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Преглед научне активности кандидата

Данило Ракоњац се у свом досадашњем научном раду бавио проучавањем ентропијом

црних рупа. Истраживање ентропије црних рупа једна је од активних тема истраживања у

гравитационој физици, пошто се формула за ентропију коју су развили Бекенштајн и Хокинг

сматра једном од ретких последица кватних гравитационих ефеката. С обзиром да недостатак

експерименталних података, прави приступ овој појави и даље није познат, али се различити

приступи  квантној  гравитацији  могу  поредити  према  резултатима  које  дају  у  прорачуну

ентропије.  Са  открићем  AdS/CFT  коресподенције,  повезивање  конформне  ентропије  из

теорије поља са  гравитационом ентропијом добијеном стандардним методама Хамилтонове

анализе у Општој теорији релативности, постало је предмет тренутног истраживања. 

У локалној Поенкареовој теорији, развијен је, путем Хамилтонове анализе, нови метод

[1] којим је могуће израчунати ентропију црних рупа коришћењем првог закона механике

црних рупа. Овај метод, омогућио је прорачун ентропије у различитим моделима црних рупа

[2] и њихово поређење са познатим резултатима у општој релативности [3], као и разматрање

ентропије  црних  рупа  са  торзијом  [4,5].  Међутим,  класу  црних  рупа  познатих  као

екстремалне црне рупе, није могуће анализирати овим методом, пошто се код њих ентропија

не може добити из првог закона механике црних рупа. 

Главна тема истраживања кандидата је решавање овог проблема применом модерних

аналогија  између  такозваних  геометрија  у  близини  хоризонта  екстремалне  црне  рупе  са

конформним  теоријама  поља.  Овај  савремен  приступ  омогућава  решавање  проблема

ентропије  екстремалних  црних  рупа  рачунањем  централног  набоја  у  алгебри  генератора

асимптотске симетрије, који се даље користи за добијање вредности ентропије у конформној

теорији поља која је дуална са геометријом у близини хоризонта. 

У  досадашњем  раду  се  показало  да  се  овај  метод  успешно  може  искористити  за

добијање ентропије ротирајуће екстремалне црне рупе  [6]. Добијено решење је у складу са

лимесом неекстремалног случаја добијеног Хамилтоновом анализом. Даљи рад се заснива да

примени  овог  метода  на  друге  црне  рупе,  и  испитивање  њихових  геометрија  у  близини

хоризонта.  Циљ  истраживања  је  комплетно  решавање  проблема  прорачуна  ентропије  у

Поенкареовој  теорији,  поређење  добијених  решења  са  познатим  резултатима  из  Опште

релативности, када је то могуће, и упоређивање са лимесима неекстремалних случајева који

су до сада израчунати.
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Extremal Kerr black hole entropy in Poincaré gauge theory

B. Cvetković * and D. Rakonjac†
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We analyze the near horizon symmetry of the extremal Kerr black hole within the framework of Poincaré
gauge theory (PG) for two important limiting cases; Riemannian and teleparallel solution. We show that the
algebra of canonical generators is realized by Virasoro algebra, with central charge which depends on the
black hole horizon radius. The conformal entropy of the black hole is obtained via the Cardy formula.

DOI: 10.1103/PhysRevD.107.044054

I. INTRODUCTION

Recently a new Hamiltonian method [1] for the compu-
tation of black hole entropy within the framework of
Riemann-Cartan geometry has been proposed. The method
has been verified for a number of vacuum solutions such as
the Schwarzschild(-AdS) and the Kerr(-AdS) solution, as
well as a solution coupled to the electromagnetic field; the
Kerr-Newmann-AdS solution, [1–5].
Method [1] is based on a variational principle, originally

proposed by Regge and Teitelboim (see [6]). The black
hole entropy is obtained from the variation of the boundary
term on the black hole horizon, i.e., TδS ¼ δΓH. In the
framework of Riemaninnan geometry this method was
established and developed by Wald [7]. Moreover, the
differentiability of the canonical generator is closely related
to the validity of the first law of black hole mechanics.
Method [1] is inapplicable in the case of extremal black

holes. In that case black hole temperature vanishes, T ¼ 0,
and the equation TδS ¼ δΓH cannot be solved for black
hole entropy. For extremal black holes the first law is
satisfied disregarding the value of the black hole entropy.
However in general relativity (GR), there is another way of
computing black hole entropy of the extremal Kerr black
holes based on near horizon conformal symmetry, in regard
of the recently established Kerr/conformal field theory
(CFT) correspondence [8], (see also [9]).
The subject of the present paper is the computation of the

black hole entropy for the extremal Kerr black holes in the
framework of Poincaré gauge theory (PG), where both
curvature and torsion influence the gravitational dynamics
[10–12], by analyzing the near horizon conformal sym-
metry. Let us note that near horizon structure of black holes
with torsion has already been examined within three-
dimensional gravity [13].

After introducing the suitable set of consistent near-
horizon boundary conditions for extremal Kerr black holes
in PG, we obtain that asymptotic symmetry group has a
conformal subgroup, realized by Virasoro algebra. We shall
show that the first-order formulation of the generator of the
local symmetry (derived in [1]) can be used to compute the
near horizon algebra of the improved generators, as well as
the corresponding central charge. These results are used to
compute conformal entropy of the extremal Kerr black hole
via Cardy’s formula. The result for the entropy represents a
smooth limit of the result for the gravitational black hole
entropy of the generic (nonextremal) Kerr black hole. Thus,
we demonstrate the full power of the Nester’s covariant
Hamiltonian approach [14]. and contribute to the better
understanding of the equality of gravitational and con-
formal entropy.
The paper is organized as follows. In Sec. II we shall

introduce the tetrad formulation of the extremal Kerr black
hole solution and near-horizon geometry (NHEK) in the
framework of PG. The suitable set of consistent asymptotic
conditions for near horizon geometry in tetrad formalism of
PG is established in Sec. III. Inspection of the symmetries
that preserve these boundary conditions leads to conformal
symmetry of NHEK geometry. In Sec. IV we shall consider
the canonical realization of the near-horizon conformal
symmetry for the Riemannian solution in PG. We shall
make use of the canonical generator from the first-order
formulation obtained in [1] to compute the conserved and
the central charge of the conformal near-horizon symmetry,
which depends on the black hole horizon radius. The
conserved and central charge are going to be used in the
Cardy’s formula to compute the conformal black hole
entropy. Another important limiting case of PG, teleparallel
gravity, where gravitational dynamics is characterized by
vanishing curvature and nonvanishing torsion, is analyzed
in Sec. V. Section VI is devoted to concluding remarks,
while the appendixes contain some technical details.
Our conventions are the same as in Ref. [5]. The Latin

indices ði; j;…Þ are the local Lorentz indices, the Greek
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indices ðμ; ν;…Þ are the coordinate indices, and both run
over 0, 1, 2, 3. The orthonormal coframe (tetrad) ϑi and
the metric compatible (Lorentz) connection ωij ¼ −ωji are
1-forms. The dual basis (frame) is ei ¼ eiμ∂μ. The metric
components in the local Lorentz and coordinate basis
are ηij ¼ ð1;−1;−1;−1Þ and gμν ¼ ηijϑ

i
μϑ

j
ν, respectively,

and εijmn is the totally antisymmetric symbol with
ε0123 ¼ 1. The Hodge dual of a form α is denoted by
⋆α, and the wedge product of forms is implicit.

II. TETRAD FORMULATION OF EXTREMAL
KERR BLACK HOLE GEOMETRY

In this section we shall introduce the tetrad formula-
tion of extremal Kerr black hole geometry. We shall
introduce the near-horizon geometry, which represents
our starting point in the study of the near-horizon structure
of the extremal Kerr black holes within Riemann-Cartan
geometry.

A. Metric, conserved charges, and the first law

Let us now give a brief overview of the basic features of
the extremal Kerr black holes. We use the same notation
as in [2]. A “diagonal” form of the extremal Kerr metric
(m ¼ a) in Boyer-Linquist coordinates [15]

ds2 ¼ N2ðdtþmsin2θdϕÞ2 − dr2

N2
− ρ2dθ2

−
sin2θ
ρ2

½mdtþ ðr2 þm2Þdϕ�2; ð2:1aÞ

where

N ¼ r −m
ρ

ρ2 ≔ r2 þm2cos2θ: ð2:1bÞ

The equation N ¼ 0 defines the extremal black hole
horizon, where the radius rþ is given by

rþ ¼ m: ð2:2Þ

The two horizons that exist in Kerr solution coincide in the
extremal case. The value of the angular velocity Ωþ on the
horizon takes the simple form

Ωþ ¼ 1

2rþ
≡ 1

2m
; ð2:3Þ

while the surface gravity and temperature vanish

κ ¼ rþ −m
2mrþ

¼ 0; T ¼ κ

2π
¼ 0: ð2:4Þ

The conserved charges energy and angular momentum of
Kerr black hole in PG take the form [2]

E ¼ m; J ¼ m2: ð2:5Þ

Let us note that the first law of black hole thermodynamics
reads

0 ¼ TδS≡ δE −ΩþδJ ¼ δm −
1

2m
δm2: ð2:6Þ

It is satisfied in the case of the extremal Kerr black hole,
disregarding the value of the black hole entropy.

B. Near-horizon extremal Kerr geometry

Let us now introduce the following coordinate trans-
formations [8,9]

t̃ ¼ εt
2rþ

; y ¼ εrþ
r − rþ

; φ ¼ ϕþΩþt; ð2:7Þ

along with the limit ε → 0. The metric takes the following
form

ds2 ¼ r2þð1þ cos2θÞ
�
dt̃2

y2
−
dy2

y2
− dθ2

−
�

2 sin θ
1þ cos2θ

�
2
�
dφ −

dt̃
y

�
2
�
: ð2:8Þ

Let us note that the above transformation is not a simple
coordinate transformation, in that the resulting geometry is
not equivalent to the starting one. That can be readily seen by
noticing that the above metric is not asymptotically flat. The
resulting geometry has been extensively studied in [8,16].

1. Tetrads

The form of the metric implies the following “diagonal”
choice of the vielbein ϑi

ϑ0 ¼ ρþ
y
dt̃; ϑ1 ¼ −

ρþ
y
dy;

ϑ2 ¼ ρþdθ; ϑ3 ¼ 2 sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos2θ

p rþ

�
dφ −

dt̃
y

�
; ð2:9Þ

where ρþ ¼ rþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos2θ

p
.

For later convenience let us now also display the form of
the Riemannian connection and curvature.

2. Riemannian connection

From the relation dϑi þ ω̃i
kϑ

k ¼ 0, we get that the
nonzero components of the Riemannian connection are
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ω̃01 ¼ −
ϑ0

ρþ
−
r2þ sin θ
ρ3þ

ϑ3; ω̃02 ¼ r2þ sin 2θ
2ρ3þ

ϑ0; ω̃12 ¼ r2þ sin 2θ
2ρ3þ

ϑ1;

ω̃03 ¼ −
r2þ sin θ
ρ3þ

ϑ1; ω̃13 ¼ −
r2þ sin θ
ρ3þ

ϑ0; ω̃23 ¼ 2r2þ cot θ
ρ3þ

ϑ3: ð2:10Þ

3. Riemannian curvature

The Riemannian curvature reads

R̃01 ¼ −2Cϑ0ϑ1 − 2Dϑ2ϑ3; R̃02 ¼ Cϑ0ϑ2 −Dϑ1ϑ3;

R̃03 ¼ Cϑ0ϑ3 þDϑ1ϑ2; R̃12 ¼ Cϑ1ϑ2 −Dϑ0ϑ3;

R̃13 ¼ Cϑ1ϑ3 þDϑ0ϑ2; R̃23 ¼ −2Cϑ2ϑ3 þ 2Dϑ0ϑ1; ð2:11Þ

where

C ¼ r4þ
ρ6þ

ð1 − 3cos2θÞ; D ¼ r4þ cos θ
ρ6þ

ð3 − cos2θÞ:

III. ASYMPTOTIC CONDITIONS AND
ASYMPTOTIC SYMMETRY

In this section we shall first introduce the asymptotic
conditions for the metric of the extremal Kerr black hole
solution in the near horizon region. Due to the fact that
NHEK is not asymptotically flat, finding consistent asymp-
totic boundary conditions is not a priori an obvious task.
This result has been established in GR [8]; however, care
should be taken, as asymptotic boundary conditions of the
metric do not precisely dictate the asymptotic boundary
conditions for the tetrad. Therefore, the consistent choice
for the tetrad, as well as the near-horizon conformal
symmetry will be provided in this section.

A. Metric asymptotics

In accordance with [8] we introduce the following set of
consistent asymptotic conditions for the metric near the
asymptotic boundary y ¼ 0

gμν ∼

0
BBB@

O−2 O0 O1 ḡt̃φ þO0

O0 ḡyy þO−1 O0 O−1

O1 O0 ḡθθ þO1 O1

ḡt̃φ þO0 O−1 O1 O0

1
CCCA;

ð3:1Þ

where

ḡt̃ t̃ ¼
r2þð1þ cos2θÞ

y2
−

4sin2θ
1þ cos2θ

r2þ
y2

;

ḡt̃φ ¼ 4sin2θ
1þ cos2θ

r2þ
y
;

ḡyy ¼ −
r2þð1þ cos2θÞ

y2
;

ḡθθ ¼ −r2þð1þ cos2θÞ; ð3:2Þ

are background metric components and we use the nota-
tion On ≔ OðynÞ.

B. Tetrad fields

The asymptotic form of the vielbein is given by

ϑiμ ∼

0
BBBBB@

O−1 O1 O2 O1

O1 ϑ̄1y þO0 O1 O0

O1 O0 ϑ̄2θ þO1 O1

ϑ̄3tfðφÞ þO0 O1 O2
ϑ̄3φ
fðφÞ þO1

1
CCCCCA;

ð3:3Þ

where background tetrad fields are given by

ϑ̄iμ ¼

0
BBBBBB@

ρþ
y 0 0 0

0 − ρþ
y 0 0

0 0 ρþ 0

− 2 sin θrþffiffiffiffiffiffiffiffiffiffiffiffi
1þcos2θ

p
y

0 0
2 sin θrþffiffiffiffiffiffiffiffiffiffiffiffi
1þcos2θ

p

1
CCCCCCA
; ð3:4Þ

where fðφÞ ¼ 1þ hðφÞ is an arbitrary function of φ, such
that hðφÞ ≪ 1.
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C. Asymptotic symmetry

The transformation law of ϑiμ under PG transformations
reads

δ0ϑ
i
μ ¼ θikϑ

k
μ − ð∂μξρÞϑiρ − ξρ∂ρϑ

i
μ;

where ξμ and θij are parameters of local translations and
local Lorentz rotations, respectively.
The asymptotic form of the metric is preserved by

asymptotic Killing vector ξμ of the following form:

ξt̃ ¼ T þO3; ξy ¼ y∂φϵðφÞ þO2;

ξθ ¼ O1; ξφ ¼ ϵðφÞ þO2: ð3:5aÞ

The transformation corresponding to T is a constant time
translation, and we are able to restrict our attention to the
conformal group disregarding this transformation, due to
the fact that its generator commutes with the generator of
the conformal symmetry. The subdominant terms corre-
spond to trivial diffeomorphisms, and they be disregarded,
so that the final form of the asymptotic Killing vector reads

ξ ¼ ðy∂φϵðφÞÞ∂y þ ϵðφÞ∂φ: ð3:5bÞ

All the parameters of Lorentz rotations obtained from the
invariance of the tetrad fields are asymptotically vanishing

θ01 ¼ O2; θ02 ¼ O2; θ03 ¼ O1;

θ12 ¼ O1; θ13 ¼ O2; θ23 ¼ O2: ð3:5cÞ

The Riemannian connection can be expressed in terms of
tetrad fields and therefore its asymptotic form is invariant
under transformations (3.5).
The transformations with ϵ ¼ 0 represent residual gauge

transformations which give trivial contribution to the con-
served charge. Therefore, the asymptotic symmetry group
is defined as a factor group with respect to the residual
transformations. From the general algebra of PG we get the
composition rule for the asymptotic transformations

½δ0ðϵ1Þ; δ0ðϵ2Þ� ¼ δ0ðϵ3Þ;
ϵ3 ¼ ϵ1ϵ

0
2 − ϵ2ϵ

0
1; ð3:6Þ

where ϵ0 ≔ ∂φϵ. In terms of Fourier modes

ln ≔ δ0ðϵ ¼ einφÞ;

and the algebra of the asymptotic symmetry takes the
Virasoro form

½ln;lm� ¼ iðm − nÞlmþn: ð3:7Þ

In what follows we shall analyze the canonical realization of
the asymptotic symmetry in the two important cases—the
Riemannian PG solution and the teleparallel solution.

IV. RIEMANNIAN EXTREMAL KERR BLACK
HOLE IN PG

In this section we shall analyze the Riemannian extremal
Kerr black hole within the framework of PG. It is well
known that Kerr black hole is a solution of the GR field
equations with a vanishing cosmological constant Λ ¼ 0,
and so is its extremal case. Existence of the corresponding
near-horizon geometry is a property of the extremal Kerr,
and it should be noted that this near-horizon geometry is
the solution of GR field equations as well [17]. From the
general theorem which states that GR solutions also repre-
sent solutions of PG, one can conclude that the Kerr black
hole, as well as NHEK also satisfy, the PG field equations
for Λ ¼ 0. There is also a direct proof based on the form of
the effective PG Lagrangian [2]

LG ¼ −⋆ða0Rþ 2ΛÞ þ 1

2
b1Rij⋆Rij; ð4:1Þ

which defines the corresponding covariant momenta as
Hi ¼ 0 and

Hij ¼ −2a0⋆ðϑiϑjÞ þ b1⋆Rij; ð4:2aÞ

or in more detail

H01 ¼ −2a0ϑ2ϑ3 þ 2b1ð−2Cϑ2ϑ3 þ 2Dϑ0ϑ1Þ;
H02 ¼ 2a0ϑ1ϑ3 þ 2b1ð−Cϑ1ϑ3 −Dϑ0ϑ2Þ;
H03 ¼ −2a0ϑ1ϑ2 þ 2b1ðCϑ1ϑ2 −Dϑ0ϑ3Þ;
H12 ¼ −2a0ϑ0ϑ3 þ 2b1ðCϑ0ϑ3 þDϑ1ϑ2Þ;
H13 ¼ 2a0ϑ0ϑ2 þ 2b1ð−Cϑ0ϑ2 þDϑ1ϑ3Þ;
H23 ¼ −2a0ϑ0ϑ1 þ 2b1ð−2Cϑ0ϑ1 − 2Dϑ2ϑ3Þ: ð4:2bÞ

In the following subsections, the conserved and central
charge on the horizon will be computed. We shall make use
of the general expression for the variation of the canonical
generator on the horizon [1]

δΓH ¼
I
SH

δBðξÞ; ð4:3aÞ

δBðξÞ ≔ ðξcϑiÞδHi þ δϑiðξcHiÞ þ
1

2
ðξcωijÞδHij

þ 1

2
δωijðξcδHijÞ; ð4:3bÞ

where ξ is either exact or an asymptotic Killing vector.

B. CVETKOVIĆ and D. RAKONJAC PHYS. REV. D 107, 044054 (2023)

044054-4



A. Conserved charge

Let us now compute the conserved charge on the
horizon. It is obtained for ξ ¼ ∂φ. Since Hi ¼ 0 the
variation of the canonical generator (4.3), reduces now to

δΓH ≔
I
SH

δB;

δB ¼ 1

2
ωijφδHij þ 1

2
ðδωijÞHijφ: ð4:4Þ

The nonvanishing contribution to the conserved charge
stems from

ω̃01
φδH01 ¼

4a0sin2θ
ð1þ cos2θÞ2 δð2 sin θr

2þÞdθdφ: ð4:5Þ

Now we get that the conserved charge reads

J ¼
I
SH

ω̃01
φδH01 ¼ 16πa0r2þ ≡ r2þ; ð4:6Þ

where we used

Z
π

0

sin3θ
ð1þ cos2θÞ2 dθ ¼ 1:

B. Central charge and black hole entropy

We shall compute the central charge from the algebra
of the improved canonical generators, which has the
following form:

fG̃ðϵ1Þ; G̃ðϵ2Þg ¼ G̃ðϵ3Þ þ C; ð4:7Þ

where ϵ3 is defined by the composition rule (3.6), and C is
the central term of the algebra.
After using the main result of the seminal Brown-

Henneaux paper [18], the canonical algebra (4.7), can be
simplified and it takes the form of the following weak
equality:

fG̃ðϵ1Þ; G̃ðϵ2Þg ≈ δ0ðϵ1ÞΓHðϵ2Þ ≈ ΓHðϵ3Þ þ C: ð4:8Þ

The central term is a constant functional and therefore it can
be computed by varying the background configuration.
Nonzero contributions to the above variation are given by

1

2

I
SH

ðξ2cω̄ijÞδ0ðξ1ÞH̄ij þ δ0ðξ1Þω̄ijðξ2cH̄ijÞ

¼ 8a0r2þ

Z
2π

0

ðϵ1ϵ02 − ϵ2ϵ
0
1Þdφ

− 4a0r2þ

Z
2π

0

ðϵ01ϵ002 − ϵ02ϵ
00
1Þdφ. ð4:9Þ

The first term in the equation above can be identified with
the surface term with parameter ϵ3 ¼ ϵ1ϵ

0
2 − ϵ2ϵ

0
1, while the

second one gives the central charge

C ¼ −4a0r2þ
Z

2π

0

ðϵ01ϵ002 − ϵ02ϵ
00
1Þdφ: ð4:10Þ

For the computational details see Appendix A.
In terms of Fourier modes the canonical algebra of the

improved generators reads

fLn; Lmg ¼ −iðn −mÞLmþn −
c
12

in3δn;−m; ð4:11Þ

where in the string theory normalization

c ¼ 12 · 16πa0r2þ ¼ 12r2þ ≡ 12J: ð4:12Þ

Let us note that central charge does not depend on the
action parameter b1, but does depend on the parameter of
the horizon radius rþ.
Now the entropy can be calculated via Cardy’s formula,

S ¼ 2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c
6

�
J −

c
24

�s
¼ 2πr2þ: ð4:13Þ

The result for the conformal entropy of the extremal
Riemannian Kerr black hole in PG represents a smooth
limit obtained from the expression for gravitational entropy
of the generic Kerr black hole in the same theory [2].

V. EXTREMAL KERR BLACK HOLE IN
TELEPARALLEL GRAVITY

Teleparallel gravity is a special case of PG, which is
defined by the condition of vanishing Riemann-Cartan
curvature, Rij ¼ 0 [19]. The Kerr solution does indeed
solve the equations of motion of teleparallel gravity [2].
Let us note that from the condition Rij ¼ 0 it does not

follow that the connection ωij (which is a “pure gauge”)
vanishes. Since, connection does not influence the PG
dynamics, we shall adopt the simplest choice, ωij ¼ 0.
Thus, the tetrad field remains the only dynamical variable,
and the torsion takes the form Ti ¼ dϑi. For the spacetime
with tetrad (2.9), the nonvanishing components of torsion
are given by

T0 ¼ −
1

ρþ
ϑ0ϑ1 þ r2þ sin 2θ

2ρ3þ
ϑ0ϑ2; T1 ¼ r2þ sin 2θ

2ρ3þ
ϑ1ϑ2;

T3 ¼ 2r2þ sin θ
ρ3þ

ϑ0ϑ1 þ 2r2þ cos θ
ρ3þ sin θ

ϑ2ϑ3: ð5:1Þ

All three irreducible parts of Ti are nonvanishing.
The Lagrangian of the teleparallel equivalent of GR, so

called GRk is given by
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LT ≔ a0Ti⋆
�

ð1ÞTi − 2ð2ÞTi −
1

2
ð3ÞTi

�
: ð5:2Þ

This equivalence ensures that every vacuum solution of GR
is also a solution of GRk and in particular, this is true for the
extremal Kerr spacetime. Although the two theories are
dynamically equivalent, their geometric content is quite
different; GR is characterized by a Riemannian curvature
and vanishing torsion, whereas the teleparallel geometry of
GRk has a nontrivial torsion but vanishing curvature.
The covariant momentum is given by

Hi ¼ 2a0⋆
�

ð1ÞTi − 2ð2ÞTi −
1

2
ð3ÞTi

�
; ð5:3aÞ

and its explicit form reads

H0 ¼ 2a0

�
−
r3þ sin θ
ρ3þ

ϑ0ϑ2 þ cos θ
ρþ sin θ

ϑ1ϑ3
�
;

H1 ¼ 2a0

�
cos θ

ρþ sin θ
ϑ0ϑ3 −

r2þ sin θ
ρ3þ

ϑ1ϑ2
�
;

H2 ¼ −2a0
ϑ0ϑ3

ρþ
;

H3 ¼ 2a0

�
r2þ sin 2θ

ρ3þ
ϑ0ϑ1 þ 1

ρþ
ϑ0ϑ2 −

r2þ sin θ
ρ3þ

ϑ2ϑ3
�
:

ð5:3bÞ

A. Conserved charge

We shall now compute the conserved charge on the
horizon. It is obtained for ξ ¼ ∂φ. Since Hij ¼ 0, the
variation of the canonical generator (4.3), reduces now to

δΓH ≔
I
SH

δB;

δB ¼ ϑiφδHi þ ðδϑiÞHiφ: ð5:4Þ
The nonvanishing contribution to the conserved charge
stems from

ϑ3φδH3 þ ðδϑ3ÞH3φ ¼ 4a0sin2θ
ð1þ cos2θÞ2 δð2 sin θr

2þÞdθdφ:

ð5:5Þ

Now we get that the conserved charge reads

J ¼
I
SH

ϑ3φδH3 þ ðδϑ3ÞH3φ ¼ 16πa0r2þ ≡ r2þ: ð5:6Þ

B. Central charge and black hole entropy

The central charge can again be obtained from the
algebra of the improved canonical generators as in the

previous section. The central term, computed by varying
the background configuration, (for details see Appendix B)
is given by

C ¼ −4a0r2þ
Z

2π

0

ðϵ01ϵ002 − ϵ02ϵ
00
1Þdφ: ð5:7Þ

In terms of Fourier modes the canonical algebra of the
improved generators read,

fLn; Lmg ¼ −iðn −mÞLmþn −
c
12

in3δn;−m; ð5:8Þ

where in the string theory normalization

c ¼ 12 · 16πa0r2þ ¼ 12r2þ ≡ 12J: ð5:9Þ

The entropy of the extremal Kerr black hole in GRk can
be calculated via Cardy’s formula,

S ¼ 2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c
6

�
J −

c
24

�s
¼ 2πr2þ: ð5:10Þ

The result for the conformal entropy of the extremal Kerr
black hole in GRk represents a smooth limit obtained from
the expression for gravitational entropy of the generic Kerr
black hole in the same theory [2].

VI. CONCLUDING REMARKS

We analyzed the near-horizon symmetry for the extremal
Kerr black hole in the framework of PG by using the
Hamiltonian approach in the first-order formulation of the
theory. We have shown that considering two important
limits of PG—Riemannian and teleparallel solution—that
the algebra of improved canonical generators for the
extremal Kerr black hole takes the form of Virasoro algebra
with a classical central charge which depends on the black
hole horizon radius. We computed the extremal Kerr black
hole entropy via Cardy’s formula, finding that conformal
entropy calculated this way equals the smooth limit of the
nonextremal gravitational entropy. The method we devel-
oped can be extended to the extremal Kerr black hole with
torsion in the generic case. Also, it would be interesting to
examine near horizon structure of the extremal Reissner-
Nordström-like black hole solutions with torsion [20,21].
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APPENDIX A: CENTRAL CHARGE
FOR EXTREMAL RIEMANNIAN

BLACK HOLE IN PG

The central charge stems from the variation of the surface
term δ0ðϵ1ÞΓHðϵ2Þ on the background configuration.
The asymptotic Killing vector, after disregarding

residual gauge transformations, reads

ξ ¼ yϵ0∂y þ ϵ∂φ: ðA1Þ

We shall make use of the following nonvanishing internal
products

ξcϑ1 ¼ −rþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos2θ

p
ϵ0; ξcϑ̄3 ¼ 2rþ sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ cos2θ
p ϵ;

ðA2aÞ

ξcω̄01 ¼ −
2sin2θ

ð1þ cos2θÞ2 ϵ; ξcω̄03 ¼ sin θ
1þ cos2θ

ϵ0;

ξcω̄12 ¼ −
sin θ cos θ
1þ cos2θ

ϵ0; ξcω̄23 ¼ 4 cos θ
ð1þ cos2θÞ2 ϵ:

ðA2bÞ

The nonvanishing terms in the variation of the background
configuration of tetrad fields (on the boundary defined by
t̃ ¼ const and y → 0) are given by

δ0ϑ̄
1 ¼ rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos2θ

p
ϵ00dφ; ðA3aÞ

δ0ϑ̄
3 ¼ −

2rþ sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos2θ

p ϵ0dφ: ðA3bÞ

Consequently, for the canonical momenta H̄ij we obtain

δ0H̄01 ¼ 4ða0 þ 2b1CÞr2þ sin θϵ0dθdφ; ðA4aÞ

δ0H̄03 ¼ 2ða0 − b1CÞr2þð1þ cos2θÞϵ00dθdφ; ðA4bÞ

δ0H̄12 ¼ −2b1Dr2þð1þ cos2θÞϵ00dθdφ; ðA4cÞ

δ0H̄23 ¼ 8b1Dr2þ sin θϵ0dθdφ: ðA4dÞ

After term-by-term integration we get

I
SH

ðξ2cω̄01Þδ0ðξ1ÞH̄01 ¼ −
�
8a0r2þ þ 1

2
b1ð8þ 3πÞ

�Z
2π

0

ϵ2ϵ
0
1dφ; ðA5aÞ

I
SH

ðξ2cω̄03Þδ0ðξ11ÞH̄03 ¼ ð4a0r2þ − b1Þ
Z

2π

0

ϵ02ϵ
00
1dφ; ðA5bÞ

I
SH

ðξ2cω̄12Þδ0ðξ1ÞH̄12 ¼ b1

Z
2π

0

ϵ02ϵ
00
1dφ; ðA5cÞ

I
SH

ðξ2cω̄23Þδ0ðξ1ÞH̄23 ¼
1

2
b1ð8þ 3πÞ

Z
2π

0

ϵ2ϵ
0
1dφ: ðA5dÞ

In the above expression we made use of the following definite integrals

Z
π

0

sin3θ
ð1þ cos2θÞ2 ¼ 1;

Z
π

0

sin2θð1 − 3cos2θÞ
ð1þ cos2θÞ5 ¼ 1

32
ð8þ 3πÞ;

Z
π

0

sin θð1 − 3cos2θÞ
ð1þ cos2θÞ3 ¼ 1

2
;

Z
π

0

sin θcos2θð3 − cos2θÞ
ð1þ cos2θÞ3 ¼ 1

2
;

Z
π

0

sin θcos2θð3 − cos2θÞ
ð1þ cos2θÞ5 ¼ 1

64
ð8þ 3πÞ: ðA6Þ

After summing up all the contributions we get the first term

1

2

I
SH

ðξ2cω̄ijÞδ0ðξ1ÞH̄ij ¼ −8a0r2þ
Z

2π

0

ϵ2ϵ
0
1dφþ 4a0r2þ

Z
2π

0

ϵ02ϵ
00
1dφ: ðA7Þ
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The nonvanishing variations of the connection are given by

δ0ω̄
01 ¼ 2sin2θ

ð1þ cos2θÞ2 ϵ
0dφ; ðA8aÞ

δ0ω̄
03 ¼ −

sin θ
1þ cos2θ

ϵ00dφ; ðA8bÞ

δ0ω̄
12 ¼ sin θ cos θ

1þ cos2θ
ϵ00dφ; ðA8cÞ

δ0ω̄
23 ¼ −

4 cos θ
ð1þ cos2θÞ2 ϵ

0dφ: ðA8dÞ

The internal products with canonical momenta are given by

ξcH̄01 ¼ 4ða0 þ 2b1CÞr2þ sin θϵdθ; ðA9aÞ

ξcH̄03 ¼ 2ða0 − b1CÞð1þ cos2θÞr2þϵ0dθ; ðA9bÞ

ξcH̄12 ¼ −2b1Dð1þ cos2θÞr2þϵ0dθ; ðA9cÞ

ξcH̄23 ¼ 8b1Dr2þ sin θϵdθ: ðA9dÞ

Since all the integrals over θ are identical the second term
takes the following form:

1

2
δ0ðξ1Þωijðξ2cHijÞ ¼ 8a0r2þ

Z
2π

0

ϵ1ϵ
0
2dφ

− 4a0r2þ

Z
2π

0

ϵ01ϵ
00
2dφ: ðA10Þ

APPENDIX B: CENTRAL CHARGE OF THE
EXTREMAL KERR BLACK HOLE IN

TELEPARALLEL GRAVITY

In teleparallel gravity the curvature equals zero and
therefore we have to compute the variation the variation of
the background canonical covariant momenta H̄i

δ0H̄1 ¼ −2a0
rþ sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos2θ

p ϵ00dθdφ; ðB1aÞ

δ0H̄3 ¼ −4a0
sin2θ

rþð1þ cos2θÞ32 ϵ
0dθdφ: ðB1bÞ

As in the Riemannian case after performing integration
θ, we directly obtain

ðξ2cϑ̄iÞδ0ðξ1ÞH̄i ¼ 4a0r2þ

Z
2π

0

ϵ02ϵ
00
1dφ

− 8a0r2þ

Z
2π

0

ϵ2ϵ
0
1dφ: ðB2Þ

The nontrivial internal products of the canonical momenta
read

ξcH̄1 ¼ −2a0
rþ sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos2θ

p ϵ0dθ; ðB3aÞ

ξcH̄3 ¼ −4a0
sin2θ

rþð1þ cos2θÞ32 ϵdθ: ðB3bÞ

The second term takes the following form

δ0ðξ1Þϑiðξ2cH̄iÞ ¼ −4a0r2þ
Z

2π

0

ϵ01ϵ
00
2dφ

þ 8a0r2þ

Z
2π

0

ϵ1ϵ
0
2dφ: ðB4Þ
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