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Effective Electromagnetic Parameters of
Metamaterial Transmission Line Loaded

With Asymmetric Unit Cells
Vojislav Milosevic, Branka Jokanovic, Member, IEEE, and Radovan Bojanic

Abstract—In this paper, we propose the generalized extraction
procedure for retrieval of the effective constitutive parameters
for a metamaterial transmission line loaded with asymmetric unit
cells. The asymmetric unit cell is replaced with a transmission line
immersed in equivalent bianisotropic medium described by effec-
tive parameters and , and bianisotropic parameters and
. The proposed retrieval procedure is applied to novel dual-band
unit cells and compared with the standard Nicolson–Ross–Weir
(NRW) method that is originally developed for the symmetric unit
cell and then extended to the asymmetric one using the averaged
value of reflection coefficients. It has been shown that, in case of
pronounced asymmetry, the NRW method gives only the exact
value of refraction, but effective permittivity and permeability
are considerably different from the exact values since they are
calculated by means of the approximate value of characteristic
impedance.

Index Terms—Asymmetric unit cell, split-ring resonator (SRR),
effective material parameters, bianisotropic medium, metamate-
rial transmission line.

I. INTRODUCTION

M ETAMATERIALS are artificial electromagnetic (EM)
composites that can host a number of unusual prop-

erties. Among them, the negative index or left-handed (LH)
metamaterials have been a research focus over the past decade.
Their distinctive characteristics include the opposite direction of
power flow and phase velocity and the inversion of Snell Law,
Doppler shift, and Cherenkov radiation [1]. These properties
make them suitable candidates for some ground-breaking appli-
cations, such as invisibility cloak and sub-wavelength imaging
[2].
Alongside with 2-D or 3-D volumetric metamaterials, which

interact with free-space radiation, an analogous concept for
guided waves has emerged. These structures represent trans-
mission lines or waveguides loaded with sub-wavelength
inclusions, and they are termed metamaterial transmission lines
or composite right/left-handed (CRLH) transmission lines.
They can be used for numerous improvements of practical
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microwave devices, such as leaky-wave antennas, couplers,
shifters, etc. [3].
The key assumption for understanding the EM behavior of

metamaterials is that homogenization theory can be applied to
them, in the same fashion as it is applied to natural materials. In
other words, we assume that we can average Maxwell’s equa-
tions over small volumes (with respect to wavelength), to ob-
tain equivalent homogeneous medium described by a set of ef-
fective constitutive parameters [4]. In the case of metamaterial
transmission lines, we assume that the line’s conductors are im-
mersed in equivalent homogeneous medium that substitutes the
effect of the inclusions, like in planar transmission lines where
homogenious medium with the effective permittivity is intro-
duced to emulate the presence of two dielectrics (substrate and
air). Apart from providing a simple physical picture, the impor-
tance of effective parameters lies in the fact that they can greatly
facilitate the design of optimal metamaterial structures.
To determine the values of these effective parameters, sev-

eral approaches can be used: for example, analytical solutions
exist in some simpler cases [5], [6], and there is also a possibility
of numerical averaging of fields. However, by far the most fre-
quently used procedure is based on the inversion of scattering
data ( -parameters) of a finite slab, called the NRW procedure.
It was developed for the measurements of complex permittivity
and permeability of natural materials [7], [8], and more recently
applied tometamaterials [9], [10]. Effective parameters of meta-
material transmission lines can be deduced from the equiva-
lent-circuit model, but the latter is sometimes not readily avail-
able. In such cases, we can resort to the same procedure of pa-
rameter retrieval. Formally, the only difference in the procedure
is that the impedances have to be normalized with a factor that
depends on transmission-line geometry [11].
One of the problems with the standard Nicolson–Ross–Weir

(NRW) procedure arises in the case when the metamaterial
sample under study has asymmetric reflection. It is obvious that
the isotropic medium model cannot reproduce this property, as
it is intrinsically symmetric. Smith et al. proposed a modifica-
tion of the procedure to solve this problem by using averaged
value of the reflection coefficients, which we will call .
It provides the correct value of the index of refraction, but the
value of the characteristic impedance remains approximate
[12]. Another problem is that the isotropic medium model
assumes that the induced electric and magnetic dipoles are
mutually independent, but Marques et al. reported that the split
ring, which is commonly used in metamaterials, has a simul-
taneous electric and magnetic response, i.e., corresponding

0018-9480/$31.00 © 2013 IEEE
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dipoles are coupled [13]. It is not always possible to neglect
that coupling, depending on the orientation of the split rings
and their excitation.
To account for both asymmetric reflection and magneto-elec-

trical coupling, bianisotropic mediummodel can be used, which
has already been considered by various authors [13]–[16]. We
can distinguish several sources of bianisotropy—cross polar-
izability of constitutive elements (e.g., split ring), asymmetric
position of elements within the unit cell (e.g., due to the sub-
strate) [16], and even in the case of symmetric unit cells with
center-symmetric inclusions (i.e., without cross-polarizability),
spatial dispersion effects [17]. In any case, a significant im-
provement over the standard retrieval technique is achieved.
In this paper, we consider the bianisotropic homogenization

and retrieval of corresponding parameters for metamaterial
transmission lines loaded with asymmetric inclusions, which,
to our best knowledge, have not been published in the literature
thus far. This paper is organized as follows. In Section II,
we discuss properties of transmission lines filled with bian-
isotropic medium. We then develop the circuit matrix of such
transmission lines (we use matrices as they allow most
convenient formulation). From this matrix, we show how mate-
rial parameters, including bianisotropy parameters and , can
be retrieved, and discuss potential problems that may occur. We
will refer to this procedure as the generalized approach (GA).
In Section III, the proposed GA procedure is applied to novel

dual-band unit cells, which consist of a microstrip line loaded
with broadside coupled (BSC) split-ring resonators (SRRs),
with gaps either on parallel or on perpendicular arms of the
SRRs. We compared this approach and the NRW retrieval
procedure, originally developed for symmetric unit cells, and
found that NRW was not able to extract constitutive parameters
such as permittivity, permeability, and characteristic impedance
for asymmetric unit cells correctly, even if the average value of
reflections was used.
Section IV presents validation of the proposed extraction pro-

cedure for the asymmetric unit cells. We provide the simula-
tion results of a homogeneous slab with the effective parame-
ters that we extracted using both the GA and methods
and compare them with the simulated response of the real unit
cell. To simulate the bianisotropic medium, we replaced it with
two isotropic slabs and recomposed the obtained -parameters
to get the final -parameters.
Any retrieval technique based on analyzing the scattering

data of a finite slab can suffer from some problems, e.g., un-
physical antiresonances with a negative imaginary part for some
of the parameters. Koschny et al. reported that these anomalies
could be traced back to the periodicity of the structure [18], and
Alù reported that they could be associated with a weak form of
spatial dispersion [19]. In our current work, however, we found
these anomalies to be negligible, so we did not include them in
the scope of our study.

II. GENERALIZED RETRIEVAL PROCEDURE

A. Transmission Line Filled With Bianisotropic Medium

Consider a transmission line (i.e., structure that supports a
guided TEM wave), with its axis placed along the coordi-

nate. Assume that the line is immersed in homogeneous bian-
isotropic medium described by the following constitutive rela-
tions ( and are permittivity, permeability and velocity of
light in vacuum, respectively):

(1)

where

(2)

The reciprocity condition is satisfied because [20].We
note here that the tensors used in the previous reports [13]–[16]
are different with respect to (2) since they have only one off-di-
agonal element. The reason for this difference lies in the fact
that the transmission line has an inhomogeneous field structure
in the transverse plane, unlike the plane wave. The form of (2)
ensures that magneto-electric coupling does not depend on po-
larization of the transverse field, which leads to a much simpler
solution than in the opposite case, as will become clear later on.
Now, let us assume that a guided wave propagates along the
-axis, with all quantities depending on the coordinate as
; and on time as .1 We also assume that the wave is of a

TEM type, i.e., components of and vectors are zero. Now
we can derive the following relations from the curl Maxwell’s
equations:

(3)

where is the unit vector in the -direction. The constitutive
relations can be rewritten as

(4)

Combining (3) and (4) yields

(5)

(6)

Combining (5) and (6) yields the wave equation

(7)

which gives the following dispersion relation:

(8)

or, since ,

(9)

Different signs in (8) and (9) indicate two possible directions of
propagation along the -axis. The correct solution for a given
direction should be chosen based on the passivity criterion.

1The complex quantities are defined as, e.g., .
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The characteristic impedance of the medium (i.e., the ratio
between the electric and magnetic field strengths) can be ob-
tained by substituting (8) in (5), yielding (normalized by

)

(10)

where correspond to propagation along the positive and
negative -direction, respectively. From (10), it is clear that the
impedance value is different for propagation in different direc-
tions, thus giving different reflections.
From (5) and (6), we deduce that the electric and magnetic

field vectors are proportional and normal to each other in every
point of transverse plane. Furthermore, polarization vectors
and are proportional to and , respectively. There-

fore, Maxwell’s equations governing the field distribution in
the transverse plane will not change, except for the factor of
proportionality, compared with transmission line filled with
air. Consequently, the line characteristic impedance (i.e., the
voltage to current ratio) will change proportionally,

(11)

where is the of transmission line characteristic impedance
in the air. Alternatively, the characteristic impedances can be
written as

(12)

where represents their mean value, and
, based on (10), represents the offset from the mean

value. We will use this form later, as it allows us a more conve-
nient formulation.

B. Conditions for Negative Index of Refraction

In his seminal paper, Veselago proved that a material without
losses will exhibit negative refractive index when and are si-
multaneously negative [1]. However, this condition is too strict,
when we take into account losses, which exist in all natural ma-
terials. The necessary condition in the lossy case is found to be
[21], [22]

(13)

This condition was derived using the standard dispersion re-
lation, . For bianisotropic media, however, the proper
relation is given by (9), and the condition for negative index has
to be derived starting from that.
To obtain a negative refractive index, we have to have a solu-

tion of (9) with and (to ensure a positive power
flow and negative phase velocity, respectively) [21]. In other
words, has to lie in the second quadrant of the complex plane.
This implies that will necessarily lie in the lower half-plane,
i.e., . By substituting (9), we obtain

(14)

Fig. 1. Section of an asymmetric transmission line of length .

An important consequence of (14) is that it shows it is possible
to have both and negative and still not obtain a negative
refractive index if the product is negative.

C. Network Parameters of a Transmission-Line Section

Let us assume that we have a transmission-line section of
length , filled with bianisotropic medium having -,
and -parameters. We can regard this section as a two-port
network, which can be described by its scattering parame-
ters ( -parameters), or any other type of network parameters
(impedance, admittance, etc.). We will use the -pa-
rameter description as we found it most convenient for our
discussion. The -parameter matrix is defined by [23]

(15)

with referent directions for voltages and currents indicated in
Fig. 1.
Our aim is to obtain -parameters as a function of

transmission-line properties derived in Section II-B, namely,
propagation constant (the same for both directions), defined
by (8), and characteristic impedances and (for incident
and reflected wave, respectively), defined by (12). To this end,
we represent the state at arbitrary point of transmission line with
voltages of incident and reflected waves, and , respec-
tively. The relation between these voltages at ports 1 and 2,
written in matrix form, will be

(16)

Total voltage and total current anywhere along the line can be
expressed as

(17)

The inverse relation is

(18)

By substituting (18) into (16) and multiplying by from the
left side, we obtain the matrix

(19)
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which, after substituting value of and some manipulation,
comes down to

(20)

It can be seen from (20) that when , i.e., in the symmetric
case, -parameters are reduced to those of the standard
transmission line.

D. Parameter Retrieval

Scattering parameters ( -parameters) are usually obtained as
a result of measurements or EM simulation and can be unam-
biguously transformed to the matrix [23]. Once we have
it, we can easily see from (20) that we can obtain the effective
parameters as

(21)

(22)

(23)

If the unit cell is symmetric,2 we can substitute -parameters
and simplify the expressions to obtain

(24)

(25)

and , which, as expected, agrees with the previous reports
on the NRW procedure [9], [11], [24].
The procedure proposed in [12] was intended to cir-

cumvent the problem of dealing with asymmetric unit cells by
using a standard retrieval technique (for symmetric structures,
i.e., (24) and (25) or similar ones), but with the averaged value
of reflections and , i.e., . However, it
can be shown that the approach gives the correct value
of index of refraction, but the characteristic impedance is dif-
ferent from the true mean value, as defined in (12) and (22). The
disagreement between the impedances calculated both ways is
expected to be proportional to the degree of asymmetry. As the
characteristic impedance is crucial for the retrieval of effective
EM parameters, this disagreement will translate to them as well,
as will be shown later.
A few additional comments are needed about the given re-

lations. First, the sign in (21) should be chosen based on the
passivity criterion

(26)

2Symmetry implies for -parameters, and for
-parameters.

However, the problem of branching for , which leads
to ambiguity in the imaginary part of (or, equivalently, in the
real part of ) remains. This is the consequence of the fact that
it is not possible to differentiate the phase change of from

. One approach to solving this problem is to use
Kramers–Kronig relations to estimate the correct branch [25].
In most previous reports [7]–[11], the sign of the character-

istic impedance in (22) or (25) is chosen based on the criterion
or a similar one, which can be very sensitive to

small numerical errors [24]. However, it is clearly visible from
(22) that the characteristic impedance sign is related to the sign
chosen for the propagation constant in (21), and, therefore, only
one criterion is sufficient, as is found in [24].

E. Effective Parameters of the Equivalent Medium

Once we have found the propagation constant and charac-
teristic impedance of an equivalent transmission line , we
can readily obtain the index of refraction and characteristic
impedance of the equivalent medium as

(27)

The bianisotropic medium effective parameters and can
be expressed in terms of and by rearranging (9) and (10),

(28)

Combining (27) and (28) with the expressions linking themwith
-parameters derived in previous sections enables us to retrieve
effective parameters from simulated or experimental data. We
will refer to this relation as the GA.
Another option for describing asymmetric unit cells would be

to use and that depend on the direction of propagation. They
could be obtained as

(29)

While mathematically equivalent, we feel that this approach is
less physically justified. For the sake of comparison, we will
include these values in our practical examples of extraction, and
we will refer to them as the GA with a wave incoming from
port 1 and port 2 ( and , respectively).

III. ASYMMETRIC UNIT CELLS

Here we investigate the EM properties of the metamaterial
transmission line consisting of a microstrip line loaded with
broadside-coupled asymmetric split-ring resonators (ASRRs)
placed on one side of the transmission line.
It is shown that rotating the individual split rings significantly

affects EM properties of the metamaterial transmission line due
to different electrical and magnetic interactions that are caused
by different mutual orientations of the SRRs in space and by
their different orientation relative to the transmission line [26],
[27].
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Fig. 2. Asymmetric unit cells with gaps oppositely displaced from the middle
of the ring side. (a) Gaps near the microstrip line. (b) Gaps far from the mi-
crostrip line. Relevant dimensions: mm, mm,

mm, mm, mm,
mm, mm, mm, mm,
mm.

Using the proposed generalized retrieval procedure, we ex-
plore novel asymmetric unit cells realized on a two-layer sub-
strate. Gap-bearing sides of the SRRs are placed one above
the other, not opposite to each other, as is the case with stan-
dard BSC SRRs. Unlike the standard design, novel SRRs ex-
hibit the resonant frequencies much closer to each other (about
500 MHz), which is suitable for modern wireless systems.
We examine two types of SRRs with gap-bearing sides par-

allel to the microstrip line and perpendicular to it. The gaps
can be moved symmetrically with respect to the center of SRR
branches, to the left and to the right sides, as shown in Fig. 2 for
SRRs with gaps parallel to the microstrip line.
To investigate the effectiveness of the proposed extraction

procedure with respect to the NRWmethod, we study the meta-
material unit cells that are not distinctly asymmetric as those
consisting of SRRs with gaps parallel to the microstrip line, and
also the highly asymmetric unit cells with gaps perpendicular to
the microstrip line.

A. Unit Cell With Gaps Parallel to the Microstrip Line

This type of unit cells can be designed with gap bearing sides
near the microstrip line and far from it, as shown in Fig. 2. Unit
cells comprise BSC SRRs with gaps symmetrically displaced
from the center. Their asymmetry is caused only by the fact that
gaps are placed at different substrate layers (top and bottom).
Microstrip line is connected to the ground plane with cylindrical
via, , placed in the center between reference planes (denoted
by dash lines).
Unit cells are simulated using the WIPL-D Pro 10.0 3-D EM

solver,3 which is based on the method of moments, and -pa-
rameters are de-embedded at the reference planes.
For the extraction of the effective parameters, we use the

GA procedure that gives two different values for the effective
permittivity, permeability, and characteristic impedance. The
effective EM parameters of an asymmetric unit cell can also
be presented by bianisotropic parameters and and average
values of effective permittivity, permeability, and characteristic
impedance (GA) that is more suitable for the direct comparison
with the approach. It should be pointed out that the

3[Online]. Available: http://www.wipl-d.com/

Fig. 3. Unit cell with ASRRs with gaps near the microstrip line. (a) Magnitude
of -parameters. (b) Extracted index of refraction. The rectangular bar denotes
the frequency range with double negative effective parameters.

Fig. 4. Characteristic impedance extracted using different retrieval procedures
for the unit cell with ASRRs with gaps near the microstrip line.

Fig. 5. (a) Magnitude and (b) phase of -parameters for ASRRs with gaps far
from the microstrip line.

Fig. 6. Effective index of refraction extracted using different retrieval proce-
dures for unit cell with ASRRs with gaps far from the microstrip line. Rectan-
gular bars denote the frequency ranges with double-negative effective parame-
ters.
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Fig. 7. (a) Effective permittivity, (b) permeability, and (c) characteristic
impedance extracted for ASRRs with gaps far from the microstrip line. Rect-
angular bars denote the frequency range in which the and GA give
different results.

method describes the asymmetric unit cell with the
single value of the effective permittivity, permeability, and
characteristic impedance as if it were symmetric. We compare

and the GA with the approach.
The magnitude of -parameters for the unit cells with gaps

near the microstrip line [see Fig. 2(a)] is shown in Fig. 3(a). It
can be seen that the difference between reflection coefficients

and exists only around the first resonance. The ex-
tracted index of refraction in Fig. 3(b) is the same for the GA and

approaches thanks to the conveniently defined average
reflection coefficient used for the extraction. The unit

Fig. 8. Comparison of the extracted parameters. (a) Bianisotropy parameter
and (b) difference between effective characteristic impedances for unit cells
with gaps parallel to microstrip line.

cell exhibits the LH band around 5.5 GHz denoted with a rect-
angular bar and also the right-handed (RH) band around 6.15
GHz that corresponds to the second resonance.
The characteristic impedances extracted using three different

methods are compared in Fig. 4. It can be seen that the values
extracted by the GA fit exactly between the two corresponding
values extracted by and , as was expected according
to (12). It is important to point out that, only at the first reso-
nance, the characteristic impedance extracted by the
method is different, but not considerably, from those extracted
using the GA approach, which means that asymmetry is not
much pronounced.

B. Unit Cell With Gaps Far From the Microstrip Line

The unit cell with gaps far from the microstrip line [see
Fig. 2(b)] has very different -parameters and extracted index
of refraction than the unit cell with gaps near the microstrip line
[see Figs. 5 and 6]. The difference between the reflection coef-
ficients at port 1 and port 2 appears near the second resonance,
which is evident from their phase in Fig. 5(b). The extracted
index of refraction in Fig. 6 has two LH bands around 5.9 and
6.35 GHz that are marked by rectangular bars.
The effective permittivity, permeability, and characteristic

impedance extracted using GA, and are
shown in Fig. 7. It can be seen that all four retrieval procedures
give the same results in the frequency range where symmetrical
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Fig. 9. Comparison of standard and novel criteria for negative index of refrac-
tion for the unit cell with parallel gaps far from the microstrip line. Effective
parameters are extracted using the GA approach. The rectangular bar denotes
the range in which the cell has asymmetric response and two criteria also predict
different ranges of negative index of refraction.

Fig. 10. Layout of unit cells consisting of ASRRs with gap-bearing side per-
pendicular to the microstrip line. (a) Upper gap close to the microstrip line. (b)
Upper gap far from the microstrip line.

response exists . Effective parameters extracted
by the GA and are different only around the second
resonance, where the asymmetry is most significant, as it is
marked by rectangular bars at Fig. 7. In the whole frequency
range of interest, the effective permittivity extracted applying
the and GA is negative, while the effective perme-
ability changes the sign at two resonances that correspond to
the LH bands.
The generalized extraction procedure introduces two novel

parameters as a measure of unit cells asymmetry: - and -pa-
rameters. Fig. 8 clearly shows that the unit cell with gaps far
from the microstrip line exhibits the maximum value of - and
-parameters about three times greater than the unit cell with
gaps near the microstrip line. It is also seen that bianisotropy
occurs in the vicinity of either the first or the second resonance
of the corresponding unit cells. It is interesting to mention that
bianisotropy is considerably smaller if gaps are placed at the op-
posite sides of SRRs like standard BSC SRRs, even if they are
oppositely displaced from the center. In that case, bianisotropy
occurs at both resonances.
In Fig. 9, we compare the standard condition for negative

index of refraction (13), which is valid for symmetrical unit
cells, and consequently for the effective parameters extracted
by the method, and the novel condition (14), which

Fig. 11. Magnitude of -parameters for unit cells with the gap perpendicular
to the microstrip line. (a) Upper gap close to the microstrip line. (b) Upper gap
far from the microstrip line.

Fig. 12. Effective parameters extracted using the GA and methods
for unit cell with upper gap close to the microstrip line. (a) Permittivity. (b) Per-
meability. Rectangular bars denote the frequency range in which the
and GA give different results.

is derived for asymmetric unit cells. Both conditions are cal-
culated using the effective parameters extracted by the GA
method. In case of the unit cell with parallel gaps far from the
microstrip line, it can be seen that around the first resonance
both curves, for standard and novel criteria, are overlapped as
was expected since the cell is symmetrical in that range. Around
the second resonance, the curve corresponding to the novel
criterion crosses the axis exactly at the points where the real
part of the index of refraction is equal to zero, which was not the
case with the curve corresponding to the standard criterion. In
this case, the standard criterion predicts a somewhat narrower
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Fig. 13. Effective parameters extracted using the GA and methods
for unit cell with upper gap far from the microstrip line. (a) Permittivity. (b) Per-
meability. Rectangular bars denote the frequency range in which the
and GA give different results.

range of the negative index. Finally, we applied the standard
condition using the parameters extracted by the
method and showed that it completely overlapped with the
novel criterion. This proves validity of the novel criterion since
both methods give the same index of refraction not only for the
symmetric response, but also for the asymmetric one.

C. Unit Cells With Gaps Perpendicular to the Microstrip Line

Unit cells with gaps perpendicular to the microstrip line are
shown in Fig. 10, and we can distinguish two cases in respect to
the position of the upper gap: (a) when it is near the microstrip
line and (b) when it is far from the microstrip line. In both cases,
gaps are placed near port 1 of the unit cell. If we interchange the
ports by putting port 1 instead of port 2, only the sign of - and
-parameters will be changed.
Magnitude of -parameters for the unit cells with perpendic-

ular gaps are shown in Fig. 11. The extracted effective permit-
tivity and permeability for unit cells with the upper gap near
and far from the microstrip line are presented in Figs. 12 and
13, respectively. It can be seen that the position of perpendic-
ular gaps does not influence resonant frequencies too much.
is also different from around both resonances, but more pro-
nounced at the first resonance. Extracted effective permittivity
and permeability using the GA and are significantly

Fig. 14. (a) Extracted index of refraction and (b) -parameter for unit cells
with gaps perpendicular to the microstrip line.

Fig. 15. Comparison of standard and novel criteria for negative index of re-
fraction for unit cell with perpendicular gaps far from the microstrip line. Rect-
angular bars denote the range in which the cell has asymmetric response and
two criteria predict different ranges of negative index of refraction.

different around 5.7 GHz, not only that the values are different,
but also they have the opposite signs.
Characteristics of unit cells with perpendicular gaps are com-

pared in Fig. 14. It can be seen that the real part of the index of
refraction is positive in the whole range of interest for the unit
cell with the gap near the microstrip line, while the unit cell
with the gap far from the microstrip line exhibits a narrow band
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Fig. 16. Effective medium slab of the asymmetric unit cell (green box in online
version) and input microstrip lines immersed in the effective dielectric (light
gray boxes). Relevant dimensions: , where

and are given in Fig. 2.

Fig. 17. Magnitudes of -parameters simulated and recovered using the effec-
tive parameters. (a) and (b) GA retrieval methods. Rectangular bars
denote the range of different magnitudes of and .

with the negative index of refraction. Asymmetry is also much
more pronounced if the gaps are far from the microstrip line,
as was also the case with the unit cells containing the gaps par-
allel to the microstrip line. For both unit cells with perpendic-
ular gaps, the maximum value of -parameter ( and

) is considerably greater than in the case of gaps
parallel to the microstrip line ( and ).

Fig. 18. Phases of -parameters simulated and recovered using effective pa-
rameters. (a) and (b) GA retrieval methods.

In Fig. 15, we compare the standard condition for the nega-
tive index of refraction and the novel condition for the unit cell
with the upper gap far from the microstrip line. For calculating
both conditions, we used the effective parameters extracted by
the GA method. It can be seen that around the first resonance
the novel criterion exactly coincides with points where the real
part of the negative index of refraction becomes zero. That is
not the case with the standard criterion, which predicts consid-
erably wider range of negative index. Around the second reso-
nance at 6.3 GHz, the standard criterion predicts negative index
of refraction while the real part of the index is positive. As a
proof of validity of the novel criterion, we added the curve that
corresponds to the standard criterion, but with data extracted by
means of the method, which completely overlaps the
novel criterion.

IV. VALIDATION OF THE EXTRACTION METHODS

A. Decomposition Method

In order to validate the proposedmethod, an independent sim-
ulation of the microstrip line immersed in a slab of homoge-
neous material with the extracted effective parameters can be
used, as depicted in Fig. 16. Input microstrip lines are immersed
in the effective dielectric . When calculating -pa-
rameters of the effective medium slab, input microstrip lines are
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Fig. 19. Magnitudes of -parameters simulated and recovered using the effec-
tive parameters. (a) and (b) GA retrieval methods. Rectangular bars
denote the range of different magnitudes of and .

de-embeded. We can readily apply this procedure to restore the
-parameters for the NRW extraction, which uses an isotropic
medium described by and , but to the authors’ best knowl-
edge, there is no EM solver capable of handling bianisotropic
media.
Therefore, we propose the following work-around: we simu-

late two isotropic slabs corresponding to the - and -pa-
rameters described above, to obtain two sets of -pa-
rameters, denoted and , respectively.
Now, if we observe (19) more closely, we note that it repre-
sents what is known as eigendecomposition of a matrix in linear
algebra, where represents eigenvalues, and columns of ma-
trix represent eigenvectors. From (17) and (19), it follows that
the matrices , since they imply a single value of
impedance , respectively, will decompose in the following
form:

(30)

where

(31)

respectively. Note that the eigenvalues are the same for all
three matrices.

Fig. 20. Phases of -parameters simulated and recovered using the effective
parameters. (a) and (b) GA retrieval methods.

From the simulation of the slabs and , we ob-
tain two sets of -parameters, which can be converted to

. We then perform the eigendecomposition of
these matrices to obtain the form of (30). This decomposition
is readily available in software packages like MATLAB, and we
only need to arrange eigenvalues and eigenvectors in the same
order as in (30), which can be done according to the passivity
criterion (26). Now we can obtain the matrix as

(32)

and finally, the resulting matrix according to (19).

B. Unit Cell With Gaps Parallel to the Microstrip Line

The -parameters resulting from the described approach
for the unit cell with gaps parallel and far from the microstrip
line [see Fig. 2(b)], compared with the original simulations,
are shown on Figs. 17 and 18, for both the and GA
method. The method [see Figs. 17(a) and 18(a)]
results in symmetric response (therefore only one reflection
coefficient is reconstructed), which clearly fails
to reproduce reflection in the range of pronounced asymmetry
correctly (marked with a rectangular bar). This is most visible
in phase, where the obtained value behaves as mean of the
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original phases of and (this is expected because of the
used averaging procedure).
The GA method, however, clearly distinguishes two different

values of reflection coefficients, which are very close to the orig-
inal values [see Figs. 17(b) and 18(a)]. It is clearly visible that
the effective parameters extracted by the GA method allow the
recovery of all -parameters, which is not the case with the
parameters retrieved by the method, that can restore
only , but not and in the range where asymmetry is
present. The unit cell has symmetric response out of that range
and both methods work correctly. We believe that the presented
results clearly show that the GA method is advantageous over
the when asymmetry is present, while it gives exactly
the same results as the well-established NRW method for sym-
metric response.

C. Unit Cell With Gaps Perpendicular to the Microstrip Line

Results for the unit cell with gaps perpendicular to, and upper
gap near the microstrip line [see Fig. 10(b)], compared with
the original simulations, are shown in Figs. 19 and 20, for the

and GA methods. Again, the method [see
Figs. 19(b) and 20(b) reproduces only the mean value of re-
flection, the disparity here being even more striking, due to the
greater asymmetry of the unit cell. The GA method closely re-
produces both reflection coefficients once again [see Figs. 19(b)
and 20(b)]. To conclude, the GA method is able to restore all
-parameters in the whole frequency range of interest, while
the method recovers them only in the range of sym-
metric response. Especially good agreement is obtained in the
phases of -parameters. There are small discrepancies in the re-
covered magnitude of around the second resonance, which
appear equally in both methods.

V. CONCLUSION

In this paper, we have presented the GA for the extraction
of effective parameters for the metamaterial transmission line
loaded with asymmetric unit cells. To describe the asymmetry,
we have introduced an equivalent bianisotropic medium, which
emulates the effect of asymmetric unit cells. Besides standard
constitutive parameters such as permittivity, permeability, and
characteristic impedance, the equivalent medium is described
by two additional parameters, and , which are very useful as
a measure of asymmetry.
We derived a novel condition necessary for achieving a nega-

tive index of refraction in the bianisotropic medium. According
to it, the criterion valid for isotropic medium is relaxed in the
range in which the real and imaginary part of the -parameter
are both negative or positive, while the criterion becomes more
strict if they have different signs.
The proposed generalized extraction procedure and the

method, adopted for asymmetric unit cells, are ap-
plied to novel dual-band unit cells. They consist of BSC SRRs
with gaps displaced from the center (to the left and to the
right or up and down), along two gap-bearing sides, which are
placed one above the other. It was shown that unit cells with
gaps parallel with the microstrip line exhibit asymmetry only
around one resonance. Unit cells with gaps perpendicular to

the microstrip line have a very asymmetric response around
both resonances. Therefore, the effective permittivity and
permeability extracted using the GA and methods are
significantly different.
To conclude, we have shown that the procedure

gives the correct index of refraction in the whole frequency
range, but wrong effective permittivity, permeability, and char-
acteristic impedance in the range of asymmetric response.
This was proven through the validation procedure where the

asymmetric unit cell was replaced by effective medium slabs
with the parameters extracted by the proposed GA method. The
all original -parameters were successfully restored, which was
not the case when the parameters extracted by the approximate

method are used.
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Abstract
In this paper we present the exact bianisotropic parameter retrieval procedure for the case of
transmission line metamaterials. The procedure assigns two different sets of effective parameters
for two directions of propagation, which can be modelled by a bianisotropic medium. The
procedure is applied to a microstrip line loaded with asymmetric edge-coupled split-ring
resonators with gaps parallel and perpendicular to the line. The standard Nicolson-Ross-Weir
procedure based on averaging of the S-parameters is not applicable to this case due to
pronounced asymmetry. We also present the reverse procedure, which recovers the original S-
parameters using the extracted effective permittivity and permeability, that fully validates the
correctness of the proposed retrieval method.

Keywords: asymmetric unit cell, split-ring resonator (SRR), effective material parameters,
bianisotropic medium, metamaterial transmission line

(Some figures may appear in colour only in the online journal)

1. Introduction

Metamaterials are most frequently characterized by their
effective electromagnetic parameters, under the assumption
that the homogenization procedure can be applied to them [1].
The effective parameters are usually obtained through the
Nicolson–Ross–Weir (NRW) extraction procedure [2].
Almost the same procedure can be applied in the case of
transmission line metamaterials, where we assume that the
conductors of the line are immersed in the effective dielec-
tric [3].

The NRW procedure is based on the isotropic medium
model, described only with scalar ε and μ, which will always
have symmetric response. If the metamaterial sample under

study has asymmetric response ≠( )S S11 22 , which can hap-

pen due to several factors (magneto-electric coupling, spatial
dispersion, asymmetric positioning of elements within the
unit cell), the NRW procedure is inappropriate. Some

authors suggested an NRWavg method based on averaging of

the scattering parameters (i.e. =S S S11avg 11 22 ), but it is

acceptable only for a small asymmetry [4]. An improved
procedure is based on using a bianisotropic medium
model [5, 6].

In the previous paper [7] we derived the exact parameter
extraction procedure based on a bianisotropic model for the
case of transmission line metamaterials. We demonstrated that
for the reciprocal medium this model will represent an
equivalent transmission line having the same propagation
constant for both directions, but different characteristic
impedances.

In this paper, we explore the causes of differences
between the NRWavg method and bianisotropic parameter (BP)

retrieval. They both give the same index of refraction, but
different characteristic impedances, which affect the effective
parameters ε and μ.
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2. Asymmetric transmission line

2.1. Network parameters of the line section

Consider the transmission line with propagation constant γ
and characteristic impedances Zc1 and Zc2 for the incident and
reflected waves, respectively. Anywhere on the line, the total
voltage and current can be expressed as functions of voltages
of individual waves [7]:
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For the section of such a line of length l we can write the
following relationship between voltages of incident and
reflected waves at ports 1 and 2:
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By combining (1) with (2) we obtain the ABCD matrix of the
section

=
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2.2. Extraction of the effective parameters

From equation (3), we can derive the inverse relation for
transmission line parameters from the ABCD parameters,
which can be obtained from measurement or simulations:

γ = ± +

= − ± − +
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Now we can calculate the effective electromagnetic para-
meters using propagation constant γ and normalized char-
acteristic impedance =z Z Zc air1,2 1,2 , where Zair is the
characteristic impedance of the transmission line filled with
air:

ω
γ ε μ= − = =n j

c n

z
nz, ; . (5)1,2

1,2
1,2 1,2

We will label sets of parameters for the two directions as BP1

and BP2, each of which represents an isotropic medium.
Another option is to use the mean value of characteristic
impedance = +z z z( ) 2avg 1 2 , in which case an additional

parameter must be used to take account of the asymmetry [7].
We will denote these averaged parameters ε = n zavg avg,

μ = nz
avg avg as BPavg.

2.3. Characteristic impedances in BP and NRW methods

The main reason for the differences in the extracted permit-
tivity and permeability using the exact BP and approximate
NRWavg methods are caused by different characteristic

impedances. In the BP method, the mean value of char-
acteristic impedance, using ABCD parameters, is

= ± − +⎜ ⎟⎛
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which can be converted to S-parameters:
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where Z0 is the characteristic impedance of the transmission
line, and
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When we apply the averaging procedure, we actually

substitute both reflection coefficients =S S S11avg 11 22 . It can

be shown that, when =S S11 22, relation (7) reduces to the
standard expression for characteristic impedance in the NRW
method [7]. Therefore, we can obtain impedance zavg

NRW for the

NRWavg method by substituting S11avg in (7), which comes

down to

=
− + −

′z
Z

Z

S

S S S S S
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2

1 2
. (9)
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Therefore, we can express the relative difference between two
impedances:
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Here we have derived the ratio between the characteristic
impedances for BP and NRWavg methods, that is proportional

to the difference between geometric and arithmetic means of
S11 and S22. This ratio is a consequence of the averaging in the

NRW method ( =S S S11avg 11 22 ), which was necessary to

provide the correct value of the index of refraction:
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This is the main reason why the exact retrieved permittivity
and permeability are different from those obtained with the
NRWavg method.

3. Asymmetric unit cells

We applied the proposed retrieval procedure to the asym-
metric unit cell consisting of a microstrip line loaded with
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edge-coupled split-ring resonators (SRRs), and connected to
ground with via holes. We examined two types of edge-
coupled SRR with gap-bearing sides parallel to the microstrip
line and perpendicular to it. The gaps are moved symme-
trically with respect to the center, to the opposite sides
(figure 1).

Magnitudes of the simulated S-parameters given in
figure 2, and phases in figure 3, are obtained using full-wave
electromagnetic simulations based on method of moments [8].
We can see that S11 is different from S22 in both magnitude and
phase only around the resonance, but that asymmetry is most
pronounced in the case with perpendicular gaps which are
displaced from the center up and down.

3.1. Effective parameters

The extracted effective index of refraction, characteristic
impedance, permittivity and permeability are shown in
figures 4–7. It can be seen from figure 4 that an SRR with
parallel gaps has a considerably wider frequency range with

negative index of refraction than an SRR with perpendi-
cular gaps.

The impedance Zavg
BP is the mean value of impedances Zc1

and Zc2, which is also visible in figure 5. The characteristic

impedance Zavg
NRW has a completely different shape and values,

that is a consequence of the averaging of S11 and S22 para-

meters. For both structures the impedance Zavg
NRW exhibits very

unnatural behavior at some frequencies around resonance.
This will result in an unusual shape of the extracted ε and μ,
which can be seen in figures 6(b) and 7(b).

Thehe asymmetry is weaker in the case of SRRs with
parallel gaps, which leads to smaller differences in extracted
effective parameters for two different directions, which can be
seen in figures 6(a) and 7(a) (in this case the results for the
NRWavg method are not shown, as they would not give sig-

nificant differences compared to the BP method). In contrast
to this, the asymmetry in SRRs with perpendicular gaps is
more pronounced because Zc1 considerably differs from Zc2.

Phys. Scr. T162 (2014) 014046 V Milosevic et al
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Figure 1. Asymmetric unit cells: (a) gaps parallel, (b) gaps perpendicular. Relevant dimensions: =h 1.27 mm, =L 3 mmr , =L 0.5 mmg ,
=L 0.25 mmm , =W 1.2 mml , =W 0.2 mmr , =R 0.5 mmv , =s 0.1 mm, =s 0.1 mmr , and substrate relative permittivity is ε = 10.2r .

Figure 2. Magnitude of the S-parameters: (a) gaps parallel, (b) gaps perpendicular. Rectangular bars denote regions where asymmetry is
present.
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Figure 3. Phase of the S-parameters: (a) gaps parallel, (b) gaps perpendicular. Rectangular bars denote regions where asymmetry is present.

Figure 4. Extracted index of refraction: (a) gaps parallel, (b) gaps perpendicular. Rectangular bars denote the frequency range with double-
negative effective parameters.

Figure 5. Extracted characteristic impedances using BP and NRWavg methods: (a) gaps parallel, (b) gaps perpendicular.



As a consequence, the extracted effective parameters ε1,2 and

μ
1,2

for different directions are greatly different, as can be seen

in figures 6(b) and 7(b).

4. Validation of the extracted parameters

To validate the effectiveness of the proposed method we
simulated two homogeneous slabs with parameters that cor-
respond to the extracted BP1 and BP2 sets. The resulting ABCD
parameters, which we will denote as ABCD1,2, respectively,

can be decomposed to a form like equation (3), which is
known as eigendecomposition in linear algebra. The resulting
matrix Q is calculated as

=
⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

( ) ( )
( ) ( )

Q
Q Q

Q Q

1, 1 1, 2

2, 1 2, 2
, (12)

1 2

1 2

and the final ABCD parameters are obtained using relation (3).

These recovered parameters are converted to S-para-
meters and compared with the original S-parameters in
figures 8 and 9. We can see that a very good agreement is
obtained, even in the areas of pronounced asymmetry. Some
discrepancies exist near the end of the band, especially in the
magnitude, and we are working to improve the stability of the
presented method.

5. Conclusion

We have presented the exact extraction procedure for retrieval
of the effective parameters for a metamaterial transmission
line loaded with asymmetric SRRs, which is based on
describing each direction of propagation with an independent
set of parameters. This can be interpreted as a consequence of
a bianisotropic medium causing different characteristic
impedances for different directions. We derived the ratio of
the real mean value of the characteristic impedances and that
obtained by the NRWavg method, and showed that the main
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Figure 6. Extracted effective permittivity: (a) gaps parallel, (b) gaps perpendicular.

Figure 7. Extracted effective permeability: (a) gaps parallel, (b) gaps perpendicular.



difference is a consequence of the averaging of S-parameters
in the NRWavg method.

The validation of the BP method is confirmed by using
independent simulation of two isotropic homogeneous slabs
with the extracted effective permittivity and permeability for
the different directions of propagation, and then combining
them to recover the original S-parameters. All original S-
parameters were successfully restored, which is proof of the
validity of our method.
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Enhanced Modelling of Split-Ring Resonators
Couplings in Printed Circuits

Radovan Bojanic, Vojislav Milosevic, Branka Jokanovic, Member, IEEE, Francisco Medina-Mena, Fellow, IEEE,
and Francisco Mesa, Fellow, IEEE

Abstract—An enhanced equivalent circuit approach for themag-
netic/electric interaction of single split-ring resonators (SRRs) with
printed lines is presented in this paper. A very simple and effi-
cient lumped-element network is proposed to model the behavior
of metamaterial-based printed lines over a wide frequency band.
The same circuit topology can be used for the single- and two-mir-
rored SRRs loaded microstrip line. The corresponding circuit pa-
rameters are obtained from the multiconductor transmission line
theory as well as from closed-form expressions that make use of
just the resonance frequency and minimum of the reflection coef-
ficient (which should be previously extracted from experiments or
full-wave simulations). The comparison of our equivalent circuit
results with measurements and full-wave simulations has shown a
very good agreement in a considerably wider frequency band than
other previously proposed simple equivalent circuits.

Index Terms—Coupled transmission lines, equivalent circuit,
metamaterial, microstrip line, split-ring resonator.

I. INTRODUCTION

M ETAMATERIAL-BASED guiding structures have been
intensively investigated in the past decade with the pur-

pose of extending the operational capabilities of diverse pas-
sive and active components in antennas and microwave cir-
cuits [1]. A great deal of effort has specifically been devoted
to the study of printed transmission lines loaded with parallel
inductive or series capacitive elements [2]–[5]. Resonant-type
metamaterial-based transmission lines (MMTLs) with double
split ring resonators (SRRs) and complementary SRRs (CSRRs)
have also been considered in the frame of the development of fil-
ters, sensors, and RFID tags [6]–[8], among other applications.
One of the most interesting properties of the SRR is that the
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orientation and position of its gap with respect to the hosting
transmission line has significant influence on the overall perfor-
mance of the loaded transmission line. This topic has been pre-
viously studied by some of the authors of the present work [9]
and has found potential application in designing reconfigurable
delay lines and scanning antennas [10], [11].
Metamaterial transmission lines (like many other electromag-

netic structures) can be reasonably modeled by lumped-element
equivalent circuits. This approach is a useful tool for better
understanding of the physics underlying the propagation phe-
nomena in MMTLs. Also, a very important benefit of using
the equivalent circuit is in independent parameter tuning and
optimization of cascaded structures. These are still very time-
consuming, despite the enormous progress in computational re-
sources, especially if a great number of individual resonators is
involved.
Equivalent circuits of MMTLs loaded with double SRRs

with passband and stopband characteristics can be found, for
instance, in [12] and [13], where coplanar waveguides (CPWs)
were used as the background transmission lines. MMTLs based
on microstrip lines mostly involve coupling with CSRRs [14]
or fractal and multiple CSRRs [15] etched in the ground plane
(right beneath the line) so that they are excited by the electric
field perpendicular to the plane of the CSRR. The equivalent
circuit of a double-SRR-loaded microstrip line with a vertical
via was reported in [16] to explain its passband response. In
all of these previous papers, the gaps of the double SRRs and
CSRRs were oriented parallel to the transmission line. The
cross-coupling effects resulting from the different orientations
of double SRRs and CSRRs coupled to CPW and microstrip
lines have been studied using the equivalent circuit approach
in [17].
It should be noted that all of the examples mentioned above

(except those in [16]) are double-sided structures, which are
difficult to fabricate and assemble with other planar devices.
This fact might limit their wide application in modern wire-
less systems, in which reduced size, cost, and simple integration
are principal concerns. For these reasons, microstrip technology
is possibly the best choice for integrating MMTLs and related
components.
The present work studies square-shaped SRRs coupled to the

microstrip line lying in the same plane. Gaps in the SRRs are
either parallel (near to or far from the line) or perpendicular
to the microstrip line, with the latter having cross-coupling ef-
fects. Both a single SRR placed at one side of the line and a pair
of SRRs symmetrically/asymmetrically placed at both sides are

0018-9480 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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considered. An equivalent circuit model is proposed and vali-
dated for an arbitrarily oriented single-SRR-loaded microstrip
line. The topology of the circuit is slightly more complicated
than other proposed approaches, in order to increase the band-
width of the model. The new models make use of the same
number of independent parameters as in previous simpler pro-
posals, although they are now interconnected in a different way
in order to capture the distributed nature of the original loaded
transmission line more efficiently. The approximation to the dis-
tributed behavior could be further improved by adding more el-
ements to the lumped-circuit representation, but this would in-
crease the complexity of the model and the number of parame-
ters to be determined.
The proposed unit cells exhibit a stopband response, and they

can be used as basic components in the design of high-perfor-
mance compact filters. The validity of the equivalent circuit
models is confirmed by the -parameters obtained from the
measurements of laboratory samples and from full-wave elec-
tromagnetic simulations. The proposed circuit topology is also
very suitable for the unit cells with passband response since via
inductance can easily be taken into account without increasing
the complexity of the model.
This paper is organized as follows. Section II presents the cir-

cuit parameter extraction using a coupled-lines model to obtain
the parameters of the host line coupled to SRR. In Section III,
the remaining parameters are calculated employing closed-form
expressions that make use of the resonance frequencies and the
reflection coefficient minimum obtained by full-wave simula-
tions. Two types of equivalent circuit are considered for the
loaded transmission line: with one and with two LC cells. The
latter is found to provide a bandwidth two times wider. The
equivalent circuit model is validated by comparison with full-
wave simulations and measurements in Section IV. A very good
agreement is found in a wide frequency range, not only for struc-
tures with a single unit cell but also for structures with a cascade
of SRR unit cells.

II. CIRCUIT PARAMETERS EXTRACTION USING A

COUPLED-LINES MODEL

In order to obtain the equivalent circuit models of microstrip
lines loaded with arbitrarily oriented SRRs, having their gaps
parallel or perpendicular to the line (both near and far from the
line), two configurations are examined: 1) a single SRR at one
side of the microstrip line and 2) two SRRs at both sides of
the line. The equivalent circuit of an arbitrarily oriented single-
SRR-loaded microstrip line has not been considered so far, with
the exception of the modeling of the mutual coupling between
SRRs themselves reported in [18].
The SRR-loaded microstrip line with the gap parallel (and

close) to the line is shown in Fig. 1, together with the relevant
dimensions. A similar structure, but involving double SRRs,
has been studied in [16], where the equivalent circuit shown
in Fig. 2(a) is proposed. The transmission line is represented
by a single -cell. In this paper, we propose the enhanced
model shown in Fig. 2(b), where the line is represented by two
-cells. We will demonstrate that this circuit, which has the
same number of independent parameters as the previous one,

Fig. 1. Layout of the microstrip line loaded with SRR with the relevant di-
mensions: 1.27 mm, 3 mm, 0.25 mm, 0.5 mm,

0.2 mm, 1.2 mm, 0.1 mm. The metalization thickness is
17 m, and the dielectric permittivity .

Fig. 2. Equivalent circuit of the microstrip line loaded with SRR consisting of
(a) one and (b) two -cells.

allows much better matching with full-wave simulations and
measurements.
To extract the parameters and of the transmission line

(Fig. 2), taking into account the coupling between the line and
the nearest SRR arm, the system is modeled as a section of the
multiconductor transmission line. LINPAR software [19] is em-
ployed for the numerical evaluation of the quasistatic line pa-
rameters. LINPAR provides the per unit length (p.u.l.) induc-
tance and capacitance matrices from which the required param-
eters of the finite-length coupled-line sections are obtained.
According to the coupling geometry between the SRRs and

the transmission line, the structures under study have been di-
vided into five groups, as shown in Table I. Depending on the
orientation of the SRR, the microstrip line is coupled with the
whole SRR side or by two parts of the side separated by the gap.
In Table I, three types of marked sections can be distin-

guished: the isolated section and the coupled section with
one or two SRR arms. The parameters of each section have
been calculated using diagonal elements of the p.u.l. induc-
tance and capacitance matrices. The resulting parameters
and of the microstrip line (given in the second column of
Table I) are obtained by summing the parameters of individual
sections. It can be seen that the transmission-line inductance
is very similar for all configurations, but the capacitance
varies much more (15%) depending on the configuration,

i.e., on the coupling between the SRR and the line. The SRR
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TABLE I
CONFIGURATIONS OF SRRS COUPLED WITH THE MICROSTRIP LINE AND

EXTRACTED PARAMETERS. COUPLING HAS BEEN TAKEN INTO ACCOUNT ONLY
BETWEEN THE SECTIONS MARKED BY HATCHING. REFERENCE PLANES ARE

DENOTED BY DOTTED LINES

inductance consists of two parts: 1) from the section that is
coupled with the transmission line, which is calculated using
the corresponding diagonal element of the inductance matrix,
and 2) from an isolated transmission line with length equal
to the remaining uncoupled part of the SRR length. Values of

given in Table I are slightly different due to the fact that
coupled-line sections have a somewhat lower p.u.l. inductance
than isolated ones. Hereinafter, we adopt the same values for
the inductances, 1.5 nH and 8 nH, for all of the
considered configurations.

III. CIRCUIT PARAMETERS EXTRACTION USING
FULL-WAVE ANALYSIS

It has been found that different configurations of SRR loaded
microstrip line can be modeled by the same circuit topology, but
with different values of the circuit parameters. According to the
circuit topology, all considered configurations can be divided
into three groups: 1) SRRs with gaps parallel to the line; 2) two
SRRs with parallel gaps near and far from the line; and 3) SRRs
with gaps perpendicular to the line. For each topology, closed-
form expressions for the resonance frequency and the minimum
reflection frequency can be obtained. Those expressions are then
used to determine the remaining circuit parameters (magnetic
coupling coefficient and SRR capacitance ), based on the

Fig. 3. Microstrip line loaded with SRRs with gaps parallel to the line. (a) One
SRR with gap near the line. (b) Two SRRs with gaps near the line. (c) One SRR
with gap far from the line. (d) Two SRRs with gaps far from the line. These
configurations can be modeled by the equivalent circuits in Fig. 2.

frequencies computed through full-wave simulations. The only
parameter that has to be fitted is the electric coupling coefficient
; i.e., coupling capacitance , in the case of

SRR with perpendicular gaps (this coefficient is introduced in
Section III-C).

A. Microstrip Line Loaded With SRRs With Gaps Parallel
to the Line

Microstrip lines loaded with SRRs with gaps parallel to the
line are shown in Fig. 3. The equivalent circuit parameters , ,
and are given in Table I for each configuration in Fig. 3 (they
depend on their geometry and material characteristics). The re-
maining parameters and are determined using the -pa-
rameters obtained by full-wave simulation. It should be noted
that, in the frequency range of interest, the full-wave simula-
tion only shows one minimum that is located below the
resonance frequency while both equivalent circuits exhibit two

minima: one below and the other above the resonance. The
presence of this upper spurious parasitic minimum certainly
reduces the bandwidth, where it is possible to obtain a good
matching between simulations and equivalent circuit analysis.
However, the equivalent circuit with two -cells [Fig. 2(b)]
moves that minimum to higher frequencies with respect to the
one cell model, as will be discussed later.
The capacitance is obtained from the SRR resonance fre-

quency as follows:

(1)

1) Minimum of the Equivalent Circuit Model Below
the Resonance: The magnetic coupling coefficient is
determined by the frequency of the first minimum of ,

, for the equivalent circuits in Fig. 2. In
order to simplify calculations, we can apply Bartlett’s bisection
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theorem [20]. The coupling coefficient is then obtained as
a function of , the resonance frequency , and the line
parameters and as follows:

(2)

where corresponds to the circuit with one cell [Fig. 2(a)] and
is for the two cells circuit [Fig. 2(b)]. These coefficients are

given by

(3)

(4)

where is the characteristic admittance of the microstrip line
(20 mS in our case), and

Full-wave simulations and measurements for all of the struc-
tures in Fig. 3 show that the minimum appears before the
resonance of the SRR , making the first parenthesis in (2) neg-
ative. In order to obtain a real value of the coupling coefficient

(which allows for the matching between the frequencies of
first minima of obtained by full-wave simulation and those
obtained by equivalent circuit analysis), it is necessary for the
right-hand side of that equation to be positive, which requires

.
In Fig. 4(a) and (b), we show a comparison of the -coeffi-

cients calculated for one and two cells, respectively, for the SRR
coupled to the 50- microstrip line [Fig. 3(a)] on different sub-
strates. From the position of the minimum (corresponding
markers), it can be seen that the condition is not satis-
fied in any case in Fig. 4(a). On the other hand, that condition
is fulfilled for all cases in Fig. 4(b). Also, the substrate with
the highest permittivity (Rogers RO3010) exhibits the lowest
upper frequency of the bandwidth in which has a real value
(3.51 GHz for one cell and 7.02 GHz for two cells). It should be
noted that the -coefficient is not a function of SRR parameters,
but only of the minimum frequency and the parameters of
the background transmission line.
Fig. 4(a) and (b) clearly shows that the important advantage of

the enhanced modeling of SRR loaded transmission line, com-
pared with the one -cell equivalent circuit, is that it provides
a bandwidth two times wider in which has real values.
If a grounding via was present, a passband response would be

obtained, and the minimum would appear above the trans-
mission zero in a full-wave simulation. In such case, a good
agreement can be achieved with the equivalent circuit where
the line is represented by only one cell [16]. In that case, our
proposed equivalent circuit would become very similar to the

Fig. 4. Comparison of the -coefficient for the equivalent circuit with (a) one
and (b) two -cells for the case in Fig. 3(a). Horizontal black lines indicate
the value of 1 on the vertical axis, and markers denote the frequency of
minimum for the corresponding substrates. For real values of the coupling co-
efficient , the coefficients should be greater than 1.

improved model reported in [13], in which one cell is modified
to allow for positioning of a centered via inductance.
2) Minimum of the Equivalent Circuit Model Above the

Resonance: Both equivalent circuit models in Fig. 2 exhibit
a second minimum above the resonance frequency of the
SRR, which does not appear in the full-wave simulations or
measurements. This spurious effect is a consequence of approx-
imating a distributed circuit by lumped elements. In order to
improve the bandwidth in which the equivalent circuit can be
used, it is necessary to push that parasitic minimum towards
high frequencies. This has been done by using the equivalent
circuit with two -cells.
To clarify this, we start from the condition of perfect

matching (minimum of ) for the symmetric circuit (fol-
lowing Bartlett’s theorem): , where even
and odd admittances are calculated by placing an open/short
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Fig. 5. Plotted LHS (solid curves) and RHS (dashed curves) of (5). Crossings
indicate minima for corresponding cases.

termination at the symmetry plane. After some rearrangements,
the equivalent condition can be reformulated as

(5)

where values of correspond to (3) and (4) for one and two
cells, respectively. At low frequencies, can be approximated
as . Comparing this expression with
(3), it is observed that the coefficient accompanying the term
is four times smaller. Since is proportional to the square of
the frequency [see (4)], this implies that varies two times
slower with frequency then , thus showing a frequency be-
havior closer to that expected for an ideal transmission line
(which should give a constant value of the -coefficient).
In Fig. 5 the left-hand side (LHS) and right-hand side (RHS)

of (5) are plotted for one and two cells and for two different cou-
pling coefficients [the transmission line parameters correspond
to the case in Fig. 3(a)]. The crossings of the corresponding
curves for LHS and RHS indicate solutions of (5) and, therefore,
frequencies of minima. Crossings below the SRR resonance
are marked with triangles, and they represent the real minima
of the parameter, while the crossings above the resonance,
marked with circles, are the parasitic minima , absent in
full-wave simulation. The LHS of this equation does not de-
pend on the number of cells but only on the coupling coefficient
and resonance (solid curves). By increasing the coupling

strength, this curve “widens” (compare thick and thin curves) so
that it is possible to adjust the frequencies of both minima in
a given range.Moreover, the RHS depends only on the transmis-
sion line parameters and (which are basically determined
by the choice of the substrate and characteristic impedance), and
it has a completely different slope for the simple and the en-
hanced equivalent circuits. It can readily be observed from the
figure that the RHS corresponding to the enhanced equivalent
circuit is much more favorable in regards to the parasitic min-
imum, , of , as it appears at much higher frequencies

TABLE II
EXTRACTED PARAMETERS FOR THE CONFIGURATIONS IN FIG. 3

Fig. 6. (a) Microstrip line loaded with two SRRs with parallel gaps near and
far from the line. (b) Corresponding equivalent circuit.

than those corresponding to the conventional circuit. In partic-
ular, for small values of the coupling coefficient ( ), the
second minimum appears right above the one-cell circuit
resonance, therefore severely reducing its usable bandwidth, as
opposed to the case of the enhanced equivalent circuit.
3) Extracted Equivalent Circuit Parameters: Extracted pa-

rameters for the two-cell equivalent circuit [Fig. 2(b)] are given
in Table II for all configurations in Fig. 3. The difference in
is due to different resonance frequencies, according to (1). The
magnetic coupling coefficient is very different and is much
greater for the structures without gaps in the arm near the line,
where the coupling is the most pronounced.

B. Microstrip Line Loaded With Two SRRs With Parallel Gaps
Near and Far From the Line

A microstrip line loaded with two SRRs with parallel gaps
near and far from the line [Fig. 6(a)] has a more complex equiv-
alent circuit [Fig. 6(b)] than in the previous case. It is a super-
position of two equivalent circuits given in Fig. 2(b), because
the SRRs have two different magnetic couplings and resonance
frequencies.
The values of the extracted parameters 0.105 pF and

0.081 pF have been determined from the resonance fre-
quencies and , computed with a full-wave simulator.
The magnetic coupling coefficients are determined by

applying Bartlett’s theorem to the circuit in Fig. 6(b), in a similar
way as for the circuit in Fig. 2(b). To obtain , the following
system of two equations has to be solved (since there are two

minima, ):

(6)
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Fig. 7. Microstrip line loaded with SRRs with gaps perpendicular to the line.
(a) Single SRR. (b) Two SRRs mirrored with respect to the line, which can be
modeled by (c) the same equivalent circuit.

where are calculated according to (4). Finally, it is ob-
tained and .
For the equivalent circuit with one -cell, the system (6) will

remain the same, except that is replaced by , calculated ac-
cording to (3). In this case, the first equation in (6) corresponds
to the first minimum of below the resonances. Thus the co-
efficients on the LHS will be positive, and the RHS turns out
to be negative, which is impossible to solve. Consequently, it is
impossible to overlap the first minimum with full-wave simula-
tions and measurements. The second minimum, however, falls
between two resonances; therefore, one of the coefficients at
LHS in the second equation in (6) is negative, so it is possible
to overlap this minimum. For this case, it is found the following
relation between coupling coefficients:

(7)

When solving (7), which has multiple solutions, it should be
taken into account that (corresponding to the SRR with the
gap far from the line) should be greater than .

C. Microstrip Line Loaded With SRRs With Gaps
Perpendicular to the Line

The SRRs depicted in Fig. 7 differ from the previous config-
urations as they have been rotated 90 , which means that the
structure is no longer symmetric with respect to the microstrip
line. In this case, the electric field of the line is parallel to the
gap, which causes additional electric coupling, included in the
equivalent circuit model shown in Fig. 7(c).

Fig. 8. Simplified circuit for the calculation of the resonance frequency.

A microstrip line loaded with one SRR with the gap perpen-
dicular to the line [Fig. 7(a)] has the same equivalent circuit as
two mirrored SRRs symmetrically placed at both sides of the
line [Fig. 7(b)], but with different values of circuit elements.
The corresponding equivalent circuit parameters , and
are given in Table I for each configuration in Fig. 7.

The magnetic coupling coefficient for the structures in
Fig. 7(a) and (b) are approximated by the values obtained for
the corresponding SRRs with gaps parallel and far from the
microstrip line [Fig. 3(c) and (d), respectively], since they
have very similar surface current distributions. The remaining
parameters, and , are determined using the resonance
frequency ( is determined as function of , which is
derived through a fitting procedure with full-wave simulation).
To calculate the approximate resonance frequency (i.e., min-

imum of ), we use the equivalent circuit shown in Fig. 8,
in which the shunt capacitors are removed with respect to the
circuit in Fig. 7(c). This makes the circuit analysis significantly
easier while the resonance is hardly affected.
After writing the system of equations according to Kirch-

hoff’s laws, the following matrix relation between currents and
voltages at ports 1 and 2 is obtained:

(8)

The condition for the resonance can be expressed as having a
nontrivial solution on the LHS when (i.e., the RHS
should be equal to zero), which is only satisfied when the deter-
minant of the matrix on LHS is equal to zero as follows:

(9)

which gives the following resonance frequency:

(10)
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TABLE III
EXTRACTED PARAMETERS FOR THE CONFIGURATIONS IN FIG. 7

Fig. 9. (a) Cascaded SRRs. (b) Corresponding equivalent circuit.

with . It can be proved that, due to reciprocity
( ), the LHS and RHS matrices of (8) have equal
determinants, but it is simpler to consider the one on the LHS.
The extracted values of the equivalent circuit elements

(Table III) are obtained after a slight optimization of ,
and parameters, required because of the simplified circuit
analysis. It can be seen that the values of , and are very
similar for both structures but , and are different. The
differences in and are a consequence of the stronger
coupling in the case with two SRRs.

D. Cascaded Structures

The unit cells discussed above can be cascaded in order to
design filters with improved bandwidth, as shown in Fig. 9(a)
for SRRs with the gaps parallel and close to the line. This struc-
ture is modeled by the equivalent circuit shown in Fig. 9(b),
with the previously extracted parameters, and with an additional
inter-resonator coupling that depends on the distance be-
tween the SRRs. The coupling coefficient is determined
from full-wave simulation of two resonators, and can be used
for modeling an arbitrary number of SRRs as long as nonad-
jacent resonator coupling can be neglected. The obtained cou-
pling coefficients for different inter-resonator distances are
shown in Table IV.

IV. VALIDATION OF THE MODEL AND RESULTS

To validate the proposed equivalent circuit models and the
extracted circuit parameters, the magnitudes and phases of the

TABLE IV
EXTRACTED INTER-RESONATOR COUPLING COEFFICIENTS,

Fig. 10. (a) Fabricated custom designed LRL calibration set for the measure-
ment of -parameters at reference planes. (b) Microstrip line loaded with SRR
with parallel gap close to the line.

Fig. 11. Comparison of magnitudes (a) and phases (b) of -parameters ob-
tained by measurements, full-wave simulations, and equivalent circuit analysis
with one and two -cells for the configuration in Fig. 3(a).

-parameters obtained by measurements, full-wave simula-
tions and equivalent circuit analysis are compared. Full-wave
simulations are performed using lossless materials, since the
equivalent circuit models do not include any losses. Neverthe-
less, some losses are still present both in full-wave simulations
and measurements due to radiation. Certainly, the measured
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Fig. 12. Comparison of (a) magnitudes and (b) phases of -parameters ob-
tained by measurements, full-wave simulations, and equivalent circuit analysis
with one and two -cells for the configuration in Fig. 3(c).

results include the actual losses in the metal and dielectric. All
structures are simulated using WIPL-D software [21], and re-
sults are de-embedded at the reference planes marked in Fig. 1.
Measured -parameters are also de-embedded at the reference
planes using the LRL (Line-Reflect-Line) calibration set shown
in Fig. 10(a), and the Anritsu ME7838A VNA. A fabricated
prototype of the microstrip line loaded with a single SRR with
gap parallel (and close) to the line is shown in Fig. 10(b).

A. Microstrip Line Loaded With SRRs With Gaps Parallel
to the Line

The results obtained by measurement, full-wave simulation,
and equivalent circuit analysis using two -cells [Fig. 2(b)] for
structures in Fig. 3(a) and (c) are shown in Figs. 11 and 12, re-
spectively. They are in good agreement in the whole frequency
range from 4 to 8 GHz. Small discrepancies in magnitude be-
tween the equivalent circuit model and measurements in Fig. 11
are found at the end of the swept band and are attributed to
the presence of the parasitic minimum. The frequency of
this minimum is around 8.8 GHz due to relatively weak cou-
pling (see Fig. 5). In contrast to that, the results obtained with
the one-cell equivalent circuit model [Fig. 2(a)] show a big dis-
crepancy with the full-wave simulations and measurements for

Fig. 13. Comparison of (a) magnitudes and (b) phases of -parameters ob-
tained by full-wave simulations and equivalent circuit analysis with one and
two -cells for the configuration in Fig. 6(a).

any value of . Actually, this simplified model only works
properly at the resonance frequency and in a very small region
around it. The first minimum of occurs at a far lower fre-
quency than the measured one, and it is not possible to overlap
them for any real value of , in accordance with (3). The cou-
pling coefficients for the equivalent circuits with one cell are
obtained by a fitting procedure and their values are
in Fig. 11 and in Fig. 12, for SRR with the gap far
from the line.

B. Microstrip Line Loaded With Two SRRs With Parallel Gaps
Near and Far From the Line

Comparison between the full-wave simulation and the equiv-
alent circuit analysis with one and two cells is given in Fig. 13.
For the case of the equivalent circuit with two cells we can
see that almost perfect agreement is obtained in magnitude and
phase in the whole frequency range from 4 to 8 GHz.
For the one-cell equivalent circuit, the good matching is ob-

tained only around the second minimumwith the coupling coef-
ficient and , which is not expected since
the coupling structures are very different (with and without the
gap). It can be seen that around the second resonance there is dis-
crepancy not only in but also in characteristics, since it
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Fig. 14. Comparison of magnitudes (a) and phases (b) of -parameters ob-
tained by measurements, full-wave simulations, and equivalent circuit analysis
with one and two -cells for the configuration in Fig. 7(a).

is not feasible to move the third minimum to a higher frequency.
Also, the first minimum in the characteristic is not possible
to match at all with one-cell equivalent circuit, as we had al-
ready predicted in Section III-A.

C. Microstrip Line Loaded With SRRs With Gaps
Perpendicular to the Line

To show the advantages of the proposed enhanced equiva-
lent circuit [Fig. 7(c)] with respect to the one-cell model for the
SRR with gap perpendicular to the line [Fig. 7(a)], we com-
pared in Fig. 14 magnitudes and phases of -parameters ob-
tained by measurements, full-wave simulations, and equivalent
circuit models with one and two -cells. Once again, the re-
sults for the two-cell equivalent circuit model are in very good
agreement with full-wave simulation and measurements in the
whole frequency range from 4 to 8 GHz. It is important to men-
tion that SRRs with the gap perpendicular to the line do not ex-
hibit the first minimum of reflection below the resonance as the
SRR with the gap parallel to the line. Although the structure is
asymmetric, only the magnitude of the reflection is shown
(the difference with only concerns the phase). The one-cell
equivalent circuit seems to perform now much better than in the

Fig. 15. Comparison of (a) magnitudes and (b) phases of -parameters ob-
tained by full-wave simulations and equivalent circuit analysis with one and
two -cells for the configuration in Fig. 7(b).

case with the parallel gap, but the proposed two-cell model still
works better in a wider frequency band. The extracted parame-
ters of one-cell model are , 0.062 pF.
The results of full-wave simulations and equivalent circuit

model analysis with one and two -cells for the configuration
in Fig. 7(b) are shown in Fig. 15. The results from the equiv-
alent circuit model with two cells are in very good agreement
with full-wave simulations. The one-cell model fits the full-
wave simulations in a wider frequency range than for the corre-
sponding single SRR and matching is good up to 7.5 GHz. The
extracted circuit parameters for one-cell model are
and 0.095 pF.

D. Cascaded SRRs With Gaps Parallel to the Line

The results of full-wave simulations and equivalent circuit
model analysis with one and two -cells for the configuration in
Fig. 9, for inter-resonator distance 0.5 mm, are shown in
Fig. 16. A very good agreement is found in the whole frequency
band of interest, both in magnitude and phase of the -param-
eters, between the two -cell model and the full-wave simula-
tions. In contrast to that, the one -cell model is unable to match
the reflection except in a very narrow range around resonance.
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Fig. 16. Comparison of (a) magnitudes and (b) phases of -parameters ob-
tained by full-wave simulations and equivalent circuit analysis with one and
two -cells for the configuration in Fig. 9, for distance 0.5 mm.

The values of magnetic coupling coefficients are obtained by
fitting, and they are and .

V. CONCLUSION

Enhanced equivalent circuit models of microstrip lines
loaded with single split-ring resonators have been proposed.
Different orientations, not previously considered, of the SRR
with respect to the line are analyzed: with the parallel gap near
and far from the line, and with the gap perpendicular to the line.
The printed line can be loaded with a single SRR at one side,
or with two SRRs symmetrically/asymmetrically placed with
respect to the line. This type of structures exhibits stop band
response, but the proposed equivalent circuit model can easily
be extended to structures with passband response by simply
adding inductance between two -cells.
The single SRR (at one side of the line) and the two mirrored

(with respect to the line) SRRs have the same equivalent cir-
cuit, although different circuit parameters. These are calculated
using the multiconductor transmission-line model ,
while other necessary parameters ( and ) are obtained
using closed-form expressions that relate them to the resonance
frequency and minimum of reflection obtained by full-wave
simulations. The only parameter to be optimized is the electric

coupling present in the case of SRRs with gap perpendicular to
the line.
The main advantage of the proposed two-cell circuit model is

that it provides a twice wider bandwidth in which it is possible
to match the minimum of reflection obtained by full-wave sim-
ulations. This is achieved without increasing the number of cir-
cuit parameters with respect to the one-cell circuit model. Also,
the enhanced equivalent circuit approximates the distributed na-
ture of the background transmission line in a better way, and
moves the parasitic minimum above the SRR resonance to sig-
nificantly higher frequencies, compared to the one-cell model.
Therefore, the achieved good matching bandwidth is consider-
ably increased.
A number of samples have been fabricated and measured to

validate the parameters extraction procedure. Very good agree-
ment between measured -parameters, full-wave simulations,
and the proposed two-cell equivalent circuit has been demon-
strated over a wide frequency range, both in magnitude and
phase. In contrast, the conventional one-cell model has been
shown to work only in a narrow frequency band. The proposed
model is easily extendible to cascaded structures, as it has been
exemplified with two unit cells with different inter-resonator
spacing. The cascaded model is validated by comparison with
full-wave simulations, and very good agreement is observed.
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Abstract  –  We present an enhanced modelling of magnetic and electric interaction of single asymmetric 
split-ring resonators (ASRRs) with printed lines. Two simple lumped-element networks consisting of one 
and two Π-cells, which has the same number of independent parameters, are proposed to model the 
square-shaped ASRRs loaded microstrip line. The equivalent circuit parameters are obtained from the 
multi-conductor transmission line theory as well as from closed-form expression for the resonance 
frequency which is extracted from full-wave simulations. Comparison of proposed equivalent circuit 
results with full-wave simulations has shown that the network consisting of two Π-cells exhibits much 
better agreement in a much wider frequency band than one-cell model.  

 
I. INTRODUCTION 

 
Analysis and design of metamaterial-based transmission lines (MMTLs) require the use of long-lasting full-

wave simulations that usually demand a lot of computational resources. However, MMTLs can be modelled by 
lumped-element equivalent circuits that provide a much better understanding of the electromagnetic properties 
and also simpler way of their design and optimization. 

In this paper we study a single square-shaped ASRRs coupled to the microstrip line with gap parallel to the 
line and shifted from the center of the gap bearing side. It is shown that the orientation and position of the gap 
with respect to the hosting transmission line has significant influence to the overall performance of MMTL [1]. 
The proposed unit cells exhibit a stop band response and offer more flexibility in design of compact high-
performance filters. 

 
 

II. CIRCUIT PARAMETERS EXTRACTION 
 

The ASRRs loaded microstrip line with parallel gap near and far from the line are shown in Figs. 1a. and 1b. 
respectively, together with the relevant dimensions. The proposed equivalent circuits that have the same number 
of independent parameters are given in Figs. 1c. and 1d. The first equivalent circuit represents transmission line 
by a single Π-cell while the enhanced model in Fig. 1d. uses two Π-cells for transmission line modelling. We 
will demonstrate that the equivalent circuit with two Π-cells, allows much better matching with full-wave 
simulations. 

In order to extract the parameters L and C of the transmission line we considered coupling between the line 
and the nearest ASRR arm. This system is modeled as a section of the multi-conductor transmission line. 
LINPAR software [2] is employed for the numerical evaluation of the quasi-static line parameters. LINPAR 
provides the per unit length (p.u.l.) inductance and capacitance matrices from which the required parameters of 
the coupled line sections are obtained. Depending on the orientation of ASRRs, the microstrip line is coupled 
with the whole ASRR side or by the part of it. Extracted transmission line inductance, L is an equal for both unit 
cells in Figs. 1.a,b as well as the ASRR inductance LS which consists of two parts: 1) from the section that is 
coupled with the transmission line and 2) from an isolated transmission line with the length equal to the 
remaining, uncoupled part of the ASRR length. Values of LS are very similar for both configurations in Figs. 1a. 
and 1b. and we adopted the following values for the inductances, L=1.5nH and LS=8nH for both unit cells. 
Capacitance CS of ASRR is determined using the resonance frequency, frS obtained by full-wave simulation of 
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the corresponding symmetrical unit cell with gap positioned at the center of SRR side, since capacitance CS 
changes a little when shifting the gap from the center: 
 

SS
rS CL

f
π2

1= . (1) 

 

   
 
  (a)   (b)        (c)          (d) 
Fig. 1. Layouts of the microstrip line loaded with asymmetric SRRs (a) with gap near to the line and (b) with gap far from 
the line and the equivalent circuits consisting of (c) one and (d) two LC cells. Relevant dimensions are: h=1.27mm, Lr=3mm, 
Lm=0.25mm, Lg=0.5mm, Wr=0.2mm, Wl=1.2mm, S=0.1mm. The metallization thickness is t=17µm, and dielectric 
permittivity εr=10.2. 

 
To calculate the resonance of the circuit in Fig. 3c., we used simplified circuit with the shunt capacitors 

removed, as the resonant frequency is unaffected by this. This frequency turns out to be (for full details of 
calculation see [3]): 

 
 

mmSS
r CLCL

f
−

=
π2

1 ,  where Smm LLkL = ; (2) 

 
which enables us to obtain the ratio between mutual capacitance Cm and mutual inductance Lm  by using the 
resonant frequency obtained by full-wave simulation. In this way, only one parameter needs to be optimized. For 
the circuit in Fig. 1d the resonance will be a little shifted compared to the value given by (2), so the same 
procedure can be used with an additional slight optimization due to this shift. 

 
 

III. VALIDATION OF THE MODEL AND RESULTS 
 

To validate the proposed equivalent circuit models and the extracted circuit parameters, we compared the 
magnitudes and phases of the S-parameters obtained by full-wave simulations and equivalent circuit analysis in 
Figs. 2. and 3.  
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Fig. 2. Comparison of magnitudes (a) and phases (b) of S-parameters obtained by full-wave simulation and equivalent 
circuit analysis with one and two Π-cells for the configuration in Fig. 1a. The extracted circuit parameters for the enhanced 
circuit model are: CS=0.109pF, km=0.216 and Cm=0.049pF. 
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Fig. 3. Comparison of magnitudes (a) and phases (b) of S-parameters obtained by full-wave simulation and equivalent 
circuit analysis with one and two Π-cells for the configuration in Fig. 1b. The extracted circuit parameters for the enhanced 
circuit model are: CS=0.09pF, km=0.31 and Cm=0.02pF. 
 
 

It can be seen that the equivalent circuit with single Π-cell can match the full-wave simulation only in a 
narrow band around the resonance, while two-cell equivalent circuit achieves a very good matching in a 
considerably wider frequency band from 4-8GHz. It is due to fact that two Π-cell equivalent circuit is able to 
capture more efficiently the distributed nature of the original loaded transmission line. The topology of this 
enhanced circuit model is a slightly more complicated, but number of independent circuit parameters to be 
determined is the same for the both circuit topologies.   

 
 

IV. CONCLUSION 
 

We present the equivalent circuit models for single asymmetric SRRs loaded microstrip line with gap parallel 
to the line, but shifted from the center of the gap-bearing side. Two circuit models are considered: with one and 
two Π-cells and is shown that circuit with two Π-cells is able to match  full-wave simulation in a considerably 
wider frequency range,  since its topology captures the distributed nature of the transmission line in a better way 
than one-cell model. Even the topology of two-cell circuit is a slightly more complicated, the number of 
unknown parameters that should be extracted is the same as for one Π-cell model. 
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Abstract – In this paper we apply the framework of temporal coupled-mode theory on the case
of resonant transmission line (TL) consisting of microstrip line coupled to split-ring resonators
(SRR). In particular, we study the system which breaks the mirror symmetry by moving the
slit in the SRR. The combination of two such SRRs in anti-symmetric configuration is shown to
posses two orthogonal resonant modes which both couple to the line with controllable coupling
strengths and corresponding Q-factors. Such an approach could prove to be useful in microstrip
filter design, classical electromagnetically induced transparency (EIT) and slow wave structures.

I. INTRODUCTION

Most of the metamaterials presented in the literature are of a so-called resonant-type, i.e. they derive their
properties from the interaction of constituent sub-wavelength resonators with the propagating wave [1]. More
generally, it can be said that they belong to a broad class of systems where the discrete localized states interact
with the propagating continuum states. Temporal coupled-mode theory provides first-order perturbation approach
for treating the dynamics of such systems [2]. Qualitative description of the scattering spectra using only a few
parameters can be obtained, as well as important constraints on those parameters coming from the symmetries of
the system [3]. Theory can easily be extended to the case of multiple resonators, with possible couplings between
them [4].

In this paper we apply the coupled-mode formalism to microstrip line edge-coupled with one or two SRRs.
Usually such systems posses mirror symmetry, however in our previous work we demonstrated that interesting
effects arise when the slit is moved to the perpendicular SRR arm, causing electric coupling (in addition to the
magnetic coupling with the line), and negative values of extracted effective ε [5].

We should note that another approach for approximately describing SRRs coupled with TL would be use of
the equivalent circuit model, which was extensively studied [1] and can be extended to include the electrical
coupling [6]. While each approach has its merits, we feel that the equivalent circuit is more cumbersome in the
case of asymmetric SRR, while coupled-mode approach can treat such case naturally, as it will be shown below.

II. THEORY AND RESULTS

A. Investigated structure

Structures under consideration are shown in Fig. 1. They consist of 50 Ω microstrip line printed on top of the
substrate Rogers RO3010 with height 1.27 mm and permittivity ε = 10.2 (bottom layer is metallised). In the
first case, shown in Fig. 1a, one SRR is asymmetrically placed next to the line, while in the second case [Fig. 1b]
two such SRRs are placed anti-symmetrically. It should be noted that the structure in Fig. 1b, while not having
mirror symmetry, possess the 180◦-rotation symmetry with respect to the center, which causes reflection from both
directions to be the same. The structure operates at about 5−6 GHz, which is suitable for microwave applications.

B. Coupled-mode approach

In the case of one SRR we have one resonant mode edge-coupled with the channel, as schematically depicted
in Fig. 2a. For our purposes it can be assumed that all the interaction takes place in the center plane, which divides
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a) b)

Fig. 1: Microstrip line coupled with a) one SRR with the gap in a perpendicular arm; b) two such SRRs placed
anti-symmetricaly. Dimensions: Lr = 3 mm, Lg = 0.5 mm, Wr = 0.2 mm, Wl = 1.2 mm, s = 0.1 mm.

a) b)

Fig. 2: Schematic of a) one; b) two anti-symmetric resonant modes edge-coupled to the transmission line.

the line in two parts. Due to lack of mirror symmetry, the coupling coefficient in both directions is generally not
the same. Following references [3, 4], we can write

da

dt
= jω0a+DT |s+〉 ; |s−〉 = C |s+〉+Da; C =

(
1

1

)
; D =

(
d1
d2

)
. (1)

Interpretation of (1) is following: resonant mode is described with complex quantity a, whose magnitude squared
is proportional to the energy, and phase is equal to the phase of the oscillating field. Time evolution of a has
homogeneous part, which represents resonant frequency, and forcing term due to excitation by incoming waves
through coupling. The scattered wave, |s−〉, has two components, one from the direct scattering (i.e. without the
influence of the resonator), represented by matrix C, and indirect caused by the coupling with the resonant mode.
Due to energy conservation and time reversal symmetry constraints, it can be shown that d1,2 = δe±jθ. Total
transmission coefficient can be calculated:

S21 = 〈s2− | s1+〉 = 1− δ2

j(ω − ω0) + δ2
. (2)

The case of two anti-symmetric SRRs is schematically represented in Fig. 2b. We can now write the same
equation as (1), only now a is no longer a scalar, but becomes a vector ~a =

(
a1 a2

)T
, and D becomes the

appropriate square matrix. Transmission is now

S21 = 1− 2δ2 cos2 θ

j(ω − ω0 − κ) + 2δ2 cos2 θ
− 2δ2 sin2 θ

j(ω − ω0 + κ) + 2δ2 sin2 θ
. (3)

We note that the two terms in (3) represent scattering due to symmetric and anti-symmetric mode, which form
orthogonal basis for two coupled resonators. Interesting feature of (3) is that the coupling strengths and corre-
sponging Q-factors of the two modes can be tuned by tuning θ, which may be useful for synthesising the desired
response.
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C. Comparison with numerical results
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Fig. 3: Comparison of expressions (2), (3) and numeric results for S21 for structures from a) Fig. 1a; b) Fig. 1b.

Formulae (2), (3) are fitted to the results of electromagnetic simulations in Mentor Graphics IE3D package.
In (2), fitting constants are ω0 and δ. From the reflection coefficient θ also can be resolved, leading to full set
of S-parameters, which excellently agrees with simulations, however due to space limitations only magnitude of
transmission is shown in Fig. 3a. Then, data for single SRR are used in (3), with only fitting parameter being the
mutual coupling κ, and the results are shown in Fig. 3b. The discrepancies in the resonance depths in our opinion
can be attributed to different radiation properties of symmetric and anti-symmetric modes, leading to slightly
different Q-factors.

III. CONCLUSION

Temporal coupled-mode theory has been applied to the two configurations of SRR coupled with microstrip line:
one asymmetric ring, and two such rings in anti-symmetric arrangement. Analytical expressions for transmission
in both cases are derived, and their good agreement with numerical simulations is shown.
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Classical Electromagnetically Induced Transparency in 
Metamaterials  

Vojislav Milošević, Branka Jokanović, Radovan Bojanić and Brana Jelenković 

Abstract – Electromagnetically induced transparency (EIT) is 
a quantum mechanical phenomenon that creates a narrow 
transparency window in otherwise absorbing medium. An 
analogous classical effect can be observed in various systems due 
to resonators coupling. In this paper, we present a review of 
metamaterials employing this feature in order to achieve low 
losses, high dispersion and extreme values of group delay.  

Keywords – Metamaterials, Electromagnetically Induced 
Transparency (EIT). 

I. INTRODUCTION 

In laser physics, EIT has been known as a method to 
eliminate the effect of the medium on a propagating beam [1]. 
Typically, it involves three-level atomic system (so called Λ-
configuration, depicted in Fig. 1), where the transition 

between states 1  and 3  is dipole-forbidden (i.e. state 3  

is meta-stable). Then, two lasers, probe beam and a 
considerably stronger pump beam, are tuned to the transitions 

21   and 31  , respectively. If proper coherence 

is achieved, it can result in vanishing probability for electrons 
to be found in the excited state due to quantum mechanical 
interference, and therefore the probe beam can propagate 
without any absorption. Classically, the resulting effect can be 
explained as a consequence of two driving forces acting on 
electrons, having equal magnitude and opposite sign [1].  

Electromagnetically induced transparency is not restricted 
to quantum mechanics and can be observed in classical 
mechanical, electrical and plasmonic systems. Classical EIT 
relies on asymmetrically coupled resonators in respect to the 
external field. One of the resonators is weakly coupled and is 
called “dark” element, while the other is strongly coupled and 
is called “bright” element. To obtain the EIT effects, it is 
necessary that the “dark” resonator has a considerably greater 
Q-factor in respect to the “bright” resonator. 

In the case of metamaterials consisting from coupled 
electromagnetic microresonators, this effect results in a sharp 
transmission peak appearing within wider absorption band [2-
7]. This results in a very steep dispersion, which in turn 
creates very high value of group delay, i.e. very small value of 
group velocity. It was observed more than 200 times slower 
wave propagation in metamaterials than the velocity of light 
in free space, making this type of material suitable for slow-
wave applications in terahertz region, [2,3], and for delay-
lines in microwave region [7]. Also, due to high Q-factor and 
strong field confinement, the EIT-like resonance is very 
sensitive to refractive index of surrounding medium, making it 
desirable for refractive index-based sensors. 

The authors are with the Institute of Physics, University of 
Belgrade, Pregrevica 118, 11080 Belgrade, Serbia. E-mail: 
vojislav@ipb.ac.rs 

This paper is organized as follows. First, we present the 
coupled oscillators model that allows us to study the classical 
EIT phenomenologically. Then, we present a review of recent 
papers that demonstrate the EIT-like effects in metamaterials. 

II. COUPLED OSCILLATORS MODEL 

Fig. 1. Typical EIT configuration 

Fig. 2. Coupled mechanical oscillators 

In Fig. 2 system of two coupled mechanical oscillators is 
shown, which we will use to explain the underlying 
mechanism of classical EIT. Suppose that the particles 
labelled as 1 and 2 have masses m1 and m2, respectively. Both 
oscillators, when uncoupled (i.e. without the spring in the 
middle), have the same resonant frequency ω0, while the 
damping term associated with particle 2 is considerably 

smaller than that associated with particle 1, 12   . 

Coupling coefficient is denoted as κ. Then, if external time-

harmonic force is acting on the particle 1, tjeFF 
0 , we 

can write the following equations of motion (x1,2 represent 
displacements of the respective particles from their 
equilibrium positions): 

 tjeF=F=κx+xω+
t
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In this analogy, force F represents the incoming wave 

whose transmission is measured (i.e. probe beam), particle 1 
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represents the electrons, and particle 2 stands for the coupling 
to the pump beam. If there is movement of particle 1, there is 
some transfer of energy from the wave, which results in 
absorption. Therefore, the absorption will be absent in the 
case when particle 1 stands still. 

By solving the system of equations (1), (2) in frequency 
domain, we obtain the following expression for the 
displacement of the first particle (as a function of frequency 
and amplitude of the external force):  

  
  2

22
01

22
0

2
02

22
0

1 


jj

Fj
x




  (3) 

It is apparent from (3) that at the frequency of the resonance 
ω0 displacement of the first particle will be proportional to the 
damping term of the second oscillator, γ2, which is assumed to 
be very small, therefore the absorption will be very small too. 

In the limiting case, when 02  , it is obvious that x2 also 

tends to zero, therefore the absorption of the system is fully 
removed. 

III. REVIEW OF PUBLISHED PAPERS 

One of the first attempts to explore the analogy between the 
EIT and resonators coupling in metamaterials was done by 
Tassin et al. in [2]. The geometry that was used is depicted in 
Fig. 3. In the first case (Fig. 3a), the excitation is by the 
electric field, and symmetrical gaps in the larger split ring 
have the purpose of preventing it from the coupling with 
incident field directly, therefore representing “dark” resonator, 
while the smaller one acts as “bright” resonator. In second 
case (Fig. 3b) excitation is by magnetic field, and orthogonal 
ring placement allows only one of them to couple with 
incident field directly. Dielectrics with different loss tangents 
have been inserted in the gaps to achieve different Q factors in 
order to obtain EIT like features. 

The results for transmission, absorption and extracted 
effective permeability for the structure in Fig. 3b is shown in 
Fig. 4 (both cases from Fig. 3 have similar basic features and 
therefore we are showing only one). It can be seen that, for 
strong coupling (blue lines) two clearly separated resonances 
exist. However, for weaker coupling (red lines) there is 
narrow transmission window in which Lorentzian shaped 
absorption curve appears. This strong dispersion in 
transmission spectrum translates into dispersion in retrieved 
permittivity in the case of electric coupling with external field 
(Fig. 3a), and in permeability in the case of magnetic coupling 
(Fig. 3b). The group index of refraction obtained is about 100, 
with the losses simultaneously being very small (which can be 
seen from the imaginary part of refractive index) [2].  

  

Fig. 3. EIT metamaterial (a) electrically (b) magnetically coupled 
to the external field [2] 

  

Fig. 4. Results for (a) transmission, (b) absorption and (c) 
extracted effective permeability for metamaterial in Fig. 3b [2] 

 

Fig. 5. (a) EIT metamaterial using wire and SRR; (b) absorption 
spectrum; (c) extracted effective permittivity [3] 
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Fig. 6. Current distributions for metamaterial shown in Fig. 5a at 
(a) absorption peak; (b) transparency frequency [3] 

In a subsequent paper from the same group [3] a slightly 
different approach is used to achieve the EIT-like effect: 
instead of using different dielectrics to achieve the needed loss 
contrast between the resonators, two different structures are 
used. Radiative or “bright” resonator is represented by cut-
wire oriented in the direction of the external electric field, 
while the “dark” resonator is SRR with two symmetric gaps, 
which doesn’t couple to the external field. It was 
demonstrated experimentally that the SRR has significantly 
higher Q-factor than the wire, therefore enabling the EIT-like 
effect. 

The absorption is calculated according to 

formula
2

21
2

111 SSA  , and it is plotted in Fig. 5b, and 

the extracted effective permittivity is plotted in Fig. 5c. Again, 
transparency window is obtained within a wider absorption 
peak, accompanied by strong dispersion and low losses 
(imaginary part of permittivity).  

The current distributions in resonators have also been 
calculated for two characteristic frequencies – of peak 
absorption and transparency, and they are shown in Fig. 6. We 
can see that at peak absorption, wire is strongly excited, while 
the current in SRR is small. In the other hand, at transparency 
frequency, SRR has strong current, while the wire is 
practically unexcited. This behavior is in a full agreement 
with that (?) what is expected in the case of EIT [3]. 

Similar structure is reported in [4], only this time two 
SRRs, symmetrically placed at both sides of the wire are used 
instead of one. The sample of this metamaterial was fabricated 
and measured using X-band waveguide [4]. 

The examples of classical EIT discussed above use 
resonators built from metals (e.g. copper), and therefore the 
difference in Q-factors between bright and dark resonators 
that can be achieved is about one order of magnitude. To fully 
pronounce EIT-like effects, Kurter et al. in [5] suggested a 
hybrid metal/superconductor metamaterial. It uses similar 
geometry as in [4] and [3], with cut wire made of gold, while 
two symmetrically placed SRRs made of superconductive Nb 
film. When cooled below its critical temperature, Nb film 
surface resistance in microwave range becomes very small, 
providing extremely high Q-factor for the rings. 
 

 
Fig. 7. (a) Measured and (b) simulated transmission and reflection 

spectrum for the hybrid metal/superconductor EIT metamaterial [5] 

 
Fig. 8. Current distribution at the characteristic frequencies from 
Fig. 7a for hybrid metal/superconductor EIT metamaterial [5] 

  
Fig. 9. Control of the group delay by temperature for hybrid 

metal/superconductor EIT metamaterial [5] 
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Fig. 10. Polarization independent EIT metamaterial unit cell [6] 

 

Fig. 11. Simulated transmission through metamaterial consisting 
only from SRRs, spirals, and both of them combined [6] 

Measurement results for transmission in X-band waveguide 
with inserted unit cell of this metamaterial are shown in 
Fig. 7. A very interesting fact which can be noted on the plots 
is that transmission spectrum exhibits three EIT-like features 
(compared to one in all previous reports). Study of current 
distributions (see Fig. 8) provides insight into nature of these 
resonances. Fig 8a shows currents at the maximum absorption 
frequency, which coincides with dipole resonance of the wire. 
As it is expected, only the wire is excited, while the rings 
show? support current at all. Next, in Figs. 8b-d current 
distributions are shown at the frequencies that correspond to 
three EIT-like features in Fig. 7 (marked with corresponding 
letters on plot). It can be seen that the first feature (Fig. 8b) is 
related with electric dipole resonance of the rings, since both 
currents flow in the same direction. Other two features (Figs. 
8c and d) correspond to symmetric and anti-symmetric normal 
modes of coupled magnetic resonances of the rings. In 
previous reports only one EIT-like feature appeared, probably 
because of the insufficiently high Q-factor of the dark 
resonator. The authors have also demonstrated the ability to 
tune EIT-like effect and consequent group delay by 
controlling the temperature (Fig 9). 

All the metamaterials discussed so far exhibit EIT-like 
effects for a strictly defined linear polarization of incoming 
radiation, which can be a problem for a number of potential 
applications where polarization is not a priori defined. In an 
attempt to fix this issue, Meng et al. proposed metamaterial 
unit cell exhibiting EIT-like response for arbitrary (although 
linear) polarization, intended to be used as a refractive index 
based sensor [6]. 

The proposed geometry is shown in Fig. 10. It involves 
SRR as a bright element, with gaps at two orthogonal sides, 
therefore producing considerable dipole moment in both x and 
y directions. Because of this, it will couple to arbitrarily 
polarized electric field lying in the same plane. The dark 
element is spiral resonator, which produces negligible electric 
dipole moment and therefore is uncoupled with the external 
field. It can be excited, however, with the magnetic field 
perpendicular to its plane, which is produced by the currents 
flowing around the SRR, so the two resonators are coupled in 
this way. It was shown that, due to larger capacitance, the 
quality factor of the spiral resonator is much larger than that 
of the SRR (99.8 vs. 8.8). 

Simulated transmission through metamaterial consisting 
only from SRRs, spirals, and both of them combined is plotted 
in Fig. 11. It can be seen that SRR produces wide Lorentzian-
like absorption dip, while the spiral practically does not affect 
the transmission. When they are combined, though, a sharp 
transmission peak appears, again demonstrating the classical 
EIT effect. Current distribution analysis shows that the SRR is 
virtually unexcited at this frequency [6]. Authors analysed the 
change of the resonant wavelength with the change of 
refractive index of surrounding medium, and found it to be 
equal to 77.25mm per unit change of refractive index, thus 
making this material suitable for sensing applications. 

IV. EIT EXCITED BY PLANAR TRANSMISSION LINE  
 
In previously mentioned reports EIT metamaterials are 

excited either by plane waves or by a waveguide. The authors 
of this paper, however, proposed the transmission line EIT 
metamaterial, with the unit cell shown in Fig. 12b [7]. The 
difference in respect to the standardly used structure, shown in 
Fig. 12a, is that the SRRs in the middle layer are rotated by 90 
degrees. Breaking the symmetry of the resonator in respect to 
the line result in a different coupling and consequently to 
considerable slowdown of the propagation field.  

The simulated transmission is shown in Fig. 13 and it 
exhibits an EIT-like feature (shaded on the plot). To further 
establish this analogy, we extracted index of refraction for the 
standard transmission line metamaterial (SRRs with all gaps 
near the line) and for our EIT unit cell. Then we calculated 
group index according to the expression 

   nnng , and the obtained results are shown in 

Figs. 14-15 for the standard SRR arrangement and for the case 
with twisted SRRs, respectively.  

It can be seen from the Figs. 14-15 that transmission line 
EIT metamaterial exhibits by the order of magnitude larger 
values of group index (222 vs. 25), which corroborates the 
aforementioned analogy. 
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(a) 

 

(b) 

Fig. 12. (a) Standard transmission line metamaterial (b) the 
proposed transmission line EIT metamaterial with relevant 
dimensions h1=0.635mm, h2=1.575mm, εr1=10.2, εr2=2.2, 

Lr=3.15mm, Lm=0.25mm, Lg=0.75mm, S=0.2mm, 
W1=1.4mm, W2=0.4mm, W3=0.5mm 
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Fig. 13. Simulated S-parameters for metamaterial in Fig. 12. 

Rectangular bar denote characteristic frequencies in EIT response 
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Fig. 14. Index of refraction (a) and group index (b) for the standard 
transmission line metamaterial with SRRs symmetrically coupled 

with transmission line 
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Fig. 15. Index of refraction (a) and group index (b) for the EIT-like 

transmission line metamaterial 
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To provide additional insight, we calculated the current 
distribution at the EIT-like feature frequency, and the results 
are shown in Fig. 16. It can be seen that at the first 
characteristic frequency (Fig. 16a) all SRRs and via are 
excited simultaneously, while at the EIT frequency (Fig. 16b) 
two pairs of SRRs are excited out of phase and via is almost 
unexcited. It means that pair of SRRs acting as a “dark” 
element and since via is virtually unexcited it acts as a 
“bright” element. It should be noted that current in SRRs, at 
the different sides of the line, are in the same direction at the 
first characteristic frequency while there are opposite at the 
third characteristic frequency.   
 

 

(a) 

 

(b) 

 

(c) 

Fig. 16. Current distribution at EIT-like response at characteristic 
frequencies denoted in Fig. 13 

V. CONCLUSION 

In this paper EIT-like effects in metamaterials were 
presented, based on an analogy with laser physics. Model 
consisting of two coupled linear harmonic oscillators was 
studied in order to gain understanding of the underlying 
mechanism. 

A review of the published literature on this topic was given, 
including our work on transmission line EIT metamaterials. 
Common features shared by all the examples discussed 
include: narrow transmission peak within wider absorption 
curve, low losses, strong dispersion accompanied by high 
values of group delay and group index of refraction. These 
properties make these materials suitable for various 
applications like slow light, delay lines and sensors. 
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Abstract—In this paper we propose the Tx leakage cancellation
method based on the antenna image impedance, i.e. the passive
network synthesized to replicate the antenna impedance in the
band of interest. The concept is verified for the patch antenna
array operating in the Ku band, where the achieved isolation is
measured to be better than 35 dB in the 17–17.4 GHz range. This
method can provide great benefit for single antenna CW radar
applications.

I. INTRODUCTION

Although the overwhelming majority of high-power long
distance radar systems are pulsed, continuous wave (CW)
systems have had their niche since the very beginning of
radar development. The main reasons for this are their lower
complexity and better suitability for certain applications, e.g.
Doppler speed measurement, operation at small ranges, in
the presence of a severe clutter, etc. More recently, with the
possibility of on-chip integration leading to compactness and
low cost [1], they are attracting attention for applications such
as automotive collision-avoidance radars [2], wireless medical
sensors (breathing, heart rate) [3], and many other.

Since in most radar systems the transmitter (Tx) signal is
many orders of magnitude larger than the received one, it
must be prevented, as much as possible, from leaking into
the receiver (Rx). In pulse systems this is achieved by time
gating, i.e. by switching off the receiver during the transmit
cycle. In CW systems, the frequency of the received signal
is usually shifted with respect to the frequency of the signal
transmitted at the same time, so some degree of isolation can
be achieved by filtering. However, there are two factors that
limit the power of the leaked signal [4]:

• maximum power the Rx can handle without saturation or
damage;

• sideband level, due to Tx noise or modulation, at the
frequency of the received signal.

In practice, it is usually the second factor which is more
limiting [4]. The most straightforward way to reduce the
leakage is to use separate antennas, however this does not
eliminate the leakage completely due to antenna coupling
and echo from the static clutter. And since the antenna is
usually the bulkiest part of the systems, there is the obvious
disadvantage of doubling the size and increasing the cost of
the system.

ΓA

1

2

3

4

ΓI

Tx Rx

Fig. 1. Basic circuit of the proposed Tx leakage cancellation using the antenna
image impedance.

If a single antenna is used, isolation can be achieved by
using devices like a quadrature hybrid, directional coupler or
circulator, with practically obtainable isolation of the order of
20–30 dB. A balanced topology can be used to suppress the
direct leakage [5]. However, it is important to emphasize that
if the antenna is not perfectly matched, its reflection adds to
the total leakage. For instance, if we want the 30 dB isolation,
an antenna with the VSWR better than 1.07 is required [4].
This is hard to achieve, since the typical broadband antenna
is considered to be well matched if its VSWR is less than 2.

Antennas with quadrature feeding in conjunction with bal-
anced topology can be used to reduce both the direct leakage
and the antenna reflection [6]. This solution is very elegant,
but relies on the circular polarization, which may be unsuit-
able for some applications (typical radar systems use linear
polarization). There are also active methods of cancellation,
which manipulate with the portion of the Tx signal so that
it arrives to the Rx with the same magnitude and opposite
phase to the leaked signal (this is also known as feed-through
nulling). The drawback of this approach is that it requires a
high-performance vector modulator, which can be complicated
and costly to implement [7].

In this paper we present the method of suppressing the Tx
leakage by using the antenna image impedance. The details of
this method, along with theoretical considerations, are given in
the paper ad the practical implementation with measurements
is demonstrated.

PREPRESS PROOF FILE CAUSAL PRODUCTIONS1
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Fig. 2. Contours of the constant total isolation as function of amplitude and
phase imbalance, for the antenna with reflection coefficient of −10 dB.

II. PROPOSED CONCEPT

Let us suppose that it is possible to synthesize a network
that will have the same reflection coefficient as the antenna
in the band of interest, but without actual radiating elements
– using resistors, stubs, etc. We will refer to this network as
the antenna image. Apart from it, we need a network which
performs the separation of Tx and Rx channels in the actual
cancellation process, which we will refer to as the canceller.
In general case, we can represent the canceller as a four-port
network with ports 1 and 2 attached to Tx and Rx, and the
antenna and image (with reflection coefficients ΓA and ΓI )
connected to the remaining ports 3 and 4 (Fig. 1).

The principle of operation can be described as follows:
the transmitter signal is split between the antenna and the
image, and the occurring reflection is combined in anti-phase
before coming to the receiver, and therefore the leakage is
cancelled out. In the receiving scenario, the signal comes to
the antenna only, and not to the image, so it arrives to the
receiver without cancellation. However there is an intrinsic
3 dB loss in both transmit and receive paths. While this may
seem as much, it can be justified by considering that a single
antenna has approximately twice the effective surface of two
separate antennas of the same total size, and consequently a
3 dB higher gain, which equalizes the total loss; while adding
the benefit of better spatial resolution.

We define the total isolation as the magnitude of the
signal arriving from the transmitter to the receiver, ITx/Rx =

−|Seff
21 |, where Seff

21 is the transmission from port 1 to port 2
when ports 3 and 4 are loaded with the antenna and its image
impedance as it is shown in Fig. 1. Considering only the first-
order reflections, it can easily be shown that the condition for
proper canceller operation is:

S31S23 = −S41S24. (1)

In other words, the two paths from Tx to Rx have to
be balanced in magnitude and with opposite phase. If the
impedances of the antenna and the image are equal; if not
it will produce an additional imbalance that can affect the
isolation both constructively and destructively, depending on
the phase, which is impossible to predict.

Therefore we will consider the antenna-image imbalance
separately, assuming that (1) is fulfilled. In practice, we expect
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Fig. 3. Circles within which the image impedance must be to achieve
certain level of added isolation, i.e. the isolation improvement, for the antenna
reflection coefficients of −5 dB, −10 dB and −15 dB (indicated by arrows on
the graph).

(1) to be reasonably well satisfied with conventional power
dividers and couplers, so the bottleneck for the proposed
method is the discrepancy between the antenna and its image
impedance. In these conditions the total Tx/Rx isolation will
be

ITx/Rx ≈
1

2
|ΓA − ΓI | . (2)

To analyze the dependence of isolation on the antenna-image
imbalance, we can put the image reflection coefficient in the
following form

ΓI = αΓAe
jϕ, (3)

where α and ϕ are amplitude and phase imbalance, respec-
tively. Then (2) becomes

ITx/Rx ≈
∣∣∣∣12ΓA

(
1− αejϕ

)∣∣∣∣
=

1

2
|ΓA||1− α cosϕ− jα sinϕ|

=
1

2
|ΓA|

√
1 + α2 − 2α cosϕ.

(4)

Here it is convenient to separate the total isolation into two
terms: the original antenna reflection ΓA, and the added iso-
lation 1

2 |ΓA|
√

1 + α2 − 2α cosϕ, which is used as a relative
measure of image quality.

Based on (4), the contours with constant total isolation are
plotted in Fig. 2 as function of amplitude and phase imbalance,
for the antenna with reflection coefficient of −10 dB.

Another way to intuitively consider the antenna-image im-
balance is using the Smith chart (Fig. 3). Assuming the antenna
impedance is fixed, we may ask where the image impedance
should be in order to obtain certain isolation. By examining
(2) we can conclude that the geometric place of the image
impedances is simply a circle around the antenna impedance
in the Smith chart, whose radius depends on the desired total

2
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Fig. 4. Proposed canceller network.

(a)

16.5 17 17.5 18

35

40

45

50

Frequency (GHz)

Isolation (dB)

(b)

Fig. 5. Measured maximum achievable port isolation using two branch
couplers.

ITx/Rx. If we consider the added isolation, then the circles will
scale proportionally to ΓA, as it is shown in Fig. 3 for several
antenna impedances. However, the total isolation, according
to (2), is a function of balance between the antenna and
image only, regardless of the antenna reflection. This can be
significant advantage of the proposed method for the antennas
that are initially poorly matched.

III. IMPLEMENTATION AND RESULTS

A. Canceller

The canceller from Fig. 1 can be implemented in practice
in various ways. For example, the antenna and the image can
be connected to through and coupled outputs of the quadrature
hybrid, which will then perform the cancellation, and then a
circulator can be used to separate the transmit and receive
channels. However, there is leakage due to finite isolation
of the circulator, which is about 20 dB, and also due to the
mismatch at the input of the hybrid, which can be of the same
order. Therefore, we propose the balanced network shown in
Fig. 4, which has two important advantages:

• direct leakage through the circulators is suppressed;
• reflections due to input mismatch of the hybrids do not

contribute to the leakage.
Therefore, the only critical parameter of the hybrid is its
balance, both in amplitude and in phase.

The target technology for implementation was chosen to
be microstrip on PTFE fiberglass substrate with parameters
h = 0.254 mm and ε = 2.17. Hybrids were realized in branch-
line form. In order to test the balance, we fabricated a circuit

(a)

Antenna port

Image

(b)

Fig. 6. Fabricated antenna and canceller
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Fig. 7. Radiation pattern at 17.25 GHz

with two hybrids connected in series, as shown in Fig. 5a. If
they are perfectly balanced, the transmitted signal should be
cancelled out, so the residual transmission presents the bottom
limit for the achievable isolation. It is measured to be around
−40 dB in the range of interest (see Fig. 5b).

B. Antenna and image

The antenna which we used in this project is shown in
Fig. 6a. It consists of 32 microstrip patches, with a single
central feeding point, which is connected to the back side of
the plate, where the canceller is intended to be. The measured
radiation pattern of the antenna is shown in Fig. 7, from which
it can be seen that the 3 dB beamwidth is about 5.4◦ in azimuth
plane, with a gain of 20.7 dBi.

The antenna impedance is measured and deembeded at 8mm
from the feeding point at the back plate, and the result is shown
at Fig. 8. The impedance is shifted from the Smith chart center
probably due to difficulties with connection between two sides
of the plate. The image is designed as a long 50 Ω line which is
terminated at the other end, with three radial stubs to replicate
the antenna impedance as closely as possible in the whole
frequency range. The design and optimization of the image
are performed in two stages, first in a circuit solver, and then
refined using 2.5D EM simulation. The fabricated circuit is
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Fig. 9. Measurement and simulation for the total isolation, compared with
the test with two branches from Fig. 5.

shown in Fig. 6b, while the simulated input impedance is
shown in Fig. 8, where it can be seen to closely resemble
the antenna impedance in the whole range of interest.

Final results for both measured and simulated isolation are
shown in Fig. 9. It can be seen that the achieved value is
better than 35 dB in the whole range of 17–17.4 GHz. These
values are compared with the isolation obtained with the test
with two branch-line couplers, and it can be seen that it is
even exceeded at some frequencies, which demonstrates that
the practical limit of the achievable isolation has been reached.

IV. CONCLUSION

The Tx leakage cancellation by using the antenna image
impedance was studied theoretically and confirmed in practice.
The design of the actual canceller along with synthesizing of
the antenna image impedance was presented. The proposed

concept was verified by measurements, which showed isolation
better than 35 dB in the frequency range 17–17.4 GHz. We
believe that this approach can greatly improve the performance
of the single antenna CW radar systems, which makes it
interesting for numerous practical applications.
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