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Преглед научне активнпсти 

Научна активнпст и дппринпс Илије Симпнпвића везани су за изучаваое трансппрта 

наелектрисаних честица у неутралним гаспвима и течнпстима у пквиру трансппртне теприје 

рпјева, кап и испитиваое динамике фпрмираоа и прпстираоа стримера у пвим срединама 

применпм флуидних мпдела. Оегпвп истраживаое је у тпку израде дпктпрске дисертације билп 

фпкусиранп на три главне тематске целине. Прва тематска целина пднпси се на трансппртне 

кпефицијенте трећег реда за електрпне у гаспвима. Другу тематску целину чини трансппрт 

електрпна у течнпм аргпну, течнпм криптпну и течнпм ксенпну. Трећа тематска целина пднпси се 

на транзицију електрпнске лавине у негативан стример и прпстираое стримера у пвим 

течнпстима.  

У пквиру прве тематске целине је пдређена структура трансппртнпг тензпра трећег реда у свим 

кпнфигурацијама електричнпг и магнетскпг ппља применпм метпде групних прпјектпра. При тпме 

се структура у пдсуству магнетскпг ппља слаже са резултатима кпји су ппзнати у литератури, дпк је 

структура трансппртнпг тензпра трећег реда у присуству магнетскпг ппља први пут пдређена у 

пквиру рада кандидата. Пдређена структура је прпверена на пснпву симетријских пспбина 

мпмената функције расппделе у метпду више чланпва за решаваое Бплцманпве једначине.  

Физичка интерпретација трансппртнпг тензпра трећег реда је пажљивп анализирана на пснпву 

флукс градијентне релације и приближнпг решеоа генералисане дифузипне једначине у кпјпј је 

присутан пвај тензпр. Ппсебан акценат стављен је на утицај сппљашоег електричнпг ппља и 

кплизипне фреквенце наелектрисаних честица рпја на знак ппјединачних кпмппненти 

трансппртнпг тензпра трећег реда.  

Вреднпсти кпмппненти трансппрнпг тензпра трећег реда су пдређене за електрпне у пет мпделних 

гаспва и више атпмских и мплекуларних гаспва, кап и за ппзитрпне у три мплекуларна гаса, 

применпм Мпнте Карлп симулација и метпда више чланпва за нумеричкп решаваое Бплцманпве 

једначине. Резултати пве две метпде се пдличнп слажу, штп пптврђује валиднпст кпришћених 

техника. На пснпву пвих резултата је испитан утицај еластичних, нееластичних и некпнзервативних 

судара на трансппртни тензпр трећег реда. Прпфили зависнпсти кпмппненти трансппртнпг тензпра 

трећег реда пд сппљашоег електричнпг ппља су испитани на пснпву средое енергије честица рпја 

и пресека за оихпве сударе са честицама ппзадинскпг гаса, кап и на пснпву примећене кпрелације 

између лпнгитудиналне кпмппненте пвпг тензпра и лпнгитудиналне дифузије. 

У другпј тематскпј целини је прпучаван трансппрт електрпна у течнпм аргпну, течнпм криптпну и 

течнпм ксенпну применпм Мпнте Карлп симулација. Кпхерентнп еластичнп расејаое на ниским 

енергијама је репрезентпванп уз ппмпћ три ефективна сударна прпцеса, кпји дпбрп репрезентују 

средои трансфер енергије и импулса при кпхерентнпм расејаоу.  Пресек за ексцитпваое 

електрпна из валентне у прпвпдну зпну је апрпксимиран пдгпварајућим пресекпм за јпнизацију 

изплпванпг атпма, чији праг је снижен на вреднпст пдгпварајућег зпнскпг прпцепа. Разматранп је 



више различитих случајева за репрезентпваое нееластичних судара у течнпј фази, какп би се 

испитап утицај пвих судара на трансппрт електрпна и динамику стримера.  

Средоа енергија, брзина дрифта, дифузипни тензпр и кпефицијент јпнизације су пдређени за 

електрпне у течнпм аргпну, течнпм криптпну и течнпм ксенпну у ширпкпм ппсегу редукпванпг 

електричнпг ппља. Пви трансппртни ппдаци су уппређени са ппстпјећим ппдацима из литературе, 

кап и са пдгпварајућим вреднпстима у гаснпј фази. Ппсебан акценат је стављен на структурнп 

индикпвану негативну диференцијалну прпвпднпст у прпфилу зависнпсти брзине дрифта 

електрпна пд резултујућег електричнпг ппља у три разматране течнпсти. Пвај трансппртни 

фенпмен је ппследица слабљеоа утицаја ефеката кпхерентпг расејаоа, кпји смаоују трансфер 

импулса у еластичним сударима, са ппрастпм сппљашоег електричнпг ппља. Анализа пвпг 

фенпмена, кпја је већ присутна у литератури, је прпширена разматраоем енергијске расппделе 

електрпна и прпстпрнп разлпженпг прпфила брзинских кпефицијената за трансфер енергије и 

импулса у ппсегу редукпванпг електричнпг ппља у кпме се јавља негативна диференцијална 

прпвпднпст. Значајна пажоа ппсвећена је утицају брпја ексцитација кпје су укључене у мпдел на 

брзински кпефицијент за јпнизацију, кап и ппређеоу вреднпсти пвпг кпефицијената у течнпј и 

гаснпј фази. 

Трећа тематска целина се пднпси на прпучаваое динамике фпрмираоа и прпстираоа стримера у 

атпмским течнпстима применпм флуидних мпдела. Трансппртни ппдаци за електрпне у течнпм 

аргпну, течнпм криптпну и течнпм ксенпну, кпји су пдређени применпм Мпнте Карлп симулација, 

су кпришћени кап улазни ппдаци у једнпиппдимензипнпј нумеричкпј имплементацији флуиднпг 

мпдела првпг реда. У пвпм мпделу се претппставља да се наелектрисане честице налазе унутар 

цилиндра, чији се радијус не меоа у времену. Такпђе се претппставља да кпнцентрација 

наелектрисаних честица не зависи пд угапне ни пд радијалне кппрдинате, већ самп пд аксијалне 

кппрдинате. Евплуција кпнцентрације наелектрисаних честица пписана је дрифт дифузипнпм 

једначинпм, дпк је евплуција кпнцентрације ппзитивних шупљина пписана једначинпм баланса 

брпја честица. Рекпмбинација електрпна и ппзитивних шупљина је пписана скалиранпм 

Дебајевпм фпрмулпм. Применпм пвпг мпдела је испитана динамика фпрмираоа и прпстираоа 

негативних стримера у три разматране течнпсти. Ппсебан акценат стављен је на утицај брпја 

ексцитација кпје су укључене у мпдел на брзину настанка и прппагације стримера. Такпђе је 

разматранп пдступаое резултата, кпји су дпбијени применпм трансппртних ппдатака из гасне 

фазе кпји су скалирани кпнцентрацијпм атпма у течнпсти, пд пдгпварајућих резултата кпји су 

дпбијени на пснпву трансппртних ппдатака из течне фазе. Упченп је да је пвп пдступаое јакп 

израженп у целпм разматранпм ппсегу сппљашоег електричнпг ппља, при чему је пнп 

најинтензивније на најнижим ппљима. Примећенп је да је прпстпрни прпфил стримера у три 

разматране течнпсти на квалитативнпм нивпу врлп сличан пдгпварајућем прпфилу у гаснпј фази, 

при чему су прпстпрне и временске скале фпрмираоа и прпстираоа стримера ниже за три реда 

величине пд пдгпварајућих скала у гаснпј фази, збпг знатнп веће кпнцентрације ппзадинских 

атпма у течнпсти.  

 



Елементи за квалитативну пцену научнпг дппринпса др Илије Симпнпвића 

1 Квалитет научних резултата 

1.1 Значај научних резултата 

Најзначајнији радпви др Илије Симпнпвића су: 

 

I. Simonović, D. Bošnjakovid, Z.Lj. Petrovid, P. Stokes, R.D. White and S. Dujko 

“Third-order transport coefficient tensor of charged-particle swarms in electric and magnetic fields” 

Phys. Rev. E 101 (2020) 023203 

M21, DOI: https://doi.org/10.1103/PhysRevE.101.023203; IF(2019) = 2.296 

 

I. Simonović, D. Bošnjakovid, Z.Lj. Petrovid, R.D. White and S. Dujko 

“Third-order transport coefficient tensor of electron swarms in noble gases” 

Eur. Phys. J. D 74 (2020) 63 

M23, DOI:  https://doi.org/10.1140/epjd/e2020-100574-y; IF(2019) = 1.366 

 

I. Simonović, N.A. Garland, D. Bošnjakovid, Z.Lj. Petrovid, R.D. White and S. Dujko 

“Electron transport and negative streamers in liquid xenon” 

Plasma Sources Sci. Technol. 28 (2019) 015006 

M21a, DOI: https://doi.org/10.1088/1361-6595/aaf968; IF(2019) = 3.193 

У првпм раду кандидат је пдредип структуру трансппртнпг тензпра трећег реда у свим 

кпнфигурацијама електричнпг и магнетскпг ппља применпм метпде групних прпјектпра. Пдређена 

структура у пдсуству магнетскпг ппља се слаже са резултатима ранијих аутпра, дпк је структура 

пвпг тензпра у присуству магнетскпг ппљапрви пут пдређена у пквиру рада кандидата. Пва 

структура је дпдатнп прпверена на пснпву анализе симетријских пспбина мпмената у развпју 

функције расппделе у фазнпм прпстпру у пквиру метпде више чланпва за нумеричкп решаваое 

Бплцманпве једначине.  

Физичка интерпретација ппјединачних кпмппненти трансппртнпг тензпра трећег реда је пажљивп 

анализирана на пснпву флукс градијентне релације и приближнпг решеоа генералисане 

дифузипне једначине. Разматран је утицај електричнпг ппља, градијента средое енергије и 

кплизипне фреквенце на знак пвих кпмппненти.  

У пквиру пвпг рада су израчунате вреднпсти трансппртнпг тензпра трећег реда за наелектрисане 

честице у Максвелпвпм мпделу, Ридпвпм мпделу и мпделу крутих сфера, кап и за електрпне у 

непну применпм Мпнте Карлп симулација и метпда више чланпва за нумеричкп решаваое 

Бплцманпве једначине. Резултати пве две метпде се пдличнп слажу штп пптврђује валиднпст 

примене кинетичке теприје и исправнпст кпришћених кпмпјутерских кпдпва. На пснпву пвих 

резултата испитан је утицај еластичних судара, нееластичних судара, јачине електричнпг и 

https://doi.org/10.1103/PhysRevE.101.023203
https://doi.org/10.1140/epjd/e2020-100574-y
https://doi.org/10.1088/1361-6595/aaf968


магнетскпг ппља, кап и пднпса маса наелектрисаних честица рпја и неутралних честица 

ппзадинске средине на трансппртне кпефицијенте трећег реда. 

У другпм раду прпучен је трансппртни тензпр трећег реда за електрпне у племенитим гаспвима 

применпм метпде више чланпва за нумеричкп решаваое Бплцманпве једначине. Прпфили 

зависнпсти кпмппненти пвпг тензпра пд сппљашоег електричнпг ппља су анализирани на пснпву 

пдгпварајућих прпфила средое енергије и кпришћених пресека за расејаое електрпна у пвим 

гаспвима. Ппсебан акценат је стављен на изучаваое утицаја Рамзауер-Таунзендпвпг минимума у 

пресеку за еластичне сударе на трансппртне кпефицијенте трећег реда. У пвпм раду је 

анализирана кпрелација између прпфила зависнпсти лпнгитудиналних кпмппненти трансппртнпг 

тензпра трећег реда и дифузипнпг тензпра пд сппљашоег електричнпг ппља. Пва кпрелација је 

дискутпвана на пснпву физичких аргумената. 

У трећем раду је изучаван трансппрт електрпна у течнпм ксенпну применпм Мпнте Карлп 

симулација. Кпхерентнп еластичнп расејаое је пписанп применпм три ефективна сударна прпцеса 

кпји дпбрп репрезентују средои трансфер енергије и импулса у течнпј фази. Пресек за ефективну 

јпнизацију је апрпксимиран пдгпварајућим пресекпм за јпнизацију изплпванпг атпма ксенпна 

кпме је праг снижен на вреднпст зпнскпг прпцепа у течнпм ксенпну. Разматрана су четири 

различита случаја за репрезентпваое нееластичних судара у пвпј течнпсти. Пви случајеви су 

дискутпвани на пснпву експерименталних радпва везаних за фптппрпвпднпст и ексцитпнске 

спектре у течнпм ксенпну. 

Анализирани су прпфили зависнпсти средое енергије, брзине дрифта, лпнгитудиналне и 

трансверзалне карактеристичне енергије, кап и брзинскпг кпефицијента за јпнизацију пд 

сппљашоег електричнпг ппља. Пви резултати су уппређени са тепријским и експерименталним 

резултатима ранијих аутпра кпји су присутни у литератури, кап и са пдгпварајућим вреднпстима из 

гасне фазе. Ппсебан акценат је стављен на анализу структурнп индукпване негативне 

диференцијалне прпвпднпсти у прпфилу брзине дрифта на пснпву енергијских расппдела 

електрпна и прпстпрнп разлпжених брзинских кпефицијената за ефективне сударне прпцесе кпји 

репрезентују кпхерентнп расејаое. Такпђе је разматран утицај брпја ексцитација, кпје су укључене 

у мпдел, на брзински кпефицијент за ефективну јпнизацију у течнпј фази. Ппред тпга је 

дискутпвана разлика између брзинских кпефицијената за јпнизацију у течнпм и гаснпм ксенпну. 

Трансппртни ппдаци за електрпне у течнпм ксенпну, кпји су пдређени применпм Мпнте Карлп 

симулација, су кпришћени кап улазни ппдаци у једнпиппдимензипнпј нумеричкпј 

имплементацији флуиднпг мпдела првпг реда. Пвај мпдел је кпришћен за испитиваое динамике 

фпрмираоа и прпстираоа негативних стримера у течнпм ксенпну. Ппсебан акценат је стављен на 

испитиваое утицаја брпја ексцитација, кпје су укључене у мпдел, на брзину настанка и 

прппагације негативнпг стримера. Такпђе је разматранп пдступаое предвиђених брзина 

фпрмираоа и прпстираоа стримера у мпделу у кпме су кпришћени ппдаци из гасне фазе, кпји су 

скалирани на густину течнпсти, пд пдгпварајућих брзина у мпделу у кпме су кпришћени ппдаци из 

течнпг ксенпна. 



1.2 Параметри квалитета часпписа 

Кандидат др Илија Симпнпвић је пбјавип укупнп 8 радпва у међунарпдним часпписима и тп: 

*3 рада у међунарпднпм часппису изузетних вреднпсти Plasma Sources Science and Technology, 

следећих импакт фактпра IF(2016)= 3.302, IF(2018) =4.128 , IF(2019) = 3.193;SNIP(2016) = 1.344, 

SNIP(2018)=1.857, SNIP(2019) = 1.632. 

3 рада у врхунским међунарпдним часпписима Plasma Physics and Controlled Fusion, Scientific 

Reports и Physical Review E, следећих импакт фактпра IF(2017)= 3.032, IF(2018)= 4.011, IF(2019)= 

2.296, редпм;SNIP(2017)= 1.353, SNIP(2018) = 1.274,SNIP(2019) = 0.85, редпм. 

 

2 рада у међунарпднпм часппису European Physical Journal D, следећих импакт фактпра  IF(2017)= 

1.393, IF(2019)= 1.366; SNIP(2017) = 0.684, SNIP(2019) = 0.725. 

Библипграфски ппказатељи сумирани су у следећпј табели. 

 IF M SNIP 

Укупнп 22.721 60 9.719 

Усредоенп пп чланку 2.8401 7.5 1.2148 

Усредоенп пп аутпру 3.9164 10.3428 1.6792 

 

* Часппис Plasma Sources Science and Technology је бип рангиран кап М21а у 2016., 2017. и 2018. 

гпдини а кап М21 у 2019. гпдини. Пвде је М категприја датпг часпписа за сва три рада пдређена у 

складу са Прилпгпм 2 Правилника п ппступку, начину вреднпваоа и квантитативнпм исказиваоу 

научнпистраживачких резултата истраживача("Сл. гласник РС", бр. 24/2016 и 21/2017). При тпме је 

за категприју часпписа изабрана најбпља категприја у перипду пд три гпдине, укључујући гпдину 

публикпваоа рада и две гпдине пре публикпваоа. Импакт фактпри (IF) и (SNIP) библипграфски 

ппдаци су увек наведени или за саму гпдину публикпваоа рада, или за претхпдну гпдину укпликп 

је рад публикпван у 2020. гпдини, па ппдаци за ту гпдину јпш увек нису дпступни у тренутку 

дпстављаоа дпкументације. 

1.3 Ппзитивна цитиранпст научних радпва 

Према ппдацима из базе Web of Science, радпви Илије Симпнпвића цитирани су укупнп 33 пута, пд 

чега 17 пута изузимајући аутпцитате. Хиршпв индекс је 2 акп се изузму аутпцитати, а 3 акп се сви 

цитати узму у пбзир. 

 

 

 



1.4 Међунарпдна сарадоа 

Кандидат има међунарпдну сарадоу. Активнп сарађује са группм др Рпналда Вајта са Џејмс Кук 

Универзитета у Таунсвилу (Аустралија). 

 

2 Нпрмираое брпја кпаутпрских радпва, патената и техничких решеоа 

Сви радпви кандидата су заснпвани на примени нумеричких прпрачуна или кпмпјутерских 

симулација. Радпви кандидата категприје М21а имају 5 или 6 аутпра, па пви радпви не меоају 

значајнп нпрмирани у пднпсу на укупни брпј бпдпва. Радпви категприје М21 имају 6 или 7 аутпра, 

штп малп значајније дппринпси смаоеоу нпрмиранпг у пднпсу на укупни брпј бпдпва. Радпви 

категприје М23 имају 5 аутпра, па се рачунају са пунпм тежинпм.Укупан брпј пстварених М ппена у 

радпвима у међунарпдним часпписима је 60, дпк је нпрмирани брпј пстварених М ппена у пвим 

радпвима 51.5. 

3 Учешће у прпјектима, пптпрпјектима и прпјектним задацима 

Кандидат је учествпвап на прпјекту Фундаментални прпцеси и примене трансппрта честица у 

неравнптежним плазмама, траппвима и нанпструктурама Министарства науке, прпсвете и 

технплпшкпг развпја (бр. ПИ171037). 

 

4 Активнпст у научним и научнп-стручним друштвима 

4.1 Рецензије научних радпва 

Др Илија Симпнпвић је бип рецензент једнпг рада у часппису European Physical Journal D. 

 

4.2 Организација научних скуппва 

Др Илија Симпнпвић је бип члан ликалнпг прганизаципнпг кпмитета две међунарпдне 

кпнференције: 

1. International Conference on Gas Discharges and Their Applications, кпја је пдржана у Нпвпм Саду пд 

2. дп 7. септембра 2018. гпдине. 

2. POSMOL2019 кпја је пдржана у Бепграду пд 18 дп 20 јула 2019. гпдине. 

 

 

 



4.3 Предаваоа пп ппзиву на међунарпдним кпнференцијама 

Др Илија Симпнпвић је пдржап предаваое пп ппзиву на међунарпднпм скупу POSMOL 2019, XX 

International Workshop on Low-Energy Positron and Positronium Physics and XXI International 

Symposium on Electron-Molecule Collisions and Swarms, 18 - 20 July 2019. Belgrade, Serbia 

Кандидат је такпђе пдржап Progress report на међунарпднпм скупу 30th Summer School and 

International Symposium on the Physics of Ionized Gases, 24-28 August 2020, Šabac, Serbia. 

 

5 Утицај научних резултата 

Значај научних резултата кандидата је пписан у тачки 1, дпк се оихпв утицај пгледа у брпју цитата 

кпји су наведени у тачки 1.3. 

 

6 Кпнкретан дппринпс кандидата у реализацији радпва у научним центрима у земљи и 

инпстранству 

Кандидат је свпје истраживаое реализпвап у Институту за физику у Бепграду. Кандидат је дап 

кључан дппринпс у свим радпвима у кпјима је кпаутпр. Оегпв дппринпс се пгледа у извпђеоу 

математичких израза кпји су кпришћени у кпмпјутерским кпдпвима, дпбијаоу и интерпретацији 

резултата кпмпјутерских симулација и нумеричких прпрачуна, писаоу радпва и кпмуникацији са 

рецензентима часпписа. 

 

Елементи за квантитативну пцену научнпг дппринпса др Илије Симпнпвића 

1 Остварени М-бпдпви пп категпријама публикација 

Категприја М-ппдпва пп 
публикацији 

Брпј публикација Укупнп М-бпдпва 
(нпрмиранп) 

М21а 10.0 3 30.0 (26.6) 

М21 8.0 3 24.0 (18.9) 

М23 3.0 2 6.0 (6.0) 

М32 1.5 2 3.0 (3.0) 

М33 1.0 9 9.0 (8.55) 

М34 0.5 18 9.0 (7.65) 

М70 6.0 1 6.0 (6.0) 

 

 

 



2 Ппређеое пстваренпг брпја М-бпдпва са минималним услпвима пптребним за избпр у 

научнпг сарадника 

 Пптребнп Пстваренп (нпрмиранп) 

Укупнп 16 87 (76.7) 

М10+М20+М31+М32+М33+М41+М42 10 72 (63.05) 

М11+М12+М21+М22+М23 6 60 (51.5) 
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Abstract
Electron attachment often imposes practical difficulties in Monte Carlo simulations, 
particularly under conditions of extensive losses of seed electrons. In this paper, we discuss 
two rescaling procedures for Monte Carlo simulations of electron transport in strongly 
attaching gases: (1) discrete rescaling, and (2) continuous rescaling. The two procedures are 
implemented in our Monte Carlo code with an aim of analyzing electron transport processes 
and attachment induced phenomena in sulfur-hexafluoride (SF6) and trifluoroiodomethane 
(CF3I). Though calculations have been performed over the entire range of reduced electric 
fields E/n0 (where n0 is the gas number density) where experimental data are available, the 
emphasis is placed on the analysis below critical (electric gas breakdown) fields and under 
conditions when transport properties are greatly affected by electron attachment. The present 
calculations of electron transport data for SF6 and CF3I at low E/n0 take into account the full 
extent of the influence of electron attachment and spatially selective electron losses along the 
profile of electron swarm and attempts to produce data that may be used to model this range 
of conditions. The results of Monte Carlo simulations are compared to those predicted by the 
publicly available two term Boltzmann solver BOLSIG+. A multitude of kinetic phenomena 
in electron transport has been observed and discussed using physical arguments. In particular, 
we discuss two important phenomena: (1) the reduction of the mean energy with increasing 
E/n0 for electrons in SF6 and (2) the occurrence of negative differential conductivity (NDC) in 
the bulk drift velocity only for electrons in both SF6 and CF3I. The electron energy distribution 
function, spatial variations of the rate coefficient for electron attachment and average energy 
as well as spatial profile of the swarm are calculated and used to understand these phenomena.

Keywords: Monte Carlo, electron transport, electron attachment, SF6, CF3I

(Some figures may appear in colour only in the online journal)

1. Introduction

Electron transport in strongly attaching gases has long been 
of interest, with applications in many areas of fundamental 
physics and technology. Electron attaching gases support key 
processes for plasma etching and cleaning in semiconductor 

fabrication [1, 2], high-voltage gas insulation [3] and par-
ticle detectors in high energy physics [4–6]. The importance 
of studies of electron attachment has also been recognized in 
other fields, including planetary atmospheres, excimer lasers, 
plasma medicine and lighting applications, as well as in life sci-
ence for understanding radiation damage in biological matter.
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The fundamental importance of electron attachment pro-
cesses has led to many experimental and theoretical swarm 
studies. For some gases the cross sections for attachment may 
be very large resulting in a rapid disappearance of free elec-
trons that greatly complicates the measurements of transport 
coefficients [1, 7–9]. The pioneering studies date back to the 
1970s, and the well-known swarm method of deriving cross 
section  for electron attachment developed by Christophorou 
and his co-workers [10]. According to this method, trace 
amounts of an electron attaching gas are mixed into the buffer 
gases, typically nitrogen to scan the lower mean energies 
and argon to scan the higher mean energies. This technique 
results in the removal of electrons without disturbing the elec-
tron energy distribution function. In such mixtures the losses 
depend only on the very small amount of the added gas and 
we may measure the density reduced electron attachment rate 
coefficient. Electron attachment cross sections can be deter-
mined by deconvoluting the mixture data, since the electron 
energy distribution function is a known function of E/n0 as 
calculated for the pure buffer gas. Examples of this procedure 
are cross sections  for electron attachment in SF6 and SF6-
related molecules [11–15] as well as cross sections and rate 
coefficients for a range of fluorocarbons [1, 12, 16–18] and 
other relevant gases for applications [1, 19–22]. In addition to 
non-equilibrium data, there is a separate category of experi-
ments, including flowing afterglow, the Cavalleri diffusion 
experiment [9, 23, 24], and others that provide attachment 
rates for thermal equilibrium (i.e. without an applied electric 
field). These may be taken at different temperatures, but the 
range of energies covered by this technique is very narrow. 
These two techniques have been used to evaluate the cross 
sections for SF6 and CF3I, always under the assumption that 
the effect of attachment is merely on the number of particles 
and not on any other swarm properties.

A thorough understanding of the influence of attachment 
on the drift and diffusion of the electrons provides informa-
tion which could be used in analysis of kinetic phenomena 
in complex electronegative gases and related plasmas. The 
attachment cooling and heating [25, 26], negative absolute 
electron flux mobility [27, 60] and anomalous phase shifts of 
drift velocity in AC electric fields [28] are some examples of 
these phenomena in strongly attaching gases, which may not 
be trivially predicted on the basis of individual collision events 
and external fields. Negative differential conductivity (NDC) 
induced by 3-body attachment for lower E/n0 and higher pres-
sures in molecular oxygen and its mixture with other gases 
is another example of phenomena induced by strong electron 
attachment [29]. The duality in transport coefficients, e.g. the 
existence of two fundamentally different families of transport 
coefficients, the bulk and flux, is caused by the explicit effects of 
electron impact ionization and electron attachment [7, 30–32].  
The differences between two sets of data vary from a few per-
cents to a few orders of magnitude and hence a special care 
is needed in the implementation of data in fluid models of 
plasma discharges [7, 31, 33–35]. On one hand, most plasma 
modeling is based on flux quantities while experiments aimed 
at yielding cross section data provide mostly but not uniquely 
the bulk transport data. This differentiation between flux and 

bulk transport properties is not merely a whimsy of theorists, 
but it is essential in obtaining and applying the basic swarm 
data. In addition, the production of negative ions has a large 
effect on the transport and spatial distribution of other charged 
particle species as well as on the structure of the sheath and 
occurrence of relaxation oscillations in charged particle densi-
ties [36–41].

There are three main approaches to the theoretical descrip-
tion of electron transport in gases: the kinetic Boltzmann equa-
tion, the stochastic particle simulation by the Monte Carlo 
method and semi-quantitative momentum transfer theory. 
Restrictions on the accuracy of momentum transfer theory for 
studies of electron transport in attaching gases, particularly 
under non-hydrodynamic conditions, have already been dis-
cussed and illustrated [31, 42, 43]. Boltzmann equation anal-
yses for SF6 and its mixtures with other gases (see for example 
[11, 44–50]) have been performed several times in the past. 
Two important studies devoted to the calculation of electron 
swarm parameters based on a Boltzmann equation have also 
been performed for CF3I [51, 52]. Theories for solving the 
Boltzmann equation were usually restricted to low-order trun-
cations in the Legendre expansions of the velocity dependence 
assuming quasi-isotropy in velocity space. The explicit effects 
of electron attachment were also neglected and electron trans-
port was studied usually in terms of the flux data only. These 
theories had also restricted domains of validity on the applied 
E/n0 in spite of their coverage of a considerably broader 
range. One thing that strikes the reader surveying the litera-
ture on electron transport in SF6 is the systematic lack of reli-
able data for electron transport coefficients for E/n0 less than  
50 Td. Contemporary moment methods for solving 
Boltzmann’s equation  [31, 53] are also faced with a lot of 
 systematic difficulties, particularly under conditions of the 
 predominant removal of the lower energy electrons which 
results in an increase in the mean energy, i.e. attachment 
heating. Under these conditions the bulk of the distribution 
function is shifted towards a higher energy which in turn 
results in the high energy tail falling off much slower than 
a Maxwellian. This is exactly what may happen in the anal-
ysis of electron transport in strongly attaching gases such as 
SF6 or CF3I for lower E/n0. The moment method for solving 
Boltzmann’s equation  under these circumstances usually 
requires the prohibitive number of basis functions for resolving 
the speed/energy dependency of the distribution function and/
or unrealistically large computation time. As a consequence, 
the standard numerical schemes employed within the frame-
work of moment methods usually fail.

The present investigation is thus mainly concerned with 
the Monte Carlo simulations of electron transport in strongly 
attaching gases. Monte Carlo simulations have also been 
employed for the analysis of electron transport in the mixtures 
of SF6 [46, 54–57] and CF3I [58] with other gases usually with 
an aim of evaluating the insulation strength and critical electric 
fields. However, electron attachment in strongly electronega-
tive gases often imposes practical difficulties in Monte Carlo 
simulations. This is especially noticeable at lower E/n0, where 
electron attachment is one of the dominant processes which 
may lead to the extensive vanishing of the seed electrons and 
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consequently to the decrease of the statistical accuracy of the 
output results. In extreme cases, the entire electron swarm 
might be consumed by attachment way before the equilibrated 
(steady-state regime) is achieved. An obvious solution would 
be to use a very large number of initial electrons, but this 
often leads to a dramatic increase of computation time and/
or required memory/computing resources which are beyond 
practical limits. Given the computation restrictions of the 
time, the workers were forced to develop methods to combat 
the computational difficulties induced by the extensive van-
ishing of the seed electrons. Two general methods were devel-
oped: (1) addition of new electrons by uniform scaling of the 
electron swarm at certain time instants under hydrodynamic 
conditions [26, 59] or at certain positions under steady-state 
Townsend conditions [60], when number of electrons reaches a 
pre-defined threshold, and (2) implementation of an additional 
fictitious ionization channel/process with a constant collision 
frequency (providing that the corresponding ioniz ation rate is 
chosen to be approximately equal to the attachment rate) [54]. 
On the other hand, similar rescaling may be applied for the 
increasing number of electrons as has been tested at the larger 
E/n0 by Li et  al [61]. Further distinction and specification 
between methods developed by Nolan et al [26] and Dyatko 
et al [60] on one hand and Raspopović et al [59] on the other, 
will be discussed in later sections. These methods have not 
been compared to each other in a comprehensive and rigorous 
manner. This raises a number of questions. How accurate, 
these methods are? Which is the more efficient? Which is 
easier for implementation? What is their relationship to each 
other? Which one is more flexible? In this paper, we will try to 
address some of these issues. In particular, the present paper 
serves to summarize the salient features of these methods in a 
way which we hope will be of benefit to all present and future 
developers of Monte Carlo codes. Finally, it is also important 
to note that in the present paper we extend the method initially 
developed by Yousfi et al [54], by introducing time-dependent 
collision frequency for the fictitious ionization process.

This paper is organized as follows: in section 2, we briefly 
review the basic elements of our Monte Carlo code, before 
detailing the rescaling procedures employed to combat the 
computational difficulties initiated by the rapid disappearance 
of electrons. In the same section, we illustrate the issue of 
electron losses by considering the evolution of the number of 
electrons for a range of E/n0 in SF6 and CF3I. In section 3, 
we evaluate the performance of rescaling procedures by simu-
lating electron transport in SF6 and CF3I over a wide range of 
E/n0. We will also highlight the substantial difference between 
the bulk and flux transport coefficients in SF6 and CF3I. 
Special attention will be paid to the occurrence of negative 
differential conductivity (NDC) in the profile of the bulk drift 
velocity. For electrons in SF6 another phenomenon arises: 
for certain reduced electric fields we find regions where the 
swarm mean energy decreases with increasing E/n0. In the last 
segment of the section 3, we discuss two important issues: (1) 
how to use the rescaling procedures in Monte Carlo codes, 
and (2) rescaling procedures as a tool in the modeling of non-
hydrodynamic effects in swarm experiments. In section 4, we 
present our conclusions and recommendations.

2. Input data and computational methods

2.1. Cross sections for electron scattering and simulation 
conditions

We begin this section  with a brief description of cross sec-
tions for electron scattering in SF6 and CF3I. For the SF6 cross 
sections we use the set developed by Itoh et al [47]. This set 
was initially based on published measurements of cross sec-
tions  for individual collision processes. Using the standard 
swarm procedure, the initial set was modified to improve 
agreement between the calculated swarm parameters and the 
experimental values. The set includes one vibrational channel, 
one electronic excitation channel, as well as elastic, ionization 
and five different attachment channels.

This study considers electron transport in CF3I using the 
cross section set developed in our laboratory [62]. This set of 
cross sections is shown in figure 1. It should be noted that this 
set is similar but not identical to that developed by Kimura 
and Nakamura [63]. We have used the measured data under 
pulsed Townsend conditions for pure CF3I and its mixtures 
with Ar and CO2 in a standard swarm procedure with the aim 
of improving the accuracy and completeness of a set of cross 
sections. It consists of the elastic momentum transfer cross 
section, three cross sections for vibrational and five cross sec-
tions for electronic excitations as well as one cross section for 
electron-impact ionization with a threshold of 10.4 eV and one 
cross section for dissociative attachment. For more details the 
reader is referred to our future paper [64].

For both SF6 and CF3I all electron scattering are assumed 
isotropic and hence the elastic cross section  is the same as 
the elastic momentum transfer cross section. Simulations have 
been performed for E/n0 ranging from 1 to 1000 Td. The pres-
sure and temperature of the background gas are 1 Torr and 
300 K, respectively. It should be mentioned that special care in 
our Monte Carlo code has been paid to proper treatment of the 
thermal motion of the host gas molecules and their influence 

Figure 1. Electron impact cross-sections for CF3I used in this 
study [62]: Q el. mt momentum transfer in elastic collisions, Q vib. exc 
vibrational excitation, Q el. exc electronic excitation, Q att dissociative 
attachment and Q i electron-impact ionization.
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on electrons, which is very important at low electric fields, 
when the mean electron energy is comparable to the thermal 
energy of the host gas [65]. After ionization, the available 
energy is partitioned between two electrons in such a way that 
all fractions of the distribution are equally probable.

2.2. Monte Carlo method

The Monte Carlo simulation technique used in the present 
work is described at length in our previous publications [32, 
53, 59, 66, 67]. In brief, we follow the spatiotemporal evo-
lution of each electron through time steps which are fractions 
of the mean collision time. In association with random num-
bers, these finite time steps are used to solve the integral equa-
tion for the collision probability in order to determine the time 
of the next collision. The number of time steps is determined in 
such a way as to optimize the performance of the Monte Carlo 
code without reducing the accuracy of the final results. When 
the moment of the next collision is established, the additional 
sequences of random numbers are used, first to determine the 
nature of a collision, taking into account the relative probabili-
ties of the various collision types, and second to determine the 
change in the direction of the electron velocity. All dynamic 
properties of each electron such as position, velocity, and 
energy are updated between and after the collisions. Sampling 
of electron dynamic properties is not correlated to the time 
of the next collision and is performed in a way that ensemble 
averages can be taken in both the velocity and configuration 
space. Explicit formulas for the bulk and flux transport prop-
erties have been given in our previous publications [59, 66]. 
To evaluate the accuracy of the Monte Carlo code, Boltzmann 
analyses were performed in parallel with the Monte Carlo 
calcul ations using the multi term method described in detail by 
Dujko et al [53]. In addition, we use the BOLSIG+, a publicly 
available Boltzmann solver based on a two term theory [68]. 
The most recent version of this code might be used to study the 
electron transport in terms of both the flux and bulk data which 
is very useful for some aspects of plasma modeling [7]. At the 
same time, the comparison between our results and those com-
puted by BOLSIG+  which is presented in this paper, should 

be viewed as the first benchmark for the bulk BOLSIG+  data. 
Our Monte Carlo code and multi term codes for solving the 
Boltzmann equation have been subject of a detailed testing for 
a wide range of model and real gases [31, 53, 59, 67].

In figure 2 we illustrate the losses of electrons during the 
evolution of the swarm towards the steady-state. The initial 
number of electrons is set to ×1 106 and calculations are 
performed for a range of reduced electric fields E/n0 as indi-
cated on the graphs. For both SF6 and CF3I, we observe that 
at small E/n0, i.e. at low mean energies, the number of elec-
trons decreases much faster. This is a clear sign that collision 
frequency for electron attachment increases with decreasing 
E/n0. Electrons in CF3I are lost continuously and consequently 
the number of electrons in the swarm decreases exponentially 
with time. The same trend may be observed for electrons in 
SF6 at 210 Td. For the remaining E/n0 the number of electrons 
is reduced with time even faster. Comparing SF6 and CF3I, it 
is evident that the electrons are more efficiently consumed by 
electron attachment in SF6 in the early stage of the simulation. 
Conversely, in the last stage of simulation the electrons are 
more consumed by electron attachment in CF3I than in SF6. 
In any case, the electron swarms in both cases are entirely 
consumed by attachment way before the steady-state regime 
and hence the simulations are stopped. In other words, the 
number density drops down by six orders of magnitude over 
the course of several hundred nanoseconds in both gases. To 
facilitate the numerical simulation, it is clear that some kind 
of rescaling of the number density is necessary to compen-
sate for the electrons consumed by electron attachment. This 
procedure should not in any way disrupt the spatial gradients 
in the distribution function. On the other hand, releasing elec-
trons with some fixed arbitrary initial condition would require 
that they equilibrate with the electric field during which time 
again majority of such additional electrons would be lost.

2.3. Rescaling procedures

To counteract the effect of attachment in an optimal fashion 
while keeping the statistical accuracy, the following rescaling 
procedures were proposed and applied so far:

Figure 2. Electron number density decay for four different reduced electric fields as indicated on the graph. Calculations are performed for 
SF6 (a) and CF3I (b).
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 (1) Uniform generation of new electrons with initial prop-
erties taken from the remaining electrons thus taking 
advantage of the equilibration that has been achieved 
so far [59]. To make this procedure effective i.e. to 
avoid losing population in some smaller pockets of the 
ensemble the population should be allowed to oscillate 
between N1 and N0, where >N N1 0 but their difference is 
relatively small. Here N0 is minimum allowed number of 
electrons while N1 is maximum number of electrons in 
the simulation after rescaling.

 (2) Uniform scaling of an electron swarm by a factor of 2 or 3 
at certain instants of time [26] or distance [60] depending 
on the simulation conditions where the probability of 
scaling for each electron is set to unity.

 (3) Introduction of an additional fictitious ionization process 
with a constant ionization frequency (that is close to 
the rate for attachment), which artificially increases the 
number of simulated electrons [54, 61]. Uniform rescaling 
of the swarm is done by randomly choosing the electrons 
which are to be ‘duplicated’. The newborn electron has 
the same initial dynamic properties, coordinates, velocity, 
and energy as the original. Following the creation of a 
new electron their further histories diverge according to 
the independently selected random numbers.

Comparing the procedures (1) and (2), it is clear that there are 
no essential differences between them. The only difference lies 
in the fact that in the procedure (2) duplicating is performed 
for all the electrons in the simulation while according the pro-
cedure (1), the probability of duplication is determined by the 
current ratio of the number of electrons to the desired number 
of electrons in the simulation, which is specified in advance. 
On the other hand, fictitious ionization collision generates a 
new electron which is given the same position, velocity and 
energy as the primary electron that is not necessarily the elec-
tron lost in attachment. In this paper, we shall refer to the pro-
cedure (1) as discrete rescaling, since the procedure is applied 
at discrete time instants. The procedure (2) shall be termed 
as swarm duplication and finally we shall refer to the proce-
dure (3) as the continuous rescaling since the rescaling is done 
during the entire simulation. An important requirement is that 
the rescaling must not perturb/change/disturb the normalized 
electron distribution function and its evolution. Li et al [61] 
showed that the continuous rescaling procedure meets this 
requirement. In case of discrete rescaling as applied to the 
symmetrical yet different problem of excessive ionization, it 
was argued that one cannot be absolutely confident that the 
rescaled distribution is a good representation of the original 
[69], except when steady state is achieved [70].

In what follows, we discuss the continuous rescaling. 
Following the previous works [54, 61], the Boltzmann equa-
tion  for the distribution function ( )f tr c, ,  without rescaling 
and ( )�f tr c, ,  with rescaling are given by:

∂ + ⋅ ∇ + ⋅ ∇ =−( ) ( ) ( )f t J fc a r c, , ,t r c (1)

and

ν∂ + ⋅ ∇ + ⋅ ∇ =− +� � �( ) ( ) ( ) ( )f t J f t fc a r c, , ,t r c fi (2)

where a is the acceleration due to the external fields, J( f ) is 
the collision operator for electron-neutral collisions and νfi is 
time-dependent fictitious ionization rate. If the collision oper-
ator is linear (i.e. if electron–electron collisions are negligible) 
and if the initial distributions (at time t  =  0) are the same, it 
can be easily shown that the following relationship holds

( ) ( ) ( )∫ ν τ τ=� ⎜ ⎟
⎛
⎝

⎞
⎠f t f tr c r c, , , , exp d .

t

0
fi (3)

Substituting equation (3) into equation (2) and using the lin-
earity of the collision operator yields the following equation

⎜ ⎟
⎛
⎝

⎞
⎠J f J fexp d .

t

0
fi( ) ( ) ( )∫ ν τ τ=� (4)

Note that in contrast to Li et al [61] the collision frequency 
for the fictitious ionization is now a time-dependent func-
tion. In terms of numerical implementation, the only differ-
ence between our continuous rescaling procedure and the one 
described in [54, 61] is that we do not need to provide the 
fictitious ionization rate which is estimated by trial and error, 
in advance ( a priori). Instead, our fictitious ionization rate is 
initially chosen to be equal to the calculated attachment rate at 
the beginning of the simulation. Afterwards, it is recalculated 
at fixed time instants in order to match the newly developed 
attachment rates. As a result, the number of electrons during 
the simulation usually does not differ from the initial one by 
more than 10%. It should be noted that the fictitious ionization 
process must not in any way be linked to the process of real 
ionization. It was introduced only as a way to scale the distri-
bution function, or in other words, as a way of duplicating the 
electrons.

3. Results and discussion

In this section the rescaling procedures and associated Monte 
Carlo code outlined in the previous section  are applied to 
investigate transport properties and attachment induced phe-
nomena for electrons in SF6 and CF3I. Electron transport in 
these two strongly attaching gases provides a good test of dif-
ferent rescaling procedures, particularly for lower E/n0 where 
electron attachment is the dominant non-conservative process. 
In addition to comparisons between different rescaling pro-
cedures, the emphasis of this section  is the observation and 
physical interpretation of the attachment induced phenomena 
in the E/n0-profiles of mean energy, drift velocity and diffu-
sion coefficients. In particular, we investigate the differences 
between the bulk and flux transport coefficients. We do not 
compare our results with experimentally measured data as it 
would distract the reader’s attention to the problems associ-
ated with the quality of the sets of the cross sections for elec-
tron scattering. There are no new experimental measurements 
of transport coefficients for electrons in SF6, particularly for 
E/n0 less than 50 Td and thus we have deliberately chosen 
not to display the comparison. On the other hand, one cannot 
expect the multi term results to be useful here as the condi-
tions with excessive attachment would make convergence dif-
ficult in the low E/n0 region, where comparison would be of 
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interest. Thus, for clarity the multi term results are omitted. 
Both experimental and theoretical work on electron swarms in 
SF6 prior to 1990 is summarized in the papers of Phelps and 
van Brunt [11], Gallagher et al [71] and Morrow [72]. Recent 
results can be found in the book by Raju [22] and the review 
article of Christophorou and Olthoff [12]. The swarm analysis 
and further improvements of the cross sections  for electron 
scattering in CF3I is a subject of our future work [64].

3.1. Transport properties for electrons in SF6 and CF3I

3.1.1. Mean energy. In figure 3 we show the variation of the 
mean energy with E/n0 for electrons in SF6. The agreement 
between different rescaling procedures is excellent. This sug-
gests that all rescaling procedures are equally valid for calcul-
ation of the mean energy (provided that rescaling is performed 
carefuly). In addition, the BOLSIG+  results agree very well 
with those calculated by a Monte Carlo simulation technique. 
For lower E/n0, the mean energy initially increases with E/n0, 
reaching a peak at about 10 Td, and then surprisingly it starts 
to decrease with E/n0. The minimum of mean energy occurs 
at approximately 60 Td. For higher E/n0 the mean energy 
monotonically increases with E/n0. The reduction in the mean 
energy with increasing E/n0 has been reported for electrons in 
Ar [73] and O2 [74] but in the presence of very strong magn-
etic fields. In the present work, however, the mean energy is 
reduced in absence of magnetic field which certainly repre-
sents one of the most striking and anomalous effects observed 
in this study. Moreover, this behavior is contrary to previous 
experiences in swarm physics as one would expect the mean 
swarm energy to increase with increasing E/n0. This is dis-
cussed in detail below.

In order to understand the anomalous behavior of the mean 
energy of electrons in SF6, in figure 4 we display the elec-
tron energy distribution functions for E/n0 at 10, 27, 59 and 
210 Td. Cross sections  for some of the more relevant col-
lision processes are also included, as indicated in the graph. 

For clarity, the attachment cross sections for the formation of 
−SF4 , −F2  and −F  are omitted in the figure. For E/n0 of 10 

and 27 Td we observe the clear signs of ‘hole burning’ in the 
electron energy distribution function (EEDF). This phenom-
enon has been extensively discussed for electrons in O2 [75, 
76], O2 mixtures [29, 77] and under conditions leading to the 
phenomenon of absolute negative electron mobility [27, 60] 
as well as for electrons in the gas mixtures of C2H2F4, iso-
C4H10 and SF6 used in resistive plate chambers in various 
high energy physics experiments at CERN [6]. For elec-
trons in SF6, the collision frequency for electron attachment 
decreases with energy and hence the slower electrons at the 
trailing edge of the swarm are preferentially attached. As a 
consequence, the electrons are ‘bunched’ in the high-energy 
part of the distribution function which in turn moves the bulk 
of the distribution function to higher energies. This is the well-
known phenomenon of attachment heating which has already 
been discussed in the literature for model [25, 26] and real 
gases [6, 29]. In the limit of the lowest E/n0 we see that due 
to attachment heating the mean energy attains the unusually 
high value of almost 5 eV. For a majority of molecular gases, 
however, the mean energy is significantly reduced for lower 
E/n0 due to presence of rotational, vibrational and electronic 
excitations which have threshold energies over a wide range. 
As E/n0 further increases the mean energy is also increased as 
electrons are accelerated through a larger potential. However, 
in case of SF6, for E/n0 increasing beyond 10 Td the mean 
energy is reduced. This atypical situation follows from the 
combined effects of attachment heating and inelastic cooling. 
From figure 4 we see that for E/n0 of 27 and 59 Td the elec-
trons from the tail of the corresponding distribution functions 
have enough energy to undergo the electronic excitation. 
Whenever an electron undergoes electronic excitations (or 
ionization) it loses the threshold energy of 9.8 eV (or 15.8 eV 
in case of ionization) and emerges from the collision with a 
reduced energy. This in turn diminishes the phenomenon of 
‘hole burning’ in the distribution function by repopulating 

Figure 3. Variation of the mean energy with E/n0 for electrons 
in SF6. Monte Carlo results using three different techniques for 
electron number density compensation (rescaling) are compared 
with the BOLSIG+  results.

Figure 4. Electron energy distribution functions for E/n0 of 10, 
27, 59 and 210 Td. Cross sections for elastic momentum transfer 
(Qmt), electronic excitation (Qexc) and ionization (Qion) as well as 
for attachments that lead to the formation of −SF6  (Qatt1) and −SF5  
(Qatt2) ions, are also included.
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the distribution function at the lower energy. The combined 
effects of attachment heating and inelastic cooling and subse-
quent redistribution of low-energy electrons are more signifi-
cant for the energy balance than the energy gain from electric 
field and losses in other collisions. The vibrational excitation 
with the threshold of 0.098 eV is of less importance having in 
mind the actual values of the mean energy. For E/n0 higher 
than 60 Td, the dominant part in the energy balance is the 
energy gain from the electric field while attachment heating 
and induced phenomena are significantly suppressed. Thus, 
for E/n0 higher than 60 Td the mean energy monotonically 
increases with increasing E/n0.

The variation of the mean energy with E/n0 for electrons in 
CF3I is shown in figure 5. The agreement between different resca-
ling procedures is very good. Small deviations between discrete 
rescaling and swarm duplication from one side and continuous 
rescaling from the other side are present between approximately 
3 and 20 Td. BOLSIG+  slightly overestimates the mean energy 
only in the limit of the lowest E/n0. In contrast to mean energy 
of the electrons in SF6, the mean energy of the electrons in CF3I 
monotonically increases with E/n0 without signs of anomalous 
behavior. If we take a careful look, then we can isolate three 
distinct regions of electron transport in CF3I as E/n0 increases. 
First, there is an initial region where the mean energy raises rela-
tively slowly due to large energy loss of the electrons in low-
threshold vibrational excitations. In this region the mean energy 
of the electrons is well above the thermal energy due to extensive 
attachment heating. The mean energy is raised much sharper 
between approximately 5 and 50 Td, indicating that electrons 
become able to overcome low-threshold vibrational excitations. 
The following region of slower rise follows from the explicit 
cooling of other inelastic processes, including electronic excita-
tions and ionization, as these processes are now turned on. In 
conclusion, the nature of cross sections for electron scattering in 
CF3I and their energy dependence as well as their mutual rela-
tions do not favor the development of the anomalous behavior of 
the swarm mean energy.

3.1.2. Drift velocity. In figures 6 and 7 we show variation of the 
bulk and flux drift velocity with E/n0 for electrons in SF6 and 
CF3I, respectively. For electrons in SF6 the agreement between 
different rescaling procedures for electron compensation is 
excellent for both the bulk and flux drift velocity over the 
entire E/n0 range considered in this work. The  BOLSIG+  bulk 
results slightly underestimate the  corresponding bulk Monte 
Carlo results in the limit of the  lowest E/n0. For electrons in 
CF3I, the agreement among  different rescaling procedures 
for electron compensation is also good except for lower E/n0 
where the continuous  rescaling gives somewhat lower results 
than other techniques.

For both SF6 and CF3I, we see that the bulk dominates the 
flux drift velocity over the entire E/n0 range considered in this 
work. For lower E/n0 this is a consequence of a very intense 

Figure 5. Variation of the mean energy with E/n0 for electrons 
in CF3I. Monte Carlo results using three different techniques for 
electron compensation are compared with the BOLSIG+  results.

Figure 6. Variation of the drift velocity with E/n0 for electrons 
in SF6. Monte Carlo results using three different techniques for 
electron number density compensation are compared with the 
BOLSIG+  results.

Figure 7. Variation of the drift velocity with E/n0 for electrons 
in CF3I. Monte Carlo results using three different techniques for 
electron number density compensation are compared with the 
BOLSIG+  results.
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attachment heating while for higher E/n0 this follows from 
the explicit effects of ionization. As mentioned above, when 
transport processes are greatly affected by attachment heating 
the slower electrons at the back of the swarm are consumed at 
a faster rate than those at the front of the swarm. Thus, in the 
case of drift, the electron attachment acts to push the centre 
of mass forward, increasing the bulk drift velocity above its 
flux component. For higher E/n0 when ionization takes place, 
the ionization rate is higher for faster electrons at the front of 
the swarm than for slower electrons at the back of the swarm. 
As a result, electrons are preferentially created at the front of 
the swarm which results in a shift in the centre of mass. Of 
course, this physical picture is valid if collision frequency for 
ionization is an increasing function of electron energy. This 
is true for electrons in both SF6 and CF3I. The explicit effects 
of electron attachment are much stronger than those induced 
by ionization. When ionization is dominant non-conservative 
process, the differences between two sets of data are within 
30% for both gases. When attachment dominates ionization, 
however, then the discrepancy between two sets of data might 
be almost two orders of magnitude, as for electrons in SF6 in 
the limit of the lowest E/n0.

The flux drift velocity is a monotonically increasing func-
tion of E/n0 while the bulk component behaves in a qualitatively 

different fashion. A prominent feature of electron drift in SF6 
and CF3I is the presence of a very strong NDC in the profile 
of the bulk drift velocity. On the other hand, a decrease in the 
flux drift velocity with increasing E/n0 has not been observed. 
Such behavior is similar of the recently observed NDC effect 
for positrons in molecular gases [78, 79] where Positronium 
(Ps) formation plays the role of electron attachment.

In order to provide physical arguments for an explanation 
of NDC in the bulk drift velocity, in figure 8 we show the spa-
tial profile and spatially resolved average energy of electrons 
in CF3I. Calculations are performed for four different values 
of E/n0 as indicated in the graph. The direction of the applied 
electric field is also shown. Two fundamentally different sce-
narios are discussed: (1) the electron attachment is treated as 
a conservative inelastic process with zero energy loss, and 
(2) the electron attachment is treated regularly, as a true non-
conservative process. The first scenario is made with the aim 
of illustrating that NDC is not primarily caused by the shape 
of cross section for attachment but rather by the synergism of 
explicit and the implicit effects of the number changing nature 
of the process on electron transport. Sampling of spatially 
resolved data in our Monte Carlo simulations is performed 
using the continuous rescaling. The continuous rescaling pro-
duces smoother curves and in most cases it is more reliable 

Figure 8. Spatial profile of electrons (blue curves) and spatially resolved averaged energy (red curves) at four different E/n0 in CF3I. Full 
lines denote the results when electron attachment is treated as a non-conservative process, while the dashed lines represent our results when 
electron attachment is treated as a conservative inelastic process with zero energy loss.
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as compared to the discrete rescaling and swarm duplication. 
The results of the first scenario are presented by dashed lines 
while the second scenario where electron attachment is treated 
as a true non-conservative process, is represented by full lines.

When electron attachment is treated as a conservative ine-
lastic process, the spatial profile of electrons has a well defined 
Gaussian profile with a small bias induced by the effect of 
electric field. The non-symmetrical feature of spatial profile 
is further enhanced with increasing E/n0. While for lower E/n0 
the spatial variation of the average energy is relatively low, 
for higher E/n0, e.g. for E/n0 of 59 Td the slope of the average 
energy is quite high, indicating that the electron swarm energy 
distribution is normally spatially anisotropic. It is important 
to note that there are no imprinted oscillations in the spatial 
profile of the electrons or in the profile of the average energy 
which is a clear sign that the collisional energy loss is gov-
erned essentially by ’continuous’ energy loss processes [32].

When electron attachment is treated as a true non- 
conservative process, the spatial profile and the average 
energy of electrons are drastically changed. For all consid-
ered reduced electric fields spatially resolved average energy 
is greater as compared to the case when electron attachment is 
treated as a conservative inelastic process. For E/n0 of 1.7 and 
4.6 Td the spatial profiles of electrons depart from a typical 
Gaussian shape. For 1.7 Td there is very little spatial variation 
in the average energy along the swarm. When E/n0  =  4.6 Td, 
however, the spatial profile is skewed, asymmetric and shifted 
to the left. This shift corresponds approximately to the differ-
ence between bulk drift velocities in the two scenarios. We 
observe that the trailing edge of the swarm is dramatically cut 
off while the average energy remains essentially unaltered. At 
the leading edge of the swarm, however, we observe a sharp 
jump in the average energy which is followed by a sharp drop-
off. In addition, the height of spatial profile is significantly 
increased in comparison to the Gaussian profile of the swarm 
when electron attachment is treated as a conservative inelastic 
process. For higher E/n0 the signs of explicit effects of elec-
tron attachment are still present but are significantly reduced. 
For E/n0  =  10 Td the spatial dependence of the average 
energy is almost linear with a small jump at the leading edge 
of the swarm. Comparing trailing edges of the swarms at 4.6 
and 10 Td we see that for higher electric field the spatial pro-
file of electrons is by far less cut off. This suggests that for 
increasing E/n0 there are fewer and fewer electrons that are 
consumed by electron attachment. Finally, for E/n0  =  59 Td 
the spatial profile of electrons is exactly the same as the profile 
obtained under conditions when electron attachment is treated 
as a conservative inelastic process.

The spatially resolved attachment rates are displayed in 
figure 9 and are calculated under the same conditions as for the 
spatial profile of the electrons and spatially averaged energy. 
We see that the attachment rate peaks at the trailing edge of 
the swarm where the average energy of the electrons is lower. 
Attachment loss of these lower energy electrons causes a for-
ward shift to the swarm centre of mass, with a corresponding 
increase in the bulk drift velocity. For increasing E/n0, the 
spatially resolved attachment rate coefficients are reduced and 
linearly decrease from the trailing edge towards the leading 

part of the swarm. At the same time the electrons at the leading 
edge of the swarm have enough energy to undergo ionization. 
This suggests much less explicit influence of electron attach-
ment on the electron swarm behavior. As a consequence, NDC 
is removed from the profile of the bulk drift velocity.

In addition to the explicit effects of electron attachment 
there are implicit effects due to energy specific loss of elec-
trons, which changes the swarm energy distribution as a 
whole, and thus indirectly changes the swarm flux. Generally 
speaking, it is not possible to separate the explicit from 
implicit effects, except by analysis with and without the elec-
tron attachment. Using these facts as motivational factors, in 
figure 10 we show the electron energy distribution functions 
for the same four values of E/n0 considered above. The elec-
tron energy distribution functions are calculated when elec-
tron attachment is treated as a true non-conservative process 
(full line) and under conditions when electron attachment is 
assumed to be a conservative inelastic process (dashed line). 
As for electrons in SF6, we observe a ‘hole burning’ effect in 
the energy distribution function which is certainly one of the 
most illustrative examples of the implicit effects. Likewise, 
we see that the high energy tail of the distribution function 
falls off very slowly even slower than for Maxwellian. Under 
these circumstances, when the actual distribution function 
significantly deviates from a Maxwellian, the numerical 
schemes for solving the Boltzmann equation in the framework 
of moment methods usually fail. Indeed, for E/n0 less than 
approximately 20 Td we have found a sudden deterioration in 
the convergence of the transport coefficients which was most 
pronounced for the bulk properties. Furthermore, we see that 
the ‘hole burning’ effect is not present when electron attach-
ment is treated as a conservative inelastic process. The lower 
energy part of the distribution function is well populated while 
high energy part falls off rapidly. For increasing E/n0 and 
when electron attachment is treated as a true non-conservative 
process, the effect of hole burning is reduced markedly while 

Figure 9. Spatially resolved attachment rate coefficient for a range 
of E/n0 as indicated on the graph. Calculations are performed for 
electrons in CF3I.
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the high energy part of the distribution function coincides with 
the corresponding one when electron attachment is treated as 
a conservative inelastic process.

Before embarking on a discussion of our results for dif-
fusion coefficients, one particular point deserves more men-
tion. NDC phenomenon in the bulk drift velocity has not been 
experimentally verified, neither for SF6 nor for CF3I. On the 
other hand, as we have already seen, the two entirely different 
theoretical techniques for calculating the drift velocity pre-
dict the existence of the phenomenon. Thus, it would be very 
useful to extend the recent measurements of the drift velocity 
in both SF6 and CF3I to lower E/n0 with the aim of confirming 
the existence of NDC. On the other hand, such measurements 
are most likely very difficult, even impossible due to rapid 
losses of electron density in experiment.

3.1.3. Diffusion coefficients. Variations of the longitudinal 
and transverse diffusion coefficients with E/n0 for electrons in 
SF6 are displayed in figures 11 and 12, respectively. From the 
E/n0-profiles of the longitudinal and transverse flux diffusion 
coefficients, we observe that different rescaling procedures for 
Monte Carlo simulations agree very well. For the bulk comp-
onents, the agreement is also very good for intermediate and 
higher E/n0 and only in the limit of the lowest E/n0 the agree-
ment is deteriorated. Over the range of E/n0 considered we see 
that there is an excellent agreement between continuous and 
discrete rescaling.

Comparing Monte Carlo and BOLSIG+  results, the devia-
tions are clearly evident. They might be attributed to the 
inaccuracy of the two term approximation of the Boltzmann 
equation  which is always considerably higher for diffusion 
than for the drift velocity. For higher E/n0, inelastic collisions 
are significant and the distribution function deviates substanti-
ally from isotropy in velocity space. In these circumstances, 

the two term approximation of the Boltzmann equation fails 
and multi-term Boltzmann equation analysis is required. For 
lower E/n0, however, the role of inelastic col lisions is of less 
significance, but still discrepances between the BOLSIG+  and 
Monte Carlo results are clearly evident, particularly for the 
longitudinal diffusion coefficient. This suggests that further 
analyses of the impact of electron attachment on the distribu-
tion function in velocity space of electrons in SF6 would be 
very useful.

From the profiles of the longitudinal diffusion coefficient 
at lower and intermediate values of E/n0 we observe the fol-
lowing interesting points. In contrast to drift velocity (and 
transverse diffusion coefficient shown in figure  12) we see 

Figure 10. Energy distribution functions for four different E/n0 for electrons in CF3I. Black lines denote the results when electron 
attachment is treated as non-conservative process while dashed red lines represent our results when electron attachment is treated as a 
conservative inelastic process.

Figure 11. Variation of the longitudinal diffusion coefficient with 
E/n0 for electrons in SF6. Monte Carlo results using three different 
techniques for electron number density compensation are compared 
with the BOLSIG+  results.
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that the bulk diffusion coefficient is smaller than the corre-
sponding flux component. This indicates that the decrease in 
electron numbers due to attachment weakens diffusion along 
the field direction. As already discussed, attachment loss of 
electrons from the trailing edge of the swarm causes a forward 
shift to the swarm centre of mass, with the corresponding 
increases in the bulk drift velocity and mean energy. The same 
effects result in an enhancement of the flux longitudinal dif-
fusion. It should be noted that when attachment heating takes 
place, the opposite situation (bulk is higher than flux) has 
also been reported [25]. This is a clear sign that the energy 
dependence of the cross sections  for electron attachment is 
of primary importance for the analysis of these phenomena. 
For higher E/n0, however, where the contribution of ionization 
becomes important, we observe that the diffusion is enhanced 
along the field direction, e.g. the bulk dominates the flux. This 
is always the case if the collision frequency for ionization is 
an increasing function of the electron energy, independently 
of the gaseous medium considered.

From the profiles of the transverse diffusion coefficient 
the bulk values are greater than the corresponding flux values 
over the range of E/n0 considered in this work. Only in the 
limit of the lowest E/n0 the opposite situation holds: the flux is 
greater than the bulk. In contrast to the longitudinal diffusion, 
spreading along the transverse directions is entirely deter-
mined by the thermal motion of the electrons. The flux of the 
Brownian motion through a transverse plane is proportional 
to the speed of the electrons passing through the same plane. 
Therefore, the higher energy electrons contribute the most to 
the transversal expansion, so attachment heating enhances 
transverse bulk diffusion coefficient.

Figures 13 and 14 show the variations of the longitudinal 
and transverse diffusion coefficients with E/n0 for electrons in 
CF3I, respectively. From the E/n0-profiles of the bulk diffu-
sion coefficients we observe an excellent agreement between 
different rescaling procedures for E/n0  >  10 Td. The same 
applies for the flux component of the longitudinal diffusion. 

For E/n0  <  10 Td the agreement is poor for bulk components, 
particularly between the continuous rescaling from one side 
and discrete rescaling and/or swarm duplication from the 
other side. The agreement is better for the flux components.

Comparing Monte Carlo and BOLSIG  +  results, we see 
that the maximum error in the two term approximation, for 
both diffusion coefficients occurs at lower and higher E/n0. In 
contrast to SF6, CF3I has rapidly increasing cross sections for 
vibrational excitations in the same energy region where the 
cross section  of momentum transfer in elastic collisions 
decreases with the electron energy. Under these conditions, 
the energy transfer is increased and collisions no longer have 
the effect of randomizing the direction of electron motion. As 
a consequence, the distribution function deviates significantly 
from isotropy in velocity space and two term approximation 
of the Boltzmann equation fails.

Figure 12. Variation of the transverse diffusion coefficient with 
E/n0 for electrons in SF6. Monte Carlo results using three different 
techniques for electron number density compensation are compared 
with the BOLSIG+  results.

Figure 13. Variation of the longitudinal diffusion coefficient with 
E/n0 for electrons in CF3I. Monte Carlo results using three different 
techniques for electron number density compensation are compared 
with the BOLSIG+  results.

Figure 14. Variation of the transverse diffusion coefficient with 
E/n0 for electrons in CF3I. Monte Carlo results using three different 
techniques for electron number density compensation are compared 
with the BOLSIG+  results.

Plasma Sources Sci. Technol. 25 (2016) 065010



J Mirić et al

12

When considering the differences between the bulk and 
flux values of diffusion coefficients the situation is much more 
complex comparing to SF6. From the E/n0-profiles of the lon-
gitudinal diffusion coefficient one can immediately see that 
for lower and higher E/n0, the bulk is greater than the corre-
sponding flux values while at intermediate E/n0 the opposite 
situation holds: the flux is greater than the bulk. The behavior 
of the transverse diffusion coefficient is less complex, as over 
the entire of E/n0 the bulk is greater that the corresponding 
flux values.

As we have demonstrated, in contrast to drift velocity the 
behavior and differences between the bulk and flux diffusion 
coefficients is somewhat harder to interpret. This follows from 
the complexity of factors which contribute to or influence the 
diffusion coefficients. The two most important factors are the 
following: (a) the thermal anisotropy effect resulting from 
different random electron motion in different directions; and  
(b) the anisotropy induced by the electric field resulting from 
the spatial variation of the average energy and local average 
velocities throughout the swarm which act so as to either inhibit 
or enhance diffusion. Additional factors include the effects of 
collisions, energy-dependent total collision frequency, and 
presence of non-conservative collisions. Couplings of these 
individual factors are always present and hence sometimes it 
is hard to elucidate even the basic trends in the behavior of 
diffusion coefficients. In particular, to understand the effects 
of electron attachment on diffusion coefficients and associated 
differences between bulk and flux components, the variation 
in the diffusive energy tensor associated with the second-order 
spatial variation in the average energy with E/n0 should be 
studied. This remains the program of our future work.

3.1.4. Rate coefficients. In figure 15 we show the variation of 
steady-state Townsend ionization and attachment coefficients 
with E/n0 for electrons in SF6. The agreement between differ-
ent rescaling procedures and BOLSIG+  code is very good. 
It is important to note that the agreement is very good, even 
in the limit of the lowest E/n0 considered in this work where 
the electron energy distribution function is greatly affected 
by electron attachment. The curves show expected increase 
in /α n0 and expected decrease in /η n0, with increasing E/n0. 
The value obtained for critical electric field is 361 Td which 
is in excellent agreement with experimental measurements of 
Aschwanden [80].

In figure 16 we show variation of the steady-state Townsend 
ionization and attachment coefficients with E/n0 for electrons 
in CF3I. The agreement between different rescaling procedure 
and BOLSIG+  code is excellent for ionization coefficient. 
From the E/n0-profile of attachment coefficient, we see that 
the continuous rescaling slightly overestimates the remaining 
scenarios of computation. The critical electric field for CF3I 
is higher than for SF6. This fact has been recently used as a 
motivational factor for a new wave of studies related to the 
insulation characteristics of pure CF3I and its mixture with 
other gases, in the light of the present search for suitable alter-
natives to SF6. The value obtained for critical electric field 
in our calculations is 440 Td which is in close agreement 
with experimental measurements under steady-state [63, 81] 

and pulsed-Townsend [82] conditions, as well as with recent 
calcul ations performed by Kawaguchi et al [58] and Deng and 
Xiao [52].

3.2. Recommendations for implementation

In this section, we discuss the main features of the rescaling 
procedures and we give recommendations on how to use 
them in future Monte Carlo codes. Based on our experience 
achieved by simulating the electron transport in SF6, CF3I 
and other attaching gases, we have observed that if correctly 
implemented the procedures generally agree very well. The 
agreement between different rescaling procedures is always 
better for the flux than for the bulk properties. We found a 
poor agreement for the bulk diffusion coefficients, particularly 
for the lower E/n0 while for mean energy, drift velocity and 

Figure 15. Variation of the rate coefficients with E/n0 for electrons 
in SF6. Monte Carlo results using three different techniques for 
electron number density compensation are compared with the 
BOLSIG+  results.

Figure 16. Variation of the rate coefficients with E/n0 for electrons 
in CF3I. Monte Carlo results using three different techniques for 
electron number density compensation are compared with the 
BOLSIG+  results.
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rate coefficients the agreement is reasonably good. For lower 
E/n0 when the distribution function is extremely affected by 
electron attachment, the agreement between swarm duplica-
tion and discrete rescaling is also good. This is not surprising 
as these two techniques are essentially the same.

In terms of implementation, the Monte Carlo codes can 
be relatively easily upgraded with the procedures for swarm 
duplication and/or discrete rescaling. Special attention 
during the implementation of these procedures should be 
given to the choice of the length of time steps after which 
the cloning of the electrons is done. If the length of this time 
step appears to be too long as compared to the time constant 
which corresponds to the attachment collision frequency, 
then the distribution function could be disturbed due to a low 
statistical accuracy. In other words, depleting certain pockets 
of the EEDF means that those cannot be recovered at all. On 
the other hand, if the length of the time steps is too small, 
the speed of simulation could be significantly reduced. The 
implementation of the continuous rescaling procedure is 
somewhat more complicated.

Which procedure is, the most flexible? It is difficult to 
answer this question because the answer depends on the cri-
teria of flexibility. If the criterion for flexibility is associated 
with the need for a priori estimates which are necessary for 
setting the simulation, then the technique of continuous res-
caling is certainly the most flexible. Once implemented, and 
thoroughly tested this procedure allows the analysis of elec-
tron transport in strongly attaching gases regardless of the 
energy dependence of the cross section  for electron attach-
ment. On the other hand, for the analysis of electron transport 
in weakly attaching gases, the discrete rescaling is very con-
venient because it is easier for implementation into the codes 
and less demanding in terms of the CPU time.

In terms of reliability and accuracy, the comparison of 
the results obtained for various transport properties using the 
rescaling procedures for Monte Carlo simulations and the 
Boltzmann equation  codes shows that the rescaling proce-
dures described herein are highly reliable. It should be noted 
that only the multi term codes for solving the Boltzmann 
equation may offer the final answer. Restrictions of the TTA 
for solving the Boltzmann equation were demonstrated many 
times in the past [7, 31], especially when it comes to the calcul-
ations of diffusion coefficients. Testing and benchmarking 
against other Boltzmann solvers are currently ongoing.

3.3. Experiments in strongly attaching gases: difficulties 
induced by non-hydrodynamic effects

It must be noted at this point that most processes scale with 
pressure, so the independence on pressure would be main-
tained and so would be the equilibration of EEDFs affected 
by excessive attachment. Most of the processes fall into that 
category. These processes are best visualized in an infinite 
uniform environment. Standard swarm experiments are built 
in such a way that boundaries are not felt over appreciable 
volume and thus, they mimic hydrodynamic conditions very 
well. However, going to high E/n0 requires operating at lower 
pressures and there the boundaries may be felt over a larger 

portion of the volume. In general, whenever boundaries of any 
kind are introduced selective losses resulting in very different 
mean free paths of different groups of particles may lead to 
selective losses. The resulting holes in the distribution may be 
filled in by collisions, so when considerable selective losses 
are introduced results may become the pressure dependent 
(even when the cross section is not dependent on the pres sure). 
The same is true for temporal limitations. For example, if the 
frequency of collisions is small, so that the mean free time is 
comparable to the time required to accelerate to energies where 
cross sections decrease with the electron energy, the runaway 
effects may be developed. Similar effects may be created due 
to temporal variations of the field that do not allow full equili-
bration. The pressure dependence of the results will develop 
under such conditions (and so would the dependence on the 
size of the vessel). The development of a non- hydrodynamic 
theory for solving the Boiltzmann  equation  is difficult and 
the best solution is a Monte Carlo simulation technique. For 
that reason, rescaling procedures are essential in modeling of 
the non-hydrodynamic (non-local)  development of charged 
 particle ensembles.

Experiments in gases with a very large attachment (typi-
cally at low energies) may be difficult to carry out due to a 
large loss of electrons. The fact that experiments in diluted gas 
mixtures of such gases may be feasible, means that cross sec-
tions may be obtained. Yet, one should be aware of two main 
problems. Even in such mixtures and depending on the size 
of the experiment, attachment may be high enough to induce 
depletion of the distribution function thus making results 
pressure dependent or abundance dependent. If one wants to 
extend the calculations to pure attaching gas for smaller ves-
sels and pressures, one needs to be aware that only techniques 
that take full non-hydrodynamic description of the swarm 
development, are required. Similar effects have been observed 
in gases always associated with strong attachment such as 
oxygen [76] and water vapor [83]. In any case, the critical 
effects that include NDC for bulk drift velocity as a result of 
excessive loss of electrons in attachment can be observed in 
gases like SF6 and CF3I based on hydrodynamic expansion 
and even based on the two term theory provided that theory 
takes into account the explicit and implicit non-conservative 
effects of the attachment.

4. Conclusion

In this paper, we have presented the development, imple-
mentation and benchmarking of the rescaling procedures for 
Monte Carlo simulations of electron transport in strongly 
attaching gases. The capabilities of the rescaling procedures 
have been described by systematic investigation of the influ-
ence of electron attachment on transport coefficients of elec-
trons in SF6 and CF3I. Among many important points, the key 
results arising from this paper are:

 (1) We have presented two distinctively different methods for 
compensation of electrons in Monte Carlo simulations of 
electron transport in strongly attaching gases, e.g. the dis-
crete and the continuous procedures. In order to avoid the 
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somewhat arbitrary choice of the fictitious ionization rate, 
we have extended the continuous rescaling procedure, 
initially developed by Li et al [61], by introducing a time-
dependent collision frequency for the fictitious ionization 
process.

 (2) One of the initial motivating factors for this work was 
to provide accurate data for transport properties of elec-
trons in SF6 and CF3I which are required as input in fluid 
models of plasma discharges. In this work, for the first 
time, we have calculated the mean energy, drift velocity 
and diffusion coefficients as well as rate coefficients for 
lower E/n0 for electrons in SF6 and CF3I.

 (3) We have demonstrated the differences which can exist 
between the bulk and flux transport coefficients and the 
origin of these differences. Our study has shown that the 
flux and bulk transport properties can vary substantially 
from one another, particularly in the presence of intensive 
attachment heating. Thus, one of the key messages of this 
work is that theories which approximate the bulk trans-
port coefficients by the flux are problematic and generally 
wrong.

 (4) We have demonstrated and interpreted physically the 
phenomenon of the anomalous behavior of the mean 
energy of electrons in SF6, in which the mean energy 
is reduced for increasing E/n0. The phenomenon was 
associated with the interplay between attachment heating 
an inelastic cooling. The same phenomenon has not been 
observed for electrons in CF3I indicating that the role of 
the cross sections is vital.

 (5) We have explained and identified a region of NDC in the 
bulk drift velocity, originating from the explicit influ-
ence of electron attachment. The phenomenon has been 
explained using the concept of spatially-resolved trans-
port properties along the swarm.

 (6) The publicly available two term Boltzmann solver, 
BOLSIG+, has been shown to be accurate for calcul-
ations of mean energy, drift velocity and rate coefficients 
for electrons in SF6 and CF3I. On the other hand, 
significant differences between our Monte Carlo and 
BOLSIG+  results for diffusion coefficients have been 
observed, particularly for electrons in CF3I in the limit of 
the lowest E/n0 considered in this work.

Various rescaling procedures for Monte Carlo simulations 
described in this work have recently been applied to modeling 
of electron transport in strongly attaching gases under the 
influence of time-dependent electric and magnetic fields. It 
will be challenging to investigate the synergism of magnetic 
fields and electron attachment in radio-frequency plasmas. 
Likewise, the remaining step to be taken, is to apply the res-
caling procedures presented in this work to investigate the 
influence of positronium formation on the positron transport 
properties. This remains the focus of our future invest igation. 
Finally, we hope that this paper will stimulate further dis-
cussion on methods of correct representation of the effects 
induced by electron attachment on transport properties of 
electrons in strongly attaching gases.
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Abstract
In this work we present a comparative study of fluid modeling methods in order to determine a
recommended procedure to describe electron transport and streamer propagation across gas–
liquid interfacial regions. A test case of a cryogenic argon gas–liquid interface is simulated in
this work to demonstrate applicability of the recommended procedures. The recommended non-
local four moment model takes into consideration the density variation across the interface, and
its associated impact on the transport properties/collisional transfer rates, as well as the spatial
variation of the dielectric permittivity and the conduction band through the liquid binding
energy, V0. The study examines the impacts of various assumptions involved in the modeling of
electron transport across the plasma-liquid interface, by comparing a local field (drift-diffusion)
approximation with the non-local (four moment) model, as well as a step function change in the
density to actual spatially dependent density variations across the interface. We provide
recommendations on necessary physical considerations needed to adequately model transport
phenomena across gas–liquid interfaces.

Keywords: electron transport, gas liquid interface, fluid model, streamer, ionization front, low
temperature plasma

1. Introduction

Over the last century, there has been much effort applied to
furthering the understanding of plasma discharges in gases,
and developing advanced predictive models for both indus-
trial applications, including microelectronic circuit manu-
facture [1–3], and for understanding complex natural
phenomena such as lightning [4–6]. In addition to gas dis-
charges, there is increasing interest in modeling discharges in
liquids [7, 8] to better understand processes such as under-
water arc welding and plasma medicine [9–12]. At the nexus
of these two extremes is the gas–liquid interface, which has
been of particular interest to the plasma community due to
emerging applications such as plasma medicine. While
advanced models for gas discharges, and recently liquid

discharges, are available [13–15] we believe there is an
opportunity to unify the two extremes in order to model
electron transport as a continuous process between gas and
liquid. In this study we present the framework, and applica-
tion, of such a model to electron transport across an argon
gas–liquid interface.

Argon was chosen as the background medium for this
study primarily because much work has already been done to
understand electron transport in both gaseous and, recently,
liquid argon [16, 17] and so the input data required for fluid
models was readily available. In addition to the availability of
input data, the study of electron transport over argon gas–
liquid interfaces is directly applicable to the field of dual-
phase particle detectors used to detect dark matter or neutrino
scattering events [18–22]. In these experiments a very small
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reduced electric field » - -–10 102 1 Td, where
= -1 Td 10 V m21 2, is applied to a large volume of cryogenic

liquid argon, or xenon, to assist in extracting electrons pro-
duced by ionization events in the liquid [22]. These electrons
are extracted through the surface of the liquid, where they
transport across an interface into a vapor region atop the
liquid. Once in the gas phase, the current produced by the
extracted electrons is amplified by multiplier grids providing
stronger reduced electric fields (≈102 Td) to generate ava-
lanche events. We identify this application as one that could
benefit from a modeling framework that could provide a
continuous simulation of electron transport out of the liquid,
across the interface, and into the gas phase.

Conversely, in terms of plasma transport from gas phase
to liquid, a major application is plasma medicine and plasma
treatment of liquids. The importance of electron transfer and
electron induced chemistry at these plasma-liquid interfaces
has been well established in recent years [11, 12, 23]. Despite
this importance, it has been noted that radicals, ions, and
photons are primarily considered when studying plasma-
liquid reactions with little attention given to electron inter-
actions with the liquid phase [11]. We note that this present
study focuses on electron transport in argon, a non-polar
atomic fluid that is relatively simple when compared to
complex biological tissue or even water. Despite this, we
believe the methodology and framework presented in this
study presents an important first step towards simulating more
complicated plasma-liquid interactions.

In order to model charged particle transport between gas
and liquid media, a range of methods have been used in the
literature. Some studies have modeled charged particle
transport in gases and liquids as two separate models, each
including distinctly different physics, coupled by matching
conditions at the boundary [9, 24–27]. Alternatively, liquid
interface effects have been simply treated as a density and
energy absorption or emission boundary condition applied to
a single gas phase model [10, 24, 27]. Finally, we note that
there is an obvious temptation to simply use existing gas
phase transport models and input data, and ‘scale-up’ the
input data to liquid neutral densities in order to simulate
transport in liquids [24, 28]. The errors in this assumption
have been addressed in previous studies [16, 17, 29, 30], and
in this study we demonstrate how to better accommodate
transport in liquids through accurate input data.

The aims of this comparative study were to extend a
recently proposed and benchmarked higher order four
moment fluid model [13], as well as drift diffusion fluid
models [4, 14, 15, 31, 32], to simulate electron transport
across gas–liquid interfaces and formulate a recommendation
for best practice future interfacial modeling. Interfacial con-
siderations will be addressed by comparing the types of fluid
model used but also through comparison of functional form
assumptions for neutral density, n0, variation of the interface.
Inclusion of gas–liquid interface effects, such as variation of
delocalized electron energy level, V0, and dielectric permit-
tivity, ε, into the proposed modeling framework will also be
addressed.

We begin this study by briefly reviewing fluid models
used for electron transport in gases and liquids in section 2
where distinctions between gas and liquid phase electron
transport are highlighted. In section 3 a continuous fluid
model of electron transport between gas and liquid media is
proposed, with modifications to include some interfacial
effects discussed. The results of the proposed interfacial fluid
models are detailed in section 4, with key advantages and
disadvantages of each model highlighted, with details of the
numerical solution method employed in this study available in
appendix B. Finally, in section 5, key recommendations
drawn from the results of this study are made, with a focus on
how to best accommodate interfacial electron transport in
future fluid models.

2. Fluid modeling in gases and liquids

2.1. Fluid models for electron transport

Fluid models have been used to describe plasma phenomena
such as streamers [4, 15, 33], industrial plasmas used in
fabricating microelectronics [2, 34], and more recently bio-
medical [23, 24] applications of discharges. Fluid models are
essentially continuity equations of velocity-averaged, spa-
tially varying macroscopic variables, such as particle density,
momentum, and energy [4, 13–15, 31] derived via velocity
moments of the Boltzmann equation [13, 35]. This gives a
relatively straightforward macroscopic model that provides a
good description of the discharge dynamics, without the
computational overhead of comprehensive particle based
methods. Error bounds of fluid models are considered to be
within 10%–20% [36], and are suited to providing a ‘line-of-
best-fit’ description of charged particle properties, especially
when non-trivial electron velocity distributions are pre-
sent [13].

Advanced solution techniques, like partice-in-cell, Monte
Carlo (MC) [37–39], or solutions of the Boltzmann kinetic
equation [2, 4, 32, 36, 40, 41], directly yield an electron
velocity distribution function (EVDF) as a function of space,
velocity, and time ( )f tr v, , . If electron velocity space
dynamics are of importance then a particle based method
should be used, in lieu of a fluid model as demonstrated in
previous studies [13].

In this study we have selected three approaches to fluid
modeling, and examined the results and subsequent appro-
priateness of each model towards describing interfacial elec-
tron transport between gas and liquid densities of liquid
argon. Here we present a brief overview of the selected fluid
models, with the finer details of the origins and formulations
of the models deferred to previous comprehensive studies on
fluid modeling specifically [4, 13–15, 31, 32].

2.1.1. Drift diffusion models. The most popular approach to
fluid modeling of electron transport in gaseous plasmas has
traditionally been a hydrodynamic drift diffusion continuity
equation (1) of the electron density, ò=( ) ( )n z t f tr v v, , , de .
The electron flux is obtained by assuming a steady-state of the
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momentum balance equation, and that the field-driven
component of electron energy is much greater than the
thermal contribution [15, 32, 36, 42]. The generalized one-
dimensional continuity equation is

n n n
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where input data terms are the drift velocity, W, diffusion
coefficient, D, and ionization/attachment/electron–ion
recombination collision rates, νI, νa, and νr. All input data
are assumed to be functions of the local instantaneous reduced
electric field, E

n0
, where E is the instantaneous electric field

and n0 is the neutral atom density.
Interpolation of steady state transport coefficients and

collision rates is used to provide values for these input
parameters. The steady state values are obtained from the
steady state EVDF which can be found via MC simulations
[37, 43] or a multi-term kinetic solution of the Boltzmann
equation [17, 30, 35, 44], given appropriate microscopic
inputs of electron scattering cross sections for the target gas
(see section 2.2).

In addition to the electron continuity equation (1),
continuity equations for the creation of positive, n+, (via
ionization reactions) and negative, n−, (via attachment
reactions) ion densities are used

n n n
¶
¶

= -
¶
¶

=+ -( ) ( )n

t
n

n

t
n, and , 2e I r e a

where ion transport has been neglected over the transient time
scales considered in this study for ionization front propaga-
tion [4, 15] owing to the significantly reduced mobility and
diffusion of molecular ions [45, 46].

Alongside the continuity equations for charged species
densities (1), (2), the space charge effects on the electric field,
E, must be computed to determine any screening effects due
to the creation of electrons and ions. To accommodate a
spatially varying dielectric permittivity in an inhomogeneous,
isotropic material we self-consistently solve

e e
¶
¶

= + -- +( ( ) ) ( ) ( )
z

z E e n n n , 3r e0

j
= -

¶
¶

( )E
z

, 4

where e is the elementary charge, e ( )zr and ε0 are the fluid’s
relative and the vacuum dielectric permittivities respectively.
Boundary conditions are supplied on the electric potential are
j =( )t0, 0 and j j=( )L t, applied where japplied is a fixed
voltage to produce the desired applied electric field in the
absence of space-charge contributions.

While the model described by (1)–(4) has been
traditionally used to describe charged particle transport within
gases, the functional form of the model has been demon-
strated to be applicable to describe transport within liquid
discharges assuming appropriate modifications to the input
data are made [13]. As the neutral density increases the
single-scattering assumption used for gas transport breaks
down as the effects of elastic coherent scattering and electron

interaction potential screening and polarization become
important [17, 29, 30]. These effects are significant when
the electron de Broglie wavelength is comparable to the

average background particle spacing, l ~ -n0

1
3 , which

corresponds to low-energy electron scattering or scattering
in very dense liquids.

Comprehensive formulations are available on how to
modify gas phase electron interaction cross sections of non-
polar atomic targets, such as noble liquids, to account for
coherent scattering [30], and later the interaction potential
screening and polarization [16, 29]. These structure modifica-
tions were implemented through a density dependent
momentum transfer cross section (MTCS)

òp c c c cS = S -
p

( ) ( )[ ] ( )v n v n, 2 , , 1 cos sin d , 5m 0
0

0

where v is the incoming electron speed, χ is the electron
scattering angle off the target atom, and cS( )v n, , 0 is an
effective differential cross section including coherent scatter-
ing and interaction potential modifications via

c s cS = D( ) ˜ ( ) ( ) ( )v n v S k n, , , ; , 60 0

where s c˜ ( )v, is the liquid phase differential cross section
containing any screening and polarization effects [16, 29],
D( )S k n; 0 is the static structure factor and


D = ck sinm v2

2
e is

the wave number proportional to the change in momentum
[30], where me is the electron mass and ÿ is reduced Planck’s
constant. The static structure factor is a nonlinear function of
n0 of the target material, and may be calculated from
molecular simulations, measured via experiments
[29, 30, 37], or derived analytically through solutions of
pair-correlation functions as per the Verlet–Weis corrected
Percus–Yevick structure factor [47]. For detailed discussion
on the static structure factor, and its implementation in liquid
scattering, readers are directed to previous studies
[29, 30, 37].

These fundamental liquid transport studies demonstrated
substantially different cross sections for liquid transport at
low incoming electron energies compared to transport in gas
phase, particularly in reduced momentum transfer from
preferential forward scattering [16, 29]. It was shown that,
while energy transfer was impacted by modifications of the
cross section due to potential screening, energy transfer was
not explicitly modified by including coherent elastic scatter-
ing effects [30, 31] and energy transfer due to inelastic
excitation collisions is considered localized to the immediate
target atom. In summary, the functional form of the balance
equations used to model electron transport is the same
whether transport is in gas or liquid. However, explicit
modifications to include liquid phase physics must be
performed [17, 30] to obtain the appropriate cross sections
for computing electron transport data. If the correct cross
sections are used to generate input data for either gas or liquid
transport, then the drift diffusion model (1), (2) can then be
applied directly.

2.1.2. Higher order models. In addition to drift diffusion
fluid models, so called higher order fluid models have gained
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popularity for modeling charged particle transport in plasmas
[4, 13, 35, 48]. In these models, the hierarchy of velocity
moments of Boltzmann’s equation is not truncated at the
electron flux, but often extends to include four continuity
equations for electron density, ne, electron particle flux,

òG = á ñ = ( )n f tv r v v v, , de , electron mean energy density,

 ò= á ñ = ( )n n f t mvr v v, , de
1

2
2 , and electron energy flux,

 òxG = á ñ = ( )n f t mvr v v v, , de
1

2
2 , where á ñv , á ñ, and xá ñ

denote the electron average velocity, average energy, and
average energy flux. Following the formulation of a four
moment higher order model benchmarked in gas and liquid
transport [13], we employ the following generalized model
equations, in addition to the ion continuity equations (2)
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where input data is required via collision rates for ionization,
νI, attachment, νa, electron–ion recombination, νr, momentum
transfer, νm, energy transfer, Sò, energy flux transfer, νξ, and
higher order tensor product closure approximations, θm, and
θξ.

In this model, the higher order moments, q = á ñv vm z z and

q =x mv v vz z
1

2
2 , are closed by evaluation over the equili-

brium steady-state EVDF used to also evaluate collision input
rates, similar to that of the input data described in
section 2.1.1. While we choose to specify generic expectation
value expressions for θm and θξ, to facilitate computation via
any particle based method, we note that under the formalism
of a three-term decomposition of the EVDF these expressions
yield the exact results presented by Becker and Loffhagen
[35]. The virtues of this closure technique were demonstrated
previously [13] to provide a parameter free, physically sound
alternative to other closure assumptions, such as non-physical
heat flux assumptions or parameterization in terms of á ñ,
previously used in literature [4, 13, 48].

The same process for generating a look-up table of steady
state input data via an equilibrium EVDF, described in
section 2.1.1, is used for this higher order model also. Higher
order models differ to drift-diffusion models because more
information of electron dynamics is natively included, so that
phenomena such as temporal and spatial non-locality can be
resolved [15]. In lieu of using E

n0
to determine input data as

per the drift-diffusion model, here the electron mean energy,
á ñ, is used as the interpolating variable to determine input
data at each point in space during the simulation [49].

As discussed in section 2.1.1, for a local field dependent
model, a higher order model can also be equally applicable in

gas or liquid, assuming the correct modifications have been
made to generate accurate input data to account for liquid
effects. For further details on the higher order moment model
used in this study we refer the reader to a recent formulation
and benchmarking study [13].

2.2. Transport data in gaseous and liquid argon

Following the generalized fluid models presented in the pre-
vious section, we present the electron scattering cross sections
for gaseous and liquid argon, in addition to the resulting
argon transport and collision data that serves as input to the
fluid models presented in section 2.1. It should be noted that
this study assumes that ion transport is neglected over the
timescales studied [45, 46], and that, for simplicity, singly
ionized molecular argon ions are only considered in this
study. Furthermore, electron–ion recombination and the for-
mation of excited states are neglected in this study as it was
found that at the applied reduced fields used in this study, for
the electron and ion densities in liquid argon, the resulting
recombination rates [50–54] were significant orders of mag-
nitude less than the other collisional processes considered in
this work.

2.2.1. Electron scattering cross sections. As this study
involves both gas and liquid extremes of argon we require
two sets of electron scattering cross sections in order to
generate input data for fluid models. The gaseous argon
electron scattering cross sections of Hayashi [55, 56] were
used as input to a multi-term solution of the Boltzmann
equation [16, 17, 31] to generate input data for this study. The
set comprising of an elastic MTCS, twenty five inelastic
excitation cross sections, and an ionization cross section were
retrieved from the online database www.lxcat.net.

As recommended by recent studies of electron transport
and negative planar streamer fronts in atomic liquids [57, 58],
liquid argon cross sections were compiled from recent works
on accurate low-energy liquid cross sections, combined with
necessary modification of the gas phase Hayashi cross
sections for inelastic processes. To form the basis of the
MTCS scattering cross section, the low-energy (�10 eV)
MTCS for liquid argon proposed by Boyle et al [16] was
taken in order to include the effects of coherent scattering and
atomic potential screening which are critical for low-energy
electron scattering in dense liquids. At higher incoming
electron energies, where the liquid cross section converges to
the gas cross section, the gaseous argon MTCS of Hayashi
[55] was once again used. These two elastic scattering cross
sections were joined and smoothed at ∼10 eV to form a single
elastic scattering cross section.

As precise measurements, or calculations, of liquid phase
ionization cross sections do not exist for atomic argon, a
liquid argon ionization cross section was constructed by
modifying the gaseous argon ionization cross section as
detailed in [59–62]. The liquid argon ionization threshold
energy, Iliq, was computed by modifying the gaseous argon
threshold energy, Igas=15.68 eV, to account for dense liquid
effects. The known gaseous ionization cross section of
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Hayashi [55] was then translated to the new threshold energy
for liquid. The foundation and derivation of these modifica-
tions are detailed in [59], and the key result relevant to this
present study can be summarized by the expression

= + + ++ ( )I I P V E , 11liq gas 0 val

where P+ is the ion polarization energy of the positive ion
(P+ =−1.08 eV for argon [59]), V0 is the energy of the
delocalized electron level in the liquid i.e. the bottom of
conduction band (V0=−0.3 eV for the liquid argon density
used in this study [60]), and Eval is the change in energy of
valence bands due to condensing the gas (Eval=0.1 eV for
argon [59]). This process yields the ionization threshold
energy of Iliq=14.4 eV.

In order to account for excitations in the liquid state, the
set of inelastic atomic excitation cross sections of the Hayashi
database was slightly modified to form a set of excitation
cross sections for intermediate excitons in liquid argon
[57, 58]. This is informed by the work of Laporte et al [63],
which demonstrated that as dilute rare gases are compressed
to high, liquid densities the presence of atomic excitations is
replaced by excitations of intermediate excitons in the liquid
phase [63]. As these intermediate excitons have a unique
parentage, via the isolated atom’s excited states [64, 65], we
thus approximate the cross sections for intermediate exciton
excitations by cross sections of the corresponding atomic
excitations.

The threshold energies of the adopted excitation cross
sections are unmodified from the atomic excitations out of
necessity, because complete threshold energies for excitons in
liquid argon are not available in the literature, especially for
the optically forbidden transitions. This assumption is
supported by the fact that thresholds for known intermediate
excitons in liquid rare gases (argon, krypton and xenon) are

very close (within 5%) to the thresholds of atomic excita-
tions [63, 65].

Finally, the reflectivity spectra of solid argon reported by
Haensel et al [66] demonstrated that lines below 14.5 eV
correspond to discrete excitonic states, while lines above
14.5 eV correspond to continuous interband transitions. We
have therefore excluded the two atomic excitations which
have thresholds above 14.5 eV (being 14.71 and 15.2 eV) as
their energies are in the region of continuous band to band
transitions. The final sets of electron scattering cross sections
in both gaseous and liquid argon are shown in figure 1.

2.2.2. Fluid model input electron transport data. Using the
electron scattering cross sections for both gas and liquid argon
extremes (see figure 1) equilibrium electron transport data
was calculated to serve as input data for the fluid models used
in this study. A multi-term solution of the Boltzmann kinetic
equation [16, 17, 31] was used to calculate EVDFs over a
range of reduced electric field values at 85 K, a common
cryogenic temperature, near the triple point, used in argon
applications and experimental studies [51, 67–69]. These
velocity distribution functions were then used to calculate the
flux transport coefficients necessary for input to the drift-
diffusion fluid model (1). Plots of electron drift velocity,
longitudinal diffusion, and ionization collision rate, used as
input for (1), (2), are shown in figure 2; though not used as a
model input, a plot of the electron mean energy as a function
of reduced field is included to demonstrate key differences
between gas and liquid transport.

Reduced collision rates for input to the higher order fluid
model are directly computed from spatially homogeneous
steady-state EVDFs found via multi-term solution of the
Boltzmann equation [17], these rates are presented in figure 3
demonstrating the variation of collision rates for momentum

Figure 1. Gas and liquid argon electron scattering cross sections utilized in this study. Gas cross section data of Hayashi [55] via www.lxcat.
net. Liquid cross section data of Boyle et al [16] and necessary modifications of Hayashi set detailed in section 2.2.1.
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transfer νm/n0, energy flux transfer νξ/n0, lumped energy loss
Sò/n0, and ionization νI/n0.

3. Modeling at the gas–liquid interface

Following the brief review of fluid modeling methods and
associated input data for electrons in either gas or liquid
presented in section 2, we now discuss necessary interfacial
effects that should be considered when trying to model

electron transport between gas and liquid extrema as a con-
tinuous process. We consider four important factors of the
gas–liquid interface model: (i) functional form of the variation
in n0, (ii) variation of input data for fluid models across the
interface, (iii) variation of the delocalized electron energy
level, V0, across the interface, and (iv) variation of the relative
dielectric permittivity, εr, across the interface. In this study we
examine the effects of differing treatments of (i) the form of
the interface, as well as (ii) the type of input data used in the
models. The presence of spatially varying (iii) delocalized

Figure 2. Input transport data of electrons in argon for local-field dependent electron fluid models. Dashed lines denote gas transport, dotted
lines denote liquid transport. (Top-left) Drift velocity versus reduced field. (Top-right) Electron mean energy versus reduced field. (Bottom-
left) Longitudinal reduced diffusion coefficient versus reduced field. (Bottom-right) Reduced ionization collision rate versus reduced field.

Figure 3. Input collision rates of electrons in argon for mean energy dependent higher order fluid model. Dashed lines denote gas transport,
dotted lines denote liquid transport.

6

Plasma Sources Sci. Technol. 27 (2018) 105004 N A Garland et al



electron energy level, V0, and (iv) relative dielectric permit-
tivity, εr, are assumed fixed properties in this study as they
present essential physics, induced by large atomic densities,
that cannot be ignored when simulating the gas–liquid
interface.

3.1. Density profile variations

In order to accurately model electron transport between a gas
phase plasma and a condensed liquid, the structure of the
interfacial region must be known. For this study, we assume
the existence of an equilibrium interfacial density profile
formed between gas and liquid phases for atomic fluids, as
outlined in figure 4. The existence of this interfacial profile in
non-polar atoms, such as argon and xenon, has been probed in
various molecular dynamics and MC studies [70–73]. These
simulations employ Lennard-Jones (LJ) potentials as an
approximation to the atomic interaction potentials between
each atom of noble liquid [70–73]. Key measurables from
these studies were equilibrium liquid and vapor densities,
surface tension, and interface layer thickness.

Of particular use in this study, is a commonly proposed
functional form describing the interfacial atomic density
variation via a hyperbolic tangent function [73, 74]

d
= + - -

-⎛
⎝⎜

⎞
⎠⎟( ) ( ) ( ) ( )

( )

n z n n n n
z z1

2

1

2
tanh

2
,

12

g l g l0
eq eq eq eq int

int

where ng
eq and nl

eq are the gas and liquid equilibrium den-
sities, zint is the center position of the interface, and δint is a
measure of the thickness of the interface, defined as the dis-
tance between 90% and 10% of the liquid density. From
previous studies conducted on the existence of noble liquid

interfaces, the value of δint is around 5σLJ, where
σLJ=0.34 nm is the atomic diameter [68, 70, 71, 73, 74],
while the liquid–vapor density ratios (nl

eq:ng
eq) were found to

vary from 200:1 up to 500:1, depending on the cut-off dis-
tance employed in the LJ potentials [71, 73, 74].

3.2. Fluid model input data for continuum models between gas
and liquid phases

With a well defined density configuration of the equilibrium
interface between gas and liquid argon extremes, we now
consider the effects of this density variation on the required
fluid model input data. One question that we wish to probe in
this study, is whether or not we must use n0 dependent input
data between gas and liquid density extremes, or if we can
simply use pure gas and liquid data either side of a defined
interface point, z0, akin to a step-function profile. One factor
to consider in answering this question is the electron-neutral
collisional mean free path

l
s

» ( )
n

1
, 13mfp

0

where n0 is some neutral background density and σ is an
electron scattering cross section. For gas, liquid, or inter-
mediate densities, a range of mean free paths can be calcu-
lated to determine if the collisional scattering dynamics and
any non-equilibrium behavior will impact transport in the
interfacial transition between gas and liquid. Typical liquid
argon densities are » -n 10 ml

eq 28 3 while the gas density at
the equilibrium interface used in this study is roughly 300
times smaller than the liquid, resulting in mean free paths for
electron scattering in liquid argon in the range 1–100 nm,
while the corresponding mean free path range in gaseous
argon is 0.3–30 μm. Since the equilibrium interfacial region

Figure 4. Equilibrium argon vapor–liquid interface as determined by molecular dynamics simulations [70, 71, 73]. The approximate length of
the full interface transition region as well as the 90%–10% parameter length, δint, used in this study are marked explicitly.
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in argon is on the order of nanometers we must consider n0
dependence in fluid model transport data in this interfacial
region.

We now appropriately label fluid models introduced in
section 2.1, and define explicitly whether n0 dependent input
data is used. Firstly, the simplest fluid model used in this
study is a local-field dependent drift-diffusion model (1), (2),
utilized with n0 dependent input data to allow for both gas-
eous and liquid background media. This dependence is
introduced by asserting the W, DL and νI input parameters of
(1), (2) are now functions of both the instantaneous reduced
electric field and neutral density across the interface,

( ) ( )f f n,E

n

E

n 0
0 0

. This model will henceforth be referred

to as the LFA model.
Finally, taking the higher order model presented in (7)–

(10) we recast the functional form of the input parameters
such that any input parameter dependent on electron mean
energy is now also a function of the neutral density
 á ñ  á ñ( ) ( )f f n, 0 . As this is a higher order four moment

model this model will henceforth be referred to as the 4MM
model. Input data requirements accounting for the density
variation for both the LFA and 4MM models are discussed
and presented in appendix A using the results of a recently
proposed and benchmarked study [75].

3.3. Space-charge field and spatially varying permittivity

Self-consistent solution of the electric field was performed via
solution of (3) and (4) where the functional form of the
spatially varying relative dielectric constant, e e= ( )zr r , was
specified using the same tanh function (12) used to modulate
n0, where liquid and gaseous argon constants were taken as
e = 1.504r

l and e = 1.000 5r
g respectively [76].

3.4. Accommodating spatial variation of V0 across the interface

As gas densities increase to liquid values, we need to also
consider the variation in the energy of the delocalized electron
level in the liquid, V0. This can be positive (neon, helium) or
negative (argon, xenon) and is largely a function of the
electron scattering length of the target atom [59, 60]. The
dependence of V0 on the neutral atomic density of argon, n0,
demonstrates an approximate linear roll-off from 0eV in gas
down to approximately −0.3 eV at the maximum liquid
density used in this study [59, 60]. Given a known equili-
brium ( )n z0 profile, and thus an equilibrium ( )V z0 , an effec-
tive electric field is found by differentiating ( )V z0 , and
combined with the electric field, E, computed via (3) to yield
the total electric field

= + ( )E E E . 14Vtotal 0

4. Results and discussion

Using the fluid models and input data presented in sections 2
and 3, we present results and discussion for two prototype

interfacial problems. Section 4.2 presents transient simula-
tions of an electron swarm propagating from liquid argon into
gaseous argon (left to right in this study’s frame of reference).
Brief results of an ionization front in gaseous argon pene-
trating into liquid argon (from right to left) are presented in
section 4.3. We believe it is most instructive to start investi-
gations with essentially swarm transport in the liquid phase
transitioning to gas phase, where fields and ionization rates
are low, before considering cases where space-charge field
considerations are important due to ionization events. To
examine the impacts of electron transport experiencing a gas–
liquid interface transition in cryogenic argon, we present
results from (i) large macroscopic length scales to examine
the overall qualitative nature of the results, and (ii) small
length scales at the immediate vicinity of the interfacial region
in order to examine the impact of the interface transition.
Liquid to gas results of section 4.2 are presented at early (2
ps), intermediate (15 ps), and late (50 ps) times to demon-
strate the physics of electron transport over different time
scales, while the gas to liquid results of section 4.3 are taken
at 50 ps. Finally, following the results of the two prototype
problems (liquid to gas and gas to liquid), section 4.4
demonstrates the distinctly different results produced by
electron transport simulations that assume a simple step
function interface, in lieu of the equilibrium tanh function
transition proposed in this work.

4.1. Simulation conditions

An applied reduced field magnitude of =∣ ∣E n 300 Td0 in
gas phase, corresponding to 0.8 Td in the liquid, was applied
to drive electrons into the gas–liquid interface; the appropriate
sign was assigned in each simulation to drive electrons left to
right or vice versa. In this study the neutral atom temperature
was kept constant at T0=85 K, a commonly used cryogenic
temperature for liquid argon experiments [21, 69, 77]. The
neutral density, n0, was varied using the tanh function inter-
facial density ramp (12), where = ´ -n 1.8 10 ml

eq 28 3 was
obtained from the liquid argon coexistence curve at 85 K [77].
The van der Waals radius of argon rAr=188 pm was used in
computation of the Percus–Yevick structure factor
[30, 37, 47]. Based on previous studies of equilibrium gas–
liquid interface properties found in literature [70, 71, 73, 74],
the ratio of equilibrium gas density to liquid density was
assumed to be =n n 300g l

eq eq , and the 10–90 interface width,
δint, was assumed to be 2 nm. Using the specified reduced
field strengths, and the density profile provided by a tanh
function, the initial total effective reduced electric field (14) is
shown in figure 5.

Naturally, the space-charge field effects will evolve over
the course of simulations but by simply considering the initial
total fields assists in understanding of the results presented in
sections 4.2 and 4.3. From the liquid to gas plot of figure 5 it
is clear that the effective field due to V0 variation acts to
impede electron transport from the liquid to the gas, while
conversely it enhances electron transport into the liquid when
the applied field is reversed on the right-hand plot.
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Initial conditions for simulation of streamer formation
and propagation were assumed as a narrow Gaussian pulse of
electron/ion densities created by an arbitrary ionization event
prior to the simulation start. To ensure initial conditions did
not experience immediate interfacial effects, initial charged
particle densities for the liquid to gas simulation were set at
2 μm from the interface and the ionization front propagating
from gas to liquid was set at 100 μm from the interface.
Although there is no physical meaning to a mean energy in
regions of zero density, the fluid model input parameters are
interpolated from a mean energy value. Hence, to avoid
numerical issues, we specify the initial values of mean
energy, velocity and energy flux to be their steady-state
values at the corresponding E/n0 value, even in regions of
zero density, as was done in previous fluid modeling studies
[4, 13, 15]. At later times, when the density becomes non-
zero, these fluid model parameters will then vary smoothly
both spatially and temporally.

4.2. Electron transport from liquid argon into gaseous argon

Electron and ion density initial conditions of narrow Gaussian
pulses were used in a simulation of electron transport across
an interface, analogous to a single ionization event within a
liquid argon detection chamber. Evolution of the electron
density in figure 6 shows the initial pulse of electrons diffuses
very quickly, leading to electron extraction from liquid into
the gas phase as electrons impinge on the interface region.
Qualitatively, both models predict similar results over all
times however, it is clear the 4MM model demonstrates
higher rates of electron extraction from the liquid. The LFA
model predicts at least twice as much charge blocking on the

liquid side of the interface compared to the 4MM model.
Examining the expanded interfacial region of figure 6, we see
the charge build-up at a narrow scale, with the 4MM result
demonstrating two distinct roll-off gradients across the
interface. To interpret this structure it is beneficial to consider
the average electron velocity.

Figure 7 demonstrates that far from the interfacial region,
the average electron velocity has relaxed to an equilibrium
value. However, near the interface we see that initially the
4MM result predicts a large positive velocity, due to the large
initial diffusive flux, and never becomes negative. In contrast,
at the immediate vicinity of the interface the LFA model
predicts a negative average velocity due to the blocking field
contribution of the V0 potential in liquid argon. As time
continues, the magnitude of these initially large velocities
decreases but their sign differences remain. As the distance
over which the blocking field is applied is very small, and the
time for mean energy relaxation is quite long, the mean
energy does not rapidly respond to the field variation. This is
an example of non-local electron transport that the LFA
model cannot predict, but the 4MM model can. These major
differences in the average electron velocity at the interface are
the drivers for deviations in electron density results observed
in figure 6.

The top half of figure 7 also demonstrates a short, but
persistent, relaxation length on the liquid side of the interface
well before the interface is encountered. We believe this
gradual decrease in electron average velocity prior to the
interface is a further demonstration of spatial non-locality
being predicted by the mean energy dependent model, which
the LFA model simply cannot predict owing to its reliance on

Figure 5. Reduced electric field profiles for applied and V0 contributions for both simulation configurations presented. Note that symmetric
logarithmic axes have been employed in this figure. The vertical dashed black line denotes the center point of the interface transition.
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Figure 6. Electron density evolution for 4MM and LFA models at short, intermediate, and longer times as the electron swarm propagates
from liquid to gaseous argon. Top view: macroscopic results. Bottom view: expanded view of interfacial results. Initial condition given by
green dash–dot green line. Direction of field-driven propagation is from left to right.
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Figure 7.Average electron velocity for 4MM and LFA models at short, intermediate, and longer times as the electron swarm propagates from
liquid to gaseous argon. Top view: macroscopic results. Bottom view: expanded view of interfacial results. Initial condition given by green
dash–dot green line. Direction of field-driven propagation is from left to right. Note that symmetric logarithmic axes have been employed in
this figure.
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Figure 8. Total E/n0 and space-charge contribution to E/n0 for 4MM and LFA models at short, intermediate, and longer times as the electron
swarm propagates from liquid to gaseous argon. Top view: macroscopic results. Bottom view: expanded view of interfacial results. Note that
symmetric logarithmic axes have been employed in this figure.
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the instantaneous electric field, shown in figure 8. From
figure 8 we cannot see a significant variation in the total E/n0
over the lifetime of this transient simulation; this is a result of
the space charge effects being small compared to the applied
field, as indicated in the figure where we have plotted the
isolated contributions of space-charge effects.

Figure 9 demonstrates the electron mean energy of the
4MM model to assist in interpreting the results of the pre-
ceding figures. We can clearly see a gradual relaxation of á ñ
on the liquid side of the interface, consistent with the
observed non-local effects on electron transport in figure 7.
Far from the interface the mean energy relaxes to the

Figure 9. Electron mean energy for 4 MM model at short, intermediate, and longer times as the electron swarm propagates from liquid to
gaseous argon. Top view: macroscopic results. Bottom view: expanded view of interfacial results. Initial condition given by green dash–dot
green line. Direction of field-driven propagation is from left to right.
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equilibrium value given by the value of E/n0 in the gas or
liquid. We note a clear minimum in mean energy is observed
at short times in the expanded interface region of figure 9 due
to the relatively high transient electron flux, combining with
the sign change of the blocking electric field provided by the
V0 potential, as a result of the Γ·E term in the energy balance
equation (9). This energy reduction immediately at the
interface is only present at short times because of the large
initial diffusive electron flux. As this large initial diffusive
flux subsides over time, the energy loss via the Γ·E term
becomes less significant, demonstrated at 15 and 50 ps.

4.3. Electron ionization front transport from gaseous argon into
liquid argon

We now briefly present and discuss results of directing an
electron streamer front in gaseous argon into liquid argon.
This simulation was performed under the same conditions as
the previous section, apart from simply reversing the sign of
the applied electric field to yield a total reduced electric field
configuration as shown in figure 5. The initial condition to
this simulation was provided by allowing a streamer front to
form in gaseous argon, before imposing a gas–liquid interface
transition approximately 100 μm in front of the streamer
front.

For brevity, we present electron transport profiles after 50
ps, instead of multiple time points, in figure 10. Examining
the LFA and 4MM results produced by the tanh interface
assumption, we see that the initial electron density of the
streamer tip is transported across the interface with a notable
attenuation of the electron density further into the liquid.
Examining the expanded view of the interface, the LFA
model predicts a larger charge-build up at the gas side of the
interface compared to the 4MM model consistent with a
noticeably lower speed immediately at the interface, arising
from the combination of the increase in n0 at the interface as
well as space-charge screening effects on E/n0.

When comparing the average electron velocity plot, the
most distinguished point of difference between the two
models is the clear spatial relaxation length of á ñve following
the interface transition. Results of the 4MM model indicate a
decay to the equilibrium drift velocity value observed in
liquid argon, which demonstrates the presence of spatial non-
locality which is not replicated by the LFA model. Addi-
tionally, a discrepancy arises between the two models at the
expanded interface scale, where a smaller average velocity is
produced by the LFA model as a result of a weaker reduced
field occurring at the gas–liquid interface. In this range, the
mean energy dependent 4MM model does experience a
reduction in average velocity, but to a lesser extent than that
found in the LFA results.

Finally, to assist further in interpreting the 4MM results,
the electron mean energy is presented in figure 10. Here we
note that in the expanded interfacial region of figure 10 a
reduction in mean energy occurs on the gas side, due to
increasing collisional energy losses from an increasing n0,
however the electron mean energy experiences a slight
increase over the interface due to the restorative effects of the

V0 field via the Γ·E term in the energy balance equation (9).
Once the effects of the interface transition have subsided, the
mean energy decays to the equilibrium mean energy value for
electrons in liquid argon with a clear relaxation length, indi-
cating the presence of non-local electron transport.

4.4. Impact of step function input data

To determine if using a tanh function to modulate n0 at the
interface, which necessarily requires the density dependent
fluid model input data, between gas and liquid extrema is
actually required compared to simply using a standard step
function variation in the density, we repeated the simulation
of an ionization front propagating from gas to liquid. In this
case we employed a step function transition between liquid on
the left and gas on the right. For brevity, we present results at
50 ps in figure 10, demonstrating the vastly different quali-
tative results produced by assuming a step function transition.

From figure 10, we see that by assuming a step-function
with the LFA model the electron densities are much higher
over the macroscopic length scale. Approximately twice as
many electrons are transported into the liquid as compared
with any of the previous results. At the narrow length scale of
the interface, we see the step-function LFA result actually
decreases prior to the interface before experiencing a sharp
build up of electrons on the liquid side; this is a starkly dif-
ferent qualitatively result compared to any of the previous
results obtained using the smooth tanh function. On the other
hand, while the step-function 4MM results are not equal to
those achieved through the tanh assumption, they are very
similar and produce no major deviations compared to the LFA
results.

The step-function LFA electron density differences are
consistent with a very high average velocity at the interface,
demonstrated in figure 10, compared to any of the previous
simulation results. This order of magnitude difference in the
average velocity transports electrons into the liquid at a
considerably higher rate compared to the results using the
tanh interface assumption. This high average velocity occurs
due to a large E/n0, produced due to the small, gaseous argon
value of n0 assumed near the interface instead of a gradually
increasing value. Once again, compared to the distinctly dif-
ferent observations of the LFA models we see no major
deviation between 4MM results, with the only noticeable
difference being the discontinuity immediately at the
interface.

For completeness, figure 10 also shows the electron mean
energy for the 4MM models using both tanh and step-function
assumptions. We see no major differences in á ñ for the two
results, indicating why differences between 4MM results for
the other variables were minimal. Since á ñ is observably
insensitive to the form of interface assumptions, and
demonstrably a continuous variable, we believe that it is a
much more reliable variable to use when determining input
data compared to E/n0 which suffers from being explicitly
related to the assumptions we impose on n0.
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Figure 10. Electron density, average velocity and mean energy for 4 MM and LFA models after 50 ps of an electron streamer penetrating
from gaseous to liquid argon. Results of assuming a tanh or step function interface on are shown for comparison. Top view: macroscopic
results. Bottom view: expanded view of interfacial results. Direction of field-driven propagation is from right to left.
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5. Conclusions

In this study we have presented results from multiple fluid
models simulating (i) an electron swarm propagating from
liquid argon into gaseous argon over an equilibrium interface
density variation, and (ii) an electron streamer front being
driven out of gaseous argon across the interface into liquid
argon. We presented a method to account for large density
variation from gas to liquid phase by assuming both a realistic
density profile and step-function variation of n0 in order to
implement approximation rules for density dependent input
transport data between gas and liquid extremes. Furthermore,
we have accommodated interfacial effects of the spatial var-
iation of both the dielectric constant, εr, through solution of
Poisson’s equation, and binding energy of an electron in
liquid, V0, through an effective applied electric field.

Using the proposed methods to compare local (LFA) and
non-local transport (4MM) models and their sensitivities, our
key recommendation to best describe electron transport
between gas and liquid densities is to adopt a mean energy
dependent higher order fluid model, such as the 4MM method
used in this study. This model demonstrated greater flexibility
and reliability in resolving non-local physics and interfacial
electron transport compared to the local field drift-diffusion
model. It was demonstrated that a drift-diffusion continuity
equation (LFA) model required careful treatment of input data
between gas and liquid extremes by way of approximating
field dependent input data for intermediate densities using a
tanh function, whereas the non-local 4MM model was rela-
tively insensitive to the functional form of n0 variation.

In summary, this work has presented the findings of a
fundamental comparative modeling study of electron trans-
port across cryogenic argon gas–liquid interfaces. We suc-
cessfully demonstrated the importance of modifying gaseous
electron transport models to account for interfacial and liquid
effects when considering transport at the gas–liquid interface.
A key message of this study is that vastly different electron
transport is produced if gas phase input data is simply scaled
to liquid densities, compared to using accurate liquid phase
data. While this study has focused on a simple atomic liquid-
gas system, we hope that this work will stimulate further
modeling and experimental efforts to benchmark and refine
the work presented. By expanding on the work of this study,
extensions to complex interfacial systems, like those found in
plasma medicine, can eventually be made to better understand
important plasma applications. Further physical processes that
should be considered in interfacial modeling may include
electron solvation processes in polar liquids [11, 78], and
condensed phase evaporation [74].
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Appendix A. Input data at densities intermediate to
the gas and liquid phases

In order accommodate ( )n z0 variation of input data, we have
implemented an approximation method recently proposed,
and benchmarked for simple atomic liquids, by Garland et al
[75] that seeks to approximate input transport data and col-
lision rates as weighted combinations of the gas and liquid
extreme values. This process is analogous to Blanc’s Law
[79], or the energy-dependent approach proposed by Chi-
flikian [80], used for approximating transport data in gas
mixtures, where instead we now seek to describe transport at
intermediate densities between two density extremes of one
substance instead of mixing two distinct gases. Where
necessary to account for the differences in momentum transfer
for gas and liquid systems, nonlinear weightings of gas and
liquid extreme data are combined [75]. Using a zeroth order
momentum transfer theory approximation [31, 75, 81], the
nonlinear dependence is extracted via the angle-integrated
structure factor evaluated at a given electron mean energy,
eá ñ, and at a neutral atom density
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where, for this work, the static structure factor,


eá ñ c( )S m n2 sin ;e

2

2 0 , is assumed to be the analytic Verlet–

Weis corrected Percus–Yevick structure factor [47] which has
been demonstrated to be a good approximation of atomic
liquid structure [16, 29, 37, 82]. The full analytic expression
is included in a preceding study [75]. When considering lar-
gely localized energy transfer due to inelastic excitations, we
use simpler linear combinations of gas and liquid extrema
data as this was demonstrated to provide a sufficient first-
order approximation to the intermediate density’s transport
data because explicit modifications to the energy balance
equation (9) are not required [30, 75].

A.1. Local field dependent input data

For the LFA model the drift velocity at intermediate densities,
Wint, is approximated as function of reduced field, E

n0
. A

weighted sum of reciprocals of gas, Wg, and liquid ,Wl,
extreme values was used
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where the density fractions, xg,l, follow the relation

= - ( )x x1 . A.3l g

These density fractions are determined by defining the
intermediate density, nint, as a sum of fractions of either
density extrema

= + ( )n x n x n , A.4g g l lint
eq eq

and by combining (A.3) and (A.4) we find

=
-
-

( )x
n n

n n
. A.5g

l

l g

eq
int

eq eq

The approximated angle-integrated structure factor at any
intermediate points is given by

» + -( ) ( )s ws w s1 , A.6g lint

where sg is defined as unity for the gas, sl for the liquid
extreme is evaluated via (A.1), and to ensure the approx-
imation is physically grounded in both the high and low
energy limits, the weighting factor, w, is fixed in the low
energy limit by

=
-

-
( ) ( )
( ) ( )

( )w
S n S n

S n S n

0; 0;

0; 0;
, A.7l l

g g l l

int int

where ( )S n0; is the D k 0 limit of the analytic structure
factor [47], or otherwise proportional to the fluid compressi-
bility which is a measurable input.

To demonstrate the output generated by this approx-
imation method, we use (A.2) in conjunction with the accu-
rate data of gas and liquid extremes described in section 2.2,
to generate a drift velocity surface, shown in figure A1, which
we interpolate onto as a function of the instantaneous E

n0
and

n0 given at each point in space during the simulation.
We note that the reduced longitudinal diffusion coeffi-

cient n0DL was computed via a generalized Einstein relation

[83] once the drift velocity was known via (A.2)

m
m

= + + D
¶
¶
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q E
1 1
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, A.8L B

int

int

0
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where m = W

Eint
int is the electron mobility derived from the

drift velocity (A.2), T0 is the neutral atom temperature, and
the correction factor [83]

x
D = ( )

k T W2
, A.9

B
int

int

0 int

where ξint is the electron heat flux which can be approximated
via a similar rule as used for Wint via nonlinear combinations
of gas, ξg, and liquid, ξl, extreme values
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A.2. Higher order model input data

The 4MM model collision data was also approximated
between gas and liquid densities with energy dependent
approximation methods [75]. As an example, as was done for
the drift velocity, nonlinear weights taken from the angle-
integrated structure factor are used to generate a sum rule
using gas, nm

g , and liquid, nm
l , data to yield a reduced

momentum transfer collision frequency at intermediate den-
sities, nm

int, evaluated at a common mean energy, eá ñ,

n e e n e
e
e

n eá ñ = á ñ á ñ +
á ñ
á ñ

á ñ  ( ) ( ) ( ) ( )
( )

( )

( )

x s x
s

s
,

A.11

m g m
g

l
l

m
lint

int
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where n notation is used to denote a reduced collision rate

Figure A1. Drift velocity surface of electrons in argon as a function of E

n0
and n0 used to interpolate input data for LFA models.
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scaled by n0. To demonstrate the application of the nonlinear
sum rule the reduced momentum transfer collision frequency
surface generated via (A.11) is included in figure A2,
demonstrating the reduction in momentum transfer collisions
as the argon density increases.

Appendix B. Numerical solution of system of
hyperbolic PDEs

Numerical solution of both the LFA and higher order fluid
models for electron and ion properties was achieved by a

custom flux-corrected transport (FCT) code [13], with explicit
fourth order Runge–Kutta (RK4) time-integration used to
advance forward in time [84–86]. Spatial discretization was
performed via FCT by augmenting a monotonic first order
upwinding scheme [87], with a second order conservative
finite difference scheme. The FCT flux limiting algorithm of
Boris and Book [85, 86] was used to enable resolution of
sharp gradients found in ionization fronts. To account for the
varying length scales present in the problems, we employed
variably spaced grids, as shown in figure B1, to allow spatial
steps appropriate to liquid, gas, and interfacial regions. Given
the spatial grid sizes, time step size was chosen as the smallest

Figure A2. Reduced momentum transfer collision frequency, n
n

m

0
, surface of electrons in argon computed via (A.11) as a function of á ñ and n0

used to interpolate input data for the 4MM model.

Figure B1. An example of the spatially varying numerical grid steps employed in discretization of the solution domain over the interface
transition region.
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step computed via: (i) a Courant–Friedrichs–Lewy (CFL)
condition of 0.05, or (ii) 1 20 of the fastest collisional
relaxation time. Employing both the spatial discretization of
FCT and RK4 time-integration assists in avoiding excessive
numerical diffusion that may be introduced as a result of
small time steps due to the small CFL number.

Solution of the coupled electric field evolution was
obtained via second order finite difference discretization of
(3) and (4), given fixed boundary conditions for electric
potential at either end of the solution domain [13]. To ensure
the accuracy of this scheme, systematic benchmarking was
performed by comparing numerical solutions against known
analytic solutions, and ensuring particle conservation was
guaranteed at each time step. Typical systems used for
benchmarking are square-wave advection, Gaussian pulse
advection-diffusion, and the solution of Euler’s equations for
Sod’s shock-tube [84–86].

Continuous boundary conditions were implemented to
allow passage of information outside of the solution domain
to avoid impacting the solution. To further assist in this aim,
streamer formation and propagation was performed well
inside the solution domain, away from the necessary bound-
aries, to minimize the impact of boundary conditions.
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Abstract
In this work we investigate electron transport, transition from an electron avalanche into a
negative streamer, and propagation of negative streamers in liquid xenon. Our standard Monte
Carlo code, initially developed for dilute neutral gases, is generalized and extended to consider
the transport processes of electrons in liquids by accounting for the coherent and other liquid
scattering effects. The code is validated through a series of benchmark calculations for the
Percus–Yevick model, and the results of the simulations agree very well with those predicted by
a multi term solution of Boltzmann’s equation and other Monte Carlo simulations. Electron
transport coefficients, including mean energy, drift velocity, diffusion tensor, and the first
Townsend coefficient, are calculated for liquid xenon and compared to the available
measurements. It is found that our Monte Carlo method reproduces both the experimental and
theoretical drift velocities and characteristic energies very well. In particular, we discuss the
occurrence of negative differential conductivity in the E/n0 profile of the drift velocity by
considering the spatially-resolved swarm data and energy distribution functions. Calculated
transport coefficients are then used as an input in fluid simulations of negative streamers, which
are realized in a 1.5 dimensional setup. Various scenarios of representing the inelastic energy
losses in liquid xenon, ranging from the case where the energy losses to electronic excitations are
neglected, to the case where some particular excitations are taken into account, and to the case
where all electronic excitations are included, are discussed in light of the available spectroscopy
and photoconductivity experiments. We focus on the way in which electron transport coefficients
and streamer properties are influenced by representation of the inelastic energy losses,
highlighting the need for the correct representation of the elementary scattering processes in the
modeling of liquid discharges.

Keywords: liquid xenon, electron transport, Monte Carlo, inelastic collisions, negative streamers

1. Introduction

Transport of charged particles in liquids, plasma-liquid
interactions and streamer discharges in the liquid phase con-
stitute a growing field of research, which has many important
applications [1, 2]. These applications include plasma medi-
cine [3, 4], plasma water purification [5–9], transformer oils
[10, 11] and particle detectors [12, 13]. In particular, there is a
rich variety of liquid xenon particle detectors [14]. The wide
range of existing and potential applications of these detectors

includes gamma ray astrophysics [13], particle physics [15]
and medical imaging [16], as well as direct dark matter
detection [17, 18]. Liquid xenon is a very good detection
medium, due to its physical properties [14]. Its high values of
density and atomic number make liquid xenon very efficient
in stopping penetrating radiation, while a significant abun-
dance of many isotopes, with different values of nuclear spin,
enables the study of both spin dependent and spin indepen-
dent interactions [14]. Further optimization and understanding
of such applications is dependent on an accurate knowledge
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of the charged particle transport coefficients, streamer prop-
erties and the physical processes involved.

In addition to many useful applications, further theor-
etical and experimental investigation of transport phenomena
in liquids would help in the development of insight into
various effects, which are relevant for the interaction of
charged particles with dense and disordered media [19].
These effects include multiple scattering effects and structure
effects, trapping of charged particles in density fluctuations
and the solvation of charged particles in polar liquids [19, 20].
As liquid rare gases are the simplest liquids, they are a good
starting point for the development of theoretical models of
transport and breakdown phenomena in the liquid phase [19].

1.1. A brief overview of electron transport in liquid rare gases

In recent years the modeling of charged particle transport
processes in neutral gases has matured and a number of
methods to treat this problem have been developed, e.g.
various techniques for solving the Boltzmann equation [21],
the Monte Carlo method [22] and semi-quantitative momen-
tum transfer theory [21, 23]. For the more general case of the
dense gases and liquids, there has been comparatively less
investigation. Most investigations in liquid phase have been
performed for electron transport in the sub-excitation energy
region [19]. Lekner developed an ab initio method for
determining the effective potential and the corresponding
effective cross section for electron scattering on a focus atom
in the liquid phase [24]. This effective potential is determined
by using the potential of a single atom and the pair correlation
function of the liquid. In addition, Cohen and Lekner have
shown that the coherent elastic scattering can be represented
in the Boltzmann equation by combining the effective cross
section for the liquid phase and the static structure factor [25].
By simplifying the arguments of Lekner, Atrazhev and co-
workers have shown that the effective cross section for elastic
scattering in liquid argon, krypton and xenon are constant in
the limit of lower electron energies [26, 27]. This work was
extended by using the partial wave method for determining
the effective cross sections for electron scattering in liquid
argon and liquid xenon [28–31]. Based on these results, they
have calculated mobility, mean energy, and characteristic
energy of electrons in liquid argon and liquid xenon, in the
framework of the Cohen–Lekner theory [30, 31]. The Cohen–
Lekner theory was also used in the study of Sakai and co-
workers, who have investigated the electron transport in
liquid argon, krypton and xenon [32, 33]. In order to improve
the agreement between the calculated and measured drift
velocities, they have modified the cross section for elastic
scattering empirically. In addition, they have demonstrated
that the saturation of drift velocity at higher electric fields,
which was previously observed in experiments, can be ade-
quately described by including an effective inelastic cross
section for vibrational modes. It was argued that these
vibrational modes correspond to the change of the transla-
tional states of the clusters of atoms. More recently, Boyle
et al [19, 34] have evaluated the differential cross sections for
electron scattering in liquid argon and liquid xenon by solving

the Dirac–Fock scattering equations. In these works, Boyle
et al [19, 34] extended Lekner’s theory by considering mul-
tipole polarizabilities and non-local treatment of exchange
[19, 34]. Transport coefficients have been calculated for
electrons using these cross sections as an input into the multi
term Boltzmann equation solution, for the lower values of the
reduced electric field. It is also worth noting that in order to
thermalize electrons to low energies in rare gases (especially
those with Ramsauer–Townsend minimum) in the most effi-
cient way and with a small experimental error, it was neces-
sary to perform swarm experiments at higher pressures, where
high density effects became observable [35–37]. One of the
alternatives to avoid such effects and obtain low-energy cross
sections and scattering lengths was to use molecular hydrogen
in the mixture at low reduced electric fields, where the unique
solution for the rotational energy loss cross sections for
hydrogen exists [38].

Theoretical studies of electron transport processes in
liquid rare gases, at higher electric fields, have been per-
formed by several authors. In 1976, Atrazhev and co-workers
studied the influence of density dependent scattering effects
on the Townsend ionization coefficient [39]. The results of
this work are two estimates of the first Townsend ionization
coefficient, which have been made by considering the two
distinctively different representations of energy losses in the
electronic excitations. Jones and Kunhardt also studied elec-
tron transport in liquid xenon by using Monte Carlo simula-
tions [40]. The semiclassical model used, was previously
applied by Kunhardt for studying electron transport in liquid
argon [41]. In this work, the interaction of electrons with the
liquid is described in the framework of Van Hove’s theory
[42]. The group at Hokkaido University has also studied
ionization in liquid xenon, as well as the electron attachment
in the mixtures of liquid argon and electronegative impurities,
including O2, SF6 and N2O, using previously developed cross
sections [32]. Considerable contributions in this field have
been made by Boyle and co-workers who developed the fluid
equation based model for electrons and positrons in liquids by
utilizing dilute gas phase cross sections together with a
structure factor for the medium [43–46].

1.2. Streamers in liquid rare gases

In comparison to gas phase modeling, there are only a few
modeling studies of streamer propagation in liquids. Simu-
lations of positive streamers in hydrocarbon liquids using
1.5D classical streamer model have been performed by Naidis
and co-workers [10, 47]. Simulations are performed both
without formation of expanding gaseous filaments and in
conditions when such filaments due to vaporization are
formed. Contemporary studies include both the experimental
and numerical studies of propagating streamers inside bubbles
elongated along the external electric field and compressed
bubbles immersed in water [48, 49]. The salient feature of
these studies is that transport coefficients of electrons in
liquids required for streamer simulations are evaluated
approximately, e.g. without taking into account more serious
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perturbations to the transport due to the formation of bubbles
and clusters.

Numerical modeling of streamer dynamics, in liquid
argon and liquid xenon, has been performed by Babaeva and
Naidis [50–52]. They have investigated the formation of a
positive streamer in a strong non-uniform field and its sub-
sequent propagation in a weak uniform field, by employing a
two dimensional fluid model [50, 51]. Among many impor-
tant points in these papers, it has been shown that the nature
of the streamer propagation in the liquid phase is significantly
influenced by the electron-ion recombination [50, 51]. In
addition, they found that the calculated streamer velocities are
of the same order of magnitude as the measured velocity of
the breakdown wave in liquid argon [50, 51].

1.3. Motivational factors for this study

One of the most important conclusions from the previous
studies of electron transport in atomic liquids is the fact that
still there is no consensus on the importance of excitations in
the liquid phase. For example, Atrazhev et al [39] have shown
that if the portion of energy losses due to excitations is
assumed to be just the same as in the gas phase, the first
Townsend coefficient is underestimated. On the other hand, if
the inelastic energy losses are completely neglected then the
first Townsend coefficient is overestimated [39]. Along
similar lines, Nakamura and co-workers also disregarded the
explicit influence of energy losses associated with the elec-
tronic excitations in their calculations of transport properties
of electrons in the liquid phase [20, 53]. Instead, they have
represented the inelastic energy losses by using an effective
inelastic cross section, which corresponds to vibrational
modes [20, 32, 53]. In 1993, Jones and Kunhardt carried out
Monte Carlo simulations in which the inelastic energy losses
due to electronic excitations were included [40]. However, in
this work it has not been specified which electronic excita-
tions are included in the set of cross sections [40]. Atrazhev
et al [39] have shown that a different representation of the
inelastic energy losses leads to a significant difference in the
calculated values of the ionization rate in liquid xenon. Thus,
it is clear that a rigorous analysis of the inelastic energy losses
in studies of electron transport in liquid rare gases is long
overdue and the present study takes the first steps in this
direction. We believe that this is of key importance for
numerical studies of streamer propagation, since ionization
controls the development of a discharge and occurs in both
the streamer head and in the streamer channel.

In this work, we investigate how various representations
of the inelastic energy losses affect transport properties of
electrons and streamer dynamics in liquid xenon. Cross
sections for electronic excitations are taken from the set for
electron scattering in the gas phase compiled by Hayashi [54].
This set of cross sections yields swarm parameters in good
agreement with the available measurements [55]. We identify
and consider the following three global scenarios: (i) no
electronic excitations, (ii) some electronic excitations are
included and some of them are neglected, and (iii) all

electronic excitations are included in the modeling. Various
representations of inelastic energy losses are first discussed
in light of previous spectroscopy and photoconductivity
experiments and then are used in Monte Carlo simulations.
The calculated values of the first Townsend coefficient in
these various cases are compared with respect to the exper-
imental results of Derenzo et al [56]. These calculations are
augmented by those in which gaseous xenon is scaled up to
the liquid density. In addition to the study of transport pro-
cesses, in this work we investigate the propagation of nega-
tive streamers in liquid xenon. The axial profiles of electric
field and number density of electrons are calculated in the
absence of vaporization and the occurrence of bubbles.

1.4. Organization of the paper

In section 2 we give the details of cross sections for elastic
and inelastic scattering of electrons in liquid xenon. We
identify and review the four different cases in three global
scenarios for representing the inelastic energy losses. In
section 3.1 we briefly outline the Monte Carlo method used in
the present work and present the results of benchmark cal-
culations for the Percus–Yevick model in section 3.2. In
section 3.3 we present the basic elements of a fluid theory
used to simulate negative streamers in liquid xenon. In
section 4 we present the electron transport coefficients in
liquid xenon with particular emphasis on the structure
induced negative differential conductivity (NDC). In the same
section, we discuss the transition from an avalanche into a
streamer and propagation of negative streamers. In section 5
we present our conclusions and recommendations for
future work.

2. Cross sections for electron scattering in liquid
xenon

In the gas phase, the electron transport can be represented as a
series of individual collisions, which are separated by free
flights [19]. However, this picture is no longer valid in the
liquid phase. Since no particular volume is owned by a single
atom, due to small interparticle spacings in liquids, as com-
pared to the range of interaction between electrons and the
targets, the potential in which an excess electron is scattered is
determined by many surrounding atoms [19, 24]. Namely, it
has been shown that the polarization potential of a single
atom is significantly screened by polarization potentials of
neighboring atoms [19, 24]. Due to this effect, at low ener-
gies, the effective potential changes from an attractive long
range potential, which corresponds to scattering on an iso-
lated xenon atom, to a repulsive short range potential, which
corresponds to scattering in the liquid phase [24, 28]. In
addition, electron scattering on a focus atom will be influ-
enced by electrostatic terms and non-local exchange terms of
all neighboring atoms [19]. Moreover, the de Broglie wave-
lengths of excess electrons at thermal energies are larger than
the interatomic spacing by several orders of magnitude [19].
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This leads to significant coherent scattering effects, for low
energy electrons, which make the electron scattering structure
dependent and strongly anisotropic [19, 24]. The anisotropy
of coherent scattering leads to a difference between the
effective mean free paths for the transfer of energy and
momentum [24, 57]. It has been shown that the effective
mean free path for the transfer of energy is independent of
the liquid structure, while the effective mean free path for the
transfer of momentum is structure dependent [24, 57]. The
coherent scattering effects and the modification of the scat-
tering potential strongly influence the elastic scattering of the
lower energy electrons. However, these effects are reduced
with an increasing energy becoming negligible for electron
energies higher than approximately 10 eV [39, 57]. This is
demonstrated by the density independence of the measured
drift velocity for swarms of electrons in compressed gases
under high electric fields [58, 59].

Excitations in liquid xenon have been investigated in
spectroscopy experiments [60–65]. It has been shown that the
reflection spectrum of liquid xenon is very similar to the
reflection spectrum of solid xenon [60, 61]. In this spectrum,

intermediate n=1 G⎡⎣ ⎤⎦( )3

2
and ¢ =n 1 G⎡⎣ ⎤⎦( )1

2
excitons have

been observed at 8.2 eV and 9.45 eV, respectively [61–63].
The former has parentage in the excited atomic [ ]s6 3 2 1 state,
while the latter has parentage in the ¢[ ]s6 1 2 1 state [63]. In
addition, a spectral line, which has developed from the two
neighboring [ ]d5 3 2 1 and [ ]s7 3 2 1 states, has been observed
at about 10.32 eV [63, 66]. Another spectral line has been
observed at 9 eV [61–63]. This line belongs to the n=2

G⎡⎣ ⎤⎦( )3

2
Wannier exciton, which does not originate from the

states of an isolated atom [61–63]. Since excitons are closely
related to the electron band structure, the presence of exci-
tonic lines in the reflection spectrum indicates the existence of
the valence band and the conduction band in liquid xenon

[66]. In addition, the value of G( )3

2
band gap has been

determined from the corresponding Wannier series [67]. The
obtained value of the band gap is 9.22 eV, and it is in
excellent agreement with the prediction on the change of the
corresponding band gap in the solid phase [66, 67]. This
value has been further verified by using the measured pho-
toconductivity threshold in liquid xenon (9.202 eV) and the
known difference between the photoconductivity threshold

and the G( )3

2
band gap in the solid xenon (0.013 eV) [67].

Thus, a cross section set for electron scattering in liquid
xenon has to include the cross sections for elastic scattering,
inelastic energy losses and the interband transitions [40, 41].
We employ four different cases for representing the inelastic
energy losses in order to study the influence of the inelastic
collisions on the transport properties of electron swarms and
the dynamics of negative streamers in liquid xenon. Each of
these cases is discussed in light of previous spectroscopy
and photoconductivity experiments. Elastic scattering and the
interband transitions are represented in the same way in all
cases considered.

2.1. Elastic scattering and interband transitions

The elastic scattering of low energy electrons is strongly
influenced by the changes in the scattering potential and the
coherent scattering effects [19, 24, 26, 34]. Moreover, the
effective mean free paths for the transfer of momentum and
energy in liquids are different due to a strong anisotropy
of coherent scattering [24, 57]. These mean free paths are
given by

ò

s

p c c c s c
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= -
p

-
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where n0 is the liquid number density, σsp(ò, χ) is the diff-
erential cross section for elastic scattering of an electron on a
focus atom in the liquid phase, ò is the relative energy in the
center of mass frame, χ is the angle through which the rela-
tive velocity is changed and S(Δk) is the static structure
factor, as a function of the transferred momentum. In these
equations s̃m and σm represent the momentum transfer cross
sections with and without the structure modification, respec-
tively [57].

As proposed by Tattersall and co-workers, the ratio

g = L
L

( ) 0

1
represents the measure of the anisotropy of

coherent scattering [57]. The coherent scattering is modeled
as a combination of three distinct effective scattering pro-
cesses, which give a good representation of the average
transfer of momentum and energy [57]. In the first of these
processes, represented by the σboth cross section, both energy
and momentum are transferred as in an ordinary binary col-
lision [57]. In the second process, represented by the
σmomentum cross section, the electron is scattered in a random
direction, but the speed of the electron remains unchanged.
This leads to a transfer of momentum, without a concomitant
transfer of energy [57]. In the third process represented by the
σenergy cross section the energy of the electron is reduced as in
an ordinary binary collision, but the electron does not change
the direction of its motion. This leads to a transfer of energy,
which is accompanied by a minimal transfer of momentum
[57]. It is important to emphasize that these effective scat-
tering processes do not represent individual microscopic
collisions, but rather provide a good representation of the
average rates of momentum transfer and energy transfer in
structured media [57].

The cross sections for the corresponding effective pro-
cesses are determined from γ(ò) and the momentum transfer
cross section, for electron scattering on a focus atom in the
liquid phase, σm(ò) [57]. The values of σm(ò) and γ(ò), which
are used in the present work, have been determined by Boyle
et al [34].
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For γ(ò)<1 these cross sections are calculated as [57]:
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For γ(ò)>1, these cross sections are given by [57]
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We model the elastic scattering by using these effective
cross sections, for energies up to approximately 10 eV. At
higher energies both σmomentum and σenergy are taken to be
negligible, while σboth is approximated by the elastic cross
section for electron scattering in the gas phase [68]. This is a
good approximation, since both modifications of the scatter-
ing potential and the coherent scattering effects are small for
high energy electrons [39, 57].

The cross section for interband transitions is approxi-
mated by the cross section for the electron impact ionization,
from the Hayashi’s cross section set, which is shifted towards
lower energies. Specifically, the cross section for ionization is
shifted by 2.91 eV, so that its threshold is moved to 9.22 eV.

This value corresponds to the G( )3

2
band gap in liquid xenon,

which is the energy difference between the uppermost valence
band and the bottom of the conduction band [67]. The use of
this cross section gives a good energy balance for the inter-
band transitions, since the energy levels of excess electrons in
the conduction band can be represented by a continuous
energy spectrum, due to a high density of states in the con-
duction band [41].

We should note that the energy of the bottom of the
conduction band in liquid xenon = - ( )V 0.66 0.050 eV
[69, 70] is not explicitly included in our calculations. This is
justified since the system is homogeneous and the inclusion of
V0 would be equivalent to introducing a constant electric
potential of the entire system, which would not influence the
electron dynamics due to the constant value of this potential.
It should also be noted that V0 is implicitly included in the
formula for the difference between the value of the ionization
potential of an isolated atom and the value of the band gap in
the liquid phase [40]. The inclusion of V0 in calculations is
necessary in the case of the gas-liquid interface (and other
situations in which the number density of the background
atoms is inhomogeneous) since the change of V0 across the
interface produces an effective electric field as shown in the
recent study of Garland and co-workers [71]. Thus, in our
calculations we can effectively represent discrete energy
levels of quasi free electrons in the conduction band which
have a minimum of V0 with a continuous energy spectrum of
free electrons which have a minimum of 0 eV.

2.2. Case 1: No electronic excitations

In the first case, the inelastic energy losses are completely
neglected. It was shown by Atrazhev et al that this approach

overestimates the first Townsend coefficient in liquid xenon
[39]. However, this case is considered in our study with the
aim of establishing the influence of electronic excitations on
the first Townsend coefficient. This case will be referred to as
case 1.

2.3. Case 2: Only excitations 6s½3 2�2= and 6s½3 2�1= are
included

In our remaining cases inelastic energy losses are taken into
account, since it has been shown in experiments that both
excitons and perturbed atomic excitations exits in liquid
xenon [62, 63]. Moreover, it has been determined that the
excitation of these electronic states is the main channel of
energy loss of excess electrons in liquid argon, krypton and
xenon under the moderate electric fields [72–74]. However,
no cross sections for the excitation of these discrete states can
be found in the literature. Since intermediate excitons have
unique parentage in the excited states of the atom [62, 63, 75],
we approximate the cross sections for both intermediate
excitons and the perturbed atomic excitations by the cross
sections for the corresponding excitations of an isolated atom.
The cross sections for excitations, which are used in our
work, are those from the Hayashi cross section set for elec-
trons in gaseous xenon [54, 68].

We do not change the values of the thresholds for exci-
tations, since only thresholds for optically allowed excitons
are present in the literature [75], while the optically forbidden
states have to be included in our model as well. Therefore, it
would be somewhat inconsistent to modify the thresholds for
the optically allowed transitions, while leaving the thresholds
for the optically forbidden transitions unchanged. Moreover,
it has been shown that in the reflection spectrum of liquid
xenon, there exists an additional line, next to the n=1

G⎡⎣ ⎤⎦( )3

2
exciton line [62, 63]. This line corresponds to the

perturbed atomic [ ]s6 3 2 1 state [62, 63]. It was determined by
Laporte et al that about 10% of atomic clusters in liquid
xenon, near the triple point, will give rise to the perturbed
atomic line, instead of the corresponding exciton line [62].
This is caused by the fact that these clusters do not have a
sufficient number of atoms for the formation of the exciton
inside a volume which corresponds to the exciton radius
[62, 63]. Therefore, if one was to construct a model which
distinguishes intermediate excitons from the corresponding
perturbed atomic states, one would have to know which
percentage of atomic clusters give rise to the perturbed atomic
lines, instead of the corresponding excitonic lines, for each
atomic excitation. In addition, one would have to know the
thresholds for all excitons and all perturbed atomic excita-
tions, including the optically forbidden states. This is beyond
the scope of our paper, and we model both the intermediate
excitons and the perturbed atomic excitations with the
corresponding excitations of an isolated atom. However, the
difference between these thresholds is less than 5% for all
observed excitons [62, 63, 75]. Thus, we anticipate a small
error is made by using the thresholds from the gas phase.
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We neglect the observed n=2 G( )3

2
Wannier exciton, in

all of our cases, since it does not correspond to any individual
atomic state. No other Wannier exciton, for n>1, has been
identified in the reflection spectra of liquid xenon [61–63, 75].
For simplicity, in the rest of this work the interband transition
and the inelastic collisions will be sometimes referred to as
ionization and excitations, respectively. Comparing to binary
inelastic collisions, these processes are not the same, as every
xenon atom is located in a cluster of the surrounding atoms.
Thus, atomic excitations are replaced either by excitons or by
perturbed atomic excitations, depending on the size of the
atomic cluster [62, 63]. Likewise, binary ionization is
replaced by the excitation of an electron from the valence
band to a quasi free state in the conduction band [66, 67].

In the second case, only excitations with thresholds,
which are lower than the threshold of the interband transition,
are included in the cross section set. This includes [ ]s6 3 2 2

and [ ]s6 3 2 1 atomic states. These two excitations correspond
to the first two inelastic collisions in the Hayashi’s cross
section set [54]. The former of this state is optically for-
bidden, while the latter is optically allowed. Both the n=1

G⎡⎣ ⎤⎦( )3

2
exciton, and the corresponding perturbed atomic

state, which have been observed in experiment [61–63], have
parentage in the second of these excitations.

2.4. Case 3: The first four excitations from the Hayashi’s set of
cross sections are included

In the previous experimental investigation of photo-
conductivity in liquid xenon it has been shown that other
discrete states should also be included in the set of cross
sections. Specifically, a dip has been observed in the photo-
conductivity spectra of liquid xenon at 9.45 eV [67]. This dip
is induced by the competition between continuous band to

band transitions and the discrete ¢ =n 1 G⎡⎣ ⎤⎦( )1

2
exciton [67].

The observed dip in the photoconductivity spectra of liquid
xenon indicates that the corresponding discrete state has
decay channels alternative to dissociation like luminescence
[66]. This indicates that the inelastic energy losses due to this
discrete state should be included in the modeling of electron
transport in liquid xenon. The ¢ =n 1 G( )1

2
exciton has par-

entage in the ¢[ ]s6 1 2 1 atomic state [62, 63]. Another atomic
excitation exists between [ ]s6 3 2 1 and ¢[ ]s6 1 2 1 states [54].
This is the optically forbidden ¢[ ]s6 1 2 0 state. In this case it is
important to take into account both ¢[ ]s6 1 2 0 and ¢[ ]s6 1 2 1

states, in addition to the excitations which are included in the
second case. The ¢[ ]s6 1 2 0 state corresponds to the third
electronic excitation in the set of cross sections developed by
Hayashi [54]. The fourth electronic excitation in the Haya-
shi’s cross section set corresponds to a combination of
¢[ ]s6 1 2 1 and [ ]p6 1 2 1 states [54]. Thus, we include the first

four excitations from the Hayashi’s cross section set in our
third case. This case will be referred to as case 3.

2.5. Case 4: All electronic excitations from Hayashi’s cross
section set are included

In the experimental investigation of the photoconductivity
spectra of liquid xenon near the triple point, no further
structure could be ascertained above 9.45 eV [67], and the
photoconductivity spectra has only been shown for energies
lower than 10eV [67]. However, in a latter experimental
investigation of the density dependence of the photo-
conductivity spectra in fluid xenon by Reininger et al, two
more dips have been observed for densities up to 77.86% of
the triple point density [66]. This is the highest density for
which results are reported in their study. The first of these
dips is at 10.32eV corresponding to the discrete transition,
which is formed from the two neighboring [ ]d5 3 2 1 and

[ ]s7 3 2 1 states [66]. The second dip is caused by the per-
turbed ¢[ ]d5 3 2 1 atomic state and it is observed at
11.6eV [66].

Thus, it is clear that the discrete states with energies
above 10 eV exist in liquid xenon, since a line at 10.32 eV has
been observed in the reflectivity spectra [60, 62, 63]. It is also
clear that they cause dips in the photoconductivity in fluid
xenon up to densities close to the triple point density [66].
This indicates that these states should be included in the
calculation of inelastic energy losses of electrons in fluid
xenon. However, we are not certain if these discrete states
should be included in the representation of the inelastic
energy losses in liquid xenon, or if they dissociate into a
quasi-free electron in the conduction band and a quasi-free
positive hole in the valence band. The presence of the line at
10.32eV in the reflection spectrum of liquid xenon [60, 63]
seems to indicate that these states have alternative decay
channels to dissociation due to luminescence. This means that
they also contribute to inelastic energy losses of excess
electrons. We are not certain which percentage of these dis-
crete states dissociates into a quasi-free electron and a quasi-
free positive hole. This case for representing the inelastic
energy losses in liquid xenon is based on the assumption that
these discrete states always decay through luminescence, or
some other non-dissociative process. Thus, the corresponding
excitations fully contribute to the inelastic energy losses of
excess electrons.

The atomic [ ]d5 3 2 1 state corresponds to the 11th exci-
tation of Hayashi’s cross section set, while the [ ]s7 3 2 1 state
is included in the 12th Hayashi’s excitation [54]. The

¢[ ]d5 3 2 1 atomic excitation, which causes a dip in the pho-
toconductivity at 11.6eV, is not included in Hayashi’s cross
section set. However, the 14th Hayashi’s excitation, which
corresponds to [ ]s9 3 2 2 state, has a threshold of 11.58 eV,
and it gives the effective energy loss for all excitations in this
energy range in the gas phase. All other effective excitations,
from the Hayashi’s set, include contributions from the opti-
cally forbidden states. Therefore, we should include these
excitations in our model, since the absence of the optically
forbidden states in the reflection spectrum does not mean that
these states do not contribute to the energy losses of excess
electrons. Thus, our fourth case for representing the inelastic
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energy losses in liquid xenon includes all excitations from
Hayashi’s cross section set. This case will be referred to as
case 4. The cross sections for electron scattering in liquid
xenon included in all four cases considered in this work are
shown in figure 1.

3. Methods of calculation

3.1. Monte Carlo method

In this work we use the Monte Carlo method to simulate a
swarm of electrons in an infinite space, which is filled with a
homogeneous background liquid, under the action of a static
and uniform electric field. For this purpose, we have modified
our existing Monte Carlo code, which has been developed for
the study of electron transport in the gas phase [76–78]. Since
the dispersion relation for electrons in liquid xenon can be
taken to be parabolic and isotropic [40], the influence of the
liquid on the electron motion is restricted to scattering events.
Thus, the appropriate modification of the scattering dynamics
is sufficient to make our Monte Carlo code applicable to the
study of electron transport in liquid xenon. This modification
has been done by including three effective scattering pro-
cesses, which represent the coherent scattering of low energy
electrons [57]. These scattering processes are described in
section 2.1. Our study of the electron transport is performed
under the assumption that the density of charged particles is
very low (the swarm limit). Thus, we neglect the electron–
electron interactions, the space charge effects and collisions
with the results of previous collisions (holes and excited
states). Therefore, the dynamics of each electron can be fol-
lowed independently.

The dynamics of an individual electron is determined by
the action of the electric field and by collisions between the
electron and the atoms of the background liquid. The integral
equation for the collisional probability is solved numerically
by generating the random numbers from the uniform dis-
tribution on the interval (0,1) [76–78].

The type of the next collision is determined by using an
additional random number, while taking into account the
relative probabilities of all scattering processes for the
corresponding value of the electron energy [76–78]. The
change of direction of the electron motion after a collision is
represented by a pair of angles, i.e. the scattering angle and
the azimuthal angle. Isotropic scattering is assumed for all
scattering processes, except for the effective scattering pro-
cess which corresponds to the σenergy cross section. In this
process the direction of the electron motion is unchanged by
the collision.

After the collision which is represented by the σboth cross
section the electron energy is reduced by the factor
 c-( )1 cosm

M

2 , where m is the electron mass, M is the mass
of a background atom, ò is the initial energy of the electron
and χ is the scattering angle. The same amount of energy is
lost by a low energy electron in the effective scattering pro-
cess, which is represented by σenergy cross section. When an
inelastic collision, or interband transition takes place, the
energy of the incident electron is reduced by the energy loss
(i.e. the threshold energy) of the corresponding process. After
the interband transition, the remaining energy is redistributed
between the primary electron and the secondary electron. The
fraction of the postcollisional energy, which is obtained by
each of these two electrons, is determined by using an addi-
tional random number.

In our Monte Carlo code, monomials of coordinates and
velocity components of each individual electron are sampled
and averaged, over the entire electron ensemble, at discrete
sampling times [76–78]. These expressions are used to cal-
culate both bulk and flux transport coefficients of the swarm,
with explicit formulas given elsewhere [76–78].

As a large number of electrons must be followed, in order
to reduce the statistical fluctuations of the output data, our
Monte Carlo simulations are very time consuming. The
computational time is particularly large for lower values of
reduced electric field, where few inelastic collisions take
place. Under these conditions due to a small rate of energy
transfer in elastic collisions, the relaxation of energy is inef-
ficient. In order to optimize the computational time and speed
of our simulations in the limit of low reduced electric fields,
the simulations are performed with a lower number of elec-
trons until the swarm reaches the steady state. After relaxation
the swarm is multiplied several times, by cloning each elec-
tron, until the desired number of electrons is obtained. When
the multiplication is finished all transport properties are cal-
culated from average monomials of both velocities and
coordinates. For a more detailed description of our Monte
Carlo code, we refer readers to our reviews [76–78].

Figure 1. Cross sections for electron scattering in liquid xenon:
(1) σboth, (2) σmomentum, (3) σenergy, (4) ionization (the interband
transition), effective electronic excitations: (5) [ ]s6 3 2 2, (6)

[ ]s6 3 2 1, (7) ¢[ ]s6 1 2 0, (8) ¢[ ]s6 1 2 1 and [ ]p6 1 2 1, (9) [ ]p6 5 2 2 and
[ ]p6 5 2 3, (10) [ ]p6 3 2 1 and [ ]p6 3 2 2, (11) [ ]d5 1 2 0, [ ]d5 1 2 1,
[ ]p6 1 2 0, [ ]d5 7 2 4 and [ ]d5 3 2 2, (12) [ ]d5 7 2 3, (13) [ ]d5 5 2 2,

(14) [ ]d5 5 2 3, (15) [ ]d5 3 2 1, (16) [ ]s7 3 2 2, [ ]s7 3 2 1, [ ]p7 1 2 1,
[ ]p7 5 2 2, ¢[ ]p6 3 2 1, [ ]p7 5 2 3, [ ]d6 1 2 0, [ ]d6 1 2 1, [ ]p7 3 2 2
[ ]d6 3 2 2, [ ]p7 3 2 1, [ ]p7 1 2 0, [ ]d6 7 2 4, [ ]d6 7 2 3, ¢[ ]p6 3 2 2,
[ ]d6 5 2 2, [ ]p6 1 2 1, [ ]d6 5 2 3, ¢[ ]p6 1 2 0 and [ ]d6 3 2 1, (17)
[ ]s8 3 2 2 and (18) [ ]s9 3 2 2.
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3.2. Benchmark calculations

We present our benchmark calculations for the Percus Yevick
model liquid, in order to test the implementation of the
coherent scattering effects in our Monte Carlo code. The
radial pair correlation function, which corresponds to this
model, is obtained by applying the Percus Yevick approx-
imation as a closure to the Ornstein–Zernike equation and by
representing the interaction between the background mole-
cules by the hard sphere potential [57, 79]. The corresponding
static structure factor is obtained as a Fourier transform of this
pair correlation function [57]. The modified Verlet and Weis
structure factor for the Percus Yevick liquid [80] is used in
this work, as in the study of Tattersall et al [57]. This structure
factor is given by
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[57]. The packing ratio f determines the percentage of space
which is occupied by the hard spheres. This ratio can be

written as f p= r n4

3
3

0, where r and n0 are the hard sphere
radius and the neutral number density respectively [57].

In figure 2 we show our benchmark results for mean
energy, drift velocity and components of the diffusion tensor
for electrons in the Percus Yevick liquid, for several values of
the packing ratio f. For comparison, the benchmark results of
Tattersall et al [57] are included in the same figure. Our
results are represented by lines, while the results of Tattersall
and co-workers are represented by symbols. From a com-
parison between our results and those predicted by Tattersall
et al [57], it is evident that the results are consistent for all
E/n0 and f and for all transport coefficients. This suggests
that the representation of the coherent scattering effects has
been included properly in our Monte Carlo code [81].

In figure 2 we see that all transport properties are dis-
tinctively dependent on f for the lower values of E/n0. Due to
coherent scattering effects, all transport properties increase
with the increase of f. At the higher values of E/n0 , how-
ever, the strong dependence of transport properties on f is
firstly reduced and then entirely removed as the influence of
the coherent scattering is negligible for the high energy
electrons. On the other hand, the behavior of the longitudinal
diffusion coefficient DL is more complex. We see that DL

increases with the increase of f at low electric fields, but this
dependence is inverted for E/n0 between approximately 2 and
10 Td. The mean energy monotonically increases with the
increase of E/n0 for all values of f. The drift velocity exhibits
structure induced NDC, i.e. for E/n0 approximately between

Figure 2. Comparison of our results for mean energy, drift velocity W, longitudinal diffusion coefficient n DL0 and transverse diffusion
coefficient n DT0 of an electron swarm in the Percus–Yevick model liquid, with those of Tattersall et al [57]. Transport properties are
presented as a function of the reduced electric field E/n0 and the Percus–Yevick packing ratio f. The present calculations are represented by
lines, while the results of Tattersall et al [57] are represented by symbols.
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0.5 and 6 Td and for f�0.3, values of drift velocity decrease
as the driving field is increased. The quantitative criterion for
the occurrence of the structure induced NDC has been dis-
cussed by White and Robson [82]. The decrease of the drift
velocity with increasing field can be attributed to the reduc-
tion of the coherent scattering effects, which in turn enhance
the directional motion of low energy electrons. The reduction
of both DL and DT with an increasing E/n0 is also clearly
evident. In the limit of the highest E/n0 considered, all pro-
files approach to that for f=0. It is interesting to note that
the values of E/n0 for this transition decrease with increas-
ing f.

3.3. Fluid model of negative streamers

Our simulations of negative streamers in liquid xenon are
performed by using a 1.5 dimensional fluid model [83, 84]. In
this model, we assume that the space charge is contained
inside a cylinder with radius R0 and that the charge density
varies along the axial direction only. The electron dynamics is
described by the continuity equation for the electron number
density
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where ne(x, t) and np(x, t) are the number densities of elec-
trons and positive holes, respectively, which are functions of
the coordinate x and time t. In this equation DL and W are the
longitudinal diffusion and the drift velocity respectively,

( )Esgn is the sign function of the electric field E which is
oriented along the x-axis, while νi and β are the ionization rate
and the recombination coefficient, respectively.

Since the hole mobility in liquid xenon is much smaller
than the mobility of electrons [85, 86], the positive holes are
assumed to be stationary, on the time scales relevant for this
study. Thus, the time evolution of the number density of
positive holes is described by the number balance equation
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The total electric field in the system is represented as the
sum of the uniform external field and the electric field due to
space charge effects [83, 84]
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where E0 is the external field, e is the elementary charge, ε0
and εr are the vacuum permittivity and the relative permit-
tivity, respectively, and l is the length of the system. The
recombination coefficient is given by the scaled Debye

formula [50–52]
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where βD is the Debye recombination coefficient, μe is the
electron mobility, while ξ is the scaling factor which is taken
to be 0.1 [10, 50, 51].

The above fluid equations are closed assuming the local
field approximation—all transport properties of electrons at a
given value of the coordinate x and time t are determined by
the local instantaneous electric field, E(x, t) and are evaluated
from data computed in Monte Carlo simulations. In the
numerical implementation of our fluid model, the spatial
discretization is performed by using the second order central
finite difference, while the fourth order Runge–Kutta method
is used for the integration in time. In fluid simulations we
follow the transition of an electron avalanche into a negative
streamer and its subsequent propagation in liquid medium.

4. Results and discussion

4.1. Transport coefficients for electrons in liquid xenon

In our study of the transport properties of electrons in liquid
xenon we cover a range of reduced electric fields between
1×10−3 and 2× 103 Td. The number density of xenon
atoms is 1.4×1028 m−3, while the temperature of the
background liquid is 163K. For E/n0 higher than 10 Td, we
follow 106 electrons during the entire simulation. However, at
lower fields our simulations begin with 104 electrons and after
the relaxation to the steady state the electron swarm is gra-
dually scaled up to 106 electrons by cloning each electron at
fixed time intervals. The initial velocities of electrons are
randomly selected from a Maxwell–Boltzmann velocity dis-
tribution which corresponds to a mean energy of 1 eV. All
electrons start their trajectories from the same point in space.
This point is chosen as the origin of our coordinate system.
The cross sections for electron scattering employed in this
work are shown in figure 1. The mean energy, drift velocity
and diffusion coefficients are shown for cases 1 and 4, as
differences between individual cases are too small to be
clearly distinguished on logarithmic scale.

4.1.1. Mean swarm energy. The comparison of the mean
energies of electron swarms in liquid and gaseous xenon is
shown in figure 3. For the lower values of electric fields up
to approximately 0.6 Td, the mean energy is higher in liquid
xenon than in gaseous xenon due to a significant reduction
of the cross section for elastic scattering of the lower energy
electrons in the liquid phase. Such behavior is different at
higher fields as the mean energy of electrons approaches
1 eV, owing to the fact that the electron scattering in atomic
liquids is similar to the scattering in dilute gases for the
electron energies higher than 1 eV [19, 34]. The mean
energy is lower in the liquid phase than in the gas phase for
E/n0 between approximately 0.6 and 350 Td. At the lower
edge of this field region, the difference between the mean
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energies in gaseous and liquid xenon can be attributed to the
greater amount of energy losses in elastic collisions in the
liquid phase in the energy region between approximately
0.4 and 10 eV [34]. This is represented by the combined
effect of the scattering processes which correspond to σboth
and σenergy cross sections. For E/n0 between approximately
3 and 350 Td this energy difference is caused by the
intensive ionization cooling in the liquid phase. Ionization

cooling of an electron swarm in gases has been discussed by
Robson and Ness [87]. At higher fields the mean energy in
the first case for representing excitations in liquid xenon is
slightly higher, while the mean energy in the fourth case is
slightly lower, than the mean energy in the gas phase.

In figure 4 we show the percentage difference between
the calculated mean energy, assuming the first and the
remaining three cases. This difference is negligible for E/n0
less than 2 Td as electrons undergo elastic collisions only. For
E/n0 higher than 2 Td the mean energy reaches the highest
value in the first case due to the absence of inelastic energy
losses. The percentage differences between the values of
mean energy in the first case and the remaining three cases
reach two local maximums at about 5 and 1000 Td, and a
local minimum around 27 Td. The first local maximum occurs
due to the absence of inelastic energy losses, lower than the
threshold energy for ionization, in the first case. The local
minimum appears in the field region in which the energy
losses due to ionization become comparable to the inelastic
energy losses. For E/n0 higher than 50 Td, the mean energy
decreases with the increase of the number of excitations
which are included in the model. This is a consequence of a
significant competition between ionization and excitations
with thresholds higher than 9.22 eV in this field region. The
percentage difference between the mean energy in the first
case and the remaining cases never exceeds 3%, 6% and 16%
for the second, third and fourth cases respectively. Even
though the percentage difference between the values of mean
energy in various cases decreases for E/n0 greater than
1000 Td, the absolute difference continues to rise mono-
tonically in the entire field region covered in this study. For
the values of E/n0 lower than 50 Td, these differences are

Figure 3. Comparison of the mean energies of electrons in gaseous
and liquid xenon. The values of mean energy in liquid xenon,
determined by employing two different methods for representing the
inelastic energy losses, are shown. In the first case all excitations are
neglected, while in the fourth case all excitations from Hayashi’s
cross section set for electron scattering in gaseous xenon [54, 68] are
included.

Figure 4. Percentage difference between the values of mean energy,
for electrons in liquid xenon, which are determined by using
different representations of the inelastic energy losses. All excita-
tions are neglected in the first case. In the second and the third cases
only the first two ( [ ]s6 3 2 2 and [ ]s6 3 2 1) and the first four
( [ ]s6 3 2 2, [ ]s6 3 2 1, ¢[ ]s6 1 2 0 and an effective excitation which
represents both ¢[ ]s6 1 2 1 and [ ]p6 1 2 1) excitations from the cross
section set of Hayashi [54, 68] are included. All excitations from the
cross section set of Hayashi are included in the fourth case.

Figure 5. Comparison of the measured drift velocities in liquid
xenon (Miller et al [88] and Huang and Freeman [89]) with the
theoretical calculations. The theoretically determined drift velocities
in liquid xenon include those of Boyle et al [34] as well as the bulk
drift velocities calculated in this study by employing two different
methods for representing the inelastic energy losses. The bulk drift
velocity of electrons in gaseous xenon is also shown in this figure for
comparison.
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very small and are close to the statistical uncertainty of the
Monte Carlo simulations.

4.1.2. Drift velocity and NDC. In figure 5 we show bulk drift
velocities assuming the first and the fourth cases for
representing the inelastic energy losses as a function of
E/n0. For comparison, the theoretical [34] and experimental
[88, 89] drift velocities in liquid xenon determined by
previous authors are displayed in the same figure, along with
the bulk velocity in gaseous xenon. For the values of E/n0
lower than 1 Td, the drift velocity in the liquid phase exceeds
the drift velocity in the gas phase. This is a consequence of
the significant reduction of the rate for momentum transfer of
the lower energy electrons in liquid xenon due to the
modifications of the scattering potential and the coherent
scattering effects. The lowering of the rate for momentum
transfer enables the electric field to accelerate electrons more
efficiently in liquid xenon than in the gas phase, which leads
to a significant enhancement of the drift velocity compared to
the gaseous xenon. However, this effect is reduced at higher
fields as the scattering of a high energy electron on a xenon
atom is weakly perturbed by the surrounding liquid. Thus, for
the values of E/n0 between approximately 0.02 and 2 Td the
drift velocity in liquid xenon decreases with increasing field,
until it reaches the values that are close to the drift velocity in
gaseous xenon. The reduction of the drift velocity with
increasing E/n0 is a phenomenon that is well known as NDC
[90–92]. While this phenomenon is caused by inelastic and
non-conservative collisions in various gases [90, 92], the
NDC observed in liquid argon and liquid xenon is entirely
structure induced phenomenon [19, 34, 82]. The quantitative

criterion for the occurrence of the structure induced NDC has
been discussed by White and Robson [82]. At the end of the
field region, which corresponds to NDC, the drift velocity in
gaseous xenon slightly exceeds the drift velocity in liquid
xenon. For the values of E/n0 higher than 10 Td the bulk drift
velocity in the first case exceeds the bulk drift velocities in all
other cases as well as the bulk drift velocity in the gas phase
due to the strongest explicit effects of ionization in this case.

In order to understand the occurrence of NDC in liquid
xenon at low electric fields, in figure 6 we show the energy
distribution functions for a few values of E/n0. Results are
presented for the case two only, as the rate coefficients for
those inelastic processes excluded in this case are negligible
over the range of reduced electric fields considered. At low
electric fields, up to approximately 0.008 Td, the majority of
electrons have energies below approximately 0.7 eV. The
cross section for momentum transfer is very small over the
range of energies less than 0.7 eV and hence the drift velocity
in liquid xenon is much greater than in the gas phase.
However, for E/n0 greater than approximately 0.02 Td (at this
particular value of E/n0 NDC begins to develop) a large
fraction of electrons have energies between approximately 0.7
and 2 eV. There is a rapid rise in both σboth and σenergy with
increasing energy in this region. As a consequence, these two
cross sections quickly approach the cross section for elastic
collisions in the gas phase. For E/n0 between 0.2 and 1 Td the
majority of the high energy electrons have energies between
1.5 and 3 eV where the cross sections σboth and σmomentum

increase rapidly and approach their maximal values. The rapid
rise of both σboth and σmomentum leads to a decrease of the drift
velocity with increasing E/n0. For E/n0 higher than
approximately 5 Td a large fraction of electrons have energies

Figure 6. Energy distribution function of the electrons for various E/n0 as indicated on the graph. Calculations are performed assuming the
case 2 where excitations [ ]s6 3 2 2 and [ ]s6 3 2 1 from the set of cross sections developed by Hayashi are included.
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higher than approximately 4 eV, and at these energies the
cross section for elastic scattering rapidly drops off with an
increase of electron energy. In this range of fields, the drift
velocity monotonically increases with E/n0.

We may also observe that over the range of E/n0, where
the structure induced NDC occurs, the high-energy tail of the
distribution function quickly drops off with increasing
energy. This is caused due to rapid increase of energy
transfer associated with the σboth and σenergy. For E/n0 lower
than approximately 0.008 Td and higher than approximately
4 Td, the high-energy tail of the distribution function drops
off more slowly.

In figure 7 we show the spatially-resolved rate coefficient
for the σboth. In order to sample spatially-resolved rate
coefficients we have divided the real space into cells. The
space is divided uniformly into 100 cells in such a way that
cells indexed by - +( )50, 50 correspond to the real
coordinates s( )x 3cm , where xcm is the coordinate of the
center of mass of the swarm, and the σ is the standard
deviation of the x-coordinate of the electrons [93]. Comparing
the leading and trailing edges of the swarm, this property is
higher at the leading edge where the average energy of the
electrons is always greater than at the trailing edge. The slope
of the spatially-resolved rate coefficient is the largest over the
range of E/n0 where NDC occurs. Moreover, we observe that
the maximal values of this property at the leading edge of the
swarm are higher for 0.59 and 0.77 Td than for a higher value
of 5.9 Td. A similar behavior is observed for the spatially-
resolved rate coefficient for the σmomentum.

The drift velocity calculated in our study is in an
excellent agreement with the theoretical results of Boyle et al
[34]. Our values of the drift velocity are close to those
predicted in the experiments of Miller et al and Huang and
Freeman [88, 89]. However, while most theoretical calcula-
tions of the drift velocity predict a structure induced NDC,
this effect has not been observed in the experiments. In the

field region which corresponds to the onset of the structure
induced NDC of the theoretically determined drift velocity,
the experimental drift velocity saturates with increasing field.
At higher fields, no experimental results are available.

This discrepancy between theoretical and experimental
results has been attributed by Sakai et al [32] to the presence
of additional channels of energy loss in liquids, which are not
included in the existing theoretical models. These energy
losses correspond to the changes in the translational states of
pairs and triplets of xenon atoms upon the electron impact,
and they occur for energies much lower than the first
threshold for excitations [20, 32]. Sakai and co-workers have
empirically derived the sets of cross sections for electron
scattering in liquid argon, krypton and xenon [32] which
include effective cross sections for representing these
additional energy losses. However, an alternative explanation
for this discrepancy between theory and experiment could be
the presence of molecular impurities in the liquid rare gases
used in the experiments. Indeed, it has been shown by Sakai
et al [32] that even a small amount of molecular impurities in
liquefied rare gases leads to a significant enhancement of the
electron drift velocity. It might also be the case that the
structure induced NDC would be observed in the profiles of
the experimentally determined drift velocity at higher electric
fields. Further experimental and theoretical investigations are
required for the resolving this discrepancy. Thus, the
measurement of the drift velocity of electrons in liquid xenon
at higher electric fields is of a great importance. In any case,
we do not include the effective cross section developed by
Sakai et al [32] in our model, as it is not adjusted to our cross
section for elastic scattering.

In figure 8 we show the percentage difference between
the calculated drift velocity assuming the first and the
remaining three cases. The flux drift velocity increases with
the decrease of the number of excitations, which are

Figure 7. Spatially-resolved rate coefficient for the σboth. Calcula-
tions are performed assuming the case 2 where excitations [ ]s6 3 2 2
and [ ]s6 3 2 1 from the set of cross sections developed by Hayashi are
included.

Figure 8. Percentege difference between the values of drift
velocities, for electrons in liquid xenon, which are determined by
using different methods for representing the inelastic energy losses.
These methods are described in the caption of figure 4. Flux and bulk
results are represented by solid lines and dashed lines, respectively.
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considered in the model. This is caused by the lowering of the
chaotic component of the electron velocity due to the increase
of the ionization cooling with the reduction of the inelastic
energy losses [87]. In the case of the bulk drift velocity, this
increase is even more pronounced due to the explicit effects
of ionization. The percentage difference between drift
velocities determined in the first case and the remaining
three cases has a local maximum at about 8 Td, as the relative
difference between rates for ionization has the highest values
at low electric fields. This local maximum has a value of
about 8% and 24% for flux and bulk drift velocity,
respectively. For E/n0 higher than 100 Td, the percentage
difference between flux drift velocities in the first case and the
last two cases rises due to increasing rates for inelastic
collisions with thresholds higher than 9.22 eV in this field
region. The percentage difference between the corresponding
bulk drift velocities reaches another local maximum at about
200 Td and 400 Td for the third and the fourth cases
respectively. Although the percentage difference between
bulk drift velocities in different cases decreases after the last
local maximum, the absolute difference monotonically
increases in the entire field region below 2000 Td.

4.1.3. First Townsend coefficient. The first Townsend
coefficient expresses the number of ion pairs generated by
an electron per unit length. It is equal to the ionization
collision frequency divided by the electron drift velocity. Our
calculations of the first Townsend coefficient α determined by
using different representations of the inelastic energy losses in
liquid xenon are shown in figure 9. The first Townsend
coefficient in gaseous xenon is scaled up to the liquid density
and displayed in the same figure for comparison. It can be
seen that α monotonically increases with increasing field in
all four cases for representing the inelastic energy losses. We
also observe that α is reduced with increasing number of

included excitations. In the first case, where all excitations are
neglected, the coefficient α overestimates those calculated in
the remaining three cases over the range of E/n0 considered.
While the absolute difference between the first Townsend
coefficient in the first case and the remaining cases increases
over the entire E/n0 range covered in this study, the relative
difference has the highest values at E/n0 lower than
approximately 20 Td. For E/n0 greater than 20 Td the
ionization rate coefficient in the fourth case, where all
excitations are included, becomes significantly lower than the
corresponding rate coefficients in the other three cases. This is
a consequence of the increasing inelastic energy losses which
have thresholds higher than 9.22 eV in this case.

The first Townsend coefficient in liquid xenon is much
higher than the rescaled coefficient in gaseous xenon for E/n0
lower than 100 Td. In the limit of the highest E/n0 considered
in the present work, however, we observe that the deviations
between the ionization coefficients in liquid and rescaled gas
are significantly reduced. One of the main reasons for the
significant difference between the rate coefficients for
ionization in the scaled gaseous xenon and liquid xenon is
the reduction of the threshold for ionization in the liquid
phase. An electron in gaseous xenon can undergo ionization
only at energies higher than 12.13 eV. Moreover, it can lose a
significant amount of energy in a wide range of inelastic
scattering processes at energies lower than the threshold
energy for ionization. However, in liquid xenon any electron
with the energy higher than 9.22 eV can excite an electron
from the valence band to the conduction band. Furthermore,
there is a far lower number of inelastic scattering processes
with thresholds which are lower than the threshold for
ionization in the liquid phase compared to the gas phase.

In figure 10 we show the first Townsend coefficient
measured by Derenzo et al [56] along with the theoretical
results obtained by previous authors [39, 40, 53]. The values

Figure 9. Variation of the first Townsend coefficient with E/n0 for
electrons in liquid xenon. Calculations are performed by assuming
all four different methods for representing the inelastic energy losses.
These methods are described in the caption of figure 4. The first
Townsend coefficient for gaseous xenon, which is scaled up to liquid
density is also shown, for comparison.

Figure 10. Comparison between the theoretical calculations of the
first Townsend coefficient α determined in this study and the results
of previous authors. These results include the measurements of
Derenzo et al [56] and calculations of Atrazhev et al [39], Jones and
Kunhardt [40] and Nakamura et al [53].
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of the first Townsend coefficient determined in this study by
assuming the first and the fourth cases for representing the
inelastic collisions are displayed in the same figure for
comparison. The experimental results of Derenzo et al [56]
are significantly higher than the values of α for electrons in
gaseous xenon which are scaled to liquid density. An unusual
feature of the first Townsend coefficient measured by
Derenzo and co-workers is a non-monotonous behavior with
the increase of the reduced electric field. However, this non-
monotonicity is not outside the range of experimental
uncertainty.

The two sets of results determined by Atrazhev et al [39]
are calculated by assuming two different methods for
representing the inelastic energy losses. The values of α

represented by curve II are determined under the assumption
that the percentage of inelastic energy losses in the liquid
phase are just the same as in the gas phase [39]. This curve is
significantly below all other curves presented in this figure.
The underestimation of α in curve II demonstrates the
significant reduction of the inelastic energy losses in liquid
xenon compared to gaseous xenon as discussed by Atrazhev
et al [39]. The values of α represented by curve III are
determined by completely neglecting the inelastic energy
losses in liquid xenon. This curve is in the best agreement
with the first two experimental points of Derenzo et al [56]
and with our case 1. The first Townsend coefficient
determined by Jones and Kunhardt [40] is the only present
theoretical result which predicts the non-monotonic behavior
of α and it is in a good agreement with the first four
experimental points of Derenzo et al [56]. However the
values of α at higher fields are not shown in their work. The
results of Nakamura et al [53] agree very well with the last
segment of experimental points of Derenzo et al [56], while
the values at lower fields are not displayed in their paper.

While our case 1 for representing the inelastic energy
losses is in the best agreement with the first two experimental
points of Derenzo et al [56], all other experimental points are
in an excellent agreement with our remaining three cases. No
experimental data are present in the field range in which there
is a significant difference between our last three cases for
representing the inelastic collisions in liquid xenon. However,
the last two experimental points of Derenzo et al [56] are in a
slightly better agreement with our fourth case than with the
remaining cases.

A possible explanation for the high values of the first two
experimental points determined by Derenzo et al [56] is the
presence of another mechanism for populating the conduction
band in liquid xenon, which is more significant than electron
impact ionization at low electric fields. One example of such a
mechanism is the dissociation of high order Wannier excitons
(n>1) due to scattering on the walls of the system, or under
the influence of some other perturbation. Another possible
explanation is the reduction of the inelastic energy losses at
energies lower than 9.22 eV due to some other effects, which
are not included in our model.

4.1.4. Longitudinal and transverse diffusion coefficients. In
figure 11 we show the variation of DL/μ and DT/μ with E/n0
assuming the first and the fourth cases for representing the
inelastic collisions in liquid xenon. The calculated values of
these quantities obtained by Boyle et al [34] are also
displayed in the same figure for comparison, along with the
characteristic energy measured by Shibamura et al [94]. Here
DL and DT denote the longitudinal and the transverse
components of the bulk diffusion tensor, while μ is the
bulk mobility of electrons. The characteristic energy DT/μ
initially increases with increasing E/n0, reaching a local peak
around 2 Td, and then starts to decrease with E/n0. For E/n0
higher than approximately 300 Td, we see that DT/μ again
increases with E/n0. The E/n0 dependence of DL/μ is more
complicated. First, there is a region of slow rise of DL/μ with
increasing E/n0 due to a reduction of the momentum transfer
of the lower energy electrons in liquid xenon. Second, there is
a region of slow decrease for E/n0 between approximately
0.05 and 0.4 Td, and then for E/n0 up to approximately 6 Td
there is again a region of rapid rise. Between approximately
6 and 30 Td DL/μ is reduced as the inelastic collisions start to
exert their influence on the swarm. Finally, DL/μ rises again
as the electrons start to rapidly gain energy from the electric
field. The complex behavior of DL/μ in liquid xenon reflects
the high sensitivity of this property with respect to the details
of cross sections.

We also observe that DL/μ agree very well with the results
of Boyle et al [34] for E/n0 lower than 0.7 Td. However, our
results are lower than those of Boyle and co-workers at higher
electric fields. The discrepancy can be attributed to the
difference in the employed cross sections for the electron
scattering, as Boyle and coworkers have neglected the inelastic
collisions in their study. As the mean energy of electrons is
around 1.8 eV at 1 Td, the most energetic electrons have enough
energy to undergo inelastic collisions. The present calculations

Figure 11. Comparison between the present calculations and those
predicted by a multi term solution of the Boltzmann equation (Boyle
et al [34]) and experimental measurements (Shibamura et al [94]) for
the bulk values of DL/μ and DT/μ. Our results are evaluated by
assuming the cases 1 and 4.
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of DT/μ are in a good agreement with those predicted by Boyle
et al [34] and Shibamura et al [94].

In figure 12 we show the ratio DL/DT for electrons in
liquid xenon assuming the first and the fourth cases for
representing the inelastic energy losses. The values of DL/DT

for electrons in gaseous xenon are shown in the same figure
for comparison. For electrons in liquid xenon this ratio is
decreasing with increasing field up to approximately 1 Td,
due to the rising rates for elastic scattering in this field region.
However, this ratio is increasing at higher fields due to the
reduction of the rate for elastic scattering of high energy
electrons. The E/n0 dependence of this ratio is different for
electrons in gases at low electric fields. For the values of E/n0
lower than 10−2 Td this ratio is constant in the gas phase as
the mean energy of electrons is very close to the thermal
values. There is a narrow range of the reduced electric field
between approximately 10−2 and 2× 10−2 Td in which this
ratio is rising with increasing field, due to the influence of the
Ramsauer–Townsend minimum. At higher fields the qualita-
tive trend of behavior of DL/DT is the same for electrons in
liquid and gaseous xenon though the minimum is more
pronounced in the liquid phase.

4.2. Streamer calculations

In our fluid simulations, we follow the transition of an elec-
tron avalanche into a negative streamer as well as the sub-
sequent propagation of this streamer. The initial condition for
both electrons and positive holes is a Gaussian distribution
which is given by
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This Gaussian is positioned near the cathode. It should be
noted that the initial number densities of electrons and posi-
tive holes are selected so that the space charge effects are

negligible. The values of l and R0 are set to 5×10−5 m and
1×10−5 m respectively. The particular value of R0 is chosen
as an educated guess taking into account the initial distribu-
tion width and the spreading due to transverse diffusion.
This value is in a good agreement with the values evaluated
by the other authors [50, 51]. The length of the system l is
determined by the requirement that the streamer velocity
relaxes to a stationary value. The number of spatial cells used
in our fluid simulations is 25000.

In figures 13 and 14 we show the formation and propa-
gation of a negative streamer, assuming cases 1 and 4 for
representing the inelastic energy losses, under the influence of
the externally applied electric fields of 59 Td and 100 Td,
respectively. For E/n0=59 Td the difference between the
ionization coefficients for liquid phase and rescaled gas is
much higher than for E/n0=100 Td. The simulations in the
liquid phase are augmented by the simulation in which the
transport data for electrons in the gas phase are for the gas
phase scaled to the liquid density. The general features of the
streamer profiles in the liquid xenon are the same as those of
the streamers in gases [95, 96]. However, the space and time
scales of the streamer formation are reduced by about three
orders of magnitude due to a much greater number density of
the background atoms in the liquid phase. The electron
number density has a sharp peak in the streamer head where
the electric field is significantly enhanced by the space charge
effects. However, the number density is greatly reduced in the
streamer channel where the external electric field is sig-
nificantly screened. The further reduction of the number
density of electrons in the streamer channel with increasing
distance from the streamer head is clearly evident in the
streamer profiles. This reduction can be attributed to the
recombination of electrons and positive holes [50, 51]. A
similar decrease of the electron number density in the strea-
mer channel is observed for streamers in electronegative
gases [50, 51].

We observe that the streamer formation as well as
streamer propagation are greatly reduced with an increase of
the number of excitations which are included in the model.
The number density of electrons in both the streamer head
and the streamer channel is also reduced. It can also be seen
that the transition from an electron avalanche into a streamer
is much slower in the case of the rescaled gas than in the first
and the fourth cases of the liquid phase. Comparing figures 13
and 14, we see that this difference is much more pronounced
at 59 Td than at 100 Td. To be specific, at 59 Td the dis-
tribution of electrons modeled in the case of the rescaled gas
is still in the avalanche phase at the time instant when the
streamer in the liquid phase, assuming the first case of
representing inelastic energy losses, crosses the entire length
l. On the other hand, at 100 Td the streamer modeled in the
case of the rescaled gas is almost completely formed by
the time when the streamer modeled in the first case reaches
the boundary of the system. However, the streamer velocity
and the number density of electrons calculated in the rescaled
gas case are well below those in the liquid phase, assuming
both cases 1 and 4, even at 100 Td. The observed streamer
properties may be understood by considering the differences

Figure 12. Comparison of the ratios between the bulk longitudinal
diffusion and the bulk transversal diffusion in liquid xenon assuming
cases 1 and 4 and the same ratio in gaseous xenon. These cases are
described in the caption of figure 3.
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between the ionization coefficients in liquid and gaseous
xenon. These differences are the most dominant at lower
electric fields and gradually decrease with increasing field.

In figure 15 we show the profiles of negative streamers in
liquid xenon for the applied reduced electric fields of 35 Td,
59 Td and 100 Td, respectively, at time 73 ps. The time
instant of 73 ps has been carefully chosen since the fastest
streamer in our simulations reaches the boundary of the sys-
tem exactly at this time. The results are evaluated by con-
sidering all four cases for representing the inelastic energy
losses. We observe that the number density of electrons in the
streamer head and behind the ionization front in the streamer
channel are decreased with the increase of the number of
excitations in the model, independently of the applied electric

field. It can also be seen that the number density of electrons
and the streamer velocity increase with increasing E0/n0.

The streamer velocities determined by employing all four
cases for representing the inelastic energy losses, are shown in
figure 16 along with the streamer velocity calculated by using
the gas phase transport properties which are scaled to liquid
density. For comparison, the bulk drift velocity obtained in
the first case, is shown in the same figure. It can be seen that
the streamer velocity greatly exceeds the bulk drift velocity.
This is expected, as the velocity of a negative streamer is
determined by the combination of the electron velocity and
the rate of the electron impact ionization in the streamer head,
where the electric field is significantly enhanced, as well as by
the strong diffusive fluxes in the streamer front. It can also be

Figure 13. The formation and propagation of a negative streamer in liquid xenon for E0/n0=59 Td. The presented results are determined by
assuming the first and the fourth cases for representing the inelastic energy losses. The results of streamer simulations obtained by using the
gas phase transport properties which are scaled to liquid density are shown in the same figure for comparison. Here ne refers to the electron
number density, while E/n0 refers to the reduced resultant electric field. The direction of the external electric field


E0 is also shown in this

figure.

Figure 14. The formation and propagation of a negative streamer in liquid xenon for E0/n0=100 Td.
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seen that the intensity of the streamer velocity determined in
our fluid simulations strongly depends on the employed case
for representing the inelastic energy losses in the liquid phase.
The difference between the values of streamer velocities,
which are obtained by assuming the first and the fourth cases,
is about 40% at high electric fields. In addition, for the values
of E0/n0 around 100 Td the streamer velocity determined by
using the gas phase transport properties, which are scaled to
liquid density, is about 2.5 times lower than the streamer
velocity obtained in the first case for representing the inelastic
energy losses. This difference is even more pronounced at
lower electric fields. The differences between the calculated
velocities of negative streamers are reflections of the

corresponding differences between the first Townsend coef-
ficient (see figure 9).

5. Conclusion

We have investigated the influence of the inelastic energy
losses in liquid xenon on the transport properties of electrons
and the dynamics of negative streamers, by using Monte
Carlo simulations and the 1.5 dimensional fluid model. Four
cases for representing the inelastic energy losses in liquid
xenon are discussed in light of previous spectroscopy and
photoconductivity experiments. These cases are employed for
determining the transport properties of electrons by using
Monte Carlo simulations. Our Monte Carlo code has been
modified by including three effective scattering processes,
which give a good representation of the coherent scattering of
low energy electrons in non-polar liquids. The validity of our
Monte Carlo code has been tested by calculating the mean
energy, the drift velocity and the components of the diffusion
tensor for electrons in the Percus Yevick model liquid. Our
benchmark results for the Percus Yevick model are in an
excellent agreement with those calculated by Tattersall et al
[57]. We have determined the values of mean energy, drift
velocity, diffusion tensor and the first Townsend coefficient
for electrons in liquid xenon. Our results are in a good
agreement with those of Boyle et al [34], as well as with the
available experiments [56, 88, 89, 94]. However, since our
calculations of transport properties span a range of the
reduced electric field much wider than that investigated in
experiments, one should be cautious to trust the calculated
data outside the range covered in the experiments. This
should be noted since we have approximated the cross
sections for inelastic scattering and interband transitions of
electrons in liquid xenon by using the cross sections for

Figure 15. The spatial profiles of the electron number density ne and the reduced electric field E/n0 for three different values of the external
electric field E0. The displayed spatial profiles are determined by assuming all representations of the inelastic energy losses considered in the
present work. All profiles are shown at 73 ps.

Figure 16. The streamer velocities calculated by assuming all
representations of the inelastic energy losses considered in the
present work. The streamer velocity obtained by using the gas phase
transport data which is scaled to liquid density is displayed for
comparison, as well as the bulk drift velocity of electrons, which is
determined for the first case of representing the inelastic energy
losses.
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electron scattering on an isolated xenon atom. In addition, we
have neglected the electron phonon scattering, and we did not
take into account the structure of the conduction band since
we have approximated each electron by a free particle moving
between individual collisions. It has been shown that there is
a significant difference between the values of the first
Townsend coefficient determined by employing different
representations of the inelastic energy losses. The transport
properties of electrons obtained in our Monte Carlo simula-
tions, are used as input data in our simulations of the streamer
dynamics. These simulations are based on the first order fluid
model, and they follow the transition of an electron avalanche
into a negative streamer and the subsequent streamer propa-
gation. The results of these simulations strongly depend on
the number of excitations which are included in the model.
The intensity of the streamer velocity in the case in which all
excitations are neglected exceeds the corresponding intensity
in the case in which all excitations are included by about 40%,
at high electric fields. This difference is in agreement with
the difference in rates for ionization in these cases. Moreover,
the value of the streamer velocity determined by using the
transport properties from the gas phase, which are scaled to
liquid density, is over 2.5 times lower than the streamer
velocity calculated in the case in which all excitations are
neglected. Furthermore, the speed of transition of an electron
avalanche into a streamer in the rescaled gas phase is sig-
nificantly lower than in the other cases investigated in our
study. This difference is especially pronounced for the
reduced electric fields lower than 100 Td. These results
indicate that the correct representation of the elementary
scattering processes in liquids is of crucial importance for the
modeling of the electron transport and the electrical dis-
charges in the liquid phase.

Our work concerning the modeling of electron transport
in liquid xenon can be extended by employing ab initio cross
sections for inelastic scattering and interband transitions in the
liquid phase after these cross sections are determined. Further
improvement of the model would be achieved by taking into
account electron phonon scattering and trapping of electrons
in density fluctuations as well as by going beyond the free
electron approximation by considering the structure of the
conduction band.

The extension of our streamer calculations by investi-
gating the propagation of positive and negative streamers in
a point to plane geometry and by taking into account non-
locality of the electron mean energy will be covered in
future work. These calculations can be further generalized
by considering the formation of gaseous filaments due to
heating of the liquid, which is important on the nanosecond
time scale.
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1. Introduction

The idea of thermodynamic equilibrium (TE) is one of the 
most widely used ideas in the foundations of plasma physics. 
Not only is TE used as a background gas, but it is also used 
as the plasma itself, and, further, TE is implicitly incorpo-
rated in most theories through application of the Maxwell 
Boltzmann distribution function. On the other hand, the 
idea of local thermodynamic equilibrium (LTE) in principle 

means that TE is not maintained, and that energy converted 
into the effective temperature is being used as a fitting 
parameter, but also that all the principles of TE still apply 
for the adjusted (local) temperature. It is often overlooked 
that TE implies that each process is balanced by its inverse 
process. It is difficult to envisage just exactly how this con-
dition could be met under circumstances where most of the 
energy that is fed into the non-equilibrium, low-temperature 
discharges comes from an external electric field. The notion 
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Abstract
In this article we show three quite different examples of low-temperature plasmas, where one 
can follow the connection of the elementary binary processes (occurring at the nanoscopic 
scale) to the macroscopic discharge behavior and to its application. The first example is on 
the nature of the higher-order transport coefficient (second-order diffusion or skewness); 
how it may be used to improve the modelling of plasmas and also on how it may be used to 
discern details of the relevant cross sections. A prerequisite for such modeling and use of 
transport data is that the hydrodynamic approximation is applicable. In the second example, 
we show the actual development of avalanches in a resistive plate chamber particle detector 
by conducting kinetic modelling (although it may also be achieved by using swarm data). 
The current and deposited charge waveforms may be predicted accurately showing temporal 
resolution, which allows us to optimize detectors by adjusting the gas mixture composition 
and external fields. Here kinetic modeling is necessary to establish high accuracy and the 
details of the physics that supports fluid models that allows us to follow the transition to 
streamers. Finally, we show an example of positron traps filled with gas that, for all practical 
purposes, are a weakly ionized gas akin to swarms, and may be modelled in that fashion. 
However, low pressures dictate the need to apply full kinetic modelling and use the energy 
distribution function to explain the kinetics of the system. In this way, it is possible to 
confirm a well established phenomenology, but in a manner that allows precise quantitative 
comparisons and description, and thus open doors to a possible optimization.

Keywords: charged particle swarms, non-equilibrium plasma, skewness, resistive plate 
chambers, positron traps, Monte Carlo simulations, Boltzmann equation
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2

of non-equilibrium is implemented very well in a wide range 
of plasma models, starting from fluid models and hybrid 
models, all the way to fully kinetic codes such as particle-in-
cell (PIC) modelling.

At end of a field of ionized gases, opposite to the fully 
developed plasma, at the lowest space charge densities, 
electrons are accelerated (gain energy) from the external 
electric field and dissipate in collisions with the background 
gas. This realm is known as a swarm (swarm physics), and 
is often described by simple swarm models. We shall try to 
illustrate how and where one may employ concepts developed 
in low-temperature plasmas for problems that are not 
traditional non-equilibrium plasmas such as positrons in gases 
and gas-filled traps, gas breakdown and particle detectors.

The three selected examples are: the use and properties of 
higher-order transport coefficients (skewness) and how they 
may be implemented to close the system of equations  for 
modeling of atmospheric plasmas; modeling of resistive 
plate chamber (RPC) particle detectors with a focus on the 
development of avalanches, and prediction of the current and 
deposited charge; and, finally, modeling of a generic repre-
sentation of the three stage gas-filled positron trap, where 
the same models as for electrons may be employed in a full 
kinetic description to calculate the temporal development of 
the energy distribution function, and, through that, to describe 
how and when individual elementary processes affect the per-
formance of the trap.

This is a review article as it covers three different topics 
that will (or have been) be presented in detail elsewhere. Yet 
the majority of the results will be developed in this paper. 
Necessarily, as it is a broad review, some finer points will be 
omitted in pursuit of the bigger picture, however, all will be 
covered elsewhere and the relevant literature is cited.

2. Higher-order transport and plasma modeling

The fluid equations often employed in plasma modeling are a 
part of an infinite chain, and whenever the chain is broken one 
needs a higher-order equation and related quantities to close 
the system of equations  (Dujko et  al 2013). That is why a 
closing of the equations is forced, sometimes labeled as ansatz, 
although the closure is not quite arbitrary. It is often based on 
some principles or simplifying arguments (Robson et al 2005) 
involving higher-order equations  and related transport coef-
ficients. Robson et al (2005) claimed that some serious errors 
have been incorporated into fluid equations  that are com-
monly used in plasma modeling, and suggested benchmarks 
to test plasma models.

Equations (1) and (2) shown below, are the flux gradient 
equation  and generalized diffusion equation, respectively, 
truncated at the contribution of the third order transport 
coefficients (also known as skewness). The terms, including 

Q
F( )�  and Q

B( )�  are terms that represent the contribution of the 
 skewness tensor:
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the flux of charged particles, charged particle number density, 
flux drift velocity, flux diffusion tensor, flux skewness tensor, 
bulk drift velocity, bulk diffusion tensor, bulk skewness tensor 
and rate for reactions, respectively. If equations (1) and/or (2) 
are coupled to the Poisson equation for an electric field then 
the system of corresponding differential equations might be 
closed in the so-called local field approximation. This means 
that all transport properties are functions of the local electric 
field. The skewness tensor has been systematically ignored 
in previous fluid models of plasma discharges, although its 
contrib ution may be significant for discharges operating at 
high electric fields, and in particular for discharges in which 
the ion dynamics play an important role.

As for experimental determination of the higher-order dif-
fusion of electrons, there have been some attempts, but those 
were mostly regarded as unsuccessful due to the end effects 
(Denman and Schlie 1990). In other words, those experiments 
may have failed to comply with both the requirements for neg-
ligible non-hydrodynamic regions and for lower pressures. An 
estimate was made that reliable skweness experiments would 
have to be up to 10 m long with pressures that are at least ten 
times smaller than those in standard swarm experiments. It 
seems that the only reliable yet very weak result was observed 
for H2 in time of flight (TOF) emission experiments of Blevin 
et al (1976, 1978), as described in the PhD thesis by Hunter 
(1977). This is because the measurement was made away from 
the electrodes, thus providing a hydrodynamic environment.

At the same time some calculations were performed based 
on the available cross sections either by using a Monte Carlo 
simulation (MCS) and two term solutions of the Boltzmann 
equation (BE) (Penetrante and Bardsley 1990) or by using the 
momentum transfer theory (Vrhovac et  al 1999). Whealton 
and Mason (1974) were the first to determine the correct struc-
ture of the skewness tensor in the magnetic field free case. For 
ions there have been more general studies and in particular 
theoretical studies. Koutselos gave a different prediction of 
the structure and symmetry of the tensor (Koutselos 1997) 
but those results were challenged (corrected) by Vrhovac et al 
(1999), who confirmed the structure of the skewness tensor 
previously determined by Whealton and Mason. Subsequently 
Koutselos confirmed the structure of the skewness tensor 
obtained by previous authors (Koutselos 2001).

Finally, having in mind the need for data in fluid modeling 
and the poor likelihood of experimental studies in the near 
future, a systematic study has been completed by Simonović 
et  al (2016) dealing with the symmetry by using the group 
projector method (Barut and Raczka 1980, Tung 1984), 
multi-term Boltzmann equation solutions and MCS results in 
general terms. It should be noted that the third-order transport 
coefficients are often called skewness, but in principle it is the 
term that was to be applied only for the longitudinal diagonal 
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term, which defines most directly the (departure from the) 
shape of the moving Gaussian. We will, however, use the term 
skewness for the entire tensor and all its terms.

The structure of the skewness tensor is the following 
(Whealton and Mason 1974, Vrhovac et al 1999, Koutselos 
2001, Simonović et al 2016):
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Q Q
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where a b x y z, , ,{ }∈  and Qabc are the independent, non-
zero terms in the tensor (although some of them may be 
identical if they are established for different permutations 
of the same derivatives). The components of the tensor 
may be grouped as longitudinal Q QzzzL =  and transverse 

Q Q Q Qzxx xxz xzxT
1

3
( )= + + .

In this paper, we present results for skewness of electron 
swarms in methane. Methane is known for producing 
negative differential conductivity (NDC) and in this work 
we will demonstrate the unusual variation of the longitudinal 
and transverse components of the skewness tensor for E/N 
(electric field over the gas number density) regions in which 
NDC occurs. NDC is characterized by a decrease in the drift 
velocity despite an increase in the magnitude of the applied 
reduced electric field. Cross sections  for electron scattering 
in methane are taken from Šašić et al (2004). For the purpose 
of this calculation we assumed a cold gas approx imation: 
T  =  0 K, which is justified as we covered mostly the E/N  
range where mean energies are considerably higher than the 
thermal energy. The initial number of electrons in the simula-
tions was 107 and those were followed for sufficient time to 
achieve full equilibration with the applied field before sam-
pling was applied. Sampling in an MCS is performed either  

for the flux (velocity space) Q r r rabc t a b c
f 1

3 !

d

d
( )( ) = ∗ ∗ ∗  or for the 

bulk (real space) Q r r rabc t a b c
b 1

3 !

d

d
( ) = ∗ ∗ ∗  components (Simonović 

et al 2016) where r r ra a a= −∗ .
Uncertainties are established as the root mean square devi-

ations. Statistical fluctuations in MCSs are more pronounced 
for skewness than for the lower-order transport coefficients. 
Thus, it is very important to present statistical uncertainties 
(errors) associated with the results. In addition to Monte Carlo 
results, the skewness tensor is calculated from the multi-term 
Boltzmann equation solution. The explicit formulas for skew-
ness tensor elements in terms of moments of the distribution 
function will be given in a forthcoming paper (Simonović 
et al 2016).

In figures 1 and 2 we show the variation of the longitudinal 
and transverse skewness tensor components with E/N for elec-
trons in CH4, respectively. In figure 3 we show the variation 
of independent components of the skewness tensor with E/N. 
The independent components of the skewness tensor have 
been calculated from a multi-term solution of the Boltzmann 
equation.

The first observation that is very important is that the multi-
term Boltzmann equation results agree very well with those 
obtained in MCSs. This is an important cross check and it 
means that the techniques to calculate the skewness are inter-
nally consistent, although two very different approaches are 
implemented (having said that we assume that the solution to 
the Boltzmann equation and the MC are both well established 
and tested (Dujko et al 2010)).

We see that QT becomes negative in the same range of E/N 
where NDC occurs. At the same time QL remains positive. 
Qzxx and the sum of Qxxz and Qxzx are negative in different 
regions of E/N.

Comparing the second- and third-order longitudinal trans-
port coefficients we noticed that if diffusion decreases with 
increasing E/N then the skewness also decreases, but even 
faster (figures  4 and 5). When it comes to the effect of the 
cross sections (or inversely to the ability to determine the cross 
sections from the transport data) it seems that skewness has a 

Figure 1. The longitudinal component of the skewness tensor 
calculated for electrons in methane.

Figure 2. The transverse component of the skewness tensor 
calculated for electrons in methane.
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more pronounced structure, and thus is more useful in fixing 
the shape and absolute values of the cross sections. If the dif-
fusion increases, then we are able to distinguish between the 
two scenarios: if diffusion increases as a concave function, 
then the skewness decreases, while if the diffusion increases 
as a convex (or linear) function then the skewness increases.

We have observed that the transverse skewness is also in 
a good, if not better, correlation with the longitudinal diffu-
sion (figure 5). This is a good example that illustrates that the 
skewness tensor represents directional motion.

Different transverse components have different E/N pro-
files. Qzxx follows the behavior of the drift velocity while the 
remaining components change their trends of behavior near 
the end of the NDC region (figure 6). For different gases we 
have seen different trends and a clear correlation was not 
found (Simonović et al 2016).

Furthermore, but without illustrating it with special figures, 
the explicit effect of non-conservative collisions (ionization 
in this case) has been observed. However, in many cases the 

agreement between multi-term BE results and those obtained 
in MCSs is better than what would be expected based on the 
estimated errors. At the same time it turned out that discrepan-
cies between a two-term and multi-term (MCS) results may be 
quite large, ranging up to a factor of 10.

Possible measurements of higher-order transport coef-
ficients seem possible and also profitable for the sake of 
determining the cross sections. Nevertheless the difficulties 
and possible uncertainties may outweigh the benefits. Thus, 
calculation of the data seems like an optimum choice for 
application in higher-order plasma models. The behavior of 
higher-order transport coefficients provides an insight into 
the effect of individual cross sections (their shape and mag-
nitude), and their features such as the Ramsauer Townsend 
effect or resonances on the overall plasma behavior. The 
transport coefficients as an intermediate step give a guidance, 
especially when they develop special features (kinetic effects 

Figure 4. Comparison between longitudinal diffusion and skewness 
for electrons in methane (the scale for the two different transport 
coefficients are provided in the legend).

Figure 5. Comparison between longitudinal diffusion and 
transverse skewness for electrons in methane (the scale for the two 
different transport coefficients are provided in the legend).

Figure 3. All independent components of the skewness tensor 
calculated for electrons in methane.

Figure 6. Off-diagonal components of skewness compared to 
the drift velocity for electrons in methane (the scale for the two 
different transport coefficients are provided in the legend).
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(Petrović et al 2009)) that may also be easily implemented in 
the determination of the cross sections.

3. Avalanches in resistive plate chambers

The next example of the connection of the elementary pro-
cesses to plasma behavior through intermediate swarm-like 
phenomenology modeling will be modeling of RPC detectors. 
These devices are used for timing and triggering purposes in 
many high-energy physics experiments at CERN and else-
where (The ATLAS Collaboration 2008, Santonico 2012). 
RPCs may be both used for spatial and temporal detection 
while providing large signal amplifications. They are usually 
operated in avalanche (swarm) or plasma (streamer) regimes 
depending on the required amplification and performance 
characteristics. Numerous models have been developed to 
predict RPC performance and modes of operation (Lippmann 
et al 2004, Moshaii et al 2012). We have studied systemati-
cally the swarm data (Bošnjaković et al 2014a) and then the 

model of RPCs (Bošnjaković et  al 2014b) where RPC effi-
ciency and timing resolution have been predicted by MCS 
without any adjustable parameters, and were found to agree 
with experiment very well. Here we show some of the data 
not presented in Bošnjaković et al (2014b), which focuses on 
avalanche development and furthermore the induced current 
and charge.

Calculations of the development of the Townsend 
avalanche have been performed for a timing RPC gas mixture 
of C2H2F4:i-C4H10:SF6  =  85:5:10 with realistic chamber 
geometry (gas gap  =  0.3 mm) at E/N  =  421 Td. We show 
in figure 7 the development of an avalanche in the gap with 
three initial clusters of charges (first generation secondary 
electrons indicated by arrows at 0 ps) formed by an incoming 
high-energy particle. The first cluster (from the left) has one 
electron, the second has nine and the third has 983 initial 
electrons. The distribution over a small group of cells has been 
randomly selected according to well-established distributions. 
At the beginning, the initial condition shapes the profile of 
the ensemble, but eventually a Gaussian is formed that drifts 
under the influence of an electric field and diffuses due to 
numerous collisions.

Figure 8. The time development of (a) electron induced current and 
(b) induced charge in the RPC device.

Figure 9. Schematic drawing of a generic Surko trap consisting of 
three equal potential drops. The composition of the background gas, 
its pressure and geometry are given in table 1.

Table 1. Parameters for simulation of a generic positron Surko trap.

Parameters Stage I Stage II Stage III

Radius (mm) 5 20 20
Length (m) 0.5 0.5 0.5
Pressure (Torr) 10−3 10−4 10−5

Background gas N2 N2 N CF2
0.5

4
0.5+

Magnetic field (G) 530 530 530
Voltage (V) 20 10 0

The initial parameters

Potential of the entrance 
electrode (V)

30

Potential of the source (V) 0.1
Width (FWHM) of the initial 
energy distribution (eV)

1.5

Figure 7. The spatio-temporal development of electron avalanches 
((a) and (b)) in an RPC device. The number of electrons per cell 
(1D integration of a 3D simulation) is shown where the cells 
(1 cell  =  1 µm) are along the discharge axis x. The cathode 
corresponds to x  =  0 while the anode corresponds to x  =  300 µm.
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We will first follow the development of the cluster closest 
to the anode (at 270 µm), as indicated by spatial electron pro-
files at different times in figure 7(a). The largest initial group, 
which is also the closest to the anode, develops the fastest: 
from the initial very sharp profile it quickly establishes a 
Gaussian shape that also very quickly gets absorbed by the 
anode. The second peak (from the right) is quick to follow but 
it is very small and cannot be observed clearly due to interfer-
ence from the first pulse. In figure 7(b), we show the develop-
ment of the first cluster (at 100 µm) for longer times. This 
cluster is the furthest from the anode and it takes the most 
time to reach the anode, again as a well developed moving 
Gaussian. It develops, however, a well-separated and defined 
current pulse (unlike the second cluster of charged particles). 
The induced current and the corresponding induced charge are 
shown in figure 8.

The predictions in figure  8, extended to provide impor-
tant information on the temporal resolution, may be used to 
optim ize the device by changing gas composition, field and 
geometry, and also may be extended to allow for the forma-
tion of the plasma in later stages when a streamer discharge 
may be generated at atmospheric pressure (Bošnjaković 
et  al 2016). Trial and error development of such devices is 
simply too costly to allow for an empirical learning curve. 
Nevertheless, one could argue that it could be possible to 
develop a model based on a standard swarm description of a 
moving Gaussian with drift and diffusion plus the benefit of 
multiplication through ionization. All of these processes have 
their swarm coefficients. However, the very short times of the 
formation of the initial cluster, it being inhomogeneous and a 
very nonlinear growth with a possible separation of faster and 
slower electrons, dictate the need to perform an MCS in order 
to achieve the required accuracy. Thus, this example allows for 
the use of transport coefficients, but is better accomplished by 
full kinetic modeling. Transport coefficients are better taken 
advantage of in fluid modeling of the possibly developing 
streamer (Bošnjaković et al 2016). In any case, the ionized gas 
and the developing plasma channel are both represented very 

accurately (qualitatively and quantitatively). Here we have 
used kinetic swarm modeling, although using transport coef-
ficients may also be an option, albeit a less accurate option.

4. Gas-filled positron (and electron) traps

While it is often assumed that keeping the antimatter away 
from the matter is a way of preserving it longer, the intro-
duction of background gas to the vacuum magnetic field trap 
led to the birth of the so-called Penning Malmberg Surko 
traps (often known simply as Surko traps). These devices 
take advantage of the very narrow region of energies, where 
in nitrogen electronic excitation can compete and even over-
power the otherwise dominant (for almost all other gases and 
inelastic processes) positronium (Ps) formation (Murphy and 
Surko 1992, Cassidy et al 2006, Clarke et al 2006, Sullivan 
et al 2008, Marjanovic et al 2011, Danielson et al 2015). To 
be fair, the principles of the trap have been worked out in great 
detail, but mostly based on beam-like considerations (Murphy 
and Surko 1992, Charlton and Humberston 2000). However 
the device consists of a charge being released in a gas in the 
presence of electric and magnetic fields, and thus it is an ion-
ized gas that is exactly described by a swarm model until the 
space charge effects begin to play a significant role, and then 
it is best described by a plasma model (again with a significant 
reference to collisions and transport). Thus, for quantitative 
representation and accurate modeling of traps, a swarm-like 
model is required and recently two such models were used to 
explain the salient features of Surko traps (Marjanović et al 
2011, Petrović et al 2014, Natisin et al 2015). An explanation 
and quantitative comparisons will be the subject of a special-
ized publication (Marjanović and Petrović 2016). Here we 
only focus on the development of the energy distribution func-
tion, which is the primary medium connecting the large-scale 
behavior of the trap with microscopic binary collisions.

As pressures used in the gas-filled traps are very low, and 
the mean free paths become comparable to the dimensions of 
the trap, one may be assured that the description at the level 
of transport coefficients and fluid models would fail. This 
example thus requires a full kinetic level of description.

The generic (model) trap consists of three stages, each with 
a 10 V potential drop and each of the same length (figure 9). 
The properties, the pressures and other features are listed in 
table  1. A standard, well-tested (for electron benchmarks—
Lucas and Saelee 1975, Reid 1979, Ness and Robson 1986, 
Raspopović et al 1999) Monte Carlo code has been used here. 
Realistic geometry was included along with the boundary con-
ditions (potentials, energy distributions and losses). Special 
care was given to the testing of the modeling of trajectories 
in magnetic fields (Raspopović et al 1999 Dujko et al 2005).

First results are shown in figure 10 where we plot mean 
energies as a function of time in three separate stages 
(chambers) and also averaged for the entire volume. The 
energy steps provided by the potential drops are observable 
for the mean energies in stages II and III. The overall increase 
in energy is also observed in the total volume average. The 
initial plateau of the mean energy is extended mainly due to 

Figure 10. The mean energy of the positron ensemble (swarm) as a 
function of time. Averages for each stage and for the entire volume 
(total) are provided. The energy distribution function is plotted in 
figure 11 for the times marked by the points (a)–(f) in this figure.
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the logarithmic nature of the plot. Following another plateau 
due to inelastic energy losses, the mean energy falls to the 
thermal value for the final thermalization.

The voltage drop in the initial stage is used to accelerate 
the positrons coming from the moderator into the energy 
range where electronic excitation of nitrogen is as efficient 
as Ps formation. Thus the initial distribution in figure 11 is 
a mono-energetic beam at 10 eV. Upon development of the 
group of positrons that have lost energy in excitation (figure 
11(b)), positrons leave the stage I and pass into stages II and 
III so the two new peaks develop at 20 eV and 30 eV (figure 
11(c)). The positrons that have collided form a group peaking 
at around 2 eV. During the next period two processes are 
obvious. The first is the quenching of the initial beams into 
the group, peaking at around 2 eV but extending up to 7 eV, 
where Ps formation removes the particles. The second is the 
process that uses vibrational excitation of CF4 and thermal-
izes the 2 eV group into a low-energy group peaking at around 
0.07 eV (figures 11(d) and (e)). It is interesting to see that the 
peak at around 2 eV is the first to disappear, leaving a group at 
around 5 eV to thermalize more slowly. At this point the low-
energy positrons are also mainly localized in the third stage.

The final stage is characterized by two processes, the 
disappearance of the higher-energy group at around 5 eV and 
the gradual thermalization of the low-energy group at around  
70 meV towards the thermal energy ( f ) of around 40 meV. At 
that point a quasi-thermal Maxwellian is developed. The trans-
ition appears to be rapid but, by the virtue of a logarithmic plot, 
it is the longest transition in the process of thermalization and 

involves bouncing between the potential boundaries of the 
third stage many times. At the same time one should see that 
the properties of the trap are adjusted so that in the first bounce 
across the three stages most particles suffer electronic excitation/
Ps formation collisions and either disappear or are trapped.

The simulation provides many different properties of the 
positron ensemble (swarm) but the point of this paper is to 
show a direct connection between binary collision processes 
and the macroscopic behavior. Using the energy distribution 
one can easily see the dominant processes and predict which 
aspects of the processes are promoted by the clever design of 
the Surko trap. It may also be used to optimize its character-
istics (Marjanović et al 2016). Nevertheless, the principles of 
the trap were properly understood from the initial concepts 
but in this case we have detailed representation of the energy 
distribution, allowing accurate quantitative comparisons. For 
example, one may now adjust the details of the cross sec-
tion in order to fit the measured properties (such as sampled 
mean energy that may be somewhat skewed by the sampling 
process). In that respect the measured observables from the 
trap may play a role in the swarm data that need to be fitted in 
order to tune the cross sections so that the number, momentum 
and energy balances may be preserved. As analysis of the pos-
itron swarm data led to a number of complex kinetic effects 
(Banković et  al 2009, 2012) it would be interesting to see 
whether similar effects may be observed or even affect the 
operation of the traps.

These results are akin to the well-established initial 
equilibration for electrons in gases (Dujko et  al 2014) with 

Figure 11. Positron kinetic energy distribution of the entire swarm sampled at different times (indicated in figure 10). Calculations were 
performed for the Surko trap as shown in figure 9 with the conditions listed in table 1.
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temporal and spatial Holst Oosterhuis luminous layers 
(Hayashi 1982, Fletcher 1985) that are strongly related to the 
well-known Frank Hertz experiment (White et al 2012, Robson 
2014). In addition, it must be noted that even if we were to start 
simulation with a Maxwellian distribution and try to follow 
the thermalization, due to the sharp energy dependence of 
the processes non-Maxwellian distribution function, it would 
develop immediately making it necessary to employ a full 
kinetic treatment. While fluid equations  will not work well 
under the circumstances, and while transport coefficients may 
be difficult to define and even more difficult to implement in 
modeling, kinetic (Monte Carlo) modeling is still a typical 
swarm-like model that needs to be employed. Once we fill the 
trap with sufficient charge to allow for plasma effects, then 
we may need to add-in true plasma modeling based on fluid 
equations and on the calculation of the effective fields.

5. Conclusion

In this review we address three recent examples on how 
swarm based modeling may connect the microscopic binary 
processes to the macroscopic behavior of ionized gases, 
even plasmas. The necessary prerequisite for this approach 
to be effective is that the systems belong to the so-called col-
lisional plasmas (also known as the non-equilibrium or low-
temperature plasmas). The examples are chosen to reveal 
three different aspects of swarm modeling: (a) that based on 
transport coefficients and fluid models and how they may 
be improved, (b) a system that may be described by both 
fluid models and simulations where simulations are used 
here to verify the more basic modeling, while the fluid mod-
eling is allowing us to extend predictions further to plasma 
conditions, and, finally, (c) for the situation where full 
kinetic modeling is required. Thus, these examples should 
be viewed as confirmation of the validity and usefulness 
of the swarm models that are often overlooked by plasma 
modelers. Swarm models are sometimes regarded as a limit 
that is unrealistic and useful only to describe well-designed 
experiments that provide swarm data. One subscribing to that 
view would then need to reply to why the use of swarm data 
and also swarm data based fluid equations is so successful. 
In fact, we believe that often an ‘overkill’ is performed by 
using plasma models to describe inherently swarm-like con-
ditions. One such example is the popular modeling of break-
down by PIC of hybrid codes. If done properly, it is all fine, 
although less transparent due to a more complex nature of 
the codes. However, at the same time such complexity does 
not allow us to add special tests or sampling that may reveal 
more insight into the pertinent physical processes. Examples 
may include details of the energy distribution function, 
adjusting boundary conditions to include detailed represen-
tation of surface processes and observation and inclusion of 
the kinetic phenomena.

In doing modeling of low-temperature plasmas that may 
need to go both more towards the swarm-like and plasma 
conditions we would strongly recommend that all the plasma 
codes need to be verified against swarm benchmarks and 

include sampling of relevant data. It all may become more 
and more difficult as one develops codes for inhomogeneous 
systems with complex geometry, but in the limit of a simple 
geometry and simple swarm conditions all swarm benchmarks 
should be satisfied to the highest of accuracy.

This article may be viewed as an extension of an article 
that has been recently submitted for a special issue on plasma 
modeling covering physical situations where swarm type 
models are valid and useful and accurate. There is no overlap 
of the two papers, although a common idea of the need to pre-
sent the usefulness of the swarm model is obvious. The focus 
here is more on how elementary processes are producing 
an intermediate realm of phenomenology (swarm models 
and properties) that then clearly point at the macroscopic 
behavior. Be it sprite propagation or positron traps these con-
nections not only reveal relevant physics, but also provide a 
means to tailor applications based on elementary processes 
and  low-temperature plasmas.
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Third-order transport coefficients 
for localised and delocalised 
charged-particle transport
Peter W. Stokes1, Ilija Simonović2, Bronson Philippa  3, Daniel Cocks  1, Saša Dujko2 & 
Ronald D. White1

We derive third-order transport coefficients of skewness for a phase-space kinetic model that considers 
the processes of scattering collisions, trapping, detrapping and recombination losses. The resulting 
expression for the skewness tensor provides an extension to Fick’s law which is in turn applied to yield 
a corresponding generalised advection-diffusion-skewness equation. A physical interpretation of 
trap-induced skewness is presented and used to describe an observed negative skewness due to traps. 
A relationship between skewness, diffusion, mobility and temperature is formed by analogy with 
Einstein’s relation. Fractional transport is explored and its effects on the flux transport coefficients are 
also outlined.

Very little data regarding third-order transport coefficients (the skewness tensor) can be found in the literature. 
This is understandable, since they have not been included in the interpretations of traditional swarm experi-
ments. There is, however, a growing interest regarding these transport coefficients, partially due to estimations 
that third-order transport coefficients could be measured in the present or near future1,2. It is also considered 
that third-order transport coefficients would be very useful, in combination with transport coefficients of a lower 
order, for determination of cross section sets, by means of inverse swarm procedure1,2. Third-order transport 
coefficients are also required for the conversion of the hydrodynamic transport coefficients into transport data 
measured in steady state Townsend and arrival time spectra experiments3,4. The skewness tensor can also be 
employed in fluid models of discharges, by pairing a generalised diffusion equation, which includes the contri-
butions of the third-order transport coefficients, with Poisson’s equation. This could be particularly important 
for discharges where ions play an important role5, or in situations where the hydrodynamic approximation is at 
the limit of applicability, as in the presence of sources and sinks of particles or in the close vicinity of physical 
boundaries.

In this study, we are concerned with the form of the skewness tensor for charged-particle transport in the 
presence of trapped (localised) states. In particular, we are interested in the scenario where transport is dispersive. 
Dispersive transport is characterised by a mean squared displacement that increases sublinearly with time6. Due 
to this non-integer power-law dependence, we refer to dispersive transport as fractional transport throughout this 
study. Some examples of fractional transport include the trapping of charge carriers in local imperfections in sem-
iconductors7–11 and both electron12–14 and positronium15–17 trapping in bubble states within liquids. Third-order 
transport coefficients are expected to be more sensitive to the influence of non-conservative collisions than those 
of lower order, suggesting that the presence of such trapped states would significantly influence the skewness ten-
sor. Indeed, skewness and other higher order transport coefficients are used to characterise fractional transport 
in a variety of contexts, including transport in biological cells18–21. Consider also Fig. 1, which plots the solution 
of the Caputo fractional advection-diffusion equation, a common model for fractional transport6. This solution 
exhibits a large skewness in comparison to the accompanying Gaussian solution of the corresponding classical 
advection-diffusion equation.

In the following, we describe charged particle transport using a full phase-space kinetic model as defined 
by a generalised Boltzmann equation with a corresponding trapping and detrapping operator. In our previous 
papers22–24, we introduced and studied such a generalised Boltzmann equation, deriving lower-order transport 
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coefficients (up to diffusion) and generalisations of the Einstein relation. We will extend the results of these papers 
to determine the skewness tensor. Calculations of the skewness tensor for the Boltzmann equation have been 
performed previously by a number of authors2,25–28. We will use these earlier studies to confirm the structure of 
the skewness tensor and to benchmark our results in the trap-free case.

In Sec. 2 of this study, we outline a general phase-space kinetic model23 for charged-particle transport via 
localised and delocalised states. This model is capable of describing both normal and fractional transport. We 
follow in Sec. 3 with a derivation of the flux transport coefficients for this model up to third order. Sec. 4 explores 
the structure of these transport coefficients and their symmetries under parity transformation. The transport 
coefficients are used to extend Fick’s law, which leads to a generalised advection-diffusion-skewness equation, 
presented in Sec. 5. In this section, we also provide a physical interpretation of trap-induced skewness. By analogy 
with Einstein’s relation, Sec. 6 provides a relation between skewness, diffusion, mobility and temperature. Sec. 7 
looks at the case of fractional transport and its effects on the flux transport coefficients. Finally, Sec. 8 lists conclu-
sions along with possible avenues for future work.

Phase-space kinetic model
We previously reported22–24 the development of a phase-space kinetic model wherein charged particles scatter 
due to collisions, enter and leave traps and undergo recombination. In this model, free particles are described by 
a phase-space distribution function f(t, r, v), defined by the generalised Boltzmann equation

ν
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where E is the applied electric field and particles have charge e, mass m and number density n(t, r) ≡ ∫ dvf (t, r, v).
Here, collisions, trapping and free particle recombination occur at the constant frequencies νcoll, νtrap and 

ν loss
(free), respectively. For collisions, the Bhatnagar—Gross—Krook (BGK) collision operator29 has been used, which 

scatters particles isotropically according to a Maxwellian velocity distribution of background temperature Tcoll. 
We define the Maxwellian velocity distribution of temperature T as
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where kB is the Boltzmann constant. Similarly, we use the BGK-type operator introduced by Philippa et al.22 
to describe the processes of trapping and detrapping. This operator specifies that particles leave traps with a 
Maxwellian distribution of velocities of temperature Tdetrap after a delay that is governed by the distribution of 
trapping times φ(t). That is, trapping events are described mathematically as delayed scattering events. This dis-
tribution appears in Eq. (1) through the effective waiting time distribution

φΦ ≡ ν−t t( ) e ( ), (3)tloss
(trap)

that takes into account trapped particle recombination at the frequency ν loss
(trap).

Figure 1. Skewed solution of the Caputo fractional advection-diffusion equation alongside the corresponding 
Gaussian solution of the classical advection-diffusion equation. Both pulses have evolved from an impulse 
initial condition. The cusp in the fractional solution denotes the location of this initial impulse.
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Transport coefficients to third order
By integrating the generalised Boltzmann equation (1) throughout all of velocity space, we find the equation of 
continuity for the number density n(t, r):

ν ν Γ
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+
∂
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⋅ =
t

t n t tr
r

r(1 ( ) ) ( , ) ( , ) 0,
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(free)

where the particle flux is

∫Γ ≡ .t f tr vv r v( , ) d ( , , ) (5)

In the weak-gradient hydrodynamic regime, physical quantities can be written as an infinite series of spatial 
gradients of the number density n(t, r)30,31. In the case of the flux Γ(t, r), such a density gradient expansion pro-
vides a generalisation of Fick’s law:
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where W is the drift velocity vector, D is the rank-2 diffusion tensor and Q is the rank-3 skewness tensor. To deter-
mine these flux transport coefficients it is simply a matter of writing the solution of the generalised Boltzmann 
equation (1) itself as a density gradient expansion
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and then evaluating the flux using Eq. (5), resulting in the transport coefficients
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Substituting the density gradient expansion of f (t, r, v) into the Boltzmann equation (1) and equating coeffi-
cients of spatial gradients, as done in Sec. IV of ref.23, gives the following coefficients
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where a Fourier transform has been performed in velocity space, f (s) ≡ ∫ dve− ɩɩs ⋅ vf (v). As in ref.23, we have used 
the density gradient expansion of the concentration of particles leaving traps:
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the coefficients of which are related to the flux transport coefficients through
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where the time averages are defined
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∫η η≡ Φ .ν ν∞ 
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Applying this time average to unity results in an implicit definition for the initial coefficient R:
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Thus, for every trapping time distribution φ(t) there corresponds a value of R. Some values are tabulated in 
Appendix A of ref.23.

Proceeding to evaluate Eqs (8–10) for the transport coefficients, we find
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where e1, e2 and e3 are standard orthonormal basis vectors and we have introduced the effective frequency and 
temperature:
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We confirm that when there are no traps present, νtrap = 0, the transport coefficients agree with those of the 
BGK collision model, previously found by Robson26:
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Structure and Symmetry of Transport Coefficients
If we align the basis vector e3 parallel to the applied electric field E, the transport coefficients (19–21) take on the 
known tensor structure2,25,28,30,31:
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where a, b ∈ {x, y, z}. Here, the drift velocity is defined by the speed
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the diffusion coefficient is defined by two components perpendicular and parallel to the field
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and the skewness is defined by the three independent components
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Although this is the case in general, there are situations where the skewness can be defined using fewer than 
three components. Indeed, this is the case for the BGK model as studied by Robson26 where the skewness given 
by Eq. (26) is defined using only the components Q1 and Q3, with Q2 = 0. The component Q2 vanishes in this case 
due to the simple Maxwellian source term used to describe scattered particles. For Q2 to arise, it is necessary that 
this source term has some spatial dependence, as occurs for our model through the concentration of particles 
leaving traps, ϕ ∗t t r( ) n( , ), and its density gradient expansion (14).

Lastly, we also confirm that the symmetry of transport coefficients with respect to the parity transformation 
E → −E depends on the parity of the order of each transport coefficient25,32:

→ −W W, (38)

→D D, (39)

→ − .Q Q (40)

Generalised Advection-diffusion-skewness Equation
Using the density gradient expansion (6) for the flux Γ(t, r) up to second spatial order in conjunction with the 
continuity equation (4) results in the generalised advection-diffusion-skewness equation
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valid in the weak-gradient hydrodynamic regime. In Cartesian coordinates (x, y, z) with the electric field E aligned 
in the z-direction, the transport coefficients take the form of Eqs (27–31) and the advection-diffusion-skewness 
equation becomes

t
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where the skewness manifests as components perpendicular and parallel to the applied field2,5,28:
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Written in full, the perpendicular and parallel skewnesses are
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where terms present due to trapping have been grouped separately and the lower-order transport coefficients 
(32–34) have been used to simplify. An alternative form of the skewness tensor that makes use of these compo-
nents explicitly is
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where a, b ∈ {x, y, z}. This form was used by Robson26 when expressing the BGK model skewness (26) 
and is valid only when the skewness is triple-contracted with a symmetric tensor, as occurs in the 
advection-diffusion-skewness equation (41).

To provide some physical intuition regarding the perpendicular and parallel skewness coefficients, Q⊥ and Q , 
we solve the advection-diffusion-skewness equation (42) for an impulse initial condition and perform contour 
plots of the resulting pulse in Fig. 2. Figure 2(a) considers the case of no skewness, = =⊥Q Q 0, and displays the 
expected Gaussian solution with elliptical contours due to anisotropic diffusion. Figure 2(b) and (c) consider 
positive perpendicular and parallel skewnesses, respectively. In both cases, it can be seen that skewness introduces 
asymmetry in the pulse in the direction of the field. In general, positive skewness can be seen to reduce the spread 
of particles behind the pulse, while enhancing the spread toward the front of the pulse. In Fig. 2(b) for positive 
perpendicular skewness, this change in particle spread primarily occurs transverse to the field, resulting in a 
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vaguely triangular pulse profile. In Fig. 2(c) for positive parallel skewness, this change in particle spread occurs 
longitudinally which, in the language of statistics, results in a distribution with positive skew.

In our previous paper23, we interpreted the trap-induced anisotropic diffusion present in Eq. (34) as a conse-
quence of the physical separation between trapped particles and free particles moving with the field. In a similar 
fashion, we can interpret the trap-induced skewness present in the perpendicular and parallel skewness coef-
ficients (47) and (48). To achieve this, we plot the skewness against the detrapping temperature Tdetrap for vari-
ous mean trapping times in Fig. 3. The resulting plots are linear with gradients that characterise of the type of 
skewness caused by traps. That is, positive or negative gradients correspond respectively to positive or negative 
trap-based skewness.

When the mean trapping time is zero, the gradients in Fig. 3 are positive and traps cause positive skewness. 
This is to be expected as, in this case, trapping and detrapping simply act as an elastic scattering process with a 
positive skewness akin to Eq. (26) for the BGK collision model. As the mean trapping time increases, the nature 
of the skewness caused by traps changes, ultimately becoming negative for the parameters considered in Fig. 3. 
As illustrated in Fig. 2, negative skewness corresponds to an increased spread of particles behind the pulse. We 
interpret the increased spread here as being due to particles returning from traps. This interpretation implies that 
the skewness coefficients could become overall negative if particles remain trapped for a sufficient length of time 
before returning with a sufficiently large temperature. Indeed, these are the conditions for which the skewness 
coefficients become negative in Fig. 3.

This phenomenon of negative skewness has been observed previously by Petrović et al.5 in the calculation of 
the perpendicular skewness of electrons in methane. Only collisions were considered in this study and so trapping 
is evidently not a necessary condition for negative skewness to occur. However, it should be emphasised that the 
skewness is strictly positive when collisions are described by the simple BGK collision operator, as is seen in Eq. 
(26).

Relating skewness, mobility and temperature
The classical Einstein relation between diffusion, mobility and temperature is33

Figure 2. Contours of constant number density as defined by the advection-diffusion-skewness equation (42) 
with drift velocity W and anisotropic diffusion > >⊥D D 0 for no skewness, (a), positive perpendicular 
skewness, (b), and positive parallel skewness, (c). Each profile has evolved from an impulse initial condition. As 
the skewness tensor is odd under parity transformation, Eq. (40), the case of negative skewness can be 
considered by reflecting the above profiles horizontally across the vertical axis.
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=
K

k
e

D T , (52)
B

where K is the mobility defined as satisfying W ≡ KE and T is the rank-2 temperature tensor. As seen by Eq. 
(20) for the diffusion coefficient, the phase-space model described by Eq. (1) has an enhanced diffusivity in the 
direction of the field due to trapping and detrapping. This enhancement manifests as the following generalised 
Einstein relation24

ν

ν
= +

+
.

K
k

e
R t

R t
m

e
D T WW

1 (53)
B trap

trap

By relating the skewness to the temperature tensor though this diffusion coefficient, we find a skewness ana-
logue to the Einstein relation:

Figure 3. Linear plots of perpendicular and parallel skewness coefficients, Q⊥ and Q , versus the detrapping 
temperature Tdetrap. Here, traps are described by an exponential distribution of trapping times φ = −

τ τ
t( ) exp( )t1 , 

and no recombination is considered, ν ν= = 0loss
(free)

loss
(trap) . To perform these plots, we choose a trapping 

frequency of νtrap/νcoll = 1/9, while (b) also requires that we specify a drift velocity W, which we choose such that 
mW2/kBTcoll = 1/4. The gradients in (b) are of smaller magnitude than (a) due to the greater dependence of the 
parallel skewness (48) on the drift speed W as compared to the perpendicular skewness (47). Thus, as the drift 
speed decreases, the plots in (b) coincide with those in (a). When detrapping is instantaneous, τ = 0, the 
skewness gradients are positive, implying that the skewness caused by traps is also positive. As the mean 
trapping time τ increases, the skewness gradients decrease, becoming negative and implying a corresponding 
negative skewness due to traps. The limiting case of an infinite mean trapping time, τ → ∞, corresponds to 
fractional transport, which is the subject of Sec. 7. We observe from this figure that the skewness coefficients 
become overall negative when particles leave traps with a sufficiently large temperature Tdetrap after a sufficiently 
long amount of time τ. This observation coincides with the illustration of skewness in Fig. 2 where negative 
skewness is characterised by an increased particle spread behind the pulse, which we attribute here to particles 
returning from traps.



www.nature.com/scientificreports/

9SCiEntifiC REPORTS |  (2018) 8:2226  | DOI:10.1038/s41598-018-19711-5

ν

ν
ν

ν

ν

ν ν

ν

ν
ν
ν ν ν

≡








−
+









+
+

+

+ + +

+
+

−
.

⊥ ⊥

⟨ ⟩
⟨ ⟩

⟨ ⟩
⟨ ⟩

⟨ ⟩
⟨ ⟩

R t

R t

R t
R t

D D D

R t
R t

k T T
m

Q WWW

DW e We e We e We

WI

1
4(1 )

2

1 2
1

1
( )

(54)

trap
2

trap
3 eff

eff
2

trap

trap

1 1 2 2 3 3

eff

trap

trap

coll

eff

B coll detrap

eff eff

Koutselos34 has presented a similar relationship between the skewness tensor and lower-order transport coef-
ficients for the case of the classical Boltzmann equation.

The case of Fractional Transport
For the phase-space kinetic model described by Eq. (1), fractional transport can occur when the distribution of 
trapping times has a heavy power-law tail of the form23

φ ∼ .α− +t t( ) (55)(1 )

Note that, as transport here is dispersive in nature, the mean trapping time diverges:

∫ φ → ∞.
∞

t t td ( ) (56)0

Consequently, the time averages defined by Eq. (17) also diverge, correspondingly affecting the transport coef-
ficients. Thus, for fractional transport, the transport coefficients (19–21) take on the simpler form23
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where the effective frequency is now defined

ν ν ν ν≡ + + . (60)eff coll trap loss
(free)

Note that transport coefficients are now independent of the specific choice of the trapping time distribution 
φ(t), so long as the condition (55) for fractional transport is satisfied.

Knowledge of the skewness coefficient (59), as well as other higher-order transport coefficients, is useful for 
characterising fractional transport. For example, Norregaard et al.18 use higher-order moments to analyse the 
motion of biological particles.

Conclusion
We have explored the transport coefficients of a phase-space kinetic model (1) for both localised and delocalised 
transport. In particular, we have considered up to the third-order transport coefficient of skewness bfQ, which 
takes the form of a rank-3 tensor. The structure of the skewness tensor and its symmetry under parity transfor-
mation was found to be in agreement with previous studies. These transport coefficients provide an extension 
to Fick’s law, Eq. (6), which we used to form a generalised advection-diffusion-skewness equation (41) with a 
non-local time operator. We observed trap-induced negative skewness and provided a corresponding physical 
interpretation. In addition, by analogy with Einstein’s relation, the skewness was related to the mobility and tem-
perature through Eq. (54). Lastly, the form of the transport coefficients for the particular case of fractional trans-
port were outlined in Eqs (57–59).

There exist a number of possibilities for future work. The focus of this paper was on constant transport coeffi-
cients that define the flux in the hydrodynamic regime as the density gradient expansion (6). Transient transport 
coefficients and transport coefficients of the bulk were not considered. Ref.23 outlines an analytical solution of the 
kinetic model (1) that could be used to compute such transport coefficients through time-varying velocity and 
spatial moments of the phase-space distribution function f (t, r, v).
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Another extension to this work could be to explore what consequences energy-dependent collision, trapping 
and recombination frequencies have on the skewness. Such a generalisation for Eq. (1) was the focus of ref.24. 
This would allow for the derivation of a skewness analogue of Einstein’s relation that would also take into account 
the field dependence of mobility24. This may also shed light on the recent results of Petrović et al.5, that suggest 
a correlation between the energy-dependent phenomenon of negative differential conductivity and skewness.

Lastly, it is important to note that the extension to Fick’s law described in this paper is only useful when an 
electric field is present. Without an applied field, the drift velocity, skewness and all other odd-ordered transport 
coefficients would vanish. If we wish to extend Fick’s law in such a situation, we must also consider the kur-
tosis coefficient, the next even-ordered transport coefficient beyond diffusion. The kurtosis can be found in a 
straightforward fashion from the rank-3 tensorial coefficient f(3)(v) in the density gradient expansion (7) of the 
phase-space distribution function f (t, r, v), in the same way drift velocity, diffusion and skewness were found 
using Eqs (8–10).

Data availability statement. No datasets were generated or analysed during the current study.
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Third-order transport coefficient tensor of charged-particle swarms in neutral gases in the presence of spatially
uniform electric and magnetic fields is considered using a multiterm solution of Boltzmann’s equation and Monte
Carlo simulation technique. The structure of the third-order transport coefficient tensor and symmetries along
its individual components in varying configurations of electric and magnetic fields are addressed using a group
projector technique and through symmetry considerations of the Boltzmann equation. In addition, we focus upon
the physical interpretation of the third-order transport coefficient tensor by considering the extended diffusion
equation which incorporates the contribution of the third-order transport coefficients to the density profile of
charged particles. Numerical calculations are carried out for electron and ion swarms for a range of model
gases with the aim of establishing accurate benchmarks for third-order transport coefficients. The effects of
ion to neutral-particle mass ratio are also examined. The errors of the two-term approximation for solving the
Boltzmann equation and limitations of previous treatments of the high-order charged-particle transport properties
are also highlighted.
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I. INTRODUCTION

Studies of charged-particle swarms in neutral gases under
the influence of electric and magnetic fields have applica-
tions in diverse areas of science and technology ranging
from swarm experiments used to determine electron- and
ion-neutral cross sections [1–5] to plasma processing tech-
nology [6–9], particle detectors used in high-energy physics
[10,11], high-voltage technology [12], and positron physics
[13,14]. These applications often require knowledge of swarm
transport coefficients in the presence of the reduced electric
and magnetic fields, E/n0 and B/n0, where E and B are the
strengths of electric and magnetic fields, respectively, while
n0 is the neutral number density.

There is a large and growing literature dealing with the
low-order transport coefficients, in which the variation of the
reaction rate, drift velocity and diffusion tensor with E/n0
(and B/n0) for both the electrons and ions [15,16], and since
recently even for positrons [14,17], are reported. In contrast,
little is known about high-order transport coefficients, and
limited data can be found in the literature, particularly for
light charged particles such as electrons or positrons. The
most obvious reason for this situation is the fact that the
transport coefficients of higher-order have been difficult to
measure, difficult to treat theoretically, and even more dif-
ficult to include in plasma models and thus were system-
atically ignored in the traditional interpretation of swarm
experiments [1,3,4,16]. It was usually anticipated that swarm
experiments are performed under conditions in which the

*Corresponding author: sasa.dujko@ipb.ac.rs

effects induced by transport coefficients of higher-order are
negligible [18,19]. On the other hand, in the early 1970s, it
was shown that some arrival-time spectra of ions in drift tubes
significantly deviate from the ideal Gaussian pulses which are
represented in terms of the lower-order transport coefficients
only [20]. To our knowledge, there have been only a few
attempts to measure the third-order transport coefficients, or
to be more accurate to interpret the observed data in terms of
the effects of higher order transport [21–24].

In spite of low interest in higher-order transport coeffi-
cients, it was pointed out by several specialists and research
groups that the third-order transport coefficients for electrons
are very sensitive to the rapid variations with the energy of the
momentum transfer cross section as a function of the energy.
For example, it was pointed out by Penetrante and Bardsley
[18] almost 25 years ago that the third-order transport co-
efficients are at least as sensitive to the depth and position
of the Ramsauer-Townsend minimum for elastic scattering
of the electrons in noble gases as the lower-order transport
coefficients, including the drift velocity and the characteristic
energy. Along similar lines, it was pointed out by Vrhovac
et al. [19] that the third-order transport coefficients would be
very useful for a fine tuning of cross sections for inelastic
collisions in the close vicinity of their thresholds. This implies
that in principle one could use the higher-order transport
coefficients as an additional input for enhancing the reliability
of swarm-derived cross sections.

Early work on the higher-order transport coefficients of
charged-particle swarms in electric fields has been presented
by Whealton and Mason [25]. Using the analytical solution
of Boltzmann’s equation for the Maxwell model of inter-
action, they found that the third-order transport coefficient
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tensor has seven nonzero elements of which three are in-
dependent. It was also shown that when the electric field
is absent, all components of the third-order transport coef-
ficient tensor vanish. Early studies of the third-order trans-
port coefficients for ion swarms have been performed by
Robson [26] and Larsen et al. [27] using Boltzmann’s equa-
tion solutions.

In 1994, Penetrante and Bardsley [18] carried out the
numerical solution of Boltzmann’s equation for electrons
in noble gases. Among many important points, they found
that the third-order transport coefficients could be detected
and resolved from the arrival time spectra of an electron
swarm. A similar procedure for the determination of the
transport coefficients of both the low and higher order was
earlier proposed by Kondo and Tagashira [28]. Koutselos
used molecular dynamics simulations and a three-temperature
treatment of Boltzmann’s equation with the aim of calculating
the third-order transport coefficients for K+ and Li+ ions in
noble gases [29–32].

Within the framework of the semiquantitative momentum
transfer theory [2,33,34], Vrhovac et al. [19] have developed
the method of calculations of the third-order transport co-
efficients for charged-particle swarms in the presence of an
electric field only. The theory and the associated numerical
code, were used to evaluate the third-order transport coeffi-
cients in noble gases, but only in the limit of the lower values
of E/n0 where electrons undergo elastic collisions only. The
presented results were found to confirm the structure of the
third-order transport coefficient tensor previously determined
by Whealton and Mason [25].

Using the theory of arrival time spectra of an electron
swarm initially developed by Kondo and Tagashira [28] and
a Monte Carlo simulation technique, Kawaguchi and co-
workers derived the relation between the longitudinal third-
order transport coefficient and the α parameters (arrival-time
spectra transport coefficients) [35,36]. Arrival-time spectra
can be measured by a double-shutter drift tube clearly indi-
cating that the longitudinal third-order transport coefficient
can be obtained experimentally from the knowledge of the α

parameters. Along similar lines, it was pointed out by Dujko
et al. [37] that the conversion of hydrodynamic transport
coefficients to those found in the steady-state Townsend ex-
periment requires the knowledge of the third-order transport
coefficients. Petrović and co-workers [38] have also used a
Monte Carlo simulation technique to derive the longitudinal
and transverse third-order transport coefficients in CH4 over
a broad range of the applied reduced electric fields. Among
many important points, it was shown that the transverse third-
order transport coefficient becomes negative in the same range
of the applied electric fields where the negative differential
conductivity occurs. The negativity of the third-order trans-
port coefficients has also been observed for charged-particle
transport in the presence of trapped (localized) states [39].

The signatures of the higher order transport processes have
been observed in the numerical modeling of plasma dis-
charges. For example, in the avalanche phase of the streamer
development, the particle-in-cell Monte Carlo simulations
have shown that a spatial profile of electrons may significantly
deviate from an ideal Gaussian as predicted by fluid models
based on the equation of continuity [40,41]. The clear signs

of high-order transport have been observed in the studies
of the spatiotemporal development of the electron swarms
[42,43]. The pronounced asymmetry in the spatial profiles of
the electron swarm is particularly evident during the transient
phase of relaxation, in the presence of strong nonconservative
interactions [44,45], as well as for electron transport in no-
ble gases with a Ramsauer-Townsend minimum under the
influence of E/n0’s for which the mean electron energies are
well below the first inelastic threshold. It is worth noting
that a similar effect of nonconservative collisions is observed
for positrons in gases where spatially dependent positronium
formation skews the profile of the ensemble to the point that a
Gaussian cannot be recognized and analyzed [46,47].

Furthermore, the transport coefficients of the third and
higher orders are very often used to characterize fractional
transport in a variety of situations, ranging from the trapping
of charge carriers in local imperfections in semiconductors
[48–51] to electron [52–54] and positronium [13,55,56] trap-
ping in bubble states within liquids, and to transport in biolog-
ical cells [57–60].

The above examples clearly show that a rigorous analysis
of the third-order transport coefficients in the context of the
contemporary kinetic theory of charged-particle swarms is a
long overdue, and the present paper takes a few important
steps in this direction. Besides being of intrinsic interest, we
are also motivated by the following questions: What is the
structure of the third-order transport coefficient tensor, and
how can symmetries be identified in varying configurations
of electric and magnetic fields? What is the physical interpre-
tation of third-order transport coefficients, and what is their
contribution to the spatial profile of the swarm in a typical
time-of-flight experiment? Is this contribution more signif-
icant for light charged particles or for more massive ions?
How does the magnetic field affect the third-order transport
coefficients, and how large are the errors of the two-term
approximation for solving the Boltzmann equation? In the
present paper, we will try to address these issues.

This paper is organized as follows. In Sec. II we discuss the
basic elements of the theory, the structure and physical inter-
pretation of the third-order transport coefficient tensor, as well
as our methods of calculations. In Sec. III we present results
of calculations for a range of model gases. Where possible, the
results of the Boltzmann equation analysis are compared with
those calculated by the Monte Carlo method with the goal
of establishing accurate benchmarks for third-order transport
coefficients. As an example of our calculations in real gases,
in Sec. III we discuss the behavior of the third-order transport
coefficients for electron swarms in neon. Last, in Sec. IV we
present our conclusions and future work recommendations.

II. THEORY: DEFINITIONS, SYMMETRIES,
INTERPRETATIONS, AND METHODS

OF CALCULATION

The main physical object of our study is a swarm of
charged particles which moves through a background of
neutral molecules in external electric and magnetic fields
crossed at arbitrary angles. The density of charged parti-
cles is assumed to be sufficiently low so that the following
properties apply: (1) charged-particle–charged-particle inter-
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actions and space charge effects can be neglected, collisions of
transported charged particles and excited or dissociated
species are unlikely, (2) the motion of charged particles
between collisions can be treated classically, and (3) the
presence of charged particles does not perturb the background
particles from thermal equilibrium.

All information on the drift, diffusion, and transport prop-
erties of higher order of charged particles is contained in the
charged-particle phase-space distribution function f (r, c, t ),
where r represents the spatial coordinate of a charged particle
at time t , and c denotes its velocity. In the present work,
the distribution function f (r, c, t ) is determined by solving
Boltzmann’s equation:

∂ f

∂t
+ c · ∂ f

∂r
+ q

m
(E + c×B) · ∂ f

∂c
= −J ( f , f0), (1)

where q and m are the charge and mass of charged parti-
cles, respectively, while the electric and magnetic fields are
assumed to be spatially homogeneous and of magnitudes E
and B. In the present work we employ a coordinate system
in which the z axis is defined by E while B lies in the y-z
plane, making an angle ψ with respect to E. The right-hand
side of (1) denotes the linear charged-particle–neutral-particle
collision operator, accounting for elastic and various types
of inelastic collisions, including nonconservative collisions
(the charged-particle number changing processes, such as
ionization and attachment for electron swarms or positronium
(Ps) formation and annihilation for positron swarms). The
velocity distribution function of the background particles is
denoted by f0, and in the present study it is taken to be a
stationary Maxwellian at fixed temperature. The explicit form
of the collision operator can be found in Refs. [61,62].

A. Definition of the third-order transport coefficient tensor

The continuity of charged particles in the configuration
space requires the following balance equation:

∂n(r, t )

∂t
+ ∇ · �(r, t ) = S(r, t ), (2)

where

n(r, t ) =
∫

f (r, c, t ) dc (3)

is the number density of charged particles while �(r, t ) = n〈c〉
is the charged-particle flux given by

�(r, t ) =
∫

c f (r, c, t ) dc. (4)

The quantity S(r, t ) is the production rate per unit volume
per unit time arising from nonconservative processes. If the
electron-impact ionization and electron attachment are the
only nonconservative processes, then this property for elec-
tron swarms is given as

S(r, t ) =
∫

n0c[σi(ε) − σa(ε)] f (r, c, t ) dc, (5)

where σi(ε) is the cross section for electron impact ionization
while σa is the cross section for electron attachment. The
equation of continuity (2) provides a direct link between ex-
periment and theory, as in the majority of swarm experiments

the experimentally measurable quantities are usually charged-
particle currents or charged-particle densities.

In the present work we follow the conventional definitions
of transport coefficients and assume that the hydrodynamic
conditions prevail, so that all space-time dependence is ex-
pressible through linear functionals of n(r, t ). The hydrody-
namic conditions are not satisfied near the boundaries of the
system or in the vicinity of sources and/or sinks of charged
particles, as well as under conditions in which electric and/or
magnetic fields are not spatially homogeneous. The func-
tional representation of the hydrodynamic approximation is
the well-known density gradient expansion of the phase-space
distribution function [63]:

f (r, c, t ) =
∞∑

k=0

f (k)(c, t ) � (−∇ )kn(r, t ), (6)

where f (k)(c, t ) are time-dependent tensors of rank k and
� denotes a k-fold scalar product. Performing equivalent
representation of the flux �(r, t ) and source term S(r, t ), we
have

�(r, t ) =
∞∑

k=0

�(k+1)(t ) � (−∇)kn(r, t ), (7)

S(r, t ) =
∞∑

k=0

S(k)(t ) � (−∇)kn(r, t ), (8)

where the superscripts (k) and (k + 1) denote the ranks of the
tensors. Equation (7) represents the flux-gradient relation and
truncation of the expansion at k = 2 gives

�(r, t ) = W n(r, t ) − D � ∇n(r, t ) + Q � (∇ ⊗ ∇)n(r, t ),

(9)

where ⊗ is the tensor product, W and D are lower-order
transport coefficients, the flux drift velocity and flux diffu-
sion tensor, respectively, and Q defines the flux third-order
transport coefficient tensor. The flux transport coefficients are
given by

W = �(1) =
∫

c f (1)(c, t ) dc, (10)

D = �(2) =
∫

c f (2)(c, t ) dc, (11)

Q = �(3) =
∫

c f (3)(c, t ) dc, (12)

where f (1)(c, t ), f (2)(c, t ), and f (3)(c, t ) are the expansion
coefficients in the density-gradient expansion of the phase-
space distribution function (6).

Substitution of expansions (7) and (8) into the continuity
equation (2) yields the extended diffusion equation which
incorporates the contribution of the third-order transport co-
efficient tensor,

∂n(r, t )

∂t
+ W (b) � ∇n(r, t ) − D(b) � (∇ ⊗ ∇)n(r, t )

+ Q(b) � (∇ ⊗ ∇ ⊗ ∇)n(r, t ) = −Rnetn(r, t ), (13)
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where Rnet is the net particle loss rate. For electron swarms,
this quantity is given by

Rnet = −S(0) = −
∫∫

n0c[σi(ε) − σa(ε)] f (r, c, t ) dc dr.

(14)
W (b) and D(b) are the bulk drift velocity and bulk diffusion
tensor, respectively, and Q(b) is the bulk third-order transport
coefficient tensor. The connection between the bulk and flux
transport coefficients is given by

W(b) = W + S(1), D(b) = D + S(2), Q(b) = Q + S(3),

(15)

where S(1), S(2), and S(3) are the expansion coefficients in the
hydrodynamic expansion of the source term (8).

The third-order transport coefficient tensor is referred to
as the skewness coefficient by some authors [18], while other
authors use the term skewness to denote just the diagonal
component of this tensor along the direction of the electric
field [19]. For brevity, in the rest of this work we will some-
times refer to the third-order transport coefficient tensor as the
skewness tensor.

In the absence of nonconservative processes (or when the
collision frequencies of these processes are independent of the
energy) the bulk and the flux transport coefficients are equal
[64]. In the presence of nonconservative collisions these two
families of transport coefficients can vary quite substantially
from each other. The physical interpretation, the origin of
differences and the application of the bulk and flux low-order
transport coefficients as well as their application in the model-
ing of plasma discharges have been thoroughly discussed and
illustrated in our previous publications [6,16,41,62]. We defer
a full discussion of the differences between the bulk and flux
third-order tensor coefficients to a future publication.

In order to show the rank of the tensor explicitly, the third-
order transport coefficient tensor in (9) can be rewritten

[Q � (∇ ⊗ ∇)n]i ≡
∑

jk

Qi jk
∂2n(r, t )

∂x j∂xk
, (16)

where the indices i, j, k each run over the space coordinates
x, y, z. We note that there are 27 components in the tensor
Q without considering any symmetry of the system under
permutation operations. However, since the order of differen-
tiation of n is irrelevant, some components of a tensor must be
equal to each other. For example, for the magnetic-field-free
case the maximal number of independent components is three,
while when both the electric and magnetic fields are present
and crossed at an arbitrary angle the maximal number of
independent components is 18. It is clear that the structure of
a tensor and symmetries along individual components depend
on the field configuration.

B. Structure and symmetry considerations of the third-order
transport coefficient tensor

One of the most important tasks in analysis of higher-
order transport coefficients is to identify the symmetries along
individual elements of the tensors. In this section we apply
the group projector method [65] to determine the structure

of the skewness tensor. The group projector method is briefly
discussed in Appendix A.

We first consider a magnetic-field-free case. The symmetry
group of the system in the magnetic-field-free configuration is
C∞V (see Appendix A). This group has two connected com-
ponents. The first component corresponds to rotations Rz(α)
about the z axis through an arbitrary angle α. The second
component corresponds to the composition of a rotation Rz(α)
and a reflection in the symmetry plane σv . Polar vector (PV)
representations of the group elements from the first and the
second connected components are

DPV (Rz(α)) =
⎛⎝cos α − sin α 0

sin α cos α 0
0 0 1

⎞⎠, (17)

DPV (σvRz(α)) =
⎛⎝ cos α − sin α 0

− sin α − cos α 0
0 0 1

⎞⎠, (18)

where α is the angle of rotation around the z axis. Thus,
for the magnetic-field-free case the following structure of the
skewness tensor is derived:

Qxab =
⎛⎝ 0 0 Qxxz

0 0 0
Qxxz 0 0

⎞⎠, Qyab =
⎛⎝0 0 0

0 0 Qxxz

0 Qxxz 0

⎞⎠,

Qzab =
⎛⎝Qzxx 0 0

0 Qzxx 0
0 0 Qzzz

⎞⎠, (19)

where a, b ∈ {x, y, z}. For the magnetic-field-free case the
skewness tensor has seven nonzero elements and only
three independent elements, including Qzzz, Qzxx, and Qxxz

[19,25,31,32]. Furthermore, the following symmetry proper-
ties along the individual elements of the tensor hold:

Qxxz = Qxzx = Qyyz = Qyzy, Qzxx = Qzyy. (20)

For parallel electric and magnetic fields the symmetry
group of the system is C∞ (see Appendix A). This group has
only a single component consisting of rotations Rz(α):

DPV (Rz(α)) =
⎛⎝cos α − sin α 0

sin α cos α 0
0 0 1

⎞⎠. (21)

In this case the structure of the skewness tensor is more
complicated. For instance, the presence of the element Qxyz

is due to the explicit effects of the magnetic field on the
trajectories of the charged particles. It is interesting to note
that this component has exactly the opposite contribution to
the third-order diffusive flux along the x and y directions.
This is analogous to the Dxy component of the diffusion
tensor. Likewise, the third-order flux along the magnetic field
direction is the same as for the magnetic-field-free case. Thus,
for parallel electric and magnetic fields the skewness tensor
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has the following structure:

Qxab =
⎛⎝ 0 0 Qxxz

0 0 Qxyz

Qxxz Qxyz 0

⎞⎠,

Qyab =
⎛⎝ 0 0 −Qxyz

0 0 Qxxz

−Qxyz Qxxz 0

⎞⎠, (22)

Qzab =
⎛⎝Qzxx 0 0

0 Qzxx 0
0 0 Qzzz

⎞⎠.

For parallel electric and magnetic fields the skewness tensor
has 11 nonzero elements and only four independent elements,
including Qzzz, Qzxx, Qxxz, and Qxyz. Furthermore, the follow-
ing symmetry properties along the individual elements of the
tensor may be identified:

Qxxz = Qxzx = Qyyz = Qyzy, Qzxx = Qzyy,

Qxyz = Qxzy = −Qyxz = −Qyzx. (23)

For orthogonal electric and magnetic fields the symmetry
group of the system is C1V . This group has only two elements,
the unity element e and a reflection in the symmetry plane σv ,
which is orthogonal to the direction of the magnetic field. The
PV representations of these two elements are given by

DPV (e) =
⎛⎝1 0 0

0 1 0
0 0 1

⎞⎠, DPV (σv ) =
⎛⎝1 0 0

0 −1 0
0 0 1

⎞⎠. (24)

Thus, for orthogonal electric and magnetic fields the skewness
tensor has the following structure:

Qxab =
⎛⎝Qxxx 0 Qxxz

0 Qxyy 0
Qxxz 0 Qxzz

⎞⎠,

Qyab =
⎛⎝ 0 Qyyx 0

Qyyx 0 Qyyz

0 Qyyz 0

⎞⎠, (25)

Qzab =
⎛⎝Qzxx 0 Qzzx

0 Qzyy 0
Qzzx 0 Qzzz

⎞⎠.

We observe that for orthogonal fields the skewness tensor has
14 nonzero elements among which 10 are independent. The
following symmetry properties along the individual elements
of the tensor are clearly evident:

Qxxz = Qxzx, Qyyz = Qyzy, Qyyx = Qyxy, Qzzx = Qzxz.

(26)

When electric and magnetic fields are crossed at arbitrary
angles, the symmetry group of the system is the trivial group,
which has only the unity element, e.g.,

DPV (e) =
⎛⎝1 0 0

0 1 0
0 0 1

⎞⎠. (27)

For this general configuration, the skewness tensor is full,
and it has 27 nonzero elements. However, there are only

18 independent components as the last two indices of the
skewness tensor commute. Thus, the skewness tensor has the
following structure:

Qxab =
⎛⎝Qxxx Qxxy Qxxz

Qxxy Qxyy Qxyz

Qxxz Qxyz Qxzz

⎞⎠,

Qyab =
⎛⎝Qyxx Qyyx Qyxz

Qyyx Qyyy Qyyz

Qyxz Qyyz Qyzz

⎞⎠, (28)

Qzab =
⎛⎝Qzxx Qzxy Qzzx

Qzxy Qzyy Qzzy

Qzzx Qzzy Qzzz

⎞⎠.

For this general configuration, one may identify the follow-
ing symmetry properties along the individual elements:

Qxxy = Qxyx, Qyyx = Qyxy, Qzzx = Qzxz,

Qxxz = Qxzx, Qyyz = Qyzy, Qzzy = Qzyz, (29)

Qxyz = Qxzy, Qyzx = Qyxz, Qzxy = Qzyx.

These symmetry arguments can be extended to any of the
higher-order transport coefficients.

C. Physical interpretation of the third-order
transport coefficients

In this section we discuss the physical meaning of the
third-order transport coefficients. Let us assume that the con-
tribution of the third-order transport coefficients to the density
profile of charged particles is negligibly small. This reduces
the extended diffusion equation (13) to the well-known form

∂n(r, t )

∂t
+ W (b) � ∇n(r, t ) − D(b) � (∇ ⊗ ∇)n(r, t )

= −Rnetn(r, t ). (30)

Swarm experiments are traditionally analyzed by solving the
the diffusion equation (30), which gives the density of charged
particles throughout the bulk of medium. For example, in an
idealized time-of-flight experiment, in which a pulse of N0

particles is released from a plane source at z = 0 at time
t = 0 into an unbounded medium, the initial and boundary
conditions are

n(r, 0) = N0δ(r),

n(r, t ) = 0 (‖r‖ → ∞, t > 0), (31)

respectively, and the solution is

n(0)(r, t ) = N0e−Rnett e
− (z−W (b)t)2

4D(b)
L t

− x2+y2

4D(b)
T t(

4πD(b)
T t

)√
4πD(b)

L t
, (32)

where D(b)
L and D(b)

T are the bulk longitudinal and bulk trans-
verse diffusion coefficients, respectively, while x, y, and z are
the Cartesian coordinates [62]. The solution (32) represents a
Gaussian pulse, the peak of which drifts with the velocity W (b)

and diffuses about the center of mass according to the diffu-
sion coefficients D(b)

L and D(b)
T . For brevity, in what follows
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we omit explicit reference to the type of transport coefficients,
e.g., the superscripting for all transport coefficients.

Assuming the above initial conditions (31), the extended
diffusion equation (13), which incorporates the effects of
the third-order transport coefficient tensor, cannot be solved
analytically. Thus, we have applied the following procedure.
First, the Fourier transform of the charged-particle density
is expanded in terms of the longitudinal QL and transverse
QT components of the third-order transport coefficient tensor.
Using the inverse Fourier transformation of the expansion
coefficients, we have derived the density of charged particles
in which the corrections due to the third-order transport coef-
ficients are included. In the first approximation, in which only
the first-order corrections are assumed, the density of charged
particles is given by

n(1)(r, t ) =
[

1 + QL
t (z − W t )3 − 6DLt2(z − W t )

8(DLt )3

+ QT
3t (z − W t )(x2 + y2 − 4DT t )

8DLt (DT t )2

]
n(0)(r, t ).

(33)

The first-order correction along the longitudinal direction
shown in Eq. (33) has been previously published by Pene-
trante and Bardsley [18]. This equation has a simpler form
in relative coordinates that are defined as

χz = z − W (b)t√
2D(b)

L t
, χx = x√

2D(b)
T t

, χy = y√
2D(b)

T t
. (34)

In these coordinates the approximate solution (32) may be
written as

n(1)(r, t ) = n(0)(r, t )

[
1 + tQ(b)

L

σ 3
z

χz
(
χ2

z − 3
)

+ 3tQ(b)
T

σ 2
x σz

χz
(
χ2

x + χ2
y − 2

)]
. (35)

It can be seen from Eq. (35) that the third-order transport
coefficients describe elongation and compression of the num-
ber density of charged particles along different parts of the
swarm. The detailed physical interpretation of the individual
components of the third-order transport tensor is given in
Appendix B.

D. Multiterm solutions of Boltzmann’s equation

In this section we briefly describe the basic elements of
a multiterm theory for solving the Boltzmann equation that
has been used to calculate the components of the third-order
transport coefficient tensor. The method is by now standard,
and for details the reader is referred to our previous publi-
cations [66–68]. In brief, the dependence of the phase-space
distribution function on the velocity coordinates is represented
by its expansion in terms of spherical harmonics (angular
dependence) and Sonine polynomials (speed dependence).
Likewise, under hydrodynamic conditions a sufficient repre-
sentation of the space dependence is an expansion in terms
of the powers of the density gradient operator. After trun-
cation and discretizing in time, the above expansions allow

a decomposition of the Boltzmann equation into a set of
matrix equations in terms of the expansion coefficients which
represent the moments of the distribution function. This set
of matrix equations can be solved numerically by using the
matrix inversion. Transport properties including mean energy,
drift velocity, and components of the diffusion tensor can then
be calculated directly from the moments of the phase-space
distribution function.

In order to find the explicit expressions for the individual
elements of the third-order transport coefficient tensor we use
the definition of the spherical vector [69]:

c[1]
m =

√
4π

3
cY [1]

m (ĉ). (36)

The connection between Cartesian and spherical components
of the velocity vector is given by

cx = i√
2

(
c[1]

1 − c[1]
−1

)
, cy = 1√

2

(
c[1]

1 + c[1]
−1

)
,

cz = −ic[1]
0 . (37)

Likewise, the flux of charged particles in irreducible tensor
notation is given by

�[1]
m = n

〈
c[1]

m

〉
, (38)

while its connection with the Cartesian components is ex-
pressed by

�x = i√
2

(
�

[1]
1 − �

[1]
−1

)
, �y = 1√

2

(
�

[1]
1 + �

[1]
−1

)
, (39)

�z = −i�[1]
0 .

Using the orthogonality relations for spherical harmonics and
modified Sonnine polynomials [61,69] and relation

cl =
(√

2

α

)
R0l (αc)

N0l
, (40)

after some algebra we get the following expression for the flux
of charged particles in the basis of Sonine polynomials:

�(1)
m = 1

α

∞∑
s=0

s∑
λ=0

λ∑
μ=−λ

F (01m|sλμ)G(sλ)
μ n(r, t ). (41)

Using the explicit expressions for the irreducible gradient ten-
sor operator in the spherical form of the flux-gradient relation
(41) [61], the relationship between the spherical quantities
�(1)

m (where m = −1, 0, 1) and their Cartesian counterparts in
(9) can be established. The explicit expressions for the indi-
vidual elements of the flux third-order transport coefficient
tensor in the absence of a magnetic field are given by

Qxxz = 1√
2α

[Im(F (011|221; α)) − Im(F (01 − 1|221; α))],

(42)

Qzxx = − 1

α

[
1√
3

Im(F (010|200; α))+ 1√
6

Im(F (010|220; α))
]

+ 1

α
Im(F (010|222; α)), (43)
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Qzzz = 1

α

[√
2

3
Im(F (010|220; α)) − 1√

3
Im(F (010|200; α))

]
,

(44)

where Re(·) and Im(·), respectively, represent the real and
imaginary parts of the moments. The explicit expressions for
the individual elements of the flux skewness tensor in varying
configurations of electric and magnetic fields are given in
Appendix C. Expressions for the lower-order transport coeffi-
cients in terms of the moments of the distribution function can
be found in our previous work [66–68,70].

E. Monte Carlo simulation method

The Monte Carlo simulation technique is used in this work
as an independent tool to confirm the numerical accuracy and
integrity of a multiterm solution of Boltzmann’s equation. The
Monte Carlo code applied in this work has been systematically
tested for a range of model and real gases under both the
hydrodynamic and nonhydrodynamic conditions in the
presence of the electric and magnetic fields [67,68,71,72]. The
subject of testing were the lower-order transport coefficients
usually in the presence of nonconservative collisions. In the
present work, we follow a large number of particles (∼107)
moving in an infinite gas under the influence of spatially
homogeneous electric and magnetic fields. Such a large
number of charged particles is followed with the aim of
reducing the statistical fluctuations of the output data required
for the evaluation of the individual elements of the third-order
transport coefficient tensor. The charged-particle trajectories
between collisions are determined by solving the collisionless
equation of motion of a charged particle. The position and
velocity of each charged particle are updated after the time
step �t , which is obtained by solving the equation for
collision probability. The numerical solution of this equation
requires the extensive use of random numbers. The type of
collision is also determined using random numbers as well as
relative probabilities for individual collisional processes. The
details of our Monte Carlo method are given in our several
previous publications [67,71–73].

The third-order transport coefficients are determined after
relaxation to the steady state. The flux third-order transport
coefficient tensor is defined by

Qabc = 1

3!

〈
d

dt

(
r∗

ar∗
br∗

c

)〉
, (45)

where (a, b, c) take values from the set {x, y, z} while the
angular brackets 〈〉 denote ensemble averages in phase space,
and r∗ = r − 〈r〉.

It is important to note that although the third-order trans-
port coefficient tensor has the three independent elements
when the swarm is acted on solely by the electric field, we
are able to identify only two independent elements in our
Monte Carlo simulations. This follows from the fact that the
expressions for sampling the third-order transport coefficients
are derived from the generalized diffusion equation in which
all tensor components are contracted with the corresponding
partial derivatives of charged-particle density with respect
to the coordinates. Thus, the expressions for evaluation the
skewness coefficients represent the sum of all skewness tensor

components Qabc which have the same combination of indi-
cies a, b, c where (a, b, c) take values from the set {x, y, z}.
Therefore, the expressions for skewness coefficients in our
Monte Carlo simulations are symmetric with respect to the
permutation of any two indices. The analogy with the deter-
mination of the off-diagonal elements of the diffusion tensor
is clearly evident. For example, for perpendicular electric and
magnetic fields, we are not able to isolate and evaluate the
individual off-diagonal elements of the diffusion tensor [67].
However, it is possible to determine the sum of the individual
off-diagonal elements which is the well-known Hall diffusion
coefficient. To calculate the individual elements of the third-
order transport coefficient tensor and diffusion tensor, one
must integrate the velocity over the corresponding hydro-
dynamic component of the distribution function in velocity
space. This is beyond the scope of this work, and we defer
this procedure to a future paper.

Due to inability to isolate the individual elements of the
third-order transport coefficient tensor in our Monte Carlo
simulations, we define the following third-order transport
coefficients:

Qzzz ≡ QL, Qπ (xxz) ≡ QT , (46)

where

Qπ (xxz) = 1
3 (Qxxz + Qxzx + Qzxx ), (47)

and π (abc) denote all possible permutations of (a, b, c).
The explicit form of the flux longitudinal and flux trans-

verse third-order coefficients are calculated from

QL = 1
6 (3〈z2cz〉 − 3〈cz〉〈z2〉 − 6〈z〉〈zcz〉 + 6〈z〉〈z〉〈cz〉), (48)

QT = 1
6 (〈x2cz〉 + 2〈zxcx〉 − 〈cz〉〈x2〉 − 2〈z〉〈xcx〉), (49)

where cx, cy, and cz are velocity components. Explicit formu-
las for the elements of the flux third-order transport coefficient
tensor which can be isolated and determined individually in
our Monte Carlo simulations in various configurations of the
electric and magnetic fields are given in the Appendix C.

III. RESULTS

A. Preliminaries

The aim of the present section is to highlight the general
features of the third-order transport coefficients associated
with the light charged-particle swarms in gases when both
the electric and magnetic fields are present. Benchmark cal-
culations are performed for a range of model gases, including
the Maxwell (constant collision frequency) model, the hard-
sphere model and the Reid ramp inelastic model. For the
present study we consider conservative collisions only. We de-
fer the investigation of the explicit effects of nonconservative
collisions on the third-order transport coefficient tensor to a
future study. The utility of model gases lies in the fact that
through the use of simple analytically given cross sections we
can isolate and elucidate physical processes which govern and
control the specific behavior of a charged-particle swarm. This
is particularly important for higher-order transport coefficients
due to complexity of factors which contribute to, or influence,
the corresponding tensors. However, the present theory and
associated codes have been applied to a number of gases
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and mixtures and preliminary results are available elsewhere
[74–76]. Here we present some results for neon and compare
them with the results of calculations that have been presented
elsewhere. We employ the set of cross sections for electron
scattering in neon developed by Hayashi [77] (see Fig. 2 in
Ref. [78]).

In the Boltzmann equation analysis of the third-order
transport coefficients the elastic collisions are treated us-
ing the original Boltzmann collision operator [79], while its
semiclassical generalization is applied for inelastic processes
[80]. All scattering is assumed isotropic and hence for elastic
scattering we use the elastic momentum transfer cross section.
Calculations are performed assuming that the internal states
are governed by a Maxwell-Boltzmann distribution which
essentially places all neutral particles in the ground state for
systems considered. The thermal motion of background par-
ticles is carefully considered in both the Boltzmann equation
analysis and Monte Carlo simulations [81].

The Monte Carlo results are presented with error bars.
These error bars are required since the third-order transport
coefficients are derived from the third-order monomials of
coordinates and velocities which usually have high standard
deviations. The statistical error of the third-order transport
coefficients that are evaluated in our Monte Carlo simulations
is estimated as the standard error. The standard error is equal
to the standard deviation of the third-order transport coeffi-
cients divided by the square root of the number of electrons
followed in the simulation. Thus, it is necessary to follow a
large number of electrons (at least 107) in our Monte Carlo
simulations in order to sufficiently reduce the standard error
of the final results.

When the magnetic field is applied, the results and dis-
cussion are restricted to a crossed field configuration, al-
though the theory and associated codes are valid for arbi-
trary field configurations. We use the unit of the Townsend
(1 Td = 10−21 Vm2) for the reduced electric field and the unit
of the Huxley (1 Hx = 10−27 Tm3) for the reduced magnetic
field.

B. The Maxwell model

In this section we present benchmark results for the third-
order transport coefficients assuming the Maxwell model of
interaction. In this model the electrons undergo elastic colli-
sions only and the collision frequency is independent of the
energy. The details of the model used here are as follows:

σm(ε) = Aε−1/2 Å2 (elastic cross section),

m0 = 4 amu, m = 5.486×10−4 amu, T0 = 293 K,

(50)

where ε is in eV, m is the electron mass and m0 is the neutral
mass. While the magnitude of potential for elastic scattering
A in previous works was usually fixed to a single value of 6
[70,82,83], in the present work its value is varied in order to
investigate the influence of elastic collisions on the third-order
transport coefficients. We consider the reduced electric field
range: 0.1–10 Td.

The results are obtained from the numerical solution of
Boltzmann’s equation and are presented in Table I. The three

TABLE I. Third-order transport coefficients for the Maxwell
model. The results are presented as a function of the reduced electric
field E/n0 and the magnitude of potential for elastic scattering A.

E/n0 n2
0Qxzx n2

0Qzxx n2
0Qzzz

A (Td) (m−3 s−1) (m−3 s−1) (m−3 s−1)

1.0 0.1 5.2930×1045 2.1761×1042 1.0588×1046

1.0 4.3919×1048 1.8055×1045 8.7856×1048

10.0 4.3829×1051 1.8017×1048 8.7676×1051

3.0 0.1 5.1740×1043 2.1279×1040 1.0351×1044

1.0 1.8373×1046 7.5531×1042 3.6754×1046

10.0 1.8039×1049 7.4158×1045 3.6087×1049

6.0 0.1 4.7768×1042 1.9648×1039 9.5557×1042

1.0 6.0575×1044 2.4903×1041 1.2118×1045

10.0 5.6405×1047 2.3187×1044 1.1283×1048

12.0 0.1 5.4425×1041 2.2388×1038 1.0888×1042

1.0 2.2880×1043 9.4070×1039 4.5769×1043

10.0 1.7665×1046 7.2623×1042 3.5340×1046

independent elements of the third-order transport coefficient
tensor are given as a function of the reduced electric field
E/n0 and the magnitude of potential for elastic scattering A.
We observe that n2

0Qxzx, n2
0Qzxx, and n2

0Qzzz are positive and
monotonically increasing functions of E/n0. For brevity, in
what follows we omit n2

0, and n2
0Qabc will be written as Qabc,

where a, b, c ∈ {x, y, z}. In the logarithmic plot, the E/n0

dependence of Qxzx, Qzxx, and Qzzz is linear both for the higher
values of E/n0, where the diffusion deviates significantly
from the thermal values, and for the lower values of E/n0,
where the diffusion is essentially thermal. However, the slope
of these two linear dependencies is not the same. The slope is
greater for those values of E/n0 for which the diffusion is no
longer thermal.

We observe that the Qzxx is less than the remaining el-
ements, Qxzx and Qzzz for all E/n0 and A considered. The
coefficient Qzxx represents the difference in the flux of charged
particles along the z direction between the center of the swarm
and the transverse edges (see Appendix B). Since the collision
frequency for the Maxwell model is independent of energy,
the positive value of Qzxx is a clear sign that the mobility
of the electrons is greater at the transverse edges than at the
center of the swarm, due to a parabolic increase of the mean
energy along the transverse direction. This effect is very small
and hence the coefficient Qzxx is dominated by the coefficients
Qxzx and Qzzz. This physical picture is no more valid for real
gases in which the momentum transfer collision frequency is
usually a complex function of the electron energy.

Comparing Qxzx and Qzzz, we observe that these two co-
efficients are of the same order of magnitude for all E/n0

and A considered. In a certain way this is analogous to
the behavior of the diffusion coefficients. For the Maxwell
model the longitudinal and transverse diffusion coefficients
are equal [82,83]. Likewise, the sum of the coefficients Qxzx

and Qxxz which is proportional to the flux along the transverse
direction, is equal to the coefficient Qzzz which determines
the corresponding flux along the field direction (note that the
coefficient Qzxx is negligible as compared to the coefficients
Qxzx and Qzzz).
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FIG. 1. Influence of the charged-particle to neutral-particle mass
ratio on the variation of the longitudinal third-order transport coef-
ficient n2

0QL with E/n0 for the hard sphere model. Calculations are
performed using a Monte Carlo simulation technique.

C. Effects of the ion to neutral-particle mass ratio

In this section we explore the effects of the ion to neutral
mass ratio on the variation of the third-order transport coef-
ficients with E/n0. Calculations are performed by a Monte
Carlo simulation technique assuming the hard sphere model
[84]. The details of the model are

σm(ε) = 6 Å2 (elastic cross section),

m0 = 4 amu, T0 = 293 K. (51)

We consider the mass ratio range 10−4–1 and the reduced
electric field range 1–100 Td.

In Fig. 1 we show the variation of the coefficient QL as
a function of E/n0 for various charged-particle to neutral-
particle mass ratios, as indicated on the graph. For decreasing
m/m0 the energy transfer in elastic collisions is reduced,
which in turn increases QL. In Monte Carlo simulations, the
reduced energy transfer in elastic collisions for decreasing
m/m0 slows the relaxation of energy. As a consequence,
Monte Carlo simulations require a large computation time
while at the same time the statistical fluctuations deteriorate
the accuracy of the output data. We see in the Fig. 1 that the
error bars are increased for decreasing m/m0.

For a fixed mass ratio we see that QL is increased mono-
tonically with E/n0. In this model, the elastic cross section is
constant rendering collision frequency to be directly propor-
tional to the square root of the charge particle energy. With the
increase of E/n0, the collision frequency also increases, but
not enough to overcome the directed action of the force and
the simultaneous increase of the mobility of charged particles
(see Appendix B). As a consequence, QL rises with rising
E/n0. When it comes to QT , for the entire range of E/n0

considered, it is found that QT > 0 (not shown here). This
indicates that the absolute value of the sum of Qxxz and Qxzx

is greater than the absolute value of the coefficient Qzxx. In
this model, Qzxx < 0 since the collision frequency is directly
proportional to the square root of charged-particle energy. The
negative value of Qzxx due to elastic collisions with a constant
cross section has been observed for the Reid model gas at low

FIG. 2. Variation of the QL to D2
L ratio as a function of E/n0 for

the hard sphere model.

electric fields where the rate for inelastic collisions is negligi-
ble (see Sec. III D). Note that in our Monte Carlo simulations
we are not able to evaluate the individual components Qxxz,
Qxzx and Qzxx, but only their sum [see Eq. (47)].

Figure 1 clearly illustrates that for decreasing m/m0 the
coefficients QL (and QT ) are increased. It should be noted that
for the hard sphere model the third-order transport coefficients
scale with the factor 1√

m0
( m+m0

mA2 )
5/4

[19]. This raises an inter-
esting question: does the spatial profile of the swarm deviate
from a Gaussian distribution more for light charged particles,
including electrons and/or positrons, or for more massive
ions? In order to investigate this issue, in Figs. 2 and 3 we
show the variation of the 1

n0
QL/D3

L and QL/D2
L as a function

of E/n0, respectively, where DL is the longitudinal diffusion
coefficient. Recall that the asymmetric contribution to the spa-
tial profile of the swarm along the field direction is represented
by the two terms; the first term is proportional to QL/D3

L,
while the second one is proportional to QL/D2

L [see Eq. (33)].
We observe that both quantities 1

n0
QL/D3

L and QL/D2
L are

decreased with a decrease of m/m0, which indicates that the
contribution of the third-order transport coefficients to the
spatial profile of the swarm becomes more significant for ions
in comparison with electrons and/or positrons.

FIG. 3. Variation of the QL to D3
L ratio as a function of E/n0 for

the hard sphere model. Calculations are performed assuming the gas
number density n0 = 3.54×1022 m−3.
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FIG. 4. Variation of the third-order transport coefficients with
E/n0 for the Reid ramp model. Calculations are performed via a
multiterm theory for solving the Boltzmann equation.

D. The Reid ramp model

The Reid ramp inelastic model of interaction is given by
[85]

σm(ε) = 6 Å2 (elastic cross section),

σinel(ε) =
⎧⎨⎩10(ε − 0.2) Å2, ε � 0.2 eV

(inelastic cross section)
0, ε < 0.2 eV

,

m0 = 4 amu,

T0 = 0 K, (52)

where m0 and T0 represent the mass and temperature of the
neutral gas particles while ε has the units of eV. Initially,
this particular model was developed with the aim of testing
the validity of the two-term approximation for solving the
Boltzmann equation. Since the early work of Reid [85], the
model has been used extensively as a benchmark for a variety
of numerical techniques for solving the Boltzmann equation
and Monte Carlo codes under steady-state [70–72,82,83] and
time-dependent conditions [17,68]. In the present work we
extend the model to consider the behavior of the individual
elements of the third-order transport coefficient tensor in the
presence of both electric and magnetic fields. Thus, the utility
of the Reid ramp model in the present work is twofold: (1) it
will enable us to determine the influence of an energy depen-
dent collision frequency in addition to the influence of strong
inelastic processes on the behavior of the third-order transport
coefficients, and (2) it is a good test of the accuracy of the
two-term approximation for solving Boltzmann’s equation.

In Fig. 4 we show the variation of the coefficients Qzzz,
Qxxz, and Qzxx with the reduced electric field E/n0. Over
the range of E/n0 considered, we see that Qzzz and Qxxz

are positive while Qzxx is negative. Such behavior of the
third-order transport coefficients can be attributed to the fact
that for the Reid ramp model the total collision frequency is
a monotonically increasing function of the electron energy.
Due to the increase of the total collision frequency over the
entire range of E/n0, Qzxx is negative (see Appendix B).
However, this increase is not significant enough to render
Qzzz and Qxxz negative. In any case, the absolute values of

FIG. 5. Comparison between the multiterm Boltzmann equation
results for longitudinal third-order transport coefficient and those
calculated with a Monte Carlo simulation technique.

the third-order transport coefficients are increasing functions
of E/n0 until reaching the particular value of E/n0 value for
which the inelastic collisions begin to play a significant role.
In this case, their direct effect is to enhance collisions and
thereby reduce diffusion which in turn reduces the third-order
transport coefficients. In the limit of the highest E/n0, the
third-order transport coefficients are significantly reduced and
approach zero values.

In Figs. 5 and 6 we show the comparison between the
Boltzmann equation and Monte Carlo results of QL and QT ,
respectively. The comparison is presented only for relatively
higher values of E/n0 where both QL and QT are monotoni-
cally decreasing functions of E/n0. In the limit of lower values
of E/n0, the relaxation of energy is a very slow process and
Monte Carlo simulations require large computation time. The
results from the Monte Carlo simulations are consistent and
agree very well with those predicted by the Boltzmann equa-
tion analysis, validating the theoretical method for solving the
Boltzmann equation and numerical integrity of both methods
of calculations.

In Fig. 7 the percentage differences in the third-order trans-
port coefficients for the Reid ramp model, calculated using
the two-term and the fully converged multiterm solutions

FIG. 6. Comparison between the multiterm Boltzmann equation
results for transverse third-order transport coefficient and those cal-
culated with a Monte Carlo simulation technique.
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FIG. 7. Percentage difference between the two-term (TT) and
multiterm (MT) results for the third-order transport coefficients for
the Reid ramp model.

of Boltzmann’s equation, are shown. We see that maximum
errors in the two-term approximation, for Qzzz and Qzxx, occur
at about 10 Td where the mean energy of the electrons
is close to the threshold of a cross section for inelastic
collisions. On the other hand, the discrepancy between the
two-term and multiterm solutions of Boltzmann’s equation
for Qxxz increases with E/n0 monotonically over the range
of E/n0 considered in this work. For the lower values of
E/n0, the coefficient Qzxx appears to be the most sensitive
with respect to the number of spherical harmonics used for
solving Boltzmann’s equation while for the higher values of
E/n0 the most sensitive coefficient is Qxzx. We observe that
the errors between the two-term and converged multiterm
results can be as high as 500%. The presence of inelastic
collisions produces asymmetry in velocity space which makes
the two-term approximation inadequate for the analysis of
the third-order transport coefficients. It is also important to
note that the differences between the two-term approximation
and multiterm solution of Boltzmann’s equation for third-
order transport coefficients are much higher than those for the
lower-order transport coefficients, e.g., for the drift velocity
and diffusion coefficients. This suggests that the third-order
transport coefficients are more sensitive with respect to the
way of solving the Boltzmann equation. Thus, it seems that
the use of a multiterm theory for solving the Boltzmann
equation is mandatory in the presence of inelastic collisions
when it comes to calculations of the third-order transport
coefficients.

In Fig. 8 we show the variation of the coefficients Qxxx

and Qzzz as a function of B/n0 at E/n0 = 12 Td. As already
discussed, Qzzz describes the deviation from the Gaussian
along the z axis (see Appendix B). For perpendicular electric
and magnetic fields, Qxxx is a measure of the deviation from
the Gaussian along the E×B direction. For B/n0 greater than
approximately 150 Hx, we observe that both Qxxx and Qzzz

monotonically decrease with increasing B/n0. This is a clear
indication of the magnetic-field-controlled regime in which
the cyclotron frequency dominates the collision frequency and
the electrons are held by the magnetic field lines. For B/n0

less than approximately 150 Hx, the behavior of Qxxx and
Qzzz is less intuitive. For these values of B/n0 the collision

FIG. 8. Variation of n2
0Qzzz and n2

0Qxxx with B/n0 for the Reid
ramp model. Calculations are performed by a multiterm theory for
solving the Boltzmann equation in a crossed field configuration. The
reduced electric field E/n0 is set to 12 Td.

frequency is generally higher than the cyclotron frequency,
but on average, an increasing magnetic field acts to increase
the fraction of the orbit completed between collisions. As a
consequence, the collision frequency begins to fall down with
increasing B/n0 and Qzzz raises.

The behavior of Qxxx for the lower values B/n0 is partic-
ularly interesting. Initially, in the limit of the lowest B/n0,
Qxxx is negative due to the Lorentz force and spatial variation
of the energy (and hence spatial variation of the collision
frequency), which on average induces the spatial variation
of the average velocity of the electrons along the negative
direction of the x axis. In this B/n0 region, the negative sign
of Qxxx corresponds to an elongation of the swarm in the
direction of the x component of the drift velocity (along the
negative x axis in this field configuration). This is analogous
to the elongation of the swarm described by the Qzzz element
along the z component of the drift velocity (the qE direction).
With a further increase of B/n0 the influence of collisions
becomes more and more significant which in turn leads to
the compressing or spreading of the swarm along the negative
or positive direction of the x axis. Due to these effects Qxxx

becomes positive and increases with increasing B/n0.
In Fig. 9 we show the remaining components of the third-

order transport coefficient tensor as a function of B/n0 for
perpendicular electric and magnetic fields. For the higher
values of B/n0 all components decrease with an increasing
B/n0 as more and more electrons are held in their orbits by
the magnetic field. For the lower values of B/n0, however,
the behavior of the third-order transport coefficients is com-
plex due to many individual factors which simultaneously
influence the third-order coefficient tensor. These individual
factors include the thermal anisotropy (the chaotic motion
of charged particles is different along different directions),
magnetic anisotropy (the orientation of charged-particle orbits
is controlled by the magnetic field), and spatial variations of
the average velocity and average energy along the longitudinal
and transverse directions. However, comparing the magnetic-
field-free case and crossed electric and magnetic fields the in-
terpretation of the third-order transport coefficients is similar
(see Appendix B). For example, the coefficient Qzyy describes
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I. SIMONOVIĆ et al. PHYSICAL REVIEW E 101, 023203 (2020)

FIG. 9. Variation of the third-order transport coefficients with the repeated indices for the Reid ramp model. Calculations are performed
via a multiterm theory for solving the Boltzmann equation in a crossed field configuration. The reduced electric field E/n0 is set to 12 Td. The
components of the n2

0Q tensor are given in units of 1042 m−3s−1.

the differences in the longitudinal spreading in the central part
of the swarm and along its transverse edges in the y direction.
Likewise, the coefficient Qyyz reflects the differences in the
transverse spreading at the front of the swarm (along the
direction given by the positive z) and at the trailing edge
of the swarm (along the direction given by the negative z).
The similar interpretation may be given for the remaining
third-order transport coefficients shown in Fig. 9.

In Fig. 10 we show the comparison between the individual
components of the third-order transport coefficient tensor,
which could be identified in our Monte Carlo simulations,
and the corresponding results, which are obtained from the
numerical solution of the Boltzmann equation. The two sets

of results agree very well, even over the range of E/n0 where
the values of the coefficients are negative. We see that the
error bars are not identical for different third-order transport
coefficients. This indicates that the statistical fluctuations of
the individual dynamical variables required for the evaluation
of the third-order transport coefficients are not the same.
Nevertheless, we see that the results obtained from the nu-
merical solution of the Boltzmann equation are in very good
agreement with those predicted by Monte Carlo simulations.
This validates the theory and numerical scheme for solving
the Boltzmann equation and Monte Carlo method when both
the electric and magnetic fields are present and crossed at the
right angle.

FIG. 10. Comparison between the multiterm Boltzmann equation results (full line) for various third-order transport coefficients and those
calculated by a Monte Carlo simulation technique (symbols with error bars) in a crossed field configuration. The reduced electric field E/n0 is
set to 12 Td. The components of the n2

0Q tensor are given in units of 1042 m−3s−1.
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FIG. 11. Variation of the longitudinal third-order transport coef-
ficient n2

0QL with E/n0 for electrons in neon. Our multiterm Boltz-
mann equation results (MT BE) are compared with those obtained
by two-term approximation for solving the Boltzmann equation
(TTA BE) [18] and momentum transfer theory (MTT) [19].

E. Third-order transport coefficients for electrons in neon

As an example of our calculations in real gases, in Fig. 11
we display the variation of the QL with E/n0 for electrons
in neon. The results obtained from the multiterm solution of
the Boltzmann equation are compared with those predicted
by the two-term approximation [18] and momentum transfer
theory (MTT) [19]. The agreement between our multiterm
results and those obtained by the two-term approximation is
very good. This is a clear sign that there is no significant
difference between the cross sections for elastic collisions of
the electrons in neon used in the present multiterm calcula-
tions and in the previous two-term calculations performed by
Penetrante and Bardsley [18]. The additional factor which fa-
vors the good agreement is the minimal influence of inelastic
collisions. If inelastic collisions would play a more important
role, then undoubtedly the differences between the multiterm
and two-term results would be much higher. In any case, no
calculations of QL were made by Penetrante and Bardsley for
the higher values of E/n0. On the other hand, the discrepancy
between our results and those predicted by the momentum
transfer theory (MTT) is clearly evident. This can be attributed
to the fact that the momentum transfer theory assumes a
very simple energy distribution function based on an effective
mean energy. MTT produces reasonable results for the lowest-
order transport coefficients such as drift velocity and even
diffusion but it is expected to fail for ionization which depends
on the high energy tail and also for higher-order transport
coefficients that are very sensitive on the cross sections and
correspondingly on the distribution function at all energies.
Limitations of the MTT have been discussed many times
[2,16,33,34,66].

In Fig. 12 we show the variation of the individual elements
of the third-order transport coefficient tensor as a function
of E/n0 for electrons in neon. The same generic features
of the third-order transport coefficients observed previously
for the Reid ramp model are clearly evident. Both Qzzz and
Qxxz are positive while the coefficient Qzxx is negative over
the range of E/n0 considered. The total collision frequency

FIG. 12. Variation of the third-order transport coefficients with
E/n0 for electrons in neon. Calculations are performed using a
multiterm approach for solving the Boltzmann equation.

increases with the increase of E/n0, but not sufficiently fast
to induced negative values of Qzzz and Qxxz (see Appendix B).
The oscillatory behavior in the profiles of Qzzz, Qxxz and Qzzz

occurs for E/n0 approximately less than 1 Td reflecting the
energy variation of the cross section for elastic collisions.
For E/n0 approximately greater than 1 Td, inelastic collisions
begin to play a significant role. As for the Reid ramp model,
it appears that significant inelastic processes are required to
suppress the longitudinal and transverse third-order transport
coefficients.

IV. CONCLUSION

In this paper we have discussed the third-order transport
coefficient tensor of charged-particle swarms moving in an
infinite neutral gas under the influence of spatially homoge-
neous electric and magnetic fields. The third-order transport
coefficient tensor is defined in terms of the extended flux gra-
dient relation and the extended diffusion equation. The group
projector method is then used for identifying the structure
of the tensor and symmetries along its individual elements
when both the electric and magnetic fields are present. For
an electric-field-only situation, we have found that the third-
order transport coefficient tensor has seven nonzero and only
three independent elements. For parallel electric and magnetic
fields, rotational invariance implies the third-order transport
coefficient tensor has 11 nonzero and four independent el-
ements, while for orthogonal electric and magnetic fields
the tensor has 14 nonzero and 10 independent elements.
Finally, when electric and magnetic fields are crossed at
an arbitrary angle, it is found that the third-order transport
coefficient tensor has 27 nonzero elements among which 18
are independent. The proposed methodology based on the
group projector method and symmetry considerations of the
Boltzmann equation can be applied to any of the transport
coefficient of an arbitrary tensorial rank.

The second important issue addressed in the present work
is the physical interpretation of the third-order transport coef-
ficients. In order to resolve this issue, we have expanded the
Fourier transform of the number charged-particle density in
terms of the longitudinal and transverse third-order transport
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coefficients. Using the inverse Fourier transformation of the
expansion coefficients, we have derived the expression for the
number density of charged particles in which the effects of
third-order transport coefficients are explicitly included. It is
found that deviations of the Gaussian distribution along the
specific directions are directly related with the sign of the
individual third-order transport coefficients.

Explicit expressions for the third-order transport coeffi-
cients in terms of the moments of the distribution function and
in the absence of nonconservative collisions are derived in the
framework of a multiterm theory for solving the Boltzmann
equation. Using the symmetry properties of the moments,
we have analyzed the structure of the third-order transport
coefficient tensor. We have also developed the Monte Carlo
method in which the third-order transport coefficients are
defined in terms of the moments of charged-particle density
in configuration space. It is found that only two independent
components of the third-order transport coefficient tensor can
be identified, as all tensor components are contracted with the
corresponding spatial partial derivatives of charged-particle
density. Thus, care must be taken when comparing the Monte
Carlo results with those obtained by other theories.

Numerical calculations are performed using a multiterm
solution of the Boltzmann equation for a range of model gases,
including the Maxwell, hard sphere, and Reid ramp models.
The results obtained are in very good agreement with those
predicted by the Monte Carlo method when possible, over the
range of the applied electric and magnetic fields. An important
observation is that the contribution of the third-order transport
coefficients to the spatial profile of the swarm becomes more
pronounced for increasing the charged-particle to neutral-
particle mass ratio. In this work we have also displayed
and emphasized the need for a multiterm solution technique
of Boltzmann’s equation. It is found that the discrepancy
between the two-term and fully converged multiterm results
are much higher for the third-order transport coefficients than
those for the lower order transport coefficients, e.g., drift
velocity and diffusion coefficients. The theory and associated
computer codes in the present work are equally valid for real
gases. The third-order transport coefficients are calculated for
electrons in neon and the results of calculations are compared
with those evaluated by the two-term approximation for solv-
ing the Boltzmann equation and momentum transfer theory.
Comparison with previous theories have shown surprisingly
good agreement with the two-term solution of the Boltzmann
equation and a significant disagreement with the momentum
transfer theory.

The duality of transport coefficients, e.g., the existence of
two different families of transport coefficients, the bulk and
the flux, is well known in the presence of nonconservative
collisions. Third-order transport coefficients are expected to
be more sensitive to the explicit influence of nonconservative
collisions. In order to investigate the effects of nonconser-
vative collisions on the third-order transport coefficients one
must go to third-order in the density gradient expansion to
account for such effects. This remains the focus of our future
investigation. Likewise, the remaining step to be taken, is
to apply the theory and mathematical machinery developed
in this work to investigate the correlation between the third-
order transport coefficients and those of lower order, e.g., the

drift and diffusion coefficients [19]. Additional issues which
should be considered are the effects of anisotropic scattering
and the behavior of the third-order transport coefficients in
time-dependent electric and magnetic fields. Finally, it would
be very challenging to model strong nonequilibrium systems
such as streamer discharges by suitable coupling of the ex-
tended diffusion equation which incorporates the third-order
transport coefficients for both the electrons and ions, and Pois-
son’s equation for the space charge electric field calculation.

The theory presented here covers the structure, symme-
tries, and method of calculation of the third-order transport
coefficients and the advantages that it may bring should it
be applied. In this paper, we focus on physics of ionized
gases (swarms and low-temperature collisional plasmas), but
approach may be extended to other physical systems if one
accounts for the dominant physical interactions and expected
symmetries. One such example where these results may be
applied directly is modeling of positron thermalization in gas
filled traps [86,87] or thermalization of positrons in gases
[88–90].
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APPENDIX A: THE GROUP PROJECTOR METHOD

The structure of tensorial transport coefficients can be
determined by employing group theory, since their structure
reflects the symmetry of the system. The studied system
consists of a swarm of charged particles, neutral background
gas particles and the applied electric and magnetic fields.
The symmetry group of a system is the group of all trans-
formations under which the system is invariant [91–93]. The
symmetry groups of the electric and magnetic fields are
C∞V and C∞h respectively, since the electric field is a polar
vector, and the magnetic field is an axial vector. These are
the symmetry groups of an immobile cone and of a rotating
cylinder, respectively [91]. If both electric and magnetic fields
are present in the system, the symmetry group of the field
configuration is determined by the angle between the fields.
The symmetry group of the parallel fields configuration is
C∞. This is the symmetry group of a rotating cone [91].
Orthogonal field configuration has the symmetry group C1v .
The symmetry group of the general field configuration is
the trivial group C1. Background gas is invariant under all
transformations from the orthogonal group O(3). This is the
symmetry group of a sphere. Therefore, the symmetry group
of the field configuration is also the symmetry group of the
entire system.

The structure of a tensor can be determined from its
invariance, under operations from the symmetry group of the
system. The action of a group G on vectors, from a vector
space H , is represented by a group homomorphism from
G to the general linear group on H , GL(H ) [92,93]. Polar
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vectors, such as drift velocity, are transformed by the polar
vector representation of the symmetry group of the system
Dpv (G). This representation is reducible [65,93] and, for
finite and compact groups, it decomposes into the irreducible
components D(μ)(G) as

Dpv (G) = ⊕r
μ=1aμD(μ)(G). (A1)

Here aμ is the number of times the irreducible representation
D(μ)(G) appears in the decomposition of Dpv (G), and r is
the number of inequivalent irreducible representations of the
group G. In addition, for decomposable representations there
exists a symmetry-adapted basis [65,93], which satisfies the
condition

Dpv (G)|μtμm〉 =
|μ|∑

n=1

D(μ)
nm (G)|μtμn〉. (A2)

This implies that for every irreducible representation D(μ)(G)
from (A1) there will be a subspace in H which transforms by
D(μ)(G) [65,93]. A very important representation, which ex-
ists for every group G, is the trivial irreducible representation
A0. This representation is defined as D(A0 )(g) = 1, ∀g ∈ G.
This representation is irreducible, since it is one dimensional.

It can be seen from (A2) that a vector is invariant under
the action of D(pv)(G) if it belongs to the subspace of the
trivial irreducible representation. This invariant subspace can
be found by employing group projectors. In the case of the
trivial representation, the group projector is simply

P(A0 )(Dpv, G) = 1

|G|
∑
g∈G

Dpv (g) (A3)

for finite groups, where |G| is the order of the group G [65].
For one-parameter Lie groups the group projector for A0 is

P(A0 )(Dpv, G) =
∑

R

∫
Dpv (R) dR. (A4)

Here the summation goes over distinct connected compo-
nents, and integration is taken over the range of the group
parameter [93]. Any vector, from the invariant subspace of
Dpv (G), including the drift velocity, is a linear combination of
the eigenvectors of the projection operator P(A0 )(Dpv, G).

Diffusion tensor is a linear operator which maps the local
density gradient vector ∇n(r, t ) onto the diffusive flux vec-
tor. Therefore diffusion tensor belongs to the range of the
projector P(A0 )(Dpv⊗2

, G) where Dpv⊗2
(G) represents Dpv ⊗

Dpv (G) = Dpv (G) ⊗ Dpv (G). Similarly the skewness tensor
maps the tensor square of the gradient vector, which acts
upon the local density ∇ ⊗ ∇n(r, t ), onto the vector of the
third-order diffusive flux. Thus the skewness tensor belongs
to the range of the projection operator P(A0 )(Dpv ⊗ [Dpv]2, G),
where [Dpv]2 represents the symmetrized tensor square of the
polar vector representation. This symmetrization is a result of
the commutativity of the gradient operators.

Strictly speaking, the action of the group on operators, such
as diffusion tensor and skewness tensor, is represented by

employing superoperators [94]. They are defined as ̂̂D(g)Â =
Dpv (g)ÂDpv (g−1). Therefore, the most straightforward ap-
plication of group theory would require the use of group
superoperators. However, this is not necessary, since every

second rank basis operator |i〉 ⊗ 〈 j| acting on a vector space
H is uniquely paired with a basis vector |i〉 ⊗ | j〉 from the
vector space H ⊗ H . The same applies for the basis op-
erators of the third rank |i〉 ⊗ [〈 j| ⊗ 〈k|] and basis vectors
|i〉 ⊗ [| j〉 ⊗ |k〉] from the vector space H ⊗ [H ⊗ H]. Here
square brackets represent symmetrization of the tensor prod-
uct. Thus, the group projector method can be applied for
representations Dpv (G) ⊗ Dpv (G) and Dpv ⊗ [Dpv]2 in the
corresponding vector spaces. Then eigenvectors of the group
projectors can be mapped into the corresponding basis tensors.
Therefore diffusion tensor and skewness tensor are linear
combinations of the basis tensors, which are obtained from
eigenvectors of the projection operators P(A0 )(Dpv ⊗ Dpv, G)
and P(A0 )(Dpv ⊗ [Dpv]2, G), respectively. Moreover, it is not
necessary to use Dpv ⊗ [Dpv]2 for determining the structure
of the skewness tensor. One can instead use Dpv ⊗ Dpv ⊗ Dpv

and symmetrize the resulting tensors by the last two indices.

APPENDIX B: PHYSICAL INTERPRETATION OF THE
INDIVIDUAL COMPONENTS OF THE THIRD-ORDER
TRANSPORT COEFFICIENT TENSOR AND ANALYSIS

OF THEIR SIGN

Using the flux gradient relation (7), the fluxes of charged
particles induced exclusively by the third-order transport co-
efficient tensor are given by

�Q,z = Qzzz
∂2n(r, t )

∂z2
+ Qzxx

[
∂2n(r, t )

∂x2
+ ∂2n(r, t )

∂y2

]
,

�Q,x = 2Qxxz
∂2n(r, t )

∂x∂z
, (B1)

where Qzzz, Qzxx, and Qxxz are independent components of
the third-order transport coefficient tensor (see Sec. II B).
The leading term in the expansion of the density of charged
particles (33) is of key importance in considering the sign
of the derivative of the charged-particle density. Therefore, in
what follows we consider only this term in the analysis of the
fluxes of charged particles (B1). The second-order derivatives
of the Gaussian (32) are given by

∂2n(0)(r, t )

(∂z)2 = (
z2 − σ 2

z

)n(0)(r, t )

σ 4
z

, (B2)

∂2n(0)(r, t )

(∂x)2 = (
x2 − σ 2

x

)n(0)(r, t )

σ 4
x

, (B3)

∂2n(0)(r, t )

(∂x∂z)
= xz

n(0)(r, t )

σ 2
x σ 2

z

, (B4)

where

σ 2
x = 2DT t, σ 2

z = 2DLt . (B5)

For simplicity, the above derivatives correspond to the co-
ordinate system whose origin is placed at the center of the
Gaussian distribution. Thus, the term z − W t is replaced by
the term z in (B2) and (B4).

In order to visualize these second-order derivatives in the
most efficient way for arbitrarily values of σz, we introduce the
set of new coordinates x/σx = χx, y/σy = χy, and z/σz = χz.
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FIG. 13. The normalized derivative �zz of the density of charged
particles as a function of the relative coordinate χz. The arrows
denote the direction of motion represented by Qzzz if this component
is positive. The field force is oriented along the positive χz direction.

Using the new coordinates, Eqs. (B2)–(B4) become

∂2n(0)

∂χ2
z

= (
χ2

z − 1
)
n(0), (B6)

∂2n(0)

∂χ2
x

= (
χ2

x − 1
)
n(0), (B7)

∂2n(0)

∂χx∂χz
= χxχzn

(0), (B8)

where

n(0)(χ, t ) = Cχ exp
[− 1

2

(
χ2

z + χ2
x + χ2

y

)]
(B9)

and

Cχ = N0e−Rnett

(2π )3/2σ 2
x σz

. (B10)

By combining equations (B6)–(B10) the normalized second-
order derivatives of the density of charged particles can be
written as follows:

�zz ≡ 1

Cχ

∂2n(0)

∂χ2
z

= (
χ2

z − 1
)
e− 1

2 (χ2
z +χ2

x +χ2
y ), (B11)

�xx ≡ 1

Cχ

∂2n(0)

∂χ2
x

= (
χ2

x − 1
)
e− 1

2 (χ2
z +χ2

x +χ2
y ), (B12)

�xz ≡ 1

Cχ

∂2n(0)

∂χx∂χz
= χxχze

− 1
2 (χ2

z +χ2
x +χ2

y ). (B13)

In Fig. 13 we show the quantity �zz as a function of χz.
We see that the representing curve is symmetric with respect
to the origin in which it has a minimum. If Qzzz is positive the
direction of motion represented by this component depends on
the sign of �zz in the following way. When �zz is positive, the
motion described by Qzzz is also directed along the positive
z axis, which is indicated by arrows that are oriented to the
right. Conversely, when �zz is negative, the motion described
by Qzzz is directed along the negative z axis, which is indicated
in this case by arrows that are oriented to the left. Therefore,
when Qzzz > 0 the leading edge of the Gaussian is elongated
while the training edge is compressed to a certain extent. It is

FIG. 14. The normalized derivative �xx of the density of charged
particles as a function of the relative coordinate χx . The arrows de-
note the direction of motion represented by Qzxx if this component is
positive: the arrows directed upwards (downwards) represent motion
in the positive (negative) z direction.

clear that when Qzzz < 0, then the opposite situation holds: the
leading edge of the Gaussian is compressed while the trailing
edge is elongated.

Figure 14 shows the graph of the function �xx. This
function is identical to the one illustrated in Fig. 13. When
Qzxx is positive, the motion described by Qzxx is directed along
the positive z axis at the swarm edges, which is indicated
by arrows that are oriented upwards. However, the motion
represented by Qzxx at the swarm center is directed along the
negative z axis in this case, which is indicated by arrows that
are oriented downwards. Likewise, if Qzxx is negative, then the
motion described by Qzxx is directed along the negative z axis
at the edges of the swarm, and along the positive z axis at the
swarm center.

In Fig. 15 we show the contour plot of the function �xz as a
function of χx and χz. This function is positive in the first and

FIG. 15. The normalized derivative �xz of the density of charged
particles as a function of the relative coordinates χx and χz. The
arrows denote the direction of motion represented by Qxxz if this
component is positive.
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third quadrant and negative in the second and fourth quadrant.
If Qxxz is positive the direction of motion represented by this
component depends on the sign of �xz in the following way.
When �xz is positive the motion described by Qxxz is directed
along the positive x axis which is indicated by arrows that
are oriented to the right. Conversely, when �xz is negative the
motion described by Qxxz is directed along the negative x axis
which is indicated by arrows that are oriented to the left. It is
clear that when Qxxz < 0 the direction of motion represented
by this component is reversed. It should be noted that the joint
contribution of Qzxx and Qxxz leads to a pear-shaped Gaussian
distribution.

In what follows we investigate the effects of the gas pres-
sure on the third-order transport coefficients. Using the set of
new coordinates χx, χy and χz, the number density of charged
particles given by Eq. (33) can be written as

n(1)(r, t ) = n(0)(r, t )

[
1 + tQL

σ 3
z

χz
(
χ2

z − 3
)

+ 3tQT

σ 2
x σz

χz
(
χ2

x + χ2
y − 2

)]
. (B14)

From Eq. (B14) we see that the contribution of the third-
order transport coefficients to the spatial profile of the swarm
is reduced with increasing number density of the neutral
particles n0. This is due to the fact that QL and QT scale as
1/n2

0 while σx and σz scale as 1/
√

n0 with the variation of n0.
From this, it follows that the terms tQL/σ 3

z and 3tQT /σ 2
x σz

scale as 1/
√

n0 with with the variation of n0. In addition, from
Eq. (B14) we can also see that the influence of the third-
order transport coefficients on the spatial profile of charged
particles is reduced as 1/

√
t with increasing t due to the time

dependence of the terms tQL/σ 3
z and 3tQT /σ 2

x σz. Thus, from
the scalings of the third-order transport coefficients and asso-
ciated properties it can be concluded that their experimental
determination would be the most efficient at low pressures.
On the other hand, measurements at low pressures in drift
tubes require optimal gaps and volumes in order to reach the
conditions where hydrodynamic approximation is applicable
(negligible length or relaxation distances as compared to the
overall gap). Special care should be taken in order to avoid
kinetic phenomena [16] such as diffusion cooling [95,96] and
other issues associated with an inability of the swarm to be
fully relaxed due to a small number of collisions of charged
particles and neutral gas particles. In any case, the experimen-
tal determination of third-order transport coefficients requires
large gas volumes and low pressures. Similar findings have
been reported in Ref. [18].

In studies of third-order transport coefficients tensor we
often find it necessary to refer to the sign of the third-order
transport coefficients to explain certain phenomena. Let us
assume that the swarm of charged particles is acted on solely
by an electric field. The following elementary considerations
apply.

The motion of charged particles represented by the longitu-
dinal component Qzzz produces differences in the spreading of
the density profile between the front and trailing edges of the
swarm. When Qzzz > 0, the front edge of the density profile is
elongated, while the trailing edge is compressed. The opposite

situation holds when Qzzz < 0: the front edge of the swarm is
compressed while the trailing edge of the profile is elongated.

Charged particles at the front of the swarm have higher
energies on average, than those at the back of the swarm, as
they are accelerated through the larger potential difference. If
the collision frequency is independent of energy, the spread of
charged particles along the field direction is induced by the
action of the force and by the chaotic motion of particles.
If the collision frequency is a decreasing function of the
charged-particle energy, the friction due to collisions along the
field direction is also decreased contributing additionally in
the spreading of the density profile. When collision frequency
increases with the particle energy, however, the friction will
be enhanced along the field direction which in turn reduces
the spreading of the density profile. Thus, the longitudinal
component Qzzz is positive whenever the growth of collision
frequency and associated energy losses in collisions are not
able to affect the spreading of charged particles due to the
electric field force and chaotic motion of charged particles.
This is exactly what happens in most cases considered in our
calculations.

The motion of a swarm represented by Qxzx produces
differences in the transverse spreading of the density profile.
When Qxzx > 0, the density profile is expanded along the
transverse direction at the front of the swarm while at the back
of the swarm the profile is compressed. When Qxzx < 0, the
density profile is compressed along the transverse direction at
the front and extended at the trailing edge of the swarm.

The electric force does not act along the transverse direc-
tion. This suggests that the spreading of the density profile is
entirely controlled by the chaotic motion of charged particles.
If the collision frequency decreases with energy, this will
further enhance the transverse spread at the front of the swarm
as collisions between charged particles and background gas
molecules are less frequent. If the collision frequency in-
creases with energy, the reverse situation occurs. In this case
it is the high energy electrons, which predominantly exist at
the front of the swarm, have more collisions than those at
the back of the swarm. This results in a greater resistance
to the transverse spreading at the front of the swarm. Thus,
the transverse component Qxzx is positive under conditions in
which the growth of the collision frequency and energy losses
in collisions are not intensive enough to exceed the higher
average speed of charged particles at the front of the swarm.

The off-diagonal component Qzxx describes the differences
in the longitudinal spreading in the central part of the swarm
and along its transverse edges. If Qzxx > 0, the longitudinal
spreading is faster at the transverse edges than in the central
part of the swarm. Conversely, if Qzxx < 0, the reverse situa-
tion occurs: the longitudinal spreading is more pronounced in
the central part of the swarm than at the edges. The parabolic
rise in mean energy along the transverse direction favors the
faster longitudinal spreading at the transverse edges of the
swarm. The parabolic rise in mean energy is due to the fact
that the most energetic electrons quickly cross the distance
between the swarm’s center and its edges, if the increase of the
collision frequency is not large enough to compensate for the
high speed of energetic electrons. If the collision frequency
is independent of energy, this is the only contribution to
the difference in the rate of longitudinal expansion along
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TABLE II. Symmetry properties of the individual components of the skewness tensor. The transformation represents A (parity), B (rotation
of π about the z axis), C (parity and rotation of π about the y axis), and D (parity and rotation of π about the x axis).

Transformation

Tensor component E → −E, B → B E → E, B → (−By, Bz ) E → E, B → (By,−Bz ) E → E, B → −B

Qxxz, Qxzx −Qxxz, −Qxzx Qxxz, Qxzx Qxxz, Qxzx Qxxz, Qxzx

Qyyz, Qyzy −Qyyz, −Qyzy Qyyz, Qyzy Qyyz, Qyzy Qyyz, Qyzy

Qzxx −Qzxx Qzxx Qzxx Qzxx

Qzyy −Qzyy Qzyy Qzyy Qzyy

Qzzz −Qzzz Qzzz Qzzz Qzzz

Qxxx −Qxxx −Qxxx Qxxx −Qxxx

Qxyy −Qxyy −Qxyy Qxyy −Qxyy

Qxzz −Qxzz −Qxzz Qxzz −Qxyy

Qyxy, Qyyx −Qyxy, −Qyyx −Qyxy, −Qyyx Qyxy, Qyyx −Qyxy, −Qyyx

Qzxz, Qzzx −Qzxz, −Qzzx −Qzxz, −Qzzx Qzxz, Qzzx −Qzxz, −Qzzx

Qxyz, Qxzy −Qxyz, −Qxzy Qxyz, Qxzy −Qxyz, −Qxzy −Qxyz,−Qxzy

Qyxz, Qyzx −Qyxz, −Qyzx Qyxz, Qyzx −Qyxz, −Qyzx −Qyxz,−Qyzx

Qzxy, Qzyx −Qzxy, −Qzyx Qzxy, Qzyx −Qzxy, −Qzyx −Qzxy,−Qzyx

Qxxy, Qxyx −Qxxy, −Qxyx −Qxxy, −Qxyx −Qxxy, −Qxyx Qxxy, Qxyx

Qyxx −Qyxx −Qyxx −Qyxx Qyxx

Qyyy −Qyyy −Qyyy −Qyyy Qyyy

Qyzz −Qyzz −Qyzz −Qyzz Qyzz

Qzyz, Qzzy −Qzyz, −Qzzy −Qzyz, −Qzzy −Qzyz, −Qzzy Qzyz, Qzzy

the transverse direction. If the collision frequency decreases
with energy, this is an additional factor which contributes to
the rapid longitudinal spread at the transverse edges of the
swarm. If the collision frequency increases with energy, this
contributes to greater resistance to longitudinal expansion at
the transverse edges than in the center of the swarm. For
a constant collision frequency, Qzxx component is positive,
but much less in comparison to Qzzz and Qxzx. If the col-
lision frequency decreases with energy, this component is
positive and greater in magnitude than in the previous case.
If the collision frequency increases with energy and Qxzx is
positive then the Qzxx component is negative. This could be

expected, since the particles at the transverse edges have a
slightly higher energy, and thus higher collision frequency.
Such behavior of Qzxx has been observed in the case of
electron swarms in most atomic and molecular gases. If the
collision frequency increases with energy and Qxzx is negative
then Qzxx is positive. A possible explanation for this effect is
that when Qxzx is negative the energy of the electrons at the
transverse edges of the swarm is, on average, less than in the
center of the swarm. The high-energy electrons undergo more
and more collisions for increasing electron energy which in
turn prevent them from reaching the transverse edges of the
swarm.

APPENDIX C: EXPRESSIONS FOR THE INDIVIDUAL ELEMENTS OF THE THIRD-ORDER TRANSPORT COEFFICIENT
TENSOR IN THE BOLTZMANN EQUATION ANALYSIS AND MONTE CARLO SIMULATIONS

Using symmetry properties of the moments F (νlm|sλμ) discussed in Ref. [70], the corresponding symmetry properties of
the individual elements of the third-order transport coefficient tensor are detailed in Table II. The structure of the tensor may be
determined by applying the symmetries in Table II in combination with the additional physical arguments that concern fluxes
of charged particles induced by magnetic field. These arguments are necessary to identify the zero elements as well as those
elements of the tensor which are equal between each other for a given configuration of the fields. The similar procedure has been
applied for the vectorial and tensorial transport coefficients of the lower order [70].

In this Appendix we present the explicit expressions for the individual elements of the flux third-order transport coefficient
tensor. These expressions have been derived by considering the flux-gradient relation in the spherical form (41) and explicit
expressions for the irreducible gradient tensor operator [33]. In the following expressions α is omitted from the argument of F
for brevity.

For parallel electric and magnetic fields, the individual elements of the flux tensor are given by

Qxxz = 1√
2α

[Im(F (011|221)) − Im(F (01 − 1|221))], (C1)

Qxyz = 1√
2α

[Re(F (01 − 1|221)) − Re(F (011|221))], (C2)

Qzxx = − 1

α

[
1√
3

Im(F (010|200)) + 1√
6

Im(F (010|220))
]

+ 1

α
Im(F (010|222)), (C3)
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Qzzz = 1

α

[√
2

3
Im(F (010|220)) − 1√

3
Im(F (010|200))

]
. (C4)

For perpendicular electric and magnetic fields, the individual elements of the flux tensor are given by

Qxxx =
√

2

α

[
1√
3

Im(F (011|200)) + 1√
6

Im(F (011|220))
]

+ 1√
2α

[−Im(F (011|222)) + Im(F (01 − 1|222))], (C5)

Qxyy =
√

2

α

[
1√
3

Im(F (011|200)) + 1√
6

Im(F (011|220))
]

+ 1√
2α

[Im(F (011|222)) − Im(F (01 − 1|222))], (C6)

Qxzz =
√

2

α

[
1√
3

Im(F (011|200)) −
√

2

3
Im(F (011|220))

]
, (C7)

Qxxz = 1√
2α(t )

[Im(F (011|221)) − Im(F (01 − 1|221))], (C8)

Qyxy = − 1√
2α

[Im(F (011|222))+Im(F (01 − 1|222))], (C9)

Qyyz = 1√
2α

[Im(F (011|221))+Im(F (01 − 1|221))], (C10)

Qzxz = − 1

α
Im(F (010|221)), (C11)

Qzxx = − 1

α

[
1√
3

Im(F (010|200)) + 1√
6

Im(F (010|220))
]

+ 1

α
Im(F (010|222)), (C12)

Qzyy = − 1

α

[
1√
3

Im(F (010|200)) + 1√
6

Im(F (010|220))
]

− 1

α
Im(F (010|222)), (C13)

Qzzz = 1

α

[√
2

3
Im(F (010|220)) − 1√

3
Im(F (010|200)

]
. (C14)

When electric and magnetic fields are crossed at an arbitrary angle, the individual elements of the flux tensor are given by

Qxxy = 1√
2α

[Re(F (011|222)) − Re(F (01 − 1|222))], (C15)

Qyxx =
√

2

α

[
1√
3

Re(F (011|200)) + 1√
6

Re(F (011|220))
]

+ 1√
2α

[−Re(F (011|222))−Re(F (01−1|222))], (C16)

Qyyy =
√

2

α

[
1√
3

Re(F (011|200)) + 1√
6

Re(F (011|220))
]

+ 1√
2α

[Re(F (011|222)) + Re(F (01 − 1|222))], (C17)

Qyzz =
√

2

α

[
1√
3

Re(F (011|200)) −
√

2

3
Re(F (011|220))

]
, (C18)

Qzxy = − 1

α
Re(F (010|222)), (C19)

Qzyz = 1

α
Re(F (010|221)), (C20)

Qxyz = 1√
2α

[Re(F (01 − 1|221))−Re(F (011|221))], (C21)

Qyxz = 1√
2α

[Re(F (011|221))+Re(F (01−1|221))]. (C22)

The elements of the third-order transport coefficients that are independent in a crossed field configuration, are also independent
when the electric and magnetic fields cross at an arbitrary angle. Thus, the corresponding expressions in the Boltzmann equation
analysis are identical.

In what follows, we present the explicit expressions for the flux components of the third-order transport coefficient tensor that
might be identified and computed in our Monte Carlo simulations.
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For parallel electric and magnetic fields, the explicit expressions of the flux longitudinal and flux transverse third-order
transport coefficients are given by Eqs. (48) and (49), respectively. We are not able to isolate the additional elements of the
tensor in the Monte Carlo method used in the present work. As already discussed in this Appendix, the coefficients Qxxz, Qxyz,
Qzxx, and QL ≡ Qzzz could be identified and computed using Boltzmann equation solutions.

For perpendicular electric and magnetic fields, we are able to identify six components of the third-order transport coefficient
tensor in our Monte Carlo simulations. The tensor components are

QL ≡ Qzzz, QE×B ≡ Qxxx (C23)

and

Qπ (xxz) ≡ 1
3 (Qxxz + Qxzx + Qzxx ), (C24)

Qπ (yyx) ≡ 1
3 (Qyyx + Qyxy + Qxyy) (C25)

Qπ (yyz) ≡ 1
3 (Qyyz + Qyzy + Qzyy), (C26)

Qπ (zzx) ≡ 1
3 (Qzzx + Qzxz + Qxzz ), (C27)

where the cross product E×B defines the x axis while π (abc) denotes all possible permutations of (a, b, c). The explicit
expressions of the flux tensor components are given by

Qzzz = 1
6 (3〈z2cz〉 − 3〈cz〉〈z2〉 − 6〈z〉〈zcz〉 + 6〈z〉〈z〉〈cz〉), (C28)

Qxxx = 1
6 (3〈x2cx〉 − 3〈cx〉〈x2〉 − 6〈x〉〈xcx〉 + 6〈x〉〈x〉〈cx〉), (C29)

Qxzz = 1
6 (〈z2cx〉+ 2〈zxcz〉− 2〈cz〉〈zx〉 − 〈cx〉〈z2〉 − 2〈z〉〈xcz〉 − 2〈z〉〈zcx〉− 2〈x〉〈zcz〉 + 2〈cx〉〈z〉〈z〉+ 4〈x〉〈z〉〈cz〉), (C30)

Qzxx = 1
6 (〈x2cz〉+ 2〈xzcx〉− 2〈cx〉〈xz〉 − 〈cz〉〈x2〉− 2〈x〉〈zcx〉 − 2〈x〉〈xcz〉 − 2〈z〉〈xcx〉 + 2〈cz〉〈x〉〈x〉 + 4〈z〉〈x〉〈cx〉), (C31)

Qzyy = 1
6 (〈y2cz〉 + 2〈yzcy〉 − 〈cz〉〈y2〉 − 2〈z〉〈ycy〉), (C32)

Qxyy = 1
6 (〈y2cx〉 + 2〈yxcy〉 − 〈cx〉〈y2〉 − 2〈x〉〈ycy〉). (C33)

For the most general case when electric and magnetic fields are crossed at an arbitrary angle, we are able to identify 10
components of the third-order transport coefficient tensor in our Monte Carlo simulation code. They include six components
already defined for perpendicular electric and magnetic fields and four additional coefficients, including

QE×(E×B) ≡ Qyyy, (C34)

where the cross product E×(E×B) defines the y axis, and

Qπ (xxy) ≡ 1
3 (Qxxy + Qxyx + Qyxx ), (C35)

Qπ (zzy) ≡ 1
3 (Qzzy + Qzyz + Qyzz ), (C36)

Qπ (xyz) ≡ 1
6 (Qxyz + Qyzx + Qzxy + Qxzy + Qyxz + Qzyx ). (C37)

The remaining explicit expressions for the flux components of the third-order transport coefficient tensor are given by

Qyyy = 1
6 (3〈y2cy〉 − 3〈cy〉〈y2〉 − 6〈y〉〈ycy〉 + 6〈y〉〈y〉〈cy〉), (C38)

Qxyz = 1
6 (〈yzcx〉 + 〈xzcy〉 + 〈xycz〉 − 〈cx〉〈yz〉 − 〈x〉〈zcy〉 − 〈x〉〈ycz〉−〈cy〉〈xz〉 − 〈y〉〈zcx〉 − 〈y〉〈xcz〉−〈cz〉〈xy〉
−〈z〉〈ycx〉 − 〈z〉〈xcy〉 + 2〈cx〉〈y〉〈z〉 + 2〈cy〉〈x〉〈z〉 + 2〈cz〉〈y〉〈x〉), (C39)

Qyxx = 1
6 (〈x2cy〉+ 2〈yxcx〉− 2〈cx〉〈yx〉 − 〈cy〉〈x2〉 − 2〈x〉〈ycx〉 − 2〈x〉〈xcy〉 − 2〈y〉〈xcx〉 + 2〈cy〉〈x〉〈x〉 + 4〈y〉〈x〉〈cx〉),

(C40)

Qyzz = 1
6 (〈z2cy〉 + 2〈yzcz〉 − 2〈cz〉〈yz〉 − 〈cy〉〈z2〉 − 2〈z〉〈ycz〉 − 2〈z〉〈zcy〉 − 2〈y〉〈zcz〉 + 2〈cy〉〈z〉〈z〉 + 4〈y〉〈z〉〈cz〉), (C41)

Qzyy = 1
6 (〈y2cz〉 + 2〈yzcy〉 − 2〈cy〉〈yz〉 − 〈cz〉〈y2〉 − 2〈y〉〈zcy〉 − 2〈y〉〈ycz〉 − 2〈z〉〈ycy〉 + 2〈cz〉〈y〉〈y〉 + 4〈z〉〈y〉〈cy〉), (C42)

Qxyy = 1
6 (〈y2cx〉 + 2〈yxcy〉− 2〈cy〉〈yx〉 − 〈cx〉〈y2〉− 2〈y〉〈xcy〉 − 2〈y〉〈ycx〉− 2〈x〉〈ycy〉 + 2〈cx〉〈y〉〈y〉 + 4〈x〉〈y〉〈cy〉). (C43)
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1 Institute of Physics, University of Belgrade, Pregrevica 118, 11080 Belgrade, Serbia
2 Serbian Academy of Sciences and Arts, 11001 Belgrade, Serbia
3 College of Science and Engineering, James Cook University, Townsville, QLD 4811, Australia

Received 13 June 2017 / Received in final form 15 September 2017
Published online 14 November 2017 – c© EDP Sciences, Società Italiana di Fisica, Springer-Verlag 2017

Abstract. In this work we propose a complete and consistent set of cross sections for electron scattering in
mercury vapor. The set is validated through a series of comparisons between swarm data calculated using
a multi term theory for solving the Boltzmann equation and Monte Carlo simulations, and the available
experimental data. Other sets of cross sections for electron scattering in mercury vapor were also used as
input in our numerical codes with the aim of testing their completeness, consistency and accuracy. The
calculated swarm parameters are compared with measurements in order to assess the quality of the cross
sections in providing data for plasma modeling. In particular, we discuss the dependence of transport
coefficients on the pressure and temperature of mercury vapor, and the occurrence of negative differential
conductivity (NDC) in the limit of lower values of E/N . We have shown that the phenomenon of NDC
is induced by the presence of mercury dimers and that can be controlled by varying either pressure or
temperature of mercury vapor. The effective inelastic cross section for mercury dimers is estimated for a
range of pressures and temperatures. It is shown that the measured and calculated drift velocities agree
very well only if the effective inelastic cross section for mercury dimers and thermal motion of mercury
atoms are carefully considered and implemented in numerical calculations.

1 Introduction

The behavior of electrons in mercury vapor under the
influence of electric field is of vital interest in model-
ing of the gas-discharge lamps [1–3], lasers [4,5] and in
special applications such as ion thrusters for space propul-
sion [6]. Further optimization and understanding of such
applications is dependent on an accurate knowledge of
the cross sections for electron scattering, transport coef-
ficients and the physical processes involved. For example,
fluid models of low-pressure discharges used in fluores-
cent lamps often require swarm transport parameters as
a function of the reduced electric field and the gas tem-
perature [7,8]. Current models of high-pressure mercury
discharges, however, usually require a knowledge of the
electrical conductivity, which can be calculated from the
cross sections for electron scattering in mercury vapor and
electron mobility.

A number of methods have been applied to investigate
the behavior of electrons in mercury vapor and have been
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successfully applied to a variety of problems. For scatter-
ing theorists, the problem of the scattering of electrons
on mercury atoms is challenging due to importance of
relativistic effects and the correlation between different
subshells which require the use of either Dirac equations
or modified forms of the Schrödinger equation [9,10]. The
correct representation of a very large low energy resonance
in both elastic and momentum transfer cross sections
below the first inelastic threshold of the 3P0 state at
4.66 eV and impact of 6s6p2 resonances on the elastic
scattering and the excitation cross-section in the energy
range between 4 and 7 eV are also very important issues.
This makes mercury a particularly interesting target for
scattering theorists. No less challenging is the problem
of the transport of electrons in mercury vapor, given the
difficulties that occur in both the experimental measure-
ments, as well as in theoretical calculations based on the
Boltzmann equation and Monte Carlo simulations. For
example, it is very difficult to find the experimental data in
the literature for drift velocity and characteristic energy of
electrons in mercury vapor for high values of the reduced
electric fields, because such measurements require lower
vapor pressure and therefore lower temperature, which
is difficult to control accurately. In the domain of the
theoretical studies of electron transport in the mercury
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vapor based on the Boltzmann equation, only recently
it has been shown that nonlocal effects, resonances and
striations in mercury electrical discharges have much in
common with the behavior of electrons in mercury vapor
in the famous Franck–Hertz experiment [11–14].

In literature, already, some cross section sets for elec-
tron scattering in mercury vapor have been reported. Raju
reviewed measured and theoretically calculated electron
collision cross sections for mercury vapor and recom-
mended the values of drift velocity and reduced ionization
coefficient [15,16]. Complete sets of cross section were
reported by Rockwood [17], Nakamura and Lucas [18,19],
Sakai et al. [20] and Suzuki et al. [21]. Winkler et al. [22,23]
and Yousfi et al. [24] made significant contributions to the
development of transport and collision data for electrons
in mercury vapors by including the kinetics of excited
states and Penning ionization in their models of fluores-
cent lamps. The properties of electron swarms in pure
mercury vapor have also been analyzed by Garamoon and
Abdelhaleem [25], Braglia et al. [26] and Liu and Raju [27]
while the effects of metastable mercury and argon atoms
on electron transport were subject of studies performed
by the group of Prof. Tagashira [20,28,29]. The influence
of thermal motion of background mercury atoms on elec-
tron transport has been analyzed by Winkler et al. [30]
while the impact of a magnetic field on various transport
properties in a crossed field configuration was investigated
by Liu and Raju [31].

The common thread among many of these previous
studies is a systematic neglect of non-hydrodynamic
behavior of transport coefficients, which is reflected in
their dependence upon the pressure and temperature of
mercury vapor. Moreover, the effects of thermal motion
of mercury atoms have also been often neglected, duality
of transport coefficients (e.g., the existence of two differ-
ent families of transport coefficients, the bulk and the flux)
for electrons in mercury vapor has never been considered
and finally many studies have been made in the frame-
work of the two term theory for solving the Boltzmann
equation, despite its limitations and concerns regarding its
accuracy that have been well-documented [32,33]. Using
these facts as motivational factors, in this paper, we revisit
the issue surrounding computation of electron transport
properties in mercury vapor as a function of electric field,
pressure and temperature of mercury vapor. As a first
step, we have developed a complete set of cross sections for
electron scattering in mercury vapor. We apply the stan-
dard swarm procedure of deriving cross sections [33–35].
The initial set of cross sections is composed of cross
sections for the individual collision processes that are col-
lected from the literature. Using this initial set of cross
sections as an input for solving Boltzmann’s equation,
transport coefficients are calculated and compared with
the corresponding experimental data. The initial cross sec-
tions are then modified and the procedure is repeated in
order to obtain better agreement with the experimental
transport coefficients. The cross sections are considered
satisfactory when the calculated values for drift velocity,
ionization coefficient and characteristic energy match the
experimental values to within a standard experimental
uncertainty.

Other sets of cross sections for electron scattering in
mercury vapor that are available in the literature were
also incorporated into the Boltzmann equation and Monte
Carlo codes with the aim of assessing their completeness
and accuracy. This has been done through a series of
calculations focused on comparisons between the experi-
mentally measured and theoretically calculated transport
coefficients. In particular, we consider the pressure depen-
dence of transport coefficients due to the presence of mer-
cury dimers. The mercury dimers are molecular species
that can cause a significant change in the rate of energy
lost by the electrons via rotational and vibrational excita-
tion and hence a considerable change in the drift velocity.
The formation of dimers and their effect on the measured
drift has been studied by Nakamura and Lucas [18,19],
Elford [36] and England and Elford [37]. It was shown that
the drift velocity increases with pressure, but the occur-
rence of negative differential conductivity (NDC) has not
been reported. A cross section for momentum transfer in
elastic collisions and an effective inelastic cross section for
dimers have been derived using the well-established swarm
method of deriving cross sections. In order to reduce
the non-uniqueness of the initially derived cross section
for momentum transfer, McEachran and Elford [10] have
demonstrated that cross section for the momentum trans-
fer can be further refined by considering the additional
transport data.

In the present paper we extend the previous studies by
considering the occurrence of NDC in the limit of lower
values of E/N . NDC is the well-known phenomenon in
transport theory which is characterized by a decrease in
the drift velocity for increasing the applied electric field.
The conditions for the occurrence of NDC have been inves-
tigated previously. It was shown that NDC can be induced
and controlled by the presence of inelastic [38,39] and non-
conservative collisions [40,41], electron–electron collisions
[42,43] and anisotropic scattering [44]. For liquid argon
and xenon, however, there is a new type of NDC that
does not require inelastic collisions or non-conservative
processes, i.e. it is purely a consequence of the medium
structure [45,46]. In this work we demonstrate the NDC
phenomenon induced by the presence of mercury dimers.
The collision frequencies and the averaged energy losses
due to elastic and inelastic collisions are calculated with
the aim of explaining the development of NDC. The pres-
sure dependence of other transport properties, including
the mean energy and diffusion coefficients is also inves-
tigated. Particular attention is paid to the effects of the
mercury vapor temperature and how this affects the basic
properties of the drift and diffusion over a range of the
reduced electric fields of practical interest. This has been
done through a series of calculations based on a multi term
theory for solving the Boltzmann equation and Monte
Carlo simulation technique in which thermal motion of
background mercury atoms is rigorously accounted for.

This paper is organized as follows. In Section 2 we out-
line the theory used to solve the Boltzmann equation and
the basic elements of our Monte Carlo method for deter-
mining transport properties of electrons in mercury vapor.
In Section 3.2 we present a new collision cross section set
for electron scattering in mercury vapor, which revises the
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previous sets summarized by Rockwood [17], Sakai et al.
[20] and Suzuki et al. [21]. Comparison between the mea-
sured and calculated swarm data is shown in Section 3.3
while the pressure dependence of transport coefficients
and dimer-induced negative differential conductivity are
discussed in Section 3.4. In Section 3.5 we investigate the
synergism of thermal effects and the effects induced by the
mercury-dimers on electron transport in mercury vapor.
Finally, we summarize our conclusions in Section 4 and
also provide an outlook regarding the future transport
studies for electrons in mercury vapor.

2 Methods of calculation

In this work, we investigate a swarm of electrons moving
through a neutral gas under the influence of a uniform
electric field. The electron number density is assumed to
be sufficiently low so that the following conditions apply:
(i) electron–electron interactions and space-charge effects
can be neglected; (ii) the motion of the electrons can
be treated classically, and (iii) the background of neu-
tral atoms remains in thermal equilibrium. Electrons gain
energy from the external electric field and dissipate it by
collisions to the neutral gas atoms. The collisional transfer
of this energy to the neutral gas atoms occurs by elastic
and different types of inelastic collisions. This is a typi-
cal non-equilibrium system and its correct mathematical
description can only be obtained from kinetic theory [47].

2.1 Multi term solution of Boltzmann’s equation

To calculate the transport of electrons in mercury vapor,
we apply a multi term solution of the Boltzmann equation
for the phase-space distribution function f (r, c, t):

∂f

∂t
+ c · ∂f

∂r
+
eE

m
· ∂f
∂c

= −J (f, f0) , (1)

where r and c denote, respectively, the position and veloc-
ity co-ordinates in phase space, while e and m are the
charge and mass of electron, respectively, and E is the
applied external field. The right-hand side of equation (1)
represents the collision operator J , describing the rate of
change of the phase-space distribution function due to col-
lisions between the electrons and the neutral background
mercury vapor atoms.

In the present work we employ the original Boltzmann
collision operator for elastic processes [48] and its semi-
classical generalization for inelastic processes [49]:

Jin (f, f0) =
∑
jk

∫
[f (r, c, t) f0j (c0)− f (r, c′, t) f0k (c′0)]

× gσ (jk; g, ĝ · ĝ′) dĝdc0, (2)

where σ (jk; g, ĝ · ĝ′) is the differential cross section for
the scattering process (j, c, c0) → (k, c′, c′0). This cross
section depends on the electron’s incident kinetic energy
and on the angle between the incident and post-collision
relative velocity, g and g′, respectively. For a neutral
mercury vapor with temperature T and number density

N , the distribution of neutral velocities c0 in state j is
Maxwell–Boltzmann:

f
(j)
0 (c0) =

N

Z (T )
exp

(
− εj
kT

)
ω (α0, c0) , (3)

where Z (T ) is the partition function, εj is the energy of
a mercury atom (or mercury dimer) in quantum state j
and

ω (α0, c0) =

(
α2
0

2π

)3/2

exp
(
−α2

0c
2
0

)
, (4)

with α2
0 = m0/kT .

Electron ionization processes are described through the
operator [51]:

JI (f, f0) =
∑
j

N0jc
[
σI (j; c) f(r, c, t)− 2

×
∫
c′σI (j; c′)B (c, c′; j) f (r, c′, t) dc′

]
, (5)

where σI is the ionization cross section while B (c, c′; j) is
the probability for one of the two electrons after ionization
having a velocity in the range c to c+dc, for incident elec-
tron velocity c′, and N0j is the number density of mercury
atoms in the state j. In the present work we assume that
all fractions are equally probable. The probability function
must satisfy the following normalization conditions:

∫
B (c, c′; j) dc = 1, (6)

and

B (c, c′; j) = 0, if ε′ − ε < εI (j) , (7)

where ε′ and ε are the incident and post-ionization energy
of the electrons while εI (j) is the ionization potential of
the jth channel.

Solution of non-conservative Boltzmann’s equation (1)
has been extensively discussed by Robson and Ness
[50,51], White et al. [52,53] and Dujko et al. [54,55]. In
brief, we expand the phase-space distribution function in
terms of spherical harmonics with the aim of resolving
its angular dependence in velocity space. Transport coef-
ficients of charged particle swarms are exclusively defined
in the hydrodynamic regime. In the hydrodynamic regime,
the space-time dependence of the phase-space distribution
function is expressed by an expansion in terms of the gra-
dient of the electron number density n (r, t). In order to
resolve the speed-dependence of the phase-space distribu-
tion function, the expansion is made in terms of Sonine
polynomials about a Maxwellian distribution function.
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Thus, we solve equation (1) by making the expansions

f (r, c, t) = ω (α, c)
∞∑
l=0

l∑
m=−l

∞∑
ν=0

∞∑
s=0

s∑
λ=0

F (νlm|sλ)

×Nνl
(
αc√

2

)l
S
(ν)
l+1/2

(
α2c2

2

)
Y [l]
m (ĉ)G(sλ)

m n (r, t) , (8)

where ω (α, c) is a Maxwellian distribution at a tempera-

ture Tb and S
(ν)
l+1/2

(
α2c2

2

)
are Sonine polynomials. Y

[l]
m (ĉ)

is a spherical harmonic, a function of the angles ĉ and

G
(sλ)
m is the irreducible gradient tensor operator [50]. The

two-term approximation which forms the basis of the con-
ventional theories for solving the Boltzmann equation, is
based upon the choice of setting the upper bound on the
summation in (8) to lmax = 1. Its limitations and domains
of applicability in calculating transport coefficients for
electrons are thoroughly discussed in references [32,33].

Substitution of expansion (8) into equation (1) and
performing the appropriate “matrix element” operations
allows the Boltzmann equation to be converted into a
set of matrix equations for the expansion coefficients
F (νlm|sλ),

∞∑
ν′=0

∞∑
l′=0

l′∑
m′=−l′

[
Mνlm, ν′l′m′ +Rδν′νδl′lδm′m

]
×F (ν′l′m′|sλ) = Xνlm (sλ) ,

ν, l = 1, 2, . . . ,∞; m = −l, . . . ,+l, (9)

where R is the reaction rate. Explicit expressions for
the matrix of coefficients Mνlm, ν′l′m′ , which contains the
applied electric field and matrix elements of the collision
operator, and right-hand side Xlmν (sλ), can be found
elsewhere [51,54]. The expansion coefficients F (νlm|sλ)
are called “moments” and are related to the electron
transport properties as discussed in our previous works
[52–55]. These quantities are numbers that depend on the
applied electric field, the neutral number density N and
cross sections for electron scattering. They are required
for determination of both the bulk and the flux transport
coefficients. The flux drift velocity is the swarm averaged
velocity, while the bulk drift velocity is the rate of change
of the swarm’s centre of mass. The duality of transport
coefficients and its implications in plasma modeling has
been recently thoroughly discussed in references [56–59].

Of particular importance for the current paper is to
note that the motion of the neutrals is systematically and
rigorously incorporated into all collision process operators
and all spherical harmonic equations. In contrast, in con-
ventional theories which are usually based on the two term
approximation, the consideration of the thermal motion of
neutrals is often limited to the isotropic matrix elements
of the elastic collision operator. Errors resulting from such
theories will be discussed and illustrated in Section 3.4.

2.2 Monte Carlo method

A Monte Carlo simulation technique is also used in the
present work, but as an independent tool with the aim of
verifying the results of Boltzmann equation analysis. We
follow the space and time development of a swarm of elec-
trons in an infinite gas under the influence of a uniform
electric field. The electron trajectories between collisions
are determined by solving the collisionless equation of
motion of a single electron. The position and velocity of
each electron are updated after the time step ∆t which is
determined from the mean collision time divided by a large
number (usually 100) depending on the simulation condi-
tions. These small time steps ∆t are used for numerical
integration of the equation for the collision probability

p (t) = νT (ε (t)) exp

(
−
∫ t

t0

νT (ε (t′)) dt′
)
, (10)

where νT is the total collision frequency while t0 is either
the time of the electron entering the gas or the time of
a previous collision. Equation (10) gives the probability
that the electron will have a collision in the time interval
(t, t+ dt) and its numerical solution requires the use of
random numbers. The type of collision is also determined
using random numbers as well as relative probabilities for
individual collisional processes. The details of our Monte
Carlo method and explicit formulas for both the bulk
and flux transport coefficients are given in several of our
previous publications [54,55,60–62].

Two important issues deserve more mentioning in this
work. First, in our Monte Carlo code we have implemented
the procedure for calculating the collision frequency in the
case when thermal motion of the background gas cannot
be neglected for a Maxwellian velocity distribution of the
background gas particles. The details of the procedure can
be found in the recent work of Ristivojević and Petrović
[63]. This was a necessary step in this work, given the
importance of thermal collisions for adequate description
of electron transport in the limit of low electric fields.

Another issue in Monte Carlo simulations of electron
transport in mercury vapor is the simulation speed. To
achieve a good statistics of the final results and also to
make sure that the relaxation of the steady-state con-
ditions has been achieved, one needs to follow a large
number of electrons. Due to numerous elastic collisions
in which only a fraction of the initial electron energy is
transferred to a heavy mercury atom target, the efficiency
of energy transfer between the electrons and neutral mer-
cury atoms is very low. As a consequence, the relaxation
of energy is a very slow process and requires large com-
putation time. In order to optimize the simulation speed,
the simulations were usually began with a relatively low
number of electrons (typically 1.5× 103) and after relax-
ation to the steady state the electron swarm was scaled
up in numbers at fixed time intervals. The newly created
electron has the same dynamic properties as the original
one until the first collision. Following the first collision the
progeny and the original electrons follow different, inde-
pendent trajectories. Detailed testing has shown that this
technique does not affect the final results, but speeds up
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the relaxation considerably. For more details the reader is
referred to [54].

3 Results and discussion

3.1 Preliminaries

In the first part of this section we cover a range of reduced
electric fields between 0.1 and 1000 Td. The temperature
of the mercury vapor is 293 K while the pressure is set
to 1 Torr. Under these conditions the impact of mercury
dimers is negligible. In what follows these conditions will
be designated as “no dimers”. In the second part of the
present work, we consider a much narrower range of the
reduced electric fields: 0.1–3 Td. The temperature is set
to 573 K and calculations are performed for a range of
pressures. The influence of mercury dimers on the drift
velocity and other transport properties is investigated over
a range of conditions that are consistent with those present
in the experiment of England and Elford [37]. In the last
segment of this work, the transport coefficients are cal-
culated using our new set of cross sections for electron
scattering in mercury vapor over a range of E/N values
and temperatures relevant to light sources which utilize
mercury discharges.

The transport coefficients shown below are functions
of E/N and are expressed using the unit of Townsend
(1 Td = 10−21 Vm2). Calculations are performed assum-
ing that the internal states are governed by a Maxwell–
Boltzmann distribution which essentially places all mer-
cury atoms in the ground state. All scattering is assumed
isotropic and hence elastic cross section is the same as
the elastic momentum transfer cross section. The thermal
motion of background particles is carefully considered in
both Boltzmann equation analysis and in Monte Carlo
simulations.

3.2 Cross sections for electron scattering in mercury
vapor

In this work, we consider electron transport in mercury
vapor using the cross section set developed in this study.
This set of cross sections is shown in Figure 1. The cross
section for momentum transfer in elastic collisions is made
as follows. For lower electron energies, we use the experi-
mentally derived cross section of England and Elford [37]
while for higher energies, we use a cross section tabulated
in MAGBOLTZ code [64]. As discussed by England and
Elford, care must be taken in deriving of a cross section
for momentum transfer from the measured drift velocities
due to diffusion effects and the presence of mercury dimers
[37]. Cross sections for electronic excitations for levels 3P0,
3P1 and 3P2 are retrieved from [65] while electronic exci-
tations to 1S0 and 1P1 states as well as a cross section for
higher states are also taken from MAGBOLTZ code. For
electron-impact ionization, we have used the cross section
from [66]. Cross sections were slightly modified during the
calculations to improve agreement between the calculated
and measured swarm parameters. We found that we were
able to achieve a good agreement between calculated and

Fig. 1. Cross sections for electron scattering in Hg vapor: (1)
elastic momentum transfer, (2) excitation 3P0, (3) excitation
3P1, (4) excitation 3P2, (5) excitation 1P1, (6) excitation 1S0,
(7) excitation to higher states and (8) ionization.

measured drift velocities for lower E/N by adjusting only
the magnitude of the elastic momentum transfer cross sec-
tion. For higher E/N (e.g. for higher electron energies),
we have slightly modified the cross sections for electronic
excitations in order to reproduce the measured ionization
coefficient. This procedure is based on the experience that
the calculated ionization rate is affected more by the mod-
ifications of the cross sections for electronic excitations
than by the modifications of the ionization cross section
[33,35].

A single effective inelastic cross section with the energy
threshold of 0.04 eV is added to our cross section set, for
electron scattering on mercury atoms, in order to rep-
resent the energy losses and momentum changes due to
rotational and vibrational excitations of mercury dimers.
It was necessary to include an effective cross section,
since there are no cross sections for other channels of
electron scattering on mercury dimers in the literature.
There are no competing processes in the same energy
range for collisions on monomers thus the contribution
of the rotational–vibrational excitation will be significant.
In principle, we may assume that the abundance of the
dimers is sufficiently low so their overall contribution is
negligible for processes that have a competing channel in
scattering on monomer. In other words, we may assume
that for all the other processes the cross sections are the
same as for the monomer and we may apply an effective
cross section for rotational and vibrational excitation of
dimers and add that process to the set of cross sections
for monomers. This effective cross section is derived using
the experimental measurements of Elford and co-workers
[36,37]. We have used the following assumptions:

– mercury dimers are always present in mercury vapor
at a concentration proportional to the number den-
sity of mercury atoms;

– in order to account for the dimer number density,
the amplitude of the effective cross section is scaled
with their fractional abundance;

– the ideal gas law is assumed for the equation of state
of mercury vapor.
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Fig. 2. Comparison of the drift velocity calculated using
the present set of cross sections with the available experi-
mental measurements of England and Elford [37], Klarfeld
[67] and McCutchen [68]. Our results for the drift velocity
are also compared with the available Monte Carlo calcula-
tions [27], Boltzmann equation results [25] and with the data
recommended by Raju [15,16].

The effective cross section for dimers at pressure p and
temperature T is given by [37]

σ (ε) = 8.3σi (ε)∆ (p, T ) , (11)

where 8.3 is a maximal value of the cross section at frac-
tional dimer abundance of 1 ppm, σi (ε) is the dimer cross
section used to fit the measurements of drift velocity and
∆ (p, T ) is the fractional abundance of dimers at pressure
p and temperature T . Cross sections σi (ε) as a function
of electron energy in units of squared angstroms are given
by England and Elford [37]. Using the above assumptions
and a value of 21.8 × 10−6 for fractional abundance of
dimers at the pressure of 1 kPa and temperature of 573 K
we have

∆ (p, T )

∆1 (p1, T1)
=

n

n1
=

p

p1

T1
T
, (12)

and hence

∆ (p, T ) = 21.8× 10−6
p

1 kPa

573 K

T
. (13)

Combining equations (11) and (13) yields the following
simple expression for deriving the dimer cross section at
the pressure p and temperature T

σ (ε) = 180× 10−6
p

1 kPa

573 K

T
σi (ε) . (14)

From equation (14) it is clear that the mercury-dimer cross
section depends on the ratio p/T . If the mercury vapor
temperature T is fixed and the pressure p is increased,
then the mercury-dimer cross section grows and vice
versa, if one keeps the pressure p fixed and increases the
mercury vapor temperature T , then the mercury-dimer
cross section declines. However, it should be noted that

Fig. 3. Comparison of the drift velocity calculated using the
present set of cross sections with those calculated using the
cross sections sets developed by Rockwood [17], Sakai et al.
[20] and Suzuki et al. [21]. Results are presented for the lower
values of E/N and are compared with the measurements of
England and Elford [37] which have been recommended by
Raju [16]. The temperature of the dimer-free mercury vapor is
573 K.

the saturated mercury vapor pressure at 573 K is 33 kPa
(approximately 248 Torr). This means that at the temper-
ature of 573 K it is not possible to consider the influence
of pressures higher than 33 kPa, and vice versa, it is not
possible to consider the transport of electrons at a pres-
sure of 33 kPa for the temperature less than 573 K. These
conditions correspond to liquid mercury, which is certainly
beyond the scope of this work.

The effective cross section which describes rotational
and vibrational excitations of mercury dimers is consid-
erable at higher pressures and lower temperatures. The
corresponding superelastic cross section has been calcu-
lated using the principle of detailed balance in a thermal
equilibrium.

3.3 Comparison between measured and calculated
transport coefficients

In order to test the present set of cross sections for electron
scattering in mercury vapor, we compare our theoretically
calculated transport coefficients with various measure-
ments and other calculations under conditions in which
the influence of mercury dimers is negligible. In particu-
lar, we compare our calculations with the two sets of data
recommended and published by Raju [15,16]. The trans-
port coefficients are shown in Figures 2–6 as functions of
E/N . Calculations are performed using the present set
of cross sections and those developed by Rockwood [17],
Sakai et al. [20] and Suzuki et al. [21]. We have applied a
multi term approach for solving the Boltzmann equation
assuming the pressure of 1 Torr while the temperature of
mercury vapor is set to 293 K. Under these conditions the
influence of mercury dimers on transport coefficients could
be neglected. The convergence of transport coefficients
was good and a value of lmax = 5 was generally required
for achieving an accuracy to within 1% or better.
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Fig. 4. Comparison of the drift velocity calculated using the
present set of cross sections with those calculated using the
cross sections sets developed by Rockwood [17], Sakai et al. [20]
and Suzuki et al. [21]. Results are also compared with the drift
velocity data recommended by Raju [15,16]. The temperature
of the dimer-free mercury vapor is 293 K.

Fig. 5. Comparison of the characteristic energy, calculated
using the present set of cross sections with those calculated
using the cross section sets developed by Rockwood [17],
Sakai et al. [20] and Suzuki et al. [21]. Results are also com-
pared with the measurements of Ovcharenko and Chernyshev
[69], Hayes and Wojacyek [70] and Klarfeld [67].

The bulk and flux drift velocities along with the exper-
imental results of Klarfeld [67], McCutchen [68] and those
recommended by Raju [15,16] are shown in Figure 2. The
values of drift velocity calculated by a Monte Carlo sim-
ulation technique [27] and those obtained by solving the
Boltzmann equation [25] are also plotted. For the low val-
ues of E/N we observe relatively poor agreement between
our results and measurements of England and Elford [37].
This follows from the fact that our calculations have been
performed assuming the mercury vapor temperature of
293 K while the experimental values of drift velocities in
a dimer-free mercury vapor of England and Elford are
obtained at 573 K. The Raju’s 2012 recommended data
are consistent with the measurements England and Elford
[37]. After increasing the temperature of dimer-free mer-
cury vapor to 573 K in our calculations, we have observed

Fig. 6. Comparison of the ionization coefficient calculated
using the present set of cross sections with those calcu-
lated using the cross section sets developed by Rockwood
[17], Sakai et al. [20] and Suzuki et al. [21]. Results are also
compared with the Raju’s 2012 recommended data.

an excellent agreement between the calculated and mea-
sured drift velocities (see Fig. 3). Comparing our results
and those measured by McCutchen [68], it is evident
that a significant disagreement exists (see Fig. 2). The
signs of NDC are clearly evident in the measurements
of McCutchen [68]. This suggests that the experiment
was operated under conditions in which the traces of
mercury dimers were present. Indeed, the pressure of mer-
cury vapor in his experiment was set to 350 Torr while
no temperatures were given for any experimental runs.
The agreement between our results and measurements
of McCutchen [68] becomes much better for the higher
values of E/N as the impact of mercury dimers on the
drift velocity is reduced. At intermediate fields (10 Td<
E/N <100 Td), our results and Monte Carlo results of Liu
and Raju [27] agree also very well. At higher E/N , above
100 Td, we see that the present calculations tend to lie a
little above the experimental results of Klarfeld [67] and
calculations of Garamoon and Abdelhaleem [25]. Never-
theless, the agreement is still quite reasonable. Due to the
explicit contribution of ionization, the differences between
the bulk and flux values of the drift velocity are of the
order of 25% in the limit of the highest E/N considered in
this work. Below 100 Td, however there is no appreciable
difference between the two. In conclusion, from the pro-
file of the drift velocity calculated using the present set
of cross sections and temperature of 293 K for mercury
vapor, there are no signs of NDC, i.e., the drift velocity is
a monotonically increasing function of E/N .

In Figure 4 we show the variation of the flux and bulk
drift velocities with E/N . The plots were calculated using
the present set of cross sections and those developed by
Rockwood [17], Sakai et al. [20] and Suzuki et al. [21].
For clarity, the flux drift velocity is shown only for the
present set of cross sections. The results are also com-
pared with the two sets of Raju’s recommended data
[15,16]. For the lower values of E/N , we again observe
the inconsistency between our calculated data assuming
the present set of cross sections and Raju’s 2012 rec-
ommended data [16]. Increasing the temperature of the
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Fig. 7. Drift velocity as a function of E/N for a range of
pressures. The temperature of the mercury vapor is 573 K.

mercury vapor to 573 K the agreement between our calcu-
lations and Raju’s 2012 recommended data is excellent
(see Fig. 3). In the same region of E/N , the agree-
ment between the calculated drift velocities assuming
the cross section sets developed by Rockwood [17] and
Sakai et al. [20] is very good. The agreement is not sur-
prising, since the cross section for momentum transfer
in elastic collisions developed by Rockwood [17] was also
used by Sakai et al. [20]. For the intermediate values of
E/N (10 Td< E/N <100 Td), we observe the excellent
agreement between all calculated drift velocities. For the
higher values of E/N , the agreement is slightly deterio-
rated. The calculated flux drift velocity using the present
set of cross sections agrees reasonably well with the calcu-
lated bulk drift velocity assuming the set of cross sections
developed by Sakai et al. [20]. On the other hand, the bulk
drift velocities calculated using the present set and a set
of cross sections developed by Suzuki et al. [21] agree very
well. The set of cross sections developed by Rockwood [17]
could not be used for calculations in the limit of higher
E/N since it covers the range of electron energies only up
to 30 eV. In conclusion, with the exception of the Raju’s
2006 recommended data, our calculations clearly show the
absence of NDC for all sets of cross sections employed in
this work.

Figure 5 shows the flux and the bulk characteristic
energies as a function of E/N . The characteristic energy
provides a good estimate of the average energy of the elec-
trons in the swarm. This quantity is extremely sensitive to
the presence of inelastic processes and hence its compar-
ison with experimental data indicates the quality of the
energy balance of the cross section sets under considera-
tion. Calculations using the present set of cross sections
and those developed by Rockwood [17], Sakai et al. [20]
and Suzuki et al. [21] are compared with the experimen-
tal results of Ovcharenko and Chernyshev [69], Hayes and
Wojacyek [70] and Klarfeld [67]. For the lower values of
E/N , we observe that the characteristic energy calculated
from the present set of cross sections is in quite nice agree-
ment with measurements of Ovcharenko and Chernyshev
[69]. The agreement is also good with the measurements
of Hayes and Wojacyek [70] for the intermediate values of

Fig. 8. Mean energy as a function of E/N for the same
conditions as in Figure 7.

E/N while in the limit of the highest E/N considered in
this work, the calculated values approach to each other
and generally tend to lie a little below the experimental
results of Klarfeld [67].

In Figure 6 we show the variation of the ionization
coefficient with E/N . Calculations using the present set
of cross sections and those published by Rockwood [17],
Sakai et al. [20] and Suzuki et al. [21] are compared
with the Raju’s 2012 recommended data. The agreement
between Raju’s 2012 recommended data and those cal-
culated assuming the present set of cross sections is very
good. On the other hand, calculations assuming the set of
cross sections developed by Suzuki et al. [21] are system-
atically higher than Raju’s 2012 recommended data while
calculations using the sets of cross sections developed by
Rockwood [17] and Sakai et al. [20] are lower at low E/N
than Raju’s 2012 recommended data. We observe that cal-
culation based on the present set of cross sections slightly
deviate from the Raju’s 2012 recommended data only in
the limit of lower E/N . One may expect such behavior as
the computer code must cope with very small values of
the distribution function in the energy region where the
ionization cross section is appreciable. Furthermore, the
experimental measurements of the ionization coefficient
in the vicinity of the ionization threshold, usually have
great uncertainty.

3.4 Pressure dependence of transport coefficients and
NDC effect

In this section we investigate the effects of mercury dimes
on electron transport. Calculations are performed for a
range of pressures while the temperature of mercury vapor
is set to 573 K. The cross sections detailed in Section 3.2
and displayed in Figure 1 are used as an input into Monte
Carlo simulations. In Figure 7 we show the drift veloc-
ity as a function of E/N for a range of pressures. From
Figure 7 we see that the drift velocity increases with the
pressure of mercury vapor for low values of E/N and
becomes pressure independent for higher values of E/N .
Other transport coefficients and properties show pressure
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Fig. 9. Longitudinal and transverse diffusion coefficients as a function of E/N for the same conditions as in Figure 7.

dependence over the same range of E/N . As an illustra-
tive example, in Figures 8 and 9 we show the variation
of the mean energy and diffusion coefficients with E/N .
While the mean energy decreases with an increasing pres-
sure, the diffusion coefficients are increased. The pressure
dependence of the drift velocity (and other transport coef-
ficients) arises through the pressure dependence of the
dimer cross section. It is well known that in elastic col-
lisions a fraction of the initial energy m/M is transferred
from the electron to the neutral particle, while for inelas-
tic collisions a considerably larger fixed energy loss is
transferred in addition, per each interaction. Assuming
isotropic model of scattering, the vector of electron veloc-
ity is arbitrarily oriented after collisions, which leads to
a reduction in the directed component of the velocity. In
other words, elastic collisions have the effect of random-
izing the direction of electron motion, while preserving
their speeds. When inelastic collisions are significant, how-
ever, the energy transfer is no longer relatively small.
This in turns reduces the chaotic component of the elec-
tron velocity, and inelastic collisions no longer have the
effect of randomizing the direction of electron motion.
This indicates that the increase in gas pressure enhances
drift velocity and reduces mean energy. For higher electron
energies, the cross section for mercury dimers is reduced
and transport coefficients become pressure independent.

In addition to the pressure dependence of the drift
velocity and other transport coefficients, we observe the
presence of NDC in the profiles of drift velocity in the
limit of pressures that approach to the pressure of satu-
rated mercury vapor. A study of the NDC for model gases
was performed by Petrović et al. [38] in which the condi-
tions for elastic and inelastic cross sections required for
the occurrence of NDC were discussed. Using momentum
transfer theory, Robson had developed an analytical cri-
terion for NDC in a conservative single gas [39] that was
further extended in [40]. An intimate connection between
NDC and inelastic collisions was recognized in these stud-
ies. It was shown that NDC arises for certain combinations
of elastic and inelastic cross sections in which, on increas-
ing the electric field, there is a rapid transition from
inelastic to elastic dominated energy loss mechanism. In
this transition region, for a given increase in the electric
field, a greater proportion of the energy input goes into

chaotic motion rather than directed motion. As a conse-
quence, the drift velocity falls with an increasing electric
field.

This is exactly what happens in mercury vapor at
higher pressures. As already discussed, mercury dimers
are always present in a mercury vapor at a concentration
proportional to the vapor pressure. Thus, as the pres-
sure of mercury vapor increases, the dimer cross section
increases as well as the corresponding collision frequency
(see Fig. 10). For pressures higher than approximately
100 Torr and in the limit of lower values of E/N , the
inelastic energy loss mechanism dominates the elastic
energy loss mechanism. For increasing E/N the collision
frequency of inelastic collisions decreases while the colli-
sion frequency for elastic collisions rises. This favors the
development of NDC even though the difference between
the collision frequencies is almost five orders of magni-
tude! However, if one takes into account that the average
energy loss in an elastic collision is between 1 × 10−7

and 1 × 10−6 eV, while the energy loss in inelastic col-
lisions is 0.04 eV, it is clear that a relatively small ratio
between collision frequencies in inelastic and elastic col-
lisions is compensated by the substantial differences in
energy losses. At pressures lower than approximately
100 Torr, the concentration of mercury dimers is low. As
a consequence, the energy losses in inelastic collisions are
significantly lower than those in elastic collisions over the
entire range of E/N . Under these conditions, NDC does
not occur in the E/N profiles of the drift velocity.

These physical arguments are illustrated in Figure 11.
Figure 11 shows the ratio between the average elastic and
inelastic energy losses as a function of E/N . The aver-
age inelastic energy loss Ωinel is evaluated as a product
of the rate coefficient for an inelastic dimer process and
the corresponding threshold of 0.04 eV. It should be noted
that the elastic energy loss Ωelas is approximated by the
product of mean energy, the collision frequency of elastic
collisions and the factor 2m/M . By doing so, we have actu-
ally reduced the contribution of elastic collisions, having in
mind that the collision frequency of elastic collisions and
the corresponding energy losses are greater for electrons
with energies higher than the average electron energy. The
accurate calculation may be very efficiently performed in
Monte Carlo simulations, but we defer this to a future
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Fig. 10. Rate coefficients for elastic and inelastic collisions as a function of E/N in the presence of mercury dimers. The rate
coefficient of inelastic processes which describes the presence of dimers is multiplied by the factor of 1 × 105. Calculations are
performed for the same conditions as in Figure 7.

Fig. 11. Ratio between the average elastic and inelastic energy
losses as a function of E/N for the same conditions as in
Figure 7.

work. In any case, we observe that only for higher pres-
sures of mercury vapor the ratio between energy losses in
elastic and inelastic collisions favors the development of
NDC.

Figures 12 and 13 illustrate the importance of includ-
ing an accurate representation for thermal motion of the
mercury atoms in our analysis of the drift velocity in the
limit of lower values of E/N . Our multi term Boltzmann
equation results with the rigorously incorporated effects
of thermal motion of the mercury atoms are compared
with our Monte Carlo results obtained under the condi-
tions in which no thermal motion is considered. Our Monte
Carlo results with the systematically incorporated effects
of thermal motion of the mercury atoms are not included
in this figure as they are essentially the same as those
obtained through a multi term approach for solving the
Boltzmann equation. Both sets of our calculated data are
compared with the measurements of England and Elford
[37]. Comparing experiment and our Boltzmann equation

results with the rigorously incorporated effects of thermal
motion of the mercury atoms, we observe an excellent
agreement between these two sets of data. In contrast,
our Monte Carlo simulation results in which no thermal
motion of the mercury atoms is considered, systematically
overestimate the measurements in the limit of the low-
est E/N . A false NDC like structure in the Monte Carlo
T = 0 profiles of the drift velocity for all pressures of the
mercury vapor is clearly evident. However, for increas-
ing E/N the agreement between the measurements and
Monte Carlo simulations in which no thermal motion is
considered, becomes much better. As expected, the dis-
agreement between the measurements and Monte Carlo
simulations in which no thermal motion is considered is
more pronounced for higher pressures.

3.5 Temperature dependence of transport coefficients

In this section we present results showing the variation of
transport properties with E/N and mercury vapor tem-
perature, T . Calculations are performed for two different
cases: (1) the presence of mercury dimers assuming the
pressure of 248 Torr, and (2) no dimers in the mercury
vapor. Temperatures less than 573 K cannot be considered
in the first scenario as for this pressure the mercury is in
liquid form. These two scenarios for our calculations are
considered with the aim of separating the thermal effects
from those induced by mercury dimers.

In Figure 14 we show the variation of the mean energy
with E/N for various mercury vapor temperatures, T . We
observe that the mean energy is a monotonically increas-
ing function of E/N for a fixed T . In the limit of low
values of E/N the mean energy of the electrons is ther-
mal and does not depend on E/N . This suggests that
the velocity distribution function is essentially a thermal
Maxwellian. For increasing T , the thermal deadlock is bro-
ken at higher E/N . For T = 573 K and T = 1000 K, we
observe that the mean energy is higher in the case where
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Fig. 12. Comparison between the calculated and measured values of drift velocity for pressures of 40.3 Torr (left panel) and
60.4 Torr (right panel). Monte Carlo results are obtained assuming atoms at rest (T = 0 K) while the gas temperature effects
are considered through a multi term approach for solving the Boltzmann equation (T = 573 K).

Fig. 13. Comparison between the calculated and measured values of drift velocity for pressures of 93.0 Torr (left panel) and
108.5 Torr (right panel). Calculations are performed for the same conditions as in Figure 12.

Fig. 14. Variation of the mean energy of the electron swarm
as a function of E/N for various mercury vapor temperatures
as indicated on the graph. The pressure of mercury vapor is
248 Torr.

no mercury dimers occur. It is clear that when the mer-
cury dimers are present, the electrons lose more energy in
inelastic collisions. For T ≥ 2000 K the influence of mer-
cury dimers is negligible. For low and intermediate values

of E/N the mean energy is distinctively dependent on T .
In the limit of higher values of E/N the mean energies
are higher than the corresponding thermal mean energies,
which is a clear sign that the velocity distribution func-
tion is no longer a thermal Maxwellian. In this regime, the
impact of the mercury vapor temperature T on the mean
energies is minimal.

In Figures 15 and 16 we show the variation of the drift
velocity with E/N for various mercury vapor tempera-
tures, T . The drift velocity is a monotonically increasing
function of E/N for all mercury vapor temperatures T ,
except for T = 573 K. At this temperature, NDC is clearly
evident in the E/N -profile of drift velocity. With further
increase in mercury vapor temperature, a decrease in drift
velocity with increasing E/N is firstly reduced and then it
is completely removed. From equation (14) it is clear that
for increasing mercury vapor temperature and fixed pres-
sure, the mercury-dimer cross section declines. As a conse-
quence, the collision frequency of inelastic collisions whose
presence is of an essential importance for the development
of NDC effect, is also firstly reduced, and then severely
minimized which ultimately leads to a disappearance of
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Fig. 15. Variation of the bulk drift velocity of the electron swarm as a function of E/N for the same conditions as in Figure 14.

Fig. 16. Variation of the bulk longitudinal diffusion coefficient of the electron swarm as a function of E/N for the same
conditions as in Figure 14.

NDC. The lesson from this is that the temperature of mer-
cury vapor can be used to control the occurrence of NDC.

In the limit of lower E/N the drift velocity generally
decreases with increasing T , though this is not the case for
T = 8000 K. For T = 8000 K we see that the drift veloc-
ity is above the values calculated for T = 4000 K. For the
temperature of 8000 K, the mean energy is high enough
to exceed the peak value of the “0.4 eV” shape resonance
in the cross section for elastic scattering. On the other
hand, for T = 4000 K, the mean energy is significantly
lower and corresponds to the range of energies in which the
cross section for elastic collisions rises with an increasing
energy of the electrons. As a consequence, the drift veloc-
ity is lower. For the intermediate values of E/N (between
1 and 10 Td, approximately) the behavior of drift velocity
is very complex. In the energy region corresponding to the
intermediate values of E/N , there is an overlap of the dis-
tribution function not only with a very large resonance in
the elastic cross section, but also with the cross sections of
inelastic processes that are now open. Finally, for higher
values of E/N the drift velocity does not depend on the
mercury vapor temperature and the drift of the electrons
is entirely controlled by the electric field.

The variation of the diffusion coefficients with E/N
for various mercury vapor temperatures, T , is shown in
Figures 16 and 17. The impact of mercury dimers on
both NDL and NDT is evident only for lower values of

E/N and lower T . At fixed T and for increasing E/N
the electric field rises the energy of the electrons and
the mercury-dimer cross section begins to fall. The same
occurs at fixed E/N and with increasing T . Furthermore,
in the limit of the lowest E/N and for a fixed E/N both
NDL and NDT display a minimum with respect to T .
In contrast to the drift velocity, the minimum occurs at
T = 2000 K, indicating that diffusion coefficients show a
remarkable sensitivity to the energy dependence of cross
sections and presence of inelastic collisions. For the inter-
mediate values of E/N , the most distinct property is the
existence of a local minimum in the E/N profiles of both
NDL and NDT . With a decreasing temperature, the min-
imum becomes more pronounced and is shifted towards
higher E/N . The fall in both NDL and NDT by increas-
ing E/N reflects the rapidly rising elastic cross section,
e.g., the velocity distribution function samples the lower
energy branch of the “0.4 eV” shape resonance. Com-
paring the behavior of diffusion coefficients at low and
intermediate values of E/N , one can see that the con-
tribution of mercury dimers is more important for lower
values of E/N . In the limit of higher E/N , the impact
of temperature on the behavior of diffusion coefficients
is minimal. However, the longitudinal diffusion coefficient
shows a more complex behavior with varying temperature.

In Figure 18 we show variation of the ratio NDT to
NDL with E/N for various mercury vapor temperatures,
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Fig. 17. Variation of the bulk transverse diffusion coefficient of the electron swarm as a function of E/N for the same conditions
as in Figure 14.

Fig. 18. Variation of the ratio of transverse to longitudinal diffusion coefficient of the electron swarm as a function of E/N for
the same conditions as in Figure 14. Bulk values of diffusion coefficients are used.

T . We observe that the degree of anisotropic diffusion is
significantly reduced by increasing mercury vapor tem-
perature, T , in both scenarios considered here, i.e., in the
presence of dimers and in their absence. In the limit of the
lowest E/N diffusion is isotropic, i.e. NDL = NDT since
velocity distribution function is a thermal Maxwellian. At
a fixed T the ratio NDT /NDL increases with increas-
ing E/N , reaching a maximal value between 0.5 and
0.9 Td depending on the temperature T , and then it starts
to decrease with E/N . For T = 573 K there is a factor
higher than 4 between the longitudinal and transverse
diffusion coefficients. In contrast, for T = 8000 K the dif-
fusion is isotropic in a wide range of E/N , and only
for E/N > 1 Td, the longitudinal diffusion coefficient is
greater than the transverse, i.e. NDL > NDT . The rever-
sal of the inequality is a clear sign of the rapid fall in the
elastic cross section. Indeed, in this energy range the veloc-
ity distribution function samples the high energy branch
of the “0.4” shape resonance of the elastic cross sections
which rapidly falls with increasing electron energy.

4 Conclusion

In this paper, we have presented the results of a system-
atic investigation of electron transport in mercury vapor

under the influence of electric field. First, we have com-
piled a complete set of cross sections for electron scattering
in mercury vapor using the available data in the litera-
ture for individual collisional processes. In our evaluation,
performed both with multi term Boltzmann and Monte
Carlo codes, the initially compiled set of cross sections
has been modified in order to reproduce the experimental
data. The best agreement between calculated and mea-
sured drift velocities in the limit of lower electron energies
was achieved by adjusting only the magnitude of the
elastic momentum transfer cross section. For higher elec-
tron energies, we have only slightly modified the cross
sections for electronic excitations in order to reproduce
the measured ionization coefficient. We have also consid-
ered the issue of assessing the completeness, accuracy, and
consistency of other cross section sets for electron scatter-
ing in mercury vapor by comparing calculated transport
coefficients with those measured in various experiments.
Our calculations highlight some inadequacies in these
sets of cross sections and indicate possibilities for their
improvements.

We have also outlined issues associated with the pres-
sure and temperature dependences of transport coeffi-
cients. It was shown that the pressure dependence of the
transport coefficients arise through the pressure depen-
dence of the mercury-dimer cross section. In particular,
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we have discussed the NDC phenomenon in the limit of
lower values of the reduced electric fields. Conditions lead-
ing to NDC have been discussed and it was concluded
that the phenomenon is induced by the presence of mer-
cury dimers. Following the previous works of England and
Elford [37], we have derived the mercury-dimer cross sec-
tion for a range of pressures and temperatures of mercury
vapor. One of the critical elements in our analysis of the
drift velocity in the limit of lower values of the reduced
electric fields was an accurate representation for thermal
motion of the mercury atoms. Within a multi term theory
for solving the Boltzmann equation used in the present
work, the thermal motion of the neutral mercury atoms is
systematically incorporated into all collision process oper-
ators and all spherical harmonic equations. Likewise, our
Monte Carlo simulation code has been improved by imple-
menting an efficient algorithm for calculating the collision
frequency in the case when thermal motion of the back-
ground gas cannot be neglected for a Maxwellian velocity
distribution of the background gas particles. Without
these critical elements in a theory for solving the Boltz-
mann equation and Monte Carlo simulation codes, the
variation of the drift velocity with the reduced electric
field is unphysical in domain of lower electric fields.

Using a set of cross sections presented in this work, in
the near future we plan to investigate the electron trans-
port in crossed electric and magnetic fields. Calculations
will be made with the aim of providing the data for fluid
modeling of inductively coupled mercury discharges which
are utilized in some types of electrodeless lamps. Similar
calculations will be performed for ac electric and mag-
netic fields having in mind that both the electric and
magnetic fields could be time-dependent. We also plan to
develop complete and consistent sets of cross section for
other materials, including indium, sodium and other metal
vapors relevant for the lighting industry. The first steps
have been made and the results are very encouraging [71].
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S. Dujko, Plasma Sources Sci. Technol. 25, 065010 (2016)
42. N.L. Aleksandrov, N.A. Dyatko, I.V. Kochetov, A.P.

Napartovich, D. Lo, Phys. Rev. E 53, 2730 (1996)
43. Z. Donko, N. Dyatko, Eur. Phys. J. D 70, 135 (2016)
44. K. Yamamoto, N. Ikuta, J. Phys. Soc. Jpn. 68, 2602 (1999)
45. G.J. Boyle, R.P. McEachran, D.G. Cocks, R.D. White, J.

Chem. Phys. 142, 154507 (2015)
46. G.J. Boyle, D.G. Cocks, R.P. McEachran, M.J. Brunger,

S.J. Buckman, S. Dujko, R.D. White, J. Phys. D: Appl.
Phys. 49, 355201 (2016)

47. F. Taccogna, G. Dilecce, Eur. Phys. J. D 70, 251 (2016)
48. L. Boltzmann, Wein. Ber. 66, 275 (1872)
49. C.S. Wang-Chang, G.E. Uhlenbeck, J. DeBoer, in Stud-

ies in statistical mechanics, edited by J. DeBoer, G.E.
Uhlenbeck (Wiley, New York, 1964), Vol. 2, p. 241

50. R.E. Robson, K.F. Ness, Phys. Rev. A 33, 2068 (1986)
51. K.F. Ness, R.E. Robson, Phys. Rev. A 34, 2185 (1986)
52. R.D. White, K.F. Ness, R.E. Robson, Appl. Surf. Sci. 192,

26 (2002)
53. R.D. White, R.E. Robson, S. Dujko, P. Nicoletopoulos,

B. Li, J. Phys. D: Appl. Phys. 42, 194001 (2009)
54. S. Dujko, R.D. White, Z.Lj. Petrović, R.E. Robson, Phys.
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Abstract. In this work we extend a multi term solution of the Boltzmann equation for electrons in neutral
gases to consider the third-order transport coefficient tensor. Calculations of the third-order transport
coefficients have been carried out for electrons in noble gases, including helium (He), neon (Ne), argon
(Ar), krypton (Kr) and xenon (Xe) as a function of the reduced electric field, E/n0 (where E is the electric
field while n0 is the gas number density). Three fundamental issues are considered: (i) the correlation
between the longitudinal component of the third-order transport tensor and the longitudinal component
of the diffusion tensor, (ii) the influence of the third-order transport coefficients on the spatial profile of
electron swarm, and (iii) the errors associated with the two term approximation for calculating the third-
order transport coefficients for electron swarms in noble gases. It is found that a very strong correlation
exists between the longitudinal components of the third-order transport coefficient tensor and diffusion
tensor for the higher values of E/n0. The effects of the third-order transport coefficients on the spatial
profile of electron swarms are the most pronounced for noble gases with the Ramsauer-Townsend minimum
in the cross sections for elastic scattering. The largest errors of two term approximation are observed in
the off-diagonal elements of the third-order transport coefficient tensor in Ar, Kr and Xe for the higher
values of E/n0.

1 Introduction

The investigation of charged particle transport in neu-
tral gases has a wide range of applications, ranging from
the modeling of swarm experiments [1–5] and modeling
of low-temperature plasmas [6,7], to high-voltage technol-
ogy [8] and modeling of particle detectors used in high-
energy physics [9,10]. While there is a rich amount of data
concerning the lower-order transport coefficients, includ-
ing the drift velocity, diffusion coefficients and rate coef-
ficients, for both electrons and ions, [11,12] and recently
for positrons [13,14], the third-order transport coefficients
are still largely unexplored as they are difficult to measure,
and difficult to investigate theoretically.

The third-order transport coefficient tensor is required
for the conversion of hydrodynamic transport coefficients
into transport data that are measured in the arrival time

? Contribution to the Topical Issue “Low-Energy Positron
and Positronium Physics and Electron-Molecule Collisions and
Swarms (POSMOL 2019)”, edited by Michael Brunger, David
Cassidy, Saša Dujko, Dragana Marić, Joan Marler, James
Sullivan, Juraj Fedor.

a e-mail: sasa.dujko@ipb.ac.rs

spectra [15,16] and the steady-state Townsend experi-
ments [4]. In addition, the third-order transport coeffi-
cients are needed for the representation of the spatial
distribution of the swarm under conditions where this dis-
tribution deviates from the ideal Gaussian. Moreover, the
third-order transport coefficients would be very useful in
the swarm procedure for determining the sets of cross
sections for the scattering of electrons and/or ions with
neutral particles, if these transport coefficients were both
calculated and measured with sufficient accuracy [17,18].

The third-order transport coefficients have been investi-
gated by several authors. Whealton and Mason have deter-
mined the structure of the third-order transport tensor
for an electric field only situation, and have calculated
third-order transport coefficients for electrons assuming
the constant collision frequency model gas [19]. Penetrante
and Bardsley calculated the third-order transport coeffi-
cients for electrons in He, Ne and Ar by using the Monte
Carlo simulations and a two term approximation for solv-
ing the Boltzmann equation [17]. Vrhovac and co-workers
investigated the third-order transport tensor for electrons
in He, Ne and Ar by employing the momentum transfer
theory [18]. Koutselos studied the third-order transport
coefficients of ions in atomic gases by using the molecular
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dynamics simulations and a three-temperature method
for solving Boltzmann’s equation [21–24]. The equality of
the higher-order transport coefficients between an elec-
tron swarm developing from multiple electron sources
and another originating from a single electron source was
investigated by Sugawara and Sakai [25]. The third-order
transport coefficients for electrons in methane (CH4) and
sulfur hexafluoride (SF6) have been recently investigated
by Kawaguchi and co-workers via Monte Carlo simula-
tions [16]. They have also derived the relation between
the longitudinal third-order transport coefficient and the
alpha-parameters, by using the theory of arrival time spec-
tra of an electron swarm initially developed by Kondo
and Tagashira [15]. Petrović and co-workers also recently
investigated the third-order transport coefficient tensor for
electrons in CH4 by using Monte Carlo simulations and
the multi term method for solving the Boltzmann equa-
tion [26]. Finally, Stokes and co-workers have studied the
third-order transport coefficients for localized and delocal-
ized charged-particle transport [27].

In this work we extend the multi term solution of
Boltzmann’s equation with the aim of investigating behav-
ior of third-order transport coefficients in noble gases. As
noble gases have simpler cross section sets than molecu-
lar gases, they are a good starting point for studying the
third-order transport coefficients. Moreover, it is interest-
ing to investigate the influence of the Ramsauer-Townsend
minimum on the third-order transport tensor for electrons
in Ar, Kr and Xe, as it can be expected that a rapid varia-
tion of the cross section for elastic collisions in these gases
will leave a distinguishable signature on the profiles of the
third-order transport coefficients. Moreover, if the compo-
nents of the third-order transport tensor have very high
values for electrons in Ar, Kr and Xe at low electric fields,
due to the presence of the Ramsauer-Townsend minimum,
they could also have a significant influence on the spatial
profile of a swarm of electrons under these conditions.

The paper is organized as follows. In Section 2.1 we
present the basic elements of the theory and definition
of the third-order transport tensor. In Section 2.2 we
describe the multi term method for solving the Boltzmann
equation used in the present work where special emphasis
is placed on the relating the third-order transport coef-
ficients and the moments of the distribution function.
In Section 3.1 we describe the cross sections used as an
input to solve Boltzmann’s equation and the conditions
of our calculations. In Section 3.2 we analyze the E/n0-
dependence of mean energy for electrons in He, Ar, Kr
and Xe. In Section 3.3 we investigate the variation of the
third-order transport coefficients with E/n0 for electrons
in four noble gases. In Section 3.4 we study correlation
between the longitudinal component of the third-order
transport tensor and the longitudinal component of the
diffusion tensor for electrons in He, Ne, Ar, Kr and Xe.
In Section 3.5 we consider the influence of the third-order
transport coefficients on the spatial profile of the swarm
for electrons in these five gases. Finally, in Section 3.6 we
discuss the errors associated with the two term approxima-
tion for solving the Boltzmann equation in the framework
of calculations of the third-order transport coefficients for

electrons in noble gases. Our conclusions are summarized
in Section 4.

2 Theory: definitions and methods
of calculation

2.1 Definition of the third-order transport coefficient
tensor

In the present work, we consider a swarm of electrons
which moves in an infinite and homogeneous background
gas under the influence of a constant and uniform elec-
tric field. The z axis of the system is oriented along the
direction of the electric field. The number density of elec-
trons is very low and hence, the space charge effects and
collisions between electrons are considered to be negligi-
ble. The background gas is regarded to be in a thermo-
dynamic equilibrium at a temperature T0, and the effect
of the swarm on the state of the background gas can
be neglected. The swarm of electrons is represented by
the phase space distribution function f(r, c, t), which is a
function of position r, velocity c and time t.

The continuity of the swarm in the configuration space
is expressed by the following equation

∂n(r, t)
∂t

+∇ · Γ(r, t) = S(r, t), (1)

where n(r, t) is the number density of electrons, while
Γ(r, t) and S(r, t) are the flux of electrons and the source
term, respectively. The number density of electrons can be
expressed in terms of the phase space distribution function
f(r, c, t) as

n (r, t) =
∫
f (r, c, t) dc, (2)

where integration is performed over the entire velocity
space.

When the swarm is located far from boundaries of
the system, and far from sources and sinks of charged
particles, and when the applied electric field is spatially
uniform, the swarm can enter the hydrodynamic regime
[2,28]. In the hydrodynamic regime all space-time depen-
dence of the phase space distribution function may be
expressed in terms of functionals of the number density
n (r, t). Under the hydrodynamic conditions, the phase
space distribution function can be represented by the fol-
lowing expression

f (r, c, t) =
∞∑
k=0

f (k) (c, t)� (−∇)k n (r, t), (3)

where f (k) (c, t) are time-dependent tensors of rank k
and � denotes a k-fold scalar product. This expres-
sion is known as the density gradient expansion of the
phase space distribution function [28]. If the background
electric field is static, the tensors f (k) (c, t) are inde-
pendent of time, after the swarm has relaxed to a sta-
tionary state. In the hydrodynamic regime, the flux of
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velocity of charged particles is defined by the flux gradient
relation

Γ (r, t) =
∞∑
k=0

Γ(k+1) � (−∇)k n (r, t), (4)

where the superscripts (k) denote the order of the density
gradient, while (k + 1) denote the ranks of the tensors
Γ(k+1). These tensors represent the flux transport coef-
ficients [29]. By truncating the flux gradient relation at
k = 2, the following equation is obtained

Γ (r, t) = W(f)n (r, t)−D(f) �∇n (r, t)

+ Q(f) � (∇⊗∇)n (r, t) , (5)

where ⊗ is the tensor product, W(f) and D(f) are the flux
drift velocity and the flux diffusion tensor, respectively,
while Q(f) defines the flux third-order transport coefficient
tensor.

For an electric field only configuration, the third-order
transport coefficient tensor has seven non-zero elements of
which three are independent [19]. The independent com-
ponents of the third-order transport tensor are Q(f)

xxz, Q
(f)
zxx

and Q
(f)
zzz. Other non-zero components are related to the

independent components by the following symmetry rela-
tions [19]:

Q(f)
xzx = Q(f)

xxz = Q(f)
yyz = Q(f)

yzy, (6)

Q(f)
zyy = Q(f)

zxx. (7)

The longitudinal and transverse third-order transport
coefficients are defined as:

Q
(f)
L = Q(f)

zzz, Q
(f)
T =

1
3

(Q(f)
xxz +Q(f)

xzx +Q(f)
zxx). (8)

The hydrodynamic expansion of the source term is given
by [28]

S (r, t) =
∑∞
k=0 S(k) � (−∇)k n (r, t), (9)

where the superscripts (k) denote the rank of tensors S(k)

[29]. By substituting equations (5) and (9) into (1) the
generalized diffusion equation, which is truncated at third-
order gradients, is obtained. This equation can be written
as

∂n (r, t)
∂t

+ W(b) �∇n (r, t)−D(b) � (∇⊗∇)n (r, t)

+ Q(b) � (∇⊗∇⊗∇)n (r, t) = Rprodn (r, t) ,
(10)

where Rprod is the net particle production-rate, W(b) and
D(b) are the bulk drift velocity and bulk diffusion tensor,
respectively, and Q(b) is the bulk third-order transport
coefficient tensor. Bulk transport coefficients are related
to the corresponding flux transport coefficients as [2,11,29]

W(b) = W(f) + S(1), (11)

D(b) = D(f) + S(2), (12)

Q(b) = Q(f) + S(3). (13)

Equation (10) cannot be solved analytically, even for
the set of simple boundary conditions found in an ideal-
ized time-of-flight experiment [2]. However, this equation
can be solved approximately if the Fourier transform of
the solution is expanded in a Taylor series in terms of
components of the third-order transport coefficient tensor
[20]. The approximate solution up to the first-order can
be written as [20]
n(1) (r, t) = n(0) (r, t)

×

[

1 +Q
(b)
L

t
(
z −W (b)t

)3

− 6D
(b)
L t2

(
z −W (b)t

)

8
(
D

(b)
L t
)3

+Q
(b)
T

3t
(
z −W (b)t

)(
x2 + y2 − 4D

(b)
T t
)

8D
(b)
L t

(
D

(b)
T t
)2

]

, (14)

where n(0)(r, t) is the solution of the diffusion equation,
which has the form [2]

n(0)(r, t) =
N0e

Rprodte
− (z−W (b)t)2

4D
(b)
L

t
− x2+y2

4D
(b)
T

t(
4πD(b)

T t
)√

4πD(b)
L t

, (15)

while N0, W (b), D(b)
L , D(b)

T , Q(b)
L and Q

(b)
T are the initial

number of particles, bulk drift velocity, bulk longitudinal
diffusion, bulk transverse diffusion, and bulk values of lon-
gitudinal and transverse third-order transport coefficients,
respectively. Expression (14) has a simpler form in the rel-
ative coordinates that are defined as [20]

χz =
z −W (b)t√

2D(b)
L t

, χx =
x√

2D(b)
T t

, χy =
y√

2D(b)
T t

· (16)

In these coordinates the approximate solution (14) is given
by
n(1)(r, t) = n(0)(r, t)

×

(

1 +
tQ

(b)
L

σ3
z

χz(χ
2
z − 3) +

3tQ
(b)
T

σ2
xσz

χz(χ
2
x + χ2

y − 2)

)

,

(17)

where σz =
√

2D(b)
L t and σx = σy =

√
2D(b)

T t. From
this expression it can be seen that the contribution of
the third-order transport coefficient tensor to the spatial
profile of the swarm is proportional to Q(b)

L /(t1/2(D(b)
L )3/2)

and Q
(b)
T /(t1/2

√
D

(b)
L D

(b)
T ) [20].

2.2 Multi term solutions of Boltzmann’s equation

The evolution of the phase space distribution function is
given by the Boltzmann equation. In the case of a swarm
of electrons, which are moving in an infinite and homo-
geneous background gas, the Boltzmann equation can be
written as
∂f

∂t
+ c · ∂f

∂r
+

e

m
(E + c×B) · ∂f

∂c
= −J (f, f0), (18)
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where e and m are the charge and mass of electrons, E
and B are the electric and magnetic fields, and J (f, f0)
is the collision operator. The Boltzmann equation is an
integro-differential equation, which cannot be solved ana-
lytically in the case of electrons in real gases [2,6]. We
employ the moment method where the phase space distri-
bution function is expanded in terms of Burnett functions
[28,30,31,33]:

Φ[νl]
m (αc) = Nνl

(
αc√

2

)l
S

(ν)
l+1/2

(
α2c2

2

)
Y [l]
m (ĉ)

= Rνl(αc)Y [l]
m (ĉ), (19)

where Y [l]
m is a spherical harmonic, while S(ν)

l+1/2 is a Sonine
polynomial, α is a parameter and ĉ is a unit vector in
velocity space [30,32]. The constant Nνl is given by

N2
νl =

2π3/2ν!
Γ (ν + l + 3/2)

, (20)

where Γ (ν + l + 3/2) is the gamma function, while

Rνl(αc) = Nνl

(
αc√

2

)l
S

(ν)
l+1/2

(
α2c2/2

)
, (21)

determines the radial part of the Burnett function. The
Burnett functions satisfy the orthogonality relations [30]:

∫
ω(α, c)Φ(νl)

m (αc)Φ[ν′l′]
m′ (αc)dc = δν′νδl′lδm′m, (22)

where

ω(α, c) =
(
α2

2π

)3/2

e−α
2c2/2, (23)

is the weighting function [30]. Orthogonality of the
Burnett functions is due to orthogonality of the spheri-
cal harmonics and Sonine polynomials. The phase space
distribution function can be expanded as

f(r, c, t) = ω(α, c)
∞∑
ν=0

∞∑
l=0

l∑
m=−l

f (νl)
m (α, r, t)Φ[νl]

m (αc),

(24)
where f (νl)

m (α, r, t) are the expansion coefficients which
depend on the coordinates in the configuration space r
and time t [30,32].

In the hydrodynamic regime the phase space distribu-
tion function can be expanded in terms of powers of the
density gradient operator as [30,33–35]

f(r, c, t) = ω(α, c)
∞∑
s=0

s∑
λ=0

λ∑
µ=−λ

∞∑
ν=0

∞∑
l=0

l∑
m=−l

F (νlm|sλµ;α, t)Rνl(α, c)Y [l]
m (ĉ)G(sλ)

µ n(r, t),
(25)

where F (νlm|sλµ;α, t) are the moments of the phase
space distribution function, while G

(sλ)
µ is the spherical

form of the density gradient operator [30].

When the Boltzmann equation is multiplied by an arbi-
trary moment F (νlm|sλµ;α, t) and integrated over the
entire velocity space, an infinite hierarchy of matrix equa-
tions in terms of moments F (νlm|sλµ;α, t) is obtained
[31,33–35]. This hierarchy is truncated at a finite num-
ber of spherical harmonics l = lmax, and a finite num-
ber of Sonine polynomials ν = νmax. The values of these
numbers are determined by the criterion for convergence.
The resulting system of equations is then solved numer-
ically by using the matrix inversion. In our calculations,
values of lmax = 4 were sometimes required, when the
phase space distribution function substantially deviates
from an isotropy in the velocity space. Likewise, values of
νmax = 80 were required when the distribution function
was far away from a thermal Maxwellian at the basis tem-
perature Tb. The basis temperature is a parameter which
is used to optimize the convergence.

The explicit expressions for determining the flux trans-
port coefficients in terms of moments of the phase space
distribution function can be obtained by expanding the
flux of velocity of the charged particles Γ(r, t) in terms of
these moments and by recognizing terms which are con-
tracted with the corresponding partial derivative of the
number density n(r, t) [33–35]. The expansion of Γ(r, t)
in terms of F (νlm|sλµ;α, t) is given by

Γ [1]
m (r, t) =

∫
c[1]m f(r, c, t)dc

=

∫
c[1]m ω(α, c)

∞∑

s=0

s∑

λ=0

λ∑

µ=−λ

∞∑

ν=0

∞∑

l=0

l∑

m′=−l

F (νlm′|sλµ;α, t)Rνl(α, c)Y
[l]

m′(ĉ)G(sλ)
µ n(r, t)dc,

(26)

where Γ [1]
m (r, t) is the flux of velocity of charged particles

Γ(r, t) written in the spherical form [30]. Cartesian com-
ponents of a vector whose spherical form is given by

c(1)m =

√
4π
3
cY [1]
m (ĉ), (27)

are given by the expressions [30]

cx =
i√
2

(
c
[1]
1 − c

[1]
−1

)
, (28)

cy =
1√
2

(
c
[1]
1 + c

[1]
−1

)
, (29)

cz = −ic[1]0 . (30)

The components of the third-order transport coefficient
tensor for an electric field only configuration are given by

Q(f)
xxz =

1√
2α

(
Im
{
F (011|221)

}
− Im

{
F (01− 1|221)

})
,

(31)

Q(f)
zxx = − 1

α

(
1√
3

Im
{
F (010|200)

}
+

1√
6

Im
{
F (010|220)

})
+

1
α

Im
{
F (010|222)

}
, (32)
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and

Q(f)
zzz =

1
α

(√
2
3

Im
{
F (010|220)

}
− 1√

3
Im
{
F (010|200

})
,

(33)
where Re{} and Im{} refer to the real and imaginary parts
of the moments F (νlm|sλµ;α, t), respectively [20]. The
explicit expressions for the lower order transport coeffi-
cients in terms of moments of the phase space distribu-
tion function can be found in [33–35]. For brevity, in the
following sections the superscript (f) in the flux third-
order transport coefficients (and in the flux diffusion coef-
ficients) will be omitted.

3 Results and discussion

3.1 Preliminaries

In this work we calculate the third-order transport coef-
ficients for electrons in noble gases. Calculations are per-
formed in the E/n0 range between 10−4 Td and 100 Td
(1 Td = 10−21 Vm2). The temperature of the background
gas T0 is 293 K and thermal motion of background atoms
is taken into account. All background atoms are assumed
to be in the ground state. All electron scattering is con-
sidered to be isotropic. Elastic collisions are represented
by the elastic momentum transfer cross section, while the
inelastic collisions are represented by the total inelastic
cross sections. For electrons in He we use the set of cross
sections which has been detailed by Šašić et al. [36] while
for electrons in Ne we use the set of cross sections, initially
developed by Hayashi [37]. Likewise, for electron scatter-
ing in Ar and Xe we use the cross section sets developed
by Hayashi [38,39]. For electrons in Kr we use the cross
section set from a publicly available Monte Carlo code
MAGBOLTZ [40].

3.2 Mean energy

In the following section we often find it necessary to refer
to the mean energy of the electron swarm to understand
and explain certain trends of the behavior of the third-
order transport coefficients. Thus, in Figure 1 we show
the mean energies of electrons in He, Ar, Kr and Xe as a
function of E/n0. Comparing the profiles of mean energy
in He and the remaining three gases, we observe that the
mean energy of electrons in He is different not only quanti-
tatively, but also qualitatively. Specifically, there are four
distinct regions of transport as E/n0 increases for elec-
trons in He and five distinct regions of transport in the
case of Ar, Kr and Xe. First, for electrons in all consid-
ered gases, there is an initial plateau region where the
mean energy is thermal. In the second distinct region of
transport for electrons in He, the mean energy rises with
an approximately constant slope in the log-log plot. The
slope of mean energy is significantly lower in the third
region, due to the influence of inelastic collisions. Finally,
the slope is again increased in the fourth region. This

Fig. 1. Variation of the mean energy with E/n0 for electron
swarms in He, Ar, Kr and Xe.

increase can be attributed to a greater fraction of elec-
trons being in the energy range where the collision fre-
quency for all scattering processes reduces with increasing
energy. For electrons in Ar, Kr and Xe, the rise of mean
energy with increasing E/n0 is very steep in the second
distinct region of transport. A large fraction of electrons is
thus in the energy range where elastic momentum trans-
fer cross section is a monotonically decreasing function of
energy, due to the presence of the Ramsauer-Townsend
minimum. However, the slope of the mean energy is lower
in the third region, in which high energy electrons are
in the energy range where the elastic momentum transfer
cross section is rising sharply. The slope of mean energy is
further reduced in the fourth region where electrons can
undergo inelastic collisions. Finally, this slope increases in
the fifth distinct region of transport, in which the profile
of mean energy changes from a power-law-like behavior
to the more exponential-like increase. In this field region,
the most energetic electrons are in the energy range where
the collision frequency for all scattering processes is being
reduced with increasing energy.

3.3 Variation of the third-order transport coefficients
with E/n0

3.3.1 Brief analysis

In Figure 2 we show the variation of the individual compo-
nents of the third-order transport coefficient tensor with
E/n0 for electrons in He. We observe that n2

0Qxxz and
n2

0Qzzz components are positive over the range of E/n0

considered in the present work. However, the n2
0Qzxx com-

ponent is negative until approximately 10 Td and posi-
tive at higher E/n0. The absolute values of all individual
components of the third-order transport tensor increase
with increasing E/n0 in the sub-excitation field region,
which corresponds to the first two characteristic regions
of the mean energy (see Fig. 1). This can be attributed
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Fig. 2. Variation of n2
0Qxxz, n

2
0Qzxx and n2

0Qzzz components
of the third-order transport coefficient tensor with E/n0 for
electrons in He.

Fig. 3. Variation of n2
0Qxxz, n

2
0Qzxx and n2

0Qzzz components
of the third-order transport coefficient tensor with E/n0 for
electrons in Ar.

to a slow rise of elastic momentum transfer cross section
in the energy range up to about 2 eV, as well as to its
reduction at higher energies. However, the absolute values
of all individual components of the third-order transport
tensor are reduced for the higher values of E/n0, where
the high energy electrons can undergo many inelastic col-
lisions. This field region roughly corresponds to the third
characteristic region of the mean energy. Finally, all three
components are increasing functions of E/n0 in the limit
of the highest fields considered in this work, where the
collision frequency of the high energy electrons decreases
with increasing electron energy.

In Figures 3–5 we show the variation of the individual
components of the third-order transport coefficient tensor
with E/n0 for electrons in Ar, Kr and Xe, respectively. It
can be seen that in these gases all components of the third-
order transport tensor are rapidly rising functions of E/n0

in the limit of the lowest fields, where most of the elec-
trons are in the energy range in which the elastic momen-
tum transfer cross section is reduced with the increase of

Fig. 4. Variation of n2
0Qxxz, n

2
0Qzxx and n2

0Qzzz components
of the third-order transport coefficient tensor with E/n0 for
electrons in Kr.

Fig. 5. Variation of n2
0Qxxz, n

2
0Qzxx and n2

0Qzzz components
of the third-order transport coefficient tensor with E/n0 for
electrons in Xe.

energy, due to the presence of the Ramsauer-Townsend
minimum. This field region corresponds to the first char-
acteristic region of the mean energy, as well as to the
first half of the second characteristic region of the mean
energy, shown in Figure 1. However, all three components
of the third-order transport tensor are rapidly decreas-
ing functions of E/n0 at higher fields, where the most
energetic electrons are in the energy range in which the
elastic momentum transfer cross section has a steep rise
with an increase of energy. This field region corresponds
to the second half of the second characteristic region of
the mean energy. In the remaining field region considered
in this work, n2

0Qzxx and n2
0Qzzz components exhibit a

local minimum and a local maximum, while the n2
0Qxxz

component has a single local minimum only. The positions
of these local maximums and local minimums correspond
to those values of E/n0 where the ratio between the mean
energy and the position of the Ramsauer-Townsend min-
imum or the threshold of the first electronic excitation
have similar values. For instance, the n2

0Qxxz component
becomes negative at the reduced electric field where the
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mean energy is higher than the position of the Ramsauer-
Townsend minimum by a factor that has values in the
range between 1.3 and 1.4 for all three gases. Likewise, this
component reaches the local minimum at approximately
the same field where the n2

0Qzxx component reaches the
second local maximum, and the mean energy is about 1.75
times higher than the energy of the Ramsauer-Townsend
minimum at the position of these local extremes in all
three gases. Moreover, the n2

0Qzzz component reaches the
second local maximum at the value of the reduced electric
field where the mean energy of electrons is about 2.5 times
lower than the threshold of the first electronic excitation
for all three gases (see Fig. 8). At the highest fields, where
the most energetic electrons may undergo many inelastic
collisions with the background atoms, the absolute val-
ues of all components of the third-order transport ten-
sor are reduced with increasing E/n0. This field region
roughly corresponds to the fourth and the fifth charac-
teristic regions of the mean energy in Ar, Kr and Xe. In
the following subsubsection the E/n0-profiles of the indi-
vidual components of the third-order transport coefficient
tensor for electrons in He, Ar, Kr and Xe are analyzed in
a greater detail.

3.3.2 Comprehensive analysis

For electrons in He, the absolute values of all three com-
ponents of the third-order transport tensor are monotoni-
cally increasing functions of E/n0, but only in the limit of
low electric fields. Specifically, n2

0Qxxz and n2
0Qzzz compo-

nents rise in the field region below around 8 Td, where the
mean energy of electrons is lower than 5 eV. Likewise, the
absolute value of n2

0Qzxx increases up to approximately
5.9 Td, where the mean energy is around 3.6 eV. In the
field region, where the absolute values of all three com-
ponents are being increased with increasing E/n0 most
of the electrons undergo elastic collisions only. Moreover,
the elastic momentum transfer cross section is gradually
rising in the energy range between approximately 10−2 eV
and 2 eV, while it is being reduced at higher energies. For
this reason, resistance to diffusive motion that is caused
by collisions of electrons with the background atoms is not
very intensive in the field region up to approximately 5.9
Td. This in turn induces an increase of the absolute values
of all three components of the third-order transport coef-
ficient tensor in this range of E/n0. However, at higher
fields the most energetic electrons can undergo inelastic
collisions with the background atoms, as the threshold for
the first electronic excitation in helium is around 19.82 eV.
This leads to a rapid decrease of n2

0Qxxz and n2
0Qzzz com-

ponents in the field range between approximately 8 Td and
40 Td. Likewise, the increased resistance to the spreading
of the swarm due to inelastic collisions leads to a rapid
decrease of the absolute value of the n2

0Qzxx component
in the field range between approximately 5.9 Td and 8 Td,
and to a gradual increase of this component up to around
40 Td. For the higher values of E/n0, all three compo-
nents of the third-order transport coefficient tensor rise
with increasing E/n0. Over this range of E/n0, the col-
lision frequency of the most energetic electrons decreases

with increasing E/n0 which in turn enhances the third-
order transport coefficients.

For electrons in Ar, Kr and Xe, all components of the
third-order transport tensor are initially, rapidly increased
with increasing E/n0 for the lower values of E/n0, as a
large fraction of electrons is in the energy range where
the elastic momentum transfer cross section markedly
decreases with increasing energy, due to the presence of
the Ramsauer-Townsend minimum in the cross sections
for elastic scattering. These components reach local maxi-
mums in the E/n0 region where the mean energy is lower
than the position of the Ramsauer-Townsend minimum by
a factor which is approximately between 2 and 3 in case
of Ar, and approximately between 2 and 4 in case of Kr
and Xe. Thus, all components of the third-order trans-
port tensor start to decrease with an increase of E/n0

in the E/n0 region where the collision frequencies of the
most energetic electrons increase with the rising energy of
electrons.

The n2
0Qzxx component is the first to reach a local

minimum in all three gases. However, the behavior of
this component is somewhat different in the case of Ar,
as compared to Kr and Xe. Specifically, this component
becomes negative for electrons in Ar, while it remains posi-
tive over the entire considered range of E/n0 for electrons
in Kr and Xe. For electrons in Ar, the n2

0Qzxx compo-
nent becomes negative at the value of E/n0 where the
mean energy is around 1.4 times lower than the position
of the Ramsauer-Townsend minimum. The same compo-
nent reaches a local minimum at the value of E/n0 where
the mean energy of the swarm is approximately equal to
the energy position of the Ramsauer-Townsend minimum.
However, in case of Kr and Xe this component reaches a
local minimum at the value E/n0 where the mean energy
is around 1.25 times higher than the energy position of
the Ramsauer-Townsend minimum. The n2

0Qzxx compo-
nent becomes positive in Ar at approximately the same
field, where the n2

0Qxxz component becomes negative. The
n2

0Qxxz component starts to be negative at the value of
E/n0 where the mean energy is higher than the position of
the Ramsauer-Townsend minimum by a factor of around
1.3 in case of Ar and Xe, and by a factor of approxi-
mately 1.4 in case of Kr. The sign of the n2

0Qxxz com-
ponent remains unaltered until the end of the considered
E/n0 range for Ar, Kr and Xe. The n2

0Qzxx component
reaches the second local maximum at approximately the
same E/n0 where the n2

0Qxxz component reaches the local
minimum. The position of these local extremes for n2

0Qxxz
and n2

0Qzxx components is at the value of E/n0 where
the mean energy is about 1.75 times higher than the posi-
tion of the Ramsauer-Townsend minimum for electrons in
all three gases. For the higher values of E/n0, the abso-
lute values of n2

0Qxxz and n2
0Qzxx are being reduced with

increasing E/n0 until the end of the considered field range.
The n2

0Qzzz component reaches a local minimum at the
value of E/n0 where the electrons with energies that are
between approximately 2 and 3 times higher than mean
energy, are in the energy range where the elastic momen-
tum transfer cross section for electrons in Ar, Kr and
Xe, is reduced (see Fig. 8) with increasing energy. For
the higher E/n0 values, the n2

0Qzzz component rises with
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increasing E/n0. This component reaches a local max-
imum at the value of E/n0 where the electrons with
energies that are about 2.5 times higher than the mean
energy can undergo inelastic collisions with the back-
ground atoms. The absolute values of all three components
of the third-order transport coefficient tensor are reduced
with increasing E/n0 at higher fields until reaching the
end of the considered E/n0 range.

At the qualitative level, the E/n0-profiles of each com-
ponent of the third-order transport coefficient tensor are
very similar for electrons in Ar, Kr and Xe. Specifically,
these components reach local maximums and local mini-
mums at the values of E/n0 at which the ratios between
the mean energy and the position of the Ramsauer-
Townsend minimum and/or the threshold for the first
electronic excitation have very similar values. However,
there is a significant difference in the profile of n2

0Qzxx
component for electrons in Ar, when compared to the
corresponding profiles in Kr and Xe, as this component
becomes negative in Ar. The absence of negative values of
n2

0Qzxx for electrons in Kr and Xe might be attributed to a
steeper rise of the elastic momentum transfer cross section
with an increasing energy, after the Ramsauer-Townsend
minimum, in these two gases. As discussed recently by
Simonović et al. [20] when the collision frequency is rising
with increasing electron energy, one of the off-diagonal
components of the third-order transport tensor (n2

0Qzxx
and n2

0Qxxz) is often negative. If the rise of the collision
frequency with energy is not too steep, n2

0Qzxx compo-
nent is usually negative (and n2

0Qxxz is positive). However,
n2

0Qxxz component is negative (and n2
0Qzxx is positive)

when the rise of the collision frequency with increasing
electron energy is very steep.

3.4 Correlation between the longitudinal components
of the skewness and diffusion tensors

Another issue that is highly relevant for understand-
ing higher-order transport coefficients is the correlation
between higher-order and lower-order transport coeffi-
cients. In this work we investigate the correlation between
the longitudinal component of the third-order transport
tensor and the longitudinal component of the diffusion
tensor of electrons in noble gases. Recently, this correla-
tion has been investigated for electrons in CH4 [26]. It has
been shown that whenever Dzz decreases, then Qzzz is
reduced markedly, and whenever Dzz increases in a decel-
erating way, Qzzz also decreases, but less intensively. The
Qzzz was found to increase only when Dzz increases in an
accelerating manner. It can be expected that this correla-
tion is absent at the lowest E/n0, as n2

0Qzzz represents an
asymmetric correction to diffusive motion and it vanishes
in the limit of the lowest fields, unlike diffusion coeffi-
cients which have non-zero thermal values. For this rea-
son n2

0Qzzz is expected to rise with increasing E/n0 at the
lowest fields, regardless of the field dependence of n0Dzz.
The value of E/n0 at which the correlation between the
profiles of field dependence of n2

0Qzzz and n0Dzz occurs
is different for various gases.

Fig. 6. The correlation of the longitudinal component of the
third-order transport tensor n2

0Qzzz and the longitudinal com-
ponent of the diffusion tenzor n0Dzz for electrons in He.

The correlation between the profiles of n2
0Qzzz and

n0Dzz for electrons in He and Ne is shown in Figures 6
and 7, respectively. For electrons in He, n2

0Qzzz and n0Dzz

rise with increasing E/n0 in the E/n0 region between
approximately 5.9·10−2 Td and 7.5 Td. This increase is
the most intensive for E/n0 between around 2.1 Td
and 7.7 Td. However, between approximately 7.7 Td and
35 Td, the rise of n0Dzz with increasing E/n0 slows down,
and n0Dzz becomes a concave function of E/n0 in the
log-log plot. In this E/n0 region, n2

0Qzzz is reduced with
increasing E/n0. For E/n0 between approximately 35 Td
and 100 Td, the slope of n0Dzz rises with E/n0 and n0Dzz

becomes a convex function of E/n0 in the log-log plot. As
a consequence, in this E/n0 region, n2

0Qzzz rises mono-
tonically with increasing E/n0.

For electrons in Ne, n2
0Qzzz and n0Dzz decrease with

increasing E/n0 between approximately 3.5·10−3 Td and
3.5·10−2, and n2

0Qzzz continues to decrease up to about
5.9·10−2 Td. For the reduced electric fields higher than
approximately 5.9·10−2 Td, both n2

0Qzzz and n0Dzz rise
with increasing field up to around 1.9 Td. This rise is espe-
cially rapid for E/n0 between approximately 1 Td and
1.9 Td. At higher fields, n0Dzz becomes a concave function
of E/n0 in the log-log plot, and it slowly decreases with
increasing field for E/n0 between approximately 5.9 Td
and 30 Td, while it saturates at higher fields. In the E/n0

region between approximately 1.9 Td and 100 Td, n2
0Qzzz

decreases monotonically with increasing E/n0.
The correlation between the profiles of n2

0Qzzz and
n0Dzz for electrons in Ar, Kr and Xe is shown in Figure 8.
As can be seen, there is a very strong correlation between
the profiles of n2

0Qzzz and n0Dzz for all three gases. It can
also be seen that the profiles of n2

0Qzzz and n0Dzz in each
of these gases are very similar. At the lowest E/n0 n

2
0Qzzz

and n0Dzz rise with increasing E/n0 in all three cases, as
most of the electrons are in the energy range in which
the elastic momentum transfer cross section decreases
rapidly with increasing electron energy. The n2

0Qzzz com-
ponent reaches a local maximum at around 2.1·10−3 Td,
1.4·10−2 Td and 3.7 ·10−2 Td for electrons in Ar, Kr, and
Xe, respectively, while n0Dzz reaches a local maximum at
approximately 2.7·10−3 Td, 1.7·10−2 Td and 4.6·10−2 Td,
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Fig. 7. The correlation of the longitudinal component of the
third-order transport tensor n2

0Qzzz and the longitudinal com-
ponent of the diffusion tenzor n0Dzz for electrons in Ne.

for electrons in Ar, Kr and Xe, respectively. In all three
gases n0Dzz reaches a local maximum at a somewhat
higher E/n0 as compared to n2

0Qzzz. After the local max-
imum, n2

0Qzzz and n0Dzz are decreased markedly with
increasing E/n0, up to around 5.9·10−3 Td, 2.9·10−2 Td
and 7.7·10−2 Td for electrons in Ar, Kr and Xe, respec-
tively. For the higher values of E/n0, these two quan-
tities continue to decrease until reaching approximately
2.7 Td for electrons in Ar, and until reaching approxi-
mately 2.1 Td for electrons in Kr and Xe. However, the
rate of decreasing of both n2

0Qzzz and n0Dzz is less inten-
sive in this field region as compared to the lower fields.
At higher fields, n2

0Qzzz and n0Dzz rise with increas-
ing E/n0 in a narrow field range. The n2

0Qzzz compo-
nent reaches the second local maximum at around 5.9 Td,
4.1 Td and 4.2 Td for electrons in Ar, Kr and Xe, respec-
tively. After the second local maximum, the n2

0Qzzz com-
ponent decreases monotonically with increasing E/n0 for
the remaining E/n0 in all three gases. In the field region
around the second local maximum of n2

0Qzzz, the slope of
n0Dzz is significantly reduced with increasing E/n0 up to
about 13 Td for all three gases. At higher fields, n0Dzz is
saturated with increasing E/n0.

In Figures 6–8 we observe a strong correlation between
the profiles of n2

0Qzzz and n0Dzz for electrons in noble
gases. Specifically, at relatively high enough fields n2

0Qzzz
decreases with increasing E/n0 whenever n0Dzz is a
decreasing function of E/n0, or when it increases as a
concave function of E/n0 in the log-log plot. The n2

0Qzzz
increases only at the lowest fields, and in those regions
of E/n0 where n0Dzz raises with increasing field as a
convex (or possibly linear) function in the log-log plot.
The correlation between n2

0Qzzz and n0Dzz can be under-
stood on an intuitive level. The third-order transport
tensor represents an asymmetric deviation of the total
diffusive motion, from the motion which is represented
by the diffusion tensor. Thus, the third-order transport
tensor describes a small correction to total diffusion. For
this reason, the motion which is represented by the third-
order transport tensor ’carries’ a much smaller amount of
energy and momentum than the motion which is described
by the diffusion tensor. As a consequence, this transport

Fig. 8. The correlation of the longitudinal component of the
third-order transport tensor n2

0Qzzz and the longitudinal com-
ponent of the diffusion tenzor n0Dzz for electrons in Ar, Kr
and Xe.

property is much more sensitive with respect to the col-
lisions between the electrons and the background atoms.
This leads to a reduction of the n2

0Qzzz component with
increasing E/n0 (at high enough fields) whenever the
resistance to diffusive motion due to collisions is inten-
sive enough to cause a decrease of n0Dzz or even a decel-
erated rise with increasing E/n0. The correlation of the
longitudinal component of the third-order transport ten-
sor and the longitudinal component of the diffusion tensor
is important for two reasons. Firstly, it enables an eas-
ier understanding of the E/n0-dependence of the third-
order transport coefficients in comparison to the direct
analysis from the cross sections and from the variation of
the mean energy with E/n0, which might be sometimes
difficult. Secondly, the correlation between n2

0Qzzz and
n0Dzz shows that the third-order transport coefficients
are more sensitive with respect to the energy dependence
of the cross sections than the diffusion coefficients. This
suggests that the third-order transport coefficients would
be very useful in swarm procedure for determining and
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Fig. 9. The values of ratio QL/(DL)3/2 for electron swarms
in He, Ne, Ar, Kr and Xe as functions of the reduced electric
field E/n0. Calculations have been performed assuming the gas
number density of 3.54×1022 m−3.

normalizing the cross section sets, if they were both cal-
culated and measured with a sufficient accuracy.

3.5 Effects of the third-order transport coefficients on
the spatial profile of the swarm

In this work, we also investigate the influence of the third-
order transport coefficients on the spatial profiles of the
swarm of electrons in noble gases. As was shown in [27],
the components of the third-order transport tensor rep-
resent an asymmetric deviation of the spatial profile of
the swarm of charged particles from an ideal Gaussian,
which represents the solution of the diffusion equation.
Specifically, the longitudinal component of the third-order
transport tensor describes longitudinal elongation or com-
pressing of the swarm along the longitudinal direction,
while the off-diagonal components describe transverse
elongation or compressing of the swarm along the lon-
gitudinal direction. It can be seen from equation (17)
that the contribution of the third-order transport coef-
ficients to the spatial profile of the swarm is proportional
to QL/(t1/2(DL)3/2) and QT /(t1/2

√
DLDT ).

In Figure 9 we show the ratio QL/(DL)3/2 for electrons
in noble gases as a function of E/n0. It should be empha-
sized that in Figure 9 we show the ratio where the flux
values of QL and DL are assumed, although the influence
of the third-order transport coefficients on the spatial pro-
file of the swarm is proportional to the corresponding ratio
of the bulk values of QL and DL. The reason for this is a
much better accuracy of our multi term results when com-
pared to our Monte Carlo results, and our current inability
to obtain the bulk values from our multi term code. How-
ever, the difference between the flux and the bulk values of
the longitudinal components of the third-order transport
coefficient tensor is within statistical uncertainty of Monte
Carlo simulations up to about 21 Td in He and Ne, and up
to 100 Td in Ar, Kr and Xe. Moreover, we are principally
interested in the field dependence of this ratio for E/n0

less than 10 Td, due to the presence of local maximums

and local minimums in this particular field range. For this
reason, we investigate the field dependence of the ratio
QL/(DL)3/2 assuming the flux values of QL and DL.

We may observe in Figure 9 that the ratio QL/(DL)3/2
increases monotonically with increasing E/n0 in the limit
of the lowest E/n0 (below 10−3 Td). For the higher values
of E/n0 (higher than 10 Td) we see that this property
decreases monotonically with increasing E/n0 for elec-
trons in all considered gases. At intermediate fields, how-
ever, this ratio reaches several local maximums and local
minimums. Specifically, this ratio has only a single local
maximum for electrons in Ne, at around 0.01 Td1. For
electrons in He and Ar, this ratio has two local maxi-
mums and one local minimum. In the case of He these
local maximums are at about 0.21 Td and 5.9 Td, and
both of these maximums are of a similar magnitude. How-
ever, in the case of Ar, the first local maximum at around
10−3 Td is much higher than the other local maximum at
about 4.6 Td. This difference is caused by the presence
of the Ramsauer-Townsend minimum in the elastic cross
section of Ar. The local minimum is shallow, and it is
at around 2.7 Td in both gases. For electrons in Kr and
Xe, the investigated ratio has three local maximums and
two local minimums. The first local maximum occurs at
about 7·10−3 Td and 1.9·10−2 Td for electrons in Kr and
Xe, respectively, and is quite high in both gases, due to
the presence of Ramsauer-Townsend minimum in the cross
sections for elastic scattering. This maximum is followed
by a local minimum at about 2.7·10−2 Td for electrons in
Kr and at around 6.8·10−2 Td for electrons in Xe. The sec-
ond local maximum of this ratio is at around 0.046 Td and
0.13 Td for electrons in Kr and Xe, respectively. The last
local minimum is at about 2.1 Td, and it is quite shallow
in both Kr and Xe. The third local maximum is at about
2.7 Td in both gases. In the case of electrons in Ar, Kr
and Xe the value of E/n0 at which QL/(DL)3/2 reaches
the first local maximum is about 2 times lower than the
value of E/n0 where QL reaches the first local maximum.
This is expected, on a qualitative level, as QL/(DL)3/2
reaches the first local maximum after DL starts rising with
increasing E/n0, but before reaching the first peak.

The ratio QL/(DL)3/2 has the highest values for Ar,
Kr and Xe near the position of the first local maximum.
Thus, the contribution of the third-order transport coeffi-
cients to the spatial profile of the swarm is the most pro-
nounced exactly for these conditions. However, it must
be emphasized that the approximate expression (17) has
been derived under an assumption that transport coeffi-
cients are constant in time, from the initial time (t = 0).
As this condition is satisfied only after relaxation of the
swarm to the stationary state, the expression (17) is
not applicable to the early stages of swam development

1 There is an additional local maximum of this ratio at around
1.5 Td for electrons in neon, that is preceded by a local minimum
at around 1.2 Td. However, both of these local extremes are very
shallow. Specifically, the difference between the value of this ratio at
these two local extremes is about 4 %. For this reason, the authors
are not certain if these two local extremes would appear if a different
cross section set is used, due to the sensitivity of both QL and DL to
the energy dependence of the cross sections for elementary scattering
processes.
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Fig. 10. The absolute value of the percentage difference
between the two term and fully converged, multi term results,
for the third-order transport coefficients of electrons in He
and Ne.

(small values of t). In addition, this expression has been
derived by using the Taylor expansion in terms of the
components of the third-order transport tensor. For this
reason, the expression (17) is applicable only when the
ratios QL/(t1/2(DL)3/2) and QT /(t1/2

√
DLDT ) are not

too large.

3.6 Comparison of the two term and fully converged
multi term results

In Figure 10 we show the absolute value of the percentage
difference between the two term and fully converged, multi
term results, for the third-order transport coefficients of
electrons in He and Ne. The absolute value of the percent-
age difference between the two sets of results for electrons
in Ar, Kr and Xe is shown in Figure 11. The absolute
value of the percentage difference ∆Qabc is calculated as

|∆Qabc| =
∣∣∣∣1− Q

(TT )
abc

Q
(MT )
abc

∣∣∣∣ (34)

where the superscripts TT and MT refer to two term and
multi term results, respectively.

We see that the two sets of results agree very well in the
limit of the lowest E/n0, where electrons undergo elas-
tic collisions only. Specifically, the deviation between the
results that are determined by these two methods is very
low, up to approximately 8 Td, 17 Td, 0.2 Td, 0.35 Td, and
1.3 Td for electrons in He, Ne, Ar, Kr and Xe, respec-
tively. The disagreement between these two methods for
the off-diagonal components increases continuously with
increasing E/n0 until the end of the range of the consid-
ered E/n0. Moreover, the deviation of multi term results
for n2Qxxz and n2Qzxx from the corresponding two term
results is much higher for electrons in Ar, Kr and Xe, as
compared to the case of He and Ne. However, the behav-
ior of the percentage difference between these two sets of
results is somewhat different for the longitudinal compo-
nent. While the disagreement between these two methods
for the longitudinal component in He and Ne increases
with increasing E/n0, these methods, surprisingly, remain
in a very good agreement for electrons in Ar, Kr and Xe,
over the entire range of E/n0 considered in this work.
The percentage difference for the longitudinal component
reaches values up to 30% and 17% for electrons in He

Fig. 11. The absolute value of the percentage difference
between the two term and fully converged, multi term results,
for the third-order transport coefficients of electrons in Ar, Kr
and Xe.

and Ne, respectively, while it remains lower than 5% for
electrons in Ar, Kr and Xe. We expect that the devia-
tions between the two term and multi term results are
much greater for the higher values of E/n0. It should
also be noted that the errors of the two term approxi-
mation are significantly lower for the lower-order trans-
port coefficients, over the same region of E/n0. Therefore,
higher order transport coefficients appear more sensitive
to anisotropy in the velocity distribution function.

4 Conclusion

In this work we have extended a multi term solution of the
Boltzmann equation, initially developed for evaluating the
lower-order transport coefficients, to investigate the third-
order transport coefficients of electrons in noble gases. For
electrons in helium, we have observed that the Qzxx com-
ponent is negative for the lower values of E/n0. In this
field region, the collision frequency for elastic scattering
of a large fraction of electrons is an increasing function
of the electron energy. However, for electrons in argon,
krypton, and xenon all three components of the third-
order transport tensor are positive in the limit of the
lower fields considered in this work, as the collision fre-
quency of the low-energy electrons decreases with increas-
ing energy. For higher fields, the Qxxz component is neg-
ative in argon, krypton and xenon over a wide range of
E/n0. In addition, for electrons in argon, the Qzxx compo-
nent is also negative, but over a narrower field range. For
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electrons in helium in the sub-excitation field region, the
absolute values of all three components of the third-order
transport tensor are increasing functions of E/n0. On the
other hand, for electrons in argon, krypton and xenon,
all components are significantly reduced over the range of
E/n0 where the energy of high-energy electrons exceeds
the position of the Ramsauer-Townsend minimum.

One of the fundamental topics considered in this work
is the existence of the correlation between the longitudinal
component of the third-order transport tensor n2

0Qzzz and
the longitudinal component of the diffusion tensor n0Dzz.
We have observed that at high enough fields whenever
n0Dzz decreases or increases as a concave function of E/n0

(in the log-log plot) n2
0Qzzz is being reduced. We have also

observed that n2
0Qzzz increases when n0Dzz increases as

a convex function of E/n0 (in the log-log plot). However,
this correlation is absent in the limit of the lowest E/n0,
as the third-order transport coefficients vanish in the low-
field limit, unlike diffusion which has non-zero thermal
values. This behavior of n2

0Qzzz can be attributed to a
greater sensitivity of the third-order transport coefficients
with respect to the energy dependence of cross sections
for elementary scattering processes.

Another highly relevant topic that has been investigated
in this work is the influence of the third-order transport
coefficients on the spatial profiles of the swarm in noble
gases. It has been shown that this influence is the most
pronounced for electrons in Ar, Kr and Xe, at low E/n0,
due to the presence of the Ramsauer-Townsend minimum.
Specifically, the ratio QL/(DL)3/2 that describes the con-
tribution of the longitudinal component of the third-order
transport tensor to the spatial profile of the swarm reaches
the first local maximum at about 10−3 Td, 7·10−3 Td, and
1.9·10−2 Td for electrons in Ar, Kr and Xe, respectively.
Around these values of E/n0 the effects of the longitudinal
component of the third-order transport coefficient tensor
on the spatial profile of the electron swarm are the most
significant.

Finally, we investigated the deviation of the two term
approximation from the fully converged multi term results
for the third-order transport coefficients. We have found
that the two term approximation is applicable at the
lowest fields, where electrons undergo elastic collisions
only. However, the two term approximation deviates from
the multi term results for higher fields, where electrons
may undergo inelastic collisions also with the background
atoms. The difference between the two sets of results is
especially pronounced for the off-diagonal components of
the third-order transport tensor. This difference is much
higher for electrons in Ar, Kr and Xe than for electrons in
He and Ne. Conversely, the difference between the two sets
of results for the longitudinal component is much larger
in He and Ne than in Ar, Kr and Xe. This difference is up
to about 30% and 17% for electrons in He and Ne, respec-
tively. Surprisingly, the two term approximation is in an
excellent agreement with the multi term results for the
longitudinal component in the case of Ar, Kr and Xe. The
difference between the results that are obtained by using
these two methods is not higher than approximatelly 5%
in the case of the longitudinal component of the third-
order transport tensor for electrons in Ar, Kr and Xe.
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Petrović, Eur. Phys. J. D 66, 174 (2012)

15. K. Kondo, H. Tagashira, J. Phys. D: Appl. Phys. 23, 1175
(1990)

16. S. Kawaguchi, K. Takahashi, K. Satoh, Plasma Sources
Sci. Technol. 27, 085006 (2018)

17. B.M. Penetrante, J.N. Bardsley, in Non-equilibrium Effects
in Ion and Electron Transport, edited by J.W. Gallagher,
D.F. Hudson, E.E. Kunhardt, R.J. Van Brunt (Plenum,
New York, 1990), p. 49

https://www.epjd.epj.org


Eur. Phys. J. D (2020) 74: 63 Page 13 of 13

18. S.B. Vrhovac, Z.Lj. Petrović, L.A. Viehland, T.S.
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Transport Coefficients of Higher-Order for Electrons and Positrons in 
Neutral Gases and Nonpolar Liquids 
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Transport coefficients of third and higher order have been systematically ignored in the 
traditional interpretations of the swarm experiments, as these experiments are usually 
performed under conditions in which the contribution of these transport coefficients is not 
significant. However, it has been shown that the third order transport coefficients (TOTC) are 
necessary for the conversion of hydrodynamic transport coefficients into transport data which 
are measured in the steady state Townsend and arrival time spectra experiments. In addition, 
the TOTC are required for a better representation of the spatial distribution of the swarm, as 
they describe the asymmetric deviation of the profiles of the number density of charged particles 
from a perfect Gaussian. Furthermore, if TOTC could be measured and calculated with a 
sufficient accuracy, this would enable the improvement of the swarm procedure for determining 
the complete sets of cross sections, as an additional transport coefficient could be included in 
this procedure. 

We have investigated the third order transport coefficients for electrons and positrons in rare 
gases, as well as for electrons in homogenous atomic liquids. The structure of the third order 
transport coefficient tensor has been determined by employing the group projector technique, 
for all configurations of electric and magnetic fields [1]. In addition, the physical interpretation 
of the third order transport coefficients has been carefully analyzed. 

Calculations of the TOTC and transport coefficients of lower order (e.g., drift velocity and 
diffusion tensor) have been performed in a wide range of the reduced electric fields (E/n0) by 
employing Monte Carlo simulations and a multi term method for solving the Boltzmann 
equation. Both computer codes which are used in this study have been thoroughly tested [2,3]. 
Among many important points a strong correlation has been found between the E/n0 profiles of 
the longitudinal component of the TOTC tensor and longitudinal diffusion. In addition, the 
TOTC for electrons and positrons in molecular gases have been compared. It has been found 
that the difference between the TOTC for electrons and positrons can be attributed to the 
corresponding differences in the rate coefficients for the inelastic collisions. In our study of the 
electron transport in atomic liquids, the structure induced negative differential conductivity has 
been thoroughly investigated by analyzing spatially resolved transport data and electron energy 
distribution functions [4]. Moreover, the influence of various representations of the inelastic 
energy losses in the liquid phase on the calculated values of the transport coefficients and the 
first Townsend coefficient has been studied [4].  
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KINETIC AND FLUID MODELLING OF NON-EQUILIBRIUM 
TRANSPORT OF CHARGED-PARTICLE SWARMS IN NEUTRAL GASES 

AND NON-POLAR LIQUIDS 

I. SIMONOVIĆ1, D. BOŠNJAKOVIĆ1, R. D. WHITE2, Z. LJ. PETROVIĆ3and  
S. DUJKO1 

1Institute of Physics, University of Belgrade, Pregrevica 118, 11080 Belgrade, 
Serbia 

2College of Science and Engineering, James Cook University, Townsville 4811, 
Australia 

3Serbian Academy of Sciences and Arts, KnezMihailova 35, 11000 Belgrade, 
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Abstract.This work contains two parts. The first part deals with the study of the third-order 
transport coefficients. The components of the third-order transport tensor are required for 
the conversion of the hydrodynamic transport coefficients into transport data that is 
measured in the arrival time spectra and the steady-state Townsend experiments. In this 
work, we have determined the structure of the third-order transport tensor in all 
configurations of the electric and magnetic fields, by using the group projector method, see 
Simonović et al. 2020. Moreover, we have carefully analyzed the physical interpretation of 
the individual components of this tensor, by examining their contribution to the flux 
gradient relation and to the approximate solution of the generalized diffusion equation. We 
have also examined the dependence of the third-order transport coefficients on the 
elementary scattering processes in a wide range of model and real gases, by using Monte 
Carlo simulations and multi term theory for solving the Boltzmann equation.The second 
part of this work deals with the electron transport in liquid argon, liquid krypton, and liquid 
xenon (the high mobility liquids), as well as with the transition of an electron avalanche 
into a negative streamer in these liquids. These three liquids represent the simplest systems 
in which quasi-free electrons exist in the liquid-phase medium, and they are an excellent 
starting point for the modeling of charged particle transport and electrical discharges in 
liquids. In this work, the transport of electrons in the high mobility liquids is investigated 
by employing Monte Carlo simulations, see Simonović et al. 2019. Our existing Monte 
Carlo code has been modified in order to enable a good representation of the coherent 
scattering effects. A special emphasis has been placed on studying the structure induced 
negative differential conductivity in liquid xenon, by employing the spatially resolved 
swarm data. Another point of interest was the influence of various representations, of the 
inelastic scattering in the liquid phase, on the ionization rate coefficient. The transport 
properties of electrons in the high mobility liquids, that were obtained by employing Monte 
Carlo simulations, were used as an input data in the 1.5D implementation of the first order 
fluid model. This fluid model was used to investigate the formation and propagation of 
negative streamers in these liquids. Among several important points, we have investigated 
the influence of various representations of the inelastic collisions on the dynamics of the 
formation and propagation of negative streamers in these liquids. 
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A quantitative understanding of charged particle transport processes in 
gases under highly non-equilibrium conditions is of interest from both 
fundamental and applied viewpoints, including modeling of non-
equilibrium plasmas and particle detectors used in high energy physics. In 
this work we will highlight how the fundamental kinetic theory for solving 
the Boltzmann equation [1] and fluid equations [2,3] as well as Monte 
Carlo simulations [3], developed over many years for charged particle 
swarms are presently being adapted to study the various types of non-
equilibrium plasma discharges and particle detectors.  
Non-equilibrium plasma discharges sustained and controlled by electric 
and magnetic fields are widely used in materials processing [4]. Within 
these discharges the electric and magnetic fields can vary in space, time 
and orientation depending on the type of discharge. Moreover, the typical 
distances for electron energy and momentum relaxation are comparable to 
the plasma source dimensions. Consequently, the transport properties at a 
given point are usually no longer a function of instantaneous fields. This is 
the case for a variety of magnetized plasma discharges where, before the 
electrons become fully relaxed, it is likely that the electrons will be 
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reflected by the sheath or collide with the wall [5]. In this work we will 
illustrate various kinetic phenomena induced by the spatial and temporal 
non-locality of electron transport in gases. Two particular examples of 
most recent interest for the authors are the magnetron and ICP discharges. 
The magnetron discharge is used in the sputtering deposition of in films [6] 
where magnetic field confines energetic electrons near the cathode. These 
confined electrons ionize neutral gas and form high density plasma near 
the cathode surface while heavy ions and neutrals impinge on the solid 
surface ejecting material from that surface which is then deposited on the 
substrate. Within these discharges the angle between the electric and 
magnetic fields varies and thus for a detailed understanding and accurate 
modeling of this type of discharge, a knowledge of electron transport in 
gases under the influence of electric and magnetic fields at arbitrary angles 
is essential. In this work we will investigate the electron transport in N2-O2 
mixtures when electric and magnetic fields are crossed at arbitrary angles 
for a range of pressures having in mind applications for low-pressure 
magnetized discharges and discharges at atmospheric pressure. Special 
attention is placed upon the explicit effects of three-body attachment in 
oxygen on both the drift and diffusion in low energy range [7]. The duality 
of transport coefficients arising from the explicit effects of non-
conservative collisions will be discussed not only for vectorial and low-
order tensorial transport coefficients but also for the high-order tensorial 
transport properties. The errors associated with the two-term 
approximation and inadequacies of Legendre polynomial expansions for 
solving the Boltzmann equation will be illustrated and highlighted.  
In addition to magnetron discharges, we focus on the time-dependent 
behavior of electron transport properties in ICP discharges where electric 
and magnetic fields are radiofrequency. We systematically investigate the 
explicit effects associated with the electric and magnetic fields including 
field to density ratios, field frequency to density ratio, field phases and 
field orientations. A multitude of kinetic phenomena were observed that 
are generally inexplicable through the use of steady-state dc transport 
theory.  Phenomena of significant note include the existence of transient 
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illustrate various kinetic phenomena induced by the spatial and temporal 
non-locality of electron transport in gases. Two particular examples of 
most recent interest for the authors are the magnetron and ICP discharges. 
The magnetron discharge is used in the sputtering deposition of in films [6] 
where magnetic field confines energetic electrons near the cathode. These 
confined electrons ionize neutral gas and form high density plasma near 
the cathode surface while heavy ions and neutrals impinge on the solid 
surface ejecting material from that surface which is then deposited on the 
substrate. Within these discharges the angle between the electric and 
magnetic fields varies and thus for a detailed understanding and accurate 
modeling of this type of discharge, a knowledge of electron transport in 
gases under the influence of electric and magnetic fields at arbitrary angles 
is essential. In this work we will investigate the electron transport in N2-O2 
mixtures when electric and magnetic fields are crossed at arbitrary angles 
for a range of pressures having in mind applications for low-pressure 
magnetized discharges and discharges at atmospheric pressure. Special 
attention is placed upon the explicit effects of three-body attachment in 
oxygen on both the drift and diffusion in low energy range [7]. The duality 
of transport coefficients arising from the explicit effects of non-
conservative collisions will be discussed not only for vectorial and low-
order tensorial transport coefficients but also for the high-order tensorial 
transport properties. The errors associated with the two-term 
approximation and inadequacies of Legendre polynomial expansions for 
solving the Boltzmann equation will be illustrated and highlighted.  
In addition to magnetron discharges, we focus on the time-dependent 
behavior of electron transport properties in ICP discharges where electric 
and magnetic fields are radiofrequency. We systematically investigate the 
explicit effects associated with the electric and magnetic fields including 
field to density ratios, field frequency to density ratio, field phases and 
field orientations. A multitude of kinetic phenomena were observed that 
are generally inexplicable through the use of steady-state dc transport 
theory.  Phenomena of significant note include the existence of transient 
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negative diffusivity, time-resolved negative differential conductivity and 
anomalous anisotropic diffusion. Most notably, we propose a new 
mechanism for collisional heating in inductively coupled plasmas which 
results from the synergism of temporal non-locality and cyclotron 
resonance effect. This mechanism is illustrated for discharges in pure CF4 
and pure O2.  
As an example of fluid modeling of plasmas, we will discuss the recently 
developed high order fluid model for streamer discharges [2,3]. Starting 
from the cross sections for electron scattering, it will be shown how the 
corresponding transport data required as input in fluid model should be 
calculated under conditions when the local field approximation is not 
applicable. The temporal and spatial evolution of electron number density 
and electric field in the classical first order and in the high order model are 
compared and the differences will be explained by physical arguments. We 
will illustrate the non-local effects in the profiles of the mean energy 
behind the streamer front and emphasize the significance of the energy flux 
balance equation in modeling. We consider the negative planar ionization 
fronts in molecular nitrogen and noble gases. Our results for various 
streamers properties are compared with those obtained by a PIC/Monte 
Carlo approach. The comparison confirms the theoretical basis and 
numerical integrity of our high order fluid model for streamers discharges.    
 In the last segment of this talk we will discuss the detector physics 
processes of resistive plate chambers and time-projection chambers that are 
often used in many high energy physics experiments [8].  For resistive 
plate chambers the critical elements of modeling include the primary 
ionization, avalanche statists and signal development. The Monte Carlo 
simulation procedures that implement the described processes will be 
presented. Time resolution and detector efficiency are calculated and 
compared with experimental measurements and other theoretical 
calculations. Among many critical elements of modeling for time-
projection chambers, we have investigated the sensitivity of electron 
transport properties to the pressure and temperature variations in the 
mixtures of Ne and CO2. In particular, we have investigated how to reduce 
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the transverse diffusion of electrons by calculating the electron trajectories 
under the influence of parallel electric and magnetic fields and for typical 
conditions found in these detectors.  
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THIRD-ORDER TRANSPORT
COEFFICIENTS FOR ELECTRONS I.

STRUCTURE OF SKEWNESS TENSOR

I. Simonović, Z.Lj. Petrović and S. Dujko

Institute of Physics, University of Belgrade,

Pregrevica 118, 11080 Belgrade, Serbia

Abstract. Third-order transport properties are calculated through a Monte
Carlo simulation for electrons moving in an infinite gas under the influence
of spatially homogeneous electric and magnetic fields. The structure of the
skewness tensor and symmetries along individual elements are studied by
means of a group projector technique.

1. INTRODUCTION

Electron transport in gases under the influence of electric and mag-
netic fields has long been of interest, with many scientific and technological
applications. These applications have been usually modeled assuming hy-
drodynamic conditions, in which the electron flux was analyzed in terms of
drift and diffusion terms. The truncation of the electron flux to low order
transport coefficients, e.g., to the drift velocity and diffusion tensor, may be
invalid for a number of reasons, such as the presence of sources and sinks
or physical boundaries. Before applying the strict non-hydrodynamic treat-
ment, it is desirable to analyze the high-order transport coefficients and it
is important to develop methods for their calculations. This issue has been
addressed by several authors in the context of an electric field only case.
The semi-quantitative momentum transfer theory developed by Vrhovac et

al. [1] and Monte Carlo simulation performed by Penetrante and Bards-
ley [2] were used to analyze the skewness tensor for electrons in rare gases.
A three-temperature treatment of the Boltzmann equation and molecular
dynamics simulation were used by Koutselos to calculate the third order
transport coefficients of ions in atomic gases [3].

In this work we apply the group projector method [4] to investigate
the structure of the skewness tensor and symmetries along its individual
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elements when both the electric and magnetic fields are present. Using a
Monte Carlo simulation technique, the longitudinal and transverse skewness
coefficients are calculated for the ionization model of Lucas and Saelee [5].

2. THEORETICAL METHODS

The starting point in our analysis is the flux gradient relation

Γ(r, t) =
∞
∑

k=0

Γ(k+1)(t)⊙ (−∇)kn, (1)

and diffusion equation

∂n(r, t)

∂t
=

∞
∑

k=0

ω(k)(t)⊙ (−∇)kn. (2)

where n(r, t) is the electron density while Γ(r, t) is the electron flux. Γ(k+1)(t)
are time dependent tensors of rank k and ⊙ denotes a k-fold scalar product.

As pointed out in [1] one should make a difference between micro-
scopic and macroscopic transport coefficients. Microscopic bulk transport
coefficient of an order k, ω(k)(t), is a tensor of rank k, which multiplies the
k-th gradient of concentration, in (2). Microscopic flux can be obtained
from microscopic bulk by subtracting the term associated with the explicit
effects of non-conservative collisions. Macroscopic flux transport coefficient
of order k, Γ(k)(t), is a tensor of rank k, which in the flux gradient relation
(1), multiplies the (k − 1)-th gradient of concentration. These tensors are,
starting from rank 3, symmetric by every permutation of indices, that does
not change position of the first index, because all indices, except the first,
are contracted with partial derivatives of concentration.

In this work, we consider a co-ordinate system in which the z-axis
is defined by the electric field E while the magnetic field B lies along the
z-axis (parallel field configuration) or along the y-axis (an orthogonal field
configuration) or makes an angle ψ with E and lies in the y − z plane (an
arbitrary field configuration). Using the method based on group projectors
and identifying the symmetries along the individual elements of the skewness
tensor we have determined the following structures of the tensor depending
on the field configuration:
1. Electric field only configuration (E = Eez):

Qx|ij =





0 0 Qxxz

0 0 0
Qxxz 0 0



 , Qy|ij =





0 0 0
0 0 Qxxz

0 Qxxz 0



 ,

Qz|ij =





Qzxx 0 0
0 Qzxx 0
0 0 Qzzz



 . (3)
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2. Parallel field configuration (E = Eez, B = Bez):

Qx|ij =





0 0 Qxxz

0 0 Qxyz

Qxxz Qxyz 0



 , Qy|ij =





0 0 −Qxyz

0 0 Qxxz

−Qxyz Qxxz 0



 ,

Qz|ij =





Qzxx 0 0
0 Qzxx 0
0 0 Qzzz



 . (4)

3. Crossed field configuration (E = Eez, B = Bey):

Qx|ij =





Qxxx 0 Qxxz

0 Qxyy 0
Qxxz 0 Qxzz



 , Qy|ij =





0 Qyxy 0
Qyxy 0 Qyyz

0 Qyyz 0



 ,

Qz|ij =





Qzxx 0 Qzxz

0 Qzyy 0
Qzxz 0 Qzzz



 , (5)

where i, j = x, y, z. For an arbitrary field configuration, Qijk = Qikj for
any individual element of the skewness tensor.

3. RESULTS AND DISCUSSIONS

In the hydrodynamic regime the skewness tensor is given by

Qabc =
1

3!

d

dt
〈r⋆a r

⋆
b r

⋆
c〉, (6)

where (a, b, c) take values from the set {x, y, z} while the angular brackets
〈 〉 denote ensemble averages in configuration space and r

⋆ = r−〈r〉. From
(3) it is clear that Q has seven non-vanishing elements, three of which are
independent, Qzzz, Qzxx = Qzyy and Qxzx = Qxxz = Qyzy = Qyyz. Due
to direct sampling of swarm dynamic properties in our Monte Carlo code
only two independent components of the skewness tensor can be isolated,
the longitudinal skewness coefficient QL = Qzzz and transverse skewness
coefficient QT = Qzxx +Qxzx +Qxxz = Qzyy +Qyzy +Qyyz.

In Fig. 1 we show the variation of n 2
0 QL with E/n0 for the ion-

ization model of Lucas Saelee. We see that n 2
0 QL monotonically decreases

with increasing E/n0 and/or with increasing parameter F . For the con-
servative case (F = 0) gas model is reduced to elastic and excitation cross
sections and no ionization occurs while for non-conservative case (F = 1)
the gas model consists of elastic and ionization cross sections and no exci-
tation occurs. In this model, for increasing E/n0 the collision frequency for
inelastic collisions is also increased while the collision frequency for the mo-
mentum transfer in elastic collisions remains unaltered. This suggests that
for increasing E/n0 inelastic collisions tend to reduce n20QL. A decrease
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in n 2
0 QL with increasing F is a clear sign that the skewness coefficients

are more sensitive than the lower order transport coefficients with respect
to small variation in the distribution function induced by the ionization
cooling.
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Figure 1. Variation of the longitudinal skewness coefficient with E/n0 for
three different ionization models as indicated on the graph.
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THIRD-ORDER TRANSPORT
COEFFICIENTS FOR ELECTRONS II.

MOLECULAR GASES

I. Simonović, Z.Lj. Petrović and S. Dujko

Institute of Physics, University of Belgrade,

Pregrevica 118, 11080 Belgrade, Serbia

Abstract. A Monte Carlo simulation technique is used to calculate the
third-order transport coefficients for electrons and positrons in molecular
gases. Values and general trends of the longitudinal and transverse skew-
ness coefficients as a function of the reduced electric field in N2, CH4 and
CF4 are reported here. We investigate the way in which the skewness trans-
port coefficients are influenced by the energy dependence of cross sections
for electron/positron scattering. Correlations between the skewness and
diffusion coefficients have been found and studied.

1. INTRODUCTION

Studies of third-order transport coefficients for charged particles in
gases are very useful under conditions when transport is greatly affected by
non-conservative collisions and/or under conditions when the truncation of
the charged particle flux to low order transport coefficients is not sufficient
for accurate description of transport phenomena. There is a huge body of
data for electrons (and ions), and since recently even for positrons, when it
comes to low order transport coefficients, including the drift velocity and
diffusion tensor, and rate coefficients. In contrast, little is known about high-
order transport coefficients, particularly for electrons and positrons. This
is understandable having in mind that the traditional swarm experiments
have been interpreted without the consideration of high order transport [1],
though it has been suspected to influence the motion of the electrons [2] and
ions [3]. Third-order transport coefficients are most likely to be measured
in the near future and hence it is of great importance to develop methods
for their theoretical calculations. Such information can help in the design
of future experiments as well as in the interpretation of their results.
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The aims of this work are (1) to provide Monte Carlo calculations of
the skewness transport coefficients for electrons and positrons in molecular
gases, (2) to investigate the correlations between skewness and low order
transport coefficients (e.g., the drift velocity and diffusion tensor), and (3)
to study the explicit and implicit effects of non-conservative collisions on
the skewness transport properties. In section 2 we give a brief discussion of
our Monte Carlo method while in section 3 we present a few examples of
our results for electrons in N2.

2. THEORETICAL METHODS

The Monte Carlo code applied in this work follows a large number
of particles (usually 107 and sometimes even more) moving in an infinite
gas under the influence of spatially homogeneous electric field. Particles
(positrons or electrons) gain energy from the electric field and dissipate this
energy through binary collisions with background neutral particles. The
charged particle interactions are neglected since the transport is considered
in the limit of low charged-particle density. All calculations are performed
at zero gas temperature. For more details about our Monte Carlo simulation
code see recent reviews [4, 5].

Skewness transport coefficients are determined after relaxation to
steady state. The bulk values are calculated using the following formulas:

Q
(B)
L =

1

3!

d

dt

(

〈z3〉 − 3〈z〉〈z2〉+ 2〈z〉3
)

, (1)

Q
(B)
T =

1

3!

d

dt

(

〈zy2〉 − 〈z〉〈y2〉
)

, (2)

while the corresponding flux components are determined as follows:

Q
(F )
L =

1

3!

(

3〈z2Vz〉 − 3〈Vz〉〈z
2〉 − 6〈z〉〈zVz〉+ 6〈Vz〉〈z〉

2
)

, (3)

Q
(F )
T =

1

3!

(

〈y2Vz〉+ 2〈zyVy〉 − 〈y2〉〈Vz〉 − 2〈z〉〈yVy〉
)

, (4)

where indices B and F refer to bulk and flux. We consider a coordinate
system in which the electric field lies along the z-axis.

3. RESULTS AND DISCUSSIONS

In figure 1 we show the variation of the longitudinal and transverse
skewness coefficients, n2

0QL and n2
0QT , respectively, with E/n0 for electrons

in N2. In order to understand the correlation between skewness and diffusion
coefficients, on the same figure we show the variation of the longitudinal and
transverse, n0DL and n0DT , diffusion coefficients with E/n0. For lower
E/n0, less than 40 Td, we observe that n0DL is a decreasing function
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of E/n0. For the same E/n0, n2
0QL decreases markedly. For E/n0 ≥

40 Td, n0DL is a monotonically increasing function of E/n0 while n2
0QL

increases with increasing E/n0, reaching a peak, and then it starts first
to decrease and then again to increase. If we take a careful look, we see
that after reaching the peak, n2

0QL is decreased when the profile of n2
0QL

is changed from a typical convex to a more concave profile. This illustrates
high sensitivity of n2

0QL with respect to the collisional process that control
the behavior of diffusion along the field direction. For E/n0 ≥ 400 Td both
n0DL and n2

0QL are monotonically increasing functions of E/n0. From the
profile of n2

0QT , we see that the transverse skewness coefficient is correlated
very well with both n0DL and n0DT . This applies for electrons in N2; for
electrons in CF4 we have identified the regions of E/n0 where n

2
0QT exhibits

better correlation with n0DT than with respect to n0DL.
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Figure 1. Variation of the longitudinal skewness and longitudinal diffu-
sion coefficients with E/n0 (a) and variation of the transverse skewness and
transverse diffusion coefficients with E/n0 (b) for electrons in N2.

Figure 2 displays the variation of the bulk and flux values of n2
0QL

(a) and n2
0QT (b) with E/n0 for electrons in N2. Increasing E/n0 results in

a more pronounced distinction between bulk and flux values. The explicit
effects of ionization on the skewness properties become clearly evident for
E/n0 ≥ 150 Td. For both n2

0QL and n2
0QT the bulk values overestimate

the corresponding flux values and this is exactly what has been previously
observed for the drift and diffusion in N2 [6]. The differences between bulk
and flux values do not exceed 60% for both n2

0QL and n2
0QT for E/n0

considered in this work. Better understanding of the explicit effects of
ionization on the skewness transport properties requires knowledge of the
spatially resolved data along the swarm, particularly those associated with
the high-order variations of the average energy.
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Figure 2. Variation of the bulk and flux longitudinal (a) and transverse (b)
skewness coefficients with E/n0 for electrons in N2.

Acknowledgments

This work was supported by MPNTRRS Projects OI171037 and III41011.

REFERENCES

[1] L.G.H. Huxley and R.W. Crompton, The Drift and Diffusion of Elec-

trons in Gases (New York: Wiley Interscience, 1973).

[2] B.M. Penetrante and J.N. Bardsley, in Non-equilibrium Effects in Ion

and Electron Transport, edited by J.W. Gallagher, D.F. Hudson, E. E.
Kunhardt, and R.J. Van Brunt, (Plenum, New York, 1990), p. 49.

[3] A.D. Koutselos, Chem. Phys. 270, 165 (2001).
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MONTE CARLO SIMULATIONS OF  
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Abstract. Electron transport coefficients in CF3I and SF6 gases are calculated 
using Monte Carlo simulations for a wide range of reduced electric field 
strengths. In order to compensate for the loss of electrons in simulation due to 
strong attachment, three different rescaling techniques are considered and 
applied. Among many observed phenomena, in case of SF6 we highlight the 
reduction of mean electron energy with increasing electric field. In addition, we 
observe that for both gases bulk drift velocities exhibit negative differential 
conductivity which is not present in the flux drift velocity. 

1. INTRODUCTION

Electron attachment in strongly electronegative gases, such as CF3I and 
SF6, has many industrial applications. For example, in high-voltage circuit 
breakers, it is the most significant process for the prevention of electric 
breakdown [1]. Electronegative gases are also used for plasma etching and 
cleaning in semiconductor fabrication [2]. 

On the other hand, electron attachment imposes practical difficulties in 
experiments for measurement of transport coefficients [1,3]. Considerable 
difficulties also appear in Monte Carlo simulations of electron transport in 
strongly electronegative gases at low electric fields where electron attachment is 
the dominant process. Due to this process, the number of electrons in a 
simulation can reach extremely low values leading to poor statistics or complete 
loss of electrons in the simulation [4,5]. In order to compensate for this loss of 
electrons, some sort of rescaling techniques must be used.  

In this work, we discuss the existing rescaling techniques for Monte 
Carlo simulations of electron transport in strongly electronegative gases. 
Furthermore, we introduce our modified rescaling procedure and demonstrate 
how these techniques affect the calculated transport data for CF3I and SF6 gases. 
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2. RESCALING TECHNIQUES

The following rescaling techniques, applicable for Monte Carlo 
simulations, can be found in the literature: 

1. Duplication of electrons randomly chosen from the remaining swarm at
certain discrete time steps [6];

2. Duplication of the entire electron swarm (one or more times) at certain
time steps [5] or at certain distance steps [7];

3. Introduction of an additional fictitious ionization [4] or attachment
process [8] with a constant collision frequency.

An unaltered electron distribution function and its evolution are a common 
objective for all these techniques. In this work, the first technique will be 
referred to as discrete rescaling, the second as swarm duplication and the third as 
continuous rescaling. However, we introduce a modification to the third 
procedure where the fictitious ionization process is dynamically adjusted during 
the simulation in such way that the fictitious ionization rate is chosen to be equal 
to the attachment rate. Therefore, it is not necessary to define a fictitious 
ionization rate in advance and as a benefit, the number of electrons is kept nearly 
constant during the simulation. 

3. RESULTS

In this section, we present the transport data for CF3I and SF6 gases, 
calculated using our Monte Carlo code [6,9] with three different rescaling 
techniques. The cross section set for electron scattering in SF6 is taken from Itoh 
et al. [10]. In case of CF3I, we use our modified cross section set [11] which is 
based on cross sections of Kimura and Nakamura [12]. This modification of the 
CF3I set was necessary in order to provide a better agreement between the 
calculated data and the reference data measured in a pulsed Townsend 
experiment for pure CF3I and its mixtures with Ar and CO2.  

Figure 1(a) shows the variation of mean electron energy with E/n0 in 
CF3I. Calculations are performed assuming the three rescaling techniques. 
Excellent agreement between the cases of discrete rescaling and swarm 
duplication can be understood, having in mind that these two techniques are 
essentially the same. The only difference between the two is the fact that in case 
of discrete rescaling, the probability for duplication of an electron is determined 
by the ratio of current number and desired number of electrons, while in case of 
swarm duplication technique, this probability is set to unity i.e. the duplication is 
performed for all electrons. Continuous rescaling is also in a good agreement 
with the other two techniques. 

In case of mean electron energy for the SF6 gas, Figure 1(b) shows 
excellent agreement between the three rescaling techniques. Furthermore, one 
anomalous behavior is observed — a decrease of mean energy with increasing 
electric field. This phenomenon is associated with mutual influence of 
attachment heating and inelastic cooling. Since it is observed only in case of SF6, 
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it is evident that the specific cross sections for electron scattering are essentially 
responsible for the occurrence of this phenomenon. 

Figure 2 shows flux and bulk  drift velocities in (a) CF3I and (b) SF6 

gases, obtained with three rescaling techniques. For electrons in CF3I, the drift 
velocities calculated using discrete rescaling and swarm duplication are again in 
excellent agreement while continuous rescaling at low electric fields gives 
slightly lower values than the other two techniques. For drift velocities in the SF6 
gas, all three rescaling techniques are in good agreement over the entire range of 
reduced electric fields considered in this work. We can conclude that the nature 
of the cross sections for electron scattering in CF3I and SF6 and their energy 
dependence are responsible for the differences between the results obtained using 
different rescaling techniques.  

Two interesting phenomena are also observed in Figure 2. First, for 
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Figure 1. Mean electron energy in (a) CF3I and (b) SF6 gases as a function of 
reduced electric field. The profiles are calculated using three different rescaling
techniques. 

100 101 102 103

103

104

105

 continuous rescaling
 discrete rescaling
 swarm duplication

(a)

CF
3
IW

Flux

W
Bulk

W
   

[ m
s-1

 ]

E/n
0
   [ Td ]

100 101 102 103

(b)

SF
6

 continuous rescaling 
 discrete rescaling
 swarm duplication

E/n
0
   [ Td ]

W
Flux

W
Bulk

Figure 2. Variation of the drift velocity with E/n0 for electrons in (a) CF3I and 
(b) SF6 gases. The profiles are calculated using three different rescaling
techniques. 
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both gases the bulk drift velocity is higher than the flux drift velocity. In low 
energy range, this is a consequence of strong attachment heating (the 
consumption of slow electrons due to attachment) while in higher energy range 
the explicit effect of ionization is responsible. As a result, new electrons are 
preferentially created at the front of the swarm and/or slow electrons are 
consumed at the back of the swarm resulting in a forward shift of centre of mass 
of the swarm which is observed as an increase of bulk drift velocity over the flux 
drift velocity. The other phenomenon is a very strong NDC effect (negative 
differential conductivity) which is noticed for both gases, but only in case of 
bulk component drift velocity. This behavior appears to be common for all 
strongly electronegative gases since it is induced by explicit effects of electron 
attachment. 
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ELECTRON TRANSPORT IN MERCURY VAPOR: 
DIMER INDUCED NDC AND ANALYSIS OF 

TRANSPORT PHENOMENA IN ELECTRIC AND 
MAGNETIC FIELDS 

J. Mirić, I. Simonović, D. Bošnjaković, Z. Lj. Petrović and S. Dujko 
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Pregrevica 118, 11080 Belgrade, Serbia  

Abstract. Transport coefficients for electron swarms in mercury vapor in the 
presence of electric and magnetic fields are calculated and analyzed using a multi 
term theory for solving the Boltzmann equation and Monte Carlo simulation 
technique. Particular attention is paid to the occurrence of negative differential 
conductivity (NDC) at higher gas pressures and temperatures. It is shown that the 
correct representation of the presence of mercury dimers and superelastic 
collisions plays a key role in the analysis of NDC. When both the electric and 
magnetic fields are present, another phenomenon arises: for certain values of 
electric and magnetic field, we find regions where swarm mean energy increases 
with increasing magnetic field for a fixed electric field. Spatially-resolved 
electron transport properties are calculated using a Monte Carlo simulation 
technique in order to understand these phenomena.  

1. INTRODUCTION

In this work we discuss the transport of electrons in mercury vapor and 
its mixtures with argon under conditions relevant for metal vapor lamps. Current 
models of such lamps require knowledge of transport coefficients as a function of 
electric field strengths, gas pressures and temperatures. Recently developed 
inductively coupled plasma light sources require the knowledge of transport 
coefficients when both the electric and magnetic fields are present and crossed at 
arbitrary angles [1]. These transport coefficients can be either measured in swarm 
experiments or calculated from transport theory. To date, no experiments exist 
that can measure all the required transport coefficients, including rate coefficients, 
drift velocities, and diffusion coefficients for electrons in gases in the presence of 
electric and magnetic fields.  

In the present work we solve the Boltzmann equation for electron 
swarms undergoing ionization in mercury vapor and its mixtures with argon in the 
presence of electric and magnetic fields crossed at arbitrary angles. For the E-only 
case we discuss the occurrence of negative differential conductivity (NDC)  for 
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higher gas pressures and temperatures in the limit of lower electric fields. NDC is 
a phenomenon where the drift velocity decreases with increasing electric field. 
For electrons in mercury vapor this behavior of the drift velocity is attributed to 
the presence of mercury dimers.  

In the second part of this work we investigate the electron transport in 
varying configurations of electric and magnetic fields. In particular, we discuss 
the following phenomenon: for certain values of electric and magnetic fields, we 
find regions where swarm mean energy increases with increasing magnetic field 
for a fixed electric field. The phenomenon is discussed using spatially-resolved 
transport data calculated in Monte Carlo simulations. 

2. CROSS SECTIONS AND SIMULATION TECHNIQUES

The cross section for momentum transfer in elastic collisions is made as 
follows. For lower electron energies, we use a cross section from [2] while for 
higher energies, we use a cross section tabulated in MAGBOLTZ code [3]. Cross 
sections for electronic excitations for levels 3P0, 

3P1 and 3P2 are retrieved from [4] 
while electronic excitations to 1S0 and 1P1 states as well as a cross section for 
higher states are also taken from MAGBOLTZ code. For electron-impact 
ionization, we have used a cross section from [5]. The effective cross section 
which describes vibration and electronic excitations of mercury dimers is derived 
using the experimental measurements of Elford [6]. Cross sections were slightly 
modified during the calculations to improve agreement between the calculated 
swarm parameters and the experimental values [6]. 

Electron transport coefficients are calculated from the multi term 
solution of Boltzmann's equation. A Monte Carlo simulation technique is used to 
verify the Boltzmann equation results and also for the calculations of spatially-
resolved transport data. 

3. RESULTS AND DISCUSSIONS

In Figure 1 (a) we show the variation of the drift velocity with E/n0 for a 
range of gas pressures, as indicated on the graph. Calculations are performed in a 
wide range of pressures, from 20.2 to 108.4 Torr. The temperature of the 
background gas is 573K. The same range of pressures and temperatures was 
considered by Elford in his experiments [6]. We extend his measurements by 
considering the drift of electrons for six additional gas pressures. For E/n0 less 
than approximately 2.5 Td the pressure dependence of the drift velocity is clearly 
evident. For higher E/n0, however, the drift velocity does not depend on the 
pressure. For pressures higher than approximately 200 Torr, we see that the drift 
velocity exhibits a region of NDC, i.e. over a range of E/n0 values the drift 
velocity decreases as the driving field is increased. The conditions for the 
occurrence of NDC have been investigated previously [7]. For electrons in 
mercury vapor, NDC arises for certain combinations of elastic cross sections of 
dimer-free mercury vapor and inelastic cross sections of mercury dimers in 
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which, on increasing the electric field, there is a rapid transition in the dominant 
energy loss mechanism from inelastic to elastic. For pressures lower than 200 
Torr the elastic cross section of dimer-free mercury vapor dominates the effective 
inelastic cross section of mercury dimers. Thus, the conditions for the occurrence 
of NDC are not set. For higher pressures, the phenomenon is promoted by either 
or both of (i) a rapidly increasing cross section for elastic collisions and (ii) a 
rapidly decreasing inelastic cross section. It is clear that the presence of dimmers 
plays a key role in the development of NDC in mercury vapor.   

In Figure 1 (b) we show a comparison between our calculations and 
experimental measurements of the drift velocity for a range of pressures. Our 
Monte Carlo results (figure 1 (b)) agree very well with those measured in the 
Bradbury-Nielsen time-of-flight experiment [6]. The agreement is achieved only 
after careful implementation of superelastic collisions in our calculations. Cross 
sections for superelastic collisions are calculated directly in our code from the 
principle of detailed balance. 
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Figure 1. Variation of the drift velocity with E/n0 for a range of pressures (a) and 
comparison between our Monte Carlo results and experimental measurements. 
Calculations are performed for electrons in mercury vapor. The temperature of 
the background gas is 573K. 

In the last segment of this work we discuss the impact of a magnetic 
field on the electron transport in mercury vapor. The pressure and temperature of 
the mercury vapor are set to 1 Torr and 293K, respectively. As an example of our 
study, in figure 2 we show the variation of the mean energy with E/n0 for a range 
of the reduced magnetic fields B/n0, in a crossed field configuration. In the limit 
of the lowest E/n0 the electrons are essentially in the quasi-thermal equilibrium 
with the mercury vapor, independent of the strength of the applied magnetic field. 
In this regime, the longitudinal and transverse drift velocity components are 
dependent on both E/n0 and B/n0 while the diagonal diffusion tensor elements 
along the E and E×B directions are dependent on B/n0 only. The diffusion 
coefficient along the magnetic field direction is reduced to its thermal value as 
magnetic field only affects the diffusion in this direction indirectly, through the 
magnetic field’s action to cool the swarm. Certainly one of the most striking 
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properties observed in the profiles of transport coefficients is an increase in the 
swarm mean energy with increasing magnetic field for a fixed electric field. The 
phenomenon is evident in the range E/n0=5-200 Td for B/n0 considered in this 
work. This behavior is contrary to previous experiences in swarm physics as one 
would expect the mean swarm energy to decrease with increasing B/n0 for a fixed 
E/n0. The phenomenon could be associated with the interplay between magnetic 
field cooling and inelastic/ionization cooling, although the role of the cross 
sections in both phenomena is of course vital. The electron energy distribution 
function and spatially-resolved mean energy, rate coefficients and other properties 
are calculated using a Monte Carlo simulation technique in order to explain this 
phenomenon.  
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Figure 2. Variation of the mean energy with E/n0 for a range of B/n0. 
Calculations are performed for electrons in mercury vapor.  
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Abstract. We have developed a Monte Carlo code for the calculation of transport 
coefficients for electron swarms in non-polar liquids. Transport coefficients for 
electron swarms in liquid argon and liquid xenon are calculated for 10-3≤ 
E/n0≤103 Td. Effects caused by fluctuations of density are neglected. Calculated 
transport coefficients in liquid phase are compared with those in the gas phase and 
differences are addressed using physical arguments.  

1. INTRODUCTION 

 Transport of charged particles in liquids is a growing field of research, 
which addresses some fundamental questions and has many important 
applications. One of the most attractive applications is the interdisciplinary field 
of plasma medicine, which requires a detailed description of the behavior of 
electrons in liquid water and structures found in the living tissue. Additional 
applications are found in the technology behind the liquid argon and liquid xenon 
time projection chambers which are designed for detection of cosmic radiation, 
and search for dark matter particles.  
 Knowledge of transport coefficients in the liquid phase is also necessary 
for modeling of electrical discharges in liquids. There were many attempts to 
calculate transport coefficients of electron swarms in liquids. Cohen and Lekner 
calculated cross sections for electrons in the liquid phase argon which include 
coherent scattering effects [1,2]. In addition, they solved the Boltzmann equation 
using the two term approximation. Atrazhev and Iakubov [3] developed effective 
cross sections for electrons in liquid argon, krypton and xenon, which, for small 
energies, depend on density only. Numerical values of these cross sections, at 
low energies, must be found empirically. They subsequently had performed 
calculations in the framework of Cohen-Lekner theory and they obtained good 
agreement with experiment. Boyle et al [4,5] have recently determined ab initio 
differential cross sections for the gas phase argon and xenon by solving Dirac-
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Fock scattering equations. Their cross sections are in a good agreement with 
experiment. They have derived liquid phase cross sections from those for the gas 
phase. In their work, the Cohen-Lekner procedure was extended to consider 
multipole polarizabilities and a non-local treatment of exchange. The calculation 
of transport coefficients in their work was performed using a multi term solution 
of Boltzmann's equation. 

2. THEORETICAL EVALUATION 

 We have developed a Monte Carlo code for the calculation of transport 
coefficients of swarms of electrons and positrons in the liquid phase. Elastic 
scattering is treated in a way which is similar to the method described in the 
paper by Tattersall et al [6]. This method uses the fact that in the liquid phase 
mean free paths for the transfer of energy and momentum are different, due to 
structure effects. This allows the correct representation of the net transfer of 
momentum and energy, by including additional collisional processes in which 
only momentum/energy are exchanged. The mean free paths for the transfer of 
energy and momentum are given by the following equations,  
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where   ,sp  is the differential cross section for electron scattering on a 

single molecule, and  kS


  is the static structure factor. The validity of our 

code is verified by comparison with benchmark calculations for the Percus 
Yevick model liquid [6]. Due to the lack of an adequate theory for the treatment 
of inelastic collisions in liquids, we have implemented the following strategy. 
For electron-impact ionization, we applied the gas phase cross sections, with 
thresholds which are reduced to the values suggested in the literature. For 
excitations, however, we apply two different scenarios. In the first scenario, the 
excitations are completely neglected. This is the so-called two-level model in 
which only ground state and conduction band are present [7]. In the second 
scenario, the gas phase excitations, with thresholds which are lower than the 
reduced threshold for ionization, are included in our set of cross sections. The 
remaining excitations are neglected. Fluctuations of density, and effects which 
are produced by interaction of swarm particles with polar background molecules 
are not included. Therefore, the applicability of our code is limited to non-polar 
liquids in which bubble/cluster formation is not appreciable. 
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3. RESULTS AND DISCUSSIONS 

 In figure 1 we show the variation of ionization rate coefficient with E/n0 
for electrons in liquid and gas xenon. We see that the ionization rate coefficients 
for electrons in both liquid scenarios are significantly greater than the 
corresponding rate coefficient for electrons in the gas phase. This is in part due 
to the cooling action associated with the inelastic collisions in the gas system, 
and also due to the modifications of the scattering potential between the gas and 
liquid phases. Comparing the two liquid scenarios, the ionization rate is greater 
without excitations. The reason is obvious: the competitive processes that lead to 
electronic excitation in which electrons lose energy are removed. It should be 
noted that the difference between ionization rate coefficients for different liquid 
scenarios is more pronounced for electrons in liquid argon than for electrons in 
liquid xenon.  
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Figure 1. Variation of the ionization rate coefficient with E/n0 for electrons in 
liquid and gas xenon. 

 In figure 2 we show the variation of the bulk drift velocity with E/n0 for 
electrons in liquid and gas xenon. In the profile of the bulk drift velocity for 
electrons in the liquid phase, we observe negative differential conductivity 
(NDC). NDC is characterized by a decrease in the drift velocity despite an 
increase in the magnitude of applied electric field. While NDC has been 
demonstrated in the past to be a consequence of inelastic or non-conservative 
processes [8], its occurrence here is purely a result of including structure effects. 
The same effect has been already reported in the literature [3,4], and an analytic 
prescription for its occurence has been presented [9,10]. For electrons in liquid 
Xe, NDC occurs for 0.01 ≤ E/n0 ≤ 1 Td. The corresponding range of mean 
energies is between 0.5 eV and 1.9 eV. In these field (energy) regions an 
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increase in the field leads to a sharp increase in the momentum-transfer cross 
section and hence a decrease in drift velocity. Structure induced NDC will be 
further investigated in our work, by simulating the spatially-resolved transport 
properties for electron swarms in liquid argon and liquid xenon. 
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Figure 2. Variation of the bulk drift speed with E/n0 for electrons in liquid and 
gas xenon. 
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Abstract. In this work we investigate transition of an electron avalanche into a 
streamer, in liquid argon and liquid xenon, using 1.5 dimensional first-order fluid 
model. Electron transport coefficients used as input in fluid equations are 
calculated by our Monte Carlo simulation code. Streamer results in the liquid 
phase are compared to those in the gas phase.   

1. INTRODUCTION 

Electrical discharges in liquids have many important applications 
ranging from plasma medicine and water purification to transformer oils and 
miniaturized chemical analysis of liquid composition. However, detailed 
understanding of these discharges, which is necessary for their better stabilization 
and control, remains elusive, due to their complexity and diversity. Bubble 
formation and evolution, presence of impurities and solvation of electrons in polar 
liquids can all have significant impact on discharge dynamics in the liquid phase. 
Moreover, it is not possible to set up some experiments in liquids, the equivalent 
of which have been very useful for the study of gas discharges. Experiments 
which investigate electron avalanches in plane parallel geometry, in order to 
determine electron impact ionization coefficient, are one such example. In the 
case of liquids, high electric fields necessary for electron impact ionization, would 
lead immediately to breakdown [1]. This hinders the possibility to experimentally 
observe the gradual transition of an electron avalanche into a discharge, in a 
uniform external field. The presence of such experimental difficulties increases 
the importance of theoretical studies, both for the purpose of developing insight 
into the relevant physical phenomena, and for designing the future experiments. 
However, theoretical investigation of the behavior of charged particles in liquids 
also faces many problems. Many of those problems are related to accurate 
description of interaction between charged particles and the background 
molecules. The most recent advancement in the theoretical description of 
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transport of electrons in the liquid phase is presented in the papers by Boyle et al 
[2,3].  

In this work we study the transition of an electron avalanche into a 
streamer in liquid argon and liquid xenon, in the presence of a constant external 
electric field, by employing 1.5 dimensional first-order fluid model. A similar 
study has been recently performed by Naidis [4] for electrons in liquid 
cyclohexane, although his simulations were done in point to plane geometry.  

 

2.  THEORETICAL EVALUATION 

In this work we apply the first-order fluid model which is based on the 
drift-diffusion equation for electrons (1) and number balance equations for ions 
(2) 
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where ne, np and ne are number densities of electrons, positive and negative ions, 
respectively, while w, D, i and a are drift velocity, longitudinal diffusion 
coefficient, and rate coefficients for ionization and attachment. The electric field 
produced by the space charge effects is given as follows 
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Here we assume the cylindrically symmetric 2D charge distribution, where 0R is 

a parameter of the model. The equations are solved numerically using 4th order 
Runge-Kutta method for the integration in time and 2nd order central differences 
for the spatial derivatives in 1 dimension. This corresponds to the so-called 1.5D 
dimensional model. Ions are considered stationary, since their velocity is 
negligible compared to the velocity of electrons for the time scale considered in 
this work.  
 Our fluid model is based on the local field approximation and requires 
the tabulation of electron transport coefficients as a function of the reduced 
electric field. We have used our Monte Carlo simulation code to calculate electron 
transport coefficients in both the gaseous and liquid systems. The code we use is 
similar to the Monte Carlo code developed by Tattersall et al [5]. We apply two 
scenarios regarding cross sections. In the first scenario excitations are completely 
neglected (No Excitation scenario) while in the second scenario, they are 

28th SPIG Atomic Collision Processes

125



approximated by the gas phase excitations (Excitation scenario). A more detailed 
introduction to our Monte Carlo code, and calculations of transport coefficients is 
given in our accompanying paper in the Proceedings of this conference. 
Comparison of the results, obtained by using these two scenarios, gives a rough 
estimate of the importance of accurate representation of excitations for modeling 
of streamer dynamics. 
 

3. RESULTS AND DISCUSSION 

 In figures 1 and 2 we show the temporal evolution of the electron 
density in gas argon and liquid argon, respectively, for the several instants. The 
initially Gaussian electron density grows due to the ionization processes; then 
charge separation occurs in the electric field due to the drift of oppositely 
charged particles in opposite directions, and the initially homogeneous electric 
field is distorted; and finally, when the field in the ionized region becomes more 
and more screened, the ionization is reduced and the typical ionization front 
profiles of electron and ion densities and of the electric field are established. The 
initial ionization avalanche is then said to have developed into a streamer. 
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Figure 1. Transition of an electron avalanche into a streamer in the gas phase 
argon. Time moments t1, t2 and t3 correspond to 0ns, 9.2ns and 12ns 
respectively. The electric field vector is oriented to the right. 

 

 We observe that the transition of an electron avalanche into a streamer 
occurs much faster, and in a much smaller spatial range, in the liquid than in a 
gas system. It can also be seen that streamer dynamics is significantly different in 
the two scenarios regarding the treatment of excitations in the liquid phase. The 
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transition of an electron avalanche into a streamer is much faster in scenario 
without excitations, due to the absence of inelastic losses, which would decrease 
the rate for ionization. Thus, different estimations of the inelastic cross sections 
could yield great differences in the streamer properties. This suggests that 
accurate representation of the cross sections for excitations, in the liquid phase, is 
essential for modeling of discharges in liquids. The same holds for accurate 
description of cross sections for ionization. 
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Figure 2. Transition of an electron avalanche into a streamer in the liquid argon. 
Time moments t1, t2 and t3 correspond to 0ps, 2.3ps and 2.9ps respectively. The 
electric field vector is oriented to the right. 
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In this work we explore the connections between transport theory of charged particle swarms and 

modelling of particle detectors used in high-energy physics. In particular, we discuss the physics 

of resistive plate chambers (RPCs), including the electron transport and propagation of streamers 

in the gas filled gaps and signal induction in the electrodes. Electron transport coefficients are 

calculated in a variety of RPC gas mixtures as a function of the reduced electric field, using a 

Boltzmann equation analysis and Monte Carlo simulations. A 1.5D fluid model with 

photoionization is developed to investigate how the nature of transport data affects the calculated 

signals in various RPCs used in high-energy physics experiments at CERN. Electron transport and 

propagation of streamers are also considered in liquid rare gases. Solutions of Boltzmann’s 

equation and Monte Carlo method for electrons in dilute neutral gases, are extended and 

generalized to consider the transport processes of electrons in liquid non-polar gases by accounting 

for the coherent and other liquid scattering effects.  

1. Introduction
Studies of charged particle transport processes in gases and liquids in combined electric and magnetic 

fields are of vital interest in the modelling of non-equilibrium plasmas [1], particle detectors in high-

energy physics [2], and numerous other applications. Further optimization and understanding of such 

applications is dependent on an accurate knowledge of the cross sections for charged particle 

scattering, transport coefficients and the physical processes involved. In particular, the advanced 

technology associated with detection of high-energy particles using various types of gaseous and 

liquid detectors demands the most accurate modelling of charged particle transport. Over the last two 

decades, there has been a lot of progress in the understanding of charged particle transport in 

combined electric and magnetic fields [3,4], but this has not always been taken advantage of by 

physicists working in high-energy physics.      

One of the main goals of the present work is to discuss how to bridge the gap between the modelling 

of particle detectors in high-energy physics and the swarm-plasma nexus that has been thoroughly 

investigated in our recent reviews [3-5]. We discuss how to adopt the well know techniques in plasma 

physics, including the numerical solution of Boltzmann’s equation [4,5], Monte Carlo simulation 

technique [6,7] and fluid equation based models [4,8,9], to model the particle detectors in high-energy 

physics. Indeed, there is a considerable overlap between the two fields and in this work we present the 

methodology, quantitative and qualitative procedures for modelling of gaseous and liquid detectors of 

high-energy particles. 

2. Modeling of resistive plate chambers
In the first part of this work we discuss the transport of electrons in gases, propagation of streamers 

and signal induction in resistive plate chambers (RPCs). RPCs are gaseous detectors often used for 

timing and triggering purposes in many high-energy physics experiments [10-12]. RPCs consist of a 

single or multiple gas filled gaps between the electrodes of high volume resistivity, such as glass or 

bakelite, which are used for the suppression of destructive higher current discharges. Despite the 

simple construction, modeling of RPCs is not a simple task due to many physical processes occurring 

on different time scales, including primary ionization, charge transport and multiplication, electrode 

relaxation and signal formation. After passing through the detector, a high energy charged particle 
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(muon, charged pion and/or kaon, etc.) makes clusters of electrons in the gas, which are drifting 

towards the anode and multiplied in the process of ionization. Electrons move in a homogeneous 

electric field which is provided by the high voltage that is applied to the parallel plate electrodes. 

Depending on the applied electric field strength, geometry and gas mixture, RPCs can be operated in 

an avalanche or streamer mode. Typical gas mixtures used in RPCs are composed of tetrafluoroethane 

(C2H2F4), iso-butane (iso-C4H10) and sulfur hexafluoride (SF6). Each of these gas components has a 

specific purpose: C2H2F4 is a weak electronegative gas with a high primary ionization efficiency while 

iso-C4H10 is a UV-quencher gas. SF6, on the other hand, is a strongly electronegative gas, often used in 

avalanche mode to suppress and control the development of streamers. 

The first building block in the modeling of RPCs is the analysis of cross sections for electron 

scattering in C2H2F4, iso-C4H10 and SF6. In this work, we propose a complete and consistent set of 

cross sections for electron scattering in C2H2F4 [13], while for iso-C4H10 and SF6 we use the sets of 

cross sections found in the literature [14,15]. The set of cross sections for C2H2F4 is validated through 

a series of comparisons between swarm data calculated using a multi term theory for solving the 

Boltzmann equation and Monte Carlo simulations, and the measurements under the pulsed Townsend 

conditions. Other sets of cross sections for electron scattering in C2H2F4 were also used as input in our 

numerical codes with the aim of testing their completeness, consistency and accuracy. The calculated 

swarm parameters are compared with measurements in order to assess the quality of the cross sections 

in providing data for modeling.  
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Figure 1. Bulk and flux drift velocities as a function of E/N for gas mixtures used in ATLAS 

triggering RPC, ALICE timing RPC and timing RPC [17]. 

In addition to pure gases, we investigate electron transport in various C2H2F4/iso-C4H10/SF6 mixtures 

used in RPCs in the ALICE, CMS and ATLAS experiment using a multi term theory for solving the 

Boltzmann equation and Monte Carlo simulation technique [16]. The duality of transport coefficients, 

e.g., the existence of two different families of transport coefficients, the bulk and the flux, in the

presence of non-conservative collisions, is investigated. A multitude of interesting and atypical kinetic 

phenomena, induced by the explicit effects of non-conservative collisions, is observed. Perhaps the 

most striking phenomenon is the occurrence of negative differential conductivity (NDC) in the bulk 

drift velocity with no indication of any NDC for the flux component in the ALICE timing RPC system. 

Figure 1 displays the variation of the bulk and flux drift velocities with the reduced electric field for 

ATLAS triggering RPC (94.7% C2H2F4+5% iso-C4H10+0.3% SF6), ALICE timing RPC (90% 

C2H2F4+5% iso-C4H10+5%SF6) and timing RPC (85% C2H2F4+5% iso-C4H10+10%SF6) [17]. We 

systematically study the origin and mechanisms for such phenomena as well as the possible physical 

implications which arise from their explicit inclusion into models of RPCs. 

58



The Boltzmann equation analysis and Monte Carlo simulations are performed assuming the 

hydrodynamic conditions and motion of electrons in an infinite gas. The more realistic RPC 

simulations with implementing gas gap boundaries and primary ionization models have been 

performed using a Monte Carlo simulation technique with the aim of obtaining the performance 

characteristics of a timing RPC [18,19]. Timing resolutions and efficiencies are calculated for a 

specific timing RPC with a 0.3mm gas gap and gas mixture of 85% C2H2F4 + 5% iso-C4H10 + 10% SF6. 

In this work we also present our 1.5D fluid model with photoionization to investigate the transition 

from an electron avalanche into a streamer, propagation of streamers and signal induction in the 

system of electrodes [20]. In particular, we investigate how the duality of transport coefficients affects 

the calculated signals of the ATLAS triggering RPC and ALICE timing RPC used at CERN, and also 

a timing RPC [17] with high SF6 content. Calculations are performed using the classical fluid model in 

which both the bulk and flux transport data are used as an input. In addition, we present a new 

approach in fluid modelling of RPCs based on the equation of continuity and density gradient 

expansion of the source term. The model requires knowledge of the coefficients in the density gradient 

expansion of the source term as a function of the reduced electric field. We apply the Monte Carlo 

method for the determination of these coefficients using the cross sections for electron scattering as a 

set of input data. 
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Figure 2. Electron number density and electric field along the gas gap of ALICE timing RPC at t = 

0.45 ns during avalanche development (left panel), and t = 0.92 ns during positive streamer formation 

(right panel). The external electric field is set to 10.4 MV/m and pressure is 1 atm. Calculations are 

made using a corrected fluid model and classical fluid model with flux and bulk transport data as an 

input [20].  

As an illustrative example of our fluid simulations of RPCs, in figure 2 we show the development of 

an electron avalanche and its transition into a positive streamer. On the left panel we show the electron 

number density and electric field at time instant t = 0.45 ns during avalanche development in ALICE 

timing RPC. We observe that there are no space charge effects and the profiles obtained using 

corrected model match very well with those obtained using classical model with bulk data. Comparing 

avalanches with bulk and flux data, we see that the avalanche with the flux data is slower. This might 

be expected, since the bulk drift velocity is greater than the flux drift velocity for a given electric field. 

During the avalanche phase, the induced current grows exponentially with time. However, the 

exponential rise gradually stops due to both space charge effects and electron absorption at the anode. 

At about t = 0.92 ns, the positive streamers starts to develop (see the right panel in figure 2) and the 

current rises again while the streamer progress towards the cathode. Since the positive streamer move 

against the electron drift direction, it requires a source of electrons ahead of the streamer to support the 

ionization process. This is the reason why photoionization should be included in the modelling. The 

positive streamer stops at about 1 ns and starts to diminish while the induced current slowly drops to 

zero. The differences between the profiles shown in the streamer stage are clearly evident. These 

differences follow from the differences between the bulk and flux drift velocities as well as due to 

representation of the source term employed in these models. 
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3. Electron transport and negative streamers in liquid rare gases 
In the second part of this work we investigate electron transport, transition from an electron avalanche 

into a negative streamer, and propagation of negative streamers in liquid rare gases. Liquid rare gases, 

particularly liquid argon and liquid xenon, are very good detecting media, due to their unique physical 

properties [21]. The high density and high atomic numbers make them very efficient in stopping 

penetration radiation, while a significant abundance of many isotopes with different values of nuclear 

spin enables the study of both spin dependent and spin independent interactions.  

 

In this work we extend and generalize the Monte Carlo method, initially developed for dilute neutral 

gases, to consider the transport processes of electrons in liquids by accounting for the coherent and 

other liquid scattering effects [22]. The extended code is tested through a series of benchmark 

calculations for the Percus-Yevick model. Values and general trends of the mean energy, drift velocity, 

diffusion tensor and ionization coefficient are calculated for liquid rare gases and compared to the 

available measurements. The comparison is also made between the liquid and gas phase results. 

Calculated transport coefficients are then used as an input in fluid simulations of negative streamers, 

which are realized in both 1D and 1.5D setups. In particular, we investigate how various scenarios of 

representing the inelastic energy losses in liquid rare gases affect both electron transport and 

propagation of streamers.  We consider three different cases where: (1) the energy losses to electronic 

excitations are neglected, (2) certain particular excitations are taken into account, and finally (3) all 

electronic excitations are included. These individual cases are discussed in light of the available 

spectroscopy and photoconductivity experiments in liquid rare gases [22]. 
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Figure 3. Comparison of the measured drift velocities in liquid xenon (Miler et al. (1968) [23] and 

Huang and Freeman (1978) [24] with our theoretical calculations. The theoretically calculated drift 

velocities in liquid xenon, include the Boltzmann equation results of Boyle et al. (2016) [25] and the 

present calculations obtained in Monte Carlo simulations. The bulk drift velocity of electrons in 

gaseous xenon is also shown in this figure for comparison [22]. 

  

In figure 3 we show the variation of the bulk drift velocity with E/N for electrons in liquid xenon. Our 

Monte Carlo calculations over a wide range of E/N are compared with those obtained from the 

numerical solution of Boltzmann’s equation for the lower values of E/N, as well as with the available 

measurements. The Boltzmann equation results for gaseous xenon are also included in figure 3. We 

consider the following two cases for representing the inelastic energy losses: (1) no electronic 

excitations, and (2) all electronic excitations are included. The cross sections detailed in [22,25] are 

used in the present study. We observe that for the lower values of E/N (lower than approximately 1 
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Td), the drift velocity in the liquid phase significantly exceeds the drift velocity in the gas phase. This 

is a clear sign of the significant reduction of the rate of momentum transfer of the lower energy 

electrons occurring in liquids. This reduction follows from the modification of the scattering potential 

and the coherent scattering effects. As a consequence, the electric field accelerates electrons more 

efficiently in liquid xenon than in the gas phase. For the higher values of electric fields, however, this 

effect is reduced, as the scattering of a high energy electron on a xenon atom is significantly less 

perturbed by the surrounding liquid. Thus, we see that the drift velocity decreases between 

approximately 0.02 and 2 Td. The reduction of the drift velocity with increasing E/N is the well 

known phenomenon of negative differential conductivity (NDC). In the gas phase, NDC is caused by 

inelastic and/or non-conservative collisions, but in liquid xenon this is structure induced phenomenon. 

We observe that our values of the drift velocity are close to those predicted in the experiments of Miler 

et al. [23] and Huang and Freeman [24]. However, as we can see NDC is not observed in the 

experiments. 
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Figure 4. The formation and propagation of negative streamers in liquid xenon for E/N=100 Td, The 

presented results are determined by assuming the following two cases for representing the inelastic 

energy losses: (1) no electronic excitations (Case 1), and (2) all electronic excitations are included 

(Case 2).  Streamers propagate from the right to the left. 

In figure 4 we show the formation and propagation of a negative streamer in liquid xenon. In the same 

figure we include the simulation in which the transport data for electrons in the gas phase are scaled to 

liquid density (Rescaled gas). The initial condition for both electrons and positive ions is a Gaussian, 

which is positioned near the cathode [22]. In liquid xenon, positive charge carriers are holes, with a 

mobility that is several orders of magnitude less than the electron mobility. Thus, the positive holes are 

assumed to be stationary, on the time scales relevant for this study. 

Comparing streamers in gases and liquids, we observe that the transition from an electron avalanche 

and formation of a negative streamer occur much faster in liquid xenon. We also observe that the 

formation and propagation of a streamer are reduced by including the inelastic energy losses in the 

model (Case 2). The number density of electrons in both the streamer head and the streamer interior is 

also reduced. Other streamer features in liquid xenon are similar as those in the gas phase. We see that 

the electron number density has a sharp peak in the streamer head where the electric field is 

significantly enhanced by the space charge effects. In the streamer interior, however, the number 

density of electrons is reduced. The reason is twofold: (1) As electric field decreases, the contribution 

of ionization is less pronounced, and (2) the recombination of electrons and positive holes is enhanced. 
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Abstract—The Monte Carlo method, initially developed for 
charged particle swarms in neutral dilute gases, is extended 
and generalized to investigate the transport processes of 
electrons in liquid-phase noble gases by accounting for the 
coherent and other liquid scattering effects. Electron transport 
coefficients, including the electron mobility, diffusion 
coefficients and ionization coefficient, are calculated as a 
function of the reduced electric field in liquid-phase xenon. 
Calculated transport coefficients are then used as an input in 
the classical fluid model to investigate the dynamics of negative 
streamers. Using the language of the contemporary kinetic 
theory of plasma discharges, in the present work among many 
important points, we investigate how various representations 
of inelastic energy losses in inelastic scattering events affect the 
electron transport and the macroscopic streamer properties.         

Keywords—Monte Carlo, liquid noble gases, transport 
coefficients, streamers, fluid models 

I. INTRODUCTION 
 Understanding of the behavior of free electrons under the 
influence of electric field in liquids is of interest in both 
fundamental physics and in numerous technological 
applications. Those applications include the interdisciplinary 
field of plasma medicine [1], liquid dielectrics [2], plasma-
water purification [3] and liquid particle detectors [4].  In 
particular, liquid-phase noble gases are used in the 
technology of the time-projection chambers, which are 
designed for detection of cosmic radiation and neutrinos [4], 
as well as in the search for dark matter particles [4].  Further 
optimization of such applications requires an accurate 
understanding of electron transport coefficients, streamer 
properties and the physical processes involved.  

 In our previous studies, we investigated the elastic 
scattering of electrons from liquid-phase argon [5] and 
liquid-phase xenon [6]. Electron transport coefficients were 
calculated in the sub-excitation energy region, e.g., for those 
values of the reduced electric fields, E/n0, (where E is the 
electric field strength and n0 is the neutral atom density) for 
which the mean energies are well below the  first inelastic 
threshold. More recently, we have investigated the way in 
which electron transport coef�cients are in�uenced by 
various representations of the inelastic energy losses in 
liquid-phase xenon with the special emphasis on the explicit 
effects of ionization (or interband transition having in mind 
that the electrons are quasi-free particles in liquid xenon) [7]. 

We have also discussed the fluid modeling methods with the 
aim of understanding electron transport and streamer 
propagation across the gas-liquid interfacial regions [8]. In 
this paper, as a part of our ongoing investigations of electron 
transport in liquid-phase noble gases in an electric field, we 
study the transition from an electron avalanche into a 
negative streamer ionization front and its propagation in 
liquid xenon. Calculations are performed using  a fluid 
model in local field approximation. Using the electron 
scattering cross sections for both gas and liquid xenon, 
transport coefficients of electrons are calculated in Monte 
Carlo simulations to serve as input data for a fluid model 
used in this study.   

 We begin this study by briefly reviewing the basic 
elements of the fluid theory used to simulate negative 
streamers in liquid xenon in section 2. In section 3.A, we 
present the electron transport coefficients as a function of the 
reduced electric field. In the same section, we briefly discuss 
the cross sections for electron scattering in liquid xenon and 
the basic elements of the Monte Carlo method used for 
calculating electron transport coefficients. The development 
of negative streamers without formation of expanding 
gaseous filaments is discussed in section 3.B. In section 4 we 
present our conclusions and recommendations for future 
work.  

II. THEORETICAL METHOD 
Simulations of negative streamers in liquid xenon are 

performed by using the classical fluid model. In this model 
the electron flux is obtained by assuming a steady-state of 
the momentum balance equation, and that the electron 
energy of the field-directed motion is much greater than the 
thermal contribution [9]. The generalized one-dimensional 
continuity equation for the electron number density is 

������ �	�� 
 ��� �� ������ �	�� � ������� �	������	�
���� � ������ �	����� �	� , 

(1) 

where ����� �	  and ����� �	  are the number densities of 
electrons and positive holes, respectively, which are 
functions of the coordinate x and time t. In this equation DL 
and ��  are the longitudinal diffusion coefficient and the 
electron mobility, respectively, E is the electric field, 
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oriented along the x-axis, while ��  and � are the ionization 
rate and the recombination coefficient, respectively.  

In addition to the electron continuity equation (1), the 
time evolution of the number density of positive holes is 
described by the number balance equation 

������ 	� 
 ��� � ������ �	� ����� �	 , (2) 

where transport of positive holes has been neglected over 
the transient time scales considered in this study, owing to 
the significantly reduced mobility and diffusion of positive 
holes in liquid xenon [10].   

The model is realized in a 1.5 dimensional (1.5D) setup. 
Thus, the total electric field in the system is evaluated as the 
sum of the uniform external electric field and the electric 
field due to space charge: 
���� �	 
 �! � �

"#$#% & �'����� � �(	 � �)�*
+��)�*	,-.$,

	/!  

                                               0'�� � ����(� �	'1'2�( , 
(3) 

where �!  is the external electric field, e is the elementary 
charge, 3!  and 34  are the vacuum permittivity and the 
relative permittivity, respectively, and l is the length of the 
system. In this model, the space charge is contained inside  
cylinder with radius 5! and the charge density varies along 
the axial direction only. 

The recombination coefficient is given by the scaled 
Debye formula 

� 
 6�7 
 6 89:��3!34 ''� (4) 

where �7  is the Debye recombination coefficient and 6  is 
the scaling factor which is taken to be 0.1 [11].  

The above fluid equations are closed, assuming the local 
field approximation. According to this approximation the 
input terms, including �� , DL, ��  and �  are assumed to be 
functions of the local instantaneous electric field. In the 
numerical implementation of our �uid model, the spatial 
discretization is performed by using the second order central 
�nite difference, while the fourth order Runge–Kutta 
method is used for the integration in time.   

III. RESULTS AND DISCUSSION 

A. Transport coefficients of electrons in liquid xenon 
In case of electrons, the transport data needed for the 

solution of fluid equations (1) and (2) are �� , DL, and ��; 
These electron transport data are calculated by using the 
Monte Carlo method. The Monte Carlo method, initially 
developed for charged particle swarms in neutral dilute gases 
[12], has been recently extended and generalized by 
including three effective scattering processes, which give a 
good representation of the coherent scattering of low energy 
electrons in non-polar liquids [7]. The validity of our Monte 
Carlo method has been tested by calculating the transport 
properties of electrons in the Percus Yevick model liquid. It 
was found that our results are in an excellent agreement with 
those calculated by Tattersall et al [13].  

In order to account for excitations in liquid xenon, the set 
of inelastic atomic excitation cross sections of the Hayashi 
database was modified to form a set of excitation cross 
sections for intermediate excitons in liquid state. For 
example, the intermediate � 
 < => �?

"�@ and �( 
 < => �A
"�@ 

excitons have been observed at 8.2 eV and 9.45 eV, 
respectively [14]. The former has parentage in the excited 
atomic BCDEFGHIAstate, while the latter has parentage in the BCDE<GHIA  state. As these intermediate excitons have a 
unique parentage, via the isolated atom’s excited states, we 
thus approximate the cross sections for intermediate exciton 
excitations by cross sections of the corresponding atomic 
excitations. Likewise, the cross section for interband 
transitions is approximated by the cross section of the 
electron impact ionization, from the Hayashi’s cross section 
set. However, the cross section is shifted by 2.1 eV, so that 
the threshold of the ioization is 9.22 eV in liquid xenon. This 
value corresponds to the > �?

"�  band gap in liquid xenon, 
which is the energy difference between the uppermost 
valence and the bottom of the conduction band. For 
simplicity, in the rest of this work the interband transition 
and the inelastic collisions will be referred to as ionization 
and excitations, respectively. For more details on the band 
structure and cross sections for electron scattering in liquid 
xenon, the reader is referred to [7].     

In the present calculations, we cover a range of reduced 
electric fields between 10-3 and 103 Td (1 Td = 10-21 Vm2). 
The number density of xenon atoms is 1.4×1028 m-3, while 
the temperature of the background liquid is 163 K. In our 
simulations, we usually follow 106 electrons except in the 
limit of the lowest values of E/n0. Due to numerous elastic 
collisions in which only a fraction of the initial electron 
energy is transferred to a heavy xenon atom, the efficiency of 
energy transfer is very low in the limit of the lowest E/n0. As 
a consequence, the relaxation of energy is very slow and 
requires a large computation time. In order to optimize the 
simulation speed, the simulations were usually begun with 
104 electrons and after the relaxation to the steady state the 
electron swarm  scaled up to 106 electrons. The details of this 
procedure are given elsewhere [7].         

In Fig. 1 we show the dependence of the electron 
mobility on E/n0. It should be noted that the density 
normalized mobility n0μ and density normalized diffusion 
coefficients n0DL and n0DT shown in Fig. 2, are not 
independent of the neutral atom density [15]. These transport 
coefficients are given as a function of E/n0, so that any linear 
dependence on density (as occurs in the dilute-gas limit) has 
been removed. Thus, we have a true comparison of the gas 
and liquid phases.  

Calculations are performed assuming the following two 
scenarios: (i) no electronic excitations (case 1), and (ii) all 
electronic excitations from the gas-phase are included (case 
2). Both the bulk and flux mobility components are shown. 
The bulk transport coefficients, are associated with the 
swarm’s centre of mass transport and spread about its centre 
of mass.  In Monte Carlo simulations, the bulk transport 
coefficients may be determined from the rate of changes of 
the appropriate averages of the positions of the electrons in 
the configuration space. The flux transport coefficients 
should be interpreted in terms of averages over the ensemble 
in velocity space. For example, the flux mobility is 
associated with the average velocity of the ensemble in the 
swarm. In liquid and gas xenon, these two sets of transport 
coefficients are equal in the absence of ionization.  

For comparison, the theoretical [6,7] and experimental 
values [16] of mobility are displayed at the same figure, 
along with the mobility in gaseous xenon. 
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Fig 1. Variation of the electron mobility with E/n0. Our Monte Carlo 
results, for liquid and gaseous xenon, are compared with the measurements 
(Miller et al. (1986)) and theoretical calculations (Boyle et al. (2016)). It 
should be noted that all three dashed lines for the flux properties emerge 
from the solid lines of the same colour above 10 Td.      

10-3 10-2 10-1 100 101 102 103

1023

1024

1025

1026

10-3 10-2 10-1 100 101 102 103

1023

1024

1025

1026

n 0D
L (

m
-1
s-1

)

E/n0 (Td)

 Boyle et al (2016)

Present calculation:
 Bulk, Case 1
 Flux, Case 1
 Bulk, Case 2
 Flux, Case 2

n0DL

 Boyle et al (2016)

Present calculation:
 Bulk, Case 1
 Flux, Case 1
 Bulk, Case 2
 Flux, Case 2

n 0D
T (

m
-1
s-1

)

E/n0 (Td)

n0DT

Fig. 2. Variation of the longitudinal (left panel) and transverse diffusion 
coefficients with E/n0. Our Monte Carlo results are compared with the 
theoretical calculations (Boyle et al. (2016)). 

The agreement between our Monte Carlo results and those 
obtained from a multi term solution of the Boltzmann 
equation is excellent. 

For the lower values of E/n0 we observe that the electron 
mobility in the liquid phase exceeds the mobility in the gas 
phase by more than two orders of magnitude. This is a clear 
sign of the reduction of the rate of momentum transfer of the 
lower energy electrons in liquid xenon. The lowering of the 
rate of momentum transfer follows from the modification of 
the scattering potential and the coherent scattering effects. 
Due to these liquid scattering effects, the electric field 
accelerates electrons more efficiently in liquid xenon than in 
gaseous xenon, which in turn leads to a significant 
enhancement of the electron mobility as compared to the gas 
xenon.   

In Fig. 2 we show the variation of the longitudinal and 
the transverse diffusion coefficient as a function of E/n0. 
The agreement between our Monte Carlo results and those 
evaluated from the solution of Boltzmann’s equation for the 
lower values of E/n0 is very good. For the higher values of 
E/n0, we observe that the diffusion coefficients are reduced 
with an increase of the number of excitations used in the 
modeling. Due to the explicit effects of ionization, the bulk 
values of both n0DL and n0DT are greater than the 
corresponding flux values. 

In Fig. 3 we show the variation of the ionization rate 
coefficient with E/n0. We observe that the ionization rate is  
monotonically increasing function of E/n0 for both the 
liquid- and gas-phase xenon. We also observe that the 
ionization rate is increased by reducing the number of  

excitations. Likewise, the ionization coefficient in liquid 
xenon is significantly greater than the ionization coefficient 
in gaseous xenon. This can be expected due to the reduction 
of the threshold for ionization in the liquid phase. In 
addition, electrons can lose a signi�cant amount of energy in 
a wide range of inelastic scattering processes at energies 
lower than the threshold energy for ionization in gaseous 
xenon. Likewise, there is a far lower number of inelastic 
scattering processes with thresholds which are lower than 
the threshold for ionization in the liquid phase compared to 
the gas phase. 

B. Negative streamer fronts in liquid xenon 
In Fig. 4 we show the formation and propagation of a 

negative streamer under the influence of the externally 
applied electric field of 77 Td. The initial Gaussian is 
positioned in the close vicinity of the cathode. The electric 
field is oriented to the right, so the negative fronts propagate 
to the left. The initial densities of electrons and positive 
holes are equal reflecting the macroscopic neutrality of a 
plasma. In addition, these densities are selected in such way 
that the space charge effects are negligible. The values of l 
and R0 are set to 5×10-5 m and 1×10-5 m, respectively. The 
particular value of R0 is chosen as an educated guess taking 
into account the width of the initial distribution and the 
spreading due to transverse diffusion. The length of the 
system l is determined by the requirement that the streamer 
velocity relaxes to a stationary value. The simulation in the 
gaseous xenon employs transport data for electrons for the 
gas phase scaled to the liquid density. We employ the bulk 
transport coefficients as an input in fluid simulations of 
negative streamer fronts in both the liquid and gas phases.  

In the absence of gas filaments and trapping of electrons 
in the density fluctuations, the general features of the 
streamer pro�les in the liquid xenon are the same as those of 
the streamers in gases [7]. We observe that the streamer 
front caries an overshoot of electrons, generating a thin 
space charge layer that screens the electric field in the 
streamer interior behind the front. In this screened interior 
region, the density of charge is not constant. The electron 
number density and the positive hole density are further 
reduced due to the recombination of electrons and positive 
holes. A similar decrease in the electron number density in 
the streamer interior and behind the front, is observed for 
streamers in electronegative gases, where electron 
attachment consumes the lower energy electrons. We 
observe  that  the  streamer  formation  as  well  as  streamer  
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Fig. 3. Variation of the ionization rate coefficient with E/n0. Calculations in 
gaseous xenon are compared with those in liquid xenon. 
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Fig. 4. The formation and propagation of a negative streamer in liquid xenon for E/n0 = 77 Td. Here ne refers to the electron number density while E/n0 refers 
to the reduced resultant electric field. 

propagation are greatly influenced by the number of 
excitations in the model. For example, the streamer velocity   
and the electron number density in the streamer interior are 
increased by reducing the number of excitationsIt can also 
be observed that the transition from an electron avalanche 
into a streamer is much slower in the case of the rescaled 
gas than in the liquid phase.    

IV. CONCLUSION 
Using a Monte Carlo simulation technique and 1.5 

dimensional classical fluid model, we have investigated the 
influence of inelastic energy losses on both the transport 
properties of electrons and dynamics of negative streamers 
in liquid xenon. The cross sections for inelastic scattering 
and interband transitions of electrons in liquid xenon are 
approximated by using the cross sections for electron 
scattering on an isolated xenon atom. The ab initio cross 
section for elastic scattering in liquid xenon is taken and 
adopted  in order to include the effects of coherent scattering 
and atomic potential screening which are critical for low-
energy electron scattering. Calculations in the liquid phase 
are augmented by those in the gas phase. It is found that, 
above approximately 1 Td there is a significant difference 
between the values of transport properties determined by 
employing different representations of the inelastic energy 
losses. The electron mobility and diffusion coefficients, as 
well as the ionization rate coefficient are reduced with 
increasing number of excitations in the model. Likewise, it 
is found that the streamer properties, including the streamer 
velocity, the ionization degree in the streamer interior and 
the distribution of electric field  strongly depend on the 
number of excitations which are included in the model. 

The present work will be extended in a near future by 
investigating the propagation of positive and negative 
streamers in a point-to-plane geometry. We will also 
consider the influence of density fluctuations and gas 
filaments, as well as trapping of electrons in these 
structures, on both the electron transport and the streamer 
dynamics.       
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Swarms as an exact representation of weakly ionized gases 
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Often swarms are regarded as idealized ensembles of charged particles that may be realized in 
specialized experiments to provide accurate transport coefficients, which after some analysis, yield 
"complete" sets of cross sections and accurate representations of non-equilibrium electron energy 
distribution function (EEDF) for a given E/N. Generally it is believed nowadays that swarms are just a 
tool for modeling non-equilibrium (low temperature) plasmas, as some kind of an interface through 
which atomic physics enters plasmas.  In this review we shall show some new results that extend that 
picture into several directions: 

• New results for the cross sections in systems where information from beam experiments and 
binary collision theories are insufficient such as C2H2F4 that is commonly used as a cooling 
gas in modern refrigerators and air conditioners, but also it is used in particle detectors and has 
a potential for plasma processing applications.  

• Ionized gases where swarms are exact representation of the system.  Those include weakly 
ionized gases such as atmosphere, gas breakdown, afterglow (after the breakup of the 
ambipolar field), steady state Townsend regime of discharges, conduction of electricity 
through gases, interaction of secondary electrons produced by high energy particles with the 
gas or liquid background and many more.  A special example will be modeling of Resistive 
Plate Chambers, the most frequently used gas phase detectors of elementary particles in high 
energy experiments. 

• Swarm studies provide best insight into non-hydrodynamic (or as plasma specialists call it 
non-local) development of the ionized gas.  It is not only that simulations are simple but also 
some of the accurate experiments operate in such conditions and thus allow testing of such 
theories. One such example are the Franck Hertz oscillations.  Temporal and spatial relaxation 
of properties of ensembles to the final distribution belong to this group as well and are of 
interest for a number of positron applications and trapping in general. 

• Fluid models when applied to swarms provide a good way to test the fluid models as used in 
more general plasmas.  This has yielded the need to generalize fluid equations and extend 
them to a one step further while using a higher order transport coefficients. 

• Finally we shall address the open issues for transport theorists and atomic and molecular 
collision population in the attempt to represent transport of electrons, positrons and other 
particles in liquids, especially in water that has a strong dipole moment.  Hydrated electrons 
and positrons are the actually particles of interest for modeling these particles in the human 
tissue. 

As an interface between atomic and molecular collision physics on a lower phenomenological (but 
deeper) level and plasmas on a higher (but less fundamental) level swarm physics has the 
responsibility of providing plasma physics with its intellectual basis and fundamental importance.  It is 
how we combine the building blocks of atomic and molecular physics, transport theory and other 
relevant elementary processes that will define generality of the conclusions about non-equilibrium 
plasmas that are all different and require a special approach. 

The models that we provide here are simple, yet realistic and real systems that may be described by 
swarm models and that may be regarded as low ionization limits of some more complex non-
equilibrium plasmas.  
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Transport processes for electrons and positrons in gases and soft-condensed 
matter: Basic phenomenology and applications  

S. Dujko* 1, Z.Lj. Petrovi�*, R.D. White†, G. Boyle†, A. Bankovi�*, I. Simonovi�*, D. Bošnjakovi�*, J. 
Miri�*, A.H. Markosyan� and S. Marjanovi�* 

* Institute of Physics, University of Belgrade, Pregrevica 118, 11080 Belgrade, Serbia  
† College of Science, Technology & Engineering, James Cook University, Townsville 4810, Australia                             

� Electrical Engineering and Computer Science Department, University of Michigan, Ann Arbor, MI 48109, USA 

Synopsis An understanding of electron and positron transport in gases and soft-condensed matter under non-equilibrium 
conditions finds applications in many areas, from low-temperature plasmas, to positron emission tomography, radiation dam-
age and particle detectors in high-energy physics. In this work we will highlight how the fundamental kinetic theory for solv-
ing the Boltzmann equation and fluid equation models are presently being adapted to study the various types of non-
equilibrium plasma discharges and positron-based technologies.       

     The transport theory of electrons and posi-
trons in gases and soft-condensed matter is of 
interest both as a problem in basic physics and 
for its potential for application to modern tech-
nology. For electrons, these applications range 
from low-temperature plasmas to particle detec-
tors in high energy physics and to understand-
ing radiation damage in biological matter. For 
positron based systems, the emission of back-
to-back gamma rays resulting from annihilation 
of a positron and an electron is a fundamental 
process used as a tool in many areas, ranging 
from fundamental atomic and molecular phys-
ics, particle and astrophysics, to diagnostics in 
biological and material sciences.  

In this work we explore analytical frame-
work and numerical techniques for a multi term 
solution of Boltzmann's equation [1], for both 
electrons and positrons in gases and soft-
condensed matter, and associated fluid equation 
models [2,3]. Together with the basic elements 
of our Monte Carlo method, the particular atten-
tion will be placed upon the rescaling proce-
dures for compensation of electrons for losses 
under conditions when transport is greatly af-
fected by electron attachment in strong electro-
negative gases.    

For electrons, we will highlight recent ad-
vancements in the determination of the high-
order transport coefficients in both atomic and 
molecular gases. Then we will discuss the ele-
mentary physical processes of electrons in the 
mixtures of gases used to model planetary at-
mospheric discharges. In particular, we will 
present the results of our theoretical calculations 
for expected heights of occurrence of sprites 
above lightning discharges in atmospheres of 
planets in our Solar system.  

As an example of fluid equation models, we 
will discuss the recently developed high order 
fluid model for streamer discharges [3]. The 
balance equations for electron density, average 
electron velocity, average electron energy and 
average electron energy flux have been obtained 
as velocity moments of Boltzmann’s equation 
and are coupled to the Poisson equation for the 
space charge electric field. Starting from the 
cross sections for electron scattering, it will be 
shown how the corresponding transport data 
required as input in fluid model should be cal-
culated under conditions when the local field 
approximation is not applicable. We will illus-
trate the non-local effects in the profiles of the 
mean energy behind the streamer front and em-
phasize the significance of the energy flux bal-
ance equation in modeling. Numerical examples 
include the streamers in N2 and noble gases. 

In the last segment of this talk we will dis-
cuss the interaction of primary positrons, and 
their secondary electrons, with water vapor and 
its mixture with methane using complete sets of 
cross sections having bio-medical applications 
in mind [4]. We will also highlight recent ad-
vancements in the testing/validation of com-
plete cross section sets for electrons in biologi-
cally relevant molecules, including water vapor 
and tetrahydrofuran [5].    
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Third order transport coefficients for electrons and positrons in gases 
 

I. Simonović, Z.Lj. Petrović, and S. Dujko 
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Synopsis Structure and symmetries along individual elements of the skewness tensor (transport coefficient of the 
third order) are determined by the group projector technique. Skewness components are calculated using a Mon-
te Carlo simulation technique and multi term solutions of Boltzmann's equation for electrons and positrons in 
model and real gases. A strong correlation between longitudinal skewness and longitudinal diffusion coefficients 
is observed.  

Third order transport coefficients have been 
systematically ignored in the interpretations of 
traditional swarm experiments. However, recent 
Monte Carlo studies [1,2] have revealed that the 
spatial distributions of electrons are not well 
described by a perfect Gaussian. It was also 
shown that the third order transport coefficients 
are much more sensitive with respect to the en-
ergy variations of cross sections for elementary 
processes than those of lower order, including 
drift velocity and/or diffusion tensor [3,4].  

Third order transport coefficients have been 
addressed by several authors for magnetic field 
free case. The semi-quantitative momentum 
transfer theory developed by Vrhovac et al. [3], 
and Monte Carlo simulation and solutions of 
Boltzmann's equation by Penetrante and 
Bardsley [4] were used to analyze the behavior 
of skewness tensor for electrons in rare gasses.  
A three-temperature treatment of the Boltzmann 
equation and molecular dynamic simulation 
were used by Koutselos to calculate the third 
order transport coefficients for ions in atomic 
gases [5,6]. 

   In this work we extend previous studies by 
considering the explicit and implicit effects of 
non-conservative collisions (e.g. electron at-
tachment and ionization for electrons and 
Positronium formation for positrons) on various 
skewness components when both the electric 
and magnetic fields are present. In addition, the 
sensitivity of the skewness components to post-
ionization energy partitioning is studied by 
comparison of three ionization energy partition-
ing regimes for a range of electric fields. Calcu-
lations are performed by a Monte Carlo simula-
tion technique [1,2] and multi term theory for 
solving Boltzmann's equation [7].  

  Among many important points, we found a 
strong correlation between longitudinal skew-
ness n0

2QL and longitudinal diffusion n0DL coef-

ficients for both model and real gasses. If n0DL 
decreases, or increases as a concave function, 
with increasing electric field E/n0, then n0

2QL 
decreases. On the other hand, when n0DL in-
creases as a convex function with increasing 
E/n0, n0

2QL also increases. This is illustrated in 
figure 1 for positrons in N2. It is generally ob-
served that skewness coefficients vary more 
markedly than diffusion coefficients with E/n0. 
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Figure 1. Correlation between flux longitudinal 
skewness and flux longitudinal diffusion for posi-
trons in N2. MT and MC refer to Multi Term and 
Monte Carlo results, respectively. 
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Higher order transport coefficients usually have not been included in the interpretations of traditional 
swarm experiments where it is assumed that electrons have a Gaussian profile in space. However, 
recent application of a Monte Carlo simulation technique has revealed that the spatial distribution of 
electrons is not well described by a perfect Gaussian [1,2]. It has also been demonstrated that third 
order transport coefficients are generally required for conversion of hydrodynamic transport 
coefficients to those measured under steady-state Townsend (SST) conditions [3]. Finally, it has been 
shown in [4,5] that third order transport coefficients are much more sensitive with respect to the 
energy dependence of cross sections for elementary processes than transport coefficients of lower 
order, including drift velocity and diffusion coefficients. 

The behavior of third order transport coefficients for electrons under the influence of electric field 
only was analyzed by several authors. Solutions of the Boltzmann equation and Monte Carlo 
simulation by Penetrante and Bardsley [4] and momentum transfer theory developed by Vrhovac et al 
[5] were used to study the behavior of skewness tensor for electrons in atomic gases. A molecular 
dynamic simulation and a three-temperature treatment of Boltzmann's equation were used by 
Koutselos to evaluate the third order transport coefficients for ions in rare gases [6,7]. 

In this work we extend these previous studies by addressing the structure of skewness tensor when 
both electric and magnetic fields are present and by considering the effects of inelastic and non-
conservative processes (e.g. ionization and electron attachment for electrons and Positronium 
formation for positrons) for electrons and positrons in model and real gases. A group projector 
technique is employed to determine the structure and symmetries along individual elements of the 
skewness tensor.  Calculations are performed by a multi term theory for solving the Boltzmann 
equation [8] and Monte Carlo simulation technique [1,2]. Various aspects in the behavior of skewness 
tensor elements are investigated, including the existence of correlation with low-order transport 
coefficients, sensitivity to post-ionization energy partitioning and errors of two-term approximation for 
solving Boltzmann's equation. Special attention is paid to the comparison between skewness tensor 
elements for electrons and positrons in H2, N2 and CF4. 
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Transport of a swarm of light charged particles, including electrons or positrons, in neutral 

gases under the influence of spatially homogeneous electric and magnetic fields has been 

studied thoroughly in the past, primarialy through the investigation of the drift and diffusion.  

Third-order transport properties have not been measured systematically so far, and 

consequently have been ignored in the interpretations of the traditinal swarm experiments. 

However, recent Monte Carlo studies [1] have revealed that the spatial distributions of 

electrons are not well described by a perfect Gaussian, particularly under conditions when 

charged particle transport is greatly affected by non-conservative collisions. Moreover, it has 

been demonstarted that the knowledge of third-order transport properties is required for the 

conversion of hydrodynamic transport properties to those found in the steady-state Townsend 

(SST) experiment [2]. 

 In this work we investigate the structure and symmetries along individual elements of 

the skewness tensor (transport coefficient of the third order) by applying the group projector 

technique. Skewness components are calculated using a Monte Carlo simulation technique 

and multi term solutions of Boltzmann's equation for electrons and positrons in model and 

real gases. We extend previous studies [3] by considering explicit and implicit effects of non-

conservative collisions (e.g. electron attachment and ionization for electrons and Positronium 

formation for positrons) on various skewness components when both electric and magnetic 

fields are present. In addition, sensitivity of the skewness components to postionization 

energy partitioning is studied by comparison of three ionization energy partitioning regimes 

for a range of electric fields. 
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Modelling of electron transport in the vicinity of the plasma-liquid requires an accurate 
treatment of electron transport in the gaseous and soft-condensed phases, together with an 
understanding of the electron transport across the gas-liquid interface.  In this presentation, we 
present simulations which have informed the design of a new experiment which adapts an 
existing electron-gas phase scattering experiment (e2e) to consider electron scattering from a  
liquid micro-jet.  The results highlight that electron-scattering information (effective cross-
sections) can be obtained from the experiment for both the bulk liquid and from the interface.  
In addition, we present progress on an ab-initio formalism for electron transport in liquids 
through appropriate generalisations of Boltzmann’s equation and associated higher order fluid 
models to account for spatio-temporal scattering correlations, screening of the electron potential 
and the effects of (self-) trapping.  Application is considered for various atomic liquids as a 
starting benchmark to consider more complex polar liquids [1] as well as the non-local nature 
of  electron transport in liquids and gas-liquid interfaces [2,3].  Propagation of ionization fronts 
between the gas and liquid phases are considered. 
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Using a multi term theory for solving the Boltzmann equation [1], we investigate the positron 
transport in H2 in electric and magnetic fields crossed at arbitrary angles. The hierarchy 
resulting from the spherical harmonic decomposition of the Boltzmann equation in the 
hydrodynamic regime is solved numerically by representing the speed dependence of the phase-
space distribution function in terms of an expansion in Sonine polynomials about a Maxwellian 
weighted function. Values and general trends of positron transport properties over a range of 
angles and field strengths are reported here. In particular, we explore the existence of two 
families of transport coefficients, the bulk, and the flux, which results from the explicit 
influence of Positronium (Ps) formation upon the transport coefficients. We also explore the 
validity of Tonks' theorem for positrons assuming the most general case of arbitrary field 
orientations where special attention is placed upon the procedure for accurate determination of 
momentum transfer collision frequency as a function of positron mean energy.       
 
The second important aspect of this work concerns the validity of cross sections for positron 
scattering in H2 [2,3]. For reduced electric fields greater than approximately 100 Td (1 Td = 
10-21 Vm2), we have noticed the existence of runaway positrons. The runaway phenomenon is 
a consequence of decreasing probabilities of positron interactions with neutral molecules for 
higher electric fields. Under these conditions, positrons gain more energy than they can lose in 
collisions and hence no steady-state can be reached. This raises a number of questions regarding 
the accuracy and completeness of the current set of cross sections. Machacek and coworkers 
[4] have reported the total inelastic cross section that is higher than the one used in our 
calculations which might be used to explain the low threshold electric field for runaway of 
positrons. In order to resolve this issue, for the lower energy positrons, we consider the 
influence of rotational excitations on positron transport. For higher energies of positrons 
(greater than approximately 10 eV), we investigate the following fundamental issue: What is 
the nature of missing processes and what are the implications of the fact that Positronium (Ps) 
formation is dominant over the inelastic processes for energies between 10 and 50 eV. The 
runaway phenomenon of positrons is investigated by a Monte Carlo simulation technique.     
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Since the era of the Voyager missions in 1980s, the possibility of lightning on Titan has been 
investigated by theoretical and experimental studies of its complex atmospheric chemistry. 
Titan is the largest of Saturn’s satellites and has a massive atmosphere with surface pressure 
exceeding that on Earth by approximately 50%. Titan’s atmosphere is largely made up of N2 
and CH4 and trace amounts of H2 and HCN. The presence of hydrocarbons, including C2H2, 
C2H4 and C2H6 and various nitriles has also been detected. The modelling studies of Titan’s 
atmospheric chemistry suggest  the existence of lightning since the amount of HCN and C2H2 
in the atmosphere cannot be explained in terms of photo-chemistry models [1].  

In this work, we discuss whether streamer discharges, pre-cursors of lightning, exist in Titan’s 
atmosphere [2]. Streamers are thin channels of non-equilibrium plasma whose dynamics is 
entirely governed by the highly-localized non-linear regions of space charge and steep gradients 
of the electron number density. We approach the problem at two stages. First, using the cross 
section sets for electron scattering in N2 and CH4 as an input, we solve the non-conservative 
Boltzmann equation and we run Monte Carlo simulations [3]. We are focused on how the 
electron transport coefficients are influenced by the amount of CH4 in the mixture and by the 
temperature of the background gas. The transport coefficients are then used as an input in a 1.5 
dimensional fluid model to simulate the transition from an electron avalanche into a negative 
streamer and propagation of negative streamer ionization fronts. In particular, we present our 
recently developed fluid model in which the electron collisional term in the continuity equation 
is expanded in terms of the electron number density.  

In addition to fluid models, using cross section sets for electron scattering in N2 and CH4 as an 
input, we perform Monte Carlo particle in-cell simulations (PIC-MCC) [2,4]. We use a 2.5 
dimensional PIC-MCC to simulate the development of electron avalanches from an initial 
electron-ion patch and their subsequent transition into positive and negative streamers in 
ambient electric fields between 1.5Ek and 3Ek, where Ek is the critical electric field of a given 
mixture. We investigate the electron density, the electric field, the front velocities as well as the 
transition from an electron avalanche into a streamer in various N2-CH4 mixtures. Among many 
important points, it is found that on Titan, a successful streamer inception would require a large 
electric field of 4.2 MVm-1 (approximately 3Ek).    
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The pulsed-Townsend (PT) experiment is a common swarm technique which is routinely used 
to (i) provide transport coefficients for plasma discharge modelling, and (ii) assess the accuracy 
and self-consistency of cross-section sets of electron/ion interactions with gaseous systems. The 
Townsend coefficient, drift velocity and diffusion coefficient for electrons and ions drifting and 
diffusing in background gases. In this work, the governing equation used to analyse the PT 
experiment is analysed when non-conservative processes are operative. It highlights, the 
transport properties derived from PT experiments are not directly comparable to the standard 
transport coefficients.  We highlight, however, how the reaction rate and bulk drift velocity can 
be better approximated from these PT transport properties, although proper comparison with 
the bulk transport coefficients requires a slight reanalysis of the PT experiment current 
transients. Estimates of the errors originating from the incorrect governing equation and 
subsequent analysis are presented for various atomic and molecular gases as a guide for 
uncertainties in the previous data.  Further, in this presentation we will highlight the use of 
machine learning techniques to develop self-consistent cross-section sets for electron-neutral 
interactions in both gaseous and liquid systems. 

150

WL 3



 

UNIVERZITET U BEOGRADU 

FIZIČKI FAKULTET 

 

 

 

 

Ilija B. Simonović 

 

KINETIČKI I FLUIDNI MODELI 

NERAVNOTEŽNOG TRANSPORTA 

ELEKTRONA U GASOVIMA I 

TEČNOSTIMA 

 

doktorska disertacija 

 

 

 

 

 

Beograd, 2020. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

UNIVERSITY OF BELGRADE 

FACULTY OF PHYSICS 

 

 

 

 

 

Ilija B. Simonović 

 

KINETIC AND FLUID MODELS OF      

NON-EQUILIBRIUM TRANSPORT OF 

ELECTRONS IN GASES AND LIQUIDS 

 

Doctoral Dissertation 

 

 

 

 

 

Belgrade, 2020. 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Mentor: 

 

• dr Saša Dujko, naučni savetnik, 

Institut za fiziku, Univerzitet u Beogradu 

 

 

Članovi komisije: 

 

• akademik Zoran Lj. Petrović,  

Srpska akademija nauka i umetnosti 

 

• prof. dr Srđan Bukvić, redovni profesor,  

Fizički fakultet, Univerzitet u Beogradu 

 

• prof. dr Ðorđe Spasojević, redovni profesor,  

Fizički fakultet, Univerzitet u Beogradu 

 

 

Datum odbrane: 30.09.2020. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Zahvalnica

Doktorska disertacija pod nazivom "Kinetički i fluidni modeli neravnotežnog transporta
elektrona u gasovima i tečnostima"urađena je u Laboratoriji za neravnotežne procese i prime-
nu plazme Instituta za fiziku u Beogradu, pod rukovodstvom naučnog savetnika dr Saše Dujka.
Ova disertacija je najvećim delom realizovana u okviru projekta OI171037 Ministarstva pro-
svete, nauke i tehnološkog razvoja Republike Srbije, čiji je rukovodilac bio akademik Zoran Lj.
Petrović. Kako svaki naučni rad podrazumeva višestruku komunikaciju sa kolegama, profesori-
ma i istaknutim stručnjacima u datoj oblasti, tako posebnu zahvalnost dugujem onima koji su
doprineli tome da ova disertacija dobije konačni oblik. Najpre bih se zahvalio svom mentoru,
dr Saši Dujku, na dragocenim savetima, podršci i nesebičnoj pomoći koje mi je pružao u svim
fazama rada na ovoj doktorskoj disertaciji. Dr Saša Dujko pomogao mi je pri definisanju teme,
razvoju metodoloških pristupa za istraživanje i tumačenju rezultata. Bez strpljenja i entuzi-
jazma koje je uložio, ova disertacija i rezultati istraživanja koji su prikazani u njoj ne bi bili
mogući.

Veliku zahvalnost dugujem i akademiku Zoranu Lj. Petroviću, vrhunskom stručnjaku iz obla-
sti istraživanja, na izuzetno korisnim sugestijama i podršci u radu. Posebno sam zahvalan dr
Danku Bošnjakoviću na pomoći vezanoj za razvoj numeričkih kodova i korišćenje računarskih
resursa, kao i na korisnim diskusijama i kolegijalnoj saradnji. Želeo bih da se zahvalim i kolegini-
ci Jasmini Atić na pomoći oko optimizacije korišćenih procedura za izračunavanje transportnih
koeficijenata i na velikom broju korisnih sugestija. Zahvaljujem se kolegama sa James Cook
Univerziteta u Australiji, prof. Ronald-u White-u, dr Peter-u Stokes-u i dr Greg-u Boyle-u na
dragocenoj pomoći vezanoj za razumevanje teorije rasejanja elektrona kako u gasnoj, tako i u
tečnoj fazi, kao i na velikom broju korisnih saveta i sugestija koji su omogućili implementaci-
ju preseka za rasejanje elektrona u atomskim tečnostima visoke mobilnosti u naše numeričke
kodove.

Na ovom mestu želim da se zahvalim svim kolegama iz Laboratorije za neravnotežne procese
i primenu plazme Instituta za fiziku ne samo na korisnim i konstruktivnim diskusijama vezanim
za naučni rad, već i na zajedničkom druženju tokom poslednjih nekoliko godina.

Na kraju bih želeo da se zahvalim svojim roditeljima na bezrezervnoj ljubavi i podršci
koju su mi pružali tokom celokupnog školovanja, a naročito na njihovoj podršci tokom rada na
doktorskoj tezi.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Kinetički i fluidni modeli neravnotežnog transporta
elektrona u gasovima i tečnostima

Sažetak

Ova doktorska disertacija sadrži dve celine. U prvoj celini su proučavani transportni koefi-
cijenti trećeg reda za rojeve naelektrisanih čestica u gasovima. Struktura transportnog tenzo-
ra trećeg reda u svim konfiguracijama električnog i magnetskog polja određena je primenom
metoda grupnih projektora. Fizička interpretacija individualnih komponenti ovog tenzora je
analizirana na osnovu fluks gradijentne relacije i generalisane difuzione jednačine. Zavisnost
transportnih koeficijenata trećeg reda od redukovanog električnog polja i njihova osetljivost
na elementarne sudarne procese ispitane su za veliki broj modelnih i realnih gasova u Monte
Carlo simulacijama i na osnovu numeričkih rešenja Boltzmann-ove jednačine. U drugoj celini
je razmatran transport elektrona u tečnom argonu, tečnom kriptonu i tečnom ksenonu prime-
nom Monte Carlo simulacija. Proučavani su uticaji efekata koherentnog rasejanja i različitih
načina za aproksimaciju neelastičnih sudara u tečnoj fazi na izračunate vrednosti transportnih
koeficijentata u ovim tečnostima. Poseban akcenat je stavljen na proučavanje strukturno indu-
kovane negativne diferencijalne provodnosti u tečnom ksenonu na osnovu prostorno razloženih
karakteristika roja i funkcija raspodele elektrona. Transportni koeficijenti za rojeve elektrona u
atomskim tečnostima su iskorišćeni kao ulazni podaci u 1.5-dimenzionom klasičnom fluidnom
modelu prvog reda i u fluidnom modelu zasnovanom na razvoju izvornog člana u jednačini
kontinuiteta po gradijentima koncentracije. Ovi fluidni modeli upotrebljeni su za ispitivanje
tranzicije lavina elektrona u strimere i propagacije negativnih strimera u atomskim tečnosti-
ma visoke mobilnosti. Pored toga, na osnovu ovih modela je razmatrano na koji način različit
tretman neelastičnih sudara, priroda transportnih koeficijenata i rekombinacija kvazislobodnih
elektrona i pozitivnih šupljina utiču na dinamiku i osobine strimerske plazme.

Ključne reči: Transportni koeficijenti trećeg reda, transport elektrona u
gasovima i nepolarnim tečnostima, strimeri u nepolarnim tečnostima, Boltzmann-
ova jednačina, fluidni model, Monte Carlo simulacije

Naučna oblast: Fizika

Uža naučna oblast: Fizika plazme
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Kinetic and fluid models of non-equilibrium transport of
electrons in gases and liquids

Abstract

The present doctoral dissertation contains two parts. The first part deals with the study
of the third-order transport coefficients of charged-particle swarms in gases. The structure
of the third-order transport tensor has been determined by employing the group projector
technique in all configurations of electric and magnetic fields. The physical interpretation of the
individual components of this tensor has been analyzed by employing the flux gradient relation
and the generalized diffusion equation. The variation of the third-order transport coefficients
with the reduced electric field and their sensitivity to elementary scattering processes have been
determined for a wide range of model and real gases by using Monte Carlo simulations and the
numerical solutions of the Boltzmann equation. The second part of this thesis deals with the
transport of electrons in liquid argon, liquid krypton and liquid xenon by employingMonte Carlo
simulations. The sensitivity of the calculated values of the transport properties in these liquids
to coherent scattering effects and different approximations of inelastic scattering in the liquid
phase has been investigated. A special emphasis has been placed on the study of the kinetic
phenomenon of negative differential conductivity in liquid xenon by using spatially resolved
swarm data and electron energy distribution functions. Transport coefficients of electron swarms
in atomic liquids are used as input data in 1.5 dimensional classical first order fluid model, as
well as in the fluid model which is based on the density gradient expansion of the source term
in the equation of continuity. Both fluid models are employed in investigating the transition of
electron avalanches into streamers and the propagation of negative streamers in high-mobility
atomic liquids. In addition, the presented models are used for investigating how the dynamics
and properties of the streamer plasma are influenced by the different treatment of inelastic
collisions, nature of transport coefficients and the recombination of quasi-free electrons and
positive holes.

Key words: Third-order transport coefficients, transport of electrons in ga-
ses and non-polar liquids, streamers in non-polar liquids, the Boltzmann equation,
fluid model, Monte Carlo simulations

Scientific field: Physics

Scientific subfield: Physics of plasma
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1 Uvod

Ova doktorska disertacija sadrži u sebi dve globalne celine, koje su međusobno koherentne
i komplementarne. Prva celina se odnosi na kinetičku teoriju neravnotežnog transporta rojeva
elektrona i pozitrona u gasovima i tečnostima, sa posebnim akcentom na transportnim koefi-
cijentima trećeg reda. Druga se globalna celina zasniva na transportu elektrona i propagaciji
pozitivnih i negativnih strimera u tečnom argonu, tečnom kriptonu i tečnom ksenonu.

Transportna teorija rojeva naelektrisanih čestica obezbeđuje vezu između mikroskopskih
sudarnih procesa naelektrisanih čestica sa atomima ili molekulima pozadinske sredine i makro-
skopskih karakteristika sistema poput brzine drifta, difuzionog tenzora i brzinskih koeficijenata
za reakcije [1–4]. Pored toga, transportna teorija omogućava izučavanje kompleksnih kinetičkih
fenomena, kao što su grejanje i hlađenje difuzijom [5], grejanje i hlađenje zahvatom elektro-
na [6], anizotropna difuzija [7, 8], anomalna longitudinalna difuzija [9, 10], razlika između balk
i fluks transportnih koeficijenata [11], pojačana provodnost elektrona [12], negativna diferenci-
jalna provodnost [13,14], negativna apsolutna mobilnost [16,17,22–24] i tranzijentna negativna
difuzija [19, 20]. Ovi fenomeni se ne mogu objasniti na osnovu dinamike pojedinačne naelek-
trisane čestice. Uz to, transportna teorija obezbeđuje osnovu za modelovanje eksperimenata sa
rojevima [31–33], neravnotežnih plazmi [26] i gasnih detektora čestica visokih energija [27–30].

Modelovanje neravnotežnih plazmi zahteva precizan opis dinamike naelektrisanih čestica i
njihove interakcije sa pozadinskim fluidom, zbog toga što karakteristike neravnotežnih plazmi
snažno zavise od prirode pozadinskog fluida i preseka za sudare naelektrisanih čestica sa neu-
tralnim česticama pozadinske sredine [26]. Neravnotežne plazme se mogu podeliti na različite
načine, imajući u vidu pritisak (plazma na niskom pritisku, plazma na atmosferskom pritisku,
plazma u tečnosti) i sile koje se koriste za održavanje samog pražnjenja (kapacitivno spregnuta
pražnjenja i induktivno spregnuta pražnjenja). Velika raznovrsnost tipova neravnotežnih plazmi
omogućava njihovu primenu u raznim oblastima tehnologije i primenjene fizike. Neke od ovih
oblasti su izvori svetlosti [34,35], proizvodnja mikročipova [26], [36,37], nanošenje tankih filmova
na površine zarad promene njihovih karakteristika [38,39], primena plazme u medicini [40,41],
i poljoprivredi [42, 43], pročišćavanje vode plazmom [44, 45]. Temeljno razumevanje neravno-
težnih plazmi i elementarnih sudarnih procesa koji određuju njihove karakteristike omogućava
dalji razvoj i optimizaciju pobrojanih primena. Ovo je veliki podstrek za razvoj teorijskih i
eksperimentalnih metoda za izučavanje električnih gasnih pražnjenja i neravnotežnih plazmi.

Za opisivanje neravnotežnih plazmi koristi se širok spektar teorijskih metoda, koji se mogu
podeliti na: a) kinetičke modele bazirane na rešavanju Boltzmann-ove jednačine [47], b) fluidne
modele, c) čestične modele i d) hibridne modele. U ovoj doktorskoj disertaciji korišćeni su svi
pobrojani modeli, izuzev hibridnih modela.

U fluidnim modelima se ansambli čestica (poput elektrona, jona, ekscitovanih neutrala i
radikala) reprezentuju makroskopskim fizičkim veličinama poput koncentracije čestica, rezultu-
jućeg vektora impulsa, srednje energije i vektora energijskog fluksa [47–52]. Prostorne varijacije
i vremenska evolucija ovih veličina određuju se na osnovu jednačina balansa ovih veličina, ili,

1



jednostavnije govoreći, na osnovu fluidnih jednačina. Oblik fluidnih jednačina može biti odre-
đen empirijski. Međutim, ove jednačine se mogu odrediti i na osnovu brzinskih momenata
Boltzmann-ove jednačine [47, 52]. Na taj način se dobija beskonačna hijerarhija fluidnih jed-
načina, čije bi rešavanje bilo ekvivalentno rešavanju Boltzmann-ove jednačine. U praksi se ova
hijerarhija odseca na nekoj jednačini konačnog reda, uz reprezentovanje određenog podskupa
nepoznatih veličina aproksimativnim izrazima zasnovanim na fizičkim argumentima ili na mo-
mentima nižeg reda. Fluidne jednačine mogu biti spregnute sa Maxwell-ovim jednačinama i
Poisson-ovom jednačinom da bi se opisao uticaj naelektrisanih čestica na rezultujuća električna
i magnetska polja [47]. Jedna od prednosti fluidnih modela je to što rešavanje fluidnih jedna-
čina zahteva manje računarskog vremena od primene čestičnih modela i numeričkog rešavanja
Boltzmann-ove jednačine. Dodatnu prednost predstavljaju analitički izrazi, koji mogu pružiti
uvid u veze između različitih fizičkih veličina. Međutim, fluidni modeli u sebi sadrže mnoge
implicitne i eksplicitne aproksimacije [47], te su rezultati dobijeni na osnovu fluidnih modela
znatno neprecizniji od rezultata čestičnih modela i metoda za numeričko rešavanje Boltzmann-
ove jednačine [47].

U čestičnim modelima se prate putanje naelektrisanih čestica koje se kreću u neutral-
nom pozadinskom fluidu pod uticajem spoljašnjeg električnog i spoljašnjeg magnetskog po-
lja [26, 47, 53–56]. Sudari naelektrisanih čestica sa atomima ili molekulima pozadinskog fluida
reprezentuju se uz pomoć slučajnih brojeva. Zbog toga se čestični modeli zovu i Monte Carlo
modeli [26,47]. Kada se čestični modeli koriste za ispitivanje sistema u kojima je koncentracija
naelektrisanih čestica dovoljno mala da se njihove međusobne interakcije kao i njihov uticaj na
rezultujuće električno polje mogu u potpunosti zanemariti, u simulacijama se kretanje svake
naelektrisane čestice može pratiti nezavisno od ostalih naelektrisanih čestica u sistemu [26,47].
Međutim, kada se modeluju sistemi u kojima je koncentracija naelektrisanih čestica dovoljno
velika da se njihov uticaj na rezultujuće električno polje ne može zanemariti, neophodno je
da kretanje neaelektrisanih čestica i dinamika rezultujućeg električnog polja budu računati sa-
mousaglašeno. Ovo se obično postiže korišćenjem komplikovane tehnike čestice u ćeliji (eng.
particle in cell technique) [26,47,53–56]. U okviru ove tehnike veliki se broj pojedinačnih česti-
ca reprezentuje znatno manjim brojem superčestica. Pritom, broj superčestica koje se prate u
simulaciji mora biti dovoljno veliki da obezbedi pouzdane razultate [26]. Korišćenje ove repre-
zentacije je neophodno kada je broj naelektrisanih čestica previše veliki da bi praćenje svake
od njih pojedinačno bilo praktično izvodljivo. Na osnovu kretanja superčestica mogu se odre-
diti makroskopske fizičke veličine, poput koncentracije naelektrisanih čestica, njihovog fluksa
i njihove srednje energije. Jednu od najvećihih prednosti čestičnih modela predstavlja njihova
primenjivost u širokom opsegu uslova simulacija [26]. Pored toga, čestični modeli najčešće daju
preciznije rezultate od fluidnih modela, ali su, s druge strane, računarski jako zahtevni i za
njihovu implementaciju obično je potrebna velika količina računarskog vremena.

Fluidni i čestični modeli mogu se spojiti u objedinjene hibridne modele [47]. U hibirdnim
modelima se za praćenje brzih neravnotežnih elektrona i prostornih raspodela jonizacije koristi
čestični model, dok se niskoenergijske čestice opisuju fluidnim jednačinama [47,57–61]. Cilj ovih
modela je da obezbede kompletan konzistentan opis sistema uz malu cenu računarskog vremena.
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Međutim, njihov razvoj zahteva uspešno povezivanje simulacija, čija je uloga opisivanje brzih
neravnotežnih čestica, sa fludinim jednačinama, kojima se opisuje ostatak sistema. Ovo uopšte
nije jednostavan zadatak, te se hibridni modeli još uvek nalaze u fazi razvoja.

Metodi za numeričko rešavanje Boltzmann-ove jednačine predstavljaju teorijske pristupe koji
mogu biti korišćeni za opisivanje balka plazme i prielektrodnih oblasti [62–65]. Ovi metodi daju
jako pouzdane rezultate, a naročito su efikasni u slučaju kada su koncentracije naelektrisanih
čestica dovoljno niske da se uticaj prostornog naelektrisanja može zanemariti [47]. No, oni se
mogu koristiti i u slučaju u kome se uticaj naelektrisanih čestica na rezultujuće električno i
rezultujuće magnetsko polje ne može zanemariti ako je Boltzmann-ova jednačina na adekvatan
način spregnuta sa Maxwell-ovim jednačinama.

Boltzmann-ovu jednačinu formulisao je Ludwig Eduard Boltzmann ne bi li opisao dinamiku
idealnog gasa, čije čestice interaguju samo putem elastičnih sudara [66]. Ovo je složena integro-
diferencijalna jednačina u kojoj kao nepoznata funkcija figuriše funkcija raspodele u faznom
prostoru. Iako je Boltzmannn-ova jednačina zadržala svoj prvobitni oblik, njena primenljivost je
proširena na rojeve naelektrisanih čestica u gasovima [47,67] i tečnostima [68–70] koje učestvuju
u elastičnim, neelastičnim i nekonzervativnim sudarima sa česticama pozadinskog fluida. Uz to
su pristupi u rešavanju Boltzmann-ove jednačine značajno uznapredovali u poslednjih nekoliko
decenija.

Teorijski metodi za rešavanje Boltzmann-ove jednačine mogu se podeliti u dve grupe [71].
Prvu čine metodi integracije, u kojima se Boltzmann-ova jednačina rešava direktnom numerič-
kom integracijom [71–75], dok drugu grupu čine metodi razvoja, u kojima se funkcija raspodele
u faznom prostoru razvija po skupu bazisnih funkcija, nakon čega se Boltzmann-ova jednačina
rešava po koeficijentima u razvoju [47,71,76]. Prvi rigorozni metod razvoja je metod Chapman-
Enskog, koji su detaljno opisali Chapman i Cowling (1939) [76]. U ovom se metodu funkcija
raspodele razvija u faznom prostoru oko Maxwellian-a na temperaturi pozadinskog gasa. S ob-
zirom na to, ovaj je metod primenjiv samo na jako niskim poljima, na kojima energije naelektri-
sanih čestica ne odstupaju značajno od termalnih energija [77]. Zato je bilo neophodno razviti
složenije metode za rešavanje Boltzmann-ove jednačine u uslovima koji značajnije odstupaju
od termodinamičke ravnoteže. Istorijski razvoj transportne teorije za elektrone je predstavljen
u knjizi Huxley-a i Crompton-a [3], dok je razvoj transportne teorije za jone prikazan u knjizi
Mason-a i McDaniel-a [77].

Jedan od najčešćih metoda za rešavanje Boltzmann-ove jednačine, koji se nalazi u osnovi
klasične teorije transporta elektrona u gasovima, jeste metod aproksimacije dva člana (eng.
two term approximation), koji je razvio Lorentz [78]. U ovom metodu se funkcija raspodele
u faznom prostoru reprezentuje kao zbir dva člana, od kojih je prvi izotropan u brzinskom
prostoru, dok drugi član opisuje odstupanje od izotropije u prostoru brzina. Ova aproksimacija
je validna za lake naelektrisane čestice kakvi su elektroni i pozitroni u energijskoj oblasti u kojoj
se neelastični sudari mogu zanemariti [62,79]. Aproksimacija dva člana se pak ne može primeniti
u uslovima u kojima neelastični sudari proizvode snažnu anizotropiju u brzinskom prostoru [62,
79]. U opsegu polja u kome postoji izražena anizotropija u brzinskom prostoru mora se koristiti
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momentni metod više članova (eng. multi term method), u kome se zavisnost funkcije raspodele
u faznom porstoru od brzinskih koordinata reprezentuje razvojem u red po sfernim harmonicima
u brzinskom prostoru – pritom se ovaj red odseca na nekom konačnom članu nakon postizanja
konvergencije rezultata [47]. Razvoj metoda više članova za rešavanje Boltzmann-ove jednačine
trajao je više decenija. Wilhem i Winkler su razvili aproksimaciju tri člana u stacionarnom i
prostorno homogenom slučaju [80]. Razvoj funkcije raspodele u faznom prostoru u četiri člana
razmatrali su Cavalleri (1981) [81] i Braglia i saradnici (1984) [82]. Prvi precizan i sistematičan
metod više članova, upotrebljiv za proizvoljnu vrednost električnog polja i proizvoljan skup
konzervativnih sudarnih procesa, razvili su Lin, Robson i Mason [83]. Njega su Ness i Robson
naknadno proširili na slučaj nekonzervativnog transporta naelektrisanih čestica u neutralnim
gasovima pod uticajem električnog polja [62,84,85]. U okviru ove teorije se prostorna zavisnost
funkcije raspodele u faznom prostoru reprezentuje primenom hidrodinamičke aproksimacije
[86]. Hidrodinamička aproksimacija podrazumeva da je roj dostigao stanje u kome se zavisnost
funkcije raspodele u faznom prostoru od koordinata u konfiguracionom prostoru i eksplicitna
zavisnost od vremena mogu izraziti preko linearnih funkcionala koncentracije naelektrisanih
čestica [84,85,89,90]. Ekstenziju hidrodinamičke aproksimacije na slučaj vremenski promenljivih
uslova razmatrali su mnogi autori [86,90–97]. Ness je proširio metodu više članova za rešavanje
Boltzmann-ove jednačine na slučaj rojeva naelektrisanih čestica koje se kreću pod uticajem
električnog i magnetskog polja koja su međusobno ortogonalna [87,88,98]. Dodatnu ekstenziju
metoda više članova na konfiguraciju u kojoj električno i magnetsko polje zaklapaju proizvoljan
ugao razvio je White [89]. Dujko dalje generalizuje metodu više članova na nekonzervativni
transport naelektrisanih čestica: a) u prisustvu vremenski zavisnog električnog polja i vremenski
zavisnog magnetskog polja, pri čemu ova polja zaklapaju proizvoljan ugao a između njih postoji
proizvoljna fazna razlika, ukoliko su polja harmonijska, b) u slučaju proizvoljne vremenske
zavisnosti električnog i magnetskog polja [47, 67].

Iako je metodologija za istraživanje transporta naelektrisanih čestica u gasovima sazrela
i dostigla visok nivo sofisticiranosti, odgovarajuća metodologija za transport u tečnostima i
dalje je u fazi razvoja. Ovo je pre svega posledica velike složenosti interakcije naelektrisanih
čestica sa pozadinskom tečnošću. Naime, u tečnoj fazi je rastojanje između susednih atoma
(ili molekula) znatno manje od rastojanja na kome se njihova interakcija sa naelektrisanim
česticama može zanemariti. Zbog toga je potencijal u kome se rasejava naelektrisana čestica
određen velikim brojem atoma (ili molekula) pozadinske sredine [68,99,100]. Pored toga, talasna
funkcija lakih naelektrisanih čestica (poput elektrona i pozitrona) zahvata više susednih atoma
(ili molekula) u tečnosti. Zato se rasejanje elektrona i pozitrona u tečnoj fazi mora reprezentovati
kao superpozicija pojedinačnih rasejanja na više susednih čestica pozadinske sredine [68,100]. To
za posledicu ima snažnu zavisnost dinamike rasejanja lakih naelektrisanih čestica u tečnoj fazi
od prostornih korelacija atoma (ili molekula) u tečnosti. Konačno, naelektrisane čestice mogu
biti zarobljene u fluktuacijama gustine ili solvatirane u klasterima polarnih molekula [101].

Zbog velike složenosti interakcije naelektrisanih čestica sa pozadinskom tečnošću, efekti koji
menjaju dinamiku rasejanja u tečnoj fazi u odnosu na gasnu fazu zanemareni su u mnogim ra-
nijim pokušajima modelovanja transporta naelektrisanih čestica u tečnostima – obično je tečna
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faza modelovana kao gasna faza sa povećanom gustinom. Jedan od prvih egzaktnih pristupa ra-
sejanju u tečnoj fazi razvio je Van Hove, koji je primenio vremenski zavisnu generalizaciju parne
korelacione funkcije na rasejanje neutrona u tečnostima i gustim gasovima u okviru Born-ove
aproksimacije [99]. Lekner je uveo ab initio metod za određivanje efektivnog potencijala i od-
govarajućeg efektivnog preseka za rasejanje elektrona na fokus atomu u tečnoj fazi [100]. Ovaj
efektivni potencijal se određuje na osnovu potencijala pojedinačnog atoma i parne korelacione
funkcije tečnosti. Pored toga, Cohen i Lekner su pokazali da se koherentno elastično rasejanje
može predstaviti pomoću efektivnog preseka za rasejanje elektrona u tečnoj fazi i statičkog
strukturnog faktora pozadinske tečnosti [70]. Atrazhev i saradnici su pojednostavili Lekner-ove
argumente i pokazali da su efektivni preseci za elastično rasejanje u tečnom argonu, tečnom
kriptonu i tečnom ksenonu konstantni za niskoenergijske elektrone [102, 103]. Nakon toga, pri-
menili su metod parcijalnih talasa kako bi odredili efektivne preseke za rasejanje elektrona u
tečnom argonu i tečnom ksenonu [104–107]. Na osnovu ovih rezultata, oni su izračunali mobil-
nost, srednju energiju i karakterističnu energiju elektrona u tečnom argonu i tečnom ksenonu
u okviru Cohen-Lekner-ove teorije [106, 107]. Sakai i saradnici su takođe proučavali transport
elektrona u tečnom argonu, tečnom kriptonu i tečnom ksenonu, koristeći Cohen-Lekner-ovu
teoriju [108, 109]. U tom poduhvatu empirijski su modifikovali preseke za rasejanje elektrona
ne bi li popravili slaganje između teorijskih i eksperimentalnih vrednosti brzine drifta. Uz to,
pokazali su da se saturacija brzine drifta na visokim vrednostima električnog polja, koja je uo-
čena u eksperimentima, može adekvatno opisati ako se u set preseka uključi efektivni presek za
vibracionu ekscitaciju. Ova vibraciona ekscitacija odgovara promeni relativnog kretanja pojedi-
načnih atoma unutar istog atomskog klastera. Boyle i saradnici odredili su diferencijalne preseke
za rasejanje elektrona u tečnom argonu i tečnom ksenonu koristeći Dirac-Fock-ovu jednačinu
rasejanja [68, 69]. Proširili su Lekner-ovu teoriju, uzimajući u obzir multipolnu polarizabilnost
i nelokalan opis izmenske interakcije [68, 69], a onda su izračunali transportne koeficijente za
elektrone u tečnom argonu i tečnom ksenonu, koristeći ove preseke i metod više članova za
numeričko rešavanje Boltzmann-ove jednačine.

Uprkos tome što je većina teorijskih istraživanja vezanih za transport elektrona u atomskim
tečnostima ograničena na energijsku oblast koja je ispod praga za ekscitacije, nekoliko autora
je razmatralo transport elektrona u tečnim plemenitim gasovima na višim elektičnim poljima,
na kojima se neelastični sudari i jonizacija ne mogu zanemariti. Atrazhev i saradnici su ispi-
tivali uticaj efekata koji su zavisni od gustine na prvi Townsend-ov koeficijent za jonizaciju u
tečnom ksenonu [110]. Oni su napravili dve procene prvog Townsend-ovog koeficijenta, koje su
zasnovane na dva različita načina reprezentovanja energijskih gubitaka elektrona u elektronskim
ekscitacijama. Kunhardt je proučavao transport elektrona u tečnom argonu primenom Monte
Carlo simulacija [111] u kojima je interakcija elektrona sa pozadinskom tečnošću opisana u
okviru Van Hove-ove teorije [99]. Isti metod koristili su Jones i Kunhardt za proučavanje trans-
porta elektrona u tečnom ksenonu [112]. Grupa sa Univerziteta Hokaido ispitivala je jonizaciju u
tečnom ksenonu, kao i zahvat elektrona u smešama tečnog argona i elektronegativnih nečistoća
poput O2, SF6 i N2O [113]. Boyle i saradnici su razvili model zasnovan na fluidnim jednačinama
za pozitrone i elektrone u tečnostima, koristeći preseke iz gasne faze i statički strukturni faktor
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tečnosti [114–117].

Postoji znatno manji broj teorijskih istraživanja u kojima se modeluje propagacija strimera
u tečnostima od odgovarajućih istraživanja u gasnoj fazi. Naidis i saradnici su ispitivali strimere
u tečnim hidrokarbonatima, koristeći jednoipodimenzioni fluidni model prvog reda [118,119]. U
okviru ovog pravca istraživanja oni su razmatrali uticaj formiranja gasnog filamenta i njegovog
daljeg širenja na dinamiku propagacije strimera u tečnoj fazi. Babaeva i Naidis bavili su se di-
namikom strimera u tečnom argonu i tečnom ksenonu primenom numeričkih modela [120–122].
Oni su pratili formiranje pozitivnog strimera u snažnom nehomogenom polju i njegovu kasniju
propagaciju u slabom homogenom polju [120–122]. U njihovim radovima je pokazano kako je
dinamika propagacije strimera u tečnoj fazi jako osetljiva na rekombinaciju elektrona i pozitiv-
nih jona [120–122]. Pored toga, ustanovljeno je da izračunate vrednosti brzine strimera imaju
isti red veličine kao izmerena brzina probojnog talasa u tečnom argonu [120–122]. Propagaci-
ja strimera u gasnim mehurovima je ispitivana u okviru brojnih eksperimenata i numeričkih
proračuna [123,124] čija je zajednička karakteristika korišćenje aproksimativnih vrednosti trans-
portnih koeficijenata u tečnoj fazi, bez uzimanja u obzir svih efekata koji utiču na dinamiku
rasejanja naelektrisanih čestica u tečnosti.

Jedna od centralnih tema u ovoj disertaciji je ispitivanje transportnih koeficijenata trećeg
reda u gasovima i atomskim tečnostima. Iako se u literaturi može naći velika količina infor-
macija vezanih za transportne koeficijente nižeg reda, poput brzine drifta, difuzionog tenzora
i brzinskih koeficijenata za reakcije za elektrone, jone i pozitrone, jako malo se zna o trans-
portnim koeficijentima višeg reda [31,125]. Ovo je posledica toga što je transportne koeficijente
višeg reda teško izmeriti u eksperimentima i teško izračunati na osnovu teorijskih metoda.
Eksperimenti sa rojevima su prilagođeni uslovima u kojima se transportni koeficijenti nižeg
reda mogu izmeriti sa što većom tačnošću. Međutim, u tim uslovima je doprinos transportnih
koeficijenata višeg reda prostornim profilima naelektrisanih čestica zanemariv [126, 127]. Prvi
pokušaj merenja transportnih koeficijenata trećeg reda načinili su Hunter i saradnici [128,129]
u eksperimentu sa vremenom preleta (eng. time-of-flight experiment) u čistom vodoniku. Ipak,
pouzdanost rezultata u vezi sa transportnim koeficijentima višeg reda bila je dovedena u pita-
nje, te ovi rezultati nikada nisu publikovani. Drugi pokušaj merenja transportnih koeficijenata
trećeg reda vezuje se za rad Denman-a i Schile-a [130]. Rezultati ovog eksperimenta takođe
su bili nepouzdani zbog nehidrodinamičke zavisnosti izmerenih transportnih koeficijenata od
pritiska [126, 130]. Kasnije je objašnjeno da je gubitak visokoenergijskih elektrona na bočnim
zidovima suda usled velike dužine komore koja je korišćena u eksperimentu i intenzivne bočne
difuzije doveo do promene energijske raspodele elektrona u toku trajanja eksperimenta [126].
Uprkos ovome, više autora je procenilo da transportni koeficijenti trećeg reda mogu biti izmereni
u savremenim eksperimentima [126, 131].

Transportni koeficijenti trećeg reda mogu imati više značajnih primena. Naime, pokazano
je da su transportni koeficijenti višeg reda potrebni pri konverziji hidrodinamičkih transportnih
koeficijenata u transportne podatke koji se mere u stacionarnom Townsend-ovom eksperimentu
(eng. steady state Townsend experiment) [31] i u eksperimentu sa spektrima pristižućih čestica
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(eng. arrival time spectra experiment) [32]. Pored toga, poznato je da su transportni koeficijenti
trećeg reda osetljiviji na energijsku zavisnost preseka za elementarne sudarne procese od trans-
portnih koeficijenata nižeg reda [126,132]. Ovo ukazuje da bi transportni koeficijenti trećeg reda
mogli da doprinesu poboljšanju procedure za određivanje setova preseka za sudare naelektrisa-
nih čestica sa atomima ili molekulima na osnovu metode rojeva (eng. swarm analysis) ako bi
ovi transportni koeficijenti bili računati i mereni sa dovoljnom preciznošću. Uz to, transportni
koeficijenti višeg reda su potrebni za bolji opis prostornih raspodela rojeva naelektrisanih če-
stica u prisustvu električnog polja. Zapravo, u ranijim Monte Carlo istraživanjima [29, 133] je
pokazano da prostorne raspodele naelektrisanih čestica odstupaju od idealnog Gaussian-a, koji
bi reprezentovao prostornu raspodelu roja u uslovima u kojima su transportni koeficijenti višeg
reda zanemarljivi. Pored toga se oblici profila roja koji su primećeni u nekim simulacijama na
kvalitativnom nivou dobro slažu sa aproksimativnim rešenjem generalisane difuzione jednačine
u kojoj je doprinos transportnog tenzora trećeg reda uzet u obzir [29]. Još jedna motivacija
za izučavanje transportnih koeficijenata trećeg reda je to što numerički proračuni komponenti
transportnog tenzora trećeg reda u modelnim gasovima mogu da se koriste za proveru novih
kompjuterskih kodova koji su namenjeni za proračun transportnih koeficijenata naelektrisa-
nih čestica u gasovima ili tečnostima, imajući u vidu njihovu veliku osetljivost na energijske
promene preseka.

Whealton i Mason su prvi odredili strukturu transportnog tenzora trećeg reda u odsustvu
magnetskog polja [134]. Tom prilikom ustanovljeno je da ovaj tenzor ima sedam nenultih ele-
menata od kojih su tri međusobno nezavisna. Ovi autori su takođe pokazali da su u odsustvu
električnog polja sve komponente transportnog tenzora trećeg reda jednake nuli. Izračunali su
longitudinalnu komponentu transportnog tenzora trećeg reda za elektrone u Maxwell-ovom mo-
delnom gasu, koristeći analitičko rešenje Boltzmann-ove jednačine. Penetrante i Bardsley [126]
su proučavali transportne koeficijente trećeg reda za elektrone u helijumu, neonu i argonu
primenom Monte Carlo simulacija i numeričkog rešavanja Boltzmann-ove jednačine u okviru
aproksimacije dva člana. Oni su se u svojim proračunima ograničili na niske vrednosti reduko-
vanog električnog polja na kojima elektroni učestvuju samo u elastičnim sudarima sa atomima
pozadinskog gasa. Izračunali su spektre pristižućih čestica (eng. arrival time spectra) u tipič-
nim uslovima drift cevi (eng. drift tube) s ciljem procene da li se transportni koeficijenti trećeg
reda mogu izmeriti [126]. Njihov zaključak svodi se na to da transportni koeficijenti trećeg reda
mogu biti izmereni u savremenim eksperimentima. Sličnu proceduru za određivanje transport-
nih koeficijenata nižeg i višeg reda na osnovu spektra pristužućih čestica ranije su predložili
Kondo i Tagashira [32]. Koutselos je proučavao transportne koeficijente trećeg reda za K+ jo-
ne u argonu primenom molekularno dinamičkih simulacija [135, 136], nakon čega je primenio
trotemperaturski razvoj Boltzmann-ove jednačine da bi odredio transportne koeficijente trećeg
reda za Li+ jone u argonu i helijumu i K+ jone u argonu [137, 138]. Na osnovu ovog metoda
on je ispitao uticaj odnosa masa jona i neutralnih čestica na transportne koeficijente trećeg
reda u R−8 potencijalu u limesu hladnog gasa. Vrhovac i saradnici su odredili generalisane
Einstein-ove jednačine za transportni koeficijent n-tog reda u okviru teorije prenosa impulsa
(eng. momentum transfer theory) [132, 139]. U ovim jednačinama se transportni koeficijent n-
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tog reda izražava preko (n − 1)-og izvoda brzine drifta i n-tog izvoda brzinskog koeficijenta
za reakcije. Na osnovu ove teorije i odgovarajućeg kompjuterskog koda Vrhovac i saradnici su
odredili transportne koeficijente trećeg reda za elektrone u helijumu, neonu i argonu na ni-
skim vrednostima redukovanog električnog polja [132, 139]. Kawaguchi i saradnici su odredili
vezu između longitudinalne komponente transportnog tenzora trećeg reda i α-parametara (ko-
eficijenata koji se mere u eksperimentima sa spektrima pristižućih čestica) primenom teorije
koju su razvili Kondo i Tagashira [131]. Njihovi rezultati ukazuju da se transportni koeficijenti
trećeg reda mogu izmeriti u savremenim eksperimentima sa spektrima pristižućih čestica. Ka-
waguchi i saradnici su izračunali longitudinalnu komponentu transportnog tenzora trećeg reda
i α-parametre za elektrone u CH4 i SF6 primenom Monte Carlo simulacija.

U poglavlju 2 biće predstavljena transportna teorija na kojoj su zasnovani proračuni urađeni
u okviru ove disertacije. Na početku ovog poglavlja biće definisan roj naelektrisanih čestica.
Zatim će biti prikazane osnove teorije rasejanja elektrona u gasovima i tečnostima. Nakon toga
će biti date definicije hidrodinamičkog režima i dve različite familije transportnih koeficijenata.
Na kraju ovog poglavlja predstavićemo rezultate istraživanja u vidu strukture vektorskih i
tenzorskih veličina, za različite konfiguracije električnog i magnetskog polja, a poseban akcenat
biće stavljen na strukturu transportnog tenzora trećeg reda.

Poglavlje 3 donosi prikaz metoda koji su korišćeni za izračunavanje transportnih veličina u
okviru ove disertacije. Prvo navodimo osnovne elemente kinetičke teorije za numeričko rešavanje
Boltzmann-ove jednačine. Potom su razmatrani fluidni modeli i teorija prenosa impulsa za
rojeve naelektrisanih čestica u nepolarnim tečnostima. Nakon toga biće predstavljen Monte
Carlo metod, kao i najvažniji elementi odgovarajućeg kompjuterskog koda koji je korišćen u
ovoj disertaciji.

U poglavlju 4 detaljno je analiziran fizički smisao transportnih koeficijenata trećeg reda.
Slede rezultati benčmark proračuna ovih transportnih koeficijenata za naelektrisane čestice u
modelnim gasovima, pri čemu će analizi biti podvrgnut uticaj elastičnih, neelastičnih i nekon-
zervativnih sudara, kao i odnos masa naelektrisanih čestica roja i neutralnih čestica pozadinske
sredine, na transportne koeficijente trećeg reda.

U poglavlju 5 biće prikazani rezultati proračuna transportnih koeficijenata trećeg reda za
elektrone u realnim gasovima. Prvo se duskutuje o korelaciji između longitudinalne kompo-
nente transportnog tenzora trećeg reda i longitudinalne komponente difuzionog tenzora. Zatim
će biti razmatrani transportni koeficijenti trećeg reda za elektrone u atomskim i molekular-
nim gasovima. Nakon toga ispituju se ovi transportni koeficijenti za pozitrone u molekularnim
gasovima.

U narednom, 6. poglavlju dati su proračuni transportnih koeficijenata za elektrone u atom-
skim tečnostima velike mobilnosti. Na početku obrazlažemo motivacione faktore za ispitivanje
transporta elektrona u tečnoj fazi. Nakon toga raspravlja se o prisustvu provodne zone u atom-
skim tečnostima velike mobilnosti, te se izlažu setovi preseka za rasejanje elektrona u tečnom
argonu, tečnom kriptonu i tečnom ksenonu (koji su korišćeni u izradi ove disertacije), kao i re-
zultati proračuna transportnih koeficijenata i drugih transportnih veličina u ovim tečnostima.
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Poglavlje 7 sadrži prikaz fluidnih modela strimera u tečnoj fazi, kao i njihove numeričke
implementacije, korišćene u ovoj disertaciji. Nakon toga, u ovom poglavlju biće predočeni re-
zultati simulacija koje prate formiranje i propagaciju negativnih strimera u tečnom argonu,
tečnom kriptonu i tečnom ksenonu u prisustvu stacionarnog i prostorno homogenog spoljašnjeg
električnog polja.

Osmo, i poslednje, poglavlje sumira ključne rezultate i originalne doprinose ove disertaci-
je. Na ovom mestu biće naznačeni i novi pravci budućih istraživanja. U dodacima A, B i C
prikazaćemo metod grupnih projektora, eksplicitne izraze za izračunavanje transportnih koefi-
cijenata trećeg reda na osnovu numeričkih rešenja Boltzmann-ove jednačine, kao i eksplicitne
izraze za izračunavanje ovih transportnih koeficijenata u kompjuterskom kodu baziranom na
Monte Carlo metodi.
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2 Teorija rojeva naelektrisanih čestica u gasovima i tečno-

stima

2.1 Uvod

U ovom poglavlju predstavljeni su osnovni elementi teorije uzete za osnovu ove disertacije.
U potpoglavlju 2.2 definisan je roj naelektrisanih čestica. U potpoglavlju 2.3 prikazana je teorija
rasejanja naelektrisanih čestica u gasovima i tečnostima, na osnovu koje su Boyle i saradnici [68,
69] odredili preseke za elastično rasejanje niskoenergijskih elektrona u tečnom argonu i tečnom
ksenonu, koji su korišćeni u izradi ove disertacije. Ovu teoriju razvili su McEachran i saradnici
[140] i Boyle i saradnici [68,69]. U potpoglavlju 2.4 izložene su definicije hidrodinamičkog režima
i transportnih koeficijenata, dok potpoglavlje 2.5 prikazuje strukturu vektorskih i tenzorskih
veličina u svim konfiguracijama električnog i magnetskog polja.

2.2 Roj naelektrisanih čestica

Osnovni fizički objekat koji se razmatra u ovoj disertaciji je roj naelektrisanih čestica, koji
je u fizici plazme poznat kao limit probnih čestica ili limit slobodne difuzije. Pod pojmom
roj podrazumeva se ansambl naelektrisanih čestica koji se kreće u neutralnom pozadinskom
fluidu koji se nalazi u stanju termodinamičke ravnoteže i u kome su u opštem slučaju prisutni
homogeno električno i homogeno magnetsko polje [26, 47, 52]. Pritom je pretpostavljeno da je
koncentracija naelektrisanih čestica dovoljno mala da se njihove međusobne interakcije, kao i
njihov uticaj na neutralni pozadinski fluid i na vrednosti rezultujućeg električnog i magnetskog
polja mogu zanemariti. Iako se pozadisnki fluid nalazi u stanju termodinamičke ravnoteže, roj
naelektrisanih čestica ne mora biti u termodinamičkoj ravnoteži sa svojim okruženjem. Ako
je srednja energija naelektrisanih čestica viša od termalne energije, koja odgovara temperaturi
pozadinskog fluida, može se očekivati da funkcija raspodele naelektrisanih čestica po energijama
snažno odstupa od ravnotežnog Maxwellian-a .

Dinamika roja je određena uticajem spoljašnjih polja i sudarima naelektrisanih čestica sa
neutralnim česticama pozadinskog fluida [26, 47, 52]. Pri tome roj dobija energiju od električ-
nog polja a gubi je u sudarima. Zanimljivo je pomenuti da postoje uslovi u radio-frekventnim
(RF) električnim i magnetksim poljima u kojima roj dobija energiju i porastom magentskog
polja [141]. Ako u slučaju konstantnih spoljašnjih polja dođe do ravnoteže između dobitaka i
gubitaka energije u jedinici vremena, roj dostiže stacionarno stanje u kome se njegova funkicja
raspodele po energiji ne menja u vremenu. Ova funkcija raspodele zavisi od spoljašnjeg električ-
nog i magnetskog polja, od prirode neutralnog pozadinskog fluida (od mase čestica pozadinskog
fluida i od odgovarajućih preseka za sudare čestica roja sa ovim česticama), kao i od njegove
temperature. Na dovoljno visokim poljima se funkcija raspodele po energiji koja opisuje roj na-
elektrisanih čestica može značajno razlikovati od Maxwell-Boltzmann-ove raspodele [26,47,52].
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U gasnoj fazi je rastojanje na kome deluje potencijal pojedinačne neutralne čestice poza-
dinske sredine znatno manje od rastojanja između neutralnih čestica, kao i od srednjeg slobod-
nog puta naelektrisanih čestica. Zbog toga je interakcija roja i pozadinskog gasa u potpunosti
određena binarnim sudarima. Međutim, u tečnoj fazi je rastojanje između neutralnih čestica
pozadinske srednine uporedivo sa rastojanjem na kome deluje potencijal pojedinačne neutral-
ne čestice. Pri tome talasna funkcija lakih naelektrisanih čestica (poput elektrona i pozitrona)
zahvata veliki broj susednih neutralnih čestica u tečnosti. Zbog toga se u tečnoj fazi interakcija
roja i pozadinske sredine ne može u potpunosti opisati binarnim sudarima, pa je pri određiva-
nju dinamike rasejanja lakih naelektrisanih čestica neophodno uzeti u obzir prostorne korelacije
između neutralnih čestica pozadinske tečnosti.

2.3 Teorija rasejanja elektrona u gasovima i tečnostima

Karakteristike rojeva naelektrisanih čestica i neravnotežnih plazmi snažno zavise od pri-
rode pozadinskog fluida. Zbog toga je ispravan opis sudara naelektrisanih čestica sa atomima
(ili molekulima) pozadinske sredine od ključnog značaja u transportnim proračunima. U ovom
potpoglavlju je ukratko prikazana teorija rasejanja elektrona u gasovima i tečnostima. Ovu
teoriju razvili su McEachran i saradnici za slučaj rasejanja elektrona i pozitrona na izolova-
nom atomu [140, 142–144]. Za generalizaciju pomenute teorije na slučaj rasejanja elektrona u
atomskim tečnostima zaslužan je G. Boyle sa svojim saradnicima [68, 69, 145]. Detaljan prikaz
teorije rasejanja, o kojoj raspravljamo u ovom potpoglavlju, može se naći u disertaciji Greg-a
Boyle-a [145]. Ovde se ograničavamo na slučaj rasejanja elektrona na izolovanim atomima i u
atomskim tečnostima, ali treba imati u vidu da se analiza koju sprovodimo može generalizovati
na slučaj nepolarnih molekula.

U razređenim gasovima rastojanje između atoma je znatno veće od rastojanja na kome
elektron oseća potencijal pojedinačnog atoma. Zbog toga se rasejanje elektrona u razređenim
gasovima može reprezentovati binarnim sudarima. Uticaj potencijala ostalih čestica pozadinske
sredine i uticaj spoljašnjih polja mogu se u potpunosti zanemariti u toku binarnog sudara, te se
može smatrati kako je dinamika elektrona za vreme sudara u potpunosti određena potencijalom
atoma.

Potencijal za rasejanje elektrona na pojedinačnom atomu može se razložiti na statički deo,
koji odgovara elektrostatičkoj interakciji, polarizacioni deo, koji odgovara interakciji elektro-
na sa indukovanim dipolom i indukovanim višim multipolnim članovima atoma, i izmenski
deo koji odgovara izmenskoj interakciji elektrona koji se rasejava sa elektronima iz omotača
atoma [100, 145]. Polarizaciona interakcija se može predstaviti dugodometnim članovima koji
figurišu u razvoju potencijala za rasejanje po multipolima [145]. Izmenska interakcija se opisu-
je kratkodometnim nelokalnim potencijalom, koji se dobija antisimetrizacijom totalne talasne
funkcije sistema [145].

Rasejanje upadnog elektrona sa talasnim brojem k na izolovanom atomu u gasnoj fazi
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moguće je opisati pomoću Dirac-Fock-ove jednačine [144, 145]
(
fκ(r)

gκ(r)

)
=

(
v1(kr)

v2(kr)

)
+

1

k

∫ r

0

dxG(r, x)

[
V (x)

(
fκ(x)

gκ(x)

)
−
(
WQ(κ; x)

W P (κ; x)

)]
, (2.1)

gde je G(r, x) Green-ova funkcija slobodne čestice, V (r) je potencijal koji je određen sumom
statičkog i polarizacionog dela V (r) = Vs(r) + Vp(r), dok W P (κ; r) i WQ(κ; r) reprezentuju
veliku i malu komponentu izmenske interakcije. Slično tome fκ(r) i gκ(r) predstavljaju veliku i
malu komponentu talasne funkcije rasejanja (eng. scattering wave function) [144,145]. Kvantni
broj κ se može izraziti preko ukupnog ugaong momenta j i orbitalnog angularnog momenta l
kao [144, 145]

j = |κ| − 1

2
, gde je l =

{
κ, κ > 0

−κ− 1, κ < 0
.

(2.2)

Statički deo potencijala se određuje na osnovu Dirac-Fock-ovih orbitala atoma [144], dok
se polarizacioni potencijal određuje primenom metoda polarizovanih orbitala [140, 146, 147].
Eksplicitan izraz za izmenske članove W P (κ; r) i WQ(κ; r) dat je u referenci [145] i jednačina
(2.1) se mora rešavati iterativno zbog zavisnosti izmenskih članova od funkcije rasejanja.

Veliki deo talasne funkcije rasejanja fκ(r) ima sledeći asimptotski oblik

fκ(r) −→ Aκĵl(kr)−Bκn̂l(k, r), r → ∞, (2.3)

gde su ĵl(kr) i n̂l(kr) Bessel-ova i Neumann-ova funkcija, dok su eksplicitni izrazi za koeficijente
Aκ i Bκ dati u referenci [145].

Fazni pomeraji parcijalnih talasa pri rasejanju mogu se odrediti na osnovu asimptotskog
oblika velike komponente talasne funkcije rasejanja kao

tan δ±l (k) =
Bκ

Aκ
, (2.4)

gde se znaci + i − odnose na orijentaciju spina elektrona nagore i nadole, respektivno. Na
osnovu faznih pomeraja parcijalnih talasa dieferncijalni presek za rasejanje elektrona određuje
se kao

σ(k, χ) = |f(k, χ)|2 + |g(k, χ)|2, (2.5)

gde su f(k, χ) i g(k, χ) direktna amplituda rasejanja i amplituda rasejanja sa promenom ori-
jentacije spina respektivno [144]. Ove amplitude se mogu odrediti kao [144]

f(k, χ) =
1

k

∞∑

l2=0

[
(l2 + 1)T+

l2
(k) + l2T

−
l2
(k)
]
Pl2(cosχ), (2.6)

g(k, χ) =
1

k

∞∑

l2=0

[
T−
l2
(k)− T+

l2
(k)
]
P 1
l2
(cosχ), (2.7)
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gde su Pl2 i P 1
l2
Legendre-ovi polinomi i asocirani Legendre-ovi polinomi, respektivno, dok su

T±
l2
(k) elementi T -matrice, koji se mogu odrediti na osnovu jednačine [144]

T±
l2
(k) =

1

2i

[
exp

(
2iδ±l2 (k)

)
− 1
]
. (2.8)

Kada je poznat diferencijalni presek σ(k, χ), totalni presek za rasejanje σT (k) i presek za
transfer impulsa (eng. momentum transfer cross section) σm(k) se mogu odrediti kao [145]

σT (k) = 2π

∫ π

0

σ(k, χ) sinχdχ

=
4π

k2

∞∑

l=0

(
(l + 1) sin2(δ+l ) + l sin2(δ−l )

)
, (2.9)

σm(k) = 2π

∫ π

0

(
1− cosχ

)
σ(k, χ) sinχdχ (2.10)

=
4π

k2

∞∑

l=0

(
(l + 1)(l + 2)

(2l + 3)
sin2(δ+l − δ+l+1) +

l(l + 1)

(2l + 1)
sin2(δ−l − δ−l+1)

+
(l + 1)

(2l + 1)(2l + 3)
sin2(δ+l − δ−l+1)

)
. (2.11)

Kada se u jednačinama (2.9) i (2.11) zanemari orijentacija spina upadnog elektrona δ+l =

δ−l ≡ δl, dobiju se nerelativistički izrazi za σT (k) i σm(k).

Pri rasejanju elektrona na izolovanom atomu, prisustvo elektrona dovodi do indukovanja
električnog dipola i viših članova u multipolnom razvoju na datom atomu. U razređenom gasu
je domet polarizacionog potencijala znatno manji od međuatomskog rastojanja, pa ostali atomi
ne utiču na polarizacioni potencijal pojedinačnog atoma. Međutim, u tečnoj fazi mnogi atomi
mogu imati značajnu vrednost indukovanih multipolnih momenata koji potiču od elektrona koji
se rasejava i od svih ostalih atoma u okolini [68,69,100,145]. Efektivni polarizacioni potencijal
koji oseća elektron u datoj tački prostora je superpozicija polarizacionih potencijala svih atoma
koji se nalaze u okolini elektrona. Ovaj efektivni polarizacioni potencijal se može napisati u
obliku f(r)αd(r)e/r

2, gde je r rastojanje između atoma i elektrona, dok je αd(r) polarizabilnost
atoma [145]. Član f(r) opisuje ekraniranje polarizacionog potencijala fokus atoma polarizaci-
onim potencijalima okolnih atoma. U slučaju razređenog gasa važi f(r) = 1, dok se u slučaju
tečne faze f(r) mora odrediti samousaglašeno [145].

Za fokus atom i koji se nalazi u položaju ri koeficijent ekraniranja fi(r) može se odrediti
na osnovu jednačine

fi(r) = 1− πn0

∫ ∞

0

ds
g(s)

s2

∫ r+s

|r−s|
dtΘ(r, s, t)

αd(t)fbalk(t)

t2
, (2.12)

gde je r radijus vektor između elektrona i fokus atoma, fbalk je koeficijent ekraniranja ostalih
atoma, pri čemu su n0 i g(s), koncentracija i parna korelaciona funkcija pozadinske tečnosti,
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respektivno, dok su s i t rastojanje između atoma u balku i fokus atoma i i rastojanje između
elektrona i atoma u balku, respektivno, uz šta se Θ može napisati u obliku [145]

Θ(r, s, t) =
3

2

(s2 + t2 − r2)(s2 + r2 − t2)

s2
+ r2 + t2 − s2. (2.13)

Samousaglašeno rešavanje jednačine (2.12) postiže se postavljanjem fi(r) = fbalk(r) i daljim ite-
rativnim rešavanjem ove jednačine [145]. Ekranirani polarizacioni potencijal fokus atoma Ṽp(r)
može se napisati u obliku Ṽp(r) = f(r)Vp(r), gde je Vp(r) polarizacioni potencijal izolovoanog
atoma, koji u sebi sadrži doprinos indukovanog dipola i indukovanih viših članova u razvoju
potencijala po multipolima [145].

U tečnoj fazi je interakcija okolnih atoma sa elektronom značajna čak i kada je elektron jako
blizu fokus atoma. Pored toga što polarizacioni potencijali ovih atoma ekraniraju polarizacioni
potencijal fokus atoma, dinamika rasejanja elektrona je određena kombinovanim uticajem po-
tencijala fokus atoma i potencijala svih okolnih atoma. Zbog toga je za opis rasejanja elektrona
u tečnoj fazi potrebno odrediti efektivni potencijal koji u sebi sadrži informaciju o interakciji
elektrona sa okolnim atomima pri rasejanju na fokus atomu. Ovaj efektivni potencijal se može
napisati u obliku Veff = V1 + V2, gde je V1 potencijal za direktnu interakciju elektrona i fokus
atoma, dok V2 odgovara interakciji elektrona sa ostatkom tečnosti. Potencijal V2 se određuje
usrednjavanjem potencijala V1 po ansamblu atoma [68, 100, 145]

V2(r) =
2πn0

r

∫ ∞

0

dtV1(t)

∫ r+t

|r−t|
sg(s)ds. (2.14)

Na sličan način se efektivna izmenska interakcija može napisati u obliku

W (P∨Q),eff = W (P∨Q) +W (P∨Q),2, (2.15)

gde se W (P∨Q),2 određuje usrednjavanjem W (P∨Q) po ansamblu atoma [145]. Pošto W zavisi od
talasne funkcije W (P∨Q),2 se mora ponovo računati pri svakoj iteraciji jednacine (2.1).

Uzimajući u obzir to što se u tečnostima menja efektivni potencijal u kome se rasejava
elektron u odnosu na razređeni gas, treba naglasiti kako je u tečnoj fazi potrebno da se pojedi-
načni sudarni događaj definiše drugačije nego u gasnoj fazi. Naime, u razređenom gasu se može
smatrati da se elektron rasejava na izolovanom atomu (ili molekulu), kao i da je pojedinačni
sudarni događaj završen kada se elektron beskonačno udalji od datog atoma. U tom slučaju
se fazni pomeraji parcijalnih talasa računaju na beskonačnoj udaljenosti od centra rasejanja.
U tečnoj se fazi pak elektron nakon konačnog udaljavanja od fokus atoma već nalazi u bliskoj
okolini nekog drugog atoma. Rastojanje nakon koga je V1 zanemarljivo u odnosu na V2 označeno
je sa rm i ovo rastojanje određuje deo prostora u kome je elektron pod dominatnim uticajem
fokus atoma. Na osnovu toga se smatra da se rasejanje na fokus atomu odvija dok je rastojanje
elektrona i fokus atoma manje od rm [68,145]. Rastojanje rm se razlikuje od minimalnog rasto-
janja na kome mogu da se nađu dva atoma, σcore. Pri tome važi rm ≈ 2

3
σcore > σcore/2 [145]. U

radu Boyle-a i saradnika fazni pomeraji parcijalnih talasa se računaju na položaju rm umesto
u beskonačnosti [68, 145].

14



Pored toga što je u tečnoj fazi potencijal za rasejanje elektrona na fokus atomu drugačiji
nego u razređenim gasovima, efektivno rasejanje elektrona u tečnosti se mora predstaviti kao
superpozicija pojedinačnih rasejanja na više fokus atoma, i to zbog toga što talasna funkcija
elektrona zahvata veliki broj susednih atoma u tečnoj fazi [70, 100]. Tako se dvostruki diferen-
cijalni presek za rasejanje elektrona u tečnosti može napisati u obliku

d2σ

dk′dω′ =
( dσ
dω′
)(lab)

S(∆k,∆ω), (2.16)

gde je ( dσ
dω′ )

(lab) presek za rasejanje elektrona na jednom fokus atomu (ili molekulu) pozadinske
sredine u laboratorijskom sistemu reference, S(∆k,∆ω) je dinamički strukturni faktor, dok su
∆k ≡ k − k′ i ω ≡ ω − ω′ promene talasnog vektora i ugaone frekvence elektrona pri sudaru,
respektivno. Dinamički strukturni faktor je Furijeov transform Van Hoveove generalisane vre-
menski zavisne parne korelacione funkcije po prostornim koordinatama i vremenu [99,114,114].
Dvostruki diferencijalni presek u jednačini (2.16) je faktorisan na dva člana od kojih jedan
zavisi samo od interakcije elektrona i fokus atoma (ili molekula) pozadinske sredine, dok drugi
zavisi samo od prostornih i vremenskih korelacija neutralnih čestica pozadinske sredine [114].

2.4 Hidrodinamički režim i definicija transportnih koeficijenata

Ako se roj naelektrisanih čestica, koje se kreću kroz neutralan pozadinski fluid, nalazi u
oblasti prostorno homogenog električnog i magnetskog polja, pri čemu su čestice roja daleko od
granica sistema kao i od izvora i ponora čestica, zavisnost fazne funkcije raspodele roja (funkcije
raspodele u faznom prostoru) od prostornih koordinata r može se izraziti preko funkcionala
koncentracije čestica roja [26, 47, 52]

f(r, c, t) =
∞∑

k=0

f (k)(c, t)⊙ (−∇)kn(r, t), (2.17)

gde su f(r, c, t) i n(r, t) fazna funkcija raspodele i koncentracija čestica roja, respektivno, dok
⊙ označava tenzorsku kontrakciju reda k. Tenzori f (k)(c, t) u opštem slučaju zavise od brzinske
koordinate c i vremena t, pri čemu zavisnost od vremena nestaje u slučaju vremenski konstant-
nih spoljašnjih polja. Razvoj funkcije raspodele po gradijentima koncentracije, koji je prikazan
u jednačini (2.17), naziva se hidrodinamički razvoj fazne funkcije raspodele. Uslovi u kojima je
zadovoljena jednačina (2.17) jesu hidrodinamički uslovi (ili hidrodinamički režim). Hidrodina-
mički razvoj nije primenjiv u uslovima u kojima se spoljašnja polja naglo menjaju u prostoru ili
vremenu, kao ni u uslovima u kojima su gradijenti koncentracije veliki [47,52]. U hidrodinamič-
kom režimu se mogu definisati dve familije transportnih koeficijenata (balk i fluks transportni
koeficijenti) koji kvantitativno opisuju kretanje roja [47, 52].

Veza između teorije i eksperimenta može se uspostaviti uz pomoć jednačine kontinuiteta,
zato što su koncentracija naelektrisanih čestica i električna struja eksperimentalno merljive
veličine [27]. Ova jednačina se može napisati u obliku

∂n(r, t)

∂t
+∇ · Γ(r, t) = S(r, t), (2.18)
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gde su Γ(r, t) i S(r, t) fluks naelektrisanih čestica i izvorni član, respektivno. U hidrodinamičkom
režimu se ove dve veličine mogu razviti po gradijentima koncentracije na sledeći način

Γ(r, t) =

∞∑

k=0

Γ(k+1)(t)⊙ (−∇)kn(r, t), (2.19)

S(r, t) =

∞∑

k=0

S(k)(t)⊙ (−∇)kn(r, t), (2.20)

gde su Γ(k+1)(t) fluks transportni koeficijenti, dok su S(k)(t) koeficijenti u razvoju izvornog
člana [27,47]. Brojevi u superskriptu, k+1 i k, označavaju rang odgovarajućih tenzora. Ovi ko-
eficijenti u razvoju su vremenski nezavisni u slučaju stacionarnih spoljašnjih polja. Odsecanjem
hidrodinamčikog razvoja fluksa čestica na k = 2 dobija se jednačina

Γ(r, t) = W⋆(t)n(r, t)− D̂⋆(t) · ∇n(r, t) + Q̂⋆(t)(∇⊗∇)n(r, t) + ..., (2.21)

u kojoj su W⋆(t), D̂⋆(t) i Q̂⋆(t) fluks brzina drifta, fluks difuzioni tenzor i fluks transportni
tenzor trećeg reda, respektivno, dok ·, : i ⊗ označavaju skalarni proizvod, tenzorsku kontrakciju
drugog reda i (spoljašnji) tenzorski proizvod, respektivno. Primenom hidrodinamičkih razvoja
fluksa čestica i izvornog člana (jednačine 2.19 i 2.20) u jednačini kontinuiteta (jednačina 2.18)
dobija se vremenski zavisna generalisana difuziona jednačina. Ova jednačina se može napisati
u obliku

∂n(r, t)

∂t
=

∞∑

k=0

ω(k)(t)⊙ (−∇)kn(r, t), (2.22)

gde su ω(k)(t) tenzori k-tog reda, koji su vremenski zavisni u slučaju vremenski promenljivih
spoljašnjih polja. Ovi tenzori se mogu izraziti kao

ω(k)(t) = Γ(k)(t) + S(k)(t), (2.23)

i za k > 0 oni reprezentuju balk transportne koeficijente. Kada se vremenski zavisna generali-
sana difuziona jednačina odseče na k = 3, dobije se jednačina oblika

∂n(r, t)

∂t
+W(t) · ∇n(r, t)− D̂(t) : (∇⊗∇)n(r, t)

+ Q̂(t)
... (∇⊗∇⊗∇)n(r, t) = −Ra(t)n(r, t), (2.24)

gde su W(t), D̂(t), Q̂(t) i Ra balk brzina drifta, balk difuzioni tenzor, balk transportni tenzor

trećeg reda i ukupni brzinski koeficijent za reakcije, respektivno, dok
... označava tenzorsku

kontrakciju trećeg reda. Pri tome važi

Ra(t) = −ω(0)(t) = S(0)(t), (2.25)

W(t) = ω(1)(t) = W⋆(t) + S(1)(t), (2.26)

D̂(t) = ω(2)(t) = D̂⋆(t) + S(2)(t), (2.27)

Q̂(t) = ω(3)(t) = Q̂⋆(t) + S(3)(t). (2.28)
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Množenjem vremenski zavisne generalisane difuzione jednačine (2.22) sa 1, r, r⊗r i r⊗r⊗r

i integracijom po konfiguracionom prostoru, dobiju se eksplicitni izrazi za Ra(t), W(t), D̂(t) i
Q̂(t), respektivno. Ovi izrazi su dati jednačinama

Ra(t) = −ω(0)(t) =
d

dt

(
lnNe(t)

)
, (2.29)

W(t) = ω(1)(t) =
d

dt
〈r(t)〉, (2.30)

D̂(t) = ω(2)(t) =
1

2

d

dt

〈(
r(t)− 〈r(t)〉

)
⊗
(
r(t)− 〈r(t)〉

)〉
, (2.31)

Q̂(t) = ω(3)(t) =
1

3!

d

dt

〈(
r(t)− 〈r(t)〉

)
⊗
(
r(t)− 〈r(t)〉

)
⊗
(
r(t)− 〈r(t)〉

)〉
, (2.32)

gde su

Ne =

∫
n(r, t)dr, (2.33)

〈ψ(r)〉 = 1

Ne(t)

∫
ψ(r)n(r, t)dr, (2.34)

pri čemu je ψ(r) proizvoljna funkcija koordinate. Važno je naglasiti da srednja vrednost 〈ψ(r)〉
zavisi od vremena, zbog vremenske zavisnosti n(r, t). Na sličan način se mogu dobiti eksplicitni
izrazi za transportne koeficijente višeg reda.

Na osnovu jednačine (2.30) vidi se da balk brzina drifta predstavlja brzinu centra mase roja.
Njena vrednost je određena zajedničkim uticajem fluks brzine drifta i vektora S(1)(t). Fluks br-
zina drifta je jednaka srednjoj vrednosti vektora brzine elektrona. Vrednosti balk i fluks brzina
drifta su međusobno jednake u odsustvu nekonzervativnih sudara, kao i u slučaju u kome je
koliziona frekvenca za nekonzervativne sudare nezavisna od energije. Vektor S(1)(t) predsta-
vlja koeficijent u hidrodinamičkom razvoju izvornog člana S(r, t), koji stoji uz prvi gradijent
koncentracije naelektrisanih čestica ∇n(r, t). Ovaj koeficijent je određen energijskom zavisno-
šću kolizione frekvence za nekonzervativne sudare i porastom srednje energije naelektrisanih
čestica u smeru u kome deluje sila spoljašnjeg električnog polja.

Balk difuzioni tenzor opisuje širenje roja, kao što se može videti iz jednačine (2.31). Ovaj
tenzor u sebe uključuje doprinos širenju roja usled kretanja naelektrisanih čestica pod utica-
jem gradijenta njihove koncentracije, kao i doprinos promene broja čestica roja pod uticajem
nekonzervativnih sudara. Prvi od ovih doprinosa je opisan fluks difuzionim tenzorom, dok je
drugi opisan tenzorom S(2)(t). Fizička interpretacija transportnih koeficijenata trećeg reda je
nešto složenija i nije lako uočljiva na osnovu jednačine (2.32). Zbog toga će fizička interpretacija
ovih transportnih koeficijenata biti detaljno razmatrana u potpoglavlju 4.2.

2.5 Struktura transportnog tenzora trećeg reda

U ovom potpoglavlju je struktura vektorskih i tenzorskih veličina (brzine drifta, difuzionog
tenzora i transportnog tenzora trećeg reda) određena primenom metode grupnih projektora.
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Sistem koji razmatramo sastoji se iz neutralnog pozadinskog fluida, roja naelektrisanih če-
stica i spoljašnjeg električnog i spoljašnjeg magnetskog polja. Dinamika roja je u potpunosti
određena uticajem spoljašnjih polja i sudarima sa česticama pozadinskog fluida. U našem slu-
čaju je pozadinski fluid makroskopski homogen i izotropan, zbog čega je on invarijantan u
odnosu na sve transformacije iz ortogonalne O(3) grupe (grupa simetrije sfere). Na osnovu toga
je grupa simetrije celog razmatranog sistema jednaka grupi simetrije konfiguracije električnog
i magnetskog polja.

U konfiguraciji bez magnetskog polja je grupa simetrije sistema C∞V (grupa simetrije elek-
tričnog polja). Ovo je jednoparametarska Lijeva grupa, koja ima dve komponente povezanosti.
Prva komponenta povezanosti opisuje rotacije oko ose električnog polja (koje je u našem slučaju
duž z-ose) za proizvoljan ugao α i njih označavamo sa Rz(α). Druga komponenta povezanosti
opisuje kompoziciju refleksije u ravni koja sadrži električno polje i rotacije iz prve komponente
povezanosti. Ove transformacije biće označene sa σvRz(α). Polarno vektorske reprezentacije
proizvoljnih transformacija iz prve i druge komponente povezanosti se mogu napisati kao

Dpv
(
Rz(α)

)
=



cosα − sinα 0

sinα cosα 0

0 0 1


 , (2.35)

Dpv
(
σvRz(α)

)
=




cosα − sinα 0

− sinα − cosα 0

0 0 1


 . (2.36)

U ovoj konfiguraciji polja brzina drifta i difuzioni tenzor imaju sledeću strukturu [27, 47]

W =




0

0

Wz


 , (2.37)

D =



Dxx 0 0

0 Dxx 0

0 0 Dzz


 . (2.38)

Struktura transportnog tenzora trećeg reda je u ovoj konfiguraciji polja data na sledeći način

Qxab =




0 0 Qxxz

0 0 0

Qxxz 0 0


 , Qyab =



0 0 0

0 0 Qxxz

0 Qxxz 0


 ,

Qzab =



Qzxx 0 0

0 Qzxx 0

0 0 Qzzz


 , (2.39)

gde su a, b ∈ {x, y, z}. U odsustvu magnetskog polja transportni tenzor trećeg reda ima se-
dam nenultih komponenti, od kojih su tri međusobno nezavisne (Qzzz, Qzxx i Qxxz). Ostale
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komponente se mogu izraziti preko nezavisnih komponenti kao

Qxxz = Qxzx = Qyyz = Qyzy, Qzxx = Qzyy. (2.40)

Strukturu transportnog tenzora trećeg reda u odsustvu magnetskog polja prvi put su odredili
Whealton i Mason [134], a kasnije su je potvrdili Vrhovac i saradnici [132, 139] i Koutselos
[137, 138].

Grupa simetrije paralelne konfiguracije polja je C∞. Ovo je jednoparametarska Lijeva grupa
što ima samo jednu komponentu povezanosti koja opisuje rotacije oko ose električnog i magnet-
skog polja (oko z-ose) Rz(α). Polarno vektorska reprezentacija Rz(α) prikazana je u jednačini
(2.35). U ovoj konfiguraciji polja brzina drifta i difuzioni tenzor imaju sledeću strukturu [27,47]

W =




0

0

Wz


 , (2.41)

D =



Dxx Dxy 0

−Dxy Dxx 0

0 0 Dzz


 . (2.42)

Struktura transportnog tenzora trećeg reda u paralelnoj konfiguraciji električnog i magnetskog
polja je data na sledeći način

Qxab =




0 0 Qxxz

0 0 Qxyz

Qxxz Qxyz 0


 ,

Qyab =




0 0 −Qxyz

0 0 Qxxz

−Qxyz Qxxz 0


 ,

Qzab =



Qzxx 0 0

0 Qzxx 0

0 0 Qzzz


 . (2.43)

U paralelnoj konfiguraciji polja transportni tenzor trećeg reda ima 11 nenultih komponenti od
kojih su četiri međusobno nezavisne (Qzzz, Qzxx, Qxxz i Qxyz). Ostale komponente ovog tenzora
se mogu izraziti preko nezavisnih komponenti na sledeći način

Qxxz = Qxzx = Qyyz = Qyzy, Qzxx = Qzyy,

Qxyz = Qxzy = −Qyxz = −Qyzx. (2.44)

Grupa simetrije ortogonalne konfiguracije polja je C1V . Ovo je konačna grupa koja ima samo
dva elementa, jedinični element e i refleksiju u odnosu na ravan koja je ortogonalna na pravac
magnetskog polja σv. Polarno vektorske reprezentacije ovih elemenata su date jednačinama

Dpv
(
e) =



1 0 0

0 1 0

0 0 1


 , Dpv

(
σv) =



1 0 0

0 −1 0

0 0 1


 . (2.45)
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Strukture brzine drifta, difuzionog tenzora i transportnog tenzora trećeg reda u ortogonalnoj
konfiguraciji polja su date na sledeći način

W =




Wx

0

Wz


 , (2.46)

D =



Dxx 0 Dxz

0 Dyy 0

Dzx 0 Dzz


 . (2.47)

Qxab =



Qxxx 0 Qxxz

0 Qxyy 0

Qxxz 0 Qxzz


 ,

Qyab =




0 Qyyx 0

Qyyx 0 Qyyz

0 Qyyz 0


 ,

Qzab =



Qzxx 0 Qzzx

0 Qzyy 0

Qzzx 0 Qzzz


 . (2.48)

U ortogonalnoj konfiguraciji polja transportni tenzor trećeg reda ima 14 nenultih kompo-
nenti od kojih je 10 međusobno nezavisno. Ostale komponente se mogu izraziti preko nezavisnih
komponenti na sledeći način

Qxxz = Qxzx, Qyyz = Qyzy, Qyyx = Qyxy, Qzzx = Qzxz. (2.49)

Kada električno i magnetsko polje zaklapaju proizvoljan ugao, grupa simetrije sistema je
trivijalna grupa, koja sadrži samo jedinični element. U ovoj konfiguraciji polja su brzina drifta,
difuzioni tenzor i transportni tenzor trećeg reda potpuno popunjeni (nemaju nenultih elemena-
ta). Uz to su svi elementi brzine drifta i difuzionog tenzora međusobno nezavisni, pa je struktura
ovih transportnih koeficijenata data na sledeći način

W =




Wx

Wy

Wz


 , (2.50)

D =



Dxx Dxy Dxz

Dyx Dyy Dyz

Dzx Dzy Dzz


 . (2.51)
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Međutim, iako transportni tenzor trećeg reda ima 27 nenultih komponenti u ovoj konfiguraciji
polja, samo 18 komponenti je međusobno nezavisno, zbog toga što poslednja dva indeksa trans-
portnog tenzora trećeg reda komutiraju Qabc = Qacb, za svako a, b, c ∈ x, y, z. Na osnovu toga
je struktura transportnog tenzora trećeg reda u ovoj konfiguraciji polja data jednačinama

Qxab =



Qxxx Qxxy Qxxz

Qxxy Qxyy Qxyz

Qxxz Qxyz Qxzz


 ,

Qyab =



Qyxx Qyxy Qyxz

Qyxy Qyyy Qyyz

Qyxz Qyyz Qyzz


 ,

Qzab =



Qzxx Qzxy Qzxz

Qzxy Qzyy Qzyz

Qzxz Qzyz Qzzz


 . (2.52)

2.6 Zaključak

U ovom poglavlju je prikazana teorija rojeva naelektrisanih čestica u gasovima i tečnostima.
U potpoglavlju 2.2 definisan je roj kao skup naelektrisanih čestica čija je koncentracija toliko
mala da se njihova međusobna interakcija, kao i sudari između njih mogu zanemariti. Potom
su identifikovani efekti koji utiču na dinamiku roja, poput spoljašnjih električnih i magnetskih
polja i sudara čestica roja sa neutralnim česticama pozadinske sredine. Zatim je ukazano na to
da roj dostiže stacionarno stanje u kome funkcija raspodele naelektrisanih čestica po energijama
ne zavisi od vremena kada se energija koju roj dobije od spoljašnjeg električnog polja u jedinici
vremena izjednači sa energijom koju on izgubi u sudarima. Ova funkcija raspodele je određe-
na intenzitetom spošljašnjih polja i prirodom pozadinskog fluida. Na kraju ovog potpoglavlja
razmatrana je razlika između rojeva naelektrisanih čestica u gasnoj fazi, u kojoj se interakcija
čestica roja sa pozadisnkom sredinom može opisati binarnim sudarima, i rojeva u tečnoj fazi,
u kojoj je ova interakcija složenija.

Potpoglavlje 2.3 nosi osnove teorije rasejanja elektrona u gasovima i tečnostima. Prvo su na-
vedeni efekti koji određuju potencijal za rasejanje elektrona na izolovanom atomu. Oni uključuju
statički potencijal, polarizacioni potencijal i izmenski efekat. Potom je prikazana Dirac-Fock-
ova jednačina, na osnovu koje se može odrediti diferencijalni presek za rasejanje naelektrisane
čestice za zadati potencijal. Nakon toga su dati izrazi za određivanje diferencijalnog preseka,
totalnog preseka i preseka za transfer impulsa na osnovu faznih pomeraja parcijalnih talasa,
koji se određuju rešavanjem Dirac-Fock-ove jednačine. Posebnu pažnju polažemo na efekte ko-
ji modifikuju potencijal za rasejanje elektrona na pojedinačnom fokus atomu unutar tečnosti.
Ovi efekti uključuju polarizaciju indukovanog dipola fokus atoma indukovanim dipolima okol-
nih atoma, kao i direktni uticaj potencija svih okolnih atoma na dinamiku rasejanja elektrona
na fokus atomu. Na kraju ovog potpoglavlja se uvodi dvostruki diferencijalni presek, koji se
može izraziti kao proizvod dva člana. Prvi od ovih članova odgovara diferencijalnom preseku
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za rasejanje elektrona na pojedinačnom fokus atomu unutar tečnosti, dok drugi član odgovara
dinamičkom strukturnom faktoru tečnosti. Pri tome prvi član zavisi isključivo od modifikovanog
potencijala za rasejanje, dok drugi zavisi jedino od prostornih i vremenskih korelacija između
pojedinačnih atoma unutar tečnosti.

U potpoglavlju 2.4 je uveden hidrodinamički režim i definisane su dve različite familije trans-
portnih koeficijenata. Na početku ovog potpoglavlja govori se o hidrodinamičkim uslovima koji
su uspostavljeni kada se roj kreće u homogenom pozadinskom fluidu pod uticajem spoljašnjeg
električnog i magnetskog polja, koja su prostorno homogena i kada se roj nalazi daleko od izvora
i ponora čestica. Uz to je data formalna definicija hidrodinamičkog režima, koja podrazume-
va reprezentovanje prostorne zavisnosti funkcije raspodele roja u faznom prostoru na osnovu
razvoja ove funkcije u red po gradijentima koncentracije čestica u konfiguracionom prostoru.
Potom su prikazani: jednačina kontinuiteta koja uspostavlja vezu između teorije i eksperimenta,
te fluks gradijentna relacija i hidrodinamički razvoj izvornog člana. Primenom ove dve jedna-
čine u jednačini kontinuiteta može se izvesti generaisana difuziona jednačina. Dalje se definišu
fluks transportni koeficijenti na osnovu fluks gradijentne relacije i balk transportni koeficijenti
na osnovu generalisane difuzione jednačine. Ove dve familije transportnih koeficijenata su me-
đusobno jednake u odsustvu nekonzervativnih procesa (poput zahvata elektrona i jonizacije),
kao i u uslovima u kojima koliziona frekvenca za nekonzervativne sudare ne zavisi od energije
naelektrisanih čestica. Međutim, u opštem slučaju se ove dve familije transportnih koeficijenata
međusobno razlikuju, a njihova razlika je određena koeficijentima u hidrodinamičkom razvoju
izvornog člana. Na kraju ovog potpoglavlja su date jednačine na osnovu kojih se mogu odrediti
balk transportni koeficijenti.

U narednom 2.5 potpoglavlju predočena je struktura vektorskih i tenzorskih veličina koje su
od značaja za ovu disertaciju u svim konfiguracijama električnog i magnetskog polja. Za svaku
konfiguraciju polja je prvo određena grupa simetrije sistema, a potom je prikazana polarno-
vektorska reprezentacija odgovarajućih elemenata grupe. Dalje je prikazana struktura brzine
drifta, difuzionog tenzora i transportnog tenzora trećeg reda za odgovarajuću konfiguraciju
polja. U okviru ove disertacije je struktura vektorskih i tenzorskih veličina određena primenom
metode grupnih projektora. Pritom se strukture vektora brzine drifta i difuzionog tenzora,
koje su određene u ovoj disertaciji, slažu sa rezultatima koji su već prisutni u literaturi za sve
konfiguracije električnog i magnetskog polja. Slaganje je postignuto i za strukturu transportnog
tenzora trećeg reda u odsustvu magnetskog polja. Treba pak istaći da je struktura transportnog
tenzora trećeg reda u prisustvu magnetskog polja prvi put određena u okviru ove disertacije,
i to tako da su u obzir uzeti slučajevi u kojima su električno i magnetsko polje međusobno
paralelni, međusobno ortogonalni, kao i kada su ova polja ukrštena pod proizvoljnim uglom koji
je između 0 i 90 stepeni. Ovi rezultati su dodatno provereni tako što je struktura transportnog
tenzora trećeg reda u svim konfiguracijama električnog i magnetskog polja još jednom određena
na osnovu simetrija momenata Boltzmann-ove jednačine i fizičkih argumenata. U odsustvu
magnetskog polja transportni tenzor trećeg reda ima sedam nenultih komponenti od kojih je
tri međusobno nezavisno. Međutim, u slučaju paralelne konfiguracije polja transportni tenzor
trećeg reda ima jedanaest nenultih komponenti od kojih je četiri međusobno nezavisno, dok u
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slučaju ortogonalne konfiguracije polja ovaj tenzor ima četrnaest nenultih komponenti od kojih
je deset međusobno nezavisno. Kada su električno i magnetsko polje ukršteni pod proizvoljnim
uglom između 0 i 90 stepeni, transportni tenzor trećeg reda ima dvadeset sedam nenultih
komponenti od kojih je osamnaest međusobno nezavisno.
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3 Metodi za izračunavanje transportnih koeficijenata

3.1 Uvod

Treće poglavlje bazira se na metodima za izračunavanje transportnih koeficijenata i drugih
transportnih karakteristika za rojeve naelektrisanih čestica u gasovima i tečnostima. U pot-
poglavlju 3.2 prikazani su osnovni elementi momentnog metoda za rešavanje Boltzmann-ove
jednačine, u kome se funkcija raspodele razvija u red po skupu bazisnih funkcija. Na ovaj
način se Boltzmann-ova jednačina svodi na hijerarhiju kinetičkih jednačina koja se potom re-
šava numerički. U potpoglavlju 3.3, diskutovani su razvoj fluidnog modela i osnovni elementi
hidrodinamičke teorije prenosa impulsa za rojeve lakih naelektrisanih čestica u nepolarnim
tečnostima, koji se mogu izvesti množenjem Boltzmann-ove jednačine funkcijama brzinskih ko-
ordinata i integracijom ovih jednačina po brzinskom prostoru. U potpoglavlju 3.4 su prikazane
osnovne procedure Monte Carlo metoda u fizici rojeva naelektrisanih čestica, kao i implemen-
tacija ovih procedura u okviru Monte Carlo koda koji je korišćen u ovoj disertaciji. Zasebni
odeljak (3.4.1) predstavlja rezultate benčmark proračuna transportnih veličina za elektrone u
Percus–Yevick-ovoj modelnoj tečnosti, a koji su zasnovani na primeni Monte Carlo metoda.
Ova modelna tečnost istovremeno je upotrebljena za ilustraciju efekata koherentnog rasejanja
i pojavu strukturno indukovane negativne diferencijalne provodnosti.

3.2 Kinetička teorija za rešavanje Boltzmann-ove jednačine

Boltzmann-ova jednačina predstavlja jednačinu kontinuiteta za funkciju raspodele u še-
stodimenzionom faznom prostoru [47, 52]. U slučaju roja naelektrisanih čestica, koje se kre-
ću u homogenom i makroskopski neutralnom pozadinskom fluidu pod uticajem spoljašnjeg
električnog i spoljašnjeg magnetskog polja, Boltzmann-ova jednačina se može napisati u obli-
ku [47, 52, 173, 174]:

∂f

∂t
+ c · ∂f

∂r
+

q

m
(E+ c×B) · ∂f

∂c
= −J(f, f0), (3.1)

gde je f = f(r, c, t) funkcija raspodele naelektrisanih čestica roja u faznom prostoru, E, B, q im
su spoljašnje električno polje, spoljašnje magnetsko polje, naelektrisanje i masa naelektrisanih
čestica, respektivno, dok je J(f, f0) kolizioni operator, koji zavisi od faznih funkcija raspodele
naelektrisanih čestica i neutralnih čestica, respektivno. U ovoj disertaciji se smatra se da su
spoljašnja električna i magnetska polja prostorno homogena. Za razliku od naelektrisanih čestica
roja, koje nemaju unutrašnju strukturu [173, 174], smatra se da neutralne čestice pozadinskog
fluida imaju unutrašnju strukturu kao i da se one nalaze u stanju termodinamičke ravnoteže
na temperaturi T0. Na osnovu toga se njihova fazna funkcija raspodele može napisati u obliku
[173, 174]:

f0(c0) =
∑

j

f0j(c0), (3.2)
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gde je c0 brzinska koordinata neutralnih čestica, dok se sumacija vrši po svim unutrašnjim sta-
njima neutralnih čestica. Fazna funkcija raspodele neutralnih čestica za pojedinačno unutrašnje
stanje predstavljena je Maxwell-Boltzmann-ovom raspodelom:

f0j(c0) = n0j

(
m0

2πkT0

)3/2

exp

(
− m0c

2
0

2kT0

)
, (3.3)

gde su m0 i k masa neutralnih čestica i Boltzmann-ova konstanta, respektivno, dok je

n0j =
n0

Z0
exp

(
− ǫj
kT0

)
, (3.4)

gde je n0 koncentracija neutralnih čestica, dok je ǫj energija koja odgovara diskretnom stanju
j. Particiona funkcija neutralnih čestica Z0 data je jednačinom:

Z0 =
∑

j

exp

(
− ǫj
kT0

)
. (3.5)

Boltzmann-ova jednačina je komplikovana integro-diferencijalna jednačina, dok fazna funk-
cija raspodele u opštem slučaju zavisi od 6 koordinata faznog prostora i jedne vremenske koordi-
nate [26,47]. Zbog toga je Boltzmann-ovu jednačinu veoma teško rešiti direktnom numeričkom
integracijom. U ovoj disertaciji se za rešavanje Boltzmann-ove jednačine koristi brzinski mo-
mentni metod, ili kraće momentni metod [174], u okviru kog se funkcija rapodele razvija u red
po skupu bazisnih funkcija u faznom prostoru. Nakon toga, primenom relacija ortogonalnosti
ovih bazisnih funkcija, Boltzmann-ova jednačina se svodi na hijerarhiju kinetičkih jednačina po
koeficijentima u razvoju fazne funkcije raspodele [173,174]. Ova hijerarhija kinetičkih jednačina
se nakon diskretizacije izvoda po vremenu svodi na skup matričnih jednačina, koji se potom
rešava numerički primenom matrične inverzije.

Fazna funkcija raspodele se u brzinskom prostoru razvija po Burnett-ovim funkcijama
[173, 174], koje čine bazis u ovom prostoru. Burnett-ove funkcije su međusobno ortogonalne sa
Maxwellian-om kao težinskom funkcijom [76]. Ako se sistem nalazi u hidrodinamičkom režimu,
fazna funkcija raspodele se u konfiguracionom prostoru razvija po gradijentima koncentracije
naelektrisanih čestica roja n(r, t). Normirane Burnett-ove funkcije Φ

[νl]
m (α(t)c) se definišu kao:

Φ[νl]
m (α(t)c) = Nνl

(
α(t)c√

2

)l

S
(ν)
l+1/2

(
α(t)2c2

2

)
Y [l]
m (ĉ) (3.6)

= Rνl(α(t)c)Y
[l]
m (ĉ), (3.7)

gde je Y [l]
m sferni harmonik, dok je S(ν)

l+1/2 Sonine polinom, α(t) je parametar a ĉ je jedinični
vektor u brzinskom prostoru koji nosi informaciju o smeru vektora brzine. Konstanta Nνl je
data jednačinom:

N2
νl =

2π3/2ν!

Γ(ν + l + 3/2)
, (3.8)

gde je Γ(ν + l + 3/2) gama funkcija, dok

Rνl(α(t)c) = Nνl

(
α(t)c√

2

)l

S
(ν)
l+1/2

(
α(t)2c2/2

)
, (3.9)
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određuje radijalni deo Burnett-ove funkcije. Sferni harmonici Y [l]
m se definišu kao [47]:

Y [l]
m (θ, φ) = il(−1)m/2+|m|/2

(
(2l + 1)(l − |m|)!

4π(l + |m|)!

)1/2

P
|m|
l (cos θ)eimφ, (3.10)

gde su

P
|m|
l (cos θ) =

(−1)l

2ll!
(sin θ)|m| dl+|m|

(d cos θ)l+|m|
(
1− cos2 θ

)l
, (3.11)

asocirani Legandre-ovi polinomi. Za sferne harmonike važi relacija ortogonalnosti:
∫
Y (l)
m (θ, φ)Y

[l′]
m′ (θ, φ)d(cos θ)dφ = δll′δmm′ , (3.12)

gde okrugla zagrada u superskriptu predstavlja kompleksnu konjugaciju dok su δll′ i δmm′

Kronecker-ove delte. Burnett-ove funkcije zadovoljavaju relaciju ortogonalnosti [173]:
∫
ω(α(t), c)Φ(νl)

m (α(t)c)Φ
[ν′l′]
m′ (α(t)c)dc = δν′νδl′lδm′m, (3.13)

gde je

ω(α(t), c) =

(
α(t)2

2π

)3/2

e−α(t)2c2/2, (3.14)

težinska funkcija. Ortogonalnost Burnett-ovih funkcija je posledica ortogonalnosti Sonine poli-
noma i sfernih harmonika. Primenom Burnett-ovih funkcija se fazna funkcija raspodele može
razviti u brzinskom prostoru kao:

f(r, c, t) = ω(α(t), c)
∞∑

ν=0

∞∑

l=0

l∑

m=−l

f (νl)m (α(t), r, t)Φ[νl]
m (α(t)c), (3.15)

gde su f
(νl)
m (α(t), r, t) koeficijenti u razvoju, koji zavise od koordinata u konfiguracionom pro-

storu i od vremena.

U hidrodinamičkom režimu se fazna funkcija raspodele u konfiguracionom prostoru može
razviti po gradijentima koncentracije čestica roja [27,47]. Tada se fazna funkcija raspodele može
napisati u obliku:

f(r, c, t) = ω(α(t), c)

∞∑

s=0

s∑

λ=0

λ∑

µ=−λ

∞∑

ν=0

∞∑

l=0

l∑

m=−l

F (νlm|sλµ;α(t), t)Rνl(α(t), c)Y
[l]
m (ĉ)G(sλ)

µ n(r, t),

(3.16)
gde su F (νlm|sλµ;α(t), t) momenti funkcije raspodele, dok je G(sλ)

µ operator prostornog gra-
dijenta u ireducibilnoj formi [47]. Ovaj operator odgovara prostornom izvodu s-tog reda, koji
se pri rotacijama transformiše kao sferni harmonik Y (λ)

µ . Ireducibilna forma operatora prostor-
nog diferenciranja se koristi da bi se obezbedio najkompaktniji zapis ovog operatora. Momen-
ti funkcije raspodele F (νlm|sλµ;α(t), t) predstavljaju koeficijente u razvoju po Burnett-ovim
funkcijama u brzinskom prostoru i gradijentima koncentracije u konfiguracionom prostoru. Ka-
da se Boltzmann-ova jednačina pomnoži sa proizvoljnim momentom F (νlm|sλµ;α(t), t), nakon
čega se primeni razvoj fazne funkcije raspodele iz jednačine (3.16) i Boltzmann-ova jednači-
na se prointegrali po celom brzinskom prostoru, dobije se hijerarhija kinetičkih jednačina koja
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predstavlja beskonačan sistem nehomogenih diferencijalnih jednačina prvog reda [47]. Ova hi-
jerarhija se može reprezentovati jednačinom:

∞∑

ν′=0

∞∑

l′=0

l′∑

m′=−l′

{
∂tδνν′δll′δmm′ + ω(000; t)δνν′δll′δmm′ + n0J

l
νν′δll′δmm′

+ ia(t)(l′m10|lm)α(t)〈νl||K [1]||ν ′l′〉δmm′

+
q

m
B(t)

{
sinψ

2

[√
(l −m)(l +m+ 1)δm′m+1 −

√
(l +m)(l −m+ 1)δm′m−1

− im cosψδmm′

]}
δνν′δll′

− n0J
0
0ν′F (νlm|000;α(t), t)(1− δs0δλ0δµ0)δl′0δm′0

}
F (ν ′l′m′|sλµ;α(t), t) = X̄(νlm|sλµ;α(t), t).

(3.17)

U jednačini (3.17) J l
νν′ predstavlja element kolizione matrice, koji je dat jednačinom:

J l
νν′ =

1

n0

∫ ∞

0

Rνl(α(t)c)J
l[ω(α(t), c)Rν′l(α(t)c)]c

2dc, (3.18)

dok je (l′m10|lm) Clebsch–Gordan-ov koeficijent. Član 〈νl||K [1]||ν ′l′〉 je dat jednačinom:

〈νl||K [1]||ν ′l′〉 = − 1

α(t)

∫ ∞

0

Rνl(α(t)c)

[
〈l||∂[1]c ||l′〉ω(α(t), c)Rν′l′(α(t)c)

]
c2dc, (3.19)

gde je 〈l||∂[1]c ||l′〉 redukovan matrični element. Može se pokazati da važi:

〈νl||K [1]||ν ′l′〉 =
√

2

2l + 1

[√
l(ν + l + 1/2)δνν′δll′+1 −

√
ν(l + 1)δνν′+1δll′−1

]
. (3.20)

Član ω(000; t) predstavlja ω(sλµ; t) za s = λ = µ = 0, pri čemu je ω(sλµ; t) definisano kao:

ω(sλµ; t) =
1

α(t)

1∑

µ′=−1

s−1∑

λ1=0

(−1)µ
′

(1µ′λ1µ− µ′|λµ)F (01− µ′|s− 1λ1µ− µ′;α(t), t)

−n0

∞∑

ν′=0

J0
0ν′(α(t))F (ν

′00|sλµ;α(t), t). (3.21)

Desna strana jednačine (3.17) se može izraziti kao:

X̄(νlm|sλµ;α(t), t) =
∞∑

ν′=0

∞∑

l′=0

l′∑

m′=−l′

{
− 1

α(t)

s−1∑

λ1=0

1∑

µ′=−1

(l′m′1µ′|lm)

(l′m′1µ′|lm)(1µ′λ1µ− µ′|λµ)〈νl||α(t)c[1]||ν ′l〉F (νl′m′|s− 1λ1µ− µ′;α(t), t)

−
s∑

s1=0

s1∑

λ1=0

λ1∑

µ1=−λ1

s−s1∑

λ2=0

λ2∑

µ2=−λ2

(λ1µ1λ2µ2|λµ)ω(s− s1λ2µ2; t)(1− δss1δλ20δµ20)

(1− δs10δλ10δµ10)F (ν
′l′m′|s1λ1µ1;α(t), t)δνν′δll′δmm′
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−
s−1∑

λ1=0

1∑

µ′=−1

(−1)µ
′

α(t)
(1µ′λ1µ− µ′|λµ)F (01− µ′|s− 1λ1µ− µ′;α(t), t)F (ν ′l′m′|000;α(t), t)

(1− δs0δλ0δµ0)δνν′δll′δmm′

}
. (3.22)

U jednačini (3.22) je 〈νl||α(t)c[1]||ν ′l′〉 definisano kao:

〈νl||α(t)c[1]||ν ′l′〉 = 1

α(t)

∫ ∞

0

Rνl(α(t)c)〈l||c[1]||l′〉ω(α(t)c)Rν′l′(α(t)c)c
2dc, (3.23)

gde je 〈l||c[1]||l′〉 redukovan matrični element. Može se pokazati da važi:

〈νl||α(t)c[1]||ν ′l′〉 =
√

2

2l + 1

[√
l(ν + l + 1/2)δνν′δll′+1 −

√
ν(l + 1)δνν′+1δll′−1

−
√
l(ν + 1)δνν′−1δll′+1 +

√
(l + 1)(ν + l + 3/2)δνν′δll′−1

]
. (3.24)

Pri izvođenju ove hijerarhije primenjene su relacije ortogonalnosti Burnett-ovih funkcija i
izjednačeni su koeficijenti koji stoje uz operator G(sλ)

µ za iste vrednosti (s, λ, µ). Ova hijerarhija
jednačina se diskretizuje u vremenu sa vremenskim korakom ∆t, kako bi se omogućilo njeno
numeričko rešavanje [90, 97]. Pri ovoj diskretizaciji se u svakom trenutku tn svi elementi hi-
jerarhije određuju pri istoj bazisnoj temperaturi T n

b . Parcijalni izvod po vremenu se u n-tom
vremenskom trenutku može aproksimirati kao:

∂

∂t
F (νlm|sλµ;α(t), t)

∣∣∣∣
α=αn,t=tn

=
Fn(νlm|sλµ;αn)− Fn−1(νlm|sλµ;αn)

∆t
. (3.25)

U jednačini (3.25) se nepoznata veličina Fn−1(νlm|sλµ;αn)može izraziti preko poznatih veličina
Fn−1(νlm|sλµ;αn−1) kao:

Fn−1(νlm|sλµ;αn) =
ν∑

ν′=0

Al
νν′(µnn−1)Fn−1(νlm|sλµ;αn−1), (3.26)

gde su

Al
νν′(µij) =

N̄ν′l

N̄νl

µ
ν′+ 1

2
l

ij

(1− µij)
ν−ν′

(ν − ν ′)!
, (3.27)

µij =

(
αi

αj

)2

, (3.28)

N̄2
νl =

2π3/2

ν!Γ(ν + l + 3/2)
=

1

(ν!)2
N2

νl, (3.29)

i
Al

νν′(1) = δνν′. (3.30)

Jednačina (3.26) je posledica veze između modifikovanih Sonine polinoma na različitim bazisnim
temperaturama:

Rνl(αic) =
ν∑

ν′=0

Al
νν′(µij)Rν′l(αjc). (3.31)
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Hijerarhija jednačina (3.17) za n-ti vremenski korak se može napisati u obliku:

∞∑

ν′=0

∞∑

l′=0

l′∑

m′=−l′

{
δνν′δll′δmm′ +∆t

[
ωn(000)δνν′δll′δmm′ + n0J

l
νν′δll′δmm′

+ ianαn(l
′m10|lm)〈νl||K [1]||ν ′l′〉δmm′

q

m
Bn

{
sinψ

2

[√
(l −m)(l +m+ 1)δm′m+1 −

√
(l +m)(l −m+ 1)δm′m−1

− im cosψδmm′

]}
δνν′δll′

− n0J
0
0ν′(αn)F (νlm|000;αn)(1− δs0δλ0δµ0)δl′0δm′0

]}
F (ν ′l′m′|sλµ;αn) = Xn(νlm|sλµ;αn),

(3.32)

gde je

Xn(νlm|sλµ;αn) =

ν∑

ν′=0

Al
νν′(µnn−1)Fn−1(νlm|sλµ;αn−1) + ∆tX̄n(νlm|sλµ;αn). (3.33)

Jednačine (3.32) i (3.33) predstavljaju hijerarhiju matričnih jednačina koje se rešavaju prime-
nom numeričke matrične inverzije.

Na osnovu momenata funkcije raspodele se mogu odrediti balk i fluks transportni koefici-
jenti. Eksplicitni izrazi za fluks transportne koeficijente se mogu odrediti na osnovu razvoja
fluksa brzine čestica Γ(r, t) po Burnett-ovim funkcijama i gradijentima koncentracije, kada se
za svaku Dekartovu komponentu fluksa čestica izdvoje članovi koji stoje uz odgovarajuće izvode
po prostonim koordinatama. Razvoj fluksa brzine čestica se može napisati kao:

Γ[1]
m (r, t) =

∫
c[1]m f(r, c, t)dc =

=

∫
c[1]mω(α, c)

∞∑

s=0

s∑

λ=0

λ∑

µ=−λ

∞∑

ν=0

∞∑

l=0

l∑

m′=−l

F (νlm′|sλµ;α, t)Rνl(α, c)×

Y
[l]
m′(ĉ)G

(sλ)
µ n(r, t)dc. (3.34)

Dekartove komponente vektora, čija je sferna forma data izrazom:

c[1]m =

√
4π

3
cY [1]

m (ĉ), (3.35)

mogu se odrediti na osnovu jednačina

cx =
i√
2

(
c
[1]
1 − c

[1]
−1

)
, (3.36)

cy =
1√
2

(
c
[1]
1 + c

[1]
−1

)
, (3.37)

cz = −ic[1]0 . (3.38)

U okviru ove disertacije su određeni eksplicitni izrazi u kojima su komponente fluks transportnog
tenzora trećeg reda izražene na osnovu momenata funkcije raspodele F (νlm|sλµ;α, t). Izrazi za
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komponente fluks transportnog tenzora trećeg reda, koje su nezavisne u odsustvu magnetskog
polja, dati su sledećim jednačinama:

Qxxz =
1√
2α

(
Im
{
F (011|221)

}
− Im

{
F (01− 1|221)

})
, (3.39)

Qzxx = − 1

α

(
1√
3
Im
{
F (010|200)

}
+

1√
6
Im
{
F (010|220)

})
+

1

α
Im
{
F (010|222)

}
, (3.40)

Qzzz =
1

α

(√
2

3
Im
{
F (010|220)

}
− 1√

3
Im
{
F (010|200

})
, (3.41)

gde Re{} i Im{} označavaju realni i imaginarni deo momentata F (νlm|sλµ;α, t), respektiv-
no. Preostali eksplicitni izrazi za izračunavanje transportnih koeficijenata u okviru prikazanog
formalizma za rešavanje Boltzmann-ove jednačine su dati u Appendixu 2.

3.3 Fluidne jednačine i teorija prenosa impulsa za rojeve elektrona u
atomskim tečnostima

Rešavanje Boltzmann-ove jednačine primenom momentnog metoda je u najvećem broju
slučaje veoma težak numerički problem. Ovo je naročito izraženo kada spoljašnja polja nisu
prostorno homogena ili kada je koncentracija naelektrisanih čestica dovoljno velika da njihove
međusobne interakcije i njihov uticaj na rezultujuća polja postanu značajni. Jedna od alter-
nativa numeričkom rešavanju Boltzmann-ove jednačine je razvoj i primena fluidnih jednačina.
Fluidne jednačine se mogu izvesti množenjem Boltzmann-ove jednačine veličinama koje su
funkcije brzine i integracijom ovih jednačina po brzinskom prostoru. Time se dobiju jednačine
oblika [114]

∂

∂t

(
n〈Φ(c)〉

)
+∇ ·

(
n〈cΦ(c)〉

)
− n

q

m

〈
E · ∂

∂c
Φ(c)

〉
= −

∫
Φ(c)J(f)dc

= CΦ, (3.42)

gde je Φ(c) proizvoljna funkcija brzine, J(f) je kolizioni operator, dok ugaone zagrade 〈〉 pred-
stavljaju usrednjavanje po brzinskom prostoru. Na ovaj način se Boltzmann-ova jednačina za-
menjuje beskonačnim nizom fluidnih (ili momentnih) jednačina [52]. Sistem fluidnih jednačina,
međutim, nije zatvoren zbog toga što u jednačinama nižeg reda figurišu veličine koje je potrebno
odrediti na osnovu jednačina višeg reda. Zato je neopodno da ovaj niz bude odsečen na nekoj
konkretnoj jednačini uz zanemarivanje svih jednačina višeg reda i reprezentovanje određenih
nepoznatih veličina aproksimativnim izrazima [52, 114, 139]. Izjednačavanjem Φ(c) sa 1, mc i
1
2
mv2 u jednačini (3.42) dobiju se jednačine za balans broja čestica, balans impulsa i balans

energije, respektivno [114]:

∂n

∂t
+∇ · (n〈c〉) = C1, (3.43)

∂

∂t
(nm〈c〉) +∇ · (nm〈c⊗ c〉)− nqE = Cmc (3.44)

∂

∂t

(
n
〈1
2
mc2

〉)
+∇ ·

(
n
〈1
2
mc2c

〉)
− nqE · 〈c〉 = C 1

2
mc2 , (3.45)
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gde ⊗ predstavlja tenzorski proizvod. Na desnoj strani jednačina (3.43)-(3.45) figurišu kolizioni
članovi koji reprezentuju brzinu promene odgovarajućih veličina u sudarima čestice roja sa
atomima (ili molekulima) pozadinske sredine.

U ostatku ovog poglavlja, analiza fluidnih jednačina biće ograničena na slučaj rojeva elek-
trona, budući da oblik kolizionih članova zavisi od tipa čestice roja. Fluidne jednačine za rojeve
pozitrona u nepolarnim tečnostima analizirane su u radu Boyle-a i saradnika [114], u kojima
sudarni procesi koji vode ka formiranju pozitronijuma i jonizacije nemaju istu reprezentaciju
kao u slučaju koji se ovde razmatra.

Brzina promena veličine Ψ u sudarima u slučaju koherentnog rasejanja jednaka je [114]

(
∂Ψ

∂t

)(coh)

coll

= n0

∫
dccf(r, c, t)

∫
dω′

∫
dΩk′

(
Ψ(r, c, t)−Ψ(r, c′, t)

) d2σ

dk′dω′ , (3.46)

gde ω i k označavaju ugaonu frekvencu i talasni broj elektrona, respektivno, a dΩk je prostorni
ugao koji je centriran oko pravca duž koga se kreće elektron, dok je n0 koncentracija pozadinskih
atoma (ili molekula). Primovane i neprimovane veličine se odnose na stanje elektrona pre i posle
sudara, respektivno [114]. Dvostruki diferencijalni presek se može izraziti kao

d2σ

dk′dω′ =

(
dσ

dω′

)(lab)

S(∆k,∆ω), (3.47)

gde je ( dσ
dω′ )

(lab) presek za rasejanje elektrona na jednom fokus atomu (ili molekulu) pozadinske
sredine u laboratorijskom sistemu reference, S(∆k,∆ω) je dinamički strukturni faktor, dok su
∆k ≡ k − k′ i ω ≡ ω − ω′ promene talasnog vektora i ugaone frekvence elektrona pri suda-
ru, respektivno. Dinamički strukturni faktor je Furijeov transform Van Hoveove generalisane
vremenski zavisne parne korelacione funkcije po prostornim koordinatama i vremenu [99, 114].
Može se uočiti da je dvostruki diferencijalni presek u jednačini (3.47) faktorisan na dva člana
od kojih jedan zavisi samo od interakcije elektrona i fokus atoma (ili molekula) pozadinske sre-
dine pri datoj vrednosti energije, dok drugi zavisi samo od prostornih i vremenskih korelacija
neutralnih čestica pozadinske sredine [114].

Brzina promena veličine Ψ u sudarima je u slučaju nekoherentnog rasejanja (binarnih su-
dara) jednaka [52, 139]

(
∂Ψ

∂t

)(noncoh)

coll

=

∫
dc

∫
dc0gf(r, c, t)f(c0)

∫
dΩk′

(
Ψ(r, c, t)−Ψ(r, c′, t)

) dσ
dk′ , (3.48)

gde je f(c0) funkcija raspodele čestica pozadinske sredine, dok su g i dσ
dk′ intenzitet relativne

brzine i diferencijalni presek, respektivno. Sada će biti razmatrani kolizioni članovi C1, Cmc i
C 1

2
mc2. Kolizioni operator se može napisati kao [52, 114]

J(f) = Jelast(f) + Jinel(f) + Jioniz(f) + Jattach(f), (3.49)

gde Jelast(f), Jinel(f), Jioniz(f) i Jattach(f) predstavljaju doprinose elastičnih sudara, neela-
stičnih sudara, jonizacije i zahvata elektrona, respektivno, ukupnom kolizionom operatoru. Na
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osnovu toga svaki od kolizionih članova iz jednačina (3.43)-(3.45) može da se odredi kao zbir
članova koji reprezentuju doprinose elastičnih, neelastičnih i reaktivnih sudara. U razređenom
gasu se svi tipovi sudara mogu reprezentovati binarnim sudarima. Ovo je posledica toga što se
pri rasejanju elektrona na fokus atomu (ili molekulu) pozadinske sredine u ovom slučaju efekat
okolnih atoma (ili molekula) može zanemariti [100]. Uz to je dinamički strukturni faktor u raz-
ređenom gasu identički jednak jedinici. U gustim gasovima i tečnostima je rastojanje između
susednih atoma (ili molekula) pozadinske sredine jako malo u poređenju sa srednjim slobodnim
putem elektrona, pa se koherentni efekti moraju uzeti u obzir [100]. Pri izradi ove disertacije
su elastični sudari u tečnoj fazi reprezentovani koherentnim rasejanjem, dok su ostali tipovi
sudara reprezentovani binarnim sudarima. Ovo je opravdano time što u neelastičnim sudarima
i jonizaciji dolazi do velike promene impulsa, a strukturni faktor je u slučaju velike promene
impulsa praktično jednak jedinici, dok u zahvatu elektrona dolazi do gubitka elektrona iz roja.

Prvo će biti razmotren doprinos elastičnog rasejanja kolizionim članovima C1, Cmc i C 1
2
mc2 .

Pri tome će biti korišćene sledeće osobine dinamičkog strukturnog faktora [70]
∫

dωS(∆k,∆ω) = S(∆k), (3.50)
∫

dω∆ωS(∆k,∆ω) =
m

2
(v2 − v′2), (3.51)

gde je S(∆k) statički strukturni faktor pozadinskog fluida, dok su m, v i v′ masa čestice roja
i intenziteti brzine čestice roja pre i posle sudara, respektivno. Statički strukturni faktor je
Furijeov transform vremenski nezavisne parne korelacione funkcije [68]. Jednačina (3.50) ima
fizički smisao da je ukupna verovatnoća za rasejanje naelektrisane čestice u određeni pravac
u prostoru uz određenu promenu impulsa direktno srazmerna statičkom strukturnom faktoru
date sredine [70]. Slično tome, jednačina (3.51) ima fizički smisao da je srednja razmena energije
naelektrisane čestice roja i pozadinskog fluida za datu vrednost impulsa jednaka energiji uzmaka
izolovanog atoma (ili molekula) pozadinskog fluida pri datom transferu impulsa [70]. Zbog
kraćeg zapisa biće korišćena oznaka

Σ(c, χ) ≡ σ(c, χ)S

(
2mc

~
sin
(
χ/2

))
, (3.52)

gde je 2mc
~

= ∆k, dok je ~ redukovana Plankova konstanta. Pri određivanju vrednosti integrala
u kolizionim članovima su korišćene veličine

G =
mc+m0c0

m+m0
, (3.53)

g = c− c0, (3.54)

µ =
mm0

m+m0
, (3.55)

M0 =
m0

m+m0
, (3.56)

M =
m

m+m0
, (3.57)
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gde su c, c0 G, g i µ brzina čestice roja, brzina čestice pozadinske sredine, brzina centra mase,
brzina relativne čestice i redukovana masa, respektivno. Primenom ovih veličina se brzine čestice
roja i čestice pozadinske sredine mogu napisati kao

c = G+M0g, (3.58)

c0 = G−Mg. (3.59)

Lako se pokazuje da važi
C

(coh)
1 = 0. (3.60)

Transfer impulsa u elastičnim sudarima se može odrediti kao

(
∂(mc)

∂t

)(coh)

coll

= −µn0

∫
dcf(r, c, t)cc2π

∫
(1− cosχ) sinχdχΣ(c, χ)

= −µ
∫

dcf(r, c, t)cν̃(elast)m (ǫ)

= −µn〈〈ν̃(elast)m (ǫ)c〉0〉, (3.61)

gde je koliziona frekvenca za transfer impulsa pri koherentnom rasejanju definisana kao

ν̃(elast)m (ǫ) = n0c2π

∫
(1− cosχ) sinχdχΣ(c, χ). (3.62)

Pri izvođenju jednačine (3.61) je primenjena osobina (3.50) dinamičkog strukturnog faktora.
Pored toga je pri izvođenju jednačine (3.61) i u definiciji (3.62) iskorišćena približna jednakost
c ≈ g, koja je zadovoljena u slučaju rojeva elektrona u hladnim tečnostima (poput tečnog
argona, tečnog kriptona i tečnog ksenona). Transfer energije u elastičnim sudarima se može
odrediti kao

(
∂(1

2
mc2)

∂t

)(coh)

coll

= n0

∫
dccf(r, c, t)

∫
dω′

×
∫

dΩk′

(1
2
mc2 − 1

2
mc′2

)( dσ
dω′
)(lab)

S(∆k,∆ω). (3.63)

Na osnovu jednakosti 1
2
mc2− 1

2
mc′2 = ω−ω′ = −∆ω i osobine (3.51) dinamičkog strukturnog

faktora, transfer energije u elastičnim sudarima se može napisati u obliku [52, 114, 139]

(
∂(1

2
mc2)

∂t

)(coh)

coll

= −µn〈〈ν(elast)m (ǫ)G · g〉0〉 =

= −n µ

m+m0
〈〈(mc2 −m0c

2
0 − (m−m0)c · c0)ν(elast)m (ǫ)〉0〉. (3.64)

Na osnovu jednačina (3.61) i (3.64) može se uočiti da iako strukturni efekti utiču na brzinu
transfera impulsa u elastičnim sudarima, oni ne utiču na brzinu transfera energije [114]. Stoga
su vrednosti srednjeg slobodnog puta, koje odgovaraju transferu impulsa i transferu energije
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u elastičnim sudarima međusobno različite za niskoenergijske elektrone (i pozitrone) u tečnoj
fazi. Ovi srednji slobodni putevi su dati jednačinama

Λ0(c) =

(
n02π

∫ π

0

dχ sinχ(1− cosχ)σ(c, χ)

)−1

, (3.65)

Λ1(c) =

(
n02π

∫ π

0

dχ sinχ(1− cosχ)Σ(c, χ)

)−1

, (3.66)

gde su Λ0 i Λ1 srednji slobodni put za transfer energije i srednji slobodni put za transfer impulsa,
respektivno.

Da bi se odredio doprinos neelastičnih sudara u fluidnim jednačinama, potrebno je uzeti u
obzir populaciju pojedinačnih stanja atoma (ili molekula) pozadinske sredine. Populacija stanja
j se može reprezentovati kao [52]

f0j(c0) = n0jω(α0, c0) = n0j

(
m0

2πkT0

)3/2

exp

(
−m0c

2
0

2kT0

)
, (3.67)

gde je

n0j =
n0

Z0
exp

(
− ǫj
kT0

)
, (3.68)

pri čemu je Z0 particiona funkcija čestica pozadinske sredine. U slučaju neelastičnih sudara
važi [52]

G′ = G, (3.69)

i
1

2
µg2 + ǫj =

1

2
µg′2 + ǫj′, (3.70)

gde su ǫj i ǫj′ energije diskretnih stanja j i j′, respektivno. Neelastični sudari ne menjaju
jednačinu kontinuiteta [52]

C
(inel)
1 = 0. (3.71)

Transfer impulsa u neelastičnim sudarima se može izraziti kao [52]

(
∂(mc)

∂t

)(inel)

coll

= −m
∑

j,j′

∫
dcdc0gf(r, c, t)f0j(c0)

∫
d2Ωg′σ(j, j′; g, χ)(c− c′), (3.72)

gde se sumacija vrši po svim diskretnim stanjima čestica pozadinske sredine, dok je σ(j, j′; g, χ)
diferencijalni presek za neelastični sudar u kome se čestica pozadinske sredine ekscituje iz stanja
j u stanje j′. Može se pokazati da važi [52, 139]

(
∂(mc)

∂t

)(inel)

coll

= −nµ〈〈ν(inel)m (ǫ)(c− c0)〉0〉, (3.73)

gde je koliziona frekvenca za transfer impulsa u neelastičnim sudarima predstavljena jednačinom

ν(inel)m (ǫ) ≡
∑

j,j′

n0j

√
2ǫ

µ
σm(j, j

′; g) =
∑

j,j′

n0jgσm(j, j
′, g), (3.74)
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dok je presek σm(j, j′, g) definisan kao

σm(j, j
′; g) = 2π

∫ π

0

dχ sinχσ(j, j′; g, χ)

(
1− g′

g
cosχ

)
. (3.75)

Transfer energije u neelastičnim sudarima se može izraziti kao [52]

(
∂(1

2
mc2)

∂t

)(inel)

coll

= −
∑

j,j′

∫
dc

∫
dc0gf(r, c, t)f0j(c0)

1

2
m

∫
d2Ωg′σ(j, j′; g, χ)

(
c2 − c′2

)
.

(3.76)

Može se pokazati da važi [52]

(
∂(1

2
mc2)

∂t

)(inel)

coll

= −n 2µ

m+m0

〈〈ν(inel)m (ǫ)δǫ〉0〉 − n
m0

m+m0

∑

j,j′

〈〈ν(inel)T (j, j′; g)〉0〉(ǫj′ − ǫj),

(3.77)
gde je

δǫ ≡ 1

2
mc2 − 1

2
m0c

2
0 −

1

2
(m−m0)c · c0, (3.78)

a veličina
ν
(inel)
T (j, j′; g) ≡ n0jgσT (j, j

′; g), (3.79)

predstavlja totalnu kolizionu frekvencu za neelastični prelaz iz j u j′, dok je σT (j, j′; g) totalni
presek za ovaj prelaz. Drugi član u jednačini (3.77) se može napisati u obliku [52]
∑

j,j′

〈〈ν(inel)T (j, j′; g)〉0〉(ǫj′ − ǫj) =

∑

j<j′

〈〈ν(inel)T (j, j′; g)〉0〉(ǫj′ − ǫj) +
∑

j>j′

〈〈ν(inel)T (j, j′; g)〉0〉(ǫj′ − ǫj) =

∑

j<j′

(
〈〈ν(inel)T (j, j′; g)〉0〉 − 〈〈ν(inel)T (j′, j; g)〉0〉

)
(ǫj′ − ǫj) ≡

∑

∆j

(
〈ν↑∆j(ǫ)〉 − 〈ν↓∆j(ǫ)〉

)
ǫ∆j. (3.80)

Doprinos zahvata elektrona u jednačini za balans broja čestica je dat izrazom [52, 139]

C
(A)
1 = −n〈〈ν(A)(ǫ)〉0〉, (3.81)

gde je ν(A)(ǫ) koliziona frekvenca za zahvat elektrona, koja je definisana kao

ν(A)(ǫ) ≡
∑

j,j′

n0jgσA(j, j
′; g). (3.82)

U jednačini (3.82) je σA(j, j′; g) totalni presek za zahvat elektrona u kome neutralna čestica
pređe iz stanja j u stanje j′. Može se pokazati da su transfer impulsa i transfer energije u
zahvatu elektrona dati jednačinama [52, 139]

(
∂(mc)

∂t

)(A)

coll

= −n〈〈mcν(A)(ǫ)〉0〉, (3.83)
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i (
∂(1

2
mc2)

∂t

)(A)

coll

= −n〈〈1
2
mc2ν(A)(ǫ)〉0〉, (3.84)

respektivno.

Doprinos jonizacije jednačini za balans broja čestica je predstavljen izrazom

C
(I)
1 = n〈〈ν(I)(ǫ)〉0〉, (3.85)

gde je ν(I)(ǫ) koliziona frekvenca za jonizaciju. Elektronska sudarna jonizacija je složeniji pro-
ces od zahvata elektrona, zbog toga što u tom procesu učestvuju tri tela. Međutim, može se
smatrati da se ukupan impuls početnog elektrona, kao i sva raspoloživa kinetička energija na-
kon jonizacije raspodeljuju između primarnog i sekundarnog elektrona [139], zbog toga što su
atomi (ili molekuli) pozadinske sredine znatno masivniji od elektrona. Ako se nakon jonizacije
pozitivan jon nalazi u ekscitovanom stanju, u ovom procesu je utrošena energija jednaka zbiru
praga za jonizaciju i praga za ekscitaciju pozitivnog jona u dato ekscitovano stanje. Pri ovim
pretpostavkama se transfer impulsa i transfer energije u jonizaciji mogu izraziti kao [139]

(
∂(mc)

∂t

)(I)

coll

= 0, (3.86)

i (
∂(1

2
mc2)

∂t

)(I)

coll

= −n〈〈ν(I)(ǫ)〉0〉ǫ(I) − n
∑

s∈I
〈〈ν(I)s (ǫ)〉0〉∆ǫ(I)s , (3.87)

gde su ǫ(I) i ǫ(I)s prag za jonizaciju i prag za ekscitaciju pozitivnog jona u ekscitovano stanje
s, respektivno. Ukupna koliziona frekvenca za jonizaciju ν(I)(ǫ) je jednaka zbiru kolizionih
frekvenci za pojedinačne jonizacione kanale

ν(I) =
∑

s∈I
ν(I)s (ǫ), (3.88)

dok je koliziona frekvenca za jonizacioni kanal u kome nastaje pojedinačno finalno stanje s
predstavljena jednačinom

ν(I)s (ǫ) = n0gσ
(I)
s (ǫ), (3.89)

gde je σ(I)
s (ǫ) totalni presek za jonizacioni kanal s.

Ukupni kolizioni članovi su jednaki zbiru kolizionih članova koji odgovaraju elastičnim su-
darima, neelastičnim sudarima, zahvatu elektrona i jonizaciji

CΦ = C
(elast)
Φ + C

(inel)
Φ + C

(A)
Φ + C

(I)
Φ , (3.90)

gde je Φ ∈ {1, mc, 1
2
mc2}.

Kada se primene izrazi za kolizione članove, jednačine za balans broja čestica, impulsa i
energije mogu se napisati u obliku [52, 139]

∂n

∂t
+∇ · (n〈c〉) = −n〈〈ν(A)(ǫ)〉0〉+ n〈〈ν(I)(ǫ)〉0〉, (3.91)
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∂

∂t
(nm〈c〉) +∇ · (nm〈c⊗ c〉)− nqE =− µn〈〈ν̃(elast)m (ǫ)c〉0〉 − nµ〈〈ν(inel)m (ǫ)(c− c0)〉0〉

− n〈〈mcν(A)(ǫ)〉0〉, (3.92)

∂

∂t

(
n
〈1
2
mc2

〉)
+∇ ·

(
n
〈1
2
mc2c

〉)
− nqE · 〈c〉 =

− n
µ

m+m0
〈〈ν(elast)m (ǫ)(mc2 −m0c

2
0 − (m−m0)c · c0)〉0〉

− n
µ

m+m0
〈〈ν(inel)m (ǫ)(mc2 −m0c

2
0 − (m−m0)c · c0)〉0〉

− n
m0

m+m0

∑

j,j′

〈〈ν(inel)T (j, j′; g)〉0〉(ǫj′ − ǫj)− n〈〈1
2
mc2ν(A)(ǫ)〉0〉

− n〈〈ν(I)(ǫ)〉0〉ǫ(I) − n
∑

s∈I
〈〈ν(I)s (ǫ)〉0〉∆ǫ(I)s . (3.93)

Desna strana jednačina (3.91)-(3.93) se može pojednostaviti uvođenjem aproksimacije tran-
sfera impulsa (eng. momenum transfer approximation), (skraćeno MT aproksimacija). U ovoj
aproksimaciji se kolizione frekvence reprezentuju Tejlorovim razvojem oko srednje energije ǭ

ν(ǫ) = ν(ǭ) + ν ′(ǭ)(ǫ− ǭ) + ..., (3.94)

gde su ν(ǫ) i ν ′(ǫ) koliziona frekvenca za proizvoljan tip sudarnog procesa i njen prvi izvod
po energiji, respektivno. Pri tome se za sve sudarne procese osim zahvata elektrona uzima u
obzir samo nulti član u razvoju. U slučaju zahvata elektrona nije dovoljno da bude uzet u
obzir samo nulti član u razvoju (3.94) jer je uticaj ovog procesa na transportne osobine roja
određen energijskom zavisnošću odgovarajuće kolizione frekvence [52]. Zato se prilikom zahvata
elektrona uzimaju u obzir nulti i prvi član u razvoju (3.94).

U okviru MT aproksimacije transfer impulsa u elastičnim sudarima može se izraziti kao

(
∂(mc)

∂t

)(coh)

coll,MT

= nµν̃(elast)m (ǭ)〈c〉. (3.95)

Transfer energije u elastičnim sudarima je u okviru MT aproksimacije jednak

(
∂(1

2
mc2)

∂t

)(coh)

coll,MT

= n
2m

m0
ν(elast)m (ǭ)

(〈µc2〉
2

− m0

m0 +m

3

2
kT0

)
(3.96)

≈ n
2m

m0
ν(elast)m (ǭ)

(
m

2
〈c2〉 − 3

2
kT0

)
, (3.97)

gde približna jednakost važi za elektrone i ostale čestice čija je masa znatno manja od mase
čestica pozadinske sredine. Transfer impulsa i transfer energije u neelastičnim sudarima su u
okviru MT aproksimacije dati jednačinama

(
∂(mc)

∂t

)(inel)

coll,MT

= −nµν(inel)m (ǭ)〈c〉, (3.98)

37



i
(
∂(1

2
mc2)

∂t

)(inel)

coll,MT

=− n
2µ

m+m0
ν(inel)m (ǭ)

(
〈1
2
mc2〉 − 3

2
kT0

)

− n
m0

m+m0

∑

∆j

(
ν↑∆j(ǭ)− ν↓∆j(ǭ)

)
ǫ∆j. (3.99)

Zbog kraćeg zapisa, biće uvedena sledeća oznaka

Ω(ǭ) ≡ m0

m0 +m

∑

∆j

(
ν↑∆j(ǭ)− ν↓∆j(ǭ)

)
ǫ∆j. (3.100)

Može se pokazati da su u okviru MT aproksimacije transfer impulsa i energije u zahvatu
elektrona dati u vidu izraza [52]

(
∂(mc)

∂t

)(A)

coll

≈ −nm
(
ν(A)(ǭ) + ξν

(A)
1 (ǭ)

)
〈c〉, (3.101)

i (
∂(1

2
mc2)

∂t

)(A)

coll

≈ −nm1

2

(
ξν

(A)
1 (ǭ)〈c〉2 + (ν(A)(ǭ) + ξν

(A)
1 (ǭ))〈c2〉

)
, (3.102)

gde je ν(A)
1 = dν(A)

dǫ
i ξ je definisano kao

ξ ≡ 2

3

m0

m+m0

(
1

2
m〈c2〉 − 1

2
m〈c〉2

)
. (3.103)

Unutar MT aproksimacije jednačine za balans broja čestica, balans impulsa i balans energije
se mogu napisati u obliku [52, 139]

∂n

∂t
+∇ ·

(
n〈c〉

)
= n

(
ν(I)(ǭ)− ν(A)(ǭ)

)
, (3.104)

∂

∂t

(
nm〈c〉

)
+∇ ·

(
nm〈c⊗ c〉

)
− nqE = nm

(
ν̃m(ǭ) + ν(A)(ǭ) + ξν

(A)
1 (ǭ)

)
〈c〉, (3.105)

∂

∂t

(
nm

1

2
〈c2〉

)
+∇ ·

(1
2
nm〈c2c〉

)
− nqE · 〈c〉 = −n2m

m0
νm(ǭ)

(1
2
m〈c2〉 − 3

2
kT0
)
− nΩ(ǭ)

− n
∑

b

ν
(I)
b (ǭ)ǫ

(I)
b − 1

2
nmν(A)(ǭ)〈c2〉 − 1

2
nmν

(A)
1 (ǭ)

(
〈c2〉+ 〈c〉2

)
. (3.106)

U jednačinama (3.105) i (3.106) su ν̃m(ǭ) i νm(ǭ) definisani kao

ν̃m(ǭ) = ν̃(elast)m (ǭ) + ν(inel)m (ǭ) (3.107)

νm(ǭ) = ν(elast)m (ǭ) + ν(inel)m (ǭ). (3.108)

Uz to je u jednačini (3.106) zbog kraćeg zapisa uvedena oznaka
∑

b

ν
(I)
b (ǭ)ǫ

(I)
b ≡ ν(I)(ǭ)ǫ(I) +

∑

s∈I
ν(I)s (ǭ)∆ǫ(I)s . (3.109)
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Kada se jednačina (3.104) pomnoži sa m〈c〉 i oduzme od jednačine (3.105), dobije se jedna-
čina oblika

mn

(
∂

∂t
+ 〈c〉 · ∇

)
〈c〉+∇ · (nkT̂)− nqE = −nm

(
ν̃m(ǭ) + ν(I)(ǭ) + ξν

(A)
1 (ǭ)

)
〈c〉, (3.110)

gde je T̂ temperaturski tenzor. Ukoliko se jednačina (3.104) pomnoži sa 1
2
m〈c2〉 i oduzme od

jednačine (3.106), dobije se jednačina

n

(
∂

∂t
+ 〈c〉 · ∇

)(
m〈c2〉
2

)
+∇ ·

(
nQ + P̂ · 〈c〉

)
− nqE · 〈c〉 =

− n
2m

m0
νm(ǭ)

(
m〈c2〉
2

− 3

2
kT0

)
− nΩ(ǭ)− n

∑

b

ν
(I)
b (ǭ)ǫ

(I)
b

− 1

2
nm〈c2〉ν(I)(ǭ)− 1

2
nmξν

(A)
1 (ǭ)

(
〈c2〉+ 〈c〉2

)
, (3.111)

pri čemu su Q i P̂ vektor toplotnog provođenja i tenzor pritiska, respektivno. Tenzor pritiska i
temperaturski tenzor definisani su kao

P̂ = nkT̂ = mn〈δc⊗ δc〉, (3.112)

gde je δc = c−〈c〉 haotična komponenta brzine čestice. Vektor toplotnog provođenja je određen
kao

Q =
1

2
m〈(δc · δc)δc〉. (3.113)

Radi jednostavnosti nadalje će biti uvedeno nekoliko hipoteza. Biće pretpostavljeno da je
haotična komponenta brzine elektrona znatno veća od usmerene komponente 〈c〉2 ≪ 〈c2〉. Na
osnovu toga važi 〈c2〉+ 〈c〉2 ≈ 〈c2〉, odakle sledi ξ = 2

3
ǭ i kT̂ = 2

3
ǭ̂I, gde je Î jedinični operator.

Pored toga, pretpostavlja se kako se sistem nalazi u stacionarnom stanju. Odatle sledi ∂
∂t
〈c〉 = 0

i ∂
∂t
〈c2〉 = 0. Pretpostavka je i da se sistem nalazi u hidrodinamičkom režimu, kao i to da se

svi članovi u kojima figurišu parcijalni izvodi drugog i višeg reda po prostornim kordinatama
mogu zanemariti. Da bi se reprezentovala prostorna nehomogenost srednje energije roja, srednja
energija će biti napisana u obliku

ǭ = ǫ0 +
1

n
γ · ∇n + ..., (3.114)

gde su ǫ0 i γ vrednost energije roja, koja je usrednjena po prostornim koordinatama i prostorni
gradijent srednje energije, respektivno. Uz to će i kolizione frekvence za sve tipove sudarnih
procesa biti napisane u obliku

ν(ǭ) = ν(ǫ0) +
1

n
ν ′(ǫ0)γ · ∇n+ ..., (3.115)

gde su ν i ν ′ koliziona frekvenca za proizvoljan tip sudarnog procesa i njen prvi izvod po energiji,
respektivno. Pored toga se u hidrodinamičkom režimu srednja brzina čestica roja može napisati
u obliku

〈c〉 = W − 1

n
D̂ · ∇n+ ... (3.116)
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u kom su W i D̂ bzina drifta i difuzioni tenzor, respektivno.

Kada su zadovoljene ove pretpostavke, jednačina (3.110) može se napisati u obliku

∇ ·
(
n
2

3
(ǫ0 +

1

n
γ · ∇n)̂I

)
− nqE =

−nm
(
ν̃m(ǫ0) +

1

n
ν̃ ′m(ǫ0)γ · ∇n + ν(I)(ǫ0) +

1

n
ν ′(I)(ǫ0)γ · ∇n

+
2

3

(
ǫ0 +

1

n
γ · ∇n

)
·
(
ν
(A)
1 (ǫ0) +

1

n
ν ′ (A)
1 (ǫ0)γ · ∇n

))
·
(
W − 1

n
D̂ · ∇n

)
. (3.117)

Ukoliko u jednačini (3.117) uzmemo u obzir samo članove u kojima ne figurišu prostorni
gradijenti koncentracije, dobije se jednačina

W =
qE

m
(
ν̃m(ǫ0) + ν(I)(ǫ0) +

2
3
ǫ0ν

(A)
1 (ǫ0)

) . (3.118)

Slično tome, kada se u jednačini (3.117) uzmu u razmatranje samo članovi koji stoje uz prvi
stepen prostornog gradijenta koncentracije, proizlazi jednačina

(
ν̃m(ǫ0) + ν(I)(ǫ0) +

2

3
ǫ0ν

(A)
1 (ǫ0)

)
D̂ =

2ǫ0
3m

Î

+
d

dǫ

(
ν̃m(ǫ) + ν(I)(ǫ) +

2

3
ǫν

(A)
1 (ǫ)

)∣∣∣∣
ǫ=ǫ0

γ ⊗W. (3.119)

Ako su zadovoljene pomenute pretpostavke (stacionarno stanje, hidrodinamički režim i za-
nemarljivost usmerene komponente brzine elektrona u odnosu na haotičnu komponentu brzine)
jednačina (3.111) se može napisati u obliku

Q · ∇n−mn
(
ν̃m(ǫ0) +

1

n
ν̃ ′m(ǫ0)γ · ∇n

)(
W 2 − 2

n
W · D̂ · ∇n

)
=

= −n2m
m0

(
νm(ǫ0) + ν ′m(ǫ0)

1

n
γ · ∇n

)(
ǫ0 +

1

n
γ · ∇n− 3

2
kT0
)

−nΩ(ǫ0)− Ω′(ǫ0)γ · ∇n− n
∑

b

ν
(I)
b (ǫ0)ǫb −

∑

b

ν
′(I)
b (ǫ0)ǫbγ · ∇n

−n
(
ǫ0 +

1

n
γ · ∇n

)(
ν(I)(ǫ0) +

1

n
ν ′(I)(ǫ0)γ · ∇n

)

−n
(
ν
(A)
1 (ǫ0) +

1

n
ν
′(A)
1 (ǫ0)γ · ∇n

)2
3

(
ǫ20 +

2

n
ǫ0γ · ∇n

)
. (3.120)

Pri izvođenju jednačine (3.120) je iskorišćena približna jednakost qE · 〈c〉 ≈ mν̃m(ǭ)〈c〉2.
Kada se u jednačini (3.120) uzmu u obzir samo članovi u kojima ne figurišu prostorni gradijenti
koncentracije, dobije se jednačina

ǫ0 =
m0W

2

2
· ν̃m(ǫ0)
νm(ǫ0)

· νe(ǫ0)

νe(ǫ0) + ν(I)(ǫ0)
+

3

2
kT0

νe(ǫ0)

νe(ǫ0) + ν(I)(ǫ0)

− 1

νe(ǫ0) + ν(I)(ǫ0)

(
Ω(ǫ0) +

∑

b

ν
(I)
b (ǫ0)ǫb +

2

3
ν
(A)
1 (ǫ0)ǫ

2
0

)
. (3.121)
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Slično tome, ako se u jednačini (3.120) uzmu u obzir samo članovi koji stoje uz prvi stepen
prostornog gradijenta koncentracije, dobije se jednačina

1

νe(ǫ0)
Q+m0

ν̃m(ǫ0)

νm(ǫ0)
W · D̂ =

−
(
1 +

ν ′m(ǫ0)

νm(ǫ0)

(
ǫ0 −

3

2
kT0 −

ν̃ ′m(ǫ0)

ν ′m(ǫ0)

m0W
2

2

)

+
1

νe(ǫ0)

d

dǫ

(
Ω(ǫ) +

∑

b

ν
(I)
b (ǫ)ǫ

(I)
b + ǫν(I)(ǫ) +

2

3
ǫ2ν

(A)
1 (ǫ)

)∣∣∣∣
ǫ=ǫ0

)
γ. (3.122)

Sistem koji čine jednačine (3.118), (3.119), (3.121) i (3.122) može se rešiti numerički ukoliko
su poznate sve kolizione frekvence u funkciji energije, i to ako se jedna od veličina (ǫ0, W, γ,
Q ili D̂) može odrediti na neki drugi način. Vektor toplotnog provođenja se u slučaju elektrona
često može zanemariti, pa se preostale četiri veličine mogu odrediti numeričkim rešavanjem
ovog sistema jednačina, kada su poznate kolizione frekvence za pojedinačne sudarne procese u
funkicji srednje energije elektrona.

3.4 Monte Carlo simulacije rojeva elektrona u gasovima i atomskim
tečnostima

Kompjuterski kod baziran na Monte Carlo metodi, koji je korišćen u ovoj disretaciji, razvi-
jen je u Laboratoriji za neravnotežne procese i primenu plazme Instituta za fiziku u Beogradu.
Numerički integritet ovog kompjuterskog koda je verifikovan u benčmak proračunima za rojeve
naelektrisanih čestica u vremenski konstantnim i vremenski promenljivim električnim i magnet-
skim poljima, kako za modelne tako i za realne gasove [67,148–151]. Monte Carlo kod je korišćen
za testiranje različitih metoda za numeričko rešavanje Boltzmann-ove jednačine [67, 148–151],
ali i za proučavanje implicitnih i eksplicitnih efekata nekonzervativnih sudara na transportne
osobine rojeva elektrona [67,148–152] i pozitrona [153–155]. Isti kod je korišćen za proučavanje
prostorno-vremenske evolucije roja elektrona [133,152], transporta elektrona i pozitrona u ukr-
štenim električnim i magnetskim poljima [153, 156–158], zatim transporta elektrona u živinim
parama [159], transporta elektrona u jako elektronegativnim gasovima [160] i u modelovanju ga-
snih detektora sa ravnim pločastim elektrodama, koji se koriste u fizici visokih energija [28–30].
U domenu vremenski promenljivih električnih i magnetskih polja, Monte Carlo kod je upo-
trebljavan za istraživanje velikog broja kinetičkih fenomena, uključujući vremenski razloženu
negativnu diferencijalnu provodnost [47,161,162], anomalnu anizotropnu difuziju [47,163], tran-
zijentnu negativnu difuzivnost [164,165], apsolutnu negativnu mobilnost [166], i mehanizme za
grejanje elektrona [141].

Iako je naš Monte Carlo kod razvijen za ispitivanje rojeva naelektrisanih čestica u neutral-
nim gasovima, njegova primenljivost se uz izvesne modifikacije može proširiti na proučavanje
rojeva elektrona u nepolarnim atomskim tečnostima, i to ukoliko je gustina tečnosti homogena.
U tečnom argonu, kriptonu i ksenonu koji su predmet istraživanja u ovoj disertaciji, postoji
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provodna zona u kojoj su elektroni kvazislobodni [101, 112, 175]. Uz to se disperziona relacija
u ove tri tečnosti može smatrati paraboličnom i izotropnom ako se nijedan deo potencijala za
rasejanje ne uključi u definiciju slobodnih elektronskih stanja, već se ceo potencijal za raseja-
nje uzima u obzir pri računanju preseka za elementarne sudarne procese [111]. Tada je uticaj
tečnosti na kretanje elektrona u potpunosti određen sudarima. Na osnovu toga se naš Monta
Carlo kod može primeniti za ispitivanje rojeva elektrona u tečnom argonu, tečnom kriptonu i
tečnom ksenonu ukoliko se na validan način reprezentuje dinamika rasejanja u ovim tečnostima.
Ovo je postignuto uvođenjem tri dodatna efektivna sudarna procesa koji zajedno obezbeđuju
dobru reprezentaciju srednjeg transfera energije i impulsa pri koherentnom rasejanju elektrona
za svaku vrednost početne energije [176].

U našem Monte Carlo kodu se prati prostorno-vremenska evolucija roja elektrona koji se
kreće u homogenom pozadinskom fluidu (koji se nalazi u gasnoj ili u tečnoj fazi) pod uticajem
prostorno homogenog električnog polja E koje je orijentisano duž x-ose. Pri tome je u nekim
simulacijama uz električno polje prisutno i prostorno homogeno magnetsko polje B, koje se
nalazi u x − z ravni i sa električnim poljem zaklapa ugao ψ. U početnom trenutku simulacije
svi se elektroni nalaze u koordinatnom početku i nasumično su im dodeljeni vektori brzine
na osnovu Maxwell–Boltzmann-ove raspodele, koja odgovara srednjoj energiji od 1 eV. Nakon
tog trenutka se kretanje svakog elektrona prati nezavisno od ostalih elektrona. Pri praćenju
pojedinačnog elektrona neophodno je odrediti kretanje elektrona između dva sudara, trenutak
i tip narednog sudara, kao i promenu vektora brzine nakon sudara.

Kretanje elektrona između dva sudara određeno je Lorentz-ovom silom. Pritom je vremenska
zavisnost brzine elektrona opisana drugim Newton-ovim zakonom

m
dv

dt
= eE+ ev ×B, (3.123)

gde su m, e v, i t masa elektrona, naelektrisanje elektrona, trenutna brzina i vremenska koor-
dinata, respektivno. Jednačina 3.123 u skalarnom obliku glasi

dvx
dt

=
e

m
E +

eB

m
vy sin(ψ), (3.124)

dvy
dt

=
eB

m
(vz cos(ψ)− vx sin(ψ)), (3.125)

dvz
dt

= −eB
m
vy cos(ψ), (3.126)

pri čemu je eB
m

ciklotronska frekvenca elektrona. Ovaj sistem jednačina se može rešiti analitički
ako su električno i magnetsko polje vremenski konstantni [177]. Na osnovu ovog analitičnog
rešenja mogu se odrediti vremenske zavisnosti koordinata i brzina elektrona u intervalu izme-
đu dva sudara. Alternativni način za reprezentovanje kretanja elektrona između dva sudara je
primena Borisove rotacije [178]. Mnogobrojna testiranja Borisove rotacije pokazala su da je ova
numerička procedura veoma precizna i efikasna u pogledu trošenja procesorskog vremena i da
se jednako uspešno može primeniti kako za vremenski konstantna, tako i za vremenski promen-
ljiva električna i magnetska polja, pod uslovom da su vektori električnog i magnetskog polja
međusobno ortogonalni [pitajRef]. Prvi korak u ovom algoritmu je izračunavanje ubrzavanja
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elektrona pod uticajem električnog polja za vreme polovine vremenskog koraka ∆t

vx := vx +
eE

m

∆t

2
. (3.127)

Nakon toga se uzima u obzir rotacija vektora brzine pod dejstvom magnetskog polja

vx := vx + sv
′

y, (3.128)

vy := vy − sv
′

x, (3.129)

pri čemu je

s := − 2 tan
(
θ
2

)

1 + tan
(
θ
2

)2 (3.130)

dok su brzine v′

x i v′

y date izrazima

v
′

x := vx + tan

(
−θ
2

)
vy, (3.131)

v
′

y := vy − tan

(
−θ
2

)
vx, (3.132)

gde je θ ugao rotacije pod uticajem magnetskog polja, koji iznosi θ = eB
m
∆t. Nakon rotacije

vektora brzine uračunava se ubrzavanje elektrona pod uticajem električnog polja za vreme druge
polovine vremenskog koraka ∆t

vx := vx +
eE

m

∆t

2
. (3.133)

Vrednosti koordinata elektrona nakon vremenskog koraka ∆t su date u izrazima

x := x0 +
1

2
(vx0 + vx(t))∆t, (3.134)

y := y0 +
1

2
(vy0 + vy(t))∆t, (3.135)

z := z0 + vz(t)∆t, (3.136)

gde su x0, y0, z0, vx0 i vy0 vrednosti x, y i z koordinata i vrednosti x i y komponenti brzine
pre vremenskog koraka ∆t, respektivno. Pokazano je kako u slučaju kretanja elektrona u kon-
stantnom magnetskom polju (u odsustvu električnog polja) primena Borisove rotacije daje isti
rezultat kao primena analitičkog rešenja [47]. Dok se vrednosti koordinata i brzina između dva
sudara menjaju postepeno pod uticajem spoljašnjih polja, promena vektora brzine u sudaru se
smatra trenutnom, zbog toga što je vreme trajanja sudara znatno kraće od vremenskog koraka
∆t.

Trenutak i tip narednog sudara se određuju primenom slučajnih brojeva, uzimajući u obzir
totalnu kolizionu frekvencu i parcijalne verovatnoće za pojedinačne sudarne procese. Verovatno-
ća da elektron neće učestvovati u sudaru u vremenskom intervalu između t0 i t može se izraziti
kao

P (t) = exp

(
−
∫ t

t0

νT (ǫ(t
′

))dt
′

)
, (3.137)
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gde je νT (ǫ) totalna koliziona frekvenca elektrona koji ima energiju ǫ. Ova koliziona frekvenca
se može izraziti kao

νT (ǫ) = n0

√
2ǫ

m

∑

k

σk(ǫ), (3.138)

gde se sumiranje vrši po svim tipovima sudara, σk(ǫ) je vrednost preseka za k-ti sudarni proces
na energiji ǫ i n0 je koncentracija molekula (ili atoma) pozadinske srednine. Gustina verovatnoće
da će elektron učestvovati u sudaru u toku vremenskog intervala (t,∆t) može se izraziti kao

p(t) =
P (t)− P (t+∆t)

∆t
=

νT

(
ǫ(t)
)
exp

(
−
∫ t

t0

νT

(
ǫ(t′)

)
dt′
)
. (3.139)

Slučajan trenutak sudara tc, kome odgovara gustina verovatnoće p(t), prikazana u jednačini
(3.139), može se dobiti na osnovu jednačine

− ln(1− ξ1) =

∫ tc

t0

νT (ǫ(t))dt, (3.140)

gde je ξ slučajan broj koji uzima vrednosti iz uniformne raspodele verovatnoće na intervalu
(0, 1). Jednačina (3.140) nema analitičko rešenje za realne gasove. Jedan od načina za određiva-
nje trenutka tc jeste primena metode nultih sudara (engl. null-collision method) [179], tako što
se uvodi dodatni sudarni proces (nulti sudar), u kome vektor brzine elektrona ostaje neprome-
njen. Koliziona frekvenca za ovaj dodatni sudarni proces izabrana je na takav način da totalna
koliziona frekvenca νT ne zavisi od energije, već je jednaka maksimalnoj vrednosti totalne ko-
lizione frekvence u odsustvu nultog sudara. U okvirima null-collision metode jednačina (3.140)
se može rešiti analitički. Međutim, u našem kodu se ne koristi ovaj metod, već se jednačina
(3.140) rešava numeričkom integracijom, zbog toga što null-collision metoda može biti neefika-
sna u slučaju vremenski promenjivih polja [27, 47]. U metodi integracije se jednačina (3.140)
može aproksimirati kao

ln(1− ξ1) ≤
∑

i

νT (ǫ(ti))∆ti, (3.141)

uz šta se kao trenutak sudara uzima
∑k

i=1∆ti, gde je k vrednost indeksa i, pri kojoj nejednakost
(3.141) prestaje da važi. Da bi određivanje trenutka sudara na osnovu nejednakosti (3.141)
bilo dobra aproksimacija rešavanja jednačine (3.140), neophodno je da vremenski korak za
vremensku integraciju bude dovoljno mali. U našem kodu je ovaj vremenski korak izabran kao
minimum tri važne vremenske konstante (koliziona frekvenca, ciklotronska frekvenca i period
polja u slučaju prostorno promenljivih polja), koji je podeljen sa velikim brojem (između 20 i
100).

Nakon određivanja trenutka narednog sudara, tip narednog sudara k se određuje na osnovu
uslova

k−1∑

j=1

Pj < ξ2 <

k∑

j=1

Pj, (3.142)
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gde je ξ2 još jedan slučajan broj koji uzima vrednosti iz uniformne raspodele na intervalu (0, 1).
U nejednačini (3.142) su Pj parcijalne verovatnoće, koje su definisane kao

Pj =
σj(ǫ)

σT (ǫ)
, (3.143)

gde je σT (ǫ) totalni presek na energiji ǫ, koji se određuje kao σT (ǫ) =
∑

j σj(ǫ), pri čemu se
sumiranje vrši po svim sudarnim procesima (uključujući i nulti sudar ako se koristi null-collision
metoda).

Promena pravca i smera brzine elektrona nakon sudara je reprezentovana uglom rasejanja
χ i azimutalnim uglom φ. Uz to je izotropno rasejanje pretpostavljeno za sve sudarne procese,
osim za efektivni sudarni proces koji je opisan σenergy presekom, u kome se elektroni rasejavaju
ka napred (χ = 0) (videti potpoglavlje 6.2.1). Nakon sudara se vrednost azimutalnog ugla
određuje na osnovu jednačine

φ = 2πξ3, (3.144)

gde je ξ3 slučajan broj koji uzima vrednosti iz uniformne raspodele na intervalu (0, 1). U slučaju
izotropnog rasejanja ugao rasejanja χ se određuje na osnovu jednačine

χ = arccos(1− 2ξ4). (3.145)

Ako se pri određivanju promene ugla χ nakon sudara pretpostavi izotropno rasejanje, neophod-
no je da koliziona frekvenca za elastične sudare bude izračunata na osnovu momentum transfer
preseka umesto totalnog preseka za elastično rasejanje, a sve to da bi se dobro opisala razme-
na impulsa i energije u elastičnim sudarima. Na visokim vrednostima redukovanog električnog
polja, na kojima rasejanje ka napred postaje dominantno, potrebno je da ugaona zavisnost
verovatnoće za rasejanje bude uzeta u obzir [177, 180]. Nakon elastičnog rasejanja i efektivnih
sudarnih procesa koji su reprezentovani σboth i σenergy presecima energija elektrona se smanjuje
za faktor 2mǫ

M
(1− cosχ), gde je m masa elektrona,M je masa molekula (ili atoma) pozadinskog

fluida, ǫ je vrednost energije elektrona pre sudara, a χ je ugao rasejanja. Nakon neelastičnog
rasejanja i/ili jonizacije, energija elektrona se umanji za iznos koji odgovara energijskom pragu
za taj proces, dok se energija koja je preostala nakon jonizacije raspoređuje između primar-
nog i sekundarnog elektrona. Udeo preostale energije koji se dodeli primarnom i sekundarnom
elektronu određuje se primenom još jednog slučajnog broja koji uzima vrednosti iz uniformne
raspodele na intervalu (0,1).

Monomi prostornih koordinata i komponenti brzina se sampluju i usrednjavaju po ansamblu
elektrona u diskretnim vremenskim trenucima. Na osnovu ovih monoma mogu se izračunati
transpotne veličine u trenucima samplovanja.

Srednja energija se izračunava kao

〈ǫ〉 = 1

2
m〈v2〉. (3.146)

Balk brzina drifta W(b), balk difuzioni tenzor D(b) i balk transportni tenzor trećeg reda Q(b) se
računaju na osnovu jednačina

W(b) =
d
dt

〈r〉, (3.147)
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D(b) =
1

2

d
dt

〈r⋆⋆〉, (3.148)

Q(b) =
1

3!

d
dt

〈r⋆r⋆r⋆〉, (3.149)

gde je r⋆ = r−〈r〉, dok ugaone zagrade 〈〉 označavaju usrednjavanje po ansamblu. Fluks brzina
drifta W(f), fluks difuzioni tenzor D(f) i fluks transportni tenzor trećeg reda se određuju na
osnovu jednačina

W(b) =

〈
d
dt
r

〉
, (3.150)

D(b) =
1

2

〈
d
dt
(
r⋆⋆
)〉

, (3.151)

Q(b) =
1

3!

〈
d
dt
(
r⋆r⋆r⋆

)〉
. (3.152)

U odsustvu magnetskog polja jednačine za određivanje komponenti balk difuzionog tenzora se
mogu napisati kao

D
(b)
L =

1

2
n0

d
dt
(
〈x2〉 − 〈x〉〈x〉

)
, (3.153)

D
(b)
T =

1

2
n0

d
dt
(
〈y2〉

)
, (3.154)

dok se odgovarajuće jednačine za komponente fluks difuzionog tenzora mogu predstaviti u
obliku

D
(f)
L = n0

(
〈xvx〉 − 〈x〉〈vx〉

)
, (3.155)

D
(f)
T = n0

(
〈yvy〉 − 〈y〉〈vy〉

)
. (3.156)

Slično tome, komponente balk transportnog tenzora trećeg reda je u odsustvu magnetskog polja
moguće izračunati na osnovu jednačina

Q
(b)
L = n2

0

1

6

d
dt
(
〈x3〉 − 3〈x〉〈x2〉+ 2(〈x〉)3

)
, (3.157)

Q
(b)
T =

1

6
n2
0

d
dt
(
〈xy2〉 − 〈x〉〈y2〉

)
, (3.158)

dok se komponente fluks transportnog tenzora trećeg reda mogu odrediti kao

Q
(f)
L =

1

6
n2
0

(
3〈x2vx〉 − 3〈vx〉〈x2〉 − 6〈x〉〈xvx〉+ 6〈x〉〈x〉〈vx〉

)
, (3.159)

Q
(f)
T =

1

6
n2
0

(
〈y2vx〉+ 2〈xyvy〉 − 〈vx〉〈y2〉 − 2〈x〉〈yvy〉

)
. (3.160)

Pri tome se longitudinalne i transverzalne komponente difuzionog tenzora i transportnog ten-
zora trećeg reda, u slučaju kada je električno polje duž x-ose, definišu kao

DL = Dxx, (3.161)

DT = Dyy, (3.162)

QL = Qxxx, (3.163)

46



QT =
1

3

(
Qxyy +Qyxy +Qyyx

)
=

1

3

(
Qxyy + 2Qyyx

)
. (3.164)

Ovde je važno naglasiti da se pri proračunu balk komponenti transportnog tenzora trećeg
reda ne koristi numeričko diferenciranje, nego se izraz koji stoji pod izvodom aproksimira li-
nearnom funkcijom. Izvod tog izraza se potom određuje kao koeficijenat pravca ove linearne
funkcije. Ovaj način određivanja prvog izvoda po vremenu je validan zbog toga što su transport-
ni koeficijenti nezavisni od vremena nakon relaksacije roja (ako su spoljašnja polja vremenski
nezavisna), pa je izraz u zagradi (koji stoji pod izvodom) linearna funkcija vremena. Uz to
je koeficijenat pravca ove linearne funkcije jednak prvom izvodu te funkcije po vremenu. Balk
vrednosti transportnih koeficijenata trećeg reda se određuju na ovaj način zato što u slučaju
transportnih koeficijenata višeg reda numeričko diferenciranje značajno povećava fluktuacije re-
zultata. Validnost ovog načina određivanja balk komponenti transportnih koeficijenata trećeg
reda je proverena poređenjem sa rezultatima koji su izračunati primenom numeričkog dife-
renciranja, kao i poređenjem sa fluks vrednostima ovih transportnih koeficijenata u odsustvu
nekonzervativnih procesa.

Statistička greška transportnih veličina se procenjuje kao standardna greška. Naime, stati-
stička greška ovih veličina je jednaka kvadratnom korenu njihovog srednjeg kvadratnog odstu-
panja od srednje vrednosti, koji je podeljen sa kvadratnim korenom broja čestica u ansamblu.
Da bi se smanjila statistička greška veličina koje su izračunate uz pomoć Monte Carlo simula-
cija, neophodno je da u simulacijama bude praćen veliki broj čestica. Pri tome je za proračun
komponenti difuzionog tenzora i transportnog tenzora trećeg reda potrebno da u simulacijama
bude praćeno između 106 i 107 čestica, respektivno. Praćenje velikog broja čestica dovodi do
toga da su naše Monte Carlo simulacije jako vremenski zahtevne. Vreme trajanja simulacija je
naročito dugo u oblasti niskih redukovanih električnih polja, na kojima su brzinski koeficijenti
za neelastične sudare i jonizaciju zanemarljivi. Ovo je posledica toga što je transfer energije u
elastičnim sudarima znatno manji nego u neelastičnim sudarima i jonizaciji što dovodi do jako
spore relaksacija energije u ovom opsegu polja. Da bi se skratilo vreme trajanja simulacija, u
opsegu polja u kome je relaksacija energije neefikasna, koristi se multiplikacija roja. U ovom op-
segu polja simulacije počnu sa manjim brojem naelektrisanih čestica (oko 104), koje se prate do
trenutka relaksacije. Nakon trenutka relaksacije broj naelektrisanih čestica se postepeno pove-
ćava do željenog broja tako što se u fiksnim vremenskim trenucima duplira svaka naelektrisana
čestica iz ansambla. Posle trentuka dupliranja svaka naelektrisana čestica se prati nezavisno i
ima svoju putanju, koja je određena delovanjem spoljašnjih polja i sudarima sa molekulima (ili
atomima) pozadinske sredine. Transportne veličine se računaju tek kada prođe nekoliko perioda
od završetka multiplikacije. Ova numerička procedura dupliranja elektrona nakon relaksacije u
stacionarni režim je detaljno testirana [pitajRef].

Pored multiplikacije roja, koja se koristi u limitu malih električnih polja gde je otežan tran-
sfer energije u sudarima čestica roja i atoma ili molekula pozadinskog gasa, u našem kodu se,
s ciljem skraćivanja vremena trajanja simulacija, koriste i tehnike reskaliranja koje obezbeđu-
ju da broj čestica roja ostane u okolini unapred zadate vrednosti. Ove tehnike su neophodne
u uslovima u kojima nekonzervativni procesi poput jonizacije i zahvata elektrona u slučaju
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transporta elektrona i formiranja pozitronijuma pri transportu pozitrona dovode do značajne
promene broja čestica u toku trajanja simulacije. Značajno povećanje broja čestica dovodi do
porasta trošenja računarskih resursa koji su potrebni za izvršavanje simulacije, dok značajno
smanjenje broja čestica povećava statističke fluktuacije i smanjuje preciznost rezultata, a može
dovesti i do potpunog prekida simulacije. U našem kodu mogu se koristiti tehnike diskretnog
i kontinualnog reskaliranja [160]. Tehnika diskretnog reskaliranja u fiksnim vremenskim trenu-
cima izbaci nekoliko čestica iz roja ukoliko broj čestica premašuje željenu vrednost, ili duplira
nekoliko čestica ukoliko je broj čestica u roju manji od željene vrednosti. Tehnika kontinualnog
reskaliranja izbacuje višak čestica ili duplira postojeće čestice, u zavisnosti od broja čestica
u roju, u bilo kom trenutku trajanja simulacije u kome se ukaže potreba za korekcijom bro-
ja čestica u roju, a ne samo u unapred određenim vremenskim trenucima. Jako je značajno
da ove tehnike reskaliranja ne menjaju funkciju raspodele čestica po energijama. Ove tehnike
reskaliranja su detaljno opisane i temeljno testirane u referenci [160].

3.4.1 Benčmark proračuni za Percus-Yevick-ovu modelnu tečnost

U ovom potpoglavlju su prikazani naši proračuni transportnih veličina u Percus-Yevick-
ovoj modelnoj tečnosti. Ovi proračuni su urađeni da bi se testirala implementacija koherentnog
rasejanja u našem Monte Carlo kodu. Percus-Yevick-ova modelna tečnost je varijanta modela
krutih sfera, u kojoj krute sfere zauzimaju konačan udeo zapremine prostora, pa u ovom modelu
strukturni efekti imaju značajan uticaj na dinamiku rasejanja elektrona [176]. Radijalna parna
korelaciona funkcija koja odgovara Percus-Yevick-ovom modelu dobija se zatvaranjem Ornstein
–Zernike jednačine primenom Percus-Yevickove aproksimacije uz reprezentovanje interakcije
između pozadinskih atoma potencijalom krutih sfera [176, 181]. Statički strukturni faktor koji
odgovara Percus-Yevickovom modelu dobija se kao Fourier-ov transform ove parne korelacione
funkcije [176]. U našim proračunima se koristi modifikovani Verlet-Weis-ov statički strukturni
faktor [182], koji je upotrebljen i u radu Tattersall-a i saradnika [176]. Ovaj strukturni faktor
je dat u vidu izraza

S(∆k) =

(
1 +

24η

∆k2

[
2

∆k2
(
12ζ

∆k2
− β) +

sin(∆k)

∆k

(
α + 2β + 4ζ − 24ζ

∆k2

)

+ cos(∆k)

(
2

∆k2

(
β + 6ζ − 12

∆k2

)
− α− β − ζ

)])−1

, (3.165)

gde je η = φ − φ2

16
, α = (1+2η)2

(1−η)4
, β =

−6η
(
1+ η

2

)2
(1−η)4

i ζ = ηα
2
[176]. Količnik pakovanja φ određuje

udeo zapremine prostora koji je popunjen krutm sferama. Ovaj količnik se može izraziti kao
φ = 4

3
πr3n0, gde su r i n0 radijus krutih sfera i njihova koncentracija, respektivno [176].

Na grafiku 1 su prikazane vrednosti srednje energije, brzine drifta i komponenti difuzionog
tenzora za elektrone u Percus Yevickov-om modelu, koje su određene u našim Monte Carlo
simulacijama, u funkciji redukovanog električnog polja E/n0 i količnika pakovanja φ. Vrednosti
ovih transportnih veličina, koje su odredili Tattersall i saradnici, primenom svog Monte Carlo
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Slika 1: Poređenje vrednosti srednje energije, brzine drifta W , longitudinalne komponente di-
fuzionog tenzora n0DL i transverzalne komponente difuzionog tenzora n0DT za roj elektrona
u Percus-Yevick-ovoj modelnoj tečnosti, koje su dobijene u našim proračunima sa rezultatima
Tattersall-a i saradnika [176]. Transportne veličine su prikazane kao funkcija redukovanog elek-
tričnog polja E/n0 i količnika pakovanja φ. Naši rezultati su reprezentovani linijama, dok su
rezultati Tattersall-a i saradnika [176] dati u vidu simbola - i jedni i drugi su dobijeni primenom
Monte Carlo simulacija.

koda i numeričkim rešavanjem Boltzmann-ove jednačine, prikazane su na istom grafiku radi po-
ređenja [176]. Naši rezultati su predstavljeni linijama, dok su rezultati Tattersall-a i saradnika
predstavljeni simbolima. Na ovom grafiku se uočava da se naši rezultati za sve transportne koe-
ficijente i za sve vrednosti E/n0 i φ odlično slažu sa rezultatima grupe autora, što je pokazatelj
toga da su efekti koherentnog rasejanja dobro reprezentovani u našem Monte Carlo kodu.

Sa grafika 1 se vidi da srednja energija, brzina drifta i komponente difuzionog tenzora snažno
zavise od φ na niskim poljima. Uzrok tome je što su efekti koherentnog rasejanja najintenziv-
niji na niskim energijama. Međutim, zavisnost transportnih veličina od φ opada sa porastom
E/n0 i praktično je zanemarljiva na poljima višim od 40 Td, zbog slabog uticaja efekata ko-
herentnog rasejanja na dinamiku visokoenergijskih elektrona. Srednja energija i brzina drifta
se povećavaju sa porastom φ u celom opsegu polja do oko 10 Td, dok se transverzalna kom-
ponenta difuzionog tenzora povećava sa porastom φ do oko 35 Td. Zavisnost longitudinalne
komponente difuzionog tenzora od φ je nešto složenija. Naime, ova komponenta se povećava
sa porastom φ do oko 2.1 Td, posle čega opada sa porastom φ do oko 13 Td, pritom je na
višim poljima zavisnost ove komponente od φ praktučno zanemarljiva. Srednja energija elek-
trona se monotono povećava sa porastom E/n0 za sve vrednosti φ. No, u profilu brzine drifta
je prisutna negativna diferencijalna provodnost za φ ≥ 0.3 u opsegu polja od 0.5 Td do 6 Td,
a za niže se vrednosti φ brzina drifta monotono povećava sa porastom E/n0 u celom opsegu
polja. Pod negativnom diferencijalnom provodnošću podrazumeva se opadanje brzine drifta sa
porastom E/n0. U gasnoj fazi je ovaj efekat posledica specifične energijske zavisnosti preseka
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za elastične i neelastične sudare ili prisustva nekonzervativnih sudara [13, 14, 21]. U ovom pak
slučaju negativna diferencijalna provodnost posledica je isključivo strukturnih efekata [68–70].
Kvantitativni kriterijum za pojavu strukturno indukovane negativne diferencijalne provodnosti
je razmatran u radu White-a i Robson-a [183]. Opadanje brzine drifta sa porastom E/n0 u
ovom slučaju se može pripisati smanjenju uticaja koherentnih efekata na dinamiku rasejanja
elektrona sa povećanjem energije elektrona, jer koherentni efekti dovode do povećanja brzine
drifta. Sa grafika se vidi kako n0DL opada sa porastom E/n0 od oko 0.1 Td do oko 4 Td, dok
n0DT opada sa porastom E/n0 od oko 0.35 do oko 25 Td. Na najvišim poljima se grafici sred-
nje energije, brzine drifta i komponenti difuzionog tenzora za φ > 0 približavaju odgovarajućim
graficima za φ = 0. Pri tome odgovarajuća vrednost E/n0, na kojoj uticaj koherentnih efekata
počne da se smanjuje, opada sa porastom φ.

3.5 Zaključak

U ovom poglavlju su predstavljeni metodi za izračunavanje transportnih koeficijenata roje-
va naelektrisanih čestica. Potpoglavlje 3.2 prikazuje metod više članova za numeričko rešavanje
Boltzmann-ove jednačine, u okviru kog se funkcija raspodele u faznom prostoru razvija u red
po skupu bazisnih funkcija. Funkcija raspodele se pritom razvija po Burnett-ovim funkcijama
u brzinskom prostoru. Pokazuje se da se kada su zadovoljeni hidrodinamički uslovi, funkcija
raspodele razvija po gradijentima koncentracije u konfiguracionom prostoru. Koeficijenti u ra-
zvoju funkcije raspodele po ovom skupu bazisnih funkcija se zovu momenti funkcije raspodele.
Na osnovu relacija ortogonalnosti korišćenih bazisnih funkcija, Boltzmann-ova jednačina se svo-
di na hijerarhiju kinetičkih jednačina po momentima funkcije raspodele, koja se potom rešava
numerički. Transportne veličine koje su od interesa za ovu disertaciju se mogu izračunati na
osnovu momenata funkcije raspodele. U okviru ove disertacije je korišćeni metod za rešavanje
Boltzmann-ove jednačine proširen razvojem fluks gradijentne relacije u ireducibilnoj formi do
izvoda drugog reda, da bi se omogućilo izračunavanje komponenti fluks transportnog tenzora
trećeg reda.

U potpoglavlju 3.3 uvedena je hijerarhija momentnih jednačina koja se može izvesti množe-
njem Boltzmann-ove jednačine proizvoljnom funkcijom brzine i njenom integracijom po celom
brzinskom prostoru. Prikazan je sistem jednačina koji čine jednačine za balans broja čestica,
impulsa i energije, respektivno. Nakon toga je pokazan oblik kolizionog člana za proizvoljnu
momentnu jednačinu u slučaju koherentnog i nekoherentnog rasejanja. Kolizioni član se može
odrediti integracijom kolizionog operatora po brzinskom prostoru. Uzimanjem u obzir efekata
koherentnog rasejanja pri elastičnim sudarima, momentne jednačine za rojeve naelektrisanih
čestica u gasnoj fazi su generalizovane na slučaj rojeva naelektrisanih čestica u nepolarnim
tečnostima. Potom je uvedena aproksimacija transfera impulsa koja značajno pojednostavljuje
oblik odgovarajućih kolizionih članova. Prikazani sistem jednačina je zatim dodatno pojedno-
stavljen uvođenjem nekoliko pretpostavki, koje su zadovoljene za rojeve lakih naelektrisanih
čestica, ukoliko je uspostavljen hidrodinamički režim i ukoliko su spoljašnja polja stacionarna.
Na osnovu toga je dobijen sistem od četiri jednačine (jedne tenzorske, dve vektorske i jedne
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skalarne), koji povezuje srednju energiju, brzinu drifta, vektor energijskog gradijenta, vektor
toplotnog provođenja i difuzioni tenzor. U slučaju lakih naelektrisanih čestica poput elektrona
i pozitrona vektor toplotnog provođenja može se zanemariti. Nakon toga se dobijeni sistem
jednačina može rešiti numerički, ako su poznate kolizione frekvence u funkciji srednje energije .

Monte Carlo kod koji je korišćen u izradi ove disertacije centralna je tema potpoglavlja 3.4.
Ovaj kod prati roj naelektrisanih čestica koje se kreću u homogenom i neutralnom pozadinskom
fluidu, pod uticajem spoljašnjeg električnog i eventualno magnetskog polja. Na početku ovog
potpoglavlja je dat kratak osvrt na razvoj i ranije primene razmatranog Monte Carlo koda.
Potom su prikazani početni uslovi simulacije, kao i jednačine kretanja koje opisuju dinami-
ku pojedinačnih naelektrisanih čestica između dva sudara u slučaju proizvoljne konfiguracije
električnog i magnetskog polja. Usledio je prikaz algoritma Borisove rotacije, koji se koristi da
opiše kretanje naelektrisanih čestica između dva sudara kada su električno i magnetsko polje
međusobno ortogonalna, kao i u odsustvu magnetskog polja, a zatim se govorilo o načinu na
koji se određuju trenutak i tip narednog sudara naelektrisane čestice sa neutralnim česticama
pozadinske sredine, na osnovu slučajnih brojeva. Objašnjeno je zatim kako se određuju pravac i
smer brzine naelektrisane čestice nakon sudara. U slučaju rojeva naelektrisanih čestica u gaso-
vima se pretpostavlja izotropno rasejanje. Zbog toga se elastični sudari opisuju pomoću preseka
za transfer impulsa, dok se neelastični sudari opisuju primenom totalnog preseka za rasejanje.
Međutim, u slučaju rojeva naelektrisanih čestica u tečnoj fazi ne može se koristiti izotropno
rasejanje, budući da je anizotropija koherentnog rasejanja vrlo izražena. Pored toga, efektiv-
ni srednji slobodni putevi za transfer impulsa i energije u tečnoj fazi su međusobno različiti.
Zbog toga je u okviru ove disertacije postojeći Monte Carlo kod, koji je razvijen u Laboratoriji
za neravnotežne procese i primenu plazme, proširen na domen rojeva naelektrisanih čestica
u nepolarnim tečnostima uvođenjem tri efektivna sudarna procesa, koji dobro opisuju srednji
transfer impulsa i energije pri koherentnom rasejanju. Ovi efektivni sudarni procesi su detaljno
opisani u potpoglavlju 6.2.1.

Nakon razmatranja implementacije sudara naelektrisanih čestica roja sa neutralnim čestica-
ma pozadinske sredine u potpoglavlju 3.4 su prikazane jednačine za izračunavanje transportnih
veličina, koje su od značaja za ovu disertaciju, a koje se mogu odrediti direktno na osnovu
dinamičkih promenljivih koje se računaju u Monte Carlo simulacijama. Za potrebe našeg istra-
živanja bilo je neophodno dodatno proširiti postojeći Monte Carlo kod, uvođenjem procedura
za uzorkovanje monoma trećeg stepena po koordinatama, kao i monoma drugog stepena po
koordinatama i prvog stepena po komponentama vektora brzine. Navedeni monomi su neop-
hodni za izračunavanje vrednosti balk i fluks transportnog tenzora trećeg reda, respektivno.
Iako u eksplicitnim izrazima za balk transportne koeficijente trećeg reda stoji diferenciranje po
vremenu, poželjno je izbeći numeričko diferenciranje odgovarajućeg izraza u zagradi, zato što
bi male fluktuacije ovog izraza dovele do velikih fluktuacija njegovog izvoda. Zbog toga se u
okviru ove disertacije vrednost prvog izvoda po vremenu određuje na osnovu koeficijenta pravca
linearizovanog izraza u zagradi. U ovoj je tezi statistička greška rezultata koji su dobijeni prime-
nom Monte Carlo simulacija procenjena kao standardna greška. Na kraju potpoglavlja opisane
su tehnike za multiplikaciju roja koje se koriste za smanjenje trajanja vremenski zahtevnih
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simulacija, kao i tehnike za reskaliranje roja što se koriste za održavanje konstantnog broja
čestica roja u prisustvu intenzivnih nekonzervativnih efekata. Ovi efekti uključuju jonizaciju i
elektronski zahvat u slučaju elektrona i formiranje pozitronijuma u slučaju pozitrona.

U potpoglavlju 3.4.1 primenom Monte Carlo metoda proučavan je transport elektrona u
Percus-Yevick-ovom modelu za nekoliko različitih vrednosti parametra popunjenosti. Pri to-
me su određeni srednja energija, brzina drifta i komponente difuzionog tenzora za elektrone u
ovom modelu, a njihove vrednosti su upoređene sa rezultatima ranijih autora, koji su dobijeni
primenom Monte Carlo metoda i metoda više članova za numeričko rešavanje Boltzmann-ove
jednačine. Odlično slaganje naših rezultata sa rezultatima koje su odredili raniji autori potvrđu-
je korektnost implementacije efekata koherentnog rasejanja i numerički integritet Monte Carlo
koda, koji je korišćen u ovoj disertaciji.

52



4 Transportni koeficijenti trećeg reda za naelektrisane če-

stice u modelnim gasovima

4.1 Uvod

U ovom odeljku su predstavljeni proračuni transportnih koeficijenata trećeg reda (TKIII)
u modelnim gasovima. Oni su dobijeni primenom Monte Carlo simulacija i kompjuterskog
koda za numeričko rešavanje Boltzmann-ove jednačine na osnovu momentnog metoda. Ova dva
kompjuterska koda su do sada detaljno testirana u ranijim publikacijama [31,47,156,157,184].
Sistematski proračuni TKIII upotrebom ove dve nezavisne tehnike predstavljaju istovremeno
proveru validnosti izraza na osnovu kojih se računaju komponente transportnog tenzora trećeg
reda (TTIII) u momentnoj metodi za numeričko rešavanje Boltzmann-ove jednačine i Monte
Carlo simulacijama, kao i proveru ispravne implementacije procedura za izračunavanje ovih
komponenti u korišćenim kompjuterskim kodovima.

Jedna od prednosti izučavanja transporta naelektrisanih čestica u modelnim gasovima je ta
što jednostavna energijska zavisnost preseka za sudare naelektrisane čestice roja sa neutralnim
molekulima u ovim gasovima omogućava izolovanje uticaja pojedinačnih sudarnih procesa na
trendove zavisnosti transportnih koeficijenata od električnog i magnetskog polja. Ovo je na-
ročito značajno u slučaju TKIII jer su oni znatno osetljivi na energijsku zavisnost preseka za
sudarne procese od transportnih koeficijenata nižeg reda (brzine drifta i difuzionog tenzora),
a do sada nisu bili temeljno istraženi u literaturi [126, 127, 132]. Pored toga su trendovi zavi-
snosti TKIII od električnog i magnetskog polja teži za razumevanje od odgovarajućih trendova
transportnih koeficijenata nižeg reda zbog komplikovanije fizičke interpretacije TKIII. Još jedna
prednost proračuna TKIII u modelnim gasovima, koji su dobijeni na osnovu ove dve nezavisne
tehnike, jeste to što oni mogu poslužiti kao benčmark proračuni za proveru ispravnosti novih
kompjuterskih kodova za određivanje TKIII.

U potpoglavlju 4.2 diskutovano je o fizičkoj interpretaciji TKIII. Interpretacija i fizički
smisao TKIII su razmatrani na formalan način sa ciljem njihovog boljeg razumevanja u kon-
kretnim fizičkim situacijama. Sledi potpoglavlje 4.4, gde su prikazani rezultati proračuna TKIII
u Maxwell-ovom modelu, dobijeni rešavanjem Boltzmann-ove jednačine momentnom metodom.
Odeljak 4.5 daje rezultate proračuna TKIII u modelu krutih sfera, koji su dobijeni primenom
Monte Carlo simulacija. U potpoglavljima 4.6, 4.7 i 4.8 su predstavljeni rezultati proračuna
TKIII u Reid-ovom modelu, Lucas-Saelee-evom modelu i modifikovanom Ness-Robson-ovom
modelu respektivno, koji su dobijeni primenom Monte Carlo simulacija i korišćenjem moment-
nog metoda za rešavanje Boltzmann-ove jednačine. Korišćenjem Reid-ov modelnog gasa, izra-
čunata su odstupanja TKIII, dobijenih aproksimacijom dva člana za rešavanje Boltzmann-ove
jednačine, od rezultata koji su u potpunosti konvergirali. Reid-ov modelni gas je upotrebljen i
za proračne i analizu ponašanja TKIII u ukrštenim električnim i magnetskim poljima. Impli-
citne i eksplicitne efekte jonizacije na TKIII proučavali smo koristeći Lucas-Saelee-ev modelni
gas, a ovi isti efekti prouzrokovani zahvatom elektrona analizirani su uz korišćenje modelnog
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gasa koji su predložili Ness i Robson.

4.2 Fizička interpretacija komponenti transportnog tenzora trećeg re-
da

Na ovom mestu se razmatra fizički smisao transportnih koeficijenata trećeg reda. Ako se
transportni koeficijenti trećeg (i višeg) reda mogu zanemariti, evolucija koncentracije naelektri-
sanih čestica n(r, t) u vremenu je opisana jednačinom

∂n(0)(r, t)

∂t
+W(b) · ∇n(0)(r, t)− D̂(b) : (∇⊗∇)n(0)(r, t)

= −Ran
(0)(r, t), (4.1)

gde su n(0)(r, t) i Ra koncentracija naelektrisanih čestica roja u uslovima u kojima transportni
koeficijenti trećeg i višeg reda mogu da se zanemare i brzinski koeficijent za nestajanje i nastaja-
nje čestica roja, respektivno. Zbog jednostavnosti će biti razmatran slučaj u kome je spoljašnje
električno polje orijentisano duž z-ose, dok je magnetsko polje jednako nuli. Množenjem jedna-
čine (4.1) sa e−i(px+qy+kz)dxdydz i integracijom po konfiguracionom prostoru dobija se Furijeov
transform ove jednačine po prostornim koordinatama, koji se može napisati u obliku

∂n̂(0)

∂t
= −(ikWz + k2Dzz + (p2 + q2)Dxx − Ra)n̂

(0), (4.2)

gde je n̂(0) Furijeov transform koncentracije čestica roja n(0)(r, t) po prostornim koordinatama.
Ako je N broj čestica roja u početnom trenutku (t = 0), rešenje jednačine (4.2) se može napisati
u obliku

n̂(0) = N exp
(
−
(
ikWz + k2Dzz + (p2 + q2)Dxx − Ra

)
t
)
. (4.3)

Radi jednostavnosti, biće uvedene oznake W ≡ Wz, DT ≡ Dxx i DL ≡ Dzz. Ukoliko se
jednačina (4.3 pomnoži sa 1

(2π)3
ei(px+qy+kz)dpdqdk i prointegrali po p, q, k (primena inverznog

Furijeovog transforma), dobije se izraz za koncentraciju

n(0)(r, t) =
N√

4πDLt(4πDT t)
e
− (z−W )2

4DLt e
−x2+y2

4DT t e−Rat. (4.4)

Kada se transportni koeficijenti trećeg reda ne mogu zanemariti, vremenska evolucija kon-
centracije čestica roja n(r, t) je opisana jednačinom

∂n(r, t)

∂t
+W(t) · ∇n(r, t)− D̂(t) : (∇⊗∇)n(r, t)

+Q̂(t)
...(∇⊗∇⊗∇)n(r, t) = −Ra(t)n(r, t). (4.5)

Radi jednostavnosti ponovo je pretpostavljeno da je spoljašnje električno polje duž z-ose,
dok je spoljašnje magnetsko polje jednako nuli. U ovom slučaju se jednačina (4.5) može napisati
u obliku

∂n(r, t)

∂t
= −Ran(r, t)−W

∂n(r, t)

∂t
(4.6)
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+DL
∂2n(r, t)

∂z2
+DT

(∂2n(r, t)
∂x2

+
∂2n(r, t)

∂y2
)

(4.7)

−Qzzz
∂3n(r, t)

∂z3
−
(
Qzxx + 2Qxxz

)(∂3n(r, t)
∂z∂x2

+
∂3n(r, t)

∂z∂y2
)
, (4.8)

gde su iskorišćene jednakosti Qxxz = Qxzx = Qyyz = Qyzy. Množenjem jednačine (4.8) sa
e−i(px+qy+kz)dxdydz i integracijom po konfiguracionom prostoru dobija se Furijeov transform
ove jednačine po prostornim koordinatama, koji se može napisati u obliku

∂n̂Q

∂t
= −

(
ikWz + k2DL + (p2 + q2)DT − Ra

)
n̂Q

−
(
− ik3Qzzz − 3ik(p2 + q2)QT

)
n̂Q, (4.9)

gde je uvedena oznaka 3QT ≡ Qzxx + Qxzx + Qxxz, dok je n̂Q oznaka za Furijeov transform
koncentracije n(r, t) u slučaju u kome se transportni koeficijenti trećeg reda ne mogu zanemariti.
Rešenje jednačine (4.9) dobija oblik

n̂Q = N exp
(
−
(
Ra + ikW + k2DL + (p2 + q2)DT

)
t
)
×

exp
((
ik3QL + 3ik(p2 + q2)QT

)
t
)
. (4.10)

Na osnovu jednačine (4.10) trebalo bi da se n(r, t) odredi kao inverzni Furijeov transform
od n̂. Ipak, integral

∫
ei(px+qy+kz)n̂Qdpdqdk nije analitički rešiv. Jedan način za približno utvr-

đivanje vrednosti koncentracije n(r, t), u slučaju kada transportni koeficijenti trećeg reda nisu
zanemarljivi, jeste razvoj n̂Q u Tejlorov red po komponentama QL i QT i određivanje inver-
znog Furijeovog transforma odgovarajućih koeficijenata u razvoju. Ovaj Tejlorov razvoj se može
napisati na sledeći način

n̂Q = n̂Q

∣∣∣
Q=0

+
∂n̂Q

∂QL

∣∣∣
Q=0

QL +
∂n̂Q

∂QT

∣∣∣
Q=0

QT

1

2

(
∂2n̂Q

∂Q2
L

∣∣∣
Q=0

Q2
L + 2

∂2n̂Q

∂QL∂QT

∣∣∣
Q=0

QLQT +
∂2n̂Q

∂2QT

∣∣∣
Q=0

Q2
T

)
+ ... (4.11)

Kada se primeni inverzni Furijeov transform na jednačinu (4.11) i kada se zanemare svi
članovi drugog i višeg stepena po komponentama transportnog tenzora trećeg reda, dobije se
sledeći aproksimativan izraz za koncentraciju naelektrisanih čestica roja

n(1)(r, t) =
Ne−Rat

√
4πDLt(4πDT t)

exp

(
− (z −Wt)2

4DLt
− x2 + y2

4DT t

)
×

[
1 +QL

t(z −Wt)3 − 6DLt
2(z −Wt)

8(DLt)3

+3QT
(z −Wt)(x2 + y2 − 4DT t)

8DLt(DT t)2

]
(4.12)

gde superskript (1) označava da su u izrazu za koncentraciju (4.12) uzete u obzir samo popravke
prvog stepena po komponentama transportnog tenzora trećeg reda. Projekcija jednačine (4.12)
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na longitudinalni (z)-pravac ranije je određena u radu Penetrante-a i Bardsley-a (Penetrante i
Bardsley 1990 ).

Na osnovu fluks gradijentne relacije (2.21) vidi se da se doprinos transportnih koeficijenata
trećeg reda ukupnom fluksu čestica može izraziti kao

ΓQ,z = Qzzz
∂2n (r, t)

∂z2
+Qzxx

[
∂2n (r, t)

∂x2
+
∂2n (r, t)

∂y2

]
,

ΓQ,x = 2Qxxz
∂2n (r, t)

∂x∂z
. (4.13)

Iz jednačine (4.13) je jasno da je smer kretanja, opisanog transportnim tenzorom trećeg
reda, određen kombinacijom znaka komponenti ovog tenzora i znaka odgovarajućih parcijalnih
izvoda koncentracije. Uz to je znak parcijalnih izvoda koncentracije određen znakom odgo-
varajućih parcijalnih izvoda vodećeg člana u razvoju koncentracije čestica po komponentama
transportnog tenzora trećeg reda iz jednačine (4.12), n(0)(r, t). Zbog toga je analiza parcijalnih
izvoda Gaussian-a dovoljna za razmatranje doprinosa transportnog tenzora trećeg reda ukup-
nom fluksu čestica, koji je prikazan u jednačini (4.13). Ovi parcijalni izvodi Gaussian-a su dati
u jednačinama

∂2n(0) (r, t)

(∂z)2
=
(
z2 − σ2

z

) n(0) (r, t)

σ4
z

, (4.14)

∂2n(0) (r, t)

(∂x)2
=
(
x2 − σ2

x

) n(0) (r, t)

σ4
x

, (4.15)

∂2n(0) (r, t)

(∂x∂z)
= xz

n(0) (r, t)

σ2
xσ

2
z

, (4.16)

gde su
σ2
x = 2DT t, σ

2
z = 2DLt. (4.17)

Zbog jednostavnosti su izvodi u gornjim jednačinama napisani u referentnom sistemu koji
je postavljen u centar Gaussian-a, pa je član z −Wt zamenjen članom z. Da bi se olakšala
vizuelizacija ovih parcijalnih izvoda, uvodi se novi set koordinata x/σx = χx, y/σy = χy i
z/σz = χz. Primenom novih koordinata gornji skup jednačina (4.14)-(4.16) svodi se na

∂2n(0)

∂χ2
z

=
(
χ2
z − 1

)
n(0), (4.18)

∂2n(0)

∂χ2
x

=
(
χ2
x − 1

)
n(0), (4.19)

∂2n(0)

∂χx∂χz
= χxχzn

(0), (4.20)

pri čemu je

n(0) (χ, t) = Cχ exp
[
− 1

2

(
χ2
z + χ2

x + χ2
y

) ]
, (4.21)

i

Cχ =
N0e

Rnett

(2π)3/2 σ2
xσz

. (4.22)
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Normirani parcijalni izvodi drugog reda mogu se kombinovanjem jednačina (4.18)-(4.22) napi-
sati u obliku

∆zz ≡
1

Cχ

∂2n(0)

∂χ2
z

=
(
χ2
z − 1

)
e−

1
2(χ2

z+χ2
x+χ2

y), (4.23)

∆xx ≡ 1

Cχ

∂2n(0)

∂χ2
x

=
(
χ2
x − 1

)
e−

1
2(χ2

z+χ2
x+χ2

y), (4.24)

∆xz ≡
1

Cχ

∂2n(0)

∂χx∂χz
= χxχze

− 1
2(χ2

z+χ2
x+χ2

y). (4.25)
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Slika 2: Normirani izvod ∆zz koncentracije naelektrisanih čestica u funkciji relativne koordinate
χz. Strelice označavaju smer kretanja koje je reprezentovano Qzzz komponentom transportnog
tenzora trećeg reda ako je ova komponenta pozitivna. Sila kojom električno polje deluje na
naelektrisane čestice je usmerena u pozitivnom χz smeru.

Na slici 2 se nalazi normirani parcijalni izvod ∆zz u funkciji χz. Može se videti da je odgova-
rajuća kriva simetrična u odnosu na koordinatni početak u kome ima minimum. Kada je Qzzz

pozitivno, smer kretanja koje je reprezentovano ovom komponentom na sledeći način zavisi od
znaka ∆zz. Ukoliko je ∆zz pozitivno, smer kretanja koje je opisano Qzzz komponentom usme-
ren je duž pozitivnog z-smera, što je reprezentovano strelicama koje su orijentisane nadesno.
Ako je ∆zz negativno, kretanje koje je opisano Qzzz komponentom usmereno je u negativnom
z-smeru, što je reprezentovano strelicama koje su orijentisane nalevo. Na osnovu toga se vidi da
je prednja strana roja izdužena dok je zadnja strana roja skupljena, kada je Qzzz > 0. Situacija
je suprotna kada je Qzzz < 0. Tada je prednja strana roja skupljena, dok je zadnja strana roja
izdužena.

Slika 3 prikazuje normirani parcijalni izvod ∆xx u funkciji χx. Ova funkcija ima identičan
oblik kao ∆zz. Kada je Qzxx pozitivno, kretanje koje je opisano ovom komponentom je usme-
reno duž pozitivnog z-smera na transverzalnim ivicama roja, što je ilustrovano strelicama koje
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Slika 3: Normirani izvod ∆xx koncentracije naelektrisanih čestica u funkciji relativne koordinate
χx. Strelice označavaju smer kretanja koje je reprezentovano Qzxx komponentom transportnog
tenzora trećeg reda ako je ova komponenta pozitivna. Ovde strelice usmerene naviše (naniže)
reprezentuju kretanje u pozitivnom (negativnom) z-smeru.

su usmerene naviše. Međutim, u centru roja je kretanje, koje je opisano Qzxx komponentom,
usmereno u negativnom z-smeru, što je reprezentovano strelicama koje su usmerene naniže.
Slično tome, ako je Qzxx komponenta negativna, kretanje opisano ovom komponentom je usme-
reno duž negativnog z-smera na transverzalnim ivicama roja i duž pozitivnog z-smera u centru
roja.

Na slici 4 je prikazan normirani parcijalni izvod ∆xz u funkciji χx i χz. Ovaj izvod je
pozitivan u prvom i trećem kvadrantu, a negativan u drugom i četvrtom kvadrantu. Ako je
Qxxz pozitivno, smer kretanja koji je opisan ovom komponentom na sledeći način zavisi od
znaka ∆xz. Kada je ∆xz pozitivno, kretanje koje je opisano Qxxz komponentom usmereno je duž
pozitivnog x-smera, što je ilustrovano strelicama usmerenim nadesno. Kada je ∆xz negativno,
kretanje opisano Qxxz komponentom je usmereno duž negativnog x-smera, što je ilustrovano
strelicama koje su usmerene nalevo. Kada je Qxxz < 0, smer kretanja, koje je opisano ovom
komponentom, jeste obrnut. Zajednički doprinos Qzxx i Qxxz komponenti dovodi do kruškastog
oblika prostorne raspodele roja. Koncentracija naelektrisanih čestica iz jednačine (4.12) u novim
koordinatama ima oblik

n(1)(r, t) = n(0)(r, t)× (4.26)(
1 +

tQL

σ3
z

χz(χ
2
z − 3) +

3tQT

σ2
xσz

χz(χ
2
x + χ2

y − 2)

)
. (4.27)

Na osnovu jednačine (4.27) se može analizirati diprinos transportnih koeficijenata trećeg reda
prostornom profilu naelektrisanih čestica roja. Iz ove jednačine se vidi da je za QL > 0 kon-
centracija naelektrisanih čestica povećana u odnosu na n(0)(r, t) u opsegu koordinata u kome
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Slika 4: Normirani izvod∆xz koncentracije naelektrisanih čestica u funkciji relativnih koordinata
χx i χz. Strelice označavaju smer kretanja koje je reprezentovano Qxxz komponentom ako je
ova komponenta pozitivna.

je χz >
√
3, kao i u opsegu koordinata u kome je −

√
3 < χz < 0. Međutim, koncentracija

naelektrisanih čestica je smanjena u odnosu na n(0)(r, t) u ostatku prostora. Ispostavlja se da je
za QL > 0 prostorna raspodela naelektrisanih čestica razvučena duž longitudinalnog pravca na
frontu roja, dok je skupljena duž longitudinalnog pravca na začelju roja. Situacija je obrnuta
za QL < 0. Tada je prostorna raspodela naelektrisanih čestica skupljena duž longitudinalnog
pravca na frontu roja, dok je razvučena duž longitudinalnog pravca na začelju roja. Slično to-
me, za QT > 0 koncentracija naelektrisanih čestica je povećana u odnosu na n(0)(r, t) u opsegu
koordinata u kome su zadovoljene nejednakosti χz > 0 i

√
χ2
x + χ2

y >
√
2, kao i u opsegu koor-

dinata u kome su zadovoljene nejednakosti χz < 0 i
√
χ2
x + χ2

y <
√
2. No, u ostatku prostora

je koncentracija naelektrisanih čestica smanjena u odnosu na n(0)(r, t). Iz ovoga sledi da je za
QT > 0 prostorna raspodela naelektrisanih čestica razvučena duž transverzalnog pravca na
frontu roja, dok je skupljena duž transverzalnog pravca na začelju roja. Situacija je obrnuta
za QT < 0, kada je prostorna raspodela naelektrisanih čestica razvučena duž transverzalnog
pravca na začelju roja, a skupljena duž transverzalnog pravca na frontu roja. Analiza uticaja
transportnih koeficijenata trećeg reda na prostorni profil roja, koja je zasnovana na jednačini
(4.27) u saglasnosti je sa analizom baziranom na doprinosu transportnih koeficijenata trećeg
reda fluksu naelektrisanih čestica, koji je prikazan u jednačini (4.13).

Iz jednačine (4.27) se vidi da uticaj transportnih koeficijenata trećeg reda na prostorni profil
roja opada sa povećanjem koncentracije neutralnih čestica pozadinske sredine n0. Ovo je po-
sledica toga što sa porastom n0 komponente QL i QT opadaju kao 1/n2

0, dok σx i σz opadaju
kao 1/

√
n0. Na osnovu toga tQL/σ

3
z i 3tQT/σ

2
xσz opadaju kao 1/

√
n0 sa porastom n0. Jednači-

na (4.27) takođe ukazuje na to da uticaj transportnog tenzora trećeg reda na prostorni profil
naelektrisanih čestica opada u vremenu kao 1/

√
t, zbog vremenske zavisnosti članova tQL/σ

3
z i
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3tQT /σ
2
xσz. Pošto transportni koeficijenti trećeg reda imaju značajniji uticaj na prostorni profil

roja pri niskoj vrednosti n0, ovi koeficijenti bi najlakše mogli da budu izmereni na niskom n0.
Međutim, pri opadanju n0 se smanjuje koliziona frekvenca pojedinačnih elektrona i usporava se
relaksacija energije roja. Ovo može da dovede do smanjenja pouzdanosti eksperimenata zbog
uporedivosti vremena energijske relaksacije roja i vremena koje je potrebno za dolazak elek-
trona do granica sistema, a zatim i zbog difuzionog hlađenja roja kroz gubitke najenergičnijih
elektrona na bočnim zidovima suda. Zbog toga bi za merenje transportnih koeficijenata trećeg
reda bilo potrebno da se dizajniraju eksperimenti koji bi koristili veliku zapreminu gasa na
malom pritisku, što je u skladu sa preporukama koje su dali Penetrante i Bardsley [126].

U ostatku ovog potpoglavlja biće razmatrani fizički uslovi od kojih zavisi znak komponenti
transportnog tenzora trećeg reda. Kada je Qzzz > 0, prednja strana roja je izdužena, dok je
zadnja strana skupljena. Ali, kada je Qzzz < 0, prednja je strana roja skupljena, a zadnja je
izdužena. Efekti koji mogu doprineti širenju ili skupljanju roja u određenom delu prostora jesu
sila kojom deluje spoljašnje električno polje i razlike u srednjoj energiji i kolizionoj frekven-
ci elektrona u različitim delovima prostora. Sila kojom deluje električno polje teži da izduži
prostornu raspodelu naelektrisanih čestica na frontu roja i da je sabije na začelju roja. Uzrok
tome je što se elektroni na frontu roja, koji se udaljavaju od centra roja duž longitudinalnog
pravca, kreću u smeru sile kojom deluje polje (pozitivan smer), dok se elektroni na začelju, koji
se udaljavaju od centra roja duž istog pravca, kreću suprotno od smera sile kojom deluje polje
(negativan smer). Pored toga, srednja energija elektrona se povećava u smeru u kome deluje sila
električnog polja. Smer sile kojom deluje električno polje i povećanje srednje energije elektrona
u ovom smeru teže da izduže prostornu raspodelu elektrona na frontu roja i da je sabiju na
začelju roja. U slučaju kada je koliziona frekvenca elektrona nezavisna od energije, ovi efekti
u potpunosti određuju znak komponenti transportnog tenzora trećeg reda i Qzzz komponenta
je pozitivna. Kada koliziona frekvenca opada sa porastom energije, otpor kretanju elektrona,
koji je izazvan sudarima, opada u smeru delovanja sile električnog polja, što je još jedan efekat
koji doprinosi pozitivnom znaku Qzzz komponente. Međutim, kada se koliziona krekvenca po-
većava sa porastom energije, otpor kretanju naelektrisanih čestica se povećava u smeru u kome
deluje sila električnog polja. Ako uticaj povećanja kolizione frekvence u smeru delovanja sile
spoljašnjeg električnog polja na širenje ili skupljanje roja nije dovoljno intenzivan da nadjača
efekat sile spoljašnjeg polja i povećanje srednje energije elektrona u smeru delovanja ove sile,
Qzzz komponenta je pozitivna. Ovaj uslov je najčešće zadovoljen. S druge strane, ukoliko je
uticaj povećanja kolizione frekvence u smeru delovanja sile spoljašnjeg polja na širenje ili sku-
pljanje roja dovoljno intenzivan da nadjača preostala dva efekta, Qzzz komponenta je negativna.

Kada je Qxxz > 0, prostorna raspodela naelektrisanih čestica je proširena duž transverzalnog
pravca na frontu roja i skupljena duž transverzalnog pravca na začelju roja. Istovremeno važi
i to da ako je Qxxz < 0, prostorna raspodela naelektrisanih čestica je proširena duž transver-
zalnog pravca na začelju roja i skupljena duž transverzalnog pravca na frontu roja. Pošto duž
transverzalnog pravca ne deluju spoljašnje sile (u odsustvu magnetskog polja), efekti koji utiču
na znak Qxxz komponente su povećanje srednje energije naelektrisanih čestica u smeru u kome
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deluje sila spoljašnjeg električnog polja i zavisnost kolizione frekvence od energije naelektrisa-
nih čestica. Povećanje srednje energije naelektrisanih čestica u smeru u kome deluje sila polja
doprinosi većem transverzalnom širenju na frontu roja nego na začelju roja. U situaciji kada je
koliziona frekvenca nezavisna od energije, ovo je jedini efekat koji određuje znak Qxxz kompo-
nente i ova komponenta je pozitivna. Opadanje kolizione frekvenca uz porast energije dodatno
doprinosi pozitivnom znaku Qxxz komponente. Međutim, kada se koliziona frekvenca povećava
sa porastom energije, otpor transverzalnom širenju naelektrisanih čestica, koji je izazvan su-
darima, veći je na frontu roja nego na začelju roja. Ako uticaj porasta kolizione frekvence na
širenje ili skupljanje roja nije dovoljno intenzivan da nadjača uticaj veće pokretljivosti elek-
trona na frontu roja, Qxxz komponenta je pozitivna. Ukoliko je pak uticaj porasta kolizione
frekvence na širenje ili skupljanje roja dovoljno intenzivan da nadjača uticaj veće pokretljivosti
naelektrisanih čestica na frontu roja, Qxxz komponenta je negativna.

Komponenta Qzxx opisuje razliku u longitudinalnom širenju naelektrisanih čestica u centru
roja i duž transverzalnih ivica. Ako važi Qzxx > 0, longitudinalno širenje je brže na transver-
zalnim ivicama nego u centru roja, i suprotno – ukoliko je Qzxx < 0, longitudinalno širenje
je izraženije u centru roja nego na transverzalnim ivicama. Parabolični porast srednje energije
ka transverzalnim ivicama pogoduje bržem longitudinalnom širenju naelektrisanih čestica na
transverzalnim ivicama nego u centru roja. Ovaj parabolični porast srednje energije duž trans-
verzalnog pravca je posledica toga što najenergičniji elektroni mogu brzo da pređu distancu
između centra roja i njegovih ivica, ako porast kolizione frekvence sa energijom nije dovoljno
intenzivan da kompenzuje ovaj efekat. Kada je koliziona frekvenca nezavisna od energije, ovo
je jedini efekat koji utiče na znak Qzxx komponente i ova komponenta je pozitivna. Međutim,
pošto je ovaj efekat jako mali, Qzxx komponenta je znatno manja od preostale dve komponente
u slučaju konstantne kolizione frekvence, kao što je pokazano na primeru Maxwell-ovog modela
(v. potpoglavlje 4.4). Ako koliziona frekvenca opada sa porastom energije, Qzxx komponenta
je pozitivna, uz šta je bliža po intenzitetu ostalim nenultim komponentama nego u prilikom
konstantne kolizione frekvence. U slučaju kada koliziona frekvenca raste sa porastom energije
a Qxxz komponenta je pozitivna, Qzxx komponenta je negativna zbog većeg otpora longitudi-
nalnom širenju roja na transverzalnim ivicama nego u centru roja. Međutim, kada koliziona
frekvenca raste sa porastom energije a Qxxz komponenta je negativna, Qzxx komponenta je po-
zitivna. Moguće objašnjenje za ovakav efekat je da je u ovom slučaju porast kolizione frekvence
sa energijom toliko intenzivan te da uslovljava manju srednju energiju na bočnim ivicama roja
nego u centru roja. Ovo bi moglo da bude posledica toga što intenzivna koliziona frekvenca
otežava visokoenergijskim elektronima da stignu do transverzalnih ivica roja.

4.3 Uslovi simulacija

U nastavku ovog poglavlja biće prikazani rezultati naših proračuna u modelnim gasovima.
Posmatrani sistem se sastoji od roja elektrona koji se kreću u homogenom i neutralnom po-
zadinskom gasu u prisustvu stacionarnog i prostorno homogenog električnog polja. U Monte
Carlo simulacijama se prati veliki broj elektrona (bar 107) kako bi se smanjile statističke fluktu-
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acije rezultata. Praćenje ovako velikog broja elektrona je neophodno za proračun TKIII jer su
statističke fluktuacije monoma trećeg reda, na osnovu kojih se računaju TKIII, znatno veće od
fluktuacija monoma nižeg reda. Pored praćenja velikog broja elektrona u Monte Carlo simulaci-
jama neophodno je i pažljivo izabrati interval za usrednjavanje rezultata simulacija u vremenu,
zbog toga što se statističke fluktuacije monoma višeg reda povećavaju sa širenjem roja. Zato
je potrebno da se rezultati simulacija usrednjavaju u intervalu od trenutka kada je energija
roja dostigla stacionarnu vrednost do trenutka kada statističke fluktuacije rezultata postanu
veće od prihvatljive statističke greške. Zbog intenzivnih fluktuacija monoma trećeg stepena,
balk vrednosti TKIII se ne računaju primenom numeričkog diferenciranja, koje bi značajno
povećalo fluktuacije rezultata, već se izraz koji stoji iza izvoda aproksimira linearnom funkci-
jom. Ovo je ekvivalentno numeričkom diferenciranju, budući da je koeficijenat pravca izraza
koji stoji posle izvoda jednak prvom izvodu tog izraza po vremenu, nakon relaksacije energije
roja, kada su transportni koeficijenti nezavisni od vremena. Validnost ovog načina izračunava-
nja balk vrednosti TKIII je proverena poređenjem sa rezultatima koji su dobijeni primenom
numeričkog diferenciranja, kao i poređenjem sa odgovarajućim fluks vrednostima u odsustvu
nekonzervativnih procesa.

Pri proračunu fluks komponenti TTIII primenommomentnog metoda za rešavanje Boltzmann-
ove jednačine, često je potrebno uzeti u obzir veliki broj članova u razvoju funkcije raspodele
po sfernim harmonicima i Sonine polinomima. Ovo je naročito izraženo u situacijama u kojima
intenzivni neelastični sudari izazivaju snažnu anizotropiju funkcije raspodele u brzinskom pro-
storu, kao i u uslovima u kojima kombinacija neelastičnih i nekonzervativnih procesa dovodi do
značajnog odstupanja funkcije raspodele po energijama od Maxwell-ove raspodele. U slučaju
modelnih gasova koji se razmatraju u ovom poglavlju, ovakve situacije se mogu sresti u mode-
lu krutih sfera kada je odnos masa čestica projektila i mete približno jednak jedinici, kao i u
Reid-ovom, Lucas–Saelee-evom i Ness–Robson-ovom modelnim gasovima na visokim vrednosti-
ma E/n0. Pri okolnostima u kojima su preseci za neelastične sudare uporedivi sa presekom za
elastične sudare nekada je potrebno uzeti u obzir više od 5 članova u razvoju funkcije raspodele
po sfernim harmonicima. Takođe je potrebno uzeti i preko 100 članova u razvoju funkcije ras-
podele po Sonine polinomima kada ova funkcija snažno odstupa od ravnotežnog Maxwellian-a.
Pošto je elastično rasejanje elektrona, po svojoj prirodi anizotropno, u našim proračunima se
za opis elastičnog rasejanja koristi presek za transfer impulsa u elastičnim sudarima. Korišćenje
ovog preseka omogućava dobru reprezentaciju srednjeg transfera impulsa u elastičnim sudarima
pri svakoj vrednosti energije elektrona, bez uzimanja u obzir ugaone zavisnosti diferencijalnog
preseka za elastično rasejanje. Za neelastične sudare i jonizaciju se koriste totalni preseci, pri
čemu je pretpostavljeno izotropno rasejanje.

4.4 Transportni koeficijenti trećeg reda za roj elektrona u Maxwell-
ovom modelnom gasu

Maxwell-ov model je modelni gas u kome je interakcija elektrona sa neutralnim molekulima
opisana elastičnim sudarima, pri čemu je koliziona frekvencija nezavisna od energije elektrona.
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Transport elektrona u Maxwell-ovom modelu u ortogonalnoj konfiguraciji električnog i magnet-
skog polja ispitali su Ness i Robson primenom momentnog metoda za rešavanje Boltzmann-ove
jednačine [88, 186]. Rezultati do kojih su došli naknadno su provereni primenom Monte Carlo
simulacija [187]. Zavisnost transportnih osobina elektrona u Maxwell-ovom modelu od ugla koji
zaklapaju električno i magnetsko polje je kasnije određena primenom momentnog metoda za
rešavanje Boltzmann-ove jednačine [89]. Detalji modela su zadati na sledeći način

σm = Aǫ−1/2(elastični sudar),

m0 = 4amu, m = 5.486× 10−4amu,

T0 = 293K (4.28)

gde je σm presek za transfer impulsa u elastičnim sudarima, A je konstanta, ǫ je energija upadne
čestice, amu je atomska jedinica mase, T0 je apsolutna temperatura pozadinskog gasa, dok sum0

i m mase neutralnih i naelektrisanih čestica respektivno. Proračuni su urađeni u opsegu polja
od 10−4 do 100 Td. Pomoću Maksvelovog modela se može ispitati zavisnost TKIII od jačine
spoljašnjeg električnog polja i veličine preseka za elastične sudare, pri konstantnoj kolizionoj
frekvenciji.
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Slika 5: n2
0Qxxz, n2

0Qzxx i n2
0Qzzz komponente transportnog tenzora trećeg reda za roj elektro-

na u Maxwell-ovom modelu u funkciji redukovanog električnog polja E/n0 i veličine preseka
za elastične sudare A. Ovi rezultati su dobijeni primenom metoda više članova za rešavanje
Boltzmann-ove jednačine.

Na slici 5 su prikazani rezultati proračuna TKIII u Maxwell-ovom modelu, koji su dobijeni
na osnovu numeričkog rešavanja Boltzmann-ove jednačine. Sa ovog grafika se može videti da
se sve tri komponente TTIII monotono povećavaju sa povećanjem redukovanog električnog
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polja E/n0. Takođe se uočava da komponente TTIII naglo opadaju sa povećanjem preseka za
elastične sudare.

Kada se komponente TTIII prikažu na grafiku u kome su obe koordinatne ose predstavljene
logaritamskom skalom, njihova zavisnost od E/n0 je praktično linearna na jako visokim i na jako
niskim vrednostima E/n0, ali ove linearne zavisnosti imaju različite koeficijente pravca. Pri tome
je koeficijent pravca veći na visokim, nego na niskim poljima. Između ova dva široka opsega, u
okviru kojih je koeficijent pravca na lorgaritamskoj skali praktično konstantan, postoji uži opseg
polja u kome se prvi izvod zavisnosti komponenti TTIII od E/n0 monotono povećava. Ovaj
opseg polja odgovara rasponu u kome komponente difuzionog tenzora počinju da odstupaju od
termalnih vrednosti. U pitanju je promena koja se dešava na višim poljima za veću vrednost
preseka za elastične sudare.

Sa slike 5 se može uočiti da komponenta n2
0Qzxx ima znatno niže vrednosti od preostale

dve komponente, što se može razumeti na osnovu fizičke interpretacije TKIII, razmatrane u
potpoglavlju 4.2. Naime, n2

0Qzxx komponenta opisuje razliku u intenzitetu fluksa čestica duž z-
ose u centru roja i na transverzalnim ivicama. Pozitivnost ove komponente implicira da je fluks
duž z-ose intenzivniji na transverzalnim ivicama nego u centru roja. Ovo je očekivano zato što
koliziona frekvenca ne zavisi od energije u Maksvelovom modelu, a čestice na transverzalnim
ivicama imaju nešto višu energiju nego čestice u centru roja, zbog parabolične zavisnosti srednje
energije naelektrisanih čestica od transverzalnih koordinata. Međutim pošto je promena srednje
energije duž transverzalnog pravca manja od promene duž longitudinalnog pravca, n2

0Qzxx ima
znatno nižu vrednost od n2

0Qxxz i n2
0Qzzz u celom opsegu redukovanog električnog polja.

Slika 5 pokazuje kako je n2
0Qxxz komponenta dvostruko manja od n2

0Qzzz komponente. Uz
to važi n2

0Qxxz = n2
0Qxzx i n2

0Qzzz ≈ n2
0(Qxxz + Qxzx). Odnos n2

0Qxxz i n2
0Qzzz komponenti

TTIII je analogan odnosu komponenti difuzionog tenzora u Maxwell-ovom modelu za koje važi
n0Dxx=n0Dzz. Ovo se može zaključiti na osnovu toga što zbir n2

0(Qxxz+Qxzx) određuje doprinos
fluksu koji odgovara TKIII duž transverzalnog pravca, dok je odgovarajući doprinos fluksu duž
longitudinalnog pravca praktično određen n2

0Qzzz komponentom, pošto je n2
0Qzxx komponenta

zanemarljiva u poređenju sa n2
0Qxxz i n2

0Qzzz komponentama.

4.5 Transportni koeficijenti trećeg reda za roj naelektrisanih čestica
u modelu krutih sfera

Model krutih sfera je modelni gas u kome je interakcija naelektrisane čestice roja sa moleku-
lima pozadinskog gasa opisana elastičnim sudarima, pri čemu je presek za sudare nezavisan od
energije. Na osnovu toga je u ovom modelu koliziona frekvenca srazmerna kvadratnom korenu
energije. Transport elektrona u modelu krutih sfera u konstantnom i homogenom električnom
polju je izučavan primenom momentnog metoda za rešavanje Boltzmann-ove jednačine [83].
Nakon toga je transport elektrona u ovom modelu u ortogonalnoj konfiguraciji električnog i
magnetskog polja ispitivan primenom momentnog metoda za rešavanje Boltzmann-ove jedna-
čine [88, 186] i Monte Carlo simulacija [187]. Pored toga, analizirana je zavisnost anizotropije
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funkcije raspodele u brzinskom prostoru od odnosa masa m/m0 u prisustvu električnog polja,
kao i zavisnost ove anizotropije od intenziteta magnetskog polja u ortogonalnoj konfiguraci-
ji električnog i magnetskog polja primenom momentnog metoda za rešavanje Boltzmann-ove
jednačine [189]. Uz to je razmatran i transport lakih jona u prisustvu vremenski promenljivog
električnog polja, primenom vremenski zavisnog momentnog metoda za rešavanje Boltzmann-
ove jednačine [190]. Detalji modela su zadati na sledeći način:

σm(ǫ) = 6Å2(elastični sudar), m0 = 4amu, T0 = 293K,

gde je σm presek za transfer impulsa u elastičnim sudarima, m0 je masa molekula pozadinskog
gasa a T0 je apsolutna temperatura. U našim proračunima u obzir su uzeti odnosi masa u opsegu
od 10−4 do 1. Proračuni su urađeni primenom Monte Carlo simulacija u opsegu redukovanih
električnih polja E/n0 od 1 do 100 Td.

Korišćenjem ovog modela, može se ispitati uticaj elastičnih sudara sa rastućom kolizionom
frekvencom na TKIII. Model je takođe pogodan za ispitivanje uticaja odnosa masa m/m0 na
TKIII zbog jednostavnosti preseka za elastične sudare.
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Slika 6: n2
0QL i n2

0QT komponente transportnog tenzora trećeg reda u funkciji redukovanog
električnog polja E/n0 i odnosa masa m/m0 za roj naelektrisanih čestica u modelu krutih
sfera. Ovi rezultati su dobijeni primenom Monte Carlo simulacija.

Na grafiku 6 je prikazana zavisnost n2
0QL i n2

0QT od E/n0 i odnosa masa m/m0. U Monte
Carlo simulacijama ne možemo da razdvojimo pojedinačne vandijagonalne komponente trans-
portnog tenzora trećeg reda n2

0Qxxz i n2
0Qzxx, zato što su izrazi koji se koriste za izračunavanje

TKIII u Monte Carlo simulacijama izvedeni iz generalisane difuzione jednačine u kojoj su svi
indeksi TKIII kontrakovani sa parcijalnim izvodima koncentracije naelektrisanih čestica.

Komponente n2
0QL i n2

0QT se monotono povećavaju sa opadanjem odnosa masa m/m0 za
svaku vrednost redukovanog električnog polja E/n0. Zavisnost komponenti TTIII od odnosa
masam/m0 je posledica smanjenja transfera energije u elastičnim sudarima pri opadanjum/m0,
što olakšava difuziono širenje roja. Može se primetiti da se statistička greška Monte Carlo
rezultata povećava sa smanjenjem m/m0. Razlog za ovo je povećanje statističkih fluktuacija
monoma trećeg stepena sa porastom vremena relaksacije energije, koje se povećava pri opadanju
m/m0.
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Komponente n2
0QL i n2

0QT se monotono povećavaju sa porastom E/n0 za svaku vrednost
odnosa masa m/m0. Sa porastom E/n0 se povećava pokretljivost naelektrisanih čestica, zbog
porasta njihove srednje energije, i pojačava se sila koja usmerava njihovo kretanje duž pravca
polja. Ovo dovodi do monotonog povećanja n2

0QL i n2
0QT sa porastom E/n0, uprkos porastu

kolizione frekvence za elastične sudare, koja je srazmerna kvadratnom korenu energije.

Takođe se vidi da je n2
0QT komponenta pozitivna u celom opsegu polja. Pošto je kolizio-

na frekvenca za elastične sudare srazmena kvadratnom korenu energije, n2
0Qzxx, komponenta

je negativna u ovom modelu. Međutim, pozitivne vrednosti n2
0QT ukazuju na to da je zbir

n2
0(Qxxz +Qxzx) veći od n2

0Qzxx komponente.

Na osnovu opadanja TKIII sa porastom m/m0 može se steći utisak da su TKIII značajniji
za lake čestice poput elektrona i pozitrona, nego za teške čestice poput jona. Doprinos TKIII
prostornom profilu roja duž longitudinalnog pravca je izražen (u prvoj aproksimaciji) pomoću
dva člana koji su srazmerni članovima QL/(DL)

2 i QL/(DL)
3, respektivno. Ovo zapravo znači

da doprinos TKIII prostornom profilu roja zavisi od odnosa komponenti TTIII i komponenti
difuzionog tenzora.
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Slika 7: Količnik QL/(DL)
2 u funkciji E/n0 i m/m0 za roj naelektrisanih čestica u modelu

krutih sfera. Ovi rezultati su dobijeni primenom Monte Carlo simulacija.

Na slikama 7 i 8 je prikazana zavisnost količnika QL/(DL)
2 i QL/(DL)

3 od E/n0 i odnosa
masa m/m0 za naelektrisane čestice u modelu krutih sfera. Ove veličine opadaju sa opadanjem
m/m0, što ukazuje na to da su TKIII značajniji za teške čestice poput jona nego za lake čestice
poput elektrona i pozitrona.
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Slika 8: Količnik QL/(DL)
3 u funkciji E/n0 i m/m0 za roj naelektrisanih čestica u modelu

krutih sfera. Ovi rezultati su dobijeni primenom Monte Carlo simulacija.

4.6 Transportni koeficijenti trećeg reda za roj elektrona u Reid-ovom
modelnom gasu

Reid-ov model je modelni gas u kome je interakcija naelektrisanih čestica sa molekulima
pozadinskog gasa reprezentovana elastičnim i neelastičnim sudarima. U njemu važi da je presek
za elastične sudare konstantan, dok je presek za neelastične sudare linearna funkcija energije
naelektrisane čestice [47, 191].

Ovaj modelni gas je uveden da bi se testirala validnost aproksimacije dva člana, koja se
često koristi pri numeričkom rešavanju Boltzmann-ove jednačine [191]. Pokazano je da u nje-
mu postoje značajna odstupanja između vrednosti transportnih koeficijenata koje su dobijene
primenom Monte Carlo simulacija i vrednosti koje su određene korišćenjem aproksimacije dva
člana. Procentualne razlike između vrednosti dobijenih primenom ove dve metode dostižu oko
7% i oko 50% za brzinu drifta i transverzalnu komponentu difuzionog tenzora, respektivno [191].
Transport elektrona u Reid-ovom modelnom gasu je izučavan u konstantnom i homogenom
električnom polju [84], u ortogonalnoj konfiguraciji električnog i magnetskog polja [88], kao i u
promenljivoj konfiguraciji u kojoj ugao između električnog i magnetskog polja varira između 0
i π/2 [89], primenom momentnog metoda za rešavanje Boltzmann-ove jednačine. Pored toga,
rezultati koji odgovaraju ortogonalnoj konfiguraciji električnog i magnetskog polja su prove-
reni poređenjem sa rezultatima Monte Carlo simulacija [187]. U ovom modelu su analizirane
tranzijentne negativne vrednosti dijagonalnih komponenti difuzionog tenzora, u ortogonalnoj
konfiguraciji vremenski zavisnog električnog polja i vremenski zavisnog magnetskog polja, na
osnovu vremenski razloženih Monte Carlo rezultata i primenom vremenski zavisnog momentnog
metoda za rešavanje Boltzmann-ove jednačine [164, 165].
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Detalji modela su zadati na sledeći način:

σm(ǫ) = 6Å2 (elastični sudari)

σinel(ǫ) =





10(ǫ− 0.2) Å2
, ǫ ≥ 0.2 eV

(neelastični sudar)
0, ǫ < 0.2eV

m0 = 4 amu

T0 = 0 K , (4.29)

gde su σm(ǫ) i σinel(ǫ) preseci za transfer impulsa u elastičnim i neelastičnim sudarima u funk-
ciji energije naelektrisane čestice, respektivno, dok su m0 i T0 masa i temperatura molekula
pozadinskog gasa.

Uz pomoć Reid-ovog modela mogu se ispitati trendovi zavisnosti komponenti TTIII od
električnog i magnetskog polja u prisustvu elastičnih i neelastičnih sudara sa rastućom kolizi-
onom frekvencom. Može se proveriti i to da li je prikladno koristiti aproksimaciju dva člana
za određivanje komponenti TTIII. Očekivano je da će TKIII biti osetljiviji na način rešavanja
Boltzmann-ove jednačine od brzine drifta i difuzionog tenzora.
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Slika 9: n2
0Qxxz, n2

0Qzxx i n2
0Qzzz komponente transportnog tenzora trećeg reda u funkciji re-

dukovanog električnog polja E/n0 za roj elektrona u Reid-ovom modelnom gasu. Rezultati su
dobijeni primenom metoda više članova za rešavanje Boltzmann-ove jednačine.

Slika 9 daje uvid u zavisnost komponenti TTIII od E/n0. Primećeno je da je n2
0Qzxx kom-

ponenta negativna u celom opsegu polja. Negativnost ove komponente ukazuje na to da je
doprinos TKIII longitudinalnom fluksu elektrona veći u centru roja nego na transverzalnim
ivicama. Ovo je posledica paraboličnog trenda srednje energije elektrona duž transverzalnog
pravca i povećanja kolizione frekvence sa porastom energije. Komponente n2

0Qxzx i n2
0Qzzz su

pozitivne u celom opsegu polja. Uticaj porasta kolizione frekvence sa porastom energije nije
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dovoljno intenzivan da nadjača uticaj pojačanja sile i povećanja srednje pokretljivosti čestica
sa porastom E/n0 na ove dve komponente.

Sve tri komponente TTIII se po apsolutnoj vrednosti monotono povećavaju sa porastom
E/n0 do približno 0.1 Td, posle čega njihove apsolutne vrednosti naglo opadaju. Na 0.1 Td je
srednja energija elektrona oko 5.6 ·10−2 eV, što je oko 3.6 puta manje od praga za neelastični
sudar u Reid-ovom modelu. Na poljima nižim od 0.1 Td većina elektrona nema dovoljno energije
da učestvuje u neelastičnom sudaru, pa porast E/n0 dovodi do pojačanja difuzionog širenja ro-
ja, koje je reprezentovano transportnim koeficijentima trećeg reda. Međutim, na poljima višim
od 0.1 Td visokoenergisjki elektroni mogu da učestvuju u neelastičnim sudarima. Uticaj neela-
stičnih sudara na transport elektrona postaje sve značajniji sa porastom E/n0 zbog povećanja
srednje energije roja i povećanja kolizione frekvence za neelastične sudare sa porastom energije.
Povećanje kolizione frekvence za neelastične sudare dovodi do većeg otpora difuzionom širenju
roja, koje je reprezentovano transportnim koeficijentima trećeg reda.

100 101 102

1042

1043

 Boltzmannova jednacina
 Monte Carlo

n 02 Q
L (m

-3
s-1

)

E/n0 (Td)
100 101 1021041

1042

n 02 Q
T (m

-3
s-1

)

E/n0 (Td)

Slika 10: Poređenje vrednosti n2
0QL i n2

0QT komponenti transportnog tenzora trećeg reda za roj
elektrona u Reid-ovom modelnom gasu, koje su dobijene primenom Monte Carlo simulacija i
metoda više članova za numeričko rešavanje Boltzmann-ove jednačine.

Na slici 10 upoređene su vrednosti TKIII dobijene primenom momentnog metoda za reša-
vanje Boltzmann-ove jednačine i Monte Calro simulacija. Uočava se da postoji odlično slaganje
među ovim dvema metodama, što potvrđuje i validnost izraza na osnovu kojih se računaju
komponente TTIII u momentnom metodu za numeričko rešavanje Boltzmann-ove jednačine i
Monte Carlo simulacijama, kao i ispravnost odgovarajućih procedura za izračunavanje TKIII
u ovim kompjuterskim kodovima. Na ovim slikama nisu prikazani Monte Carlo rezultati na
nižim poljima, zato što mali transfer energije u elastičnim sudarima dovodi do spore relaksacije
i značajnog povećavanja statističkih fluktuacija dinamičkih promenljivih na osnovu kojih se
računaju komponente TTIII.

Slika 11 prikazuje procentualne razlike vrednosti komponenti TTIII koje su izračunate pri-
menom aproksimacije dva člana za rešavanje Boltzmann-ove jednačine, u kojoj je razvoj po
sfernim harmonicima odsečen na drugom članu, i vrednosti komponenti TTIII koje su izra-
čunate primenom momentnog metoda, u kome je broj sfernih harmonika određen uslovom
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Slika 11: Procentualne razlike između vrednosti komponenti transportnog tenzora trećeg reda
koje su određene primenom aproksimacije dva člana (TT) za rešavanje Boltzmann-ove jednačine
i primenom metoda više članova (MT) za roj elektrona u Reid-ovom modelnom gasu.

konvergencije transportnih koeficijenata. Uočava se da odstupanje aproksimacije dva člana od
momentnog metoda dostiže lokalni maksimum na oko 10 Td za n2

0Qzxx i n2
0Qzzz komponen-

te TTIII, dok se ovo odstupanje monotono povećava za n2
0Qxzx komponentu u celom opsegu

E/n0. U oblasti polja oko 10 Td je srednja energija elektrona oko 0.24 eV, što je blisko pragu
za neelastične sudare u Reid-ovom modelu. Komponenta n2

0Qzxx je najosetljivija na primenu
aproksimacije dva člana na niskim poljima, dok je komponenta n2

0Qxzx najosetljivija na visokim
poljima. Sa ove slike se može videti da procentualne razlike između vrednosti TKIII koje su
dobijene na osnovu ove dve metode za rešavanje Boltzmann-ove jednačine mogu da iznose i do
500%. Ovo jasno pokazuje da su TKIII osetljiviji na način rešavanja Boltzmann-ove jednačine
od brzine drifta i difuzionog tenzora. Iz toga sledi da aproksimacija dva člana nije adekvatna
za proračun TKIII kada su prisutni neelastični sudari.

U ovom radu je ispitana i zavisnost komponenti TTIII od redukovanog magnetskog polja
B/n0 u Reid-ovom modelnom gasu, pri ortogonalnoj konfiguraciji električnog i magnetskog
polja za fiksiranu vrednost redukovanog električnog polja E/n0 = 12 Td. U ortogonalnoj konfi-
guraciji polja TTIII ima 14 nenultih komponenti od kojih je 10 nezavisno (videti poglavlje 2.5).
Na slici 12 je prikazana zavisnost n2

0Qxxx i n2
0Qzzz od B/n0 pri redukovanom električnom polju

E/n0 = 12 Td. Kao što je pokazano u potpoglavlju 4.2, n2
0Qzzz, komponenta TTIII opisuje

asimetrično odstupanje prostornog profila roja od Gaussian-a duž z-pravca. Analogno tome,
u ortogonalnoj konfiguraciji polja n2

0Qxxx komponenta opisuje odstupanje od Gaussian-a duž
E × B pravca. Za B/n0 veće od 150 Hx n2

0Qxxx i n2
0Qzzz monotono opadaju sa povećanjem

B/n0. Ovaj trend zavisnosti transportnih koeficijenata od B/n0 ukazuje na režim kontrolisan
magnetskim poljem, u kome ciklotronska frekvenca nadmašuje kolizionu frekvencu i naelektri-
sane čestice orbitiraju oko linija magnetskog polja [88]. Na nižim vrednostima B/n0, ponašanje
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Slika 12: n2
0Qxxx i n2

0Qzzz komponente transportnog tenzora trećeg reda u funkciji redukovanog
magnetskog poljaB/n0 za elektrone u Reid-ovommodelnom gasu, pri redukovanom električnom
polju od E/n0 = 12 Td. Ovi rezultati su dobijeni primenom metoda više članova za rešavanje
Boltzmann-ove jednačine.

TKIII je manje intuitivno. U većem delu ovog opsega, koliziona frekvenca je veća od ciklo-
tronske [88]. Međutim, sa povećanjem B/n0 naelektrisane čestice u proseku završavaju sve veći
procenat orbite između dva sudara, pa koliziona frekvenca opada, što dovodi do povećanja
n2
0Qzzz.

Ponašanje n2
0Qxxx komponente je nešto složenije. Za najniže vrednosti B/n0, ova komponen-

ta je negativna zbog smera Lorencove sile, koja u proizvodi efektivni drift elektrona u negativ-
nom smeru x-ose [88]. Sa povećanjem B/n0 uticaj neelastičnih sudara na prostorni profil roja
postaje sve značajniji, što dovodi do kompresovanja/širenja roja duž negativnog/pozitivnog
smera x-ose. Zbog ovoga n2

0Qxxx komponenta postaje pozitivna za B/n0 veće od približno 60
Hx i povećava se sa porastom B/n0 do oko 150 Hx.

Na slici 13 je prikazana zavisnost vandijagonalnih komponenti TTIII od B/n0 pri redu-
kovanom električnom polju E/n0 = 12 Td. Na najvišim vrednostima B/n0 sve komponente
TTIII opadaju sa porastom B/n0, zato što za više vrednosti B/n0 naelektrisane čestice između
dva sudara u proseku završe veći procenat orbite oko linija magnetskog polja [88]. Ponaša-
nje ovih komponenti je složenije na nižim vrednostima B/n0. U ovom rasponu polja mnogi
faktori istovremeno utiču na TKIII. Među ovim faktorima su termalna anizotropija, magnet-
ska anizotropija i prostorna varijacija srednje brzine i srednje energije duž longitudinalnog i
transverzalnog pravca [89]. Termalna anizotropija opisuje razliku u haotičnom kretanju naelek-
trisanih čestica duž različitih pravaca, dok magnetska anizotropija opisuje orijentaciju orbita
naelektrisanih čestica oko linija megnetskog polja.

Dodatne komponente TTIII, koje su nezavisne u ortogonalnoj konfiguraciji polja, imaju
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Slika 13: Vandijagonalne komponente transportnog tenzora trećeg reda u funkciji redukovanog
magnetskog polja B/n0 za roj elektrona u Reidovom modelnom gasu pri redukovanom električ-
nom polju od E/n0 = 12 Td. Rezultati su dobijeni primenom metoda više članova za rešavanje
Boltzmann-ove jednačine.

sličnu fizičku interpretaciju kao komponente koje su nezavisne u odsustvu magnetskog polja. Na
primer, n2

0Qzyy komponenta opisuje razliku u fluksu naelektrisanih čestica duž longitudinalnog
pravca u centru roja i na transverzalnim ivicama duž y-ose. Komponenta n2

0Qyyz opisuje razliku
u transverzalnom širenju duž y-pravca na frontu (u qE smeru) i na zadnjem delu roja (u −qE
smeru). I preostale vandijagonalne komponente TTIII se mogu predstaviti na sličan način.
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Slika 14: Poređenje vrednosti komponenti transportnog tenzora trećeg reda za roj elektrona u
Reid-ovom modelnom gasu, koje su određene primenom Monte Carlo simulacija i metoda više
članova za rešavanje Boltzmann-ove jednačine.

Poređenje vrednosti komponenti transportnog tenzora trećeg reda, koje su dobijene pri-
menom Monte Carlo simulacija i momentnog metoda za numeričko rešavanje Boltzmann-ove
jednačine izloženo je na slici 14. Pošto se u Monte Carlo simulacijama komponente TTIII raču-
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naju na osnovu izraza koji su izvedeni iz generalisane difuzione jednačine, nije moguće izdvojiti
pojedinačne vandijagonalne elemente TTIII u našim Monte Carlo simulacijama. To je posledica
toga što su u generalisanoj difuzionoj jednačini svi indeksi TKIII kontrakovani sa parcijalnim
izvodima koncentracije elektrona, čime se gubi deo informacije o strukturi tenzora. U našim
Monte Carlo simulacijama je jedino moguće izračunati zbir onih komponenti TTIII koje imaju
istu kombinaciju indeksa, poput n2

0Qπ(xxz) = 1
3
n2
0(Qxxz + Qxzx + Qzxx), gde π(xxz) označava

srednju vrednost komponenti sa svim permutacijama indeksa x, y i z. Ovo znači da su na slici
14 prikazani Monte Carlo proračuni dijagonalnih komponenti TTIII i srednjih vrednosti onih
vandijagonalnih komponenti koje imaju istu kombinaciju indeksa, kao i proračuni istih tih veli-
čina primenom momentnog metoda za numeričko rešavanje Boltzmann-ove jednačine. Rezultati
dobijeni na osnovu ove dve metode se jako dobro slažu. Može se uočiti da različite komponente
TTIII imaju statističke fluktuacije različitog intenziteta (što je reprezentovano veličinom error
barova). To je posledica razlika u intenzitetu statističkih fluktuacija pojedinačnih dinamičkih
promenljivih, na osnovu kojih se računaju TTIII u Monte Carlo simulacijama.

4.7 Transportni koeficijenti trećeg reda za roj elektrona u Lucas-
Saelee-evom modelnom gasu

Lucas-Saelee-ev model je modelni gas u kome je interakcija naelektrisanih čestica sa moleku-
lima pozadinskog gasa opisana elastičnim sudarima, neelastičnim sudarima i jonizacijom [192].
Pri tome je koliziona frekvenca za elastične sudare nezavisna od energije, dok su preseci za
neelastične sudare i jonizaciju direktno srazmerni energiji, za vrednosti energije iznad praga
od 15.6 eV. Ovaj model su uveli Lucas i Saelee ne bi li ispitali uticaj jonizacije na transport
elektrona, primenom Monte Carlo simulacija [192]. Ness i Robson su izučavali transport elek-
trona u ovom modelu da bi testirali ispravnost svog kompjuterskog koda za numeričko rešavanje
Boltzmann-ove jednačine primenom momentnog metoda u prisustvu nekonzervativnih proce-
sa [84]. Transport elektrona u Lucas-Saelee-evom modelu u prisustvu vremenski promenljivog
električnog polja ispitivan je primenom vremenski zavisnog momentnog metoda za numeričko
rešavanje Boltzmann-ove jednačine [193]. Zavisnosti transportnih osobina elektrona od ugla
koji zaklapaju električno i magnetsko polje i od intenziteta magnetskog polja u promenljivoj
konfiguraciji električnog i magnetskog polja razmatrane su primenom momentnog metoda za
rešavanje Boltzmann-ove jednačine i Monte Carlo simulacija [67]. Prostorna relaksacija i pro-
storno razloženi nekonzervativni transport elektrona u uslovima stacionarnog Townsend-ovog
eksperimenta (eng. steady state Townsend experiment) u Lucas-Saelee-evom modelu analizirani
su primenom Monte Carlo simulacija [31].

Detalji modela su zadati na sledeći način:

σm(ǫ) = 4ǫ−1/2Å2 (elastični sudar)

σinel(ǫ) =





0.1(1− F )(ǫ− 15.6) Å2
, ǫ ≥ 15.6 eV

(neelastični sudar)
0, ǫ < 15.6eV
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σion(ǫ) =





0.1F (ǫ− 15.6) Å2
, ǫ ≥ 15.6 eV

(jonizacija)
0, ǫ < 15.6eV

P (q, ǫ′) = 1, m/m0 = 10−3,

T0 = 0 K , (4.30)

Ovde su σel(ǫ), σex(ǫ), i σI(ǫ) preseci za elastične sudare, neelastične sudare i jonizaciju re-
spektivno, P (q, ǫ′) je jonizaciona particiona funkcija, T0 je temperatura pozadinskog gasa, F
je parametar koji određuje odnos preseka za jonizaciju i neelastične sudare, a m i m0 su mase
naelektrisanih čestica i molekula pozadinskog gasa respektivno. U ovim definicijama preseka
energija je data u elektronvoltima. Pošto je u ovom modelu rasejanje izotropno, σel(ǫ), σex(ǫ),
i σI(ǫ) predstavljaju totalne preseke. Argumenti jonizacione particione funkcije P (q, ǫ′), q i
ǫ′, jesu udeo ukupne energije nakon jonizacije koja je predata izbačenom elektronu i početna
energija primarnog elektrona pre jonizacije, respektivno. U ovom modelu je jonizaciona parti-
ciona funkcija izjednačena sa jedinicom, što znači da su sve vrednosti 0 ≤ q ≤ 1 podjednako
verovatne. Na niskim poljima na kojima je brzinski koeficijent za jonizaciju mali, transportne
osobine naelektrisanih čestica nisu osetljive na jonizacionu particionu funkciju [84], međutim
poznavanje P (q, ǫ′) u realnim gasovima može biti potrebno na visokim poljima [47, 194, 195].

Uz pomoć Lucas-Saelee-evog modelnog gasa moguće je ispitati uticaj implicitnih i eksplicit-
nih efekata jonizacije na TKIII, što je posebno značajno s obzirom na to da uticaj nekonzerva-
tivnih procesa na TKIII nije detaljno istražen u literaturi, kao i zbog toga što se može očekivati
da su TKIII u odnosu na brzinu drifta i difuzioni tenzor osetljiviji na prisustvo nekonzervativnih
procesa . Zbog prisustva jonizacije u Lucas-Saelee-evom modelu fluks i balk vrednosti TKIII
se međusobno razlikuju. Zato su u ovom potpoglavlju fluks i balk vrednosti TKIII označene
superskriptima (f) i (b) respektivno.

Na slici 15 predstavljena je međuzavisnost n2
0Q

(f)
xzx i n2

0Q
(f)
zzz od E/n0 za F = 0.5. Na poljima

nižim od oko 5 Td n2
0Q

(f)
xzx i n2

0Q
(f)
zzz monotono rastu sa porastom E/n0. U ovom opsegu polja

je srednja energija elektrona niža od 4 eV (videti sliku 16), pa većina elektrona nema dovoljno
energije za neelastični sudar ili jonizaciju. U ovom opsegu polja takođe važi Qzzz ≈ 2Qxzx, zato
što je koliziona frekvenca za elastične sudare u Lucas Saelee-evom modelu nezavisna od energije,
kao u Maxwell-ovom modelu. Na višim poljima n2

0Q
(f)
xzx i n2

0Q
(f)
zzz monotono opadaju sa porastom

E/n0. Uzrok tome je što neelastični sudari i jonizacija pružaju snažan otpor difuzionom širenju
naelektrisanih čestica u ovom opsegu polja.

Zavisnosti n2
0Q

(f)
zxx i srednje energije naelektrisanih čestica od E/n0 očitavaju se na slici 16.

Primetno je da n2
0Q

(f)
zxx komponenta ispoljava složeniji trend ponašanja od n2

0Q
(f)
zzz i n2

0Q
(f)
xzx. Na

poljima nižim od približno 5 Td ova komponenta je pozitivna i monotono raste sa porastom
E/n0. Zbog uticaja neelastičnih sudara i jonizacije na višim poljima do oko 13 Td n2

0Q
(f)
zxx opada

i postaje negativna na oko 5.9 Td. Na poljima između približno 13 Td i 59 Td n2
0Q

(f)
zxx ponovo

raste postajući pozitivna na oko 40 Td. U opsegu polja između 59 Td i 300 Td n2
0Q

(f)
zxx opada

sa porastom E/n0. Zbog složenosti fizičke interpretacije TKIII nije lako objasniti zavisnost
n2
0Q

(f)
zxx od E/n0. Međutim, može se uočiti da je u opsegu između 13 Td i 59 Td, gde n2

0Q
(f)
zxx
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Slika 15: n2
0Q

(f)
xzx i n2

0Q
(f)
zzz komponente fluks transportnog tenzora trećeg reda u funkciji re-

dukovanog električnog polja E/n0 za roj elektrona u Lucas-Saelee-evom modelnom gasu, pri
vrednosti parametra F = 0.5. Rezultati su dobijeni primenom metoda više članova za rešavanje
Boltzmann-ove jednačine.
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Slika 16: n2
0Q

(f)
zxx komponenta fluks transportnog tenzora trećeg reda i srednja energija u funkciji

redukovanog električnog polja E/n0 za roj elektrona u Lucas-Saelee-evom modelnom gasu pri
vrednosti parametra F = 0.5. Rezultati su dobijeni primenom metoda više članova za rešavanje
Boltzmann-ove jednačine.

raste sa porastom E/n0, porast srednje energije znatno sporiji nego na nižim poljima. Takođe se
ispostavlja da je u opsegu polja iznad 59 Td, gde n2

0Q
(f)
zxx opada sa porastomE/n0, porast srednje

energije brži nego u opsegu između 13 Td i 59Td. Ovo bi moglo ukazivati na to da n2
0Q

(f)
zxx opada
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sa porastom E/n0 u onom opsegu polja u kome se kolizione frekvence za neelastične sudare i
jonizaciju povećavaju dovoljno brzo sa porastom polja da nadjačaju efekat pojačanja usmerene
komponente kretanja na n2

0Q
(f)
zxx komponentu TTIII.
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Slika 17: Longitudinalna komponenta fluks transportnog tenzora trećeg reda n2
0Q

(f)
zzz u funk-

ciji redukovanog električnog polja E/n0 i vrednosti parametra F za roj elektrona u Lucas-
Saelee-evom modelnom gasu. Rezultati su dobijeni primenom metoda više članova za rešavanje
Boltzmann-ove jednačine.
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Slika 18: Longitudinalna komponenta balk transportnog tenzora trećeg reda n2
0Q

(b)
zzz u funkciji

redukovanog električnog polja E/n0 i vrednosti parametra F za roj elektrona u Lucas-Saelee-
evom modelnom gasu. Rezultati su dobijeni primenom Monte Carlo simulacija.
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Na slikama 17 i 18 su prikazane zavisnosti n2
0Q

(f)
zzz i n2

0Q
(b)
zzz od E/n0, respektivno, za tri

različite vrednosti parametra F . Sa slike 17 se može uočiti da n2
0Q

(f)
zzz opada sa porastom F .

Ovo je posledica implicitnih efekata jonizacije na TKIII, koji su posledica uticaja nekonzer-
vativnih procesa na funkciju raspodele elektrona po energijama. Pri tome n2

0Q
(f)
zzz opada sa

porastom parametra F zbog hlađenja jonizacijom. Slika 18 pokazuje da i n2
0Q

(b)
zzz opada sa pora-

stom parametra F . Implicitni efekti utiču na isti način na fluks i balk komponente transportnih
koeficijenata. Međutim, na vrednosti balk transportnih koeficijenata utiču i koeficijenti u hi-
drodinamičkom razvoju izvornog člana. Ovi koeficijenti u slučaju jonizacije povećavaju balk
transportne koeficijente u odnosu na fluks transportne koeficijente, zato što se jonizacija uglav-
nom dešava na frontu roja, gde postoji veći broj visokoenergijskih elektrona. Opadanje n2

0Q
(b)
zzz

sa porastom F ukazuje na to da su implicitni efekti jonizacije na TKIII intenzivniji od ekspli-
citnih efekata. Eksplicitni efekti dovode do toga da je opadanje n2

0Q
(b)
zzz sa porastom F manje

intenzivno nego u slučaju n2
0Q

(f)
zzz.
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Slika 19: Poređenje vrednosti n2
0Q

(f)
zzz komponente fluks transportnog tenzora trećeg reda koje

su dobijene primenom Monte Carlo simulacija i metoda više članova za numeričko rešavanje
Boltzmann-ove jednačine za roj elektrona u Lucas-Saelee-evom modelnom gasu.

Na slikama 19 i 20 je pokazano poređenje rezultata dobijenih na osnovu Monte Carlo simu-
lacija i momentnog metoda za numeričko rešavanje Boltzmann-ove jednačine za komponente
n2
0Q

(f)
zzz i n2

0Q
(f)
T respektivno. Može se videti da se rezultati dobijeni primenom ove dve nezavisne

tehnike dobro slažu.
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Slika 20: Poređenje vrednosti n2
0Q

(f)
T komponente fluks transportnog tenzora trećeg reda koje

su dobijene primenom Monte Carlo simulacija i metoda više članova za numeričko rešavanje
Boltzmann-ove jednačine za roj elektrona u Lucas-Saelee-evom modelnom gasu.

4.8 Transportni koeficijenti trećeg reda za roj elektrona u modifiko-
vanom Ness–Robsonovom modelnom gasu

Ness-Robson-ov model je uveden da bi se testirala momentna metoda za numeričko rešava-
nje Boltzmann-ove jednačine u prisustvu zahvata elektrona [84]. U Ness-Robson-ovom modelu
je funkcionalna zavisnost preseka za zahvat elektrona od energije određena parametrom p.
Nolan i saradnici su uveli novi modelni gas, koji je baziran na Ness-Robson-ovom modelu i
Lucas–Saelee-evom modelu [196]. U njihovom modelnom gasu koliziona frekvenca za elastične
sudare nezavisna je od energije, kao i u Ness-Robson-ovom modelu i Lucas–Saelee-evom mode-
lu, dok su neelastični sudari uvedeni na isti način kao i u Lucas–Saelee-evom modelu. Presek
za jonizaciju je isti kao u Lucas-Saelee-evom modelnom gasu i srazmeran je parametru F, dok
je presek za zahvat elektrona isti kao u Ness-Robson-ovom modelu i srazmeran je parametru
a. Nolanov model se svodi na Lucas-Saelee-ev model kada je a = 0. Ukoliko je F = 0 Nolanov
model se svodi na modifikovani Ness-Robson-ov model, koji se razlikuje od Ness-Robson-ovog
originalnog modela po veličini preseka za elastične sudare i po prisustvu neelastičnih sudara.

Nolan i saradnici su odredili transportne osobine elektrona u modifikovanom Ness-Robson-
ovom modelu primenom Monte Carlo simulacija i momentnog metoda za rešavanje Boltzmann-
ove jednačine [196]. Transport elektrona u originalnom Ness-Robson-ovom modelu u vremenski
promenljivom električnom polju je ispitan primenom vremenski zavisnog momentnog metoda za
numeričko rešavanje Boltzmann-ove jednačine [193]. Zavisnosti transportnih osobina elektrona
od ugla koji zaklapaju električno i magnetsko polje i od intenziteta magnetskog polja u modi-
fikovanom Ness-Robson-ovom modelu ispitane su primenom momentnog metoda za rešavanje
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Boltzmann-ove jednačine i Monte Carlo simulacija [67]. Prostorna relaksacija i prostorno ra-
zloženi transport elektrona u uslovima stacionarnog Townsend-ovog eksperimenta (eng. steady
state Townsend experiment) u modifikovanom Ness-Robson-ovom modelu su ispitani primenom
Monte Carlo simulacija [31].

U ovom radu je razmatran transport elektrona u modifikovanom Ness-Robson-ovom mo-
delu. Prednost modifikovanog Ness-Robson-ovog modela u odnosu na originalni model leži u
mogućnosti ispitivanja kombinovanog uticaja zahvata elektrona i neelastičnih sudara. Detalji
modifikovanog Ness-Robson-ovog modela su zadati na sledeći način:

σm(ǫ) = 4ǫ−1/2Å2 (elastični sudar)

σinel(ǫ) =





0.1(1− F )(ǫ− 15.6) Å2
, ǫ ≥ 15.6 eV

(neelastični sudar)
0, ǫ < 15.6eV

σa(ǫ) = aǫp (zahvat elektrona)

m/m0 = 10−3,

T0 = 0 K , (4.31)

gde su σel(ǫ), σex(ǫ), σa(ǫ) preseci za elastične sudare, neelastične suadre i zahvat elektrona,
respektivno u funkciji energije elektrona ǫ, T0 je temperatura pozadinskog gasa, am im0 su mase
elektrona i molekula pozadinskog gasa, respektivno. Vrednosti energije u gornjim definicijama
preseka su date u eV. Parametri a i p određuju veličinu i funkcionalnu zavisnost preseka za
zahvat elektrona, respektivno. Vrednosti parametra p, koje su razmatrane u radu Ness-a i
Robson-a, u kome je prvi put korišćen ovaj model [84], kao i u našim proračunima, iznose
−1, −1

2
i 1

2
. Ove tri vrednosti parametra p odgovaraju modelu grejanja zahvatom, modelu sa

konstantnom kolizionom frekvencom za zahvat i modelu hlađenja zahvatom, respektivno. Za
ova tri modela vrednosti parametra a koje su izabrane u našim proračunima iznose 8·10−3,
2·10−3, i 5·10−4, respektivno.

Uz pomoć modifikovanog Ness Robson-ovog modela moguće je ispitati uticaj implicitnih
i eksplicitnih efekata zahvata elektrona na TKIII. Ovo je važno zbog nedovoljne istraženosti
uticaja nekonzervativnih procesa na TKIII u literaturi i zbog složenosti fizičke inerpretacije
ovih transportnih koeficijenata. U ovom potpoglavlju su prikazani rezultati proračuna TKIII u
modelu grejanja roja zahvatom elektrona i modelu hlađenja roja zahvatom elektrona. Rezultati
proračuna u modelu u kome je koliziona frekvenca za zahvat elektrona nezavisna od energije
podudaraju se sa rezultatima dobijenim u konzervativnom Lucas-Saelee-evom modelu (kada
je parametar F jednak 0), za sve transportne parametre osim brzinskog koeficijenta za zahvat
elektrona [196]. Ovo je posledica toga što je elektronski zahvat sa konstantnom kolizionom
frekvencom ravnomerno raspoređen duž celog roja, pa ne utiče na transportne osobine elektrona.
Ovde iznosimo i procentualne razlike rezultata dobijenih u modelima grejanja i hlađenja roja
elektrona sa rezultatima dobijenim u konzervativnom Lucas-Saelee-evom modelu, radi dodatnog
ilustrovanja implicitnih i eksplicitnih efekata zahvata elektrona na TKIII.
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4.8.1 Transportni koeficijenti trećeg reda za roj elektrona u modelu grejanja za-
hvatom

Ovo potpoglavlje donosi rezultate proračuna transportnih koeficijenata rojeva elektrona u
modelu grejanja roja zahvatom elektrona. Vrednosti parametara iz definicije preseka za zahvat
a i p u našim proračunima iznose 8 · 10−3 i −1, respektivno. Većina rezultata, koji su prika-
zani u ovom potpoglavlju, dobijena je primenom Monte Carlo simulacija. Rezultati dobijeni
primenom momentnog metoda za numeričko rešavanje Boltzmann-ove jednačine su prikazani
samo na kraju potpoglavlja, radi poređenja sa Monte Carlo rezultatima, zbog nemogućnosti
postizanja konvergencije rezultata u našem kompjuterskom kodu za rešavanje Boltzmann-ove
jednačine na redukovanim električnim poljima nižim od 2 Td. Ova nemogućnost postizanja
konvergencije na niskim poljima je posledica intenzivnog uticaja zahvata elektrona na funkciju
raspodele u ovom modelu. Naime, veliki broj Sonine polinoma je potreban u razvoju funkcije
raspodele radi ispravnog reprezentovanja njene energijske zavisnosti, zbog intenzivnog greja-
nja roja zahvatom elektrona na niskim poljima, a ovo značajno otežava postizanje numeričke
konvergencije rezultata [84].
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Slika 21: Srednja energija u funkciji E/n0 za roj elektrona u modifikovanom Ness-Robson-ovom
modelu za vrednosti parametara a = 8 · 10−3 i p = −1. Rezultati su dobijeni primenom Monte
Carlo simulacija.

Na slici 21 je prikazana zavisnost srednje energije elektrona od E/n0. Ovi rezultati su dobi-
jeni primenom Monte Carlo simulacija. Može se videti da srednja energija elektrona monotno
raste sa porastom E/n0. Srednja energija elektrona u ovom modelu je veća od srednje energije
u modelu hlađenja zahvatom, kao i od srednje energije u modelu sa konstantnom kolizionom
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Slika 22: Brzinski koeficijenti za elastične sudare, neelastične sudare i zahvat elektrona u funkciji
E/n0 za roj elektrona u modifikovanom Ness-Robson-ovom modelu za vrednosti parametara
a = 8 · 10−3 i p = −1. Rezultati su dobijeni na osnovu Monte Carlo simulacija.

frekvencom za zahvat elektrona. Slika 22 pokazuje zavisnosti brzinskih kofeicijenata za elastične
sudare, neelastične sudare i zahvat elektrona od E/n0. Brzinski koeficijent za elastične sudare
je nezavisan od E/n0, zato što je u ovom modelu koliziona frekvenca za elastične sudare neza-
visna od energije elektrona. Brzinski koeficijent za zahvat elektrona opada sa porastom E/n0,
dok brzinski koeficijent za neelastične sudare raste sa porastom polja u celom opsegu E/n0.
Na poljima nižim od oko 10 Td brzinski koeficijent za zahvat elektrona viši je od brzinskog
koeficijenta za neelastične sudare. Međutim, brzinski koeficijent za neelastične sudare se naglo
povećava u opsegu E/n0 od 4 Td do 10 Td i viši je od brzinskog koeficijenta za zahvat elektrona
na poljima iznad 10 Td.

Zavisnosti fluks i balk vrednosti longitudinalne komponente TTIII n(2)
0 QL od E/n0 predsta-

vljene su na slici 23. Rezultati su dobijeni primenom Monte Carlo simulacija. Na poljima nižim
od oko 4 Td, n(2)

0 Q
(b)
L je veće od n(2)

0 Q
(f)
L . Ali je zato n(2)

0 Q
(b)
L manje od n(2)

0 Q
(f)
L u opsegu polja

između 4 Td i 8 Td. Na poljima iznad 8 Td su n(2)
0 Q

(b)
L i n(2)

0 Q
(f)
L praktično jednaki.

Srednja energija elektrona je manja od 3.1 eV na poljima nižim od 4 Td, pa u ovom opsegu
polja većina elektrona nema dovoljno energije za neelastični sudar. U ovom opsegu polja brzinski
koeficijenat za zahvat elektrona je preko 40 puta veći od brzinskog koeficijenta za neelastične
sudare. Pored toga je energija izgubljena u elastičnim sudarima preko 4 puta veća od energije
izgubljene u neelastičnim sudarima za vrednosti E/n0 niže od 4 Td. Zato je u ovom opsegu
polja transport elektrona pretežno određen elastičnim sudarima i zahvatom elektrona. Zbog
porasta srednje energije elektrona duž longitudinalnog pravca, na zadnjem delu roja ima više
niskoenergijskih elektrona, koji imaju veću kolizionu frekvencu za zahvat elektrona nego na
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Slika 23: Balk i fluks longitudinalne komponente transportnog tenzora trećeg reda u funkciji
E/n0 za roj elektrona u modifikovanom Ness-Robson-ovom modelu za vrednosti parametara
a = 8 · 10−3 i p = −1. Rezultati su dobijeni primenom Monte Carlo simulacija.

frontu roja . To znači kako u ovom opsegu polja, zahvat elektrona pojačava krivljenje prostornog
profila roja ka prednjoj strani, u smeru drifta elektrona, zbog čega je n(2)

0 Q
(b)
L veće od n(2)

0 Q
(f)
L .

Međutim, u opsegu polja između 5.9 Td i 7.7 Td je srednja energija elektrona izmedju 4.75
eV i 5.4 eV, pa veliki procenat visokoenergijskih elektrona ima dovoljno energije za neelastični
sudar. U ovom opsegu polja je brzinski koeficijent za zahvat elektrona približno između 6 i 2 puta
veći od brzinskog koeficijenta za neelastične sudare. Uz to je energija izgubljena u neelastičnim
sudarima približno između 1.5 i 5 puta veća od energije izgubljene u elastičnim sudarima.
Upravo zbog ovih razloga mnogi visokoenergijski elektroni na frontu roja izgube energiju u
neelastičnom sudaru, nakon čega imaju veliku kolizionu frekvencu za zahvat elektrona. Pored
toga, u ovom opsegu polja elektroni na zadnjoj strani roja imaju manju kolizionu frekvencu
za elektronski zahvat nego što je to slučaj na nižim poljima, i to zbog porasta ukupne srednje
energije sa povećanjem polja. Ovo dovodi do smanjenja krivljenja prostornog profila roja ka
prednjoj strani, zbog čega je n(2)

0 Q
(b)
L manje od n(2)

0 Q
(f)
L u ovom opsegu polja. Na poljima višim

od 8 Td, brzinski koeficijent za zahvat elektrona znatno je manji nego na nižim poljima. Pored
toga, neelastični sudari su sve češći na visokim poljima, što dovodi do ravnomernije raspodele
niskoenergijskih elektrona, koji imaju veliku kolizionu frekvencu za zahvat, duž prostornog
profila roja. Zbog toga su fluks i balk vrednosti longitudinalne komponente TTIII praktično
jednake na poljima višim od 8 Td.

Na slici 24 su prikazane zavisnosti n(2)
0 Q

(f)
T i n(2)

0 Q
(b)
T od E/n0. Ovi rezultati su dobijeni na

osnovu Monte Carlo simulacija. Na poljima nižim od približno 5 Td n(2)
0 Q

(b)
T je veće od n(2)

0 Q
(f)
T .
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Slika 24: Balk i fluks transverzalne komponente transportnog tenzora trećeg reda u funkciji
E/n0 za roj elektrona u modifikovanom Ness-Robson-ovom modelu za vrednosti parametara
a = 8 · 10−3 i p = −1. Rezultati su dobijeni na osnovu Monte Carlo simulacija.

Međutim, u opsegu polja između 5 Td i 10 Td n(2)
0 Q

(b)
T je manje od n(2)

0 Q
(f)
T , ali je ova razlika u

okviru statističke nesigurnosti Monte Carlo simulacija. Za električna polja veća od 10 Td, balk
i fluks vrednosti n(2)

0 QT su praktično jednake.

Na poljima nižim od 5 Td elektroni češće učestvuju u zahvatu na zadnjoj strani roja, što
dodatno povećava transverzalno širenje na prednjoj strani roja u odnosu na transverzalno ši-
renje na zadnjoj strani roja. Zbog toga je u ovom opsegu polja n(2)

0 Q
(b)
T veće od n

(2)
0 Q

(f)
T . Na

višim poljima pak mnogi visokoenergijski elektroni na frontu roja izgube energiju u neelastič-
nim sudarima pa budu zahvaćeni, što dovodi do smanjenja transverzalnog širenja na prednjoj
strani roja i promene odnosa n(2)

0 Q
(f)
T i n(2)

0 Q
(b)
T . Na poljima iznad 10 Td, fluks i balk vrednosti

n
(2)
0 QT su praktično jednake. Ovo je posledica znatno manjih vrednosti brzinskog koeficijenta

za zahvat elektrona u ovom opsegu polja u odnosu na niža polja, kao i ravnomernije raspo-
dele niskoenergijskih elektrona duž prostornog profila roja zbog velike učestalosti neelastičnih
sudara na visokim poljima.

Na slikama 25-28 navode se procentualne razlike transportnih veličina za rojeve elektro-
na u konzervativnom Lucas-Saelee-evom modelu i modelu grejanja zahvatom elektrona. Ove
procentualne razlike su određene kao

X(NR)
X(LS)

− 1, (4.32)

gde su X(NR) i X(LS) vrednosti proizvoljne transportne veličine u modelu grejanja zahvatom
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i u konzervativnom Lucas-Saelee-evom modelu, respektivno. Rezultati su dobijeni primenom
Monte Carlo simulacija, pošto je u momentnoj metodi za numeričko rešavanje Boltzmann-ove
jednačine teško postići konvergenciju rezultata na poljima nižim od 2 Td zbog velikog brzinskog
koeficijenta za zahvat elektrona na niskim poljima.
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Slika 25: Procentualne razlike između vrednosti transportnih veličina za rojeve elektrona u
modifikovanom Ness-Robson-ovom modelnom gasu (za vrednosti parametara a = 8 · 10−3 i
p = −1) i u konzervativnom Lucas-Saelee-evom modelu (za F=0). Na ovom grafiku su prikazane
procentualne razlike srednje energije, longitudinalne komponente fluks difuzionog tenzora D(f)

L i
transverzalne komponente fluks difuzionog tenzora D(f)

T . Rezultati su dobijeni primenomMonte
Carlo simulacija.
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Slika 26: Procentualne razlike između vrednosti transportnih veličina za rojeve elektrona u
modifikovanom Ness-Robson-ovom modelnom gasu (za vrednosti parametara a = 8 · 10−3 i
p = −1) i u konzervativnom Lucas-Saelee-evom modelu (za F=0). Na ovom grafiku su prikazane
procentualne razlike longitudinalne komponente fluks transportnog tenzora trećeg reda Q(f)

L i
transverzalne komponente fluks transportnog tenzora trećeg reda Q(f)

T . Rezultati su dobijeni
primenom Monte Carlo simulacija.

Slika 25 prikazuje procentualne razlike između vrednosti srednje energije, longitudinalne
komponente fluks difuzionog tenzora D(f)

L i transverzalne komponente fluks difuzionog tenzora
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Slika 27: Procentualne razlike između vrednosti transportnih veličina za rojeve elektrona u
modifikovanom Ness-Robson-ovom modelnom gasu (za vrednosti parametara a = 8 · 10−3 i
p = −1) i u konzervativnom Lucas-Saelee-evom modelu (za F=0). Na ovom grafiku date su
procentualne razlike balk brzine driftaW (b), longitudinalne komponente balk difuzionog tenzora
D

(b)
L i transverzalne komponente balk difuzionog tenzora D(b)

T . Rezultati su dobijeni primenom
Monte Carlo simulacija.
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Slika 28: Procentualne razlike između vrednosti transportnih veličina za rojeve elektrona u
modifikovanom Ness-Robson-ovom modelnom gasu (za vrednosti parametara a = 8 · 10−3 i
p = −1) i u konzervativnom Lucas-Saelee-evom modelu (za F=0). Na grafiku su prikazane
procentualne razlike longitudinalne komponente balk transportnog tenzora trećeg reda Q(b)

L i
transverzalne komponente balk transportnog tenzora trećeg reda Q

(b)
T . Rezultati su dobijeni

primenom Monte Carlo simulacija.

D
(f)
T za rojeve elektrona u modifikovanom Ness-Robson-ovom modelu (za vrednosti parametara

a = 8 · 10−3 i p = −1) i u konzervativnom Lucas-Saelee-evom modelu (za F=0). Procentualne
razlike između vrednosti ove tri veličine u ova dva modelna gasa imaju vrlo slične brojne
vrednosti u celom razmatranom opsegu redukovanog električnog polja E/n0. Može se videti da
su ove razlike najveće na niskim poljima. Na oko 1 Td su ove tri veličine za oko 85% veće u
modifikovanom Ness-Robson-ovom modelu nego u konzervativnom Lucas-Saelee-evom modelu.
Ove procentualne razlike opadaju sa povećanjem polja i dostižu plato na oko 10 Td, posle čega
teže nuli na visokim poljima.
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Na slici 26 se navode procentualne razlike, između vrednosti Q(f)
L i Q(f)

T za rojeve elektrona
u modifikovanom Ness-Robson-ovom modelu (za a = 8 ·10−3 i p = −1) i konzervativnom Lucas-
Saelee-evom modelu (F=0). Komponente Q(f)

L i Q(f)
T su veće za oko 110% u modelu grejanja

zahvatom elektrona nego u konzervativnom Lucas-Saelee-evom modelu na oko 1 Td. Sa pove-
ćanjem polja ova razlika prvo opada, a onda na oko 6 Td postane zanemarljiva. U opsegu polja
između 6 Td i 20 Td su obe komponente fluks TTIII veće u konzervativnom Lucas-Saelee-evom
modelu nego u modelu grejanja zahvatom, ali je ova razlika u okviru statističke nesigurnosti
Monte Carlo simulacija. Razlozi za promenu odnosa između vrednosti fluks komponenti TTIII
u ova dva modela bi mogli da budu isti kao razlozi za promenu odnosa fluks i balk vrednosti
TKIII u modelu grejanja zahvatom. Na višim poljima razlika između rezultata koji su dobijeni
u ova dva modela opada ka nuli.

Na slici 27 su prikazane procentualne razlike između vrednosti balk brzine driftaW (b), longi-
tudinalne komponente balk difuzionog tenzora D(b)

L i transverzalne komponente balk difuzionog
tenzora D

(b)
T u ova dva modela. Profili zavisnosti ovih procentualnih razlika od E/n0 su na

kvalitativnom nivou vrlo slični. Vrednosti balk brzine drifta su na niskim poljima (oko 1 Td)
za oko 175% veće u modelu grejanja zahvatom nego u konzervativnom Lucas-Saelee-evom mo-
delu. Ova razlika opada sa povećanjem polja i dostiže plato na oko 10 Td, posle čega teži nuli.
Na poljima od oko 1 Td je D(b)

L veće za približno 275% u modelu grejanja zahvatom nego u
konzervativnom Lucas-Saelee-evom modelu, dok u ovom opsegu polja odgovarajuća razlika za
D

(b)
T iznosi oko 250%. Ove procentualne razlike dostižu plato na oko 6 Td i 10 Td za D(b)

L i D(b)
T ,

respektivno, posle čega teže nuli.

Dalje, slika 28 predstavlja procentualne razlike između vrednostiQ(b)
L iQ(b)

T u ova dva modela.
Na niskim poljima (oko 1 Td), Q(b)

L je veće u modelu grejanja zahvatom nego u konzervativnom
Lucas-Saelee-evom modelu za oko 400%. Odgovarajuća razlika između vrednosti Q(b)

T u ova dva
modela i u ovom opsegu polja iznosi oko 350%. Procentualna razlika između vrednosti Q(b)

L i Q(b)
T

u ova dva modelna gasa opada sa povećanjem polja. U opsegu polja između 4.5 Td i 10 Td je Q(b)
L

veće u konzervativnom Lucas-Saelee-evom modelu nego u modelu grejanja zahvatom, ali je ova
razlika u okviru statističke nesigurnosti Monte Carlo simulacija. Slično tome, Q(b)

T komponenta
je veća u konzervativnom Lucas-Saelee-evom modelu nego u modelu grejanja zahvatom u opsegu
polja između 5.5 Td i 20 Td, no i ova razlika ulazi u raspon statističke nesigurnosti. Razlozi za
promenu odnosa balk komponenti TTIII u ova dva modela mogli bi da budu isti kao razlozi za
promenu odnosa fluks i balk vrednosti TKIII u modelu grejanja zahvatom. Na poljima višim
od 20 Td razlike između vrednosti Q(b)

L i Q(b)
T komponenti u ova dva modela opadaju ka nuli.

Na slici 29 je prikazano poređenje vrednosti Q(f)
L i Q(f)

T koje su dobijene na osnovu Monte
Carlo simulacija i momentnog metoda za numeričko rešavanje Boltzmann-ove jednačine u mo-
difikovanom Ness-Robson-ovom modelu za slučaj grejanja zahvatom elektrona. Rezultati koji
su dobijeni primenom ove dve metode veoma se dobro slažu.
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Slika 29: Poređenje vrednosti longitudinalne komponente fluks transportnog tenzora trećeg reda
Q

(f)
L i transverzalne komponente fluks transportnog tenzora trećeg reda Q(f)

T koje su dobijene
primenom Monte Carlo simulacija i metoda više članova za rešavanje Boltzmann-ove jednačine
za elektrone u modifikovanom Ness-Robson-ovom modelu za vrednosti parametara a = 8 · 10−3

i p = −1.

4.8.2 Transportni koeficijenti trećeg reda za roj elektrona u modelu hlađenja za-
hvatom

Ovo potpoglavlje donosi rezultate proračuna transportnih osobina rojeva elektrona u modelu
hlađenja roja zahvatom elektrona. Vrednosti parametara iz definicije preseka za zahvat a i p u
našim proračunima iznose 5 · 10−4 i 1

2
, respektivno. Većina rezultata koji su prikazani u ovom

potpoglavlju je dobijena primenom momentnog metoda za numeričko rešavanje Boltzmann-ove
jednačine. Rezultati Monte Carlo simulacija su prikazani samo na kraju poglavlja radi poređenja
sa rezultatima momentnog metoda za rešavanje Boltzmann-ove jednačine, kao i na graficima
na kojima su prikazane balk vrednosti TKIII. Balk vrednosti TKIII ne mogu biti određene
primenom trenutne verzije našeg kompjuterskog koda za numeričko rešavanje Boltzmann-ove
jednačine momentnom metodom.

Na slici 30 je prikazana zavisnost srednje energije elektrona od E/n0. Srednja energija mo-
notono raste sa povećanjem polja. Primećuje se da su vrednosti srednje energije u modelu
hlađenja zahvatom niže nego vrednosti srednje energije u modelu grejanja zahvatom i vrednosti
u konzervativnom Lucas-Saelee-evom modelu. Grafik 31 pokazuje zavisnosti brzinskih koefici-
jenata za elastične sudare, neelastične sudare i zahvat elektrona od E/n0. Brzinski koeficijenat
za elastične sudare je nezavisan od E/n0 zato što je koliziona frekvenca za elastične sudare
nezavisna od energije u ovom modelu. S druge strane, brzinski koeficijenti za neelastične sudare
i zahvat elektrona monotono rastu sa porastom E/n0. Pri tome je brzinski koeficijent za zahvat
elektrona viši od brzinskog koeficijenta za neelastične sudare na poljima nižim od oko 8.5 Td.
Na višim poljima je brzinski koeficijenat za neelastične sudare viši od brzinskog koeficijenta za
zahvat elektrona.

Prikaz zavisnosti n2
0Q

(f)
L i n2

0Q
(b)
L od E/n0 dat je na slici 32. Ovi rezultati su dobijeni pri-

menom Monte Carlo simulacija. U opsegu polja između 1 Td i 5 Td je n2
0Q

(f)
L veće od n2

0Q
(b)
L .

Međutim, u opsegu polja imeđu 5 Td i 21 Td je n2
0Q

(f)
L manje od n2

0Q
(b)
L . Na višim poljima su
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Slika 30: Srednja energija u funkciji E/n0 za roj elektrona u modifikovanom Ness-Robson-ovom
modelu za vrednosti parametara a = 5 · 10−4 i p = 1

2
. Rezultati su dobijeni primenom metoda

više članova za rešavanje Boltzmann-ove jednačine.
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Slika 31: Brzinski koeficijenti za elastične sudare, neelastične sudare i zahvat elektrona u funkciji
E/n0 za roj elektrona u modifikovanom Ness-Robson-ovom modelu za vrednosti parametara
a = 5 · 10−4 i p = 1

2
. Ovi rezultati su dobijeni na osnovu metoda više članova za rešavanje

Boltzmann-ove jednačine.
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Slika 32: Balk i fluks longitudinalne komponente transportnog tenzora trećeg reda u funkciji
E/n0 za roj elektrona u modifikovanom Ness-Robson-ovom modelu za vrednosti parametara
a = 5 · 10−4 i p = 1

2
. Rezultati su dobijeni primenom Monte Carlo simulacija.
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Slika 33: Balk i fluks transverzalne komponente transportnog tenzora trećeg reda u funkciji
E/n0 za roj elektrona u modifikovanom Ness-Robson-ovom modelu za vrednosti parametara
a = 5 · 10−4 i p = 1

2
. Rezultati su dobijeni uz pomoć Monte Carlo simulacija.
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n2
0Q

(f)
L i n2

0Q
(b)
L praktično jednaki.

Na poljima nižim od 5 Td je srednja energija elektrona ispod 3.29 eV, pa većina elektrona
nema dovoljno energije za neelastični sudar. Zato je u ovom opsegu polja brzinski koeficijent
za neelastične sudare preko 14 puta manji od brzinskog koeficijenta za zahvat elektrona, dok
je energija izgubljena u neelastičnim sudarima preko 4.4 puta manja od energije izgubljene u
elastičnim sudarima. Zbog toga je transport elektrona u ovom opsegu polja pretežno određen
elastičnim sudarima i zahvatom elektrona. U modelu hlađenja zahvatom elektrona se zahvat na
niskim poljima dominantno dešava na frontu roja, gde je veći broj visokoenergijskih elektrona.
Na tim osnovima, zahvat elektrona dovodi do smanjenja iskrivljenosti prostornog profila roja,
u smeru drifta elektrona. Zato je u ovom opsegu polja n2

0Q
(f)
L veće od n2

0Q
(b)
L .

Međutim, u opsegu polja između 5 Td i 21 Td srednja energija elektrona ima vrednost između
3.29 eV i 6.7 eV, pa znatno veći broj elektrona ima dovoljno energije za neelastični sudar. Zbog
toga u ovom opsegu polja odnos brzinskih koeficijenata za neelastične sudare i zahvat elektrona
uzima vrednosti iz opsega između 0.07 i 8.9. Uz to i odnos energije izgubljene u neelastičnim
sudarima i elastičnim sudarima uzima vrednosti iz opsega između 0.22 i 58. Značajno povećanje
brzinskog koeficijenta za neelastične sudare, u ovom opsegu polja, dovodi do toga da mnogi
visokoenergisjki elektroni na frontu roja izgube energiju u neelastičnom sudaru, nakon čega im
se smanji koliziona frekvenca za zahvat elektrona. Pored toga, na poljima višim od 5 Td, zbog
porasta ukupne srednje energije, postoji više elektrona sa visokom kolizionom frekvencom za
zahvat u zadnjem delu roja, nego što je to slučaj na nižim poljima. Zato je u ovom opsegu
polja promenjen uticaj zahvata elektrona na iskrivljenost prostornog profila roja, u odnosu na
niža polja, što dovodi do promene odnosa n2

0Q
(f)
L i n2

0Q
(b)
L . U opsegu polja iznad 21 Td brzinski

koeficijient za neelastične sudare je preko 8.9 puta veći od brzinskog koeficijenta za zahvat, uz
šta je energija izgubljena u neelastičnim sudarima preko 58 puta veća od energije izgubljene
u elastičnim sudarima. Dominantan uticaj neelastičnih sudara na transport elektrona u ovom
opsegu polja značajno smanjuje uticaj zahvata elektrona na prostorni profil roja, što dovodi do
toga da su n2

0Q
(f)
L i n2

0Q
(b)
L praktično jednaki u ovom opsegu polja.

Na slici 33 su prikazane zavisnosti n2
0Q

(f)
T i n2

0Q
(b)
T od E/n0. Ovi rezultati su dobijeni prime-

nom Monte Carlo simulacija. U opsegu polja između 1 Td i 7 Td je n2
0Q

(f)
T veće od n2

0Q
(b)
T (ali je

razlika u okviru statističke nesigurnosti Monte Carlo simulacija), dok su na višim poljima ove
veličine praktično jednake.

Na poljima nižim od 7 Td je brzinski koeficijent za zahvat elektrona preko dva puta veći od
brzinskog koeficijenta za neelastične sudare. Na nižim poljima se zahvat elektrona dominantno
dešava na frontu roja, gde ima više visokoenergijskih elektrona. Zato je transverzalno širenje
elektrona na frontu roja umanjeno pod uticajem zahvata elektrona. Zbog toga je n2

0Q
(f)
T nešto

veće od n2
0Q

(b)
T u ovom opsegu polja. Na poljima višim od 7 Td uticaj neelastičnih sudara na

frontu roja i povećanje srednje energije na zadnjem delu roja smanjuju uticaj zahvata elektrona
na transverzalnu komponentu TTIII, što dovodi do izjednačavanja n2

0Q
(f)
T i n2

0Q
(b)
T u ovom

opsegu polja.

Slike 34-37 prikazuju procentualne razlike između vrednosti transportnih veličina za roje-
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Slika 34: Procentualne razlike između vrednosti transportnih veličina za rojeve elektrona u
modifikovanom Ness-Robson-ovom modelnom gasu (za vrednosti parametara a = 5 · 10−4 i
p = 1

2
) i u konzervativnom Lucas-Saelee-evom modelu (za F=0). Na ovom grafiku su prika-

zane procentualne razlike srednje energije, longitudinalne komponente fluks difuzionog tenzora
D

(f)
L i transverzalne komponente fluks difuzionog tenzora D(f)

T . Rezultati su dobijeni primenom
metoda više članova za rešavanje Boltzmann-ove jednačine.
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Slika 35: Procentualne razlike između vrednosti transportnih veličina za rojeve elektrona u
modifikovanom Ness-Robson-ovom modelnom gasu (za vrednosti parametara a = 5 · 10−4 i
p = 1

2
) i u konzervativnom Lucas-Saelee-evom modelu (za F=0). Na ovom grafiku su prikazane

procentualne razlike longitudinalne komponente fluks transportnog tenzora trećeg reda Q(f)
L i

transverzalne komponente fluks transportnog tenzora trećeg reda Q(f)
T . Rezultati su dobijeni na

osnovu metoda više članova za rešavanje Boltzmann-ove jednačine.

ve elektrona u konzervativnom Lucas-Saelee-evom modelu i modelu hlađenja zahvatom. Ove
procentualne razlike su određene kao

1− X(NR)
X(LS)

, (4.33)

gde su X(NR) i X(LS) vrednosti proizvoljne transportne veličine u modelu hlađenja zahvatom
i u konzervativnom Lucas-Saelee-evom modelu, respektivno.

Na slici 34 se iznose procentualne razlike između vrednosti srednje energije, longitudinal-
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Slika 36: Procentualne razlike između vrednosti transportnih veličina za rojeve elektrona u
modifikovanom Ness-Robson-ovom modelnom gasu (za vrednosti parametara a = 5 · 10−4 i
p = 1

2
) i u konzervativnom Lucas-Saelee-evom modelu (za F=0). Na ovom grafiku su prikazane

procentualne razlike balk brzine driftaW (b), longitudinalne komponente balk difuzionog tenzora
D

(b)
L i transverzalne komponente balk difuzionog tenzora D(b)

T . Rezultati su dobijeni na osnovu
Monte Carlo simulacija.
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Slika 37: Procentualne razlike između vrednosti transportnih veličina za rojeve elektrona u
modifikovanom Ness-Robson-ovom modelnom gasu (za vrednosti parametara a = 5 · 10−4 i
p = 1

2
) i u konzervativnom Lucas-Saelee-evom modelu (za F=0). Na ovom grafiku su prikazane

procentualne razlike longitudinalne komponente balk transportnog tenzora trećeg reda Q(b)
L i

transverzalne komponente balk transportnog tenzora trećeg reda Q
(b)
T . Rezultati su dobijeni

primenom Monte Carlo simulacija.

ne komponente fluks difuzionog tenzora n0D
(f)
L i transverzalne komponente fluks difuzionog

tenzora n0D
(f)
T za rojeve elektrona u modifikovanom Ness-Robson-ovom modelu (za vrednosti

parametara a = 5 · 10−4 i p = 1
2
) i konzervativnom Lucas-Saelee-evom modelu (F=0) u funkciji

redukovanog električnog polja E/n0. Ove procentualne razlike imaju vrlo slične brojne vredno-
sti za sve tri veličine, koje su veće u konzervativnom Lucas-Saelee-evom modelu nego u modelu
hlađenja zahvatom elektrona u celom razmatranom opsegu E/n0. Procentualne razlike između
vrednosti ovih veličina u ova dva modela dostižu lokalne maksimume na oko 4.5 Td, koji iznose
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oko 9%.

Na slikama 35 izložene su procentualne razlike između vrednosti Q(f)
L i Q(f)

T u ova dva mo-
dela. Obe komponente fluks TTIII su veće u konzervativnom Lucas-Saelee-evom modelu nego
u modelu hlađenja zahvatom elektrona na poljima između 1 Td i 7 Td. Pri tome, procentualne
razlike obe komponente TTIII dostižu lokalni maksimum na oko 4 Td koji iznosi oko 20%. Na
poljima višim od 7 Td ove dve komponente TTIII su manje u konzervativnom Lucas-Saelee-
evom modelu nego u modelu hlađenja zahvatom. Razlozi za promenu odnosa fluks komponenti
TTIII u ova dva modela mogli bi biti isti kao razlozi za promenu odnosa fluks i balk vred-
nosti TKIII u modelu hlađenja zahvatom. Na poljima višim od 30 Td vrednosti komponenti
fluks TTIII u konzervativnom Lucas-Saelee-evom modelu su praktično jednake odgovarajućim
vrednostima u modelu hlađenja zahvatom elektrona.

Procentualne razlike između vrednosti balk brzine drifta W (b), longitudinalne komponente
balk difuzionog tenzora n0D

(b)
L i transverzalne komponente balk difuzionog tenzora n0D

(b)
T u

konzervativnom Lucas-Saelee-evom modelu i modelu hlađenja zahvatom elektrona nalaze se na
slici 36. U celom opsegu E/n0 su vrednosti ove tri veličine veće u konzervativnom Lucas-Saelee-
evom modelu nego u modelu hlađenja zahvatom. Procentualna razlika W (b) u ova dva modela
dostiže lokalni maksimum na oko 4.5 Td koji iznosi oko 17%. Slično tome, procentualna razlika
n0D

(b)
L dostiže lokalni maksimum na oko 4 Td koji iznosi oko 37%, dok procentualna razlika

n0D
(b)
T dostiže lokalni maksimum na oko 4.5 Td koji iznosi oko 17%.

Na slici 37 su prikazane procentualne razlike n2
0Q

(b)
L i n2

0Q
(b)
T u ova dva modela. Obe kompo-

nente balk TTIII su veće u konzervativnom Lucas-Saelee-evom modelu nego u modelu hlađenja
zahvatom u opsegu E/n0 između 1 Td i 7 Td. Na višim poljima su obe komponente balk TKIII
veće u modelu hlađenja zahvatom nego u konzervativnom Lucas-Saelee-evom modelu, ali je ova
razlika u okviru statističke nesigurnosti Monte Carlo simulacija. Razlozi za promenu odnosa
balk komponenti TTIII u ova dva modela mogli bi biti isti kao razlozi za promenu odnosa fluks
i balk vrednosti TKIII u modelu hlađenja zahvatom. Na poljima preko 100 Td je procentu-
alna razlika između balk vrednosti TKIII u ova dva modela manja od statističke nesigurnosti
rezultata koji su dobijeni primenom Monte Carlo simulacija.

Slika 38 daje poredjenja vrednosti n2
0Q

(f)
L i n2

0Q
(f)
T , koje su dobijene primenom momentnog

metoda za rešavanje Boltzmann-ove jednačine i Monte Carlo simulacija. Vidi se da se vrednosti
dobijene primenom ove dve metode jako dobro slažu.

4.9 Zaključak

Nakon kratkog uvoda u potpoglavlju 4.1, potpoglavlje 4.2 razmatra fizičku interpretaciju
komponenti transportnog tenzora trećeg reda. Na početku je određeno aproksimativno rešenje
generalisane difuzione jednačine u kojoj su uzete u obzir komponente ovog transportnog tenzo-
ra. Ovo rešenje je određeno primenom razvoja Furijeovog transforma koncentracije čestica roja
u Tejlorov red po komponentama transportnog tenzora trećeg reda. Potom je izračunat domi-
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Slika 38: Poređenje vrednosti longitudinalne komponente fluks transportnog tenzora trećeg reda
Q

(f)
L i transverzalne komponente fluks transportnog tenzora trećeg reda Q(f)

T koje su dobijene
primenom Monte Carlo simulacija i metoda više članova za rešavanje Boltzmann-ove jednačine
za elektrone u modifikovanom Ness-Robson-ovom modelu za vrednosti parametara a = 5 · 10−4

i p = 1
2
.

nantan doprinos transportnih koeficijenata fluksu brzine čestica. Pokazano je da longitudinalna
komponenta transportnog tenzora trećeg reda opisuje elongaciju ili kontrakciju prostornog pro-
fila roja duž longitudinalnog pravca. Slično tome dokazano je da vandijagonalne komponente
ovog tenzora opisuju longitudinalnu varijaciju elongacije ili kontrakcije prostornog profila roja
duž transverzalnog pravca. Na kraju ovog potpoglavlja tumači se znak komponenti transportnog
tenzora trećeg reda. Ovaj znak zavisi od spoljašnjih električnih i magnetskih polja, od prostor-
ne varijacije srednje energije čestica roja, kao i od energijske zavisnosti kolizionih frekvenci za
elastične, neelastične i nekonzervativne sudare.

U potpoglavlju 4.3 su kratko se govori o uslovima korišćenim u Monte Carlo simulacijama.
Ukazano je na neophodnost korišćenja velikog broja čestica (bar 107) u ovim simulacijama
zbog smanjivanja statističke greške rezultata. U domenu numeričkog rešavanja Boltzmann-ove
jednačine, razmotrena je potreba za korišćenje velikog broja sfernih harmonika (ponekad više
od 5) i velikog broja Sonine polinoma (ponekad više od 100) u razvoju funkcije raspodele čestica
roja, da bi se omogućilo precizno izračunavanje komponenti transportnog tenzora trećeg reda.

Centralna tema potpoglavlja 4.4 jesu transportni koeficijenti trećeg reda za rojeve elek-
trona u Maksvelovom modelu. Ovaj model je korišćen da bi se ispitala zavisnost komponenti
transportnog tenzora trećeg reda od redukovanog električnog polja u prisustvu elastičnih su-
dara, čija koliziona frekvenca ne zavisi od energije. Uz pomoć ovog modela je takođe ispitan
uticaj veličine preseka za elastične sudare na transportne koeficijente trećeg reda. Uočeno je
da se ovi transportni koeficijenti monotono povećavaju sa porastom redukovanog električnog
polja u ovom modelu, dok povećanje preseka za sudare dovodi do značajnog smanjenja ovih
transportnih koeficijenata. Pored toga je uočeno da u ovom modelu važi približna jednakost
Qzzz ≈ 2Qxxz.

U potpoglavlju 4.5 su proučavani transportni koeficijenti trećeg reda za rojeve naelektrisanih
čestica u modelu krutih sfera. Pomoću ovog modela je ispitan uticaj odnosa masa naelektrisanih
čestica roja i neutralnih čestica pozadinske sredine na ove transportne koeficijente. Uočeno je
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da apsolutna vrednost komponenti transportnog tenzora trećeg reda opada kada se masa na-
elektrisanih čestica približava masi neutralnih čestica pozadinske sredine. Međutim, doprinos
komponenti ovog transportnog tenzora prostornom profilu roja se povećava kada se masa nae-
lektrisanih čestica približava masi neutralnih čestica pozadinske sredine zbog porasta količnika
QL/D

2
L i QL/D

3
L.

Transportni tenzor trećeg reda za rojeve elektrona u Reid-ovom modelnom gasu tumači
se u odeljku 4.6. Na osnovu ovog modela je proučen uticaj elastičnih i neelastičnih sudara sa
rastućom kolizionom frekvencom na komponente ovog tenzora. Pored toga je ispitan uticaj
magnetskog polja na transportne koeficijente trećeg reda. Primećeno je da je u odsustvu mag-
netskog polja Qzxx komponenta negativna, dok su Qxxz i Qzzz komponente pozitivne u celom
razmatranom opsegu redukovanog električnog polja. Takođe je uočeno da se apsolutne vrednosti
sve tri komponente ovog tenzora, koje su međusobno nezavisne u odsustvu magnetskog polja,
povećavaju sa porastom redukovanog električnog polja na najnižim poljima gde se neelastični
sudari mogu zanemariti. Suprotno tome, apsolutne vrednosti ovih komponenti naglo opadaju sa
porastom redukovanog električnog polja na višim poljima. Zavisnost komponenti transportnog
tenzora trećeg reda od redukovanog magnetskog polja je složena, naročito u slučaju vandija-
gonalnih komponenti. Međutim, i komponente transportnog tenzora trećeg reda, koje postoje
samo u prisustvu magnetskog polja, mogu se interpretirati na sličan način kao komponente koje
postoje i u odsustvu magnetskog polja.

U potpoglavlju 4.7 su izučavani transportni koeficijenti trećeg reda za elektrone u Lucas-
Saelee-evom modelnom gasu. Ovaj je model poslužio za utvrđivanje toga kako implicitni i
eksplicitni efekti jonizacije utiču na transportne koeficijente trećeg reda. Pokazano je da ek-
splicitni efekti jonizacije povećavaju balk vrednosti transportnih koeficijenata trećeg reda, dok
implicitni efekti dovode do snižavanja i balk i fluks vrednosti ovih transportnih koeficijenata.
Pri tome balk vrednosti transportnih koeficijenata trećeg reda opadaju sa porastom parametra
F, koji određuje parcijalnu verovatnoću za jonizaciju, što ukazuje na to da su u slučaju ovih
transportnih koeficijenata implicitni efekti jonizacije izraženiji nego eksplicitni efekti.

Odeljak 4.8.1 razmatra transportne koeficijente trećeg reda za roj elektrona u modifiko-
vanom Ness-Robson-ovom modelu grejanja roja zahvatom elektrona. Na osnovu ovog modela
je ispitivan uticaj eksplicitnih i implicitnih efekata zahvata elektrona, kome koliziona frekven-
ca opada sa porastom energije, na transportne koeficijente trećeg reda. Uočeno je da su na
najnižim poljima balk vrednosti ovih transportnih koeficijenata više od odgovarajućih fluks
vrednosti, zbog grejanja roja zahvatom elektrona. No na srednjim poljima su fluks vrednosti
više od balk vrednosti zbog kombinovanog efekta zahvata elektrona i neelastičnih sudara, dok
su na najvišim poljima razlike između balk i fluks vrednosti zanemarljive. Na nižim poljima
su fluks transportni koeficijenti trećeg reda viši u modelu grejanja zahvatom nego u modelu
sa konstantnom kolizionom frekvencom za zahvat elektrona, dok je na višim poljima razlika
između fluks vrednosti transportnih koeficijenata trećeg reda u ova dva modela jako mala.

U potpoglavlju 4.8.2 analizirani su transportni koeficijenti trećeg reda za roj elektrona u
modifikovanom Ness-Robson-ovom modelu hlađenja roja zahvatom elektrona. Pomoću ovog
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modela su ispitani eksplicitni i implicitni efekti zahvata elektrona, čija koliziona frekvenca se
povećava sa porastom energije, na transportne koeficijente trećeg reda. U ovom slučaju je uti-
caj eksplicitnih efekata zahvata suprotan u odnosu na model koji je razmatran u potpoglavlju
4.8.1. Naime, na najnižim poljima su fluks vrednosti transportnih koeficijenata trećeg reda više
od odgovarajućih balk vrednosti zbog eksplicitnih efekata hlađenja roja zahvatom elektrona.
Međutim, na srednjim poljima su u slučaju longitudinalne komponente transportnog tenzira
trećeg reda balk vrednosti više od odgovarajućih fluks vrednosti, ali je ova razlika u okviru
statističke nesigurnosti Monte Carlo simulacija, dok ovaj efekat nije uočen za transverzalnu
komponentu transportnog tenzora trećeg reda. Na višim poljima je razlika između balk i fluks
vrednosti transportnog tenzora trećeg reda zanemarljiva. Fluks vrednosti transportnih koefi-
cijenata trećeg reda su na nižim poljima više u modelu zahvata sa konstantnom kolizionom
frekvencom nego u modelu hlađenja roja zahvatom elektrona, zbog implicitnih efekata zavata
elektrona u ovom modelu. Na oko 10 Td su pak fluks vrednosti više u modelu hlađenja roja
zahvatom elektrona, ali je u ovoj oblasti polja razlika između ova dva modela znatno manje iz-
ražena nego na nižim poljima. Na još višim poljima razlika između fluks vrednosti transportnih
koeficijenata trećeg reda u ova dva modela je zanemarljiva.

96



5 Transportni koeficijenti trećeg reda za elektrone i pozi-

trone u realnim gasovima

5.1 Uvod

Peto poglavlje donosi rezultate naših proračuna transportnih koeficijenata trećeg reda (TKI-
II) za elektrone i pozitrone u realnim gasovima. Ovi proračuni su urađeni primenommomentnog
metoda za numeričko rešavanje Boltzmann-ove jednačine i Monte Carlo simulacija.

U potpoglavlju 5.2 opisana je korelacija između profila zavisnosti longitudinalne difuzije
i longitudinalne komponente transportnog tenzora trećeg reda (TTIII) od redukovanog elek-
tričnog polja. Odeljak 5.3 posvećen je rezultatima naših proracuna transportnih koeficijenata
trećeg reda za elektrone u atomskim gasovima u kojima nije prisutan Ramsauer-Townsend-
ov minimum (helijum i neon), dok su u potpoglavlju 5.4 prikazani rezultati naših proračuna
transportnih koeficijenata trećeg reda za elektrone u atomskim gasovima u kojima je prisutan
Ramsauer-Townsend-ov minimum (argon, kripton i ksenon). Rezultati naših proračuna trans-
portnih koeficijenata trećeg reda za elektrone u molekularnim gasovima (N2, CH4, CF4 i C3F8)
tumače se u potpoglavlju 5.5. Odeljak 5.6 prezentuje značaj doprinosa transportnih koeficije-
nata trećeg reda prostornom profilu roja za elektrone u devet različitih gasova, a zatim i uticaj
efekata, koji zavise od pritiska, na transportne koeficijente trećeg reda na primeru elektrona u
molekularnom kiseoniku. U potpoglavlju 5.7 prikazani su naši rezultati vezani za transportne
koeficijente trećeg reda za rojeve pozitrona u molekularnim gasovima (H2, N2 i CF4).

5.2 Korelacija longitudinalne komponente transportnog tenzora tre-
ćeg reda i longitudinalne difuzije

Pri ispitivanju transportnih koeficijenata trećeg reda (TKIII) za elektrone i pozitrone u real-
nim gasovima primećeno je da postoji snažna korelacija između profila zavisnosti longitudinalne
komponente transportnog tenzora trećeg reda TTIII, n2

0Qzzz, od E/n0 i odgovarajućih profi-
la longitudinalne difuzije, n0Dzz. Naime, uočava se da kada n0Dzz opada sa porastom E/n0,
n2
0Qzzz naglo opada. Međutim, n2

0Qzzz opada sa porastom E/n0 i kada se n0Dzz povećava, ako
je porast n0Dzz usporen (kada je n0Dzz konkavna funkcija redukovanog električnog polja), ali
je u ovom slučaju opadanje n2

0Qzzz manje intenzivno nego kada n0Dzz opada. Longitudinalna
komponenta TTIII se povećava sa porastom E/n0 ako je porast n0Dzz ubrzan (kada je n0Dzz

konveksna funkcija polja). Ova korelacija je primećena u svim atomskim i molekularnim gaso-
vima koji su do sada razmatrani. Pri tome važi da je longitudinalna komponenta balk TTIII
korelisana sa balk longitudinalnom difuzijom, dok je longitudinalna komponenta fluks TTIII
korelisana sa fluks longitudinalnom difuzijom u uslovima u kojima se trendovi zavisnosti balk i
fluks TKIII od E/n0 razlikuju, poput transporta elektrona u jako elektronegativnim gasovima
i transporta pozitrona u opsegu polja u kome postoji značajno formiranje pozitronijuma. Va-
žno je pak naglasiti da ova korelacija ne postoji na jako niskim poljima zato što komponente
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TTIII za razliku od komponenti difuzionog tenzora reprezentuju usmereno kretanje, pa sve
komponente TTIII teže nuli kada E/n0 teži nuli, a dijagonalne komponente difuzionog tenzora
teže termalnoj vrednosti. Zato na najnižim poljima uvek postoji opseg u kome se komponente
TTIII po apsolutnoj vrednosti monotono povećavaju sa porastom E/n0, bez obzira na trend
zavisnosti difuzionog tenzora od E/n0. Takođe je važno naglastiti da se u profilima zavisno-
sti n2

0Qzzz i n0Dzz od E/n0 nekada dogodi da n2
0Qzzz malo prednjači u odnosu na n0Dzz. Na

primer, događa se da n2
0Qzzz počne da se povećava na vrednostima E/n0 na kojima n0Dzz još

uvek opada, ako na malo višim poljima n0Dzz počne ubrzano da se povećava sa porastom E/n0.
Ovakvo ponašanje ukazuje na veću osetljivost TKIII na visokoenergijski deo funkcije raspodele
naelektrisanih čestica.

Primećena korelacija longitudinalne komponente TTIII i longitudinalne difuzije može se
razumeti na intuitivnom nivou. Zapravo, TKIII reprezentuju asimetrično odstupanje ukupnog
difuzionog širenja od kretanja koje je opisano difuzionim tenzorom. Pritom je TKIII mala po-
pravka u odnosu na simetrično difuziono širenje. Ovo znači da TKIII opisuju oblik difuzionog
kretanja koje u sebi nosi znatno manju količinu energije i impulsa od kretanja koje je reprezen-
tovano difuzionim tenzorom. Na osnovu toga se može očekivati da su TKIII znatno osetljiviji na
elementarne sudarne procese od transportnih koeficijenata nižeg reda. Zbog toga n2

0Qzzz opada
sa porastom E/n0, ako je otpor difuzionom kretanju izazvan sudarima dovoljno intenzivan da
uspori porast n0Dzz sa povećanjem E/n0. Sa druge strane, ako je otpor difuzionom kretanju
toliko intenzivan da dovede do opadanja n0Dzz sa porastom polja, to dovodi do intenzivnog
opadanja n2

0Qzzz. Međutim, n2
0Qzzz raste sa porastom polja, ako je otpor difuzionom kretanju

dovoljno slab da omogući ubrzan porast n0Dzz sa porastom E/n0. Na osnovu primećene korela-
cije između profila zavisnosti n2

0Qzzz i n0Dzz od E/n0 može se jasno videti da su TKIII znatno
osetljivi na elementarne sudarne procese od transportnih koeficijenata nižeg reda. Ovo ukazuje
na to da bi TKIII bili jako korisni u proceduri za određivanje kompletnih skupova preseka na
osnovu metode rojeva ako bi bili računati i mereni sa dovoljnom preciznošću.

Prisustvo ove korelacije između n2
0Qzzz i n0Dzz znatno olakšava razumevanje trendova pona-

šanja n2
0Qzzz u funkciji polja – što je korisno u slučaju realnih gasova, koji imaju komplikovan

skup preseka, te bi bilo jako teško tumačiti zavisnost n2
0Qzzz od E/n0 direktno na osnovu

preseka, zbog složenosti fizičke interpretacije TKIII i zbog njihove osetljivosti na elementarne
sudarne procese.

Preostale dve komponente TTIII, koje su nezavisne u odsustvu magnetskog polja (n2
0Qxxz

i n2
0Qzxx), najčešće imaju profile zavisnosti od E/n0 koji su na kvalitativnom nivou slični od-

govarajućim profilima longitudinalne komponente TTIII. Uz to je jedna od vandijagonalnih
komponenti n2

0Qzxx i n2
0Qxxz negativna kad god je koliziona frekvenca rastuća funkcija energi-

je, dok je druga najčešće pozitivna. Kada porast kolizione frekvence sa energijom nije previše
intenzivan, n2

0Qzxx komponenta je negativna, a n2
0Qxxz je pozitivna. Situacija je suprotna kada

je porast kolizione frekvence sa energijom vrlo intenzivan. U tom slučaju je n2
0Qxxz negativna,

dok je n2
0Qzxx najčešće pozitivna. U okolnostima kada je jedna od vandijagonalnih komponen-

ti negativna, njihove apsolutne vrednosti dostižu maksimume i minimume za praktično iste
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vrednosti polja. Ukoliko su obe komponente istog znaka, najčešće ispoljavaju iste kvalitativne
trendove ponašanja. Ovo znači da se na osnovu korelacije longitudinalne komponente TTIII i
longitudinalne difuzije u grubim crtama mogu razumeti trendovi zavisnosti sve tri nezavisne
komponente TTIII od E/n0.

5.3 Transportni koeficijenti trećeg reda za rojeve elektrona u atom-
skim gasovima bez Ramsauer-Townsend-ovog minimuma

5.3.1 Preliminarije

Na slikama 39 i 40 su prikazani setovi preseka za rasejanje elektrona u helijumu i neonu,
respektivno, koji su korišćeni u našim proračunima. Set preseka za elektrone u helijumu, koji
je korišćen u našem radu, razvijen je u Laboratoriji za gasnu elektroniku Instituta za fiziku u
Beogradu. Ovaj set preseka za elektrone dat je u referenci [197].

Naši proračuni transportnih osobina elektrona u neonu koriste set preseka za elektrone u
neonu koji je razvio Hayashi [198] na osnovu postojećeg seta preseka postavljenog u radu [199].
Hayashi-jev set preseka za rasejanje elektrona u neonu je prikazan u radu [200].
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Slika 39: Set preseka za rasejanje elektrona u He: (1) transfer impulsa u elastičnim sudarima,
elektronske ekscitacije (2), (3) i (4) jonizacija.
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Slika 40: Set preseka za rasejanje elektrona u Ne: (1) transfer impulsa u elastičnim sudarima,
elektronske ekscitacije (2) 2p53s 3P2, (3) 2p53s 3P1, (4) 2p53s 3P0, (5) 2p53s 1P1, (6) 2p53p 3S1,
(7) 2p53p 2P, (8) 2p54s 2S i (9) jonizacija.

5.3.2 Rezultati

Na slici 41 a) je prikazana srednja energija za elektrone u helijumu, dok su n2
0Qxxz, n2

0Qzxx

i n2
0Qzzz komponente TTIII za elektrone u helijumu prikazane na slici 41 b). Ovi rezultati

su dobijeni na osnovu numeričkih multi term rešenja Boltzmann-ove jednačine. Komponente
n2
0Qxxz i n2

0Qzzz su pozitivne u celom opsegu polja, pri čemu je n2
0Qzxx komponenta negativna na

poljima nižim od približno 10 Td, dok je na višim poljima pozitivna. Sve tri komponente TTIII
se po apsolutnoj vrednosti povećavaju na poljima nižim od oko 8 Td. Istovremeno je ovaj porast
najintenzivniji u opsegu polja između približno 2 Td i 8 Td. Na poljima između približno 8 Td i
50 Td n2

0Qxxz i n2
0Qzzz naglo opadaju sa porastom polja, dok se n2

0Qzxx komponenta povećava,
ali je ovaj porast sporiji u opsegu polja između približno 10 Td i 50 Td. U opsegu polja između
približno 50 Td i 100 Td se sve tri komponente TTIII naglo povećavaju sa porastom polja.

Na poljima nižim od približno 2 Td je srednja energija elektrona niža od 1.2 eV, pa je trans-
port elektrona određen elastičnim sudarima. Pri tome se većina elektrona nalazi u energijskoj
oblasti u kojoj se presek za transfer impulsa u elastičnim sudarima povećava sa porastom ener-
gije (od 0.01 eV do 3 eV), dok se najenergičniji elektroni nalaze u energijskoj oblasti u kojoj
ovaj presek postepeno opada sa porastom energije (između približno 3 eV i 8 eV). Ovo dovodi
do postepenog porasta apsolutnih vrednosti komponenti TTIII sa porastom polja. Međutim,
u opsegu polja između približno 2 Td i 8 Td je srednja energija elektrona između približno 1
eV i 5 eV, pa se veliki procenat elektrona nalazi u energijskoj oblasti u kojoj presek za transfer
impulsa u elastičnim sudarima opada sa porastom energije, dok se najenergičniji elektroni na-
laže u energijskoj oblasti između 5 eV i 20 eV, u kojoj je opadanje preseka za elastične sudare
sa porastom energije vrlo intenzivno. Zbog toga se u ovom opsegu polja n2

0Qxxz i n2
0Qzzz naglo
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Slika 41: Srednja energija i n2
0Qxxz, n2

0Qzxx i n2
0Qzzz komponente fluks transportnog tenzora

trećeg reda za roj elektrona u helijumu u funkciji E/n0. Rezultati su dobijeni primenom metoda
više članova za rešavanje Boltzmann-ove jednačine.

povećavaju sa porastom E/n0, a n2
0Qzxx komponenta se povećava po apsolutinoj vrednosti do

približno 6 Td, nakon čega menja trend ponašanja. Na poljima u između približno 8 Td i 50 Td
je srednja energija elektrona između 5 eV i 9 eV. U ovom opsegu polja najenergičniji elektroni
imaju energiju višu od 20 eV, pa mogu da učestvuju u neelastičnim sudarima. Pošto neelastič-
ni sudari pružaju snažan otpor difuzionom kretanju, n2

0Qxxz i n2
0Qzzz naglo opadaju u ovom

opsegu polja, dok je n2
0Qzxx komponenta skoro konstantna u opsegu polja između približno

20 Td i 50 Td. Na višim poljima se sve tri komponente TTIII naglo povećavaju sa porastom
polja. Razlozi za ovaj porast komponenti TTIII bi mogli da budu povećanje srednje energije
elektrona i povećanje usmerene komponente kretanja sa porastom E/n0, ako povećanje otpora
difuzionom kretanju nije dovoljno intenzivno da nadjača ove efekte.
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Slika 42: Srednja energija i n2
0Qxxz, n2

0Qzxx i n2
0Qzzz komponente fluks transportnog tenzora

trećeg reda za roj elektrona u neonu u funkciji E/n0. Ovi rezultati su dobijeni uz pomoć
metoda više članova za rešavanje Boltzmann-ove jednačine.

Na slici 42 a) prikazana je srednja energija za elektrone u neonu, dok su n2
0Qxxz, n2

0Qzxx

i n2
0Qzzz komponente TTIII za elektrone u neonu predstavljene na slici 42 b). Za razliku od

komponenti n2
0Qxxz i n2

0Qzzz koje su pozitivne, komponenta n2
0Qzxx je negativna u celom opsegu

E/n0. Negativnost n2
0Qzxx komponente se može pripisati tome što se koliziona frekvenca po-
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većava sa porastom energije u širokom energijskom opsegu. Naime, presek za transfer impulsa
u elastičnim sudarima se povećava do oko 30 eV, nakon čega se preseci za neelastične sudare i
jonizaciju naglo povećavaju sa porastom energije. Ipak, porast kolizione frekvence sa porastom
energije nije dovoljno intenzivan da n2

0Qxxz i n2
0Qzzz komponente postanu negativne. Na poljima

do oko 1 Td sve tri komponente TTIII ispoljavaju približno oscilatorno ponašanje. Apsolutne
vrednosti n2

0Qxxz i n2
0Qzxx komponenti dostižu dva lokalna maksimuma na približno 10−3 Td i 1

Td i lokalni minimum na približno 3.5·10−2 Td. Longitudinalna komponenta TTIII dostiže dva
lokalna maksimuma na približno 3.5·10−3 Td i 0.8 Td i lokalni minimum na oko 6·10−2 Td. Na
poljima višim od oko 1 Td apsolutne vrednosti n2

0Qxxz i n2
0Qzxx komponenti monotono opadaju

sa porastom E/n0, dok se n2
0Qzzz komponenta naglo povećava do oko 2 Td, posle čega naglo

opada sa porastom redukovanog električnog polja.

U opsegu polja do približno 0.8 Td srednja energija elektrona je niža od 3.2 eV, pa elektroni
nemaju dovoljno energije za neelastične sudare i profili zavisnosti TKIII od E/n0 su određeni
elastičnim sudarima, što ukazuje na to da su oscilatorni profili komponenti TTIII na poljima
nižim od 0.8 Td posledica energijske zavisnosti preseka za elastične sudare. Na poljima višim
od 2 Td, srednja energija elektrona je preko 6 eV, te svi elektroni čija je energija tri puta
veća od srednje energije imaju dovoljno energije za neelastične sudare (16.62 eV), a to dovodi
do monotonog opadanja apsolutnih vrednosti sve tri komponente TTIII sa porastom E/n0 u
ovom opsegu polja. U opsegu polja između približno 1 Td i 2 Td, n2

0Qzzz komponenta se naglo
povećava sa porastom polja, uprkos tome što najenergičniji elektroni imaju dovoljno energije
za neelastične sudare u ovom opsegu polja. Ovo bi moglo da bude posledica naglog povećanja
pokretljivosti elektrona u ovom opsegu polja, pošto se srednja energija poveća sa oko 3 eV na
0.8 Td do približno 6 eV na 2.1 Td.
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Slika 43: Poređenje vrednosti komponenti transportnog tenzora trećeg reda, koje su dobijene
primenom metoda više članova za rešavanje Boltzmann-ove jednačine i Monte Carlo simulacija,
za elektrone u neonu.

Slika 43 prikazuje poređenja vrednosti n2
0Q

(f)
L i n2

0Q
(f)
T , koje su dobijene primenom moment-

nog metoda za numeričko rešavanje Boltzmann-ove jednačine i Monte Carlo simulacija, za roj
elektrona u neonu. Sa ovih slika se vidi da se rezultati koji su dobijeni na osnovu ova dva meto-
da jako dobro slažu. Veličine grešaka se povećavaju sa opadanjem E/n0 zbog spore relaksacije
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energije elektrona na niskim poljima, što je posledica malog transfera energije u elastičnim su-
darima. Međutim, razlika između rezultata koji su dobijeni na osnovu ove dve metode je znatno
manja od statističke nesigurnosti Monte Carlo simulacija.
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Slika 44: Poređenje vrednosti longitudinalne komponente transportnog tenzora trećeg reda koje
su dobijene u našim proračunima, na osnovu metoda više članova za rešavanje Boltzmann-ove
jednačine, sa rezultatima Penetrante-a i Bardsley-a [126] i Vrhovca i saradnika [132] za rojeve
elektrona u helijumu, neonu i argonu.

Na slici 44 su prikazana poređenja vrednosti n2
0Q

(f)
L koje su dobijene u našim proračunima

sa vrednostima koje su dobili drugi autori [126, 132] za elektrone u helijumu, neonu i argonu.
Penetrante i Bardsley [126] su u svojim proračunima koristili aproksimaciju dva člana za nu-
meričko rešavanje Boltzmann-ove jednačine, dok su Vrhovac i saradnici [132] koristili teoriju
prenosa impulsa. Može se videti da se kvalitativno ponašanje naših rezultata dobro slaže sa
kvalitativnim ponašanjem rezultata Penetrante-a i Bardsley-a. Pri tome se brojne vrednosti
naših rezultata za elektrone u neonu jako dobro slažu sa brojnim vrednostima Penetrante-a i
Bardsley-a. Činjenica o slaganju rezultata upućuje na to da je u njihovim proračunima korišćen
sličan presek za transfer impulsa u elastičnim sudarima kao u našim proračunima, kao i da je
primena aproksimacije dva člana opravdana za izračunavanje longitudinalne komponente TTIII
u odsustvu neelastičnih sudara. Razlika između rezultata za elektrone u helijumu i argonu je
verovatno posledica razlike u korišćenim presecima za rasejanje elektrona. Trendovi zavisnosti
n2
0Q

(f)
L od E/n0 u rezultatima Vrhovca i saradnika se nešto slabije slažu sa trendovima naših

rezultata nego što je to slučaj sa rezultatima Penetrante-a i Bardsley-a. Na primer, iako se
vrednosti komponente n2

0Q
(f)
L , koje su dobijene u našim proračunima za elektrone u helijumu

povećavaju sa porastom E/n0 u opsegu polja od 0.1 Td do približno 8 Td, vrednosti n2
0Q

(f)
L

koje su dobili Vrhovac i saradnici praktično saturiraju sa porastom E/n0 u opsegu polja između
približno 0.1 Td i 0.6 Td i blago opadaju u opsegu polja između 2.5 Td i 4 Td. Pored toga, za
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elektrone u neonu vrednosti n2
0Q

(f)
L , koje su dobijene na osnovu proračuna Vrhovca i saradnika,

dostižu maksimum na oko 1 Td, dok vrednosti dobijene u našim proračunima dostižu maksi-
mum na približno 2 Td, pri čemu je u rezultatima Vrhovca i saradnika ovaj maksimum znatno
manje izražen nego u našim rezultatima. Kvantitativno slaganje naših rezultata sa rezultatima
Vrhovca i saradnika je za elektrone u helijumu i neonu slabije od kvantitativnog slaganja naših
rezultata sa rezultatima Penetrante-a i Bardsley-a, dok je za elektrone u argonu kvantitativno
slaganje naših proračuna jednako dobro sa proračunima Penetrante-a i Bardsley-a i Vrhovca i
saradnika. Razlike između naših rezultata i rezultata Vrhovca i saradnika mogu biti posledica
aproksimacija korišćenih u fluidnim modelima i razlike u korišćenim presecima.
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Slika 45: Korelacija longitudinalne komponente fluks transportnog tenzora trećeg reda sa fluks
longitudinalnom difuzijom za elektrone u helijumu i neonu. Rezultati su dobijeni primenom
metoda više članova za rešavanje Boltzmann-ove jednačine.

Korelacije između n2
0Q

(f)
zzz i n0D

(f)
zz za elektrone u helijumu i neonu prikazane su na slici 45.

Može se videti da se oba u slučaja na najnižim poljima n2
0Q

(f)
zzz povećava sa porastom E/n0

uprkos tome što n0D
(f)
zz opada. Ovo je posledica toga što TKIII reprezentuju usmereno kretanje

pa teže nuli u limesu niskih polja, za razliku od difuzije koja teži termalnoj vrednosti. Zato se u
svim gasovima komponente TTIII po apsolutnoj vrednosti monotono povećavaju sa porastom
E/n0 na dovoljno niskim poljima. No vrednost E/n0 pri kojoj počinje korelacija između n2

0Q
(f)
zzz

i n0D
(f)
zz nije ista u svim gasovima.

Za elektrone u helijumu se n2
0Q

(f)
zzz i n0D

(f)
zz povećavaju sa porastom polja za E/n0 između

otprilike 6·10−2 i 8 Td. Pri tome se obe veličine naglo povećavaju u opsegu polja između približno
2 Td i 8 Td. Međutim, u opsegu polja između približno 8 Td i 40 Td se porast n0D

(f)
zz sa porastom

E/n0 usporava (n0D
(f)
zz postaje konkavna funkcija polja), pa u ovom opsegu polja n2

0Q
(f)
zzz opada

sa porastom E/n0. Na višim poljima se porast n0D
(f)
zz sa porastom E/n0 ubrzava (n0D

(f)
zz

postaje konveksna funkcija polja), pa se i n2
0Q

(f)
zzz povećava sa porastom E/n0 u ovom opsegu

polja.

Za elektrone u neonu n2
0Q

(f)
zzz i n0D

(f)
zz opadaju sa porastom E/n0 u opsegu polja između

otpilike 3·10−3 Td i 4·10−2 Td, pri čemu n2
0Q

(f)
zzz nastavlja da opada do približno 6·10−2. Na višim

poljima se n2
0Q

(f)
zzz i n0D

(f)
zz povećavaju sa porastom E/n0 do oko 2 Td. Uz to je ovaj porast

naročito intenzivan u opsegu polja između približno 1 Td i 2 Td. Na višim poljima n0D
(f)
zz

postaje konkavna funkcija i počne da opada sa porastom E/n0 za E/n0 između približno 6 Td
i 50 Td, nakon čega saturira sa porastom E/n0. Uz to n2

0Q
(f)
zzz opada u opsegu polja iznad 2 Td.
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U ovom potpoglavlju su razmatrani TKIII za elektrone u helijumu i neonu. Longitudinal-
na komponenta Qzzz je pozitivna u oba gasa u celom posmatranom opsegu polja. Ipak, Qzxx

komponenta je negativna za elektrone u helijumu na poljima nižim od približno 10 Td i za elek-
trone u neonu u celom razmatranom opsegu polja, zbog porasta kolizione frekvence za elastične
sudare sa porastom energije. Profili zavisnosti komponenti TTIII od redukovanog električnog
polja u ova dva gasa su nešto složeniji nego u slučaju modelnih gasova, zbog složenije energij-
ske zavisnosti preseka za sudare u realnim gasovima. Ovi profili su analizirani na osnovu setova
preseka i profila zavisnosti srednje energije od redukovanog električnog polja. Na ovom mestu
su poređeni naši rezultati za longitudinalnu komponentu TTIII sa rezultatima Penetrante-a i
Bardsley-a [126] i Vrhovca i saradnika [132]. Naši rezultati se nešto bolje slažu sa rezultatima
Penetrante-a i Bardsley-a nego sa rezultatima Vrhovca i saradnika. Na kraju ovog potpoglavlja
je razmatrana korelacija između longitudinalne komponente TTIII i longitudinalne komponente
difuzionog tenzora.

5.4 Transportni koeficijenti trećeg reda za rojeve elektrona u atom-
skim gasovima sa Ramsauer-Townsend-ovim minimumom

5.4.1 Preliminarije

Na slikama 46, 47 i 48 su prikazani setovi preseka za rasejanje elektrona u argonu, kriptonu
i ksenonu, respektivno, koji su korišćeni u našim proračunima. Setovi preseka za rasejanje
elektrona u argonu i ksenonu, koji su korišćeni u našem radu, preuzeti su iz Hayashi-jeve
baze [201, 202]. U našim proračunima transporta elektrona u kriptonu korišćen je set preseka
koji je razvio S. Biagi . Ovaj set preseka je direktno kodiran u MAGBOLTZ kodu (verzija
7.1) [203].

5.4.2 Rezultati

Na slici 49 su predstavljene vrednosti srednje energije elektrona u argonu, kriptonu i ksenonu.
Ovi rezultati su dobijeni primenom momentnog metoda za numeričko rešavanje Boltzmann-ove
jednačine. U sva tri plemenita gasa je energija termalna na najnižim poljima. Pri tome je
srednja energija u argonu blizu termalnih vrednosti do oko 10−3 Td, gde iznosi približno 4·10−2

eV. Nakon toga se srednja energija naglo povećava u opsegu polja između približno 10−3 Td i
6·10−3 Td i dostiže vrednost od oko 0.2 eV na kraju ovog opsega. Na višim poljima se srednja
energija monotono povećava sa porastom E/n0, ali je nagib zavisnosti srednje energije od E/n0

znatno manji nego u opsegu polja između 10−3 Td i 6·10−3 Td. Nagib zavisnosti srednje energije
od E/n0 se ponovo smanjuje na približno 6 Td, gde srednja energija iznosi oko 5 eV. U opsegu
polja između približno 10−3 Td i 6·10−3 Td, srednja energija elektrona se nalazi u intervalu
između približno 4·10−2 eV i 0.2 eV. U ovoj energijskoj oblasti presek za transfer implulsa naglo
opada sa porastom energije (zbog prisustva Ramsauer-Townsend-ovog minimuma). To dovodi
do intenzivnog porasta energije sa porastom E/n0 u ovom opsegu polja. U opsegu E/n0 između
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Slika 46: Set preseka za rasejanje elektrona u argonu: (1) transfer impulsa u elastičnim sudari-
ma, efektivne elektronske ekscitacije: (2) 4s[3/2]2, (3) 4s[3/2]1, (4) 4s′[1/2]0, (5) 4s′[1/2]1, (6)
4p[1/2]1, (7) 4p[5/2]3, (8) 4p[5/2]2, (9) 4p[3/2]1, (10) 4p[3/2]2, (11) 4p[1/2]0 i 4p′[3/2]1, (12)
4p′[3/2]2, (13) 4p′[1/2]1, (14) 4p′[1/2]0, (15) 3d[1/2]0 i 3d[1/2]1, (16) 3d[3/2]2, (17) 3d[7/2]4,
(18) 3d[7/2]3, (19) 3d[5/2]2 i 5s[3/2]2, (20) 3d[5/2]3 i 5s[3/2]1, (21) 3d[3/2]1, (22) 3d′[5/2]2 i
(23) 3d′[3/2]2, 3d′[5/2]3, 5s′[1/2]0 i 5s′[1/2]1, (24) efektivna ekscitacija koja obuhvata stanja
sa pragovima između 14.71 eV i 15.20 eV, (25) efektivna ekscitacija koja obuhvata stanja sa
pragovima između 15.20 eV i 15.76 eV i (26) jonizacija.

približno 6·10−3 Td i 6 Td srednja energija elektrona se nalazi u intervalu između 0.2 eV i 5
eV, a u ovom energijskom intervalu se presek za transfer impulsa u elastičnim sudarima naglo
povećava sa porastom energije, što dovodi do sporijeg porasta srednje energije sa porastom
E/n0. Na poljima višim od 6 Td, srednja energija elektrona je preko 5 eV, te najenergičniji
elektroni imaju energiju višu od 11.55 eV i mogu da učestvuju u neelastičnim sudarima, što
dodatno usporava porast srednje energije sa porastom polja.

Trendovi zavosnosti srednje energije od E/n0 u kriptonu i ksenonu su na kvalitativnom
nivou vrlo slični odgovarajućem trendu zavisnosti u argonu. Pritom se srednja energija naglo
povećava sa porastom E/n0 u opsegu polja između približno 6·10−3 Td i 3·10−2 za elektrone u
kriptonu i u opsegu između 2·10−2 i 6·10−2 za elektrone u ksenonu. U oba slučaja se u ovom
opsegu E/n0 srednja energija elektrona nalazi u energijskoj oblasti u kojoj presek za transfer
impulsa u elastičnim sudarima naglo opada sa porastom energije, zbog Ramsauer-Townsend-
ovog minimuma. Ovaj energijski opseg se nalazi između približno 4·10−2 eV i 0.5 eV za elektrone
u kriptonu i ksenonu. Na višim poljima je nagib zavisnosti srednje energije od E/n0 znatno
manji, jer naglo raste presek za transfer impulsa u elastičnim sudarima u energijskom intervalu
koji odgovara ovom opsegu polja. Pri vrednostima polja višim od oko približno 6 Td, nagib
zavisnosti srednje energije od E/n0 se dodatno smanjuje zbog toga što najenergičniji elektroni
mogu da učestvuju u neelastičnim sudarima u ovom opsegu polja. Naime, na 6 Td vrednosti
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Slika 47: Set preseka za rasejanje elektrona u kriptonu: (1) transfer impulsa u elastičnim suda-
rima, efektivne elektronske ekscitacije: (2) S nivoi, (3) P nivoi, (4) D i P nivoi, (5) efektivna
ekscitacija koja obuhvata stanja sa pragovima između 12.75 eV i 13.996 eV i (6) jonizacija.

srednje energije elektrona iznose približno 4 eV i 3 eV u kriptonu i ksenonu, respektivno, dok
vrednosti praga za prvu elektronsku ekscitaciju u kriptonu i ksenonu iznose približno 9.91 eV i
8.31 eV.

Slika 50 predstavlja n2
0Q

(f)
xxz, n2

0Q
(f)
zxx i n2

0Q
(f)
zzz komponente TTIII za elektrone u argonu, krip-

tonu i ksenonu. Ovi rezultati su dobijeni primenom momentnog metoda za numeričko rešavanje
Boltzmann-ove jednačine. Prikazano je i 3Q(f)

T = Q
(f)
xxz+Q

(f)
xzx+Q

(f)
zxx (pri čemu je Qxxz = Qxzx),

te se može videti da je na kvalitativnom nivou trend zavisnosti komponenti TTIII od E/n0 isti
u kriptonu i ksenonu, pri čemu se razlikuju vrednosti polja na kojima ove komponente menjaju
trend ponašanja kao i brojne vrednosti komponenti TTIII. Na niskim poljima su sve tri kompo-
nente TTIII pozitivne i monotono se povećavaju sa porastom E/n0 i dostižu maksimum na oko
1.4·10−2 Td i 3.7·10−2 Td za elektrone u kriptonu i ksenonu, respektivno. Nakon toga sve tri
komponente TTIII naglo opadaju sa porastom polja do oko 3.5·10−2 Td i 0.1 Td za elektrone u
kriptonu i ksenonu respektivno. Na višim poljima se n2

0Q
(f)
zxx komponenta povećava sa porastom

E/n0 i dostiže lokalni maksimum na približno 0.08 Td i 0.2 Td za elektrone u kriptonu i ksenonu
respektivno. U ovom opsegu polja n2

0Q
(f)
xxz komponenta postaje negativna i dostiže lokalni mini-

mum na optilike istoj vrednosti polja na kojoj n2
0Q

(f)
zxx dostiže lokalni maksimum. Istovremeno

n2
0Q

(f)
xxz komponenta ostaje negativna u celom opsegu polja do 100 Td. Komponente n2

0Q
(f)
xxz

i n2
0Q

(f)
zxx po apsolutnoj vrednosti na višim poljima monotono opadaju sa porastom E/n0. U

kriptonu i ksenonu n2
0Q

(f)
zzz komponenta posle prvog maksimuma monotono opada sa porastom

polja do oko 2.1 Td, posle čega se povećava, dostižući drugi lokalni maksimum (videti slike sa
korelacijom n0DL i n2

0QL). Ovaj drugi maksimum se nalazi na približno 4 Td za elektrone u
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Slika 48: Set preseka za rasejanje elektrona u ksenonu: (1) transfer impulsa u elastičnim suda-
rima, efektivne elektronske ekscitacije: (2) 6s[3/2]2, (3) 6s[3/2]1, (4) 6s′[1/2]0, (5) 6s′[1/2]1 i
6p[1/2]1, (6) 6p[5/2]2 i 6p[5/2]3, (7) 6p[3/2]1 i 6p[3/2]2, (8) 5d[1/2]0, 5d[1/2]1, 6p[1/2]0, 5d[7/2]4 i
5d[3/2]2, (9) 5d[7/2]3, (10) 5d[5/2]2, (11) 5d[5/2]3, (12) 5d[3/2]1, (13) 7s[3/2]2, 7s[3/2]1, 7p[1/2]1,
7p[5/2]2, 6p′[3/2]1, 7p[5/2]3, 6d[1/2]0, 6d[1/2]1, 7p[3/2]2 6d[3/2]2, 7p[3/2]1, 7p[1/2]0, 6d[7/2]4,
6d[7/2]3, 6p′[3/2]2, 6d[5/2]2, 6p[1/2]1, 6d[5/2]3, 6p′[1/2]0 i 6d[3/2]1, (14) 8s[3/2]2 (15) 9s[3/2]2 i
(16) jonizacija.
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Slika 49: Srednja energija u funkciji E/n0 za rojeve elektrona u argonu, kriptonu i ksenonu.
Rezultati su dobijeni primenom metoda više članova za rešavanje Boltzmann-ove jednačine.

kriptonu i ksenonu. Na višim poljima apsolutne vrednosti sve tri komponente TTIII monotono
opadaju sa porastom E/n0.

Trend zavisnosti komponenti TTIII od E/n0 za elektrone u argonu je sličan odgovaraju-
ćim trendovima zavisnosti u kriptonu i ksenonu. Naime, sve komponente TTIII se monotono
povećavaju do oko 2·10−3 Td, gde dostižu maksimum. Nakon toga, sve komponente monotono
opadaju sa porastom E/n0 do približno 5·10−3 Td. Uz to, n2

0Q
(f)
xxz komponenta postaje nega-

tivna i dostiže lokalni minimum na oko 2.7·10−2, pri čemu n2
0Q

(f)
zxx komponenta dostiže lokalni
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Slika 50: n2
0Qxxz, n2

0Qzxx i n2
0Qzzz komponente fluks transportnog tenzora trećeg reda u funkciji

E/n0 za rojeve elektrona u argonu, kriptoni i ksenonu. Rezultati su dobijeni na osnovu metoda
više članova za rešavanje Boltzmann-ove jednačine.

maksimum na otprilike istoj vrednosti E/n0. Nakon ovog polja n2
0Q

(f)
xxz i n2

0Q
(f)
zxx po apsolutnoj

vrednosti monotono opadaju u celom opsegu polja, dok se n2
0Q

(f)
zzz povećava u opsegu polja izme-

đu približno 3.5 Td i 6 Td (videti grafik sa korelacijom QL i DL), nakon čega monotono opada
sa porastom E/n0. Međutim, kvalitativni trend zavisnosti TKIII od E/n0 se u argonu razlikuje
od trendova zavisnosti u kriptonu i ksenonu po tome što n2

0Q
(f)
zxx komponenta postaje negativna

u argonu. Ova komponenta postaje nagativna na približno 4·10−3 Td i dostiže lokalni minimum
na približno 5.3·10−3 Td, posle čega se povećava sa porastom E/n0, postajući pozitivna na oko
1.3·10−2 Td. Vrednosti polja na kojoj n2

0Q
(f)
zxx komponenta postaje pozitivna blizu je vrednosti

polja na kojoj n2
0Q

(f)
xxz komponenta postaje negativna.

U sva tri gasa se komponente TTIII naglo povećavaju sa porastom E/n0 na najnižim polji-
ma na kojima se velika većina elektrona nalazi u energijskoj oblasti u kojoj presek za transfer
impulsa naglo opada sa porastom energije zbog Ramsauer-Townsend-ovog minimuma. Sve tri
komponente TTIII u sva tri gasa dostižu maksimume na vrednostima polja koje se nalaze negde
na sredini opsega u kome se srednja energija elektrona naglo povećava sa porastom polja (pribli-
žno 2·10−3 Td, 1.4·10−2 Td i 3.7·10−2 Td za elektrone u argonu, kriptonu i ksenonu, respektiv-
no). Istovremeno važi da vrednosti srednje energije elektrona na poljima na kojima komponente
TTIII dostižu maksimum iznose 0.08 eV, 0.11 eV i 0.14 eV za elektrone u argonu, kriptonu i
ksenonu respektivno. Vrednosti energije koje odgovaraju položajima Ramsauer-Townsend-ovog
minimuma iznose 0.24 eV, 0.51 eV i 0.64 eV za elektrone u argonu, kriptonu i ksenonu re-
spektivno. Ovo znači da u argonu komponente TTIII dostižu lokalni maksimum na vrednosti
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polja na kojoj je srednja energija elektrona 3 puta manja od energije Rasmauer-Townsend-ovog
minimuma, dok u kriptonu i ksenonu komponente TTIII dostižu lokalni maksimum na energiji
koja je oko 4.5 puta manja od energije Ramsauer-Townsend-ovog minimuma. Izloženi podaci
upućuju na to da komponente TTIII počinju da opadaju sa porastom E/n0 u opsegu polja u
kome se najenergičniji elektroni nalaze u energijskoj oblasti u kojoj se presek za transfer im-
pulsa u elastičnim sudarima naglo povećava sa porastom energije. Veća osetljivost komponenti
TTIII na dinamiku visokoenergijskih elektrona u kriptonu i ksenonu nego u argonu verovatno
se može pripisati strmijem porastu preseka za transfer impulsa u elastičnim sudarima nakon
Ramsauer-Townsend-ovog minimuma u ova dva gasa.

Za elektrone u argonu je n2
0Q

(f)
zxx komponenta negativna u opsegu E/n0 od 3.9 ·10−3 Td

do 10−2 Td. U ovom opsegu polja se srednja energija elektrona nalazi u intervalu između 0.17
eV i 0.3 eV, što je blizu vrednosti Ramsauer-Townsend-ovog minimuma u argonu, pri čemu se
porast srednje energije sa porastom E/n0 primetno usporava na kraju ovog opsega polja. Na
poljima višim od 10−2 Td n2

0Q
(f)
xxz i n2

0Q
(f)
T imaju negativne vrednosti, što znači da su u argonu

n2
0Q

(f)
xxz i n2

0Q
(f)
T negativni počev od polja u kome je srednja energija elektrona 1.25 puta veća

od energije Ramsauer-Townsend-ovog minimuma. Negativnost n2
0Q

(f)
T ukazuje na to da je roj

skupljen duž transverzalnog pravca na frontu roja (u qE pravcu) i proširen duž transverzalnog
pravca na zadnjem delu roja (u −qE pravcu) (videti poglavlje 4.2). Ovo uslovljeno time što se
većina elektrona u ovom opsegu polja nalazi u energijskoj oblasti u kojoj se presek za transfer
impulsa u elastičnim sudarima naglo povećava sa porastom energije, što pruža snažan otpor
difuzionom širenju roja.

Iako u kriptonu i ksenonu n2
0Q

(f)
zxx komponenta ne postaje negativna, za razliku od njenog

ponašanja u argonu, trend ponašanja n2
0Q

(f)
xxz i n2

0Q
(f)
T je sličan kao u argonu. Zapravo, vrednosti

n2
0Q

(f)
xxz i n2

0Q
(f)
T su negativne na poljima višim od 4.6·10−2 Td i 0.13 Td za elektrone u kriptonu

i ksenonu respektivno. Na ovim vrednostima polja srednja energija iznosi 0.74 eV i 0.9 eV u
kriptonu i ksenonu, respektivno, što za posledicu ima to da su n2

0Q
(f)
xxz i n2

0Q
(f)
T negativni počev

od polja na kojem je srednja energija preko 1.45 puta veća od energije Ramsauer-Townsend-ovog
minimuma u kriptonu i preko 1.4 puta veća od energije Ramsauer-Townsend-ovog minimuma
u ksenonu.

Negativnost n2
0Q

(f)
T se javlja za elektrone u atomskim gasovima sa Ramsauer-Townsend-

ovim minimumom. Ovaj efekat se javlja u opsegu polja u kome se većina elektrona nalazi u
energijskoj oblasti u kojoj se presek za transfer impulsa u elastičnim sudarima naglo pove-
ćava sa porastom energije, što dovodi do snažnog otpora difuzionom obliku kretanja koji je
reprezentovan transportnim koeficijentima trećeg reda. Pri tome je u oba slučaja n2

0Q
(f)
xxz kom-

ponenta negativna u opsegu polja u kome je n2
0Q

(f)
T negativno, dok je u ovom opsegu n2

0Q
(f)
zxx

komponenta pozitivna. Negativnost n2
0Q

(f)
xxz komponente upućuje na to da je difuziono širenje

u transverzalnom pravcu manje na frontu roja nego na zadnjem delu roja. Ovo je posledica
porasta srednje energija duž longitudinalnog pravca i naglog povećanja kolizione frekvence sa
porastom energije. Pozitivnost n2

0Q
(f)
zxx pak pokazuje da je longitudinalno širenje roja veće na

transverzalnim ivicama nego u centru roja. Ovo bi moglo da bude posledica opadanja energije
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elektrona (pa time i otpora difuzionom širenju koji je izazvan porastom kolizione frekvence na
visokim energijama) pri udaljavanju od centra roja duž transverzalnog pravca, zbog toga što je
energičnijim elektronima teže da stignu do transverzalnih ivica, budući da je intenzivan porast
kolizione frekvence sa porastom energije. Mogući razlog za odsustvo opsega E/n0, u kome je
n2
0Q

(f)
zxx komponenta negativna, u kriptonu i ksenonu jeste strmiji porast preseka za transfer

impulsa u elastičnim sudarima u ova dva gasa, koji dovodi do toga da n2
0Q

(f)
xxz komponenta

postane negativna i da energija elektrona počne da opada pri udaljavanju od centra roja duž
transverzalnog pravca, pre nego što n2

0Q
(f)
zxx komponenta postane negativna.
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Slika 51: Korelacija između profila zavisnosti longitudinalne komponente fluks transportnog
tenzora trećeg reda n2

0Q
(f)
zzz i fluks longitudinalne difuzije n0D

(f)
zz od E/n0 za rojeve elektrona u

argonu, kriptonu i ksenonu. Rezultati su dobijeni primenom metoda više članova za rešavanje
Boltzmann-ove jednačine.

Na slici 51 prikazane su korelacije između profila zavisnosti n2
0Q

(f)
zzz i n0D

(f)
zz od E/n0 za

elektrone u argonu, kriptonu i ksenonu. Može se uočiti da postoji snažna korelacija u trendovima
ponašanja n2

0Q
(f)
zzz i n0D

(f)
zz u sva tri gasa, kao i da su odgovarajući profili na kvalitativnom nivou

jako slični. Na niskim poljima se obe veličine povećavaju sa porastom E/n0 zbog toga što se
većina elektrona nalazi u energijskoj oblasti u kojoj presek za transfer impulsa naglo opada
sa porastom energije. Pri tome n2

0Q
(f)
zzz komponenta TTIII dostiže maksimum na 2.1·10−3 Td,

1.4·10−2 Td i 3.7·10−2 Td za elektrone u argonu, kriptonu i ksenonu, respektivno, dok n0D
(f)
zz

dostiže maksimum na 2.7·10−3 Td, 1.7·10−2 Td i 4.6·10−2 Td za elektrone u ova tri gasa. U
sva tri slučaja n0D

(f)
zz dostiže maksimum na malo višim poljima od n2

0Q
(f)
zzz. Nakon maksimuma

n2
0Q

(f)
zzz i n0D

(f)
zz naglo opadaju do oko 5.9·10−3 Td, 2.9·10−2 i 7.7·10−2 za elektrone u agronu,

kriptonu i ksenonu respektivno. Na višim poljima obe veličine nastave da opadaju, ali znatno
sporije nego na nižim poljima, do oko 2.7 Td za elektrone u agronu i do oko 2.1 Td za elektrone
u kriptonu i ksenonu. Nakon toga se obe veličine naglo povećavaju sa porastom E/n0 u uskom
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opsegu polja. Pri tome n2
0Q

(f)
zzz dostiže maksimum na oko 5.9 Td, 4Td i 4.2 Td za elektrone u

argonu, kriptonu i ksenonu, respektivno. Nakon drugog maksimuma n2
0Q

(f)
zzz komponenta TTIII

monotono opada sa porastom polja u celom opsegu do 100 Td, u sva tri gasa. U okolini polja
na kome n2

0Q
(f)
zzz dostiže maksimum porast n0D

(f)
zz se sa porastom E/n0 primetno usporava u

odnosu na oblast polja u kojoj se n2
0Q

(f)
zzz povećava sa E/n0. Usporavanje porasta n0D

(f)
zz sa E/n0

se nastavlja do oko 13 Td, u sva tri gasa, nakon čega n0D
(f)
zz praktično saturira sa porastom

E/n0. Zanimljivo je uočiti da su vrednosti n2
0Q

(f)
zzz u okolini prvog maksimuma za više od reda

veličine veće od vrednosti ove komponente TTIII na ostalim poljima.

U ovom potpoglavlju posmatrani su TKIII za elektrone u argonu, kriptonu i ksenonu. Profili
Qxxz i Qzzz komponenti u argonu su na kvalitativnom nivou vrlo slični odgovarajućim profilima
u kriptonu i ksenonu. ProfilQzxx komponente u argonu se ipak razlikuje od odgovarajućih profila
u kriptonu i ksenonu po prisustvu negativnih vrednosti u uskom opsegu redukovanog električnog
polja. Pritom je Qzzz komponenta pozitivna u argonu, kriptonu i ksenonu u celom razmatranom
opsegu E/n0, dok Qxxz komponenta postaje negativna na višim poljima u sva tri gasa. Profili
komponenti TTIII su razmatrani na osnovu setova preseka i vrednosti srednje energije. Sve tri
komponente TTIII imaju oštar maksimum u oblasti E/n0, u kojoj je srednja energija između
2 i 3 puta niža od energije Ramsauer-Townsend-ovog minimuma u argonu, kriptonu i ksenonu.
Na kraju ovog potpoglavlja raspravlja se o korelaciji između profila longitudinalne komponente
TTIII i longitudinalne komponente difuzionog tenzora.

5.5 Transportni koeficijenti trećeg reda za rojeve elektrona u mole-
kularnim gasovima

5.5.1 Preliminarije

Na slikama 52, 53, 54 i 55 su prikazani setovi preseka za rasejanje elektrona u N2, CH4, CF4

i C3F8, respektivno, koji su korišćeni u našim proračunima. Kolizione frekvence za elastične
sudare za pozitrone u ova tri gasa nalaze se na slici 68.

Setovi preseka za rasejanje elektrone u N2 i CH4 su razvijeni u Laboratoriji za neravnotežne
procese i primenu plazme Instituta za fiziku i prikazani su u radovima [204] i [205], respektivno.
Set preseka za elektrone u CF4, koji je korišćen u našim proračunima, je prikazan u radu [206],
dok je set preseka za elektrone u C3F8 preuzet iz reference.

5.5.2 Rezultati

Na slici 56 su prikazani profili srednje energije u funkciji E/n0 za elektrone u N2, CH4,
CF4 i C3F8. Ovi rezultati su dobijeni primenom momentnog metoda za numeričko rešavanje
Boltzmann-ove jednačine. Profili srednje energije imaju sličan kvalitativni trend ponašanja za
elektrone u CH4, CF4 i C3F8. Na najnižim poljima (do oko 2·10−3 Td, 5·10−2 Td i 2·10−1 Td za
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Slika 52: Set preseka za rasejanje elektrona u N2:(1) presek za transfer impulsa u elastičnim
sudarima, (2) rotaciona ekscitacija, vibracione ekscitacije (3) v1 nerezonantni deo, (4) v1 rezo-
nantni deo, (5) v2, (6) v3, (7) v4, (8) v5, (9) v6, (10) v7, (11) v8, elektronske ekscitacije (12)
A3Σ+

u vibracioni nivoi od 0 do 4, (13) A3Σ+
u vibracioni nivoi od 5 do 9, (14) B3Π, (15) W3∆u,

(16) A3Σ vibracioni nivo 10, (17) B’3Σ−
u , (18) a’1Σ−

u , (19) a 1Πg, (20) W1, (21) disocijativ-
na ekscitacija, (22) i (23) c3, (24) A1”, (25) suma singletnih stanja ne-disocijativan deo i (26)
jonizacija.

elektrone u CH4, CF4 i C3F8, respektivno), srednja energija ima termalnu vrednost (približno
0.038 eV za temperaturu gasa od 293 K). Niske vrednosti pragova za vibracionu ekscitaciju
u ova tri gasa (0.16 eV, 0.077 eV i 0.065 eV za elektrone u CH4, CF4 i C3F8, respektivno)
onemogućavaju porast srednje energije (sa porastom polja) na niskom E/n0, zbog toga što je
energija koju elektroni dobiju od spoljašnjeg polja brzo izgubljena u neelastičnim sudarima. Pri
tome preseci za vibracione ekscitacije dostižu lokalne maksimume negde između 0.1 eV i 0.3 eV u
ova tri gasa. Zadržavanje termalnih vrednosti srednje energije čak i na relativno visokim poljima
je naročito izraženo u CF4 i C3F8, gde lokalni maksimumi preseka za vibracione ekscitacije
iznose oko 10·10−20 m2. Na višim poljima se srednja energija u ova tri gasa sporo povećava sa
porastom polja (do oko 0.27 Td, 7.7 Td i 17 Td za elektrone u CH4, CF4 i C3F8, respektivno).
U ovom opsegu polja se većina elektrona nalazi u energijskoj oblasti u kojoj se preseci za
vibracionu ekscitaciju naglo povećavaju sa porastom energije, što dovodi do sporog povećanja
energije sa porastom E/n0. Pri kraju ovog opsega polja srednja energija iznosi oko 0.057 eV za
elektrone u CH4 i oko 0.1 eV za elektrone u CF4 i C3F8. To znači da se elektroni u CH4 čija je
energija oko četiri puta veća od srednje energije nalaze u energijskom intervalu u kome presek
za prvu vibracionu ekscitaciju opada sa porastom energije, dok se elektroni u CF4 i C3F8, čija
je energija oko tri puta veća od srednje energije, nalaze u energijskom intervalu u kome preseci
za sve vibracione ekscitacije opadaju sa porastom energije (ili su znatno manji od 10−20 m2,
u slučaju poslednje dve vibracione ekscitacije u C3F8). Na višim poljima, srednja energija se
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Slika 53: Set preseka za rasejanje elektrona u CH4: (1) presek za transfer impulsa u elastičnim
sudarima, vibracione ekscitacije (2) v1-3, (3) v1-4, elektronske ekscitacije (4), (5), (6), (7),
(8), disocijacije (9) CH(A-X), (10) Hα, (11) CH(B-X), (12) Hβ , (13) zahvat elektrona i (14)
jonizacija.

znatno brže povećava sa porastom polja (do oko 46 Td za elektrone u CH4 i CF4 i do oko 77
Td za elektrone u C3F8). Pri kraju ovog opsega polja srednja energija elektrona iznosi 3.2 eV,
2.7 eV i 0.9 eV za elektrone u CH4, CF4 i C3F8, respektivno. Na višim poljima je porast srednje
energije u CH4 i CF4 znatno sporiji nego u prethodnom opsegu polja, dok je porast srednje
energije u C3F8 malo sporiji između približno 77 Td i 400 Td, nakon čega se dodatno usporava.
Elektroni čija je energija oko tri puta veća od srednje energije na poljima višim od 46 Td u CH4

i CF4 mogu da izgube energiju u elektronskim ekscitacijama, što dovodi do sporijeg porasta
srednje energije u ovom opsegu polja. Malo sporiji porast srednje energije u C3F8 u na poljima
višim od 77 Td je verovatno posledica toga što se mnogi elektroni nalaze u energijskoj oblasti u
kojoj se preseci za vibracione ekscitacije povećavaju sa porastom energije. Pri tome preseci za
prve tri vibracione ekscitacije dostižu drugi i treći lokalni maksimum, dok preseci za poslednje
dve vibracione ekscitacije dostižu prvi i drugi lokalni maksimum u energijskom intervalu između
2 eV i 10 eV. U C3F8 je srednja energija na 400 Td oko 5.4 eV, pa elektroni čija je energija oko
2.5 puta veća od srednje energije mogu da učestvuju u disocijaciji i jonizaciji molekula C3F8,
a to dovodi do značajnih energijskih gubitaka u neelastičnim sudarima i do sporijeg porasta
srednje energije sa porastom polja za E/n0 veće od 400 Td.

Kvalitativni trend ponašanja srednje energije u N2 je nešto drugačiji od odgovarajućih tren-
dova u preostala tri gasa. Na poljima do oko 0.01 Td, srednja energija je termalna (oko 0.038
eV). U ovom opsegu polja elektroni gube energiju u elastičnim sudarima i rotacionim ekscita-
cijama, sa pragom od 0.02 eV. Srednja energija se sporo povećava do oko 0.077 Td, gde iznosi
oko 0.056 eV. Nakon toga se srednja energija povećava skoro linearno sa poljem do oko 1.7 Td,
gde iznosi oko 0.57 eV. Na početku ovog opsega elektroni čija energija je oko 4 puta veća od
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Slika 54: Set preseka za rasejanje elektrona u CF4: (1) presek za transfer impulsa u elastičnim
sudarima, vibracione ekscitacije (2) v1, (3) v3, (4) v4, (5) elektronska ekscitacija, (6) disocijativni
zahvat elektrona, disocijativne jonizacije (7) CF4 + e −→ CF+

3 + F + 2e, (8) CF4 + e −→
CF+

2 + 2F + 2e, (9) CF4 + e −→ CF+ + 3F + 2e, (10) CF4 + e −→ C+ + 4F + 2e, (11)
CF4+e −→ F++CF3+2e, (12) CF4+e −→ CF 2+

3 +F +3e, (13) CF4+e −→ CF 2+
2 +2F +3e,

disocijacije molekula na neutralne fragmente (14) CF4 + e −→ CF3 + F + e, (15) CF4 + e −→
CF2 + 2F + e, (16) CF4 + e −→ CF + 3F + e

srednje energije mogu da učestvuju u prvoj vibracionoj ekscitaciji, dok na kraju ovog opsega
veliki broj elektrona može učestvovati u prve tri vibracione ekscitacije. U opsegu polja između
1.7 Td i 35 Td je porast srednje energije sa porastom polja značajno usporen. Na kraju ovog
opsega je srednja energija elektrona oko 1 eV. U N2 su preseci za vibracionu ekscitaciju najin-
tenzivniji (preko 0.1 ·10−20 m2) u energijskom intervalu izmedju oko 1.5 eV i 4 eV. Ovo znači da
se u opsegu polja između 1.7 Td i 35 Td eletroni čija je energija oko dva puta veća od srednje
energije nalaze u energijskom intervalu u kome preseci za vibracione ekscitacije dostižu maksi-
mum, pa ovi elektroni imaju veliku verovatnoću da izgube energiju u neelastičnim sudarima, a
to značajno usporava porast srednje energije sa porastom E/n0 u ovom opsegu polja. Porast
srednje energije sa porastom E/n0 je znatno intenzivniji između 35 Td i 130 Td. U ovom opsegu
polja srednja energija nalazi se u energijskom intervalu između 1 eV i 3.3 eV. Na početku ovog
opsega elektroni čija je energija oko četiri puta veća od srednje energije nalaze se u energijskom
intervalu u kome preseci za vibracionu ekscitaciju naglo opadaju sa porastom energije, dok se
na kraju ovog opsega polja većina elektrona nalazi u ovom energijskom intervalu. Na kraju ovog
opsega polja elektroni čija je energija oko dva puta veća od srednje energije mogu učestvovati u
elektronskim ekscitacijama, što dovodi do sporijeg porasta srednje energije sa porastom E/n0

na višim poljima.

Slika 57 prikazuje profile sve tri fluks komponente TTIII, koje su nezavisne u odsustvu mag-
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Slika 55: Set preseka za rasejanje elektrona u C3F8:(1) presek za transfer impulsa u elastičnim
sudarima, vibracione ekscitacije (2) v1, (3) v2, (4) v3, (5) v4, (6) v5, (7) disocijacija, (8) joniza-
cija, (9) disocijativni zahvat elektrona i (10) trojni zahvat elektrona na atmosferskom pritisku
i temperaturi od 293 K.

netskog polja, u funkciji E/n0 za elektrone u N2, CH4, CF4 i C3F8. Ovi rezultati su dobijeni
primenom momentnog metoda za numeričko rešavanje Boltzmann-ove jednačine. Na kvalita-
tivnom nivou, trendovi zavisnosti sve tri komponente TTIII od E/n0 su jako slični za elektrone
u CF4 i C3F8, dok se trendovi zavisnosti vandijagonalnih komponenti u CH4 i ova dva gasa ra-
zlikuju na visokim poljima. Naime, Qzxx komponenta je negativna samo u uskom opsegu E/n0

za elektrone u CH4, dok za elektrone u CF4 i C3F8 ova komponenta postane negativna negde
na srednini E/n0 opsega i ostaje negativna do kraja opsega polja. U ova tri gasa na najnižim
poljima sve tri komponente TTIII su pozitivne i monotono se povećavaju sa porastom polja
do oko 0.013 Td, 0.17 Td i 0.59 Td za elektrone u CH4, CF4 i C3F8, respektivno. Pozitivnost
Qzxx komponente je posledica opadanja preseka za transfer impulsa sa porastom energije kao
i male vrednosti preseka za vibracionu ekscitaciju u energijskom opsegu koji odgovara termal-
nim energijama. Sve tri komponente TTIII se povećavaju sa porastom E/n0 uprkos tome što
najenergičniji elektroni mogu da učestvuju u vibracionim ekscitacijama. Uzrok tome je što kon-
stantnost srednje energije u ovom opsegu polja dovodi do konstantnosti brzinskih koeficijenata
za neelastične sudare. Ovo znači da se sa porastom E/n0 povećava usmerena komponenta brzi-
ne bez značajnog porasta haotične komponente brzine i otpora kretanju naelektrisanih čestica,
koji je izazvan sudarima sa molekulima pozadinskog gasa. Na višim vrednostima E/n0 energija
koja je apsorbovana od strane spoljašnjeg polja je veća od energije koja se izgubi u elastičnim
i neelastičnim sudarima pri termalnim energijama. To dovodi do povećanja srednje energije i
brzinskih koeficijenata za vibracione ekscitacije sa porastom E/n0, ali se srednja energija spo-
ro povećava sa porastom polja zbog velikih energijskih gubitaka u vibracionim ekscitacijama.

116



10-4 10-2 100 10210-2

10-1

100

101

 (e
V)

E/n0 (Td)
10-4 10-2 100 10210-2

10-1

100

101

 (e
V)

E/n0 (Td)

10-4 10-2 100 10210-2

10-1

100

101

b)  CH4

c)  CF4 d)  C3F8

 (e
V)

E/n0 (Td)

a)  N2

10-4 10-2 100 10210-2

10-1

100

101

 (e
V)

E/n0 (Td)

Slika 56: Srednja energija u funkciji E/n0 za rojeve elektrona u N2, CH4, CF4 i C3F8. Rezultati
su dobijeni primenom metoda više članova za rešavanje Boltzmann-ove jednačine.

Povećanje brzinskih koeficijenata za neelastične sudare dovodi do naglog opadanja sve tri kom-
ponente TTIII u opsegu polja do oko 0.13 Td, 1.7 Td i 10 Td za elektrone u CH4, CF4 i C3F8,
respektivno. Može se uočiti da se oblast polja u kojoj se srednja energija sporo povećava sa
porastom E/n0 završava na oko 0.13 Td u CH4 i blizu 10 Td u C3F8, što odgovara vrednostima
polja na kojima neke komponente TTIII prestanu da opadaju sa porastom E/n0. Međutim, u
CF4 Qzzz i Qxxz opadaju sa porastom E/n0 samo do oko 1.7 Td, iako je ova vrednost polja
blizu sredine opsega u kojoj se srednja energija sporo povećava sa porastom E/n0. Može se
uočiti da su Qzzz i Qxxz negativne u CF4 između približno 1 Td i 7.7 Td. Pri tome su u CF4

sve tri komponente TTIII negativne u opsegu polja između 2.1 Td i 7.7 Td. Negativnost kom-
ponenti TTIII u ovom opsegu polja je posledica intenzivnih energijskih gubitaka u vibracionim
ekscitacijama. Naime, srednja energija elektrona se nalazi u intervalu između 0.059 eV i 0.1 eV
u opsegu E/n0 od 1 Td do 7.7 Td, što znači da se svi elektroni u ovom opsegu polja, čija je
energija od 2 do 4 puta veća od srednje energije, nalaze u energijskoj zoni u kojoj prve tri vi-
bracione ekscitacije dostižu lokalne maksimume u CF4, pošto ove vibracione ekscitacije dostižu
maksimume u energijskom intervalu između 0.1 eV i 0.24 eV. Pri tome su preseci za drugu i
treću vibracionu ekscitaciju veći od preseka za transfer impulsa u elastičnim sudarima u ovom
energijskom intervalu. Primećuje se da Qzzz i Qxxz postaju pozitivne baš u okolini polja od 7.7
Td, gde se porast srednje energije sa porastom E/n0 ubrzava. U sva tri gasa se apsolutne vred-
nosti sve tri komponente TTIII povećavaju sa porastom E/n0, počev od polja na kome srednja
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Slika 57: n2
0Q

(f)
xxz, n2

0Q
(f)
zxx, n2

0Q
(f)
zzz i n2

0Q
(f)
T komponente fluks transportnog tenzora trećeg reda

u funkciji E/n0 za rojeve elektrona u N2, CH4, CF4 i C3F8. Rezultati su dobijeni uz pomoć
metoda više članova za rešavanje Boltzmann-ove jednačine.

energija počne brže da se povećava sa porastom E/n0. Pritom apsolutne vrednosti vandijago-
nalnih komponenti dostižu lokalni maksimum na oko 1 Td, 31 Td i 77 Td za elektrone u CH4,
CF4 i C3F8 respektivno. Longitudinalna komponenta TTIII u CH4 dostiže lokalni maksimum
na oko 0.77 Td, posle čega opada. U CF4 i C3F8 se longitudinalna komponenta TTIII naglo
povećava sa porastom E/n0 do oko 21 Td i 85 Td, respektivno.

Ponašanje vandijagonalnih komponenti TTIII i longitudinalne komponente kvalitativno se
razlikuju na poljima višim od položaja drugog lokalnog maksimuma vandijagonalnih kompo-
nenti TTIII. Zapravo, za elektrone u CH4 Qzzz komponenta opada posle drugog loklanog mak-
simuma na 0.77 Td do oko 17 Td, gde dostiže lokalni minimum. Vandijagonalne komponente
Qzxx i Qxxy takođe opadaju nakon 1 Td. Pri tome Qzxx komponenta postaje negativna na oko
1.7 Td i dostiže minimum na oko 3.5 Td. Nakon minimuma ova komponenta se povećava, po-
stajući ponovo pozitivna na oko 10 Td i dostižući lokalni maksimum na oko 21 Td. U ovom
opsegu polja Qxxz komponenta opada, postajući negativna na oko 7.7 Td i dostižući lokalni
minimum na oko 21 Td. Može se zapaziti da Qxxz komponenta postaje negativna na otprilike
istoj vrednosti polja na kojoj Qzxx komponenta postaje pozitivna, kao i da apsolutne vrednosti
ove dve komponente TTIII dostižu lokalni maksimum na istoj vrednosti polja (na oko 21 Td).
Na poljima višim od 21 Td se Qzzz komponenta povećava do oko 46 Td, posle čega opada do
oko 500 Td. Pri tome Qzxx komponenta monotono opada u ovom opsegu polja, dok se Qxxz

povećava postajući pozitivna na oko 100 Td, posle čega se povećava sporo, sa porastom E/n0.
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Kvalitativni trend ponašanja longitudinalne komponente TTIII je sličan za elektrone u CF4

i C3F8. Naime, longitudinalna komponenta TTIII se nakon uskog opsega saturacije ponovo
naglo povećava u opsegu polja od 29 Td do 210 Td za elektrone u CF4 i od 170 Td do 400
Td za elektrone u C3F8. Na kraju ovih opsega polja vrednosti Qzzz u CF4 i C3F8 dostižu
lokalne maksimume, posle čega monotono opadaju sa porastom polja. Apsolutne vrednosti
vandijagonalnih komponenti TTIII u CF4 monotono opadaju posle drugog lokalnog maksimuma
do oko 130 Td. Međutim, na poljima višim od 100 Td se Qxxz i Qzxx blago povećavaju sa
porastom E/n0. Za elektrone u C3F8 apsolutne vrednosti Qxxz i Qzxx opadaju posle drugog
lokalnog maksimuma na 77 Td, dostižući lokalni minimum na oko 150 Td. Na višim poljima se
apsolutne vrednosti ove dve komponente TTIII ponovo povećavaju, dosežući još jedan lokalni
maksimum na oko 350 Td i 300 Td zaQxxz iQzxx, respektivno. Nakon ovog lokalnog maksimuma
apsolutne vrednosti Qxxz i Qzxx monotono opadaju sa porastom E/n0 do kraja razmatranog
opsega polja.

Za elektrone u N2 je Qzxx komponenta negativna u celom opsegu polja. Ovo je posledica
povećanja preseka za transfer impulsa sa porastom energije do 2.8 eV i povećanja preseka za
druge sudarne procese na višim energijama. Apsolutne vrednosti sve tri komponente TTIII se
monotono povećavaju sa porastom E/n0 do oko 1.3 Td, gde dostižu lokalni maksimum. U ovom
ospegu polja srednja energija ima vrednosti u intervalu od 0.038 eV do 0.48 eV, pri čemu je
porast srednje energije sa porastom E/n0 praktično linearan na poljima višim od 0.077 Td.
Sve tri komponente TTIII se, po apsolutnoj vrednosti, povećavaju sa porastom E/n0 u ovom
opsegu polja uprkos tome što na sredini ovog opsega (na oko 0.35 Td) elektroni čija je energija
oko dva puta veća od srednje energije mogu da učestvuju u vibracionim ekscitacijama (prag
za prvu vibracionu ekscitaciju je 0.29 eV). Ovo je posledica toga što su preseci za vibracione
ekscitacije manji od 0.1 angstrem do 1.5 eV, pa većina elektrona u ovom opsegu polja ima malu
kolizionu frekvencu za vibracione ekscitacije. Za vrednosti redukovanog električnog polja između
1.3 Td i 46 Td apsolutne vrednosti sve tri komponente TTIII monotono opadaju sa porastom
E/n0. Primećuje se da se upravo u ovom opsegu polja porast srednje energije sa porastom E/n0

značajno usporava, pri srednjoj energiji elektrona između 0.48 eV i 1.15 eV za E/n0 između
1.3 Td i 46 Td. Ovo znači da se elektroni čija je energija oko tri puta veća od srednje energije
nalaze u energijskom intervalu u kome su preseci za vibracione ekscitacije najintenzinviji. To
dovodi do opadanja apsolutnih vrednosti komponenti TTIII i do usporavanja porasta srednje
energije sa porastom E/n0 u ovom opsegu polja. Apsolutne vrednosti sve tri komponente TTIII
se monotono povećavaju sa porastom E/n0 od 46 Td do oko 170 Td. Srednja energija se raste
sa 1.15 eV na 46 Td do 4.37 eV na 170 Td, pri čemu je povećanje srednje energije sa porastom
E/n0 znatno brže nego na nižim poljima. U ovom E/n0 opsegu, elektroni čija je energija bar
3.5 puta veća od srednje energije nalaze se u energijskoj oblasti u kojoj su preseci za vibracione
ekscitacije manji od 0.1 angstrema i u kojoj presek za transfer impulsa u elastičnim sudarima
opada sa porastom energije. Ovo dovodi do povećanja apsolutnih vrednosti sve tri komponente
TTIII i do bržeg porasta srednje energije sa porastom E/n0 u ovom opsegu polja. Za E/n0 veće
od 170 Td apsolutne vrednosti sve tri komponente TTIII opadaju sa porastom E/n0, uz šta se
porast srednje energije sa porastom E/n0 usporava. U ovom opsegu polja je srednja energija
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elektrona između 4.37 eV i 7.44 eV, pa elektroni čija je energija oko 1.5 puta veća od srednje
energije mogu da učestvuju u elektronskim ekscitacijama (prag za prvu elektronsku ekscitaciju
u N2 je 6.17 eV), što dovodi do opadanja apsolutnih vrednosti sve tri komponente TTIII.
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Slika 58: Fluks i balk vrednosti longitudinalne komponente transportnog tenzora trećeg reda
n2
0QL za elektrone u N2, CH4, CF4 i C3F8. Na ovom grafiku su prikazani rezultati koji su

dobijeni primenom metoda više članova za rešavanje Boltzmann-ove jednačine i Monte Carlo
simulacija.

Na slikama 58 i 59 su prikazane fluks i balk vrednosti longitudinalne n2
0QL i transverzalne

n2
0QT komponente transportnog tenzora trećeg reda, respektivno. Fluks vrednosti TKIII su

određene primenom momentnog metoda za numeričko rešavanje Boltzmann-ove jednačine i
Monte Carlo simulacija, dok su balk vrednosti ove komponente utvrđene primenomMonte Carlo
simulacija. Sa grafika se vidi da se vrednosti fluks TKIII koje su dobijene primenom momentnog
metoda za numeričko rešavanje Boltzmann-ove jednačine jako dobro slažu sa rezultatima Monte
Carlo simulacija. Dobro slaganje rezultata koji su dobijeni primenom ove dve nezavisne metode
potvrđuje validnost procedura za izračunavanje komponenti TTIII u korišćenim kompjuterskim
kodovima. Važno je naglasiti da je na niskim poljima, na kojima je srednja energija uporediva
sa termalnom energijom, neophodno uzeti u obzir termalno kretanje molekula pozadinskog
gasa u Monte Carlo simulacijama da bi se dobilo slaganje sa rezultatima numeričkog rešavanja
Boltzmann-ove jednačine. Ovo je naročito izraženo za elektrone u CF4 i C3F8, zbog toga što
je srednja energija praktično termalna do oko 5·10−2 Td u CF4 i do oko 2·10−1 Td u C3F8. Na
primer, ako se pri proračunu komponenti TTIII za elektrone u CF4 na osnovu Monte Carlo
simulacija primeni aproksimacija hladnog gasa, dobijene vrednosti n2

0QL i n2
0QT odstupaju za
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Slika 59: Fluks i balk vrednosti transverzalne komponente transportnog tenzora trećeg reda
n2
0QT za elektrone u N2, CH4, CF4 i C3F8. Na ovom grafiku su prikazani rezultati koji su

dobijeni primenom metoda više članova za rešavanje Boltzmann-ove jednačine i Monte Carlo
simulacija.

više od 50% od odgovarajućih vrednosti određenih na osnovu momentnog metoda za rešavanje
Boltzmann-ove jednačine, u opsegu polja u kome su komponente TTIII negativne. U ovom
opsegu polja je srednja energija elektrona samo oko dva puta veća od termalne energije, te
termalno kretanje molekula pozadinskog gasa značajno utiče na rasejanje elektrona.

Fluks i balk profili TKIII imaju istu kvalitativnu zavisnost od E/n0 u sva četiri gasa u celom
razmatranom E/n0 opsegu. Važi uz to da su za elektrone u N2, CH4 i C3F8 fluks i balk vredno-
sti jednake do visokih polja, na kojima elektroni imaju dovoljno energije da jonizuju molekule
pozadinskog gasa. No za elektrone u CF4 je balk longitudinalna komponenta TTIII manja od
fluks komponente u opsegu polja između 27 Td i 59 Td, ali ova razlika pripada okviru statističke
nesigurnosti Monte Carlo simulacija. Ova razlika bi mogla biti posledica zahvata elektrona u
CF4. Naime, u ovom opsegu polja je srednja energija elektrona između 1 eV i 3.2 eV, pri čemu
prag za zahvat elektrona u CF4 iznosi 6.399 eV, uz šta presek za zahvat dostiže maksimum
na oko 7.4 eV. Tako u ovom opsegu polja u zahvatu učestvuju najenergičniji elektroni, čija
je energija između 6.4 i 2 puta veća od srednje energije, pa ovo može dovesti do smanjenja
iskrivljenjosti prostornog profila roja u pozitivnom (qE) smeru, pod uticajem eksplicitnih efe-
kata zahvata elektrona, slično kao u Ness-Robson-ovom modelu hlađenja zahvatom elektrona
(videti potpoglavlje 4.8.2). Na poljima višim od 130 Td, 350 Td, 77 Td i 400 Td, za elektrone u
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N2, CH4, CF4 i C3F8, respektivno su balk vrednosti n2
0QL i n2

0QT veće od odgovarajućih fluks
vrednosti. Ovo je posledica eksplicitnih efekata jonizacije. Pošto se energija elektrona povećava
u smeru kretanja roja, na frontu roja postoji veći broj visokoenergijskih elektrona koji mogu da
učestvuju u jonizaciji, nego na začelju roja. Zbog toga elektroni dominantno nastaju na frotnu
roja, a ovo dovodi do većeg krivljenja roja u pozitivnom (qE) smeru i do bržeg transverzalnog
širenja u okolini fronta, pa su balk vrednosti n2

0QL i n2
0QT veće od odgovarajućih fluks vrednosti

na visokim poljima.
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Slika 60: Korelacija longitudinalne komponente fluks transportnog tenzora trećeg reda n2
0Q

(f)
L

i fluks longitudinalne difuzije n0D
(f)
L za rojeve elektrona u N2, CH4, CF4 i C3F8. Rezultati su

dobijeni na osnovu metoda više članova za rešavanje Boltzmann-ove jednačine.

Na slici 60 dati su profili zavisnosti n2
0Q

(f)
L i n0D

(f)
L od E/n0 za elektrone u N2, CH4, CF4

i C3F8. Na niskim poljima (do oko 0.21 Td, 0.0027 Td, 0.017 Td i 0.077 Td u N2, CH4, CF4

i C3F8, respektivno) se n2
0Q

(f)
L povećava sa porastom E/n0 bez obzira na trend ponašanja

n0D
(f)
L . Ovo je posledica toga što n2

0Q
(f)
L reprezentuje usmereno kretanje i teži nuli u limesu

niskih polja, za razliku od n0D
(f)
L koje teži termalnoj vrednosti. Na višim poljima su profili

zavisnosti n2
0Q

(f)
L i n0D

(f)
L od E/n0 snažno koreliasni. Zapravo, n2

0Q
(f)
L se povećava sa porastom

E/n0 u opsegu polja u kome se n0D
(f)
L ubzano povećava (kao konveksna funkcija), dok opada

u opsegu polja u kome n0D
(f)
L opada, ili se povećava usporeno (kao konkavna funkcija) (videti

potpoglavlje 5.2). Pored toga, u okolini lokalnih minimuma i maksiumuma n0D
(f)
L nalaze se

odgovarajući lokalni minimumi i maksimumi n2
0Q

(f)
L . Potrebno je ipak naglasiti da promene

trenda ponašanja n2
0Q

(f)
L pri porastu E/n0 nekada prednjače u odnosu na odgovarajuće promene

n0D
(f)
L . U slučaju opadanja n2

0Q
(f)
L i n0D

(f)
L sa porastom E/n0 je ovo očekivano i može se

pripisati većoj osetljivosti TKIII na otpor koji sudari sa molekulima pozadinskog gasa pružaju
širenju elektrona. Pri okolnostima porasta n2

0Q
(f)
L i n0D

(f)
L bi ovo moglo biti posledica veće

osetljivosti TKIII na dinamiku visokoenergijskih elektrona. Za elektrone u CF4 i C3F8, n2
0Q

(f)
L

dostiže lokalni minimum i počinje da se povećava sa porastom E/n0 znatno ranije nego n0D
(f)
L ,
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u opsegu polja u kome n2
0Q

(f)
L ima negativne vrednosti (od 0.77 Td do 7.7 Td za elektrone u CF4

i od 4.6 Td do 13 Td za elektrone u C3F8). Za elektrone u CF4, n2
0Q

(f)
L dostiže lokalni minimum

na oko 1.7 Td dok n0D
(f)
L dostiže loklani minimum na oko 10 Td. Slično tome, za elektrone u

C3F8 n
2
0Q

(f)
L dostiže lokalni minimum na oko 7.7 Td, dok n0D

(f)
L dostiže lokalni minimum na

oko 27 Td. U oba slučaja n2
0Q

(f)
L postane pozitivno malo pre nego što n0D

(f)
L dostigne lokalni

minimum (na oko 7.7 Td i oko 13 Td za elektrone u CF4 i C3D8, respektivno). Porast n2
0Q

(f)
L

sa porastom E/n0 u opsegu polja u kome je n2
0Q

(f)
L negativno a n0D

(f)
L opada može se pripisati

tome što je n2
0Q

(f)
L negativno samo kada su sudari dovoljno intenzivni da izazovu krivljenje

profila roja u negativnom (−qE) smeru. Pritom je za dalje opadanje n2
0Q

(f)
L neophodno da se

ovo krivljenje dodatno pojačava pod dejstvom sudara. To znači da su u opsegu polja u kome se
n2
0Q

(f)
L počne povećavati znatno pre n0D

(f)
L sudari dovoljno intenzivni da dovedu do dodatnog

opadanja n0D
(f)
L , ali nisu dovoljno intenzivni da pojačaju krivljenje roja u negativnom smeru,

pri čemu se sa porastom E/n0 pojačava efekat sile koji teži da iskrivi roj u pozitivnom (qE)
smeru. Zbog toga n2

0Q
(f)
L dostiže lokalni minimum i počinje se povećavati sa porastom E/n0

znatno pre n0D
(f)
L u opsegu polja u kome je n2

0Q
(f)
L negativno.
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Slika 61: n2
0Q

(f)
xxz, n2

0Q
(f)
zxx, n2

0Q
(f)
T komponente fluks transportnog tenzora trećeg reda i fluks

brzina drifta W (f) u funkciji E/n0 za rojeve elektrona u CH4 i CF4. Rezultati su dobijeni
primenom metoda više članova za rešavanje Boltzmann-ove jednačine.

Na slici 61 su prikazani profili zavisnosti n2
0Q

(f)
xxz, n2

0Q
(f)
zxx, n2

0Q
(f)
T iW (f) od E/n0 za elektrone

u CH4 i CF4. Vidi se da n2
0Q

(f)
T postaje negativno za elektrone u CH4, negde na početku NDC

oblasti (na oko 4.6 Td) i da ponovo biva pozitivno posle NDC oblasti, ali pre nego što brzina
drifta dostigne vrednost koju je imala pre početka NDC-a (negde na oko 100 Td). Pri tome za
elektrone u CH4, n2

0Q
(f)
xxz i n2

0Q
(f)
zxx opadaju sa porastom E/n0 i pre početka NDC-a. Međutim,

n2
0Q

(f)
zxx dostiže lokalni minimum i promeni trend ponašanja baš u okolini polja na kome počinje

NDC (na oko 3.5 Td), dok n2
0Q

(f)
xxz postaje negativna malo posle početka NDC-a (na oko 7.7

Td). Za elektrone u CH4 NDC se završava na oko 35 Td, dok apsolutne vrednosti n2
0Q

(f)
xxz i

n2
0Q

(f)
zxx dostignu lokalne maksimume na oko 21 Td, posle čega promene trend ponašanja.

Trendovi ponašanja n2
0Q

(f)
xxz, n2

0Q
(f)
zxx i n2

0Q
(f)
T su drugačiji u okolini NDC-a za elektrone u

CF4. U CF4 se n2
0Q

(f)
xxz, n2

0Q
(f)
zxx i n2

0Q
(f)
T povećavaju po apsolutnoj vrednosti pre početka NDC-

a. NDC počinje na oko 23 Td, a apsolutne vrednosti n2
0Q

(f)
xxz, n2

0Q
(f)
zxx i n2

0Q
(f)
T dostižu lokalne

maksimume na 31 Td, 33 Td i 25 Td, respektivno. Ovo znači da n2
0Q

(f)
xxz, n2

0Q
(f)
zxx i n2

0Q
(f)
T počinju
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da opadaju, po apsolutnoj vrednosti malo posle početka NDC-a. NDC se za elektrone u CF4

završava na oko 77 Td, uz šta n2
0Q

(f)
zxx nastavlja da opada po apsolutnoj vrednosti do kraja

razmatranog opsega, dok n2
0Q

(f)
xxz se počinje povećavati malo posle 130 Td, na nešto nižem

redukovanom električnom polju od polja na kome brzina drifta dostigne svoju vrednost pre
NDC-a. Za elektrone u CF4 n

2
0Q

(f)
T postane negativno u uskom opsegu polja (između 59 Td

i 130 Td) koji se završava u okolini polja na kome se n2
0Q

(f)
xxz počinje povećavati sa porastom

E/n0. U CH4 n
2
0Q

(f)
T ima negativne vrednosti u opsegu NDC-a i malo posle ovog opsega, dok

je u CF4 n
2
0Q

(f)
T negativno u uskom opsegu polja nakon NDC-a, ali pre nego sto W (f) dostigne

vrednost od pre pocetka NDC-a. Ipak se na osnovu rezultata u ova dva gasa ne može reći da
postoji generalna korelacija u trendovima zavisnosti vandijagonalnih komponenti TTIII i W (f)

od E/n0 jer su profili zavisnosti ovih komponenti jako različiti u okolini NDC-a u CH4 i CF4.
Jedna zajednička karakteristika profila komponenti TTIII u oblasti NDC-a u ova dva gasa je
to što n2

0Q
(f)
zxx komponenta promeni trend ponašanja u okolini polja na kome počinje NDC.

5.6 Praktična razmatranja značajna za eksperimentalno određivanje
transportnih koeficijenata trećeg reda

U literaturi se može naći nekoliko pokušaja da se izmere transportni koeficijenti trećeg reda
za rojeve naelektrisanih čestica u gasovima [128–130]. Međutim, rezultati ovih eksperimenata
su pokazivali snažnu zavisnost od pritiska, koja ukazuje na prisustvo nehidrodinamičkih efekata,
što je ove rezultate učinilo nepouzdanim. Kasnije je utvrđeno da se zavisnost od pritiska može
pripisati difuzionom hlađenju roja kroz gubitak najenergičnijih čestica na bočnim zidovima
komore [126].

Kao što je izloženo u potpoglavlju 4.2, doprinos transpornih koeficijenata trećeg reda pro-
stornom profilu roja povećava se sa smanjenjem koncentracije pozadinskog gasa n0. Međutim,
smanjenje n0 dovodi do sporije prostorne relaksacije roja i većeg širenja duž transverzalnog
pravca usled bočne difuzije, koje može dovesti do promene energijske raspodele naelektrisanih
čestica roja za vreme trajanja eksperimenta. Zbog toga se transporni koeficijenti trećeg reda
mogu izmeriti samo u jako velikim komorama pri niskoj koncentraciji pozadinskog gasa. Pove-
ćanje zapremine komore kroz koju se kreće roj daje više vremena za relaksaciju srednje energije
roja i smanjuje gubitke naelektrisanih čestica kroz bočnu difuziju, ali povećava cenu eksperi-
menta. Zbog toga je poželjno utvrditi koliki je doprinos transportnih koeficijenata trećeg reda
prostornom profilu roja za elektrone u različitim gasovima i pri različitim vrednostima n0, ne
bi li se utvrdili uslovi u kojima se ovi transportni koeficijenti mogu najefikasnije izmeriti.

U ovom potpoglavlju su izračunate vrednosti količnika QL/D
3/2
L za elektrone u devet gasova

u širokom opsegu redukovanog električnog polja, s obzirom na to što je doprinos longitudinal-
ne komponente transportnog tenzora trećeg reda prostornom profilu roja direktno srazmeran
vrednosti ovog količnika. Pored toga je razmatrana osetljivost transportnih koeficijenata trećeg
reda na trojni zahvat elektrona u molekularnom kiseoniku, zbog toga što prisustvo ovog procesa
dovodi do zavisnosti komponenti tenzora n2

0Q̂ od koncentracije čestica pozadinskog gasa.
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Vrednosti QL/D
3/2
L koje su određene u okviru ove disertacije su prikazane na grafiku 62.

One su izračunate pri koncentraciji čestica pozadinskog gasa od n0 = 3.54 · 1022m−3. Kao što je
zaključeno u potpoglavlju 4.2, količnik QL/D

3/2
L se pri promeni koncentracije čestica pozadin-

skog gasa skalira kao 1√
n0
, te se na osnovu ovih rezultata može odrediti doprinos transportnih

koeficijenata trećeg reda prostornom profilu roja i na drugim vrednostima n0.
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Slika 62: Količnik QL/D
3/2
L u funkciji E/n0 za rojeve elektrona u He, Ne, Ar, Kr, Xe, N2, CH4,

CF4 i C3F8. Rezultati su dobijeni primenom metoda više članova za rešavanje Boltzmann-ove
jednačine, pri koncentraciji čestica pozadinskog gasa od n0 = 3.54 · 1022m−3.

Na slici 62 se može videti da se u svim razmatranim gasovima QL/D
3/2
L na najnižim poljima

monotono povećava sa porastom E/n0 i da monotono opada sa porastom E/n0 na poljima
višim od 300 Td, dok između 10−4 Td i 300 Td QL/D

3/2
L može imati nekoliko lokalnih mini-

muma i lokalnih maksimuma. Količnik QL/D
3/2
L ima najvišu vrednosti u okolini prvog lokalnog

maksimuma za elektrone u Ar, Kr i Xe na niskim poljima. Prvi lokalni maksimum QL/D
3/2
L

se nalazi na 10−3 Td, 7 · 10−3 Td i 2 · 10−2 Td za elektrone u Ar, Kr i Xe respektivno. U
sva tri gasa je vrednost redukovanog električnog polja na kojoj QL/D

3/2
L dostiže prvi lokalni

maksimum oko dva puta niža od vrednosti polja na kojoj QL dostiže lokalni maksimum. Ovo
je razumljivo budući da količnik QL/D

3/2
L dostiže prvi lokalni maksimum na vrednosti polja na

kojoj je došlo do značajnog porasta QL, ali se longitudinalna komponenta difuzionog tenzora
nije previše povećala u odnosu na njenu termalnu vrednost.

Na osnovu slike 62 može se proceniti u kom gasu i za koje vrednosti E/n0 je najlakše da
longitudinalna komponenta TTIII bude eksperimentalno određena. Pošto su vrednosti količnika
QL/D

3/2
L u okolini prvog lokalnog maskimuma u argonu, kriptonu i ksenonu znatno veće od

vrednosti ovog količnika za ostale gasove u celom razmatranom opsegu polja, longitudinalna
komponenta TTIII može najlakše da bude izmerena u ova tri gasa u okolini polja na kojima
QL/D

3/2
L dostiže prvi lokalni maksimum.
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Da bi se ispitali dodatni efekti koji mogu dovesti do zavisnosti rezultata eksperimenta di-
zajniranih za određivanje TKIII od koncentracije pozadinskog gasa, u ovom potpoglavlju je
ispitivan uticaj elementarnih sudarnih procesa, čija je učestanost zavisna od gustine gasa, na
TKIII. Kao primer ovog fenomena izabran je uticaj trojnog zahvata (eng. three body attach-
ment) elektrona u kiseoniku na transportne koeficijente trećeg reda. Set preseka koji je korišćen
za proračune u koseoniku je prikazan u radu [208] i na slici 63.
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Slika 63: Set preseka za rasejanje elektrona u O2: (1) transfer impulsa u elastičnim sudarima, (2)
a1∆g, (3) Qp, (4) A3Σ+

u , (5) B
3Σu, (6) c1Σu i C3∆u, (7) Qvib(Σ), (8) b1Σ+

g , (9) više elektronske
ekscitacije, (10) zahvat elektrona, (11) jonizacija i (12) trojni zahvat elektrona na pritisku od
760 Torr i temperaturi od 293 K.

Slika 64 predstavlja profile zavisnosti n2
0Q

(f)
xxz, n2

0Q
(f)
zxx i n2

0Q
(f)
zzz komponenti od E/n0 za

elektrone u kiseoniku, za nekoliko vrednosti pritisaka. Ovi rezultati su dobijeni primenom mo-
mentnog metoda za numeričko rešavanje Boltzmann-ove jednačine.

Kvalitativni trendovi zavisnosti TKIII od E/n0 u O2 su isti za sve vrednosti pritiska (sa iz-
uzetkom longitudinalne komponente TTIII na najnižim poljima, za najviše vrednosti pritiska).
Na najnižim poljima (u razmatranom opsegu) n2

0Q
(f)
zzz i n2

0Q
(f)
zxx komponente su pozitivne, dok

je n2
0Q

(f)
xxz komponenta negativna. Uz to, n2

0Q
(f)
zzz i n2

0Q
(f)
zxx komponente monotono opadaju sa

porastom E/n0, dok se n2
0Q

(f)
xxz komponenta monotono povećava do oko 2.7 Td. Pri tome vandi-

jagonalne komponente n2
0Q

(f)
zxx i n2

0Q
(f)
xxz menjaju znak na oko 1 Td. Na poljima višim od 2.7 Td

n2
0Q

(f)
xxz i n2

0Q
(f)
zzz komponente se naglo povećavaju sa porastom E/n0 do oko 10 Td, gde dostižu

lokalni maksimum, a n2
0Q

(f)
zxx komponenta naglo opada do oko 7.7 Td, gde dostiže lokalni mini-

mum. Nakon 10 Td apsolutna vrednost n2
0Q

(f)
zxx komponente monotono opada sa porastom E/n0

do kraja razmatranog opsega, dok naporedo n2
0Q

(f)
xxz i n2

0Q
(f)
zzz komponente monotono opadaju
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Slika 64: n2
0Q

(f)
xxz, n2

0Q
(f)
zxx i n2

0Q
(f)
zzz komponente fluks transportnog tenzora trećeg reda u funkciji

E/n0 i pritiska pozadinskog gasa za elektrone u O2. Rezultati su dobijeni primenom metoda
više članova za rešavanje Boltzmann-ove jednačine.

do oko 170 Td, gde dostižu lokalni minimum, nakon čega se povećavaju do kraja razmatranog
opsega polja (do 350 Td).

Profili sve tri komponente TTIII snažno zavise od pritiska na niskim poljima zbog uticaja
trojnog zahvata elektrona, dok je ova zavisnost zanemarljiva na visokim poljima zbog malog
intenziteta preseka za trojni zahvat na visokim energijama. Longitudinalna komponenta TTIII
opada sa porastom pritiska na poljima nižim od 0.59 Td. U profilu zavisnosti ove komponente od
E/n0 uz to postoji još jedan lokalni minimum na oko 0.13 Td za vrednosti pritiska veće od 200
Torr. Opadanje n2

0Q
(f)
zzz komponente sa porastom pritiska na niskim poljima i pojava dodatnog

lokalnog minimuma jesu posledice hlađenja roja trojnim zahvatom elektrona. U opsegu polja
između 0.59 Td i 2.7 Td n2

0Q
(f)
zzz komponenta se povećava sa porastom pritiska, ali je ovaj efekat

jako slab. Porast n2
0Q

(f)
zzz komponente sa porastom pritiska u ovom opsegu polja može se pripisati

grejanju roja trojnim zahvatom elektrona.

Apsolutna vrednost n2
0Q

(f)
xxz komponente opada sa porastom pritiska u opsegu polja do oko

0.77 Td. Pri tome apsolutna vrednost ove komponente ima dodatni lokalni minimum na oko
0.13 Td za vrednosti pritiska veće od 300 Torr. U opsegu polja između 0.1 Td i 0.35 Td n2

0Q
(f)
zxx

komponenta se povećava sa porastom pritiska. Na poljima višim od 1 Td je zavisnost sve tri
komponente TTIII od pritiska praktično zanemarljiva.
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5.7 Transportni koeficijenti trećeg reda za pozitrone u molekularnim
gasovima

5.7.1 Preliminarije

Na slikama 6.7.1.1, 6.7.1.2. i 6.7.1.3. prikazani su setovi preseka ze rasejanje pozitrona u
H2, N2 i CF4, respektivno, koji su korišćeni u našim proračunima. Oni su razvijeni u našoj
laboratoriji na osnovu eksperimentalno određenih i teorijski izračunatih preseka za pojedinačne
sudarne procese, koji su preuzeti iz literature. Setovi preseka za rasejanje pozitrona u H2, N2 i
CF4 su detaljno tumačeni u radovima [154], [209, 210] i [155], respektivno.
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Slika 65: Set preseka za rasejanje pozitrona u H2: (1) transfer impulsa u elastičnim sudarima,
vibracione ekscitacije (2) v1, (3) 0-2, (4) 0-3, elektronske ekscitacije (5) B1 Σ, (6) X-C, (7) X-E,
(8) jonizacija i (9) formiranje pozitronijuma.

Pozitronijum je vezano stanje elektrona i pozitrona [212–214]. Ako su spinovi elektro-
na i pozitrona antiparalelni/paralelni, ovo stanje se zove parapozitronijum/ortopozitronijum
[215–219]. Ono je nestabilno i završava se anihilacijom elektrona i pozitrona [212]. Srednje
vreme života pozitronijuma iznosi oko 0.125 ns i 142 ns u slučaju parapozitronijuma i ortopo-
zitronijuma, respektivno [216, 219]. U energijskom opsegu koji je relevantan za naše proračune
presek za formiranje pozitronijuma je znatno veći od preseka za direktnu anihilaciju elektro-
na i pozitrona, te je u našem slučaju formiranje pozitronijuma glavni mehanizam za gubitak
pozitrona.

Značajna razlika između rojeva elektrona i rojeva pozitrona, koji se kreću u nekoj mate-
rijalnoj sredini, jeste ta što se na dovoljno visokim energijama elektroni koji su izgubljeni u
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Slika 66: Set preseka za rasejanje pozitrona u N2: (1) transfer impulsa u elastičnim sudarima,
vibracione ekscitacije (2) 0-1, (3) 0-2, (4) 0-3, (5) 0-4, elektronske ekscitacije (6) a1Π, (7) a’Σ,
(8) jonizacija i (9) formiranje pozitronijuma.
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Slika 67: Set preseka za rasejanje pozitrona u CF4: (1) transfer impulsa u elastičnim sudarima,
vibracione ekscitacije (2) v1, (3) v3, (4) v4, (5) disocijacija, (6) jonizacija i (7) formiranje
pozitronijuma.

elektronskom zahvatu (ili nekom drugom procesu) mogu nadoknaditi uz pomoć elektronske su-
darne jonizacije atoma ili molekula pozadinske srednine, dok se pozitroni koji su izgubljeni u
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Slika 68: Kolizione frekvence za elastične sudare za pozitrone u H2, N2 i CF4, pri koncentraciji
pozadinskih molekula koja iznosi n0 = 3.54 · 1022m−3.

formiranju pozitronijuma ili anihilaciji ne mogu nadoknaditi na osnovu interakcije pozitrona i
pozadinske srednine, nego se moraju obezbediti uz pomoć nekog spoljašnjeg izvora pozitrona.
Da bi se izbeglo značajno smanjenje broja pozitrona, koji se prate u našim Monte Carlo simu-
lacijama, pod uticajem formiranja pozitronijuma, potrebno je da pozitroni koji su izgubljeni
u nekonzervativnim sudarima budu nadoknađeni u toku trajanja simulacije. Zato je u našim
Monte Carlo proračunima primenjena tehnika diskretnog reskaliranja roja, koja je opisana u
radu [160]. Ova tehnika podrazumeva da se u diskretnim vremenskim trenucima (trenuci re-
laksiranja) za svaki od pozitrona koji je izgubljen, (u nekonzervativnim sudarima) između dva
trenutka reskaliranja, duplira jedan od postojećih pozitrona. Pozitroni koji su duplirani se bi-
raju nasumično, kako reskaliranje ne bi promenilo funkciju raspodele elektrona po brzinama i
prostornim koordinatama. Nakon trenutka reskaliranja svaki se od pozitrona prati nezavisno.
Ova tehnika ne utiče na srednje vrednosti niti jedne dinamičke promenljive na osnovu kojih
se računaju transportni koeficijenti, a obezbeđuje približno konstantan broj pozitrona za vre-
me trajanja simulacije. Gubitak pozitrona zbog formiranja pozitronijuma utiče na transportne
koeficijente kroz promenu funkcije raspodele po energijama (implicitni efekti) i kroz prostornu
zavisnost brzinskog koeficijenta za ovaj proces, koja je zasnovana na prostornom gradijentu
srednje energije pozitrona (eksplicitni efekti).

5.7.2 Rezultati

Slika 69 ilustruje profile zavisnosti srednje energije od E/n0 za pozitrone u H2, N2 i CF4.
Ovi su rezultati dobijeni primenom momentnog metoda za numeričko rešavanje Boltzmann-ove
jednačine. Na najnižim poljima su vrednosti srednje energije praktično termalne (oko 0.038 eV)
do 0.0077 Td, 0.0046 Td i 0.046 Td za elektrone u H2, N2 i CF4, respektivno. Nakon toga se
srednja energija sporo povećava sa porastom polja (do oko 0.059 Td, 0.035 Td i 0.27 Td za
elektrone u H2, N2 i CF4, respektivno).

Na višim poljima se profil zavisnosti srednje energije od E/n0 u H2 kvalitativno razlikuje
od odgovarajućih profila zavisnosti u N2 i CF4. Srednja energija za pozitrone u H2 se zapravo
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Slika 69: Srednja energija u funkciji E/n0 za pozitrone u H2, N2 i CF4. Rezultati su dobijeni
na osnovu metoda više članova za rešavanje Boltzmann-ove jednačine.

približno linearno povećava sa porastom E/n0 u dva susedna intervala polja, pri čemu je nagib
srednje energije znatno manji u drugom intervalu. Ova dva E/n0 intervala se nalaze imeđu
opsega polja u kome je sednja energija još uvek blizu termalnih vrednosti i opsega u kome se
srednja energija naglo povećava sa porastom polja. Nasuprot tome, porast serdnje energije za
pozitrone u N2 i CF4 ima praktično konstantan nagib između opsega polja u kome je srednja
energija približno termalna i opsega polja u kome je porast srednje energije sa porastom E/n0

najintenzivniji. Jedan od razloga za različit trend zavisnosti srednje energije u H2 i preostala
dva gasa jeste visoka vrednost praga za prvu vibracionu ekscitaciju u H2.

Naime, prvi opseg polja u kome se srednja energija pozitrona u H2 linearno povećava sa
porastom E/n0 nalazi se između 0.059 Td i 0.27 Td. U ovom opsegu polja srednja energija ima
vrednosti između 0.047 eV i 0.138 eV. Pošto je prag za prvu vibracionu ekscitaciju oko 0.516
eV, većina pozitrona u ovom opsegu polja nema dovoljno energije da učestvuje u neelastičnim
sudarima. Međutim, u opsegu polja od 0.35 Td do 1.3 Td srednja energija ima vrednosti u
intervalu između 0.158 eV i 0.256 eV, pa pozitroni čija je energija između 3.3 i 2 puta veća
od srednje energije mogu da učestvuju u vibracionim ekscitacijama. Ovo dovodi do sporijeg
porasta srednje energije sa porastom E/n0.

Srednja energija pozitrona u N2 i CF4 se linearno povećava sa porastom E/n0 u intervalima
od 0.035 Td do 0.27 Td i od 0.21 Td do 4.6 Td, respektivno. Pri tome se srednja energija
pozitrona u N2 nalazi u intervalu između 0.047 eV i 0.18 eV, dok je srednja energija pozitrona
u CF4 između 0.04 eV i 0.09 eV. Pošto su pragovi za prve vibracione ekscitacije u N2 i CF4

oko 0.29 eV i 0.077 eV, respektivno, najenergičniji pozitroni u ovom opsegu polja mogu da
izgube energiju u vibracionim ekscitacijama, što dovodi do sporijeg porasta srednje energije sa
porastom E/n0.

Srednja energija se na višim poljima naglo povećava sa porastom E/n0. Na početku opsega
polja, koji odgovara naglom porastu srednje energije, najenergičniji pozitroni (čija je energija
bar 4 puta veća od srednje energije) nalaze se u energijskom intervalu u kome preseci za vi-
bracione ekscitacije opadaju sa porastom energije. Porast srednje energije sa porastom E/n0

se značajno usporava na poljima višim od oko 5.9 Td, 1.9 Td i 57 Td za pozitrone u H2, N2 i
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CF4, respektivno. Pri tome su vrednosti srednje energije na kraju opsega polja u kome se ona
naglo povećava sa porastom E/n0 oko 3.2 eV, 2.7 eV i 3.5 eV za pozitrone u H2, N2 i CF4,
respektivno. Pragovi za prvu elektronsku ekscitaciju za pozitrone u H2, N2 i CF4 su 11.3 eV,
10.0 eV i 12.49, respektivno. Tako se u sva tri gasa nagli porast srednje energije sa porastom
E/n0 završava u okolini polja na kome elektroni čija je energija oko 4 puta veća od srednje
energije mogu učestvovati u elektronskim ekscitacijama.
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Slika 70: n2
0Q

(f)
xxz, n2

0Q
(f)
zxx i n2

0Q
(f)
zzz komponente fluks transportnog tenzora trećeg reda u funkciji

E/n0 za rojeve pozitrona u H2, N2 i CF4. Rezultati su dobijeni primenom metoda više članova
za rešavanje Boltzmann-ove jednačine.

Prikaz profila TKIII u funkciji E/n0 za pozitrone u H2, N2 i CF4 dat je na slici 70. Ovi
rezultati su dobijeni primenom momentnog metoda za numeričko rešavanje Boltzmann-ove
jednačine. Komponente n2

0Q
(f)
zzz i n2

0Q
(f)
xxz su pozitivne u celom razmatranom opsegu polja, dok

n2
0Q

(f)
zxx komponenta menja znak unutar ovog opsega u sva tri gasa. Istovremeno n2

0Q
(f)
zzz i n2

0Q
(f)
xxz

komponente imaju dva lokalna maksimuma i jedan lokalni minimum za pozitrone u H2 i CF4,
a ove dve komponente imaju pak samo jedan lokalni maksimum za pozitrone u N2.

Komponente n2
0Q

(f)
zzz i n2

0Q
(f)
xxz se monotono povećavaju sa porastom E/n0 do 0.27 Td i 0.35

Td, nakon čega opadaju sa rastom E/n0 do 1Td i 4 Td za pozitrone u H2 i CF4, respektivno.
Opseg polja u kome n2

0Q
(f)
zzz i n2

0Q
(f)
xxz opadaju sa porastom E/n0, odgovara opsegu polja u kome

se srednja energija linearno povećava sa porastom E/n0 i u kome je dinamika visokoenergijskih
pozitrona pod snažnim uticajem vibracionih ekscitacija. Međutim, n2

0Q
(f)
zzz i n2

0Q
(f)
xxz komponente

za pozitrone u N2 se monotono povećavaju sa porastom E/n0 u opsegu polja u kome je porast
srednje energije linearan, zbog toga što je presek za vibracione ekscitacije u N2 znatno manji
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od preseka za vibracione ekscitacije u H2 i CF4.

Na višim poljima se komponenta n2
0Q

(f)
xxz monotono povećava sa porastom E/n0 i dostiže

lokalni maksimum na oko 3.3 Td, 1.1 Td i 39 Td za pozitrone u H2, N2 i CF4, respektivno.
Longitudinalna komponenta, n2

0Q
(f)
zzz, monotono se povećava sa porastom E/n0 do 3.3 Td za

pozitrone u H2, dok se za pozitrone u N2 i CF4 monotono povećava do oko 0.7 Td i 17 Td,
respektivno, nakon čega saturira do oko 0.9 Td i 23 Td respektivno, pa se ponovo monotono
povećava sa porastom E/n0 i dostiže lokalni maksimum na 1.7 Td i 53 Td, respektivno. Nakon
lokalnog maksimuma n2

0Q
(f)
zzz i n2

0Q
(f)
xxz komponente monotono opadaju sa porastom E/n0 do

kraja razmatranog opsega polja. Za pozitrone u H2 srednja energija na 3.3 Td iznosi oko 1.5 eV,
te se pozitroni čija je energija oko 3 puta veća od srednje energije nalaze u energijskom intervalu
u kome se presek za transfer impulsa u elastičnim sudarima povećava sa porastom energije, a
za pozitrone čija je energija oko 7.5 puta veća od srednje energije važi to da mogu učestvovati
u prvoj elektronskoj ekscitaciji. Na 4 Td je srednja energija pozitrona u H2 oko 2.2 eV, pa
pozitroni čija je energija oko 5 puta veća od srednje energije mogu participirati u elektronskim
ekscitacijama. Za pozitrone u N2 i CF4 su vrednosti srednje energije na poljima na kojima
n2
0Q

(f)
xxz komponenta doseže poslednji lokalni maksimum: 1.5 eV i 2.3 eV, respektivno. Ove se

vrednosti srednje energije nalaze u energijskim intervalima u kojima se koliziona frekvenca za
elastične sudre povećava sa porastom energije. Treba dodati kako na poljima na kojima n2

0Q
(f)
xxz

komponenta dostiže poslednji lokalni maksimum u ova dva gasa elektroni čija je energija oko
6 puta veća od srednje energije mogu učestvovati u prvoj elektronskoj ekscitaciji. Vrednosti
srednje energije na poljima na kojima n2

0Q
(f)
zzz dostiže poslednji lokalni maksimum za pozitrone

u N2 i CF4 iznose 2.5 eV i 3.4 eV, respektivno. Sledi da na ovim poljima u prvoj elektronskoj
ekscitaciji mogu participirati elektroni čija je energija oko 4 puta veća od srednje energije.

Za pozitrone u H2 i N2, n2
0Q

(f)
zxx je negativno na najnižim poljima, uz šta ova komponenta

opada sa porastom E/n0, uprkos tome što presek za transfer impulsa u elastičnim sudarima
opada sa porastom energije do energija koje su znatno više od termalnih vrednosti. Ovo je
uzrokovano time što se koliziona frekvenca za elastične sudare povećava sa porastom energije
do oko 0.18 eV i 0.1 eV za pozitrone u H2 i N2, respektivno. Komponenta n2

0Q
(f)
zxx doseže lokalni

minimum na 0.21 Td i 0.059 Td za pozitrone u H2 i N2 respektivno. Pritom su vrednosti srednje
energije u H2 i N2, u okolini lokalnog minimuma n2

0Q
(f)
zxx komponente, približno 0.1 eV i 0.06

eV, respektivno. Na poljima koja odgovaraju položajima ovog lokalnog minimuma pozitroni
se u H2, čija je energija oko 4 puta veća od srednje energije, i pozitroni u N2, čija je energija
1.7 puta veća od srednje energije, nalaze u energijskom intervalu u kome koliziona frekvenca
za elastične sudare opada sa porastom energije. Ovo dovodi do porasta n2

0Q
(f)
zxx komponente sa

porastom E/n0 na višim poljima. Komponenta n2
0Q

(f)
zxx dostiže lokalni maksimum na 2.1 Td i

0.46 Td, postajući pozitivna na 1.3 Td i 0.13 Td za pozitrone u H2 i N2, respektivno. Na poljima
na kojima n2

0Q
(f)
zxx komponenta postaje pozitivna u H2 i N2 vrednosti srednje energije su oko

0.26 eV i 0.1 eV, respektivno, pa se pozitroni čija je energija oko 1.6 puta veća od srednje
energije u H2 i pozitroni čija je energija veća od srednje energije u N2 nalaze u energijskoj
oblasti u kojoj koliziona frekvenca za elastične sudare opada sa porastom energije. U okolini
lokalnog maksimuma n2

0Q
(f)
zxx komponente su vrednosti srednje energije oko 0.46 eV i 0.31 eV za
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pozitrone u H2 i N2, respektivno, pa se pozitroni u H2 čija je energija oko 4.3 puta veća od srednje
energije i pozitroni u N2 čija je energija 1.7 puta veća od srednje energije nalaze u energijskom
intervalu u kome se koliziona frekvenca za elastične sudare povećava sa porastom energije. Ovo
dovodi do opadanja n2

0Q
(f)
zxx komponente sa porastom E/n0 na višim poljima. Komponenta

n2
0Q

(f)
zxx postaje negativna na 2.7 Td i 0.63 Td za pozitrone u H2 i N2, respektivno, ostajući

negativna do kraja razmatranog opsega polja u oba gasa. Komponenta n2
0Q

(f)
zxx dostiže lokalni

minimum na oko 5.3 Td i 1.4 Td za pozitrone u H2 i N2, respektivno, uz šta je položaj lokalnog
minimuma n2

0Q
(f)
zxx komponente blizu položaja lokalnog maksimuma n2

0Q
(f)
xxz komponente. Nakon

lokalnog minimuma, apsolutna vrednost n2
0Q

(f)
zxx komponente opada sa porastom E/n0 do kraja

razmatranog opsega polja.

Za pozitrone u CF4 je n2
0Q

(f)
zxx komponenta pozitivna na najnižim poljima jer koliziona fre-

kvenca opada sa porastom energije na najnižim energijama. Ova komponenta se monotono
povećava sa porastom E/n0 do oko 0.1 Td, gde dostiže lokalni maksimum. Na 0.1 Td je sred-
nja energija pozitrona u CF4 blizu termalne vrednosti (oko 0.039 eV), ali u okolini ovog polja
srednja se energija počinje primetno povećavati sa porastom E/n0, što dovodi do porasta koli-
zione frekvence za vibracione ekscitacije i opadanja n2

0Q
(f)
zxx komponente sa porastom polja. Ova

komponenta dostiže lokalni minimum na oko 0.27 Td, uz šta u ovom minimumu ima negativnu
vrednost. Vrednost polja od 0.27 Td uslovljava srednju energiju pozitrona od oko 0.042 eV, te
se pozitroni čija je energija oko 5.5 puta veća od srednje energije nalaze u energijskoj obla-
sti u kojoj se koliziona frekvenca za elastične sudare povećava sa porastom energije. S druge
strane, pozitroni čija je energija oko 6 puta veća od srednje energije nalaze se u energijskoj
oblasti u kojoj preseci za vibracionu ekscitaciju naglo opadaju sa porastom energije. Nakon
lokalnog minimuma se n2

0Q
(f)
zxx komponenta monotono povećava do oko 1.3 Td, dosežući lokalni

maksimum. Na 1.3 Td je srednja energija oko 0.058 eV, pa se pozitroni čija je energija oko 4
puta veća od srednje energije nalaze u energijskom intervalu u kome se koliziona frekvenca za
elastične sudare naglo povećava sa porastom energije. Ovo dovodi do opadanja n2

0Q
(f)
zxx kom-

ponente sa porastom E/n0, koja postaje negativna na 5.9 Td, gde je srednja energija oko 0.1
eV. Na ovoj vrednosti polja pozitroni čija je energija oko 2.5 puta veća od srednje energije se
nalaze u energijskom intervalu u kome se koliziona frekvenca za elastične sudare povećava sa
porastom energije. Nakon 5.9 Td n2

0Q
(f)
zxx komponenta ostaje negativna do kraja razmatranog

opsega polja. Ova komponenta opada sa porastom E/n0 do oko 37 Td, na tom mestu dostžući
lokalni minimum, pri čemu je položaj ovog minimuma jako blizu položaja lokalnog maksimuma
n2
0Q

(f)
xxz komponente. Za ovim lokalnim minimumom apsolutna vrednost n2

0Q
(f)
xxz komponente

monotono opada sa porastom E/n0 do kraja razmatranog opsega polja.

Na slici 71 su prikazani profili zavisnosti fluks i balk longitudinalne komponente TTIII u
funkciji E/n0 za pozitrone u H2, N2 i CF4. Ovi rezultati su dobijeni primenom Monte Car-
lo simulacija. Na najnižim poljima (do 1.5 Td, 77 Td i 27 Td za pozitrone u H2, N2 i CF4,
respektivno) su razlike između fluks i balk vrednosti longitudinalne komponente TTIII male,
budući da većina pozitrona nema dovoljno energije da učestvuje u formiranju pozitronijuma.
Na višim poljima su balk vrednosti longitudinalne komponente TTIII manje od odgovarajućih
fluks vrednosti, što je posledica hlađenja roja formiranjem pozitronijuma. Naime, vrednosti
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Slika 71: Fluks i balk longitudinalna komponenta transportng tenzora trećeg reda n2
0QL u

funkciji E/n0 za rojeve pozitrona u H2, N2 i CF4. Rezultati su dobijeni primenom Monte Carlo
simulacija.

srednje energije pozitrona u H2 na 3.5 Td, u N2 na 77 Td i u CF4 na 27 Td iznose 1.77 eV, 4.87
eV i 1.08 eV, respektivno, dok su vrednosti praga za formiranje pozitonijuma u ova tri gasa
8.6 eV, 8.78 eV i 9.45 eV, respektivno. Tako u ovom opsegu polja samo najenergičniji pozitroni
mogu participirati u formiranju pozitronijuma. Na višim poljima se razlika između balk i fluks
vrednosti longitudinalne komponente TTIII povećava sa porastom E/n0, zbog porasta srednje
energije i povećanja broja pozitrona koji mogu učestvovati u formiranju poizitronijuma. Među-
tim, ova razlika dostiže lokalni maksimum na oko 10 Td, 530 Td i 59 Td za pozitrone u H2, N2

i CF4, respektivno. Pri tome su odgovarajuće vrednosti srednje energije 3.9 eV, 12.9 eV i 3.64
eV za pozitrone u H2, N2 i CF4, respektivno. Posledice ovih vrednosti i uslovljenosti svode se
na to da u okolini polja na kome eksplicitni efekti formiranja pozitronijuma na longitudinalnu
komponentu TTIII dostižu maksimum, u formiranju pozitronijuma mogu učestvovati pozitroni
čija je energija oko 2.2, 1.94 i 2.7 puta veća od srednje energije za pozitrone u H2, N2 i CF4,
respektivno. Ali, s obzirom na to da presek za formiranje pozitronijuma u H2, N2 i CF4 dostiže
lokalni maksimum na 24 eV, 25 eV i 16.5 eV, respektivno, najenergičniji se pozitroni u sva tri
gasa nalaze u energijskoj oblasti u kojoj presek za formiranje pozitronijuma opada sa porastom
energije. Procenat pozitrona koji se nalaze u ovoj energijskoj oblasti se povećava sa porastom
polja, što dovodi do opadanja eksplicitnih efekata formiranja pozitronijuma na longitudinalnu
komponentu TTIII sa porastom E/n0. Razlike između balk i fluks vrednosti longitudinalne
komponente TTIII su zanemarljive na oko 77 Td, 650 Td i 670 Td za pozitrone u H2, N2 i CF4,
respektivno. Vrednosti srednje energije za pozitrone u H2 na 770 Td, u N2 na 650 Td i u CF4

na 670 Td iznose 5.92 eV, 14.2 eV i 12.5 eV, respektivno. Na ovim vrednostima polja pozitroni
u H2 čija je energija oko 1.45 puta veća od srednje energije, kao i pozitroni u N2 i CF4 čija je
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energija oko 1.6 i 1.3 puta manja od srednje energije mogu da učestvuju u formiranju pozitro-
nijuma. Uz to se na ovim vrednostima polja pozitroni sa energijom od oko 4, 1.8 i 1.32 puta
većom od srednje energije, za H2, N2 i CF4, respektivno, nalaze u energijskom intervalu u kome
presek za formiranje pozitronijuma opada sa porastom polja. Za pozitrone u N2 i CF4 balk
vrednost longitudinalne komponente TTIII je veća od odgovarajuće fluks vrednosti, na poljima
višim od 770 Td i 1000 Td, respektivno. Ovo je posledica grejanja roja formiranjem pozitroni-
juma. Srednja energija pozitrona u N2 zapravo iznosi 16.95 eV na 770 Td, te se pozitroni čija je
energija oko 3.5 puta veća od srednje energije nalaze u energijskoj oblasti u kojoj je presek za
formiranje pozitronijuma oko 2.5 puta manji od njegove vrednosti u okolini maksimuma, dok
pozitroni čija je energija oko dva puta manja od srednje energije mogu učestvovati u formiranju
pozitronijuma. Nalik tome je srednja energija pozitrona u CF4 na 1000 Td oko 17.58 eV, što
pozicionira pozitrone sa energijom oko 3.4 puta većom od srednje energije u energijsku oblast u
kojoj je presek za formiranje pozitronijuma oko 2.7 puta manji od njegove vrednosti u okolini
maksimuma, s tim da u formiranju pozitronijuma mogu participirati pozitroni čija je energija
oko 1.86 puta manja od srednje energije.
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Slika 72: Korelacija fluks longitudinalne komponente transportng tenzora trećeg reda i fluks
longitudinalne difuzije. Rezultati su dobijeni na osnovu metoda više članova za rešavanje
Boltzmann-ove jednačine.

Slike 72 i 73 prikazuju korelaciju profila zavisnosti longitudinalne komponente TTIII i lon-
gitudinalne difuzije od E/n0 u slučaju fluks i balk vrednosti, respektivno. Može se primetiti da
je trend zavisnosti n2

0Q
(f)
zzz od E/n0 u korelaciji sa odgovarajućim trendom n0D

(f)
zz , dok se trend

ponašanja n2
0Q

(b)
zzz saodnosi sa odgovarajućim trendom n0D

(b)
zz . U oba slučaja se, međutim, lo-

kalni minimumi longitudinalne komponente TTIII nalaze na nižim vrednostima E/n0 u odnosu
na lokalne minimume longitudinalne difuzije. Na primer, za roj pozitrona u CF4, n2

0Q
(f)
zzz dosti-

že lokalni minimum i prevojnu tačku na oko 4.6 Td i 20 Td, respektivno, dok n0D
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Slika 73: Korelacija balk longitudinalne komponente transportng tenzora trećeg reda i balk
longitudinalne difuzije. Rezultati su dobijeni primenom Monte Carlo simulacija.

dva lokalna minimuma na oko 7.7 Td i 27 Td, uz šta obe veličine dosežu lokalni maksimum
na oko 17 Td. Slično tome, n2

0Q
(b)
zzz dostiže dva lokalna minimuma na oko 4.3 Td i 54 Td, a

n0D
(b)
zz dostiže dva lokalna minimuma na oko 7.7 Td i 77 Td, pri čemu obe veličine dosežu

lokalni maksimum na oko 17 Td. Razlog za pojavu lokalnih minimuma longitudinalne kom-
ponente TTIII na poljima koja su niža od polja na kojima se pojavljuju odgovarajući lokalni
minimumi longitudinalne difuzije mogla bi biti veća osetljivost komponenti TTIII na dinamiku
visokoenergijskih elektrona.

5.8 Zaključak

Centralna tema ovog poglavlja bili su transportni koeficijenti trećeg reda za elektrone u
realnim gasovima. U potpoglavlju 5.2 tumačena je korelacija između longitudinalne komponente
transportnog tenzora trećeg reda Qzzz i longitudnalne komponente difuzionog tenzora Dzz. Ova
korelacija je uočena za elektrone u svim razmatranim gasovima na dovoljno visokim vrednostima
redukovanog električnog polja. Uočeno je naime da na dovoljno visokim poljima Qzzz opada sa
porastom redukovanog električnog polja akoDzz opada, ili ukoliko seDzz povećava kao konkavna
funkcija u log-log skali. Takođe je primećeno da se Qzzz povećava sa porastom polja ako se Dzz

povećava kao konveksna funkcija u log-log skali. Međutim, ova korelacija je odsutna na najnižim
poljima, zbog toga što transportni koeficijenti trećeg reda predstavljaju asimetrično odstupanje
od difuzionog širenja (koje je reprezentovano difuzionim tenzorom), težeći nuli u limesu niskih
polja, za razliku od dijagonalnih komponenti difuzionog tenzora koje, imaju nenulte termalne
vrednosti.
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Potpoglavlje 5.3 bazirano je na izučavanju transportnih koeficijenata trećeg reda u helijumu i
neonu. Zaključeno je da su u ovim gasovima profili zavisnosti komponenti transportnog tenzora
trećeg reda od redukovanog električnog polja složeniji nego u slučaju modelnih gasova. Pri
tome je Qzzz komponenta pozitivna za elektrone u ova tri gasa u celom razmatranom opsegu
polja. Međutim, u opsegu polja u kome je koliziona frekvenca za veliki procenat elektrona
rastuća funkcija energije, jedna od vandijagonalnih komponenti (Qxxz ili Qzxx) je negativna,
dok je druga od ovih komponenti pozitivna, u istom opsegu redukovanog električnog polja.
U potpoglavlju 5.4 su razmatrani transportni koeficijenti trećeg reda za elektrone u argonu,
kriptonu i ksenonu. Primećeno je da su na kvalitativnom nivou profili zavisnosti komponenti
transportnog tenzora trećeg reda od redukovanog električnog polja jako slični u ova tri gasa.
Naime, na najnižim poljima su u sva tri gasa sve komponente transportnog tenzora trećeg reda
pozitivne i monotono se povećavaju sa porastom polja, dok ne dostignu oštar maksimum. Ovaj
maksimum je posledica Ramsauer- Townsend-ovog minimuma. U sva tri gasa je komponenta
Qzzz pozitivna u celom razmatranom opsegu polja, dok je Qxxz komponenta negativna na višim
poljima. Za elektrone u argonu Qzxx komponenta ima negativne vrednosti u jako uskom opsegu
polja i postaje pozitivna na otprilike istoj vrednosti redukovanog električnog polja, gde Qxxz

komponenta postaje negativna.

U odeljku 5.5 proučavan je transportni tenzor trećeg reda za elektrone u N2, CH4, CF4 i
C3F8, te je zapaženo kako su profili zavisnosti transportnih koeficijenata trećeg reda od redu-
kovanog električnog polja složeniji u slučaju molekularnih gasova nego kod atomskih gasova.
Longitudinalna komponenta transportnog tenzora trećeg reda Qzzz ima negativne vrednosti
u uskom opsegu polja za elektrone u CF4 i C3F8, dok je ova komponenta pozitivna u celom
razmatranom opsegu polja za elektrone u N2 i CH4. Pored toga, Qxxz i Qzxx komponente imaju
negativne vrednosti u uskom opsegu polja za elektrone u CF4 i CH4, a komponenta Qzxx je
negativna u celom razmatranom opsegu polja za elektrone u N2 i na poljima višim od 5 Td
za elektrone u C3F8. Uočeno je da QT ima negativne vrednosti za elektrone u CH4 i CF4 u
opsegu polja u kome postoji negativna diferencijalna provodnost. Međutim, QT je negativno u
većini oblasti negativne diferencijalne provodnosti za elektrone u CH4, za razliku od elektro-
na u CF4 QT , gde je negativno samo u uskom opsegu polja, pred kraj opsega polja u kome
postoji negativna diferencijalna provodnost. Pored toga je ponašanje vandijagonalnih kompo-
nenti transportnog tenzora trećeg reda Qxxz i Qzxx drugačije u oblasti negativne diferencijalne
provodnosti za elektrone u CH4 i CF4.

Potpoglavlje 5.6 posvećeno je tumačenju doprinosa longitudinalne komponente transportnog
tenzora trećeg reda Qzzz prostornom profilu roja za elektrone u atomskim i molekularnim
gasovima. Ovaj doprinos zavisi od količnika QL/D

3/2
L . Doprinos Qzzz prostornom profilu roja

je najizraženiji za elektrone u argonu, kriptonu i ksenonu na niskim poljima, zbog prisustva
Ramsauer-Townsend-ovog minimuma. Izražen je takođe u kriptonu i ksenonu na oko 1 Td.

U ovom potpoglavlju je izučavan i uticaj sudarnih procesa, čija učestanost zavisi od koncen-
tracije pozadinskog gasa, na transportne koeficijente trećeg reda. Pri tome je razmatran uticaj
trojnog zahvata elektrona u molekularnom kiseoniku na komponente transportnog tenzora tre-
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ćeg reda. Primećeno je da transportni koeficijenti trećeg reda snažno zavise od koncentracije
pozadinskog gasa na niskim poljima, na kojima trojni zahvat snažno utiče na dinamiku elek-
trona.

Transportni koeficijenti trećeg reda za pozitrone u H2, N2 i CF4 izučavani su u potpoglavlju
5.7. Uočeno je da eksplicitni efekti formiranja pozitronijuma dovode do velike razlike između
balk i fluks vrednosti transportnih koeficijenata trećeg reda za pozitrone u ova tri gasa. Balk
vrednosti su znatno niže od odgovarajućih fluks vrednosti na srednjim poljima, zbog hlađe-
nja roja formiranjem pozitronijuma. Međutim, fluks vrednosti su više od odgovarajućih balk
vrednosti na najvišim poljima zbog efekta grejanja roja formiranjem pozitronijuma. Na ovom
mestu primećeno je i to da je balk vrednost longitudinalne komponente transportnog tenzora
trećeg reda Qzzz u korelaciji sa balk vrednošću longitudinalne komponente difuzionog tenzora
Dzz, dok se fluks vrednost Qzzz saodnosi sa fluks vrednošću Dzz.
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6 Transport elektrona u atomskim tečnostima visoke mo-

bilnosti

6.1 Uvod

Ovo pogavlje bavi se transportom elektrona u atomskim tečnostima visoke mobilnosti, uklju-
čujući tečni argon, tečni kripton i tečni ksenon. Svi rezultati prikazani u ovom poglavlju dobijeni
su primenom Monte Carlo simulacija. U potpoglavlju 6.1.1 u kratkim crtama su obrazloženi
motivacioni faktori za proučavanje transporta naelektrisanih čestica u tečnoj fazi. Odeljak 6.1.2
prikazuje argumente koji ukazuju na postojanje provodne zone u tečnom argonu, tečnom kripto-
nu i tečnom ksenonu, nekon čega govorimo o korišćenim setovima preseka i uslovima simulacije
za ispitivanje transporta elektrona u tečnom ksenonu u potpoglavlju 6.2.1. U segmentu 6.2.2
prikazani su rezultati vezani za transport elektrona u tečnom ksenonu, potpoglavlje 6.3.1 obra-
zlaže setove preseka i uslove simulacije koji su korišćeni za proučavanje transporta elektrona u
tečnom argonu i tečnom kriptonu, dok odeljak 6.3.2 predstavlja rezultate u vezi sa transportom
elektrona u tečnom argonu i tečnom kriptonu.

6.1.1 Motivacija za istraživanje

Transport naelektrisanih čestica u tečnoj fazi je oblast istraživanja koja ima veliki značaj
i sa teorisjkog i sa praktičnog aspekta. Sa teorijske tačke gledišta značajno je razumeti način
na koji velika gustina i kratkodometno uređenje pozadinskih atoma i/ili molekula u tečnoj fazi
utiču na dinamiku naelektrisanih čestica [68–70]. Sa praktičnog aspekta, razumevanje trans-
porta naelektrisabih čestica u tečnoj fazi je od ključnog značaja za mnoge važne primene poput
detektora elementarnih čestica sa tečnim argonom i tečnim ksenonom, transformatorskih ulja,
kao i upotrebe plazme u medicini, poljoprivredi i tretmanima za prečišćavanje vode. Neravno-
težne plazme imaju širok spekar primene u medicini, poput dezinfekcije, podsticanja zarastanja
rana, lečenja gljivičnih infekcija i tretmana tumora [40, 41]. Upotreba plazme u poljoprivre-
di ima potencijal da poveća prinos useva i suzbije bolesti biljaka na način koji je povoljniji
po životnu sredinu, kao i da eliminiše patogene koji se mogu naći u hrani [42]. Primena ne-
ravnotežnih plazmi može obezbediti efikasan, jeftin i ekološki prihvatljiv proces za razgradnju
organskih zagađivača u vodi [45]. Međutim za dalji razvoj ovih primena potrebno je razumeti
kako pojedinačne naelektrisane čestice i njihovi produkti, poput radikala i metastabila, intera-
guju sa složenim organskim molekulima u tečnoj vodi. Detektori elementarnih čestica sa tečnim
argonom i tečnim ksenonom su veoma pogodni za lociranje slabo interagujućih čestica poput
neutrina i teorijski pretpostavljenih masivnih slabo interagujućih čestica (eng. weak interac-
ting massive particles), i to zbog velike gustine ovih tečnosti i velike mobilnosti elektrona na
niskim električnim poljima (u slučaju argona i ksenona), te velikog broja stabilnih izotopa od
kojih su neki spinski singleti dok drugi imaju nenulti spin (u slučaju ksenona) [220–222]. U
ovim detektorima je za rekonstrukciju trajektorije detektovanih čestica neophodno odrediti pu-
tanju primarnog i/ili sekundarnog naelektrisanja kroz tečnu sredinu od tačke formiranja ovih
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naelektrisanja do tačke njihove detekcije. Transformatorska ulja se koriste u nekim tipovima
transformatora i visokonaponskih prekidača za izolaciju i hlađenje transformatora, kao i za spre-
čavanje nastanka korone [223, 224]. Za pronalaženje novih transformatorskih ulja, koja imaju
bolje inženjerske i/ili ekološke karakteristike, važno je razumeti pri kojim uslovima dolazi do
lavinske multiplikacije elektrona i električnih pražnjenja u ovim tečnostima.

Uprkos značaju transporta naelektrisanih čestica u tečnoj fazi, u okviru ove oblasti posto-
ji veliki broj poteškoća i u teorijskim i u eksperimentalnim ispitivanjima. Mnoge su vezane za
raznovrsnost brojnih procesa koji se dešavaju u tečnostima u širokom rasponu vremenskih i pro-
stornih skala. Naime, u tečnoj fazi je potencijal za rasejanje naelektrisane čestice na pojedinač-
nom atomu ili molekulu snažno perturbovan od strane okolnih atoma ili molekula [68,69,100].
Pored toga, talasna funkcija lakih naelektrisanih čestica poput elektrona i pozitrona zahvata
veliki broj susednih atoma ili molekula. S tim razlogom se rasejanje u tečnoj fazi mora opi-
sati kao superpozicija pojedinačnih rasejanja na više susednih atoma ili molekula pozadinske
sredine (koherentni efekti) [68–70]. Iz toga sledi da je rasejanje ovih čestica u tečnoj fazi pod
snažnim uticajem kratkodometnog uređenja neutralnih čestica pozadinske tečnosti. Značajan
uticaj na dinamiku naelektrisasnih čestica u tečnoj fazi imaju i interakcija sa fluktuacijama
gustine pozadinske tečnosti i zarobljavanje u rastvorenim mehurovima gasa [101]. U slučaju
tečnosti sa polarnim molekulima (poput vode) naelektrisane čestice bivaju solvatirane u kla-
sterima polarnih molekula [225–228]. Osetljivost transportnih osobina naelektrisanih čestica na
ove procese znatno otežava razvoj teorijskih modela i kontrolu eksperimentalnih uslova. Pošto
tečni plemeniti gasovi predstavljaju najjednostavnije tečnosti, oni su dobra polazna tačka za
razvoj modela transporta naelektrisanih čestica u tečnoj fazi.

6.1.2 Postojanje provodne zone u tečnom Ar, tečnom Kr i tečnom Xe.

U tečnim plemenitim gasovima sa visokom mobilnošću niskoenergijskih elektrona (tečni ar-
gon, tečni kripton i tečni ksenon) dolazi do formiranja valentne i provodne zone [101]. Postojanje
zonske strukture u ove tri tečnosti je utvrđeno na osnovu više nezavisnih eksperimenata. Pro-
mena mobilnosti elektrona pri topljenju može se pripisati promeni kompresibilnosti i gustine pri
faznom prelazu [175, 229]. Pored toga su u tečnom argonu, tečnom kriptonu i tečnom ksenonu
uočene ekscitonske linije u refleksionim spektrima. Ovi spektri su veoma slični odgovarajućim
refleksionim spektrima u čvrstoj fazi, pri čemu su spektralne linije u tečnoj fazi pomerene i
proširene [175, 230–232]. Istovremeno su u refleksionom spektru tečnog ksenona uočene spek-
tralne linije koje odgovaraju Wannier -ovim ekscitonima višeg reda (za n=2). Ovo je značajno
zbog toga što Wannier-ovi ekscitoni višeg reda nemaju poreklo u pojedinačnim ekscitacijama
izolovanog atoma, već se mogu opisati kao superpozicija stanja u provodnoj zoni [175,230–232].
Treba dodati da je u tečnom ksenonu (u blizini trojne tačke) prag za fotoprovodnost jako blizu
odgovarajućem pragu u čvrstom ksenonu, uz šta je položaj ovog praga u tečnoj fazi u sagla-
snosti sa predviđanjima vezanim za promenu zonskog procepa u čvstom ksenonu na osnovu
promene gustine pri topljenju [175, 233]. Zonski procep Γ(3/2) u tečnom ksenonu je određen
na osnovu Wannier-ovog Γ(3/2) niza i na osnovu praga za fotoprovodnost. Vrednosti dobijene
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na ova dva načina se međusobno dobro slažu i bliske su vrednosti zonskog procepa u čvrstom
ksenonu [233]. Pored toga je u tečnom ksenonu uočena šupljinska provodnost [234, 235].

6.2 Transport elektrona u tečnom ksenonu

6.2.1 Korišćeni setovi preseka i uslovi simulacije za elektrone u tečnom ksenonu

Elastično rasejanje niskoenergijskih elektrona u atomskim tečnostima je pod intenzivnim uti-
cajem ekraniranja polarizacionog potencijala fokus atoma polarizacionim potencijalima okolnih
atoma i efekata koherentnog rasejanja [68,69,100,102]. Pri tome snažna anizotropija koherent-
nog rasejanja dovodi do toga da su efektivni srednji slobodni putevi za transfer impulsa i energije
u tečnosti međusobno različiti [100, 176]. Ovi srednji slobodni putevi su dati jednačinama

Λ0 = (n0σm)
−1 = (n02π

∫ π

0

dχ sinχ(1− cosχ)σsp(ǫ, χ))
−1, (6.1)

Λ1 = (n0σ̃m)
−1 = (n02π

∫ π

0

dχ sinχ(1− cosχ)σsp(ǫ, χ)S(∆k))
−1, (6.2)

gde je n0 koncentracija atoma u tečnosti, σsp(ǫ, χ) je diferencijalni presek za elastično rasejanje
elektrona na fokus atomu u tečnoj fazi, ǫ je relativna energija u sistemu centra mase, χ je ugao
rasejanja i S(∆k) je statički strukturni faktor, kao funkcija razmenjenog impulsa. U ovim jedna-
činama σ̃m i σm reprezentuju preseke za transfer impulsa u elastičnim sudarima sa strukturnim
modifikacijama i bez strukturnih modifikacija, respektivno. Kao što je predložio Tattersall sa
saradnicima, količnik γ(ǫ) = Λ0

Λ1
reprezentuje merilo anizotropije koherentnog rasejanja [176].

U Monte Carlo simulacijama koherentno rasejanje se može modelovati uvođenjem tri ra-
zličita efektivna sudarna procesa, koji zajedno dobro reprezentuju srednje transfere impulsa i
energije u elastičnim sudarima [176]. U prvom od ovih sudarnih procersa, koji je reprezentovan
sa σoba presekom, u sudaru se razmenjuju i energija i impuls, kao u običnom binarnom sudaru.
U drugom procesu, koji je reprezentovan σimpuls presekom, elektron se rasejava u nasumičnom
pravcu, ali intenzitet brzine elektrona ostaje nepromenjen. Ovo dovodi do transfera impulsa,
bez odgovarajućeg transfera energije [176]. U trećem procesu – koji je predstavljen σenergija

presekom, energija elektrona je smanjena kao u običnom binarnom sudaru, ali smer kretanja
elektrona ostaje nepromenjen, što dovodi do promene energije elektrona uz minimalnu promenu
impulsa [176]. Važno je naglasiti da ovi efektivni sudarni procesi ne reprezentuju pojedinačne
mikroskopske sudare, već samo obezbeđuju dobru reprezentaciju srednjeg transfera impulsa i
energije u elastičnim sudarima u jedinici vremena u sredinama sa kratkodometnim prostornim
uređenjem atoma. Preseci za ove efektivne sudarne procese se određuju na osnovu količnika
γ(ǫ) i preseka za transfer impulsa u elastičnom rasejanju elektrona na fokus atomu u tečnoj
fazi σm(ǫ) [176]. Vrednosti σm(ǫ) i γ(ǫ), koje su korišćene u našem radu, odredio je Boyle sa
saradnicima [69].

Za γ(ǫ) < 1 ovi efektivni preseci su definisani u sledećim jednačinama.

σγ<1
oba = γ(ǫ) · σm(ǫ)

142



σγ<1
energija = (1− γ(ǫ)) · σm(ǫ)
σγ<1
impuls = 0. (6.3)

Za γ(ǫ) > 1 su ovi efektivni preseci definisani na sledeći način.

σγ>1
oba = σm(ǫ)

σγ>1
energija = 0

σγ>1
impuls = (γ(ǫ)− 1) · σm(ǫ). (6.4)

U našim Monte Carlo simulacijama elastično rasejanje elektrona, čija je energija niža od oko 10
eV, predstavljeno je primenom ova tri efektivna sudarna procesa, kojima odgovaraju preseci iz
jednačina (6.3) i (6.4). Na višim energijama se efektivni preseci σimpuls i σenergija mogu zanemari-
ti, dok je presek σoba aproksimiran presekom za elastično rasejanje elektrona u gasnoj fazi [202].
Ovo je dobra aproksimacija, pošto efekti koji modifikuju potencijal za rasejanje elektrona na
fokus atomu i efekti koherentnog rasejanja imaju zanemarljiv uticaj na rasejanje visokoener-
gijskih elektrona [110, 176]. Presek za transfer impulsa u elastičnim sudarima za elektrone u
gasnom ksenonu, koji koristimo za reprezentovanje elastičnog rasejanja visokoenergijskih elek-
trona u tečnom ksenonu, preuzet je iz Hayashi-jeve baze [202]. Presek za ekscitaciju elektrona
iz valentne zone u provodnu zonu je aproksimiran presekom za jonizaciju iz Hayashi-jevog seta
preseka, koji je pomeren na niže energije za 2.91 eV kako bi mu prag bio snižen na 9.22 eV. Ova
vrednost praga odgovara Γ(3

2
) zonskom procepu u tečnom ksenonu, koji predstavlja energijsku

razliku između vrha valentne zone i dna provodne zone [233]. Korišćenje ovog preseka daje dobar
energijski balans budući da velika gustina stanja u provodnoj zoni omogućuje da se energijski
nivoi kvazislobodnih elektrona reprezentuju kontinualnim energijskim spektrom [111].

U ovoj disertaciji su korišćena četiri različita slučaja za reprezentovanje neelastičnih sudara
u tečnom ksenonu s ciljem ispitivanja uticaja neelastičnih sudara na transport elektrona i
dinamiku formiranja, kao i na propagacije strimera u atomskim tečnostima.

Prvi slučaj (Scenario 1): Zanemarivanje ekscitacija
U prvom slučaju koji razmatramo energijski gubici u ekscitacijama su u potpunosti zanemareni.
Atrazhev i saradnici su pokazali da zanemarivanje energijskih gubitaka u ekscitacijama dovodi
do precenjivanja prvog Townsend-ovog koeficijenta u tečnom ksenonu [110]. Međutim, ovaj
slučaj je razmatran u našem radu da bi se bolje utvrdio uticaj elektronskih ekscitacija na prvi
Townsend-ov koeficijent.

Drugi slučaj (Scenario 2): Samo ekscitacije 6s[3/2]2 i 6s[3/2]1 su uzete u obzir
U preostala tri slučaja su energijski gubici u neelastičnim sudarima uzeti u obzir, pošto je
pokazano u eksperimentima da u tečnom ksenonu postoje ekscitoni i perturbovane atomske
ekscitacije [231, 232]. Utvrđeno da je i to da je pobuđivanje ovih elektronskih stanja glavni
kanal energijskih gubitaka kvazislobodnih elektrona u tečnom argonu, tečnom kriptonu i tečnom
ksenonu na električnim poljima srednje jačine [236–238]. U literaturi se ipak trenutno ne mogu
naći preseci za pobuđivanje ovih elektronskih stanja pri neelastičnom rasejanju elektrona u
atomskim tečnostima.
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Poznato je da intermediate ekscitoni vode poreklo iz pojedinačnih ekscitovanih stanja ato-
ma [231, 232, 239]. Na osnovu toga mi aproksimiramo preseke za intermediate ekscitone i per-
turbovane atomske ekscitacije u tečnoj fazi presecima za odgovarajuće ekscitacije izolovanog
atoma, koristeći se presecima za ekscitacije iz Hayashi-jevog seta preseka za elektrone u gasnom
ksenonu [202]. U našem radu ne menjamo vrednosti pragova za ekscitacije, pošto se u litera-
turi mogu naći samo pragovi za optički dozvoljene ekscitone [239], dok je za naš set preseka
neophodno da budu uzeta u obzir i optički zabranjena stanja. Stoga bi bilo nekonzistentno da
modifikujemo pragove za optički dozvoljene prelaze a ostavimo pragove za optički zabranjene
prelaze nepromenjenim. Pokazuje se da u refleksionom spektru tečnog ksenona pored n = 1

[Γ(3
2
)] ekscitonske linije postoji i jedna dodatna linija [231,232], koja odgovara perturbovanom

atomskom 6s[3/2]1 stanju [231,232]. Laporte i saradnici su ustanovili da se u oko 10% atomskih
klastera pojavljuje perturbovana atomska linija, umesto odgovarajuće ekscitonske linije [231].
Ovo je posledica toga što ovi klasteri nemaju dovoljan broj atoma za formiranje ekscitronskog
stanja unutar zapremine koja odgovara ekscitonskom radijusu [231,232]. Zato bi za konstruisa-
nje modela u kome se razlikuju intermediate ekscitoni od odgovarajućih perturbovanih atomskih
stanja, moralo da bude poznato u kom procentu atomskih klastera se formiraju perturbovane
atomska stanja umesto odgovarajućih ekscitonskih stanja, za svaku atomsku ekscitaciju. Mo-
rale bi biti poznate i vrednosti pragova za sve ekscitone i sva perturbovana atomska stanja,
uključujući i optički zabranjena stanja. Ovo prevazilazi okvire našeg rada i zato su intermedi-
ate ekscitone i perturbovane atomske ekscitacije reprezentovane odgovarajućim ekscitacijama
izolovanog atoma. Međutim, razlika između ovih pragova je manja od 5% za sve primećene
ekscitone [231,232,239]. Na osnovu toga smo procenili da korišćenje pragova za ekscitacije izo-
lovanih atoma dovodi do male greške. Zanemarili smo n = 2 Γ(3

2
) eksciton, koji je primećen

u eksperimentima, u sva četiri slučaja za reprezentovanje neelastičnih sudara, pošto on nema
poreklo u pojedinačnim stanjima izolovanog atoma. Ni jedan drugi Wannier-ov eksciton vi-
šeg reda (za n>1) nije primećen u refleksionom spektru tečnog ksenona [230–232, 239]. Zbog
jednostavnosti, u ostatku ove disertacije ekscitacija elektrona iz valentne u provodnu zonu i
ekscitoni biće označeni kao jonizacija i ekscitacije, respektivno. Sudarni procesi koji dovode do
pobuđivanja ekscitonskih stanja se razlikuju od binarnih sudara, jer se svaki atom nalazi unutar
klastera okolnih atoma. Stoga su atomske ekscitacije zamenjene ekscitonima ili perturbovanim
atomskim ekscitacijama, zavisno od veličine atomskog klastera [231, 232].

U drugom slučaju su u korišćenom setu preseka uzete u obzir samo ekscitacije čiji su pragovi
niži od praga za jonizaciju u tečnom ksenonu, što uključuje 6s[3/2]2 i 6s[3/2]1 stanja. Ove
dve ekscitacije odgovaraju prvoj i drugoj ekscitaciji iz Hayashi-jevog seta preseka [202]. Prvo
stanje je optički zabranjeno, dok je drugo optički dozvoljeno. Pri tome n = 1 [Γ(3

2
)] eksciton i

odgovarajuće perturbovano atomsko stanje vuku poreklo iz 6s[3/2]1 ekscitacije.

Treći slučaj (Scenario 3): Prve četiri ekscitacije iz Hayashi-jevog seta preseka su
uzete u obzir
Ranijim eksperimentima sa fotoprovodnošću u tečnom ksenonu pokazano je da postoje i eksci-
tonska stanja čiji su pragovi viši od zonskog procepa i koja se sa nekom učestalošću deekscituju i
ne vode u disocijaciju. Naime, u spektru fotoprovodnosti u tečnom ksenonu na oko 9.45 eV [233]
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primećen je lokalni minimum, kao posledica prisustva diskretnog n′ = 1 [Γ(1
2
)] ekscitona, koji

je konkurentan procesu ekscitovanja atoma u provodnu zonu. Primećeni minimum u spektru
fotoprovodnosti tečnog ksenona ukazuje na to da ovo diskretno stanje ima kanale koji su al-
ternativni disocijaciji, poput luminiscencije [175]. Pri tome n′ = 1 [Γ(1

2
)] eksciton ima poreklo

u atomskom 6s′[1/2]1 stanju [231, 232]. Između optički dozvoljenih 6s[3/2]1 i 6s′[1/2]1 atom-
skih stanja postoji i optički zabranjeno 6s′[1/2]0 atomsko stanje. Ovi ekscitoni, čiji je prag
viši od praga za ekscitaciju elektrona iz valentne zone u provodnu zonu, doprinose energijskim
gubicima elektrona u neelastičnim sudarima i predstavljaju konkurentan proces ekscitovanju
elektrona u provodnu zonu. Zato je potrebno da i ova dva dodatna stanja 6s′[1/2]0 i 6s′[1/2]1
budu uključena u set preseka za rasejanje elektrona u tečnom ksenonu. Prvo od ova dva stanja
odgovara trećoj elektronskoj ekscitaciji iz Hayashi-jevog seta preseka [202]. Četvrta elektronska
ekcitacija iz Hayashi-jevog seta odgovara kombinaciji 6s′[1/2]1 i 6p[1/2]1 stanja [202]. Zato u
ovom slučaju uzimamo u obzir prve četiri ekscitacije iz Hayashi-jevog seta preseka.

Slučaj 4 (Scenario 4): Sve ekscitacije iz Hayashi-jevog seta preseka su uzete u
obzir
U četvrtom slučaju za reprezentovanje neelastičnih sudara u tečnom ksenonu uzete su u obzir
sve ekscitacije iz Hayashi-jevog seta preseka. Ovaj slučaj predstavlja gornju granicu energijskih
gubitaka u ekscitacijama ako se preseci za neelastične sudare i ekscitaciju elektrona u provod-
nu zonu aproksimiraju odgovarajućim presecima za rasejanje elektrona na izolovanom atomu
ksenona i ako se zanemare Wannier-ovi ekscitoni višeg reda (za n>1). Na osnovu dostupnih ek-
sperimentalnih podataka nije moguće sa sigurnošću proceniti da li ekscitoni u tečnom ksenonu,
čiji su pragovi viši od 10 eV, u potpunosti disosuju na kvazislobodan elektron u provodnoj zoni
i pozitivnu šupljinu u valentnoj zoni (u kojim okolnostima ne bi doprineli dodatnim neelastič-
nim energijskim gubicima, koji su konkurentan proces ekscitaciji elektrona u provodnu zonu)
ili se sa nekom učestalošću deekscituju uz emisiju fotona. U eksperimentu sa fotoprovodnošću
u tečnom ksenonu pak nije uočena dodatna struktura u spektru fotoprovodnosti na energija-
ma višim od 9.45 eV [233]. Pritom, u radu u kome su predstavljeni ovi rezultati nije prikazan
spektar fotoprovodnosti na energijama višim od 10 eV. Međutim, dva dodatna minimuma su
uočena u spektru fotoprovodnosti u fluidnom ksenonu na gustinama koje iznose oko 77.86%
gustine tečnog ksenona u blizini trojne tačke, u kasnijem eksperimentu Reininger-a i saradni-
ka [175]. Dodajemo da u ovom eksperimentu nisu razmatrani spektri fotoprovodnosti na višim
gustinama. Prvi minimum se formira ekscitovanjem dva susedna stanja (5d[3/2]1 i 7s[3/2]1) pri
apsorpciji fotona i on se nalazi na energiji od oko 10.32 eV. Drugi minimum se formira ekscito-
vanjem perturbovanog 5d′[3/2]1 stanja i nalazi se na energiji od oko 11.6 eV [175]. Jasno je da u
tečnom ksenonu postoje ekscitoni čija je energija viša od 10 eV, pošto je u refleksionom spektru
tečnog ksenona uočena spektralna linija na oko 10.32 eV [231, 232, 240], kao i da ova stanja
dovode do formiranja minimuma u profilima fotoprovodnosti fluidnog ksenona na gustinama
koje su bliske gustini trojne tačke [175]. Ipak ne možemo sa sigurnošću da tvrdimo da li bi ova
stanja trebalo uzeti u obzir pri reprezentovanju energijskih gubitaka elektrona u neelastičnim
sudarima, pošto ne znamo sa kojom će učestanošću ovi ekscitoni disosovati na kvazislobodan
elektron i pozitivnu šupljinu. U ovom slučaju za reprezentovanje neelastičnih sudara u tečnom
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Slika 74: Set preseka za rasejanje elektrona u tečnom ksenonu: (1) σoba, (2) σimpuls, (3) σenergija,
(4) jonizacija (zonski prelaz), efektivne elektronske ekscitacije: (5) 6s[3/2]2, (6) 6s[3/2]1,
(7) 6s′[1/2]0, (8) 6s′[1/2]1 i 6p[1/2]1, (9) 6p[5/2]2 i 6p[5/2]3, (10) 6p[3/2]1 i 6p[3/2]2, (11)
5d[1/2]0, 5d[1/2]1, 6p[1/2]0, 5d[7/2]4 i 5d[3/2]2, (12) 5d[7/2]3, (13) 5d[5/2]2, (14) 5d[5/2]3,
(15) 5d[3/2]1, (16) 7s[3/2]2, 7s[3/2]1, 7p[1/2]1, 7p[5/2]2, 6p′[3/2]1, 7p[5/2]3, 6d[1/2]0, 6d[1/2]1,
7p[3/2]2 6d[3/2]2, 7p[3/2]1, 7p[1/2]0, 6d[7/2]4, 6d[7/2]3, 6p′[3/2]2, 6d[5/2]2, 6p[1/2]1, 6d[5/2]3,
6p′[1/2]0 i 6d[3/2]1, (17) 8s[3/2]2 i (18) 9s[3/2]2.

ksenonu je pretpostavljeno da se ovi ekscitoni uvek rekombinuju uz emitovanje fotona (ili neki
drugi oblik oslobađanja energije bez disocijacije), pri čemu u potpunosti doprinose neelastičnim
gubicima elektrona kao proces koji je konkurentan ekscitovanju elektrona iz valentne u provod-
nu zonu. Ekscitacija 5d[3/2]1 odgovara jedanaestoj ekscitaciji iz Hayashi-jevog skupa preseka,
dok je 7s[3/2]1 ekscitacija uključena u dvanaestu Hayashi-jevu ekscitaciju [202]. Iako ekscitacija
5d′[3/2]1, koja dovodi do formiranja minimuma u profilu fotoprovodnosti fluidnog ksenona na
oko 11.6 eV, nije uključena u Hayashi-jev set preseka, četrnaesta Hayashi-jeva ekscitacija od-
govara 9s[3/2]2 stanju koje ima prag na 11.58 eV. Pri tome četrnaesta Hayashi-jeva ekscitacija
dobro reprezentuje energijske gubitke u svim neelastičnim procesima čiji su pragovi blizu 11.58
eV u gasnom ksenonu. Sve ostale efektivne ekscitacije iz Hayashi-jevog seta preseka sadrže u
sebi doprinose optički zabranjenih prelaza. Zbog toga je potrebno uključiti i ove ekscitacije u
naš set preseka, budući da se, na osnovu odsustva linija koje odgovaraju optički zabranjenim
stanjima, u refleksionom spektru ne može zaključiti da ova stanja ne doprinose neelastičnim
energijskim gubicima kvazislobodnih elektrona. S tim su razlogom u našem četvrtom slučaju
za reprezentovanje neelastičnih sudara uzete u obzir sve efektivne ekscitacije iz Hayashi-jevog
seta preseka. Na slici 74 prikazan je set preseka za elektrone u tečnom ksenonu, koji odgovara
četvrtom slučaju za reprezentovanje neelastičnih sudara.
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6.2.2 Rezultati vezani za transport elektrona u tečnom ksenonu

Na slici 75 je prikazano poređenje vrednosti srednje energije elektrona u gasnom ksenonu
sa vrednostima srednje energije elektrona u tečnom ksenonu – srednje energije koje se porede
dobijene su primenom prvog i četvrtog slučaja za reprezentovanje neelastičnih sudara u tečnoj
fazi. Na poljima nižim od oko 0.5 Td srednja energija u tečnom ksenonu viša je od srednje
energije u gasnom ksenonu, jer je na niskim energijama presek za elastično rasejanje elektrona
znatno manji u tečnom nego u gasnom ksenonu. Ovaj trend se menja na višim poljima, na
kojima je vrednost srednje energije blizu 1 eV, zbog toga što je dinamika rasejanja elektrona,
čija je energija viša od 1 eV, u atomskim tečnostima slična kao u gasnoj fazi. Srednja energija
je niža u tečnom ksenonu nego u gasnom ksenonu u opsegu polja između 0.5 Td i 350 Td. Na
poljima nižim od 3 Td ova je razlika između vrednosti srednje energije u gasnoj i tečnoj fazi
posledica toga što je presek za transfer energije u tečnom ksenonu veći od preseka za elastične
sudare u gasnom ksenonu u energijskom intervalu između oko 0.4 eV i 5 eV [68]. Za opseg polja
između 3 Td i 350 Td ova razlika posledica intenzivnog hlađenja roja jonizacijom u tečnoj fazi.
Hlađenje roja jonizacijom u gasnoj fazi je diskutovano u radu [241]. Na poljima višim od 350
Td je srednja energija u tečnom ksenonu, koja je dobijena na osnovu prvog/četvrtog slučaja za
reprezentovanje neelastičnih sudara, jeste viša/niža od srednje energije u gasnom ksenonu.
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Slika 75: Poređenje vrednosti srednje energije za rojeve elektrona u gasnom i tečnom ksenonu.
Vrednosti srednje energije u tečnom ksenonu su određene u dva različita slučaja za reprezento-
vanje neelastičnih sudara. U prvom slučaju (Scenario 1) su sve ekscitacije zanemarene, dok su
u četvrtom slučaju (Scenario 4) uzete u obzir sve ekscitacije iz Hayashi-jevog seta preseka za
elektrone u gasnom ksenonu [202]. Rezultati su dobijeni primenom Monte Carlo simulacija.

Slika 76 ilustruje procentualne razlike između vrednosti srednje energije koja je određena
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Slika 76: Procentualne razlike između vrednosti srednje energije, za elektrone u tečnom ksenonu,
koje su određene u različitim slučajevima za reprezentovanje neelastičnih gubitaka energije. Sve
ekscitacije su zanemarene u prvom slučaju (Scenario 1). U drugom i tećem slučaju (Scenario
2 i Scenario 3) su uzete u obzir samo prve dve (6s[3/2]2 i 6s[3/2]1) i prve četiri (6s[3/2]2,
6s[3/2]1, 6s′[1/2]0 i efektivna ekscitacija koja reprezentuje 6s′[1/2]1 i 6p[1/2]1) ekscitacije iz
Hayashi-jevog seta preseka za elektrone u gasnom ksenonu [202], respektivno. Sve ekscitacije iz
Hayashi-jevog seta su uzete u obzir u četvrtom slučaju (Scenario 4). Rezultati su dobijeni na
osnovu Monte Carlo simulacija.

primenom prvog slučaja i vrednosti srednje energije koje su dobijene na osnovu preostala tri
slučaja za reprezentovanje neelastičnih sudara. Ove su razlike zanemarljive na poljima nižim
od oko 2 Td zato što elektroni učestvuju samo u elastičnim sudarima na niskim poljima. Na
višim poljima je srednja energija najviša u prvom slučaju, i to zbog odsustva energijskih gubi-
taka u ekscitacijama. Procentualne razlike između vrednosti srednje energije, koje su dobijene
na osnovu različitih reprezentacija neelastičnih sudara u tečnom ksenonu, dostižu dva lokalna
maksimuma na oko 5.9 Td i 1300 Td i lokalni minimum na oko 27 Td. Prvi lokalni maksimum
je posledica odsustva neelastičnih gubitaka na energijama nižim od praga za jonizaciju u prvom
slučaju za reprezentovanje neelastičnih sudara. Lokalni minimum se nalazi u opsegu polja u
kome energijski gubici u jonizaciji postaju uporedivi sa energijskim gubicima u ekscitacijama.
U opsegu polja između 10 Td i 50 Td ove su procentualne razlike jako male i nalaze se u okviru
statističke nesigurnosti Monte Carlo simulacija. Na poljima višim od 50 Td, srednja energija
primento opada sa porastom broja ekscitacija, što je posledica značajnog porasta brzinskih
koeficijenata za ekscitacije na visokim poljima. Procentualne razlike između vrednosti srednje
energije u prvom slučaju i u preostala tri slučaja ne prevazilaze 3%, 6% i 16% za drugi, treći i
četvrti slučaj, respektivno. Iako procentualne razlike između vrednosti srednje energije, koje su
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dobijene u različitim slučajevima za reprezentovanje neelastičnih sudara, opadaju sa porastom
E/n0 nakon drugog lokalnog maksimuma, apsolutne razlike između ovih vrednosti se monotono
povećavaju sa porastom E/n0 do kraja razmatranog opsega polja.
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Slika 77: Poređenje eksperimentalno određene brzine drifta za roj elektrona u tečnom ksenonu
(Miller et al. [229] i Huang i Freeman [242]) sa teorijskim proračunima. Među teorijskim rezul-
tatima su prikazani proračuni Boyle-a i saradnika [69], kao i vrednosti balk brzine drifta koje su
određene u okviru ovog rada a primenom dva različita metoda za reprezentovanje neelastičnih
sudara. Na ovom grafiku je prikazana i balk brzina drifta za roj elektrona u gasnom ksenonu,
radi poređenja. Rezultati su dobijeni primenom Monte Carlo simulacija.

Na slici 77 date su vrednosti balk brzine drifta, koje su dobijene u prvom i četvrtom slučaju
za reprezentovanje neelastičnih sudara u tečnom ksenonu, u funkciji E/n0. Radi poređenja su
na istom grafiku prikazane teorijske i eksperimentalne vrednosti brzine drifta u tečnom kseno-
nu, koje su utvrdili prethodni autori, kao i vrednosti balk brzine drifta u gasnom ksenonu. Na
poljima nižim od 1 Td brzina drifta je veća u tečnoj nego u gasnoj fazi. Pritom je ova razlika
najintenzivnija na niskim poljima (na oko 10−3 Td), gde je brzina drifta u tečnom ksenonu
za preko dva reda veličine veća od brzine drifta u gasnom ksenonu. Razlika između vrednosti
brzine drifta u tečnoj i gasnoj fazi na niskim poljima je posledica znatno manjeg preseka za tran-
sfer impulsa u tečnom ksenonu na niskim energijama, zbog kombinovanog uticaja modifikacije
potencijala u kome se rasejavaju pojedinačni elektroni u tečnoj fazi i strukturno indukovanih
koherentnih efekata. Niža vrednost preseka za transfer impulsa omogućava električnom polju
da ubrzava elektrone znatno efikasnije u tečnom ksenonu nego u gasnoj fazi. Ovaj je efekat zna-
čajno smanjen na višim poljima, imajući u vidu to da se rasejanje visokoenergijskog elektrona
u atomskim tečnostima ne razlikuje značajno od rasejanja na izolovanom atomu. Zbog toga u
opsegu polja između 0.02 Td i 2 Td brzina drifta u tečnom ksenonu opada sa porastom E/n0
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sve dok ne dostigne vrednosti koje su bliske brzini drifta u gasnom ksenonu. Opadanje brzine
drifta sa porastom E/n0 je fenomen u literaturi poznat kao negativna diferencijalna provodnost
(eng. negative differential conductivity, skraćeno NDC) [13, 14, 243]. Dok je u gasnoj fazi ovaj
efekat izazvan kombinacijom energijske zavisnosti elastičnih i neelastičnih sudara ili prisustvom
nekonzervativnih procesa [13,243], u tečnom argonu, tečnom kriptonu i tečnom ksenonu je nega-
tivna diferencijalna provodnost u potpunosti indukovana strukturnim efektima (zbog smanjenja
koherentnih efekata na rasejanje elektrona sa porastom energije) [68,69,244]. Kvantitativne kri-
terijume za pojavu strukturno indukovane negativne diferencijalne provodnosti podrobno su
tumačili White i Robson [244].
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Slika 78: Funkcije raspodele elektrona po energijama prikazane u proizvoljnim jedinicama, za
različite vrednosti redukovanog električnog polja E/n0. Ove funkcije raspodele su određene u
drugom slučaju za reprezentovanje neelastičnih sudara, u kome su uzete u obzir samo prve dve
ekscitacije (6s[3/2]2 i 6s[3/2]1) iz Hayashi-jevog seta preseka. Rezultati su dobijeni uz pomoć
Monte Carlo simulacija.

Slika 78 prikazuje funkcije raspodele po energijama za elektrone u tečnom ksenonu na neko-
liko vrednosti redukovanog električnog polja, s ciljem detaljnije analize strukturno indukovane
negativne diferencijalne provodnosti u tečnom ksenonu. Prikazani rezultati su dobijeni prime-
nom drugog slučaja za reprezentovanje neelastičnih sudara u tečnom ksenonu, pošto su brzinski
koeficijenti za ekscitacije, koje nisu uzete u obzir u ovom slučaju, zanemarljivi u ovom opse-
gu polja. Na poljima nižim od oko 7.7·10−3 Td većina elektrona ima energiju nižu od oko 0.7
eV. Presek za transfer impulsa je u energijskom intervalu nižem od 0.7 eV znatno manji u
tečnom nego u gasnom ksenonu, pa je brzina drifta u tečnoj fazi znatno veća nego u gasnoj
fazi. Međutim, na poljima višim od oko 2·10−2 Td (na ovoj vrednosti polja počinje negativna
diferencijalna provodnost) veliki broj elektrona ima vrednost energije u intervalu između 0.7 i
2 eV. U ovom opsegu polja se preseci σoba i σenergija naglo povećavaju sa porastom energije i
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približavaju se preseku za elastične sudare u gasnoj fazi. Nagli porast ova dva preseka sa pora-
stom energije dovodi do opadanja brzine drifta sa porastom E/n0. Na poljima višim od oko 5
Td veliki procenat elektrona ima energiju višu od 4 eV i nalazi se u energijskom opsegu u kome
presek za elastično rasejanje naglo opada sa porastom energije. U ovom rasponu polja se brzina
drifta monotono povećava sa porastom E/n0. Za vrednosti E/n0 na kojima se dešava negativna
diferencijalna provodnost visokoenergijski rep funkcije raspodele po energijama naglo opada sa
porastom energije. Ovo je posledica naglog povećanja brzine transvera energije, koji je opisan
efektivnim presecima σoba i σenergija, sa porastom energije elektrona u energijskom intervalu
između oko 0.7 eV i 4 eV. Na poljima nižim od 7.7·10−3 Td i višim od 4 Td visokoenergijski rep
funkcije raspodele sporije opada sa porastom energije.
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Slika 79: Prostorno razloženi brzinski koeficijent za σoba proces. Ovaj brzisnki koeficijent je
određen u drugom slučaju za reprezentovanje neelastičnih sudara, u kome su samo prve dve
ekscitacije (6s[3/2]2 i 6s[3/2]1) iz Hayashi-jevog seta preseka uzete u obzir. Rezultati su dobijeni
primenom Monte Carlo simulacija.

Na slici 79 je prikazan prostorno razloženi brzinski koeficijent za efektivni sudarni proces
koji je reprezentovan σoba presekom. Zarad samplovanja prostorno razloženih veličina konfi-
guracioni prostor je podeljen u 100 ćelija, na takav način da ćelije sa indeksima (-50, +50)
odgovaraju prostornim koordinatama (xcm ± 3σ), gde je xcm x-koordinata centra mase roja,
a σ je standardna devijacija x-koordinate elektrona [31]. Brzinski koeficijent za ovaj efektivni
sudarni proces je veći na frontu nego na začelju roja, zbog porasta srednje energije u smeru
kretanja elektrona. Nagib ovog prostorno razloženog brzinskog koeficijenta je najveći u opsegu
polja u kome se javlja negativna diferencijalna provodnost. Uz to su maksimalne vrednosti ovog
brzinskog koeficijenta veće na 0.59 Td i 0.77 Td nego na 5.9 Td. Sličan trend ponašanja se ja-
vlja za prostorno razloženi brzinski koeficijent za efektivni sudarni proces, koji je reprezentovan
σimpuls presekom u opsegu polja prikazanom na slici 79.
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Drift brzina koja je određena u našem radu se odlično slaže sa teorijskim rezultatima Boyle-a
i saradnika [69]. Naše vrednosti brzine drifta su bliske vrednostima koje su određene u eksperi-
mentima Miller-a i saradnika [229] i Huang-a i Freeman-a [242]. Međutim, iako većina teorijskih
proračuna brzine drifta u tečnom ksenonu predviđa strukturno indukovanu negativnu diferenci-
jalnu provodnost, ovaj efekat nije primećen u eksperimentima. U opsegu polja u kome teorijske
vrednosti predviđaju početak strukturno indukovane negativne diferencijalne provodnosti, ek-
sperimentalna brzina drifta saturira sa porastom polja, a na višim poljima nema dostupnih
eksperimentalnih rezultata. Sakai i saradnici [108] su ovo neslaganje između teorisjkih i ekspe-
rimentalnih vrednosti brzine drifta pripisali dodatnim kanalima za neelastične gubitke energije,
koji nisu uključeni u postojeće teorijske modele. Ovi energijski gubitci odgovaraju promeni u
translacionim stanjima parova i tripleta atoma ksenona pri sudaru sa elektronom. Energijski
pragovi za ove procese su znatno niži od prvog praga za ekscitacije [101,108]. Sakai i saradnici
su empirijski odredili setove preseka za rasejanje elektrona u tečnom argonu, tečnom kriptonu i
tečnom ksenonu, koji u sebi sadrže efektivne preseke za reprezentovanje ovih dodatnih gubita-
ka energije [101,108]. Alternativno objašnjenje za ovo neslaganje između teorije i eksperimenta
moglo bi biti prisustvo molekularnih nečistoća u tečnim plemenitim gasovima koji su kori-
šćeni u eksperimentu. Sakai i saradnici su pokazali da čak i male koncentracije molekularnih
nečistoća u tečnim plemenitim gasovima dovode do značajnog povećanja brzine drifta [108].
Takođe nije isključeno da bi se strukturno indukovana negativna diferencijalna provodnost po-
javila u eksperimentalnim profilima brzine drifta na višim vrednostima redukovanog električnog
polja. Dodatna teorijska i eksperimentalna ispitivanja su potrebna da bi se našao uzrok ovog
neslaganja. Zato su neophodna merenja brzine drifta u tečnom ksenonu na višim poljima. U
svakom slučaju, u naš model ne uključujemo efektivni presek Sakai-a i saradnika [108], jer on
nije prilagođen našem preseku za elastično rasejanje.

Slika 80 prikazuje procentualne razlike između vrednosti brzine drifta koja je izračunata
primenom prvog slučaja za reprezentovanje neelastičnih sudara elektrona u tečnom ksenonu sa
vrednostima brzine drifta koje su određene primenom preostala tri slučaja za reprezentovanje
neelastičnih sudara. Fluks brzina drifta se povećava sa smanjenjem broja ekscitacija koje su
uključene u model. Ovo je posledica smanjenja haotične komponente brzine elektrona, zbog
intenzivnijeg hlađenja roja jonizacijom sa smanjenjem energijskih gubitaka u ekscitacijama
[241]. Balk brzina drifta se sa smanjenjem broja ekscitacija povećava još intenzivnije od fluks
brzine drifta, zbog eksplicitnih efekata jonizacije. Procentualne razlike između vrednosti brzine
drifta koje su određene u prvom slučaju i vrednosti brzine drifta koje su određene u preostala
tri slučaja imaju lokalne maksimume na oko 8 Td, pošto su relativne razlike između brzinskih
koeficijenata za jonizaciju u prvom i preostala tri slučaja najintenzivnije na niskim poljima. Ovi
lokalni maksimumi iznose oko 8% i 24% za fluks i balk brzinu drifta, respektivno. Na poljima
višim od 100 Td procentualne razlike između fluks brzine drifta u prvom slučaju i poslednja
dva slučaja monotono se povećavaju sa porsatom E/n0, kao posledica brinskih koeficijenata
za ekscitacije, čiji je prag preko 9.22 eV u ovom opsegu polja. Procentualne razlike između
odgovarajućih vrednosti balk brzine drifta dostižu još jedan lokalni maksimum na oko 200 Td
i 400 Td za treći i četvrti slučaj, respektivno. Iako procentualne razlike između vrednosti balk
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Slika 80: Procentualne razlike između vrednosti brzine drifta za elektrone u tečnom ksenonu,
koje su određene u različitim slučajevima za reprezentovanje neelastičnih sudara u tečnoj fazi.
Ovi slučajevi su opisani u zaglavlju grafika 76. Fluks i balk rezultati su reprezentovani punim
i isprekidanim linijama, respektivno. Rezultati su dobijeni na osnovu Monte Carlo simulacija.

brzine drifta, koje su dobijene u različitim slučajevima za reprezentovanje neelastičnih sudara,
monotono opadaju sa porastom E/n0 nakon polsednjig lokalnog maksimuma, apsolutne razlike
između ovih vrednosti brzine drifta se monotono povećavaju do kraja razmatranog opsega polja
(do 2000 Td).

Prvi Townsend-ov koeficijent, α, opisuje broj jonskih parova koje proizvede jedan elektron
po jedinici dužine. Ukoliko zanemarimo efekte difuzije, ovaj koeficijent je jednak brzinskom
koeficijentu za jonizaciju koji je pomnožen sa koncentracijom atoma pozadinske sredine i pode-
ljen sa brzinom drifta elektrona. Vrednosti prvog Townsend-ovog koeficijenta koje su dobijene
u našim proračunima u različitim slučajevima za reprezentovanje neelastičnih sudara prikazane
su na slici 81. Na njoj je, poređenja radi, prikazan i prvi Townsend-ov koeficijent u gasnom
ksenonu, koji je skaliran na gustinu tečnog ksenona. Može se videti da se α monotono povećava
sa porastom E/n0 u sva četiri slučaja za reprezentovanje neelastičnih sudara u tečnom ksenonu.
Prvi Townsend-ov koeficijent ima najveću vrednost u prvom slučaju, u kome su sve ekscitacije
zanemarene u celom opsegu polja. Iako se apsolutne razlike između vrednosti α koje su određene
u različitim slučajevima za reprezentovanje neelastičnih sudara monotono povećavaju u celom
razmatranom opsegu, relativne razlike su najveće na poljima nižim od 20 Td. Na poljima višim
od 20 Td je prvi Townsend-ov koeficijent u četvrtom slučaju, u kome su sve ekscitacije uzete u
obzir, znatno niži nego u ostala tri slučaja. Ovo je posledica povećanja brzinskih koeficijenata
za neelastične sudare čiji su pragovi viši od 9.22 eV sa porastom E/n0 u četvrtom slučaju.
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Slika 81: Zavisnost prvog Townsend-ovog koeficijenta od redukovanog električnog polja E/n0

za roj elektrona u tečnom ksenonu. Ove vrednosti su određene primenom sva četiri različita
metoda za reprezentovanje neelastičnih sudara. Ovi metodi su opisani u zaglavlju grafika 76. Na
grafiku je, radi poređenja, prikazan i prvi Townsend-ov koeficijent za roj elektrona u gasnom
ksenonu, koji je skaliran na gustinu tečnog ksenona. Rezultati su dobijeni primenom Monte
Carlo simulacija.

Prvi Townsend-ov koeficijent u tečnom ksenonu je znatno viši od prvog Townsend-ovog
koeficijenta u gasnom ksenonu, koji je skaliran na gustinu tečnosti, na poljima nižim od 100 Td.
Na višim poljima je, međutim, ova razlika znatno manja. Jedan od glavnih razloga za veliku
razliku između vrednosti brzinskih koeficijenata za jonizaciju u tečnom i gasnom ksenonu jeste
sniženje praga za jonizaciju u tečnoj fazi. Elektron u gasnom ksenonu može učestvovati u
elektronskoj sudarnoj jonizaciji samo na energijama višim od 12.13 eV. Uz to, u gasnoj fazi
elektron može izgubiti značajnu količinu energije u velikom broju elektronskih ekscitacija, čiji
su pragovi niži od praga za jonizaciju. No u tečnom ksenonu svaki elektron čija je energija viša
od 9.22 eV može da ekscituje elektron iz valentne zone u provodnu zonu. Pored toga, u tečnom
ksenonu postoji znatno manji broj ekscitacija čiji prag je niži od praga za jonizaciju nego u
gasnom ksenonu.

Na slici 82 su predstavljene eksperimentalne vrednosti prvog Townsend-ovog koeficijenta
koje su odredili Derentzo i saradnici [245], zajedno sa teorijskim vrednostima koje su utvrdili
raniji autori [110, 112, 113]. S ciljem poređenja su na ovom grafiku prikazane i vrednosti prvog
Townsend-ovog koeficijenta koje smo odredili u našem radu, pretpostavljajući prvi i četvrti
slučaj za reprezentovanje neelastičnih sudara. Eksperimentalne vrednosti Derentzo-a i sarad-
nika [245] su znatno više od vrednosti α za elektrone u gasnom ksenonu. Neobična osobina
rezultata Derentzo-a i saradnika je nemonotono ponašanje sa porastom E/n0. Ova nemonoto-
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Slika 82: Poređenje vrednosti prvog Townsend-ovog koeficijenta α, koje su određene u ovom
radu, sa rezultatima prethodnih autora. Među ovim rezultatima su uključeni eksperimentalni
rezultati Derenzo-a i saradnika [245], kao i proračuni Atrazhev-a i saradnika [110], Jones-a i
Kunhardt-a [112] i Nakamura-e i saradnika [113].

nost je u granicama eksperimentalne nesigurnosti. Dva seta rezultata koje su odredili Atrazhev
i saradnici su izračunata, uz pretpostavku dva različita metoda za reprezentovanje neelastičnih
sudara [110]. Vrednosti prvog Townsend-ovog koeficijenta, koje su reprezentovane krivom II,
određene su pod pretpostavkom da je udeo energijskih gubitaka u tečnoj fazi isti kao u gasnoj
fazi [110]. Ova kriva je znatno ispod svih ostalih krivih sa slike 82. Snažno odstupanje vrednosti
α koje su reprezentovane krivom II od vrednosti koje su reprezentovane ostalim krivama ukazuje
na značajno smanjenje neelastičnih energijskih gubitaka u ekscitacijama u tečnom ksenonu u
poređenju sa gasnim ksenonon, kao što su primetili Atrazhev i saradnici [110]. Pri određivanju
vrednosti α, koje su reprezentovane krivom III, neelastični gubici energije u ekscitacijama su u
potpunosti zanemareni [110]. Ova kriva se najbolje slaže sa prve dve eksperimentalne vrednosti
Derentzo-a i saradnika [245] i sa našom krivom 1. Vrednosti prvog Townsend-ovog koeficijenta,
koje su odredili Jones i Kunhardt [112], su za sada jedini teorijski rezultat koji predviđa ne-
monotono ponašanje α sa porastom E/n0. Njihovi se rezultati jako dobro slažu sa prve četiri
eksperimentalne tačke Derenzo-a i saradnika, ali vrednosti α na višim poljima nisu prikazane
u njihovom radu. Rezultati Nakamure i saradnika [113] se dobro slažu sa poslednjim segmen-
tom eksperimentalnih tačaka Derenzo-a i saradnika [245], ali u njihovom radu nisu prikazane
vrednosti α na nižim poljima.

Dok se naše vrednosti dobijene u prvom slučaju reprezentovanja neelastičnih sudara najbolje
slažu sa prve dve eksperimentalne tačke Derentzo-a i saradnika, sve ostale eksperimentalne tačke
se odlično slažu sa naša preostala tri slučaja [245]. Nisu dostupni eksperimentalni podaci za prvi
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Townsend-ov koeficijent α u opsegu polja u kome se vrednosti α, koje su određene u poslednja
tri slučaja za reprezentovanje neelastičnih sudara, značajno međusobno razlikuju. Međutim,
poslednje dve tačke Derentzo-a i saradnika se nešto bolje slažu sa našim četvrtim slučajem nego
sa ostala tri slučaja [245]. Moguće objašnjenje za visoke vrednosti prve dve eksperimentalne
tačke Derentzo-a i saradnika jeste prisustvo nekog drugog mehanizma za populisanje provodne
zone, koji je značajniji od elektronske sudarne jonizacije na niskim poljima. Jedan primer
takvog mehanizma je disosovanje Wannier-ovih ekscitona višeg reda (n>1), pri rasejanju na
zidovima sistema, ili u prisustvu neke druge perturbacije. Drugo moguće objašnjenje je redukcija
neelastičnih gubitaka energije u procesima čiji su pragovi niži od 9.22 eV, zbog nekih drugih
efekata koji nisu uzeti u obzir u našem modelu.
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Slika 83: Poređenje vrednosti balk longitudinalne karakteristične energije DL/µ i balk transver-
zalne karakteristične energije DT/µ, koje su određene u ovom radu, sa teorijskim rezultatima
Boyle-a i saradnika [69] i eksperimentalnim rezultatima Shibamura-e i saradnika [246] za roj
elektrona u tečnom ksenonu. Naši rezultati su dobijeni na osnovu Monte Carlo simulacija uz
primenu scenarija 1 i 4 za reprezentovanje neelastičnih sudara.

Zavisnosti DL/µ i DT/µ od E/n0 u prvom i četvrtom slučaju za reprezentovanje neelastič-
nih sudara u tečnom ksenonu prikazane su na slici 83. Vrednosti ovih veličina koje su izračunali
Boyle i saradnici [69] prikazane su na istom grafiku radi poređenja, zajedno sa eksperimentalnim
vrednostima karakteristične energije Shibamura-e i saradnika [246]. Ovde DL i DT označavaju
longitudinalnu i transverzalnu komponentu balk difuzionog tenzora, dok µ označava balk mo-
bilnost elektrona. Karakteristična energija DT/µ na početku se povećava sa porastom E/n0 i
dostiže lokalni maksimum na oko 2 Td, nakon čega opada sa porastom E/n0. Na poljima višim
od 300 Td se DT/µ ponovo povećava sa porastom E/n0. Zavisnost DL/µ od E/n0 je složenija
od odgovarajuće zavisnosti DT/µ. Na najnižim poljima se DL/µ polako povećava sa porastom
E/n0, zbog male vrednosti preseka za transfer impulsa niskoenergijskih elektrona u tečnom
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ksenonu. Nakon toga DL/µ postepeno opada sa porastom E/n0 između oko 0.05 Td i 0.4 Td,
posle čega se ova veličina naglo povećava sa porastom polja do oko 6 Td. U opsegu polja između
6 Td i 30 Td DL/µ opada sa porastom E/n0 kao posledica energijskih gubitaka u neelastičnim
sudarima. Na višim poljima se DL/µ ponovo povećava sa porastom E/n0, pošto u ovom opsegu
polja elektroni dobijaju veliku količinu energije od električnog polja. Složeno ponašanje DL/µ

u tečnom ksenonu odslikava osetljivost ove veličine na detalje energijske zavisnosti preseka za
sudare.

Sa slike 83 se vidi da se naše vrednosti DL/µ jako dobro slažu sa vrednostima Boyle-a i
saradnika na poljima nižim od 0.7 Td. Međutim, naši rezultati su niži od njihovih rezultata
na višim poljima. Ova razlika se može pripisati razlici u korišćenim presecima pošto su Boyle i
saradnici u potpunosti zanemarili neelastične sudare i jonizaciju u svojim proračunima. Kako je
srednja energija elektrona oko 1.8 eV na 1 Td, najenergijčniji elektroni imaju dovoljno energije
za neelastične sudare. Vrednosti DT/µ koje su dobijene u našim proračunima se dobro slažu sa
rezultatima Boyle-a i saradnika [69] i Shibamura-e i saradnika [246].
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Slika 84: Poređenje vrednosti količnika balk longitudinalne difuzije i balk transverzalne difuzije,
koje su određene u prvom i četvrtom slučaju za reprezentovanje neelastičnih sudara u tečnom
ksenonu, sa odgovarajućim količnikom u gasnom ksenonu. Ovi slučajevi za reprezentovanje
neelastičih sudara su opisani u zaglavlju grafika 77. Rezultati koji su prikazani na ovom grafiku
su dobijeni primenom Monte Carlo simulacija.

Na slici 84 su prikazane vrednosti količnika longitudinalne i transverzalne komponente di-
fuzionog tenzora, DL/DT , za elektrone u tečnom ksenonu u prvom i četvrtom slučaju za repre-
zentovanje neelastičnih sudara u tečnosti. Ovaj količnik je kvantitativni pokazatelj anizotropije
difuzije. Vrednosti DL/DT za elektrone u gasnom ksenonu su prikazane na istom grafiku, radi
poređenja. Za elektrone u tečnom ksenonu ovaj količnik opada sa porastom E/n0 do oko 1
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Td, zbog povećanja brzinskog koeficijenta za elastične sudare u ovom opsegu polja. Međutim,
ovaj količnik se povećava sa porastom E/n0, na višim poljima, kao posledica opadanja kolizione
frekvence za elastične sudare na višim energijama. Zavisnost DL/DT od E/n0 je drugačija za
elektrone u gasnom ksenonu na niskim poljima. Na poljima nižim od 10−2 Td je ovaj količnik
konstantan, jer je srednja energija elektrona u gasnoj fazi jako blizu termalnih vrednosti. U
opsegu polja između 10−2 Td i 2·10−2 Td se DL/DT za elektrone u gasnom ksenonu povećava
sa porastom E/n0 zbog uticaja Ramsauer-Townsend-ovog minimuma. Na višim poljima je kva-
litativni trend zavisnosti DL/DT od E/n0 isti za elektrone u gasnom i tečnom ksenonu, ali je
minimum izraženiji u tečnoj fazi. U svakom slučaju, razlike od preko dva reda veličine između
DL i DT u tečnom ksenonu su jasan pokazatelj veoma jakog efekta anizotropije difuzije. Ovako
velike razlike između DL i DT do sada nikada nisu zabeležene za elektrone u gasovima.

6.3 Transport elektrona u tečnom argonu i tečnom kriptonu

6.3.1 Korišćeni preseci i uslovi simulacije za elektrone u tečnom argonu i tečnom
kriptonu

Za reprezentovanje elastičnih sudara u tečnom argonu se na energijama nižim od oko 10 eV
koriste tri efektivna sudarna procesa, kao i u tečnom ksenonu. Pri tome su presek za rasejanje
elektrona na fokus atomu u tečnom argonu i γ količnik (videti potpoglavlje 6.2.1) preuzeti iz
rada Boyle-a i saradnika [68]. Na energijama višim od oko 10 eV su efektivni procesi, koji su
opisani presecima σimpuls i σenergija zanemareni, dok je efektivni presek za σoba proces aproksi-
miran presekom za transfer impulsa u elastičnim sudarima iz Hayashi-jevog seta preseka [201].
Presek za ekscitaciju elektrona iz valentne zone u provodnu zonu (efektivnu jonizaciju) je aprok-
simiran presekom za jonizaciju iz Hayashi-jevog seta [201], kome je prag pomeren na 14.3 eV,
što odgovara zonskom procepu u tečnom argonu [247].

U našim proračunima transportnih osobina elektrona u tečnom argonu razmatrana su dva
slučaja za reprezentovanje neelastičnih sudara. U prvom (Scenario 1) su ekscitacije u potpunosti
zanemarene, dok su u drugom slučaju (Scenario 2) uzete u obzir one ekscitacije iz Hayashi-jevog
seta preseka čiji su pragovi niži od zonskog procepa u tečnom argonu. Pri tome su zanemarene
tri poslednje ekscitacije iz Hayashi-jevog seta, čiji su pragovi 14.3 eV, 14.71 eV i 15.2 eV.
U literaturi nisu dostupni podaci vezani za minimume u spektrima fotoprovodnosti tečnog
argona, kao ni refleksioni spektri tečnog argona na energijama višim od 14 eV. Zbog toga za
tečni argon ne razmatramo dodatne slučajeve za reprezentovanje neelastičnih sudara, u kojima
su uzete u obzir ekscitacije čiji su pragovi viši od zonskog procepa. Pored toga smo utvrdili
da uključivanje ekscitacije, čiji je prag iznosi 14.3 eV, u set preseka ima zanemarljiv uticaj na
transportne osobine elektrona u tečnom argonu. Set preseka za rasejanje elektrona u tečnom
argonu, koji je korišćen u našim proračunima, prikazan je na slici 85. Koncentracija pozadinskih
atoma i temperatura u tečnom argonu, korišćeni u našim simulacijama, iznose 2.1·1028 m−3 i
85 K, respektivno.
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Slika 85: Set preseka za rasejanje elektrona u tečnom argonu: (1) σoba, (2) σimpuls, (3) σenergija,
(4) jonizacija (zonski prelaz), efektivne elektronske ekscitacije: (5) 4s[3/2]2, (6) 4s[3/2]1, (7)
4s′[1/2]0, (8) 4s′[1/2]1, (9) 4p[1/2]1, (10) 4p[5/2]3, (11) 4p[5/2]2, (12) 4p[3/2]1, (13) 4p[3/2]2,
(14) 4p[1/2]0 i 4p′[3/2]1, (15) 4p′[3/2]2, (16) 4p′[1/2]1, (17) 4p′[1/2]0, (18) 3d[1/2]0 i 3d[1/2]1,
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3d[3/2]1, (25) 3d′[5/2]2 i (26) 3d′[3/2]2, 3d′[5/2]3, 5s′[1/2]0 i 5s′[1/2]1.
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Slika 86: Set preseka za rasejanje elektrona u tečnom kriptonu: (1) σoba, (2) σimpuls, (3) σenergija,
(4) jonizacija (zonski prelaz), efektivne elektronske ekscitacije: (5) S nivoi i (6) P nivoi.
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Za reprezentovanje elastičnih sudara niskoenergijskih elektrona u tečnom kriptonu se koriste
dva efektivna sudarna procesa, koje su koristili Atrazhev i saradnici u svojim proračunima [102].
Ovi efektivni sudarni procesi su ekvivalentni procesima korišćenim u našem radu za reprezen-
tovanje elastičnog rasejanja u tečnom argonu i tečnom ksenonu, a kojima odgovaraju preseci
σimpuls i σenergija. Preseci za ova dva efektivna sudarna procesa su preuzeti iz rada Atrazheva i
saradnika [102]. Na energijama višim od oko 4.24 eV, preseci za ova dva efektivna sudarna pro-
cesa postaju jednaki nuli, dok njihovu vrednost u poslednjoj nenultoj tački preuzima presek za
treći efektivni sudarni proces, u kome se razmenjuju energija i impuls kao u običnom binarnom
sudaru. Ovaj efektivni sudarni proces je ekvivalentan efektivnom procesu koji je reprezentovan
sa σoba presekom u našim proračunima u tečnom argonu i tečnom ksenonu. Presek za ovaj efek-
tivni sudarni proces ima nenultu vrednost na energijama višim od 4.24 eV, i u tom enerijskom
opsegu je jednak preseku za transfer impulsa u elastičnim sudarima u gasnom kriptonu, koji je
preuzet iz Biagi-jeve MAGBOLTZ baze [203]. Presek za ekscitaciju u provodnu zonu (efektivnu
jonizaciju) je dobijen pomeranjem Biagi-jevog preseka za jonizaciju ka nižim energijama, pri če-
mu je prag spušten na 11.7 eV, što odgovara vrednosti zonskog procepa u tečnom kriptonu [247].
U tečnom kriptonu se razmatraju dva slučaja za reprezentovanje neelastičnih sudra, isto kao i
u tečnom argonu. U prvom slučaju su ekscitacije u potpunosti zanemarene (Scenario 1), dok
su u drugom slučaju uzete u obzir sve ekscitacije iz Biagi-jevog seta preseka čiji su pragovi
niži od zonskog procepa u tečnom kriptonu (Scenario 2). U tečnom kriptonu ne razmatramo
dodatne slučajeve za reprezentovanje energijskih gubitaka u neelastičnim sudarima iz sličnog
razloga kao u slučaju tečnog argona. Koncentracija pozadinskih atoma i temperatura u tečnom
kriptonu koji su korišćeni u našim simulacijama iznose 1.76·1028 m−3 i 117 K, respektivno.

6.3.2 Rezultati vezani za transport elektrona u tečnom argonu i tečnom kriptonu

Na slici 87 su date vrednosti srednje energije za elektrone u tečnom i gasnom argonu u
funkciji E/n0. Odnos vrednosti srednje energije u gasnom i tečnom argonu se razlikuje od
odgovarajućeg odnosa u ksenonu. Naime, u opsegu polja između oko 10−3 Td i 0.035 Td je
srednja energija elektrona viša u gasnom nego u tečnom argonu. Ovo je posledica toga što je
efektivni presek za transfer energije u tečnom argonu veći od preseka za elastično rasejanje u
gasnom argonu u energijskom intervalu između 7·10−3 eV i 10 eV. Međutim, u opsegu polja
između 0.035 Td i 1.3 Td srednja energija elektrona u tečnom argonu je viša od srednje energije
u gasnom argonu. Srednja energija elektrtona ima vrednosti između oko 0.5 eV i 2.7 eV u ovom
opsegu polja. U ovom energijskom intervalu se presek za elastično rasejanje u gasnoj fazi naglo
povećava sa porastom energije i približava se efektivnom preseku za transfer energije u tečnom
argonu, dok je efektivni presek za transfer energije praktično konstantan do oko 2 eV. Uz to je
u ovom energijskom intervalu presek za elastično rasejanje u gasnom argonu veći od efektivnog
preseka za transfer impulsa u tečnom argonu, što omogućava efikasnije ubrzavanje elektrona od
strane električnog polja u tečnoj nego u gasnoj fazi. Srednja energija u gasnom argonu je viša
nego u tečnom argonu u opsegu polja između 1.3 Td i 7.7 Td, gde je u intervalu između 2.7
eV i 5.2 eV, pa se visokoenergijski elektroni nalaze u energijskom intervalu u kome su efektivni
preseci za transfer energije i impulsa u tečnom argonu veći od preseka za elastično rasejanje u
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gasnom argonu (između oko 4 eV i 10 eV). Na poljima višim od 7.7 Td srednja energija je u
prvom slučaju za reprezentovanje neelastičnih sudara u tečnom argonu viša od srednje energije
u gasnom argonu, zbog odsustva energijskih gubitaka u ekscitacijama u ovom slučaju. Srednja
energija je pak u drugom slučaju za reprezentovanje neelastičnih sudara u tečnom argonu niža
od srednje energije u gasnom argonu do oko 1000 Td. Ovo se može pripisati intenzivnijem
hlađenju jonizacijom u tečnoj fazi, zbog nižeg praga za jonizaciju u tečnom argonu, u odnosu
na gasni argon. Vrednosti srednje energije u tečnom i gasnom argonu su međusobno jako bliske
na poljima višim od 10 Td, zbog male razlike u dinamici rasejanja visokoenergijskih elektrona
u tečnom i gasnom argonu.
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Slika 87: Poređenje vrednosti srednje energije za rojeve elektrona u gasnom i tečnom argonu.
Vrednosti srednje energije u tečnom argonu su određene u dva različita slučaja za reprezen-
tovanje neelastičnih sudara. U prvom slučaju (Scenario 1) sve ekscitacije su zanemarene, dok
su u drugom slučaju (Scenario 2) uzete u obzir one ekscitacije iz Hayashi-jevog seta preseka
za elektrone u gasnom argonu čiji prag je ispod 14.3 eV [201]. Rezultati su dobijeni primenom
Monte Carlo simulacija.

Slika 88 prikazuje vrednosti srednje energije za elektrone u tečnom i gasnom kriptonu u
funkciji E/n0. Na niskim poljima su trendovi zavisnosti srednje energije od E/n0 u gasnoj i
tečnoj fazi, kao i međusobni odnos njihove vrednosti jako slični u kriptonu i ksenonu. Srednja
energija je na najnižim poljima viša u tečnoj nego u gasnoj fazi. Pritom se srednja energija u
tečnoj fazi prvo linearno povećava sa porastom E/n0 (do oko 0.0059 Td i 0.01 Td za elektrone u
kriptonu i ksenonu, respketivno), nakon čega je srednja energija konkavna funkcija redukovanog
električnog polja (do oko 0.077 Td i 0.1 Td za elektrone u kriptonu i ksenonu, respketivno), posle
čega se srednja energija približno linearno povećava sa porastom E/n0, ali sa znatno manjim
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Slika 88: Poređenje vrednosti srednje energije za rojeve elektrona u gasnom i tečnom kriptonu.
Vrednosti srednje energije u tečnom argonu su određene u dva različita slučaja za reprezen-
tovanje neelastičnih sudara. U prvom slučaju (Scenario 1) sve ekscitacije su zanemarene, dok
su u drugom slučaju (Scenario 2) uzete u obzir one ekscitacije iz Biagi-jevog seta preseka za
elektrone u gasnom kriptonu čiji prag je ispod 11.7 eV. Rezultati su dobijeni primenom Monte
Carlo simulacija.

nagibom nego na najnižim poljima. Srednja energija u gasnoj fazi se prvo sporo povećava sa
porastom E/n0 (do oko 0.0059 Td u oba gasa), nakon čega se naglo povećava sa porastom E/n0

otprilike do kraja opsega polja u kome je energija u tečnoj fazi konkavna funkcija redukovanog
električnog polja, posle čega se linearno povećava sa porastom E/n0. Uz to je u oba slučaja
srednja energija viša u tečnoj nego u gasnoj fazi na niskim poljima (do 3.5 Td i 0.46 Td za
elektrone u kriptonu i ksenonu, respektivno). Sličnost u trendovima zavisnosti srednje energije
u kriptonu i ksenonu od E/n0 u obe faze, na niskim poljima, je posledica toga što je odnos
preseka za elastične sudare u gasnoj fazi i efektivnih preseka za transfer energije i impulsa u
tečnoj fazi jako sličan u kriptonu i ksenonu, na niskim energijama. Međuitim, srednja energija
u gasnoj fazi je viša od srednje energije u tečnoj fazi za elektrone u tečnom ksenonu, u svim
slučajevima za reprezentovanje neelastičnih sudara, u opsegu polja između oko 0.46 Td i 350
Td, dok je u kriptonu srednja energija u gasnoj fazi niža od srednje energije u tečnoj fazi u
oba slučaja za reprezentovanje neelastičnih sudara od početka razmatranog opsega (10−3 Td)
do oko 59 Td. Ova razlika je posledica razlike u korišćenim presecima u kriptonu i ksenonu.
Zapravo, u presecima koji su korišćeni za proračune u ksenonu efektivni preseci za transfer
imulsa i transfer energije veći su od preseka za elastično rasejanje u gasnoj fazi na energijama
između 2.5 eV i 5 eV. Nasuprot tome, u presecima koji su korišćeni u kriptonu efektivni presek
za transfer impulsa u tečnoj fazi nikada nije veći od preseka za elastično rasejanje u gasnoj fazi,
dok je efektivni presek za transfer energije u tečnoj fazi veći od preseka za elastično rasejanje
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u gasnoj fazi samo u uskoj okolini Ramsauer-Townsend-ovog minimum – pri višim energijama
ovi su preseci jednaki. Na poljima višim od 59 Td je srednja energija u gasnom kriptonu niža
od srednje energije u tečnom kriptonu u prvom slučaju za reprezentovanje neelastičnih sudara,
zbog odsustva energijskih gubitaka u ekscitacijama u ovom slučaju. U ovom opsegu polja je
razlika između vrednosti srednje energije u gasnom kriptonu i tečnom kriptonu, u drugom
slučaju za reprezentovanje neelastičnih sudara, jako mala, zbog toga što je dinamika rasejanja
visokoenergijskih elektrona veoma slična u gasnoj fazi i atomskim tečnostima.
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Slika 89: Poređenje eksperimentalno određene brzine drifta za roj elektrona u tečnom argonu
(Miller et al. [229]) sa teorijskim proračunima. Među teorijskim rezultatima su prikazani prora-
čuni Boyle-a i saradnika [69], kao i vrednosti balk brzine drifta koje su određene u okviru ovog
rada na osnovu Monte Carlo simulacija, primenom dva različita metoda za reprezentovanje
neelastičnih sudara. Ovi metodi su navedeni u zaglavlju grafika 87. Na grafiku je prikazana i
balk brzina drifta za roj elektrona u gasnom argonu, radi poređenja.

Na slici 89 su predstavljeni profili balk brzine drifta u tečnom argonu u prvom i drugom slu-
čaju za reprezentovanje neelastičnih sudara u tečnoj fazi, zajedno sa profilom balk brzine drifta
u gasnom argonu. Eksperimentalne [229] i teorijske [68] vrednosti brzine drifta u tečnom argo-
nu, koje su odredili raniji autori, prikazane su na istom grafiku radi poređenja. Sa slike se vidi
da je u argonu na najnižim poljima brzina drifta znatno veća u tečnoj nego u gasnoj fazi. Ipak,
razlika u brzini drifta elektrona u tečnoj i gasnoj fazi je na najnižim poljima manja u argonu
nego u ksenonu, jer je efektivni presek za transfer impulsa u tečnom argonu oko dvadeset puta
manji od preseka za elastično rasejanje u gasnom argonu, dok razlika između ova dva preseka u
ksenonu iznosi oko tri reda veličine. Strukturno indukovana negativna diferencijalna provodnost
se javlja u profilu brzine drifta za elektrone u tečnom argonu, kao i u tečnom ksenonu. Ovaj se
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efekat pak javlja samo u uskom opsegu polja između 0.77 Td i 2.7 Td, u kom je srednja energija
elektrona u tečnom argonu između 2.26 eV i 3.40 eV. Ovaj energijski interval se nalazi unutar
raspona između 2 eV i 5 eV, gde se efektivni presek za transfer impulsa u tečnom argonu naglo
povećava sa porastom energije. Ovo znači da se u tečnom argonu strukturno indukoavana nega-
tivna diferencijalna provodnost javlja u opsegu polja u kome se vrednosti srednje energije nalaze
unutar energijskog intervala u kome se efektivni presek za transfer impulsa naglo povećava sa
porastom energije. U tečnom ksenonu se efektivni presek za transfer impulsa povećava od 0.4
eV do oko 3.5 eV, pri čemu je srednja energija elektrona viša od 0.4 eV na poljima višim od 10−2

Td zbog manje vrednosti efektivnog preseka za transfer energije u tečnom ksenonu u odnosu
na argon. Iz svega sledi da se strukturno indukovana negativna diferencijalna provodnost u
tečnom ksenonu javlja na znatno nižim poljima i pokriva znatno širi opseg polja u odnosu na
tečni argon. Drift brzina za elektrone u tečnom argonu, koja je određena u našim proračunima
se odlično slaže sa brzinom drifta koja je izračunata u radu Boyle-a i saradnika [68].
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Slika 90: Poređenje eksperimentalno određene brzine drifta za roj elektrona u tečnom kriptonu
(Miller et al. [229]) sa teorijskim proračunim vrednostima balk brzine drifta, koje su određene
u okviru ovog rada primenom Monte Carlo simulacija, u dva različita slučaja reprezentovanja
neelastičnih sudara. U prvom slučaju (Scenario 1) su sve ekscitacije zanemarene. U drugom
slučaju su uzete u obzir one ekscitacije iz Biagi-jevog seta preseka čiji prag je ispod 11.7 eV. Na
ovom grafiku je, radi poređenja, data i balk brzina drifta za roj elektrona u gasnom kriptonu.

Na slici 90 su prikazani profili balk brzine drifta u tečnom kriptonu u prvom i drugom
slučaju za reprezentovanje neelastičnih sudara u tečnoj fazi, zajedno sa profilom balk brzine
drifta u gasnom kriptonu. Eksperimentalne vrednosti Miller-a i saradnika [229] prikazane su
na istom grafiku, radi poređenja. Sa slike se može videti da je u kriptonu na najnižim poljima
brzina drifta oko 130 puta veća u tečnoj nego u gasnoj fazi. Ova razlika je znatno intenzivnija
od odgovarajuće razlike u argonu, ali je nešto manja od razlike između vrednosti brzine drifta
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u tečnom i gasnom ksenonu, što je posledica efektivnog preseka za transfer impulsa u tečnom
kriptonu koji je za preko dva reda veličine manji od preseka za elastične sudare u gasnom
kriptonu, dok razlika između ovih preseka u ksenonu iznosi oko tri reda veličine. Strukturno
indukovana negativna diferencijalna provodnost se u tečnom kriptonu javlja u opsegu polja od
0.017 Td do 1Td. U datom rasponu polja srednja energija elektrona u tečnom kriptonu je između
0.786 eV i 2.32 eV, što odgovara energijskom intervalu u kome se efektivni presek za transfer
impulsa u tečnom kriptonu naglo povećava sa porastom energije. Ovaj se presek najintenzivnije
povećava sa porastom energije u energijskom intervalu između 1 eV i 3eV. Opseg polja u kome
se javlja strukturno indukovana negativna diferencijalna provodnost u tečnom kriptonu je sličan
odgovarajućem opsegu polja u tečnom ksenonu zbog toga što se efektivni presek za transfer
impulsa naglo povećava sa porastom energije u skoro istom energijskom intervalu u ovim dvema
tečnostima i zbog bliskih vrednosti efektivnog preseka za transfer energije (oko 22 ) u njima.

Naše vrednosti brzine drifta u tečnom argonu i tečnom kriptonu su bliske eksperimentalnim
vrednostima Millera i saradnika [229], ali u njihovim profilma brzine drifta nije prisutna nega-
tivna diferencijalna provodnost. Razlozi za ovo neslaganje između teorijskih i eksperimentalnih
rezultata u tečnom argonu i tečnom kriptonu su verovatno isti kao i razlog za odgovarajuće
neslaganje u tečnom ksenonu.

10-3 10-2 10-1 100 101 102 103
0.01

0.1

1

10

100

D(b)
L/

(b)

 Scenario 1
 Scenario 2

D
(b

) /
(b

)  (V
)

E/n0 (Td)

D(b)
T/

(b)

 Boyle et al. (2015)
 Shibamura et al. (1979)
 Scenario 1
 Scenario 2

Slika 91: Poređenje vrednosti balk longitudinalne karakteristične energije DL/µ i balk transver-
zalne karakteristične energije DT/µ, koje su određene u ovom radu, sa teorijskim rezultatima
Boyle-a i saradnika [68] za roj elektrona u tečnom argonu. Naši rezultati su dobijeni na osno-
vu Monte Carlo simulacija primenom prvog i drugog scenarija za reprezentovanje neelastičnih
sudara.

Slika 91 prikazuje balk vrednosti longitudinalne i transverzalne karakteristične energijeDL/µ
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Slika 92: Poređenje vrednosti balk longitudinalne karakteristične energije DL/µ i balk trans-
verzalne karakteristične energije DT/µ za roj elektrona u tečnom kriptonu. Ovi rezultati su
dobijeni na osnovu Monte Carlo simulacija primenom prvog i drugog scenarija za reprezento-
vanje neelastičnih sudara.

i DT/µ za elektrone u tečnom argonu zajedno sa vrednostima koje su odredili prethodni auto-
ri [68], dok su na slici 92 prikazane balk vrednosti DL/µ i DT/µ za elektrone u tečnom kriptonu
u fuknciji E/n0. Dok je u ksenonu DL/µ približno konstantno između 10−2 Td i 1Td u argonu i
kriptonu je ponašanje ove veličine složenije. Longitudinalna karakteristična energija ima lokalni
maksimum na 0.059 Td i 0.021 Td u tečnom argonu i tečnom kriptonu, respektivno, te lokalni
minimum na 0.46 Td i 0.1 Td u tečnom argonu i tečnom kriptonu, respektivno. Ove dodatne
strukture su u okviru statističke nesigurnosti Monte Carlo simulacija. U tečnom argonu longitu-
dinalna karakteristična energija dostiže plato u opsegu polja od 10 Td do 77 Td, dok u tečnom
kriptonu i tečnom ksenonu ova veličina dostiže plato u opsegu polja od 5.9 Td do 77 Td. Može
se uočiti da je u tečnom argonu i tečnom kriptonu srednja energija oko 5 eV na polju na kome
počinje plato longitudinalne karakteristične energije, a plato ove veličine počinje na polju na
kome je srednja energija oko 3 eV u tečnom ksenonu. Ove su vrednosti energije između 2 i 3
puta manje od praga za prvu elektronsku ekscitaciju, pa na poljima na kojima počinje plato
longitudinalne karakteristične energije najenergičniji elektroni mogu učestvovati u neelastičnim
sudarima u sve tri tečnosti. Između strukture na niskim poljima i platoa na visokim poljima se
DL/µ naglo povećava sa porastom E/n0 u tečnom argonu, tečnom kriptonu i tečnom ksenonu.
Na visokim poljima (nakon završetka platoa) se DL/µ monotono povećava sa porastom E/n0

u sve tri tečnosti.

Transverzalna karakteristična energija DT/µ ima sličan trend ponašanja u sve tri tečnosti.
Na niskim poljima se DT/µ monotono povećava sa porastom E/n0 i dostiže lokalni maksimum
na oko 4.6 Td, 2.1 Td i 2.7 Td u tečnom argonu, tečnom kriptonu i tečnom ksenonu, respektivno.
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Na višim poljimaDT/µmonotono opada sa porastom E/n0 do lokalnog minimuma koji se nalazi
na oko 350 Td u tečnom ksenonu i kriptonu i na oko 460 Td u tečnom argonu. Nakon lokalnog
minimuma se DT/µ monotono povećava sa porastom E/n0 do kraja razmatranog opsega polja.
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Slika 93: Poređenje vrednosti količnika balk longitudinalne difuzije i balk transverzalne difuzije,
koje su određene u prvom i drugom slučaju za reprezentovanje neelastičnih sudara u tečnom
argonu, sa odgovarajućim količnikom u gasnom argonu. Ovi slučajevi za reprezentovanje nee-
lastičih sudara su opisani u zaglavlju grafika 87. Rezultati koji su prikazani na ovom grafiku su
dobijeni na osnovu Monte Carlo simulacija.

Na slikama 93 i 94 su prikazane vrednosti DL/DT u funkciji E/n0 za elektrone u tečnom
argonu i tečnom kriptonu, respektivno, u prvom i drugom slučaju za reprezentovanje neelastič-
nih sudara u ovim tečnostima. Vrednosti DL/DT za elektrone u gasnoj fazi su takođe prikazane
na ovim graficima, zarad poređenja. U tečnom kriptonu i tečnom ksenonu DL/DT opada sa
porastom E/n0 od početka razmatranog opsega polja (koji se nalazi na 10−3 Td), dok je ova
veličina u tečnom argonu približno konstantna do oko 0.027 Td, posle čega počinje da opada
sa porastom E/n0. Ovo se može pripisati tome što srednja energija u tečnom argonu ima niže
vrednosti od srednje energije u tečnom ksenonu i tečnom kriptonu na najnižim poljima (na
10−3 Td srednja energija iznosi oko 0.018 eV, 0.068 eV i 0.077 eV za elektrone u tečnom argonu,
tečnom kriptonu i tečnom ksenonu, respektivno), uz šta se efektivni preseci za transfer energije
i impulsa u tečnom argonu počinju povećavati sa porastom energije tek na energijama višim
od 1 eV, dok u tečnom ksenonu i tečnom kriptonu efektivni presek za transfer impulsa počinje
da raste na nižim energijama (na oko 0.6 eV). U tečnom argonu i tečnom ksenonu DL/DT do-
stiže minimum na oko 1 Td, a u tečnom kriptonu doseže minimum na oko 0.46 Td. Minimalna
vrednost DL/DT iznosi oko 10−2 u tečnom argonu i tečnom kriptonu, dok u tečnom ksenonu
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Slika 94: Poređenje vrednosti količnika balk longitudinalne difuzije i balk transverzalne difuzije,
koje su određene u prvom i drugom slučaju za reprezentovanje neelastičnih sudara u tečnom
kriptonu, sa odgovarajućim količnikom u gasnom kriptonu. Ovi slučajevi za reprezentovanje
neelastičih sudara su opisani u zaglavlju grafika 88. Rezultati koji su prikazani na ovom grafiku
su dobijeni na uz pomoć Monte Carlo simulacija.

minimum ove veličine ima vrednost približnu 4·10−3.

Količnik DL/DT ima sličan trend ponašanja, na kvalitativnom nivou, u gasnom argonu,
gasnom kriptonu i gasnom ksenonu, ali ovaj količnik dostiže prvi lokalni maksimum na nižem
polju u gasnom argonu nego u gasnom kriptonu i gasnom ksenonu. Razlog za ovakvo ponašanje
količnika DL/DT treba potražiti u činjenici da se Ramsauer–Townsend-ov minimum javlja na
nižim energijama u gasnom argonu nego u preostala dva gasa.

Slika 95 prikazuje vrednosti prvog Townsend-ovog koeficijenta u prvom i drugom slučaju
za reprezentovanje neelastičnih sudara u tečnom argonu, dok su odgovarajuće vrednosti prvog
Townsend-ovog koeficijenta u tečnom kriptonu pokazane na slici 96. Vrednosti prvog Townsend-
ovog koeficijenta u gasnoj fazi, koje su skalirane na gustinu tečnosti, takođe su predstavljene
na ovim graficima, zarad poređenja. Razlika između koeficijenta za jonizaciju, dobijenog na
osnovu scenarija u koji su uključene sve ekscitacije, i koeficijenta za jonizaciju iz gasne faze,
koji je skaliran na gustinu tečnosti je veća u ksenonu nego u argonu i kriptonu zbog veće razlike
između praga za ekscitaciju u provodnu zonu u tečnoj fazi i praga za jonizaciju u gasnoj fazi.
Međutim, razlika između koeficijenta za jonizaciju dobijenog primenom scenarija u kome su
uzete u obzir one ekscitacije čiji je prag niži od praga za zonski prelaz u tečnoj fazi i scenarija u
kome su sve ekscitacije zanemarene najmanja je u tečnom ksenonu, zbog toga što su u tečnom
ksenonu pragovi samo prve dve ekscitacije niži od praga za efektivnu jonizaciju, dok je presek
za jonizaciju znatno veći od preseka za pojedinačne ekscitacije.
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Slika 95: Zavisnost prvog Townsend-ovog koeficijenta od redukovanog električnog polja E/n0

za roj elektrona u tečnom argonu. Ove vrednosti su određene primenom dva različita scenarija
za reprezentovanje neelastičnih sudara. Metodi su opisani u zaglavlju grafika 87. Na grafiku je,
radi poređenja, prikazan i prvi Townsend-ov koeficijent za roj elektrona u gasnom argonu, koji
je skaliran na gustinu tečnog argona. Rezultati su dobijeni primenom Monte Carlo simulacija.

6.4 Zaključak

U ovom poglavlju je razmatran transport elektrona u tečnom argonu, tečnom kriptonu i
tečnom ksenonu. Potpoglavlje 6.1.1 govori o motivaciji za izučavanje transporta naelektrisanih
čestica u tečnoj fazi. Sa teorijske tačke gledišta je značajno razumeti dinamiku naelektrisanih
čestica u gustim sredinama sa kratkodometnim uređenjem. Sa praktičnog aspekta su transport
naelektrisanih čestica u tečnoj fazi i električna pražnjenja u tečnostima od velikog značaja
za mnoge važne primene poput detektora čestica sa tečnim argonom ili tečnim ksenonom,
transformatorskih ulja, kao i za upotrebu plazme u medicini, poljoprivredi i tehnikama za
pročišćavanje vode.

U odeljku 6.1.2 su izloženi argumenti za postojanje provodne zone u tečnom argonu, tečnom
kriptonu i tečnom ksenonu, koji se mogu naći u literaturi. Naime, promena mobilnosti elektrona
pri topljenju argona, kriptona i ksenona u čvrstoj fazi može se pripisati promeni kompresibil-
nosti i gustine pri ovom faznom prelazu. Pored toga, u refleksionim spektrima tečnog argona,
tečnog kriptona i tečnog ksenona uočene su ekscitonske linije koje su vrlo slične odgovarajućim
linijama u čvrstoj fazi. Uz to je vrednost praga za fotoprovodnost u tečnom ksenonu vrlo bliska
odgovarajućoj vrednosti u čvrstom ksenonu. Vrednost zonskog procepa u tečnom ksenonu koja
je određena na osnovu Wannier-ovog niza odlično se slaže sa vrednošću zonskog procepa koja
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Slika 96: Zavisnost prvog Townsend-ovog koeficijenta od redukovanog električnog polja E/n0 za
roj elektrona u tečnom kriptonu. Ove vrednosti su određene primenom dva različita scenarija za
reprezentovanje neelastičnih sudara. Metodi su opisani u zaglavlju grafika 88, gde je, poređenja
radi, prikazan i prvi Townsend-ov koeficijent za roj elektrona u gasnom kriptonu, koji je skaliran
na gustinu tečnog kriptona. Rezultati su dobijeni na osnovu Monte Carlo simulacija.

je određena na osnovu praga za fotoprovodnost. Šupljinska provodnost u tečnom ksenonu je
jasno identifikovana u eksperimentima.

U potpoglavlju 6.2.1 su prikazani uslovi simulacije i korišćeni setovi preseka za rasejanje
elektrona u tečnom ksenonu, dok su odgovarajući uslovi simulacije i setovi preseka u slučaju
tečnog argona i tečnog kriptona izloženi u potpoglavlju 6.3.1. Koherentno rasejanje je reprezen-
tovano primenom tri efektivna sudarna procesa koji dobro reprezentuju srednji transfer impulsa
i energije pri elastičnim sudarima u ovim tečnostima. Presek za zonski prelaz u tečnoj fazi je
aproksimiran presekom za jonizaciju izolovanog atoma, kome je prag snižen na vrednost zonskog
procepa u odgovarajućoj tečnosti. U slučaju tečnog ksenona su razmatrana četiri različita sce-
narija za reprezentovanje neelastičnih sudara. Ovi scenariji su zasnovani na eksperimentalnim
podacima vezanim za refleksione spektre i fotoprovodnost tečnog ksenona. U slučaju tečnog
argona i tečnog kriptona su uzeta u obzir samo dva scenarija. Pri tome su u prvom od ova dva
scenarija neelastični sudari u potpunosti zanemareni, dok su u drugom scenariju uzeti u obzir
samo oni procesi čiji je prag niži od zonskog procepa u odgovarajućoj tečnosti.

Potpoglavlje 6.2.2 sumira rezultate transportnih proračuna za rojeve elektrona u tečnom
ksenonu. Odgovarajući rezultati za rojeve elektrona u tečnom argonu i tečnom kriptonu su pri-
kazani u potpoglavlju 6.3.2. U ovim odeljcima su upoređeni profili zavisnosti srednje energije i
drift brzine od redukovanog električnog polja u tečnoj fazi sa odgovarajućim profilima u gasnoj
fazi. Pri tome je analiziran uticaj koherentnog rasejanja u tečnoj fazi na vrednosti ovih trans-
portnih veličina u oblasti niskih polja. Poseban akcenat je stavljen na izučavanje strukturno

170



indukovane negativne diferencijalne provodnosti u tečnom ksenonu na osnovu prostorno razlo-
ženih karakteristika roja i funkcija raspodele elektrona po energijama. Pored toga je razmatrano
u kojoj meri različit tretman neelastičnih sudara utiče na izračunate vrednosti transportnih ve-
ličina u tečnoj fazi. Uočeno je da izračunata vrednost prvog Townsend-ovog koeficijenta snažno
zavisi od načina na koji su tretirani neelastični sudari u tečnostima. Takođe je uočeno da je
prvi Townsend-ov koeficijent iz gasne faze, koji je skaliran na gustinu tečnosti, znatno niži od
odgovarajućeg koeficijenta u tečnoj fazi. Vrednosti prvog Townsend-ovog koeficijenta u tečnom
ksenonu, koje su izračunate u okviru ove disertacije, upoređene su sa eksperimentalnim rezul-
tatima Derentzo-a i saradnika, kao i sa rezultatima proračuna ranijih autora. Uočeno je da se
prve dve eksperimentalne tačke Derentzo-a i saradnika najbolje slažu sa scenarijom u kome su
neelastični sudari u potpunosti zanemareni, dok se preostale eksperimentalne tačke bolje slažu
sa ostala tri scenarija.
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7 Negativni strimeri u atomskim tečnostima visoke mobil-

nosti

7.1 Uvod

Na ovom mestu su proučavani strimeri u tečnom argonu, tečnom kriptonu i tečnom ksenonu.
U potpoglavlju 7.2 su predstavljeni fluidni model prvog reda i fluidni model koji je baziran na
razvoju izvornog člana po gradijentima koncentracije elektrona, kao i numerička implementacija
ovih modela, koja se koristi u našim proračunima. Odeljak 7.3 donosi rezultate naših proračuna
za negativne strimere u tečnom ksenonu, dok su u potpoglavlju 7.4 prikazani naši rezultati za
negativne strimere u tečnom argonu i tečnom kriptonu.

7.2 Fluidni modeli strimera

Jedan od najčešće korišćenih metodoloških pristupa u modelovanju strimerskih pražnjenja
jeste fluidni model prvog reda, ili tzv. klasični fluidni model. Ovaj model je baziran na drift-
difuzionoj aproksimaciji za elektrone i jednačinama za balans broja čestica za naelektrisane
čestice niže mobilnosti, čije se kretanje može zanemariti na vremenskim skalama na kojima
se odvija dinamika elektrona (pozitivni joni i negativni joni u gasnoj fazi i pozitivne šupljine
u kondenzovanoj materiji) [27, 30, 139]. Pri tome su ove jednačine primenom aproksimacije
lokalnog električnog polja spregnute sa Poisson-ovom jednačinom, ne bi li se opisao uticaj
prostornog naelektrisanja [27, 30]. Drift-difuziona jednačina se može izvesti iz Boltzmann-ove
jednačine [27, 30], čime se dobija jednačina oblika

∂n(r, t)

∂t
+∇ ·

(
n(r, t)W(f) −D(f) · ∇n(r, t)

)
= C1, (7.1)

gde je n(r, t) koncentracija elektrona, t je vremenska koordinata, W(f) i D(f) su fluks brzina
drifta i fluks difuzioni tenzor, respektivno, dok je C1 izvorni član, čiji je oblik potrebno odrediti.

Prostorno naelektrisanje u tečnom argonu, tečnom kriptonu i tečnom ksenonu je određeno
kvazislobodnim elektronima iz provodne zone i pozitivnim šupljinama iz valentne zone. Uz
to se broj kvazislobodnih elektrona i pozitivnih šupljina povećava pri ekscitaciji elektrona iz
valentne zone u provodnu zonu, dok se broj ovih naelektrisanih čestica smanjuje pri njihovoj
rekombinaciji. Na osnovu toga je najjednostavniji oblik izvornog člana u našem slučaju

C1 = n(r, t)
(
νi(E)− kr(E)np(r, t)

)
, (7.2)

gde su np(r, t), νi(E), kr(E) i E koncentracija pozitivnih šupljina, brzinski koeficijenat za jo-
nizaciju (ekscitaciju elektrona iz valentne zone u provodnu zonu), koeficijent rekombinacije i
rezultujuće električno polje, respektivno. Primenom ovog oblika izvornog člana dobija se jed-
načina

∂n

∂t
+∇ ·

(
nW(f) −D(f) · ∇n

)
= n(νi − krnp). (7.3)
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Ovo je drift-difuziona jednačina u kojoj figurišu fluks transportni koeficijenti. Drugi način da se
izvede drift-difuziona jednačina je da se primeni hidrodinamički razvoj fluksa čestica i izvornog
člana u jednačini kontinuiteta [27]. Ako se pri hidrodinamičkom razvoju izvornog člana zanema-
re svi članovi u kojima figurišu gradijenti koncentracije elektrona, dobije se jednačina (7.3). Na
osnovu toga je fluidni model prvog reda sa fluks transportnim koeficijentima dat jednačinama

∂n

∂t
= ∇ ·

(
D(f) · ∇n

)
−∇ ·

(
nW(f)

)
+ n(νi − krnp), (7.4)

∂np

∂t
= nνi − krnnp, (7.5)

koje su spregnute sa Poisson-ovom jednačinom. Uz to je pretpostavljeno da su vrednosti trans-
portnih koeficijenata W(f) i D(f), brzinskog koeficijenta za jonizaciju νi i koeficijenta rekombi-
nacije kr u položaju r i trenutku t određene lokalnom vrednošću rezultujućeg električnog polja
u datom trenutku E(r, t) (aproksimacija lokalnog polja). Kretanje pozitivnih šupljina se može
zanemariti u našim proračunima zbog toga što je njihova mobilnost znatno niža od mobilnosti
elektrona [234, 235].

Poisson-ova jednačina se može napisati u obliku

∆φ(r, t) =
e

ǫ0

(
n(r, t)− np(r, t)

)
, (7.6)

gde je φ električni potencijal prostornog naelektrisanja, dok je ∆ Laplasijan. Rezultujuće elek-
trično polje E je superpozicija spošalješnjeg električnog polja E0 i električnog polja koje potiče
od prostornog naelektrisanja i može se napisati u obliku

E(r, t) = E0 −∇φ(r, t), (7.7)

gde je ∇ nabla operator.

Fluidni model prvog reda sa fluks transportnim podacima se često koristi u literaturi
[27, 248–250]. Međutim, oblik izvornog člana koji je korišćen pri izvođenju jednačine (7.3) u
sebi ne sadrži informaciju o prostornim gradijentima brzinskih koeficijenata za nekonzervativne
sudarne procese, pri datoj vrednosti lokalnog rezultujućeg električnog polja [27]. Ovi prostorni
gradijenti su posledica prostornog gradijenta srednje energije elektrona i energijske zavisnosti
preseka za nekonzervativne procese. Prostorni gradijenti brzinskih koeficijenata za nekonzerva-
tivne sudarne procese se mogu reprezentovati hidrodinamičkim razvojem izvornog člana S(r, t)
u jednačini kontinuiteta (2.18) [27]. Pri tome se hidrodinamički razvoj primenjuje samo na deo
izvornog člana koji se odnosi na jonizaciju, zbog toga što deo koji opisuje rekombinaciju zavisi
i od koncentracije pozitivnih jona. U hidrodinamičkim uslovima izvorni član se može napisati
u obliku

S(r, t) = S0
i ne(r, t)− S

(1)
i · ∇ne(r, t) + S2

i : ∇∇ne(r, t)− krnp(r, t)n(r, t), (7.8)

gde su
S
(0)
i = 〈νi〉, (7.9)

S
(1)
i = 〈νir∗〉, (7.10)
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S
(2)
i =

1

2
〈νi(r∗r∗ − 〈r∗r∗〉)〉, (7.11)

pri čemu je
r∗ = r− 〈r〉. (7.12)

Primenom hidrodinamičkog razvoja izvornog člana u drift difuzionoj jednačini dobija se
jednačina oblika [27]:

∂n(r, t)

∂t
+∇ ·

(
n(r, t)W(f) −D(f) · ∇n(r, t)

)
= S(0)n(r, t)

−S(1) · ∇n(r, t) + S(2) : ∇∇n(r, t)− krnp(r, t)n(r, t). (7.13)

Ova jednačina se može napisati u obliku [27]

∂n(r, t)

∂t
+∇ ·

(
n(r, t)W(B) −D(B) · ∇n(r, t)

)
= S(0)n(r, t)

+(∇ · S(1))n(r, t)− (∇ · S(2)) · ∇n(r, t)− krnp(r, t)n(r, t). (7.14)

Fluidni model u kome se koristi ovaj oblik drift-difuzione jednačine, umesto jednačine (7.3),
nazvaćemo korigovani fluidni model, po ugledu na Bošnjakovića i saradnike [27]. Jednačina
(7.14) se pojednostavljuje kada važi

(
∇ · S(1)

)
n(r, t)−

(
∇ · S(2)

)
· ∇n(r, t) ≈ 0. (7.15)

Ovaj uslov je uvek zadovoljen u slučaju prostorno homogenog električnog polja (na primer u
lavinskoj fazi razvoja strimera), ali ima i širu oblast važenja [27].

Kada je zadovoljen uslov (7.15), jednačina (7.14) se svodi na

∂n(r, t)

∂t
+∇ ·

(
n(r, t)W(B) −D(B) · ∇n(r, t)

)
= n(r, t)(νi − krnp). (7.16)

Može se videti da jednačina (7.16) ima isti matematički oblik kao jednačina (7.3), samo što
umesto fluks transportnih koeficijenata figurišu balk transportni koeficijenti. Međutim, treba
imati u vidu da je za razliku od fluidnog modela prvog reda, u kome se koriste fluks transportni
koeficijenti, fluidni model sa balk transportnim koeficijentima dobra aproksimacija korigovanog
fluidnog modela i u prisustvu nekonzervativnih sudara, ako je zadovoljen uslov (7.15).

U našim proračunima su korišćeni fluidni model prvog reda sa fluks i balk transportnim ko-
eficijentima i korigovani fluidni model. Ovi proračuni su urađeni u okviru jednoipodimenzionog
(1.5D) fluidnog modela [27, 30, 251]. U 1.5D modelu se elektroni i elektronske šupljine nalaze
unutar cilindra radijusa R0, čija osa je postavljena duž pravca spoljašnjeg električnog polja
E0 = E0ez, gde je ez jedinični vektor duž z-ose. Pri tome vrednosti koncentracije elektrona i
elektronskih šupljina ne zavise od radijalne koordinate i azimutalnog ugla, već zavise samo od
aksijalne koordinate z. Fluidne jednačine u 1.5D fluidnom modelu prvog reda imaju oblik [27]

∂n(z, t)

∂t
=

∂

∂z

(
n(z, t)W sgn(E) +DL

∂n(z, t)

∂z

)
+
(
νi − krnp(z, t)

)
n(z, t), (7.17)
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∂np(z, t)

∂t
= n(z, t)

(
νi − krnp(z, t)

)
, (7.18)

gde je Sgn(E) signum funkcija rezultujućeg električnog polja. Brzina drifta W se ovde definiše
kao pozitivna veličina. Rezultujuće električno polje je u ovom modelu dato jednačinom

E(z, t) = E0 +
e

2ǫ0

∫ l

0

(
np(z

′, t)− n(z′, t)
)

(7.19)

·
(
sgn(z − z′)− z − z′√

(z − z′)2 +R2
0

dz′
)
, (7.20)

gde su l, e i ǫ0 međuelektrodno rastojanje, naelektrisanje elektrona i dielektrična propustljivost
vakuuma, respektivno.

Jednačine (7.17), (7.18) i (7.20) se rešavaju numerički uz granične uslove

n(z = 0, t) = 0, n(z = l, t) = 0, (7.21)

i početne uslove

n(z, 0) =
300

0.05πR2
0
l
3

√
2π

exp
(
− (z − 0.95l)2

2(0.05 l
3
)2

)
, (7.22)

np(z, t = 0) = n(z, t = 0). (7.23)

U korišćenoj numeričkoj šemi, prostorni izvodi su diskretizovani primenom centralne konačne
razlike drugog reda, a za integraciju u vremenu korišćen je Runge-Kutta 4 metod četvrtog
reda [27, 30]. Pri određivanju veličine vremenskog koraka u ovoj numeričkoj šemi, neophodno
je da budu zadovoljena dva uslova stabilnosti

∆t < Caδx/W, (7.24)

∆t < Cd(δx)
2/DL, (7.25)

gde je δx korak prostorne rešetke [27, 30]. Pri tome je Ca maksimalni Courant-ov broj za
advektivne jednačine, dok je Cd maksimalni Courant-ov broj za difuzione jednačine. Vremenski
korak koji je korišćen u našim proračunima je dovoljno mali da budu zadovoljena oba uslova.

Korigovani fluidni 1.5D model se razlikuje od jednoipodimenzionog modela prvog reda po
tome što se umesto jednačine (7.17) koristi jednačina

∂n(z, t)

∂t
=

∂

∂z

(
n(z, t)W (f)sgn(E) +D

(f)
L

∂n(z, t)

∂z

)
+
(
νi − krnp(z, t)

)
n(z, t)

−S(1)
z

∂n(z, t)

∂z
+ S(2)

zz

∂2n(z, t)

∂z∂z
, (7.26)

pri čemu su koeficijenti razvoja izvornog člana koji opisuju jonizaciju dati sa:

S(1)
z = 〈νiz∗〉, (7.27)

S(2)
z =

1

2
〈νi
(
z∗z∗ − 〈z∗z∗〉

)
〉, (7.28)

gde je z∗ = z − 〈z〉, uz šta su ostale jednačine iste kao u fluidnom modelu prvog reda [27, 30].
Pošto je u svim našim proračunima korišćena aproksimacija lokalnog polja, uzima se da su
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transportni koeficijenti, brzinski koeficijent za jonizaciju i koeficijent za rekombinaciju funkcije
trenutne vrednosti intenziteta lokalnog rezultujućeg električnog polja |E(z, t)| [27, 30].

Koeficijenat za rekombinaciju kvazislobodnih elektrona i pozitivnih šupljina je u našem radu
određen primenom skalirane Debye-ove formule kao

kr = ξkrD = ξ
4πeµ

ǫ0ǫr
, (7.29)

gde je krD Debyeov koeficijent za rekombinaciju, µ je mobilnost elektrona, ǫr je relativna
dielektrična propustljivost sredine, a ξ je faktor skaliranja, koji u našim proračunima iznosi
0.1 [119–121]. Ova formula je dobra aproksimacija koeficijenta za rekominaciju na redukova-
nim električnim poljima višim od 1 Td [119–121]. Vrednosti redukovanog električnog polja koje
su niže od 1 Td se ne pojavljuju u našim fluidnim simulacijama ni na frontu strimera ni u
strimerskom kanalu. Važno je naglasiti da je u ovim proračunima neophodno uzeti u obzir re-
kombinaciju kvazislobodnih elektrona i pozitivnih šupljina, zbog velikog uticaja ovog procesa
na dinamiku strimera u tečnoj fazi. U slučaju strimera u tečnosti koncentracija naelektrisanih
čestica je na strimerskom frontu, kao i u strimerskom kanalu, za nekoliko redova veličine viša
od odgovajuće koncentracije u slučaju strimera u gasovima. Zbog toga rekombinacija kvazislo-
bodnih elektrona i pozitivnih šupljina ima ključan uticaj na kinetiku naelektrisanih čestica u
tečnoj fazi. Ovo se može uočiti i na osnovu oblika strimerskih profila, koji su izučavani u ovom
poglavlju i koji jako podsećaju na odgovarajuće profile u elektronegativnim gasovima. Ako se
u potpunosti zanemari rekombinacija elektrona i šupljina u korišćenim fluidnim proračunima,
to dovodi do nefizičkog efekta intenzivnog nagomilavanja naelektrisanih čestica oba polariteta
na početku domena. Ovaj efekat na kraju izaziva numeričke nestabilnosti i pucanje simulacije.

U našim simulacijama l i R0 imaju vrednosti 5·10−5m i 10−5m, respektivno. Vrednost R0 je
procenjena uz uzimanje u obzir širine početne raspodele naelektrisanja i širenja usled transver-
zalne difuzije u toku trajanja simulacija. Ova vrednost se dobro slaže sa vrednoću R0 koju su
odredili drugi autori [120,121]. Međuelektrodno rastojanje l je određeno iz uslova da brzina stri-
mera dostigne stacionarnu vrednost. U našim fluidnim simulacijama u tečnom ksenonu prostor
je podeljen na 25000 ćelija, dok je u simulacijama u tečnom argonu i tečnom kriptonu prostor
podeljen na 12500 ćelija. Utvrđeno je pritom da smanjene broja ćelija sa 25000 na 12500 ne
dovodi do primetne razlike u rezultatima naših simulacija.

7.3 Negativni strimeri u tečnom ksenonu

Na slikama 97 i 98 je prikazana tranzicija elektronske lavine u negativan strimer za elek-
trone u tečnom ksenonu pri vrednosti redukovanog spoljašneg električnog polja od 59 Td i 100
Td, respektivno. Rezultati koji su prikazani na ovim slikama su dobijeni primenom balk trans-
portnih podataka koji su izračunati u prvom i četvrtom slučaju za reprezentovanje neelastičnih
sudara u tečnom ksenonu, kao i primenom balk transportnih podataka iz gasnog ksenona koji
su skalirani na gustinu tečnog ksenona. Svi rezultati prikazani na slikama 97 i 98 su dobijeni
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Slika 97: Formiranje i propagacija negativnog strimera u tečnom ksenonu za E0/n0 = 59 Td.
Ovi rezultati su dobijeni primenom prvog i četvrtog scenarija za reprezentovanje neelastičnih
energijskih gubitaka. Na ovom grafiku su, radi usporedbe, prikazani i rezultati strimerskih
simulacija u kojima su korišćeni transportni podaci iz gasnog ksenona, skalirani na gustinu
tečnog ksenona. Ovde ne označava koncentraciju elektrona, dok E/n0 označava redukovano
rezultujuće električno polje. Na grafiku je takođe prikazan i smer spoljašnjeg električnog polja.
Rezultati su dobijeni na osnovu numeričkih proračuna u okviru fluidnih modela strimera.
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Slika 98: Formiranje i propagacija negativnog strimera u tečnom ksenonu za E0/n0 = 100 Td.
Rezultati su dobijeni uz pomoć numeričkih proračuna u okviru fluidnih modela strimera.

primenom fludinog modela prvog reda. Sa slika se vidi da su na kvalitativnom nivou prostor-
ni profili strimera i rezultujućeg električnog polja u tečnom ksenonu vrlo slični odgovarajućim
prostornim profilima u gasnoj fazi. Koncentracija elektrona ima oštar maksimum na frontu stri-
mera, gde je rezultujuće električno polje znatno pojačano u odnosu na spoljašnje polje, zbog
efekata prostornog naelektrisanja. Međutim, koncentracija elektrona i rezultujuće električno
polje su znatno smanjeni u strimerskom kanalu gde je pod uticajem prostornog naelektrisanja
spoljašnje električno polje značajno zaklonjeno. U strimerskom kanalu koncentracija elektrona
opada sa povećanjem rastojanja od glave strimera, zbog rekombinacije elektrona sa pozitivnim
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šupljinama [119–121]. Sličan trend opadanja koncentracije elektrona u strimerskom kanalu je
primećen u profilima negativnih strimera u elektronegativnim gasovima [120,121]. Iako su pro-
storni profili koncentracije elektrona i rezultujućeg električnog polja vrlo slični za strimere u
tečnom ksenonu i strimere u gasovima, prostorne i vremenske skale formiranja strimera su za
oko tri reda veličine manje u tečnom ksenonu, nego u gasnoj fazi, zbog toga što je koncentracija
pozadinskih atoma za oko tri reda veličine veća u tečnosti nego u gasu.

Sa slika 97 i 98 se vidi da su brzine formiranja i propagacije strimera, koje su određene
primenom transportnih podataka izračunatih u prvom i četvrtom slučaju za reprezentovanje
neelastičnih sudara u tečnom ksenonu, znatno veće od odgovarajućih brzina koje su određene na
osnovu transportnih podataka iz gasnog ksenona, skaliranih na gustinu tečnog ksenona. Uz to su
i vrednosti koncentracije elektrona u glavi strimera i u strimerskom kanalu znatno veće u slučaju
tečnog ksenona od slučaja skaliranog gasa. Ove razlike su znatno intenzivnije na niskim nego
na visokim poljima. Zapravo, na 59 Td je raspodela elektrona koja odgovara skaliranom gasu
još uvek u lavinskoj fazi u trenutku u kome strimer u tečnom ksenonu, koji je dobijen u prvom
slučaju za reprezentovanje neelastičnih sudara, pređe celo rastojanje l. Sa druge strane, na 100
Td je strimer u skaliranom gasu skoro potpuno formiran u trenutku u kome strimer modelovan
u prvom slučaju stigne do granice sistema. Čak su i na 100 Td vrednosti brzine strimera i
koncentracije elektrona u glavi strimera i u strimerskom kanalu znatno manje u skaliranom
gasu nego u tečnom ksenonu. Značajne razlike između naših rezultata koji odgovaraju tečnom
ksenonu i skaliranom gasu jesu posledica odgovarajućih razlika u brzinskim koeficijentima za
jonizaciju. Slično tome, vrednosti brzine formiranja i propagacije strimera, kao i vrednosti
koncentracije elektrona u glavi strimera i u strimerskom kanalu, smanjuju se sa porastom broja
ekscitacija koje su uključene u set preseka, zbog opadanja brzinskog koeficijenta za jonizaciju
sa povećanjem broja ekscitacija koje su uključene u model.

Slika 99 prikazuje prostorne profile strimera i rezultujućih električnih polja u sva četiri
slučaja za reprezentovanje neelastičnih sudara u tečnom ksenonu za vrednosti redukovanog
spoljašnjeg električnog polja od 35 Td, 59 Td i 100 Td, respektivno u trenutku t = 73 ps.
Ovaj vremenski trenutak je izabran budući da tada najbrži strimer stigne do granice sistema.
Generalni trendovi zavisnosti strimerskog profila od koordinate su isti u sva četiri slučaja za
reprezentovanje neelastičnih sudara i za sve četiri vrednosti redukovanog spoljašnjeg električnog
polja. Međutim, sa ovog grafika se vidi da se vrednosti brzine strimera, kao i vrednosti koncen-
tracije elektrona u glavi strimera i u strimerskom kanalu, povećavaju sa porastom redukovanog
spoljašnjeg električnog polja E0/n0. Takođe se vidi da ove vrednosti opadaju sa povećanjem
broja ekscitacija koje su uključene u model.

Na slici 100 se daju vrednosti brzine strimera u sva četri slučaja za reprezentovanje neelastič-
nih sudara u tečnom ksenonu, u funkciji E0/n0. Radi usporedbe su na istom grafiku prikazane i
vrednosti brzine strimera u skaliranom gasnom ksenonu i vrednosti balk brzine drifta u prvom
slučaju. Ovi rezultati su dobijeni primenom klasičnog fluidnog modela u kome su korišćeni balk
transportni podaci. Sa grafika se vidi da je brzina strimera u svakom od razmatranih slučajeva
za reprezentovanje neelastičnih sudara u tečnosti znatno veća od balk brzine drifta. Ovo je
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Slika 99: Prostorni profili koncentracije elektrona ne i redukovanog električnog polja E/n0 za
tri različite vrednosti spoljašnjeg električnog polja E0. Prikazani profili su određeni primenom
četiri različita scenarija za reprezentovanje neelastičnih sudara u tečnom ksenonu. Svi profili su
prikazani u trenutku t = 73 ps. Rezultati su dobijeni na osnovu numeričkih proračuna u okviru
fluidnih modela strimera.

očekivano zbog toga što je brzina strimera određena kombinacijom balk brzine drifta elektrona
i jonizacije u glavi strimera, u kojoj je rezultujuće električno polje znatno veće od spoljašnjeg
električnog polja, kao i snažnim difuzionim fluksom na frontu strimera. Takođe se može videti
da brzina strimera naglo opada sa povećanjem broja ekscitacija koje su uključene u model. Na
primer, na redukovanom električnom polju od 100 Td brzina strimera je u četvrtom slučaju za
oko 40% manja od brzine strimera u prvom slučaju za reprezentovanje neelastičnih sudara. Po-
red toga je na 100 Td brzina strimera u skaliranom gasu oko 2.5 puta manja od brzine strimera
u prvom slučaju za reprezentovanje neelastičnih sudara, dok je ova razlika još intenzivnija na
nižim poljima. Razlike u vrednostima brzine strimera u svim razmatranim slučajevima su po-
sledica razlika između odgovarajućih brzinskih koeficijenata za jonizaciju u ovim slučajevima.

Na slici 101 su prikazani prostorni profili koncentracije elektrona i rezultujućeg električnog
polja, koji su određeni u četvrtom slučaju za reprezentovanje neelastičnih sudara u tečnom
ksenonu, pri redukovanom spoljašnjem električnom polju od 100 Td. Rezultati koji su prikazani
na ovom grafiku su dobijeni primenom fluidnog modela prvog reda sa fluks i balk transportnim
podacima, kao i primenom korigovanog fluidnog modela. Uočava se da se rezultati fluidnog
modela prvog reda u kome su korišćeni balk transportni podaci jako dobro slažu sa rezultatima
korigovanog fluidnog modela u okolini fronta strimera. Nasuprot tome, fluidni model prvog reda
u kome su korišćeni fluks transportni podaci predviđa nešto sporiju propagaciju strimera nego
preostala dva modela.

Vrednosti brzine strimera u funkciji redukovanog spoljašnjeg električnog polja E0/n0, koje
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Slika 100: Vrednosti brzine strimera za elektrone u tečnom ksenonu u funkciji redukovanog
spoljašnjeg polja E0/n0 u sva četiri scenarija za reprezentovanje neelastičnih gubitaka energije.
Ovi rezultati su dobijeni primenom fluidnog modela prvog reda sa balk transportnim podacima.
Brzina strimera koja je određena primenom transportnih podataka za gasni ksenon, koji su
skalirani na gustinu tečnog ksenona i balk brzina drifta u tečnom ksenonu, koja je određena u
prvom slučaju za reprezentovanje neelastičnih sudara u tečnom ksenonu, takođe su prikazane
na ovom grafiku radi poređenja. Rezultati su dobijeni na osnovu numeričkih proračuna u okviru
fluidnih modela strimera.
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Slika 101: Formiranje i propagacija negativnog strimera u tečnom ksenonu u redukovanom
spoljašnjem električnom polju E/n0 = 100Td. Ovi rezultati su dobijeni na osnovu numeričkih
proračuna u okviru korigovanog fluidnog modela i fluidnog modela prvog reda sa fluks i balk
podacima, uz primenu četvrtog slučaja za reprezentovanje neelastičnih sudara.
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Slika 102: Vrednosti brzine strimera koje su određene primenom korigovanog fluidnog modela i
fluidnog modela prvog reda sa fluks i balk podacima. Ovi proračuni su urađeni u okviru četvrtog
scenarija za reprezentovanje neelastičnih gubitaka energije.

su određene u četvrtom slučaju za reprezentovanje neelastičnih sudara u tečnom ksenonu pri-
kazane su na slici 102. Ovi rezultati su dobijeni primenom fluidnog modela prvog reda sa fluks
i balk transportnim podacima, kao i primenom korigovanog fluidnog modela. Grafik pokazuje
kako je slaganje između vrednosti brzine strimera, koje su određene u ova tri modela, slično
kao slaganje odgovarajućih prostornih profila strimera. Naime, vrednosti brzine strimera koje
su određene primenom fluidnog modela prvog reda u kome su korišćeni balk transportni po-
daci gotovo se podudaraju sa odgovarajućim vrednostima brzine koje su određene primenom
korigovanog fluidnog modela. Međutim, brzina strimera koja je određena primenom fluidnog
modela prvog reda u kome su korišćeni fluks transportni podaci je niža od brzine koja je odre-
đena u preostala dva modela. Ove razlike su najizraženije na visokim vrednostima redukovanog
spoljašnjeg električnog polja.

7.4 Negativni strimeri u tečnom argonu i tečnom kriptonu

Na slikama 103 i 104 je ilustrovana tranzicija elektronske lavine u negativan strimer za elek-
trone u tečnom argonu pri vrednosti redukovanog spoljašneg električnog polja od 59 Td i 100
Td, respektivno, dok je tranzicija elektronske lavine u negativan strimer u tečnom kriptonu pri
ove dve vrednosti redukovanog spoljašneg električnog polja prikazana na graficima 105 i 106
respektivno. Rezultati na graficima dobijeni su primenom fluidnog modela prvog reda, u kome
su korišćeni balk transportni podataci, izračunati u prvom i drugom slučaju za reprezentova-
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nje neelastičnih sudara u tečnosti. Za razliku od prvog slučaja za reprezentovanje neelastičnih
energijskih gubitaka u tečnoj fazi gde su sve ekscitacije zanemarene, u drugom slučaju su uzete
u obzir sve ekscitacije, čiji je prag niži od praga za zonski prelaz. Sa slika se vidi da su, kao
i u tečnom ksenonu, prostorni profili koncentracije elektrona i rezultujućeg električnog polja
u tečnom argonu i tečnom kriptonu na kvalitativnom nivou slični kao odgovarajući prostorni
profili u gasnoj fazi, pri čemu su prostorne i vremenske skale formiranja strimera u tečnosti
manje za oko tri reda veličine, zbog znatno veće koncentracije pozadinskih atoma u tečnosti
nego u gasu. Takođe se vidi da vrednosti brzine formiranja i propagacije strimera, vrednosti
koncentracije elektrona u glavi strimera i u strimerskom kanalu, kao i intenzitet efekata pro-
stornog naelektrisanja opadaju sa porastom broja ekscitacija koje su uključene u set preseka
za elektrone u tečnom argonu i tečnom kriptonu. Ovo je, kao i u tečnom ksenonu, posledica
opadanja koeficijenta za jonizaciju sa povećanjem broja ekscitacija.
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Slika 103: Formiranje i propagacija negativnog strimera u tečnom argonu za E0/n0 = 59 Td.
Ovi rezultati su dobijeni primenom prvog i drugog scenarija za reprezentovanje neelastičnih
energijskih gubitaka. Ovde ne označava koncentraciju elektrona, dok E/n0 označava redukovano
rezultujuće električno polje. Na ovom je grafiku prikazan i smer spoljašnjeg električnog polja.
Rezultati su dobijeni na osnovu numeričkih proračuna u okviru fluidnih modela strimera.

Slika 107 prikazuje poređenja vrednosti balk brzine strimera u prvom i drugom slučaju za
reprezentovanje neelastičnih sudara, za elektrone u tečnom argonu i tečnom kriptonu. U obe
tečnosti balk brzina strimera značajno opada sa povećanjem broja ekscitacija koje su uključene
u model, zbog smanjenja koeficijenta za jonizaciju sa porastom broja ekscitacija.

Na slici 108 su predstavljene vrednosti brzinskih koeficijenata za jonizaciju za elektrone u
tečnom argonu, tečnom kriptonu i tečnom ksenonu, kao i u odgovarajućim gasovima, u funkciji
E/n0. Uz to, slika 109 reprezentuje vrednosti ovih brzinskih koeficijenata koje su pomnožene
sa odgovarajućom koncentracijom pozadinskih atoma u tečnoj fazi. U gasnoj fazi je do oko 700
Td brzinski koeficijent za jonizaciju u ksenonu niži od brzinskog koeficijenta u preostala dva
gasa. Pored toga je brzinski koeficijent za jonizaciju u kriptonu niži od odgovarajućeg brzinskog
koeficijenta u argonu do oko 400 Td. No u tečnoj fazi je brzinski koeficijent za jonizaciju u
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Slika 104: Formiranje i propagacija negativnog strimera u tečnom argonu za E0/n0 = 100 Td.
Rezultati su dobijeni uz pomoć numeričkih proračuna u okviru fluidnih modela strimera.
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Slika 105: Formiranje i propagacija negativnog strimera u tečnom kriptonu za E0/n0 = 59 Td.
Ovi rezultati su dobijeni primenom prvog i drugog scenarija za reprezentovanje neelastičnih
energijskih gubitaka. Ovde ne označava koncentraciju elektrona, a E/n0 označava redukovano
rezultujuće električno polje. Na grafiku je takođe prikazan smer spoljašnjeg električnog polja.
Rezultati su dobijeni primenom numeričkih proračuna u okviru fluidnih modela strimera.

ksenonu viši od brzisnkih koeficijenata u argonu i kriptonu do oko 77 Td. Na poljima višim od
77 Td brzinski koeficijent za jonizaciju u tečnom kriptonu viši je od odgovarajućeg koeficijenta
u tečnom ksenonu. Brzinski koeficijent za jonizaciju u tečnom argonu je niži od odgovarajućih
koeficijenata u preostale dve tečnosti do 1000 Td. Faktori koji utiču na razliku između brzinskih
koeficijenata za jonizaciju u tečnoj i gasnoj fazi jesu sniženje praga za jonizaciju u tečnoj fazi
u odnosu na gasnu fazu i broj ekscitacija u tečnoj fazi, jer ekscitacije predstavljaju konku-
rentan proces jonizaciji. Pritom su naročito značajne ekscitacije čiji su pragovi niži od praga
za jonizaciju u tečnoj fazi. Jedan od razloga zbog kojih je brzisnki koeficijent za jonizaciju u
tečnom argonu niži nego u preostale dve tečnosti je prisustvo većeg broja ekcitacija u argonu,
čiji su pragovi niži od praga za jonizaciju u tečnoj fazi. Drugi uzročnik je manje sniženje praga
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Slika 106: Formiranje i propagacija negativnog strimera u tečnom kriptonu za E0/n0 = 100 Td.
Rezultati su dobijeni na osnovu numeričkih proračuna u okviru fluidnih modela strimera.
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Slika 107: Vrednosti brzine strimera koje su određene primenom prvog i drugog scenarija za
reprezentovanje neelastičnih gubitaka energije za elektrone u tečnom argonu i tečnom kriptonu.
Rezultati su dobijeni uz pomoć numeričkih proračuna u okviru fluidnih modela strimera.

za jonizaciju u tečnoj fazi (u odnosu na gasnu fazu) u tečnom argonu nego u preostale dve
tečnosti. Brzinski koeficijent u tečnom ksenonu je viši od odgovarajućeg koeficijenta u tečnom
kriptonu do oko 77 Td zbog većeg sniženja praga za jonizaciju u tečnoj fazi. Međutim, sniže-
nje praga za jonizaciju ima manji uticaj na brzinski koeficijent za jonizaciju na višim poljima,
pa brzinski koeficijent za jonizaciju u tečnom kriptonu nadmašuje odgovarajući koeficijent u
tečnom ksenonu.

Iako je brzinski koeficijent za jonizaciju u tečnom argonu niži nego u preostale dve tečnosti
do oko 1000 Td, koncentracija pozadinskih atoma je najveća u tečnom argonu (2.1·1028m−3),
a najmanja u tečnom ksenonu (1.4·1028m−3). Zato je brzinski koeficijent za jonizaciju u teč-
nom argonu, koji je pomnožen sa odgovarajućom koncentracijom pozadinskih atoma (skalirani
brzinski koeficijent), viši od odgovarajućeg koeficijenta u tečnom ksenonu na poljima višim od
100 Td. Slično tome, skalirani brzinski koeficijent za jonizaciju u tečnom kriptonu viši je od
odgovarajućeg koeficijenta u tečnom ksenonu na poljima višim od oko 50 Td. Skalirani brzinski
koeficijent u tečnom kriptonu veći je od odgovarajućeg brzinskog koeficijenta u tečnom argonu
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Slika 108: Brzinski koeficijenti za jonizaciju u funkciji redukovanog električnog polja E/n0 za
elektrone u tečnom argonu, tečnom kriptonu i tečnom ksenonu. Zarad poređenja, na grafiku su
prikazani i brzinski koeficijenti za jonizaciju u odgovarajućim gasovima. Rezultati su dobijeni
primenom Monte Carlo simulacija.

do 1000 Td. Pošto intenzitet lavinske multiplikacije elektrona zavisi od proizvoda brzinskog
koeficijenta za jonizaciju i koncentracije pozadinskih atoma, lavinska multiplikacija je najveća
u tečnom kriptonu na poljima višim od oko 50 Td, dok je na poljima višim od 100 Td lavinska
multiplikacija u tečnom ksenonu manja nego u preostale dve tečnosti.

Na slici 110 je prikazano poređenje vrednosti brzine strimera u tečnom argonu, tečnom
kriptonu i tečnom ksenonu, u funkciji redukovanog spoljašnjeg električnog polja E0/n0. Ovi
rezultati su dobijeni primenom fluidnog modela prvog reda, u kome su korišćene balk vrednosti
transportnih koeficijenata. Vrednosti brzine strimera koje su dobijene primenom korigovanog
fluidnog modela gotovo su jednake odgovarajućim vrednostima koje su dobijene primenom
fluidnog modela prvog reda u kome su korišćeni balk transportni podaci za sve tri tečnosti, u
razmatranom opsegu redukovanog spoljašnjeg električnog polja (razlike su uvek manje od 5% u
ovom opsegu polja). Sa grafika se vidi da je brzina strimera u tečnom kriptonu primetno veća od
brzine strimera u presotale dve tečnosti u celom razmatranom opsegu redukovanog spoljašnjeg
električnog polja, pri čemu su ove razlike najizraženije na visokim poljima. Istovremeno važi da
je brzina strimera u tečnom argonu viša od odgovarajuće brzine u tečnom ksenonu, uz šta je
ova razlika mala na 35 Td, ali je znatno veća na višim poljima.

Razlike između vrednosti brzina negativnih strimera tečnom argonu, tečnom kriptonu i
tečnom ksenonu, koje su prikazane na slici 110, u skladu su sa razlikama između vrednosti ska-
liranih brzinskih koeficijenta za jonizaciju u ove tri tečnosti. Brzina strimera je naime određena
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Slika 109: Brzinski koeficijenti za jonizaciju skalirani sa koncentracijom tečnosti u funkciji re-
dukovanog električnog polja E/n0 za elektrone u tečnom argonu, tečnom kriptonu i tečnom
ksenonu. Na ovom grafiku su, s ciljem komparacije, prikazani i brzinski koeficijenti za joniza-
ciju u gasnoj fazi koji su skalirani koncentracijom odgovarajuće tečnosti. Rezultati su dobijeni
na osnovu Monte Carlo simulacija.

dinamikom elektrona u glavi strimera, pri čemu je u našim simulacijama rezultujuće električno
polje u glavi strimera oko 2.5 puta veće od spoljašnjeg električnog polja. Tako se i na 35 Td
rezultujuće električno polje u glavi strimera nalazi u opsegu polja u kome je skalirani brzinski
koeficijent za jonizaciju u tečnom kriptonu primetno veći nego u preostale dve tečnosti. Pošto
je pak vrednost skaliranog brzinskog koeficijenta u tečnom argonu jako bliska odgovarajućoj
vrednosti u tečnom ksenonu u opsegu polja između 77 Td i 130 Td, na najnižim poljima je
brzina strimera u tečnom argonu samo malo viša od odgovarajuće brzine u tečnom ksenonu,
ali se ova razlika povećava sa porastom polja.

7.5 Zaključak

U ovom poglavlju su proučavani negativni strimeri u tečnom argonu, tečnom kriptonu i
tečnom ksenonu. Potpoglavlje 7.2 prikazuje fluidne modele strimera. Prvo je prikazan fluid-
ni model prvog reda, koji je zadat drift-difuzionom jednačinom za elektrone i jednačinama
za balans broja čestica za naelektrisane čestice niže mobilnosti. Uticaj naelektrisanih čestica
na rezultujuće električno polje je određen na osnovu Poisson-ove jednačine, dok su vrednosti
transportnih veličina za elektrone u svakoj tački prostora određene primenom aproksimaci-
je lokalnog polja. U posmatranom sistemu se broj slobodnih nosilaca naelektrisanja povećava
ekscitovanjem elektrona iz valentne zone u provodnu zonu, dok se njihov broj smanjuje re-
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Slika 110: Poređenje brzine negativnih strimera za elektrone u tečnom argonu, tečnom kriptonu
i tečnom ksenonu u funkciji redukovanog spoljašnjeg električnog polja E0/n0. Rezultati su
dobijeni primenom fluidnog modela prvog reda sa balk transportnim podacima.

kombinacijom kvazislobodnih elektrona i elektronskih šupljina. Koeficijent za rekombinaciju
kvazislobodnih elektrona i elektronskih šupljina je određen primenom skalirane Debye-ove for-
mule. Uticaj nekonzervativnih procesa na promenu koncentracije elektrona opisan je izvornim
članom. Ako se pri izvođenju drift-difuzione jednačine iz Boltzmann-ove jednačine pretposta-
vi najjednostavniji oblik izvornog člana, u kome su zanemareni prostorni gradijenti brzinskih
koeficijenata za nekonzervativne sudarne procese, dobije se fluidni model prvog reda sa fluks
transportnim koeficijentima. Drift-difuziona jednačina se može izvsti i iz jednačine kontinuite-
ta, ukoliko se iskoristi hidrodinamički razvoj fluksa čestica i izvornog člana. Na taj se način
dobija oblik drift-difuzione jednačine u kome eksplicitno figurišu članovi koji opisuju prostorne
gradijente brzinskih koeficijenata za nekonzervativne sudarne procese. Fluidni model u kome
figuriše ovaj oblik drift-difuzione jednačine zove se fluidni model baziran na hidrodinamičkoj
aproksimaciji ili korigovani fluidni model. Kada se u korigovanom modelu mogu zanemariti pro-
storni gradijenti koeficijenata u hidrodinamičkom razvoju izvornog člana, ovaj se model svodi
na fluidni model prvog reda sa balk transportnim koeficijentima. Na osnovu toga se vidi da je
fluidni model prvog reda sa balk transportnim koeficijentima bolja aproksimacija korigovanog
fluidnog modela od fluidnog modela prvog reda u kome figurišu fluks transportni koeficijenti.

Numerička implementacija fluidnih modela, koji su korišćeni u ovoj disertaciji, zasnovana je
na takozvanom jednoipodimenzionom (1.5D) modelu. U ovom modelu je pretpostavljeno da se
naelektrisane čestice nalaze unutar cilindra sa konstantnim poluprečnikom. Pored toga je pret-
postavljeno da koncentracija naelektrisanih čestica ne zavisi od radijalne koordinate i ugaone
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koordinate, već da zavisi samo od aksijalne koordinate. Vrednosti rezultujućeg električnog polja
i transportne veličine elektrona se izračunavaju samo na osi cilindra. 1.5D model daje realistič-
niji opis ukupnog električnog polja od jednodimenzionog modela. Na kraju potpoglavlja 7.2 su
prikazane vrednosti parametara modela koje su korišćene u okviru ove disertacije.

U potpoglavlju 7.3 razmatrani su formiranje i propagacija negativnih strimera u tečnom
ksenonu u konstantnom spoljašnjem električnom polju. Na početku ovog potpoglavlja je upore-
đena dinamika evolucije strimera u prvom i četvrtom scenariju za reprezentovanje neelastičnih
sudara u tečnoj fazi, kao i u scenariju u kome su transportni podaci iz gasne faze skalirani na
gustinu tečnosti. Uočeno je da povećanje broja ekscitacija, koje su uključene u model, značajno
usporava formiranje i propagaciju strimera. Još značajnije smanjenje brzine formiranja i pro-
pagacije strimera se dobije kada se u simulacijma koriste skalirani transportni podaci iz gasne
faze. Brzina strimera, koja je određena u simulacijama, znatno je viša od balk brzine drifta,
koja odgovara datoj vrednosti spoljašnjeg električnog polja. Na kraju ovog potpoglavlja je pri-
kazano poređenje rezultata koji su dobijeni primenom korigovanog fluidnog modela i fluidnog
modela prvog reda sa fluks i balk transportnim podacima. Uočeno je da se brzina strimera
u fluidnom modelu prvog reda, u kome su korišćeni balk transportni podaci, odlično slaže sa
brzinom strimera koja je određena u korigovanom fluidnom modelu, dok je brzina strimera u
fludinom modelu prvog reda sa fluks transportnim podacima nešto niža od brzine strimera u
preostala dva modela.

U odeljku 7.4 predstavili smo formiranje i propagaciju negativnih strimera u tečnom argo-
nu i tečnom kriptonu u konstantnom spoljašnjem električnom polju. Na početku je razmatran
uticaj broja ekscitacija koje su uključene u model na dinamiku negativnih strimera u ovim teč-
nostima. Primećeno je da brzine formiranja i propagacije strimera opadaju sa porastom broja
ekscitacija koje su uključene u model, kao i u slučaju ksenona. Takođe su upoređeni profili
zavisnosti brzine strimera od redukovanog spoljašnjeg električnog polja u tečnom argonu, teč-
nom kriptonu i tečnom ksenonu. Ovi profili su analizirani na osnovu brzinskih koeficijenata
za jonizaciju u ovim tečnostima i na osnovu rejtova za jonizaciju (brzinskih koeficijenata ska-
liranih sa koncentracijom pozadisnkih atoma u tečnosti). Brzinski koeficijent za jonizaciju je
najviši u tečnom ksenonu do približno 80 Td, zbog najvećeg sniženja praga za jonizaciju u ovoj
tečnosti. U opsegu polja između približno 80 Td i 1000 Td brzinski koeficijent za jonizaciju
je najviši u tečnom kriptonu. Brzinski koeficijent za jonizaciju u tečnom argonu je niži nego
u preostale dve tečnosti u celom razmatranom opsegu polja. Međutim, koncentracija pozadin-
skih atoma je najviša u tečnom argonu a najniža u tečnom ksenonu. Zbog toga je skalirani
brzinski koeficijent za jonizaciju najviši u tečnom kriptonu između približno 50 Td i 1000 Td,
a najniži u tečnom ksenonu između približno 100 i 1000 Td. Razlike između vrednosti brzine
negativnog strimera u različitim tečnostima na određenom redukovanom električnom polju su
u saglasnosti sa vrednostima skaliranog brzinskog koeficijenta za jonizaciju na 2.5 puta većem
redukovanom električnom polju, koje odgovara vrednosti rezultujućeg električnog polja u glavi
strimera. Na osnovu toga je brzina negativnog strimera najviša u tečnom kriptonu, a najniža
u tečnom ksenonu u razmatranom opsegu redukovanog spoljašnjeg električnog polja.
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8 Zaključak

Ova doktorska disertacija je koncipirana na način da u sebi sadrži dve globalne i međusobno
koherentne celine. Prva celina se odnosi na razvoj teorije i metodologije za proučavanje trans-
portnih koeficijenata trećeg reda za rojeve lakih naelektrisanih čestica u gasovima. U drugoj
celini ove disertacije razmatrani su problemi transporta elektrona, tranzicije lavina elektro-
na, formiranja i propagacije negativnih strimera u atomskim tečnostima visoke mobilnosti u
uslovima u kojima se ne pojavljuju gasni mehurići i zarobljavanje elektrona u dislokacijama
soft-kondenzovane materije.

Transportni koeficijenti trećeg reda su potrebni za konverziju hidrodinamičkih transportnih
koeficijenata, koji se mogu direktno izračunati u okviru kinetičke teorije rojeva, u transportne
podatke koji se određuju u stacionarnom Townsend-ovom eksperimentu (eng. steady-state To-
wnsend experiment) i eksperimentu sa spektrom pristižućih čestica (eng. arrival-time spectra
experiment). Razlike između transportnih podataka koji se mere u različitim tipovima ekspe-
rimenata sa rojevima naelektrisanih čestca mogu biti kako kvantitativno tako i kvalitativno
značajne u prisustvu nekonzervativnih sudara. U tom smislu, neophodna je velika pažnja pri
interpretaciji transportnih podataka koji su određeni u različitim tipovima eksperimenata, kao
i pri primeni ovih podataka u proceduri za određivanje kompletnih setova preseka na osnovu
metode rojeva (eng. swarm procedure), ili u direktnoj primeni ovih podataka u fluidnim mo-
delima neravnotežne plazme. U literaturi se pak često ne vodi računa o poreklu i interpretaciji
korišćenih transportnih podataka, što može značajno smanjiti pouzdanost tako dobijenih re-
zultata. Zbog toga su sistematično izračunavanje hidrodinamičkih transportnih koeficijenata
prvog, drugog i trećeg reda, kao i njihova pažljiva konverzija u željeni tip eksperimentalnih
podataka neophodni za otklanjanje ovog izvora nesigurnosti.

Transportni koeficijenti trećeg reda su neophodni za bolji opis prostornih raspodela rojeva
naelektrisanih čestica u uslovima u kojima postoji asimetrično odstupanje ovih raspodela od
idealnog Gaussian-a. Prostorni profili rojeva naelektrisanih čestica, koji se mogu reprezentovati
približnom analitičkom formulom u kojoj figurišu transportni koeficijenti trećeg reda, primećeni
su u eksperimentima i u Monte Carlo simulacijama. Odstupanje prostornog profila naelektri-
sanih čestica od idealnog Gaussian-a je naročito izraženo pri niskim vrednostima koncentracije
atoma pozadinskog gasa i u ranim fazama vremenske evolucije roja. Ako bi transportni koe-
ficijenti trećeg reda bili računati i mereni sa dovoljnom preciznošću, oni bi bili jako korisni u
proceduri za određivanje kompletnih setova preseka na osnovu metode rojeva. U ovoj disertaciji
je pokazano da su transportni koeficijenti trećeg reda osetljiviji na energijsku zavisnost preseka
za elementarne sudarne procese od transportnih koeficijenata nižeg reda, uključujući brzinu
drifta i komponente difuzionog tenzora. Pored toga, povećanje broja transportnih koeficijena-
ta koji se koriste u ovoj proceduri smanjilo bi problem nejednoznačnosti rezultujućih setova
preseka.

U dosadašnjoj literaturi nije bila određena struktura transportnog tenzora trećeg reda u
prisustvu magnetskog polja. Pored toga, fizička interpretacija pojedinačnih komponenti ovog
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tenzora nije bila pažljivo analizirana, što nije bio slučaj ni sa uticajem energijske zavisnosti
preseka za elastične, neelastične i nekonzervativne sudare na ove komponente. Proračuni trans-
portnih koeficijenata trećeg reda za elektrone u atomskim gasovima bili su ograničeni na niska
električna polja, na kojima se efekat neelastičnih sudara može zanemariti, dok su proračuni u
molekularnim gasovima bili ograničeni isključivo na longitudinalnu komponentu transportnog
tenzora trećeg reda za elektrone u gasovima SF6 i CH4. Ove činjenice predstavljaju motivacione
faktore za istraživanje koje je prikazano u ovoj disertaciji.

U okviru ove disertacije, transportni koeficijenti trećeg reda su sistematski proučavani u
Monte Carlo simulacijama i na osnovu metoda više članova za numeričko rešavanje Boltzmann-
ove jednačine. Obe ove tehnike se smatraju egzakntim u okviru kinetičke teorije rojeva naelek-
trisanih čestica u neutralnim gasovima i tečnostima. Korektnost teorijskih modela i numerički
integritet kompjuterskih kodova su provereni u velikom broju benčmark proračuna, u kojima su
rojevi naelektrisanih čestica bili pod uticajem vremenski stacionarnih i vremenski promenljivih
električnih i magnetskih polja, u prisustvu kako konzervativnih tako i nekonzervativnih sudara.
U ovoj disertaciji, inicijalne verzije kompjuterskih kodova baziranih na Monte Carlo metodu i
numeričkom rešavanju Boltzmann-ove jednačine proširene su uvođenjem novih elemenata koji
su omogućili sistematsko ispitivanje transportnih koeficijenata trećeg reda u modelnim i realnim
gasovima. U našem su istraživanju, gde god je bilo moguće, transportni koeficijenti trećeg reda
izračunati uz pomoć obe tehnike i međsubno su upoređeni ne bi li se izbegla svaka sumnja u
njihovo ponekad atipično ponašanje u električnim i magnetskim poljima.

Istraživanje transporta naelektrisanih čestica u tečnoj fazi od značaja je za mnoge važne
primene, uključujući upotrebu plazme u medicini, detektore čestica visoke energije sa tečnim
argonom ili tečnim ksenonom, pročišćavanje vode primenom plazme i transformatorska ulja.
Dalji razvoj i optimizacija ovih primena zavise od temeljnog razumevanja efekata koji utiču
na dinamiku elektrona, jona i metastabila u tečnoj fazi. Modelovanje transporta naelektrisanih
čestica u tečnostima je još uvek u fazi razvoja zbog kompleksnosti razmatranog sistema, kao i
zbog velikog broja pojedinačnih procesa koji se dešavaju na različitim prostornim i vremenskim
skalama. Dinamika elektrona u tečnoj fazi je pod snažnim uticajem koherentnog rasejanja, zaro-
bljavanja u lokalnim oblastima niže gustine, interakcije sa pojedinačnim atomima i molekulima
u tečnosti i solvatacije u polarnim tečnostima.

Uprkos brojnim efektima koji značajno modifikuju dinamiku elektrona u tečnostima, mnogi
raniji modeli su aproksimirali transportne podatke iz tečne faze odgovarajućim podacima iz
gasne faze, koji su skalirani na koncentraciju pozadinskih atoma u tečnosti. Svi egzaktni pro-
računi transporta elektrona u atomskim tečnostima, koji se mogu naći u literaturi, ograničeni
su na nisku oblast redukovanog električnog polja, gde se neelastični i nekonzervativni sudari
mogu zanemariti, uprkos tome što su za razvoj lavine elektrona i dinamiku strimera od ključnog
značaja upravo vrednosti transportnih veličina na visokim poljima. U nekoliko teorijskih radova
koji razmatraju transport elektrona na visokim električnim poljima nije dovoljno pažljivo ana-
liziran uticaj neelastičnih sudara i nije jasno prikazan set preseka za ekscitacije koji je korišćen
za određivanje prikazanih rezultata. Pored toga, modeli strimera u tečnoj fazi koji se mogu

190



naći u literaturi ne koriste transportne podatke koji su izračunati u tečnoj fazi, već ove podatke
određuju na osnovu aproksimativnih analitičkih formula sumnjive pouzdanosti. Egzaktni pro-
računi transporta elektrona i dinamike strimera u tečnoj fazi trenutno nisu mogući, jer tačne
vrednosti preseka za neelastične i nekonzervativne sudare u tečnostima još uvek nisu pozna-
te u literaturi. Međutim, pažljivim razmatranjem aproksimativnih modela za reprezentovanje
neelastičnih sudara u tečnostima mogu se napraviti preliminarne procene uticaja neelastičnih
sudara na transport elektrona i dinamiku strimera u tečnoj fazi. Ovi modeli mogu poslužiti kao
značajan motivacioni faktor za izračunavanje preseka za neelastične i nekonzervativne sudare u
tečnostima.

U ovoj su disertaciji transportni podaci za elektrone u nepolarnim atomskim tečnostima
velike mobilnosti određeni primenom Monte Carlo simulacija. Za naše potrebe je postojeći
Monte Carlo kod za rojeve naelektrisanih čestica u neutralnim gasovima proširen uvođenjem
novih elemenata koji su omogućili simulacije transporta u nepolarnim atomskim tečnostima.
Najvažniji novi element u Monte Carlo kodu su tri efektivna sudarna procesa koji obezbeđuju
dobru reprezentaciju srednjeg transfera impulsa i energije pri koherentnom rasejanju. Ispravnost
implementacije koherentnog rasejanja u Monte Carlo kodu i numerički integritet odgovarajućih
numeričkih procedura potvrđeni su poređenjem rezultata proračuna transportnih podataka
za elektrone u Percus-Yevick-ovoj modelnoj tečnosti sa rezultatima koji se mogu pronaći u
literaturi, a koji su dobijeni u nezavisnim Monte Carlo simulacijama i na osnovu numeričkih
rešenja Boltzmann-ove jednačine.

Numerički proračuni formiranja i propagacije strimera u tečnoj fazi, koji su urađeni u okvi-
ru ove disertacije, zasnovani su na fludinom modelu prvog reda i tzv. korigovanom fluidnom
modelu, baziranom na razvoju izvornog člana u jednačini kontinuiteta po gradijentima kon-
centracije elektrona. Oba modela su numerički realizovana u 1.5 dimenziji. Rezultati fluidnog
modela prvog reda u kome su korišćeni fluks i balk transportni podaci upoređeni su sa odgo-
varajućim rezultatima korigovanog fluidnog modela, kako bi se utvrdila osetljivost rezultata na
razlike između ovih modela, kao i na razlike u korišćenom tipu transportnih koeficijenata.

Ova doktorska disertacija organizovana je u osam poglavlja, uključujući uvodno poglavlje
i zaključak. U uvodnom poglavlju prikazana je motivacija za proučavanja transportne teori-
je rojeva naelektrisanih čestica i neravnotežnih plazmi. Zatim smo diskutovali o prednostima i
manama fluidnih modela, čestičnih modela i metoda za numeričko rešavanje Boltzmann-ove jed-
načine u modelovanju neravnotežnih plazmi. Usledio je kratak istorijski osvrt na razvoj metode
više članova za rešavanje Boltzmann-ove jednačine. Identifikovane su poteškoće u teorijskom
opisu transporta naelektrisanih čestica u tečnoj fazi. Potom je dat pregled stanja u oblasti mo-
delovanja transporta naelektrisanih čestica u tečnostima i soft-kondenzovanoj materiji. Posebnu
pažnju posvetili smo motivaciji za izučavanje transportnih koeficijenata trećeg reda za rojeve
naelektrisanih čestica u gasovima i tečnostima. Na kraju ovog poglavlja dat je kratak pregled
preostalih poglavlja u disertaciji.

U drugom poglavlju su predstavljeni osnovni elementi teorije rojeva naelektrisanih čestica
u gasovima i tečnostima. Na početku ovog poglavlja je definisan roj naelektrisanih čestica, a
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zatim su prikazane osnove teroje rasejanja elektrona na izolovanom atomu, kao i neophodne
modifikacije ove teorije za izračunavanje preseka za rasejanje elektrona u atomskim tečnostima.
Nakon toga, u kratkim crtama je predstavljena hidrodinamička teorija transporta naelektrisanih
čestica i definisane su dve različite familije transportnih koeficijenata, fluks i balk. Na kraju
ovog poglavlja je prikazana struktura vektorskih i tenzorskih transportnih koeficijenata u svim
konfiguracijama električnog i magnetskog polja.

Centralna tema trećeg poglavlja jesu metodi za izračunavanje transportnih koeficijenata i
drugih transportnih veličina, a koji su predmet ove diertacije. Na početku je predstavljen metod
više članova za numeričko rešavanje Boltzmann-ove jednačine, a zatim su prikazane fluidne
jednačine koje se mogu izvesti na osnovu množenja Boltzmann-ove jednačine proizvoljnom
funkcijom brzine i integracijom ove jednačine po brzinskom prostoru. Pažnja je zatim posvećena
osnovi Monte Carlo simulacija i njihovoj implementaciji u kompjuterskom kodu korišćenom u
ovoj disertaciji. Kraj poglavlja prikazuje proračune transportnih veličina u Percus-Yevick-ovoj
modelnoj tečnosti, koji su dobijeni primenom Monte Carlo simulacija i koji služe za proveru
implementacije efekata koherentnog rasejanja u našem Monte Carlo kodu.

U četvrtom poglavlju su razmatrani transportni koeficijenti trećeg reda za rojeve naelektri-
sanih čestica u modelnim gasovima. Prvo je detaljno analizirana fizička interpretacija individu-
alnih komponenti transportnog tenzora trećeg reda, kao i uticaja električnog polja i energijske
zavisnosti kolizione frekvence na znak ovih komponenti. Nakon toga su prikazani uslovi simu-
lacija i teorijskih proračuna, te rezultati proračuna transportnih koeficijenata trećeg reda u
Maxwell-ovom modelnom gasu, koji su dobijeni primenom metode više članova za rešavanje
Boltzmann-ove jednačine, rezultati u modelu krutih sfera, koji su dobijeni primenom Monte
Carlo simulacija, kao i rezultati u Reid-ovom modelnom gasu, Lucas-Saelee-evom modelnom
gasu i modifikovanom Ness-Robson-ovom modelu, koji su dobijeni primenom ove dve metode.
U ovom poglavlju je praćen i protumačen uticaj elastičnih, neelastičnih i nekonzervativnih su-
dara, kao i odnosa masa naelektrisanih čestica roja i neutralnih čestica pozadinske sredine na
transportne koeficijente trećeg reda.

Transportni koeficijenti trećeg reda za rojeve elektrona i pozitrona u realnim gasovima obra-
zlažu se u petom poglavlju. Na početku se analizira korelacija između profila zavisnosti longitu-
dinalne komponente transportnog tenzora trećeg reda i longitudinalne komponente difuzionog
tenzora od redukovanog električnog polja. Slede rezultati proračuna transportnih koeficijenata
trećeg reda za elektrone u atomskim i molekularnim gasovima i za pozitrone u molekularnim
gasovima. Pri tome su rezultati u atomskim gasovima dobijeni primenom metode više člano-
va za rešavanje Boltzmann-ove jednačine, dok su rezultati u molekularnim gasovima dobijeni
primenom ove metode i Monte Carlo simulacija. Ovi rezultati su analizirani na osnovu setova
preseka za elementarne sudarne procese i profila srednje energije.

U šestom smo poglavlju tumačili transport elektrona u atomskim tečnostima visoke mobilno-
sti. Na početku ovog poglavlja je predstavljena motivacija za izučavanje transporta elektrona u
tečnoj fazi. Izneti su argumenti za postojanje provodne zone u tečnom argonu, tečnom kriptonu
i tečnom ksenonu, na osnovu rezultata koji su dobijeni u eksperimentima. Potom su prikaza-
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ni setovi preseka koji su korišćeni za modelovanje rasejanja elektrona u ovim tečnostima. U
slučaju elektrona u tečnom argonu i tečnom kriptonu razmatrana su dva različita scenarija za
reprezentovanje neelastičnih sudara, dok su u slučaju tečnog ksenona razmatrana četiri razli-
čita scenarija. Nakon toga, primenom Monte Carlo simulacija su analizirani profili zavisnosti
srednje energije, brzine drifta, brzinskog koeficijenta za jonizaciju i karakteristične energije od
redukovanog električnog polja za elektrone u ove tri tečnosti.

Sedmo poglavlje bavilo se formiranjem i propagacijom strimera u atomskim tečnostima sa
velikom mobilnošću. Na početku se govorilo o fluidnom modelu prvog reda i fluidnom modelu
baziranom na razvoju izvornog člana u jednačini kontinuiteta po gradijentima koncentracije
elektrona. Potom su prikazani rezultati fluidnih proračuna formiranja i propagacije negativ-
nih strimera pod uticajem homogenog spoljašnjeg električnog polja u tečnom argonu, tečnom
kritponu i tečnom ksenonu. Razmatrano je na koji način priroda transportnih koeficijenata, mo-
deli za tretman elektronskih ekscitacija i rekombinacija kvazislobodnih elektrona i pozitivnih
šupljina utiču na osobine strimerske plazme.

U ovoj doktorskoj disertaciji, mogu se izdvojiti sledeći originalni naučni doprinosi, koje ćemo
prvo samo pobrojati, a onda u nastavku ovog poglavlja detaljnije obrazložiti.

(1) Struktura transportnog tenzora trećeg reda je određena primenom metode grupnih projek-
tora u svim konfiguracijama električnog i magnetskog polja. Pri tome, rezultati koji se odnose
na konfiguraciju bez magnetskog polja slažu se sa rezultatima ranijih autora, dok je struktura
tenzora u slučaju paralelne i ortogonalne konfiguracije polja prvi put određena u okviru ove
disertacije. Korišćeni metod se može primeniti na određivanje strukture transportnog tenzora
proizvoljnog reda. Struktura transportnog tenzora trećeg reda, koja je određena u ovoj diser-
taciji, dodatno je proverena na osnovu simetrija momenata funkcije raspodele naelektrisanih
čestica u faznom prostoru i fizičkih argumenata.

(2) Fizička interpretacija individualnih komponenti transportnog tenzora trećeg reda je detaljno
analizirana u okviru ove disertacije. Doprinos pojedinačnih komponenti transportnog tenzora
trećeg reda fluksu čestica roja je razmatran na osnovu fluks gradijentne relacije, dok je uticaj
ovih komponenti na prostorni profil roja analiziran primenom generalisane difuzione jednačine.
Zavisnost znaka pojedinačnih komponenti transportnog tenzora trećeg reda od spoljašnjeg elek-
tričnog polja i kolizione frekvence za elementarne sudarne procese je prvi put pažljivo tumačena
u okviru ove disertacije.

(3) Transportni koeficijenti trećeg reda za naelektrisane čestice u modelnim gasovima, elek-
trone u atomskim i molekularnim gasovima, te pozitrone u tri molekularna gasa izračunati su
u širokom opsegu redukovanog električnog polja primenom Monte Carlo simulacija i metode
više članova za numeričko rešavanje Boltzmann-ove jednačine. Detaljno je analiziran uticaj ela-
stičnih, neelastičnih i nekonzervativnih sudara, kao i odnosa masa naelektrisanih čestica roja
i neutralnih čestica pozadinske sredine, na individualne komponente transportnog tenzora tre-
ćeg reda. Pored toga je razmatran uticaj transportnih koeficijenata trećeg reda na prostorni
profil roja za elektrone u atomskim i molekularnim gasovima. Validnost korišćenih metoda za
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izračunavanje transportnih koeficijenata trećeg reda je potvrđena na osnovu odličnog slaganja
rezultata koji su dobijeni primenom ova dva metoda.

(4) U ovoj disertaciji je prvi put analiziran uticaj magnetskog polja na transportne koeficijente
trećeg reda. Ovaj uticaj je analiziran na primeru elektrona u Reid-ovom modelnom gasu za
ortogonalnu konfiguraciju električnog i magnetskog polja. Pri tome se detaljno diskutovalo o
profilu zavisnosti dijagonalnih komponenti transportnog tenzora trećeg reda od redukovanog
magnetskog polja na osnovu uticaja sila koje deluju na elektrone i njihovih sudara sa neutralnim
česticama pozadinskog gasa.

(5) Na osnovu rezultata koji se odnose na elektrone u atomskim i molekularnim gasovima i
pozitrone u molekularnim gasovima primećeno je da u svakom od ovih gasova postoji snažna
korelacija između profila zavisnosti longitudinalne komponente transportnog tenzora trećeg re-
da i longitudinalne komponente difuzionog tenzora od redukovanog električnog polja. Opaženo
je da se longitudinalna komponenta transportnog tenzora trećeg reda povećava sa porastom re-
dukovanog električnog polja kada je longitudinalna difuzija konveksna rastuća funkcija u log-log
skali, dok ova komponenta transportnog tenzora trećeg reda opada sa porastom redukovanog
električnog polja ako longitudinalna difuzija opada ili je konkavna rastuća funkcija redukova-
nog električnog polja u log-log skali. Pri tome je fluks/balk vrednost longitudinalne komponente
transportnog tenzora trećeg reda korelisana sa fluks/balk longitudinalnom difuzijom. Ova ko-
relacija je odsutna na najnižim poljima zbog toga što transportni koeficijenti trećeg reda teže
nuli u limesu niskih polja, za razliku od dijagonalnih komponenti difuzionog tenzora koji imaju
nenulte termalne vrednosti.

(6) U okviru ove disertacije je analizirana strukturno indukovana negativna diferencijalna pro-
vodnost za elektrone u tečnom ksenonu na osnovu prostorno razloženih karakteristika roja i
funkcija raspodele elektrona po energijama. Uočeno je da su prostorni gradijenti brzinskog
koeficijenta za elastične sudare najintenzivniji u oblasti polja u kojoj brzina drifta opada sa
porastom redukovanog električnog polja, kao i da funkcija raspodele elektrona po energijama
ima specifičan oblik u ovom opsegu polja. Na ovaj način je dopunjena već postojeća analiza
strukturno indukovane negativne provodnosti koja je zasnovana na fluidnim modelima.

(7) Izvedene su fluidne jednačine za balans broja čestica, balans impulsa i balans energije za
elektrone u atomskim tečnostima, pri čemu je uzet u obzir doprinos jonizacije. Na osnovu
ovih jednačina je izveden sistem jednačina koji povezuje srednju energiju elektrona, brzinu
drifta, vektor energijskog gradijenta i difuzioni tenzor, uz pretpostavku hidrodinamičkog režima
i primenu izvesnih aproksimacija. Tako su proširene fluidne jednačine za lake naelektrisane
čestice u atomskim tečnostima, koje već postoje u literaturi, a u kojima nisu uzeti u obzir
nekonzervativni procesi koji omogućavaju multiplikaciju čestica roja. Ovaj sistem jednačina se
može rešavati numerički kada su poznate kolizione frekvence za elementarne sudarne procese u
funkciji srednje energije.

(8) Razmatran je uticaj broja ekscitacija koje su uključene u model na koeficijent za jonizaciju
u tečnom argonu, tečnom kriptonu i tečnom ksenonu primenom Monte Carlo simulacija. Četiri
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različita scenarija za reprezentovanje neelastičnih sudara u tečnom ksenonu su tumačena na
osnovu refleksionih spektara tečnog ksenona i eksperimenata sa fotoprovodnošću u ovoj tečnosti.
Tako određeni brzinski koeficijenti za jonizaciju za elektrone u tečnom ksenonu upoređeni su sa
eksperimentalnim rezultatima Derentzo-a i saradnika i sa teorijskim rezultatima ranijih autora.

(9) Analiziran je uticaj implementacije elektronskih ekscitacija koje su uključene u model na
dinamiku tranzicije elektronske lavine u negativan strimer i propagaciju negativnog strimera u
tečnom argonu, tečnom kriptonu i tečnom ksenonu u beskonačnom prostoru primenom fluidnih
modela strimera. Pokazano je da rezultati modelovanja dinamike strimera snažno zavise od
broja ekscitacija koje su uključene u model, te da su razlike između pojedinačnih scenarija u
saglasnosti sa odgovarajućim razlikama između brzinskih koeficijenata za jonizaciju. Takođe je
zaključeno kako primena transportnih podataka iz gasne faze nije adekvatna za modelovanje
strimera u tečnosti. Ovo je naročito izraženo ukoliko su razlike između brzinskih koeficijenata za
jonizaciju u ove dve faze značajne pri vrednosti polja koja odgovara rezultujućem električnom
polju na frontu strimera.

(10) Upoređeni su rezultati fluidnog modelovanja dinamike strimera koji su dobijeni primenom
korigovanog fludinog modela i fluidnog modela prvog reda sa fluks i balk transportnim koefi-
cijentima za elektrone u tečnom ksenonu. Pokazano je da se vrednost brzine strimera, koja je
određena u fluidnom modelu prvog reda, bolje slaže sa odgovarajućom brzinom koja je odre-
đena pomoću korigovanog fluidnog modela – ukoliko se u fluidnom modelu prvog reda koriste
balk transportni koeficijenti.

U dosadašnjoj literaturi je bila poznata struktura transportnog tenzora trećeg reda samo u
odsustvu magnetskog polja. Zbog toga je u okviru ove disertacije pažljivo razmatrana struktu-
ra ovog tenzora u svim konfiguracijama električnog i magnetskog polja primenom dve različite
metode. Pri tome je potvrđena struktura transportnog tenzora trećeg reda u odsustvu magnet-
skog polja, koja je ranije utvrđena u literaturi. Transportni tenzor trećeg reda ima 7 nenultih
komponenti od kojih su 3 nezavisne u ovoj konfiguraciji polja. U paralelnoj konfiguraciji po-
lja transportni tenzor trećeg reda ima 11 nenultih komponenti od kojih je 4 nezavisno, dok u
ortogonalnoj konfiguraciji polja ovaj tenzor ima 14 nenultih komponenti od kojih je 10 nezavi-
sno. Kada ugao između električnog i magnetskog polja uzima vrednost između 0 i 90 stepeni,
transportni tenzor trećeg reda ima 27 nenultih komponenata od kojih je 18 nezavisno.

Nakon određivanja strukture transportnog tenzora trećeg reda pažljivo je analizirana fizička
interpretacija komponenti ovog tenzora na osnovu fluks gradijentne relacije i generalisane difu-
zione jednačine. Pokazano je da Qzzz komponenta u zavisnosti od znaka opisuje elongaciju ili
kontrakciju prostorne raspodele naelektrisanih čestica na frontu roja i suprotnu deformaciju na
začelju roja. Slično tome, Qxxz komponenta opisuje razliku u intenzitetu transverzalnog širenja
naelektrisanih čestica na frontu i na začelju roja, a Qzxx komponenta opisuje razliku u inten-
zitetu longitudinalnog širenja naelektrisanih čestica u centru roja i na transverzalnim ivicama.
Zajednički efekat Qxxz i Qzxx komponenti u zavisnosti od njihovog znaka dovodi do širenja ili
skupljanja prostorne raspodele naelektrisanih čestica duž transverzalnog pravca na frontu roja
i suprotne deformacije na začelju roja.

195



Uticaj transpornih koeficijenata trećeg reda na prostorni profil roja zavisi od količnika
QL/D

3/2
L i QT/(DTD

1/2
L ). Budući da ovi količnici opadaju sa smanjenjem odnosa masa nae-

lektrisanih čestica roja i neutralnih čestica pozadinske sredine, transportni koeficijenti trećeg
reda imaju daleko značajniji uticaj na prostorni profil roja teških naelektrisanih čestica poput
jona nego na profil lakih naelektrisanih čestica poput elektrona i pozitrona, uprkos tome što
apsolutne vrednosti komponenti transportnog tenzora trećeg reda opadaju sa porastom od-
nosa masa čestica roja i čestica pozadinske sredine. Pored toga, vrednosti količnika QL/D

3/2
L

i QT/(DTD
1/2
L ) opadaju sa povećanjem koncentracije neutralnih čestica pozadinske sredine.

Zbog toga je uticaj transportnih koeficijenata trećeg reda na prostorni profil roja najznačajniji
u slučaju gasova na niskim pritiscima.

U ovoj disertaciji je uočeno da na dovoljno visokim poljima postoji snažna korelacija između
profila zavisnosti longitudinalne komponente transportnog tenzora trećeg reda Qzzz od redu-
kovanog električnog polja E/n0 i odgovarajućeg profila longitudinalne komponente difuzionog
tenzora Dzz. Primećeno je da Qzzz komponenta opada sa porastom E/n0 kad god Dzz opada,
kao i kad se Dzz povećava sa porastom E/n0 kao konkavna funkcija u log-log skali. Slično tome,
Qzzz se povećava sa porastom E/n0 kada se Dzz povećava kao konveksna funkcija E/n0 u log-
log skali. Pri tome je fluks/balk vrednost Qzzz komponente korelisana sa fluks/balk vrednošću
Dzz komponente u uslovima u kojima fluks i balk vrednosti ovih transportnih veličina imaju
međusobno različito kvalitativno ponašanje zbog snažnog uticaja nekonzervativnih sudara. Ove
korelacije nema na najnižim poljima jer transportni koeficijenti trećeg reda teže nuli u lime-
su niskih polja, za razliku od dijagonalnih komponenti difuzionog tenzora koje imaju nenulte
termalne vrednosti.

Strukturno indukovana negativna diferencijalna provodnost za elektrone u tečnom ksenonu
je ispitana uz pomoć prostorno razloženih karakteristika roja i funkcija raspodele elektrona po
energiji. Uočeno je da su nagibi prostornih profila brzinskih koeficijenata za efektivne sudar-
ne procese koji su opisani σoba i σimpuls presecima najstrmiji u opsegu polja u kome postoji
strukturno indukovana negativna diferencijalna provodnost. Ovi su nagibi uz to naročito strmi
u opsegu polja u kome je opadanje brzine drifta sa porastom E/n0 najintenzivnije. Pošto ovi
sudarni procesi dovode do transfera impulsa u tečnoj fazi, njihov nagli porast u smeru kretanja
centra mase roja značajno otežava ubrzavanje elektrona od strane spoljašnjeg električnog po-
lja. U ovom opsegu polja povećanje srednjeg transfera impulsa u elastičnim sudarima u jedinici
vremena sa porastom E/n0 nadjačava povećanje sile koja ubrzava elektrone, što dovodi do opa-
danja brzine drifta sa porastom E/n0. Funcija raspodele elektrona po energijama ima neobičan
oblik u opsegu polja u kome postoji strukturno indukovana negativna diferencijalna provod-
nost. Naime, visokoenergijski rep funkcije raspodele je odsečen u ovom opsegu polja zbog toga
što u energijskom intervalu između približno 1 eV i 3 eV preseci za efektivne sudarne procese u
kojima dolazi do transfera energije naglo rastu sa porastom energije. Pored toga, niskoenergijski
deo funkcije raspodele je slabo populisan na niskim poljima, zato što je efektivni presek σoba
za niskoenergijske elektrone jako nizak u tečnom ksenonu, što omogućava efikasno ubrzavanje
niskoenergijskih elektrona od strane spoljašnjeg električnog polja.
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U ovoj doktorskoj tezi je analiziran uticaj broja ekscitacija koje su uključene u model na
prvi Townsend-ov koeficijent u tečnoj fazi. Vrednosti prvog Townsend-ovog koeficijenta koje
su određene u četiri različita scenarija za reprezentovanje neelastičnih sudara u tečnom kse-
nonu upoređene su sa eksperimentalnim vrednostima Derentzo-a i saradnika, kao i sa prvim
Townsend-ovim koeficijentom iz gasne faze koji je skaliran na gustinu tečnosti. Uočeno je da se
prvi Townsend-ov koeficijent značajno smanjuje sa povećanjem broja ekscitacija koje su uklju-
čene u model. Iako se prve dve eksperimentalne tačke Derentzo-a i saradnika najbolje slažu sa
scenarijom u kome su sve ekscitacije zanemarene, preostale eksperimentalne tačke se znatno
bolje slažu sa scenarijima u kojima su ekscitacije uzete u obzir. Istovremeno je slaganje ovih
eksperimentalnih tačaka nešto bolje sa scenarijom u kome su sve ekscitacije izolovanog atoma
uključene u model, nego sa scenarijima u kojima su neke ekscitacije zanemarene. Pored toga,
prvi Townsend-ov koeficijent iz gasne faze, koji je skaliran na gustinu tečnosti, znatno je niži od
odgovarajućeg koeficijenta iz tečne faze u slučaju svih scenarija za reprezentovanje neelastič-
nih sudara u tečnom ksenonu, sve do jako visokih polja. Ovo je posledica značajnog sniženja
efektivnog praga za jonizaciju u tečnom ksenonu u odnosu na gasni ksenon i znanto manjeg
broja neelastičnih procesa čiji je prag ispod efektivnog praga za jonizaciju u tečnoj fazi. Razli-
ka između skaliranog Townsend-ovog koeficijenta iz gasne faze i odgovarajućih koeficijenata u
tečnosti opada sa porastom polja zbog manjeg značaja sniženja efektivnog praga za jonizaciju
na visokim poljima.

Pošto je vrednost koeficijenta za jonizaciju od ključnog značaja za dinamiku strimera, broj
ekscitacija koje su uključene u model snažno utiče na izračunatu brzinu formiranja i propagacije
strimera u tečnoj fazi. U okviru ove disertacije je uočeno da brzina formiranja i propagacije
strimera značajno opada sa povećanjem broja ekscitacija koje su uključene u model. Pored
toga, primena transportnih podataka iz gasne faze koji su skalirani na gustinu tečnosti predviđa
znatno sporiju tranziciju elektronske lavine u negativan strimer i znatno manju brzinu strimera u
poređenju sa rezultatima koji su dobijeni na osnovu primene transportnih podataka izračunatih
za tečni ksenon.

U našem istraživanju su upoređene brzine propagacije negativnih strimera u tečnom argonu,
tečnom kriptonu i tečnom ksenonu, koji se kreću pod uticajem homogenog spoljašnjeg električ-
nog polja. Razlike između vrednosti brzine negativnih strimera u ove tri tečnosti su analizirane
na osnovu odgovarajućih razlika između profila zavisnosti brzinskih koeficijenata za jonizaciju
od redukovanog električnog polja. Brzinski koeficijenat za jonizaciju u tečnom ksenonu je vi-
ši nego u preostale dve tečnosti do približno 80 Td, dok je odgovarajući koeficijent u tečnom
argonu niži nego u preostale dve tečnosti do oko 1000 Td. Koncentracija atoma u tečnoj fazi
je najniža u ksenonu a najviša u argonu, zbog čega je brzinski koeficijenat za jonizaciju, koji
je skaliran sa koncentracijom pozadinskih atoma, najviši u tečnom kritponu na poljima višim
od približno 50 Td a najniži u tečnom ksenonu u opsegu polja iznad približno 100 Td. Pošto
brzina propagacije negativnog strimera zavisi od intenziteta rezultujućeg električnog polja na
strimerskom frontu, a vrednosti rezultujućeg električnog polja na frontu strimera su u našim
simulacijama oko 2.5 puta veće od vrednosti spoljašnjeg električnog polja, brzina negativnog
strimera je najviša u tečnom kriptonu, a najniža u tečnom ksenonu u razmatranom opsegu
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spoljašnjeg električnog polja.

Ova disertacija otvara mogućnosti za nova istraživanja u bliskoj budućnosti. Analiza trans-
portnih koeficijenata trećeg reda se može proširiti na slučaj vremenski promenljivih električnih
i magnetskih polja. Bilo bi zanimljivo ispitati faznu razliku između individualnih komponenti
transportnog tenzora trećeg reda i spoljašnjeg električnog polja, imajući u vidu da transportni
koeficijenti trećeg reda menjaju znak sa promenom smera električnog polja poput brzine drif-
ta, a imaju relativno sporu vremensku relaksaciju poput srednje energije i difuzionog tenzora.
Takođe bi bilo značajno i poučno razmotriti ponašanje transportnih koeficijenata trećeg reda
u uslovima u kojima se pojavljuje kinetički fenomen anomalne longitudinalne difuzije u radio
frekventnim električnim (i magnetskim) poljima.

Na osnovu Monte Carlo simulacija impulsnog Townsend-ovog eksperimenta i eksperimenta
sa spektrima pristižućih čestica, mogu se odrediti eksperimentalni uslovi u kojima je moguće
razložiti transportne koeficijente trećeg reda iz strujnih signala. Ove simulacije bi pomogle da
se odrede gustina pozadinskog gasa, dimenzije komore (ili driftne cevi) i rezolucija strujnog
signala koji su potrebni da bi se izmerili transportni koeficijenti trećeg reda za dati gas i datu
vrednost redukovanog električnog polja. Na ovaj način bi mogli da se izbegnu nehidrodinamički
efekti poput hlađenja roja kroz gubitke najenergičnijih elektrona na bočnim zidovima komore
usled transverzalne difuzije, koji su rezultate ranijih eksperimenata za određivanje transportnih
koeficijenata trećeg reda učinili nepouzdanim.

Proračun transportnih koeficijenata za elektrone u tečnoj fazi se može unaprediti korišće-
njem egzaktnih preseka za neelastične sudare u tečnosti, onda kada ti preseci budu određeni.
Ovi proračuni mogu biti prošireni uzimanjem u obzir efekata interakcije elektrona sa fluktu-
acijama gustine pozadinske tečnosti. Jedan od najvažnijih efekata koje bi trebalo uključiti u
model je efekat zarobljavanja elektrona u lokalnim oblastima manje gustine. On je naročito
značajan za elektrone i/ili pozitrone u polarnim tečnostima, koje su od posebnog značaja u
plazma medicini i radijacionoj fizici. U kontekstu istraživanja prikazanih u ovoj disertaciji, efe-
kat zarobljavanja elektrona je od velike važnosti za tečni helijum i tečni neon, imajući u vidu
da ovaj efekat vodi ka lokalizovanim stanjima elektrona, što ima za posledicu smanjenje mo-
bilnosti elektrona u odnosu na gasnu fazu. Još jedan od mogućih budućih pravaca istraživanja
tiče se razmatranja transporta elektrona u kombinovanim električnim i magnetskim poljima u
tečnom argonu i tečnom ksenonu. Ova istraživanja su od naročitog značaja za budući razvoj,
dizajn i optimizaciju detektora čestica koje slabo interaguju sa materijom kao što su neutrini i
slabo-interagujuće masivne čestice tamne materije.

Fluidno modelovanje strimera u tečnoj fazi se može unaprediti razvojem sofisticiranih flu-
idnih modela višeg reda. U ovim se modelima makroskopske osobine strimerske plazme mogu
odrediti na osnovu numeričkog rešenja sistema diferencijalnih jednačina koje reprezentuju jed-
načine balansa za koncentraciju naelektrisanih čestica, impuls, srednju energiju i ukoliko je
potrebno, za energijski fluks. Ovaj sistem fluidnih jednačina se može zatvoriti aproksimacijom
lokalne srednje energije, prema kojoj je neophodno odrediti kolizione frekvence za sve relevantne
sudarne procese u funkciji srednje energije. Ovako koncipiran model mogao bi biti upotrebljen
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za proveru nelokalnih efekata, ne samo u oblastima na frontu strimera, već i u strimerskom ka-
nalu gde je spoljašnje električno polje ekranirano električnim poljem prostornog naelektrisanja.
Razvoj dvodimenzionalnih modela sa manjim brojem slobodnih parametara u odnosu na jed-
nodimenzionalne modele omogućio bi precizniji opis električnog polja i proučavanje inicijalnog
formiranja strimera u realnim geometrijama. Trodimenzionalni fluidni modeli bi omogućili pro-
učavanje efekta bifurkacije odnosno grananja strimera (eng. branching), kao i dinamiku strimera
u električnom i magnetskom polju.
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A Metod grupnih projektora

Struktura transportnih koeficijenata se može odrediti primenom teorije grupa, pošto je nji-
hova struktura određena simetrijom sistema. Razmatrani sistem se sastoji iz roja naelektrisanih
čestica, neutralnog pozadinskog fluida i spoljašnjeg električnog i magnetskog polja. Grupa si-
metrije sistema je grupa svih transformacija u odnosu na koje je sistem invarijantan [167,168].
Grupe simetrije električnog i magnetskog polja su C∞V i C∞h respektivno, zbog toga što je
električno polje polarni vektor, a magnetsko polje je aksijalni vektor. Ovo su grupe simetri-
je nepokretne kupe i rotirajućeg cilindra, respektivno [172]. Kada su električno i magnetsko
polje prisutni u sistemu, grupa simetrije sistema je određena grupom simetrije konfiguracije
spoljašnjih polja. Grupa simetrije paralelne konfiguracije polja je C∞. Ovo je grupa simetrije
rotirajuće kupe [172]. Grupa simetrije ortogonalne konfiguracije polja je C1V , dok je grupa si-
metrije konfiguracije polja u kojoj električno i magnetsko polje zaklapaju proizvoljan ugao C1.
Pozadinski fluid je invarijantan u odnosu na sve transformacije iz ortogonalne grupe O(3). Ovo
je grupa simetrije sfere. Na osnovu toga je grupa simetrije konfiguracije polja ujedno i grupa
simetrije celog razmatranog sistema.

Struktura tenzora se može odrediti na osnovu njegove invarijantnosti na operacije iz grupe
simetrije sistema. Delovanje grupe G na vektore iz vrektorskog prostora H je reprezentovano
grupnim homomorfizmom iz G u generalnu linearnu grupu na H , GL(H) [168, 171]. Polarni
vektori, poput brzine drifta, transformišu se na osnovu polarno vektorske reprezentacije grupe
simetrije sistema Dpv (G) [168,171]. Ova reprezentacija je reducibilna i za konačne i kompaktne
grupe može se razložiti na ireducibilne komponente od D(µ)(G) kao [168, 170, 171]

Dpv (G) = ⊕r
µ=1aµD

(µ) (G) . (A.1)

Ovde je aµ broj pojavljivanja ireducibilne reprezentacije D(µ) (G) pri razlaganju Dpv (G), dok
je r broj neekvivalentnih ireducibilnih reprezentacija grupe G. Pored toga, za razložive repre-
zentacie postoji simetrijski adaptirani bazis [170, 171], koji zadovaljava jednačinu

Dpv (G) |µtµm〉 =
|µ|∑

n=1

D(µ)
nm (G) |µtµn〉. (A.2)

Iz svega prethodnosg sledi da za svaku ireducibilnu reprezentaciju D(µ) (G) iz jednačine
(A.1) postoji potprostor u H koji se transformiše na osnovu reprezentacije D(µ) (G) [170, 171].
Vrlo značajna reprezentacija, koja postoji za svaku grupu G je trivijalna ireducibilna repre-
zentacija A0. Ona se definiše kao D(A0) (g) = 1, ∀g ∈ G, i ireducibilna je s obzirom na to da
je jednodimenziona [171]. Može se videti iz jednačine (A.2) da je vektor invarijantan na delo-
vanje D(pv) (G) ako pripada invarijantnom potprostoru koji odgovara trivijalnoj ireducibilnoj
reprezentaciji. Ovaj invarijantan potprostor se može odrediti primenom grupnih projektora. U
slučaju trivijalne reprezentacije, grupni projektor se određuje kao [170, 171]:

P (A0) (Dpv, G) =
1

|G|
∑

g∈G
Dpv (g) , (A.3)
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za konačne grupe, gde je |G| red grupe G [168,170,171]. Za jednoparametarske Lijeve grupe je
grupni projektor na invarijantni potprostor koji odgovara trivijalnoj ireducibilnoj reprezentaciji
A0 dat u vidu jednačine [170, 171]:

P (A0) (Dpv, G) =
∑

R

∫
Dpv (R) dR. (A.4)

Dok se sumiranje ovde vrši po svim komponentama povezanosti grupe, integracija se dešava
u domenu parametra grupe [170, 171]. Svaki vektor iz invarijantnog potprostora Dpv (G) ko-
ji odgovara trivijalnoj reprezentaciji jeste linearna kombinacija svojstvenih vektora grupnog
projektora P (A0) (Dpv, G). Difuzioni tenzor je linearni operator koji preslikava vektor lokalnog
gradijenta gustine ∇n (r, t) u vektor difuzionog fluksa. Na osnovu toga difuzioni tenzor pripa-
da invarijantnom potprostoru grupnog projektora P (A0)

(
Dpv⊗2

, G
)
gde Dpv⊗2

(G) reprezentuje
Dpv ⊗Dpv (G) = Dpv (G)⊗Dpv (G). Nalik tome transportni tenzor trećeg reda preslikava ten-
zorski kvadrat gradijenta koji deluje na lokalnu koncentraciju čestica roja ∇ ⊗ ∇n (r, t) na
vektor difuzionog fluksa višeg reda. Na osnovu toga transportni tenzor trećeg reda pripada in-
varijantnom potprostoru grupnog projektora P (A0)

(
Dpv ⊗ [Dpv]2 , G

)
, gde [Dpv]2 reprezentuje

simetrizovani tenzorski kvadrat polarno vektorske reprezentacije. Ova simetrizacija je posledica
komutiranja gradijenata.

Strogo govoreći, delovanje grupe na operatore, poput difuzionog tenzora i transportnog ten-
zora trećeg reda, reprezentovano je primenom grupnih superoperatora [169]. Oni su definisani

kao ̂̂D (g) Â = Dpv (g) ÂDpv (g−1). Na osnovu toga bi pravolinijska primena teorije grupa za-
htevala primenu grupnih superoperatora. Međutim, ovo nije neophodno zbog toga što je svaki
bazisni operator ranga dva |i〉 ⊗ 〈j|, koji deluje u vektorskom prostoru H bijektivno povezan
sa bazisnim vektorom |i〉 ⊗ |j〉 iz vektorskog prostora H ⊗ H . Isto važi i za bazisne operatore
ranga 3 |i〉 ⊗ [〈j| ⊗ 〈k|] i bazisne vektore |i〉 ⊗ [|j〉 ⊗ |k〉] iz vektorskog prostora H ⊗ [H ⊗H ].
Ovde ugaone zagrade reprezentuju simetrizaciju tenzorskog proizvoda. Ovo znači da se metod
grupnih projektora može primeniti na reprezentacije Dpv (G)⊗Dpv (G) i Dpv⊗ [Dpv]2 u odgova-
rajućim vektorskim prostorima. Onda se svojstveni vektori grupnih projektora mogu preslikati
u odgovarajuće bazisne tenzore. Na tim su osnovama difuzioni tenzor i transportni tenzor tre-
ćeg reda linearne kombinacije bazisnih tenzora, koji su određeni na osnovu svojstvenih vektora
grupnih projektora P (A0) (Dpv ⊗Dpv, G) i P (A0)

(
Dpv ⊗ [Dpv]2 , G

)
, respektivno. Pored toga, ni-

je neophodno korišćenje reprezentacije Dpv ⊗ [Dpv]2 ne bi li se odredila struktura transportnog
tenzora trećeg reda. Umesto toga može se koristiti reprezentacija Dpv ⊗ Dpv ⊗ Dpv, te da se
rezultujući tenzori simetrizuju po poslednja dva indeksa.
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B Eksplicitni izrazi za izračunavanje pojedinačnih kompo-

nenti transportnog tenzora trećeg reda na osnovu kine-

tičke teorije za rešavanje Boltzmann-ove jednačine

Primenom simetrija momenata funkcije raspodele F (νlm|sλµ), koje su razmatrali White i
saradnici [89], mogu se odrediti odgovarajuće simetrije pojedinačnih komponenti transportnog
tenzora trećeg reda, koje su prikazane u Tabeli 1. Strukturu ovog tenzora moguće je odrediti
na osnovu simetrija prikazanih u Tabli 1 i odgovarajućih fizičkih argumenata koji se odnose
na flukseve naelektrisanih čestica, a koje se kreću pod uticajem magnetskog polja. Ovi fizički
argumenti su neophodni kako bi se ustanovilo da su za datu konfiguraciju polja određene kom-
ponente transportnog tenzora trećeg reda jednake nuli, a onda i to da su određene komponente
međusobno jednake. Slična procedura je bila primenjena za vektorske i tenzorske transportne
koeficijente nižeg reda [89].

Tabela 1: Simetrije pojedinačnih komponenti transportnog tenzora trećeg reda. Prikazane trans-
formacije reprezentuju A (prostornu inverziju), B (rotaciju za π oko z-ose), C (prostornu inver-
ziju i rotaciju za π oko y-ose), i D (prostornu inverziju i rotaciju za π oko x-ose).

Transformacija
Komponenta E → −E By → −By Bz → −Bz B → −B

Qxxz, Qxzx −Qxxz,−Qxzx Qxxz, Qxzx Qxxz, Qxzx Qxxz, Qxzx

Qyyz, Qyzy −Qyyz ,−Qyzy Qyyz , Qyzy Qyyz , Qyzy Qyyz , Qyzy

Qzxx −Qzxx Qzxx Qzxx Qzxx

Qzyy −Qzyy Qzyy Qzyy Qzyy

Qzzz −Qzzz Qzzz Qzzz Qzzz

Qxxx −Qxxx −Qxxx Qxxx −Qxxx

Qxyy −Qxyy −Qxyy Qxyy −Qxyy

Qxzz −Qxzz −Qxzz Qxzz −Qxyy

Qyxy, Qyyx −Qyxy,−Qyyx −Qyxy,−Qyyx Qyxy, Qyyx −Qyxy ,−Qyyx

Qzxz, Qzzx −Qzxz,−Qzzx −Qzxz,−Qzzx Qzxz, Qzzx −Qzxz,−Qzzx

Qxyz, Qxzy −Qxyz,−Qxzy Qxyz, Qxzy −Qxyz ,−Qxzy −Qxyz ,−Qxzy

Qyxz, Qyzx −Qyxz,−Qyzx Qyxz, Qyzx −Qyxz ,−Qyzx −Qyxz ,−Qyzx

Qzxy, Qzyx −Qzxy,−Qzyx Qzxy, Qzyx −Qzxy,−Qzyx −Qzxy,−Qzyx

Qxxy, Qxyx −Qxxy,−Qxyx −Qxxy,−Qxyx −Qxxy,−Qxyx Qxxy, Qxyx

Qyxx −Qyxx −Qyxx −Qyxx Qyxx

Qyyy −Qyyy −Qyyy −Qyyy Qyyy

Qyzz −Qyzz −Qyzz −Qyzz Qyzz

Qzyz, Qzzy −Qzyz,−Qzzy −Qzyz,−Qzzy −Qzyz ,−Qzzy Qzyz, Qzzy

U ovom dodatku su prikazani eksplicitni izrazi za pojedinačne komponente fluks transport-
nog tenzora trećeg reda. Oni su izvedeni na osnovu razvoja fluksa brzine čestica po Burnett-ovim
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funkcijama i gradijentima koncentracije, a razvoj je prikazan u jednačini (3.34). Eksplicitni iz-
razi za diferencijalni operator G(sλ)

µ , koji figuriše u ovoj jednačini, dati su u Tabeli 2 [62]. U
sledećim izrazima je α izostavljeno iz argumenta momenata F zbog kompaktnosti.

Tabela 2: Eksplicitni izrazi za komponente diferencijalnog operatora G(sλ)
µ .

s λ µ G
(sλ)
µ

0 0 0 1

1 1 0 −i∂z
1 1 ±1 1√

2
(±i∂x + ∂y)

2 0 0 1√
3
∇2

2 2 0
√

2
3

(
1
2
(∂2x + ∂2y)− ∂2z

)

2 2 ±1 (±∂x − i∂y)∂z

2 2 ±2 1
2
(±i∂x + ∂y)

2

Za paralelnu konfiguraciju električnog i magnetskog polja pojedinačne komponente fluks
transportnog tenzora trećeg reda date su u obliku izraza:

Qxxz =
1√
2α

(
Im(F (011|221)− Im(F (01− 1|221)

)
, (B.1)

Qxyz =
1√
2α

(
Re(F (01− 1|221))− Re(F (011|221))

)
, (B.2)

Qzxx =− 1

α

(
1√
3
Im(F (010|200)) + 1√

6
Im(F (010|220))

)
+

1

α
Im(F (010|222)), (B.3)

Qzzz =
1

α

(√
2

3
Im(F (010|220))− 1√

3
Im(F (010|200))

)
. (B.4)

Za ortogonalnu konfiguraciju električnog i magnetskog polja pojedinačne komponente fluks
transportnog tenzora trećeg reda su date u vidu izraza:

Qxxx =

√
2

α

(
1√
3
Im(F (011|200)) + 1√

6
Im(F (011|220))

)
+

1√
2α

(
− Im(F (011|222) + Im(F (01− 1|222)

)
, (B.5)

Qxyy =

√
2

α

(
1√
3
Im(F (011|200)) + 1√

6
Im(F (011|220))

)
+

1√
2α

(
Im(F (011|222))− Im(F (01− 1|222))

)
, (B.6)
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Qxzz =

√
2

α

(
1√
3
Im(F (011|200))−

√
2

3
Im(F (011|220))

)
, (B.7)

Qxxz =
1√
2α(t)

(
Im(F (011|221))− Im(F (01− 1|221))

)
, (B.8)

Qyxy =− 1√
2α

(
Im(F (011|222)) + Im(F (01− 1|222))

)
, (B.9)

Qyyz =
1√
2α

(
Im(F (011|221)) + Im(F (01− 1|221))

)
, (B.10)

Qzxz =− 1

α
Im(F (010|221)), (B.11)

Qzxx =− 1

α

(
1√
3
Im(F (010|200)) + 1√

6
Im(F (010|220))

)
+

1

α
Im(F (010|222)), (B.12)

Qzyy =− 1

α

(
1√
3
Im(F (010|200) + 1√

6
Im(F (010|220))

)
−

1

α
Im(F (010|222)), (B.13)

Qzzz =
1

α

(√
2

3
Im(F (010|220))− 1√

3
Im(F (010|200)

)
. (B.14)

Kada su električno i magnetsko polje ukršteni pod proizvoljnim uglom između 0 i π, poje-
dinačne komponente fluks transportnog tenzora trećeg reda su date u obliku:

Qxxy =
1√
2α

(
Re(F (011|222))− Re(F (01− 1|222))

)
, (B.15)

Qyxx =

√
2

α

(
1√
3
Re(F (011|200)) + 1√

6
Re(F (011|220))

)
+

1√
2α

(
− Re(F (011|222))−Re(F (01− 1|222))

)
, (B.16)

Qyyy =

√
2

α

(
1√
3
Re(F (011|200)) + 1√

6
Re(F (011|220))

)
+

1√
2α

(
Re(F (011|222)) + Re(F (01− 1|222))

)
, (B.17)

Qyzz =

√
2

α

(
1√
3
Re(F (011|200))−

√
2

3
Re(F (011|220))

)
, (B.18)

Qzxy =− 1

α
Re(F (010|222)), (B.19)

Qzyz =
1

α
Re(F (010|221)), (B.20)

Qxyz =
1√
2α

(
Re(F (01− 1|221))−Re(F (011|221))

)
, (B.21)

Qyxz =
1√
2α

(
Re(F (011|221)) + Re(F (01− 1|221))

)
. (B.22)

Komponente transportnog tenzora trećeg reda, koje su međusobno nezavisne u ortogonalnoj
konfiguraciji električnog i magnetskog polja, takođe su nezavisne i u konfiguraciji u kojoj su

204



ova polja ukrštena pod proizvoljnim uglom. Zbog toga su odgovarajući izrazi za izračunavanje
ovih komponenti u okviru multi term teorije za rešavanje Boltzmann-ove jednačine isti za obe
konfiguracije polja.
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C Eksplicitni izrazi za izračunavanje transportnih koefici-

jenata trećeg reda u Monte Carlo simulacijama

U ovom dodatku su prikazani eksplicitni izrazi za izračunavanje komponenti fluks trans-
portnog tenzora trećeg reda u Monte Carlo simulacijama.

Za paralelnu konfiguraciju električnog i magnetskog polja su eksplicitni izrazi za izraču-
navanje longitudinalne komponente i transverzalne komponente transportnog tenzora trećeg
reda isti kao i u odsustvu magnetskog polja. Ovi izrazi su prikazani u jednačinama (3.159) i
(3.160). Nije moguće izdvojiti dodatne komponente ovog tenzora primenom Monte Carlo koda,
koji je korišćen u ovoj disertaciji, s obzirom na to da se u ovom kodu mogu izračunati samo
srednje vrednosti onih komponenti, koje imaju istu kombinaciju indeksa, pri čemu u paralelnoj
konfiguraciji polja važi Qxyz = −Qyxz i Qzxy = 0.

U ortogonalnoj konfiguraciji polja se mogu izdvojiti dve dijagonalne komponente fluks trans-
portnog tenzora trećeg reda, kao i četiri srednje vrednosti vandijagonalnih komponenti, koje
imaju istu kombinaciju indeksa. Pri tome su dijagonalne komponente označene kao:

QL ≡ Qzzz, QE×B ≡ Qxxx, (C.1)

dok su preostale četiri srednje vrednosti komponenti označene kao:

Qπ(xxz) ≡
1

3
(Qxxz +Qxzx +Qzxx) , (C.2)

Qπ(yyx) ≡
1

3
(Qyyx +Qyxy +Qxyy) (C.3)

Qπ(yyz) ≡
1

3
(Qyyz +Qyzy +Qzyy) , (C.4)

Qπ(zzx) ≡
1

3
(Qzzx + Qzxz +Qxzz) . (C.5)

gde vektorski proizvod E × B definiše x-osu, dok π (abc) označava sve moguće permutacije
(a, b, c).

Eksplicitni izrazi za ovih šest veličina su dati u formi jednačina:

Qzzz =
1

6

(
3〈z2cz〉 − 3〈cz〉〈z2〉 − 6〈z〉〈zcz〉+ 6〈z〉〈z〉〈cz〉

)
, (C.6)

Qxxx =
1

6

(
3〈x2cx〉 − 3〈cx〉〈x2〉 − 6〈x〉〈xcx〉+ 6〈x〉〈x〉〈cx〉

)
, (C.7)

Qπ(zzx) =
1

6

(
〈z2cx〉+ 2〈zxcz〉 − 2〈cz〉〈zx〉 − 〈cx〉〈z2〉 − 2〈z〉〈xcz〉−

2〈z〉〈zcx〉 − 2〈x〉〈zcz〉+ 2〈cx〉〈z〉〈z〉 + 4〈x〉〈z〉〈cz〉
)
, (C.8)

Qπ(xxz) =
1

6

(
〈x2cz〉+ 2〈xzcx〉 − 2〈cx〉〈xz〉 − 〈cz〉〈x2〉 − 2〈x〉〈zcx〉−

2〈x〉〈xcz〉 − 2〈z〉〈xcx〉+ 2〈cz〉〈x〉〈x〉+ 4〈z〉〈x〉〈cx〉
)
, (C.9)
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Qπ(zyy) =
1

6

(
〈y2cz〉+ 2〈yzcy〉 − 〈cz〉〈y2〉 − 2〈z〉〈ycy〉

)
, (C.10)

Qπ(xyy) =
1

6

(
〈y2cx〉+ 2〈yxcy〉 − 〈cx〉〈y2〉 − 2〈x〉〈ycy〉

)
. (C.11)

U najopštijem slučaju, kada su električno i magnetsko polje ukršteni pod proizvoljnim uglom
između 0 i π, mogu se izdvojiti tri dijagonalne komponente i sedam srednjih vrednosti vandi-
jagonalnih komponenti koje imaju istu kombinaciju indeksa. Prve dve dijagonalne komponente
su iste kao i u slučaju ortogonalne konfiguracije polja, dok je treća označena kao:

QE×(E×B) ≡ Qyyy, (C.12)

gde vektorski proizvod E × (E×B) definiše y-osu. Četiri srednje vrednosti vandijagonalnih
komponenti se odnose na iste kombinacije komponenti transportnog tenzora trećeg reda kao i
u slučaju ortogonalne konfiguracije polja, dok su preostale tri srednje vrednosti označene kao:

Qπ(xxy) ≡
1

3
(Qxxy +Qxyx +Qyxx) , (C.13)

Qπ(zzy) ≡
1

3
(Qzzy +Qzyz +Qyzz) , (C.14)

Qπ(xyz) ≡
1

6
(Qxyz +Qyzx +Qzxy +Qxzy +Qyxz +Qzyx) . (C.15)

Eksplicitni izrazi za ove veličine su dati kroz jednačine:

Qyyy =
1

6

(
3〈y2cy〉 − 3〈cy〉〈y2〉 − 6〈y〉〈ycy〉+ 6〈y〉〈y〉〈cy〉

)
, (C.16)

Qπ(xyz) =
1

6

(
〈yzcx〉+ 〈xzcy〉+ 〈xycz〉 − 〈cx〉〈yz〉 − 〈x〉〈zcy〉 − 〈x〉〈ycz〉−

〈cy〉〈xz〉 − 〈y〉〈zcx〉 − 〈y〉〈xcz〉 − 〈cz〉〈xy〉 − 〈z〉〈ycx〉 − 〈z〉〈xcy〉+ (C.17)

2〈cx〉〈y〉〈z〉+ 2〈cy〉〈x〉〈z〉+ 2〈cz〉〈y〉〈x〉
)
,

Qπ(yxx) =
1

6

(
〈x2cy〉+ 2〈yxcx〉 − 2〈cx〉〈yx〉 − 〈cy〉〈x2〉 − 2〈x〉〈ycx〉 − 2〈x〉〈xcy〉−

2〈y〉〈xcx〉+ 2〈cy〉〈x〉〈x〉+ 4〈y〉〈x〉〈cx〉
)
, (C.18)

Qπ(yzz) =
1

6

(
〈z2cy〉+ 2〈yzcz〉 − 2〈cz〉〈yz〉 − 〈cy〉〈z2〉 − 2〈z〉〈ycz〉 − 2〈z〉〈zcy〉−

2〈y〉〈zcz〉+ 2〈cy〉〈z〉〈z〉+ 4〈y〉〈z〉〈cz〉
)
, (C.19)

Qzyy =
1

6

(
〈y2cz〉+ 2〈yzcy〉 − 2〈cy〉〈yz〉 − 〈cz〉〈y2〉 − 2〈y〉〈zcy〉 − 2〈y〉〈ycz〉−

2〈z〉〈ycy〉+ 2〈cz〉〈y〉〈y〉+ 4〈z〉〈y〉〈cy〉
)
, (C.20)

Qπ(zyy) =
1

6

(
〈y2cx〉+ 2〈yxcy〉 − 2〈cy〉〈yx〉 − 〈cx〉〈y2〉 − 2〈y〉〈xcy〉 − 2〈y〉〈ycx〉−

2〈x〉〈ycy〉+ 2〈cx〉〈y〉〈y〉+ 4〈x〉〈y〉〈cy〉
)
, (C.21)

Qπ(zzx) =
1

6

(
〈z2cx〉+ 2〈zxcz〉 − 2〈cz〉〈zx〉 − 〈cx〉〈z2〉 − 2〈z〉〈xcz〉−

2〈z〉〈zcx〉 − 2〈x〉〈zcz〉+ 2〈cx〉〈z〉〈z〉+ 4〈x〉〈z〉〈cz〉
)
, (C.22)

Qπ(xxz) =
1

6

(
〈x2cz〉+ 2〈xzcx〉 − 2〈cx〉〈xz〉 − 〈cz〉〈x2〉 − 2〈x〉〈zcx〉−
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2〈x〉〈xcz〉 − 2〈z〉〈xcx〉+ 2〈cz〉〈x〉〈x〉+ 4〈z〉〈x〉〈cx〉
)
. (C.23)

Bitno je naglasiti da eksplicitni izrazi za izračunavanje transportnih koeficijenata trećeg reda
u Monte Carlo simulacijama nisu isti u različitim konfiguracijama polja. Ovo je posledica toga
što su srednje vrednosti nekih monoma koordinata i brzina jednaki nuli na osnovu simetrije u
odsustvu magnetskog polja, kao i u konfiguraciji u kojoj su ova polja paralelna ili ukrštena pod
pravim uglom. Zato su u tim konfiguracijama polja korišćeni jednostavniji izrazi za transportne
koeficijente trećeg reda, u kojima su uzeti u obzir samo oni monomi koji imaju nenultu vrednost
u datoj konfiguraciji polja.
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Epojrau4ex r^ RCe'\ f 2At

cry4rajcxnrporpaM @usulA I04+L(K6+4+ar r{Q/',fi4n3{it l,(Tex+e,t0lq.J4- nX+$.€

Hacros ouou 4V*EruV tlt 1 n \Dly Lttll)v {haSg1r1 tD+r*61+{We+w rffieft3g-,R""^" e-T L(tvA\
Meutop #AyY l+L( OABFTI-qK nf 0{W 4 fl-'{ r k-0

Vsjaamyjev, Aa je trrraMrraHa nepauja Mor AoKTopcxor paAa HcroBerHa elexrpoucxoj
nepanju Kojy caM npenaofta pa4a roxpalbr.rBarba y flurnrannou peflo3r{Topniyrnry

Ynnrepsurera y EeorpaAy.

flosaoraaaM Aa ce o6jaee uoju ruvnu rroAaIIH Be3aHH ea 4o6rajarre aKaAeMCKor Ha3r.rBa

AoKTopa HayKa, Kao [rro cy HMe H [pe3r,rMe, roAHHa r,r Mecro potlerra r.r AaryM o46pane pa4a.

OrH rH.{Hrd floAarlu Mory ce o6jaeutu Ha MpexHLrM crpaHur{aMa AHrHTamte 6s6tuoreKe, y
en e KTp o HC KoM Kara.ro ry u y ny 6 nuraqzj ar',ra Yuun e p s urera y E e o rp a4y.

Iloruuc ayropa

Y Eeorpa4y, 22,c3 RopD

1l



o1pasaq wjaee o Kopuwhetuy

klaiara o Kopl{uhelby

Onnaurhyjeru YHunepsurercxy 6u6tuorewy,,Cretosap Mapxonnh"

peuosuropujyvr YHunepsurera y Eeorpa4y yuece r"rojy 4oxtopcKy
HACJIOBOM:

Aa y fluru.ar,uu
Ar,rceprarlujy noA

kt ke'l {-N Y t&( t,4 +JlYu4J+ Lr A4 )+eP*8UCre)Pko ( Wftl e flof'A
T1{ rq+

roja je uoje aytopcKo Aerlo.

fiucepraqujy ca crrarur npn.ro3uMa npe4ao/aa caM y ereKTpoHcxovr Qopvrary noroAHoM 3a

rpajuo apxLIBHparbe.

Mojy 4ox.ropcxy Ar,rcepraqujy roxparbeHy y ffururarluoM pero3HToplajyuy YHlanepsureta y

Eeorpa4y LI AocTynHy y oTBopeHoM npllcTyny Mory Aa KopHcTe cnn xoju noruryjy o4pe46e

caApxaHe y oga6panoM Tr,rry Jrr.rrleHrle Kpearunue aaje4uuqe [Creative Commons) :a nojy

caM ce ogtymof ta.

1. Ayropc'rno ICC BY)

2. Ayropctro - HeKoMepqr'rjaano ICC BY-NC)

d-'
(/2.)lyropcrBo - HeKoMepqujaaHo - 6ea npepaaa ICC BY-NC-ND)

4. Ayropctno - HexoMepqr,rjanno - AerrvrT6 rroA HcTr.rM ycJroBr.rMa [cc BY-NC-SA)

5. Ayropcteo - 6es npepaAa ICC BY-ND)

6. Aytopcrs o - Aefivrvt noA I'IcrI'IM yc"rIoBHMa ICC BY-SA)

[Morr,rr',ro Aa 3aoKp]DKI,ITe caMo jegHy oA llrecr nouy!euux "IHqeHIIH,

Kparax orrnc JIHIIeHIqIa je cacraBHI'I Aeo one najane).

[Iotnnc ayropa

Y Eeorpa4y, t!-. 0b. Lcpfl.
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1. Ayropcrro. !,oaeo6aBare yMHoxaBarbe, Sncrpu6y\viy u januo caorllrraBarbe AeJIa' H

npepaAe, aKo ce HaBeAe r,rMe ayTopa Ha HaqHH o4pefen oA CTpaHe ayTopa H,[I'I AaBaoIIa

Jrr.ru,eHrde, qaK u y xovrepqnjaJrHe cBpxe. 0no je Hajclo6o4uuja o4 cBHx .r[IIeHIII'I'

2. AyropctBo - HeKorvrepqlliaauo. flosaorsaBaTe yMHoxaBarbe, gucrpu1yryiy u janHo

caofl[rTaBarbe Ae,[a, 14 flpepaAe, a6o ce HaBeAe I,IMe ayTopa Ha Hat{LIH O4peleu oA cTpaHe

ayTopa HJrH AaBaoI-la IuIIeHI{e. Ora luqeHqa He Ao3BoJbaBa KoMepIIuiatuy ynorpe6y 4ena'

6 4*oprrro - HeKoMeprl,ia/rHo - 6es rpepaAa. ,{oanonarare yMHoxaBarbe,

*gucrpu6yt\vrjy LtjanHo caortuTaBarbe Ae/Ia, 6ea npoueua, [peo6nuKoBa]ba ulu ynorpe6e

AelraycBoMAe,ry,aKoceHaBeAeI'IMeayropaHaHaqHHo4pelenoACTpaHeayropau'[H
AaBaoqa nurleHrle. ora luq,erula He Ao3Bo,rbaBa KoMepI{PIjaJlny ynorpe6y AeJIa' Y o4Hocy ua

cBe ocTa.[e Jrr{r{eHqe, oBoM JILII{eHI{oM Ce oIpaHI',IqaBa HajBehH O6UiU Upana xopuurhema A',e'[a'

4. AyropcTBo - HeKoMepqllianno - Ae.rII{TlI noA IICTI{M yc/IoBlIMa' Ao3BoJbaBaTe

yMHolKaBarb e, 4ucrpu6y\Lriy n janHo cao[IIITaBa[be Ae'[a, I{ flpepaAe, aKo ce HaBeAe I'IMe

ayTopa Ha HarrHH o4pefeu oA cTpaHe ayTopa vila AaBaoIIa JII'IIIeHIIe PI aKo ce npepaAa

gucrpu6ylparIoAI,ICToMYIilLICIHI{HoMJII,IqeHIIoM'osaIuIIeHI{aHeAo3Bo"IbaBa
KoMeprlujanuy ynotpe5Y Aena fi rpepaAa'

5.Aytopctro-6esflpepaAa..{.oseonarareyMHoxaBaEe,4ucrpu6yqrajykljaeHo
caon[rTaBarbe Ae,[a, 6e: npoueua, npeo6luKgBa[ba I'I1I4 ynoTpe6e 4ela y cBoM AeJIy' axo ce

HaBeAe r.rMe ayTopa Ha HaqHH O4pefeir oA cTpaHe ayTopa vIIfi AaBaoIIa fluq',eHlle' osa

"ruqe HI{a Ao3 B o.rbaB a Ko M ep IIuj an Hy yn orp e 6y ge na'

6. AyropctBg - Aen[ITH IISA II6TIIM ycnoBgMa. fl'oaromaaaTe yMHoxaBarbe' 4ucrpw6yt\ujy

ujannocao[IrlTaBarbeAe"[a,HflpepaAe,aKoceHaBeAeHMeayropaHaHaqHHogpe];euo4
CTpaHe ayTopa L4II[- AaBaoqa JII]IIeHIIe PI aKo ce npepaAa 4ucrpu6yupa IIoA I4CToM I,IJII,I

cJrHarHoM nr,rrleHrdoM. Ora luqeul{a Ao3BoJbaBa KoMeplluiatuy ynorpe6y AeJlla a npepaAa'

Cruqna je coQtrepcKl{M ,IHIIeHIIaMa, oAHocuo 'r'IuIIeHIIaMa orBopeHor KoAa'
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