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предмет: мишљење о молби др. В.Челебоновића за покретање поступка за реизбор  

у звање научни сарадник 

 

Др. Владан Челебоновић, научни сaрадник Института за физику, запослен је у 

Лабораторији за физику материјала под екстремним условима и учествује у раду 

Лабораторије за графен чији сам руководилац био до краја 2019. Бави се проблематиком 

транспортних и оптичких особина нискодимензионих материјала и фазним прелазима у 

материјалима под високим притиском. Веома мало му фали до испуњења услова за звање 

виши научни сарадник. Континуитета ради сагласан сам са његовом молбом за покретање 

поступка за реизбор у звање  научни сарадник.   

 

       С поштовањем, 

 

       Др. Радош Гајић 

      Научни саветник ИФ у пензији  

 

1. Стручно-биографски подаци   
 

Владан Челебоновић  рођен је 1955. године у Београду. Завршио је основну школу "Браћа Рибар", 

а затим Прву београдску гимназију. Дипломирао је на Физичком факултету 1982., магистрирао 

1989. и докторирао 2001. 



Од 1985.запослен је у Институту за физику у Лабораторији за интердисциплинарна истра живања, 

која се последњих година зове Лабораторија за физику материјала под екстрем -ним условима 

(ЛЕКС).  

У периоду март-децембар 1987. био је у Паризу као стипендиста француске владе. Бора- вак је 

протекао  у Лабораторији за молекулске интеракције и високе притиске  

( L.I.M.H.P)  Универзитета Париз 13. Циљ боравка било је овладавање лабораторијским техникама 

за истраживања под високим притиском. 

Другу стипендију у Француској  користио је у периоду октобар 1989.- новембар 1991. Овога пута 

боравио је у Лабораторији за физику чврстог стања Универзитета Париз 11 у Орсеју крај Париза. 

Прве године радио је у групи академика Д.Жерома (D.Jérome) на експериментима са квази 

једнодимензионим органским проводницима под високим притиском и на ниској температури. 

Друге године радио је у теоријској групи лабораторије са проф. Х.Ј.Шулцем ( H.J.Schulz). Циљ је 

било израчунавање електричне проводљивости органских проводника помоћу Хабардовог 

модела. Добијен је израз који садржи мерљиве параметре ових материјала, и који се добро слаже 

са експериментима. Као претходни корак, изведен је израз за хемијски потенцијал електронског 

гаса у 1Д, који се успешно наставља на светски познати резултат из литературе.  

Средином деведесетих година кандидат је почео да развија контакт са Лоренцовим институтом 

Универзитета у Лајдену (Lorentz Institute,Leiden University) у Холандији. Овај контакт је на почетку 

био користан за библиотеку ИФ,јер су из Лајдена као донација директора института долазили 

бројеви једног од часописа који су тада недостајали у ИФ. Конкретно,реч је о Europhysics Letters. 

Сличних контаката и донација за библиотеку било је и са неколико других универзитета и 

института из САД а све у оквиру "Journal donation program" American Physical Society.  

Веза са Лоренцовим институтом добила је научну димензију 2001. када је кандидат  позван да 

посети институт и одржи семинар. Посета је довела до тога да је колега Челебоновић добио позив 

да одабере тему и учеснике и у Лајдену организује скуп. Осим тога, разговори  кандидата са 

колегама у Лоренцовом институту у току те посете помогли су да троје студената из Београда буде 

примљено у Лајден на докторате.  

Коорганизатори скупа били су проф. Вернер Дапен (Werner Dappen,Univ.of Southern California,LA) и 

проф. Даглас Гоф (Douglas Gough,FRS,Univ. of Cambridge,UK). Тема су били фазни прелази у 

астрофизичкој материји,било је око 40 учесника а зборник радова публикован је као vol.731 серије 

AIP Conference Proceedings 2004. Први уредник је др.Челебоновић. 

Кандидат од 2004. активно учествује у раду Летње школе физике чврстог стања коју у Варни у 

Бугарској организује Институт за физику чврстог стања Бугарске академије наука. Од 2010. је члан 

научног комитета школе а од 2004.држи предавања по позиву.  

Од 2012. кандидат је отпочео контакте са Међународним центром за теоријску физику (ICTP) у 

Трсту. Први боравак је трајао неколико дана,а за 2019. годину било му је одобрено чак 7 недеља. 



За 2020. му је одобрен боравак од 5 недеља. На жалост,све активности у ICTP су до даљег отказане 

због пандемије корона вируса. У току сваког дужег боравка кандидат припреми по једну 

публикацију.У току боравка у зависности од потреба посла, у консултацији је са др. Михајлом 

Кисељевим из Одсека за физику кондензованог стања и статистичку физику ИЦТП. Поред онога 

што  тражи МПНТР, на крају стоји и захвалност ИЦТП.   

 

 Vladan Čelebonović:radovi 2015.-2020. 

M13  

 

1. V. Čelebonović:  Hubbard model in material science: electrical conductivity and 

reflectivity of models of some 2D materials izašlo kao poglavlje u knjizi “Advanced 2D 

Materials”, ed. by A. Tiwari et  al., pp.115 -144 Wiley-Scrivener Publishing LLC, USA (2016) 

ISBN 978-1-119-24249-9 

https://www.wiley.com/en-us/Advanced+2D+Materials-p-9781119242499 

 

2. V. Čelebonović: Material Science and Impact Crater Formation, poglavlje u knjizi "Horizons 

in World Physics":,Volume 291, ed by A.Reimer, pp.251-267,Nova Science Publishers, New 

York ,USA (2017),ISBN 978-1-53611-008-1 

 

https://novapublishers.com/shop/horizons-in-world-physics-volume-291/ 

 

3.  V. Čelebonović: The Hubbard Model:Some Applications to Nanomaterials, in: Advances in 

Nanotechnology,vol.22,pp.83-98,Ed. by Z.Bartul and J.Trenor,Nova Science Publishers,New 

York (USA)  (2019),ISBN 978-1-53615-558-7  

https://novapublishers.com/shop/advances-in-nanotechnology-volume-22/ 

 

 

M21 

1. M. D Rabasović, B. D Murić, V. Čelebonović, M. Mitrić, B. M Jelenković and M. G. Nikolić 

: Luminescence thermometry via the two-dopant intensity ratio of Y2O3:Er3+, Eu3+ J. Phys. 

D: Appl. Phys. 49 (2016) 485104 (6pp) doi:10.1088/0022-3727/49/48/48510 

M22 

  

1. V.Čelebonović,J.Pešić,R.Gajić, B.Vasić and A.Matković:  Selected  transport,vibrational and 

mechanical properties of low-dimensional systems under strain.J.of Appl.Phys., 125 154301 

(2019). https://aip.scitation.org/doi/10.1063/1.5054120 

https://www.wiley.com/en-us/Advanced+2D+Materials-p-9781119242499
https://www.wiley.com/en-us/Advanced+2D+Materials-p-9781119242499
https://novapublishers.com/shop/horizons-in-world-physics-volume-291/
https://novapublishers.com/shop/horizons-in-world-physics-volume-291/
https://novapublishers.com/shop/advances-in-nanotechnology-volume-22/
https://novapublishers.com/shop/advances-in-nanotechnology-volume-22/
https://aip.scitation.org/doi/10.1063/1.5054120


M23 

 

1. V.Čelebonović and M.G. Nikolić: Heating and Melting in Impacts: Basic Theory and Possible 

Applications, Int.J.Thermophys.,36, pp.2916-2921 (2015) 

http://link.springer.com/article/10.1007/s10765-015-1936-x  

 

2.  V. Čelebonović: Condensed Matter Analogy of Impact Crater Formation,  

Journal of Earth Science and Engineering, 5,pp.44-51 (2015) 

http://www.davidpublisher.org/index.php/Home/Article/index?id=6141.html 

 

3. V. Čelebonović and M.G. Nikolić:  The Hubbard Model and Piezoresistivity, 

J.Low Temp.Phys.,190 (3-4),pp.191-199 (2018).  

https://link.springer.com/article/10.1007/s10909-017-1830-y 

 

4. V.Čelebonović: The origin of impact craters:some ideas,Bulgarian Astronomical 

Journal,33,pp. 20-29, (2020). http://astro.bas.bg/AIJ/issues/n33/VCelebonovic.pdf 

M24 

В.Челебоновић: Павле Савић,Радивоје Кашанин и материјали под високим притиском, 

Флогистон, 23,67-83 (2015) https://www.scribd.com/doc/297729125/Flogiston-br-23 

M31 

 

1.  V. Čelebonović: Some calculational improvements in applying the Hubbard model to 

nanomaterials; Lecture at the 19 ISSP Summer School, Varna, Bulgaria, August 29.-

September 2 2016.;  J.Phys.:Conf.Ser. 794 012008 (2017). https://doi.org/10.1088/1742-

6596/794/1/012008 

2.  V. Čelebonović and M.G.Nikolić: Theoretically choosing multifunctional materials;  

Lecture at the 20 ISSP Summer School, Varna, Bulgaria, September 3.-7. 2018.; 

J.Phys.:Conf.Ser. 1186 012001 (2019) https://doi.org/10.1088/1742-6596/1186/1/012001 

M32 

1. V. Čelebonović, “Strain-tunable conductivity and reflectivity of low dimensional systems 

within the Hubbard model” Book of Abstracts of 21 Internat.School of Cond.Matt.Phys 

“Progress and Perspectives in Functional Materials”  p.29 

http://iscmp.issp.bas.bg/images/BOOK_ABSTRACTS_21ISCMP.pdf 

 

M61 
 

 

http://link.springer.com/article/10.1007/s10765-015-1936-x
http://link.springer.com/article/10.1007/s10765-015-1936-x
http://www.davidpublisher.org/index.php/Home/Article/index?id=6141.html
https://link.springer.com/article/10.1007/s10909-017-1830-y
https://link.springer.com/article/10.1007/s10909-017-1830-y
http://astro.bas.bg/AIJ/issues/n33/VCelebonovic.pdf
https://www.scribd.com/doc/297729125/Flogiston-br-23
https://doi.org/10.1088/1742-6596/794/1/012008
https://doi.org/10.1088/1742-6596/794/1/012008
https://doi.org/10.1088/1742-6596/1186/1/012001
https://doi.org/10.1088/1742-6596/1186/1/012001
http://iscmp.issp.bas.bg/images/BOOK_ABSTRACTS_21ISCMP.pdf


1. V. Čelebonović: , Condensed matter physics and impact crater formation; invited lecture na 

XVII National Conference of Astronomers of Serbia, Belgrade, 23.-27.September 

2014.,Publ.Astron.Obs.Belgrade,96, 63-70 (2017).  

http://publications.aob.rs/96/pdf/063-070.pdf 

 

 

 

 

 
 

 

 

1. Анализа научног рада кандидата 
 

 По тематици којом се баве, сви радови кандидата могу се поделити на следеће целине: 

 

• Ниско димензиони системи 

• Понашање матријала под високим притиском и примене у астрофизици  

• Статистичка физика 

 
У периоду 2015.- 2020. на који се односи овај извештај, кандидат се највише бавио 

нискодимензионим системима. За ове материјале заинтересовао се још у периоду када је као 

стипендиста боравио у Француској. Од тада је у овој области постигао важне резултате. 

Извео је израз за хемијски потенцијал елекронског гаса у 1Д,који се уклапа у познате резултате из 

литературе,а који омогућава да се узме у обзир зависност од притиска,допирања и температуре. 

Извео је израз за електричну проводљивост 1Д система, и нашао једоставан начин за његово 

проширење на 2Д системе. Бавио се оптичким особинама 1Д и 2Д система, и показао да је могуће 

теоријски предвидети зависност коефицијента рефлексије ових материјала од њихових мерљивих 

параметара. 

Кандидат се на почетку каријере бавио истраживањем понашања материјала по високим 

притиском. У каснијим фазама рада заинтересовао се  за проблем порекла тзв. сударних кратера и 

могућност одређивања особина импактора на основу мерљивих параметара тих кратера. Сударни 

кратери су резултат удаа о површину Земље малих тела. Кандидат је показао да је користећи 

стандардну физику кондензованог стања и мерене податке, могуће доћи до неких особина тела 

која су ударима направила те кратере.Поред чисто научног, ови радови имају и велик практични 

значај, јер постоји могућност да се деси такав удар у густо насељену област. 

http://publications.aob.rs/96/pdf/063-070.pdf
http://publications.aob.rs/96/pdf/063-070.pdf


 Елементи за квантитативну анализу рада 

 

Остварени бодови 

 

Категорија М бодова 

по раду 

Број радова Укупно бодова 

М13 7 3 21 

М21 8 1 8 

М22 5 1 5 

М23 3 4 12 

M24 2 1 2 

M31 3.5 2 7 

M32 1.5 1 1.5 

M61 1.5 1 1.5 

  Збир 58 

 

Поређење захтеваних и остварених бодова приказано је у следећој табели. Из ње се види  

да кандидат испуњава услов о потребном броју М бодова,а такође и да испуњава број 

бодова из обе oбавезне комбинације бодова које мора да има. 
 

 Има Треба 

Укупно М поена 58 16 

М10+M20+M31+M32+M33+M41+M42 53 10 

M11+M12+M21+M22+M23 25 6 

 

Eлементи за квалитативну оцену рада кандидата 

 



3.1  Kвалитет 

 

3.1.1 Научни ниво и значај резултата 

 
Из сваке од три области којима се кандидат бавио, издвајамо неколико радова за даљу анализу. У 

извештајном периоду објавио је укупно 11 радoва различитих категорија,од радова у 

монографијама до абстракта саопштења на конференцијама. 

По важности издвајамо следећих пет радова кандидата у извештајном периоду,поређаних 

хронолошки: 

 

1. V. Čelebonović:  Hubbard model in material science: electrical conductivity and 

reflectivity of models of some 2D materials izašlo kao poglavlje u knjizi “Advanced 2D 

Materials”, ed. by A. Tiwari et  al., pp.115 -144 Wiley-Scrivener Publishing LLC, USA 

(2016) ISBN 978-1-119-24249-9. 

 
2. M. D Rabasović, B. D Murić, V. Čelebonović, M. Mitrić, B. M Jelenković and M. G. Nikolić : 

Luminescence thermometry via the two-dopant intensity ratio of Y2O3:Er3+, Eu3+ J. Phys. D: 

Appl. Phys. 49 (2016) 485104 (6pp) doi:10.1088/0022-3727/49/48/48510   IF=2.829  

3. V. Čelebonović: The Hubbard Model:Some Applications to Nanomaterials, in: Advances 

in Nanotechnology,vol.22,pp.83-98,Ed. by Z.Bartul and J.Trenor,Nova Science 

Publishers,New York (USA)  (2019),ISBN 978-1-53615-558-7  

 
4. V.Čelebonović,J.Pešić,R.Gajić, B.Vasić and A.Matković:  Selected  transport,vibrational and 

mechanical properties of low-dimensional systems under strain.J.of Appl.Phys., 125 154301 

(2019). https://aip.scitation.org/doi/10.1063/1.5054120       IF=2.328 

5.   V.Čelebonović: The origin of impact craters:some ideas.  

       Bulgarian Astronomical Journal.,33,21 (2020) 

       http://astro.bas.bg/AIJ/issues/n33/VCelebonovic.pdf 

 

Рад број 1 је приказ резултата које је кандидат постигао у претходне две 

деценије. Говори се о Хабардовом моделу, његовој примени на квази једно 

димензионе органске проводнике, размотрен је прелаз са 1Д на 2Д материјале, 

зависност електричне проводљивости од параметара материјала. Обрађен је 

проблем израчунавања коефицијента рефлексије материјала, и показано је да је 

могуће мењати га променама параметара материјала. По нашем мишљењу, овај рад 

представља одличан заокружен  увод у проблематику Хабардовог модела и 

његових примена. 

https://aip.scitation.org/doi/10.1063/1.5054120
http://astro.bas.bg/AIJ/issues/n33/VCelebonovic.pdf


Рад број 2 је експериментални. Испитивана је фотолуминесценција у 

функцији температуре ++ 33

32 ,: EuErOY . Циљ је био утврдити може ли овај 

материјал да се користи као сензор темпратуре. Узорци су побуђивани ласером 

таласне дужине нм532  у температурном интервалу 573][303  KТ . Показано је 

да релативна осетљивост овог сензора износи 1%4.1 −К на доњој граници 

испитиваног интервала температура,што га чини употребљивим у биолошким 

експериментима. 

Рад број 3 је поново теоријски. Садржи преглед основних резултата о 

Хабардовом моделу и могућности његове примене у теоријском моделовању 

мултифункционалних нано материјала. Важно је истаћи да је у овом раду 

предложена геометријска идеја за рачунање електричне проводљивости 

дводимензионих материјала чија јединична ћелија није правоугаона. 

Рад број 4 је прегледни,настао као резултат сарадње кандидата са 

сарадницима Лабораторије за графен у Институту за физику. Обухватио је 

теоријске прорачуне (Хабардов модел и ДФТ),нумеричке и експерименталне 

резултате. Све је рађено узимајући у обзир напрезање (strain) коме је материјал 

подвргнут. Показано је да критична температура  за прелаз у супеповодно стање 

расте са порастом напрезања. Рад је оцењен веома добро и од момента 

објављивања (април 2019. ) закључно са 19.07 2020. тражен је на сајту часописа чак 

608 пута.О интересовању које је овај рад изазвао сведочи и чињеница да му је 

Амерички институт за физику (AIP)  посветио посебно саопштење за 

јавност.https://publishing.aip.org/publications/latest-content/strain-enables-new-

applications-of-2d-materials/  . 

У раду број 5 кандидат је обрадио познат проблем из области астрономије 

али на потпуно нов начин. Дуго се зна да на површини Земље постоје кратери који 

су резултат удара о површину тзв. малих тела,дакле језгара комета или делова 

астероида. Ови кратери се углавном анализирају користећи скалирање, дакле 

повезују се са кратерима насталим у вештачки изазваним експлозијама, где су сви 

услови познати. Кандидат је обрадио проблем користећи стандардну физику 

кондензованог стања. Метод који је разрадио применио је на неке познате 

случајеве и добио реалистичне резултате, у сагласности са познатим.По новом 

методу, разрађеном у детаље, овај његов рад први у нашој  земљи,а један од ретких 

у свету. 
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ABSTRACT

The aim of the present paper is to discuss some recent results concerning the behavior of low-dimensional materials under strain. This con-
cerns the electrical conductivity calculations of 1D structures under strain, within the Hubbard model, as well as ab initio investigations of
phonon, electron-phonon, and superconducting properties of doped graphene and MgB2 monolayer. Two different experimental approaches
to strain engineering in graphene have been considered regarding local strain engineering on monolayer flakes of graphene using atomic
force microscopy and dynamic plowing lithography technique as well as the effects of mechanical straining on liquid phase exfoliated
graphene and change of sheet resistance of graphene films.
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I. INTRODUCTION

Strain engineering is widely used in materials science to tune
various properties of materials and eventually enhance the perfor-
mance of devices. Engineering of strain in low-dimensional materi-
als promises to revolutionize the field of nanotechnology with the
possibility of creating new artificial materials. Two-dimensional
materials are a remarkable ground to study the influence of strain,
as they can sustain very large deformations without breaking. The
unique mechanical properties of graphene present an excellent
opportunity for research of strain-induced modifications; for
example, graphene is the strongest 2D material ever measured, with
Young’s modulus of 1 TPa and an intrinsic strength of 130 GPa.1

What is more important is its ability to sustain reversible elastic
tensile strain as large as 25%1 and this allows the possibility for
strain engineering in order to modify or tune graphene properties
for specific applications. Since its discovery in 2004 with the size of
a micrometer,2 graphene has attracted increased attention. It is a
truly two-dimensional (2D) plane of sp2-hybridized carbon atoms
arranged in a honeycomb lattice. The unit cell has two identical

carbon atoms giving rise to electronic linear dispersion near the
Fermi level and peculiar massless electron dynamics governed by
the Dirac–Weyl relativistic equations.3,4 This unique lattice of gra-
phene leads to many extraordinary properties that include excep-
tionally high charge carrier mobility,2,3 high mechanical strength
and elasticity,1,5 optical transparency,6,7 and a wide variety of possi-
ble chemical modifications.8–10 All of these properties make gra-
phene an ideal material to investigate not only fundamental
scientific problems in condensed matter physics, but also practically
a wide variety of applications including flexible electronics,11–14

optoelectronics,15,16 sensors, and transistors.17,18 The outstanding
stretchability of graphene has made it suitable for application in
flexible electronic devices as well as in superconducting electronics
based on 2D materials since the electron-phonon (e-ph) coupling
is greatly enhanced by the biaxial strain causing the change of
superconducting critical temperatures.19–23

In this paper, we study and discuss selected transport, vibra-
tional, and mechanical properties of low-dimensional systems
under strain with the main focus on strain-induced changes on
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conductivity. In Sec. II, we present theoretical approaches for strain
engineering in low-dimensional systems. Section II A discusses the
effects of the application of strain on conductivity studied in the
one-dimensional Hubbard model. Section II B presents the ab
initio study of the effects of the biaxial strain on doped graphene
and isostructural new material MgB2 monolayer, namely, both
materials are considered superconducting,24–26 and here it is dem-
onstrated that biaxial strain can cause softening of the phonons,
affecting the total electron-phonon interaction and resulting in a
significantly higher critical transition temperature. These two-
dimensional materials not only share a similar structure, a hexago-
nal structure with an adatom in the center of a hexagon, but also
have a similar electronic structure, and very interestingly, both are
electron-phonon mediated superconductors.1,34–39 Engineering of
strain in those materials opens the road to new artificial structures
with the improved electron-phonon coupling and higher critical
temperatures.

Application of the strain in graphene and 2D materials is an
intensively studied topic, both theoretically and experimen-
tally;1,40,41 for example, application of the strain on graphene can
induce changes in the vibrational properties,42,43 in the electronic
bandgaps44,45 and significant changes in conductivity at both local
and macroscopic levels.46–48 The type of the strain is a very impor-
tant feature, since the graphene lattice symmetry determines its
band structure. The breaking of the hexagonal symmetry will
modify the band structure of graphene,49,50 causing the opening of
the bandgap and many other effects.51,52

In intercalated graphene, it is known that not all types of
intercalant atoms produce superconductivity or significantly
increase Tc. In Li-intercalated graphene (Li-GIC), a strong confine-
ment for electrons along the z-axis exists and it prevents the occu-
pation of the interlayer state. In the monolayer,24,35 there is a
significant reduction of a charge transfer that is beneficial for
superconductivity. The charge transfer from the interlayer state
formed by the presence of the adatom is a crucial ingredient.
Though it is necessary, the completion of the charge transfer is del-
eterious for the enhancement of the superconductivity.24,35 For
example, in the Li-GIC, a strong confinement along the z-axis
exists and it prevents the occupation of the interlayer state. When
the quantum confinement is removed as in the monolayer, it
results in the reduction of charge transfer which is beneficial for
the superconductivity. In Sec. III, we discuss the effects of strain, as
shown above, on the most prominent example of low-dimensional
materials, graphene.

We present two different experimental approaches to strain
engineering in graphene. In Sec. III A, we discuss local strain engi-
neering on monolayer flakes of graphene produced by microme-
chanical exfoliation using atomic force microscopy (AFM) and
dynamic plowing lithography (DPL). In Sec. III B, we present the
effects of mechanical straining on the liquid phase exfoliated gra-
phene and the change of sheet resistance graphene films obtained
in that way. These two techniques are diametrically different, both
in results and in the procedure. Micromechanical exfoliation is a
clean technique where high-quality, well-defined monolayer
samples are produced using the Scotch tape method.1 However,
samples produced this way though very pure, ideal monolayer
without vacancies, are small in scale (maximally, hundreds of

micrometers), making this technique excellent for state-of-the-art
nanodevices and fundamental research. Nonetheless, for applica-
tions, especially macroscopic ones, this kind of production tech-
nique is not applicable. Liquid phase exfoliation (LPE) is an
alternative where solution processing of graphite flakes breaks van
der Waals forces creating liquid graphene dispersion. Samples pro-
duced from this dispersion can be very large in scale, macroscopic;
however, they are not monolayers, but few-layer graphene flakes
overlap in between forming graphene films.27,28 We study how
strain can be engineered in both samples, where in the first experi-
mental section we focus more on a fine technique for the induction
of the local strain in monolayer samples, and in the second one,
where strain can be induced and engineered in a much more
simple way (since we can work with macroscopic samples), the
spotlight is on the effect of the strain quality of the film and even-
tually on sheet resistance, hence conductivity. Straining the mono-
layer graphene sample shows that a high enough local pressure
induced by an AFM tip will result in protrusion at a neighboring
point. The generated local strain introduced in this way is well con-
trolled, and it is expected to affect conductivity along protrusion.
The other presented case, the sample of which is produced in LPE,
shows the change of resistivity with the application of strain, as it is
presented that this is not the intrinsic strain of single graphene
flakes but is more of a macroscopic effect. The small flakes that the
film consists of are deposited onto the elastic substrate, and when
mechanical strain is applied, the substrate surface stretches but
individual flakes do not get strained. The total resistance of LPE
films comes from the points of the overlap between neighboring
flakes, and stretching the LPE graphene film results in effective
pulling apart of individual flakes, and thus an increase in the sheet
resistivity of the whole film (and vice versa).

II. THEORY

A. Effects of strain on the conductivity in 1D system—
The Hubbard model study

Toward the middle of the last century, the metal to insulator
transition was one of the outstanding problems of condensed
matter physics. A general model of the metal to insulator transition
was proposed by John Hubbard, in a series of papers starting from
Ref. 29. Apart from the metal to insulator transition, the Hubbard
model has found applications in studies of transport processes in
1D and 2D correlated electron systems. These calculations have
often been performed using the memory function method. A
detailed review is available in Ref. 30, while the main results are
given in the following.

The initial point for a study of the transport properties of any
system is the knowledge of its Hamiltonian. Using the second
quantization formalism, the Hamiltonian of the 1D Hubbard
model has the following form:

H ¼ �t
XN
i¼1,σ

(cþiþ1,σci,σ þ cþi,σciþ1,σ)þ U
X
l

nl,"nl,#: (1)

The symbols N, t, and U denote the number of nodes in a lattice,
the mean kinetic energy of the electrons (the so-called hopping
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energy), and the interaction energy of pairs of electrons with
opposing spins on the same lattice node; σ stands for the electron
spin. The symbols in the parenthesis denote the creation and anni-
hilation operators.

Calculations of the electrical conductivity have been per-
formed using the memory function method.30 These basic expres-
sions are

χAB ¼� A; B �¼ �i
ð1
0

eizt , [A(t), B(0)] . dt, (2)

σ(ω) ¼ i
ω2
p

4πz
� 1� χ(z)

χ(0)

� �
: (3)

The symbol ω2
p ¼ 4πnee2

me
denotes the square of the plasma frequency

and χ0 ¼ ne
me

is the zero frequency limit of the dynamical
susceptibility.

Expression (2) is the general definition of the linear response
of a physical quantity corresponding to operator A to the perturba-
tion by another physical quantity described by operator B. A(t)
denotes the Heisenberg representation of operator A. Inserting
A ¼ B ¼ [j, H], with j denoting the current operator and H the
Hamiltonian, leads to the definition of the current-current correla-
tion function. Details of the calculation of the electrical conductiv-
ity are presented in Ref. 30. The final result is

σR(ω0) ¼ 1
2χ0

� �
ω2
p

π

 !
1

ω2
0 � (bt)2

Ut
N2

� �2

�S, (4)

where S denotes the following function:

S¼ 42:49916

(1þ exp[β(� μ� 2t)])2
þ 78:2557

(1þ exp[β(� μþ 2t) cos (1þ π)])2
þ bt
ω0 þ bt

4:53316

(1þ exp[β(� μ� 2t])2
þ 24:6448

(1þ exp[β(� μþ 2t) cos (1þ π)])2

� �
:

(5)

The symbol μdenotes the chemical potential of the electron gas on
a 1D lattice, given by the following (Ref. 30 and references therein):

μ ¼ (βt)6(ns� 1)jtj
1:1029þ 0:1694(βt)2 þ 0:0654(βt)4

: (6)

The practical calculation of the conductivity: Inserting values of
material parameters into Eqs. (4)–(6) leads to the electrical conduc-
tivity expressed as a function of these parameters. Some examples
of such calculations have been discussed in Refs. 32–35 and refer-
ences therein.

As this paper focuses on nanomaterials under strain, this section
considers the problem of treating the material under strain within the
Hubbard model. This problem is not only of academic, but also of
practical, interest. There already exist examples of stretchable electron-
ics (some examples are given in Refs. 31 and 33). By changing an
initial material length from l0 to l, the strain is defined as

ε ¼ l � l0
l0

: (7)

If a material is subdued to nonzero strain, the overlap between wave
functions of electronic wave functions in adjacent atoms changes,
leading to changes in the hopping energy and all material parameters
which contain the lattice constant. The dependence of the hopping
on the interatomic distance is represented by31

t ¼ t0 � 1þ r þ 1
3
r2

� �
exp[� r], (8)

where the distance is expressed in Bohr radii.

All expressions used in the calculations discussed in this
section are analytically tractable but too long to be explicitly stated
here. Therefore, only a few resulting graphs are presented (Fig. 1).

Figure 1 shows the electrical conductivity of a 1D Hubbard
model expressed as a function of the strain to which it is
exposed. The data are normalized to 1 at n ¼ 1:25, t ¼ 0:01,
T ¼ 116, ε ¼ 0.

FIG. 1. Normalized conductivity of 1D HM as a function of strain.
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Figure 2 taken from Ref. 31 shows the behavior of the conduc-
tivity for two values of the temperature T. It could be objected here
that extending the value of the strain up to ε ¼ 3 in Fig. 2 is
unphysical, as no real material can withstand such a large value of
strain. Indeed, this should be understood just as a mathematical
extension. The values of various constants needed for the calcula-
tion leading to Fig. 2 are given in Ref. 31.

Figure 3 shows the normalized conductivity for a fixed value
of the strain, ε ¼ 0:05, and the band filling factor, n ¼ 0:9. The
conductivity is normalized to 1 at T = 116 K, n = 1.25.

Note that there is a big difference in the behavior of curves
presented in Figs. 2 and 3. The curve in Fig. 3 changes sign at a
certain point (at T ffi 100� 110K).

This result has considerable theoretical importance. Namely,
practical attempts in applications of stretchable and flexible elec-
tronics may require such changes of material characteristics for
different sets of material parameters. Therefore, results presented
here, and some more which are forthcoming, can contribute to the
development of various applications.

B. Strain effects on vibrational properties in 2D
structures—Ab initio calculations

In this section, we study the effect of strain on vibrational
properties and electron-phonon coupling in two-dimensional mate-
rials. The low-dimensional materials are characterized by strong
covalent in-plane bonds and weak interlayer van der Waals interac-
tions which give them a layered structure. An application of
homogenous strain in bulk materials would be practically impossi-
ble outside of the theoretical discussion, and in low-dimensional
material, it is rather simple.

Based on this concept, we present computational study within
the density functional theory framework of the effects of the (equi)
biaxial strain on the two isostructural two-dimensional materials,
Li-intercalated graphene and magnesium-diboride monolayer. We
used Quantum Espresso software package53 with both local-density
approximation (LDA) and generalized gradient approximation (GGA)
Perdew-Burke-Ernzerhof (PBE) functionals and vibrational properties
and the electron-phonon interaction is calculated using density func-
tional perturbation theory implemented in this software package.

Here, it is shown that tensile biaxial strain causes softening of
the phonons, affecting the total electron-phonon interaction and
resulting in significantly a higher critical temperature. In particular,
in Li-doped graphene, the in-plane phonons will be dramatically
softened, whereas the out-of-plane ones will be less affected.52 By
application of strain, we achieve the increase of the density of states
at the Fermi level and softening of the modes.54,55 Without drasti-
cally modifying the structure, this results in great effects on the
electron-phonon coupling constant.55,56 In principle, both these
effects can be achieved rather easily in low-dimensional systems.

In order to strain the LiC6-mono and increase the lattice cons-
tant, the in-plane distance between C atoms is increased leaving the
hexagonal symmetry unaffected. The Li adatom is placed above the
H site in graphene (the center of a hexagon). The modification of
the lattice constant does not interfere with the Li adatom position
which remains fixed in the center of the hexagon, leaving the sym-
metry unbroken. Due to the expansion of the carbon atom dis-
tances and the invariance of the hexagonal symmetry the Li
adatom shifts only along the z-axis. The change in the distance
between the carbon plane and the Li adatom is presented in
Table I. The obtained results are in agreement with other similar
studies and experimental results.24,36,54

The effects of several values of the strain, which increase the
lattice constant by 3%, 5%, 7%, and 10%, are studied. Larger strains
are not applied due to the instabilities that occur after the attempt
of geometrical optimization and relaxation.57 The distance between
the Li adatom and graphene decreases with the strain, as the Li
adatom moves down deeper toward graphene. When the strain is
applied, the distance between neighboring C atoms increases and
the graphene pi bonds repulse the Li adatom less, which then

FIG. 3. Normalized conductivity for strain 0.05.

FIG. 2. Normalized conductivity for T = 150 K and T = 250 K.
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moves down along the z-axis. The small shift of the Fermi level is
observed with the strain.

In the phonon dispersion spectrum of doped graphene,
the three regions can be distinguished: the adatom-related modes
are associated with low-energy regions (0–400 cm−1), where 300–
400 cm−1 are Li modes mixed with the out-of-plane carbon modes
(Cz), the midregion(400–900 cm−1) can be associated with Cz

modes and the high-energy region with carbon-carbon stretching
modes.1

The main contributions to lambda come from the low-energy
lithium modes and the carbon vibrations along the z-axis, with an
additional contribution from the C-C stretching modes (in agree-
ment with Refs. 24 and 35). When strain is applied, significant soft-
ening of phonons occurs, as shown in Fig. 4. In green color, phonon
dispersion is depicted for the 3% strained LiC6-mono and in red for
10%. The softening of the high-energy C-C stretching modes is
strongly present with a larger strain. In addition, the consequent
increase of the phonon DOS in the low-energy region occurs as well.
Although the low-energy modes slightly move upwards in energy,
the main effect on the electron-phonon coupling is the softening of
graphene high-energy C-C stretching modes.

At the same time, with stretching of C-C bonds, another
structural change occurs. For the small strain, the Li adatom drops

down toward the center of a hexagon and its orbitals overlap more
with the carbon π orbitals. That causes an increase in charge trans-
fer and emptying of the interlayer band, which reduces λ. When
more strain is applied, the carbon bonds are elongated and the π
orbitals move away, both from each other and the center of the
hexagon. The orbital overlap is reduced, and after the certain criti-
cal value, λ increases, following the strain. Figure 5 presents the
effects of the different strain on electronic localization function
(ELF).

The significant changes for the large strain are presented,
depicting the above-described effects. For ELF at 10% of the strain,
the electron localization region is greatly lowered as graphene and
adatom separate one from another and as a C-C bond are elon-
gated. The critical temperature is enhanced with straining of struc-
ture, up to Tc = 29 K where the electron-phonon coupling constant
is 0.73.54 It is important to stress that this increase in Tc, achieved
by the described mechanism, can be experimentally realized. A
pristine graphene is experimentally confirmed to be elastically
stretchable up to 25%1 making here considered strains feasible.

Following structural and electronic similarity we explored the
effect of the biaxial strain on the MgB2 monolayer.25 As in gra-
phene the application of the biaxial strain leaves the symmetry of
the system unchanged, yet a tensile (compressive) strain moves
boron atoms further (closer) from (to) each other in the same
proximity, allowing the Mg atom to move along the z-axis. This
causes a change in the charge transfer from the magnesium atoms
to the boron plane increasing (decreasing) DOS on the Fermi level.
The other effects concern the softening (hardening) of modes of
the boron atoms due to an elongation (compression) of the B-B
bonds.

We compare phonon dispersion for nonstained MgB2-mono
with compressively and tensely strained ones (Fig. 6). Significant
softening (hardening) of high-energy modes is present with elonga-
tion (compression) of bonds between boron atoms, following
the general trend for phonons, as distances between atoms increase,
the interatomic bonds become less stiff, resulting in a decrease

TABLE I. Changes of bond lengths in Li-doped graphene with application on tensile
equibiaxial strain.

Strain
%

Distance between Li adatom
and carbon layer (Å)

Carbon-carbon bond
length (Å)

0 1.80 1.42
3 1.69 1.46
5 1.64 1.49
7 1.61 1.52
10 1.54 1.57

FIG. 4. Phonon dispersion for the LiC6-mono; black lines are for the nonstrained LiC6-mono, and green and red for the 3% and 10% tensile biaxial strain, respectively.
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of phonon frequencies (and vice versa). In electron-phonon
coupling strongest contribution to coupling comes from E2 optical
mode.37,38

In Fig. 6, a significant shift of E2 mode is visible, it changes
frequency for almost 100 cm−1 with the application of strain.
However straining of structure results same as in graphene, not
only in a variation of B-B bonds occurs but as well position of Mg
adatom above the center of boron hexagon changes. As the distance
between B atoms increases (i.e., for tensile strain) Coulomb repul-
sion is reduced allowing Mg atom to sink deeper towards the
center of the hexagon. For compression opposite situation occurs.
The repulsion is stronger and the Mg atom gets more remote. This
has an effect on charge transfer from Mg to B layer.

To investigate this we study electron localization function
(ELF). It is noticeable that straining not only affects ELF in the B
layer but as well on the Mg layer. For both compressive and tensile
strain in the Mg layer, ELF becomes denser than in the non-
strained case. Due to the closing of B atoms in hexagon ELF
increases B plane increases for compression (and vice versa)
(Fig. 7). As in LiC6-mono application of the biaxial strain dramati-
cally increases critical temperature, more than 30 K.25,26

The question of the reduction of dimensionality of supercon-
ducting materials to its limit, a truly atomic-scale 2D system and
the consequence of this57–62 are highly relevant not only to funda-
mental science but to nanotechnology and it will be crucial for the
production of superconducting devices in future. Engineering of
strain in such systems could lead to significant improvements in
their superconducting properties and pave the way toward new
applications.

III. EXPERIMENT

A. Local strain engineering of graphene by atomic
force microscopy

A typical way to introduce a local strain into graphene is its
transfer on a prepatterned substrate, containing, for example, arrays
of nanopillars.63 Atomic force microscopy (AFM) based lithogra-
phy offers additional possibilities for graphene reshaping and pat-
terning at the nanoscale. The typical curvature radius of AFM tips
is around 5–10 nm making them appropriate for the fabrication of
various graphene nanostructures, based on either AFM scratching64

or AFM based local anodic oxidation.64–66 In a similar way, a local
strain can be introduced into the graphene lattice by applying a
local pressure from AFM tips without graphene tearing.67,68

Our approach to generating a local strain in graphene is based
on the AFM dynamic plowing lithography (DPL),68 employing the
so-called tapping AFM mode. In this mode, the AFM cantilever
oscillates above a sample during scanning. The amplitude of the
cantilever oscillations, represented by the amplitude set-point, is
kept constant during scanning in the tapping mode. In order to
hold constant the interaction between the AFM tip and the sample,
the AFM scanner together with the sample moves up and down, in
the z-direction according to the sample topography. Then, the
scanner movement in the z-direction is proportional to the sample
topography. On the other hand, during DPL, it is necessary to
increase the mechanical interaction between the AFM tip and the
considered sample in order to induce local changes in morphology.
For this purpose, in order to increase a tip-sample interaction
needed for graphene deformation, the free oscillation amplitude of
the employed AFM cantilevers is first increased by around 10
times. The tip-sample interaction, controlled by the amplitude set-
point in the tapping AFM mode, is then additionaly increased by
decreasing the set-point by 10–100 times compared to ordinary

FIG. 5. ELF (electron localization function) for the LiC6-mono without (a) and with strain [5% (b) and 10% (c)] (first image in pair ELF on the xy direction, second, ELF on
the xz direction).

FIG. 6. Comparison of phonon dispersion for nonstrained MgB2 (violet) and
compressively (green) and tensely (red) strained (for 3% each).
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AFM imaging. Benefits of using DPL instead of more traditional
AFM scratching lithography stem from the fact that the AFM canti-
lever is vibrating and not in continuous contact with a sample
surface, as in the case of the static plowing (AFM based scratching
lithography) employed using the AFM contact mode. As a result,
the lateral and friction forces between the AFM tip and the sample
surface are minimized, so there is no undesirable dragging,
pushing, and pulling of graphene sheet during DPL. At the same
time, the AFM cantilever during DPL is free from a torsion caused
by lateral forces, which facilitates the fabrication of nanostructures
with well-defined edges. AFM imaging and DPL were done using
the NTEGRA Prima measuring system, manufactured by NT-MDT
(www.ntmdt-si.com). Since the lithography is based on the
mechanical tip-sample interaction, we used robust and wear resis-
tive diamond coated DCP20 probes from NT-MDT.

The selected nanostructures fabricated by DPL of graphene
are presented in Fig. 8. All graphene samples were made by the
standard mechanical exfoliation onto the Si/SiO2 substrate. The
local strain in graphene can be generated along straight and curved
trenches as depicted in Figs. 8(a) and 8(b), respectively, whereas
more complex structures can be made by overlapping basic pat-
terns, as presented in Fig. 8(c). DPL can be also used for the fabri-
cation of point-like deformations of graphene, as shown in Fig. 8(d).
These deformations were made by local amplitude-distance curves in
the tapping mode, with an increased free oscillation amplitude of the
employed AFM cantilever and with decreased set-point in order to
increase the tip-sample interaction. During the measurement of the
amplitude-distance curves, there is no lateral movement and scan-
ning, just a vertical movement of the AFM scanner holding a
sample, which finally gives point-like local strain in graphene.

Common for all fabricated nanostructures is a smooth surface
without bumps, protrusions, or cuts, implying that the graphene
together with the underlying silicon-dioxide substrate is just locally
deformed and strained. The only exception is presented in Fig. 8(c)
where a small bump appeared parallel and next to the graphene
trench. This example shows that for a high enough local pressure,

FIG. 7. Electron localization function (ELF) for MgB2-mono nonstrained and compressively (left) and tensely (right) strained. Top: 3D projection of ELF with focus on the
Mg layer. Bottom: ELF projection on the B layer.

FIG. 8. Local strain in graphene nanostructures generated by DPL: (a) straight
(z-height 3 nm) and (b) curved trenches (z-height 7 nm), (c) a more complicated
pattern obtained by crossing straight trenches (z-height is 11 nm), and (d) point-
like local deformation made by DPL during the measurement of amplitude-
distance curves in the tapping AFM mode (z-height is 3.5 nm).
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the sample compression at one point inevitably results in a
protrusion at an adjacent point.

The local strain generated in graphene sheet in percent can be
estimated according to the formula (L− L0)/L0× 100%,68 where L0
and L are the lengths of graphene segments before and after the
deformation by DPL, respectively. Therefore, L0 and L can be then
considered as the graphene trench width and perimeter, respec-
tively, and the values of which can be approximately calculated
from measured AFM topographic images (the perimeter can be cal-
culated from the measured trench width and perimeter). For the
typical trench widths and depths of around 50–100 nm and several
nanometers, respectively, the generated local strain in graphene is
in the order of 0.1%. The trench width is dominantly determined
by the AFM probe width. In the considered case, since we
employed DCP20 probes with a rather large tip radius curvature of
50–70 nm, probably it would not be possible to make narrower
trenches. Produced trenches in graphene could be an excellent plat-
form in order to study local changes in graphene conductivity
due to strain.87,88

B. Axial strain in liquid phase exfoliated graphene
films

Many potential applications of graphene and other 2D materi-
als27,69,70 rely on continuous films, either polycrystalline or single
crystals. Chemical vapor deposition (CVD) techniques are com-
monly the fabrication methods of choice when large area graphene
is considered.71–73 However, CVD based films require a transfer
from a catalyst on which these are grown onto a targeted substrate
for their application. Usually, this step introduces many undesired
features in the films, such as cracks, wrinkles, and transfer residues,
and hinders intrinsic properties of graphene.74,75

A low-cost alternative to large area CVD graphene films is
based on solution processing of either graphene oxide or graphite
flakes.28,74–80 In particular, LPE using solvers that do not covalently
bond with graphene sheets can result with graphene-based films
that are very promising for many applications—as strain gauges—
where coatings are needed on an industrial scale.81 Since these

coatings are made out of many overlapping small (100 nm–10 μm)
single-crystal sheets of graphene or multilayer graphene, their
response to strain is rather different from the case of continuous
films. Understanding the strain mechanisms in these complex
nanoscaled systems is crucial for their future applications. In this
section, we demonstrate how axial strain of the flexible support
affects the electrical properties of LPE graphene films, and similar
mechanisms are to be expected for the coatings and films of other
2D materials, fabricated via solution processes.

LPE graphene films were prepared following the route
described in Ref. 28. 500 μm mesh high purity and high crystallin-
ity graphite powder was dispersed in N-methylpyrrolidone (15–20
mg/ml), sonicated in a low-power ultrasonic bath for 14 h, and
finally centrifuged at 300 rpm. The top part of the resulting solu-
tion (with 0.3–0.4 mg/ml graphene concentration) was drop casted
on the water surface, and the film formed on a water-air interface
was transferred to substrates by the Langmuir–Blodgett technique.
Figure 9(a) shows an AFM topography of the film’s edge deposited
on a SiO2/Si substrate. The film thickness was estimated from the
AFM cross-sections [as presented in Fig. 9(b)]), giving (4.0 ± 1.5)
nm thick films (including also batch-to-batch variations). Typical
Raman spectra of the deposited LPE graphene films on a SiO2/Si
substrate are presented in Fig. 9(c), for comparison also showing
the spectra obtained from the starting graphite powder (measured
within a single graphite flake). Raman spectra were obtained using
a TriVista 557S&I GmbH spectrometer (λ = 532 nm) under
ambient conditions. Intensity ratios of Raman active modes can be
used to estimate the quality of the film and to point out the types
of defects.82–85 For the samples used in this study, the I(D)/I(G)
ratio was found to be (0.6 ± 0.1). In particular, the I(D)/I(D0) ratio
of (2.8 ± 0.4) was observed, indicating that mainly it is the edges of
the flakes that contribute to D mode intensity observed in the
spectra.82

In order to examine the influence of the uniaxial strain on the
electrical conductivity of these LPE graphenes—in the same
manner as described above—the films were deposited onto flexible
polyethylene terephthalate (PET) foils. Figure 10 gives an example
of how LPE graphene films commonly respond to axial strain.

FIG. 9. 50 × 50 μm2 (z scale 10 nm)
of a LPE graphene film edge, depos-
ited on a SiO2/Si substrate. (b) shows
30 μm long height profiles on the film
and on the substrate, averaging 10 μm
in width. (c) Raman spectra of the LPE
graphene film (solid line) compared
with the starting graphite powder
(dashed line). Most relevant modes of
graphene/graphite are labeled. Spectra
are normalized to I(G) = 1.
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The film was exposed to uniaxial stretching through bending of the
PET support, as schematically presented in Fig. 9(a). For this
purpose, a micrometer screw was used and controlled by an inte-
grated step motor with the precision down to 10 μm, thus allowing
a precise control over the distance between the two fixed points of
the PET support. Axial strain that the LPE graphene film exhibits
in such a case depends on the bending curvature of the PET
support (expressed through geometrical parameters x, l, and d) and
the thickness of PET (200 ± 20) μm. The structure of the film
was investigated using atomic force microscopy [Fig. 9(b)],
showing how many small flakes overlap into a continuously con-
ducting film.

A clear fingerprint of stretching the hexagonal lattice of gra-
phene can be obtained from Raman spectroscopy.82–85 However, in
the presented case when many small flakes are deposited onto the
PET substrate, the substrate surface stretches but individual flakes
are not strained. This can be clearly seen from the lack of both the
shift and broadening of graphene’s characteristic Raman active
mode at ∼1580 cm−1 (G mode).82–85 By measuring Raman spectra
of graphene on PET, while bending the support, effective axial
strain was introduced up to ∼3%. Higher values of axial strain
during Raman spectroscopy measurements were not possible to
reach with a particular setup used in this study. Figures 10(c)
and 10(d) show examples of the G mode without and upon 3% of
axial strain. The presented spectra have been renormalized, and the
spectra of clean PET have been deduced. The G mode was fitted by
a single Lorentzian function [solid lines in Figs. 10(c) and 10(d)].
No significant shift (above local variations on the sample) or any

trend of either the mode frequency, intensity, or width was detected
within the applied stretching range.

Although individual flakes were not exposed to axial strain in
the bending experiments, sheet resistivity of the entire film exhibits
a strong dependence on axial strain. Since the main contribution to
the total resistance of LPE films comes from the points of overlap
between neighboring flakes,28 stretching the LPE graphene film
results in effective pulling apart of individual flakes, and thus an
increase in the sheet resistivity of the whole film. Figure 10(e) pre-
sents five repeated cycles of stretching and relaxing of the LPE gra-
phene film on PET.

Maximal axial strain applied to the films in the case presented
in Fig. 10(e) was estimated to be ∼4.3%. Figure 10(f ) shows the
dependence of relative sheet resistance increase (with respect to the
unstrained value) of the LPE graphene film as a function of axial
strain (ϵ). The data were obtained by measuring in a two-point
probe configuration by considering several films, with the length of
the films varying between 10 mm and 20 mm. The width of the
films was fixed to 10 mm. Contact resistance was determined by
varying the length of the films and found to be negligible, com-
monly being over two orders of magnitude smaller than the resis-
tance of LPE graphene films. A strong increase of sheet resistivity
was observed upon stretching of the films, increasing linearly by
∼10% for 1% of axial strain. These values are much larger than in
the case of CVD graphene,11 as expected, since the mechanism
behind the change in sheet resistance is fundamentally different.
Such a large change of resistance upon bending, with the opportu-
nity to further optimize the fabrication, opens up many possibilities

FIG. 10. (a) Scheme of the setup used for stretching of LPE graphene films. (b) Typical surface morphology of the films (5 × 5 μm2, z scale 40 nm). (c) and (d)
Normalized Raman spectra of graphene’s G mode without strain, and with 3% of axial strain, respectively. (e) Sheet resistance as a function of alternating axial strain
between 0.2% and 4.3%, showing five subsequent bending cycles. (f ) Relative sheet resistance (with respect to nominal values) as a function of axial strain, averaged
over several LPE films used in this study.
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to use LPE graphene films in sensing applications such as strain
gauges, pressure sensors, e-skin, and touch screens.86

IV. CONCLUSION

As we have outlined, strain engineering has an unprecedented
ability to manipulate the plethora of properties of low-dimensional
materials. Design of new materials with desired features, engineered
through the introduction of mechanical deformations, could lead
to the production of novel devices and the low-dimensional materi-
als offering a great possibility for manipulation and engineering,
especially with techniques that are not available in bulk materials.
As demonstrated in this paper, conductivity can be strongly
modified with strain. We have shown how electrical conductivity
can be tuned with the application of strain in one-dimensional
systems. For two-dimensional materials, we demonstrated a signifi-
cant effect of the biaxial strain on phonons and its drastic modifica-
tion of superconducting coupling in doped graphene and
isostructural MgB2-monolayer. We showed that critical temperature
of the superconducting state can be enhanced up to several times
by the application of strain in order to modify the electron-phonon
coupling. All proposed strains are within experimental reach;
however, they are beyond the scope of techniques used in this
research.

To further understand the effects of strain on realistic 2D
materials, we experimentally study an introduction of strain on gra-
phene samples. On two essentially different types of samples, we
demonstrate strain effects, both locally and macroscopically. This
concerns a possible strain engineering of monolayer graphene by
atomic force microscopy and the influence of an axial strain in
liquid phase exfoliated graphene films. Manipulation of properties
of these different nanomaterials in a controllable fashion through
strain engineering has been proven achievable and potentially
useful for the design of next generation devices. We showed that
AFM produced trenches in graphene could be an excellent platform
in order to study local changes in graphene conductivity due to
strain. Results of such a study could be related to our theoretical
prediction on the effects of strain on conductivity in the 1D-like
system. This opens the path for further research on this topic.
Application of strain of LPE films has a significant effect on their
predicted applications. The sheet resistivity in the entire LPE gra-
phene film exhibits a strong dependence on axial strain. Stretching
results in effective pulling apart of individual flakes, and thus an
increase in the sheet resistivity of the whole film. This could have a
significant impact on their use as flexible electrodes; however, it
will open the possibility for a new set of applications such as pres-
sure sensors and strain gauges.

All these results together indicate the effects of the application
of strain; tensile and compressive and uniaxial and biaxial strains
have significant effects on conductivity and have to be carefully
considered depending on the application or concept that we are
researching for.
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Abstract
The aim of this chapter is to present a self-contained introduction to the 
Hubbard model (HM) and results of its applications in modeling some materi-
als. The chapter has four sections. The first part is devoted to the basics of the 
HM. The Hamiltonian of the model is introduced, and its structure and limits 
are explained. The method used for the calculation of the conductivity is intro-
duced. The second part contains results concerning the calculation of the elec-
trical conductivity. Expressions for the electrical conductivity of 1D systems 
previously derived by the author will be extended. The possibility of broadening 
the applicability of these results to 2D materials will be tested for rectangular 2D 
lattices. Starting from standard optics and the expressions for the conductivity, 
it becomes possible to calculate the reflectivity. Within the HM, it is dependent 
on various experimentally measurable parameters, and for some values of these 
parameters, it approaches zero. Physical implications of the reflectivity of a 2D 
material approaching zero will be discussed. At the end, some ideas for future 
work are briefly mentioned.

Keywords:  Modeling materials, Hubbard model, memory function method, 
electrical conductivity, reflectivity

4.1  Introduction

The fact that some materials are metals and some are not is known to 
mankind for thousands of years. A logical consequence of this fact was 
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to hypothesize that there must exist “some way” in which insulators and 
metals can somehow undergo mutual transformations. At the end of the 
nineteenth century, in 1897, the electron was discovered [1]. It was thought 
at the time that metals contained electrons, which were free to move and 
conduct electricity, while in insulators the electrons were “motionless” for 
some reason. 

A partially correct explanation was obtained in the early days of quan-
tum mechanics, when the Schrödinger equation was applied to a periodic 
structure, and the existence of zones of allowed energies was discovered. It 
then emerged that if the first zone is completely filled and the second one 
is empty, the system will be insulating. For an account of early work on the 
metal to insulator transition (M → I transition for short), see, for example, 
[2]. A modern account is available in [3]. 

However, the first general model of the M → I transition is due to John 
Hubbard [4]. The ideas that he started developing in [4] form the basis of 
what is now called the Hubbard model (HM). Although it was proposed 
a little more than 50 years ago, the HM is still very attractive with a broad 
range of applications [5]. This is well illustrated by the number of papers 
using it in work on various problems. Just as an example, a search at the 
time of this writing (end of October 2015) at http://prola.aps.org/ with 
the keywords “Hubbard model” gave 260 titles of papers containing these 
words published in American Physics Society journals within the last year. 
A search at http://www.google.com gave a huge number of approximately 
16 million hits with the same keywords. 

The aim of this chapter is to present a self-contained introduction to 
the HM. With such a huge literature on the subject existing and readily 
accessible, it would be impossibly ambitious to cover all aspects of the 
model in a relatively limited number of pages. Therefore, this chapter will 
present the basics of the model and its limits, the method for the cal-
culation of the electrical conductivity and reflectivity starting from the 
Hamiltonian, and the applicability of these calculations to modelization 
of 2D materials. 

4.2  The Hubbard Model

4.2.1  The Hubbard Model in 1D

Qualitatively speaking, the HM is seemingly very simple. It takes into 
account some well-known facts: that a solid has a lattice structure; that 
electrons can circulate within the lattice; and that in each node of the 
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lattice, there are two electrons with opposing spins, which mutually inter-
act. According to basic principles of statistical physics, the behavior of any 
physical system is specified by its Hamiltonian. The Hamiltonian of the 
HM has a seemingly very simple form: 

	 H = H0 + HI� (4.1)
The first term denoted by H0 is called the “kinetic energy term”, while 

HI is the interaction term. Complications start to appear when attempting 
to write this Hamiltonian explicitly, and even more if one tries to solve 
the HM for spatial dimensionality of the system greater than one. When 
interest in correlated electron systems arose, near the middle of the last 
century, the prevailing opinion was that 2D materials were thermodynami-
cally unstable and accordingly could not exist. This was the result of work 
of some of the greatest theoretical physicists of the time like Landau and 
Peirels (quoted in [6]). 

Their work was somewhat later extended by Mermin [7], and the results 
were taken for granted for decades. Then, to the amazement of the con-
densed matter community, graphene was discovered as a 2D allotrope of 
carbon in 2004. During the time elapsed since the discovery of graphene, 
the situation has so completely changed that now the science and technol-
ogy roadmap for graphene is a publication of more than 200 pages [8].

In one spatial dimension (1D for short), and within the formalism of 
second quantization, the Hamiltonian of the HM has the following form: 

	
H t c c c c U n ni i i i l l

li

N

= − +( ) ++
+ +

+ ↑ ↓
=

∑∑ 1 1
1

, , , , , ,
,

s s s s
s

� (4.2)

The symbols N, t, and U denote, respectively, the number of nodes of a 
lattice, the mean kinetic energy of the electrons (also called the hopping 
energy), and the interaction energy of two electrons with opposing spins 
on the same node of the lattice, and σ is the electron spin. The symbols in 
parenthesis denote the creation and annihilation operators. Apart from t 
and U, the third important parameter of the HM is the band filling n. The 
band filling is defined as the ratio of the number of electrons in the band 
and the number of lattice sites. For example, the symbol ci,σ denotes the 
operator that creates an electron of spin σ at lattice site i. 

The obvious question is can Eq. (4.1) be solved, and what physical 
knowledge can be gained from it. From the purely physical point of view, 
t and U can have arbitrary values. However, there exist two limiting cases 
in which solving Eq. (4.1) is not very complicated; these are the so-called 
atomic and band limits. 
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The atomic limit corresponds to the t = 0, U ≠ 0 case. This means that 
electrons do not move, which further implies that there is no transport of 
electricity. In practical terms, the atomic limit of the HM is not interesting 
from the point of view of the transport properties, and therefore will not 
be discussed. 

The band limit corresponds to U = 0, t ≠ 0; that is, electrons move 
through the lattice, but there is no interaction of electrons on a given lat-
tice node. The system in this case has some finite electrical conductivity. 
The Hamiltonian contains only the kinetic term:

	
H t c c c ci i i i

l
= − +( )+

+ +
+∑ 1 1, , , ,s s s s � (4.3)

Fourier transforming the operators in Eq. (4.3) by relations of the form

	
c

N
e ci

ik ls
k

k
, ,s s
+ += ∑1

1
1

1

� (4.4)

where s is the lattice constant, after some algebra, one gets that the elec-
tron energy is given by 

	 ε(k) =–2t cos ks� (4.5)
Solving the Hamiltonian of the HM in a general case, would mean find-

ing the ground-state energy, wave function, and chemical potential for 
arbitrary values of U and t. 

The limits discussed above could be called “the extremes”. In any real 
material, both t and U will have non-zero values, and the obvious question 
is how does one solve the HM in such a case. 

A general solution of the HM in 1D was published in [9], where the 
ground-state energy, wave function, and the chemical potential were 
obtained. The system considered in [9] is a short-range one-band model, in 
which electrons hop between the sites and interact with a repulsive interac-
tion energy when they the same lattice site. Two problems were especially 
interesting: the existence (or non-existence) of a Mott transition between 
the conducting and insulating states, with the increase in the strength of 
the interaction, and the magnetic nature of the ground state. 

The crystal studied in [9] contains Na lattice sites and N electrons. The 
dimensionality of the system is arbitrary at the beginning of the paper, 
and the Hamiltonian is given by Eq. (4.2). Paper [9] is too short, and the 
calculations in it are too complex to reproduce them here. Assuming that 
an equal number of spins point in the up and down direction, one gets that 
the ground-state energy of the system considered is given by



Hubbard Model in Material Science  119
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where J0 and J1 are Bessel functions and U is the interaction energy of 
two electrons with opposite spins on the same lattice node. 

The electrical transport properties are investigated in [9] by calculating 
the chemical potentials, which are there defined as

	

m
m

+

−

= +( ) − ( )
= ( ) − −( )

E M M U E M M U
E M M U E M M U

1
1

, ; , ;
, ; , ;
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where M denotes the number of spin-down electrons. If these two chem-
ical potentials are equal, the system is a conductor. If μ+ > μ–, the system 
is an insulator [9]. It has been shown in [9] that in the case of a half-filled 
band the ground state is insulating for any nonzero U and conducting for 
U = 0. The chemical potential tends to zero for vanishing values of U. This 
implies that there is no Mott transition for nonzero U. The paper of Lieb 
and Wu is short but mathematically difficult. Due to limited space, many 
details were not explained in sufficient detail. The authors realized it and 
some time ago prepared a sequel [10]. 

4.2.2  The Hubbard Model in 2D

What about the HM in 2D? As can be expected, the situation is more com-
plex than in the 1D case. The Hamiltonian of the 2D HM is clearly more 
complicated. 

It has the following form 

	
H t c c ij v kl c c c cij i j

i j
i j l k

i j k
= − ++ + +∑∑ ∑s s

s
s s s s

s s,
, , ’ , ’ , ’

, ’, ,

1
2 ,,l

∑ � (4.8)

Lattice sites are denoted by Latin indices, σ is the spin index, symbols 
of the form ci,s

+  denote second quantization operators creating an electron 
with spin σ at a lattice site i. The hopping energy is denoted by tij, and v is 
the coulomb interaction. 

In the case of the HM in 2D, solutions “in the spirit” of [9] do not exist, 
so work has to be performed numerically. The best-known method for such 
studies is the so-called density matrix renormalization group (DMRG). 
In short, DMRG is a numerical method designed to give the low-energy 
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physics of quantum many body systems. It was invented by S.R. White 
[11, 12] and has continued to develop ever since. 

A serious problem encountered in quantum many-body systems is the 
fact that the size of the Hilbert space in any given problem grows with the 
number of degrees of freedom of the system. Just as an example, a chain of 
length L of particles of spin 1/2 in 1D has 2L degrees of freedom, which can 
easily become an impressive number. DMRG is a numerical method devised 
with the idea of reducing the number of degrees of freedom of the system to 
those, which are most important for the ground state of the system. 

The method divides the system under consideration in two blocks, 
which can be of inequal sizes and two sites in between the blocks. A set of 
representative states is chosen for each block at the start of the procedure. 
The two blocks and the two sites between them form a “superblock”. Using 
the representative states of the blocks, the ground state of the superblock 
can be found. A certain number of iterations will be needed in order to 
obtain precise results. 

The ground state of the superblock is then projected on the subspaces for 
each block, and they are accordingly improved. The calculation advances 
in “sweeps”. In the calculations, the size of the blocks increases. A sweep is 
the number of steps needed for the blocks to become of equal sizes.

Since the appearance of the two founding papers by White, DMRG has 
hugely developed. Thee exist many excellent reviews, examples of which 
are [13–15]. Reference [15] is especially interesting, as it is devoted to the 
use of DMRG in modeling 2D materials. The software needed for the cal-
culations is open source and can be freely downloaded. One of the web 
sites is http://alps.comp-phys.org/. Another excellent source of informa-
tion on DMRG is at the University of Hannover: http://www.itp.uni-han-
nover.de/~jeckelm/dmrg/. 

The present author has done a certain amount of work in studies of the 
HM in 1D. The electrical conductivity of the HM in 1D was calculated and 
applied to modeling of 1D materials. Attempts of extending the applicabil-
ity of these results to certain types of 2D lattices were also made. Broadly 
speaking, the remainder of this chapter is devoted to a review and possible 
extensions of these results. 

The starting question in such work is the choice of the method of cal-
culation of the conductivity. Two possibilities were obvious: the formalism 
developed by Kubo [16] and the memory function method (MFM) [17]. 

Paper [16] was prepared with the aim of developing a theory of the 
calculation of transport coefficients, and, in general terms, admittance of 
the system when it is exposed to external forces. It ranks among the best-
known papers of modern statistical physics. 
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The proclaimed aim of the paper has been fulfilled by setting up a 
kinetic equation for the particle distribution function, and then solving it. 
Such an approach is in line with the general principles of statistical physics. 
Pursuing this reasoning, details of which can be found in [16], one gets the 
following expression for the components of the conductivity tensor:

	
s l lm m

b

v vJ ih J t= −( ) ( )∫∫
∞

d
00

� (4.9) 

which can also be expressed as
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where 

	
f rm mv vt

ih
Tr J J t( ) = − ( ) 
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and 

	
J e xi i

i
m m= ∑ � (4.12)

is the total electrical current. 
From the purely theoretical point of view, these equations give the result 

for the electrical conductivity. However, they are inapplicable to any practi-
cal calculation pertaining to any real material. The reason is purely mathe
matical. In order to calculate the commutators in Eq. (4.11), one needs the 
expression for the total current, which in turn requires the knowledge of 
the speeds of the conducting particles, and these are in practice not known. 
Therefore, although the Kubo formulae are an important result in statisti-
cal mechanics, they are not practically applicable and will not be used in 
this chapter. 

The calculations that are discussed in the following have been performed 
using the so-called MFM. The MFM is a result of the continuation of the 
work of Kubo published by several authors. Broadly speaking, the aim of 
the MFM is to express the response functions in terms of a holomorphic 
memory function [17, 18]. A practical application of this development, in 
view of calculations in material science, is available in [19]. 

The main equations for the calculation of the electrical conductivity 
within the MFM are

Exeter
Rectangle
Please confirm whether both the symbols  should be same.


Exeter
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In these two equations, w pP e en e m2 24= /  is the square of the plasma 
frequency; the symbols ne, e, and me denote the electron number density, 
charge, and mass, respectively; χ0 = ne/me is the zero frequency limit of the 
dynamical susceptibility. 

Equation (4.13) is a general definition of the linear response of a physi-
cal quantity corresponding to operator A, to the perturbation by another 
physical quantity described by operator B. The susceptibility is an analytic 
function for all non-real frequencies z [19]. The Heisenberg representation 
of the operator A is denoted by A(t). The explicit definition of the current–
current correlation function can be obtained by inserting into Eq. (4.13) 
A = B = [j, H] with j denoting the current operator and H the Hamiltonian. 

In early work such as [20], some objections were voiced against the 
MFM, on the grounds that it does not reproduce some standard results 
for the conductivity. However, according to more recent works such 
as [21], the MFM is described as a “tool of choice” for the calculation of the 
conductivity. 

Before embarking on the calculation of the conductivity, two problems 
have to be solved: the “choice” of the theoretical model, which is to be 
applied for the electron gas, and the calculation of the chemical potential 
of the electron gas. 

For the past 60 years, normal metals are theoretically described by the 
Landau Fermi liquid theory (FLT). It is known that the FLT fails in 1D 
systems. The reason for this is the fact that some vertices, which the FLT 
assumes to be finite, diverge in 1D because of the Peierls effect [22]. Until 
the past two decades of the preceding century, the question “FLT” or “a 
replacement” in 1D systems was mainly of academic nature, as experi-
ments on low-dimensional systems were in their “infancy”. Such experi-
ments became possible when 1D or Q1D materials, such as the organic 
conductors were synthetized. As a consequence, the question of the choice 
of a theoretical model to be used in such studies regained importance. 

Pure theory indicates that the Luttinger liquid model should be used 
([23] and references given there). Later, development of the field showed 
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that there are studies in which application of the FLT gives results in agree-
ment with experiments [24–27]. Accordingly, the FLM will be used in the 
calculations, which will be discussed in the remainder of this chapter. 

Before embarking on a detailed discussion of the electrical conductivity 
within the HM and its use in modeling 2D materials, it is appropriate to 
link the conductivity with the reflectivity of the HM. This link is important 
for experiments—the reflectivity can be measured and/or used to estimate 
values of various parameters of a material by comparing calculated values 
of the reflectivity with experimental data. 

The propagation of an electromagnetic wave through a non-magnetic 
material is determined by the dielectric function ε(ω) and the refractive 
index N (ω), where N w e w( ) = ( )  [29]. Both of these functions are com-
plex quantities, which means 

	 ε(ω) = εR(ω) + iεI(ω)� (4.15)

	 N(ω) = n(ω) + iK(ω)� (4.16)
where the symbol K(ω) denotes the extinction coefficient. 
Reflectivity is defined as the ratio [28] 
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It can be shown [28] that 

	 εR(ω) = n2 – K2 and εI(ω) = 2nK� (4.18)
and also
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Inserting Eq. (4.15) into Eq. (4.18), it follows that
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Equation (4.22) can be solved to give
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Inserting Eq. (4.20) into Eq. (4.17) leads to the following expression for 
the reflectivity
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4.3  Calculations of Conductivity

This section is devoted to a detailed account of the electrical conductivity 
of 1D and 2D rectangular lattices within the HM. The account of the cal-
culation of the conductivity will rely on previous work of the author, but 
which will be somewhat extended here. 

Calculating the conductivity within the MFM demands the knowledge 
of the susceptibility and that, according to Eq. (4.13), requires the knowl-
edge of the commutator [j, H] where j is the current operator. For a system 
with the Hamiltonian given by the HM in 1D (Eq. 4.2), the current opera-
tor has the form

	
j iw c c c cl l l l
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+ +
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s s s s
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The calculation of the commutator starts by a decomposition:

	 [j, H] = [j, H0 + HI] = [j, H0] + [j, HI]� (4.26)
and then proceeds as follows
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Using the fermionic commutation relations the last expression can be 
transformed into

	
j H iw n nl l
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� (4.28) 

The calculation of [j, HI] proceeds in a similar way, although it is a little 
more complex
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which can be transformed into
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Using the fact that within the second quantization formalism n c cl l l= +  
and the fermionic commutation rules, it can be shown that
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where δ is the Kronecker delta. 
Eq. (4.31) can be Fourier transformed by four relations of the form
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which leads to
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Note that in Eqs. (4.25–4.33), the hopping has been denoted by 

w in  order  to avoid confusion with the time. The time evolution is 
introduced by

	 c t e c c t e ck
i k t

k k
i k t

k
+ ( ) + − ( )( ) = ( ) =e e and � (4.34)

Inserting these two transformations into Eq. (4.33), one can get the 
expression for A(t). Using that result and the expression for A(k) one can 
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finally get the expression for the dynamical susceptibility. The calculation 
is long and demands a meticulous approach, and the final result for the 
current–current correlation function is 
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and 

	(1)(2)(3)(4) = (eik5s + e–ik6s)(ei(k7–k8)s–1)(eik1s + e–ik2s)(ei(k3–k4)s–1)eit(ε5–ε6+ε7–ε8)

� (4.36)
The symbols in Eq. (4.36) of the form εn where n is an integer denote the 

combination εkn. 
Inserting Eqs. (4.35) and (4.36) into Eq. (4.13), performing the integra-

tions, gives the following final expression for the dynamical susceptibility χ 
of a 1D HM. Note that the frequency, denoted by z, is here considered to be 
a complex quantity, which means that z = z1 + iz2. Details of the calculation 
are available in [24]. 
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where 
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and 

	 α = 2w (cos k3s – cos k4s); b = 2w (cos k1s – cos k2s)� (4.39)
Expressing the frequency as a complex quantity z = z1 + iz2 and z2 = 

αz1 into Eq. (4.14) and then separating the real and imaginary parts, leads 
to the following results for the real and imaginary parts of the electrical 
conductivity
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Both of these expressions become considerably simplified when α = 0, 
that is when the frequency is a real function. Once the real part of the sus-
ceptibility is determined by the summation by Eqs. (4.37–4.39), the imagi-
nary part can be calculated as [28]
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where P denotes the principal value of the integral. Details of the calcula-
tion are available in [24]. The resulting expression for the electrical con-
ductivity of a 1D HM is
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and 
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The symbol μ denotes the chemical potential of the electron gas on a 1D 

lattice, which is given by [29]
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The symbols n, s, t, and β denote, respectively, the band filling, the lattice 
constant, the hopping, and the inverse temperature.

When performing the summation in Eqs. (4.37–4.39), one gets a result 
with more than 2000 terms [24]. This is obviously impractical, so the 
expression for the real part of the conductivity was derived by using vari-
ous approximations; basically, the sum was limited to the first 32 terms, 
and this was further analyzed. The obvious question is whether increasing 
the number of terms being taken into account in the sums would be of 
practical importance when trying to model 1D and 2D materials.

As a test, while writing this contribution, the first 40 terms in the sum-
mation in Eqs. (4.37–4.39) were analyzed. The result is mathematically 
interesting but not very practical. Namely, the expression obtained in that 
case for the real part of the susceptibility was obviously more complex than 
when analyzing only 32 terms. This increased complexity diminished their 
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practical applicability in modelization of materials. In the remainder of 
this chapter, Eqs. (4.43–4.45) will be used. 

Expressions (4.43–4.45), as they are, can be applied to 1D materials. 
However, a simple calculation opens up the possibility of applying them to 
2D rectangular lattices. Take as an example a 2D rectangular lattice of side 
length α and denote the lattice sides by x and y. In that case, the current 
flowing through the system is obviously given by 

	

� � �j j e j ex x y y= +
� (4.46)

where 
� �e ex y,  are the unitary vectors of the lattice axes. The total current 

is given by 

	
j j jx y= + 

2 2 1 2/
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By definition 
� �
j E= s  where σ is the electrical conductivity and E is the 

electrical field. Assuming that the electrical fields along the two lattice axes 
are equal, one finally gets that the electrical conductivity of a 2D rectangu-
lar lattice is given by the expression:
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Two-dimensional materials can be modeled in two ways by using this 
expression:

•	 One possibility is to carefully chose values of various param-
eters, which enter the expression for the conductivity of a 1D 
HM, and thus try to reproduce the experimental data;

•	 The other possibility treats the problem in the opposite way. 
One takes the experimental data and attempts to derive val-
ues of parameters of the HM which, when inserted into the 
expression for the conductivity fit as closely as possible the 
measured data.

An expected step in modeling a 2D material would be to use expressions 
derived earlier in this section for the electrical conductivity of a 1D HM, 
and then insert them into Eq. (4.48). As a first step, modelization can start 
by inserting Eq. (4.44) into Eq. (4.43), expanding and taking the first term. 
In this way, one gets the following approximation
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where μ is given by (4.45). Using Eq. (4.49) for both lattice axes (practi-
cally, it means writing this expression with all the variables having index x 
and then y), taking squares and summing, it follows that the conductivity 
of a 2D rectangular lattice is given by 
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Modeling a 2D lattice by using Eq. (4.50) consists of a choice of material 

parameters in this expression, and a comparison of the calculated values of 
the conductivity with experiments for various values of the parameters. In 
the following, parameters were chosen in similarity with the values previ-
ously used for the organic conductors [24]. 

Eq. (4.50) can be simplified by introducing ratios of the values of various 
parameters along the two lattice axes. Let ty = αtx, Uy = γUx, βy = βx, Ny = δNx, 
sy = λsx, ny = θnx. All the ratios are positive numbers. Inserting the ratios 
into Eq. (4.50), it follows that 
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Eq. (4.51) has two singular points: ω0 = btx and ω0 = αbtx. Their existence 

is due to the fact that Eq. (4.51) is the first approximation to the expression 
for the electrical conductivity of a 1D HM, derived within the MFM. 

Expression (4.51) gives the possibility of following theoretically changes in 
conductivity with the change of various material parameters. Such calcula-
tions represent an aspect of modeling a material. The most common experi-
mentally variable parameter is the temperature to which a material is subdued. 

As an example, the following values of the ratios in Eq. (4.51) were cho-
sen: α = 0.25, γ = 0.25 and δ = λ = θ = 1. Values of constants occurring in 
Eq. (4.51) were chosen as follows: Nx = 150; χ0 = 1/3; b =–1.83879, ω0 = 
2.8tx, ωP = 12tx, Ux = 4tx and βx = 11600/T. 
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Inserting all these values into Eq. (4.51) and normalizing the conductiv-
ity to σ = 1 at tx = ty = 0.01, nx = ny = 0.8 and T = 116 K, one gets the follow-
ing Figures 4.1 and 4.2: 

Another parameter interesting for experiments and modelization is the 
band filling. Experimentally speaking, it can be changed by doping a speci-
men. Figures 4.3–4.5 show the dependence of the normalized electrical 

Figure 4.1  Normalized conductivity of a rectangular 2D lattice as a function of 
temperature for two values of the band filling.
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Figure 4.2  Normalized conductivity of a 2D lattice, but for different values of the band 
filling.
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conductivity of a rectangular 2D lattice as a function of the ratio θ = ny/nx.  
The values of various parameters were chosen as follows: Nx = 150, 
χ0 = 1/3, δ = 0.5, α = 0.5, γ = 1, λ = 1, ω0 = 2.8tx, ωP = 12tx, sx = 1 
and Ux = 4tx The conductivity was normalized to 1 at the point tx = 0.03, 
nx = 0.9, T = 120 and θ = 1. 

Mathematically speaking, the parameter θ is the ratio of the band fill-
ings along the two lattice axes. This ratio can experimentally be changed by 

Figure 4.3  Normalized conductivity of a 2D lattice as a function of doping.
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Figure 4.4  Normalized conductivity of a 2D lattice as a function of doping for T= 130 K 
and T = 150 K.
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doping the specimen, which directly opens up the possibility of changing 
the characteristics of the material.

Figure 4.4 shows essentially the same function, but for two higher val-
ues of the temperature. The difference in behavior is obvious. The change 
in the dependence of the conductivity on the doping is even more clearly 
visible when comparing Figures 4.3–4.5. Judging from the three figures, it 
can be concluded that the lower the temperature the quicker is the rise of 
the conductivity. 

In line with such a conclusion, the slope of this curve is the lowest for the 
highest temperature that was chosen as an example, T = 200 K. In future 
work, it will be attempted to verify the validity of this conclusion (prelimi-
nary at present) for a wider range of parameters of the HM. 

Figure 4.6 shows an interesting result: the normalized conductivity 
expressed as a function of the ratio γ. Physically, this is the ratio of the 
electron–electron interaction strength for pair of electrons in ions on the 
lattice sites along the two lattice axes. A small influence of the temperature 
is also visible on the figure. 

All the calculations discussed so far contain a “hidden” assumption. 
Namely, it is presumed everywhere that the lattice constant is indeed a con-
stant. However, under various circumstances, the lattice constant can vary, 
and the obvious question is how does one take this variation into account. 
The lattice constant can vary in two kinds of experimental situations: when 
a material is subdued to high external pressure, or, in the opposite, when 
it is stretched. Stretching a material may seem odd at first sight, but there 
exist an increasing number of experimentally relevant situations when 

Figure 4.5  The conductivity as a function of doping for T = 200 K.
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precisely that is being done. On the applicative side, stretchable materials 
are extensively investigated in view of applications in medical electronics. 
Examples of recent work in this direction are [30, 31]. The applicability of 
the HM to stretchable materials has recently been studied in [25]. 

Any considerations of the change of the lattice constant demand the 
introduction of the notion of strain ε. Applying a strain ε to an object of 
initial length l0 means that the length will become l = l0 (1 + ε). 

Before embarking on a calculation of the changes of conductivity 
under the influence of stretching, one has to determine the changes under 
stretching of two important parameters: the band filling n and the hop-
ping energy t. The band filling is in a 1D case defined as the quotient n = 
N/L, where N denotes the number of electrons and L is the length of the 
specimen. Because of the presence of strain, one can apply the defining 
relation of the strain: L(ε) = L0 (1 + ε) It follows that n(ε) = n0/(1 + ε). The 
hopping t is the physical consequence of the overlap of electronic wave 
functions in atoms on adjacent lattice sites. As such, it can be expected 
that any changes of the lattice constant leave “a trace” on the hopping 
energy. A first approximation to the strain dependence of the hopping can 
be expressed as

	 t = t0 (1 – ε)� (4.52)
A particular case of the application of this expression is illustrated in 

Figure 4.7, taken from [25]. In refers to a 1D lattice for two different values 
of the temperature. The calculation was performed by the MFM, and the 

Figure 4.6  The conductivity as a function of the ratio γ = Uy/Ux.
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conductivity was normalized to 1 at the point n = 0.9; T = 116K. Thinking 
in terms of a phase diagram, Figure 4.7 can be interpreted as meaning that 
for ε ≥ 2 the material undergoes a phase transition from the conducting to 
an insulating phase. Other figures can also be interpreted in a similar way. 
Theoretical conclusions about the phase diagram of a material can thus be 
obtained.

Expression (4.52) is obviously simple. The strain dependence of the 
hopping energy is due to the overlap of the electronic wave functions on 
adjacent ions in a lattice. Determining this overlap for arbitrary ions on a 
lattice would be a complex quantum mechanical problem. A somewhat 
simplified but realistic approximation to the overlap can be found in stan-
dard quantum mechanics, which gives

	
t t r r e r= + +



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× −
0

21 1
3 � (4.53)

where r is the distance expressed in the Bohr radii. Inserting the definition 
of strain in this relation, and then developing into series in ε it follows that

	 t ≅ 0.86t0 (1–0.2866ε)� (4.54)
Figure 4.8 shows the conductivity of a 2D rectangular lattice as a func-

tion of the applied strain. Note that Figures 4.7 and 4.8 have been obtained 
by the full expression for the conductivity, given by Eqs. (4.43), (4.44), and 
(4.48) of the present chapter. The simplified form, given by Eq. (4.49), was 
used in the present contribution in order to render the calculations some-
what simpler. 

Figure 4.7  The conductivity of a 1D lattice as a function of strain.
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4.4  The Hubbard Model and Optics

The basic equations that describe the reflection of an electromagnetic wave 
from a surface have already been discussed in this paper around Eq. (4.20). 
However, an important but so far unanswered question concerns the 
motivation for such calculations. Is it purely theoretical, or there is also a 
“hidden” experimental motivation.

As the reader may already “feel”, there is an important experimental 
motivation for calculating the reflectivity and attempting to link it with the 
conductivity. Namely, it is easier to perform a measurement of the reflec-
tivity then to measure the conductivity. On the other hand, there are more 
situations in condensed matter physics and material science where values 
of conductivity are needed. This illustrates the necessity of establishing 
some form of a theoretical link between the values of the reflectivity and 
conductivity of a material. 

Human beings and optical instruments detect cold solid objects by 
detecting light from some kind of a source which they reflect. It is not 
important if the “cold solid object” is a crater on the Moon or a laboratory 
object on Earth. The principle is always the same.

The possibility of “somehow” achieving invisibility of various objects 
has occupied writers for a long period. Although the literature on the 
adventures of “the invisible man” was a very interesting, real scientific 
research work on the subject is relatively recent. One of the main centers of 
research on invisibility is the group of Sir John Pendry at Imperial College 
in London, which is very active in work on invisibility cloaks. For details 

Figure 4.8  The conductivity of a 2D lattice as a function of applied strain.
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about the work of this group, see http://www.cmth.ph.ic.ac.uk/photonics/
Newphotonics/research. 

Reflectivity of any material depends on a subset of the set of all of 
its parameters. Logically then, a material designed with a chosen set of 
parameters, on which the reflectivity depends, should lead to a predictable 
value of the reflectivity. However, in order to enable such material design, 
one must have some model of the material, which of its parameters are 
important and a possible way of influencing and controlling them [33]. 
The model that will be used here is of course the HM. It will be shown that 
values of reflectivity can be related with values of various parameters of the 
HM, and ultimately with the electrical conductivity.

Reflectivity of any material can have a value between 0 and 1, where 
1 means that incident light is completely reflected and 0 that there is no 
reflection at all. As objects are visible due to reflection of light, it follows 
that an object with reflectivity 0 is invisible. It will be attempted in the 
continuation to find values of the HM parameters for which reflectivity 
becomes as close as possible to zero.

Expressions for the calculation of reflectivity are given in Eqs. (4.23) and 
(4.24). Using the fact that 
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it can be shown that the reflectivity R can be expressed as the following 
series:
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As it is formulated, Eq. (4.56) does not directly involve the dimension-
ality of the system under consideration. However, dimensionality enters 
indirectly, through the functions K and σR, because they depend on the 
dimensionality. 

Figure 4.9 represents the dependence of the reflectivity of a 1D HM on 
the temperature. The band filling and hopping energy were chosen arbi-
trarily. The conductivity, which had to be calculated at first, was normal-
ized to σR = 1 for t = 0.005 eV; T = 116 K [34]. 

Note an interesting detail on this figure. For sufficiently low temperatures, 
the reflectivity becomes low, while for higher temperatures it is only slightly 
below 1. This means that with the decrease of T it becomes more difficult to 
see the object. It would be interesting to verify this conclusion for several 
pairs of values (n, t), but this can be performed by the interested reader. 
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A 2D HM is a physically more interesting system. The reflectivity of 
this system could (in principle) be determined by starting from the 2D 
HM and calculating the conductivity and reflectivity by using their respec-
tive definitions. Another, easier way, applicable to rectangular lattices is to 
introduce a change of variables: s s sR Rx Ry= +2 2 . 

Inserting this change of variables in Eq. (4.56) leads to 
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Now assume that the conductivities along the two lattice sides are mutu-
ally independent, and introduce their ratio

	

s
s

Ry
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= Γ � (4.58)

Taking that the imaginary component of the conductivity is zero, some 
algebra leads to the following result for the function K 
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The real component of the conductivity is a function of a certain number 
of parameters of the HM and the temperature. Introducing Eq. (4.59) into 
Eq. (4.57) would give a result for the reflectivity of a 2D HM on a rectangu-
lar lattice, as a function of parameters of the lattice sides, the temperature 

Figure 4.9  Reflectivity as a function of temperature for a 1D HM.
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and the ratio of conductivities along the two sides. This amounts to open-
ing the possibility of modeling a 2D material with a rectangular lattice. 

As the easiest example, take that Г = 0. This means that one of the lattice 
sides is not conducting, and the problem reduces to a 1D HM. 

What would the conductivity be if the system is highly anisotropic, for 
example, if Г = 0.1? Practically speaking, this would mean that the conduc-
tivity along the y axis is 10 times smaller than along the x axis of the lattice. 
Details of the calculation are available in [34], and the final result is shown 
in Figure 4.10.

Note on Figure 4.10 that for low temperatures the value of R tends to 
zero. This again points to the same conclusion as the one reached after 
Figure 4.9—that the lower the temperature, the more difficult it becomes 
to see an object. 

Figure 4.11 shows the reflectivity of a 2D lattice expressed as a func-
tion of the temperature for the case when the ratio of conductivities along 
the two axes is 1/2. It is interesting to note that the only change between 
Figures 4.10 and 4.11 is the value of reflectivity around the point T = 60 K.

An interesting problem, having potential applicability is the dependence 
of the reflectivity on doping. Especially in the case of the 2D HM, any such 
dependence could have direct implications on the manufacture of various 
kinds of optically active planar surfaces.

The series in Eq. (4.56) is convergent under the condition that

Figure 4.10  Reflectivity of a 2D rectangular lattice for Г = 0.1.

60 80 100 120 140 160 180 200 220 240

T(K)

R(
T)

/R
(1

16
)

0.0

0.2

0.4

0.6

0.8

1.0



Hubbard Model in Material Science  139

	

K

R

w
ps

0 1≺ � (4.60)

Figure 4.4 gives the dependence of the conductivity of a 2D lattice on 
the parameter denoted by θ = ny/nx. This parameter describes the variation 
of band filling of one lattice axis with respect to the other, which amounts 
to variation of doping. Take arbitrarily two points at T = 150 K as repre-
sentative: θ = 0.4; θ = 0.8. Making all the calculations, it follows (up to 
first order) that for θ = 0.4; R ≅ 0.496 and for the second chosen point 
R ≅ 0.5288. A graph of this dependence for the temperature T = 150 K is 
shown on Figure 4.12.

The ratio θ is defined as the quotient ny/nx. A simple inspection of 
Figure 4.11 shows that reflectivity increases with the increase of this ratio. 
This further means that (up to first-order) Hubbard plains made up of 
rectangular lattices are more reflecting the more their axes differ in band 
fillings. 

4.4.1  HM and Invisibility

Rendering and object invisible basically means making “somehow” its 
reflectivity equal or close to zero. In a multitude of recent papers, it is 
attempted to achieve this by enclosing the object under study in various 

Figure 4.11  Reflectivity of a 2D rectangular lattice for Г = 0.5.

60 80 100 120 140 160 180 200 220 240

T(K)

R(
T)

/R
(1

16
)

0.0

0.2

0.4

0.6

0.8

1.0



140  Advanced 2D Materials

kinds of cloaks. Some years ago, the present author became interested in a 
simpler theoretical approach to the problem. The logic of this approach is 
extremely simple. 

Imagine that there exists a (somehow derived) theoretical expression for 
the calculation of the reflectivity and that it contains a certain number of 
material parameters. Then it should be possible to invert the calculation: 
that is to choose the parameters so as to obtain a value of the reflectivity 
arbitrarily close to zero. This would mean theoretically achieving invisibil-
ity within a particular model of a material. In the present chapter, this was 
attempted within the HM. 

First results are presented on Figures 4.10–4.12, which give the reflec-
tivity as a function of various material parameters: the temperature and 
(essentially) doping along the two lattice axes. It can be seen on Figures 
4.10 and 4.11 that the reflectivity drops to values close to zero at T ≈ 60 
K. Figure 4.12 shows the dependence of the reflectivity on the ratio of 
the band fillings of the two axes, for a fixed temperature. It shows a steep 
decrease of reflectivity with the decrease of the parameter θ. 

Analytically, a simple estimate can be made of the position of the point 
at which R = 0. Impose the condition R = 0 on Eq. (4.56) and solve for the 
value of Kω0/πσR. It follows by a simple calculation that 

	
R

K

R
= ⇔ =0 0 74490w

ps
. � (4.61)

Reflectivity is a function of a set of material parameters. All of them 
can be tuned in experiments, but the one which is easiest to tune is the 

Figure 4.12  Reflectivity of a 2D lattice as a function of θ for T = 150 K.
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temperature. This presents another possibility to theoretically achieve 
invisibility of an object. The reflectivity can be expressed as

	
R T R T R
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All the derivatives in Eq. (4.63) can be determined using the results of 
the present chapter. The temperature at which reflectivity becomes close to 
zero can be calculated from Eq. (4.62) as
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4.5  Conclusions

The aim of this chapter was to present a self-contained introduction to the 
HM and some of the possible applications. The choice of the applications 
was influenced by the research experience of the author. The model was 
introduced and its basics explained by using known literature approaches. 
Concerning the calculations, the MFM was introduced and its main equa-
tions presented. The DMRG method was described and some of the main 
references given. The MFM was applied to the calculation of the electrical 
conductivity of the 1D and 2D rectangular lattices. Variation of the param-
eters led to interesting results of the conductivities, and this was explored 
to some extent. In this way, modelization of materials became possible. 

The reader has probably noted that the calculations were performed for 
2D square rectangular lattices, but without any kind of explanation. The 
motivation is that there is general belief that such lattices capture the essen-
tial physics of high-temperature superconductors. This idea was initiated 
by P.W. Anderson back in 1988.

It would be exaggerated to pretend that this chapter is a “complete” 
treatment of the HM. This chapter goes into considerable detail in sev-
eral aspects of the HM: the basics, methodology of calculation, use of the 
calculated transport properties in modeling 1D and 2D materials. As a 
difference with various other reviews of the HM, the present chapter con-
siders the problem of reflectivity of the HM in some detail. Apart from the 
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calculation of reflectivity, this chapter contains a brief consideration of the 
problem of invisibility within the HM. 

Calculations discussed in this chapter are methodologically correct, but 
the numerical results are only approximate; various developments have 
been pursued only to lowest order. In any future work on the HM, it will be 
attempted to improve several aspects of this text or add some which were 
not considered at all.

All the developments will be pushed to a higher number of terms. 
Expressions thus obtained will be used in actual calculations. The results 
discussed in this chapter represent a form of the phase diagram of the HM, 
both in 1D and 2D. These considerations will be generalized in the future. 

A very interesting aspect of the HM has not been considered at all in 
this text. This is the application of the gauge–gravity duality to research in 
condensed matter physics [37]. A very attractive aspect of this duality is 
that it opens the possibility of linking research in gravitation theory with 
work in condensed matter. 
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Abstract Mutual collisions and impacts of solids occur in systems of widely different
scales. The aim of this paper is to present a calculation of the change of temperature
which a solid target undergoes when hit by a solid impactor. As a test, the equations
derived are applied to examples of laboratory experimental data, and the results are
physically plausible.
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1 Introduction

Mutual collisions of solid objects with different masses occur in nature on scales
ranging from impacts of “small bodies” into planetary surfaces to impacts of small
projectiles and atoms or molecules into surfaces of solids in laboratory experiments.
One of the expected consequences of such collisions is heating, and, under favorable
circumstances, melting of the target at the point of impact.

The aim of this paper is to develop the basics of the theory of impact heating and
melting. General expressions for the speed of the projectile needed to heat up the
target will be derived, and then tested for a particular form of the critical stress needed
to fracture the material of the target. Testing will be performed on a recent set of
experimental data. This is a continuation and extension of earlier work on the subject
by one of the authors [1].
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2 The Basic Equations

Imagine a projectile heading for impact into a solid surface. It has some kinetic energy,
Ek , which upon impact will be divided into two: a part, denoted by E f will be used
for fracturing the target, and the remainder EH will “go” on heating and ultimately
melting the target. Therefore,

Ek = E f + EH . (1)

The kinetic energy is determined by the mass and speed of the projectile and EH by
the specific heat and volume of the material.

Assuming that the impactor is a sphere of radius r1, made up of a material with
mass density ρ1, moving with speed v2, its kinetic energy is given by

Ek = 2π

3
ρ1r

3
1v

2
2 . (2)

According to standard solid-state physics, the energy needed for making a fracture in
a solid material of volume V is given by

E f = σCV, (3)

where σC is the critical stress needed for fracturing a solid. Finally, the energy needed
to heat a volume V of a material from an initial temperature T0 up to a temperature T1
is

EH = CV × V × (T1 − T0), (4)

where CV is the specific heat of the material. Inserting Eqs. 2–4 into Eq.1, it follows
that in order to heat the target to some temperature T1, the speed of the incoming
projectile must be given by the following:

v22h = 3σCV

2πρ1r31
×

[
1 + CV

σC
(T1 − T0)

]
. (5)

This is a general result, independent on the particular form of σC and CV .
The energy needed to heat a volume Vm of a material up to the melting temperature

Tm is

EM = CV × Vm × (Tm − T0) (6)

and it follows that in this case

v22m = 3σCV

2πρ1r31
×

[
1 + CV

σC

Vm
V

(Tm − T0)

]
. (7)
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In expressions 5 and 7, the symbol V denotes the volume of the crater formed as a
result of the impact, and Vm is the volume of the melted material of the target. It is
assumed here that in an impact in which melting of the target occurs, the volume of
the melt can be different from the geometrical volume of the impact crater.

The volume of a crater depends on its shape; modeling it as a half of a rotating
ellipsoid, the volume is V = 2

3πabc, where a and b denote the dimensions of the
“opening” of the crater and c is the depth. In order to render these two results applicable,
one needs either “practical” expressions for the specific heat CV and the critical stress
for fracturing the target σC , or their measured values.

2.1 The Specific Heat and Critical Stress

Standard condensed matter theory shows that the specific heat of a crystalline solid at
temperature T is [2]

CV ∼= 3NνkB ×
[
1 − 1

20

(
θD

T

)2
]

, (8)

where ν is the number of particles in the elementary crystal cell, N is the number of
elementary crystal cells in the specimen, and kB is Boltzmann’s constant. It can be
shown that the ratio θD/T is given by [3]

θD

T
= h̄

kBT
×

[
9νN

4πV

]1/3
×

(
∂P

∂ρ

)1/2

. (9)

The symbols P and ρ denote the pressure and mass density of a material, and V is
the volume. The ratio θD/T obviously depends on the expression for the equation of
state of the material.

There exist in the literature various estimates of the critical stress needed to fracture
a solid. One of the first is the result due to Griffith, [4], who showed that

σC =
(
2Eσ

πνz

)1/2

. (10)

The meaning of various symbols is as follows: σ is the surface tension of a material,
E is Young’s modulus, ν is Poisson’s ratio, and z is the half length of the focal line of
a crack preexisting in a material.

It follows from Eqs. 8–10 that

CV

σC

∼= 3NνkB
(( πνz

2Eσ

))1/2 ×
[
1 − 1

20

(
h̄

kBT

)2 (
9Nν

4πV

)2/3
∂P

∂ρ

]
. (11)

Inserting Eq.11 into Eqs. 5 and 7, it is possible to obtain expressions for the impactor
speeds needed for heating and melting the target at the point of impact.
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2.2 The Difference CP − CV

The calculations discussed in the present paper require the knowledge of CV , while
experiments sometimes give the value of CP . The conversion can be performed by the
well-known thermodynamical identity

KT × (CP − CV ) = T Vα2
P , (12)

where KT = 1
ρ

(
∂ρ
∂P

)
T , αP = 1

V

(
∂V
∂T

)
P , T is the temperature, and V is the volume.

Clearly KT = 1
B0
, where B0 is the bulk modulus of the material. It follows that

CP − CV = T V

KT
× α2

P = T V B0 × α2
P = B0T

V
×

(
∂V

∂T

)2

. (13)

As ∂V
∂T = − V

ρ
∂ρ
∂T , one finaly gets

CP − CV = B0T V × 1

ρ2 ×
(

∂ρ

∂T

)2

= T × V × B0 × K 2
T . (14)

This relation means that for systems with small volumes or large densities, the differ-
ence of specific heats tends to zero.

3 Possible Applications

Equations derived in the preceding section are applicable to impacts of solid projectiles
into solid targets in laboratory and possibly natural situations. They give the possibility
of addressing two kinds of problems: determining the heating of the target in the impact
by a projectile with given physical parameters and speed, and determining the speed,
density, and radius of the impactor needed to produce a given thermal effect in a given
material (for instance to melt the target).

As an illustration of a laboratory application, take the study of Suzuki et al. [5].
In this experiment, projectiles of various masses, kinetic energies, and chemical com-
position were fired into different targets, and the properties of the resulting impact
craters were measured. Their paper contains the data, which can be used to test the
applicability of the equations derived here.

Completely arbitrarily, the experimental run HY04 was chosen for analysis. In this
particular run, a projectile of mass m = 3.98 × 10−6 kg, diameter D = 10−3 m, and
density ρ1 = 7930 kg·m−3 was fired into a calcite target with the impact velocity
v = 3.6 km·s−1. The volume of the resulting crater was V = 9.90 × 10−8 m3 and
the area of the crater S = 1.1429 × 10−4 m2

The chemical formula of calcite is CaCO3. Various parameters of this material
have the following values. The molecular mass is M = 100.09, the mass density
under standard conditions is 2710 kg·m−3, and the volume of the unit cell is Vcell =
3.6785 × 10−28 m3. The melting temperature is Tm = 1167K [7]. The Poisson ratio
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is ν = 0.309 [8] and the surface energy is σ = 0.347 J·m−2 [9]. The molar volume is
Vmol = 31.2 × 10−6 m3 [10]. Finally, at T = 300K CP ∼= 84J·mol·K−1 [11].

Application of Eq.5 gives T1 − T0 ∼= 100K. Physically, this means that the tem-
perature of the target increased for approximately 100K at the point of impact. The
obvious question is how long did this increase of temperature last, and did it change
the “macroscopic” parameters of the target? This time interval can be estimated by
dividing the diameter of the crater with the speed of the impactor, and in this case it is
3 × 10−6 s. In such a short time interval, no change of the “macroscopic” parameters
of the target is expected to occur.

As another “real life” example, take the run HY14 from [5] . The projectile used
there had a mass of m = 1.46 × 10−6 kg, diameter D = 10−3 m, density ρ =
2500 kg·m−3, and the impact velocity of v = 7.1 km·s−1. The volume of the crater
was V = 9.24 × 10−8 m3 and the area of the crater S = 1.17 × 10−4 m2 . Performing
the calculation as in the preceding example gives T1 − T0 ∼= 140K and the effect of
this heating will last approximately 9 × 10−7 s.

If a projectile used in the preceeding case impacts into an iron target, what speed
should it have in order to melt the target at the impact point? All the parameters
of iron needed for such a calculation are available at http://www.periodictable.com.
Take, purely as an illustration, that the volume of the impact crater is V = 10−7 m3.
Assuming that Vm/V = 0.25, it follows from Eq.7 that v2m ∼= 8.17 km·s−1.

Inverting the calculation gives the possibility of estimating the ratio Vm/V for
different values of the impactor speed. It thus follows that for the parameters given
above and an impact speed of 10 km·s−1 , Vm/V ∼= 0.377, while for the speed of
15 km·s−1, one gets Vm/V ∼= 0.854 .

4 Discussion and Conclusions

Mutual collisions and impacts of solid bodies occur in various situations, and one of
the expected consequences is the heating and in some cases melting of one or both of
the objects. In this paper, we have developed a simple theory of heating and melting
in impacts. The approach proposed here is based on the law of conservation of energy,
and it is “simple” because it takes into account only the two main components on
which the kinetic energy of the impactor is partitioned.

The results of the calculations were applied to three examples of impacts of pro-
jectiles into solid targets; two of these were taken from a real recent data set, while
the third is an extension. Physically plausible results were obtained for the amount
of heating of the target and for the speed of the projectile needed to melt the target.
In the first example, it was shown that at the point of impact, the target heats up by
≈100K. This heating does not have any visible macroscopic consequences because it
lasts only ≈10−6 s.

The present paper is a continuation and extension of [1]. In that paper, it was
assumed that the temperature to which the target heats up in an impact is smaller
than the melting temperature, which was in turn calculated by a particular form of the
Lindemann rule, and a possible allowed interval of various parameters of the impact
was obtained.
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Two approximations, deliberately made in the present work, will be corrected in
the future. It was assumed here that the difference CP − CV tends to zero, and that
one can use the measured value of CP of the target material.

No accountwas taken of the possibility that in themoment of impact, some pieces of
the target material get launched some distance away, carrying some kinetic energy. In
the future, the calculation discussed herewill be continued by invoking the result for the
melting temperature of solids obtained in [6]. Another open possibility for application
of this work is heating and melting under geophysically relevant conditions.
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1.  Introduction

The measurement of temperature is important for the con­
trol and understanding of the behavior of various processes 
in engineering and science. Luminescent thermometry has 
recently become a very interesting topic in the field of sci­
entific research, which has been shown by the significant 
number of works dealing with this topic [1–4]. This measure­
ment technique is noninvasive and precise, working remotely 
by way of an optical detection system. It can be applied to the 
measurement of temperature of fast moving objects [5], and 
for temperature measurements in strong electric and magn­
etic fields as well as in devices where heating is achieved by 
microwaves [6]. It is possible to make very small submicron 
particles of phosphor materials that can be used as temper­
ature sensors [7]. Traditional liquid-filled thermometers, ther­
mocouples, pyrometers, and thermistors are generally not 
suitable for temperature measurements on scales below 10 
µm [8]. In order to improve this method there is a rising need 
for new thermophosphors with better characteristics, such 
as, higher sensitivity, greater quantum efficiency and wider 
temperature region of applicability.

Rare-earth luminescent phosphors represent an important 
group of materials since they have a very high luminescence 
quantum yield [9]. They have applications in many areas such 
as optics [10], bioimaging [11], high-energy physics [12], 
thermometry [13] etc. Rare earth oxides have high refractive 
index, large band gap, low phonon energy, chemical stability 
in high-temperature environments and do not react with harsh 
chemicals.

The luminescence intensity ratio method for temperature 
measurements is based on temperature dependence of a ratio 
of two emission line intensities in a photoluminescence spec­
trum. Two lines are considered appropriate for these meas­
urements if they both have strong emission intensity in the 
entire temperature range and if their intensity ratio gives high 
temperature resolution. In the case of one dopant, the intensity 
ratio of two emission lines originating from different upper 
levels is used for temperature measurement (for example, see 
the works of Nikolić et al, Lojpur et al, Đačanin et al [14–16]).  
The main difficulty with this method is the low intensity of 
the emission line from the higher excitation level. In the case 
of Eu3+ ions, this is the emission line which corresponds to 
the transition 5D1  →  7F1, which can be seen in the work by 
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In this work we investigated the photoluminescence properties of Y2O3:Er3+, Eu3+ as a 
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in the temperature range from 303 up to 573 K. The measured intensity ratio of erbium 
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303 K, in the physiological temperature range, meaning that it could be successfully applied in 
biological studies.
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Đačanin et  al [16]. In order to eliminate this problem and 
increase the intensity of measuring emission lines, we used 
two different dopant ions Er3+ and Eu3+.

These two dopant ions are chosen, because they have dif­
ferent luminescence properties as a function of temperature. 
The difference in the position of energy levels of these two 
RE3+ ions leads to different dependence of luminescence 
intensity as a function of temperature. The big difference 
in energies between the ground state and excited states in 
Eu3+ indicates that the main process of temperature lumines­
cence quenching will occur at higher temperatures through 
the charge transfer region. In the case of the Er3+ ion, the 
energy gap is several times lower than in the Eu3+ ion and 
the temperature luminescence quenching will be dominant at 
lower temperatures through a process of multiphonon relaxa­
tion. This leads to the conclusion that in the case of Er3+ and 
Eu3+ dopants, with their different temperature dependences of 
luminescence, high intensity ratio changes will be observed.

Furthermore, Er3+ and Eu3+ dopant ions have upper levels 
very close to the energy of the 532 nm photon, and laser exci­
tation at 532 nm can be very efficient for both dopants. The 
concentration of dopant ions is determined in such a way that 
the emission line intensities are easily measured in the full 
desired temperature range. Emission lines are narrow and 
well defined, approximately 47 nm apart, and can easily be 
resolved even with a low-resolution spectrometer.

Applications of luminescence thermometry with two dif­
ferent dopants are discussed in publications of several authors. 
Combination of Tb3+ and Eu3+ dopant ions can be found in 
the work of Brites et al [17]. Maximum sensitivity of this ther­
mophosphor was 4.9% K−1 at 150 K, with a region of appli­
cability from 100 to 200 K. Another group of authors have 
also used the same dopant ions, Tb3+ and Eu3+, where they 
obtained the relative sensitivity of 2.85% K−1 at 14 K. This 
thermophosphor can be used in the temperature interval from 
14 to 320 K [18]. Rai et al and Dey et al have shown in their 
works that Y2O3:Eu3+, Er3+, Yb3+ phosphor can also be used 
for temperature measurement [19, 20]. In these papers authors 
are using 980 nm excitaton and the intesity ratio of two Er3+ 
emission lines. In the work of Ishiwada et  al Y2O3:Tb3+, 
Tm3+ thermographic phosphor is used for high-temperature 
thermometry up to 1100 K [21].

When two dopants are used, their homogeneous distribu­
tion in the matrix is crucial for intense and uniform lumines­
cence signal response. We already pointed out the advantages 
of soft chemistry methods, such as spray pyrolysis and hydro­
thermal synthesis, in the synthesis of such particles [22, 23]. 
Along with them, the polymer complex solution combustion 
method is proved to be simple and efficient for the synthesis 
of nanometric size particles [24–26]. The simplicity and 
easiness to control the particle size of the products enables 
synthesis of well crystallized nanoparticles sized from 20 
to 100 nm, which can be easily functionalized towards bio­
logical application [27] or converted in transparent ceramic 
which retains good optical properties of the starting nano 
powders [26]. In this study we used the same method for the 
synthesis of Y2O3:Er3+, Eu3+ phosphor particles and corre­
sponding synthered specimens in order to investigate their 

potential application as a temperature sensor in the physi­
ological temperature range (25–45 °C). It is well-known that 
temperature plays a crucial role in determining cell division 
rates, affects structure of the biomolecules and its monitoring 
could be used for early detection of many diseases. Today, 
various optically active nanosized crystals have attracted con­
siderable attention because of strongly size-dependent optical 
properties. To be applicable for such a purpose they should 
be nontoxic, stable under specific light irradiation and hydro­
philic. To accomplish the latter, RE3+ doped Y2O3 particle sur­
faces were usually functionalized with amino groups (which 
do not deteriorate luminescence) via a reverse microemulsion 
[28] or the Stöber method [27]. A review of bulk ceramics 
already used luminescent probes and sensors for temperature 
measuring, see Wang et al [29].

2.  Materials and methods

A sample of Y2O3:Er3+, Eu3+ with a concentration of 3 at.% 
Er3+ and 1 at.% Eu3+ ions, was prepared by the polymer com­
plex solution combustion method. The sample powder was 
pressed (200 MPa) into a pellet and sintered at 1200 °C for 
three hours.

The phase structures of the sample were measured by the 
powder x-ray diffractometer type Philips PW 1050 instru­
ment, using Ni filtered Cu K 1.2 radiation in a 2θ range from 
10–100 counting for 5 s in 0.05 steps. X-ray diffraction anal­
ysis confirms that Y2O3:Er3+, Eu3+ powder samples crystal­
lize in a cubic bixbyite type and measured diffraction peaks of 
the sample are presented in figure 1. The diffraction peaks are 
indexed according to space group Ia-3 (no. 206).

The experimental setup for luminescence measurement as 
a function of temperature is shown in figure 2. The photolu­
minescence emission spectra measurements were performed 
under continuous excitation light of the 30 mW diode pumped 
solid state cw laser at 532 nm and collected by the Ocean 
Optics USB 2000 spectrometer. Temperature of the sample is 

Figure 1.  XRD patterns of the Y2O3:Er3+, Eu3+ sample, indexed 
according to space group Ia-3 (no. 206).
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controlled by a home-made furnace. The luminescence exci­
tation measurements were performed at room temperature on 
the Spex Fluorolog spectrofluorometer system with C31034 
cooled photomultiplier, utilizing 500 W Xenon lamp as the 
excitation source.

3.  Results and discussion

The excitation spectra of the sample are shown in figure 3. 
They are recorded at wavelengths of 565 and 611 nm which 
correspond to the positions of the most intense emission lines 
of the Er3+ and Eu3+ dopant ions. It can be seen that the exci­
tation laser wavelength of 532 nm is at the same position as 
the absorption lines 4I15/2  →  2H11/2 of Er3+ and 7F0  →  5D1 of 
Eu3+.

The luminescent emission spectrum of Y2O3:Er3+, Eu3+ 
is shown in figure 4(a). Intense narrow lines in the emission 
spectrum are a result of the 4f  −  4f transition. Schematic dia­
gram of Er3+ and Eu3+ energy levels and the main transitions 
are presented in figure 4(b).

The green emission line at 564 nm is the result of the 
4S3/2  →  4I15/2 transition in Er3+. The red emission at 611 nm is 
the transition 5D0  →  7F2 in Eu3+ and the luminescence line at 
661 nm is the result of a transition 4F9/2  →  4I15/2 in Er3+.

In the luminescence intensity ratio method for temperature 
measurements we used the intensity ratio of Er3+4S3/2  →  4I15/2 
and Eu3+5D0  →  7F2 emission lines. Emission spectra as 
a function of temperature (normalized to the Eu3+ line at 
611 nm) are presented in figure 5(a). These two emission lines 
have high emission intensities in the whole temperature range 
from 303 to 573 K. Sharp and strong peaks can eliminate 
problems of optical noise and black body radiation at high 
temperatures, so that the emission intensities at line peaks 

are easily measurable. The dependence of Er3+4S3/2  →  4I7/2 
and Eu3+5D0  →  7F2 emission line intensities in Y2O3:Er3+, 
Eu3+ as a function of temperature are shown in figure 5(b). 
The intensity of the Eu3+5D0  →  7F2 emission line slightly 
decreases from 300 to 375 K, starting to increase up to 500 K 
and then decreases once more. In contrast, the intensity of the 
Er3+4S3/2  →  4I15/2 emission line was reduced by around seven 
times in the same temperature interval.

There is a clear distinction between the intensity temper­
ature dependence of the Eu3+5D0  →  7F2 line in Y2O3:Er3+, 
Eu3+ compared to Y2O3:Eu3+. This emission line intensity 
in Y2O3:Eu3+ is constantly decreasing in temperature range 
from 300 K up to 1000 K, which can be seen in the work of 
Bosze et al [30]. The process of energy transfer occurs from 
Er3+ (2H11/2, 4S3/2) to Eu3+ (5D1, 5D0) in Y2O3:Er3+, Eu3+ due 
to the fact that there is a small difference between energy 
levels of Er3+ and Eu3+. This effect leads to the growth of 5D0 
energy level population and the Eu3+ line intensity increase as 
a function of temperature. The energy transfer from Er3+ to 
Eu3+ in Y2O3:Eu3+, Er3+, Yb3+ is also presented in the work 
of Rai et al [19].

In addition to this effect, in complex systems with two dopants 
many other parameters, such as different probabilities of non-
radiative transitions in two dopants or different probabilities of 
the excitation light absorption, can also influence the temper­
ature dependence of the emission intensity ratio. According to 
Riseberg and Moos [31] a non-radiative process (multi phonon 
relaxation) is the transition from an excited level to a lower level 
with the energy being dissipated into phonons. The probability 
of this non-radiative relaxation depends strongly on the energy 
gap between the excited level and the energy level beneath 
them, ∆E, and phonon energy, ħω. For Er3+ and Eu3+ ions in 
Y2O3 values of ∆E are 3.07 · 103 cm−1 and 12.49 · 103 cm−1,  
respectively [2]. The phonon energy is the same for both 
dopants since they are in the same the Y2O3 matrix. It can be 
concluded that the non-radiative processes in Er3+ ions (with 

Figure 2.  Experimental setup for temperature measurements 
by luminescence: 1—furnace; 2—temperature control unit; 
3—quartz window; 4—microscope objective 4×; 5—beam splitter; 
6—band-stop filter at 540 nm; 7-532 nm laser; 8—optical fiber; 
9—spectrometer; 10—sample; 11—thermocuple.

Figure 3.  Luminescent excitation spectra of Y2O3:Er3+, Eu3+. The 
red excitation spectrum is measured at 611 nm (Eu3+ emission) and 
green was measured at 565 nm (Er3+ emission).
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smaller ∆E, see figure 2(b)) will occur at lower temperatures 
than in Eu3+ ions, and this leads to strong temperature changes 
of luminescence emission of Er3+ relative to Eu3+. Broadening 
and shift of dopant absorption lines, due to the increase of the 
temperature, can also influence the emission intensity ratio. 
The change in the absorption probability, which is a function of 
temperature, can induce changes in populations of the excited 
levels. Furthermore, changes in the dominant phonon energy of 
the matrix, as a result of an increase in temperature, can induce 
changes in the probabilities of non-radiative processes in the 
different dopants with different energy ∆E.

A small peak in the intensity of emission lines 
Er3+4S3/2  →  4I15/2 and Eu3+5D0  →  7F2 at a temperature of 
413 K can be seen in figure 5(b). It is caused by some acci­
dental variation in experimental conditions during the meas­
urement (increasing of excitation laser power, motion of the 
sample or furnace due to the rise of temperature, etc). The 
intensity ratio method is insensitive to these changes. Using 
this method, a number of errors arising from fluctuations in 

excitation intensity and deviation of optical conditions can 
be eliminated. In figure  6(a) it can be seen that the meas­
ured intensity ratio of Er3+4S3/2  →  4I15/2 and Eu3+5D0  →  7F2 
values are monotonic in the entire temperature range and do 
not have the deviation from the fitted curve at a temperature 
of 413 K.

In order to apply the intensity ratio method in thermometry, 
it is required to calculate a calibration function of each phos­
phor sample that will be used for temperature measurements. 
Fitting the measured intensity ratio IR  =  IEr/IEu values was 
performed by using the empirical function: IR  =  A  +  C  ·  e−αT 
[18], where T is temperature in K, and empirical constants 
obtained through fitting of measured data are A  =  0.394, 
C  =  398.9 and α  =  0.0155 K−1.

The relative thermal sensitivity of this sensor SR is deter­
mined using formula:

S
T

1

IR

dIR

d
R =

Figure 5.  (a) Emission spectra as a function of temperature normalized to the Eu3+ line at 611 nm; (b) Y2O3 Er3+4S3/2  →  4I15/2 and 
Eu3+5D0  →  7F2 emission line intensities as a function of temperature.

Figure 4.  (a) Luminescent emission spectrum of Y2O3:Er3+, Eu3+; (b) energy levels of Er3+ and Eu3+.
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and it has a maximum value of 1.4% K−1 at 303 K, and it is 
shown in figure  6(b). This relative sensitivity is among the 
highest recorded for inorganic thermographic phosphor for 
this temperature (see for comparison the comprehensive list 
of relative sensors sensitivity presented by Brites et al [7]).

The important parameter for any measurement is repeat­
ability and as well for materials which can be used for 
temperature measurement by the luminescence intensity ratio 
method. The intensity ratio of emission lines of Y2O3:Er3+, 
Eu3+ (Er3+4S3/2  →  4I15/2 and Eu3+5D0  →  7F2) as a function 
of temperature is shown in figure  7(a), in processes of the 
sample cooling and heating. The presented results show a 
high repeatability and very low hysteresis which is a good 
characteristic of this material for applicability in temperature 
measurement.

The resulting spectra at different temperatures were used to 
calculate the changes in the color of the sample as a function of 
temperature by the calculus of the Commission Internationale 
d’Éclairage (CIE) (x,y) color coordinates (figure 7(b)). In 
the temperature range of 303–573 K, the color of the sample 
changes from yellow to orange red.

4.  Conclusions

The intensity ratio method was used for Er3+, Eu3+ doped Y2O3 
samples in order to examine the potential applicability of this 
type of phosphor as a temperature sensor. The variation of the 
emission intensity with increasing temperature is monitored 
for the main transitions of Er3+ ions: 4S3/2  →  4I15/2 and Eu3+ 
ions: 5D0  →  7F2. Measurements recorded from 303 K up to 
573 K show that Y2O3 doped with 3 at.% Er3+ and 1 at.% Eu3+ 
has the relative sensitivity of 1.4% K−1 at 303 K. This material 
has the ability to fine-tune the emission color as a function of 
temperature. The accomplished results demonstrate the per­
formance of high sensitivity thermographic phosphors and the 
fact that the measurements can even be performed with low 
cost equipment. Furthermore, this thermographic phosphor is 
a good candidate for biological applications due to the fact 
that it has high sensitivity at a temperature of 303 K. Besides, 
it can be prepared in the form of nano and micro particles. We 
have also taken into account that the wavelength excitation is 
not in the field of invasive UV radiation. Based on all of the 
shown characteristics, this thermographic phosphor clearly 
represents a good candidate for phosphor thermometry.

Figure 6.  (a) The intensity ratio of Er3+4S3/2  →  4I15/2 and Eu3+5D0  →  7F2 emission lines (black squares) and temperature calibration curve 
(red line); (b) temperature sensor relative sensitivity at different temperatures.

Figure 7.  (a) Measurement repeatability. Black squares show the results during the heating and the red circles are the results during sample 
cooling; (b) CIE chromaticity diagram showing the temperature dependence of the (x, y) color coordinates.
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Abstract Piezoresistivity was discovered in the nineteenth century. Numerous appli-
cations of this phenomenon exist nowadays. The aim of the present paper is to explore
the possibility of applying the Hubbard model to theoretical work on piezoresistivity.
Results are encouraging, in the sense that numerical values of the strain gauge obtained
by using the Hubbard model agree with results obtained by other methods. The calcu-
lation is simplified by the fact that it uses results for the electrical conductivity of 1D
systems previously obtained within the Hubbard model by one of the present authors.

Keywords Hubbard model · Electrical conductivity · Piezoresistivity ·
Strain gauge factor

1 Introduction

Piezoresistivity was discovered by Lord Kelvin around the middle of the nineteenth
century, in an analysis of the changes of resistivity of underwater telegraph cables [1].
It was reported for the first time in [2] that Si and Ge had a “large” piezoresistive shear
coefficient, and a couple of years after that first measurements of the strain gauge
factor were taken. This was a “trigger” for various applications of this effect in many
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kinds of sensors; there have also been some extremely interestingmedical applications.
Contemporary applications include accelerometers, strain gauges, pressure sensors.
For some recent examples see [3–7], and for historical details see [8].

The sensitivity of a sensor based on piezoresistivity is given by

G = − 1

σ

∂σ

∂ε
(1)

where σ is the conductivity and ε the strain.
Calculating the value ofG for a real 3Dmaterial is a task of considerable complexity.

A suitable example is [9]. In the present paper the function G will be calculated
for materials having 1D and rectangular 2D lattices. Knowing the Hamiltonian of a
system enables the calculation of its transport properties. One of the methods for such
calculations is the so-called memory function (MFA), developed in the 1970s as a
consequence of previous work of Kubo. The calculation will be performed by using
the Hubbard model (HM).

The remainder of this paper is divided into several sections. The next section con-
tains the main equations of the HM, the memory function method and the resulting
expression for the electrical conductivity of a 1D system. The third section is devoted
to the derivation of an expression for the function G. Section 4 contains results of the
calculation of G for 1D and rectangular 2D systems, while Sect. 5 discusses the case
of strain-dependent hopping. The final part contains the conclusions.

2 Theory

The Hamiltonian of the HM in 1D, expressed in the formalism of second quantization,
has the following form

H = −w
∑

l,σ

(
c+
l,σ cl+1,σ + c+

l+1,σ cl,σ
)

+U
∑

j

n j,↑n j,↓ (2)

where w denotes the hopping and U is the interaction energy of a pair of electrons
having opposite spins on a lattice site j . Symbols of the form c+

l,σ denote a creation
operator for an electron having spinσ on lattice site l. cl+1,σ is the annihilation operator
for an electron at lattice site l + 1 with spin σ . The current operator is

j = − iw
∑

l,σ

(
c+
l,σ cl+1,σ − c+

l+1,σ cl,σ
)

(3)

TheMFAis extensively discussed in the literature.A fewexamples of suchpublications
are ([10–13]). The crucial equations of the MFA are

χAB(ω) =<< A; B >>=
− i

∫ ∞

0
exp iωt < [A(t), B(0)] > dt (4)
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and

σ(z) = i
ω2
P

4π z

[
1 − χ(z)

χ(0)

]
(5)

Expression (4) is a general definition of the linear response of a physical quantity
represented by the operator A to the perturbation by a physical quantity described by
an operator B. A(t) denotes the Heisenberg representation of the operator A. Inserting
A = B = [ j, H ] into Eq. (4) can give the current–current correlation function.

The following symbols have been used: j is the current operator, H is the Hamilto-
nian, and << .. >> is the mean value of the time-ordered product of operators A(t)
and B(t = 0), σ denotes the electrical conductivity, z is the complex frequency, ωP is
the plasma frequency, χ(z) is the frequency-dependent susceptibility, and χ(0) is the
static susceptibility. The time-ordered product of operators is defined in such a way
that every operator in it has later operators to the left and earlier operators to the right
(see, for example, [14]).

As z is the complex frequency, it can be expressed as z = z1 + i z2 = z1 + iαz1,
where α > 0. The complex conductivity σ(z) can be separated into a real σR and
imaginary components σI . It can be shown that

σR = ω2
PχI

4π z1χ0
(6)

and

σI = ω2
P

4π z1

(
1 − χR

χ0

)
(7)

The final result for the electrical conductivity is given by [12]

σR (ω0) = (1/2χ0)
(
ω2
P/π

) [
ω2
0 − (bw)2

]−1
(Uw/N 2)2 × S (8)

and the symbol S denotes the following function

S = 42.49916 × (1 + exp(β(−μ − 2w)))−2

+ 78.2557 × (1 + exp(β(−μ + 2w cos(1 + π))))−2

+ (bw/(ω0 + bw)) × (4.53316

× (1 + exp(β(−μ − 2w)))−2

+ 24.6448(1 + exp(β(−μ + 2w cos(1 + π))−2))) (9)

The symbol μ denotes the chemical potential of the electron gas on a 1D lattice [12]

μ = (βw)6(ns − 1) |w|
1.1029 + .1694(βw)2 + .0654(βw)4

(10)
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3 The Strain Gauge Factor

In order to calculate the strain gauge factor G, as defined by Eq. (1), one needs
explicit expressions for the electrical conductivity and the strain, as well as some
assumptions concerning the dependence of the hopping energy on the strain. As a first
approximation, it will be assumed in this section that the hopping is strain independent.
A later part of the paper will explore the influence of the strain dependence of the
hopping on G. The strain ε is defined as

sε = s0(1 − ε) (11)

where s0 denotes the value of the lattice constant at zero strain. Inserting Eq. (11) into
Eqs. (8)–(10) and then using Eq. (1) one gets the result for the strain gauge factor.
The expression thus obtained is too long to be written here. Expanding the sums and
products, and taking only the first term, one finally gets the following approximate
result for G.

G ∼= 2 exp[β(−2w − μ)]ns0w7β8

(1 + exp[β(−2w − μ)])(1.1029 + · · · ) + · · · (12)

and β denotes the inverse temperature. Generalizing, the function G can be expressed
as a power series in strain ε:

G =
K∑

i=0

Giε
i (13)

where K denotes the number of terms taken into account. Taking as an example K = 3,
it follows that the coefficient G0 is given by

G0 = 2ns0w6β7|w| exp[β(− 2w + · · · )]
(1 + exp[β(−2w + μ)])(1.1029 + · · · ) (14)

This implies that apart from the strain ε the function G depends on various material
parameters.

4 Examples of Applications

In this section, the expression for G derived in the preceding part of this paper will
be applied for various values of material parameters. The parameters will have the
same values as in [12], but for convenience they are given here. For the meanings of
various symbols see [12]. Therefore, b = − 1.83879; s0 = 1; N = 150; U = 4w;
ωP = 12w; ω0 = 2.8w; χ0 = 1/3. The band filling n, electronic hopping energy w

and the temperature T were assigned arbitrary but physically realistic values. All the
figures were normalized to 1 at the same point: n = 1.1; ε = 0; T = 116K .

Note in Fig. 1 that an increase of the strain from ε = 0.1 to ε = 0.2 leads to a
drastic increase of G. Increasing the temperature and keeping n and t constant gives
drastically smaller values of G (Fig. 2). Figure 3 shows the behavior of G but for a
system at a higher temperature. All the other parameters are kept constant.
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ε

Fig. 1 Values of G for T = 75 K

Slightly changing the parameters of the problem and repeating the calculation for
two values of the temperature gives Fig. 4. All the figures were normalized to 1 at the
same point: n = 1.1; ε = 0; T = 116K .

4.1 The Simplest 2D Case

The calculations discussed so far refer to the 1D case. In the case of a 2D rectangular
lattice, the expression for G can be derived in an extremely simple way. As shown in
[12], the conductivity of a rectangular 2D lattice is given by

σ 2 = σ 2
x + σ 2

y (15)

where the suffixes x and y denote the two lattice axes. In the simplest case σy = σx ,
which means that σ = σx

√
2. Applying Eq. (1) leads to the following result for a

rectangular 2D lattice:

G2D = − 1

σx

∂σx

∂ε
= Gx (16)

The same result is obtained in the case σy = ασx , where α is a real number.

5 The Strain Dependence of the Hopping

All the equations concerning the electrical conductivity of the Hubbard model contain
the hopping energy t , which depends on the overlap of the electronic wave functions
on adjacent nodes of the crystal lattice. Physical intuition dictates that the value of
t decreases with the stretching of the lattice, that is, when the strain ε is positive. A
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ε

Fig. 2 Values of G for T = 150 K

ε

Fig. 3 Values of G for T = 200 K

complete quantum-mechanical expression for the distance dependence of the hopping
can be found, for example, in Hubbard’s second paper [15]. Performing such a calcu-
lation would be prohibitively complicated for this paper. As discussed to some extent
in [16] using the standard quantum-mechanical form for the overlap integral and for
simplicity retaining only terms of first order in ε, the strain dependence of the hopping
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ε

Fig. 4 Values of G for T = 200 K and T = 280 K, n = 1.2, t = 0.03

in the case of lattice stretching can be expressed as

t ∼= 0.86t0(1 − 0.286ε) (17)

where t0 denotes the hopping energy when the strain is zero. Figures 5 and 6 show
values of G calculated for the band filling of n = 1.1, the hopping energy t0 = 0.015
and two values of the temperature T . The values of all the constants are the same as
in Sect. 4, as is the point at which the curves were normalized to 1.

6 Discussion and Conclusions

Several conclusions can be drawn from the calculation presented in this paper. A
bibliographical search performed in the middle of September 2017 on the Web site
http://scholar.google.com/ with the keywords “Hubbard model and piezoresistivity”
gave zero result. A partial explanation of this can be found in the fact that the electrical
conductivity of a 1D Hubbard model has been calculated within the memory function
approach only relatively recently [12]. This implies that the present paper is the first
attempt of using the Hubbard model in work on piezoresistivity.

Examples of values of the function G obtained for a set of values of the input
parameters are shown in the figures. Figure 1 shows that the highest value of G
obtained for the indicated values of the parameters is around 250. Results for G
obtained in [9] are somewhat higher and go up to G 1000. A similar comparison could
be made with [17]. It can be concluded that the order of magnitude similarity between
results of the present paper and those in [9,17] has been achieved. A closer agreement
could certainly be obtained by varying the parameters taken into account in the present
paper. Comparing Figs. 1 and 5 illustrates the influence of the strain dependence of
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Fig. 5 Values of G for T = 75 K, n = 1.1, t0=0.015

Fig. 6 Values of G for T = 150 K, n = 1.1, t0=0.015

the hopping t on the strain ε. Clearly, for ε ≤ 0.3 the trend of G on both figures is
the same, but the numerical values of G are smaller in Fig. 5. This shows that the
dependence of t on the strain influences the function G. It would be interesting to
repeat the same calculation but with more terms taken into account in t (ε).

Another interesting result is the fact that the shape of the function G(ε) is temper-
ature dependent. A limited literature search shows that this is in qualitative agreement
with existing results. Examples of results on this aspect are [18,19]. There is however a
difference of possible importance between this paper and [18,19]. That is the fact that
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in the present paper we have obtained a change of sign of the derivative ∂G/∂ε on the
curves G(ε) at a fixed temperature, while the experimental curves do not show such
a point. For example, a material called modco, which is a N–Cr alloy, has a negative
temperature dependence of G [19]. It will be attempted to explore the origin of this
point in the future.

Purely mathematically, equations used in the present work are not very complicated
and can be used analytically, which is a clear advantage. However, the whole approach
is limited to 1D and 2D systems, while standard considerations of piezoresistivity do
not have such a limitation. This points to the region of possible applicability of this
approach, and these are high-temperature superconductors and organic conductors.

The strain gauge factor G calculated here characterizes the sensitivity of various
sensors. The results obtained can be used in two ways. One can choose the parameters
of the system (i.e., some material) calculate G and perhaps vary the parameters until
a more satisfactory G is found. The other possibility is to fix the maximal value of the
strain ε for a given material and then calculate the corresponding value of G. Details
will be discussed in the future.
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Some calculational improvements in applying the

Hubbard model to nanomaterials

Vladan Celebonovic

Institute of Physics,University of Belgrade,Pregrevica 118,11080 Belgrade, Serbia

E-mail: vladan@ipb.ac.rs

Abstract. John Hubbard proposed ”his model” (HM) nearly sixty years ago, and one could
be tempted to expect that everything (or almost so) about it is well known. Quite to the
contrary, the HM is still arising interest and its applicability seems to be rising. The aim of this
paper is to discuss several examples of new or already existing but improved results concerning
the 2D HM and its applicability to nanomaterials. The following issues will be discussed:
increasing the number of terms in various expressions used in calculating the conductivity;
introducing the strain in these expressions ( which is important for experiments under high
pressure); defining the pressure in a 2D system and calculating the reflectivity but taking into
account the imaginary part of the conductivity.

1. Introduction

Towards the middle of the last century, one of the outstanding problems of condensed matter
physics was the metal to insulator transition (MI) . John Hubbard tried to contribute to finding
an explanation of the MI transition by proposing what later became known as the Hubbard
model -HM [1]. In spite of the time elapsed since Hubbard’s proposal, theHM is still attracting
considerable interest.

The publication of the HM greatly helped launch the study of correlated electron systems.
There exists a semi-documented detail, illustrating this point: Mr. Hubbard was sitting and
reading a book on many body theory, when his mother in law passed by and asked him what
was the book about. To which Hubbard replied ”A murder mystery”[2].

It is common knowledge that the behavior of a physical system is determined by its
Hamiltonian H from which all the thermodynamical functions can be derived.The Hamiltonian
of the HM is apparently simple. It contains only two terms,one describing the hopping of
electrons within the lattice, and the other the interactions of a pair of electrons with opposite
spins on a lattice node. The equations are avaliable in the literature, for example [3]. The fact
that the HM is only apparently simple becomes clearly visible when attempting to solve it. The
HM was solved in the 1D case [4], while work on solving the 2D case is ongoing within the
Density matrix renormalisation group (DMRG) approach [5]. This kind of work is of course
extremely interesting from the point of view of mathematical physics, but the obvious question
is the applicability of 1D and 2D HM in material science.

In the years around 1980 and for some time after if was thought that the so called Bechgaard
salts were materials which could be described by the 1D HM and that they were the simplest
cases of strongly correlated electron systems. Applying the HM to these materials gave results
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agreeing with experiments, but they have not been as helpful as expected in understanding the
high Tc materials. See, for example, [6].

Nanomaterials in 2D present a much wider field of possibilites for the application of the
HM . To name just a few examples,these include organic electronics [7], stretchable electronic
materials [8], photothermal cancer therapy [9].

There exist numerous publications on various aspects of the HM , including some by the
present author [10] . What is the aim of another paper on the HM? The main aim of the
present paper is improving the results obtained in previous papers. In practical terms, this
means increasing the number of terms taken into account in various developments into series,
and taking into account the fact that the imaginary conductivity is different from zero. It will
be attempted to introduce a sitable definition of pressure in 2D systems. In that respect, it
will be a distinct improvement over previous results. A detailed comparison of the experimental
results with the predictions of these ”improved” calculations will be performed in the future.

1.1. The method

The calculations to be discussed in the remainder of this paper were performed using the so called
memory function method. It uses the idea, known in statistical mechanics, that knowledge of
the Hamiltonian of a system gives the possibility of calculating its electrical conductivity. For a
recent review see, for example, [11]. The essential equations of the method are

χAB(ω) =<< A;B >>= −i

∫ ∞

0

exp iωt < [A(t), B(0)] > dt (1)

where A = B = [j,H], j denotes the current operator, H the Hamiltonian and

σ(ω) = i
ω2
P

4πz
[1− χ(z)

χ(0)
] (2)

where σ denotes the electrical conductivity, z is the complex frequency, ωP is the plasma
frequency, χ(ω) is the frequency dependent susceptibility and χ(0) the static susceptibility.
As z is the complex frequency, it can be expressed as z = z1 + iz2 = z1 + iαz1, where α > 0. It
can be shown that

σR =
ω2
PχI

4πz1χ0

(3)

and

σI =
ω2
P

4πz1
(1− χR

χ0

) (4)

2. Calculation of the electrical conductivity

2.1. Existing results

The Hamiltonian of the HM in 1D, expressed in the formalism of second quantisation, has the
following form

H = −t
∑

l,σ

(c+l,σcl+1,σ + c+l+1,σcl,σ) + U
∑

j

nj,↑nj, ↓ (5)

where all the symbols have their standard meanings,and the current operator is

j = −it
∑

l,σ

(c+l,σcl+1,σ − c+l+1,σcl,σ) (6)
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Using these two expressions it becomes possible to calculate the commutators A = B = [j,H],
to take into account their time dependence and obtain an expression for the current-current
correlation function. All these steps are discussed in [12], and the final result is

χ(z) =
∑

p,g,k,q

(32i(1/[(1 + exp[β(−µ− 2t cos[g])))(1 + exp[β(−µ− 2t cos[k])))]−

−1/[(1 + exp[β(−µ− 2t cos[p])))(1 + exp[β(−µ− 2t cos[q])))]×
(Ut)2(αz1 + i(z1 + 2t(cos[q] + cos[p]− cos[g]− cos[k])))×

(cos(p+ g)/2)(cos((q + k)/2))(cosh(g − p)− 1)/

(N4((αz21 + (z1 + 2t(cos(q) + cos(p)− cos(g)− cos(k))))2))

(7)

The symbolN denotes the number of lattice sites, µ is the chemical potential and the summations
are limited to the first Brioullin zone. The chemical potential µ of the electron gas on a 1D
lattice is given by [13]

µ =
(βt)6(na− 1)|t|

1.1029 + 0.1694(βt)2 + 0.0654(βt)4
(8)

where β denotes the inverse temperature, a the lattice constant and n is the band filling.
Summation of eq.(5) taking into account the smallest possible number of terms has been
published in [12]. The result was an expression for the electrical conductivity of a 1D system of
correlated electrons, which was applied to the Bechgaard salts, and the results obtained were in
reasonable agreement with experiments.

The purely mathematical aim of the present calculation is to increase the number of terms
taken into account in eq.(7),and in the subsequent calculation of the electrical conductivity. On
the physical side, it will be attempted to take into account the dependence of the conductivity
on the strain. This result will have applications in studies of nano materials under high external
pressure.

2.2. New results for the conductivity

The starting point for this calculation is the summation in eq.(7). In order to take into account
the influence of the external pressure (that is, the variability of a),one has at first to insert a > 1
in eq.(7), and after that introduce a change of variables in this expression. This has to be of
the form k −→ x/a; g −→ y/a ; p −→ r/a ; q −→ w/a. Introducing all these changes in eq.(7),
and summing over the variables (k, y, r, w) ∈ (−π, π),one gets the following expession for the
susceptibility

χ ≈ (32i(
1

(1 + exp[β(2t− µ])(1 + exp(β << 1 >>))
−

1

(1 + exp[β << 1 >>])(1 + exp(β << 1 >><< 1 >>))
)(tU)2

(αz1 + i(z1 + 2t(cos[1]− cos[2]))) cos[
1

2
(
1− π

a
) + (

2− π

a
)a]

(−1 + cosh[(
1− π

a
) + (

2− π

a
)a]))/(N4(z21α

2 + (z1 + 2t(cos[1]− cos[2]))2)) +

32i << 6 >> (−1 + cosh(<<1>>
a

)− << 1 >>)a

N4((z1α)2 + (z1+ << 1 >>)))2
)+ << 3736 >> (9)

Numbers in parenthesis << .. >> denote the number of terms omitted. This long expression
for χ is impractical in any real calculation.
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An applicable expression can be obtained by a relatively simple procedure. Multiply out the
products and powers in eq.(9), and express the result as a sum. This is a well defined operation,
the end result of which is a huge sum of more than 30000 terms, which is far from applicable.

However, take the first 10 terms of this huge sum, expand it and take only the real part of
he frequency into account (as done in [12] but for a small number of terms). One thus gets an
expression for the real part of the susceptibility of a 1D HM. So, what is the improvement of
this result compared to [12]? The number of terms taken into account in various developments
into series has been doubled. The result for χR,taking into account only the first 7 terms is

χR
∼= 192 exp[3βµ+ 2βt]t3U2 cos[1/2]

(exp[βµ] + exp[2tβ])2
× 1

N4(ω + 4t(sin[1/2])2)2

× 1

(exp[βµ] + exp[2tβ cos[1]])2
+

128 exp[3βµ+ 2βt](tU)2ω cos[1/2]

(exp[βµ] + exp[2βt])2

1

N4(ω + 4t(sin[1/2])2)2
+× 1

(exp[βµ] + exp[2tβ cos[1]])2

(10)

Inserting eq.(10) into expression (4) one can obtain the imaginary part of the electrical
conductivity. Using the Kramers-Kronig relations [12],[14] it becomes possible to determine
the imaginary part of the susceptibility as the following integral .

χI(ω0) = −2
ω0

π
P

∫ ∞

0

χR(ω)dω

(ω2 − ω2
0)

(11)

where P is the principal value of the integral. The final result for the electrical conductivity of
a 1D HM is

σR ∼= ω2
P

4πωχ0

× [
1536 exp[2tβ + 2βµ]t4U2ω3

0 sin[1/2] sin[2]

(exp[2tβ] + exp[µβ])
]

× 1

N4π
× 1

(exp[2tβ] + exp[βµ])
× 1

(ω2
0 − 16t2(sin[1/2])4)4

+ .... (12)

The advantage of this expression, compared to the one previously presented in [12] is in the
increased number of terms taken into account in various developments into series. This should
allow a more precise comparison with experimental data on the conductivity.

A more complicated case is the 2D lattice, the simplest of which is a square lattice of side
length a which can be treated as an extension of these results. If the lattice sides are denoted
by x and y,the electric current flowing through such a system can be expressed as

~j = jx ~ex + jy ~ey (13)

where ~ex and ~ey are unitary vectors of the two lattice axes.The total current is given by

j2 = j2x + j2y (14)

By definition j = σE where σ is the electrical conductivity and E the electric field,and assuming
that Ex = Ey = E, it finally follows that

σ2
2D = σ2

x + σ2
y (15)

The conductivities along the two axes are assumed to be mutually independent.
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3. Compressing and stretching a material

The calculation of the electrical conductivity of the HM discussed in the preceeding section reffers
to standard pressure. However, in nature, applications and various experiments, situations occur
in which a material is subdued to variable pressure. The obvious effect which increased pressure
has on a material is a decrease of its characteristic dimensions and of all the characteristics of
the material which depend on it. Therefore the question is how can one take into account the
influence of external pressure on the conductivity of the HM . The consequences of stretching
on the conductivity of a material, within the HM , have been discussed to some extent in [3].

3.1. The 1D HM

Mathematically speaking, in the case of a 1D material, the function chracterizing the influence
of high pressure on the conductivity would be the ratio

∂σ

∂a
(16)

where σ is the conductivity and a the lattice constant. The influence of external pressure on a
material is characterized by the strain ǫ. The strain applied to an object of initial length l0 so
that it achieves length l < l0 is defined by ǫ = (l0− l)/l0. Therefore, eq.(16) can be transformed
in the form

∂σ

∂a
=

∂σ

∂ǫ
(
∂a

∂ǫ
)−1 (17)

The conductivity depends on the strain only indirectly, through the chemical potential, so that

∂σ

∂a
=

∂σ

∂ǫ
(
∂a

∂ǫ
)−1 =

∂σ

∂µ

∂µ

∂ǫ
(
∂a

∂ǫ
)−1 (18)

Using expression (8) for the chemical potential and the definition of the strain, it turns out
that the product (∂µ/∂ǫ)(∂ǫ/∂a) does not depend on a, which means that it does not depend
on external pressure. However, the conductivity itself depends (among other factors) on the
external pressure. It can be shown, performing some algebra on eq.(12), that

∂σ

∂µ
∼= 1152 exp[2β(t+ µ)]t8U2βω0ω

2
P ...

N4π2χ0ω(exp[2βt] + exp[βµ])2...
(19)

Inserting eqs.(8) and (19) in full form into eq.(18), one could obtain an explicit expression for
the strain dependence of the conductivity.

3.2. The simplest 2D case

A more complex, and more interesting case is the 2D HM. The simplest possible case of a 2D
lattice is a rectangular lattice, with sides of length a and b. If the external pressure is acting
within the plane of the lattice, its effect will be to reduce the surface of the elementary lattice cell.
Denoting this surface by S, it follows that the influence of external pressure on the conductivity
will be characterized by the derivative ∂σ/∂S.

Changes of the dimensions of the lattice cell under pressure enter the calculation through the
change of its sides. In the case of a rectangular lattice, the surface of the elementary lattice cell
is given by

S = ab (20)

As a = a0(1− ǫ) and b = b0(1− ǫ), where ǫ is the strain, it follows that

S = S0(1− ǫ)2 (21)
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It follows that
∂σ

∂S
=

∂σ

∂ǫ

∂ǫ

∂S
=

∂σ

∂µ

∂µ

∂ǫ
(
∂S

∂ǫ
)−1 (22)

Clearly ∂S
∂ǫ

= −2S0(1− ǫ), so
∂σ

∂S
= − 1

2S0(1− ǫ)

∂σ

∂µ

∂µ

∂ǫ
(23)

How do we approximate the chemical potential of the electron gas on a 2D rectangular lattice?
This was solved in [15], where it was shown that

n =
1

2ab

[

1− exp[−µ/T ]I0(
2tx
T

)I0(
2ty
T

)

]

(24)

where n is the filling factor and I0 the modified Bessel function of the first kind of order 0.
Developing into series, taking tx and ty as small parameters, and limiting the development to
lowest order terms, one gets the following result

exp[−µ/T ] =
1− 2nab

1 + (
t2
x
+t2

y

T 2 ) + (
t2
x
t2
y

T 4 )
(25)

Taking the natural logarithm of both sides, developing and retaining only the lowest order
terms, one gets the following approximate result for the chemical potential of the electron gas
on a 2D rectangular lattice:

µ ∼= kBT [2abn+ 2(abn)2 + (
8

3
)(abn)3 + ((

txty
(kBT )2

)2 −
t2x + t2y
(kBT )2

)4 + ...] (26)

Introducing the strain ǫ in eq.(26) by a = a0(1 − ǫ) and b = b0(1 − ǫ), it becomes possible to
determine the derivative ∂µ/∂ǫ. The derivative ∂σ/∂ǫ can (in principle) be calculated from the
previously defined and calculated conductivity of the 2D rectangular lattice. Combining those
partial results, one gets the final approximation for ∂σ/∂S, which describes the influence of high
pressure on the conductivity of this particular 2D lattice.

Equation (24) gives the possibility of determining the region (or point) in phase space in
which the chemical potential of a 2D electron gas becomes approximately equal to zero. In 1D
problems, the point µ = 0 corresponds to a half-filled band, and experimentally to a ”‘clean”’
specimen. Inserting µ = 0 into eq.(24) it follows that

1− I0(2tx/T )I0(2ty/T )− 2S0n(1− ǫ)2 = 0 (27)

which can be solved to give

n =
1− I0(2tx/T )I0(2ty/T )

2S0(1− ǫ)2
(28)

This is the value of the filling factor for which µ = 0, expressed as a function of various lattice
parameters and the strain provoked by the application of pressure.

It would be interesting mathematically to determine if a point for which ∂σ/∂S = 0 exists
in principle, or for some particular combination of material parameters. From the experimental
point of view, the existence of such a point would imply that a material is not sensitive to applied
pressure.
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4. Optics,invisibility and the HM

The electrical conductivity of a material is linked to its reflectivity. This theoretical result is
known for decades and it has very interesting experimental consequences. Namely, the existence
of this link opens up the possibility of calculating the conductivity from the measured values
of the reflectivity.The only”’ingredient” of such a calculation is some theoretical model of the
material under study; in this paper we shall discuss to some extent the HM . Full details of this
calculation have recently been discussed in [10], but some possibilities for improvement shall be
presented here.

Two parameters characterize the propagation of an electromagnetic wave through anon-
magnetic material. These are the dielectric function ǫ(ω) and the refractive index N(ω), with
N(ω) =

√

ǫ(ω) [10]. It is known from theory of optics that

ǫ = ǫR(ω) + iǫI(ω)

N(ω) = n(ω) + iK(ω) (29)

K(ω) denotes the extinction coefficient. Reflectivity of a material is defined by the following
quotient [10]

R(ω) =
(n− 1)2 +K2

(n+ 1)2 +K2
(30)

Algebraic manipulation, discussed in [10], leads to

K4 +K2 ×
[

1− 4πσI
ω

]

− (
2πσR
ω

)2 = 0 (31)

The final expression for the reflectivity is [10]

R(ω) =
(2πσR)

2 −Kω × [4πσR −Kω(1 +K2)]

(2πσR)2 +Kω × [4πσR −Kω(1 +K2)]
(32)

This is the expression linking the reflectivity with the real and imaginary parts of the electrical
conductivity of a material. Inserting the appropriate expressions for σR and σI would lead to
a long equation expressing the reflectivity as a function of various material parameters, which
are experimentally measurable. This equation would be the ”bridge” between the transport and
optical parameters of a material. In general form, without making any reference to the HM ,
this equation is

R ∼=
−4π(σ2

I + σ2
R) + ω[σI − σI

√
..]

4πσ2
I − σIω + ...

(33)

Equations (4),(10),(11),(12) and (15) lead to the functions σR and σI for the case of a 2D
rectangular lattice. Inserting these results into the full expression for R, would give the
dependence of the reflectivity on various measurable parameters of a material.

This opens up the possibility of calculating the value of the reflectivity for various values of
material parameters. Turning the reasoning ”‘upside down”, it also gives the opportunity of
finding the values of material parameters for which reflectivity will have any given value. The
final implication is that it thus becomes possible to find values of material parameters for which
reflectivity will become zero,or have any arbitrarily small value.

The importance of this conclusion is clear. We see ( by microscope, telescope or any other
instrument) non-radiating objects due to the fact that they reflect light (from some source)
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which is incoming on their surfaces. Logically, if the reflectivity is small, the object in question
will be hardly visible, and ultimately will become invisible. The conclusion is that invisibility,
or visibility with difficulty of an object, can be achieved by a carfeul choice of the parameters
of its material, and not only by various forms of cloaking.

The experimental parameter which can be controlled most easily is the temperature of the
material. This fact opens another possibility of theoretically reaching the situation of R ∼= 0. It
is clear that the following expression holds:

R(T ) ∼= R(T0) + (
∂R

∂T
)(T − T0) (34)

with
∂R

∂T
=

∂R

∂σR

∂σR
∂T

(35)

All the functions in his equation can be calculated using results presented in this paper.The
reflectivity becomes zero at the temperature given by

T = T0 − (
∂R

∂T
)−1R(T0) (36)

5. Conclusions

The preparation of this paper was started with a double aim: to present improvements in
calculations on the HM performed by the present author (reviewed recently in [10]) , and to
apply those improved results to some 2D nano materials.In the course of writing, this plan
was somewhat changed, to ”just” presenting several mathematical improvements to previously
performed calculations.

The improvements discussed are as follows: In the calculation of the electrical conductivity,
the number of terms which intervene in various developments into series was drastically increased
compared to [12]. This was made possible by improvements in computing technology compared
to what was avaliable back in 1997. The physical motivation for this calculation was enable the
comparison between the experimental data and the theoretical predictions with ann increased
precision. The calculation of the conductivity of a 2D rectangular lattice was made possible by
a simple change of variables.

The influence of external pressure on the conductivity of this 2D lattice was characterized by
the derivative ∂σ/∂S. This function was calculated, and the mechanical strain was introduced.

Finally, the link between the HM and optics was discussed to some extent. In this discussion
we have touched the problem of invisibility, and pointed out that it can be achieved without
cloaking.

It is hoped that in the future all these improvements will be used in real calculations pertaining
to nano materials.
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Abstract. The aim of this paper is to discuss the possibility of theoretically engineering
multifunctional nanomaterials. The calculations were performed for 1D and 2D nanomaterials
by using results obtained within the Hubbard model (HM). The main results of the HM
are briefly reviewed. The conclusion is that the approach taken in this paper is a distinct
improvement over those in the literature.In the present paper results of applications of the HM
are directly used in examples of engineering nanomaterials. On the other hand, in the literature
calculations were performed by ab initio methods and then fitted to the form of the Hamiltonian
of the HM.

1. Introduction
This paper is devoted to the problem of theoretically predicting values of parameters
of multifunctional materials. It seems appropriate to start by defining these materials.
Multifunctional materials can be defined as the materials which perform multiple functions
in a system to which they belong [1]. They can exist naturally, but they can also be artificially
synthetized. The probably best known natural multifunctional material is the human skin.

Multifunctional nanomaterials offer interesting possibilities for applications.A recent list [1]
shows as much as 11 areas of human activity in which multifunctional materials have important
impact.

Just as an illustration,note that applications of multifunctional nanomaterials in medicine are
particularly interesting. A recent example is a drug called Kadcyla produced by the chemical
industry Roche. In it,two materials in the form of nanoparticles which are separately known to
be cancer-toxic (called transtuzumab and DM1) are joined together and sent to find and destroy
HER2 positive cancer cells. Details are avaliable at http://www.roche.com.

In the example just mentioned, and in principle in any atempt of applying nanomaterials,
there arises a practical question: how does one choose parameters of a multifunctional material?
Experimentally, one could proceed by the ”trial and error” method until reaching a satisfactory
result.There is also the theoretical approach of modeling a material within some particular
model. The calculations to be presented in this paper will be performed within the Hubbard
model (HM).

Before embarking on the calculations, there are two questions which should be tackled to some
extent.In view of the fact that large calculational projects, such as NOMAD (Novel Materials
Discovery) (http://nomad-coe.eu), exist is it useful to perform small scale calculations like
those to be presented here? Another big material science project is the Materials Genome

http://www.roche.com
http://nomad-coe.eu
http://creativecommons.org/licenses/by/3.0
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Initiative (http://www.mgi.gov). Concerning the Hubbard model, is it applicable to modeling
of materials?

Concerning NOMAD, the answer is positive. It is true that NOMAD garantees high precision
in treatment of any problem in material science. However, attempting to achieve the same goal
by using any particular model is certainly easier as it bypasses problems related to access to
NOMAD. Therefore, calculations discussed here can be treated as a first approximation to
work possible by using NOMAD. A similar conclusion applies to MGI, which also has a data
repository.

A bibliographical search concerning the applicability of the Hubbard model to modelling
materials gave encouraging results. A search with the keywords ”hubbard model material”
on http://prola.aps.org published ”anytime” performed begining October 2018 gave 9218
results. The clear implication is that this model can be applied to modelling materials. Classified
as ”most relevant” in this list is [2]. In this paper, the authors used ab initio electronic structure
methods to design a material whose Hamiltonian matches as closely as possible that of the single
band Hubbard model. Another interesting paper from this list is [3]. That paper is devoted to
the computation of the ground-state phase diagram of the Hubbard model.

The next two sections contain a brief reminder of the main results of the HM needed in
this paper, while the rest of the paper is devoted to the application of the HM in the choice of
parameters of multifunctional nanomaterials.

2. The Hubbard model
This is a reminder of the main equations of the HM, while the reader interested in details is
referred to [4,5]. See also [6].

The basic point for the study of any physical system is its Hamiltonian. For a 1D system,
within the second quantisation formalism, the Hamiltonian has the following form

H = −w
∑
l,σ

(c+l,σcl+1,σ + c+l+1,σcl,σ) + U
∑
j

nj,↑nj,↓ (1)

The following symbols have been used: w denotes the hopping and U is the interaction energy
of a pair of electrons having opposite spins on a lattice site j. Symbols of the form c+l,σ denote a
creation operator for an electron having spin σ on lattice site l, while cl+1,σ is the annihilation
operator for an electron at lattice site l + 1 with spin σ. The current operator is

j = −iw
∑
l,σ

(c+l,σcl+1,σ − c+l+1,σcl,σ) (2)

Knowing the Hamiltonian of a system enables the calculation of its transport properties. One
of the methods for such calculations is the so called ”memory function” approximation (MFA),
developed in the 1970s as a consequence of previous work of Kubo. The MFA is extensively
discussed in the literature (some references are given in [4]). Without repeating this discussion,
we shall just state the final result for the electrical conductivity of a 1D system [4].

The final result for the electrical conductivity is given by

σR(ω0) = (1/2χ0)(ω
2
P /π)[ω

2
0 − (bw)2]−1(Uw/N2)2S (3)

and the symbol S denotes the following function

S = 42.49916(1 + exp(β(−µ− 2w)))−2 + 78.2557(1 + exp(β(−µ+ 2w cos(1 + π))))−2

+
bw

ω0 + bw
(4.53316× (1 + exp(β(−µ− 2w)))−2

+ 24.6448(1 + exp(β(−µ+ 2w cos(1 + π)))))−2). (4)

http://www.mgi.gov
http://prola.aps.org
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The symbol µ denotes the chemical potential of the electron gas on a 1D lattice [6], n is the
filling factor of the lattice, N the number of sites in the lattice, b a numerical constant,

µ =
(βw)6(ns− 1) |w|

1.1029 + 0.1694(βw)2 + 0.0654(βw)4
(5)

3. Optics
Relations between the electrical conductivity and reflectivity of solids are known since the middle
of the twenties of the last century. These are the so called Kramers-Kroning (KK) relations.
Detailed considerations on the KK equations can be found, for example, in [6,10]. In the context
of this paper, there is one logically arising question: can these relations be used in theoretically
choosing a nano-material? The answer is, as the reader may suppose, positive.

Skipping the details of the calculation (see [6] for example) it can be shown that the reflectivity
is given by

R =
(2πσR)

2 −Kω[4πσR −Kω(1 +K2)]

(2πσR)2 +Kω[4πσR +Kω(1 +K2)]
(6)

and
K2

1,2 =
4πωσI − ω2 ± [(4πωσR)

2 + (ω2 − 4πωσI)
2]1/2

2ω2
, (7)

where the symbols ω,σR and σI denote the frequency, the real and imaginary components of the
conductivity. These two expressions are applicable to 1D materials. Their applicability can be
extended to 2D materials by a change of variables: σ = [σ2

x + σ2
y ]

1/2 [9].
The KK relations can be applied in several ways in engineering a nanomaterial. For example,

what parameters a nanomaterial must have in order to have reflectivity close to zero? Or, if a
material has a particular value of tx what value of ty must it have in order to have a particular
value of the reflectivity?

4. Choosing multifunctional materials
Every part of any system performs a certain task within the domain of possibilities of the system
as a whole. If a part of a system, or the system as a whole can perform multiple tasks, it is
called a multifunctional system. Going a step further,a nanomaterial is called a multifunctional
nanomaterial if its behavior can be controlled by the application of various external fields [8].

4.1. 1D material under a thermal field
One of the parameters of a material is the chemical potential of the electron gas. In the 1D
case,it is given by eq.(5),and discussed in more detail [4,6]. It was shown by Lieb and Wu [7]
that the chemical potential is zero for half filling, regardless of the temperature. Speaking from
the experimental point of view, the half-filled case means that the material is pure (not doped)
and that it is not a conductor of electricity [6].

Taking into account the fact that in real experiments materials are at some non-zero
temperature, the obvious question is: can the chemical potential become close to zero for the
lattice filling factor n different from one? A positive answer to that question would have some
interesting consequences in the applications of the HM.

Take equation (5) and arbitrarily normalize the chemical potential to µ = 1 at the point
n = 1.1,T = 116K and t = 0.02. Repeating the same calculation for n = 1.3, and then plotting
the two graphs, one gets figure 1. Figure 1. shows that for T ≥ 180 K, the chemical potential
tends approximately to zero.

This is a difference with the standard results of the HM, which state that the chemical
potential and the electrical conductivity are zero for n = 1. In fact, this means that the
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Figure 1. The chemical potential of 1D electron gas for n = 1.1 and n = 1.3

material becomes electrically neutral at values of temperature above some limiting value of
the temperature. In the context of choosing a nano-material this can be taken to imply that
designing an electrically neutral material can be achieved by heating it above a limiting value
of the temperature.

4.2. the conductivity of a 1D material under a thermal field
As described in the preceding section, a prerequisite for the calculation of the electrical
conductivity of any physical system is the knowledge of its Hamiltonian. A frequent choice for
such calculations is the memory function method. Applying this approach to the 1D Hubbard
model, and using the formalism of second quantisation, one gets expressions (3)-(4) for the
electrical conductivity.

The chemical potential,which contains the dependence on the doping and temperature, is
given by equation (5). It is generally agreed that equations (3)-(5) can be applied to 1D systems
of correlated electrons, such as low dimensional organic conductors and/or superconductors.
The following two figures illustrate the behavior of systems of 1D correlated electrons under the
control of a thermal field (i.e.,under variable temperature).

Figure 2 shows the characteristic shape of the σ(T ) curve. As the position of the maximum is
sharp, this result opens up (in principle) the possibility of theoretically choosing a nanomaterial
which will have a predetermined position of the maximum conductivity in the (σ, T ) plane.

Experimentally speaking, the filling factor n denotes the doping of a material. Figure 3 shows
that exposing a material to a varying doping field changes its conductivity in a characteristic
manner,and thus opens up the possibility of designing a material with a specified values of the
couple σ, n.

Figure 4 is even more interesting, because it shows the behavior of the conductivity of a
material under the influence of two variable fields: the thermal field, and (what could be called)
the hopping field,under constant doping n. In the region T < 180 K the relative differences of
the conductivities for the largest and smallest values of the hopping t amount to as much as
50 per cent. Using calculations like those which led to this figure, one can theoretically design
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Figure 2. The normalized elect. conduct. of 1D electron gas for n = 0.9

Figure 3. The normalized conductivity for three values of n for a 1D material

materials with predetermined values of the conductivity for certain values of the doping and/or
hopping. Practically, one would have to choose pairs of (n, t) values, or fix n and vary t and
then calculate the conductivity.

4.3. The two dimensional materials
The HM is at present solved only for the case of 1D [7]. In the special case of a 2D rectangular
lattice where the conductivities along the axes are mutually independent and denoted by σx and
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Figure 4. The normalized conduct. of a 2D rectang. lattice for 3 values of t

σy, the conductivity of the lattice can be expressed as

σ = [σ2
x + σ2

y ]
1/2. (8)

Theoretically choosing the parameters of a system having such a link between the conductivities
of its parts may seem complicated. In fact, this 2D problem reduces to two 1D problems along
the two lattice axes.

Figure 5. The normalized reflectivity of a 2D rectangular lattice for 2 values of T
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Figure 5 taken from [6] is an example of the influence of external fields on a rectangular 2D
lattice which is moderately useful for theoretically choosing a nanomaterial. It represents the
dependence of the normalized electrical conductivity of a 2D lattice on the ratio of the filling
factors along the two lattice axes. This ratio is symbolized by ny/nx = θ and the parameters for
which this figure was calculated are avaliable in [6]. The point which could be useful in choosing
a nanomaterial is here the turning point of one of the curves.

4.4. designing the optical properties of nano materials
An interesting, but complicated way of engineering a nano material is to predict theoretically
the value of its reflectivity and link it to the values of various material parameters. It can be
shown ([6] and references given there) that the reflectivity can be expressed as the following sum

R ∼= 1− 2(
Kω0

πσR
) + 2(

Kω0

πσR
)2 − .. (9)

This expression for the reflectivity implicitly depends on the dimensionality of the system
through σR and K. An illustrative example of the temperature dependence of the reflectivity is
presented on fig.6.

Note an interesting detail on this figure, useful for theoretically choosing a nano material.
The derivative dR/dT drastically changes at the temperature of approximately T ∼= 70K. The
position of this point can be theoretically predicted, and it depends on the values of the hopping
t and the filling factor n. This means that fixing the temperature and which R changes, one can
theoretically determine the values of t and n.
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Figure 6. The reflectivity of 1D HM for n = 0.8 t = 0.01

The first step was the calculation of the electrical conductivity. It was normalized to
σR = 1 for n = 0.8, t = 0.005 eV and T = 116 K. In the case of a 2D material, two
important ratios influence the results of calculations discussed here. These are the ratio of the
conductivities,denoted by σRy/σRx = Γ, and the ratio of the filling factors along the two lattice
axes, symbolized by ny/nx = θ. Note that all the 2D materials discussed here imply materials
with a square lattice.
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The dependence of the reflectivity under constant temperature of a 2D lattice on the
parameter θ is shown on the following figure, taken from [6]. Note that the decrease of θ
leads to a decrease of the value of R. In practical terms, this means that decreasing the ratio
of filling factors along the two lattice axes leads to increasing difficulties in seeing the specimen.
This conclusion could have implications in work on invisibility cloaks.

Figure 7. The reflectivity as a function of θ for T = 150K

5. Piezoresistivity under strain
In various situations, both in laboratory work and practical applications, the need may arise for
a material which becomes better conductor of electricity when exposed to a strain ϵ. Such a
material can be chosen theoretically, but the situation is slightly more complex that in the cases
discussed so far.

Namely, in such a situation one has to take into account the dependence of the hopping t on
the strain. Using results on the overlap of atomic wave functions,in [11], the dependence of the
hopping t on the interatomic distance r was approximated as

t = t0[1 + r + (1/3)r2] exp(−r) (10)

where r is measured in the units of Bohr radius.
As a practical application, in which theoretical choice of a material is needed,let us consider

an instrument based on piezoresistivity [4].In this case the problem we encounter can be stated
as ”At a given temperature T what value of the hopping t must the material have, in order to
achieve some chosen value of the sensitivity G?”

The sensitivity of a sensor based on piezoresistivity is defined as

G = − 1

σ
(
∂σ

∂ϵ
) (11)

where σ is the conductivity and ϵ the strain. The dependence of G on the strain has been studied
in [4]. Clearly, the lower the temperature the more pronounced this dependence becomes.
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6. Compressibilities
What would be he result of atempting to engineer a nanomaterial under the influence of high
pressure? To render the problem more complex, immagine that the nanomaterial in question is a
compound, consisting of two specimen of nanomaterials with compressibilities of different signs.
This combination is in principle possible [12]. Imagine an experiment in which two materials
having different coefficients of thermal expansion are fixed together. If such a combination is
heated,it will bend to one side. A similar situation will occur if the two nanomaterials are
subdued to high pressure and have compressibilities of different signs [12].

The isothermal compressibility is defined as

βT = − 1

V
(
∂V

∂p
)T (12)

where all the symbols have their standard meanings. The pressure P and volume V of a
material are linked through the equation of state. Choosing an appropriate equation of state for
a given nanomaterial is a delicate research subject. See,for example,[13].

In the case of a nanomaterial distributed along a straight line, the problem returns to those
discussed earlier. However, if the materials are distributed along a curved line, the solution is
strongly dependent upon the compressibilities and their signs. A detailed consideration of this
problem is in preparation.

7. Conclusions
This paper attempted to answer an apparently simple question - is it possible to choose
parameters of a nano-material theoretically so that they have certain pre-selected values? This
choice of parameters is dependent on the theoretical model chosen to describe the material under
study.

The calculations discussed in the present paper were performed for 1D and 2D materials
within the Hubbard model.Calculations reported here are more direct than those in [2,3]. For
example, in [2] the calculations were performed by ab initio methods, and then the Hamiltonian
was matched to the Hamiltonian of the HM. On the other hand, in the present paper results
of direct applications of the HM and the memory function method were used to demonstrate
possibilities of engineering nano-materials, which is a distinct advantage. It was shown on
several examples that it is possible to engineer multifunctional nano-materials by calculating
their conductivity, reflectivity and sensitivity for piezoresistivity, making calculations within the
Hubbard model a viable way in theoretically modelling nanomaterials.
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Abstract. The surfaces of solid objects in the planetary system are dotted by impact
craters. From the viewpoint of condensed matter physics, the problem of the origin of these
craters can be expressed in the following way: in a material of given chemical composition,
there exists a hole of given dimensions. Assuming that this hole is a consequence of an
impact, what can be concluded on the impactor? This problem can be analyzed in two ways:
by using scaling laws and by the standard laws of condensed matter physics. The aim of this
paper is to present basic notions of the two approaches, and give some of the results.
Key words: impacts craters, condensed matter, scaling laws

1.Introduction

Observation, ranging from those performed by the earliest telescopes to cur-
rent work by space probes, shows that surfaces of many solid bodies in the
planetary system are filled with craters. A part of them are of volcanic origin
and they are outside the scope of this paper. The subject of this paper are
impact craters; that is craters which are due to impacts of smaller solid bodies
(often called impactors) in the surfaces of larger objects in the Solar system.
Some impact craters have halos (Bart et al.,2019). Physically, the impactors
are remnants from the epoch of formation of the Solar system (for example
Perryman, 2011,Carlson, 2019).

According to the data base kept at the University of New Brunswick in
Canada at http://www.passc.net/, at present there are 190 known impact
craters on the Earth. Due to their number, their purely scientific interest, but
also the possible dramatic consequences which an impact could have, the study
of impact craters has become a well developed sub-field of planetary science.

The most widely known impact crater is certainly the Barringer crater in
the Arizona desert,which is mentioned in publications ranging from elementary
school textbooks to scientific papers. A much less studied impact structure
seems to exist in the Falkland Plateau, north-west of the West Falkland island.
Seismic reflection profiles indicate the presence of a large roughly circular
basin with a diameter of approximately 250 km. The best explanation of this
structure is the presence of a large burried impactor (Rocca et al.,2016).A
much more recent impact event, which did not produce a crater, is the one
of 15 February 2013, when a small asteroid entered the atmosphere over the
city of Chelyabinsk in Russia. There were no victims, but a large number of
people have been injured by shattered glass.

Finally, at the time of this writing (July 2019) there appeared an analysis
concerning the possibility of Earth impact by asteroid 2009FD. The result,
obtained using recent astrometry and radar data, is that the main impact
possibility in 2185 is ruled out, but there remains a very small possibility in
2190 (DelVigna et al.,2019).

The aim of this paper is to present an introduction to two different theoret-
ical approaches to the problem of impact craters. The second section is devoted

Bulgarian Astronomical Journal 33, 2020
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to the approach using scaling theory, while the third part uses standard con-
densed matter physics. Both approaches treat the same problem: having data
on the target and the crater, what can be concluded on the impactor and the
impact?

2. The scaling theory

Predicting the outcome of one event from the result of another is often called
scaling. The relation used in this predicting is called the scaling law ,and the pa-
rameters which change between the two events are named scaled variables. The
need for the application of scaling in the problem of impact craters is obvious:
impact craters in reality have diameters of the order of meters to kilometers,
while craters in terrestrial experiments are smaller (Holsapple,1993).

There exist three ways in which the form of scaling laws can be predicted:
these are impact experiments, analytical calculations and approximate theo-
retical calculations. The principle of impact experiments is simple, so it may
be imagined that they are simple to perform. There is, however, a problem
in impact experiments: currently accessible impactor velocities in laborato-
ries are smaller than theoretically expected collision velocities (for example,
Hibbert et al., 2017). In principle, projectiles of various mass and compo-
sition are fired with different speeds into targets of different composition.
The aim is to measure diameters of the resulting craters as a function of
the impact velocities and the chemical compositions of the target and the
impactor. A detailed presentation of one of the actual installations for im-
pact experiments, at the University of California in Davis, can be found at
http://geology.ucdavis.edu/read/stewart_shockwave.

Analytical calculations on the impacts are founded on the laws of balance
of mass, momentum and energy, with the addition of the equation of state
(EOS) of the material of the target and of the impactor. The problem with
this approach are the details in the knowledge of the (EOS) and thermody-
namic potentials of the target and of the impactor. Work in this direction will
be somewhat easier in the future, owing to results of big calculational projects
in material science. Examples of such projects are the Materials Genome Initia-
tive http://www.mgi.gov in the US and the mainly European project Novel
Materials Discovery http://www.nomad-coe.eu.

These projects give material characteristics as a function of various pa-
rameters. However, the choice of a material for any particular astronomically
interesting case is beyond their scope. In terrestrial applications it is (in prin-
ciple) possible to collect pieces of the impactor and of the target. However, in
the case of asteroid(s) moving towards the Earth, the only way of determining
their composition is spectroscopy. Problems can arise if an asteroid is made up
of a material with small albedo,which implies that the composition will be de-
termined with a large relative error. Assuming that the impactor is sufficiently
massive, and that the speed of impact is sufficiently high, in the moment of
impact there occurs a phase transition solid → gas or even solid → plasma.
After a rapid cooling, the result of the impact can be analyzed within solid
state physics.

The basic idea of the approximate theoretical solutions is the so called
”point source model”. Simply stated, the phase immediately after impact is

http://geology.ucdavis.edu/read/stewart_shockwave
http://www.mgi.gov
http://www.nomad-coe.eu
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described as a ”point source” of shock waves propagating through the target.
It was developed near the middle of the last century for analysis of nuclear
explosions.

Attempting to predict the volume V of a crater formed in an impact is
the simplest case of application of scaling laws in these problems. Denote the
radius of the impactor by r, its velocity by v and density by ρ1. The target
has density ρ, gravitational acceleration at the surface g, and it is made up of
material with material strength X. Material strength is defined as the ability
of a material to withstand load without failure. In that case:

V = f [{r, v, ρ1} , {ρ,X} , g]. (1)

The first three variables describe the impactor, the following two - the ma-
terial making up the planet and the last one - the surface gravity of the planet.
Scaling laws can be derived from this expression by dimensional analysis.

It can be shown that equation (1) leads to

ρV

m
= f1[

gr

v2
,
X

ρv2
,
ρ

ρ1
], (2)

where m = 4π
3
ρ1r

3 is the mass of the impactor. The quantity on the left side
is the ratio of the mass of the material within the crater to the mass of the
impactor. It is usually called cratering efficiency and denoted by πV . The first
term in the function is the ratio of the lithostatic pressure ρgr to the initial
dynamic pressure ρv2, generated by the impactor. The lithostatic pressure
at a certain depth is defined as the pressure exerted by the material above
it. This ratio is denoted by π2; the second term is the ratio of the material
strength to the dynamical pressure, denoted by π3. The final term is the ratio
of the mass densities. If all the parameters of eq.(2) were known, or could be
determined, it would not be too difficult to determine the volume of an impact
crater. Finding the general solution of this equation is an open problem. As
a consequence, solutions of this equation are usually studied in two limiting
cases: the ”strength” regime and the ”gravity” regime.

The main difference of these two situations is in the value of the ratio of
strength of the surface material and the lithostatic pressure.The ”strength”
regime is the situation in which the strength of the surface material is larger
than the lithostatic pressure, which implies impactors with diameters of ap-
proximately one meter (Holsapple,1993). This means that

ρV

m
= f1[

X

ρv2
], (3)

where it was assumed that the ratio of the densities is approximately one. In
this regime, the volume of the impact crater increases linearly with the volume
of the impactor, its mass and its energy. Any dimension of the crater increases
with the radius of the impactor. In the opposite case, when the diameter of
the impactor is of the order of a kilometer or more, the lithostatic pressure is
bigger than the material strength, meaning that

ρV

m
= f1[

gr

v2
]. (4)
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This is the definition of the ”gravity” regime. Various experiments (discussed
in Holsapple, 1993) have been performed on the dependence of πV on π2,
the result being an exact power law. This can be explained, as discussed in
(Holsapple, 1993), by the assumption that whenever there is a dependence on
the impactor size and speed, it is actually the dependence on its kinetic energy.
This idea was used in the early sixties, in scaling from a nuclear event called
”Teapot ESS” to the creation of the Meteor Crater in Arizona. For some more
details on this aspect of the problem see,for example Celebonovic (2017).

3.Condensed matter physics

Surfaces of objects in the solar system which contain impact craters are solid.
It is known that impactors are solid objects, so the ensuing question is what
can be concluded about the impacts by using laws of condensed matter physics
and all kinds of measurable parameters of the target. Possibilities exist, and
they will be discussed using previous results of the present author (Celebonovic
and Souchay,2010 ; Celebonovic,2013,2017).

The first condition for the creation of an impact crater is the velocity of
the impactor, which must exceed some minimal value. This was determined
in Celebonovic and Souchay (2010). It was postulated in that paper that a
crater will be formed if the kinetic energy of a unit volume of the impactor is
equal to the internal energy of a unit volume of the material of the target. As
discussed in that paper, the minimal speed of the impactor is given by

v2 =
π2

5ρ1

(kBT )
4

h̄3
(
∂P

∂ρ
)−3/2, (5)

where ρ1 is the mass density of the impactor, T the temperature of the tar-
get, and P, ρ are the pressure and mass density of the material of the sur-
face of the target respectively. From the point of view of condensed matter
physics, this equation is physically correct. In order to test its applicability in
a real astronomical situation, it was applied to the case of an impactor made
of olivine (Mg,Fe)2SiO4. The minimal speed of this object would be 16.3
km/s. For comparison, note that the impact velocity of a real object, asteroid
99942 Apophis, is estimated to be between 13 and 20 km/s. This means that
two completely different methods: celestial mechanics and condensed matter
physics give mutually close results on the same problem, which is extremely
encouraging.

It is stated sometimes that condensed matter physics can not be applied to
impact cratering because in hyper velocity impacts the material of the target
melts and can even evaporate. The final result of an impact is a crater. If the
kinetic energy of the impactor is high enough, and if the target has a suitable
value of the heat capacity, a consequence of the impact will be heating of the
target. Heating in impacts has been studied in Celebonovic and Nikolic (2015).
Depending on the kinetic energy of the impactor, the target may heat enough
so as to melt, and possibly even evaporate at the point of impact. In this
regime, condensed matter physics cannot be applied. Regardless of the amount
of heating in the impact, the outcome is always the same: a certain quantity of
material of the target gets ”pushed aside” at the point of impact, implying the
creation of a crater of certain dimensions. The aim of the calculations outlined
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here is to draw conclusions about the impactor using measurable dimensions
of the crater and various parameters of the target.

Using the vocabulary of condensed matter physics, the problem of forma-
tion of impact craters can be expressed as the following equivalent problem:
how big must be the kinetic energy of the impactor in order to produce a
hole of given dimensions in a target material with known parameters (Cele-
bonovic,2013). It was assumed that the target is a crystal, that one of the
usual types of bonding exists in it, and that the target does not melt as a
consequence of the impact.

The calculation is based on a simple and acceptable physical idea: the
kinetic energy of the impactor must be greater than, or equal to the internal
energy of some volume V2 of the target. The kinetic energy of the impactor of
mass m1 and speed v1 is obviously

Ek =
1

2
m1v

2

1, (6)

and the internal energy EI consists of three components: the cohesion energy
EC , the thermal energy ET and EH(T ) - the energy required for increasing
the temperature of the material at the point of impact by an amount ∆T .
Therefore,

EI = EC + ET + EH(T ), (7)

and the condition for the formation of an impact crater as a consequence of
an impact is

EI = Ek. (8)

Expressions for various terms in EI exist in the literature, and are given in
Celebonovic (2013). Details of the calculation are given in that paper, and the
final result is

3kBT1Nν[1−
3

8

TD

T1

−
1

20
(
TD

T
)2 +

1

10
(
T 2

D

TT1

)

+(
1

560
)(
TD

T
)4 −

1

420

T 4

T 3T1

−
3ū2ρΩm

npνkBT1

] =
2πρ1
3

r31v
2

1. (9)

This is the energy condition which has to be satisfied for the formation of
an impact crater. Various symbols have the following meanings: the number N
is the ratio of the volume of the crater to the volume of the elementary crystal
cell,ve: N = V/ve; kB is Boltzmann’s constant; T is the initial temperature of
the target; T1 is the temperature to which the target heats; TD is the Debye
temperature of the target; ρ1,r1 v1 - mass density,radius and impact velocity
of the projectile respectively; p,n - parameters of the interatomic interaction
potential in the material of the target; ν is the number of particles in the
elementary crystal cell; ū is the speed of sound in the material of the target;
and Ωm is the volume per particle pair.

It might seem at first glance, that eq.(9) is just a complicated expression
without any physical purpose. Close inspection shows that this equation groups
known or measurable parameters on the left hand side, while the right hand
side contains parameters of the impactor. It means that this expression gives
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the possibility of estimating parameters of the impactor from known data on
the target.

As a test, this equation was applied to a well known case: the Barringer
crater in Arizona. Assuming that the material of the crater is pure Forsterite
(Mg2SiO4 ), and making plausible assumptions about the other parameters
of eq.(13), it was obtained that v1 ∼= 41 km/s, which is far larger than existing
estimates obtained by using celestial mechanics.

A possible solution is to assume that the material of the target is a chemical
mixture. Suppose that only 10 percent of the material is Forsterite, and keep
all the other parameters constant. This will give the value of v1 ∼= 15 km/s,
for the impact speed, which is much closer to the results obtained by celestial
mechanics. Details of this calculation are avaliable in Celebonovic (2013) .

The calculation outlined above was performed using the notion of cohesive
energy of solids, which is a very ”impractcal”quantity: it is defined as the en-
ergy needed to transform a sample of a solid into a gas of widely separated
atoms (Marder,2010). As a consequence of this definition, it is difficult to mea-
sure experimentally and it is not related to the strength of solids measurable
in experiments.

A much more ”practical” notion is the stress. It is defined as the ratio of
the force applied on a body to the cross section of the surface of a body normal
to the direction of the force. After an impact, a crater will form if the stress
in the material becomes sufficiently high for the formation of a fracture.

A fracture will occur in a material, if the stress σ in it is greater than the
critical value σC (Tiley,2004; Celebonovic,2015).

σC =
1

2

(

Eχτ

r0w

)1/2

, (10)

where E is Young’s modulus of the material, χ is the surface energy, τ is the
radius of curvature of the crack, r0 the interatomic distance at which the stress
becomes zero, and w is the length of a crack which preexists in the material.
Defined in this way, σC has the dimensions of pressure.

Applying the law of conservation of energy to the moment of impact leads
to interesting conclusions. The kinetic energy of the impactor, Ek, is used in
the moment of impact for fracturing and heating the material of the target.
That is

Ek = σCV + CV V (T1 − T0), (11)

where V is the volume of the crater formed as a result of the impact, CV
is the heat capacity of the target material, and T0 is the initial temperature
of the target. At this point, one encounters the problem of finding a suitable
mathematical approximation of the shape of a crater, in order to be able to
make an analytical estimate of the volume V . In accordance with experiments,
the volume of the crater is approximated by

V =
1

3
πb2c, (12)

where b is the radius of the ”opening” of the crater and c denotes its depth. If
one approximates the impactor as a sphere of radius r1, made up of a material
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of density ρ1 and having impact velocity v1, its kinetic energy is given by
Ek = 2π

3
ρ1r

3
1v

2
1. It follows from eq.(11) that

T1 = T0 +
1

CV
(
Ek

V
− σC), (13)

and after some algebra (Celebonovic, 2017):

V =
2π

3

ρ1r
3
1v

2
1

αCV T0 + σC
, (14)

where T1 − T0 = αT0, with α > 0.Equation (14) can be transformed into the
following form

V =
Ek

αCV T0 + σC
, (15)

which shows that the volume of a crater is a linear function of the kinetic
energy of the impactor.

4.A Granular Target?

It was assumed throughout this paper that the surface of the target is a crys-
tal. This is very often, but not always true. As an example, should an impact
occur in a sandy desert like Sahara, the material there certainly could not be
approximated as a crystal. In general terms, the question encountered here
can be expressed in the following way: how do the consequences of an im-
pact change if the material of the target is granular and not a crystal? From
the point of view of condensed matter physics, this ”transition” is extremely
interesting.

We shall concentrate on two particular aspects: the shape of impact craters
when formed in a granular material, as compared to their shape in a crystal,
and changes in the quantity of energy needed to heat a granular material
compared to the energy needed to heat the same amount of crystalline material
for the same temperature difference. In this paper, the volume of a crater
was approximated with eq.(12). On the other hand, experiments with normal
incidence of a solid spherical impactor into a deep non-cohesive granular bed
have shown that the profile of a crater can be fitted by

z = zc +
√

b2 + c2r2, (16)

where zc, b and c are fitting parameters (de Vet and de Bruyn,2007). Inserting
this expression for the profile of a crater into eq.(12), and using the same
notation in both cases, one gets the following result for the difference of crater
volumes formed after an impact into a crystal (V1) and granular material (V2):

V1 − V2 =
1

3
πzr2 −

1

3
πr2[zc +

√

b2 + c2r2]. (17)

A simple calculation shows that this difference can become equal to zero for

z = zc +
√

b2 + c2r2 (18)
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Physically, this means that there exist some conditions of impacts which
lead to craters of equal volume in crystal and granular targets, assuming that
all the other conditions are the same in the two cases.

Targets similar to terrestrial granular materials have been found in the
planetary system. Well known examples are asteroids 253 Mathilde and 25143
Itokawa. It was shown that both of these objects consist of loosely bound
pieces, so they later got the name ”rubble piles”. For a recent review see
(Walsh, 2018).

Rubble piles are obviously porous,and the the main physical parameter
characterizing them is the porosity, defined as the following ratio:

φ =
VV

VT
< 1, (19)

where VV denotes the volume of voids and VT the total volume of the
object. The value of VT can be decomposed as follows:

VT = V1 + VV = V1 + φVT , (20)

which means that

VT =
V1

1− φ
, (21)

where V1 denotes the volume of the ”solid component” of VT .
The quantity of energy needed to heat a volume VT of a material having

the specific heat CV by a temperature difference of ∆T is given by:

Q = CV VT∆T = (CV 1 + CV 2)×
V1

1− φ
×∆T, (22)

where CV 1 denotes the specific heat of the ”solid component” of VT and CV 2

is the specific heat of the voids. Finally,

Q =
CV 1 + CV 2

1− φ
V1∆T, (23)

which is the expression for the quantity of energy needed to heat up for ∆ T
a volume V1 of a solid having the specific heat CV 1, the porosity φ and the
specific heat of voids CV 2.

The value of the specific heat CV 1 depends on the chemical composition
of the material. If the composition is known, then this value can either be
measured or calculated. More interesting is the problem of the specific heat of
the voids,denoted here by CV 2. The unknown quantity here is the composition
of the voids. If they contain only vacuum, and if there is no source of thermal
radiation within the voids, the specific heat CV 2 will be zero. However, if the
voids are filled with some gas, then the value of Q will depend on the ratio of
the two specific heats.

How does this expression compare with the result for a pure solid? Using
eq.(21), simple reasoning shows that

Q = QS + CV 2VT∆T, (24)
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where QS is the quantity of energy needed to heat a ”pure” solid. Clearly,
this result strongly depends on the values of CV 2 and the porosity φ. The
implication is that some more energy is needed to heat up a porous than a
non-porous material, with all the parameters being the same. Obviously, the
closer the value of φ is to 1, the bigger the value of Q will be.

Conclusion

In this contribution we have presented in some detail two approaches to the
problem of impact craters on the surfaces of solid objects in the planetary sys-
tem. One is the scaling theory, while the other is standard condensed matter
physics. Both of these approaches have the same aim: using existing labora-
tory, field and observational data and relevant laws of physics, draw as much
conclusions as possible on the impacts and the impactors.

Scaling theory attempts to link the craters of ”celestial ” origin with those
resulting from man made explosions. The good side of this approach is gener-
ality, but the ”minus” is the problem of treatment of phase transitions.

The approach founded on standard condensed matter physics is based on
well known laws, but also has a weak point (at least one). It can treat either
slow impacts or ”not very massive” projectiles.

Both approaches give useful contributions to the problem, but they are
both in need of improvement in the future.
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