Hay4ynom Behy Uncruryra 3a ¢pusuxky y beorpany

Ipeamer: MoJui0a 32 noKpeTame NOCTYIKA 32 CTHLAKE 3BAbA HCTPAKUBAY

CapaJHHK

C 003upoM Ha TO ja UCllymaBaM  yciioBe npe/subere [lpaBHIHUKOM 0 CTHLIAIY HCTPANKHBAYKMX
M HAy4YHHX 3Baiba, npolnucaHe on crpaHe MuHHcTapeTBa NPOCBETEC, HAYKE M TCXHOIOLUKOT Pa3Boja,
monuM Hayumo Behe Mncturyra 3a dusuxy vy Beorpaay mga mokpene moctynak 3a mMoj msbop y
3Balbe UCTPAXKHUBAY CAPaIHHK.

v NpUIory noCTaB/baM:

1. Muuubsewe pykoroauoLa 1abopaTtopHje ca npe//IoroM KoMucuje 3a uzbop y 3pame;
Crpyuny ouorpadujy;
[Tpernes HayYHHX aKTHBHOCTH;

CrnHcak HayYHHX pazoBa;

2ok [ e

VYBepere 0 YIHCcaHo) FoMHH, NOI0KEHHM MCIIHTHMA U IPOCCYHO] OLCHU HA JOKTOPCKUM
CTyIHjama;

6. Konujy aunioma ca OCHOBHHX U MAcTep CTYAU]a;

7. IloTBpay o npuxBaTamy TEMe JOKTOPCKE AUCEPTaLH]eE;

8. Komnuje HayyHHX pajosa.

C nomrroBameM,
Jannno Pakomarg
MCTpaXKMBay HPHIIPABHHUK
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Hayuynom Behy UncTuryTa 3a dpusuky y beorpany

IMpeamer: Muuubeme pykoBoanona jgadoparopuje o nzoopy Jdannna Pakomna
Y 3Bambe HCTPAKNUBAY capajHHK

Jlanuno Pakoman 3aBpino je 2019. romune macrtep cryanje Ha DusuukoM dakyinrtery
Vuusepsutera y beorpany ma cMmepy Teopujcka u ekcriepuMmcHTaNMHa usuka. JJoKTopeke cTyamje
ynucao je wmkoncke 2019/2020. roamue Ha cmepy KpaHTHA nosba, YECTHLC H rpaBHTallHja Ha
dusnuxom dakynrery Yuusepsurera y beorpaay. [Tonoxuo je cse ucnute npeasuhene HacTaBHUM
[UIAHOM M IIPOrpaMoM H oA0paHno Temy npej Konerujymom A0KTOPCKHX CTy/Mja.

On neuembpa 2019. roauHe 3anocnel je va Mucturyry 3a ¢usuxky y beorpany y I'pynu 3a
rpaBuTanMjy, uecruue u nosba. Ilog pyxoBoiactsom ap bpanucnasa IlBerkoBuha paam Ha
JIOKTOPCKO] JHcCepTanuju moj HaciaoBom ,Excrpemanse upHe pyne y sokanHo] [loeHkapeosoj
TEOPHjH: CTPYKTYpa y OJIM3MHH XOPU30HTA H SHTpONHja*™ .

C o03upoMm ma ucnymbaBa ycioBe Y CKJIagy ca 3aKOHOM O HayllH M HCTpaXHBayHMa M
[IpaBUnHUKOM O CTHULAKY HCTpaXHUBaYKMX M Hayynux 3samka MHIITP, camlacan cam ca
MOKpeTameM MocTynka 3a u3dop Jlanuna Pakomla y 3Bame HCTpasKMBay CapagHUK.

3a u36op Jdanmna Pakomua y 3Barbe MCTPAKHBAY CAPAIHUK MPEIAKEM KOMHCH]Y Y
cnenchem cacrasy:

1. np Bpanucnas liperkoBul, Hay4Hu caBeTHHK MHCTHTYTA 32 QH3HKY

2. nup Mapxo Bojunosuh, Bumn nayunu capaauuk Mucruryra 3a Gusuky

3. npod. np Boja PanoBanoBuh, penosun npodecop Ouznyxor dakynrera YHUBEp3UTETa Y
beorpany

ap bpanncnas Lisetkosith
HAay4YHH CABCTHHK
PykoBoaunan ['pyne 3a rpaBuTanyjy, 4ECTHIE M 10Jba
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buorpadckn noganm o KaHIUIATY

HNauuao (Baapan) Paxomwan, pohern je 16.11.1995. rommue y beorpany, y
Peny6nuuu Cp6uju. OcHoBHY 1ikony ,,ITaBne CaBuh” 3aBpmaBuo je kao Hocuial BykoBe Harpane
u hak renepanuje, takohe y beorpamy. [ommue 2014. 3aBpmmo je MaremMaTHuky TUMHA3H]y Y
beorpany, xao Hocunary BykoBe muruiome. TokoMm cpenme IIKONIE, MMao je 3alaxeH ycrlex Ha
TaKMUYEHUMa U3 (PrU3KKe Ha JPIKAaBHOM HUBOY.

Hakon 3aBpuieHe cpeame Iikone, ynucao je dumsmuku ¢dakynrer y beorpany, cmep
Teopujcka u ekcriepuMeHTanHa ¢usnka. Jumiomupao je  2018. roguHe, ca MPOCEYHOM OICHOM
9,67. Ucte ronune, ynucyje Mactep akazeMcke CTyrje Ha UCTOM (aKyITeTy, Ha HCTOM CMEpY, Koje
3aBpiaBa ca npoceuyHom oueHom 10. Macrtep pan, nox HacioBoMm “Tponumen3zunona IloenkapeoBa
rpajujeHTHA TeopHja: Hapylleme NMapHocTH y AdS-cexktopy”, onOpameH je roguxe 2019. nox
MeHTOpCcTBOM Jip. bpanuciaBa I[BetkoBmha ca omenom 10. Hakon Tora, ymmcao je Jlokropcke
ctynuje Ha Dusmukom Qakynrety YuuBep3utea y beorpamy, nHayuna oOmact KBaHTHa moJsba,
YeCTHIle M TpaBHTaIMja, MOJ MEHTOPCTBOM Jap bpanucnaBa llBerkoBmha. Toxom HapemHe nBe
roJlvHe, MOJaKe HCIHUTE Ha JOKTOPCKUM CTyaujama ca mpocedHoMm oreHoM 10. Togumne 2020.
KaHAWUJAT je 3arnociieH Ha MHCTUTYTY 3a QU3NKY, y 3Baby HCTPAKUBAY IIPHUIIPABHHK.

TokoM [OKTOPCKMX CTyAHja, KaHAuAaT ce OaBu MpoOIeMOM TMpopadyyHa EHTPOIIHje
eKcTpeMaHuX LpHHUX pymna y IloeHkapeoBoj jokamHoj Teopuju. lomune 2022. ycmemHO je
o0paHuO TEMY IOKTOPCKE AMCepTalyje Mpea KOJIeTHjyMOM JOKTOPCKUX CTYAMja, TOJ HAaCIOBOM
“ExcrpeMajiHe upHe pymne y JiokaaHoj IloeHkapeoBoj Teopuju: CTpyKTypa y OJU3HUHU
XOPHM30HTA M eHTpOnuja’.



l'[per.nen HAy4YHe¢ aKTUBHOCTH KaHAUJAAaTa

Jannno Pakomarll ce y CBOM J0cafallmbeM HaydYHOM pajy 0aBHO MPOydYaBamkeM €HTPOIH)OM
pHUX pymna. McTpaxuBame eHTpONMje LPHHUX pyla jelHa je OJf aKTUBHHX TeMa HCTPaKHUBama y
rpaBUTALMOHO] (HU3UIH, TIOMITO ce popMysia 3a EHTPONH]jy KOjy Cy pa3BUiIM bekeHmTajH 1 XOKUHT
cMarpa jeJTHOM O] peTKUX MOCIIeINIa KBAaTHUX IpaBUTAIMOHKX edekara. C 003MpoM Ja HeocTaTak
eKCIIepUMEHTAIHUX T0/1aTaKa, IpaBy MPUCTYI OBOj MOjaBU U Jajbe HUjE MO3HAT, aJIU CE Pa3IMYUTH
NPUCTYNH KBAHTHO] TPaBUTALMjU MOTY MOPEIUTH IpeMa pe3ylTaThuMa Koje 1ajy y HpopauyHy
eatpormje. Ca orkpuhem AdS/CFT kopecnoneHiuje, moBe3nBame KOHPOPMHE CHTPOMH|E H3
TEOpHje M0Jba Ca TPABUTAIIMOHOM EHTPOIHjOM JOOHMjEHOM CTaHAapIHUM MeToJaMa XaMIJITOHOBE
aHanu3e y ONIITOj TEOPUJU PETATUBHOCTH, ITOCTAJIO j€ IMPeIMET TPEHYTHOT UCTPaKUBabA.

V noxannoj [ToeHkapeoBoj TeopHjH, pa3BHjeH je, MyTeM XaMHITOHOBE aHaJu3e, HOBU METO
[1] xojum je moryhe m3padyHaTH €HTPONH]y HPHHUX pyna KopuirhemeM MPBOT 3aKOHA MEXaHUKE
npHux pyna. OBaj MeToJ;, oMOryhro je mpopauyH eHTpOINHje Y pa3IuuuTUM MOJEINMa IPHUX pyna
[2] 1 BUxOBO Mopeheme ca Mo3HATUM pe3yITaTUMa Yy OMINTO] PEeIaTUBHOCTH [3], Kao U pa3Marpame
EHTpOIHUje WpPHUX pyna ca Top3ujom [4,5]. Mebhytum, Kiacy HIpHUX pyla MO3HATHX Kao
eKCTpeMallHe I[pHe pyne, Huje Moryhe aHalIu3upaTH OBUM METOIOM, TOINTO C€ KOJl IbUX CHTPOIHja
HE MOKe TOOMTH W3 IPBOT 3aKOHA MEXaHUKE I[PHUX PyTIa.

['maBHa TeMa MCTpakuBama KaHAMJaTa je peliaBambe OBOI IPoOieMa MPUMEHOM MOJEPHHUX
aHanoruja u3Mely Tako3BaHMX reoMeTpHuja y OJIM3MHU XOPHU30HTA EKCTPEMAlIHE IIpHE pyIe ca
KoHGOpMHMM Teopujama moJka. OBaj caBpeMeH mpHcTyn omoryhaBa pemaBame mpobieMa
EHTPONUje eKCTpPEeMaJIHUX LPHUX pyla pauyyHameM LEHTpaJHOT Haboja y anreOpu reHeparopa
ACUMITOTCKE CUMETpPH]jE, KOjU Ce J1aJbe KOPUCTH 3a JA00Hjame BPEIHOCTH EHTPONHje y KOH(QOPMHO]
TEOPHjH M10Jba KOja je JyalHa ca FTeOMETPHjOM Y OJIM3MHM XOPU3OHTA.

VY nocanammeM pady ce MOKas3ajo Ja C€ OBaj METOJA YCIEIIHO MOXE HCKOPHCTHUTH 3a
noOujame eHTponuje potupajyhe ekcrpemanne upHe pymne [6]. JloOujeHo pememe je y ckiagy ca
JMMECOM HEEKCTPEMAJIHOT Cilydaja JoOMjeHOT XaMIITOHOBOM aHainu3oM. Jlasbu paj ce 3acHuBa Ja
OpPUMEHH OBOTI METO/a Ha JIpyre LpHe pyle, U HUCIHUTHUBAKEC HUXOBHUX IeOMeTpHja y OIM3UHU
xopu3oHTa. [lWJb MCTpakMBama je KOMIUICTHO pellaBame IMpollieMa MpopadyHa EHTPOIHUje Y
[ToenkapeoBoj Teopuju, mopeheme ma00MjeHUX periema ca MO3HATUM pe3ynraruma u3 Ommre
penaTuBHOCTH, Kaja je To Moryhe, u ynopehusame ca JIuMecuMa HEEKCTPEMAaIHUX CIy4ajeBa KOju

Cy JI0 cajia U3padyHarH.
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’.je L Ousnuku pakynrer
GUIRNIRET [15p.2019/8011

JkW ohS”  Jlatym: 10.11.2022. rogune

Ha ocropy wiana 161 3akoHa 0 ONIITEM yNPaBHOM NOCTYNKY U cyxbene eBUACHIMjE H3MAje Ce

YBEPEILE

Pakoman (Baagan) Jdanuio, Op. uHAeKca 2019/8011, pohen 16.11.1995. roaune, Beorpaa, 3se34apa,
Penybauka CpOuja, ynucaH HIKOJICKE 2022/2023. roamHe, y CTarycy: CaMOQUHAHCHpame, THI
CTyauja: JOKTOPCKE aKaJAeMCKe cTyamje; CTyAujcku nporpam: Pusuka.

Ilpema CratyTy dakynrera cryauje Tpajy (6poj roauna): TpH.
Pox 3a 3aBpIIeTaK CTy/Mja: y JABOCTPYKOM Tpajamy CTyauja.

B0 ce yBepemne MOKe YNOTPEOHTH 3a Pery/ncame BojHe 00aBese, U3/1aBambe BH3E, Npasa Ha JleYMnjH JOAATaK, NOPOAHYHE
neH3uje, MHBAMMICKOT A0JaTKa, nobujama 30PaBCTBEHE KibHKHULE, neruTHMangje 3a nosnawheHy BOKEY U CTHIECHIMIE.

HO nHLe daKyareTa
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Peny6imka Cpbuja
Vuusepsuter y beorpany
®usuukd pakynrer
L % Bpoj nunexca: 2019/8011
Jarym: 13.12.2022.

Ha ocHoBy 4nana 29. 3akoHa 0 ONIUTEM YNPABHOM MOCTYNKY U CIIyKOeHe eBMICHLIj€ H3/Iaje ce

YBEPEILE O IOJOXXEHAM HCIIUTUMA

Jlanuao Pakoman, uMe jemHor poautessa Branan, pohen 16.11.1995. romune, Beorpaz, 3se3napa, Pemybmuka
Cpbuja, yrmcan mkoscke 2019/2020. roaune Ha JOKTOPCKE aKaJeMCKe cTy/uje, MKOJICKE 2022/2023. roauHe ymicaH Ha
cTaTyc caMo(pUHAHCHparbe, CTYIHUjCKHU nporpamM Pu3nKa, TOKOM CTy/IHja TIONIOKHO je HC

nuTe U3 caeaenux npeaMera:

I [ICISTE3  [Teopuja rpasTauHje 2 10 (necer) 1:(8+0+0) 08.092020. |

2. |[ACISTIES KsanToBame M0Jba y 3aKpHBJLEHOM TPOCTOPY 10 (mecer) 15  |[:(8+0+0) 30.09.2020. |
1:(0+0+12 2
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111:(0+0+12) 7S
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Jaryw: 93.10.2018.
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33/97, 3172001 w "CnywGenn rnacuuk PC", 6p. 30/2010) n cayxGeHe eBuaeHumje, thnepsmer y
beorpany - Dusnain aiyarer, uaje
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Mipeanor Teme AOKTOPCKeE Ancepralidje

Hacnos

ExcTpemanHe que pyne y nokanHoj NoeHKapeosoj TeOpuju: CTPYKTYpa y SNU3UHM XOPU3OHTA

¥ eHTponuja

V3 npujasy Teme AOKTOPCKE AncepTaumje Konerujymy AOKTOPCKUX CTyAuja, NOTPedHO je npun
cnepeha IOKYMEHTa: ;

1. CemuHapcky pag (ayxwHe go 10 CTpaHnua)
2. KpaTky CTpy4Hy Suorpadujy nucany y Tpehem auLly jeaHnHe
3. QOTOKONUjy MHAEKCE Ca AOKTOPCKAX cTyamja
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Extremal Kerr black hole entropy in Poincaré gauge theory

B. Cvetkovi¢®  and D. Rakonjac’
Institute of Physics, University of Belgrade, Pregrevica 118, 11080 Belgrade-Zemun, Serbia

® (Received 21 September 2022; accepted 7 February 2023; published 22 February 2023)

We analyze the near horizon symmetry of the extremal Kerr black hole within the framework of Poincaré
gauge theory (PG) for two important limiting cases; Riemannian and teleparallel solution. We show that the
algebra of canonical generators is realized by Virasoro algebra, with central charge which depends on the
black hole horizon radius. The conformal entropy of the black hole is obtained via the Cardy formula.

DOI: 10.1103/PhysRevD.107.044054

I. INTRODUCTION

Recently a new Hamiltonian method [1] for the compu-
tation of black hole entropy within the framework of
Riemann-Cartan geometry has been proposed. The method
has been verified for a number of vacuum solutions such as
the Schwarzschild(-AdS) and the Kerr(-AdS) solution, as
well as a solution coupled to the electromagnetic field; the
Kerr-Newmann-AdS solution, [1-5].

Method [1] is based on a variational principle, originally
proposed by Regge and Teitelboim (see [6]). The black
hole entropy is obtained from the variation of the boundary
term on the black hole horizon, i.e., 76S = o0I'y. In the
framework of Riemaninnan geometry this method was
established and developed by Wald [7]. Moreover, the
differentiability of the canonical generator is closely related
to the validity of the first law of black hole mechanics.

Method [1] is inapplicable in the case of extremal black
holes. In that case black hole temperature vanishes, 7 = 0,
and the equation 78S = o'y cannot be solved for black
hole entropy. For extremal black holes the first law is
satisfied disregarding the value of the black hole entropy.
However in general relativity (GR), there is another way of
computing black hole entropy of the extremal Kerr black
holes based on near horizon conformal symmetry, in regard
of the recently established Kerr/conformal field theory
(CFT) correspondence [8], (see also [9]).

The subject of the present paper is the computation of the
black hole entropy for the extremal Kerr black holes in the
framework of Poincaré gauge theory (PG), where both
curvature and torsion influence the gravitational dynamics
[10-12], by analyzing the near horizon conformal sym-
metry. Let us note that near horizon structure of black holes
with torsion has already been examined within three-
dimensional gravity [13].

“cbranislav @ ipb.ac.rs
"danilo.rakonjac @ipb.ac.rs
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After introducing the suitable set of consistent near-
horizon boundary conditions for extremal Kerr black holes
in PG, we obtain that asymptotic symmetry group has a
conformal subgroup, realized by Virasoro algebra. We shall
show that the first-order formulation of the generator of the
local symmetry (derived in [1]) can be used to compute the
near horizon algebra of the improved generators, as well as
the corresponding central charge. These results are used to
compute conformal entropy of the extremal Kerr black hole
via Cardy’s formula. The result for the entropy represents a
smooth limit of the result for the gravitational black hole
entropy of the generic (nonextremal) Kerr black hole. Thus,
we demonstrate the full power of the Nester’s covariant
Hamiltonian approach [14]. and contribute to the better
understanding of the equality of gravitational and con-
formal entropy.

The paper is organized as follows. In Sec. II we shall
introduce the tetrad formulation of the extremal Kerr black
hole solution and near-horizon geometry (NHEK) in the
framework of PG. The suitable set of consistent asymptotic
conditions for near horizon geometry in tetrad formalism of
PG is established in Sec. III. Inspection of the symmetries
that preserve these boundary conditions leads to conformal
symmetry of NHEK geometry. In Sec. IV we shall consider
the canonical realization of the near-horizon conformal
symmetry for the Riemannian solution in PG. We shall
make use of the canonical generator from the first-order
formulation obtained in [1] to compute the conserved and
the central charge of the conformal near-horizon symmetry,
which depends on the black hole horizon radius. The
conserved and central charge are going to be used in the
Cardy’s formula to compute the conformal black hole
entropy. Another important limiting case of PG, teleparallel
gravity, where gravitational dynamics is characterized by
vanishing curvature and nonvanishing torsion, is analyzed
in Sec. V. Section VI is devoted to concluding remarks,
while the appendixes contain some technical details.

Our conventions are the same as in Ref. [5]. The Latin
indices (i, j,...) are the local Lorentz indices, the Greek

© 2023 American Physical Society
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indices (u,v, ...) are the coordinate indices, and both run
over 0, 1, 2, 3. The orthonormal coframe (tetrad) 9’ and
the metric compatible (Lorentz) connection @'/ = —@/’ are
1-forms. The dual basis (frame) is e; = ¢;#0,. The metric
components in the local Lorentz and coordinate basis
aren;; = (1,—1,-1,-1) and g,, = n;;9',8/,, respectively,
and g, is the totally antisymmetric symbol with
€913 = 1. The Hodge dual of a form a is denoted by
*a, and the wedge product of forms is implicit.

II. TETRAD FORMULATION OF EXTREMAL
KERR BLACK HOLE GEOMETRY

In this section we shall introduce the tetrad formula-
tion of extremal Kerr black hole geometry. We shall
introduce the near-horizon geometry, which represents
our starting point in the study of the near-horizon structure
of the extremal Kerr black holes within Riemann-Cartan
geometry.

A. Metric, conserved charges, and the first law

Let us now give a brief overview of the basic features of
the extremal Kerr black holes. We use the same notation
as in [2]. A “diagonal” form of the extremal Kerr metric
(m = a) in Boyer-Linquist coordinates [15]

d 2
ds* = N2(dt + msin®0d¢)* — N—r2 — pde>

c 2
sze [mdt + ( + m2)dg)?.
P

(2.1a)

where

N = p?=r* + m’cos’d.  (2.1b)

p

The equation N =0 defines the extremal black hole
horizon, where the radius r is given by

ry =m. (2.2)
The two horizons that exist in Kerr solution coincide in the

extremal case. The value of the angular velocity €2, on the
horizon takes the simple form

1 1
Q =—=—, 2.3
+ 2r,  2m (23)
while the surface gravity and temperature vanish
ry—m K
= =0, T=—=0. 24
2mr, 2 (24)

The conserved charges energy and angular momentum of
Kerr black hole in PG take the form [2]

E=m, J=m (2.5)

Let us note that the first law of black hole thermodynamics
reads

1
0= 765 =0E - Q6] = dm—5—om’.  (2.6)
m

It is satisfied in the case of the extremal Kerr black hole,
disregarding the value of the black hole entropy.

B. Near-horizon extremal Kerr geometry

Let us now introduce the following coordinate trans-
formations [8,9]
et ery

;:—’ = N
2r, r—r,

p=¢+Q. 1, (2.7)
along with the limit € — 0. The metric takes the following
form

dP  dy?
ds? = 2. (1 + cos26) {—2 -2 _ap
ooy

2sin6 2 di\?
N dp——1| |.
1 + cos”6 y
Let us note that the above transformation is not a simple
coordinate transformation, in that the resulting geometry is
not equivalent to the starting one. That can be readily seen by

noticing that the above metric is not asymptotically flat. The
resulting geometry has been extensively studied in [8,16].

(2.8)

1. Tetrads

The form of the metric implies the following “diagonal”
choice of the vielbein &

,90:p_+d;’ 191:—&dy,
y y
2sin @ di
9% =p. deb, P=—""""_, <d - —), 2.9
P V1 +cos20 ? y (29)

where p, = r, V1 + cos®6.
For later convenience let us now also display the form of
the Riemannian connection and curvature.

2. Riemannian connection

From the relation d9' + @', 8% =0, we get that the
nonzero components of the Riemannian connection are
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90 12 sin0

2 .
0 Tisin26

2 .
1o T3sin20

01 _ _ Y _ . 193’ o2 = - 190’ ) = 1917
P+ Py 2p% 2p%
2 & 2 G 2
67)()3:_;’+s31n¢981’ &)13:_r+sm6’80’ &)23:2r+§ot983. (2.10)
P+ Py

3. Riemannian curvature

The Riemannian curvature reads

RO = —2C9°9" —2D99,
R% = C9°9® + D9' 9,
RV =C9'9® + D°9,

where

4

7 4
C = — (1 = 3cos?0),
P+

% cos 0

fal

D= (3 = cos?0).

III. ASYMPTOTIC CONDITIONS AND
ASYMPTOTIC SYMMETRY

In this section we shall first introduce the asymptotic
conditions for the metric of the extremal Kerr black hole
solution in the near horizon region. Due to the fact that
NHEK is not asymptotically flat, finding consistent asymp-
totic boundary conditions is not a priori an obvious task.
This result has been established in GR [8]; however, care
should be taken, as asymptotic boundary conditions of the
metric do not precisely dictate the asymptotic boundary
conditions for the tetrad. Therefore, the consistent choice
for the tetrad, as well as the near-horizon conformal
symmetry will be provided in this section.

A. Metric asymptotics

In accordance with [8] we introduce the following set of
consistent asymptotic conditions for the metric near the
asymptotic boundary y =0

0., Oy 0, Gip + O
I T PSR o,
- O, Oy Goo + Oy O, ’
Gip + O 0, O, Oy
(3.1)
where

R = c9°9> - D9' 93,

R1Z = C9'9% - D93

R = —2C9293 + 2D, 2.11)
I
o ri(1+cos’d)  4sin’0 ri
" y? 1 +cos?0 >’
_ 4sin’0 %
Jio =11 cos20 y’
_ ri(1 +cos’0)
vy = ¥ g
Goo = —12 (1 + cos?d), (3.2)

are background metric components and we use the nota-

tion O, :== O(y").

B. Tetrad fields

The asymptotic form of the vielbein is given by

o, o, 0, o,
| 0, 3,10, 0 O,
T 0, 0, p+0, o |
P fle)+0 O O, ]?(3(,;”) + 0,
(3.3)

where background tetrad fields are given by

% 0 0 0
_ 0 - ’% 0 0
3, = 0 o , o | 064
___2sinfry 0 2sinfr,
v/ 1+cos*0y \/ 14cos?6

where f(¢) = 1 + h(g) is an arbitrary function of ¢, such
that h(p) < 1.
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C. Asymptotic symmetry

The transformation law of 9’ 4 under PG transformations
reads

5019i” = 9ik8kﬂ - (a,,gﬂ)&i,, - 5”@,8’),,

where & and 6" are parameters of local translations and
local Lorentz rotations, respectively.

The asymptotic form of the metric is preserved by
asymptotic Killing vector & of the following form:

E =T+ O;s,
& =0,

é}’ = ya(pe(gD) + OZa

& =e(p) + O,. (3.5a)
The transformation corresponding to 7 is a constant time
translation, and we are able to restrict our attention to the
conformal group disregarding this transformation, due to
the fact that its generator commutes with the generator of
the conformal symmetry. The subdominant terms corre-
spond to trivial diffeomorphisms, and they be disregarded,
so that the final form of the asymptotic Killing vector reads
& = (40,€(0))d, + €(9)2,, (3.5b)

All the parameters of Lorentz rotations obtained from the
invariance of the tetrad fields are asymptotically vanishing

o1 = 02’
612 = Ol’

092 — (1)2’
613 - 02,

9% = Ol’

923 = 02. (35C)

The Riemannian connection can be expressed in terms of
tetrad fields and therefore its asymptotic form is invariant
under transformations (3.5).

The transformations with ¢ = 0 represent residual gauge
transformations which give trivial contribution to the con-
served charge. Therefore, the asymptotic symmetry group
is defined as a factor group with respect to the residual
transformations. From the general algebra of PG we get the
composition rule for the asymptotic transformations

[80(€1), Bo(€2)] = So(e3),

€3 = €165, — €€, (3.6)

where €' := d,¢€. In terms of Fourier modes
£, = 8y(e = e"),

and the algebra of the asymptotic symmetry takes the
Virasoro form
[fn»l’ﬂm] = l(m_

1) yin- (3.7)

In what follows we shall analyze the canonical realization of
the asymptotic symmetry in the two important cases—the
Riemannian PG solution and the teleparallel solution.

IV. RIEMANNIAN EXTREMAL KERR BLACK
HOLE IN PG

In this section we shall analyze the Riemannian extremal
Kerr black hole within the framework of PG. It is well
known that Kerr black hole is a solution of the GR field
equations with a vanishing cosmological constant A = 0,
and so is its extremal case. Existence of the corresponding
near-horizon geometry is a property of the extremal Kerr,
and it should be noted that this near-horizon geometry is
the solution of GR field equations as well [17]. From the
general theorem which states that GR solutions also repre-
sent solutions of PG, one can conclude that the Kerr black
hole, as well as NHEK also satisfy, the PG field equations
for A = 0. There is also a direct proof based on the form of
the effective PG Lagrangian [2]

(4.1)

I
Lo =="(aoR +2A) + 7 b R7*Ry;.

which defines the corresponding covariant momenta as
H i = 0 and

Hyj = =2a0*(9:9;) + b1*Ryj, (4.2a)
or in more detail
Ho = ~2a08”9° +2b,(-2C98* + 2D9°9"),
Hoy = 2ag8'9* +2b,(=C9'9* — DI°9?),
Hoz = —2ag9'9? + 2b,(C9'9> — DI9°),
Hyy = =2a¢9°9* + 2b,(C9°9* + DI'9?),
Hy3 = 2ay9°9% +2b,(-C9°9* + DI'9*),
Hyy = =2ag9°9" +2b,(-2C9°9" = 2D§?9%).  (4.2b)

In the following subsections, the conserved and central
charge on the horizon will be computed. We shall make use
of the general expression for the variation of the canonical
generator on the horizon [1]

STy = ]gﬁ SB(¢), (4.3a)
5B(E) = (£)8/)3H, + 69/ (] H,) + 3 (El)oH),
+ %&o’j(ﬁj SH,)), (4.3b)

where £ is either exact or an asymptotic Killing vector.
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A. Conserved charge

Let us now compute the conserved charge on the
horizon. It is obtained for & =4, Since H; =0 the
variation of the canonical generator (4.3), reduces now to

STy = }{ 5B,
Si

1 l
0B = > S w;j,0H"Y +

% (5w'))H (4.4)

ijor

The nonvanishing contribution to the conserved charge
stems from

. 4aysin’0 _
CUOl(ﬂéHQ] = mé@ Sin 9Vi)d9d§0 (45)
Now we get that the conserved charge reads
J = ]i @ ,6Hy = 16magr = ri, (4.6)
H

where we used

sin30

ﬂide =1.
/) (1 + cos?0)?

B. Central charge and black hole entropy

We shall compute the central charge from the algebra
of the improved canonical generators, which has the
following form:

{Gle).

where €3 is defined by the composition rule (3.6), and C is
the central term of the algebra.

After using the main result of the seminal Brown-
Henneaux paper [18], the canonical algebra (4.7), can be
simplified and it takes the form of the following weak
equality:

{G(en).

The central term is a constant functional and therefore it can
be computed by varying the background configuration.
Nonzero contributions to the above variation are given by

G(ey)} = G(es) + C, (4.7)

G(e2)} m 8o(e1)Th(e2) #Ty(e3) +C. (4.8)

;ng(fzJa’U)%(@l)Hu+50(§1) (&) H;;)

2r
_ 2 / /
= 8agri / (€165 — €267 )dg
0
5 2r
—4agry (€he) —
0

esel)dey. (4.9)

The first term in the equation above can be identified with
the surface term with parameter €3 = €€} — €,¢}, while the
second one gives the central charge

——4a0r+/ (€\ €y — €sel)d (4.10)

For the computational details see Appendix A.
In terms of Fourier modes the canonical algebra of the
improved generators reads

{Ln’ Lm} - (n - m)Lm+n - % in35n,—m’ (4'11)
where in the string theory normalization
c=12-16rmayrl = 1217 = 12J. (4.12)

Let us note that central charge does not depend on the
action parameter b, but does depend on the parameter of
the horizon radius .

Now the entropy can be calculated via Cardy’s formula,

C c
S =2r 6(.]—24):277:1"1

The result for the conformal entropy of the extremal
Riemannian Kerr black hole in PG represents a smooth
limit obtained from the expression for gravitational entropy
of the generic Kerr black hole in the same theory [2].

(4.13)

V. EXTREMAL KERR BLACK HOLE IN
TELEPARALLEL GRAVITY

Teleparallel gravity is a special case of PG, which is
defined by the condition of vanishing Riemann-Cartan
curvature, RY =0 [19]. The Kerr solution does indeed
solve the equations of motion of teleparallel gravity [2].

Let us note that from the condition R = 0 it does not
follow that the connection "/ (which is a “pure gauge”)
vanishes. Since, connection does not influence the PG
dynamics, we shall adopt the simplest choice, "/ = 0.
Thus, the tetrad field remains the only dynamical variable,
and the torsion takes the form 77 = d9'. For the spacetime
with tetrad (2.9), the nonvanishing components of torsion
are given by

TO — _L&OSI 4 rizsn‘:zglgong’ T] — r%r;113129191192’
P+ P+ P+
2r? 0 2 0
73 = S gogr 4 0% g2 g3 (5.1)
P psinf

All three irreducible parts of 7% are nonvanishing.
The Lagrangian of the teleparallel equivalent of GR, so
called GR| is given by
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) 1
LT = CloTl* (<1)Tl - 2(2) Ti - E <3) Tl) . (52)

This equivalence ensures that every vacuum solution of GR
is also a solution of GR| and in particular, this is true for the
extremal Kerr spacetime. Although the two theories are
dynamically equivalent, their geometric content is quite
different; GR is characterized by a Riemannian curvature
and vanishing torsion, whereas the teleparallel geometry of
GR| has a nontrivial torsion but vanishing curvature.
The covariant momentum is given by

. . . | .
Hi = 2a,* <(1>T’ o0 _5<3>r), (5.30)

and its explicit form reads

HO — 24, (- i SN0 goga . €080 &183>,
i p,siné

H' = 2a0< €030 gogs I S;n%]sz),

p.sinf P

190193
H? = —2a, ",

P+
H = 24, <r2+ sin29190é11 —|—L19°192 e Sin08283>.
st Py P

(5.3b)

A. Conserved charge

We shall now compute the conserved charge on the
horizon. It is obtained for & = a(p. Since H,-j =0, the
variation of the canonical generator (4.3), reduces now to

oy ==?{ OB,
Su

5B = 9;,6H' + (59" H,

ip*

(5.4)

The nonvanishing contribution to the conserved charge
stems from

4aysin’0
DML Z_5(2sin 012 )dodeg.

93 6H 0 Hy, = ——ss
oOH3 + (39)Hs, (1 + cos?0)

(5.5)

Now we get that the conserved charge reads

J= ji 93 ,6H + (69%)Hs,, = 167093 = 2. (5.6)

B. Central charge and black hole entropy

The central charge can again be obtained from the
algebra of the improved canonical generators as in the

previous section. The central term, computed by varying
the background configuration, (for details see Appendix B)
is given by

2z
C= —4a0r1A (€ €5 — €sel)de. (5.7)

In terms of Fourier modes the canonical algebra of the
improved generators read,

. c .
{an Lm} = —l(l’l - m)Lm+n - Eln35n.—m’ (58)
where in the string theory normalization
c=12-16zmayrt = 1212 =12J. (5.9)

The entropy of the extremal Kerr black hole in GR|| can
be calculated via Cardy’s formula,

(5.10)

c c
S=2r 6<J_ﬂ) =2xr?.

The result for the conformal entropy of the extremal Kerr
black hole in GR|| represents a smooth limit obtained from
the expression for gravitational entropy of the generic Kerr
black hole in the same theory [2].

VI. CONCLUDING REMARKS

We analyzed the near-horizon symmetry for the extremal
Kerr black hole in the framework of PG by using the
Hamiltonian approach in the first-order formulation of the
theory. We have shown that considering two important
limits of PG—Riemannian and teleparallel solution—that
the algebra of improved canonical generators for the
extremal Kerr black hole takes the form of Virasoro algebra
with a classical central charge which depends on the black
hole horizon radius. We computed the extremal Kerr black
hole entropy via Cardy’s formula, finding that conformal
entropy calculated this way equals the smooth limit of the
nonextremal gravitational entropy. The method we devel-
oped can be extended to the extremal Kerr black hole with
torsion in the generic case. Also, it would be interesting to
examine near horizon structure of the extremal Reissner-
Nordstrom-like black hole solutions with torsion [20,21].

ACKNOWLEDGMENTS

This work was supported by the Ministry of Education,
Science and Technological Development of the Republic of
Serbia.

044054-6



EXTREMAL KERR BLACK HOLE ENTROPY IN POINCARE ...

PHYS. REV. D 107, 044054 (2023)

APPENDIX A: CENTRAL CHARGE
FOR EXTREMAL RIEMANNIAN
BLACK HOLE IN PG

The central charge stems from the variation of the surface
term &y (e;)I'y(€2) on the background configuration.
The asymptotic Killing vector, after disregarding
residual gauge transformations, reads
&= ye'oy +€d,,. (A1)
We shall make use of the following nonvanishing internal
products

_ 2r, sin@
E19' = —r, V14 cos?6¢, E|19P = ———¢,
| * J V1 + cos?6
(A2a)
2sin%6 sin @
~01 _ _ =03 _ /
Sl (1 + cos?6)? “ Slo 1+ cos?0”
_12:_sin90059 , 23 _ 4cos b
o 1 +cos?0 2 (1 + cos?6)? “
(A2b)

_ 2n
;{ (&)%)50(E1 1) Hos = (dagr? — by) / &reldp.
H

_ 2
}g (fsz’lz)éo(él)le = blA ese’ldy,
H

Su

_ 1 2
7{ (&2]@%)80(E1)Hoz = 551(8 + 3”)/ €261 dgp.
0

The nonvanishing terms in the variation of the background
configuration of tetrad fields (on the boundary defined by
7= const and y — 0) are given by

809" = ri V1 + cos?0€" do, (A3a)
- 2r, sin@

509 = ——————¢'dg. A3b

0 V1 + cos?6 4 (A3D)

Consequently, for the canonical momenta H;; we obtain

In the above expression we made use of the following definite integrals

/ﬂ sin’d |
o (1+4cos’9)>
zsin@(1 — 3cos?0) 1

A (1+cos?0)® 2’

7 sin fcos?0(3 — cos?d) 1
[) (1 + cos?0)3 T 64

(8 +3x).

After summing up all the contributions we get the first term

1

SoHoy = 4(ag + 2b,C)r sin Oc'dOde, (Ada)
501:103 = 2(&10 - bIC) 7'3_(1 =+ Coszﬁ)e”d@d(p, (A4b)
SoH 5 = =2b,Dr% (1 + cos?0)e" ddg, (Adc)
SoHy3 = 8b,Dr? sin Oc' dOdep. (A4d)
After term-by-term integration we get
01 3 2 1 o
# (@l (et =~ (8art + 38+ 30)) [T escdo (As1)
H
(ASD)
(ASc)
(ASd)
7sin?0(1 — 3cos?0) 1
=—(843n),
(1+cos’0)° 32 (8 +3x)
7 sin fcos*f(3 — cos’d) 1
(1 + cos?6)? A
(A6)
(A7)

2 /s,

.. _ 2n 2r
—7{ (&]@)60(&1)H ;= —8a0ri/ e dy + 4a0ri/ eselde.
0 0
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The nonvanishing variations of the connection are given by

2sin%6
5@ = ——— _€do, A8
0@ (1+ cos26)2€ ¢ (ASa)
in@
0" = ——27 Mg, A8b
o® 1+ cos29° ¢ (A8b)
sind cos @
So@'2 = S0 gy, A8
0® 1+cos29€ ¢ (A8c)
4 0
o™ = ——— 07 e (ASd)

(1 + cos?6)?

The internal products with canonical momenta are given by

£|Hy = 4(ag + 2b,C)r> sin fedo, (A9a)
E|Hos = 2(ag — b, C)(1 + cos0)2c'dg,  (A9b)
E|H, = =2b;D(1 + cos?0)r? €' do, (A9c)
£| Hyy = 85, D7 sin Gedo. (A9d)

Since all the integrals over € are identical the second term
takes the following form:

1 .. 2n
S0oE) (& ty) = 8anrt [ ercsdy

2z
—4a0riA eeébdp.  (A10)

APPENDIX B: CENTRAL CHARGE OF THE
EXTREMAL KERR BLACK HOLE IN
TELEPARALLEL GRAVITY

In teleparallel gravity the curvature equals zero and
therefore we have to compute the variation the variation of
the background canonical covariant momenta H;

r, sin6
1 + cos?6

. 20
T ddody.
ry(1+ cos*6):

50H1 = —2(10 €//d9d(,0, (Bla)

50H3 = —4610 (Blb)

As in the Riemannian case after performing integration
0, we directly obtain

- _ 2z
(&219)60(&1)H,; :400734 eseldyp

2r
—SaOriA e€dp.  (B2)

The nontrivial internal products of the canonical momenta
read

_ r,.sin@
E|H, = —2ay —————¢€'d0, B3a
[y 0 V1 + cos?6 (B3a)
2
£y = —4ap— "0 0. (B3b)

ro (1 4 cos26):

The second term takes the following form
. _ 2
(&) ) ) = ~daort [ ety

2n
+8a0ri/ €1€5dep.
0
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