTUMa” je ogbpanu 2020.

2014. ronune bopuc CTymOBCKH paay Kao HACTABHUK (PU3UKE y JBE cpenmbe mkone y Kukunaan. Tokom
2021. pagu 6wo je aHTa)xoBaH Kao nporpamep y Mumujckoj UT xomnanmjm Zummit Infolabs. Ox 2022.
TOJIMHE je 3arociieH Kao HacTaBHUK PauynapcrBa u Mudopmaruke y cpenmoj mkonu y Kukuamm.

Bopuc CrynoBcku je aytop TpH paga o0jaBibeHa y Mel)yHapomauM yacomucuma. [lo cama je yaecTBoBao
Ha Bume MehyHapomHux koHdepenmuja W neTHuX Mmkoma. 2019. je mpkao ABameCETOMHHYTHY
npe3eHTauynjy Ha apyroj BYMAT kondepenuuju y Maapuny.



2 HPEIUIEJ HAYYHE AKTUBHOCTH

TokoM cBOT' HOcCaalIkETr HayYHO-UCTPaKUBA4KOT paga, bopuc CTynoBcku je paguo Ha TeMaMma U3 NPUMEHE
METOJa CTaTUCTHYKEe (HU3UKE, TEOpHje KOHJCH30BAaHOT CTalkba M HYMEPUYKHX CHUMYJAlHja y aHaJH3H
€JIEKTPOHCKE CTPYKTYpE MONYIPOBOAHUYKHUX XeTepocTpykTypa. [lopen Tora, TOKOM AOKTOPCKUX CTyAHja W3
Mmaremaruke, bopuc ce 0aBHMO KOHCTpyHUCame€M HOBUX IpPUMEpa BHUIIEAMMEH3HMOHMX PuMaHOBHX
MHOTOCTPYKOCTH Ca IIO3UTHBHOM KPHBHHOM TIpUMEHOM KojmuHuKa JlujeBux Tpyma, aedopmariijom
PumanoBux merpuka Iyx opOura nejcTBa Trpyna M KoH(popmHHM nedopmanujama PumaHoBe MeTpuke.
HBberoB ucrpaxxuBauku paj ce MoXe rpynucari y cienehe nse teme:

* EnexkTpoHcKka CTpyKTypa y JBOAUMEH3HOHO] IMOIYIIPOBOJAHNUYKO] XETEPOCTPYKTYPHY 3BaHOj KBAHTHA I[PTa

* KoHCcTpyKIIMja BHIIEAMOMEH3MOHUX PUMaHOBHX MHOTOCTPYKOCTH Ca IO3UTHUBHOM KPHUBHHOM

2.1. EjexkTpoHCKa CTPYKTypa y /[IBOAMMEH3MOHOj NOJYNPOBOIHUYKOj XeTePOCTPYKTYPH 3BaHO]
KBaHTHA LpTa

300r jemHOCTaBHOT TEXHOJIOIIKOT MPOIEca pacTa, CaMo-CacTaBmbEHE MONYNPOBOAHUYKE HAHOCTPYKTYpE Cy
3aHUMbMBE, TOCEOHO HIXOBa EIEKTPOHCKA M ONTHYKA CBOjcTBA. Haj3aHNMMIbHBHja IpUMEHa OBUX CTPYKTypa
Jj€ 3a MOJIyIpPOBOIHHUYKE JIacepe U ONTHUKE I0jayuBaye, I Ce OHE KOPUCTE 33 aKTUBHY oOyactT. JemaH of
HOBHUX MPEACTAaBHUKA OBUX CTPYKTYypa je KBaHTHA LIPTa, IBOAMMEH3HUOHA CTPYKTYpa HAIMK Ha KBAHTHY JKUILY.
KBanTHe 1pTe Hapactajy y ancamMOny y KojeM nMa JocTa BapHjalyje y IMMeH3Hujama MojeJuHaqyHe LpTe, IITO
yTHYE Ha 30HCKY CTPYKTYpY, €IEKTPOHCKE M onTHuke ocobuHe. [la OM ce aHanm3mpao aHcamOJI KBaHTHHX
npra TOTpeOHO je pa3BUTH e(puKacaH METOJ]l padyHama 30HCKE CTPYKTYpe, KOjU MOXKE Ja YKIbY4H
HeTpaBHJIaH NONPEYHH [IPEeCeK MojeANHaYHe KBAaHTHE LIpTe.

3a onpehuBame 30HCKE CTPYKType KBaHTHE IpTe KOpHUIINeHa je jeTHOCTICKTPOHCKA amnpoKCHMaldja U
anpokcumanuja aHBenonHux ¢Qysknuja. [lomrTo je KBaHTHAa IpTa Ayradka IO jeAHO] AYKUHH, OBa
arnpoKCUMallFja ce CBOAM Ha pelaBame ABonuMen3none llpeaunrepose jeqHaunHe ca MPOCTOPHO 3aBUCHOM
e(ekTHBHOM MacoM. Mace ¥ TMOTEHIMjalH eIeKTPOHA Cy Pa3IMYWTH y LPTH, KOja C€ CacTOju Of jeTHOT
MOJTYNPOBOTHHKA, U OMOTauy KOjH je CauMi-eH O Ipyror. JeqHaunHa ce He MOXKE PeIMTH aHAIUTHYKU 300T
HETPaBUJIHOT MOTIPEYHOT MpeceKa KBaHTHE 1IPTe, KOjU u3Jiena kao u3nyxxeHu ['aycujan, uinum Tpoyrao. Meroq
KOHaYHMX eJieMeHara 3axTeBa (OpMHpame TpUAHTYNaIMje, Ia CMO ra M30emIM M KOPHCTHIM CMO METOA
KOHAUHUX pasifka. MeToj KOHaYHHWX Pa3finKa je jJeAHOCTAaBHHUjU M Op)KM Ol METOAa KOHAYHHMX elIeMeHara,
anu 300T TOra IITO MY je Mpeka JUCKpEeTH3alje KBaJpaTHa HE MOXE JIENO Ja OIUILIE HepaBHE IpaHUIe
m3mely mnomynpoBomnuka. Jla Oucmo pemwinm o0Baj NpoOJeM HCKOPUCTHIM CMO TpaHCOopMalujy
KOOp/IMHATA, TAaKO JIa Cy HaM TIpaHHIIE MOJYNPOBOAHUKA Y TPECIUKAHOM MPOCTOPY NpPaBOYraoHe U TUME
npuiaroheHe MeToy KOHaYHUX paznrka. OBO MO TUIATHIIM THME MITO j€ jeqHaYrHa KOjy pelraBamo mocTaa
xomIukoBanuja. Kanannar je y Matlab-y Hamucao mporpam 3a pelaBame OBE jeJHAYMHE U Ha OCHOBY
pesynTara cCUMyJalija aHaIu3upao Kako JUMEH3Hje 10jeJMHaYHe KBAaHTHE LPTE YTUUY HA 30HCKY CTPYKTYPY
pre.

Kanma cmo Owmimu cUTypHUjU Y METOA M pe3yiTare CUMyIalyja y ciydajy W30JI0BaHe LpTe, MPEIUId CMO Ha
aHanmu3y, y Teopuju, OECKOHAYHOT HHU3a KBAaHTHUX L(pTa HaclaraHux jeqHa nopen apyre. Paau anamuse,
NPEANOCTaBUIIA CMO JIa Cy CBe LpTe Y uaeHTn4He. OBO HaM je oMOoryhmio Ja aHalIu3upaMo 1eo HH3 LpTa
nocMaTpameM caMoO jenHe, OCHOBHEe henuje, ca TEPHOIMYHUM TpaHWYHMM ycioBuMma. Jla Oucmo
WCTIOMITOBAIM TIEPUOJMYHOCT CTPYKTYpe, KOPUCTUIN CMO ofroBapajyhm mepuoamyHe (QyHKIHje 3a CMEHY
KOOp/IMHATa W TOHOBHJIM HyMepHuke cumyianuje. OBOT IyTa CMO aHAJIM3MpAId Kako rpaHUIle MUHH30HA
3aBHCe O ITUMEH3HUja KBaHTHeE 1pTe. theHe BUCHHe, mMpHHE, pacTojamka u3Mel)y ABe cycenHe upTe, OAHOCHO
nepuoaa, kao M on neOspuHe Biakeher cioja Koju cmaja cycemHe LpTe. YOUWIM CMO HHTEPECAHTHO
IperuTame MUHH30HA 3a onpeleHe BpemHOCTH pacTojama m3Mmely cycemnux npra. Kanmunar je paauo
HyMEpUYKe CUMYJIallije U aHaJIu3y pe3yrara.

OnucaHo UCTpaXKUBamkE M PE3YNTATH 00jaBJbeHH CY y cienehnM pagoBuma:

1. Application of coordinate transformation and finite differences method in numerical modeling of
quantum dash band structure

B.M. Stupovski, J.V. Crnjanski, D.M. Gvozdi¢

Computer Physics Communications 182 (2011) 289-298, M21a



2. Miniband electronic structure of quantum dash array
B. M. Stupovski, J. V. Crnjanski, and D. M. Gvozdi¢
Journal of Applied Physics 112, 123716 (2012), M21

2.2. KoncTpykuuja BUIIeANOMEeH3NOHNX PHMaHOBHX MHOTOCTPYKOCTH €2 MO3UTUBHOM KPUBHHOM
PuMaHOBE MHOTOCTPYKOCTH HEHEraTWBHE M IIO3MTHBHE CEKIMjCKe KPUBHHE Cy IpOydYaBaHE O ITOYETKa
PumanoBe reomerpuje. Fima MHOTO IprMepa ca HEHETaTUBHOM KPHUBHHOM, OHM Cy 3aTBOPEHH Ha y3MMarme
npousBona U OukBotujeHTa. CynpoTHO OBOME, MHOTOCTPYKOCTH Ca MO3UTHBHOM KpUBHHOM cy peTke. [Topen
cdepa U NpojeKTUBHUX MPOCTOpa, HE MOCTOje MO3HATH NMPUMEPH Y AUMeH3ujaMa Behum ox 24. [laibe, cem y
nuMmensrjama 7 u 14, y cBakoj TUMEH3HjH MTOCTOjU caMO KOHAYHO MHOTO MpHUMepa 10 Ha andeoMopdusam.
OBo cyrepuiie Jia MOCToje 0OCTPYyKIMja 3a Mpelia3 ca HeHeraTHBHE KPUBUHE HA TIO3UTHBHY KPUBUHY, alld HU
jenHa obctpykuuja oor tuma Huje nosHara. Cxopo npe 100 rommna Xond je mpexnnocraBuo aa Jlekapros
NPOU3BOA JIBE JIBOAMMEH3MOHE cdepe KOju H03BOJbaBa METPUKY HEHETaTHBHE KPHBHMHE, HE JI03BOJbaBa
METPHUKY TO3UTHBHE KpHBHHE. ako TOCTOjU J0CTa ACIMMHUYHUX pe3yliTara, OBa MPEAIOCTaBKa HHje
pemeHa. Y ToMm 1mwby bernon yBomu TmojaM pacTojajHe KPUBHHE M KAao HbETOB Moce0aH Ciiydaj
OmoproroHanHy KpuBHHY. [I03UTHBHOCT pacTojajHe KpHUBHHE je cIa0Wju YCIOB Of MO3UTHBHOCTH KPHUBHHE,
Ta je 3a BepoBaTH Jla MMa BUIIIE PUMEpa Ca OBOM OCOOMHOM HETO ca 0COOWHOM MO3UTHBHOCTH CEKIIH]jCKe
kpuBHHE. beTHon nokasyje aa mocrojamke METPUKE ca MO3UTHBHOM PACTOjajHOM KPUBMHOM Ha JIEKAPTOBOM
NpOM3BONY JBE ABOIUMEH3HMOHE cdepe M Aasbe, KopumhemeM pesynrara TOMOJOLIKE XHPYpPrHje aaje
K1acu(uKanmjy npocTo MOBE3aHNX Y€TBOPOANMEH3HOHUX MHTOCTPYKOCTH €A TIO3UTUBHOM OMOPTOTOHAITHOM
KPUBHHOM.

Kannupar y cBOjoj Te3uW HacTajba KOHCTPYKLMjy METpUKa Ca IO3UTHBHOM pacTOjajHOM KPUBHUHOM H
MO3UTUBHOM OHMOPTOTAIIHOM KPUBUHOM Ha TETOAMMEH3MOHMM MHOTOCTpYyKOCTHMa. PacrojajHa KpHBHHA je
MHUHAMYM apUTMETHUYKE CPEAMHE CEKIUjCKHX KPUBUHA PaBHU KOje HHUCY YHAmhCHE Y MPOCTOPY PaBHU BHILE
of Hekor yria. Ilo3uTHBHOCT pacTojajHe KpUBHUHE 3aBHCH OJl TOT YIVIa M Hajjaya je KaJa 0Baj yrao TexH HYIH,
JIOK je Hajciabuja Kajia je OBaj yrao JeBeleceT CTENeHH, IITO je clydaj Kaja je y MUTamy OMOpTOTOHAIHA
KpUBUHA. Y Te3U KaHIUJAT J0Kasyje Ja AEeKapTOB MPOU3BOA TPOIUMEH3HOHE c(epe ca JBOAUMEH3HOHOM
J103BoJbaBa PHMaHOBY METPHKY ca MO3UTHBHOM PacTOjajHOM KPHBHHOM 3a OMIIO Koju yrao Behw on HyIe.
3atuM, KopumhemeM CTPYKTYPHHX TEOpEeMa 3a IPOCTO II0BE3aHE IETOAMMEH3MOHE MHOTOCTPYKOCTH H
3aTBOPEHOCTU IO3UTUBHOCTH OMOPTOrOHAJHE KPUBHMHE Ha IIOBE3aHE CyMe, KaHIUAAT J0Ka3yje na CBe
3aTBOpEHE, MPOCTO IMOBE3aHEe, NETOAMMEH3UOHE MHOTOCTPYKOCTH ca TpuBHjadHoM Crueden-BuTHujeBOM
KJIaCOM M XOMOJIOTHjoM 0e3 TOp3Hje J03B0JbaBajy METPHKY Ca MO3UTUBHOM OHOPTOrOHAJIHOM KPHBHHOM.
Kangunar je Takohe KOHCTpycao METPHKY Ca TO3WTHBHOM OHMOPTOTOHAIHOM KPHUBHHOM Ha 3aTBOPEHO],
MPOCTO TIOBE3aHOj, NETOJMMEH3UOHO] MHOTOCTPYKOCTH ca TpuBHjaiHoM Ctueden-ButHujeBoM Kitacom, amu
HEHYJITOM TOP3HUjOM Y XOMOJIOTHjH, Ha TakKo3BaHO] By-0BOj MHOrOCTPYKOCTH, KBOTHjEHTY CIELHjaHE
YHHUTapHE Tpyle TP IMyTa TPH MaTpulia ¥ BEHe HOoApYyIe, CIelrjalHe OPTOrOHAIHE TPyNe TPH IyTa TpH
marpuna. OBaj pe3ynaTar oAroBapa HETaTHBHO Ha MUTamEe Ja JIM je TOp3uja OOCTPYKIHja 32 MO3UTHBHY
OMOPTOrOHAIHY KPUBHHY.

KoHcTpykinja MeTpuke Ha ca TO3WTHBHOM pacTOjajHOM KPHUBHHOM Ha JEKapTOBOM IPOU3BOLY C€
TPOIMMEH3HOHE cdepe U OBOAMMEH3MOHE cepe ce cacToju u3 BuIle Kopaka. [louHe ce on aekapToBOT
MPOM3BONA ABE TPOIUMEH3UOHE cdepe ca MPOU3BOAOM OKPYINMX MeTpuka. OBa MHOroctpykocT je JlujeBa
rpymna, mTo HaM omoryhaBa na BHIIKHHTOBHM TPHKOM TyTLTHpama JO0HjeMO “3aKpHBIEEHHU]Y METPHKY, KOja
je W Jajbe ca HEHETaTMBHOM CEKIIMjCKOM KPWUBUHOM, alH Ca Mame PaBHU HYyNTe KpUBHHE. 3aTHM ce
KOJIMYHUKOM JIjCTBA jEOHONMMEH3MOHE TOATpYIEe TMpelasd Ha >KeJbeHY MHOTOCTPYKOCT, IPOU3BOA
TPOIMMEH3HOHE cdepe ca aBoauMeH3noHOM. OBaj KonmuHUK je PumanoBa cyOMmepsuja, IITO 3Ha4M A2 je
CypjeKiyja Koja TOINTyje TIATKy M MeTpUiKy cTpykrypy. Ha ocnoBy O’HmunoBux dopmyna mHIyKOBaHA
METpHKa Ha MPOM3BOAY MMa HEHETATUBHY CEKIMjCKYy KPUBUHY, aJld HE W MO3UTUBHY PAaCTOjajHy KPHBHHY, I1a
ce oHa Jajbe KOH(DOpPMHO AedopmumIie, AYKHHE CE CKAIAPA]y PasIUduTHM KOIUYMHAMA y Pa3IAYUTAM
Taukama, onpkaBajyhu mpm Tom yrmoBe m3Mmel)y BekTopa. OBako A00HMjeHa MeTpHKa Ha IPOU3BOIY
TPOAMMEH3HOHE cdepe W JBOAMMEH3MOHE cdepe HMMa TMO3WTHUBHY pacTojajHy KpuWBHHY. Pesynrar 3a
MO3UTUBHY pacTojajHy KPHBHHY C€ HE TeHEpaliiIle Ha JIpyre METONMMEH3MOHE MHOTOCTPYKOCTH, alld ce
CTabuju pe3ynTar, MO3UTHBHOCT OMOPTOTOHAIHE KPWBHHE, T€HEpajWile Ha CBE MHOTOCTPYKOCTH Koje ce
MOTy JOOWTH Kao MOBE3aHa CyMa KOMHja MPOW3BOJAA TPOAMMEH3WOHE W NBOIMMEH3HOHE cdepe u By-oBe



MHorocTpykoctd. Ha By-0BOj MHOTOCTPYKOCTH METpHKA WHAYKOBaHA KOJIMYHUKOM OJI CIICIHjaJIHE YHUTAPHE
rpyne ca OMMHBapHjaHTHOM METPUKOM Beh MMa Mo3u3MBHY OMOPTOTOHAIHY KPUBHUHY.

Onucana ncTpakuBama 00jaBJbeHa Cy y cieneheM pay, KOjH je 3alpaBo CaKETaK pe3yiaTara KaHIHIaTOBE
Te3e:

1. Existence of Riemannian metrics with positive biorthogonal curvature on simply connected 5-manifolds
Boris Stupovski & Rafael Torres
Archiv der Mathematik volume 115, 589-597 (2020), M23



3 EJEMEHTHU 3A KBAJITUTATUBHY OLHEHY HAYYUHOTI' JOITPUHOCA KAH/IUJIATA
3.1. KpanureT HayYHHMX pe3y/iTara
3.1.1. Hayunu nueo u 3nauaj pesyimama, ymunaj Hay4Hux paoosa

Hp bopuc CrymnoBcku je y CBOM JOCaJallikbeM pajy Ja0 KJbYYHH JONPHHOC y YKYHMHO 3 paja cBa TpH
o0jaBipeHa y mehyHapompnum vacomucuma ca ISI mucre. Op Tora je 1 y M2la kareropuju (MehyHnapognu
YacONMUCH W3Yy3eTHUX BpeaHocTH), 1 y M21 kareropuju (BpxyHcku MmehyHapomnu ugacomucu) u 1y M23
KaTETOPHjH.

Haj3nauajuuju pax kanaumara je

Application of coordinate transformation and finite differences method in numerical modeling of quantum
dash band structure

B.M. Stupovski, J.V. Crnjanski, D.M. Gvozdi¢

Computer Physics Communications 182 (2011) 289-298, M21a

DOI: https://doi.org/10.1016/j.cpc.2010.09.014

Y oBOM pajny, KaHAWUJAT je UMIUIEMEHTHPAa0 KOMOMHAITH]Y CMEHE KOOpIMHATA U METO/Ia KOHAYHUX PasiifKa y
By pelaBama aponuMmensnone lpennarepose jenHaunne ca eekTHBHOM MacoM. PemaBana jenHaunHa
OIUCYje ENEeKTPOHCKY CTPYKTYypy KBaHTHE LpPTE Yy amnpoKCHMalfjaMa jeIHOT €JIEKTPOHAa M aHBEJIOMHHX
¢yskumja. Ilopen wWMIUIEMEHTalyje, KaHAWAAT j€ TECTHPA0 HYMEPHUUYKH METOJ M TO0Ka3ao HEroBy
KOHBepreH1ujy. [[pomeHoM mapameTapa cMeHe KOOpIMHATa MOXKE C€ PEaM30BaTh BEIHKU OpOj Pa3IHYUTHX
MOTNIPEYHUX Mpeceka. KanauaaT je ucTpakuBao 3aBUCHOCT €IEKTPOHCKE CTPYKTYpE KBaHTHE LPTE O]l leHUX
nuMmensmja u o0nmka. OBaj paj je 3Ha4ajaH jep je moKas3ao Ja ce eIeKTPOHCKA CTPYKTypa KBaHTHE IPTe MOXKE
moouTH e(pUKacHO METOIOM KOHAuyHUX pa3inka 0Oe3 003uMpa Ha HEMpaBWIaH IONPEYHH IPECEK OBE
XETEPOCTPYKTYPE.

3.1.2. Humupanocm nayunux paoosa Kkanouoama

[Ipema nomanmuMa o UTUPAHOCTH ayTopa M3BeneHux u3 6asze Web of Science 24. 04. 2023. roauHe, pafgoBH
YHUjH je KaHAuIaT koayTop mutupanu cy 10 myTa, on yera 9 myra Oe3 ayToruTara, a XupIIoB HHIAEKC je 2.

3.1.3. Illapamempu Kkeanumema padoea u waconuca
VY kareropuju M21a, M21 u M23 xannuaara je o6jaBuia pagose y cienehum gaconucuma:

1 pax y Computer Physics Communications (UD = 3.268),
1 pax y Journal of Applied Physics (UD = 2.210),
1 pan y Archiv der Mathematik (U®=0.608),

VYkyman (aktop yTHuIaja pagosa kagaumata je 6.086.

HonatHn OMONMMOMETPHjCKH TOKa3aTeJbu y Be3HW ca 00jaBJbEHUM palloBUMa KaHAWAATa Cy JaTH y Talenu
none. Ona cagpxu umnakt ¢akrope (UD) pamoBa, M20 ©OomoBe pagoBa MO KaTeropu3aluju
HAyYHOUCTPKUBAYKMX PE3yNTara, Ka0 U UMIAKT (HaKTop HOPMAIM30BaH 10 UMIIAKTY HUTHpajyher diaHka
(CHHUII) (najoospa BpemHOCT M3 MEpHo/ia 0 JIBE FOAMHE yHA3ad o 00jaBe pajaa). Y Tabenu Cy Jare yKyIHe
BPEIHOCTH, Ka0 U BPEJHOCTU CBUX (haKTOpa YCPEIHCHUX 10 OpOjy WiaHaka U 1Mo Opojy ayTopa I10 YIaHKy, 3a
panoBe o0jaBpeHe y M20 xareropujama.

no M CHUII
YKynHO 6.086 21 0.85
VYepenamwen no wianky | 2.029 7 0.85
VYepeamwen no ayropy | 2.13 7.5 0.85




3.1.4. Cmenen camocmannocmu u cmenen yuewha y peanuzayuju paooea y HAyYHUM UHeHmMpPUMA Y
3eMbU U UHOCIPAHCHIEY

Kanmunar je modeo ca HCTpaXUBauKUM pasioM Ha ElekTpoTexHUYKoM (akynTeTy YHHBep3uTeTa y beorpamy
JIOK je 6o CTyIeHT OCHOBHHUX cTyauja. OBO je pe3ynToBajio ABeMa MyOluKamujama, Iie je Kauauaar Bogehu
aytop. Ilpn m3pamm oBuxX myOnuKanyja KaHOUAAT jeé YYECTBOBAO y KOHKPETHO] (opMmynauuju mpodiema,
pa3Bojy MeToza, KOHCTPYKIMjH M HYMEPUYKHM CHMYJalldjaMa Teopujckux monena. Kanaupar je 3atum
HACTaBUO MCTPAXKUBAYKH pajg Ha WHCTUTYTY SISSA y Uramuju. OBo je pe3ynToBasio jeIHOM ITyOIIMKAIIHjoM
rae je kauauaar Bojehu aytop. Y oBOj myOMUKaIMju, KaHIUAAT je Y4eCTBOBao y (opMynaiuju npodiema,
Pa3Bojy U MPUMEHH PavyHCKOT METO/Ia, Ka0 U MHCAy CaMoT paja.

3.1.5. Enemenmu npumensugocmu Hayynux pesynimama

Camo-opranu30oBaHe IOJIYNPOBOJHE KBAHTHE HAHOCTPYKTYpPE IOCIEABE ABE ACLECHU]E MPHUBIIade jako IIyHO
HNaKHBE MPe CBera 300T BUXOBUX €IEKTPHUYHMX U ONTUYKMX OcOOMHA. Ca TEXHOJIOLIKOI aCIeKTa HHXOBA
HajBeha MpemHOCT je HHUXOB CaMO-OpraHM30BaHU MPOLEC HAacTajara, MITO 3HA4W Ja HE 3aXTeBajy AONATHE
TEeXHHUKE reHepucama. tbiuxosa Hajuenrha npuMeHa je y Be3u ca MOIYNPOBOAHUYKUM JacepuMa U ONTHYKUM
MojaynBayrMa. JemaH O  HAJUHTEPECAHTHUJUX  MPEACTABHUKA TOPOAMIIE CaMO-OPTaHM30BaHUX
MOJYIPOBOHUKA Cy KBaTHE IPTHIE KOje Cy TOJNYNPOBOAHWYKE HAHO-CTPYKTYpE KOje JIM4e Ha IKHIIE.
Pesynratn kagHugara cy (OKyCHpaHH Ha MOACIHMPAE M PasyMeBame €JICKTPUYHHX OCOOMHA KBAaHTHHX
npruna. 300T caMO-OpraHW30BaHOT pacTa, KBaHTHE LPTUIEC Bapupajy y IIUPUHH, BUCHHU M AY)KUHH, Ia
caMMM THM Bapupajy U HHUXOBE CJIEeKTpHYHe OcoOMHe. JedaH on pesynrara Kagunara IpeicTaBba
jemHOCTaBaH MoOIEN pacTa OBHX HaHOCTPYKTypa, caMUM THM omoryhaBa mHXOBY jEJHOCTaBHY
KJacu(uKanyjy, TpeAUKTUBHOCT Ipolleca pacTa, Kao M 3aBHCHOCT €JIEKTPUYHHUX OCOOMHA O TUMEH3Hja
KBAaHTHUX L[PTHLA.

3.2. Hopmupame 0poja KoayTOPCKUX PaJ0oBa, IATEHATA U TEXHUYKHUX peliemha

Kannupat je o6jaBuo 3 pama M20 kareropuje. Umajyhu y Buay ma cy CBH paJioBH KaHAUIaTa TEOPH]jCKU
paZoBH W J1a UMajy 3 WIN Mamke KoayTopa, CBaKH Pajl ce padyHa ca IIYHOM TeKHHOM. YKymaH O6poj M Gomosa
KaHmuaara je 21.

3.3. YTunaj Hay4HuX pe3yarara
YTHaj HayqHUX pe3yaTara oriiesia ce y nojaiuMa o IIUTUPaHOCTH, HAaBeJIeHUM Y cekuuju 3.1.2.

Kangunar je pesynrare cBojux Koaboparyja mpe3eHTOBa0 Ha MHTEPHAIIMOHAIHO] KOH(pEPEHIH] H:
1. 2nd BYMAT Conference - Bringing Young Mathematicians Together,May 20-24 2019, Madrid, Spain

3.4. KonkpeTraH IONPHHOC KAHAWAATA y peaju3aliiju pagoBa y HAYYHMM LEHTPUMA Yy 3eMJbM H
HHOCTPAHCTBY

Y mpBa nBa o0jaBjbeHa pala KaHAWAAT je Aa0 KJbyYHH AONPHHOC y TIOMIEAY KOHUIENTyanu3anuje |
UMIUIEMEHTAIIMje HYMEPUYKOT METOJla, MPUMEHU TOI' METO/a, Ka0 M aHAJTUTHYKUX pellickha MOTPeOHUX 3a
peanu3aiijy moMeHyTor Merona. Y TpeheM 00jaBJbeHOM paxy KaHIUIAT j€ pa3BUO aHATUTHYKE HOopMyIie U
HCKOPUCTHO WX Jia JIOKaxe pe3yaTar paaa. Kanaunar je 3Ha4ajHO JOMPUHEO NHcamy OBOT paja. Kanauaar je
Jlocaialiikbe HayYHe aKTUBHOCTH 00aBJbao Ha EnekTporexHmukoM YHuBep3uteTa y beorpamxy u MHCTUTYTY
SISSA y Uranuju.

3.5 YBonHa npegaBama Ha KOH(epeHIHjaMa, Ipyra npeiaBamba 1 AKTHBHOCTH
1. Boris Stupovski

Five-dimensional manifolds with positive biorthogonal curvature
2nd BYMAT Conference - Bringing Young Mathematicians Together,May 20-24 2019, Madrid, Spain



4 EJIEMEHTHU 3A KBAHTUTATUBHY OLHEHY HAYYHOI' IOITPUHOCA KAHJAUJATA

OctBapeHu pe3ynrary y nepuoay HakoH oainyke Haydnor Beha o npensiory 3a cTulame IpeTXoHOI HayYHOT
3Bama !

Kareropuja M 6GoxoBa mo Bpoj panosa Yxynao M Hopmupanu 6poj
pany 0onoBa M GoxoBa
M21a 10 1 10 10
M21 8 1 8 8
M23 3 1 3 3
Mo64 0.2 1 0.2 0.2
M70 6 1 6 6

Hopelje}be Cca MUHUMAJIHUM KBAHTUTATUBHHUM YCJIOBHMaA 34 peI/I360p Yy 3Bak€¢ HAYYHU CABETHHK

Heomxonm | OctBapeno, 6poj M 6omoBa (ca
MunuMaaau 6poj M 6o10Ba Ho u 0¢3 HopMupar,a)
YKynHO 16 27.2
M10+M20+M31+M32+M33+M41+M42+M90 10 21
MI11+M12+M21+M22+M23 6 21

IIpema momarMma o MUTUPAHOCTH ayTopa u3BeneHuX u3 6asze Web of Science 24. 04. 2023. roaune, pagoBu
YHjU je KaHAWAAT KoayTop uutupanu cy 10 myTa, ox yera 9 myrta 6e3 ayrouuTara, a XupIlIoB HHACKC je 2.



5 CIIMCAK PAZIOBA JIP BOPUCA CTYHOBCKOI'

PanoBu y mehynaponHum yaconmucuma u3y3eTHHX BpeqHocT (M21a)

1. Application of coordinate transformation and finite differences method in numerical modeling of
quantum dash band structure

B.M. Stupovski, J.V. Crnjanski, D.M. Gvozdi¢

Computer Physics Communications 182 (2011) 289-298, ® = 3.268 3a 2011. rox.

PanoBu y BpxyHcknm MelhyHaponaum yaconucuma (M21)

2. Miniband electronic structure of quantum dash array
B. M. Stupovski, J. V. Crnjanski, and D. M. Gvozdi¢
Journal of Applied Physics 112, 123716 (2012), Ud =2.210 3a 2012. rox.

PanoBu y mehynapoanum yaconucuma (M23)

1. Existence of Riemannian metrics with positive biorthogonal curvature on simply connected 5-manifolds
Boris Stupovski & Rafael Torres
Archiv der Mathematik volume 115, 589-597 (2020), U® = 0.608 3a 2020. rox.

Caonmrema ca me)yHapoaHux ckynosa mrammnasa y uzsony (M64)
1. Boris Stupovski

Five-dimensional manifolds with positive biorthogonal curvature
2nd BYMAT Conference - Bringing Young Mathematicians Together,May 20-24 2019, Madrid, Spain, pp.20
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Peny6.1uka Cp6uja
ATEHIIHU]JA 3A KBAJIMOHKALIUJE
Beorpag, Majke JeBpocume 51

Bpoj: 612-03-351/2023-03
27.03.2023.roguHe
MK

Ha ocHoBy unana 38. W wunana 5. craB 1. tauka 10. 3akoHa o HauuonanHom okBMpY
kBanudukauuja Peny6auke Cp6uje (,Car. raacuk PC”, 6p. 27/18 u 6/20), unana 131. cras 1. 3akoHa o
BUCOKOM o6pasoBamwy (,Cin. rnacauk PC”, 6p. 88/17, 27/18 - ap. 3axoHn, 73/18, 67/19, 6/20 u
129/2021 - np. 3akoH), ¥ unaHa 136. cras 1. 3akoHa 0 onmTeM ynpasHoM nocTynky (,C. riacHuk PC”,
6p. 18/16 u 95/18 - AyTenTHuHO Tymauewe u 2/23, oanyka YC), pemasajyhu no 3axrery Bopuca
CrynoBckor us Kukuuge, Peny6auka CpbHja, 3a npu3HaBarbe BHCOKOMIKOJCKE MCIpaBe M3jaTe y
Peny6svuu Utanuju, paau 3anoibasamba,

AUpeKTop AreHluje 3a KBalUpUKalLHje JOHOCH

PEIIEWBE

1. Aunnoma uspata 17.01.2023. roauHe oa ctpaHe MehyHapojHe BHCOKe wIKOJe HanpeaHUX
cryauja (Scuola Internazionale Superiore di Studi Avanzati), Tpct, Peny6auka Utanuja, Ha ume
Bopuc CrynoBcku, pohen 12.10.1988. roauHe y Kukuugu, o 3aBpLIEHUM JOKTOPCKHUM
CTYAHjaMa BHCOKOT 06pasoBama y YEeTBOPOTOAHMIIEEM Tpajakby, CTYAMjCKM Mporpam:
MaTemaTHyka ¢u3MKa U reomerpuja, Aucepraumja: ,llocTojare PUMaHOBHX MeTpHKa ca
MO3WTHBHOM OGHOPTOrOHAa/HOM KPWBMHOM Ha [POCTO MOBE3aHUM MeTOAMMEH3UOHAJHUM
MHOTOCTPyKOCTHMMa", 3Barbe/kBanudukauuja: Dottore di Ricerca in matematica//lokTop
HayKa-MaTeMaTH4YKe HayKe (Ha OCHOBY NpeBo/a oBaawheHOr Cy/CKOr TyMaya 3a UTaJMjaHCKH
je3uk), npu3Haje ce Kao JMIIOMa AOKTOPCKMX aKaJeMCKUX CTyaMja Tpeher cTeneHa BUCOKOT
obpasosara (180 ECIIB), y okBHpY 06pa30BHO-Hay4YHOT N0Jba: [[pupoHO-MaTeMaTHYKe HaykKe,
Hay4Ha OJHOCHO CTpy4YHa 06JsacT: MaTeMaTH4Ke HayKe, Koja ogroeapa HuBoy 8 HOKC-a, paau
3amnoli/baBama.

2. OBo pewerbe oMoryhasa MMaolly ONMUITH NPUCTYT TPXKUIITY paaa y Peny6.inuu Cpbuju, aiu ra
He ocsio6aba oz McnymaBara NOCeGHUX yCJI0Ba 3a 6aB/berse podecujamMa Koje cy peryaucane
3aKOHOM HJIM PYTUM NPOIKCOM.

3. IllpeBoj 3Barma/KkBanuduKkalLmje U3 TauKe 1. AUCTIO3UTHBA OBOT pellerba Koje je ca OpHUrHHaJIHe
CTpaHe jaBHe HCNpaBe NpeBeo oBamheHHy CyACKH TyMad 3a UTaJIMjaHCKH je3UK, He TPe/iCTaB/ba
CTpY4HH, aKa/[eMCKH, HAQy4HH OJJHOCHO YMEeTHHUYKH Ha3HUB KOjH ¥ CKJIaJly ca 4aaHoM 12. ctaBom
1. tayka 9. 3akoHa 0 BHMCOKOM 06pa3soBamy, yTBphyje HauumoHa/sHHM caBeT 3a BHCOKO
obpa3zoBatmbe.

O6pasnoxeme

AreHuuju 3a kBaaudukauuje obpatro ce Bopuc CTynoBcku u3 Kukunge, Peny6auka Cpbuja,
3axTeBoM oA 12.03.2023. roauHe 3a mpu3HaBame AumioMe MehyHapogHe BHCOKe LIKoJe
HanpeAHHUX cTyauja, Tper, Peny6auka Wranuja, gokTopcke cTyauje BHCOKOr o6pa3oBara y
HETBOPOTO/MLILEM Tpajakby, CTYAWUjCKM mporpaMm: MaTemaTHuyka (H3HKa M reoMeTpHja,
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auceprayuja: Ilocrojake PuMaHOBHX MeTpHKa ca MO3UTHBHOM GHOPTOrOHAJHOM KPHBHHOM

Ha MpOCTO MOBe3aHUM MeTOAUMeH3HOHaJIHUM MHOTOCTPYKOCTHMA", 3Batbe/KBajuHUKaLHja:

Dottore di Ricerca in matematica//lokTop Hayka-MaTeMaTH4YKe HayKe, PaJik 3aMoll/baBakba.

¥3 3axTeB, N0AHOCKJIAL] 3aXTeBa AOCTABHO je:

1) xonujy aunsome uzgate 17.01.2023. roguHe of cTpaHe MehyHapojgHe BHCOKe IIKOJie
HanpeaHux ctyauja, Tper, Penybsivika Utanuja, ctygujckd nporpaM: Matematuyka Gpusuka
W reoMeTpHja, 3Bame/kBasndpukauuja: Dottore di Ricerca in matematica//lokTop Hayka-
MaTeMaTH4YKe HayKe;

2) oBepeHU NMpPeBOJ JHUIMJIOME Ha CPIICKH je3HK;

3) Komujy ¥ OBepeHH NpPeBO/ TPAHCKPUIITA UCITHTA;

4) npuMepak JucepTaljyje Ha H3BOPHOM je3HKY;

5) ancTpakT JOKTOPCKOT paja;

6) paay 6uorpacuijy;

7) cnucak HayyHUX paZioBa;

8) xomnujy aunsome 6poj 12668300, usgate 06.10.2021. roguHe of cTpaHe YHHBEP3UTETA Y
Beorpasy, ®usuukor ¢akysnrera, Beorpas, Peny6iuka Cpbuja, CTyAHjcKM mnporpam:
Teopujcka v ekcnepuMeHTaHa QU3UKa, 3Batbe/KBasMdUKaLMja: MacTep dusuyap;

9) xomnujy aunaome 6poj 12671000, uzaare 06.10.2021. roauHe of cTpaHe YHHBEP3UTETA Y
Beorpagy, ®usuukor ¢akynrera, Beorpan, Penybsiuka Cp6uja, CTYAMjCKH Nporpam:
Teopujcka u ekcnepuMeHTasHa QU3KKA, 3Bakbe/KBaluPUKaLKja: JlunioMupanu ¢pusuyap;

10)Konujy JH4YHE KapTe;

11)npujaBHu popmynap;

12)q0Kas3 o ynsaTy HakHaje 3a NpodecHoHalHO NPHU3HaBae

Ozpendom 4ynaHa 136. ctaB 1. 3akoHa O OMIITEM YNPaBHOM MOCTYNKY MPOMHCAHO je Aa ce
pellemneM oAy4Yyje o nNpaBy, 06aBe3u UJH NPABHOM MHTEPECY CTPaHKe.

Ozpen6om ynana 38. craB 1. 3akoHa o HauuoHanHOM OKBUDPY KBasupuKaluja Peny6ynke
Cpbuje mpomnucaHo je Aa 3axTeB 3a NpodecHOHANTHO MPHU3HABaIE 3aMHTEPECOBAHO JIUIE TMOAHOCH
Arenuumju. CraBoM 2. HaBeJeHOr 4YJaHa MNpOMNMCaHO je Aa npodecHoHANHO MpPHU3HABake BPIIH
ENIC/NARIC nenTap, kao opraHusaljHOHH Zie0 AreHIjdje, 0 NMPeTXOJHO M3BPIIEHOM BpEAHOBaHY
CTpaHOT CTY/IMJCKOT Nporpama, y CKJaAy ca OBUM M 3aKOHOM Koju ypebhyje BHCOKO oOpa3oBarmbe.
CraBoM 3. HaBeJleHOT YJlaHa MPOMKCAHO je Jia BpeHOBake CTPAHOT CTY/IUjCKOT NporpaMa U3 cTasa 2.
OBOT" YJlaHa, YKOJMKO MehyHapoaHHM yroBopoM HHje mpejBuheHO Apyrayuje, BPUIM ceé Ha OCHOBY
BpPCTE U HUBOA NOCTUTHYTUX KOMIIETeHL[Hja CTeYeHUX 3aBPLIETKOM CTY/JHjCKOT Mporpama, y3aumMajyhu
y 063Mp cHcTeM 00pa30Batka, OJHOCHO CUCTEM KBaJUQHKallKja ¥ 3eMJ/bH Y KOjoj je BUCOKOLIKOJICKA
MCIpaBa CTe4YyeHa, ycJoBa YIIMCa, paBa Koja POUCTHYY U3 CTPaHe BUCOKOIIKOJICKE UCTIpaBe Y 3eMJbH
Yy KO0joj je cTeyeHa M APYrMX peJieBaHTHUX 4YMibeHHLa, 6e3 pa3maTpawa popmasHUX obesexja W
CTPYKTYpe CTYAMjCKOr TnporpaMa, y ckKjaagy ca npuHuunuMa KoHBeHUMje O mNpU3HaBamy
kBasudHKalMja U3 06acTH BUCOKOT 06pa3oBakka y eBpornckoMm perdony ("Cayx6enu suct CIHI -
Mehynapoanu yrosopu”, 6poj 7/03), kao wo je ypeheHo u ogpeadom 4naHa 131. craB 1. 3akoHa o
BMCOKOM 00pa3oBaky. CTaBOM 4. HaBeJleHOr 4JaHa MPOMMCAHO je Ja pellere 0 NPoPeCHOHATHOM
MpU3HaBawy NOCeOHO CaZp)KMU: HA3WB, BPCTY, CTeNeH M Tpajatbe (06MM) CTYAHjCKOT Mporpama,
0/IHOCHO KBaJiMdHKall1je, KOjU je HaBeJleH y CTPaHOj BUCOKOUIKOJICKOj HCTIPaBH - HA H3BOPHOM je3UKY
M y MPeBOJy Ha CPNCKH je3UK U Hay4HY, YMETHHUYKY, OJHOCHO CTPY4YHY 06J1aCT y OKBUDY Koje je
OCTBapeH CTY/H)CKH NporpaM, OAHOCHO BPCTY U HUBO KBanudukauuje y Penybsuuu Cpbuju U HUBO
HOKC-a xojem kBanvdukanuja oaroapa. CTaBoM 5. HaBeZleHOT 4JiaHa NPOMMCAHO je Aa AHPEKTOp
AreHlMje JOHOCH pellere 0 NpodecHOHaJHOM MpHU3HaBamwy Y pokKy oA 60 maHa o AaHa nmpujeMa
ypeaHor 3axTeBa. CTaBoM 6. HaBe/leHOT 4YJlaHa MPOMKCAHO je /Aa pellere U3 cTaBa 4. OBOT 4JiaHa He
ocnobaha uMaona oz HcnymaBama Moce6HUX YcloBa 3a o6aB/batke oApeheHe npodecuje nponucaHe
noce6HUM 3akoHOM. CTaBoM 7. HaBeAEHOT 4YJaHa MPOMKCAHO je [a je peliere 0 NPodeCHOHATHOM
npy3HaBaty KOHa4Ho. CTaBOM 8. HaBeIeHOT YJIaHa MPOMKCAHO je Jia U3y3eTHO 0/] CTaBa 3. 0BOT 4YJIaHa,
YKOJIHKO je BHCOKOILKOJICKA MCTIpaBa CTeyeHa Ha jeiHOM oA npBux 500 yHUBep3UTeTa paHI'MPaHUX Ha
jeiHOj oA mocye/be 06jaB/beHUX MehyHapoaHUX NMCcTa paHTHpamka yHUBep3uTeTa y cBeTy Shanghai
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ranking consultancy (lLlanrajcka sincra), US News and World Report Ranking (sincra pejtinra US News
and World Report) unu The Times Higher Education World University Rankings (TajMcoBa Jikcra
pejTHHra CBETCKMX YHHWBep3WTeTa) peliee 0 NpodecHOHANHOM TMpH3HaBawby JOHOCH ce 6e3
cnpoBobema noctynka BpeiHOBaka CTPAHOT CTY/MjCKOT NporpaMa 13 cTaBa 2. OBOT 4YJiaHa ¥ POKY 0/
ocaM JlaHa 0/ JlaHa npyjema ypeaHor 3axteBa. CTaBoM 9. HaBeJleHOr 4YJlaHa NpPOMMCAHO je Ja ce,
YKOJIMKO HHje ApyrayMje NponucaHo, Ha noctynak npodecuoHasHOT NPU3HaBakbha pUMelbyje 3aKOH
KOjUM ce ypebyje oniuTu ynpaBHu noctynak. CraBoM 10. HaBeZieHOT 4JiaHa MPOIKCAHO je Jja pellerbe
0 npodecHOHAJHOM NPHU3HaBakby HMa 3Hauaj jaBHe Ucnpase. CraBoM 11. HaBeIeHOT YJaHa PONKCaHO
je Aa 6amKe yciaoBe y morjefy HadydHa CrpoBohera MocTynka npodecHoHasHOr MpU3HaBamba
MPONKCYyje MUHHCTAp HajAJe)XaH 3a NocJ0Be 06pa30Batha.

Oznpenbom unana 5. craB 1. Tauka 10. 3akoHa o HayuoHa/sHOM OKBHpY KBasndHKaluja
Peny6anke Cp6uje, mponucaHo je a ce OCMH HMBO CTHYE 3aBpIIaBarbeM JOKTOPCKHUX CTY/AHja 06HuMa
180 ECIIb 6ozmoBa (y3 nmpeTxoJHO 3aBpllieHe MHTErpyMcaHe akaZieMCcKe, OJJHOCHO MacTep aKajeMCKe
CTyzAHje).

Ozny4dyjyhu 0 3axTeBy MOHOCHOLIA, H3BPILIEHO je BPeJHOBakhe CTPAHOT CTY/AUjCKOr nporpaMa
Ha OCHOBY BpPCTE W HUBOA MOCTHIHYTHUX KOMNETEeHLUja CTeYeHHUX 3aBPIIETKOM CTYZHjCKOT Mporpama,
y3uMajyhu y 063up cucteM 06pa3oBakba, OJHOCHO CHCTeM KBaJudUKalMja y 3eM/bH Y KOjoj je
BHCOKOIIIKOJICKa MCITpaBa CTe4YeHa, yc/0Ba YNHca, paBa Koja MPOUCTHYY U3 CTPaHe BUCOKOLIKOJICKE
MCIpaBe y 3eMJbH ¥ K0jOj je CTe4eHa U JpyruX pesieBaHTHUX YHbeHHLa, 6e3 pasMaTpatba GOpMalHHUX
obenexja U CTPyKType CTYZAHjCKOT TporpaMa M OAJIy4YeHo je ja ce AunaoMa MehyHapojiHe BHCOKe
IIKoJie HanpeJHUX cTyauja, Tper, Penybauka WrTanuvja, nmpusHaje Kao JUIJIOMA JIOKTOPCKHUX
aKa/leMCKHX cTy/iuja Tpeher cTeneHa BUcokor o6pa3oBamsa (180 ECIIB), koja oarosapa HuBoy 8 HOKC-
a.

Ca Hanpes HaBeJileHHX pasJiora JUPEKTOp AreHIjHje je Halllao /ia Cy y KOHKPETHOM CJyd4ajy
UCNYHE€HH MPEeTX0JHO HaBeJeHH CBH 3aKOHOM I[IPONMCAHM YCJOBM Ja Ce NpU3Ha JAUIJIoMa
MebhynaposiHe BHCOKe WIKOJe HanmpegHWUX cTyauja, Tpcr, Peny6auka Hranuja, Kao JumnoMa
JIOKTOPCKUX aKaJleMCKUX cTyjuja Tpeher creneHa Bucokor ob6pasoBawa (180 ECIIB), y okBupy
006pa3soBHO-HAay4yHOr mnoJba: [IpUpOJHO-MaTeMaTHYKe HayKe, HayYHa OJHOCHO CTpy4YHa o06JacT:
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Abstract

We show that the closed simply connected 5-manifold S% x S? admits Riemannian
metrics with strictly positive averages of sectional curvatures of any 2-planes tangent
at a given point and which are separated by the smallest distance in the Grassma-
nian of 2-planes. These metrics have positive Ricci curvature yet there are 2-planes
of negative sectional curvature. We use these metrics to show that every closed
connected simply connected 5-manifold with vanishing second Stiefel-Whitney class
and torsion-free homology admits a Riemannian metric with strictly positive aver-
age of sectional curvatures of any pair of orthogonal 2-planes. We show that the
symmetric space metric on the Wu manifold satisfies such lower curvature bound.
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Chapter 1

Introduction

Riemannian manifolds of non-negative and positive sectional curvature have been
extensively studied, essentially from the beginning of Riemannian geometry. Non-
negatively curved examples are fairly plentiful: they are closed under products and
include all biquotients (as a consequence of O’Neill’s formula [21]), and many coho-
mogeneity one manifolds, see [33] for an extensive survey. Contrasting this, man-
ifolds with positive sectional curvature seem to be quite rare. For example, apart
from spheres and projective spaces, there are no known examples above dimension
24. Further, apart from dimensions 7 and 13, in each dimension there are only
finitely many known examples, up to diffeomorphism. This suggests that there
should be obstructions to equipping a non-negatively curved Riemannian manifold
with a new positively curved metric. However, for closed simply connected mani-
folds, no such obstructions are known. Almost 100 years ago, Hopf conjectured that
S?% x S? (whose standard product metric is non-negatively curved) should not admit
a metric of positive sectional curvature. While many partial results are known, the
full conjecture has not been resolved. As such, in [1], Bettiol introduces a new no-
tion of curvature called distance curvature as well as the special case of biorthogonal
curvature. Positive distance curvature is a weaker property than positive sectional
curvature, so one hopes that constructions of such metrics will be more abundant.
In particlar, Bettiol shows S? x S? admits a metric of positive distance curvature.
Later, using a surgery theoretic result due to Hoezel [16], Bettiol [2] classifies closed
simply connected 4-manifolds admitting metrics of biorthogonal curvature.

The purpose of this thesis is to study the existence of Riemannian metrics on
5-manifolds that satisfy a lower bound on their distance curvature and biorthogonal
curvature. The distance curvature is the minimum of the average between sectional
curvatures of two 2-planes that are at least some distance apart in the Grassmanian;
see Definition 2.14. The biorthogonal curvature is a particular case of the distance
curvature, where we use a distance function on the Grasmannian called symmetric
space distance and a maximal distance between the planes, so that we are taking
averages of two 2-planes that are orthogonal to each other, see Definition 2.15. Our
studies build upon work of Bettiol [1], [3], [2] who constructed a family of metrics of
positive distance curvature on the product of two 2-spheres S? x S? and determined
the homeomorphism classes of closed simply connected smooth 4-manifolds that
admit such metrics.

The main contribution of the thesis is the following theorem.

Theorem 1.1. For every 6 > 0, there is a Riemannian manifold (S® x S%,¢°) such
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that:

1. secgg > 0.

2. There is a metric g° such that g — g® in the C*-topology as @ — 0 for k > 0.
The metric g° is Wilking’s metric gy, of almost-positive curvature.

3. There is a 2-plane o € Gry (T,,(S® x 5?)) with secge(a) < 0.
/. Ricy > 0.

In particular, there is a Riemannian metric of positive biorthogonal curvature on
S3 x §2.

Theorem 1.1 is an extension to S® x S? of the construction of metrics on S? x S?
due to Bettiol.

By using

1) Positivity of biorthogonal curvature is preserved under connected sums, see
[3, Proposition 7.11];

2) Bettiol’s construction, which under certain conditions can be used to deform
metrics with almost positive curvature into metrics with positive biorthogonal cur-
vature, see |1, Section 3];

3) Wilking’s construction of a metric with almost positive curvature on RP3 x
RP?, see [30, Section 5]; Ziller’s proof [33, Section 5]; and

4) Smale’s classification of simply connected 5-manifolds with torsion-free second
homology and trivial second Stiefel-Whitney class [27, Main Theorem|, we obtained
a following result.

Theorem 1.2. Fvery closed connected simply connected 5-manifold with zero sec-
ond Stiefel-Whitney class and torsion-free homology admits a Riemannian metric of
positive biorthogonal curvature.

In Section 3.1, we show that the symmetric space structure on the Wu manifold
has positive biorthogonal curvature. In particular, the hypothesis on the second
Stiefel-Whitney class and homology of Theorem 1.2 are merely technical in nature.
We expect that they can be removed.

A recollection of background notions and results is included in Chapter 2. Chap-
ter 3 starts by showing that the Wu manifold with the symmetric space structure
has positive biorthogonal curvature. Next, Bettiol’s construction of metrics with
positive distance curvature on S? x S? is recalled. Finally, connected sums and their
relation to biorthogonal curvature is considered. In Chapter 4 we first prove Theo-
rem 1.1, and then in the final section we prove Theorem 1.2. Appendix A introduces
the Gell-Mann matrices that are used in the calculations on the Wu manifold.



Chapter 2

Background

2.1 Sectional, Ricci, and scalar curvature

We begin by recalling several basic definitions.

Definition 2.1. A Riemannian manifold (M, g) is a pair where M is a smooth
manifold and g is a symmetric (0, 2)-tensor field on M, i.e., a section of the ST M-
bundle over M such that its restriction g|,, to each point m € M is a positive definite
scalar product on T}, M.

Each Riemannian manifold has associated to it a unique connection on the tan-
gent bundle, called the Levi-Civita connection satisfying what Peterson calls Fun-
damental Theorem of Riemannian geometry, [25, Chapter 2, Theorem 2.2.2]

Theorem 2.2. For a pair of vector fields (X,Y’) on a Riemannian manifold (M, g),
an assignment

(2.1) X(M) x X(M) — X(M)

(2.2) VxY =V(X,Y)
15 uniquely defined by the following properties:

1. X = VxY is a (1,1)-tensor, i.e., it is well defined for all tangent vectors
Y,, € T,,M and linear

(23) VQXH_B)QY = OéVXlX + ﬁVXQY.

2. Y — VY is a deriwation:

Vx (Y1 +Y) =VxY +VxYs,

(24) Vi(8Y) = X(@)Y + ¢VxY .

for ¢ € C*(M).
3. Covariant differentiation V 1is torsion free:

(2.5) ViY — Vy X = [X,Y]
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4. Covariant differentiation is metric:

(2.6) Z(g(X,Y)) = g(VZX,Y) +g(X,V,Y).

The symbol Vx has its usual meaning from Riemannian geometry, i.e, Vy is
the covariant derivative in the direction of X that corresponds to the Levi-Civita
connection. See [25, Chapter 2, Chapter 3] for conventions we are using and more
details.

In what follows, we adapt standard definitions of sectional, Ricci, and scalar
curvature in Riemannian geometry from [25]. Riemann curvature tensor is in the
principal fibre bundle language just a curvature of the Levi-Civita connection, see
[13, Chapter 5, Chapter 9] for the details of this aproach. For our purposes, Riemann
curvature tensor is a (1,3)-tensor defined for all locally defined vector fields X, Y, Z
on (M,g) as

Definition 2.3. The Riemann curvature tensor is a (1, 3)-tensor field given by
(2.7) Riemy(X,Y)Z := (VxVy — VyVx = Vixy)) Z,

for vector fields X,Y, and Z. Using the metric, we can lower the index, or turn
Riem, from a (1, 3)-tensor into a (0, 4)-tensor

(2.8) Riem, (X,Y, Z, W) := g (Riemy(X,Y)Z, W) .

The symbol Riem, in (2.8) is overloaded, but whether we are working with the (1, 3)
or (0,4) version will always be clear from the context. The following proposition
gives the symmetries of Riem,

Proposition 2.4. [25, Proposition 3.1.1] The Riemann curvature tensor Riem,
satisfies:

1. Riem, is skew-symmetric in the first two and the last two entries:

(2.9) Riem, (X,Y,Z, W) = —Riem, (Y, X, Z,W) = Riem, (Y, X, W, Z)

2. Riemg is symmetric between the first two and last two entries:

(2.10) Riem, (X,Y, Z, W) = Riem, (W, Z, X,Y)

3. Riemg R satisfies a cyclic permutation property called Bianchi’s first identity:
(2.11) Riem, (X,Y) Z + Riem, (Z, X)Y + Riem, (Y,Z) X =0.

In the following definition Gro(7M) is the Grassmanian bundle of 2-planes over
M and o is a 2-plane, i.e. 0 € Gro(T,,M)
Definition 2.5. The Sectional curvature of (M, g) is a map
(2.12) secg : Gro(TM) — R,
defined by

Riem,(X,Y,Y, X)
X, X)g(Y,Y) — g(X,Y)?"

where 0 € Gry(T,, M), and X and Y a basis of 0. We call the real number secy(0)
sectional curvature of the 2-plane o.

(2.13) secg(0) 1= o
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Lemma 2.6. Sectional curvature (2.13) doesn’t depend on the choice of basis of o.

Having in mind Lemma 2.6, we will interchangeably use X A'Y and o to denote
the 2-plane o = span{X,Y}.

In terms of Riemann curvature tensor, Ricci curvature (0,2)-tensor, is defined as
the following trace.

Definition 2.7. The Ricci curvature tensor is a (0,2)-tensor defined by
(2.14) Ricg(X,Y) := Trace, (- — Riem, (-, X)Y) .

One should think of the dot in the previous expression as defining a function.
(2.15) Z — Riem, (Z,X)Y

In other words, in (2.15) we keep the variables X and Y fixed and vary Z over
its allowed set of values. With notation (2.15) in mind - + Riem, (-, X)Y is an
R — linear function from 7,,M to itself, i.e, R-linear operator. Since the metric
tensor g induces a scalar product on T}, M, we have enough data to define a unique
trace operation that features in the equation (2.14).

Lemma 2.8. Ricci tensor is symmelric, i.e,
(2.16) Ricg(X,Y) = Ricg (Y, X) .

Definition 2.9. The Ricci curvature of (M, g) is a map

(2.17) Ricg : T'M — R,
defined by
(2.18) Ricg (X)) := Ricg(X, X),

for a unit vector X.

Since Ricci tensor is symmetric, there is one and only one way to take its trace.
Scalar curvature is the unique trace of the Ricci curvature tensor.

Definition 2.10. The scalar curvature of (M, g) is a map

(2.19) scal, : M — R,
defined by
(2.20) scal, := Trace, (Ricy) .

Scalar curvature can be obtained as a sum of sectional curvatures in a following
way

Lemma 2.11. Let {€;};—1._aimw) be an orthonormal basis of T,, M. Then the scalar
curvature of (M, g) is given by

dim(M)

(2.21) scaly = Z secg(e; A ej).

ij=1



2.2 Distance curvature

In this section, we introduce a notion of curvature that will be our main interest in
this thesis. Distance curvature is an average of sectional curvatures of two 2-planes
that are some distance apart on the Grassmanian. We follow Bettiol [3, Chapter 5].
First, we introduce a distance on the Grassmanian of 2-planes of an Euclidean vector
space V. Then, considering tangent space at each point of a Riemannian manifold,
we define distance curvature. Bettiol discusses different distance functions, but we
will only consider symmetric space distance, since this distance function leads to the
biorthogonal curvature. Let P, P" € Gry(V) and let S, and S,/ be the intersections
of the unit sphere in V', Sy, = {v € V : ||[v]|> = 1} with ¢ and o', respectively.

Definition 2.12. Let (V, (-, -)) be an Eucledian vector space and let o,0’ € Gry(V)
be two 2-planes in V. The principal angles 0 < 0, < 6, < 7 between o and o’
are, respectively, the smallest and the largest angle that a line in ¢ makes with a
2-plane o', i.e.,

2.22 = mi
(2.22) 01 min arecos ( iré%z(, (v, w))
(2.23) 0y = maX arccos <5}Ié%i{/ (v, w)) :

Definition 2.13. The Symmetric space distance between two 2-planes 0,0’ €
Gry(V) is defined as:

(2.24) dist(o,0") := /6% 4 63,

where 6; and 6, are principal angles between o and o”.

For a Riemannian manifold (M, g), one gets a fiberwise distance function dist
on GroT'M, that is, a distance function on each Grg(7,,M) that varies continuously
with m € M, by taking the Euclidean space V' to be T,,, M in the previous definitions.

Definition 2.14. The distance curvature of (M, g) for § > 0 is a map

(2.25) secg :Gry(TM),— R
defined by
(2.26) sec’(0) ;=  min 1 (secy (o) + secg(a’))
& o' €Gra(Ty M) 2 & & ’
dist(c,0')>0

where o € Gry(71,,M). We call the real number secg(a) the distance curvature
of the 2-plane o.

For maximal value of 6, § = \/Lﬁ every vector from o is orthogonal to every vector

from ¢’ and we say that the 2-planes o and ¢’ are orthogonal. We call distance
curvature for 6 = % biorthogonal curvature.
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Definition 2.15. The biorthogonal curvature of (M, g) is a map

(2.27) secg : Gra(TM) — R,
defined by
(2.28) secr (o) ;== min E (secg(0) + secg(a')).
& o' eCGra(Trm M) & &
a'Cot

where 0 € Gry(T,,,M). We call the real number sec, (o) the biorthogonal curva-
ture of the 2-plane o.

Note that, biorthogonal curvature is defined for manifolds of dimension four or
higher. In dimension four, the orthogonal subspace of 2-plane is a unique 2-plane
and taking the minimum in (2.28) can be omitted, i.e. in four dimensions

(2.29) sech(a) = - (secy(0) + secg(0)) .

N —

2.3 Notions of positivity of curvature

In this section we introduce some lower bounds on curvatures defined in the last two
sections, i.e, notions of positivity of curvature, and explore relationships between
them.

Definition 2.16. A Riemannian manifold (M, g) has positive sectional curva-
ture if its sectional curvature is a strictly positive function. We denote this as
secg > 0. Similarly, (M, g) has non-negative sectional curvature if its sectional
curvature is a non-negative function. We denote this as sec, > 0.

A weaker notion than positivity of sectional curvature is the following.

Definition 2.17. A Riemannian manifold (M, g) has almost-positive curvature
if its sectional curvature is strictly positive everywhere except at points in a subset
of measure zero L C M.

By the continuity of sectional curvature, a manifold with almost positive curva-
ture has non-negative sectional curvature.

Positivity of Ricci, Scalar, Distance, and Biorthogonal curvature is defined in a
similar fashion to Definition 2.16. We state the definitions for completeness.

Definition 2.18. A Riemannian manifold ()M, g) has positive Ricci curvature
if its Ricci curvature is a strictly positive function. We denote this as Ric, > 0.

Definition 2.19. A Riemannian manifold (M, g) has positive scalar curvature
if its scalar curvature is a strictly positive function. We denote this as scaly > 0.

Lemma 2.20. If (M, g) has positive Ricci curvature then (M,g) has positive scalar
curvature.



Proof. Let {e;}i=1..aim(a) be an orthonormal basis of M, then

dim(M)
(2.30) scal, = Z Ricg(e;) >0
i=1
since every term in the sum is positive by assumption. 0

Note that converse of Lemma 2.20 does not hold, as a following counter-example
shows.

Example 2.20.1. The product of a 2-sphere and 2-torus, (S? x T2 gg> + gp2)
where gg. is the radius one round metric and g;» is a flat metric the 2-torus, and
plus denotes a product metric., has scal, > 0, but not Ric, > 0. To see this, let
{e1, €2, €3, €4} denote an orthonormal basis with vectors e; and e tangent to S? and
vectors e3 and e4 tangent to 72, then

(2.31) Ricy(e1) = Ricg(es) = 1,
and
(2.32) Ricg(e3) = Ricg(eq) = 0.

It follows that scalar curvature is constant and positive
(2.33) scaly, = 2,

while Ricci curvature is not positive, because of (2.32). Furthermore, since the
fundamental group of S? x T? is Z?, by Bonnet—Myers Theorem, [25, Theorem 6.3.3],
52 x T? does not admit a metric of positive Ricci curvature.

Definition 2.21. A Riemannian manifold (M, g) has positive distance curva-

ture if its distance curvature is a strictly positive function. We denote this as
0

sec, > 0.

Definition 2.22. A Riemannian manifold (M, g) has positive biorthogonal cur-
vature if its biorthogonal curvature is a strictly positive function. We denote this
as sech > 0.

By definition, secg1 > 0 implies secg2 > 0, for #; > 6. In particular, since
biorthogonal curvature is the distance curvature for maximal value of 6, positive
distance curvature implies positive biorthogonal curvature. In what follows we will
show that, similarly to Ricci curvature, positive biorthogonal curvature implies pos-
itive scalar curvature. To this end we cite the following Lemma

Lemma 2.23. [/1, Lemma 3.100] For any symmetric bilinear ¢ form on R"
1
(2.34) o(V,V)dSy "t = —voly (8™ 1) Trace, () .
Sn—1 n

Using 2.23 one can prove the following.

Lemma 2.24. If the biorthogonal curvature of (M,g) is positive at a point m € M,
then the scalar curvature is positive at that point.



Proof. Fix a point m € M. Scalar curvature at that point can be written as a
following average

B n(n —1) n—117qn—2
(2.35)  scalg(m) = oS Tvol, (577) /Sn_Q /Sn_1 secg(U A V)ASydSY

by applying Lemma 2.23 two times. First on the trace that defines Ricci curvature,
(2.14) and then on the trace that defines scalar curvature (2.20). More geometrically
. *secg(0)
(2.36) scalg(m) = J 2Tmd) B
fGrz(TmM) 1

where, * denotes the Hodge star operator, see [13, Chapter 3], possibly up to a
positive constant factor that is irrelevant for the proof. We proceed by contradiction
and assume that scaly(m) < 0 and sec, (o) > 0 for all 2-planes o € Gry(7},M). Then
we have the following chain of inequalities

0 > scalg(m) = )\/ *secg(0)

c€Gra(Tm M)

1
)\/ *5 (secg(0) + secg(0))
c€Gra(TmM)

1 .
/ *3 (secg(a) + nin secg(a’)>
UEGI‘Q(TmM)

A / *secy (o).
c€Gra(Tm M)

xsecy (o) < 0, but this means that there exists a 2-plane

(2.37)

v
>

In conclusion, faeGrQ(T M)
m

o at point m € M with sech(a”) < 0, contradicting the initial assumption. O

Applying Lemma 2.24 to all points of M gives the following Corollary.

Corollary 2.24.1. If (M,g) has positive biorthogonal curvature, then (M,g) has
positive scalar curvature.

Despite both positive Ricci curvature and positive biorthogonal curvature im-
plying positive scalar curvature, positive Ricci curvature does not imply positive
biorthogonal curvature, nor does positive biorthogonal curvature imply positive
Ricci curvature.

Example 2.24.1. The Riemannian manifold (S? x S?, g), with g a product of round
metrics on a 2-sphere of radius one S? has positive Ricci curvature, but doesn’t have
positive biorthogonal curvature. The manifold (S* x 52, g) is an Einstein manifold
with

(2.38) Ric, = g,

and thus has positive Ricci curvature. However, sectional curvature of any mixed 2-
plane is zero and an orthogonal 2-plane to a mixed 2-plane is again a mixed 2-plane,
and so biorthogonal curvature of any mixed 2-plane on (52 x 52, g) is zero. By mixed
2-plane we mean a 2-plane a 2-plane is mixed if and only if its projection to each
factor has 1-dimensional image. Note that in [1], Bettiol deforms the metric g to a
metric of positive distance curvature that is arbitrarily close to g in the C*-topology.
In this thesis, we apply a similar deformation to obtain a metric of positive distance
curvature on S% x 52, see Section 4.
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The following is an example of a manifold that has sect > 0, but doesn’t have
Ric, > 0.

Example 2.24.2. The product Riemannian manifold (M? x S, g,, + df?), where
g,y 1s a metric with positive sectional curvature, has positive biorthogonal curvature,
but does not have positive Ricci curvature. A 2-plane is flat if and only if it is mixed,
while 2-planes that are not mixed have positive sectional curvature and in particular
positive biorthogonal curvature. Since S! is 1-dimensional, a plane orthogonal to a
mixed plane cannot be mixed. Thus the biorthogonal curvature of a mixed 2-plane
is positive. On the other hand, the fundamental group of M3 x S' is 7y (M) x Z, and
so by Bonnet-Myers Theorem, M? x S does not admit a metric of positive Ricci
curvature.

2.4 Riemannian submersions

In this section we define Riemannian submersions and homogeneous spaces. Finally
we recall result by O’Neill [241, Corollary 1.3] and a Theorem by Tapp [29, Theorem
1.1] that we will need in later Chapters. See [25, Chapter 1] and [34, Section 1] for
more details.

Definition 2.25. Let (M,g,,) and (N, gy) be Riemannian manifolds and let ¢ be
a smooth submersion from M to N, i.e.,

(2.39) e {pe C®(M,N): (¥Ym € M)(¢.|m is surjective)}.

If in addition 7 is such that at every point m € M the following holds

(2.40) gu (X, Y)(m) = gy (mX, mY)(x(m)) ,

for all X|Y € T,,M, we call ¢ a Riemannian submersion.

Remark 2.25.1. Let 7 be a Riemannian submersion from (M, g,,) to (N, gy). Then

at every point m € M, we call null-space of 7.|,, the vertical space of submersion
TT.

Remark 2.25.2. The horizontal space is the orthogonal complement of the ver-
tical space in T,, M.

While vertical space can be defined in the same manner for any submersion,
notion of the horizontal space requires M and N to be equipped with Riemannian
metrics and condition (2.40).

Definition 2.26. For a Riemannian submersion
(241) 7T:(‘Z\4ng>%(]V’>gN)

to each locally defined vector field on N, X we can associate a unique locally defined
horizontal vector field X, i.e. X(m) € Hor,, M, such that

(2.42) X =X.
The vector field X is called the horizontal lift of X.

11



Remark 2.26.1. By (2.40) and (2.42), the vector X(m(m)) and its horizontal lift
X (m) have the same length.

Example 2.26.2. Homogeneous spaces, for details see [26, Appendix 2], and
section 2.5. Suppose that G is a compact Lie group that acts from the left, transi-
tively, and isometrically on a compact Riemannian manifold (M, g) and call H < G
a Lie subgroup of G that is smoothly isomorphic to isotropy groups of every point
in M. Under these assumptions, the canonical projection:

(2.43) 7:G—G/H
is a submersion, and there is a diffeomorphism:
(2.44) ¢:G/H = M.

Diffeomorphism ¢, precomposed with the canonical projection 7, induces an anti-
homomorphism from the Lie algebra of right invariant vector fields on G to the Lie
algebra of Killing vector fields on (M, g), i.e.,

(2.45) (@om).: [X,Y]g= (pom). ([X,Y]y) = =[(¢om). X, (pom).Y]u

Kernel of this anti-homomorphism is precisely the Lie algebra of H and there is a
direct sum decomposition

(2.46) g=h@bh"

that is orthogonal with respect to some fixed left-G and Ad(H) invariant metric Q
on G. Suppose that (¢ om)(e) = m, € M, then

(2.47) (pom)(e): bt = T, M

is an isomorphism of vector spaces, and one can choose the metric () in such a way
to promote the isomorphism (¢ o), (e) into an isometry. Thus, making submersion
¢ o7 into a Riemannian submersion

(2.48) (pom): (G,Q) — (M,g).

Vertical space and horizontal space of Riemannian submersion 2.48 at the identity
element e are h and h*, while the orthogonal decomposition

(2.49) T.G = Ver.G & Hor.G

is precisely the decomposition (2.46). Differential of left translation on G, L.,
preserves the splitting (2.49) because Q is left invariant, and we get vertical and
horizontal sub-spaces at points other than the identity by left translating tangent
space at the identity T.G.

The following result of O’Neill describes how sectional curvature behaves under
Riemannian submersions.
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Theorem 2.27. [2/, Corollary 1.3] For a Riemannian submersion
(250) 7.(-:(]\47gM)_>(‘]\77gN)7

2-plane X \Y and its horizontal lift X NY the following holds
I S
(251) secq (X AY) = secy,, (X AY) + (X, V]2,

where superscript Ver denotes projection to the vertical subspace.

A consequence of (2.51) is
(2.52) secg, (X NY) >secy (X AY).

In particular, if (M, g,,) has non-negative sectional curvature so does (IV, g, ). For
Riemannian submersions from Lie groups with bi-invariant metric the second term
on the right hand side of (2.51) is zero on flat horizontal planes by a result of Tapp
[29, Theorem 1.1]

Theorem 2.28. [0, Theorem 1.1] If

(2.53) 7 (G,Q) — (B,g),

is a Riemannian submersion from a Lie group with a bi-invariant metric, then
1. Ewvery horizontal flat 2-plane in G projects to a flat 2-plane in B.

2. Every flat 2-plane in B exponentiates to a totally geodesic immersion of R?
with a flat metric.

Inequality (2.52) and Theorem 2.28 imply that in the case of a Riemannian
submersion (2.53) flat 2-planes in B are in one to one correspondence with horizontal
flat 2-planes in G. We will find this result useful in later chapters. Another useful
Corollaryx of Theorem 2.28 is the following.

Corollary 2.28.1. Let (G, Q) be Lie group equipped with a bi-invariant metric. If

(2.54) 7 (G, Q) — (M, gy)
and
(2.55) p:(M,gn) = (B,gp)

are Riemannian submersions, then any horizontal flat 2-plane in M projects to a
flat 2-plane in B.

2.5 Lie groups, symmetric spaces, and Cartan de-
composition

In this section we review classical results about compact Lie groups and symmetric
spaces. We follow [1], [26], [23], and Eschenburg’s notes on symmetric spaces [9].

First, we adapt a part of [I, Chapter 2, Proposition 2.26] to our conventions and
notation.
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Proposition 2.29. Let G be a Lie group equipped with a bi-invariant metric Q, and
X, Y eg=T.G. Then

1
(2.56) Riemq(X,Y,Y, X) = 1[|[X, Y|P
It follows that if X andY are an orthonormal basis of a 2-plane o € Gro(T.G), then

(2.57) secq(0) = 1| [X, V]|

Definition 2.30. A Geodesic symmetry at a point m of a connected Riemannian
manifold (M, g) is an isometry

(2.58) Sm M — M,
such that

(2.59) sm(m) =m,
and

(2.60) (Sm)slm = —1dg, 01 -

It can be shown that s, = idy,.

Definition 2.31. A Riemannian manifold (M, g) is called a symmetric space if
for every m € M there exists a geodesic symmetry at m.

A symmetric space is geodesically complete because any geodesic can be extended
indefinitely via symmetries about its endpoints. Furthermore, every symmetric space
is a homogeneous space. To see this, take two points of a symmetric space (M, g),
my,my € M and connect them by a unique length minimizing geodesic v. The
geodesic symmetry about the midpoint of v is an isometry that sends m; to ms.
Since my and my are arbitrary (M,g) is a homogeneous space. This means that,
as with any other homogeneous space, we can pick an arbitrary point m. € M and
realize M as a coset space of G/H, see example 2.48. Here, GG is a Lie group of
midpoint geodesic symmetries and H is the isotropy group of m.. We can also pull
back the metric g from M to G/H by the identifying diffeomorphism, and extend
it to a left invariant, Ady(H) invariant metric on G, which we will denote by Q.

Next, we define an involutive automorphism of G by conjugating by the geodesic
symmetry s,, € G

(2.61) O: g Sm.gsn,, .

If we denote the fixed point set of © by F, ie., F :={k € G;0(k) = k} and by F,
the identity component of F', then

(2.62) F,.CHCF.
Let 6 be differential of © at the identity of G, i.e.,

(2.63) 0:=06..:9—9.
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Differential 4 is an involutive automorphism of g with eigenvalues +1. Corresponding
eigenspace decomposition of g is

(2.64) g=bdm,

where

(2.65) m:={X € g,0(X)=-X},
(2.66) h={XeglX)=X}.

Because of (2.62), b is the Lie algebra of H. Furthermore, because of the way Q is
constructed, decomposition (2.64) is Q-orthogonal. Since 6 is an automorphism of
g we have

(2.67) [0(X),00Y)] =6(X,Y]).
From (2.67) and definitions (2.65), (2.66) it follows that

(2.68) [b,b]Ch, [hm]Cm, [mm]Ch.

Definition 2.32. An involutive automorphism
(2.69) 0:9—9

of a Lie algebra g is called a Cartan involution if ad(h)|, is a Lie algebra of
a compact subgroup of GL(m), where b is +1 eigenspace of 6, and m is the —1
eigenspace of 6.

Definition 2.33. Direct sum decompostion
(2.70) g=hodm

of a Lie algebra g is called Cartan decomposition if ad(h)|,, is a Lie algebra of a
compact subgroup of GL(m) and

(2.71) b,pl Ch, [hym]Cm, [mm]Ch.

It is easy to see that each Cartan involution corresponds to a unique Cartan
decomposition and vice versa. Equation (2.64) is a Cartan decomposition of the
Lie algebra of the midpoint geodesic symmetries of a symmetric space (M, g), thus
we can associate a Cartan decomposition to a symmetric space. The compactness
assumption is satisfied for compact M. Converse is also true. Given a Cartan de-
composition of a Lie algebra g we can associate to it a unique simply connected
symmetric space.

Example 2.33.1. Every Cartan decomposition of su(n) is conjugate to one of the
types AI, AII, and AIII [6, Chapter 2]:
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1. Type AT corresponds to a decomposition into purely real and purely imaginary
subspaces

(2.72) su(n) = so(n) @ so(n)*.
Associated Cartan involution is

(2.73) 0: X —XT.

2. Type AII decomposition is defined for even n. It is given by

(2.74) su(n) = 5p(g) ® sp(g)l .
Associated Cartan involution is
(2.75) 0: X —JXTJ,
where
(2.76) J= {_‘} [02} |
3. Type AIII is given in term of two positive integers such that p + ¢ =n. It is
of the form
(2.77) su(n) =h @ m,
where

(2.78) b = span { [61 g} . A cu(p),B e ulg), Tr(A) + Tr(B) = o} ,

(2.79) m := span { {_%* g} ; C e Matpxq((:)} .
Corresponding Cartan involution is
(2.80) 0:Xw—1,,XI,,,
where
_ | 0
(2.81) L, = {o _[J .

Simply connected symmetric space corresponding to a type Al decomposition of
su(3) is called the Wu manifold and in section 3.1 we will show that this manifold
has positive biorthogonal curvature. To do this, we will need the following result.

Proposition 2.34. [23, Proposition 7.29] Let G be a compact Lie group. If a and
a’ are two mazimal abelian subalgebras of m then there is a member h € H with
Ad(h)d" = a.
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2.6 Cheeger deformations on Lie groups

In this section, we introduce Cheeger deformations in the special case of bi-invariant
metrics on Lie groups, see [5], [10].

Let G be a Lie group, and let K C G be closed subgroup. Equip G with a
bi-invariant metric (G, gy). Consider the right diagonal action of K on G x K,

(2.82) (9. k)K" = (gk', kK')
for g € G and k, k' € K. Orbit space of (2.82) is
(2.83) G~ (G x K)/AK,
with the quotient map given by

p:GxK—>G

(2:84 plg. k) =gk™".

Equip the G x K with a product of bi-invariant metrics (G x K, gy + tgo|x ), where
t > 0. Because action (2.82) is by isometries, there is an induced metric g; making
the quotient map p into a Riemannian submersion

(2.85) p:(GxK,go®tg|x) = (G, g1).

Induced metric g; is the Cheeger deformation of g,. Since (G x K, gy + tgo|x) has
sec > 0 and Riemannian submersions don’t decrease the curvature it follows that
secg, > 0. Next, consider two actions on (G x K, gy + tgo|k),

(2.86) 9 *(9.k) = (d'9.k),

(2.87) K (g, k) = (9. K'k),

for g € G, K € K, (9,k) € G x K. Action (2.86) and (2.87) are by isometries and
commute with the action (2.82), so they descend to actions by isometries on (G, g1).
One has

(2.88) p(g *(9,k)) = p(g'g. k) =g'gk™" = ¢'p(g, k),

(2.89) p(K' x (g,k)) = p((g, k') = g(K'k)™" = p(g, k)K"~

so (2.86) descends to left multiplication by elements of G, and (2.87) descends to the
right multiplication by elements of K. It follows that the metric g; is G-left invariant
and K-right invariant. However, right multiplication by an arbitrary element of G
is not an isometry of (G, g1).

Let £ denote the Lie algebra of subgroup K. Lie algebra of GG, g splits into an
orthogonal sum

(2.90) g=pDE,
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Differential of the submersion p is

d
/0*|(e,e) (X,)Y) = £|t:0p(eXP<tX)a exp(tY)) =
(2.91)

d
= £|t:0 (exp(tX)exp(—tY)) =X —-Y.
It follows that the vertical subspace of Ti¢)(G x K) is
(2.92) Vere = {(X, X) : X € ¢}

Given a vector X € g, one can see that its horizontal lift is

t 1

2} X = (X, _
(2.93) ( P T T

Xe) .
Let ® be a symmetric, positive linear map of g, defined as
(2.94) g1(X,Y) =go(PX,Y).
Then one has

2.95 X =X, —X
( ) +1+t ¢

1+t
(2.96) PIX =X, + LX{,,,

and one can write the horizontal lift (2.93) as
(2.97) X = (0X, —t H(DX)y).

By iterating the preceding construction one arrives at the following Lemma. See
[8] for a similar construction.

Lemma 2.35. Let
(298) Kn C Kn,1 C K1 C G == K(]

be a chain of closed subgroups of a compact Lie group (G, gy). Denote the Lie algebra
of K; by € and by p; K,_,-orthogonal complement of & in &_1, i.e,

(2.99) Li=p DY,
fori=1,2..n. Then, the metric g, on G defined by
(2.100) g (X, Y) =go(®X,Y), X,Y €g,

where ® is gyo-symmetric, positive linear map given by

1
@X:Xp1+1—

X +—X + ...+

(2.101)

—— X T =T Xk
1+Z?11tz_ 1+Z7,11 o

for positive real numbers ti,ts...t,, has the following properties:
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1. g, is G-left invariant.
2. g, 18 K,-right invariant.
3. (G, gn) has secg, > 0.

Proof. Proof consists of successively applying Cheeger deformation, starting from
(2102) (G X Kl X K2 X ... X Kn,g() + tlgo‘Kl —+ t2g0|K2 + ...+ tng0|Kn> .
Consider the following submersions

T GXKixKoyx ... xK,—>GxKyx..xK,

7T1<g,k1,]€2, ,]fn) = (gk;l,kg, ...,kn),
TQZGXKQXKgX...XKn%GXKgx...XKn

7TQ<g7 ]{52, ]{53, ceey kn) = (gk?2_17 ]{53, “eey kn) s

(2.103) '
it GX K X Kipg X . X Ky, > G X Ky X ... X K

7T2(g; kiaki+17 Jkn) = (gk;17ki+17 "'7kn)7

G x K, =G
7Tn(g, kn) = gkﬁla

and let p = m, om,_1 0... 0o My o m, metric g, is the metric that makes p into a
Riemannian submersion. Routine calculations show that horizontal lift all the way
up of X € gis

(2.104) X = (X, 7 (PX)ey, — 15 (X )y, oo, =17, (P X))

where @ is given by the expression (2.101). Using (2.104) and the fact that p is a
Riemannian submersion to (G, g,), one finds that (2.100) holds. Group G acts by
isometries on (2.102) by left multiplication on the first factor. This action descends
to an action by isometries on (G, g,) given by left multiplication. The group K,
acts by isometries on (2.102) by left multiplication of the last factor and this action
descends to an action by isometries on (G,g,) that is the right multiplication by
the inverse. The product (2.102) has non-negative sectional curvature, and since
Riemannian submersions don’t decrease curvature, it follows that (G, g,,) has secy, >

0. [l

Necessary and sufficient conditions for a 2-plane on (G, g,) to be flat are given
by the following Lemma.

Lemma 2.36. Let (G,g,) be a compact Lie group with a metric obtained by iterated
Cheeger deformations as in Lemma 2.35. Then a 2-plane X NY € Gry(g) is flat if
and only if

(2.105) [(@X)e,, (PY)e] =0,

for all i = 0,1,...n, where & is the Lie algebra of K; and ® is the isomorphism
(2.101).
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Proof. Denote the product metric (2.102) by

(2.106) gk = 8o + t18o|k, + t280|ks + - + a0k, -

By Theorem 2.28, secg, (X AY) = 0 if and only if secg, (X AY) = 0. Sectional
curvature is zero, secg, (X AY) = 0, if and only if unnormalized sectional curvature
is zero, Riemy(X,Y,Y, X) = 0. Using (2.104) and (2.106) we have

Riem,(X,Y,Y, X) = Riemg, (®X, Y, dY, dX)+
+ tl_sRiemgo((q)X)?N (CI)Y)E“ (CI)Y>?17 (q)X)?1>+
(2.107) + tggRiemng(((I)X)?w (q)Y)Ez? ((I)Y)?Qv (CI)X>92>+

+ tgsRiemgO((®X)en7 (q)y)érﬁ (Qy)hﬂ ((bX)En) *
Using expression (2.56) we have

t
4
-3 -3

2@ (BY DI, + o+ (X, (Y )2,

P |
Riem, (X, V.Y, X) = Z[[@X, @Y, + = II[(@X)er, (PY)e]lly,+

(2.108)

Since (2.108) is a sum of non-negative terms, it is zero if and only if all of the terms
on the right-hand side are zero. This is condition (2.105), completing the proof. [

2.7 Biquotients and Wilking’s doubling trick

In this section, we discuss biquotients following [10], [21]. We proceed to describe

Wilking’s doubling trick as in [31]. Finally, we characterise flat 2-planes on biquo-

tients equipped with metrics obtained by Wilking’s doubling trick following [7].
We start with a following definition.

Definition 2.37. Let G be a compact Lie group and let H C G x G be a closed
subgroup such that the action of H on G given by

(2.109) (hy, ha) * g = haghy ",

for (hi,hy) € H and g € G, is effectively free, i.e., an element h € H has a fixed
point if and only if A is in the kernel of action (2.109). In this case we call the orbit
space of the action (2.109) a biquotient and denote it G/ H.

If H = {e} x H', where H C G is a closed subgroup, biquotient G/ H is the
homogeneous space G/H'.

A metric g on G that is invariant under the action (2.109) induces a metric g on
G JH making the projection

(2.110) m: (G g) = (GJH,g)

into a Riemannian submersion. In what follows we will mostly be concerned with
biquotients equipped with metrics induced in such a way. There are two natural
families of metrics on G H; the family of metrics induced by left invariant metrics
on (G, and the family induced by the right invariant metrics on G. Wilking’s doubling
trick is a construction that gives an even larger family of natural metrics on G/ H.
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Lemma 2.38. Let H C G X G as in definition 2.37, and let AG C G x G denote
the diagonal subgroup. Then the action of AG x H on G x G given by

(2.111) (a,h)* (c,d) =a-(c,d)-ht,

fora € AG,andh € H, is effectively free, the biquotient AG\G x G/H is canoni-
cally diffeomorphic to GJH, and the class of left invariant Adg-invariant on G x G
induces a cone of metrics on the quotient containing the two original families.

Proof. Straightforward calculation shows that action (2.111) is effectively free if and
only if action (2.109) is effectively free. The canonical diffeomorphism is induced by
the map

2.112 GxG—=G, (a,b)—~a'd.
( ) . (a,b)

Finally, consider all left invariant Adg-invariant product metrics g; + g on G x G.
Subfamily of metrics for which g; is a bi-invariant metric on GG corresponds to the
family of metrics on G/ H induced from left invariant metrics on GG, while subfamily
of metrics for which g is a bi-invariant metric corresponds to the family of metrics
on G/ H induced by the right invariant metrics. O

Next, we describe vertical and horizontal distributions of the Riemannian sub-
mersion

(2113) T (G X G,gl ) gg) — (AG\G X G/U, g),

where g; and g are left invariant metrics on GG, and g; & g» is invariant under the
right action of U. Note that we have changed notation for the closed subgroup to
U C G x G, because we will later use H for groups along which we will Cheeger
deform. Since every orbit of the AG x U passes through a point of the form (e, g) €
G x G it is enough to consider only points of this form. An orbit through (e, g) is
given by

(2.114) Fleg ={(gui",dgus") 1 ¢’ € G, (w1, u2) € U}.
An arbitrary curve contained in F{. 4 is given by
(2.115) ~(t) = (exp(tX)exp(—tU;), exp(tX)gexp(—tUs)),

where X € g and (Uy, Us) € u. By differentiating we get that the vertical subspace
of Riemannian submersion (2.113) at the point (e, g) is

(2.116) Ver(e’g)(G X G) = {(X — Ul, Rg*X — Lg*Ug) X € g, (U1, UQ) c u}.

Let &, and ®5 be isomorphisms of g such that

and
(2.118) 22(X,Y) = go(P2X,Y),

for X, Y € g, where gy is a bi-invariant metric on G. We look for the horizontal
vectors at (e, g) in the form (®7'Hi, Ly @5 'Hs) € Tie (G x G), where Hy, Hy €
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g. Since ®; and P, are isomorphisms of g and (Id, L,.) is an isomorphism from
Tie,e) (G x G) to Tieq)(G x G), there is no loss of generality. A straightforward
calculation shows that the horizontal subspace at (e, g) is

Hor(e,g) (G x G) = {(=P7'Ady X, Ly ;' X) :

2.119
( ) X€g, go(X,Adg—lUl—Uz)IOfOI' all (Ul,Ug) EU}.

Note that the map
(2.120) X (=07'Ad, X, L, ®5 ' X)

is an isomorphism of linear subspace {X € g : go(X,Ad;-1U; — Us) = 0} C g and
Hor(e’g)(G X G)
The following Lemma will be used to locate flat 2-planes in Section 4.1.

Lemma 2.39. [7, Lemma 6.1.3] Let g1 and go be metrics on compact Lie group G
obtained by the iterated Cheeger deformations of the bi-invariant metric gy along the
chains of subgroups

(2121) Hn C Hn,1 C H1 C HO = G,
and
(2122) K,CK, 1C.KiCKy=G,

respectively, and let U C H, X K,, be a closed subgroup. Let
(2.123) 7: (G XG, g1 Pg) = (AG\G x G/U,g),

denote the Riemannian submersion to AG\G x G /U with the induced metric g. The
biquotient (AG\G x G/U,g) has a flat 2-plane at a point w(e,g) if there exists a
pair of linearly independent vectors X,Y € g such that for all (Uy,Us) € u we have

(2.124) go(X, Ady-1Ur — Us) = go(Y, Ady-1Uy — Uz) = 0,
and

(2.125) [(AdyX)s,, (AdgY)s,] =0,

(2.126) [Xe,, Ye;] =0,

hold for all i = 0,1,..m and j = 0,1,...m. Moreover, any flat 2-plane at (e, g)
arises in this fashion.

Proof. First, construct the product of Cheeger deformed metrics on G x G as in
Lemma 2.35 and denote the corresponding Riemannian submersion by

(2.127) p1xpa: (GXxHyx...x H) X (GX K1 X...xK,,),en®gr) — (GXG, g15gs)

, where gy and gx are metrics as in (2.102) corresponding to the two chains of
subgroups. Next, given X,Y € g such that for all (Uy,Us) € u, go(X,Ad,~1U; —
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Us) = go(Y,Ad,~1U; — Us) = 0 holds, we have the corresponding horizontal vectors
at (e,g9) € G x G, as in (2.119)

(2.128) X = (X1, Xy) = (-0, 'Ad, X, L., X)

(2.129) Y = (N1,Ys) = (=07 'Ad,Y, L@, 1Y),

and X and Y are linearly independent if and only if X and Y are linearly inde-
pendent. Because g; + g9 is the product of two metrics with non-negative sec-
tional curvature, secg, 1, (X AY) = 0, if and only if both sec,, (X; A Y;) = 0 and
secg, (Xo A Yy) = 0 hold. By Lemma 2.36 this is the case if and only if conditions
(2.125) and (2.126) hold. It follows that the horizontal 2-plane X AY is flat and by
Corollary 2.28.1 it projects to a flat 2-plane on (AG\G x G/U,g). In the other di-
rection, because the horizontal lift of a flat 2-plane at (e, g) is flat, it is of the form
X AY, where X and Y are given by (2.128) and (2.129), with X and Y satisfying
(2.124), (2.125), and (2.126). 0

2.8 First order conformal deformations

In this section we discuss first-order conformal deformations of Riemannian metrics
and some related results following [3, Chapter 3.

Definition 2.40. For a compact Riemannian manifold (M, g), a function ¢ : M —
R, and a small enough s > 0, the following is also a Riemannian metric on M

(2.130) g, =(1+s¢)g.
The metric (2.130) is called the first-order conformal deformation of g.

We will use the following Lemmas from [3, Chapter 3] in Section 4.2 to construct
a metric of positive distance curvature on S® x S2.

Lemma 2.41. [7, Corollary 3.4,] Let (M, g) be a Riemannian manifold with secg >
0, and let X,Y € T,,M be an orthonormal basis of a flat 2-plane o secy(0) = 0.
Then, for a first order conformal deformation of g

(2.131) g, = (1+sd)g,
we have
d 1 1
(2.132) 5% (0) |s=0 = —éHess o(X, X) — EHess o(Y,Y).

Lemma 2.42. [3, Lemma 3.5] Let f :[0,S] x K — R be a smooth function, where
S > 0 and K is a compact subset of a manifold. Assume that f(0,x2) > 0 for all
r e K, and % > 0 if f(0,2) = 0. Then there exists s. > 0 such that f(s,z) >0 for
allz e K and 0 < 8 < s,4.

An important difference between conformal deformations and Cheeger deforma-
tions from Section 2.6 is that, while Cheeger deformations preserve lower curvature
bounds on the sectional curvature, in general, this is not the case for conformal
deformations.
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Chapter 3

Positive biorthogonal curvature

3.1 Wu manifold

The main result in this section is a proof that the symmetric space metric on the
Wu manifold has positive biorthogonal curvature. The proof relies on a result that
was presented in section 2.5. More precisely, we use the fact that flat 2-planes
of SU(3)/SO(3) correspond to horizontal flat 2-planes of SU(3) and characterize
horizontal flat 2-planes of SU(3) as conjugates of a maximal abelian subalgebra of
su(3) by elements of SO(3). Finally, we introduce a basis for su(3) and use this
characterization to show that no two flat 2-planes can be orthogonal, hence, proving
the result. The contents of this section, in a more condensed form, can be found in

[25].

The Wu manifold SU(3)/SO(3) is a rational homology 5-sphere with second
homotopy group of order two [32]. When equipped with a metric (SU(3)/SO(3), g),
that makes the canonical submersion

7 (SU(3),Q) — (SU(3)/SO(3),g) ,

(3:1) u — uSO(3),

into a Riemannian submersion, the Wu manifold is a symmetric space. In (3.1) Q is
a bi-invariant metric on SU(3). As a comparison to the main result of this section,
we note that the metric g has positive Ricci curvature. Now we can state the main
result of this section.

Proposition 3.1. The symmetric space (SU(3)/SO(3),g) has positive biorthogonal
curvature.

Proof. The left action of SU(3) on SU(3)/SO(3) induced from left multiplication
on SU(3) by (3.1) is transitive and isometric for the symmetric space metric. This
means that we can study curvature at one point of SU(3)/SO(3) and isometrically
translate the results to any other point. The Cartan decomposition that corresponds

to SU(3)/SO(3) is of type AlII, see 2.33.1
(3.2) T.SU(3) ~ su(3) = s0(3) ® s0(3)*.

Decomposition (3.2) is orthogonal with respect to the bi-invariant metric and is
precisely the decomposition of 7,SU(3) into vertical and horizontal subspaces of the
Riemannian submersion (3.1). Hence, we have

(3.3) Tso(3)(SU(3)/SO(3)) ~ s0(3)".
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Riemannian manifold (SU(3)/SO(3), g) has non-negative sectional curvature because
it is the image of a Riemannian submersion from a manifold with non-negative
sectional curvature. Hence, to conclude that SU(3)/SO(3) has positive biorthogonal
curvature, we need to show that no two flat 2-planes are orthogonal to each other. A
result of Tapp, stated in the Theorem 2.28, implies that a 2-plane on SU(3)/SO(3)
is flat if and only if its horizontal lift is flat. Thus, it is enough to consider horizontal
flat 2-planes at the identity of SU(3).

A horizontal 2-plane X A Y C s0(3)* at the identity of SU(3) is flat if and
only if [X,Y] = 0. Since the maximal number of linearly independent commuting
matrices in su(3) is two, every horizontal flat 2-plane corresponds to a maximal
abelian subalgebra of s0(3)+

(3.4) span{X,Y} = a C s0(3)".

By a fundamental fact about Cartan decomposition, see proposition 2.34 for the
precise statement, any two maximal abelian subalgebras of s0(3)* are conjugate by
an element of SO(3). This means that by fixing one maximal abelian subalgebra,
or one horizontal flat 2-plane we can parametrize all horizontal flat 2-planes by
SO(3). In what follows we will obtain an explicit parametrization of horizontal flat
2-planes at the identity of SU(3), and so a parametrization of flat 2-planes at a
point of SU(3)/SO(3) by choosing a basis for su(3), fixing a horizontal flat 2-plane
and parametrizing SO(3) by Euler angles. We use this explicit parametrization to
show that no two flat 2-planes can be orthogonal. For the basis of su(3), we choose
{—iXi}iz1,. s, where the \;’s are traceless, self-adjoint 3 by 3 matrices known as the
Gell-Mann matrices, see Appendix A. The scalar product on su(3) that corresponds
to the bi-invariant metric is

(3.5) (X,Y) = —%Tr(XY) |

for X, Y € su(3) and the basis {—i\;};=1 s is orthonormal with respect to (3.5).
The Cartan decomposition (3.2) in this basis is

(3.6) 50(3) = span{—ilg, —iA5, —iA7}
and
(3.7) 50(3)" = span{—i\;, —i\g, —i\g, —i\g, —iMg} .

Matrices A3 and \g are diagonal, so we use —A3 A Ag for the reference horizontal
flat 2-plane. Every horizontal flat 2-plane, X AY, with X,Y € s0(3)* such that
[X,Y] =0, can now be written as

(3.8) XAY = —Ad, (A3 A Xg),

for some r € SO(3). Suppose that X A Y and X’ A Y’ are two such 2-planes with,
X ANY given by (3.8), and X’ A Y’ by

(3.9) X'AY' = —Ady (M3 A Ns),

for some r’ € SO(3). For the 2-planes (3.8) and (3.9) to be orthogonal it is necessary
and sufficient that the equations

(3.10) (Ad, A3, Ad,A3) =0
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(3.11) (Ad, Mg, AdyNs) = 0,

(312) <Ad7«)\8, Adw)\3> =0 5
and
(3.13) (Ad, A, Ad,y Ag) = 0

hold. Using the Ad-invariance of the bi-invariant metric, equations (3.10), (3.11),
(3.12), and (3.13) can be rewritten as

(314) </\37 Adrfl,,,/A3> — O )
(315) <)\3, Adr—lr’)\8> =0 5
(316) <>\87 Ad7ﬁlr/>\3> == O ;
and

(3.17) (Mg, Ad, -1, 2g) = 0.

We now use the Euler angle parametrization of SO(3) to write r~!r' € SO(3) as
(3.18) 1" = exp(—iAow)exp(—idsy)exp(—ia2) ,

where z,y,z € R. Plugging (3.18) into equations (3.14), (3.15), (3.16), and (3.17)
and calculating the traces explicitly, we find

(3.19) 0= (A3,Ad,—14A3) = %cos(Qa:) (3 + cos(2y)) cos(2z) —sin(2z)cos(y)sin(2z) ,

(3.20) 0= (A3, Ad,~1,/Ag) = —?Cos@x)sirﬁ(y) :
(3.21) 0= (N, Ad,—1,4A3) = —\/73005(22)sin2(y) ,
and

1
(322) 0= <A87 Ad,,«flrlA8> = 1(1 + 3COS(2y)) .

Equations (3.20), (3.21), and (3.22) imply cos®(y) = 1/3 and cos(2z) = cos(2z) = 0.
Plugging this into equation (3.19), we obtain

(3.23) (A3, Ad,—1,A3) # 0,

and conclude that there is no solution to the system given by equations (3.19),
(3.20), (3.21), and (3.22). This shows that no two flat 2-planes are orthogonal.
O

In section 4.3 we will show that all closed simply connected with torsion-free ho-
mology and zero second Stiefel-Whitney class admit a metric of positive biorthogonal
curvature. The Wu manifold doesn’t satisfy these conditions on the homology and
the second Stiefel-Whitney class, suggesting that they are technical in nature.
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3.2 Bettiol’s construction

In this section, we will review Bettiol’s constuction of metric with positive distance
curvature for any 6 > 0 on S? x S? given in [3, Chapter 6] and [1]. Our construction
of a metric with the same property on S x S? in Sections 4.1 and 4.2 closely
parallels Bettiol’s construction. The construction is carried out in two steps. First,
the product of the round metrics on S? x S? is deformed to a metric where almost
all points have a unique flat curvature plane, and then this metric is conformaly
deformed to a metric of positive distance curvature. Finally, we show that Bettiol’s
construction can be made to commute with taking certain discrete quotients, and
thus gives metrics of positive distance curvature on S? x PR? = S? x S?/Z, and
Ly =52 x 5?7y as well.

The first step of the construction is carried out by a general version of Cheeger
deformation, whose particular case was discussed in Section 2.6. Given a Riemannian
manifold (M, g) and a Lie group G that acts freely and by isometries on (M, g). One
considers a following Riemannian submersion

(3.24) T (M x G,g+%Q) — (M, g),

where ¢ is a positive real number and Q is a bi-invariant metric on G. For (m, g) €
M x G, 7 is given by m(m,g) = g~'m and M is obtained as the orbit space of the
action

(3.25) g'(m,g) = (g'm,g'g),

for g, € G and m € M, of G on G x M. Action (3.25) is by isometries on the
product (M x G, g+ %Q), and thus the metric g, is well defined. The family of
metrics g,, for ¢ > 0 is called the Cheeger deformation of g. Bettiol’s construction
starts with the

(3.26) §? x 8% = {(p1,p2) R’ xR : [Ip1||* = ||p:|* = 1} CR* x R,

where the metric g on S? x S? is induced from the product of canonical metrics on
R3. Next, the diagonal action of SO(3) on S? x 52 given by

(3.27) A(p1,p2) = (Ap1, Aps)

for A € SO(3) and (p;, P») € S? x S?, is used to obtain the Cheeger deformation
of g. The Cheeger deformed metric g, has non-negative sectional curvature, and
Bettiol shows that at points away from submanifolds

(3.28) AF = {(p1, £p1) € S x §?} ~ S,

there is exactly one flat 2-plane. So, at these points the distance curvature is pos-
itive. However, at each point of (3.28) there is 1-parameter family of flat 2-planes.
Furthermore at these points of (3.28) even the Biorthogonal curvature can be zero.

Second step of the constuction involves a first order deformation of the metric
g,. The conformal factor is given by

(329) J ==Xy — X9,

27



where x is the bump function of A%, i.e., function that is identically one in a tubular
neighborhood of A" and identically zero outside of a larger tubular neighborhood
of AT, while 1" is the square of the Riemannian distance function form A

(3.30) by (m) = disty, (m, A7) .

Functions x_ and @~ are similarly defined for A_. Bettiol then proceeds to show
that the first order conformally deformed metric

(3.31) g5 = (L+sf)g,

has positive distance curvature for any # > 0. We mimic this construction precisely
in Section 4.2, and give the details there.

Important thing to note here is that while Cheeger deformation preserves the
non-negativity sectional cutvature of the starting metric g, first order conformal
deformation does not, i.e., there is a 2-plane o € Gry(T,,(S* x S?)) with sec, , < 0.

Now we will show that the construction can be used to obtain discrete quotients

(3.32) S% x RP? = S? x S?/7Zs,,
and
(3.33) Ly =S8*x S?|Z,.

We start with (3.32). First observe that the involution

(3.34) I:5%x85%— 8%xS?
given by
(3.35) (p1,p2) = (p1, —p2)

for (p1,p2) € S? x S? is an isometry of the metric g. Furthermore, it is easy to
see that the involution (3.34) commutes with the action (3.27). It follows that [
is also an isometry of the Cheeger deformed metric. This means that there is a
well defined metric on the quotient S? x S?/ I = S? x RP? such that the quotient
map is a Riemannian submersion. Since Riemannian submersions don’t decrese the
curvature, the lower curvature bound is preserved. If we could show that I is also an
isometry of conformaly deformed metric we would have obtained a metric of positive
distance curvature on S? x RP?. A necessary and sufficient condition for I to be an
isometry of g, , is for the conformal factor to be invariant, i.e.,

(3.36) fol=f.

Note that because I interchanges A* and A~ and it is an isometry of g,. We have
that

(3.37) by ol =,

Next we choose the bump functions in such a way to satisfy

(3.38) Xiol =x=.
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From (3.29), (3.37), and (3.38) is clear that (3.36) holds. Thus metric of positive
distance curvature on S? x S? desends to S? x RP?.
Following a similar line of reasoning for the involution

(3.39) J:8*x 5% — §%x §?
defined by
(3.40) J: (p1,p2) = (—=p1, —p2),

we obtain a metric of positive distance curvature on L.

3.3 Connected sums

We first state the well-known definition of connected sum following Kervaire-Milnor
[22, Section 2]; cf. [1, Definition 1.3.4].

Definition 3.2. Let M; and M5 be closed connected oriented n-manifolds and let

be embeddings of the n-disk for i = 1,2. Suppose that the embedding 7; preserves
orientation, while 75 reverses it. The connected sum of M; and M, is the n-manifold
defined as

(3.42) MMy =

where the equivalence relation identifies i; (tu) with i5((1 — ¢)u) for each unit vector
we S =0D" and 0 < t < 1.

A key ingredient in the proofs in this section and those in Section 4.3, is the
following surgery stability result regarding Riemannian metrics of positive biorthog-
onal curvature.

Proposition 3.3. Bettiol [, Proposition 7.11]. Let (M, g1) and (Ms, g2) be closed
smooth n-manifolds. Suppose that secgi > 0 for i = 1,2. There is a Riemannian
metric (My#M,, g) such that secg > 0.

Proof of Proposition 3.3 relies on the work by Hoelzel [16].
Bettiol classified up to homeomorphism the closed simply connected 4-manifolds
that admit a metric of positive biorthogonal curvature in [2].

Theorem 3.4. [2, Section 1, Theorem]
Let M be a closed smooth simply connected J-manifold. Up to homeomorphism,
the following are equivalent:

1. M admits a metric with sect > 0;
2. M admits a metric with Ric > 0;

3. M admits a metric with scal > 0.
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Remark 3.4.1. Homeomorphism classes of manifolds from Theorem 3.J are
(3.43) mCP*#nCP?
if wa(M) # 0 and to
(3.44) n(S? x S?)#5*
if wa(M) =0 for m,n € Ny.

In this section, we show that Bettiol’s work yields further classification results
on closed 4-manifolds with non-trivial fundamental group.

Lemma 3.5. A closed smooth orientable 4-manifold with infinite cyclic fundamental
group is homeomorphic to a 4-manifold that admits a Riemannian metric of positive
biorthogonal curvature if and only if it is homeomorphic to a 4-manifold that admits
a Riemannian metric of positive scalar curvature.

Proof. By [19, Collorary 1.2], see also [20] and [1 7], every closed smooth orientable 4-
manifold with infinite cyclic fundamental group is TOP-split, i.e., it can be written as
a connected sum S x S3# M, where M, is a simply connected 4-manifold. Since S* x
S3 with the product metric has positive scalar curvature and positive biorthogonal
curvature, and positivity of scalar curvature and positivity of biorthogonal curvature,
Proposition 3.3, being closed under connected sum operation. The connected sum
St x S3# M, admits a metric of positive scalar(biorthogonal) curvature if and only
if M, admits a metric of positive scalar(biorthogonal) curvature. Since M is simply
connected, by Theorem 3.4, M; admits a metric of positive scalar curvature if and
only if it admits a metric of positive biorthogonal curvature and the claim follows.

O

Lemma 3.6. Let M be a closed connected nonorientable 4-manifold with fundamen-
tal group of order two such that wi(M) +we(M) = 0. Then M is homeomorphic to
a manifold that admits a Riemannian metric of positive biorthogonal curvature.

Proof. According to Hambleton-Kreck-Teichner [18, Theorem 1 and Theorem 3],
such a 4-manifold is homeomorphic to

(3.45) S% x RP?#(n — 1)(S% x S?)

for a given n € N. The results of Bettiol stated in Theorem 3.4, the fact that S?xRIP?
admits a metric of positive biorthogonal curvature as was shown in Section 3.2, and
Proposition 3.3 imply that the 4-manifolds (3.45) admit a Riemannian metric of
positive biorthogonal curvature for every n € N. O]

We say that a 4-manifold M has a wy-type (I) if the second Stiefel-Whitney
class of its universal cover is non-zero wy(M) # 0, wy-type (II) if its second Stiefel-
Whitney class is zero we(M) = 0, and wy-type (I11) if wo(M) # 0, but we(M) = 0.

Lemma 3.7. Every closed smooth orientable 4-manifold with fundamental group of
order two and we-type (I) and (III) is homeomorphic to a 4-manifold that admits a
metric of positive biorthogonal curvature.
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Proof. According to Hambleton-Kreck-Teichner [18, Theorem 1 and Theorem 3],
such a 4-manifold is homeomorphic to

(3.46) nCP2#mCP?# L), |
for wo-type (I), and
(3.47) (k—1)(S? x S*)#L,,

for wy-type (I1I). By Proposition 3.3 and the fact that L, admits a metric of positive
biorthogonal curvature as was shown in Section 3.2, each of them admits a metric
of positive biorthogonal curvature. O
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Chapter 4

Positive Distance Curvature on

3 x G2

We proceed to prove the main result of this thesis.

Theorem 4.1. For every 6 > 0, there is a Riemannian manifold (S® x S%, ¢°) such
that:

1. Secgg > 0.

2. There is a metric g° such that g’ — g% in the C*-topology as @ — 0 for k > 0.
The metric g° is Wilking’s metric gy, of almost-positive curvature.

3. There is a 2-plane o € Gry (T,,,(S® x 5?)) with secgg (o) <O0.
J. Ricys > 0.

In particular, there is a Riemannian metric of positive biorthogonal curvature on

S3 x S2.

The proof of Theorem 4.1 consists of two steps and it builds upon Bettiol’s
construction of a metric with positive distance curvature for any > 0 on S? x S?
given in [3, Chapter 6] and [!]. We described Bettiol’s construction in Section 3.2.
Theorem 4.1 should be compared [, Theorem].

The Chapter is structured as follows. In Section 4.1 we review Wilking’s metric
of almost positive curvature on S* x S2. In [30], also see [33, Section 5]. This is the
first step of the construction and it involves Cheeger deformation. The second step
of the construction involves a first order conformal deformation of Wilking’s metric
and is given in Section 4.2.

4.1 Metric of almost positive curvature on S° x S?

In [30], Wilking constructed a metric of almost positive curvature on RP3 x RP?; see
Definition 2.17. Since RP? x RP? an odd-dimensional and non-orientable manifold,
Synge’s Theorem implies it does not admit a metric of positive sectional curvature.
Hence, Wilking’s result is a counterexample to the deformation conjecture. In what
follows we will be interested in a metric with almost positive curvature on S® x S2,
as it was described in [33, Section 5|. These two metrics are related in the following
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way. A metric on S® x S? arises as the pullback of a metric on RP3 x RP? by
the universal covering map. The following construction is essentially the same as
Willking’s construction from [30].

Since S? is parallelizable, its unit tangent sphere bundle is

(4.1) T,5% = § x §2
which can be embedded into R* x R* = H x H in the following way
(4.2) S? x S? = {(p,v) e HxH;p| =|v|=1,(p,v) =0} CH x H.

Here (z,y) = Re (zy) and |x|* = (x,z). The group G = Sp(1) x Sp(1) = 3 x S3,
acts on S® x S? by

(4.3) (91, ¢2) * (p,v) = (pd2, 1v2) ,

for all (q1,4q2) € Sp(1) x Sp(1). This action is effective and transitive. The isotropy
group of (1,7) € S* x 5% is H = {(e",¢") € Sp(1) x Sp(1)} < G. Note that
H ~ S'. Thus, S x S? ~ G/H is a homogeneous space. Discrete subgroup
L < G generated by (1, —1) and (j, j) normalizes H, so it follows that RP? x RP? ~
G/ (LH). Wilking considered this homogeneous space as a biquotient. We now will
do the same but for S® x S? = G/H, as it is done in [33, Section 5], but in more
detail.

We start by defining a left invariant metric Q,, on G = Sp(1) x Sp(1l) by
Cheeger deforming a bi-invariant metric on G along the diagonal subgroup ASp(1) =
{(a,a) € Sp(1) x Sp(1)} < Sp(1) x Sp(1). This metric can we written as (3.12)

(44) Qt ((X>Y>7(X/7Y/)) - Q((I)t (Xv Y),(X’,Y/)) )

where we take t = % for the deformation parameter in &, i.e.,

(4.5) @uypqu—%mxyy

denoting by P the projection onto the diagonal subalgebra Asp(1) C sp(1) @ sp(1).
Explicitly:

1
PX)Y)==-(X+Y, X+Y)
2
(4.6) 1
(1-P)(X,Y) :§(X—Y,—X+Y) )
The induced metric g, on
(4.7) P xS~ G/H=2AG\G xG/{(1,1)} x H
is the one that makes the biquotient submersion
(48) 7r:(vac;’;(QtG%(Qt)_> (S3X327gt)
into a Riemannian submersion. Note that 7 is explicitly

(4.9) 7 ((a,b),(c,d)) = ((a,b)_1 (¢,d)) * (1,4) = (acdb, acidb) € S* x S>.
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Next we locate flat 2-planes on (S® x S?,g,) using Lemma 2.39. Every flat
2-plane at 7 ((1,1),(a,b)) is a projection of a horizontal flat 2-plane Hy A Hy at
((1,1), (a,b)) spanned by (from now on we drop the index ¢ from )

(4.10) Hy = (=07 Adup (V' W), Lo @ (V/, W)
| Hy = (=2 " Ad(y (V!, W), Liap: @ (V/, W),

where (V,W) € sp(1) & sp(1) is such that

(4.11) QV.W), (4,1)) = Q((V!,W'), (4,1)) = 0,
and

[Adp (V.W), Adga (V, V)] =
(V', W]

PAd PAd
(412) [ (ab) (‘/’ W) ) (a,b)

w
[P(V,W), PV W

Since the Lie algebra of {(1,1)} x H is spanned by ((0,0),(7,7)) condition (4.11)
is necessary and sufficient for H; and H, to be horizontal. Conditions (4.12) are
necessary and sufficient for the 2-plane H; A Hy to be flat. When solving (4.11) and
(4.12) one should note that they are linear in (V, W) and (V’, W’), so that the space
of solutions corresponding to the flat 2-plane Hy A Hj is span {(V, W), (V',W')}.
Solutions to (4.11) and (4.12) are of the form span {(V,0), (0, V)}, where V' € Im (H)
is nonzero, satisfies (V,i) = 0, and [Ad,V,Ad,V] = 0. For every such V' we get a
flat 2-plane at 7 ((1,1), (a,b)) that is a projection of a flat 2-plane spanned by

H, = (—(I)_lAd(a,b)(‘/v O)’ L(avb)*q)_l(v’ O))

(4.13) . -
Hy = (=@ 'Ad(4)(0,V), L(ap) 2 (0,V)) .

The condition [Ad,V, Ad,V] = 0 is equivalent to Adz;V = £V. For the plus sign we

have abV' = Vab, so that ab has to be proportional to V, thus because (V,i) = 0 we

have (ab,i) = 0. For the minus sign, real part of ab must be zero, i.e., (ab,1) = 0.

Flat 2-planes on S? x S? are located on submanifolds 7(S;) and 7 (S;), with

Ry S1={((1,1),(a,b)) € G x G : {ab,1) =0} ,
(4.14) S; ={((1,1),(a,b)) € G x G : {(ab,i) = 0} .

Now that we have located the flat 2-planes, a natural question is how many of them
are there at each point. Let us fix the length of V by (V,V) = 1 and note that V'
and —V give the same 2-plane. If (ab, 1) = 0, condition AdgV = —V is equivalent
to (ab, V') = 0, thus if ab # +i then there are three independent conditions on V:
(V,V)y=1,(V,i) =0, and (V,ab) = 0. These conditions determine a unique V', thus
they determine a unique flat 2-plane. However, if ab = 47 then conditions (Vi) = 0
and (V,ab) = 0 are the same, so there is a one-parameter family of flat 2-planes
at these points. Similarly, for (ab,i) = 0 and ab # +1, condition AdgV = V,
provided that (V, V') = 1, is equivalent to (ab, V) = %1, so we get three independent
conditions determining a unique V. However, if ab = +1 then Adg,V = V is satisfied
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for every V', so we have two conditions giving a one-parameter family of flat 2-planes.
Let S1 4, and S; 11 be submanifolds of S} and S; defined by

Siai = {((1,1),(a,b)) € G x G :ab = +i} C Sy,

(4.15) S = {((1,1),(a,b) € Gx G:ab=+1} C S,

At each point of 7 (S1\ (S1; U S1—;)) and 7 (S;\ (S;1 US;—1)) there is exactly one
flat 2-plane, while at each point of 7 (S1;), 7 (S1,—), 7 (Si1), and 7 (S; 1) there is
a one-parameter family of flat 2-planes. Both 7(S;) and 7(.S;) are diffeomorphic to
S% x S2, with 7(S;) N 7(S;) being diffeomorphic to SO(3), while m(S1,), 7(S1,_),
7(S;1), and 7(S; 1) are all diffeomorphic to S%. For example:

7(S1.4i) = {(Faia, +1);a € Sp(1)} = S* x {£1} C $* x S?,
(4.16) ’ B ; , ,
7(S;i 1) = {(£1,+aia);a € Sp(1)} = {£1} x 5= C S° x S°.

Next, consider the diagonal action of Sp(1) from the right on the first factor of
G x @G,

(4.17) g+ ((a,b), (¢, d)) = ((ag, bg), (¢, d)).

Action (4.17) is isometric with respect to g, @ g, and commutes with the actions
of AG and {(1,1)} x H, thus it induces the following isometric action of Sp(1) on
S3 x S%:

(4.18) g * (p,v) = (gpg, gvg) -

Kernel of action (4.18) is {1, —1} C Sp(1), thus the action (4.18) is an effective action
of SO(3) = Sp(1)/ {1, —1}. It is easy to check that for all ¢ € Sp(1), gxm(S;) C 7(5h)
and g7 (S;) C 7(S;) hold, thus action (4.18) restricts to actions on 7(S;) and 7(5;).
The diffeomorphism

¢y m(S1) — S x §? = (Im(H) N Sp(1)) x (Im(H) N Sp(1))

(4.19) (0.0) > (p,0)

intertwines restriction of the action (4.18) to 7(S7) and the diagonal action SO(3)
on 52 x 52 given by the usual rotation action of SO(3) on each of the factors realized
via conjugations by unit quaternions. Similarly, the diffeomorphism

¢; - (i) = S% x S? = (Im(H) N Sp(1)) x (Im(H) N Sp(1))

(4:20) (0.0) > (95, 0)

intertwines restriction of (4.18) to 7(S;) with the diagonal action of SO(3) on S?x S2.
Thus the restriction of the action (4.18) to 7(S;) = S? x 5% is a cohomogeneity one
action equivalent to the diagonal action of SO(3) and similarly for restriction to
7(S;). Singular orbits on 7(S;) are given by m(S) +;) = S? while singular orbits on
7(S;) are given by 7(S;+1) = S% While SO(3) acts on 7(S;) N 7 (S;) freely and
transitively, so 7(51) N7(S;) = SO(3).

Flat 2-planes on 7(S}) are tangent to 7(.S7) and are vertizontal with respect to the
projection pr : w(Sy) — w(51)/SO(3). Similarly, flat 2-planes on 7(S;) are tangent
to m(S;) and are vertizontal with respect to the projection pr : m(S;) — 7(.S;)/SO(3).
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The SO(3)-actions on 7(S;) and 7(S;) dictate the number of flat 2-planes on
7(S7) and 7(S;). SO(3)-action is isometric, so its induced action on the Grassmanian
preserves curvatures and, in particular, maps flat 2-planes to flat 2-planes. There
is no nontrivial element of SO(3) that fixes a point in 7(S;\(S1,; U S1.—i)), so flat
2-plane at a point of 7(S;\(S1,; U S1,—;)) can only be mapped to a flat 2-plane at
some other point of 7(51\(S1; U S1—;)). However, a point of 7(5;;), for example,
is fixed by a subgroup SO(2) C SO(3), so the action of SO(2) on a flat 2-plane at a
point of w(S;;) gives a one-parameter family of flat 2-planes at that point.

4.2 Metric of positive distance curvature on the
5-manifold S° x S?

The next step in our construction is to apply conformal deformations to the metric of
almost positive curvature g, on S? x S? from the previous section in order to obtain
metric a with positive distance curvature 2.14 curvature on S® x S2. Actually, the
construction yields a metric that satisfies a stronger condition sec? > 0 for all § > 0,
see [3, Chapter 5] . We will use a deformation similar to the one Bettiol uses to
construct a metric of sec) > 0 on $? x S2 in [1].

Analogously to Bettiol’s construction of a metric with secg > 0 for any € > 0 on
S? x §% [4], [3, Proposition 6.5], we prove the following

Theorem 4.2. Manifold S® x S? admits a metric of positive distance curvature,
sec? > 0, for any 6 > 0. In particular, S* x S? admits a metric of positive biorthog-
onal curvature.

Proof. Start with the metric of almost positive curvature g, on S? x S? from previous
section and consider its first-order conformal deformation. Following submanifolds
of S? x 5%, 7(S14), 7(S1,—i), ™(Si1), and 7(S; _1) are compact and pairwise disjoint,
as it can be seen from (4.16). This means that they admit pairwise disjoint tubular
neighborhoods and by using partitions of unity one can construct a function x;; :
S3 x S§? — R that is identically zero outside of a tubular neighborhood of (S} ;)
and identically one inside a smaller tubular neighborhood of 7(S;;). Similarly,
one constructs functions x1,—;, x;1 and x;_1, with the same property, but for the
submanifolds 7(S1,_;), m(S;1) and 7(S;_1). Next, consider functions from S* x 52
to the reals given by

@/Ju(m) = diStgt (m, 7T(SLZ‘))2
(4.21) Yy —i(m) = d%stgt (m,ﬂ(517_1)2)2 ’
Vi1 (m) = distg, (m, 7(S;i1))"
thi—1(m) = distg, (m, m(S;-1))" ,

for p € S x S2. Here dist,, is the distance function on (S® x S?,g,) considered as
a complete metric space. Now define a function ¢ : S® x S? — R as

(4-22) ¢ = —Xl,i%,z‘ - X1,—i@/)1,—z‘ - Xi,ﬁ/)m - Xi,—l%’,—l )
and use it to first-order conformaly deform g,,
(4.23) st = (14 59)g; .
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At a point m € w(S5;;) we have
(4.24) Hess ¢(X, X) = —Hess ¢1,;(X, X) = —2g, (X1, X1)? = =2[| X |3 |

where X, denotes the component of X perpendicular to 7(Sy;). At points of
7(S1,-:), m(Si1), and m(S; 1) equations similar to (4.24) are true.
For any 6 > 0 consider the compact subset of

(4.25) (5% x §%) x Gra (T (5% x %)) x Gra (T (S* x %))

given by

(4.26) Ko :={(m,0,0") : 0,0’ € Gra (T,,, (S* x S?)) ,dist (¢,0") > 6} ,
and define

£:00,5] x Ky — R
4.27
(4.27) £ (s, (m, 0,0")) = % (secs. (o) + secq, (o))

Now, f(0,(m,o0,0")) > 0, because secy , > 0. Furthermore, f(0,(m,0,0")) = 0
only for m € m(Sy;) U m(Sy_;) Um(S;_1)Um(S;_1), because these are the only
points of S* x S? that contain more that one flat 2-plane. Let (m, o, 0”) be such that
f(0,(m,0,0")=0,and let c = X AY and 0/ = Z AW, with X, Y g,-orthonormal
and Z, W g,-orthonormal. Then by, Lemma 2.41 and equation (4.24) at these points
of Ky we have

d
(4.28) T ds <Secgs’t(X ANY) +secg (Z A W)) =0

1 1 1 1
= —§Hess o(X, X) — EHessgzb(Y, Y)— §Hessgz3(Z, Z) — éHessgb(I/V, W)
= | X0llg, + IVelg, + 1200, + WL, > 0.

The previous expression is strictly greater that zero because span{X,Y,Z W}
is at least 3-dimensional, since X A'Y and Z A W are different 2-planes, and
7(S1,),m(S1,—;),m(Si1), and 7(S; _1) are two dimensional, meaning that at least one
of the perpendicular components X, Y, Z,, or W, is nonzero. Thus, assump-
tions of Lemma 2.42 for the function f are satisfied, so there is an s, such that
f(s,(m,0,0")) > 0 for all (m,0,0") € Ky and 0 < s < s,. This is precisely the

condition secg . > 0 which proves the Theorem. O

The claims of Items 2. - 5. of Theorem 1.1 follow from our construction verbatim
to Bettiol’s work.

4.3 Metrics of positive biorthogonal curvature on
5-manifolds

In this section, we use Smale’s classification of closed spin simply connected 5-
manifolds with no torsion in homology [27], see also[15, Corollary 7.30]
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Theorem 4.3. A closed connected simply connected 5-manifold M with zero second
Stiefel-Whitney class wy(M) = 0 and torsion-free homology Hy(M) ~ ZF is deter-
mined up to diffeomorphism by its second Betti number by(M) = rank(Hy(M)) =
k € No. In particular, there is a diffeomorphism M ~ce S54#k (S? x S3)

Theorem 4.1 along with the stability of positive biorthogonal curvature under
connected sums that was stated in Proposition 3.3 allow us to prove the following
result.

Theorem 4.4. If M is a closed connected simply-connected 5-manifold with second
Stiefel-Whitney class we(M) = 0 and second homology group Ho(M;7Z) ~ 7 then
M admits a Riemannian metric g such that secgl > 0.

Proof. By Theorem 4.3, every such manifold is ether S5 for Hy(M;Z) = 0, or a
connected sum of k € N copies of S® x S? for Ho(M;Z) = Z*. The sphere S5
with the round metric has positive sectional curvature, so it admits a metric of
positive biorthogonal curvature. By Theorem 4.1, S x S? admits a metric of positive
biorthogonal curvature. By Proposition 3.3 the connected sum #k(S® x S?), also
admits a metric of positive biorthogonal curvature, completing the proof. O

38



Appendix A

Gell-Mann matrices

The following matrices \; are traceless self-adjoint 3 by 3 matrices, the Gell-Mann
matrices [12]:

[0 1 0] [0 —i 0] (1 0 0
M=|[100|, X=|i 0 0|, X=|0 -1 0],

0 0 0] 0 0 0 0 0 0

[0 0 1] [0 0 —i [0 0 0

(A1) M=10 00|, Xs=|00 0], X=1/00 1],

10 0] i 0 0 010

00 0] L[ oo
=100 —i|, M=— 101 0

0 i O] \/300—2

-----

matrices. In physics notation, {\;};=12. s is a complete set of generators for the
real Lie algebra su(3) with structure coefficients f;,," € R defined as:

(A.2) A Al =ify," A

In mathematics notation, elements of the real Lie algebra su(3) are antiselfdjoint,
with a corresponding basis:

(A?)) El = —i)\l, = 1,2,...,8,
and structure coeficients defined by the equation:
(A4) (1, En] = fu En.

Note that structure coeficients f;,," € R in equations A.2 and A.4 are the same real
numbers. The group elements in physics notation and mathematics notation are the
same. This is because in physics notation —¢ in the exponential is assumed:

(A.5) u = exp (—ial/\l) = exp (ozlEl) ,

For real numbers oy € R, 1 = 1,2, ...,8 . Furthermore, note that the terms structure
coefficients and structure constants are used interchangeably in the literature.
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is given by
[zl x, = mf{|[Fl|l7 = F(0) = x}.

In the article “Homéomorphismes uniformes entre les spheéres unité des es-

paces d‘interpolation”, M. Daher defines the complex interpolation space as the
holomorphic functions over S however replacing the continuity of the operators
over S by a condition of integrability L,. This allows to find on certain hy-
potheses a minimal representation for each point of the interpolation domain
in a uniformly continuous way. In other words, the result presented by Daher
is the following: if (X, X1)g, is an interpolation couple, 61,62 € (0,1) and X
is uniformly convex, then exists a uniform homeomorphism between the unit
sphere of the complex interpolation space Xy, = (Xo, X1)ps and the unit sphere
of X92.
The goal is to consider the notion of minimal functions in the Banach lattice
setting and find the form of uniform homeomorphisms between spheres of in-
terpolation scales in this case (in particular, we want to analyze examples of
spaces L, for 1 < p < 00).

Geometry

— Jaime Santos Rodriguez
Universidad Auténoma de Madrid
- Title: Wasserstein isometries on the sphere
- Abstract: Given a Riemannian manifold (M, g) we can consider Po(M) the
space of probability measures on M. Using optimal mass transportation we can
endow P2(M) with the so called L?—Wasserstein distance. It will turn out that
many geometric properties of M are closely related to those of Po(M). For ex-
ample, M is non-negatively curved if and only if Py (M) is non.negatively curved
(in the sense of Alexandrov).
It is easily seen that given an isometry ¢ : M — M we can define via push-
forwards an isometry on IPo(M). Therefore an interesting question would be to
determine whether the isometry group of Po(M) is strictly larger than that of
M.
In this talk we will focus on the case of S™. we will discuss the optimal transport
of measures supported there and prove that the isometry groups of S™ and of
P5(S™) coincide.

— Boris Stupovski
SISSA (Trieste)
- Title: Five-dimensional manifolds with positive biorthogonal curvature
- Abstract: Biorthogonal curvature on a Riemannian manifold is defined as the
minimum of the average of sectional curvatures of a plane and planes orthog-
onal to it. Bettiol classified, up to homeomorphism, closed simply-connected
4-manifolds with positive biorthogonal curvature. In this talk, we present a
first result in this direction in dimension five. Namely, that every closed simply-
connected spin 5-manifold with torsion-free homology admits a metric of positive
biorthogonal curvature.

— Eduardo Mota
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