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HayumoMm Behy MucturyTra 3a dusuky

Mummseme pykoBonuorna npojexra o peusbopy ap Bojana Hukonuha
y 3Baihe BUIIM HAYYHU CapaIHUK

Ip Bojan Huxonuh je zamocnen na Uneturyry 3a ¢pusury Y HUBEp3nuTETA
y Deorpany y I'pymu 3a rpasurauujy, uyectune u nosma. AHMaKOBaH je Ha
MPOJeKTYy OCHOBHMX MCTpPa:KuBama MUHMCTAPCTBA TpPOCBETE, HAYKE U TEX-
nonomxor passoja (MIIHTP) OH 171031 “®uswuxe mMmiankammje Moau-
(puroBanor npocrop—Bpemera”’. Ha momenyrom npojexry ap Bojan Hukomuh
pamu Ha TeMama BezaHuM 3a Teopujy crpyua. C obzmpoMm ma memymasa cBe
npeasubene ycaoBe y ckmany ca IlpaBMaHEMKOM O NOCTVIKY, HAYWHY BpEI-
HOBamba M KBAHTUTATMBHOM UCKA3WBAHY HAYUYHOMUCTDAKUBAUYKUX DE3YITATA
ucrpazxnsaua MHIITP, carnacua cam ca noxperamem moctynka peusbopa y
3Balb€ BUIIM Hay4HM capaiink u moaaMm Haydno Behie Uncruryra 3a Gusmky
Jla TOKpeHe nocrynak 3a peusbop ap Lojana Huxkonuha y maseneno 3pame.

3a xomumcujy 3a peusdbop ap Dojana Huxommha y 3Bame Bumm HaydHu
CapalHUE TIPeTakeM

1. mpo¢. mp Boja Panmosanopuh, penosun npodecop, ®usuuru dakynarer
2. np Bpanucnar Casnopuh, nayusu capetnur, UHCTHTYT 32 thuzury

3. mpod. np Maja Bypuh, penosan npogecop, Pusuuru daxynrer.

Beorpang, 28. 06. 2018. PyroBomuian npojexra OH 171031

I/Mrb,y» Bunc r,r

npod. np Maja Gypuh



BUOTrPA®NIA CA NPETJIEJOM HAYUHE AKTMBHOCTU

1 CrpyuHo-Omorpadckm momamu

Poben cam 10. 04. 1979. romume y 3ajeuapy. Y KmawkeBiy cam 3aBp-
IO OCHOBHY IMKOJIY U TMMHA3U]y MTPUPOIHO-MATEMATUUYKOTI CMepa Kao DhHak
reHeparuje.

lN'omuue 1998. ynucao cam ocHOBHe cTyauje Ha Pusmukom dakynTery Y HU-
Bep3uTeTa y beorpany, cmep Teopmjcka m ekcnepuMentasHa ¢usmra. [n-
niaomupao caMm 2002. romuHe Kao OPBU Y I'eHepaluju ca IPOCEYHOM OIEHOM
9,81. IloctounmomMmcke cTynuje HA cMmepy ,,Teopujcka pu3uka ereMeHTAPHUX
yectuna u rpasutanuje’ ynmcao cam 2002., a Marmcrapckud pajn ca TEMOM
Egexam duaamorckoz nosa 1a HEKOMYMAMUBHOCT, NPOCMOPHO-8PEMEHCKUT KO-
opounama cam onopanuo 2006. romuuae Ha Pu3nUKOM GaryITETYy Y HUBEP3UTETA
y Beorpany. Ilokropcky mucepranujy mon HaciaoBoM Hexomymamusrocm u
oumensuornanrrocm Dp-6pane onbpanuo cam 2008. roaune takobhe na Pusmurom
¢arynrery YHuBepsurera y Deorpany. Menrop marmcrapcke Tese m HOK-
TOpCKe aucepranuje 6uo je mpodecop ap bparnucnas Cazmosuh.

Onx 01. 11. 2003. romuue, 3amocien cam y llenTpy 3a Teopujcky ¢pusury
WNucturyra 3a QU3UKY KAO0 UCTPAKMBAY NPUIPABHUK, y OKBUDPY IPOjEKTa
,,]' pagnjenTHe Teopuje rpaBuTalyje: cuMmerpuje u auaamuka’ MuHucTapcTBa
IpocBeTe, HAyKe M TeXHOJOmKOr pa3Boja Penybauke Cpobuje. Om 2006. mo
2010. rommue 6wo cam Ha TMpPOjekrTy ‘AJsTepHATUBHE TeOpHUje rpaBuUTaImje
nok cam ox moueTka 2011. roamHe aHraskKoBaH Ha mpojekTy MwuHuctapcTtBa
npocseTe 1 Hayke ’ Pu3nuke MMIIMUKAIMje MOIU(GUKOBAHOT IPOCTOP-BpeMeHa” .
lomguue 2007. m3abpan caM y 3Bame UCTPaAKUBAY CapanHuk, y okroopy 2009.
Yy 3Bame HayYHU CAPAJTHUK, a y CAJAllihe 3BAaH€ BUIIEr HAYYHOT CAapaTHUKA
uzabpan cam jamyapa 2014. ronune.

Onx 2004.-2006. rommHe OwoO caM UYJaH pemaknuje vacomuca ,,Miamgu
¢usuuap”. Y mepumonmy on menemOpa 2004. rommuee mo asrycra 2005. ro-
nuHe Ouo caM Ha OMCIYKEeHhY BOJHOT POKa. AKTUBHO caM YYeCTBOBAaO ¥
obenesxkaBamy CBercke romumuae ¢uswmre 2005. romumue, moceOGHO y opranu-
3anuju TakMuuema ,,OTkpuBaMo Tajente 3a ¢usuky’ . Buo cam Tpu myra
YJaH JIOKAQJHOT OPraHM3alMOHOI KOMUTETa MelhyHapomnHe mKoJie U KOH(pep-
eHnuje u3 MomepHe maremarmure ¢usuke. On ampuna mgo jyma 2008. ro-
AuHEe OMO caM Ha CTPYYHOM ycaBpmiaBamy Ha VIHCTUTYTY 3a HyKJIeapHa MUC-
TpaskuBama u Hykiaeapuy eneprjy y Coduju (Byrapcka) y oksupy OII6 Map-
nja Kupu mcrpaskuBauke tpenunr mpexke ~ Forces-Universe” MRTN-CT-2004-
005104. Dwuo cam unan lp:xkaBHe KOMUCHje 33 TAKMUUEHA YUEHUKA CPeNHUX
mkosa mkoscke 2011/2012 u 2012/2013. Y mepuoxy on 01. jyma 2012.



no 24. memem6bpa 2012. 6umo cam Ha cTpydyHOM ycaBpmasamy y LlenTpy 3a
Teopujcry ¢uszuky “Apmonn 3omepdenn’ y Mwunxeny y rpymu mpodecopa
Iurepa Jlucra, jemnor on Bomehmx ¢umsuuapa y obiacTtm Teopuje CTPYHA.
lomure 2015. cam oapskao npenaBatbe y CAHY y orkBupy jemHomeHeBHOT
CKyIla MOBOJOM CTO roauHa ommte Teopuje peaatusuoctu (OTP). Y oksupy
XXXIV Penybamuror cemmHapa HacTaBHUKa ¢usmke 2016. rommae omp:xao
caM TIpenaBame IO MO3UBY O OTKPUNY T'paBUTAIMOHUX TaJjgaca | paBura-
UIOHN TaJlacu-oJ OTKpuha oo mupekTHe nereknuje’. Pan je obGjaBmeH y
tpehem Opojy uwaconuca ”HacraBa ¢usure”.

[Mrosncke 2013 /2014 paauo cam ka0 HACTABHUK (PU3UKe y Onemeny Tpeher
pa3pena MaremaTuyke TMMHAa3uje, MOK OJ IIKOJICKE 2015/2016 paouM Kao
HacTaBHUK Pauynckor npaktukyma 1 m Pauymckor mpakrturyma 2 y onesne-
BY 3a ey ca mocebHMM CmocoOHOCTMMA 3a (U3UKY y 3EMYHCKOj T'MMHA3-
nju. bmo cam MeHTOp BuUIlle MaTypCKUX pPaaoBa Kao WM ABAa MacCTep pala Ha
Puznurom dpakynrery y Beorpany.

Onm 2009. romumue cam oxkemen u orarn cuna Crojanma (2010) m heprn,
Anacracuje (2012) u Casge (2015).

2 Ilpersen HayuyHEe aKTUBHOCTU

Moj mayunu pan je y obmactu (puU3MKe BUCOKUX €Hepruja. AHra:KoBaH caM
Ha OCHOBHUM HCTPaKMBABLUMa Yy I'PYOU 3a TPaBUTAIU]y, UYECTUIE U IOJbA
NucturyTa 3a (uU3MKy, Yy OKBUDPY Ipojekra ,,Pusmure mMIIMKaALUje MOI-
nGUKOBAHOT TpOCTOP-BpeMeHa . (OCHOBHA TeMa MOT MCTPaKUBAUYKOL pala
ONHOCU Ce Ha aHaJu3y OO30HCKe CTPYHE U CYNEePCTPYHE, HEKOMYTATUBHOCT
KaO MOCJTenUIly HaMETHYTUX I'PAHUYHUX yCJOBa U - ayaJHOCT.

2.1 Teopuja 6030HCKe CTPYHE ca MWUJIATOHOM M HEKOMYTAa-
THUBHOCT

Jeman onm mpemMera MOI MHTepecOBama je OO030HCKA CTPYHA Yy IPUCYCTBY
IrpaBUTAMOHOr m0ba (), (T) M aHTUCUMETPUYHOr TEH30PCKOr mossa B, (z).
3a peanusaiujy KbydHe OCOOMHE OBaKBe TeOpHUje, KOHPOPMHE UHBAPU)AHTHO-
CTU Ha KBAHTHOM HUBOY, IOTPEOHO je MOJaTHU jOII jeTHO MO3aqUHCKO MOJhbe—
muinatorcko mosbe P(z). CBa Tpu mosaavHCKa IOJbA MOpAjy 3a40BOJbABATH
IIPOCTOPHO-BPEMEHCKE jeqHAUYWHE KOje cielle M3 yCJIOBa KOH(POPMHE HHBap-
MjaHTHOCTU, IMTO (POPMAJHUM je3WKOM 3HAUM Aa Cy [-QyHKOuje Koje OAro-
Bapajy rpasutanuonoM G, n anTucuMeTpudsoM Kanb-PamonoBom momy B,
jemnake mynm, mOK Tpeha, Koja oAroBapa MUIATOHY, MOKE OWUTU HyJIa WUIU
koHcTanTta. Cayuaj y kome je f-dyHKIMja KOja oAroBapa AUIATOHCKOM TOJbY



jemHaka KOHCTAHTU 3axXTeBa MonaBame JImyBuioBor umana y mejcTBO.

Y Teopuju OTBOPEHE CTPYHE NMOPE jeJHAUYMHA KpeTama Ol MOCeOHe BarK-
HOCTU Cy T'PAHUYHU YCJIOBU. MHOTOCTPYKOCT ca p MPOCTOPHUX IUMEH3Uja,
neduHICaHA CKYyIOM /MpUXI€0BUX IPAHUYHUX yCJIOBa HA KPajeBUMa OTBOPEHE
cTpyHe, Ha3uBa ce Dp-OpaHa.

Y aHaIU3U caM KOPUCTUO KAHOHCKE METOJEe U TPETUPAO I'PAHUYHE YCJIOBE
KAa0 KAHOHCKE Be3e. 3a CiydYaj OTBOPEHE CTPYHE Y MPUCYCTBY KOHCTAHTHOT
IPABUTAIMOHOT U AHTUCUMETPUUHOT TEH30PCKOT MOJba HEKOMYTATUBHE peJia-
nuje cy Beh Ouie m3BemeHe NPYTUM MeTOnaMa, YKBYUY]yNU U KAaHOHCKU. Y
HOBOM NIPUCTYILY, yMecTO yBohema /lupakoBux 3arpana pelieHe Cy Be3e Koje
moTUYy o4 rpaHuvHux ycioBa. Jlobujeno pememe 3a KOOpAWHATE, 3aBUCU
He caMO On e(peKTUBHUX KoopamHaTa Bell m on epekTuBHUX mmmyica. 1o
objammaBa unmenuny na je IloaconoBa 3arpana KoopamHaTa pas3yIMUNTA O
HyJIe.

Moj opuruHaJHI TOTPUHOC j€ YKIbYUUBAIE JMHEAPHOT AUJIATOHCKOT TOJhA
®(z) = ®g + a;x", KOje je omabpaHO TAKO Oa MO3aIMHCKA MOJba 3a10BOJLABA]Y
IPOCTOPHO-BPEMEHCKE jenHaumHe Kperama. llopen ouexkmBaHe 3aBUCHOCTU
HEKOMYTaTUBHOT IIapaMeTpa O AUJIATOHCKOT IIOJba HOjaBJLy Ceé ” IBa Ha IIPBU
IorJjen HeOUeKUBaHa pe3yirara. JaBiba ce jeqHa KOMyTaTUBHA KOODIAVWHATA,
a y ciaydajy mOJaTHUX peJaluja naMely MO3aIuHCKUX MOJba CMamyje ce ou-
Mmen3uja Dp-Opamne.

1. B. Nikolic and B. Sazdovic, Gauge symmetries decrease the number of Dp-
brane dimensions, Phys. Rev. D 74 (2006) 045024.

2. B. Nikolic and B. Sazdovic, Gauge symmetries decrease the number of Dp-
brane dimensions. II. Inclusion of the Liouville term, Phys. Rev. D 75 (2007)
085011.

3. B. Nikolic and B. Sazdovic, Noncommutativity in space-time extended by
Liouville field, Adv. Theor. Math. Phys. 14 (2010) 1.

2.2 HexomyTtaruBaHOCT M T-myasTHOCT cymepcTpyHa

Teopuja cynepcrpyse canp:xu, nopen 6030HCKUX, 1 GpepMUOHCKa nosba. OHa
Cy mOBe3aHa CyNepCUMEeTPHjoM Koja je moTpebHa 300r KOH3UCTEHTHOCTU CaMe
treopuje (enuMuHanuja taxuoHa). McmocraBiba ce ga MOCTOJU IET KOH3UC-
TeHTHUX Teopuja cymepcrpyne: tumn [, Tun ITA, tun [IB u nBe xereporuure
teopuje cynepcrpyHe. OBe Teopuje MelycoOHO cy moBe3aHe MPEKOM MIyaJi-
vHoctu. Teopuja tuma I[IB onucyje cynmepcrpyny ca N = 2 cynmepcuMeTpujoM
1 GEPMUOHCKUM KOOPAMHATAMA UCTE KUPAIHOCTU, NOK Cy cnuHOpu y Tumd [TA



TEOpPUjU CYHpOTHe KupajaHoctu. Tlun I je cymepcTpyHa ca €KCIIUIUTHOM
N =1 cynepcuMeTpujom.

Y MoM pany moceOHO MeCcTO 3ay3uMa IpoydaBame - mayaHuX TpaHchop-
marja tun Il Teopuje cymepcTpyHe M OQHOC HEKOMYTaTUBHOCTU U T-myaJ-
vHoctu. IIpomenypa T-myanusanuje je TakBa MO KOHCTPYKIWjU A& CY WHU-
nujanHa m T-mgyaniHa Teopuja (U3WUKU E€KBUBAJICHTHE, a Ta (U3UUYKA €KBU-
BaAJIECHTHOCT MMa 3a MOCJEUIly Onp:Kame Opoja OO30HCKUX U (PEPMUOHCKUX
crenenu ciobome. Crammapnan Hauun T-nyanusamnuje je Bymeposa mpore-
Aypa Koja MpeACTB/ba JIOKAJM3AIN]y TPAHCIAIMOHE CUMETpPUje y3 yBobheme
MOOMATHOT UJaHa y MEejCTBY KOjU HAM OMOTYhaBa €KBUBAJEHIU]Y Ca MOUYETHOM
TeopujoM. PUKCHpameM WHUIMjAJTHUX KOoOpauHaTa [) QuMe3MOHOT IPOCTOpa
nodujaMo Teopujy KOja 3aBUCHU O T'PAIUjeHTHUX IMOJba W MAyaJHUX KOOPAU-
Hata. Ha jemmaumHama KpeTama 3a I'DaAUjeHTHA TOJba Mo0uja ce myaJrHa
Teopuja.

Y snuTepaTypu je Ayro BpeMeHa mpoydaBaHa caMo 0o30HCKa T-myasHoCT.
MebyTuMm, HEemaBHO, Yy OKBUPY aHAJIMU3E CHUMETPUja AMIIIUATYIA [IYOHCKUX
pacejama, OTKpUBEHa je ¢epMumoHcka 1-nyanHoct. PopmasHO, OHA Ipen-
cTaB/ba UCTU TUI TpaHCchopMalmuje kKao m 0Oo30HCka 1 myaanoct. Peaus-
n3yje ce JIOKaJM3aIrjoM TpaHCJIalloHe cuUMeTpuje (pepMUOHCKUX KOOPAU-
Hata. [Ipmmenom DBymepoBe mpouenype moxke ce mobutm dpepmuonHcku 1 -
oyaJjiHa Teopwuja.

Meton pa3Bujen y anaiau3u OO30HCKE CTPYHE, IPUMEHUO CaM Ha TEOPUjy
cynepctpyHa tuna [IB. I'paruunu ycmoBu cy m3abpaHu Tako na je OUyBaHA
N =1 cynepcumerpuja on maunujaiane N = 2 cynepcumerpuje tuna [IB cy-
nepcrpyHe (rpaHUYHM yCJIOBU 3a 6030HCKe KoopauHare cy Hojmanosu). Pe-
ImaBameM I'PAHUYHUX YCJIOBa N00Mja ce HEKOMYyTaTUBHOCT KOOPAWMHATA WHU-
OMjaJIHOT IpOoCcTOpa U e(eKTUBHA TeopHja, Ka0 MHUIMjAJHA TeopHrja Ha pell-
ey rpannuaux ycioBa. C apyre crpane uzspiieHa je 1’ myasusaluja Teopuje
tuna [IB cymepcTpyHe ca KOHCTAHTHUM MO3aAWHCKAM MMOJbUMA. 1 -ayajiHa
moJ/ba KOja Cy HemapHa Ha TPaHCPOPMAIM]Yy MapPHOCTU CBETCKe moBpImM ) :
0 — —0 TpencTaB/hbajy HEKOMYTATUBHE IIapaMeTpe IOK Cy IoJba Koja cy {2
napHa IpeacTaB/bajy nosba epexktuBHe Teopuje. Tarobhe morkazamo je m na
HojmarnoBu rpannyam yciioBu npenase y lupuxiaeoBe rpaHUYHE YCIOBE.

EdexTuBHA Teopuja Koja ce qobuja y IPETXOMHO ONMCAHOM CIIy4Yajy je THUIl
I reopuja cymepcrpyne. C ob63upom ma je D5-Opana crabumna u y tun [IB n
Tun [ Teopuju cynepcTpyHe, aHAJIU3UPaHA j€ HEKOMYTATUBHOCT U - IyaJHOCT
tun [IB cymepcrpyne ca D5-6panom. DBo3oHckuM KoOopamHaTtaMa OpaHe ce
mamehy HojmanoBu a mpeocranum 06030HCKUM KoopauHaTama lupuxiaeoBu
T'PAHUYHU yCIOBU. PEePMUOHCKE TPOMEHJ/LUBE 33,10BOJbABA]JY UACHTUYHE TDAHUYHE
yCJIOBE CaMO paCIUCaHE MPEKO He3aBUCHUX (-TO AMME3UOHUX cruuHOpa. Pusmyrm
CcMHUCa0 pe3yJTaTa je UCTH Kao U y caydajy kama ce HojmaHOBU rpaHmydHUI



yciaoBu HaMehy cBuM OO30HCKMM KOODIWHATAMA.

Taxkobe, y KOHTETKCTY HEKOMYyTaTUBHOCTH, DABUO caM ce U (PEPMUOHCKUM
T nyamuoctuma tun I[IB cynepctpyne. Hameramem IupuxieoBux rpaHUYHUX
yCJIOBa HA CBE KOOpAWHATE NOOUja Ce HEKOMYTATUBHOCT UMITYJICA MHUIA]jAJIHE
reopuje. HexkomyrarusHu mapamerpu cy (IO Ha KOHCTAHTY) HEKA O MOJbA
depMmoncke 1’ myaJsHe Teopuje.

1. B. Nikolic and B. Sazdovic, Type I background fields in terms of type IIB
ones, Phys. Lett. B666 (2008) 400.

2. B. Nikolic and B. Sazdovic, D5-brane type I superstring background fields in
terms of type IIB ones by canonical method and T-duality approach, Nucl.
Phys. B 836 (2010) 100-126.

3. B. Nikolic and B. Sazdovic, Noncommutativity relations in type IIB theory
and their supersymmetry, JHEP 08 (2010) 037.

4. B. Nikolic and B. Sazdovic, Fermionic T-duality and momenta noncommuta-
tivity, Phys. Rev. D 84 (2011) 065012.

5. B. Nikolic and B. Sazdovic, Dirichlet boundary conditions in type IIB super-
string theory and fermionic T-duality, JHEP 06 (2012) 101.

2.3 T-myasHOCT 1 HEKOMYTAaTUBHOCT 3aTBOPEHE CTPYHE

JemHa on BpPJIO aKTyesHUX TeMa y ODJIACTU Teopuje CTPYHA je MpOoydaBame
T-nyananocTu 1 HEHO TOBE3UBAKHE CA HEKOMYTATUBHOIINY 3aTBOPEHE CTPYHE.
Y cayuajy 3aTBOpeHe OO30HCKe CTPYHE KOja Ipomarupa y IPOCTOPBPEMEHY
KOHCTAHTHE METPUKE M y TIPUCYCTBY KOHCTAHTHOT KRanb-PamonoBOr mosma,
KOODAWMHATE KOMYTHUDPAajy. 3aap:KaBambeM KOHCTATHE METPUKE U YBODemeM
ciabor Kan6-PamonoBor mossa koje 3aBucH JmHEapHO On KoopawHaTta (y
CKJIAIy Ca MPOCTOPHO-BPEMEHCKUM jeNHAUYMHAMA 34 I[O33UHCKA MO0Jba) He
ryoum ce TpaHCIAIMOHA CUMETPUja TEOpHUje ain ce nobuja, IPUMEHOM YOIIIIT-
ene Bumepose nponenype, jegan HaU3TJIed HEOUEKUBAH PE3YJITAT - HEKOMY-
TATUBHOCT KOOPAMHATA 3aTBOpeHe cTpyHe. CIMYHO KAO ¥y TEOPUjUu OTBOPEHE
CTPYHE, y TEOPUjU 3aTBOPEHE CTPYHE HEKOMYTATUBHOCT CJIEIV U3 YUH€HUIE
na ce npuMeHoM yommrene bymepose mpouenype nobuja na uzsoau T-myasnux
KOOPAMHATA 3aBUCE OJ KAHOHCKUX MMIIYyJICA U U3BOJAA KOODPAMHATA MOUYETHE
teopuje. CraHmapHO Cce y JUTEPATYPU MPOyYaBa]y KOOPIAWHATHO 3aBUCHA
MO3aUHCKA TOJba ayim ce T'-myanau3anuja BpIIU Oy:K M30METPHUjCKAX ITpaBalia
- mpaBama OJ KOjUX IMO3aAUMHCKA M0Jha HE 3aBUCE Y3 IPUMEHY HETPUBU)jATHUX
yciaoBa HaMoTaBama. lIpumena yomnmrene Bymepose mporenype omoryhasa



Ayanu3anujy IOy CBHAX IIpaBalla U JOoOujame HEKOMYTATHMBHOCTH U Heaco-
I1jaTUBHOCTY y3 TPUBUjAJIHE YCJIOBE HaMOTaBama. lakobe y mobujenoj T-
IyaJIHOj TE€OPHUjU HEJOKAJHOCT je MaHU(EeCTHA.

1. Lj. Davidovic, B. Nikolic, B. Sazdovic, Canonical approach to the closed string
noncommutativity, Eur. Phys. J C74 (2014) 2734.

2. Lj. Davidovic, B. Nikolic, B. Sazdovic, T-duality diagram for a weakly curved
background, Eur. Phys. J C75 (2015) 576.

3. B. Nikolic and D. Obric, Noncommutativity and nonassociativity of closed
bosonic string on T-dual toroidal background, Fortsch. Phys. 66 (2018)
0400009.

2.4 T-npyasHOCT M yABOCTPYYE€HU IIPOCTOPU

Rana rosopumo o T-gyamHocTy ToBOPUMO O TpaHCHOpMANUjU KOja MOBe3yje
(U3UYKN €KBUBAJIEHTHE Teopuje. Y KOJIMKO OMCMO YIBOCTPYYMJIN IPOCTOP
TaKO Ja WHUNWjaJHUM KoopauHaTama ¥ momamo T-myasne kKoopmmHaTe ¥,
OHIa MOKeMO roBopuTu O T-mayamHoctu Kao cumerpuju Teopuje. Mneja
O yOBOCTPYYEHUM IIPOCTOPUMA je cTapa OKO MABE HelleHuje, a IMocebHO je
3aHUMJbMBA y IpoydaBamy 1-myamnoctu. Y yaBocTpydeHOM mpoctopy T-
AYAJHOCT Ce PeNpe3eHTyje MATPUIOM IepMyTallije MOACKYyIa KOOPAUMHATA
KOje myanausdyjemo u onropapajyher moackyna T-nyamaumx koopauHarta. W3
3axTeBa Ja 3aKOH T-nyanHe TpaHcdopmanuje Oyme MUCTU 3a yABOCTPYUEHE
roopauruate ZM u mwwuma T-nyamme ,Z™ nobujajy ce mspasum 3a T-myanna
MO3aAMHCKA T0Jha MPEKO WMHUIMjaJHUX MO33IUMHCKUX moJba. [lokazano je ma
je T-nyanuzanuja y OKBUPY (popMaim3Ma yIABOCTPYUYEHUX IPOCTOPA €KBUBA-
JIEHTHA ca pe3yJiaTaruMma u3 DbymepoBe mpouenype kKoja ce MOkKe cMaTpaTu
nepruurmjom T-nyanHocTy, Kako 3a OO30HCKY TakOo W 3a (EPMHOHCKY. Y
aHaysm3aMa je kopumhern mognen tun Il cymepcrpyre y ¢dopmMmynanujn ducTor
CIIMHOPa& Ca KOHCTaHTHUM IIO3adMHCKMM IIOJbLMMA. I[aJLI/I paa noapa3dyMeBa
UCIUTUBAKE OIIITEr Caydaja y KOjeM je jemuHa ampoKCUMalurja 1a MO3a I WH-
CKa ToJhba He 3aBUCE O] IpaBala Oy:K Kojux ce myaausyje. IIpoyuaBame T'-
Ayaau3anuje y yABOCTPYYEHUM IPOCTOPUMA MPENCTAB/ba W MAJIU KOPAK Ka
6omem pasymeBame M-teopuje. Jemua T-nyanusanuja npesomu tunllA/B
y TunllB/A, a dopmanuszam yaBoCTpydeHUX HOpocTopa objemumyje Te nBe
Teopuje y jenHy.

1. B. Nikolic and B. Sazdovic, Fermionic T-duality in fermionic double space,
Nucl. Phys. B917 (2017) 105-121.



2. B. Nikolic and B. Sazdovic, T-dualization of type II superstring theory in
double space, Eur. Phys. J. C77 (2017) 197.

Hamowmena: IlonByuene Teme cy pabene y mepuomay on m3dbopa y camallme
3BAHE.



1 EgemeHTHU 3a KBAJIUTAaTUBHY AaHAJIMU3Y pana

1.1 KRBajuTeTr HayuyHUX pe3yJTara
1.1.1 Hayusu HEMBO U 3HAuUAaj pe3yJjiTaTa, YTUIAj HAYYHUX PaaoBa

Ip Bojan Hukonuh je TokoM HayuHe Kapujepe o0OjaBuo ykymHo 17 pamoBa
y mMebynaponnuMm yacomucmma ca pereHsujoMm, ox vera 13 rareropuje M21,
1 xareropuje M22 m 3 rareropmje M23. YkKyman mMmMmaxr (GpakTop pagoBa
je 63,436. On omnyke Hayunor Beha o mpemiory 3a cTuname 3Bama BUIIA
HayuHu capanguuk np Hukomuh je objaBmo 5 pamoBa kareropuje M21. Yky-
IIaH MMIAKT (aKTOp OBUX panoBa je 21,716.

Kao majsmavajuuju pany uzbopom nepuony kanaunata Komucuja ucrtude:

Lj. Davidovi¢, B. Nikoli¢ and B. Sazdovi¢, Canonical approach to closed string
noncommutativity, Eur.Phys.J. C74 (2014) no.1, 2734.

Y pany je anamusmpaHa OO30HCKA CTPYyHa y ciiabO 3aKPUBJLEHOM IIPOC-
TOPY Ca KOHCTAHTHOM METPUKOM U JWHeapHO 3aBucHuM Kainb-PamonoBuMm
nosmeMm. KRopumhewmem yonmrene T-nyanusanuone mpouenype U KaHOHCKOT
dpopMann3Ma, OOMjeHN Cy TpaHCHOPMAINOHN 3aKOHU KOJU CY AaJbe MCKOPHUII-
henu 3a manaxkeme [loaconoBux 3arpana nyanaux koopauuarta. [lokazano je
aa Ccy y ciaydajy HeHyaTe BpennocTu jaumue Kanb-PamonoBor mosma Iloa-
coHoBe 3arpane T-mayaJdHuUX KOOpIAWHATA MPOIMOPIMOHAJIHE OpPOjy HamoTaja.
[Iomro cy mobujene IloacomoBe 3arpamne T-ayanHUX KOOpAMHATA KOODIU-
HATHO 3aBucHe, y T-nyasHoj caumu ce mojaBJbyje 1 HEACOIjaTUBHOCT. JenaH
on pe3yiaTaTta jecTte m na je nodbujena T-myanaHa Teopuja HEJIOKAJHA.

1.1.2 Tlo3mTmBHaA IMUTUPAHOCT HAYUYHUX PaaoBa

[Ipema Gas3u Scopus XupImoB MHAEKC KaHauaaTa je 7, a 6poj murara 100.
Henmocpenaum yBumoM y cnmcak pamoBa W MUTATA AOOMjaMO 1Ia je YKyIaH
opoj murara 136. Bpoj nurara 6e3 ayromurara m murara kKoayropa je 16,
IOK je XWPIIOB MHIEKC 3.
[Ipunor: nucre muTUpaHOCTU M3 YeTUpPU Oa3e KAO M JOeTabaH CIUCAK
pamoBa KOjU NMUTHUPAjy PagoBe KaHIUIATA.

1.1.3 IlapameTpu KBaJmMTETa YACOMUCA

Ip Bojam Huronumh je ToroM kapujepe objaBumo ykymHo 17 pamoBa y dYa-
comucuma ca UCU nucrte ox Ttora 13 rareropuje M21, 1 kareropuje M22 u
3 rareropuje M23. Ykynan umnakt ¢akrop pangosa je 63,436. Onm ommayke



Hayumor Beha o mpensory 3a crumame 3Bama BUIIM HAYYHU CAPATHUK IP
Huromuh je objaBmo 5 pamosa kareropumje M21. Yryman mMmaxT ¢(axTop
oBuX pamoBa je 21,716.

36upuo npurasano ap Huromuh je o6jasuo:

2 pana y Journal of High Energy Physics, (cpemmu MP=5.931)

3 pana y Physical Review D, (cpemmu Md= 4.728)

3 panma y European Physical Journal C, (cpemmu MP=4.759)

2 pana y Nuclear Physics B(cpenmu, UP=3.055)

2 pana y Fortschritte der Physik, (M$=3.263)

2 pama y Romanian Journal of Physics, (M1®=0.684)

1 pan y Advances of Theoretical and Mathematical Physics, (M1®=1.736)

1 pan y Physics Letters B, (M$®=4.034)

1 panx y International Journal of Modern Physics A, (M1$=0.941)

[Tocne ognyke Hayunor Beha o mpemiory 3a crurame 3Bamha BUIIKA HAY YHU
capanuuk ap Hurkoauh je oGjaBuo:

e 3 pana y European Physical Journal C (U ®gp14 =5.084, U Pyy5 =4.912,
Ndyy7 =5.172)

e 1 pax y Nuclear Physics B (M1$=3.285)
e 1 pan y Fortschritte der Physik (M1$=3.263)

[Tomanmu o momaTHMM OUOJIMOMETPUjCKUM IapaMeTpuMa KBAJUTETa dYa-
commca y KojuMa je KauauaaT o0jaBisuBao pamgose kareropuje M20 y uzbopuOM
mepuony mare Ccy y IOHmOj Tabemn.

| | M® | M | CHMUII |

Y Ky1HO 21.716 40 6.027
Y cpenmeno o umasky | 4.343 8 1.205
Y cpemmeno o ayropy | 9.193 | 17.333 | 2.572




1.1.4 CrenmeH caMOCTAJIHOCTU U CTENEH ydeniha y peajau3anujy paaoBa
Y HAYYHUM HEHTPUMA Y 3€MJb ¥ MHOCTPAHCTBY

On m3bopa y 3Bame Bumu Hayunu capagauk (29.01.2014.rox.) ap Huromuh
je TIOKpEeHyO HOBe IpaBlle UCTPAKMBaBka KOjU paHuje Hucy nocrojanu y Cp-
ouju. IIpBa Tema u3 te rpyne je pepmuoncka T-nyannocT. Y Teopuju craH-
napaoHo moctoju 0030HCKa T-myasusanuja Koja ce TEeXHUYKU OABUJU IPEKO
Bymepoge T-nyanuzamnuone nporenype. HenaBHo je rpyna uctpasxkuBava OKO
npod. Mannamnerne u npod. Harana DeproBuna m3 LGpasuna npoyuaBajyhn
aMILIUTY e pacejama IVIyOHa mpoHamia pepMuoHcky T-nyannoct. OnHa ce
UMIIEMEHTUPA MaTeMaTUYku npuMeHoM BycuepoBe mpornenype camo ce may-
anusyje oy:X (epMUOHCKUX mpaBana 0% u 0>. Y capammu ca ap BaxmaToBuMm
KOju je O6mo mocTIoKTOpaHT Kox npod. DBeproBuma, nobujeHa je HEKOMyTa-
TUBHOCT (pepMUOHCKUX mMIryjca y Tul [l Teopujama cynepcrpyna xopuctehu
ce pepmuonckoMm T-nyanuomhy. Takobe pasjammen je yTunaj mos3aIrnHCKAX
I0Jha HA HEKOMYTATUBHE IMapameTpe.

Ilpyra Tema u3 rpylne HOBUX MpaBala UCTPAKUBAMKHA je HEKOMYTATUBHOCT
3aTBOpeHe 0030HCKe cTpyHe. Ca OBOM TeMOM ce KaHIUIAT yIO3HAO Y TOKY
mecroMecedHor bopaska y MuHXeHy y OKBUPY IpOorpamMa CTUIEHINPaHa TOCT-
IOKTOpaHara on crpaHe MwuHmMcTapcTBa IpOCBeTe, HAyKe U TEXHOJOIIKOT
pa3Boja Penybuure CpoOuje. TBoparn te nneje je npod. urep Jluct ca Jlyn-
Bur Makcumunnjan Y HuBep3uTeTa y Munxeny u jenan on Bonehux ¢usnyapa
y obJsiacTtu Teopuje cTpyHa. Y KOMOMHAIMjU ca yormTeHoM T'-ayaan3ainrnonom
npouenypoMm pasBujeHoM Ha VHcTuUTyTy 3a (pusuky, mobujeHa je TeHepaJ-
uzanuja pesyiarara rpyne lurtepa Jlucra. Taxkobhe rao mocimenuiia HEKOMY-
TATUBHOCTU MNOOUjEH je KOHKpeTaH OOJUK peJaluja HeacOIUjaTUBHOCTU 3a
cay4daj DO30HCKe CTPpyHE y ¢j1abo 3aKPUBJHEHOM IIPOCTODY.

Tema macrep pana llanujema O6puha je y Be3u ca mpobIeMaTUKOM HEKO-
MyTaTUBHOCTU U HeacolujaTuBuoctu 3D topyca. Pan je ycmemuo onbpamen
a pesyJaTartu pamna cy myoaumkoBaHUW y dacomucy karteropuje M21 Fortschritte
der Physik.

Tpeha tema kKoja je yBemeHa y MOCJIEAHmUX HEKOJMKO TOAWHA je y TeMa
YyIBOCTPYUYeHUX mpoctopa. Mnaeja je ma ce HampaBu ABOCTPYKU ITPOCTOP
yjeInmbaBamheM UHUNUJAJTHUX U 1- IyaTHuX KoopAnHaTa. [-ayaHOCT MOCTaje
CUMeTpUja W MO:Ke Ceé MaTPUYHO PENpe3eHTOBATU MATPUIIOM MepMYyTaIdje.
WsBpmena je ananmi3a 0030HCKe m pepMmuoncke T-nyamanoctu tun [/ cymep-
CTPYHE y yOBOCTpydYeHUM mpoctopuma. Jlobujenu pesynratu cy y carjac-
HOCTU ca craHmapaaoM T-nyanusamuonom (BycuepoBoMm) mporerypom.



1.2 AmHra)xkoBaHOCT y pa3BOjy ycJIOBa 3a HAyYHU pan, oopa-
30Balkby U popMHUpamy HAYYHHUX KaOpOBa

ITon merropcTBoMm np Huroauha ypabene cy nBa macrep pama. Macrtep pan
Munusoja Jojuha ” T-nyamrHocT HA TOPYCYy TPEKO KOMIIJIEKCHIUX mapaMerapa’”
ypaben je u ycnemno onbpamen 2015. roauae Ha Pusnuxkom parynrery Y HuU-
Bep3uTera y beorpany, mok je macrep pan lamujema O6puha ”Hekomyra-
TUBHOCT U HEACOUUjATUBHOCT 3aTBOpeHe DO30HCKE CTPyHE” yCHemHo On0paH-
jern Ha PumsmuroMm ¢arynrery 2017. rommue. Pesynratm pama cy myOanko-
BaHu y udaconucy M21 rareropuje,

B. Nikolic, D. Obric, Fortschritte der Physik 66 (2018) 040009.

Kanmunat je mroscke 2013/2014 panno Kao CnombHA CAPATHUK-TIPOHECOD
¢usure y Maremarnukoj rumuaszuju. Onx 2015/2016 anra:xkoBaH je Kao HaC-
TABHUK Ha npenMeruma PauyHcku mpakTukyMm 1 n 2 y mOoceOHOM Olle/hemy 3a
y4eHuKe mocebHO HaJapeHe 3a U3UKY Y 3€MyHCKO] TMMHA3UjU.

[Tpusior: yroBop o aHra;kKoOBamy y 3€MYHCKOj TUMHA3UJjU KAO U 3AIMCHUIN
ca cemuuna HacraBuo-nayunor Beha ®usmuror darxynrera y Beorpany na
KOjuMa Cy omoOpeHe MacTep Te3e MOMEHYTUX KaHANAATa.

1.3 Hopmwumpame Opoja KOAYTOPCKUX paaoBa, IaTeHaTa "
TEeXHUUYKNX PeIlieiha

Bpoj ayropa y pamoBuma rkanaunata np Huronauha je makcumaano 3 a Hajuer-
he 2 mro ce y Teopujckoj Gpu3uIm cMarpa 3a CTONPOIEHTHU HONPUHOC (U
npema [IpaBuiauMKy Tek 3a Opoj ayTtopa> 3 MOCTOjU KOAYTOPCKUA AOMPUHOC).
Yxynaun 6poj M-6omoBa je 40.

[Ipunor: cnucak pamoBa KaHIUAATA.

1.4 PyxoBobeme mpojeKTuMa, MOTIPOjEKTHMA M IIPOjEKT-
HUM 33 0aIMa

Ip DBojar Huronumh pykoBomu normpojekrom ’T-nyanusanumja oTBOpeHe U
3arBOpene (cymep)crpyne” y OKBUpY Ipojekta MunucrapcTBa mpocBeTe, HAyKe
u Texuojomikor pasBoja OH 171031 u I'pyme 3a rpaBuranujy, 4ecTuie u
nosma MucTuryTa 3a ¢usury Leorpam.

[Ipunor: moTBpaa pyKOBOIMOIA TPOjEKTA.

1.5 AKTHUBHOCT y HAyYHO CTPYYHUM JAPYHITBUMA

Ip Bojan Huronuh je y nBa maBpara 6uo uman Ilp:xkaBue romucuje I1PC
3a TaKMUYEH€ yYUYeHUKa cpenmux mkosa - 2003.-2005. u 2011.-2013., u rao



ayTop 3amaTaka u Kao nperygenad. ¥ mepuony 2004. mo 2006. unaH je penak-
nuje yaconuca Maanu ¢usuuap, koju uznaje IPC y cBpxy momynapuzanuje
¢um3ure. AKTUBHO je yuecTBOBao y obenexxaBamy CBeTcke roawHe pu3uke Ha
NucturyTy 3a ¢dusmky. YaaH je JOKAJHUX OPraHM3aUMOHUX KOMUTETA BUIIE
Mebynapomuux m nomahux KoHpepeHIUja W PaIUOHWIA OPrAaHU30BAHUX O
crpare Mucturyra 3a ¢usuky mnum ['pyne 3a rpaBuTanyjy, 4eCTUIE U IOJbA.

[Ipunor: xommja ”Mumanor ¢umsmuapa”, oamraMnane WHTEPHET CTPAHUIIE
IIKOJIa U KOH(pepeHnuja.

1.6 YTuiajHocT HAyUYHUX pe3yJiTara

Hurupanoct kao u kBasaurer yaconuca (Bucoxk MP) y kojuma np Hukonuh
nyOJIMKyje roBope o KBasuTeTy nobumjerux pesyarara. Panx n3z 2007. ronuue

B. Nikolic and B. Sazdovic, Noncommutativity in space-time extended by Liou-
ville field, Adv. Theor. Math. Phys. 14 (2010) 1,

je objaB/meH y cBecHu ca jOII caMO b pagoBa OX KOjUX je jemaH paj
nesno EnBapna Burena, Bomeher ekcnepra y obiactu MaTteMaTHyke (QU3UKE
U Teopuje CTPYyHA.

[Ipusior: kommja mpBe CTpaHe YACOIUCA.

1.7 KoHkpeTaH NONPUHOC KAHOUIATA Y PEAJIU3AINJU PAIOBA
Yy IEHTPUMA Y 3€MJbU Y MHOCTPAHCTBY

Ip Huronuh je noHeo mBe HOBE TeMme y TPYIY KOja ce DaBU TEOPUjOM CTPYyHA
(np Bpaunucaas Casznosuhi, np Jbybuna Hasunosuh, nokropann Naunja Vsan-
nmesuh, np Bojan Huronuh). Ilpsa je ¢pepmumoncka T-myamuoct (mpouc-
TekJa u3 KopecmoHmeHmuje ca ap Mimom BaxmaroBum) a apyra HEKOMyTa-
TUBHOCT 3aTBOPEHE CTPYHE TOKOM MOCTIAOKTOPCKOr OOpaBKa y TI'pymu mpod.
JIucra. Y oxBupy npse teme np Hwukosnuh je mpumenwo depmumoncry T-
AyaJHOCT Ha ciaydaj tun Il Teopuje cymepcTpyHe y (QOPMYJIAIUjU UYUCTOT
cumuopa. p Hukonauh je ydyecTBOBAO KaKO y aHAJIUTUYKOM pAUYyHAHY TAKO
U y UHTEPIPETANUjU Pe3yJITaTa IPUIPEMHU YIaHKA aJId U Yy KOMyHUKAIUjU Ca
pedepujuM Kao KOPECIOHIEHTHU ayTop.

Hpyry cnoMeHyTy TeMy, HEKOMYTATUBHOCT 3aTBOpEHe cTpyHe, np Hukonuh
je yYmo mMpeKTHO on meHor aytopa mpod. Jlyecr-a Torkom OopaBka y MwuH-
xeny. Ilo moBpatky m3 Mwunxena maeja je kKoMOMHOBaHa ca yONIITEHOM -
AyaJI3aIlMOHOM MpPOoNeaypoM kKoja je Beh Ouia passujena y Wucrturyty 3a
¢m3ury. Pesynrar je remepanusamnumja pesyiarara OOMjeHUX Yy T'PYOH JIp.



JIucra-a Ka0 M 3HAYAJHO IOjeTHOCTABIHEHE MATEMATUYKOL HeJIa IPOIEIype.
" y orxBupy oe Tteme np Huronuh je yuecrBoBao y cBuM (hazama ox ¢op-
MyJlanyje TeMe IO KOPEeCIOHAEHINje ca pedepujuMa U e IMTOPUMA.

Toxkom HbopaBka y MuHXeHy yCHOCTaBJ/beHA je capalma Cca IPYIOM IPOd.
Jlucra (HEje Ppopmanm3oBaHa), KOja ce Oryelia y 4ecToj KOPECHOHIEHIUjU U
aHaJM3U HOBUX PAJOBa, MITO AONPUHOCU BeheM KBasuTeTy pe3yiarara.

1.8 YBomua mpenmaBama Ha KOH(PepeHIUjaMa U Opyra Ipe-
naBama

[Tocne mperxomuor uzbopa y 3Bame ap bojan Hukosnuh je ompskao caeneha
mpenaBama MO MO3UBY Ha CKYIMOBUMA O HAIMOHAJIHOT 3Hadaja: M 61

b. Hukonuh, I'pasumayuonu masacu - 00 meopuje 0o dupexmue demexyuje,
Hacrasa ¢usukre 6poj 3, maj 2016, 213-221, X X XV Penybauuku cemuHap
o HacTtaBu (pusmke, 3imatudbop 12.-14. maj 2016.

[Tpusor: kommja pama, miaaH pajga CKyla, MO3UB OPraHU3aTOPA.



OcTBapenu pesyararu HakoH omryke Hayunor sehia o mpemiory 3a ctu-
name camammer (IomTo ce paau O pen3bopy) HayUYHOD 3Bamba

Rareropuja | M 6omoBa | Bpoj Yrynao | Hopmupanu 6poj
mo pany | pamoBa | M 6omoBa M 6Gonosa
M21 8 5 40 40
M33 1 4 4 4
M61 1.5 1 1.5 1.5
M63 1 1 1 1

ITopebeme ca MuHUMATHUM KBAHTUTATUBHUM YCJIOBUMA 3a PEU30OP y 3BaImE

BUIIN HaYYHU CapadHUK

1

Moy + Mag + Mas

Heonxommo | OcTtBapeno
Y KymHO 25 46.5
Mo + Mo+
Bumwu H. capamuauk (peu36op) 4]\_4]?{/1[—1—_{_\/[;; 20 44
33 41
My + Mot 15 40

Tlo IpaBunuuky 3a peu3bOp y 3BaM€ BUIIM HAYYHHM CAPATHUK KAHIAIAT MOPA X8 OCT-
BApU MUHUMAJIAH yCJIOB-IIOJIOBUHY IIOE€HA MOTPEOHUX 34 3BAH-€ BUIIU HAYYHU CAPaIHUK




Spisak objavljenih radova sa citatima *

July 5, 2018

Radovi u vrhunskim medjunarodnim ¢asopisima, M21 - (848+48+8+8=40)

1. B. Nikoli¢ and B. Sazdovié¢, Gauge symmetries decrease the number of Dp-brane
dimensions, Phys. Rev. D 74 (2006) 045024.

2. B. Nikoli¢ and B. Sazdovi¢, Gauge symmetries decrease the number of Dp-brane
dimensions. II. Inclusion of the Liouville term, Phys. Rev. D 75 (2007) 085011.

3. B. Nikoli¢ and B. Sazdovi¢, Type I background fields in terms of type IIB ones,
Phys. Lett. B666 (2008) 400.

4. B. Nikoli¢, B. Sazdovi¢, D5-brane type I superstring background fields in terms of
type IIB ones by canonical method and T-duality approach, Nucl. Phys. B 836
(2010) 100-126.

5. B. Nikoli¢ and B. Sazdovié¢, Noncommutativity relations in type IIB theory and their
supersymmetry, JHEP 08 (2010) 037.

6. B. Nikoli¢ and B. Sazdovi¢, Noncommutativity in space-time extended by Liouville
field, Adv. Theor. Math. Phys. 14 (2010) 1.

7. B. Nikoli¢ and B. Sazdovi¢, Fermionic T-duality and momenta noncommutativity,
Phys. Rev. D 84 (2011) 065012.

8. B. Nikoli¢, B. Sazdovié¢, Dirichlet boundary conditions in type IIB superstring theory
and fermionic T-duality, JHEP 06 (2012) 101.

9. * Lj. Davidovi¢, B. Nikoli¢, B. Sazdovi¢, Canonical approach to the closed string
noncommutativity, Eur. Phys. J CT74 (2014) 2734.

*Ovde je dat spisak svih radova. Radovi objavljeni posle pokretanja postupka za izbor u zvanje visi
nauéni saradnik (diferencijalni radovi) kao i novi citati su oznaéeni zvezdicama. Zbirovi posle poena se
odnose na diferencijalne radove.



10. * Lj. Davidovié, B. Nikoli¢, B. Sazdovié, T-duality diagram for a weakly curved
background, Eur. Phys. J C75 (2015) 576.

11. * B. Nikoli¢ and B. Sazdovié¢, Fermionic T-duality in fermionic double space, Nucl.
Phys. B917 (2017) 105-121.

12. * B. Nikoli¢ and B. Sazdovi¢, T-dualization of type II superstring theory in double
space, Eur. Phys. J. CT7 (2017) 197.

13. * B. Nikoli¢ and D. Obrié¢, Noncommutativity and nonassociativity of closed bosonic
string on T-dual toroidal background, Fortsch. Phys. 66 (2018) 040009.

Rad u istaknutom medjunarodnom c¢asopisu, M22

1. B. Nikoli¢ and B. Sazdovi¢, Central charge contriution to noncommutativity, Fortschr.
Phys. 56, 491 (2008).

Rad u medjunarodnom casopisu, M23

1. B. Nikoli¢ and B. Sazdovi¢, Type I superstring theory in the form of open type IIB
with appropriate choice of boundary conditions, IJMP A24 (2009) 2857.

2. B. Nikoli¢ and B. Sazdovi¢, Supersymmetry of noncommutativity relations, Rom.
Journ. Phys. Vol. 57, Nos. 5-6, P. 931-937, Bucharest, 2012.

3. B. Nikoli¢ and B. Sazdovi¢, Noncommutativity and T-duality, Rom. Journ. Phys.
Vol. 57, Nos. 5-6, P. 816-829, Bucharest, 2012.

Saopstenje sa medjunarodnog skupa Stampano u celini, M33 (1+1+1+1=4)

1. B. Nikoli¢ and B. Sazdovi¢, Noncommutativity in the presence of the dilaton field,
Zbornik radova, Balkan Workshop 2005 (BW2005), IT Southeastern European Work-
shop ”Challenges Beyond the Standard Model”, Facta Universitatis, Series: Physics,
Chemistry and Technology, Vol. 4, N° 2, (2006) 405-413, editors: G. Djordjevié, Lj.
Nesi¢ i J. Wess.

2. B. Nikoli¢ and B. Sazdovié¢, From Neumann to Dirichlet boundary conditions, Sixth
International Conference of the Balkan Physical Union, Istanbul, Turkey, 22.-26.
august 2006.; Springer, Series: AIP Conference Proceedings, Vol.899, (2007) ISBN:
978-0-7354-0404-5 (151—152). Editors: Cetin, Serkant Ali; Hikmet, Iskender.

3. B. Nikoli¢ and B. Sazdovi¢, Open string boundary conditions dependence on the
background fields, 4th Summer School in Modern Mathematical Physics, Belgrade,
Serbia, 3—-14. September 2006, editors: B. Dragovich, Z. Raki¢ (SFIN, XX A1 2007)
327 — 334.



4. B. Nikoli¢ and B. Sazdovi¢, Improved relations between type I and type IIB back-
ground fields, The 5th MATHEMATICAL PHYSICS MEETING: Summer School
and Conference on Modern Mathematical Physics, Belgrade, Serbia, 6-17 July 2008,
editors: B. Dragovich, Z. Raki¢ (SFIN, XXII A1 2009) 305 — 316.

5. B. Nikoli¢ and B. Sazdovi¢, Hamiltonian Approach to Dp-brane Noncommutativity,
Spring School on Strings, Cosmology and Particles, Belgrade-Nis, 31.3.-04.04.2009.,
Monograph issue on ”Modern Trends in Strings, Cosmology and Particles”, Publi-
cations of Astronomical Observatory of Belgrade No.88, July, 2010, 61; Editors: M.
Cirkovi¢, G. Djordjevi¢, G. Senjanovi¢, Referees: M. Hindmarsh, Dj. Sijacki, D.
Stojkovié.

6. B. Nikoli¢ and B. Sazdovié¢, T-duality and noncommutativity in type IIB super-
string theory, The 6th MATHEMATICAL PHYSICS MEETING: Summer School
and Conference on Modern Mathematical Physics, Belgrade, Serbia, 14-23 Septem-
ber 2010, editors: B. Dragovich, Z. Rakié¢ (SFIN, XXIV A1 2011) 259 — 266.

7. * Lj. Davidovi¢, B. Nikoli¢ and B. Sazdovié¢, Complet T-dualization of a String
in a Weakly Curved Background, Springer Proc.Math.Stat. 111 (2014) 13-20, 10th
International Workshop on Lie Theory and Its Applications in Physics (LT-10), 17-23
June 2013. Varna, Bulgaria.

8. * Lj. Davidovié¢, B. Nikoli¢ and B. Sazdovi¢, Weakly curved background T-duals,
8th Mathematical Physics Meeting: Summer School and Conference on Modern
Mathematical Physics, SFIN XXVIIT A1 (2015) 43.

9. * Lj. Davidovi¢, B. Nikoli¢ and B. Sazdovi¢, Closed string noncomutativity in the
weakly curved background, 8th Mathematical Physics Meeting: Summer School and
Conference on Modern Mathematical Physics, SFIN XXVIII A1 (2015) 51.

10. * Lj. Davidovié¢, B. Nikoli¢ and B. Sazdovi¢, T-dualization of a weakly curved back-
ground, J.Phys.Conf.Ser. 804 (2017) no.1, 012014, 24th International Conference on
Integrable Systems and Quantum Symmetries (ISQS-24), 14-18 Jun 2016. Prague,
Czech Republic.

Saopstenje sa medjunarodnog skupa Stampano u izvodu, M34

1. B. Nikoli¢ and B. Sazdovié¢, Central charge contribution to noncommutativity, BW2007
IIT Southeastern European Workshop “Challenges Beyond the Standard Model”,
Kladovo, Serbia, 2-9. September 2007, editors: G. Djordjevic, M. Haack, Lj. Nesic
(BW2007 Book of Abstracts, Faculty of Sciences and Mathematics, Section of Ser-
bian Physical Society, Nis 2007) 35.



2. B. Nikoli¢ and B. Sazdovié¢, Hamiltonian Approach to Dp-brane Noncommutativity,
Spring School on Strings, Cosmology and Particles, Belgrade-Nis, 31.3.-04.04.2009.,
Book of short contributions and extended abstracts (32-34); Editors: M. Cirkovié,
G. Djordjevi¢ and Lj. Nesic.

3. Lj.Davidovi¢, B. Nikoli¢ and B. Sazdovi¢, Noncommutativity and T-duality, Balkan
Summer Institute - BSI 2011, August 19 - September 1, 2011, Ni§ - Donji Milanovac,
Serbia; Editors: G. djordjevi¢, Lj. Nesi¢, G. Senjanovic..

4. B. Nikoli¢ and B. Sazdovié¢, Noncommutativity in type IIB superstring theory and
supersymmetry, Balkan Summer Institute - BSI 2011, August 19 - September 1,
2011, Nis - Donji Milanovac, Serbia; Editors: G. djordjevi¢, Lj. Nesi¢, G. Senjanovic.

Predavanje po pozivu sa skupa nacionalnog znacaja Stampano u celini, M61
(1.5)

1. * B. Nikoli¢, Gravitacioni talasi - od teorije do direktne detekcije, Nastava fizike broj
3, maj 2016, 213-221, XXXIV Republicki seminar o nastavi fizike, Zlatibor 12.-14.
maj 2016.

Saopstenje sa skupa nacionalnog znac¢aja Stampano u celini, M63 (1)

1. B. Nikoli¢, i B. Sazdovi¢, Grani¢ni uslovi za otvorenu strunu i nekomutativnost
prostornih koordinata, Zbornik radova sa 11. kongresa fizi¢ara Srbije i Crne Gore,
Petrovac na moru, Srbija i Crna Gora, 3.-5. jun 2004. godine, urednici: N. Konjevi¢,
B. Vujici¢ i P. Miranovi¢ (2004) 5-133 — 5-136.

2. B. Nikoli¢ and B. Sazdovié, Noncommutativity in the presence of dilaton field,
Zbornik radova sa naucno-stru¢nog skupa “Sto godina teorije relativnosti“, Banja
Luka, Republika Srpska, 29.-30. septembar 2005. godine, urednici: Rajko Kuz-
manovi¢, Dragoljub Mirjani¢, Branko Skundrié¢ i Zoran Rajili¢ (2005) 59 — 70.

3. B. Nikoli¢ and B. Sazdovié, Contribution of dilaton field to Dp-brane properties,
FIS2007- Fundamentalne Interakcije - Srbija 2007, septembar, 26-28 2007, Iriski
venac, Novi Sad, Srbija. Journal of Research in Physics, Vol. 31, N° 2, (2007),
ISSN 1450-7404, (98-101). Editors: Istvan Bikit, Ivan Ani¢in, Dragan Popovié, Ilija
Savié¢, Milutin Blagojevié¢, Miroslav Veskovié, Petar Adzi¢, Bozidar Ceki¢, Krunoslav
Subotié¢, Maja Buric.

4. * B. Nikoli¢, Gravitacioni talasi - Sta se to talasa?, Zbornik radova 7100 godina
Opste teorije relativnosti” str.43, 23. jun 2015. godine, SANU, Beograd, Srbija.

Odbranjena doktorska disertacija, M71

4



1. B. Nikoli¢, Nekomutativnost i dimenzionalnost Dp-brane, Fizicki fakultet Univerziteta
u Beogradu, 2008, mentor: prof. dr Branislav Sazdovi¢

Odbranjena magistarska teza, M72

1. B. Nikoli¢, Efekat dilatonskog polja na nekomutativnost prostorno-vremenskih ko-
ordinata, Fizicki fakultet Univerziteta u Beogradu, 2006, mentor: prof. dr Branislav
Sazdovié



Citiranost

(1) B. Nikoli¢ and B. Sazdovi¢, Gauge symmetries decrease the number of Dp-brane
dimensions, Phys. Rev. D 74 (2006) 045024, citiran je u:

e * B. Nikoli¢, D. Obri¢, Noncommutativity and nonassociativity of closed bosonic
string on T-dual toroidal backgrounds, Fortsch.Phys. 66 (2018) 040009.

e * B. Nikoli¢, B. Sazdovi¢, Hamiltonian approach to Dp-brane noncommutativity,
Publ.Astron.Obs.Belgrade 88 (2010) 61-69.

e * Lj. Davidovi¢, B. Nikoli¢, B. Sazdovié¢, Closed string noncommutativity in the
weakly curved background, 8th Mathematical Physics Meeting : Summer School and
Conference on Modern Mathematical Physics. 24-31 Aug 2014. Belgrade, Serbia.

e * B. Nikoli¢, B. Sazdovié¢, T-duality and noncommutativity in type IIB superstring
theory, 6th Summer School in Modern Mathematical Physics (MPHYS6) 14-23 Sep
2010. Belgrade, Serbia .

e * Lj. Davidovi¢, B. Sazdovié¢, Curved Dp-brane in curved background by canonical
methods, 6th Summer School in Modern Mathematical Physics (MPHYS6) 14-23
Sep 2010. Belgrade, Serbia.

e * Lj. Davidovi¢, B. Nikoli¢, B. Sazdovi¢, Canonical approach to the closed string
non-commutativity, Eur.Phys.J. C74 (2014) no.1, 2734.

e Lj. Davidovi¢,B. Sazdovi¢, Nongeometric background arising in the solution of Neu-
mann boundary conditions, Eur. Phys. J. C 72 (2012) 2199.

e B. Nikoli¢, B. Sazdovié¢, Dirichlet boundary conditions in type IIB superstring theory
and fermionic T-duality, JHEP 06 (2012) 101.

e Lj. Davidovi¢,B. Sazdovi¢, Non-commutativity parameters depend not only on the
effective coordinate but on its T-dual as well, JHEP 08 (2011) 112.

e Lj. Davidovié¢,B. Sazdovi¢, T-dual-coordinate dependence makes the effective Kalb-
Ramond field nontrivial, arXiv:1105.2809

e B. Nikoli¢, B. Sazdovi¢, Fermionic T-duality and momenta noncommutativity, Phys.
Rev. D 84 (2011) 065012.

e B. Nikoli¢, B. Sazdovi¢, Noncommutativity relations in type IIB theory and their
supersymmetry, JHEP 08 (2010) 037.



(2

Lj. Davidovi¢, B. Sazdovi¢, Noncommutativity in weakly curved background by
canonical methods, Phys. Rev. D 83 (2011) 066014.

B. Nikoli¢, B. Sazdovi¢, D5-brane type I superstring background fields in terms of
type IIB ones by canonical method and T-duality approach, Nucl. Phys. B 836
(2010) 100-126

D. S. Popovi¢, B. Sazdovié, Canonical approach to noncommutative gauge theory,
Phys. Lett. B683 (2010) 349-353

B. Nikoli¢, B. Sazdovié¢, Central charge contribution to noncommutativity, Fortschr.
Phys. 56, 491 (2008).

B. Nikoli¢, B. Sazdovi¢, Type I background fields in terms of type I1IB ones, Phys. Lett.
B666 (2008) 400-403

B. Nikoli¢ and B. Sazdovié¢, Noncommutativity in space-time extended by Liouville
field, Adv. Theor. Math. Phys. 14 (2010) 1.

* B. Nikoli¢, B. Sazdovié¢, Improved relations between type I and type IIB background
fields, PROCEEDINGS. Edited by B. Dragovich, Z. Rakic. Belgrade, Inst. Phys.
Belgrade, 2009. 513p. (SFIN Ser. A: Conferences; A1 (2009))

B. Nikoli¢ and B. Sazdovi¢, Gauge symmetries decrease the number of Dp-brane
dimensions. II. Inclusion of the Liouville term, Phys. Rev. D 75 (2007) 085011.

* B. Nikoli¢, B. Sazdovi¢, Open string boundary conditions dependence on the back-
ground fields, SFIN A1 (2007) 327-334.

) B. Nikoli¢ and B. Sazdovié¢, Gauge symmetries decrease the number of Dp-brane

dimensions. II. Inclusion of the Liouville term, Phys. Rev. D 75 (2007) 085011, citiran

je u:

* B. Nikoli¢, D. Obri¢, Noncommutativity and nonassociativity of closed bosonic
string on T-dual toroidal backgrounds, Fortsch.Phys. 66 (2018) 040009.

* B. Nikoli¢, B. Sazdovi¢, Hamiltonian approach to Dp-brane noncommutativity,
Publ.Astron.Obs.Belgrade 88 (2010) 61-69.

* Lj. Davidovié, B. Nikoli¢, B. Sazdovi¢, Closed string noncommutativity in the
weakly curved background, 8th Mathematical Physics Meeting : Summer School and
Conference on Modern Mathematical Physics. 24-31 Aug 2014. Belgrade, Serbia.



* B. Nikoli¢, B. Sazdovié¢, T-duality and noncommutativity in type IIB superstring
theory, 6th Summer School in Modern Mathematical Physics (MPHYS6) 14-23 Sep
2010. Belgrade, Serbia.

* Lj. Davidovié, B. Sazdovié¢, Curved Dp-brane in curved background by canonical
methods, 6th Summer School in Modern Mathematical Physics (MPHYS6) 14-23
Sep 2010. Belgrade, Serbia.

* Lj. Davidovi¢, B. Nikoli¢, B. Sazdovi¢, Canonical approach to the closed string
non-commutativity, Eur.Phys.J. C74 (2014) no.1, 2734.

Lj. Davidovi¢ and B. Sazdovié¢, Non-commutativity parametrs depend not only on
the effective coordinates but on its T-dual as well, JHEP 08 (2011) 112.

Lj. Davidovi¢ and B. Sazdovié¢, T-dual-coordinate dependence makes the effective
Kalb-Ramond field nontrivial, arxiv: 1105.2809.

B. Nikoli¢ and B. Sazdovi¢, Fermionic T-duality and momenta noncommutativity,
Phys. Rev. D 84 (2011) 065012.

B. Nikoli¢ and B. Sazdovié¢, Noncommutativity relations in type IIB theory and their
supersymmetry, JHEP 08 (2010) 037.

Lj. Davidovi¢ and B. Sazdovi¢, Noncommutativity in weakly curved background by
canonical methods, Phys. Rev. D 83 (2011) 066014.

B. Nikoli¢ and B. Sazdovié¢, D5-brane type I superstring background fieldsin terms
of type IIB ones by canonical method and T-duality approach, Nucl. Phys. B 836
(2010) 100-126.

* B. Nikoli¢, B. Sazdovié¢, Improved relations between type I and type IIB background
fields, PROCEEDINGS. Edited by B. Dragovich, Z. Rakic. Belgrade, Inst. Phys.
Belgrade, 2009. 513p. (SFIN Ser. A: Conferences; A1 (2009))

B. Nikoli¢ and B. Sazdovi¢, Central charge contribution to noncommutativity, Fortschr.
Phys. 56, 491 (2008).

B. Nikoli¢ and B. Sazdovi¢, Type I background fields in terms of type IIB ones,
Phys. Lett. B 666 (2008) 400.

B. Nikoli¢ and B. Sazdovié¢, Noncommutativity in space-time extended by Liouville
field, Adv. Theor. Math. Phys. 14 (2010) 1.

B. Nikoli¢, B. Sazdovié¢, Dirichlet boundary conditions in type IIB superstring theory
and fermionic T-duality, JHEP 06 (2012) 101.



e Lj. Davidovi¢,B. Sazdovi¢, Nongeometric background arising in the solution of Neu-
mann boundary conditions, Eur. Phys. J. C 72 (2012) 2199.

e D. S. Popovi¢, B. Sazdovi¢, Canonical approach to noncommutative gauge theory,
Phys.Lett. B683 (2010) 349-353.

e * B. Nikoli¢, B. Sazdovié¢, Open string boundary conditions dependence on the back-
ground fields, SFIN A1 (2007) 327-334.

(3) B. Nikoli¢ and B. Sazdovié¢, Type I background fields in terms of type IIB ones,
Phys. Lett. B666 (2008) 400, citiran je u:

e * B. Nikoli¢, B. Sazdovi¢, Hamiltonian approach to Dp-brane noncommutativity,
Publ.Astron.Obs.Belgrade 88 (2010) 61-69.

e * B. Nikoli¢, B. Sazdovi¢, Fermionic T-duality in fermionic double space, Nucl.Phys.
B917 (2017) 105-121.

e * B. Nikoli¢, B. Sazdovi¢, T-dualization of type II superstring theory in double space,
Eur.Phys.J. C77 (2017) no.3, 197.

e L[j. Davidovi¢ and B. Sazdovié¢, Non-commutativity parametrs depend not only on
the effective coordinates but on its T-dual as well, JHEP 08 (2011) 112.

e B. Nikoli¢ and B. Sazdovi¢, Fermionic T-duality and momenta noncommutativity,
Phys. Rev. D 84 (2011) 065012.

e B. Nikoli¢ and B. Sazdovié, Noncommutativity relations in type IIB theory and their
supersymmetry, JHEP 08 (2010) 037.

e Lj. Davidovi¢ and B. Sazdovié¢, Noncommutativity in weakly curved background by
canonical methods, Phys. Rev. D 83 (2011) 066014.

e B. Nikoli¢ and B. Sazdovié¢, D5-brane type I superstring background fieldsin terms
of type IIB ones by canonical method and T-duality approach, Nucl. Phys. B 836
(2010) 100-126.

e B. Nikoli¢, B. Sazdovi¢, Dirichlet boundary conditions in type IIB superstring theory
and fermionic T-duality, JHEP 06 (2012) 101.

e * Lj. Davidovi¢ and B. Sazdovi¢, T-dual-coordinate dependence makes the effective
Kalb-Ramond field nontrivial, arxiv: 1105.2809.

e * B. Nikoli¢, B. Sazdovié¢, T-duality and noncommutativity in type IIB superstring
theory, 6th Summer School in Modern Mathematical Physics (MPHYS6) 14-23 Sep
2010. Belgrade, Serbia.



e * B. Nikoli¢, B. Sazdovié, Improved relations between type I and type IIB background
fields, PROCEEDINGS. Edited by B. Dragovich, Z. Rakic. Belgrade, Inst. Phys.
Belgrade, 2009. 513p. (SFIN Ser. A: Conferences; A1 (2009))

(4) B. Nikoli¢, B. Sazdovi¢, D5-brane type I superstring background fields in terms of
type IIB ones by canonical method and T-duality approach, Nucl. Phys. B 836 (2010)
100-126. citiran je u:

e * B. Nikoli¢, D. Obri¢, Noncommutativity and nonassociativity of closed bosonic
string on T-dual toroidal backgrounds, Fortsch.Phys. 66 (2018) 040009.

e * Lj. Davidovié, Open string T-duality in a weakly curved background,Eur.Phys.J.
C76 (2016) no.12, 660.

e * B. Nikoli¢, B. Sazdovié¢, Fermionic T-duality in fermionic double space, Nucl.Phys.
B917 (2017) 105-121.

e * B. Nikoli¢, B. Sazdovi¢, T-dualization of type Il superstring theory in double space,
Eur.Phys.J. C77 (2017) no.3, 197.

e * B. Sazdovi¢, T-duality as coordinates permutation in double space for weakly
curved background, JHEP 1508 (2015) 055.

e * B. Nikoli¢, B. Sazdovi¢, T-duality and noncommutativity in type IIB superstring
theory, 6th Summer School in Modern Mathematical Physics (MPHYS6) 14-23 Sep
2010. Belgrade, Serbia

e * B. Sazdovié¢, T-duality as permutation of coordinates in double space, Chin.Phys.
C41 (2017) no.5, 053101.

e * Lj. Davidovié, B. Nikoli¢, B. Sazdovi¢, T-duality diagram for a weakly curved
background, Eur.Phys.J. C75 (2015) no.12, 576.

e * Lj. Davidovié, B. Sazdovié¢, T-duality in a weakly curved background, Eur.Phys.J.
C74 (2014) no.1, 2683.

e Lj. Davidovi¢ and B. Sazdovi¢, Non-commutativity parametrs depend not only on
the effective coordinates but on its T-dual as well, JHEP 08 (2011) 112.

e B. Nikoli¢ and B. Sazdovi¢, Fermionic T-duality and momenta noncommutativity,
Phys. Rev. D 84 (2011) 065012.

e B. Nikoli¢ and B. Sazdovi¢, Noncommutativity relations in type IIB theory and their
supersymmetry, JHEP 08 (2010) 037.

10



Lj. Davidovi¢ and B. Sazdovi¢, Noncommutativity in weakly curved background by
canonical methods, Phys. Rev. D 83 (2011) 066014.

B. Nikoli¢, B. Sazdovié¢, Dirichlet boundary conditions in type IIB superstring theory
and fermionic T-duality, JHEP 06 (2012) 101.

Lj. Davidovié¢, B. Sazdovié¢, T-duality in the weakly curved background, arxiv:1205.1991.

* Lj. Davidovi¢ and B. Sazdovié¢, T-dual-coordinate dependence makes the effective
Kalb-Ramond field nontrivial, arxiv: 1105.2809.

(5) B. Nikoli¢ and B. Sazdovi¢, Noncommutativity relations in type IIB theory and
their supersymmetry, JHEP 08 (2010) 037, citiran je u:

e * B. Nikoli¢, B. Sazdovié¢, Fermionic T-duality in fermionic double space, Nucl.Phys.
B917 (2017) 105-121.

e * M. Dimitrijevié, Bilj. Nikoli¢, V. Radovanovi¢, Non(Anti)commutative Field The-
ories: Model Building and Renormalizability Properties, Ann.U.Craiova Phys. 21
S18-5S27.

e * B. Nikoli¢, B. Sazdovié¢, T-duality and noncommutativity in type IIB superstring
theory, 6th Summer School in Modern Mathematical Physics (MPHYS6) 14-23 Sep
2010. Belgrade, Serbia.

e L[j. Davidovi¢ and B. Sazdovi¢, Non-commutativity parametrs depend not only on
the effective coordinates but on its T-dual as well, JHEP 08 (2011) 112.

e B. Nikoli¢ and B. Sazdovi¢, Fermionic T-duality and momenta noncommutativity,
Phys. Rev. D 84 (2011) 065012.

e M. Dimitrijevi¢, Biljana Nikoli¢ and V. Radovnovié¢, Twisted SUSY: Twisted sym-
metry versus renormalizability, Phys. Rev. D 83 (2011) 065010.

e B. Nikoli¢, B. Sazdovi¢, Dirichlet boundary conditions in type IIB superstring theory
and fermionic T-duality, JHEP 06 (2012) 101.

e * M. Dimitrijevié¢, Bilj. Nikoli¢, V. Radovanovié¢, Non(anti)commutative field theo-
ries: model building and renormalizability, 6th Summer School in Modern Mathe-
matical Physics (MPHYS6) 14-23 Sep 2010. Belgrade, Serbia

e * Lj. Davidovi¢ and B. Sazdovi¢, T-dual-coordinate dependence makes the effective
Kalb-Ramond field nontrivial, arxiv: 1105.2809.

11



(6) B. Nikoli¢ and B. Sazdovié¢, Noncommutativity in space-time extended by Liouville
field, Adv. Theor. Math. Phys. 14 (2010) 1, citiran je u:

e * Lj. Davidovi¢, B. Nikoli¢, B. Sazdovié¢, Closed string noncommutativity in the
weakly curved background, 8th Mathematical Physics Meeting : Summer School and
Conference on Modern Mathematical Physics. 24-31 Aug 2014. Belgrade, Serbia.

e * B. Nikoli¢, B. Sazdovié¢, T-duality and noncommutativity in type IIB superstring
theory, 6th Summer School in Modern Mathematical Physics (MPHYS6) 14-23 Sep
2010. Belgrade, Serbia.

e * Lj. Davidovi¢, B. Sazdovié¢, Curved Dp-brane in curved background by canonical
methods, 6th Summer School in Modern Mathematical Physics (MPHYS6) 14-23
Sep 2010. Belgrade, Serbia.

e * Lj. Davidovié¢, B. Nikoli¢, B. Sazdovié¢, Canonical approach to the closed string
non-commutativity, Eur.Phys.J. C74 (2014) no.1, 2734.

e Lj. Davidovi¢ and B. Sazdovi¢, Non-commutativity parametrs depend not only on
the effective coordinates but on its T-dual as well, JHEP 08 (2011) 112.

e B. Nikoli¢ and B. Sazdovi¢, Fermionic T-duality and momenta noncommutativity,
Phys. Rev. D 84 (2011) 065012.

e B. Nikoli¢ and B. Sazdovié¢, Noncommutativity relations in type IIB theory and their
supersymmetry, JHEP 08 (2010) 037.

e Lj. Davidovi¢ and B. Sazdovié¢, Noncommutativity in weakly curved background by
canonical methods, Phys. Rev. D 83 (2011) 066014.

e B. Nikoli¢ and B. Sazdovié¢, D5-brane type I superstring background fieldsin terms
of type IIB ones by canonical method and T-duality approach, Nucl. Phys. B 836
(2010) 100-126.

e B. Nikoli¢ and B. Sazdovié¢, Central charge contribution to noncommutativity, Fortschr.
Phys. 56, 491 (2008).

e B. Nikoli¢ and B. Sazdovi¢, Type I background fields in terms of type IIB ones,
Phys. Lett. B666 (2008) 400.

e B. Nikoli¢, B. Sazdovi¢, Dirichlet boundary conditions in type IIB superstring theory
and fermionic T-duality, JHEP 06 (2012) 101.

e Lj. Davidovi¢,B. Sazdovi¢, Nongeometric background arising in the solution of Neu-
mann boundary conditions, Eur. Phys. J. C 72 (2012) 2199.

12



* Lj. Davidovi¢ and B. Sazdovié¢, T-dual-coordinate dependence makes the effective
Kalb-Ramond field nontrivial, arxiv: 1105.2809.

* B. Nikoli¢, B. Sazdovié¢, Improved relations between type I and type IIB background
fields, PROCEEDINGS. Edited by B. Dragovich, Z. Rakic. Belgrade, Inst. Phys.
Belgrade, 2009. 513p. (SFIN Ser. A: Conferences; A1 (2009))

(7) B. Nikoli¢ and B. Sazdovi¢, Fermionic T-duality and momenta noncommutativity,
Phys. Rev. D 84 (2011) 065012, citiran je u:

* Lj. Davidovi¢, Open string T-duality in a weakly curved background,Eur.Phys.J.
C76 (2016) no.12, 660.

* B. Nikolié, B. Sazdovié, Fermionic T-duality in fermionic double space, Nucl.Phys.
B917 (2017) 105-121.

* B. Nikoli¢, B. Sazdovi¢, T-dualization of type II superstring theory in double space,
Eur.Phys.J. C77 (2017) no.3, 197.

* Lj. Davidovi¢, B. Nikoli¢, B. Sazdovi¢, T-duality diagram for a weakly curved
background, Eur.Phys.J. C75 (2015) no.12, 576.

Ilya Bakhmatov, Fermionic T-duality and U-duality in type IIB supergravity, arxiv:1112.1983.

I. Bakhmatov, E. O. Colgain, H. Yavartanoo, Fermionic T-duality in the pp-wave
limit, JHEP 10 (2011) 085.

B. Nikoli¢, B. Sazdovié¢, Dirichlet boundary conditions in type IIB superstring theory
and fermionic T-duality, JHEP 06 (2012) 101.

Lj. Davidovié¢, B. Sazdovi¢, T-duality in the weakly curved background, Eur.Phys.J.
C74 (2014) no.1, 2683, arxiv:1205.1991.

E. O. Colgain, Fermionic T-duality: A snapshot review, IJMP A27 (2012) 1230032.

(8) B. Nikoli¢, B. Sazdovié¢, Dirichlet boundary conditions in type IIB superstring
theory and fermionic T-duality, JHEP 06 (2012) 101, citiran je u:

* B. Nikoli¢, B. Sazdovi¢, Fermionic T-duality in fermionic double space, Nucl.Phys.
B917 (2017) 105-121.

* B. Nikoli¢, B. Sazdovié¢, T-dualization of type II superstring theory in double space,
Eur.Phys.J. C77 (2017) no.3, 197.

* Lj. Davidovi¢, B. Nikoli¢, B. Sazdovié¢, T-duality diagram for a weakly curved
background, Eur.Phys.J. C75 (2015) no.12, 576.

13



e E. O. Colgain, Fermionic T-duality: A snapshot review, IJMP A27 (2012) 1230032.
e E. O. Colgain, Self-duality of the D1-D5 near-horizon, JHEP 04 (2012) 047.

(9)* Lj. Davidovié¢, B. Nikoli¢, B. Sazdovié, Canonical approach to the closed string
noncommutativity, Eur. Phys. J CT74 (2014) 2734, citiran je u:

e * Lj. Davidovi¢, B. Sazdovi¢, The T-dual symmetries of a bosonic string, arxiv:
1806.03138.

e * R. J. Szabo, Higher Quantum Geometry and Non-Geometric String Theory, 17th
Hellenic School and Workshops on Elementary Particle Physics and Gravity (CORFU2017)
02-28 Sep 2017. Corfu, Greece.

e * B. Nikoli¢, D. Obri¢, Noncommutativity and nonassociativity of closed bosonic
string on T-dual toroidal backgrounds, Fortsch.Phys. 66 (2018) 040009.

e * Lj. Davidovi¢, B. Nikoli¢, B. Sazdovi¢, T-dualization of a weakly curved back-
ground, J.Phys.Conf.Ser. 804 (2017) no.1, 012014.

e * B. Sazdovi¢, From geometry to non-geometry via T-duality, arXiv:1606.01938.

e * Lj. Davidovié, B. Nikoli¢, B. Sazdovié¢, Complete T-Dualization of a String in a
Weakly Curved Background, Springer Proc.Math.Stat. 111 (2014) 13-20.

e * Lj. Davidovié¢, B. Sazdovié, T-dualization in a curved background in absence of a
global symmetry, JHEP 1511 (2015) 119.

e * B. Nikoli¢, B. Sazdovi¢, T-dualization of type Il superstring theory in double space,
Eur.Phys.J. C77 (2017) no.3, 197.

e * . Bakas, D. Luest, T-duality, Quotients and Currents for Non-Geometric Closed
Strings, Fortsch.Phys. 63 (2015) 543-570.

e * B. Sazdovi¢, T-duality as coordinates permutation in double space for weakly
curved background, JHEP 1508 (2015) 055.

e * B. Sazdovi¢, T-duality as permutation of coordinates in double space, Chin.Phys.
C41 (2017) no.5, 053101.

e * C. D. A. Blair, E. Malek, Geometry and fluxes of SL(5) exceptional field theory,
JHEP 1503 (2015) 144.

e * Lj. Davidovi¢, B. Nikoli¢, B. Sazdovi¢, T-duality diagram for a weakly curved
background, Eur.Phys.J. C75 (2015) no.12, 576.

14



(10)* Lj. Davidovié¢, B. Nikoli¢, B. Sazdovié, T-duality diagram for a weakly curved
background, Eur. Phys. J C75 (2015) 576, citiran je u:

e * Lj. Davidovi¢, B. Sazdovi¢, The T-dual symmetries of a bosonic string, arxiv:
1806.03138.

e * B. Nikoli¢, D. Obri¢, Noncommutativity and nonassociativity of closed bosonic
string on T-dual toroidal backgrounds, Fortsch.Phys. 66 (2018) 040009.

e * Ljj. Davidovi¢, B. Nikoli¢, B. Sazdovi¢, T-dualization of a weakly curved back-
ground, J.Phys.Conf.Ser. 804 (2017) no.1, 012014.

e * Lj. Davidovi¢, B. Nikoli¢, B. Sazdovi¢, Weakly curved background T-duals, 8th
Mathematical Physics Meeting : Summer School and Conference on Modern Math-
ematical Physics, 24-31 Aug 2014. Belgrade, Serbia

e * B. Sazdovié¢, From geometry to non-geometry via T-duality, arXiv:1606.01938.

e * Ljj. Davidovi¢, Open string T-duality in a weakly curved background,Eur.Phys.J.
C76 (2016) no.12, 660.

e * Lj. Davidovi¢, B. Sazdovi¢, T-dualization in a curved background in absence of a
global symmetry, JHEP 1511 (2015) 119.

e * B. Nikoli¢, B. Sazdovi¢, T-dualization of type II superstring theory in double space,
Eur.Phys.J. C77 (2017) no.3, 197.

e * B. Sazdovi¢, T-duality as coordinates permutation in double space for weakly
curved background, JHEP 1508 (2015) 055.

e * B. Sazdovié¢, T-duality as permutation of coordinates in double space, Chin.Phys.
C41 (2017) no.5, 053101.

(11)* B. Nikoli¢ and B. Sazdovi¢, Fermionic T-duality in fermionic double space, Nucl.
Phys. B917 (2017) 105-121, citiran je u:

e * B. Sazdovié¢, Open string T-duality in double space, Eur.Phys.J. C77 (2017) no.9,
634.

(12)* B. Nikoli¢ and B. Sazdovié¢, T-dualization of type II superstring theory in double
space, Eur. Phys. J. C77 (2017) 197, citiran je u:

e * B. Sazdovi¢, Open string T-duality in double space, Eur.Phys.J. C77 (2017) no.9,
634.

15



e * D. Florenza, H. Sati, U. Schreiber, T-Duality from super Lie n-algebra cocycles for
super p-branes, arxiv: 1611.06536.

e * B. Nikoli¢ and B. Sazdovi¢, Fermionic T-duality in fermionic double space, Nucl.
Phys. B917 (2017) 105-121

e * Lj. Davidovi¢, B. Sazdovié¢, T-dualization in a curved background in absence of a
global symmetry, JHEP 1511 (2015) 119.

(13)* B. Nikoli¢ and D. Obrié¢, Noncommutativity and nonassociativity of closed bosonic
string on T-dual toroidal background, Fortsch. Phys. 66 (2018) 040009, citiran je u:

e * R. J. Szabo, Higher Quantum Geometry and Non-Geometric String Theory, arxiv:
1803.08861.

Beograd, 04.jul 2018. godine

dr Bojan Nikolié¢

16



Eur. Phys. J. C (2014) 74:2734
DOI 10.1140/epjc/s10052-014-2734-5

THE EUROPEAN
PHYSICAL JOURNAL C

Regular Article - Theoretical Physics

Canonical approach to the closed string non-commutativity

Lj. Davidovi¢?, B. Nikoli¢?, B. Sazdovi¢®

Institute of Physics, University of Belgrade, P.O.Box 57, 11001 Belgrade, Serbia

Received: 27 November 2013 / Accepted: 20 December 2013 / Published online: 28 January 2014
© The Author(s) 2014. This article is published with open access at Springerlink.com

Abstract We consider the closed string moving in a weakly
curved background and its totally T-dualized background.
Using T-duality transformation laws, we find the structure
of the Poisson brackets in the T-dual space corresponding
to the fundamental Poisson brackets in the original theory.
From this structure we see that the commutative original
theory is equivalent to the non-commutative T-dual theory,
whose Poisson brackets are proportional to the background
fluxes times winding and momentum numbers. The non-
commutative theory of the present article is more nonge-
ometrical than T-folds and in the case of three space-time
dimensions corresponds to the nongeometric space-time with
R-flux.

1 Introduction

It is well known that the open string endpoints, attached
to a Dp-brane, are non-commutative [1-12]. The non-
commutativity is implied by the fact that for the solution
of the boundary conditions the initial coordinate is given as a
linear combination of the effective coordinate and the effec-
tive momentum, which have a nonzero Poisson bracket (PB).
In the constant background case, the coefficient in front of
the momenta is proportional to the Kalb—-Ramond field B,,,,
whose presence is crucial in gaining the non-commutativity.

The closed string does not have endpoints and in the flat
space the boundary conditions are satisfied automatically.
But, to understand the closed string non-commutativity, we
are going to use a explanation similar to the open string case.
We will express the closed string coordinates in terms of
the coordinates and momenta of some other space. The rela-
tion between different spaces will be established using the
T-duality transformations.

2 e-mail: ljubica@ipb.ac.rs
b e-mail: bnikolic@ipb.ac.rs

¢ e-mail: sazdovic @ipb.ac.rs

The T-dualization along isometry directions, and the con-
struction of T-dual theory was first realized through a Buscher
procedure [13,14]. The procedure is in fact a localization
of the translation invariance symmetry, in which beside the
covariantization of derivatives one adds the Lagrangian mul-
tiplier term to the action, which ensures the physical equiv-
alence of the initial and the T-dual theory.

In flat space, T-duality relates o -derivatives of the coor-
dinates of the original theory with the momenta of its T-dual
theory, and vice versa. As the momenta of the original the-
ory are taken to be commutative, it follows that the coor-
dinates commute as well. So, in flat space there is no non-
commutativity of the closed string T-dual coordinates. This
is in agreement with the fact that T-duality is a canonical
transformation in the flat space, and with the fact that PB’s
are invariant under such transformations.

The closed string non-commutativity was first observed
in the papers [15], and investigated further in [16-20], where
it was found that the commutators of the coordinates are
proportional to the flux and the winding number.

Let us briefly describe the result of Ref. [16], following its
notation. After 7-dualization along the X I coordinate, one
obtains the twisted torus with coordinates Y%(a = 1, 2, 3)
and f-flux. After additional T>-dualization along X> = ¥?
one obtains the nongeometric background with coordinates
Z% and Q-flux. Using the standard Buscher prescription one
cannot perform T3-dualization along the coordinate X3 =
Y3 = Z3 because the Kalb—-Ramond field By, depends on
Z3. But it is argued in Refs. [16,21,22] that T3-dualization
leads to a nongeometric background with R-flux configura-
tion and W¢ coordinates presented in the T-duality chain,

Hoper X4 25 o ya B gab za I gave yya ()
In the paper [16], the non-commutativity of the nongeomet-
ric background (Z¢ with Q-flux) has been obtained using

its T»-duality connection Z¢ = Z(Y“) with the geometric
background (twisted torus with Y and f-flux).
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In our paper [23], we performed a generalized Buscher
T-dualization procedure along all the coordinate directions.
It corresponds to the T = T7 o Tp o - - - o Tp-duality relation
Yu = Yu(x"), connecting the beginning and the end of the
T-duality chain:

H;wp» xH i (fl);wpa x{l 2) (fZ)p,u,m xg B) cee
2) (fD)pwp, xg = Yu>

where (f;)up and xl”, (i = 1,2,..., D) are fluxes and
the coordinates of the corresponding configuration. In D-
dimensional space-time it is possible to perform T-duality
along any subset of coordinates. For simplicity, in the present
article we will T-dualize all the directions. The general case
will be published separately.

We considered the bosonic string moving in a background
with constant metric G,, = const and the linear Kalb—
Ramond field B, = by, + %B#prp, where the field
strength of the Kalb—-Ramond field B, is infinitesimally
small (for more details see the introductory part of Sect. 2).
The T-dual theory obtained is of the same form as the initial
theory, so that the T-dual string moves in the T-dual back-
ground, but in the doubled space given by the coordinates
Yu, Yu. The dual coordinates satisty the following condi-
tions: y, = y,, y, = ¥, The improvement, in compar-
ison to the standard Buscher procedure, is the covarianti-
zation of the coordinates x**. In fact, because x* is gauge
dependent, it is replaced by the gauge invariant expression
Axﬁw = f dé% Dy x*. As pointed out in [21,22], the T-dual
background of the present paper is of the ‘new class that is
even more nongeometrical than 7-folds’. Unlike the T-folds,
this background is not a standard manifold even locally. In
our formulation, this stems from the fact that the argument of
the background fields Axi’fw is the line integral. Some authors
argued that such a spaces (for D = 3 known as R-flux back-
ground) involve nonassociative geometries [24].

In the canonical formalism, the T-dual variables can be
expressed in terms of the original ones in the simple form
v, = ftmy — B [x]and *m# = kx4 126" ) [x]. The
infinitesimal expression /32 is an improvement in compari-
son to the flat background case. Because the coordinates and
momenta of the original theory do not commute, ,32 is the
source of the closed string non-commutativity.

We will follow the main idea of Ref. [16], using the T-
duality transformation laws between the T-dual backgrounds
in order to study the non-commutativity of the coordinates.
In the paper [16], the T>-duality connects coordinates Z¢ =
Z%(Y“) of the nongeometric background (Z¢ with Q-flux)
and the geometric background (twisted torus with Y and
f-flux). We performed the T-dualization procedure along all
the coordinates, and we obtained the T-duality transformation
Yu = yu(x*) of the locally nongeometric background (the
end of the chain (1.2) with y, and fp-flux) and the geometric

(1.2)

@ Springer

background (torus with H-flux in the beginning of the chain
(1.2)). In both approaches it was assumed that the geometric
backgrounds (described by Y in[16] and by X“ in our paper)
have the standard commutation relations. The PB between the
Yy is proportional to the flux B, and the winding number
N™ of the initial theory. In addition, we obtain the complete
algebra of the T-dual coordinates and momenta in terms of
the fluxes.

For D = 3, the case of the present article corresponds to
T-duality, T = T} o T; o T3, which connects the coordinates
W = W4(X?) of the nongeometric background (W¢ with
R-flux) and the geometric background (torus with X¢ and
H-flux). In comparison to Ref. [16], this procedure contains
one T'-dualization more, 73-dualization along the coordinate
X3 = y3 = Z3, which cannot be done using the standard
Buscher prescription because the Kalb—Ramond field B
depends on Z 3. Thus, in terms of Ref. [16], we obtained the
non-commutativity of the nongeometric background, with
R-flux configuration. This background does not look like the
conventional space even locally.

At the end we give three appendices. In the first one we
derive in detail the expression for the dual momentum *#,
while in the second one we present a list of the fluxes used
in the paper. The third appendix contains the mathematical
details regarding the transition from PB {AX, AY} to PB
{X, Y}

2 Bosonic string in the weakly curved background
and its T-dual picture

Letus consider the closed string moving in the D-dimensional
space-time, in the coordinate x*(zr,0), 0 =0,...,D — 1
dependent background, described by the action
S[x] =« / A€ 84" Ty [x] 0-x". .1

by
We suppose that all the coordinates are compact, with radii

R,,. The background is defined by the space-time metric G,
and the antisymmetric Kalb—Ramond field B,

1
Mt [x] = Buy [x] £ EG’” [x]. (2.2)
The light-cone coordinates are
:l: 1
s = E(T i0)9 8:|: = 8‘[ + 809 (23)

and the action is given in the conformal gauge (the world-
sheet metric is taken to be gug = e2F Nap)-

World-sheet conformal invariance is required as a con-
dition of having a consistent theory on the quantum level
[25-28]. This results in the following space-time equations
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for the background fields:

1
Ruy — 7 Bupe B =0, D,B", =0,

J 2.4)

in the lowest order in the slope parameter o’ and for the
constant dilaton field & = const. Here

B = 0 Byp + 0y By + 9By (2.5)
is the field strength of the field By, and R, and D, are
Ricci tensor and the covariant derivative with respect to the
space-time metric.

We will consider a weakly curved background [11,12,16,
23,29-31] defined by

G [x] = const,

1
B;w [x] = b;w + hp,v [x] = b;w + §B,uvpx'0a

by, Byyp = const. (2.6)

Here, the constant B, is infinitesimally small, which,
according to [15,16,18-20], means that we will assume that
the D-dimensional torus is so large that for any w, v, p

Buvp

__ Ky 1,
R.R,R, <

2.7
where R, (u =0, 1, ... D — 1) are the radii of the torus. For
simplicity we will take Ry = Ry = --- = Rp_1 and rescale
the background fields according to Appendix A of Ref. [16].
The background (2.6) is the solution of Eq. (2.4) in the first
order in the B, approximation of closed string theory of
Eq. (2.1).

2.1 T-dual bosonic string

The T-dualization of closed string theory in a weakly curved
background was the subject of investigation in [23]. There
we presented the T-dualization procedure performed along
all the coordinates, in a background which depends on these
coordinates. Here we will give a short overview of the most
important results.

The T-dual picture of the theory is given by

Syl =« / d?g 94y, T [AV [y]] 9—yy

i 2 wv
— / @& 343, 0" [AV [y]] 3y, 2.8)
with
ny 2 -1 —1\uv LV 1 —1\puv
OL = =Gy MLG™HY" =0 5 — (G )",
GEpy = Gy —4BG7'B) . (2.9)

The dual background fields, defined in analogy with Eq. (2.2)
as *T1L" = *BH £ %*G’“’, have the form

*GM AV [yl = (GEH™ [AV [y]],

K
*BMIAV Y = 56‘” [AV [¥]]. (2.10)

Using the terminology introduced in the open string case,
they are equal to the inverse of the effective metric G 5v and
proportional to the non-commutativity parameter 6#". Their
argument is given by

AVH [yl = —k0)" Ay, + (87" ATy, @2.11)
where
Ay = /(dfy'u +doy,) = yu&) — yu(o),

P (2.12)

A, = /(dry;L +doy,).
P

and

2
guv = Gy — 4(bGT'b)y, O = —;(g—le—lw“
(2.13)

are constant finite parts of the effective metric and the non-
commutativity parameter. The variable Ay, is path indepen-
dent on the zeroth order equation of motion. T-dual theory is
defined in the doubled space, defined by the two coordinates
yu and yy, related by the expressions y, = 3,,, v, = yLM.

2.2 Transformation laws
The T-duality transformation connecting the variables of the

closed string theory in the weakly curved background and its
T-dualized string theory is [23]

dpx" = —kOL" [AV][dxyy £28F [V]]. (2.14)
with
+ 1 0 1 1 v
:3” [x] = E(ﬁ,u + IBM) = :th/w [x] aZFx ’
By [x] = hyy [x1x", B [x] = —hy, [x] 5" (2.15)

From Eq. (2.14) we can find the transformation law for x*

and x*:

HE e [AV] P+ (G AV (g~ B V]
+10y BLIV] (2.16a)

X Z(G Y IAVT Gy — k0" [AV]y, — <0} B) V]
—(g "B V] (2.16b)

Using the expression for the canonical momentum of the

original theory,

8S

T = i K [lefc” — 2B, [x]x/”] ,

(2.17)

@ Springer
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and the T-dual canonical momentum,

5* _ .
At = —= = k(G " AV [yl 3

Syu
— 0" [AV [¥]ly, — k(@B [V V]I,
derived in Appendix A, we rewrite the above transformations
in canonical form:

*

(2.18)

1
xH = - *h— i) BV, (2.19a)

T = Ky, + kB V], (2.19b)

with g7} [V] defined in Eq. (2.15). It is shown in Ref. [23]
that the T-dual of the T-dual action is the original one. The
corresponding T-dual transformation of the variables law is
the inverse of Eq. (2.14),

0y = —2Mgy,, [Ax]0cx” F 267 [x],

and so the transformation laws for y,, and y/; are equal to

(2.20)

Y = 2By [x]5” + Gpux” + B [x,

¥, = Guui” — 2By, [x]1x" — By [x].

(2.21a)
(2.21b)

Using Eqs. (2.17) and (2.18) we obtain the canonical form
of the T-dual transformations,

1

T — By [x], (2.22a)

k=™ 4200 B [x). (2.22b)

In the zeroth order one has x(©#* = V# and it is easy to see
that Eq. (2.22) is the inverse of Eq. (2.17).

Because the T-dual theory is defined in the doubled space,
we will need the canonical expression for -)N}l/l. = yu. Using
Egs.(2.21a) and (2.17), we obtain

S~ 2 1 —1\vp
Yy =—= B[Ax]+§h[x] (G )"m,

K v

+ (GE [Ax] — 2k [x] G—lb) X, (2.23)

v

3 Non-commutativity relations between canonical
variables

We want to establish the relation between the Poisson struc-
tures of the original and T-dual theory. The initial theory is
the geometric one, described by the canonical variables x*
and . Thus, we choose the standard form of the PB’s in
the original space, which are

{x"(0), my(0)} = 8}/8(0c — ), {x"(0),x"(6)} =0,
{mu(o), my(0)} =0. (3.1)

The T-dual theory is the nongeometric one, defined in the
doubled space, with two coordinates y,, and y,, connected

@ Springer

by relations y,, = y,,, v, = ﬁﬂ Using the T-duality transfor-
mation laws, we search for the corresponding Poisson struc-
ture in T-dual theory i.e. the expressions for the PB’s between
the T-dual string coordinates y, (o), ¥, (o) and momenta
*m" (o). This is done considering the brackets between

o

AY, (0, 00) = / dn Y., (1) = V(@) — Yy (00)

o0

(3.2)

Y, = yu, Y, and calculating the equal time commutators.
The fact that T-dual coordinates under T-duality transform
to both coordinate and momentum dependent expressions
enables non-commutativity. The relation of the form

{X,,(0), Y, (0)} = K, (0)8(0 = &) + Ly (0)8'(0 = &)
(3.3)

implies the following relation (derived in Appendix C)
between the coordinates

{Xu(r,0), Y, (1,0)}

= - [KW(U) — Kuv(0) + LW(6)] (o — o), (3.4)

where 0(o) is the step function defined in Eq. (8.6).

In flat space the coordinate dependent part of the Kalb—
Ramond field is absent, i, = 0, and consequently ,32 =0.
Thus, from Egs. (2.22a) and (2.22b) follows )’;/L = %nﬂ and
*mH = i x'*. Therefore, the PB of the canonical variables of
the T-dual theory remain the standard ones, the same as in the
original theory. So, the nontrivial infinitesimal expression 8,
which exists only in the coordinate dependent backgrounds,
is the source of the closed string non-commutativity.

Using the transformation laws (2.22a) and (2.23), we cal-
culate the PB’s {y/,, .}, (¥,(0), 5,(5)} and (5, (o), 5,,(5)}
and express them in the form of Eq. (3.3) with K and L equal:

L {y, vl
3 1 o
K;w [x] = ;h;w [x] = ;Buvpx > L;w =0, (3.5)
2. {y 0l
K =200 [71= 8 [ 11 G- b+6G—1n
o [, #] = Sy [7]=2 [ 11 G ot ]

v

| 6 ~ _
Lyw [¥] = <guv = = [h x1G~'b 4+ bG lh[x]]lw

(3.6)

with

1
= (G Y, +2(GT' B ", (3.7)
K
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Using Egs.(2.6) and (7.2), expressions (3.6) can be
rewritten in terms of the fluxes:

I T R
Ky [x. %] = ;Buvpxp - ﬂrp,uuxpa
3
L,uv [x]= ;guv - er,ﬂvxp, (3.8)

3. Ve W0}
3 24
Ky X1 = —hyy [x] + —— [bh [x] D]
+g [n[5]6—0bn[5]],,. Lu=0. (3.9

In terms of fluxes it becomes

1
Ky = T [Bzwp — 08pa Qa/?)gﬁd xP

3 E E 4 —1 ~
- [_ﬂ (Flwp - Fu,up) + ;B’”"(G b)% | X7,

(3.10)

E
where I}’ )

and Q. are defined in Egs. (7.1) and (7.5).
For the above values of K and L, the relation (3.4) gives
1
(@), 30 (@)} = =By [x7(0) — x"(&)]0(c — &), (3.11)

1
{yu(G), (@)} =~ {;Buvp [ip(a) - iﬂ(&)]

3 _
—ngE,W [xp(a) — xp(a)]
1 3
+oguw — 5 Ty, x" @) }9(0 -&), (3.12)

—_

{yu(o-)’ W)} = — {** [Buvp - 6gana€;gﬂv] [Xp(o') - Xp((})]

=

3 . 4 |
" [_ﬂ (F#’W’ - rww) + = Bus (G b)’%,

x [ (o) — i ()] }9(0‘—5‘)4 (3.13)
After two-dimensional reparametrization, the o depen-
dent part takes the form

[X*(f(0) = X" (f(@N]O1f(0) = f(@)],

where f(o) is a monotonically increasing function with
properties f(0) = 0 and f(2w) = 2m. Therefore, the PB
between different points is not reparametrization invariant.
For fixed points, it can be fit to be arbitrary small, by the
appropriate choice of the function f (o). So, only PB’s at the
same point are physically significant.

Taking 0 = o we find that all PB’s vanish, and conse-
quently the coordinates commute. But, taking o = 0 427 in
the non-commutativity relation between the dual coordinates

y’s (3.11), we obtain the closed string non-commutativity
relation

. 2m
{yulo +2m), yu(0)} = _TB’“)'ONP' (3.14)

Here, N* = % [x"* (o 4+ 2m) — x"(0)] is the winding num-
ber of the original coordinates. In Sec. 4, we will compare
this relation with the result of Refs. [16,18-20].

Similarly, from Eqgs. (3.12) and (3.13), we obtain

{ulo +27), yu(0)} + {yu(0), Yv(o +21)} =

47 s
B+ T (3FE
K2 o P" K

P (3.15)

_ 8me*p) N”,
and

{Yu(o +2m), yu(0)}

2w
= 7 [_Bp,vp - 6gpwt Qa/f)gﬂv + 2Buvkgkp

VA FE#A) bAP ] N?
i
+= [3 (rf,up - I‘Eup> PP — SmeAp] PP, (3.16)
Using Eq. (3.7) and integrating from o to o + 27 we have
1
— [¥*(o +27) — 3" (0)]
2

1
- ;(G”)va +2(G™H* b N, (3.17)

where
o+2n

1
Pu= 5= f dnm, (n). (3.18)

To complete the algebra, using the expressions (2.22) and
(2.23) and after one o integration, we find that the algebra of
Yu» Y and *m# is of the following form:

[yu(@),* 7V ()} = 8,"8(0 — &) + khyy [x(0)]6]" x 8
(0 — &) +rhy, [x'(6)]05"0(c — o),
{iu((f),*ﬂv((_f)}

~ [—ZbG_l —3h[x(0)] G~ ' =2kbh [x(0)] 90] ! S(oc — &)
i

(3.19)

- [3h [x'(3)] G~ +2cbh [x' ()] 90] "0 —5), (3.0
In

(3.21)

{*7"* (o), *7" ()} = 0.

Note that at the zeroth order one has {y,(0),*7"(0)} =
8,8(c —0o)and{y, (o), *n"(0)} = —2b,/8(c — &), so both
doubled space variables y, and y, have a nontrivial PB with
*h

4 Comparison with the previous results

Let us mention that the case considered in the present
paper is different from that of Ref.[16]. In Ref.[16], the

@ Springer
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non-commutativity relations in the nongeometric back-
ground with Q-flux where established, which are given
in terms of winding numbers on the twisted torus N3 =
% (Y3((r +2m) — Y3((r)). In the present article, the non-
commutativity of the nongeometric background, which is not
standard even locally and for D = 3 turns to R-flux back-
ground, was obtained in terms of the winding numbers on
the torus with H-flux N* = ;- (X" (0 4 27) — X" (0)).

4.1 The brief overview of the results of Ref. [16]

Before comparing the results of our paper with those of Ref.
[16] let us shortly reexpress the result of Ref. [16] using its
notation. From the last identification in Eq.(2.17) and the
first relation in (2.25) of Ref. [16] it follows that
YL =YY+, 4.1
Using the expression for G5 (Y3) for the twisted torus (Table
1) of Ref. [16] we find

m =Y - HYJY, m=Y>—HYJY], (4.2)
and consequently
7T()1=Y.'01, NHQZY.'E[—YOSYOIZYI%I—Y(?NOL (4.3)

The T»>-duality along Y2, from the twisted torus to the
nongeometric background produces

Zl=y' =y + HY]YS, 2P =Y - HY(Y]

=my =nmn+ H (lei — Y3N01> . “4.4)
Thus, we find the PB
(2Y(0), 2% @)} = (Y (0), m2(5))
—H [Yg(a) - Yg(&)] 8o (0 — ). (4.5)

Note that 8>, (0 — 7)) is a 2z periodic §-function, §r (o) =
Y nez 8(a — 2mn), so the periodic parts in the bracket in

front of the §-function disappear and we obtain
(2(0), 2%@)} = HN*(0 = 6)822(0 — 3). (4.6)

Here N3 is the winding number of Y3, which has the general
form

Y5 (@) = N0 + Yirioaic (0).

Ci

%))

The expression ada, () is zero for @ = 0, but it is different
from zero for o = 2nmw (n € Z,n # 0).
The integration over &, from oy to &, produces

(ZY(0), Z%3)} — (2" (0), Z*(50))

=~ L HN3F(o —6) - Fo — 60, (4.8)
27

@ Springer

where
o
2z / dnnéax () = F(a) — F(ap), 4.9)
a0
and
F(a) = Z ie—""“ +ia Z le_i”“ + a—z (4.10)
n? n 2 '

n#0 n#0

The function F («) is even, F(—a) = F(a),and F(0) = %,
So, the result for the PB itself,

(ZY(0), Z*(5)) = —%HN3 [F(o — &)+ C], 4.11)

is in fact equation (4.41) of Ref. [16] up to some integration
constant C. The undetermined constant C corresponds to the
contribution of the zero modes of the undetermined com-
mutators, because one started with the o-derivative of the
coordinate Z2. The choice of Ref. [16] in subsection 4.4.2
is C = 0, which produces the expression (4.41) of Ref. [16]
and the non-commutativity at the same point, 0 = 7,

(Z\(0). Z2(0)) = ———HN3F(0) = ~ZHN3.  (4.12)
21 6

As was pointed out in Ref. [16], ‘other reasonings could
as well be pursued’. Following the line of our paper one may
require that coordinates are commutative at the same point
(o = 0), which produces

72
C:—F(O):—?. (4.13)
Thus, with this choice one has
2
1 2, - 3 - T
{(Z'(0),Z°(6)} = HN [F(o—a)—?}, (4.14)

and one obtains the non-commutativity for o = 27 + 7,

(Z' (o +27), Z*(0)} = THN>. 4.15)

4.2 Similarities and differences

Although we analyzed the different cases, let us compare
some general features of the results considered. In both
approaches the commutators are infinitesimally small and
they close on some winding numbers. Note that, in gen-
eral, we can connect any geometric background with every
nongeometric background from the chain of T-duality (1.2).
Using the T-duality transformations we can calculate the non-
commutativity of the coordinates of the nongeometric back-
ground in terms of the winding numbers of the geometrical
background.

For arbitrary o and &, the o-dependence is different. In
Ref. [16], up to the integration constant C, it is equal to

F(o —0)+C,
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and in the present article, up to the integration constant Cy,
itis

[x"(0) — x"(5)]6(0 — &) + C).

The constants appear because in both approaches we started
with the sigma derivatives of the coordinates. In the papers
considered, the values of the constants are taken to be C =
0 and C; = 0. For these choices, the non-commutativity
appears for 0 = ¢ in Ref. [16] and for 0 = ¢ + 27 in the
present article. For the other choice, C = —F(0) = —%2
and C; = 0, in both cases the coordinates commute at the
same point 0 = ¢ and have nontrivial PB for o = ¢ + 27.

The main difference between the two approaches is the
origin of non-commutativity. The nontrivial boundary con-
ditions given in Eq. (2.25) of Ref. [16] are the source of the
non-commutativity in that article. Because Ref. [16] does
not consider 73-dualization, the ﬁg—functions (introduced in
Eq. (2.15)) are zero and there is no non-commutativity of
this kind. On the other hand, in the case considered in this
paper, just these ,32 functions are the sources of the non-
commutativity, even in the absence of the nontrivial bound-
ary conditions of Ref. [16]. For complete non-commutativity
relations one should take into account both kinds of non-
commutativity.

5 Concluding remarks

In the present article we derived the closed string non-
commutativity relations. We considered the theory describ-
ing a string moving in a weakly curved background. Its T-
dual theory is obtained performing the T-dualization proce-
dure along all the coordinates [23]. The T-dual transformation
laws play a central role in our approach. These laws connect
the world-sheet derivatives of the coordinates and momenta
in the original and the T-dual theory. The zero orders are
transformation laws of the constant background and they do
not lead to the non-commutativity. The term [30, which is
infinitesimally small and bilinear in the x** coordinates, plays
a key role in obtaining the non-commutativity relations.

In the original space we choose the standard Poisoon
brackets. The T-dual coordinates y, have two terms: one
linear in the original momenta and the other bilinear in the
original coordinates. This explains the nontrivial PB {y,, y,}
of Eq.(3.11), which is linear in the coordinates. Note that in
the case of an open string moving in the flat background
coordinate is linear function in both effective momenta and
coordinates. Therefore, the corresponding PB is constant.

The T-dual momenta *z#* are bilinear expressions in the
original coordinates. Thus, the PB of the T-dual momenta
vanishes, see Eq. (3.21), but the PB between the T-dual coor-

dinates and the momenta (3.19) obtained an additional term
linear in the coordinates.

In the doubled space there exists the additional coordinate
Yu. It consists of a term linear in the original momenta, but
with the coefficient linear in the original coordinate and the
other terms bilinear in the original coordinates. Thus, it pro-
duces a nontrivial PB with all variables (y,, Y., *7#), see
Egs. (3.12), (3.13), and (3.20).

The general structure of the non-commutativity relations
is
{Y(0), Y0(8)} = (Fuvp [x°(0) — xP(0)]

+Fpp [¥°(0) — ¥ (5)]}0(0 — ), 3.1

where Y, = (y,, y») and F,,, and I:“,wp are the constant and
infinitesimally small fluxes. At the same points, foro = o all
PB’s are zero. In the important particular case foro = o +2x
we get

{Yy(o +27), Yy (0)}
2 o\ ATP 1= P

=2r (F/wp + 2F/wotbp)N + ;F,uv Pp | (52)
where N* and p,, are the winding numbers and momenta of
the original theory. We rewrite it in the form
V(o +27), Yy (0)}

_ 7§ Fuupdx? + 7{ Frunpdi,

Co Cp

(5.3)

where C, and C,, are cycles around which the closed string
is wrapped. Note that the ‘wrapping’ of the auxiliary coordi-
nate x* is in accordance with Eq. (3.17) and represents a lin-
ear combination of momenta p,, and winding numbers N*.
This generalizes the conjecture of Ref. [32] on the relation
between the closed string non-commutativity and fluxes.

In terms of Ref. [16] for the three-dimensional torus
xt — X% (a = 1,2, 3) our case corresponds to the non-
commutativity of the nongeometric background with W¢
coordinates and R-fluxes obtained after the successive per-
formation of all three T-dualizations along all three coordi-
nates. It relates the W with the X“ coordinates of the torus
with H-flux, and so the PB closes on the winding number
of the X“-coordinates. We hope that these results will con-
tribute to a better understanding of the strangest, uncommon
R-flux configurations where the non-commutativity appears
as a consequence of the nontrivial ,82 -functions. Note that
Ref. [16] uses T>-duality (performed along Y 2) and the rela-
tion Z¢ = Z%(Y“) to obtain the non-commutativity of the
nongeometric background with Q-flux in terms of the wind-
ing of the Y“-coordinates. There the non-commutativity orig-
inates from the nontrivial boundary conditions. To obtain the
general structure of the closed string non-commutativity for
arbitrary background of the chain (1.2) one should find its

@ Springer
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T-duality transformations with all other backgrounds of the
chain and calculate both kinds of non-commutativity origi-
nating from nontrivial boundary conditions as well as from
nontrivial ﬂg functions.

The term of the action with the constant part of the Kalb—
Ramond field b,,,, is topological. Thus, it does not contribute
to the equations of motion. In the open string case it con-
tributes to the boundary conditions and it is a source of the
open string non-commutativity. In the closed string case it is
absent from boundary conditions as well. Classically, we can
gauge it away and the Kalb—Ramond field becomes infinites-
imally small. But if b, = 0 one loses topological contribu-
tions. In order to investigate the global structure of the theory
with holonomies of the world-sheet gauge fields in quantum
theory we should preserve such a term.

Putting b,, = 0 the non-commutativity relations (3.14),
(3.15), and (3.16) get a simpler form,

2 o
{y;l.(a +2m), yv(0)} = _TBp.upN >

2

. 1
{)’M(U +2m), yu(o)} = _;G/w - K_ZBV‘VPP'O’

6
(o +27), 5(0)} = —T”BWNP. (5.4)
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Appendix A: The momentum in T-dual theory

Let us here calculate the T-dual momentum given in
Eq.(2.18). The T-dual theory depends on the two variables
Yu» Yu» Which are connected by the relations y,, = %,
y;’; = yLM. Therefore, to obtain the momentum canonically
conjugated to y,,, we should vary the action with respect to
both y, and y,,.

First, let us calculate the contribution from the background
fields argument. With the help of the relation

0" [x]1 = 0" — 2O hyo [x]107”, (6.1)

we rewrite the T-dual action (2.8) as
Syl =*So—«> / 4% 34y, 00  hoo [AV [y]1©F2 0y,

2
* K
So="3 / A% 945,00 0_y,. (6.2)

@ Springer

Using the expression

LV = —kOh a1y, (6.3)
we obtain
*Syl=*So +/</d2g: A VP hy [AV]_VY

=*So+« f dZEAVH Ry, [0-V] 8LV (6.4)
Because of the relation
Ty [0-V] 04 V" = 308 [V1+ 818, [V1. (6.5)
the action becomes
*S[y] = *So + « f d%e [myﬂeg” + Aj)ﬂ(g_l)’“’]

x (0B VI+ 0Bl 1V1). (6.6)

So, the contribution to the T-dual momentum coming
from the T-dual background fields argument is obtained from
Eq.(6.6), integrating over ¢ by parts in Ay, (g_l)””alﬂg.
Using §,, = y,, we obtain

At = k(g H"B IV]. (6.7)
Therefore, the total T-dual momentum is
T = k(GO AV Y]] 9w

—iCOM AV Y11y, — k(g H™BLIV Y. (6.8)

Appendix B: Fluxes

The field strength of the original Kalb—Ramond field is given
by Eq.(2.5). The original metric G, is constant, and there-
fore the corresponding Christoffel connection is zero. The
effective metric Gﬁu is linear in the coordinates and the cor-
responding Christoffel connection,

1
Ot =5 (0Gh, +8,65, - 0,61,

4

= =3 (Buon(G7'0), + Buop (G7'0)%) . (D)

is an infinitesimally small constant. It will be used in the
following form:

rE xh =4 (h X1G~'b+bG"h [x])vp (1.2)
and
(CE, —TE )xP = 8hy,, [bx]
—4 (h x]1G~'b—bG~'h [x])w (1.3)
We express the dual Kalb—Ramond field [23] as
*BM[AV] = "D+ QM AV, (7.4)
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where *b*" = £6//" and

1
0"y =3 [ ) =0T | By (75)
This will be used as

0*px? = —(¢~" [h 1) + 4G h X167 1b] (g7 H

po

- [g*‘h xlg~ !+ k260h [x]eo}’” . (7.6)

Appendix C: PB’s between pure coordinates
Starting with the PB of the o derivatives of the coordinates

{X,,(0), Y, (@)} =K, (0)8(0 — &) + Lyuy(0)8' (0 — 5),
8.1
let us find the expression for the PB between the coordinates,

{X,(0),Y,(0)}. From Eq.(8.1) it follows that AX (o, 0¢)
and AY), (o, 09) defined by

AX,(o,00) = /dn X,,(M) = Xu(0) — X, (00),
s (8.2)
AY, (o, 00) = /dn Y, (1) = Yu(0) — Yy (00)

o0

satisfy

{AX, (0, 00), AY, (G, 00)}

= [ an [ i (&m0 =)+ L' = )]
(0] 00

(8.3)

Integrating over 7 and using

o

/dﬂf(n)ﬁ(n —0)
00

= f(@)[0(0c —6) —0(o0 — )], (8.4)

we obtain

{AX (0, 00), AY,(5, 50))
= / dn [K},, () [6(n — Go) — 6(n — 3)]
o0

+Luwm [8(n —60) —8(n — o)1 1, (8.5

where the function 6 (o) is defined as

o

1 1 .
Q(G)E/dné(n)zg a+22;smna

0 n>1
0 ifo=0
={1/2if 0 <o <2m, o €[0.27]. (8.6)
1 if o =27

Integrating by parts over 1 and using Eq. (8.4) we get

{AX,(0,00), AY, (5, 00)}
= Kuw(0)[0(0c — o) —0(0 — )]
—K 10 (00) [0 (00 — G0) — 0 (00 — 0)]
— K1 (00) [0(0 — 00) — 6 (00 — 00)]
+Ku(0)[0(0 —0) —6(00 — )]
+L v (60) [6(0 — 60) — 0(00 — 00)]

—Luw(0)[0(0 — ) —0(o0 —0)]. (8.7

The relation

(Xu(1,0), Yy(1,6)} = = [Kpuv(0) — Ky (6) + Lun (6)]
x0(0 — &) (8.8)

solves Eq. (8.7), up to additive constant.

For X,, = Y,,, the antisymmetry of the left hand side under
the replacement i <> v and 0 <> ¢ produces the conditions
Ly, =Ly,and K, + Ky, = L.
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Abstract In one of our previous papers we generalized the
Buscher T-dualization procedure. Here we will investigate
the application of this procedure to the theory of a bosonic
string moving in the weakly curved background. We obtain
the complete T-dualization diagram, connecting the theories
which are the result of the T-dualizations over all possible
choices of the coordinates. We distinguish three forms of
the T-dual theories: the initial theory, the theory obtained T-
dualizing some of the coordinates of the initial theory and
the theory obtained T-dualizing all of the initial coordinates.
While the initial theory is geometric, all the other theories are
non-geometric and additionally non-local. We find the T-dual
coordinate transformation laws connecting these theories and
show that the set of all T-dualizations forms an Abelian group.

1 Introduction

T-duality is a property of string theory that was not encoun-
tered in any point particle theory [1-4]. Its discovery was sur-
prising, because it implies that there exist theories, defined for
essentially different geometries of the compactified dimen-
sions, which are physically equivalent. The origin of T-
duality is seen in the possibility that, unlike a point particle,
the string can wrap around compactified dimensions. But,
no matter if one dimension is compactified on a circle of
radius R or rather on a circle of radius lf /R, where [ is the
fundamental string length scale, the theory will describe the
string with the same physical properties. The investigation of
T-duality does not cease to provide interesting new physical
implications.

Work supported in part by the Serbian Ministry of Education, Science
and Technological Development, under contract No. 171031.

#e-mail: ljubica@ipb.ac.rs
b e-mail: bnikolic@ipb.ac.rs

¢ e-mail: sazdovic@ipb.ac.rs

The prescription for obtaining the equivalent T-dual the-
ories is given by the Buscher T-dualization procedure [5,6].
The procedure is applicable along the isometry directions,
which allows the investigation of the backgrounds which do
not depend on some coordinates. It is found that T-duality
transforms geometric backgrounds to the non-geometric
backgrounds with Q flux which are locally well defined, and
these to different types of non-geometric backgrounds, back-
grounds with R flux which are not well defined even locally
[7,8]. A similar prescription can be used to obtain fermionic
T-duality [9,10]. It is argued that the better understanding
of T-duality should be sought for by doubling the coordi-
nates, investigating the theories in which the background
fields depend on both the usual space-time coordinates and
their doubles [11-14], which would make the T-duality a
manifest symmetry.

T-duality enables the investigation of the closed string
non-commutativity. The coordinates of the closed string are
commutative when the string moves in a constant back-
ground. In a 3-dimensional space with the Kalb—-Ramond
field depending on one of the coordinates, successive T-
dualizations along isometry directions lead to a theory with
Q flux and the non-commutative coordinates [15-17]. The
novelty in the research is the generalized T-dualization pro-
cedure, realized in [18], addressing the bosonic string mov-
ing in the weakly curved background—constant gravitational
field and coordinate dependent Kalb—Ramond field with an
infinitesimal field strength. The non-commutativity charac-
teristics of a closed string moving in the weakly curved back-
ground was considered in [19].

The generalized procedure is applicable to all the space-
time coordinates on which the string backgrounds depend. In
Ref. [18], it was first applied to all initial coordinates, which
produces a T-dual theory; it was then applied to all the T-dual
coordinates and the initial theory was obtained. In this paper,
we will investigate the application of the generalized T-du-
alization procedure to an arbitrary set of coordinates. Let us
denote the T-dualization along the direction x* by T# and

@ Springer
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the T-dualization along dual direction y,, by T,,. Choosing d
arbitrary directions, we denote

Ti:OD

d D
T = On=lTMn’ n=d+1TMn’ T= On:lTMn’ (1)

Ty =0}

n=1

T=02,1,, @

- _ D
Tlln’ 7; - On:d+lTMn’ n=1

where u, € (0,1,..., D — 1), and o denotes the compo-
sition of T-dualizations. We will apply T-dualizations (1) to
the initial theory, and T-dualizations (2) to its completely T-
dual theory (obtained in [18]). We will prove the following
composition laws:

T oT=T, T0T,=T, T,0T% =1, 3)

where 1 denotes the identical transformation (T-dualization
not performed). Therefore, the elements 1, 7¢ and 7, with
d = 1,...,D, form an Abelian group. We will find the
explicit form of the resulting theories and the corresponding
T-dual coordinate transformation laws. These results com-
plete the T-dualization diagram connecting all the theories
T-dual to the initial theory.

Throughout the whole article (except for Sect. 9) we
assume that the Kalb—Ramond field depends on all coordi-
nates. In that case all T-dual theories, except the initial theory,
are non-geometric and non-local because they depend on the
variable V#, which is a line integral of the derivatives of the
dual coordinates. To all of these theories there corresponds a
flux which is of the same type as the R flux unlike the non-
geometric theories with Q flux, which have a local geometric
description.

In Sects. 9.1 and 9.2, we present an example of the 3-
dimensional torus, T3 with H-flux, where Kalb—Ramond
field depends only on coordinate x>. Then T-dualizations
along the isometry directions x! and x? lead to geometric
background and the T-dualization along x* leads to non-
geometric background. In Sect. 9.1 putting D = 3,d = 1,2
with B,,,, depending on x> we reproduce the T-duality chain
of Refs. [15-17].

In Sect. 9.2 we will compare the results of our paper
with those of Ref. [8]. In our manuscript, the background
fields’ argument, the variable V*, incorporates all features
of the non-geometric spaces. First, as pointed out in Ref. [§]
it “eludes a geometric description even locally” because it
is a line integral of the derivative. Second, we obtain non-
associativity and breaking of Jacobi identity typical for the
so called R-flux backgrounds. In Sect. 9.3 we present exam-
ple of the 4-dimensional torus 7* to generalize the case of
Ref. [20] to critical surface.

The generalized T-dualization procedure originates from
the Buscher T-dualization procedure. The first rule in the
prescription is to replace the derivatives with the covariant
derivatives. The new point in the prescription is the replace-
ment of the coordinates in the background fields’ argument

@ Springer

with the invariant coordinates. The invariant coordinates are
defined as the line integrals of the covariant derivatives of the
original coordinates. Both covariant derivatives and invariant
coordinates are defined using the gauge fields. These fields
should be nonphysical, so one requires that their field strength
should be zero. This is realized by adding the corresponding
Lagrange multipliers’ terms. As a consequence of the transla-
tional symmetry one can fix the coordinates along which the
T-dualization is performed and obtain a gauge fixed action.
An important cross-way in the T-dualization procedure is
determined by the equations of motion of the gauge fixed
action. Two equations of motion obtained varying this action
are used to direct the procedure either back to the initial
action or forward to the T-dual action. For the equation of
motion obtained varying the action over the Lagrange mul-
tipliers, the gauge fixed action reduces to the initial action.
For the equation of motion obtained varying the action over
the gauge fields one obtains the T-dual theory. Comparing
the solutions for the gauge fields in these two directions, one
obtains the T-dual coordinate transformation laws.

2 T-duality in the weakly curved background

Let us consider the closed bosonic string propagating in the
background with metric field G, Kalb-Ramond field B,
and a dilaton field @, described by the action [3,4]

Y 1 gup e’
St = & [ @ y=5] (387 0o + = Buoto)

1
X g x " Bp” + —cb(x)R@)]. o
4k
The integration goes over a 2-dimensional world-sheet X

parametrized by £ (£° = 1, £! = o), gup 1s the intrinsic
world-sheet metric, R® corresponding 2-dimensional scalar

curvature, x* (&), uw = 0,1,..., D — 1 are the coordinates
of the D-dimensional space-time, k = ﬁ with o’ being
the Regge slope parameter and ¢! = —1.

2.1 Weakly curved background

The requirement of the quantum conformal invariance of the
world-sheet results in the space-time equations of motion
for the background fields. In the lowest order in the slope
parameter o’ these equations are

1 o
Ryv = 3 Bupo B,” +2D,0,® =0,
D,B",, —28,®B",, =0,

1
4(3®)* — 4D, 0  d + 3 B B
+4mi(D —26)/3 — R = 0. Q)
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Here B, = 9, Byp + 0y By, + 0, By, is the field strength
of the field B;,,, and R, and D), are the Ricci tensor and the
covariant derivative with respect to the space-time metric.
We will consider one of the simplest coordinate dependent
solutions of (5), the weakly curved background. This back-
ground was considered in Refs. [21-23], where the influence
of the boundary conditions on the non-commutativity of the
open bosonic string has been investigated. The same approx-
imation was considered in [16,19] in context of the closed
string non-commutativity.
The weakly curved background is defined by

G v (x) = const,

1
B;w(x) = bp.v + gBuupxp = b;,w + h;w(x)s
®(x) = const, (6)

with by, By, = const. This background is the solu-
tion of the space-time equations of motion if the constant
B, is taken to be infinitesimal and all the calculations
are done in the first order in By,,, so that the curvature
R,y can be neglected as the infinitesimal of the second
order. Through the whole manuscript (with the exception
of Sect. 9) we assume that the background has the topology
of D-dimensional torus T2, where the Kalb—-Ramond field
depends on all coordinates. In Sects. 9.1 and 9.2 we give an
example of the 3-dimensional torus, T3, with H-flux, where
the Kalb-Ramond field depends only on the coordinate x°,
while in Sect. 9.3 we give an example of the 4-dimensional
torus 7 with constant background fields.

The assumption that B,,, is infinitesimal means that we
consider the D-dimensional torus so large that for any choice
of indices

Bvp
m <1 @)
holds [16], where R, are the radii of the torus. The H-
flux background, considered in Refs. [8,16], is of the same
type as the weakly curved background. However, this back-
ground depends just on x> and corresponds to the examples
addressed in Sect. 9 of our paper. The background considered
in the rest of the article depends on all coordinates.

In this paper we will investigate the T-dualization proper-
ties of the action (4) describing the closed string moving in
the weakly curved background. Taking the conformal gauge
8up = ad Nap, the action (4) becomes

S[x] = K/ d%& 9 x T (6)9_x", (®)
)

with the background field composition equal to

1
My (x) = Byy(x) = EGMU(X)’ )

and the light-cone coordinates given by
L 1
£ = E(T:’:G), 0+ = 0; £ 05. (10)

2.2 Complete T-dualization

The T-dualization of the closed string theory in the weakly
curved background was presented in [18]. The procedure is
related to a global symmetry of the theory

SxH = Ak (11)

The symmetry still exists in the presence of the nontrivial
Kalb—Ramond field (6), but only in the case of the trivial
mapping of the world-sheet into the space-time, because in
that case the variation of the action (8)

5S = ge“ﬂme / d2E " 9px" (12)

after partial integration, using the identity £*d, g = 0,
becomes

58 = %Bﬂup,\ﬂe“ﬁ/dzgaa(x“aﬁx“), (13)

which is equal to zero. This means that classically, directions
which appear in the argument of Kalb—Ramond field are also
Killing directions. However, the standard Buscher procedure
cannot be applied to them, because background fields depend
on the coordinates but not on their derivatives.

The T-dual picture of the theory, obtained on applying the
T-dualization procedure to all the coordinates, is given by

STyl = « / @& 3y, T (AV (1)) Dy

- gfd% Ay 0" (AV (y))d—yy, (14)
where
oL = —%(GglniG*)““ =" F %(Ggl)'”, (15)
with
Geuwr = Gy —4(BG™'B)
oL = —%(GEIBG_l)“”, (16)

being the effective metric and the non-commutativity param-
eter in Seiberg—Witten terminology of the open bosonic string
theory [24]. The T-dual background fields are equal to

"G AV (y)) = (GEHY" (AV (),
*BHY(AV(y)) = gewmvw)), (17)
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and their argument is given by
K
AVH(y) = =5 (85" +6p1) Ay,
K v v ~
+§ (€02 — ©p1) Ay
= k6" Ay, + (87" Ay (18)

Here ©), is the zeroth order value of the field composition
@'y defined in (15) and g,y = Gy — 4bfw and 0)" =
—%(g’le’1 )V are the zeroth order values of the effective
fields (16). The variable A y,, is the double of the dual variable

Ay, = yu(5)—yu(&o), defined as the following line integral:

AT, =/ID(dry;+dayM)=/Pdg“e€xaﬁyﬂ, (19)

taken along the path P, from the point &5 (o, 0¢) to the point
§%t, 0).

The fact that we are working with the weakly curved
background ensures that the T-dual background fields are the
solution of the space-time equations (5). Because both dual
metric *G*¥ and dual Kalb—-Ramond field * B*" are linear in
coordinates with infinitesimal coefficients, the dual Christof-
fel symbol *T') and dual field strength * B#"? are constant
and infinitesimal. In Eq. (114) of Sect. 8 we will show that
T-dual dilaton field is *® = &® — Indet /211, where ®
is constant and I is linear in coordinates with infinitesi-
mal coefficients. So, ®*® is also linear in coordinates with
infinitesimal coefficients, and 9,,* ® is constant and infinites-
imal. Consequently, D, 9,°®, 9,°®B”,, and (EJM’CD)2 are
infinitesimals of the second order. So, all T-dual space-time
equations, for the metric, for the Kalb—-Ramond field and for
dilaton field, are infinitesimals of the second order and as
such are neglected.

The initial theory (8) and its completely T-dual theory (14)
are connected by the T-dual coordinate transformation laws
(eq. (42) of Ref. [18])

dxxt = —k @M (AV) oLy, F 2k Op, BT (V). (20)
and its inverse (eq. (66) of Ref. [18])

dxyp = —20u0 (Ax)0Lx” F 28,5 (%), 21
where ;7 (x) = F3hyuw (x)dxx". Tt is shown that

T: Sl — STyl T : Slyul — Sk, (22)
and therefore

ToT =1. (23)

@ Springer

3 T-dualization along arbitrary subset of coordinates
T : S[x*] — Slx', yal

In this section, we will learn what theory is obtained if one
chooses to apply the T-dualization procedure to the action (8),
along arbitrary d coordinates x4, 7¢ : S[x*] — § [x/, Yal,
with 7¢ = o?_ THn, pu, € (0,1,..., D — 1).

The closed string action in the weakly curved background
(6) has a global symmetry (11). One localizes the symmetry
for the coordinates x“, by introducing the gauge fields v
and substituting the ordinary derivatives with the covariant
derivatives

o x? = Dox® = dux + V5. (24)

The covariant derivatives are invariant under standard gauge
transformations

V8 = — 917 (25)

In the case of the weakly curved background, in order to
obtain the gauge invariant action one should additionally sub-
stitute the coordinates x¢ in the argument of the background
fields with their invariant extension, defined by

Axiy, = /;dé‘“ Dyx® = /P(dE+D+xa +dé"D_x%)
=x“ —x"(&) + AV, (26)

where
AV s/ d&*ve =/(dg+vi+dg*v_). (27)
P P

To preserve the physical equivalence between the gauged and
the original theory, one introduces the Lagrange multipliers
v, and adds term %ya F{_ tothe Lagrangian, which will force
the field strength F{ = d,v? —d_v{ = —2F§, to vanish.
In this way, the gauge invariant action

Siny[x", xﬁwy Yal
=K / d’ [8+xil'l+ij (xi, Axi‘fw)a_xj

+ 04X Tia (x, Ax

mv

+ Dox T (x', Ax{,

myv

+ Dy x“ Tl (x', Axt

mv

)D_x“

)8_xi

)D_xb

SO0y~ %0 50)] (28)

is obtained, where the last term is equal to %ya F{_uptothe
total divergence. Now, we can fix the gauge taking x4 (&) =
x%(&p) and obtain the gauge fixed action

Sex[x', v, yal
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= K/d25[3+x"n+,»,-(x", AV)o_x
+ 0 o (x', AV)0® + v Ty (x, AV) Dy’
0 T (xF, AVO)0? + %(via_ya — %0130
(29)

This action reduces to the initial one for the equations of
motion obtained varying over the Lagrange multipliers. The
T-dual action is obtained for the equations of motion for the
gauge fields.

3.1 Regaining the initial action

Varying the gauge fixed action (29) over the Lagrange mul-
tipliers y, one obtains the equations of motion

av? —a_vf =0, (30)
which have the solution
v = dex?. (31

On this solution the background fields’ argument AV?
defined in (27) is path independent and reduces to

AVEE) = x(&) — x“ (o). (32)

The gauge fixed action (29) reduces to the initial action (8),
but the background fields’ argument is AV instead of x'.
However, the action (8) is invariant under the constant shift
of coordinates, so shifting coordinates by x“(&p) one obtains
the exact form of the initial action.

3.2 The T-dual action

Using the equations of motion for the gauge fields, we elim-
inate them and obtain the T-dual action.

The equations of motion obtained varying the gauge fixed
action (29) over the gauge fields v{ are

_ . . 1
Maqi (x7, AV)dgx’ + Mgy (x', AV)0E + 5% Va
= £87(x', V), (33)
where
(.0 a 1 i i i b
B (' V) = F5 | has ()’ + hap(x)32V
hai (VO)ex +hap (V)oY (34

is the contribution from the background fields’ argument
AV, defined in a same way as in Ref. [18], by §y Sax =
—« [ dE(BF8ve + B, du™). If the initial background 1,

does not depend on the coordinates x“, the corresponding
beta functions are zero = = 0.

Multiplying Eq. (33) by 2«¢©%, defined in (A.7), the
inverse of the background fields composition 14,5, one
obtains

vi = —2K(:)‘]’Fb(xi, AV“)[Hib,- (xi, AV“)ajin + %8;”,
=67 (', V). (35)

Substituting (35) into the action (29), we obtain the T-dual
action

SIx', yal
=k / d’e |:8+xiﬁ+ij (xi, AVE(xE, ya))aij
— Kk 01x T yig (xi, AV, Ya))
x O (xF, AV, ya))d-ys
+x 8+ya(:)‘ib(xi, AV, )’a))
x Mg (2, AVAG, ya))d-x'

- g 34y, (x", AV (', ya))ayb} (36)
where
Myij = Myij — 21O T 37)

In order to find the explicit value of the background fields
argument AV9(x’, y,), it is enough to consider the zeroth
order of the equations of motion for the gauge fields v (35)

. 1
v = <208} [ Moroax® + So.yy” . (38)

Here égi and I, stand for the zeroth order values of @‘j_f’
and I14p;, and they are defined in (A.11).
Substituting (38) into (27) we obtain

AVO(xl )
=—K [égiHO—bi + @811H0+bi]Ax(0)i

—K [@SiHO—bi — egh H0+bi]Af(0)i
KT ~ ~ 0 KT ~ ~ ~(0
—5[631 + 05 Ay - 5[@3’; - 632 |5 (39)
Here
AP = /P [ty +doy ),

AZOF = f dex @ 4+ dox @), (40)
P

are the variables T-dual to the coordinates y, and x’ in the
zeroth order in By, for b, = 0, which we call the double
variables.
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Thus, we obtain the explicit form of the T-dual action
and conclude that it is given in terms of the original coor-
dinates x’ and the dual coordinates y, originating from the
Lagrange multipliers. However, the background fields’ argu-
ment depends not only on these variables but on their doubles
as well. Because of this the theory is non-local as the double
variables X' and y, are defined as line integrals.

The action (36) can be obtained from the initial action (8)
under the following substitutions of the coordinate deriva-
tives and the background fields:

dix’ — drx', px? — iy, (41)
Myij = "Taije Moia = *TL

Mg — "M%, i — *T9Y, 42)
where the dual background fields are
My =My, T = —«,60%,
° ~ ° K ~

M4, = k@M, N9 = 5@6”, (43)

with TT;;, 14,0, and @ defined in (37), (9),and (A.7). The
argument of all T-dual background fields is [x?, V¢(x', y,)].
According to (27) and (39), it is non-local and consequently
non-geometric. Calculating the symmetric and antisymmet-
ric part of the T-dual field compositions (43), we find that the
T-dual metric and Kalb—Ramond field are equal to

*Gij = Gij = Gij — Gia(G )" Gy;
wy (Bmé“”ij + G,»aé“”Bbj) — 4B, (GF) By,
. 57} K N ~—
Bij = Bij = Bij — 5 Gia0*"Gpj — Bia(G )" Gy

~Gia(G ;)" Byj — 2k Biu6°° Byj,

oGub — (Ggl)ab,
oBab — féab
2 9

G4 = k0 Gpi + 2G5 )" By,

1

- |
*B% = k60 By + §<GE‘> Gy, (44)

where G gqp and 6% are defined in (A.6) and (A.10). The
T-dual background fields have the same form as in the flat
background[1,5,25] butin the present case fields B/, GE lab
and 09? are coordinate dependent.

Comparing the solutions for the gauge fields (31) and (35),
we obtain the T-dual coordinate transformation law

dx® = —260% (x, AV, ya))
. . |
X[ Mt (6, AV (e, 3o’ + S0

T (L VA v0) | (45)

@ Springer

4 Inverse T-dualization 7, : S[x‘, Ya]l = S[x*]

In this section we will show that T-dualization of the action
S[xt, Yal, given by (36), along already treated directions y,
leads to the original action.

So, let us localize the global symmetry of the coordinates

Ya

8ya = Aa, (46)
of the action (36). Note that this is the symmetry, despite the
coordinate dependence of the metric (44), due to the invari-
ance of the background fields’ argument [18]. Following the
T-dualization procedure, we substitute the ordinary deriva-
tives with the covariant ones
D1y, = 0+yq + Uztq, 47
where u4, are gauge fields which transform as duy, =
—0d+A,. We also substitute coordinates y, in the background
fields” argument with the invariant coordinates

W = /P (A& D yo +d&~D_y,)
= ya(é) —va(é0) + AU,,

where

(43)

AU, = / (dE g + dEu_y). (49)
P

In this way, adding the Lagrange multiplier term which makes
the introduced gauge fields nonphysical, we obtain the gauge
invariant action

mv , Z(Z]

Sinv[xia Yas Y,
=K / d’ [8+xiﬁ+ij (xi, AV (x!, yjle))a,xf'
—K 3+xil'l+,~a (xi, INGIED yjlnv )

X @”ib(xi, AVE(x, yim’ )D,yb

a

+ K D+ya®‘ib(-xi7 Av(l(xi, yil’lV )

a

x T4 (xi, AV (xt, yimv )8_xi

a
+ % Dy, O (x', AVA(xT, yI™)D_y,
l a a
+ 5(u+a8_z —U_q042%) |, (50)
which after fixing the gauge by y,(§) = y, (&) becomes
Stixlx', tta, 2
= dezs [a+x"ﬁ+,-,- (x', AVE(x, AUL))-x7
— & Apx TLia (x', AV, AUL))
x @ (x', AVA(x', AU u—yp
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Frura @ (X, AVIGT, AUL))
x Typi (x', AVE(X', AUL))O-x'

+ % 4@ (x AV AU

1 a a
+ 5 Wad-2" —u-ads2%) |, (5D
where AV? is defined in (39) and AU, in (49).
4.1 Regaining the T-dual action

The equations of motion obtained varying the gauge fixed
action (51) over the Lagrange multipliers z¢

Opl_gq —0_uyy =0, (52)
have the solution
Utg = 0+Yq- (53)

On this solution the variable AU, defined by (49) is path
independent and reduces to

AUG(§) = ya(§) — ya(&0), (54)

and the gauge fixed action (51) reduces to the action (36).
4.2 Regaining the initial action

The equations of motion obtained varying the gauge fixed
action (51) over the gauge fields u 4, are

kO (x', AV (x', AU,))
1 . . : 1
x [Euﬂ, + g (xF, AV, AUQ))aqcxl] + 5052
= £c O By (x', V4 (', U)). (55)

where terms (:)ng ,B;E are the contribution from the variation
over the background field argument

Suin = [ e (5uraOFL B+ u-uB8L47). - (50

Here ,BjE is of the same form as (34) and @82 is defined in
(A.11).

Let us show that for the equations of motion (55), the
gauge fixed action (51) will reduce to the initial action (8).
Using the fact that (:)‘ij is inverse to 2« [T, these equations
of motion can be rewritten as

Ugq = =24 (X', AVA(X', AU,))dgx!
~2Mpap(x, AV, AU,)) 052"
£2BF (', VAL, Up)). (57)

Substituting (57) into (51), using the definition (37) and the
first relation in (A.22) one obtains

S[x', 2%]
—_ f d25[3+xf M4 0-x7 + 84x 4402
P
042 T i x + a+z“n+a,,a,zb]. (58)

The explicit form of the argument of the background fields
is obtained substituting the zeroth order of Eq. (57) into (49)

U = —2b,ix V" 4 G i i O = 26,z O + G 17 OP. (59)

Consequently, the argument of the background fields AV¥,
defined in (39), is just

vOad U, = 4. (60)

So, the action (58) is equal to the initial action (8) with x* =
7).

Comparing the solutions for the gauge fields (53) and (57),
we obtain the T-dual transformation law

I va = 20 (x', 2)d5x" — 2Magp(x’, 2%)02"
285 (x', 2%). (61)

Substituting d-y, to (45) with the help of (60) one finds
0+x? = 04+z%. Therefore, (61) is the transformation inverse
to (45), which confirms the relation 7% o 7, = 1.

5 T-dualization along all undualized coordinates
T : SIx*, yal = Slyyul

In this section we will T-dualize the action (36), applying
the T-dualization procedure to the undualized coordinates x.
Substituting the ordinary derivatives d.x’ with the covariant
derivatives

Dixi = aixi + wi, (62)

where the gauge fields w', transform as Sw/, = —d.A!, sub-
stituting the coordinates x’ in the background field arguments
with

Ay, = / (d67Dyx +dg™D_x), (63)
P

and adding the Lagrange multiplier term, we obtain the gauge
invariant action
Sinv[x', xfpys V]

=« / d’¢ [D+x"ﬁ+,- i(Axl,, AVE(AXL,, va)) D-x!

— & Dyx' Tiiq (Axly,, AVE(AXL,, Ya))

i
inv’
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x OP(Axly,. AV (Axly. ya))d-yp
+ k04 9a0% (Axfy,. AV (Axfy,. Ya))

mnv?
x Tpi (AxLyy, AVA(AXL,, va)) DX’

K ~ N .
+ 5 945202 (Axiy,, AV (Axipy, ¥a)) D3

1 . .
5wl 9y — wl_8+)’i)i|~ (64)

Substituting the gauge fixing condition x’ (&) = x’(&)) one
obtains

Sixlx’, wh, ]
=k / d’e [w;m,-j(AW)wi
— i w' Ty (AW) O (AW)3_yp
+ & 04 ya OP (AW) Tipi (AW ) wh
+ % 01y, O (AW)D_y,

1. .
+ E(wia—yi - w’_3+yi)}, (65)

where AWH = [AW!, AVY(AW', y,)] with AW’ defined
by

AW = / (dETw!, +d&"wh), (66)
P

and AV = AVE(AW!, y,) is defined in (39), where argu-
ment x' is replaced by AW'.

5.1 Regaining the T-dual action

The equations of motion for the Lagrange multipliers y; are
dpw’ — 9w =0, (67)
and they have the solution

wly = dex’. (68)

For this solution the background field argument A W' defined
in (66) reduces to

AW (&) = x" (&) — x' (&), (69)
so that the argument AV“ becomes
AVEAW! vy = AV, y9), (70)

and therefore the gauge fixed action (65) reduces to the action
(36).
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5.2 From the gauge fixed action to the completely T-dual
action

The equations of motion obtained varying the gauge fixed
action (65) over w!, are

— ; ~ 1
i (AW w3 — kTleia (AW)OL (AW 3y + 2 3

= 42Ty 02 BE(W), (71)
where

+ 1 v
B (V) = ﬂthw(V)aq:V . (72)

Terms T4 j @fFM ,Bff( W) are the contribution from the back-
ground fields’ argument, defined by

Su Six = —2ic> / d’ (5w"+ﬁ+i,-@f;”ﬂ;
+suwl T 018} ), (73)

calculated using (A.15), (A.16), and (39).
Using the fact that the background field composition TT; ]

is invese to 2K@¥ defined by (A.22), we can rewrite the
equation of motion (71) expressing the gauge fields as

wl = 2,<@;f(AW)[Knija(AW)é‘;Fb(AW)aijb
l .
—Eaij,] + 2O BEW). (74)
Using the second relation in (A.23), we obtain
wh = —K®$(AW)[a¢yM ¥ 2,3,f(W)]. (75)

Substituting (75) into the gauge fixed action (65), we
obtain

Slyl
= K/dzg [a+y,- (K®’Z - K2®i_kﬁ+k1®’£)a_yj

+ (- k20U, 0k + g@"_“ 207 M,;,6)

X 04y 0-Ya

+ ( - K2®Lijﬁ+jk®k_i + g@lil - ch:)‘]_bn-;-bj@'ii)

X 04Ya 0—Yi + 04 Ya (%éih - K2@‘fﬁ+ij@£b

i 2OY T, O — Kzéi“mci@"_b)a_ ybi|. (76)
Using (A.22), (A.27), and (A.29) one can rewrite this action
as

K2

S[y] = 5> / A% 94y, 0" (AW)d_y,. (77)
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In order to find the background fields’ argument AW’ we
consider the zeroth order of Egs. (75), and we conclude that

AW = —k6) Ay, + (g7 P AT, (78)

Using (A.28) and (A.23), we find that AV4(AW?, y%)
defined in (39) equals

AVIAW!, y,) = =05 Ay, + (g7 )™M AT, (79)

Therefore, we conclude that the background fields’ argument
isequal to (18), so that the action (77) is the completely T-dual
action (14), which is in agreement with Ref. [18]. Comparing
the solutions for the gauge fields (68) and (75), we obtain the
T-dual transformation law

b = 0l (AV)[ory, F 285V )] 80)

One can verify that two successive T-duality transforma-
tions (45) and (80) correspond to the total T-duality transfor-
mation (20). Indeed, the relation (80) is just the ith compo-
nent of this transformation. Substituting d.x' from (80) into
(45), using (A.25) and (A.29), we obtain
dex® = —cOL (AV) [y, 2287 (V) .

which is just the ath component of the complete T-duality
transformation. So, we confirm that 7% o 7% = 7.

6 Inverse T-dualization along arbitrary subset of the
dual coordinates 7; : S[y,] — S[x’, yal

Finally, in this section we will show that the T-dualization of
the completely T-dual action (14), along arbitrary subset of
the dual coordinates y; leads to T-dual action (36). So, let us
start with the T-dual action

2
st =" / A2 9, 7,0 (AV(1))0_y,, @81)

which is globally invariant to the constant shift of coordinates
Y

8y = A (82)

We localize this symmetry for the coordinates y; and obtain
the locally invariant action

Sy, ¥, 21
2
. ) _
=5 [ @e[pinel (avor. )y,
+ D1y O (AV (™, ya))d-
+04 3. O (AV (™. ya)) D—yi

+ a+)’a®ih (AV()’;HV, ya))afyb

1 . .
(- — w02, (83)
where D1y, = 01y, + uy; are the covariant derivatives.
The gauge fields u4; transform as Sui; = —0d4A; and the

invariant coordinates are defined by yi™ = [, (d€ "D, y; +

d&~D_y;). After fixing the gauge by yi(€) = yi(£o). the
action becomes

Stix[Ya» Ui, 7'
2 L.
- %/dzé[u_,_i@lf(AV(AUi,ya))u_j
+u4i©®“(AV(AU;, ¥4))0-ya
+ 04 3,0 (AV(AU;, ya))u—i
+ 047,09 (AV(AU;, ya))d- s

1 . .
02 — 02 (84)
where AU; = fP(d§+u+i +déTu_y).
6.1 Regaining the T-dual action

The equations of motion obtained varying the gauge fixed
action (84) over the Lagrange multipliers

opu_j —o—_uqi =0, (85)
have the solution

Uti = 0+Y;. (86)
On this solution the variable AU; reduces to

AU;(§) = yi(§) — yi(%o), (87)
and therefore

AVE(AU;, ya) = AVE(y). (88)
So, the action (84) becomes the action (81).

6.2 Obtaining the T-dual action

The equations of motion obtained varying the action (84)

over uy; are

KOL(AV(AU;, yo))uzj + kOL(AV(AU;, ya))dzYa
+oxz' = 2008, (VUi ya)), (89)

where ,Bf are given by (72). The terms with beta function
come from the variation over the argument U;

suSin = [ e (5O ]+ du_iOfipy). ©0

@ Springer
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and are calculated using (A.15) and (18). Using the fact that
2k T14; is the inverse of ®Y, the equation (89) can be rewrit-
ten as

uzi = —2M4;(AV(AU;, ya))[KG)i“(AV(AUu Ya))

Substituting (91) into the gauge fixed action (84), using
(A.25) we obtain

S[z', Ya
«’ 2,12, iF ' iTT jb
— de g[;mz Tyij0_2) + 20,2070y,
— 201y, 0% T ;0_2/ + 3+ya(:)‘l"37yb], (92)

which with the help of (A.29) becomes

2
N - P S
S[z', yal = 5 d-& K8+Z IMy;0-z
—2012' 14O 0_yp + 204y, O T 4p;0-2/

+0:3,60-yp 93)

In order to find the argument of the background fields
AV (AU, y,), one considers the zeroth order of Egs. (91)
and obtains

AUY = _[ﬁ0+ij +ﬁ0—ij]AZ(O)j
+[ﬁ0+i,/ — Mo j]AZ(O)j
—K [ﬁ0+i 0L + o0 ]Ayflo)
+x [ﬁ0+,- 00 —Ty_;00¢ ]A ) (94)

where the double variables are defined in analogy with (40).
Substituting (94) into (18), we obtain

AVH(AU;, ya) = AZ, (95)

and
AVA(AU;, va) = k| B2 Mo + OFF Mossi | A2
—k [@)83 Mo_pi — OFF H0+bi] Az O

__[@) n @db]Ay(O)

3108 -

which is exactly (39) with z/ = x’. So, we can conclude that
the action (93) is equal to the T-dual action (36).

Comparing the solutions for the gauge fields (86) and (91),
we obtain the T-dual transformation law

& |asy, (%)

@ Springer

dryi = —2T4y; (A, AVE(AUI(E, Ya), Ya))
x [KG)ZF“(AZC AVU(AU(Z, Ya)s Ya)) 05 Ya + 352

FUOPBE(E VIR v 30) ©7)

These transformations are inverse to (80), so that 77 o T; =
1. Successively applying (97) and (61), using (A.29) and
(A.25), we obtain the ith component of the inverse law of
the total T-dualization (21). Its ath component is (61), so we
confirm that 7, 0 7; = 7.

7 Group of the T-dual transformation laws

In this section we will recapitulate the coordinate transfor-
mation laws between the theories considered. In Sect. 3, we
performed the T-dualization procedure along the coordinates
xa

T : S[x*] = S[x', yal, (98)

and obtained the following coordinate transformation law:
(45)

dpx® = 210 (x, AVIG, ya))
‘ . S
X |:H:|:bi ()Cl, AVE(X', Ya))a$xl + §3¥)’b
B (X, Ve, ya))] ©9)

where V¢ and ,BjE are given by (39) and (34). In the zeroth
oder this law implies

xWa = yOagy -y, (100)

In Sect. 4, starting from the action S[x’, y,] we performed
the T-dualization procedure along the coordinates y,

T, 2 S[x', ya] = S[x*], (101)
and obtained the transformation law (61)
9 ya = —2IM4q, (x)dxH £ 2;3 (x), (102)

which is the law inverse to (99) and in the zeroth order it
implies

WO =y ). (103)
Multiplying the transformation law (99) from the left side
by Mica(x) = H:I:ca(xiv Avu(xi’ ya)), using (100), we

obtain the transformation law (102). So, we confirm that
T%0T, =1.



Eur. Phys. J. C (2015) 75:576

Page 11 of 17 576

In Sect. 5, starting once again from the action S [xf, Yal, we
performed the T-dualization procedure along the undualized
coordinates x'

T': S[x', yal > Syl (104)
and obtained the coordinate transformation law (80)
dpxi = —K@;"(AV(y))[aﬂM - 2ﬂj(V(y))], (105)

where V# and ,83: are given by (18) and (72). In the zeroth
order it gives
xOF = yOi gy (106)
The two successive T-duality transformations (99) and (105)
give the complete transformation (20), so that 7¢ o 7/ = 7.

In Sect. 6, starting from the completely T-dual action S[y],
we performed the T-dualization procedure along the coordi-
nates y;

T Slyul — SIx', yal, (107)

and obtained (97)
dryi = —2T04; (A", AVYUAU; (X', Ya), Ya))
x[KOF (Ax, AVHAU G, 30, ya)) s va +

FAOULE( VAU )| (08)
with V¢, U;, and ﬂff given by (79), (94), and (72). In the
zeroth order this law implies

y O =uO, ). (109)

Multiplying (108) from the left by
O (Ax!, AV (y)) = O (Ax', AVI(AUI(X, ya), ya)),

using (106), we obtain the transformation law (105), so that
T' o T; = 1. Successively applying (108) and (102), using
(A.29) and (A.25), we obtain the i th component of the inverse
law of the complete T-dualization (21). Its ath component is
(102), so we confirm that 7, o 7; = T.

We can conclude that the elements 1, 7% and 7,, with
d = 1,..., D, form an Abelian group. The element 7¢ is
the inverse of the element 7.

8 Dilaton field in the weakly curved background

The T-duality transformation of the dilaton field in the weakly
curved background was considered in Ref. [26]. For com-
pleteness and further use, we give here a brief recapitulation
of some basic steps of the treatment.

It is well known that a dilaton transformation has a quan-
tum origin. So, let us start with the path integral for the gauge
fixed action

Z = / dv! dvdy, e Six (Ve 0:7) (110)
where
Shix (V+, 0+y) = So + 1, (111)

with S7 being the infinitesimal part of the action
1
So =« / dzé[viHOJmuvi + E(vﬁ‘_a_yu — v53+yu)],

S| = dezg Vi (V)Y (112)

For a constant background (S; = 0) the path integral is
Gaussian and it equals (det 1'I0+W)’1. In our case the back-
ground is coordinate dependent and thus the integral is not
Gaussian. The fact that we work with an infinitesimal param-
eter enables us to show that the final result is formally the
same as in the flat case [26],

1 ;o

Z:/dy — TS, (113)
" det(I4 00 (V)

where *S(y) = % [ d?€ 3y, O (V)d_y, is the complete
T-dual action and I1;,,(V) = B, (V) + %G,w. Conse-
quently, although for the weakly curved background the func-
tional integration over v+ is of the third degree, it produces
formally the same result as in the flat space (where the action
is Gaussian),

*d =& — Indet /21T, 4p.

Using the expressions for T-dual fields (43) we can find
the relations between the determinants

1 _ det Gyp
det(2°m14?) ~ V det*G?
B det Gy
~\ det* Gy’

where because of the relation I11,;, = B,y & %Gab we putin
the factor 2 for convenience. The symbol *G ,,, denotes met-
ric in the whole space-time after partial T-dualization along
x“ directions. With the help of last relation we can show
that the change of space-time measure in the path integral is
correct

‘ , 1
mdxzdxa — \/delm dya
= /det*G . dx'dy,,

when we performed T-dualization 7¢ along x¢ directions.

(114)

det(2Itqp) =

(115)

(116)
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9 Comparison with the existing facts
9.1 T-dualization chain for the background with H flux

In this section we will compare our results with the T-du-

alization chain of Ref. [16]. The coordinates of the D = 3-

dimensional torus will be denoted by x!, x2, x3. Because

of the different notation, the background fields considered in

this paper and those considered in [16], which will be denoted

G and B, are related by

BH«U = —2B;u), g,uv = Gl,LLH H, V= 1,2,3. (117)
Nontrivial components of the background considered in

Ref. [16] are

By = Hx?,

Guv = b, (118)

which in our notation corresponds to the background fields

1
Guv = 8uv, Bin = —sz3. (119)
Let us first compare the results in the case d = 1, corre-
sponding to the transition

T' : torus with H-flux — twisted torus.

To do so, let us perform T-dualization along the direction
xbL Tl Six] — Sly1, x2, x3], for the string moving in the
background (119). The indices take the values a, b € {1} and
i, j € {2, 3}. Because the only nontrivial component of the
Kalb-Ramond field is B,;; = — % Hx38; , the effective fields
are just Gﬁv = 8, and 67 = 0. So, the T-dual background
fields (44), in the linear order in H, are

*Gij = éij, °Bij =0,

oGab — Sab oBab — 0

*G% = —Hx%8;5, °*B% =0. (120)

Therefore
1 —Hx> 0

Gy = | —Hx? I 0]="Gu, (121)
0 0 1

and

*Buy =0="8B,,, (122)

so our result is in agreement with that of Ref. [16].
Now, let us make the comparison in the case d = 2, which
corresponds to the transition

T' o T2 : torus with H-flux — Q-flux non-geometry.

@ Springer

Instead to perform T? dualization, from twisted torus to 0-
flux non-geometry as in [16], we will start from the initial
background with H-flux and perform T-dualizations along
x'and x2, T' o T% : S[x] — S[y1, 2, x3]. The indices
take the values a,b € {1,2} and i, j € {3}. Because the
only nontrivial contribution to the Kalb—Ramond field B,y is
B, = —%H x3, the effective background fields are Gf =
Sabs Gg = 4;j, and the only nonzero component of 69 is
62 = %H x3. The T-dual background fields linear in H are
therefore

*Gij = 8ij, "GP =" *Gi =0, (123)
and
° o pl2 1 3 e na
B,‘j:O, B ZEHX s B ,':0. (124)
Consequently
1 0 0
.G;w = 0 1 0 = .g/w, (125)
0 0 1
0 —Hx* 0
*Buy = —2°By, = | Hx? 0 0], (126)
0 0 0

so the results of this paper and [16] in this case coincide.

9.2 Non-associativity of R-flux background and breaking
of Jacobi identity

InRefs. [18,19] we obtained T-dual transformation laws con-
necting T-dual coordinates y, with the initial coordinates
x". Here we will reduce our case to the 3-dimensional torus
with H-flux considered in [8]. Then, the full T-dualization
along all coordinates corresponds to the so-called R-flux.
So, we are going to calculate its characteristic features: non-
associativity relation and breaking of Jacobi identity.

We will work in the background of Sect. 9.1 consisting of
euclidean flat metric G, and Kalb—Ramond field with one
nontrivial component B, = — % H x3. T-dual transformation
laws for coordinates y, (u =1, 2, 3) are of the form

1 1
V= -m+ —Hx3x", (127)
K 2
1 1
L=~y — —Hxx', 128
b Ifﬂz S Hxx (128)
V3 = —m3, (129)
K

where 1, 2, w3 are canonically conjugated momenta for

coordinates x!, x2, x3, respectively. The initial space is a

geometric one, so, the standard Poisson algebra is satisfied,
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{x*(0), m,(0)} = §",8(0 —5),

{xt, x"} = {7y, 7} =0. (130)
From (127)—(129) we obtain

1
{y,(0), y,(@)} = _ZHEMU,OX/'OS(G —0), (131)

which, after two partial integrations, produces

1
(@), (@)} = S-Heurp [x*(0) = x*(3)]6(c — &),
(132)

where €,,,, is the 3-dimensional Levi-Civita tensor (123 =
1) and the function 6 (o) is defined as

0 if 0=0
0()=1{1/2 if 0<o <27,
1 if o=2n

o €0, 2n]. (133)

Using the standard Poisson algebra (130) and transformation
laws (127)—(129), after one partial integration, we get

{{y,4(01), w(02)}, yp(63)}

1
= WHSW,) [0(02 — 01)8(01 — 03)

+60(01 — 02)0(02 — 03)], (134)

Now we have all ingredients to calculate the non-
associativity relation

{{yu(o1), yu(02)}, yp(03)} = {yu(o1), {yv(02), yp(03)}}
1
= 2_1(21'15;/,11,0 [20 (03 — 02)0(02 — 01)
+0(01 — 03)0(03 — 02) + 0(03 — 01)0(01 — 02)]
(135)
and breaking of Jacobi identity
{yu(o1), yu(02), yp(03)}
= {{yu(ol)s yv(UZ)}s yp(03)}+{{yv(02)» yp(US)}, yu(gl)}
+{yp(03), yu(o1)}, yv(02)}
1
= EHS’”” [0(01 — 02)8(02 — 03)
+ 0(03 — 01)0(01 — 02) + 6(02 — 03)0(03 — 01)].
(136)

For example, for 01 = 27 + ¢ and 02 = 03 = o one has

1
{(yu@m +0),y(0),y,(0)} = —;Hewp. (137)
In the approach of this article, the background of the T-
dual theory depends on the non-local variable V#, which
incorporates the main features of the non-geometric spaces.

Reducing our procedure to three dimensions and using the
backgrounds of Refs. [8,16,27], we showed that our structure
of arguments of background fields proves the proposal of
Refs. [8,27] that non-associativity and breaking of Jacobi
identity are features of R-flux background.

9.3 Critical surface

Let us generalize the discussion of Ref. [20] where the
critical surface, which separates equivalent sections of back-
ground fields, generalizes the critical radius. Using the dila-
ton field analysis, namely the relation (115), we can conclude
that T-duality maps the theories with a given

det(2M+4p)

into the theories with

1/ det(2M+ap),

so that all different theories are in the region
det(2I144p) < 0.

The theories which background fields satisfy the condition
det(2l1445) = 1, are mapped into each other under T-
duality. This is a generalization of the critical radius and can
be consider as a critical surface. So, relation (115) implies
Jdet Ggp, = v det *G*, which means that a dual volume is
equal to the initial one. At the critical surface the extended
symmetry should be expected.

Let us, following [20], give an example of the relation
between the original and T-dual background fields. We will
consider the initial background in the 4-dimensional torus
T4 given by

Guv = g8, Buy=VE],, (138)
where
0 0 0 1 0 0 1 0
0 0 1 0 0 0 0 -1
1 2 _
E=lo -1t o of 5|1 0 0 of
-1 0 0 0 0 1 0 0
0 1 0 0
-1 0 0 0
3
E=l"0 o o 1l (139)
0 0 -1 0
satisfies
E'El =81+ EF, &P =1 (140)
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The zero modes of the T-dual metric and T-dual Kalb—
Ramond field (17) for the initial fields (138) are

* MUY —1 _ 8
GM = (GH" = e (141)
and
1 b :
s = Koo — 7 pi (142)
2 224+ b2

with b> = b'b'. They have the same form as the initial fields
(138)

*Guv =88, *Buy ="b'EL,. (143)
with

i
%:ﬁ, * =_g2bW‘ (144)
One easily shows
*o? 4 = ﬁ. (145)

In spheric coordinates one has

(g, b, b%, b*) = (rcos6, rsinf cos g,

r sin @ sin ¢ cos @1, r sin 6 sin ¢ sin ¢1),

(146)
so g2 + b?> = r?, and using (144) one obtains
(*87 vlbl7 *b2’ *b3)
1 1 . 1. .
= | —cosf, ——sinf cos ¢, —— sin 6 sin ¢ cos ¢1,
r r r
L. . .
——sinfsingsingg | . (147)
P
Therefore, T-duality transforms (r, 8, ¢, ¢1) to
* * * * 1
( r, 0’ (ﬂ, (ﬂl) = ;9 _65 (pa (Pl . (148)
From the relation l'IjEG_ll'I¥ = —%GE we find
gz
det(2Mtyy) =+ = (g% +bH)> =r*. (149)

8

Backgrounds corresponding to r = 1 are mapped into them-
selves. The subset of this is the fixed surface with the condi-
tion

det2Myy) =r*=1,6 =0

org =1, b =0.

@ Springer

10 Conclusion

In this paper, we considered the closed string propagat-
ing in the weakly curved background (6), composed of a
constant metric G, and a linearly coordinate dependent
Kalb—Ramond field By, withinfinitesimal field strength. We
investigated the application of the generalized T-dualization
procedure on the arbitrary set of coordinates and obtained
the following T-duality diagram:

Sz, ya]

St ~ Sy,

Let us stress that generalized T-dualization procedure
enables the T-dualization along arbitrary direction, even if
the background fields depend on these directions. The con-
sequence of this procedure is that the arguments of the back-
ground fields, such as AV¢, are non-local. They are non-local
by definition, as they are the line integrals of the gauge fields.
Once the explicit form is obtained the non-locality is seen in
a fact that they depend on double coordinates x and y, which
are the line integrals of the t and o derivatives of the original
coordinates. To all the theories considered, except the initial
theory, there corresponds the non-geometric, non-local flux.

The generalized T-dualization procedure was first applied
along arbitrary d (d = 1,..., D — 1) coordinates x¢ =
{x#1, ..., x"}. We obtained the T-dual action S[x', y,],
given by Eq. (36) with the dual background fields equal to

k=l b
My =My, "ML = —«M14,07,

MY, = k@M, IV = 26 (150)

59—
The argument of all background fields, [xf, Va(xt, Ya)l,
depends nonlinearly on coordinates x*, y, through their dou-
bles &', 7, [see (39) and (40)]. All actions S[x’, y,] are phys-
ically equivalent, but they are described with coordinates
xt = {xtat1  x"D} forthe untreated directions and dual
coordinates y, = {yu;, .., Yu, ), for the dualized directions.
The case d = D corresponds to the completely T-dual action
with the T-dual fields §©""(V (y)) and the case d = 0 to the
initial action with the background IT , (x).

Applying the procedure to the T-dual action along dual
directions y, = {Yu;,-..,Yu,} We obtained the initial
theory, and applying it to the untreated directions x' =
{xHatt ., x"P} we obtained the completely T-dual the-
ory. All these derivations confirmed that the set of all T-
dualizations forms an Abelian group. The neutral element
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of the group is the unexecuted T-dualization, while the T-
dualizations along some subset of original directions 7¢ is
inverse to the T-dualizations along the set of the correspond-
ing dual directions 7.
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Appendix A: The background field compositions

The background field compositions I, of the initial theory
are

1

Iy, =B = EGW’ (A.1)

where G, and B, are the initial metric and the initial Kalb—
Ramond field. The background field compositions ®;” of the
T-dual theory are

2 1

O = —~ (G5 MG " =" £ —(GEH™,  (A2)
K K

with G g, being the effective metric

Gepw = Gy —4(BG™'B) 40, (A.3)

and OV being the parameter of non-commutativity

v 2 -1 —1\puv

0" = —— (G, BG ). (A4)
K

These background field compositions satisfy

1
My, 0F =64 Ny, = Zag. (A5)

Let us define the analogs of ®4" in the d- and D — d-
dimensional subspaces determined by coordinates x¢ =

{x#t ..., xH4} and xl = {xHa+l . ., xH*DP}, where d =
1,2,..., D — 1. The effective metrics in these subspaces
are defined by

GEab =Gu — 4Bac(é_1)CdBdb’

Grij = Gij — 4By (G Y By;, (A.6)

where Gy = Ggp and G,-j = G;j. Using these we define
the following field compositions:

- 2 . .
0F = —=(GE) " Meea(GTHY,

i 2 . _
Of = =G Mau(G™HY, (A7)
which are in fact the inverses of 2« [1+4p and 2« T4
. ~ 1
b b
(")1 H:Fbc = H:Fcb® ¢ = E(Sg,
&Ml = Moy @ = s A8
£1Fjk = HFh T T 5 % (A.8)

Analogously as the fields theta @iv defined in the whole
space by (A.2), the theta fields defined in the subspaces can
be separated into antisymmetric and symmetric parts as

~ ~ 1 -
@t:ltb — eab :F ;(Ggl)ab’

. .. 1 - .

O =67 F ;(GEl)”, (A.9)

where

- 2 . ~

Qab = _;(GEI)HCBCd(G—l)db’

_.. 2 _ , _ .

0" = —-=(GH*Bu(GHY. (A.10)
K

In the zeroth order the quantities T4y, o1, eub , and

O reduce to

1
HO:i:uv = b;u) + EG/wv

2 _ 1
@51 — _;(g I)MPHing(G l)ov — 96” T ;(g l)uv7
~ 2 ~_ ~ _ 1 .
0% = —Z (@ H Mowea (GHP =050 7 — (g7 H,
K K

. 2 R D
Ofy = —= @ H* Moz (GHY =0 £ @ ",
K K

(A.11)
where the zeroth order effective metrics are
guv = Gy — 4bup (G~ by,
Zab = Gap — 4bac (G~ )by,
gij = Gij — 4bi (G HM by, (A.12)

and the zeroth order non-commutativity parameters are

2
0" = == (™" bps (GTHT,

~ 2 ~
0" ==~ @ " bea(GTH

o
e
I

—%(g‘l)”‘ b (G™HY, (A.13)
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et nwv  Nab S .
Quantities Mo+, Oy, Of;, and O, satisfy

Vo PV _ 0
HOiw®0¢ = 04 Mogvp = Z‘Sw

2be _ @b »
Mo+ab Ops = O Hogpa = Z(S;,

1
Mo o(,jF = O, Moz = Zalf. (A.14)

1

The non-commutativity parameters theta ®’f, ®4b , and
@Y can be expressed as

AV Y
OL" = 04 — 2O hpo OF
@(Jb — @0
i @il
Of = 0Oy,

~ac
— 2k O:I:th®():|:’

— 2K®Oi]’lkl ®0i. (A.15)
Appendix A.1: Relations between field compositions

In Sect. 3.2 we introduced the background field composition

Maij = Maij — 2 Mg O sy, (A.16)
and analogously we define
ﬁ:tab =14, — 2Kn:|:ui®¥r[:|:jb~ (A.17)

Here we will show that these quantities are the inverses of
the ordinary non-commutativity parameters theta, projected
to the i- and a-subspaces [see (A.22)].

Let us express the tensors I14,, and ©4", which satisfy
(A.5), in a block-wise form as

_ o My s w ®i' e
nip,v = <H:I:aj H:I:ab) s ®j: - ®a] @11; .
(A.18)

We will use the definition of block-wise inversion, which
states that the inverse of the matrix of the form

(2 5)

equals

(A.19)

M—l
_ ( (A—BD o) !

A7'B(D—-CcA7'B)!
—-D'c(A-BD'0O)!

(D—CA~'B)™!
(A.20)

Applying (A.20) to the first matrix in (A.18), Eq. (A.5)
implies

y 5 .
2K@l:']: = (H:I:ij — ZKH:tia@)‘:i:bH:tbj) ,
20 = —2k O M jo(Map — 2k M ON Tayp) 1,

@ Springer

2/(@;'/ = —2/<C:)‘__‘Fbl'lib,-(l'li,’j‘ — ZKH:tiC@;:dnidj)71 s
20% = (Migp — 26 OL Tt j) ", (A21)

and we can conclude that (A.16) and (A.17) are the inverses
of 2k @” and 2« @“b respectively. So, we can write

13 1 k

M0l = ek ni,, = 2/<8"’
- bc ch Ty 1 c
NiapOF = OL T, = Zéa, (A.22)
and

ib S b
OF = —2«6M;,0%,
0F = —2c0% M1y O (A.23)

Applying (A.20) to the second matrix in (A.18), Eq. (A.5)
implies

2Tzj = (O — 2K®§f 50571,

2 Mip = —2k T4 O (@“" 260U Ty ©0) 71,
2Ty = —2u 110 (O] 2K®i0ﬁ¥cd®if)—1,

2 Map = (O — 2O 4,071, (A.24)
so using (A.8) we conclude that

L N . .

0 = 0 — 2O T4+ 07,

0% = 0% — 0% T4, 07, (A.25)
and

ey = —ZKﬁp‘j@i{ll—l;ah,

My = —2k Mgy O T (A.26)

Let us derive some useful relations between these quan-
tities. Equation (A.5), foru = a,v=iand p =i,v = a,
becomes

niab®bi
[JER @j

= T, O
Hilb®

:F 9

(A.27)
while taking 4 = a,v = b and u =i, v = j we obtain
1

Maiae®F + M0 OF = -8,
1

M+,0Y + My 0Y i) 2—5’ (A.28)
K

Multiplying Eq. (A.27) from the left with (:)SF“ and from the
right with ITx;; we get the relation

O Mt = —OF Mar, (A.29)
while multiplying Eq. (A.28) from the right with @kl nd
from the left with Hiac, we obtain

®]:(|§l ﬁ:I:ac =

— O M. (A.30)
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Abstract In this article we offer a new interpretation of the
T-dualization procedure of type II superstring theory in the
double space framework. We use the ghost free action of type
IT superstring in pure spinor formulation in approximation
of constant background fields up to the quadratic terms. T-
dualization along any subset of the initial coordinates, x¢, is
equivalent to the permutation of this subset with subset of the
corresponding T-dual coordinates, y,, in double space coor-
dinate Z¥ = (x*, yu)- Requiring that the T-dual transfor-
mation law after the exchange x < y, has the same form as
the initial one, we obtain the T-dual NS-NS and NS—R back-
ground fields. The T-dual R—-R field strength is determined up
to one arbitrary constant under some assumptions. The com-
patibility between supersymmetry and T-duality produces a
change of bar spinors and R-R field strength. If we dualize
an odd number of dimensions x“, such a change flips type
IIA/B to type I B/A. If we T-dualize the time-like direction,
one imaginary unit / maps type II superstring theories to type
II* ones.

1 Introduction

T-duality is a fundamental feature of string theory [1-8]. As
a consequence of T-duality there is no physical difference
between string theory compactified on a circle of radius R
and circle of radius 1/R. This conclusion can be generalized
to tori of various dimensions.

The mathematical realization of T-duality is given by
Buscher T-dualization procedure [4,5]. If the background
fields have global isometries along some directions then we
can localize that symmetry introducing gauge fields. The
next step is to add the new term in the action with Lagrange

This work is supported in part by the Serbian Ministry of Education,
Science and Technological Development, under contract No. 171031.

4 e-mail: bnikolic@ipb.ac.rs

b e-mail: sazdovic@ipb.ac.rs

multipliers which forces these gauge fields to be unphysical.
Finally, we can use gauge freedom to fix initial coordinates.
Varying this gauge fixed action with respect to the Lagrange
multipliers one gets the initial action and varying with respect
to the gauge fields one gets the T-dual action.

Buscher T-dualization can be applied along directions on
which background fields do not depend [4—10]. Such a proce-
dure was used in Refs. [11-18] in the context of closed string
noncommutativity. There is a generalized Buscher procedure
which deals with background fields depending on all coor-
dinates. The generalized procedure was applied to the case
of bosonic string moving in the weakly curved background
[19,20]. It leads directly to closed string noncommutativity
[21].

The Buscher procedure can be considered as the defini-
tion of T-dualization. But there are also other frameworks
in which we can represent T-dualization which must be in
accordance with the Buscher procedure. Here we talk about
the double space formalism which was the subject of the arti-
cles about 20 years ago [22-26]. Double space is spanned by
coordinates ZM = (x#,y,) (0 =0,1,2,..., D—1), where
x" and y,, are the coordinates of the D-dimensional initial
and T-dual space-time, respectively. Interest for this subject
emerged again with Refs. [27-34], where T-duality is related
with O(d, d) transformations. The approach of Ref. [22] has
been recently improved when the T-dualization along some
subset of the initial and corresponding subset of the T-dual
coordinates has been interpreted as permutation of these sub-
sets in the double space coordinates [35,36].

Let us motivate our interest in this subject. It is well known
that T-duality is important feature in understanding M-theory.
In fact, five consistent superstring theories are connected by
a web of T and S dualities. In the beginning we are going
to pay attention to the T-duality. To obtain formulation of
M-theory it is not enough to find all corresponding T-dual
theories. We must construct one theory which contains the
initial theory and all corresponding T-dual ones.

@ Springer
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We have succeeded to realize such program in the bosonic
case, for both constant and weakly curved background. In
Refs. [35,36] we doubled all bosonic coordinates and obtain
the theory which contains the initial and all corresponding T-
dual theories. In such theory T-dualization along an arbitrary
set of coordinates x¢ is equivalent to replacement of these
coordinates with the corresponding T-dual ones, y,. There-
fore, T-duality in double space becomes symmetry transfor-
mation with respect to permutation group.

Performing T-duality in supersymmetric case generates
new problems. In the present paper we are going to extend
such an approach to the type II theories. In fact, doubling all
bosonic coordinates we have unified types IIA, IIB as well
as type II* [37] (obtained by T-dualization along time-like
direction) theories. We expect that such a program could be
a step toward better understanding M-theory.

In the present article we apply the approach of Refs. [35,
36] in the cases of complete (along all bosonic coordinates)
and partial (subset of the bosonic coordinates) T-dualization
of the type II superstring theory [1-3]. We use ghost free
type II superstring theory in pure spinor formulation [33,38—
441 in the approximation of constant background fields and
up to the quadratic terms. This action is obtained from the
general type II superstring action [45] which is given in the
form of an expansion in powers of fermionic coordinates 6*
and 6. In the first step of our consideration we will limit
our analysis to the basic term of the action neglecting 6
and 0 dependent terms. Later, in the discussion of proper
fermionic variables, using an iterative procedure [45], we
take into consideration higher power terms and restore the
supersymmetric invariants 1%, d,, and d, as variables in the
theory.

Rewriting the T-dual transformation laws in terms of the
double space coordinates Z¥ we introduce the generalized
metric Hyn and the generalized current J1y. The permu-
tation matrix (7)™ 5 exchanges the places of x¢ and y,,
where the index a marks the directions along which we
make T-dualization. The basic request is that T-dual dou-
ble space coordinates, ZM = (THMyzZN, satisfy the
transformation law of the same form as initial coordinates,
ZM Tt produces the expressions for the T-dual generalized
metric, ;Hun = (T*HT%)yy, and the T-dual current,
aJ+y = (7%J1)m- Thisis equivalent to the requirement that
transformations of the coordinates and background fields,
M L ZM  Hyn — oHuy and Jiy — oJeym, are
symmetry transformations of the double space action. From
transformation of the generalized metric we obtain T-dual
NS-NS background fields and from transformation of the
current we obtain T-dual NS-R fields.

The supersymmetry case includes the new features in both
the Buscher and the double space T-duality approaches. In
the bosonic case the left and right world-sheet chiralities
have different T-duality transformations. It implies that in T-

@ Springer

dual theory two fermionic coordinates, 6 and 0%, and corre-
sponding canonically conjugated momenta, 7, and 7, (with
different world-sheet chiralities), have different supersym-
metry transformations. As shown in [46,47] it is possible
to make a supersymmetry transformation in T-dual theory
unique if we change one world-sheet chirality sector. There-
fore, compatibility between supersymmetry and T-duality
can be achieved by action on the bar variables with the oper-
ator 42, * Ty = 42,7 aTg. As a consequence of the relation
' Q= (=04 ,Qr'"itfollows that such transformations
for odd d change space-time chiralities of the bar spinors. In
such a way the operator ,€2 for odd d maps type IIA/B to
type IIB/A theory. Here d denotes the number of T-dualized
directions.

There is one difference compared with the bosonic string
case [35,36] where all results from the Buscher procedure
were reproduced. In the T-dual transformation laws of type
IT superstring theory the R-R field strength F*# does not
appear. The reason is that R—R field strength couples only
with the fermionic degrees of freedom, which are not dual-
ized. This is in analogy with the term 9, x’ ITyy; d_x/ in the
bosonic case, where background field IT;; couples only with
coordinates x!, which are undualized [27-29]. To reproduce
the Buscher form of the T-dual R-R field strength we should
make some additional assumptions.

There is an appendix, which contains the block-wise
expressions for the tensors used in this article and useful
relations.

2 Buscher T-dualization of type II superstring theory

In this section we will consider type II superstring action
in pure spinor formulation [38,43,44] in the approximation
of constant background fields and up to the quadratic terms.
Then we will give the overview of the results obtained by
Buscher T-dualization procedure [9,10,46,47].

2.1 Type II superstring in pure spinor formulation

The sigma model action for the type II superstring of Ref.
[45] is of the form

s= [ oM Ay + 5+ @
>

where the vectors XM and X" are left and right chiral super-
symmetric variables,

9,.0% 9_0%
s - n*
xM = d+ , XN = 7| (2.2)
o o
1 A7V 1 Aymv
Ny I N=
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of which the components are defined as

1
Y = ox" + E90‘(1““)a,f,a+9/3,

| (2.3)
" =a_x" + Eé“(rﬂ)aﬁa,éﬂ,
1 w1
dy =y — E(Fue)a oyxt + Z(GFME)JFQ) ,
I 1 - w1 -
dy = Ty — E(Fﬂe)a a_x" + Z(OFME)_Q) , 24
1 - 1 -
N = Swa (N il N = Sy (DI 30
2.5)
Inserting the supermatrix Ay
Aaﬁ Agy Eaﬂﬂ Qa,,uv
Aug Aw EL Q
A — up v I wvp | 2.6
MN E*y Eo PO Co, (2.6)

Qv L2uv,p Cuvﬂ Suv,po
in (2.1), the action gets the expanded form [45]

S = /dzg [0.40% Aapd_0P +8,0% Agy TT" +T1 A 10060

+ T4 AT+ dy E®53-6F + doy E* T
+3:0%EoPdg + I E, P dg + dy PP g

1 _ 1

+ ENﬁquv,ﬂa—eﬁ + ENTQW,/)H/:
] 1 :

50407 Qo N2+ ST Qy 0y N7
1 - - 1 -

+ zNﬁUCMvﬂdﬂ + Edacale_w

1 _

+ ZNﬁ”SW pUN””] + Sy + S5. 2.7
The world sheet ¥ is parameterized by £” = (§0 =1, ¢! =
o) and 0+ = 9; % 9d,. Superspace is spanned by bosonic
coordinates, x* (u = 0,1,2,...,9), and fermionic ones,
0% and 6% (@« = 1,2, ..., 16). The variables n, and 7, are
canonically conjugated momenta to 6 and 6%, respectively.
The actions for pure spinors, S and Sj, are free field actions
Sy = / d*Ewad-1%, S5 = / d?EWq 04 1Y, (2.8)
where A% and A% are pure spinors and w, and w, are their
canonically conjugated momenta, respectively. The pure
spinors satisfy the so-called pure spinor constraints,

A (T gprf = 24T M) gpaP = 0. (2.9)

The matrix Aysy containing type II superfields generally
depends on x*, 6% and 0% . The superfields A, EM“, E%,
and P*# are physical superfields, because their first compo-
nents are supergravity fields. The fields in the first column

and first row are auxiliary superfields because they can be
expressed in terms of the physical ones [45]. The remaining
ones, y1.vp (v, p)s C% 1y (Civ®) and Sy, o » are the curva-
tures (field strengths) for the physical superfields.

The action from which we start (2.7) could be consid-
ered as an expansion in powers of 6% and 6¢. In the iterative
procedure presented in [45] it has been shown that each com-
ponent in the expansion can be obtained from the previous
one. Therefore, for practical reasons (computational simplic-
ity), in the first step we limit our considerations to the basic
component i.e. we neglect all terms in the action containing
6% and 6%. As a consequence the 6% and 6% terms disap-
pear from I1%, d, and d, and in the solutions for the physi-
cal superfields just x-dependent supergravity fields survive.
Therefore we lose explicit supersymmetry in such approxi-
mation. Later, when we discuss proper fermionic variables,
we would go further in the expansion and take higher power
terms, which means that supersymmetric invariants, TT'}, d,
and d, would play the roles of d.+x", 7, and 7, respec-
tively.

We are going to perform T-dualization along some subset
of bosonic coordinates x“. Therefore, we will assume that
these directions are Killing vectors. Since d+x¢ appears in
M1, dy and d,, it essentially means that corresponding super-
fields (Aup, E,% E%,, P‘)‘ﬁ) should not depend on x“. This
assumption regarding Killing spinors could be extended on
all space-time directions x*, which effectively means, in the
first step, that physical superfields are constant. All auxiliary
superfields can be expressed in terms of space-time deriva-
tives of physical supergravity fields [45]. Then, in the first
step, the auxiliary superfields are zero, because all physi-
cal superfields are constant. On the other hand, having con-
stant physical superfields means that their field strengths,
Qo (Quv.p)s C%un(Crv®) and Sy po, are zero. In this
way, in the first step, we eliminated from the action terms
containing variables N\" and N"" (2.5).

This choice of background fields should be discussed from
the viewpoint of space-time field equations of type II super-
string action [48]. Let us pay attention on the space-time
field equations for type II superstring given in Appendix B
of [48]. Equation (B.7) from this set of equations represents
the back-reaction of P*? on the metric G wv- If we take a con-
stant dilaton @ and a constant antisymmetric NS-NS field
By, we obtain
Ry — %GWR ~ (P*P)2 . (2.10)
If we choose the background field P*f to be constant, in
general, we will have a constant Ricci tensor, which means
that the metric tensor is a quadratic function of the space-time
coordinates i.e. there is back-reaction of R-R field strength
on the metric tensor. If one wants to cancel non-quadratic
terms originating from back-reaction, additional conditions

@ Springer
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must be imposed on the R-R field strength—the Ad S5 x Ss
coset geometry or self-duality condition (see Ref. [38]).
Taking into account the above analysis and arguments, our

approximation can be realized in the following way:
Y — 0.x”, dy — 1, dy — g, (2.11)

and the physical superfields take the form

1 - -
Ay = K <§G,w + B,w) L EY =W, EY =,

pot = Zpos _ 2,
K K

3 pob, (2.12)

where G, is the metric tensor and By, is the antisymmetric
NS-NS background field. Consequently, the full action S is

1
S = K/ d’e |:8+x“1'[+,w8_x” + 4—ch<2>}
X

TTK

+ /E d%& [~ d- (0% + WoxH) + 8,0 + WixM)a,

2
+ _napaﬁr_[ﬂ] ’ (2'13)
K
where
1
iy =By £ EG’W' (2.14)

The actions ) and S5 are decoupled from the rest and can
be neglected in the further analysis. The action, in its final
form, is ghost independent.

The NS-NS sector of the theory described by (2.13) con-
tains the gravitational G, the antisymmetric Kalb-Ramond
field B, and the dilaton field ®. In the NS—R sector there are
two gravitino fields, ¥} and \fll‘f, which are Majorana—Weyl
spinors of the opposite chirality in type IIA and of the same
chirality in type IIB theory. The field F*# is the R-R field
strength and can be expressed in terms of the antisymmetric
tensors Fx) [9,49-51]

D
1
af _ 2 of of ol pdyeB
k=0
where
rlreipamd = plorpue | prsd (2.16)

is the completely antisymmetrized product of gamma matri-
ces. The bispinor F*/ satisfies the chirality condition,
I''F = 4+Fr!'", where I'!'! is a product of gamma matrices
in D = 10 dimensional space-time and the sign + corre-
sponds to type IIA, while the sign — corresponds to type I1B
superstring theory. Consequently, type IIA theory contains
only even rank tensors F, while type IIB contains only
odd rank tensors. Because of the duality relation, the inde-
pendent tensors are F(oy, F(2) and F4) for type IIA, while
F(1), F(3) and the self-dual part of Fs for type IIB super-
string theory. Using the mass-shell condition (massless Dirac

@ Springer

equation for F®#) these tensors can be solved in terms of the

potentials F) = dA—1). The factor e? is in accordance
with the conventions adopted from [52].

2.2 T-dualization along arbitrary number of coordinates

Let us start with the action (2.13) and apply the standard T-
dualization procedure [4,5,19,20]. It means that we localize
the shift symmetry for some coordinates x“. We substitute the
ordinary derivatives with covariant ones, introducing gauge
fields vg. Then we add the term % ya F'{_ to the Lagrangian in
order to force the field strength F¢_ to vanish and preserve
equivalence between original and T-dual theories. Finally,
we fix the gauge x“ = 0 and obtain

Sex (v, x7, 0%, 6%, 74, 7Ty)

:/ d’ |:/<vil'l+abvb+/<vil'[+aj8xj+K8+xil'I+ibvb
b

Frcdx Ty 0xd + %CDR@) — T W’

F VT, — T (0% + WIx') + 34 (0% + WP x') 7,

+ % ¥ n FP7g + g(via_ya - v08+ya)] C@17)
Varying the gauge fixed action with respect to the

Lagrange multipliers y, we get the solution for the gauge
fields in the form

v = 9xx4, (2.18)

while varying with respect to the gauge fields v{ we have

vl = —ZKéibl'[iji apxl — Kéibaiyb + Zéibllfibﬂia.
(2.19)

Substituting v§ in (2.17) we find

Sfix (v X', 0%, 0%, e, 7o)

2
:/ d’ [%8+ya0“b8yb +K28+ya9fbl'[+bj8,x~’
by

— K2px TI4ia0%0_yy + L og®
4
idpx (Mij — 26Ty 100P T4 )0 x7
— 70— (0% + WX — 2WGUTL ix) — WweGyy,)
04 (0% + WX 4 2WGIPTT_yix) 4 W9y, 72,

o 1
+ 2 WO 7y + 5 e naF“ﬁﬁﬂ} . (2.20)

Before we read the T-dual background fields, we must express
this action in terms of the appropriate spinor coordinates,
which we will discuss in the next subsections.

Combining two solutions for the gauge fields (2.18) and
(2.19) we obtain the transformation law between initial x¢
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and T-dual coordinates y,,

33X = 260 T dax’ — k0L (D yp — Jap).  (2.21)

Its inverse is the solution of the last equation in terms of y,

0xya = —2Mapdex’ — 2M0i 0% 4 g, (2.22)

where we use = to emphasize that these are T-duality rela-
tions. Here we introduced the current J4, in the form

2
Jap = £ W5 Mo, (2.23)

where

“I’iu = \Ilgv \I’gu = \Ijﬁﬂ Mg = Mg, T—q = g,
(2.24)

and the expression éj‘tb is defined in (A.9).

2.3 Relation between left and right chirality in T-dual
theory

One can see from (2.21) and (2.22) that the left and right
chiralities transform differently in T-dual theory. As a conse-
quence, in T-dual theory we will have two types of vielbeins,
two types of ['-matrices, two types of spin connections and
two types of supersymmetry transformations. We want to
have a single geometry in T-dual theory. Therefore, we will
show that all these different representations of the same vari-
ables can be connected by Lorentz transformations [46,47].

2.3.1 Two sets of vielbeins in T-dual theory

The T-dual transformations of the coordinates (2.22) can be
put in the form

3:|:y€Z _ _2H:Fab —ZH;Faj 3:|:xb. I J+4
aext ) T 0 8; 4 x/ 0o )’

(2.25)
which can be rewritten as
3+ X)p = (07 p04x" + J4p,
- @X)p = (Q ) p,0-x" + J_p, (2.26)

where we introduced the T-dual variables , X; = {ya, xi}
Here and further on the left subscript a denotes the T-
dualization along x¢ directions. For coordinates which con-
tain both x’ and y, we will use “hat” indices /1, . The matri-
ces

; K60 k6t 0

v — A N — A
o = (—ZKI—I,-CGib 3;) 0 <—2Kn+,-ceﬁb a;)’

(227) T4 =(ATHS I

and theirs inverse

2M_4 O - 211 0
Q—}=< ab j), Q—}z( +ab j>, (2.28)

wy 2M_p & ny 204 6

perform T-dualization for the vector indices.
Note that different chiralities transform with different

matrices Q4 and Q™. Therefore, there are two types of
T-dual vielbeins

ae = e, (QN, 4 = et (1), (2.29)
with the same T-dual metric
WG" = (") = (G QM = G

= (&' nq&" = (GO (2.30)

The Lorentz indices are underlined (denoted by a, b).
The two T-dual vielbeins are equivalent because they are
related by the particular local Lorentz transformation

_ai bji T (-1
a€ = A% e, A = et (07 0) (e ) e

(2.31)

From (2.27) and (2.28) we have

_ a 2 hac 2 hac .
Qo 'o, = (5 bt g@+ Geb Kegi G”), (2.32)
J

which produces

Agé = (SQQ — 20)&2, aﬂé = —Kegaéff_b(eT)b£ Neb-
(2.33)

It satisfies definition of Lorentz transformations

ATnpA=n = detA%, =+I1. (2.34)

After careful calculations we have det A%, = (—=1)?, where
d is the number of dimensions along which we perform T-
duality.

2.3.2 Two sets of I'-matrices in T-dual theory

Because in T-dual theory there are two vielbeins, there must
also be two sets of I'-matrices in curved space

alp = (e Npa T = (ue '),

aTp = N T = (&', (2.35)
They are related by the expression
aLp=aQ il o, (2.36)

where ;€2 is a spinorial representation of the Lorentz trans-
formation

(2.37)

@ Springer
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2.3.3 Two sets of spin connections in T-dual theory

The spin connection can be expressed in terms of vielbeins
as

1 1
w2t = E(evgcl%u —e"cfy) — Eepgegbcgpgegw (2.38)
where
iy = de®, — dpey. (2.39)

Therefore, in T-dual theory there are two spin connections,
defined in terms of two vielbeins. As a consequence of (2.31)
they are related as

W@ = A% 0Py (A + A% 0% (ATHE,.  (2.40)

It is useful to introduce the spin connection in the form

O = wugp T, 241
where

ree — rark _ rere, (2.42)
Then from (2.37) for ,€2 = const we obtain

=07 ol Q. (2.43)

2.3.4 Single form of supersymmetry invariants in T-dual
theory and new spinor coordinates

So far we used the action from Ref. [45] which is an expan-
sion in powers of 8% and #%. We performed the procedure of
bosonic T-dualization using the first term in the expansioni.e.
6% and #% independent part of the action. Consequently, the
supersymmetric invariants, I1", d, and dy, in that approxi-
mation became a4 x*, 7, and 77, . Butif we would take higher
power terms into consideration, then these invariants would
appear again in the theory. Consequently, we can use these
invariants to find proper spinor variables.

From the compatibility between supersymmetry and T-
duality we will find appropriate spinor variables changing
the bar ones. We are not going to apply such a procedure to
background fields which transformation we will find from T-
dualization. In Sect. 2.5 we will check that both T-dual grav-
itinos satisfy a single supersymmetry transformation rule.

Note that according to [38,53—-59] fermionic coordinates,
6% and 6%, and their canonically conjugated momenta, 7,
and 7y, are parts of the supersymmetry invariant variables,

1 R
dy = 1la = 5 (T8 ( D4x' + 76T"0,6

1 1. _
dy = 7 = 5 (Tu)a (8_x“ + Zer“a_e) . (2.44)
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In T-dual theory, as a consequence of two types of I matri-
ces, there are two types supersymmetry invariant variables,

oo = aTq — %(arﬂ a®a <a+ oXp + }Laearﬂ(‘u ae) :
(2.45)

T aé) .
(2.46)

1

_ _ _ - 1
ada = aTlq — E(aru a®)e <a— aX;l +7

4

We want the two expressions to have the same I matrices.
Using Eq. (2.36) we can rewrite the bar expressions as

B} ) 1 .

(@R ad)g = (a2 4o — E(aFMaQ a®)a <8_ aXp
1 - _

+ 1“9 OIS 9) aae> . (2.47)

Therefore, if we preserve expressions for ,60% = 6% and
4o = Ty, change bar variables

0% =, Q% 0P, *7y = QWP a7, (2.48)
and take
Qr=1, (2.49)

the transformation with bar variables will get the same
form as those without bar in ,d,. Consequently, the T-dual
supersymmetric invariant variables ,d, and oW; ac?,g; are
expressed in a unique form in terms of the true T-dual spinor
variables 6%, 1, *0% and *77,,

®7 B3 - 1 nepn
aly = dgy, dy = 42 dﬂ: 7701_5(541—‘ 0)a

1 - _
X (0- aXp + 3°0 aT3d- °6), (2.50)

if condition (2.49) is satisfied.

2.3.5 Spinorial representation of the Lorentz
transformation

In order to find expressions for the bar spinors in a T-dual
background we should first solve Eq. (2.37) and find the
expression for ,. We will do it for B, — 0, so that
é_‘f_b — —%(5‘1)“'5, where éab is the ab component of
G 1v- Then from (2.33) it follows that

@ = (G = P, 2.51)

where , P%; is some a dependent projector on the ab sub-

space o P4, ,P€, = 4P%. If we introduce the I'-matrices
in curved space

I* = (e~ Mk, I, (2.52)
we can rewrite Eq. (2.37) in the form
LQTH = [ru —2((e Yy u P ré] 2. (2.53)



Eur. Phys. J. C (2017) 77:197

Page 7of 16 197

To simplify the derivation from now on we will suppose
that the metric tensor is diagonal. Then (e_l)“g o P4y =
st (e_l)“g and we have

WQIH =[TH =268 T] 4. (2.54)
For 4 = a and u = i we obtain
QT4 =-T9,Q, QI =T ,Q. (2.55)

The I'-matrices in curved space for a diagonal metric satisfy
the algebra

{re.r’y =2G7H",
(ri', r’'y=2(G=hHi.

{r*,r'y =0,
(2.56)

‘We should find such an , 2 as anticommutes with all matri-
ces ' and commutes with all matrices I'*. Let us first intro-
duce the I'!! matrix,

D(D-1) 1

=) —
D—-1
1_[/4=0 G

1T M2 WD
Epypgepp T T2 THP,

(2.57)

where the normalization constant is chosen so that I''! sat-
isfies the condition (['!11)2 = 1.

Then we define an analogy of the I''! matrix in the sub-
space spanned by the T-dualized directions

d
L= @O T [ = O T rare ., (258)
i=l1
so that
d 1
(I)? = ]_[G“i“i =— (2.59)
i=1 Hi:l Gaq

Their commutation (anticommutation) relations with one
" matrix depend on the number of coordinates d, along which

we perform T-dualizations. Therefore we have
JTe=(=Dtre v, ,rri=nir ,r, (2.60)

which means that the solution of Eq. (2.55) is proportional
to

W2~ (e, (2.61)
Taking into account (2.49), «Q% = 1, we obtain
a2 = (2.62)

This is a general solution. Note that for a; () az = 0 we have
a2 Q= (=4, Q where a = a; | ay.

When the number of coordinates along which we per-
form T-duality is even (d = 2k), we have ,Q =

(—l)%,/]_[fl=1 Gua; ol'. As a consequence of the relation

', = (=07, ' we can conclude that in that case

bar spinors preserve chirality. When the number of coordi-
nates along which we perform T-duality is odd (d = 2k + 1),

wehave ;@ = (=) /], Gara i «T'T'!1. As a conse-
quence of the above relation such a transformation changes
the chirality of the bar spinors.

In the particular case that we perform T-dualization along
only one direction, x4, ;' — I'*',d — 1 and we obtain
the result, well known in the literature [1-3,46,47],

R =i/Gaa MU T

This is the case of the transition between ITA and IIB theory,
when T-duality changes the chirality of the bar spinors.
When we perform T-dualization along all coordinates,

d— D=10,, —> % and from (2.62) we obtain

n=0 GMM

(2.63)

Q= (-2 ! =_r, (2.64)

2.4 Choice of the proper fermionic coordinates and T-dual
background fields

We have already learned that in order to have compatibility
between supersymmetry and T-duality, we should choose the
dual bar variables with a bullet in accordance with (2.48).
Therefore, before we read the T-dual background fields, we
will reexpress the action (2.20) in terms of the appropriate
spinor coordinates (2.48) which, with the help of the relation
an = 1, produces

aS()’aa xi, 904’ .9-“7 T s .7_[01)
2
K A A .
= / d’¢ {73+ya9“”ayb + 1204 Y0P T4y 9_x
b

, . 1
— K29,x T 4a0%0_yp + — PRP

4
idpx (Mij — 26T 10 0P T )9 x7
— 70— (0% + WX — 2WGUTL ix) — WweG%y,)
F04[°07 Q2% + U 2099901y x7
F U0 1, Q6P T + 2 WO Qg7 07,

1
+5e e naF“/f‘aszﬂWﬁy} : (2.65)

Consequently, applying the Buscher T-dualization proce-
dure [4,5] along the bosonic coordinates x¢ of the action
(2.13) the T-dual action gets the form

25 1
S = / d’¢ [xa+<axman’i”8_<ax>o + 5 -a®R?
b)) T

— T [0% o W (, X) 104 [0+ W (. X) ] * T
1 4
+ ﬂer)na FP 'ﬁﬁ} :

(2.66)
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where ((X)p = (va.x'), «¥** = (W W) and
ali/aﬁ' = (a\I,aa’ a\p;x)~
Now, we are ready to read the T-dual background fields

140 = géi’”, (2.67)
oMl = —kTgip02,  o(Me)% = k0% Ty, (2.68)
oTlij = Mj — 26 Mg 0% Ty (2.69)
JVO = W B = e QY 6PT) (2.70)
QU = W — 2k TT 000w,

GV = Q%P — 26Ty, 02 0F), .71
¢ FP = (e% Fey +4ngéibi/g)aszyﬁ (2.72)

when 2 is defined in (2.62).
The dilaton transformation in the term ®R® originates
from quantum theory and will be discussed in Sect. 2.6.

2.5 Supersymmetry transformations of T-dual gravitinos

Note that in the expressions for the T-dual fields , poa \ilf‘
and ,F*f the matrix ,Q appears as a consequence of the
T-dualization procedure and adoption of the bullet spinor
coordinates. In Refs. [46,47] it appears as a consequence of
the compatibility between supersymmetry and T-duality.

A supersymmetry transformation of the gravitino is
expressed in terms of covariant derivatives,

SeW), =Dy +--, 85@3=DM5“+...’ (2.73)

with the same covariant derivative on both left and right
spinors,
D, =0, +w,. (2.74)

In the T-dual theory, as a consequence of the two kinds of
spin connections, there are two kinds of covariant derivatives,

JDF =88 + o, D = 4 b, (2.75)
such that
@0e a WO = DY 5; 4V = ,DFEY, (2.76)

Let us show that improvement with , €2 in the transformation
of the bar gravitinos just turns , D* to , D*. In fact, from

8z VO = Q% (aﬂéﬂ n a@f‘ﬂyéV) , 2.77)
with the help of (2.43), for constant , 2, we have
a8z W = 31 (, Q7P + 0y QP B

= DM, Q% 55P) = 48,0z V. (2.78)

Therefore, it is clear that in order to preserve the same spin
connection for the two chiralities we should additionally
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change the bar supersymmetry parameter

Y = (,Q)%p 4P, (2.79)

2.6 Transformation of pure spinors

In this subsection we will find transformation laws for pure
spinors, A% and A%, which are the main ingredient of the pure
spinor formalism.

Itis well known that pure spinors satisfy the so-called pure
spinor constraints,

A (TM)gprf =0, A% (TH)epaf = 0. (2.80)
After T-dualization they turn into
a)\a(ar‘;l)aﬂ a)VB =0, a)_\a(af‘ﬁ)aﬂ a)_\ﬁ =0. (2.81)

The relation between matrices ,I"j and , r 418 givenin (2.36).
In order to have the two cases expressed with the same gamma
matrices, as before, we preserve the expression for the unbar
variables,

ar® = 2% (2.82)
and change bar variables
=, Q% AP (2.83)

The variables w, and w, are canonically conjugated
momenta to the pure spinors A% and A%, respectively. The
transformation laws for pure spinor momenta can be found
from the expressions for N iw and N"¥ (2.5) which would
appear in the action if we would take higher power terms in
6* and 0%. After T-dualization these expressions become

N = o Liao)®p at?
a +ﬁf)—5awo¢(a [[u?]) B ar’ s

_ 1 - -
aN_jig = Sata(aliae)"p ot (2.84)
Using Eq. (2.36) and the definition of T'l#'] (2.16) we see
that the relation between ,I'[;; and af‘mg] is the same as
between the gamma matrices (2.36). As in the previous case,
in order to have unique set of gamma matrices, we do not

change the unbar variables,

aWa = Wy, (2.85)
while we choose bar variables in the form
*Wy = a%P 4. (2.86)

Let us note that free field actions S, and S are invariant
under T-dualization because ,Q% = 1.
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2.7 T-dual transformation of antisymmetric fields: from IIB
to IIA theory

To find the T-dual transformation laws for antisymmetric
fields we will start with Eq. (2.72). First, as explained in
Refs. [4,5,60] the quantization procedure produces the well-
known shift in the dilaton transformation

det Ggp
aq) =& —1In det(2H+ab) =& —1In W. (287)

Together with (2.72) it gives a relation between the initial
and T-dual background fields,

det Ggp @ Ao
4 a — > b\y, Y
oF*P = \ det ,Gab (F7 +4e” 2050 0)), 0, P

(2.88)

For B, = 0 we have G = (GEI)“Z’ = (G 1% and

consequently 4/% = J(det Gop)? = /[ detGyy |. It

is important to stress that unlike in Eq. (2.62) for , 2 here we
have the absolute value under the square root. For a diagonal
metric G, we have det G4 = ]_[f=1 G,q; and taking into
account Eq. (2.62) we find

d d
sign (1—[ Gaiai> l_[ Gaa;
i=1 i=1

X (Fay + 46_%16\1135317‘1’1)7/) I’ Ftlil)yﬁ'
(2.89)

Note that we are going to T-dualize all D-directions. Then
it is necessary to perform T-dualization along the time-like
direction. Here the above square root has important conse-
quences. For our signature (4, —, —, ..., —), the square of
the field strength (, F*#)? and, consequently, the square of all
antisymmetric fields will change the sign when we perform
T-dualization along the time-like direction. This is just what
we need to obtain type I 1* theories in accordance with Ref.
[37].

In a simple case when gravitino fields and Kalb—Ramond
field are zero and metric is diagonal we will express the tran-
sition from type IIB to type IIA theory. Taking d = 1 we
have

oF*P =i\/sign(Gaq) Gag F*7 (P19, 7.

Let us choose type IIB as a starting theory. The matrix I'!!
turns F™ to F10~ where

(2.90)

1
(F("))aﬂ — JFMM"'#n (F[M1M2"‘Mn])0tﬁ_ (2.91)

As a consequence of the chirality condition FT'!! = —T1 F
the independent tensors are F M FO and self-dual part of

F®) . So we can write

15\
Forath, f = <F(1) +F® ¢ EFG)) : (2.92)
Similarly, in T-dual theory (here it is IIA) we have
oFP = (;F? 4 FO)P, (2.93)
where now
| R S
(aF(n))aﬂ = EuFﬂlﬂz #n(ur[ﬁlﬂzwﬂn])aﬂ' (294)

The I'-matrices on both sides are defined in curved space.
For the initial theory it is just (2.52), while for T-dual the-
ory it is defined in the first relation in Eq. (2.35) as ,I'; =
(e ™) fa I'®. As a consequence of the first relation (2.29)
between the vielbeins g%t = eQU(QT)”ﬁ we can find the
relation between the I'-matrices,

i = I, (2.95)
which produces
(FMy@h — %(LJQF)MIMHM(F[muz--w])aﬂ’ (2.96)
where
EF)pizepn = aFmﬂzmﬂ"(Q_lT)/llm

X (@ gy (@ Dy, (297

Using the standard relation between the I"-matrices,

a a a —
rlripa-pnlpa _priipo-pwna _ Glbn PH12 - hn 1],

(n—1)!
(2.98)

we obtain

FWrae — 1 12+ pnal

EFMIH‘Z'"MHF

1

(n - 1)’FM”’L2”'/Ln—1a F[M”‘Lz"'”‘nfl].

(2.99)

Therefore, from (2.90), (2.92), (2.93), (2.96), (2.97) and
(2.99) we can find a general relation connecting antisymmet-
ric fields of Type IIA and type IIB theories,

aFlllllz---ﬂn = MGacl (nF/“:UQ"'Mn—]Sa/,L,,
- FM1#2-~-M,,Q)(QT)M“1 (oTyrai2 ... QT yknltn
(2.100)

Under our assumptions we have

i —Gaa
(T _( G 5#’)’ 2.101)
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and consequently

aFij = _i\/Sign—GaaGaaFija’ aFi" = =2i/signGya Fi,
(2.102)

i -
aFijkq = _5 SlgnGaaGuaFijkqa’

aFiji = —4i/signGag Fiji. (2.103)

For the space-like directions G, < 0andi./signG, isreal.
For time-like direction /signG,, — +/signGop = 1 and the
remaining imaginary unit causes squares of the antisymmet-
ric fields to get an additional minus sign and type II theories
to swap to type II* ones [37].

3 Double space formulation

In this section we will introduce double space, doubling all
bosonic coordinates x* by corresponding T-dual ones y,,. We
will rewrite the transformation laws in double space and show
that both the equations of motion and the Bianchi identities
can be written by that single equation.

3.1 T-dualization along all bosonic directions

Applying the Buscher T-dualization procedure [4,5] along
all bosonic coordinates of the action (2.13) the T-dual action
has been obtained in Ref. [9]. This is a particular case of our
relations (2.67)—(2.72) where the T-dual background fields
are of the form

1
nY =B E ST = ek, 3.1
PO = @R U = i QY @MV, (3.2)
e *FeB — (e% Fey +4K\yg®‘i”\ifg) QP (3.3)

Here we use the notation
2
Gy = Gy = 4(BG™ B)yy, O = —==(G'BG™H™,
*Q=-r' (3.4)
and
% 2 —1 —1\uv o 1 1y
OF =~ (Op MeGY" =07 F 2(GE)™, G5

so that

1
(MeO5)," = 5-8," (3.6)
From (3.1) and (3.5) it follows that
TG = (G, *BMY = g(a““. 3.7)

In this case the transformation laws (2.21) and (2.22) (the
relations between the initial x* and T-dual coordinates y,,)
get the form
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dext = —c O dry, + 1O J1y,

Oty = =205y 04x” + Jip. (3.8)

3.2 Transformation laws in double space

Rewriting Eq. (3.8) in the form where terms multiplied by
sii = =1 are on the left-hand side of the equation, we

obtain

+01y, = Gpuvdex” —2(BG), dxyy

+2(M+G ™) " T, 3.9)
+00x" = (GTH™ o1y,
+2(G7'B)*,04x” — (G™HM Iy, (3.10)
Let us introduce double space coordinates
"
M — <x ) (3.11)
Y

which contain all initial and T-dual coordinates. In terms of
double coordinates Egs. (3.9) and (3.10) are replaced by one
equation:

0L ZM = 1 QMN (M porZ? + Jin), (3.12)

where the matrix H sy is known in the literature as the gen-
eralized metric and has the form

GE —2 By, (G~hHrY
— j7aY mp 1
HMN <Z(G_1)M'O pr (G—I)MV (3. 3)
The double current J4 ), is defined as
2(IM+G~ Y,V Iy

iy :( e ), (3.14)
and

QMN — (1(; 15)), (3.15)

is a constant symmetric matrix. Here 1 p denotes the identity
operator in D dimensions. Let us stress that the matrix , 2
and QMY are different quantities.

By straightforward calculation we can prove the relations

HIQH=Q, Q*=1, detHyy =1, (3.16)

which means that H € SO (D, D). In calculation of deter-
minant we use the rule for block matrices

AB\ _ 1
det <C D) = det Ddet(A — BD™'C). (.17

In double field theory QM isthe SO (D, D) invariant metric
and denoted by n™V .
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3.3 Equations of motion and double space action

It is well known that the equations of motion of the initial
theory are the Bianchi identities in T-dual picture and vice

versa [12,19,22,60]. As a consequence of the identity
ap0_zM —9_a,zM =0, (3.18)

known as the Bianchi identity, and Eq. (3.12), we obtain the
consistency condition

O [Huno-Z" + J_p1+ _[Hund+ZN + Jym] = 0.

(3.19)
In components it takes the form

dpd_xt = —%(G”w (W04 T + W50 _70)

Ay_y, = —%wa (PO, T + * UMY ) . (3.20)

These equations are equations of motion of the initial and
T-dual theory. Double space formalism enables us to write
both equations of motion and Bianchi identities by the single
relation (3.12).

Equation (3.19) is the equation of motion of the following
action:

S = %/dzé[a_i_ZMHMNa_ZN + 3+ZMJ—M

+ T d-ZM 4 L(my, 7)1, (3.21)

where L(my, 7Ty) is an arbitrary functional of the fermionic
momenta.

4 T-dualization of type II superstring theory as a
permutation of coordinates in double space

In this section we will derive the transformations of the gener-
alized metric and current, which are a consequence of the per-
mutation of some subset of the bosonic coordinates with the
corresponding T-dual ones. First we will present the method
in the case of the complete T-dualization (along all bosonic
coordinates) and find the expressions for T-dual background
fields. Then we will apply the results to the case of partial
T-dualization.

4.1 The case of complete T-dualization

In order to exchange all initial and T-dual coordinates let us
introduce the permutation matrix

m (0 1Ip
T N—<1D 0>, 4.1

so that the double T-dual coordinate *Z is obtained:

*ZM ITMNZN — <pr) .

o (4.2)

We require that the T-dual transformation law for the double
T-dual coordinate *Z™ has the same form as for the initial
coordinate Z¥ (3.12)

0 ZM = L+ QMN 1N pa* ZP +*Tin). 4.3)

Then the T-dual generalized metric *H sy and T-dual current
*Jyum are

*Hun = T Hxr TE N, *Jaem = T Jan. 4.4)

Permutation of the coordinates (4.2) together with transfor-
mations of the background fields (4.4) represents the sym-
metry transformations of the action (3.21).

Using the corresponding expressions for 7Y y, H sy and
J+y, we obtain from the generalized metric transformation

GM = (G BN = S 4.5)
Taking into account that as a consequence of (2.48) the bar
dual variable is **7, = (*Q7),*? 7, from the current trans-
formations we have

W = @R, P = i QYO E (4.6)

where *Q = —I'!1,

Consequently, using double space we can easily repro-
duce the results of T-dualization, Egs. (3.7) and (3.2). The
problem with T-dualization of the R-R field strength F*#
will be discussed in Sect. 5.3.

4.2 The case of partial T-dualization
Applying the procedure presented in the previous subsection

to the arbitrary subset of bosonic coordinates we will, in
fact, describe all possible bosonic T-dualizations. Let us split

the coordinate index @ into ¢ and i (a = 0,...,d — 1,
i =d,..., D —1)and denote T-dualization along direction
x% and y, by

T =TT, TaETOOTlo~~on_1,

T,=TpoTio---0Ty_1, “4.7)

where o marks the operation of composition of T-dualizations.
Permutation of the initial coordinates x¢ with its T-dual y,, is
realized by multiplying the double space coordinate by the
constant symmetric matrix (7)™ y,

Ya 001,0 x?

M: .X'l . a\M N _ O 1[ 0 O .X'l
«Z" = x4 (T) NZ 1a 000 Va ,

Vi 0001 Vi

(4.8)
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where 1, and 1; are identity operators in the subspaces
spanned by x“ and x’, respectively. It is easily to check the
following relations:

(TTHYM y =My, (TQTHYMy = QM. (4.9)

The first relation means that after two T-dualizations we get
the initial theory, while the second relation means that 7¢ €
O(D, D).

Let us apply the same approach as in the case of the full T-
dualization presented in the previous subsection. We require
that the double T-dual coordinate ,Z* satisfy the T-duality
transformations of the form like the initial one ZM (3.12),

0r o ZM = £ QYN (Hyk 02 oZ" + aden). (4.10)
Consequently, we find the T-dual generalized metric

oHun = Ty Hxk(THEy, (@.11)
and the T-dual current

aJem = TOu™ Jan. 4.12)

Note that Egs. (4.8), (4.11) and (4.12) are symmetry trans-
formations of the action (3.21). The left subscript ¢ means
dualization along the x¢ directions.

5 T-dual background fields

In this section we will show that permutation of some bosonic
coordinates leads to the same T-dual background fields as
standard Buscher procedure [9]. The transformation of the
generalized metric (4.11) produces expressions for NS-NS
T-dual background fields (G, and B,,,). They are the same
as in bosonic string case obtained in Ref. [35]. Therefore, we
will just shortly repeat these results. From the transformation
of the current Jyy (4.12) we will find T-dual background
fields of the NS-R sector (W}, and \i'/‘i). Because R-R field
strength F*# does not appear in T-dual transformations, we
will find its T-dual under some assumptions.

5.1 T-dual NS-NS background fields G ., By

Requiring that the T-dual generalized metric ,H s n has the
same form as the initial one Hsn (3.13) but in terms of the
T-dual fields

.G

2,6 2B)," G-

—2(,B G~ HK,
cHuN = ( ( ) ) ,

@G D
and using Eq. (4.11), one finds expressions for the NS-NS
T-dual background fields ,TT'}" in terms of the initial ones,

where y and y are defined in (A.4), g and g in (A.5), while

Bi1, B and B are defined in (A.7). The quantities A and D are

given in (A.11) and (A.13), respectively. In more compact

form we have

I — ( 203 KO3 Ty ) . (5.3)
=k Maip0F" Maij — 26 Mg 08 Mg

where éib has been defined in (A.9). Details regarding the
derivation of the Eqgs. (5.2) and (5.3) are given in Ref. [35].
Reading the block components we obtained the NS—NS T-
dual background fields in the flat background after dualiza-

tion along the directions x, (¢ =0,1,...,d — 1)
K A N
MY =202, oM = k02 Ty, (5.4)
T = =k T2,
allgij = Majj — ZKHiiaébeHibj- (5.5

These are just the Eqgs. (2.67)—(2.69). The symmetric and
antisymmetric parts of these expressions are the T-dual metric
and T-dual Kalb—Ramond field, which are in full agreement
with the Refs. [9,20].

5.2 T-dual NS-R background fields Wy, \ilz

Letus find the form of T-dual NS-R background fields, , ¥'*¢,
aVia W2 and , ‘illf". The T-dual current , J+ 7 (4.12) should
have the same form as the initial one, Eq. (3.14), but in terms
of the T-dual background fields

2(uMe «G™H% (DB + 201 «GH ()i

20T+ 4G Vg (0L +2(Ts oG () 4j
@G Map DL = G (o )xi
—@G™ N (DL = (GH (4 )
—(G™Har Iy,

2(MLGYH Ty,

2(MeGH Tey
—(G7Hirgy,

(5.6)

On the left-hand side of this equation we split the index p in
a and i components because in the T-dual picture the index
a has a different position, it is now up. T-dual currents are
written between the brackets to make a distinction between a
left subscript a denoting partial T-dualization and summation
indices in the subspace spanned by x¢.

We can obtain the information about T-dual NS-R back-
ground fields from the lower D components of the above
equation. In order to find the solution of these equations it is
more practical to rewrite them using the block-wise form of
matrices given in the appendix and Ref. [35],

Hw_< gpD Ty = AN B F D) %A—lgT—zg—ImD—l(BT:F%)) 5.2)
a - — - — o - — _ Y ) .
D7y =277 AT B F ) B AT - DT BT F )
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—8ab DL +20B0)a" ()i
~ 1 .
=2 (,3 + 5) b Iy + 20" T,

=280 D%+ 7Y (oD = v T + 77 Ix ;.

5.7
From Eq. (3.18) of [35]
N 8ab —2(BG™h,/
(aG )H«V - <2(G—IB)ib (G—l)ij >
g 28
= _ , 5.8
(—Zﬁf % ) o8

(A.4) and (A.7), we find the components of .G~ L, Gl and
BG™!, respectively. In the first equation on right-hand side
for (HiG_l)ai just stands for (;61),1" because 8,° = 0.

The difference

i =i = G [ 7 S + 2805 L]
(5.9)

obtained from the second equation, we put in the first equa-
tion, which produces

~ 1
2 |:</3 £ E) - 51)7_1)/:| b,
=—(g—4p7'8l) WL (5.10)

From the definition of the quantity A, (A.11) we get

bc
(aJ>i=2[—A1(Bi%)+A1Mly] Jic. (5.11)

Using the expression Ay, = gqp (proved in [35]) and Eq.
(A.12), we recognize the ab block component of Eq. (5.2).

Therefore, with the help of (5.3) it is easy to see that
()i =2 a1 T = 03 T (5.12)

Note that now the T-dual current ,J/ is of the form

X ) X
a]lL = :l:; a‘yiu allta, (5.13)
where
aqjiﬂ = a\yaﬂ, a\yiﬂ = Q\I,aﬁ,, all4+o = Ta,

ATl = ° Ty, (5.14)
and as before
Jipy = :E;\I/iuﬂia. (5.15)

Therefore, the a components of the T-dual NS-R fields are
of the form

VO = 0w U = i Q% 0P TE (5.16)

Substituting (5.11) into (5.9) we obtain

__ o~ 1
—4[y 'l A 1(ﬁi§)] ia. (5.17)
i
With the help of (A.13) Eq. (5.17) transforms into
()i — J+i
1 ~ 1
=2|-D7ly =297 1Bl AT (B S )| Vs
2 2/1;
(5.18)

From the ;“ component of (5.2) and (5.3) we finally have

(o)t = Jai — 2 gip02 Ty (5.19)

As in the previous case, using the expressions for the currents
(5.13) and (5.15), the final form of the T-dual fields is

QW = W — 2k TT_ 000 W,
V= QW] — 21000 0F),

1

(5.20)

Equations (5.16) and (5.20) are in full agreement with the
results from Ref. [9] given by Eqgs. (2.70) and (2.71).

The upper D components of Eq. (5.6) produce the same
result for T-dual background fields.

5.3 T-dual R-R field strength F*#

Using the relations ;/H = 79H7? and ,Jx = T%J1 we
obtained the form of the NS-NS and NS-R T-dual back-
ground fields of type II superstring theory. But we know
from the Buscher T-dualization procedure that the T-dual R—
R field strength , F*# has the form given in Eq. (2.72). In
this subsection we will derive this relation within the double
space framework.

The R-R field strength F*# appears in the action (2.13)
coupled with the fermionic momenta r,, and 7, along which
we do not perform T-dualization. Therefore, we did not dou-
ble these variables. It is an analog of the i j-term in approach
of Refs. [27-29] where x’ coordinates are not doubled. Con-
sequently, as in [27-29] we should make some assumptions.
Let us suppose that the fermionic term L (7, Ty) is Sym-
metric under exchange of the R-R field strength F*# with its
T-dual , F*P

L=e? g FPrp+¢T oty o FF oig = L + oL
(5.21)

for some F®? and , F*. This term should be invariant under
the T-dual transformation

WL=LA+AL. (5.22)
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Taking into account the fact that two successive T-dualizations
are the identity transformation, we obtain from (5.22)

L= oL+ AL (5.23)
Combining the last two relations we get
aAL=—AL. (5.24)

If AL has the form AL = mg A“ﬂfr}g and consequently
dAL = 47y o AP a7 g, then with the help of the first relation
of Eq. (2.48) we obtain the condition for A%}

aAP = — A7 QP (5.25)

Therefore, we should find the combination of background
fields with two upper spinor indices which under T-dualization
transforms as in (5.25). Using the expression for the NS—
R fields (2.70) and the equation (;01)ap = 2[zap =
L (02 ap [see the T-dual of (5.4) and (A.10)], it is easy
to check that there are D different solutions,

AP = cw2fbyp (5.26)

where d = 1,2,...D and c is an arbitrary constant.
Consequently, when we T-dualize d dimensions x¢ (a =
0,1,...d — 1), from (5.22) we can conclude that the T-dual
R-R field strength has the form

¢ FP = (e% F7 4 c\pgéi”@g) .27, (5.27)
For ¢ = 4k we obtain the agreement with Eq. (2.72). Note
that the fermionic term L, (7, 77, ) depends on d, the number
of directions along which we perform T-duality, just in Refs.
[27-29].

6 Conclusion

In this article we showed that the new interpretation of the
bosonic T-dualization procedure in the double space formal-
ism offered in [35,36] is also valid in the case of type II
superstring theory. We used the ghost free action of type II
superstring theory in a pure spinor formulation in the approx-
imation of quadratic terms and constant background fields.
One can obtain this action from the action (2.7), which could
be considered as an expansion in powers of fermionic coor-
dinates. In the first part of the analysis we neglect all terms
in the action containing powers of 6% and 6¢. This approx-
imation is justified by the fact that the action is a result of
an iterative procedure in which every step results from the
previous one. Later, when we discuss proper fermionic vari-
ables, taking higher power terms we restore supersymmetric
invariants (l'[i, dy, da) as variables instead of d+x*, m, and
Ty

We introduced the double space coordinate ZM =
(x*, y,) adding to all bosonic initial coordinates, x*, the

@ Springer

T-dual ones, y,,. Then we rewrote the T-dual transformation
laws (3.8) in terms of double space variables (3.12) intro-
ducing the generalized metric Hp/n and the current Jiyy.
The generalized metric depends only on the NS-NS back-
ground fields of the initial theory. The current J4 5, contains
fermionic momenta r,, and 7, along which we do not make
a T-dualization, and it depends also on NS—-R background
fields. The R-R background fields do not appear in T-dual
transformation laws.

The coordinate index w is splitina = (0, 1,...d —1) and
i =(,d+1,...D — 1), where index a marks subsets of
the initial and T-dual coordinates, x“ and y,, along which we
make T-dualization. T-dualization is realized as permutation
of the subsets x“ and y, in the double space coordinate Z¥ .
The main require is that T-dual double space coordinates
WZM = (THM y ZN satisfy the transformation law of the
same form as the initial coordinates Z* . From this condition
we found the T-dual generalized metric ,Hyn and the T-
dual current ,J1y. Because the initial and T-dual theory
are physically equivalent, ,H n and ,J+ s should have the
same form as the initial ones, H and J4 s, but in terms of the
T-dual background fields. It produces the form of the NS—
NS and NS-R T-dual background fields in terms of the initial
ones which are in full accordance with the results obtained
by the Buscher T-dualization procedure [9,10].

The supersymmetry case is not a simple generalization of
the bosonic one, but it requires some new interesting steps.
The origin of the problem is the different T-duality transfor-
mations of the world-sheet chirality sectors. It produces two
possible sets of vielbeins in the T-dual theory with the same
T-dual metric. These vielbeins are related by a particular local
Lorentz transformation which depends on T-duality transfor-
mation and of which the determinant is (—1)¢, where d is the
number of T-dualized coordinates. Therefore, when we per-
form T-dualization along an odd number of coordinates then
such transformation contains a parity transformation. Con-
sistency of T-duality with supersymmetry requires chang-
ing one of two spinor sectors. We redefine the bar spinor
coordinates, 40 — ;9_"‘ = Q¢ 59_/3 , and the variable .7,
Wty —> o7 = aQaﬁr—rﬂ. As a consequence the bar NS—
R and R-R background fields include ,€2 in their T-duality
transformations. For an odd number of coordinates d along
which T-dualization is performed, ,€2 changes the chirality
of the bar gravitino \TJI"j and the chirality condition for F®.
We need it to relate type IIA and type IIB theories.

The transformation law (3.12) induces the consistency
condition which can be considered as equation of motion
of the double space action (3.21). It contains an arbitrary
term depending on the undualized variables L(r,, 7y ). This
is in analogy with the term 9, x' T, | d_x/ in the approach
presented in Refs. [27-29]. Therefore, to obtain the T-dual
transformation of the R-R field strength F*# we should
make some additional assumptions. Supposing that the term
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L(my, my) is T-dual invariant and taking into account that
two successive T-dualizations act as the identity operator, we
found the form of the T-dual R-R field strength up to one
arbitrary constant c. For ¢ = 4k we get the T-dual R-R field
strength , F' @B a5 in the Buscher procedure [9].

A T-duality transformation of the R-R field strength F*#
has two contributions in the form of square roots. The contri-

bution of the dilaton produces the term /| 1—121:1 Ggq;l. On

the other hand the contribution of the spinorial representation
of a Lorentz transformation , €2 contains the same expression

without the absolute value i,/ ]_[f=1 G ;q; - Therefore, the T-

dual R-R field strength , F @B besides a rational expression,

contains the expression 4./ sign(]_[?=1 Gaa;) (2.89). If we

T-dualize along the time-like direction (Goo > 0), the square
root does not produce an imaginary unit i, not canceling the
one in front of the square root. Therefore, T-dualization along
the time-like direction maps type II superstring theories to
type II* ones [37].

The successive T-dualizations make a group called the T-
duality group. In the case of type II superstring T-duality,
transformations are performed by the same matrices 7¢ as
in the bosonic string case [35,36]. Consequently, the corre-
sponding T-duality group is the same.

If we want to find a T-dual transformation of F*# with-
out any assumptions, we should follow the approach of
[35,36] and, besides all bosonic coordinates x*, double
also all fermionic variables m, and 7,. In other words,
besides bosonic T-duality we should also consider fermionic
T-duality [53-59].

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.
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Appendix A: Block-wise expressions for background
fields

In order to simplify notation we will introduce notations for
the component fields following Ref. [35].
For block-wise matrices there is a rule for inversion,

A B\
CD
(A—BD'O)™!

B —A"'B(D—-cA'B)"!
“\=D'cA-BD ')} '

(D—CA~'B)!
(A.1)

For the metric tensor and the Kalb—Ramond background
fields we define

Gab Gaj G GT

= = = - AZ
Guv (G,»b Gl-j> (G G (A2)
and

_ ((bap baj\ _ (b DT
B = (bib 51’] =\, 5 . (A3)
We also define the notation for inverse of the metric,

sab . aj S~ ., T

G~ ’”:(”. ’f‘.>z(y”_), A4

and for the effective metric

GE =G,y —4B,,(GTHP°

By, = 8ab éiaj = g g_T> .
my gib &ij g 8

(A.5)
Note that because G*" is the inverse of G, we have

y=-G'Gy =-7GG™!,
v = G167y = —5GTG,
=G -G6'¢7'e)"", y=G-66"1¢H,
1

Yy
Gl=y—yTyly, Gl=y—ypplyl (A.6)

It is also useful to introduce a new notation for the expres-
sion
is by T _ BT 5 3
by +by by" +by B2 B
(A7)

We denote by a hat expressions similar to the effective
metric (A.5) and non-commutativity parameters but with all
contributions from the ab subspace,

- -~ - N 2 -~
Sab = (G —4bG ')y, 6 = —Z(7'HGT1). (A8)
K

Note that g, # Zap because g4p, is a projection of g, on the
subspace ab. It is extremely useful to introduce background
field combinations,

1
H:tab = Bab + EGab
A 2 o ie = A | S
b0 = =@ 'LGTHT =00 F —@TH (A9

which are inverses to each other

B9 My = iag. (A.10)
The quantity A, is defined as

Aab = (& = 48177 B a- (A.11)
One can prove the relation [35]

@ 'BD D =@ By (A.12)
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where D'/ is defined in Eq. (3.21) of [35],

DY =(y —4pl g 'Y,

(DN = (7 47l AT )

(A.13)
ij
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Abstract

In this article we offer the interpretation of the fermionic T-duality of the type II superstring theory in
double space. We generalize the idea of double space doubling the fermionic sector of the superspace. In
such doubled space fermionic T-duality is represented as permutation of the fermionic coordinates 6% and
6% with the corresponding fermionic T-dual ones, ¥ and ¥, respectively. Demanding that T-dual transfor-
mation law has the same form as initial one, we obtain the known form of the fermionic T-dual NS-R and
R-R background fields. Fermionic T-dual NS—NS background fields are obtained under some assumptions.
‘We conclude that only symmetric part of R-R field strength and symmetric part of its fermionic T-dual con-
tribute to the fermionic T-duality transformation of dilaton field and analyze the dilaton field in fermionic
double space. As a model we use the ghost free action of type II superstring in pure spinor formulation in
approximation of constant background fields up to the quadratic terms.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Two theories T-dual to one another can be viewed as being physically identical [1,2]. T-duality
presents an important tool which shows the equivalence of different geometries and topologies.
The useful T-duality procedure was first introduced by Buscher [3].
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No. 171031.
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Mathematical realization of T-duality is given by Buscher T-dualization procedure [3], which
is considered as standard one. There are also other frameworks in which we can represent
T-dualization which should agree with the Buscher procedure. It is double space formalism which
was the subject of the articles about twenty years ago [4—8]. Double space is spanned by coor-
dinates Z¥ = (x* y,)T (u=0,1,2,..., D — 1), where x* and y,, are the coordinates of the
D-dimensional initial and T-dual space—time, respectively. Interest for this subject emerged re-
cently with papers [9—13], where T-duality along some subset of d coordinates is considered as
0O (d, d) symmetry transformation and [14,15], where it is considered as permutation of d initial
with corresponding d T-dual coordinates.

Until recently only T-duality along bosonic coordinates has been considered. Analyzing the
gluon scattering amplitudes in N = 4 super Yang—Mills theory, a new kind of T-dual symmetry,
fermionic T-duality, was discovered [16,17]. It is a part of the dual superconformal symmetry
which should be connected to integrability and it is valid just at string tree level. Mathemat-
ically, fermionic T-duality is realized within the same procedure as bosonic one, except that
dualization is performed along fermionic variables. So, it can be considered as a generalization of
Buscher T-duality. Fermionic T-duality consists in certain non-local redefinitions of the fermionic
variables of the superstring mapping a supersymmetric background to another supersymmetric
background. In Refs. [16,17] it was shown that fermionic T-duality maps gluon scattering ampli-
tudes in the original theory to an object very close to Wilson loops in the dual one. Calculation of
gluon scattering amplitudes in the initial theory is equivalent to the calculation of Wilson loops
in fermionic T-dual theory. Generalizing the idea of double space to the fermionic case we would
get fermionic double space in which fermionic T-duality is a symmetry [18] which exchanges
scattering amplitudes and Wilson loops. Fermionic double space can be also successfully ap-
plied in random lattice [19], where doubling of the supercoordinate was done. Relation between
fermionic T-duality and open string noncommutativity was considered in Ref. [20].

Let us explain our motivation for fermionic T-duality. It is well known that T-duality is im-
portant feature in understanding the M-theory. In fact, five consistent superstring theories are
connected by web of T and S dualities. We are going to pay attention to the T-duality, hoping
that S-duality (which can be understood as transformation of dilaton background field also) can
be later successfully incorporated into our procedure. If we start with arbitrary (of five consistent
superstring) theory and find all corresponding T-dual theories we can achieve any of other four
consistent superstring theories. But to obtain formulation of M-theory it is not enough. We must
construct one theory which contains the initial theory and all corresponding T-dual ones.

In the bosonic case (which is substantially simpler that supersymmetric one) we have suc-
ceeded to realize such program. In Refs. [14,15] we doubled all bosonic coordinates and showed
that such theory contained the initial and all corresponding T-dual theories. We can connect arbi-
trary two of these theories just replacing some initial coordinates x with corresponding T-dual
ones y,. This is equivalent with T-dualization along coordinates x“. So, introducing double space
T-duality ceases to be transformation which connects two physically equivalent theories but it be-
comes symmetry transformation in extended space with respect to permutation group. We proved
this in the bosonic string case both for constant and for weakly curved background with linear
dependence on coordinates.

Unfortunately, this is not enough for construction of M-theory, because the T-duality for su-
perstrings is much more complicated then in the bosonic case [21]. In Ref. [22] we have tried to
extend such approach to the type II theories. In fact, doubling all bosonic coordinates we have
unified types IIA, 1IB as well as type II* [23] (obtained by T-dualization along time-like direc-
tion) theories. There is an incompleteness in such approach. Doubling all bosonic coordinates,
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by simple permutations of initial with corresponding T-dual coordinates, we obtained all T-dual
background fields except T-dual R-R field strength F*#. To obtain , F*# (the field strength af-
ter T-dualization along coordinates x%) we need to introduce some additional assumptions. The
explanation is that R—R field strength F*# appears coupled with fermionic momenta 7, and
7o along which we did not performed T-dualization and consequently we did not double these
variables. It is an analogue of ij-term in approach of Refs. [9,10] where x’ coordinates are not
doubled.

Therefore, in the first step of our approach to the formulation of M-theory (unification of
types II theories) we must include T-dualization along fermionic variables (7, and 7y in partic-
ular case). It means that we should doubled these fermionic variables, also. The present article
represents a necessary step for understanding T-dualization along all fermionic coordinates in
fermionic double space. We expect that final step in construction of M-theory will be unification
of all theories obtained after T-dualization along all bosonic and all fermionic variables [18,19].
In that case we should double all coordinates in superspace, anticipating that some superpermu-
tation will connect arbitrary two of our five consistent supersymmetric string theories.

In this article we are going to double fermionic sector of type II theories adding to the coor-
dinates 6% and 6% their fermionic T-duals, ¥, and ¥,, where index « counts independent real
components of the spinors, « = 1,2, ..., 16. Rewriting T-dual transformation laws in terms of
the double coordinates, @4 = (6%, 9¥,) and @4 = (6%, ¥,), we define the “fermionic generalized
metric” Fp and the generalized currents j+ A and J_4. The permutation matrix TAp ex-
changes 9 and A% with their T-dual partners, 9, and 9%, respectively. From the requirement that
fermionic T-dual coordinates, *@4 = T4 0% and *©4 = TA 505, have the same transforma-
tion law as initial ones, ®4 and ®4, we obtain the expressions for fermionic T-dual generalized
metric, *Fap = (TFT)ap, and T-dual currents, * 7,4 = Ta® T and *T_4 = TaBJ_5, in
terms of the initial ones. These expressions produce the expression for fermionic T-dual NS—
R fields and R-R field strength. Expressions for fermionic T-dual metric and Kalb—Ramond
field are obtained separately under some assumptions. We conclude that only symmetric part
of R-R field strength, Fy' - %(F @b 4 FA) and symmetric part of its fermionic T-dual,
*F (‘;ﬁ = %(* Fup + *Fpy), give contribution to the dilaton field transformation under fermionic
T-duality. We also investigate the dilaton field in double space.

2. Type II superstring and fermionic T-duality

In this section we will introduce the action of type II superstring theory in pure spinor formu-
lation and perform fermionic T-duality [16,17,20] using fermionic analogue of Buscher rules [3].

2.1. Action and supergravity constraints

In this manuscript we use the action of type II superstring theory in pure spinor formulation
[24] up to the quadratic terms with constant background fields. Here we will derive the final form
of the action which will be exploited in the further analysis. It corresponds to the actions used in
Refs. [25-28].

The sigma model action for type II superstring of Ref. [29] is of the form

S=580+ Vsg, 2.1

where Sy is the action in the flat background
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So= /dzg (gnmnnwamx“anx“ 7l _6% + a+é“ﬁo,) + S+ S5, 2.2)
X

and it is deformed by integrated form of the massless type II supergravity vertex operator

VsG = / d2e(XTHYM Ay XN (2.3)
>

The vectors X and XV are defined as

9,6% d_0"
I . n
xM=1 S XV= ] (2.4)
o o
1 ATHV 1 apHv
2N+ IN-

and supermatrix Ay is of the form

Awp Awv Eo? Qo
7B

Aup A Ep S

E% E* P Co, |’

Qv Quv,p Cuvﬁ Suv,p0

Ayn = (2.5)

where notation and definitions are taken from Ref. [29]. The actions for pure spinors, Sj and S5,
are free field actions and fully decoupled from the rest of action Sp. The world sheet ¥ is
parameterized by &" = (£ = 7,£! = ¢) and 9+ = 9, + 9,. Bosonic part of superspace is
spanned by coordinates x* (u =0, 1,2, ...,9), while the fermionic one is spanned by 6 and o
(¢ =1,2,...,16). The variables 7, and 7, are canonically conjugated momenta to 6% and oY,
respectively. All spinors are Majorana—Weyl ones, which means that each of them has 16 inde-
pendent real components. Matrix with superfields generally depends on x*, 6 and 6%.

The superfields A, E w%, E*, and P*? are known as physical superfields, while the fields
given in the first column and first row are auxiliary superfields because they can be expressed
in terms of the physical ones [29]. The rest ones, €2,i,10(20,p), C"‘W(C_‘W"‘) and S,y oo, are
curvatures (field strengths) for physical superfields.

The expanded form of the vertex operator (2.3) is [29]

Vs = / d?€ [040% Aqpd_0P +0,60% Ag, TT* + T A d_0% + TTH A, TV
+dy E“39_0F + dy E*, 1" 4+ 8,0“E,Pdg + Y E, P dg + d, P*P dg

1 1 1 . 1 }
+5 MYy, p0-0F + EN_’ﬁ”szw,pnfj + 5am"’szwwN‘_‘“ + EHiQM,UpNKP

Lo g 1 _ 1 _
+ ENﬁ”c,wﬁdﬁ + Edo,c"‘,wzvﬁ” + ZNﬁ”sﬂv,pgN””] : (2.6)

The supergravity constraints are the conditions obtained as a consequence of nilpotency and
(anti)holomorphicity of BRST operators Q = f A%dy and Q = f 29d,, where A% and A% are
pure spinors and d,, and d,, are independent variables. Let us discuss the choice of background
fields satisfying superspace equations of motion in the context of supergravity constraints which
are explained in details for pure spinor formalism in Refs. [32,29].

In order to implement T-duality many restrictions should be imposed. For example, in bosonic
case one should assume the existence of Killing vectors, which in fact means background fields
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independence on corresponding suitably selected coordinates. The idea is to avoid dependence
on the coordinate x** and allow only dependence on the o and t derivatives of the coordinates,
x* and x"*. The case with explicit dependence on the coordinate requires particular attention
and has been considered in Ref. [30]. Similar simplifications must be imposed in consideration
of the non-commutativity of the coordinates [31,30].

A similar situation occurs in the supersymmetric case. In order to perform fermionic T-duality
we must avoid explicit dependence of background fields on the fermionic coordinates 6% and 6
(fermionic coordinates are Killing spinors) and allow only dependence on the o and t deriva-
tives of these coordinates. Assumption of existence of Killing spinors produces that the auxiliary
superfields should be taken to be zero what can be seen from Eq. (5.5) of Ref. [29].

The right-hand side of the equations of motion for background fields (see for example [33]) is
energy-momentum tensor which is generally square of field strengths. In our case physical super-
fields G v, By, @, \I/l‘j and \ilfj are constant (do not depend on x*, 6%, 6%) and corresponding
field strengths, 2,5 (R20.p), C“W(C_'W"‘) and S, o, are zero. The only nontrivial contribu-
tion of the quadratic terms in equations of motion comes from constant field strength P*#. It can
induce back-reaction to the background fields. In order to analyze this issue we will use relations
from Eq. (3.6) of Ref. [29] labeled by (1, 3, 3)

1 - _ 1
PP — 2T PG, =0, DPF = 2(T")7 CFy =0, @7
in which derivative of P*# appears. Here
0 1 ad — d 1 -9
D - — - FMQ . D - =~ F“@ - > 28
o 80a+2( )“axu o 80“+2( )“axﬂ (2.8)

are superspace covariant derivatives and C*,,, and C w® are field strengths for gravitino fields
W7 and Wy, respectively. In order to perform fermionic T-dualization along all fermionic direc-

tions, 8% and A%, we assume that they are Killing spinors which means
oPPY  opBY
960%  p«

=0. (2.9)

Taking into account that gravitino fields, W} and ‘1/2{, are constant (corresponding field strengths
are zero), from the equations (2.7) it follows

(T')as3, PP =0. (2.10)
Note that this is more general case than equation of motion for R-R field strength,
(T*)4p9, PPY =0,

given in Eq. (3.11) of Ref. [29] where there is summation over spinor indices. Our choice of
constant P*? is consistent with this condition. It is known fact that even constant R-R field
strength produces back-reaction on background fields. In order to cancel non-quadratic terms
originating from back-reaction, the constant R—R field strength must satisfy additional conditions
— AdSs5 x Ss coset geometry or self-duality condition.

Taking into account these assumptions there exists solution

04 — dux?, dy— 7y, dy—> 7o, (2.11)

and only nontrivial superfields take the form
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1 _ - 2 2
Ap =K Gguv + Bu),  EY ==, Ei=W, P“ﬂ=;P“ﬂ=;e%F“ﬁ,<2.12>

where g,,, is symmetric and By, is antisymmetric tensor.
The final form of the vertex operator under these assumptions is

1 - 2
Vsg = /dzé [K(Eg’w + Byv)dyxHo_x" — mo Wa_xt + dpx Wi, + ;naP“ﬁnﬁ] .

z
(2.13)
Consequently, the action S is of the form
1
S=« / d’e |:8+x”“l'l+wa_x” + —<1>R<2>] (2.14)
4k
2 o o1 no TN A= 2 af =
+ [ d76 | —ma0- (0% + W, x") + 046" + WV x") 7o + ;naP g |,
b
where G, =y + guv and
1
Miyy =By = EG’W . (2.15)

All terms containing pure spinors vanished because curvatures are zero under our assumption
that physical superfields are constant. Actions S and Sj are fully decoupled from the rest action
and can be neglected in the further analysis. The action, in its final form, is ghost independent.

Here we work both with type IIA and type IIB superstring theory. The difference is in
the chirality of NS-R background fields and content of R—R sector. In NS-R sector there are
two gravitino fields W and \Ilfj which are Majorana—Weyl spinors of the opposite chirality in
type IIA and same chirality in type IIB theory. The same feature stands for the pairs of spinors
(6%, 0%) and (4, To). The R-R field strength F®P is expressed in terms of the antisymmetric
tensors Fxy = Fyuypuy. g [1]

D

1
Fe = Z o % (CT ), [Fzg = (F[m...m])aﬂ] (2.16)
k=0
where
rleipomd — plipre - ol , 2.17)

is basis of completely antisymmetrized product of gamma matrices and C is charge conjugation
operator. For more technical details regarding gamma matrices see the first reference in [1].

R-R field strength satisfies the chirality condition I'' F = +FT''!, where I''! is a product
of gamma matrices in D = 10 dimensional space—time. The sign + corresponds to type IIA
while sign — corresponds to type IIB superstring theory. Consequently, type IIA theory contains
only even rank tensors F(y), while type IIB contains only odd rank tensors. For type ITA the
independent tensors are F(g), F(2) and F(4), while independent tensors for type IIB are F(1), F(3)
and self-dual part of F(s.
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2.2. Fixing the chiral gauge invariance

The fermionic part of the action (2.14) has the form of the first order theory. We want to
eliminate the fermionic momenta and work with the action expressed in terms of coordinates and
their derivatives. So, on the equations of motion for fermionic momenta 7, and 77,

K - - - K p—
T =50 (@ + V) (P gy, o= G Dapd_ (07 +Whxk) | (2.18)

the action gets the form

i} 1
S(d1x,0_6,0,0) =/</.d2§3+x“1'[+w8_x” + 4—/d2§d>R(2>
JT

) )
K — -
+ E/dzgzu (6% + Bext) (P~ gpo— (0F + W)
)
1. 1
— K/dzgmx“ [m,w + Ewg(P‘)aﬁwf] a_x"+ E/dzsch@) (2.19)

n % / &2 [aﬁ“(rl)aﬂa,eﬁ +0,6%(P™ W) g0 x + a+xﬂ(\IJP—1)Wa,9“] .
D)

In the above action 6% appears only in the form d_6% and 6% in the form ;6. This means
that the theory has a local symmetry

80 =¢e%(0t), 80%=z%0"), (6T =1%o0). (2.20)

We will treat this symmetry within BRST formalism. The corresponding BRST transformations
are

6% =%y, s0%=¢%7), (2.21)

where for each gauge parameter ¢%(o ") and % (o ™) we introduced the ghost fields c®(o+) and
¢c¥(o ™), respectively. Here s is BRST nilpotent operator.
To fix gauge freedom we introduce gauge fermion with ghost number —1

K 2 ~ o aaﬁ no 1~ Ba
V= 5 d°&|Cy | 040% + Tbﬂz; + [ 0-0% + Eb,ﬂa Cyl, (2.22)
where a®” is arbitrary non-singular matrix, C, and C, are antighost fields, while b, and b_y
are Nakanishi—Lautrup auxiliary fields which satisfy
sCyo=biq, $Cy=b_q, sbiag=0 sh_q=0. (2.23)
BRST transformation of gauge fermion W produces the gauge fixed and Fadeev—Popov action

S\IJZng-I-SFP,

K - - -
Ser =3 / A% [b_q040% + 004y +b_qa®big]

SEp = g/dzg [Cadic® + (0-C*)Cy] . (2.24)
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The Fadeev—Popov action is decoupled from the rest and, consequently, it can be omitted in
further analysis. On the equations of motion for b-fields

big=—( Napds0F, bo=-0-6"("")pa, (2.25)

we obtain the final form of the BRST gauge fixed action
Sef = —gfdzsa_é“(a*‘)aﬁamﬂ. (2.26)

2.3. Fermionic T-duality

We will perform fermionic T-duality using fermionic version of Buscher procedure similarly
to Refs. [20] where we worked without chiral gauge fixing. After introducing S, the action still
has a global shift symmetry in 6% and 8¢ directions. We introduce gauge fields v§ and v and
replace ordinary world-sheet derivatives with covariant ones

340% — Dy0* =03.0% +vY, 340" — D10% = 3.0% + 0. (2.27)
In order to make the fields v§ and v to be unphysical we add the following terms in the action
Sqange (v 9 1) = oic [ dPED (030" — e
gauge( Vg, U, Ug) = 5’( §Vq (0402 — —v+)
z

1
+ 3¢ / d*E(31 0% — 3_V%) Vg, (2.28)
p))

where 9, and 9, are Lagrange multipliers. The full gauge invariant action is of the form

Sinv(X, 9’ 9_7 197 159 via l_)i) = S(aix, D_G, D+9_)
+ Sg(D_0, D10) + Sgauge (D, D, v, 1) . (2.29)

Fixing 0% and ¢ to zero we obtain the gauge fixed action

1. 1
Sfix = K/dzga+x“ [mw + Ewg(P—l)aﬂwf] a_x" + yo / d’€dRP (2.30)
D) D)

K _ _ _ _ = _ _ _
+—f[ui(P Dagt? + 5P NapWlo_x" + 0, xh B (P op0f — 5% (@ l)aﬁvﬁ]

2
>
S 2ED, (0.0 — v+ S [ d2E@. 5% — 952D,
+§ §Vq (0402 — —U+)+§ §(04+02 —0-v))0, .
>z =

Varying the above action with respect to the Lagrange multipliers 9, and 9, we obtain the initial
action (2.19) because

v — vy =0= v =940%, ;0% — -0 =0=> 0§ = 340" (2.31)
The equations of motion for v§ and v§ give

0% =0_Dpal*, 0% =0, 05 PPY — 0, x"TY (2.32)
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v =—aa g, v =—P_ 95— Wio_xt. (2.33)
Substituting these expressions in the action Sy;, we obtain the fermionic T-dual action
_ 1
*S(dxx, 0_0, 0,) =dezga+xﬂn+wa_x“ + 4—/d2§ *®RP (2.34)
TT
p) )
K - - - -
+3 /a’2§ (0400 PPO_10g — 04X WEO_ 0y + 04 Do WEI_xH — 0_Dua™P o 0p] .
)

It should be in the form of the initial action (2.19)

1 1
*S =k / d’E0, x" [*nﬂw + E*waﬂ(*P—l)“ﬂ*\yﬁv] a_x"+ o / d’e*®R?
T
)

(2.35)
+ g f d’¢ [a+z§a(*P—1)“ﬁa_ﬂﬂ o xt (U PTH%_ 9o + 8+1§a(*P_1*\II)‘;8_x”]
)
- g / d*60_D, (e~ )P, 9., (2.36)
and so we get
*‘I’ap. = (Pil\p)ap, s *‘I’;wt = _(lilpil);ux s (237)
*Pyp=(P Nap. *ogp=1(a Nap. (2.38)

From the condition
* 1* I * p—1\of x
H+pw + 5 ‘*I"au ( P ) \Ijﬂv = H+;w ’ (2-39)
we read the fermionic T-dual metric and Kalb—Ramond field
1r - _
G =G+ 3 [(\pp—lw),w + (\yp—lxy)m] ,

1. .
*BM=BW+Z[(\I/P ), — (bP lxy)w]. (2.40)

Dilaton transformation under fermionic T-duality will be presented in the section 4. Let us note
that two successive dualizations give the initial background fields.

The T-dual transformation laws are connection between initial and T-dual coordinates. We can
obtain them combining the different solutions of equations of motion for v and v (2.31) and
(2.32)—(2.33)

00" = —P*PY_9y — Wha_x', 9,.0% =0, D PP — 0, x T, (2.41)
0,09 = —a"Py 05, 9-6"=0_Ogal”. (2.42)

Here the symbol = denotes the T-duality relation. From these relations we can obtain inverse
transformation rules

0Dy = —(P™1)apd_0F — (P~ 1)opwho_x,
0100 = 0107 (P~ gy + 0 x WL (P gy, (2.43)
3100 = — (@ Nepds6”, Iy =00 (@ Mgy . (2.44)
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Note that without gauge fixing in subsection 2.2, instead expressions for v% and v (first
relations of (2.32) and (2.33)), we would have only constraints on the T-dual variables, 0_9, =0
and 9049, = 0. Consequently, integration over v and v§ would be singular and we would lose
the part of T-dual transformations (2.42) and (2.44).

3. Fermionic T-dualization in fermionic double space

In this section we will extend the meaning of the double space. We will introduce double
fermionic space adding to the fermionic coordinates, 6% and 9%, the fermionic T-dual ones,
4 and Y. Then we will show that fermionic T-dualization can be represented as permutation of
the appropriate fermionic coordinates and their T-dual partners.

3.1. Transformation laws in fermionic double space

In the same way as the double bosonic coordinates were introduced [4,14,15], we double both
fermionic coordinate as

a4 _ (9% 54 _ (0"
<) _(0a>’ o) _(f?a)' G.1)

Each double coordinate has 32 real components. In terms of the double fermionic coordinates
the transformation laws, (2.41)—(2.44), can be rewritten in the form

9@ = _QAB [cha_®C n J_B] 9,00 [8+©C]:CB + j+3] QB (32
3,040 Q4 Apc0,0°, 304 =3_BAcpQP4, (3.3)
where “fermionic generalized metric” F4p has the form
p-! 0
Fn=("3 ). G4
and
ol 0
Ay — (( O)aﬁ aV‘S) _ (3.5)

F ap is bosonic variable but we put the name fermionic because it appears in the case of fermionic
T-duality. B
The double currents, J4+ 4 and J_4, are fermionic variables of the form

= (WP 0 Xt (PN, 0 xH

j—‘rA - ( _\Ijga_i_xu ) J—A - wga_xu 5 (36)

while the matrix Q45 is constant
0 1
AB _

Qb — ( : 0) , (3.7)
where identity matrix is 16 x 16. By straightforward calculation we can prove the relations

Q*=1, detFap=1. (3.8)

Consistency of the transformation laws (3.2) produces

QF?*=1, J. =FQJ., Jr=-T.QF. (3.9)
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3.2. Double action

It is well known that equations of motion of initial theory are Bianchi identities in T-dual
picture and vice versa. As a consequence of the identities

340_04 —9_0,04 =0, 09;0_04—0_0,64=0, (3.10)
known as Bianchi identities, and relations (3.2) and (3.3), we obtain the consistency conditions
04 (Fapd-0° +J_p) — - (Appd+ ©°) =0, (3.11)
0- (0408 Fga + J1a) — 04 (0-68 Apa) =0. (3.12)
The equations (3.11) and (3.12) are equations of motion of the following action
Sdouble(©, ©) = (3.13)
_ g/d2§ [a+©AFABa_®B FTa0-04 40,010 T 4 — 0_07 Appo, 0F + L(x)] :

where L (x) is arbitrary functional of the bosonic coordinates.

3.3. Fermionic T-dualization of type Il superstring theory as permutation of fermionic
coordinates in double space

In order to exchange 6% with 9, and 6 with ¥, let us introduce the permutation matrix

0 1
A __
TB—<1 0), (3.14)
so that double T-dual coordinates are
*®A:7-AB®B’ *(:)A:TAB(:)B. (3.15)

‘We demand that T-dual transformation laws for double T-dual coordinates *®4 and *©4 have
the same form as for initial ones ©®4 and ®4 (3.2) and (3.3)

8_*®A ~ _QAB |:*]:BC8—*®C +*J—B] , a+*®A ~ |:a+*éc*]:CB +*j+B] QBA ,
(3.16)
3,70 = —QAB* Ao, *0C, 904 = 9_*O T AcpQBA. (3.17)

Then the fermionic T-dual “generalized metric” * F4 g and T-dual currents, *j+ A and * J_ 4, with
the help of (3.15) and (3.2), can be expressed in terms of initial ones

*Fap=TaFeoTPp, *Tia=TalTis, *T-a=TaBT 5. (3.18)
The matrix A4 p transforms as
*Aap =TaAcpTP s = (A a5 (3.19)

Note that, as well as bosonic case, double space action (3.13) has global symmetry under trans-
formations (3.15) if the conditions (3.18) are satisfied.

From the first relation in (3.18) we obtain the form of the fermionic T-dual R-R background
field
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*Pop = (P g, (3.20)

while from the second and third equation we obtain the form of the fermionic T-dual NS-R
background fields

"Wop = (P NapWh, W =—UH(P 14, (3.21)

wo
The non-singular matrix «®? transforms as
(e)ap = (@ ap (3.22)

The expressions (3.20)—(3.22) are in full agreement with the relations (2.37) and (2.38) obtained
by the standard fermionic Buscher procedure. Consequently, we showed that permutation of
fermionic coordinates defined in (3.14) and (3.15) completely reproduces fermionic T-dual R-R
and NS-R background fields.

3.4. Fermionic T-dual metric *G,, and Kalb—Ramond field * B,

The expression Iy, + %‘I'ff(P_l)aﬁ \II,’? appears in the action (2.19) coupled with dx*,
along which we do not T-dualize. It is an analogue of i j-term of Refs. [9,10] where x’ coordinates
are not T-dualized, and a-term in [22] where fermionic directions are undualized.

Taking into account the form of the doubled action (3.13) we suppose that term L (x) has the
form

L(x) =204 x" (M pp + Ty p) d-x" =L+ L, (3.23)

where I1,,, is defined in (2.15) and *T1,, is fermionic T-dual which we are going to find. This
term should be invariant under T-dual transformation

*L=L+AL. (3.24)
Using the fact that two successive T-dualizations are identity transformation, we obtain

L="L+"AL. (3.25)
Combining last two relations we get

*AL=—-AL. (3.26)
If AL=204x"A,,0_x", we obtain the condition for A,

FApy=—Apy. (3.27)

Using the relations (2.37) and (2.38) we realize that, up to multiplication constant, combina-
tion
Ay =P gl (3.28)
satisfies the condition (3.27). So, we conclude that
"My = My + UL (P gl (3.29)
where ¢ is an arbitrary constant. For ¢ = % we obtain the relations (2.40). So, in double space

formulation the fermionic T-dual NS—NS background fields can be obtained up to an arbitrary
constant under assumption that two successive T-dualizations produce initial action.
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4. Dilaton field in double fermionic space

Dilaton field transformation under fermionic T-duality is considered [16]. Here we will dis-
cuss some new features of dilaton transformation under fermionic T-duality as well as the dilaton
field in fermionic double space.

Because the dilaton transformation has quantum origin we start with the path integral for the
gauge fixed action given in Eq. (2.30)

z:fdﬁidaiduidv‘idﬁadﬁaef Srix (Ve 0,029,059) 4.1)

For constant background case, after integration over the fermionic gauge fields v§ and v, we
obtain the generating functional Z in the form

z :/dé‘adz?a det [(P_la_l)aﬁ]ei S@.9) (4.2)

where *S(#9, ) is T-dual action given in Eq. (2.34). We are able to perform such integration
thank to the facts that we fixed the gauge in subsection 2.2.

Note that here we multiplied with determinants of P~! and o~! because we integrate over
Grassman fields v and v§. We can choose that deta = 1, and the generating functional gets the
form

z :/df;adﬁa det[(P~!)up el SO 4.3)
This produces the fermionic T-dual transformation of dilaton field
*® = & + In det [(P—l)aﬁ] — & —Indet P* . (4.4)

Let us calculate det P* using the expression

(PP PTYF = pob — P77 (P71, s PP (4.5)
where we introduce the symmetric and antisymmetric parts for initial background fields
1 1
PP = 5 (PP + PP*) | PIP = 5 (PeF — pPe) (4.6)

and similar expressions for T-dual background fields, * P} P and *Po‘jﬂ. Taking into account that

(P-*P)*g=148%, 4.7
we obtain
ay *xps QY xpa __ g QY x pa AY x ps __
Py Pyg+Pa" "Pyg=68%, Pi""P,y+ P "Pg=0. (4.8)
From these two equations we obtain
Pag =[P = PP PO (4.9)
ap

and, consequently, we have

(PP PTy = [(*PS)_I]W : 4.10)
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Taking determinant of the left and right-hand side of the above equation we get

det P
det pof = | L5 4.11)
det* P
which produces
det Py
o= —In |13 (4.12)
det* P

Using the fact that P8 — e% FoB and * PP = eT(D*F @B fermionic T-dual transformation law
for dilaton takes the form

det F,
o= —ln [eB@—r®) =8 (4.13)
det* F;
and finally we have
1 detF,
*¢=d+—1In = (4.14)
6 det*F;
It is obvious that two successive T-dualizations act as identity transformation
o=, (4.15)

We can conclude that only symmetric parts of the R-R field strengths give contribution to
the transformation of dilaton field under fermionic T-duality. In type IIA superstring theory R—-R
field strength F*# contains tensors Fé“, F lfv and F4 . while in type IIB F*f contains F5,

HVpAr?
F ;fv , and self dual part of F, fv oA Using the conventions for gamma matrices from the appendix

of the first reference in [1] (see Appendix A), we conclude that symmetric part of F*# in type
ITA contains scalar F(f and 2-rank tensor F lfv, while in type IIB superstring theory it contains
I-rank F? and self dual part of 5-rank tensor F2 . .

Let us write the path integral for double action (3.13)
Z double = / d©Ad@4 ¢iSiowe(©.0) (4.16)

Because detF = 1 and det.A = 1 we obtain that dilaton field in double space is invariant under
fermionic T-duality. Consequently, a new dilaton should be introduced (see [14,15]), invariant
under T-duality transformations. Because of the relation (4.15) we define the T-duality invariant
dilaton as

(*(I)+CI>):(I)+i]n det Fy

;) = ,
m 12 det*F,

*cpinv =iy . (4~17)

N =

5. Concluding remarks

In this article we considered the fermionic T-duality of the type II superstring theory using
the double space approach. We used the action of the type II superstring theory in pure spinor
formulation neglecting ghost terms and keeping all terms up to the quadratic ones which means
that all background fields are constant.
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Using equations of motion with respect to the fermionic momenta m, and 7, we eliminated
them from the action. We obtained the action expressed in terms of the derivatives d1x*, 9_6“
and 9, 0%, where #“ and 9 are fermionic coordinates. Because A% appears in the action in the
form d_6% and 6% in the form 9,6, there is a local chiral gauge symmetry with parameters
depending on o = t 4 . We fixed this gauge invariance using BRST approach.

Using the Buscher approach we performed fermionic T-duality procedure and obtained the
form of the fermionic T-dual background fields. It is obvious that two successive fermionic
T-dualizations produce initial theory i.e. they are equivalent to the identity transformation.

In the central point of the article we generalize the idea of double space and show that
fermionic T-duality can be represented as permutation in fermionic double space. In the bosonic
case double space spanned by coordinates ZM = (x*, Yu) can be obtained adding T-dual co-
ordinates y,, to the initial ones x*. Using analogy with the bosonic case we introduced double
fermionic space doubling the initial coordinates 8% and A% with their fermionic T-duals, 9, and
. Double fermionic space is spanned by the coordinates ®4 = (6%, 9¥,) and O4 = (8, V).

T-dual transformation laws and their inverse ones are rewritten in fermionic double space by
single relation introducing the fermionic generalized metric F4p and currents J_4 and j+A.
Demanding that transformation laws for fermionic T-dual double coordinates, *@4 = T4 3 ®F
and *@4 = T4 B o8 , are of the same form as those for ®4 and @A, we obtained fermionic T-dual
generalized metric * F4p and currents *.7_4 and * 7, 4. These transformations act as symmetry
transformations of the double action (3.13). They produce the form of the fermionic T-dual NS-R
and R-R background fields which are in full accordance with the results obtained by standard
Buscher procedure.

The expressions for T-dual metric *G ,,, and Kalb-Ramond field *B;,, cannot be found from
double space formalism because they do not appear in the T-dual transformation laws. These
expressions, up to arbitrary constant, are obtained assuming that two successive T-dualizations
act as identity transformation.

We considered transformation of dilaton field under fermionic T-duality. We derived the trans-
formation law for dilaton field and concluded that just symmetric parts of R—R field strengths,
Fy P and *F (‘;ﬂ, affected the dilaton transformation law. This means that in the case of type IIA
scalar and 2-rank tensor have influence on the dilaton transformation, while in the case of type
[IB 1-rank tensor and self-dual part of 5-rank tensor take that role.

Therefore, we extended T-dualization in double space to the fermionic case. We proved that
permutation of fermionic coordinates with corresponding T-dual ones in double space is equiva-
lent to the fermionic T-duality along initial coordinates 6 and 6.

Appendix A. Gamma matrices

In the appendix of the first reference of [1] one specific representation of gamma matrices is
given. Here we will calculate the transpositions of basis matrices (CT" (k))"‘/s fork=1,2,3,4,5,
where C is charge conjugation operator.

The charge conjugation operator is antisymmetric matrix, C’ = —C, and it acts on gamma
matrices as

cric !t =—ammT, (A.1)
Now we have

cry =amTc =—armTc=crrc~'c=cr, (A.2)
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cr*r)!’ =crir' = criwh? = criwl,
C€rr'r)! = —crer'r? = (crivrh = _crlwel
(C€rerr’rh’ = —crervrrt = (criweh! = —crlwer
(Crr'r/rro)l = crir TP re = (criwereh = crierel,
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Noncommutativity and Nonassociativity of Closed Bosonic

String on T-dual Toroidal Backgrounds

B. Nikoli¢* and D. Obrié

In this article we consider closed bosonic string in the presence of constant
metric and Kalb-Ramond field with one non-zero component, B,, = Hz,
where field strength H is infinitesimal. Using Buscher T-duality procedure we
dualize along x and y directions and using generalized T-duality procedure
along z direction imposing trivial winding conditions. After first two
T-dualizations we obtain Q flux theory which is just locally well defined, while
after all three T-dualizations we obtain nonlocal R flux theory. Origin of
non-locality is variable AV defined as line integral, which appears as an
argument of the background fields. Rewriting T-dual transformation laws in
the canonical form and using standard Poisson algebra, we obtained that Q
flux theory is commutative one and the R flux theory is noncommutative and
nonassociative one. Consequently, there is a correlation between non-locality

In the last two articles of ™ the method
of solving of boundary conditions is
presented. The basic idea is that open
string boundary condition is treated as
canonical constraint. Investigating the
consistency of the canonical constraint
we obtained the o dependent form of
the boundary condition. Further, we
can proceed twofold: to introduce Dirac
brackets or solve the constraint. Solving
the constraint, we obtained the initial
coordinate as a linear combination of
the effective coordinate and momenta.
Consequently, initial coordinates are
noncommutative and the main contri-

and closed string noncommutativity and nonassociativity.

1. Introduction

Coordinate noncommoutativity means that there exists minimal
possible length, which imposes natural UV cutoff. Idea of coor-
dinate noncommutativity is very old. Heisenberg suggested coor-
dinate noncommutativity to solve the problem of the occurrence
of infinite quantities before renormalization procedure was de-
veloped and accepted. The first scientific paper considering this
subject appeared 19471 where construction of discrete Lorentz
invariant space-time is presented. Later in the period of 1980s A.
Connes developed noncommutative geometry as a generalization
of the standard commutative geometry.”

Noncommutativity became again interesting for particle physi-
cists when the paper’! appeared. In this article it is shown us-
ing propagators that open string endpoints in the presence of
the constant metric and Kalb-Ramond field become noncom-
mutative. D-brane on which the string endpoints are forced
to move becomes noncommutative manifold. After this article
many articles® appeared addressing the same subject but us-
ing different approaches - Fourier expansion, canonical methods,
solving of boundary conditions etc.
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bution to noncomutativity parameter
comes from Kalb-Ramond field as it was
expected.
Following the result of the article®! it
can be proven that gauge fields “live” at
the open string endpoints. Consequently, many interesting pa-
pers concerning non-commutative Yang-Mills theories and their
renormalisability appeared.l® In the papers!’! cross sections for
some decays, allowed in noncommutative Yang-Mills theories
and forbidden in commutative ones, are calculated, which offers
a possibility of the experimental check of the noncommutativity
idea and further, indirectly, idea of strings.

It is obvious that closed bosonic string in the presence of
constant background fields remains commutative. There are no
boundaries and, consequently, boundary conditions constraining
string dynamics. In the case of open string we obtained initial
coordinate in the form of linear combination of effective coordi-
nates and momenta using boundary condition. That is achieved
in the closed string case® using T-duality procedure and coordi-
nate dependent background.

T-duality as a fundamental feature of string theory,’"! unex-
perienced by point particle, makes that there is no physical dif-
ference between string theory compactified on a circle of radius
R and circle of radius 1/ R. Buscher T-dualization procedure!'”
represents a mathematical frame in which T-dualization is
realized. If the background fields do not depend on some co-
ordinates then those coordinates are isometry directions. Con-
sequently, that symmetry can be localized replacing ordinary
world-sheet derivatives .. by covariant ones Dyx" = dix"* + vf,
where v’ are gauge fields. In order to make T-dual theory has the
same number of degrees of freedom, the new term with Lagrange
multipliers is added to the action which forces the gauge fields to
be unphysical degrees of freedom. Because of the shift symme-
try, using gauge freedom we fix initial coordinates. Variation of
this gauge fixed action with respect to the Lagrange multipliers

© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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produces initial action and with respect to the gauge fields pro-
duces T-dual action.

Standard Buscher T-dualization was applied in closed string
case in the papers.B161% In Ref. [16] authors consider 3-torus
in the presence of constant metric and Kalb-Ramond field with
one nonzero component B,, = Hz, where field strength His in-
finitesimal. They systematically apply Buscher procedure and, af-
ter two T-dualizations along isometry directions, obtain theory
with Q flux which is noncommutative. In the calculations they
used nontrivial boundary conditions (winding conditions). The
result is that T-dual closed string coordinates are noncommuta-
tive for the same values of parameters o = & with noncommuta-
tivity parameter proportional to field strength H and N;, winding
number for z coordinate.

But, except this standard Buscher procedure, there is a gen-
eralized Buscher procedure dealing with background fields
depending on all coordinates. The generalized procedure was
applied to the case of bosonic string moving in the weakly
curved background®-?? and in the case where metric is quadratic
in coordinates and Kalb-Ramond field is linear function of
coordinates.”®! The generalized procedure enables us to make
T-dualization in mentioned cases along arbitrary subset of coor-
dinates.

Double space is one picturesque framework for representation
of T-duality. Double space is introduced two to three decades
ago.”™2¥ 1t is spanned by double coordinates ZM = (x*, y,)
(t=0,1,2,..., D—1), where x* are the coordinates of the
initial theory and y, are T-dual coordinates. In this space
T-dualization is represented as O(d, d) transformation.?9-3
Permutation of the appropriate subsets of the initial and
T-dual coordinates is interpreted as partial T-dualization***]
expanding Duff’s idea.’¥ The newly invented intrinsic
noncommutativity®® is related to double space. Intrinsic
noncommoutativity exists in the constant background case
because it is considered within double space framework.

In this article we will deal with closed bosonic string propagat-
ing in the constant metric and linear dependent Kalb-Ramond
field with B,, = Hz, the same background as in [16]. This con-
figuration is known in literature as torus with H-flux. As in
the Ref. [16] we will use approximation of diluted flux, which
means that in all calculations we keep constant and linear terms
in infinitesimal field strength H. Transformation laws, relations
which connect initial and T-dual variables, we will write in canon-
ical form expressing initial momenta in terms of the T-dual co-
ordinates. Unlike Ref. [16], except T-dualization along two isom-
etry directions, we will make one step more and T-dualize along
z coordinate using generalized T-dualization procedure. During
dualization procedure we will use trivial boundary (winding) con-
ditions.

Transformation laws in canonical form enable us to express
sigma derivative of the T-dual coordinate as a linear combination
of the initial momenta and coordinates. Because initial theory is
geometrical locally and globally, its coordinates and canonically
conjugated momenta satisfy standard Poisson algebra. This fact
means that we can calculate the Poisson brackets of the T-dual
coordinates using technical instruction given in subsection 4.1.

After T-dualizations along isometry directions (along x and
y) we obtain the same background as in Ref. [16] but, obtained
Q flux theory, which is still locally well defined, is commuta-
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tive. This is a consequence of the imposed trivial winding condi-
tions. Having in mind the generalized T-duality procedure,?*1:23]
T-dualization along z coordinate produces R flux nonlocal theory
because it depends on the variable AV which is defined as line
integral. Calculating Poisson brackets of the T-dual coordinates
we obtain two nonzero Poisson brackets and show that there is a
correlation between non-locality and closed string noncommuta-
tivity.

The form of noncommutativity is such that it exists when ar-
guments of the coordinates are different, 0 # &. That is another
difference with respect to the result of Ref. [16] but there is no
contradiction because the origins of noncommutativity are differ-
ent. In this article non-locality is related with noncommutativity
of R flux theory under trivial winding conditions while in Ref. [16]
it is about noncommutativity of Q flux theory under nontrivial
winding conditions.

From the noncommutativity relations it follows that Jacobi
identity is broken i.e. nonassociativity occurs. Nonassociativity
parameter, R flux, is proportional to the field strength H. Us-
ing generalized T-duality??>?!?3l we obtain the concrete form of
nonassociativity from string dynamics. Similar as noncommu-
tativity, discovery of nonassociativity pushes the scientists to ex-
plore the effects of nonassociativity in the field of renormalis-
ability of ¢* theory® as well as formulation of nonassociative
gravity.*®)

At the end we add an appendix containing some conventions
used in the paper.

2. Bosonic String Action and Choice of Background
Fields

The action of the closed bosonic string in the presence of
the space-time metric G, (x), Kalb-Ramond antisymmetric field
B,,(%), and dilaton scalar field ®(x) is given by the following
expression!’!

Szk-LdzéJjg

1 Q, 8aﬂ L v
x {[Eg PG (%) + ﬁBM(x)} Buxdpx” + @ (x) R(2>} ,

2.1)

where ¥ is the world-sheet surface parameterized by §* = (z, o)
[(@ =0,1), o € (0, )], while the D-dimensional space-time is
spanned by the coordinates x* (1 =0,1,2,..., D —1). We de-
note intrinsic world sheet metric with g4, and the corresponding
scalar curvature with R@.

In order to keep conformal symmetry on the quantum level
background fields must obey space-time field equationst”

G _ 1 po
= R, — 7 B.ys B,*° +2D,a, =0, (2.2)
Bi, =D, B’ — 24,8, =0, (2.3)
D—126 1
® =21k — R— —B,,, B*° — D,a" + 4a®> = ¢,
p 6 24 1 !
(2.4)
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where c is an arbitrary constant. The function 8% could be a con-
stant because of the relation
DVIBSA. + 8Mﬁ¢ = 0 (25)
Further, R,, and D, are Ricci tensor and covariant derivative with
respect to the space-time metric G,,,, while

Bup =08,By+8,Byy +8,Bu, a,=109,9, (2.6)
are field strength for Kalb-Ramond field B,,, and dilaton gradient,
respectively. Trivial solution of these equations is that all three
background fields are constant. This case was pretty exploited in
the analysis of the open string noncommutativity.

The less trivial case would be a case where some background
fields are coordinate dependent. If we choose Kalb-Ramond field
to be linearly coordinate dependent and dilaton field to be con-
stant then the first equation (2.2) becomes

1
R/w - = B;Lpa va{r =0.

2 (2.7)

The field strength B,,,, is constant and, if we assume that it is in-
finitesimal, then we can take G, to be constant in approximation
linear in B,,,. Consequently, all three space-time field equations
are satisfied. Especially, the third one is of the form

D-26 _
= -

2K

c, (2.8)

which enables us to work in arbitrary number of space-time di-
mensions.

In this article we will work in D = 3 dimensions with the fol-
lowing choice of background fields

R 0 0 0 Hz 0
Go=|0 R o], B,=|-Hz 0 o], (9
0 0 R 0 0 0

where R, (u = 1, 2, 3) are radii of the compact dimensions. This
choice of background fields is known in geometry as torus with
flux (field strength) H.'S! Our choice of infinitesimal H can be
understood in terms of the radii as that

H 2
—— ) =0
R R, R,

This approximation is known in literature as the approximation
of diluted flux. Physically, this means that we work with the torus
which is sufficiently large. Consequently, we can rescale the co-
ordinates

(2.10)

xll
X — —, (2.11)
R,
which simplifies the form of the metric
10 0
Gw=|0 10 (2.12)
0 01

Fortschr. Phys. 2018, 1800009

1800009 (3 of 9)

www.fp-journal.org

The final form of the closed bosonic string action is

S = K/ d’E9, x"T1,,,d_x"
z
21
=« | d°€ 7 (0;x0_x+ 0, yd_y + 3,.20_2)
z

+ 0y xHz0_y — B+sza_x:|, (2.13)

where 9, = 9, + 9, is world-sheet derivative with respect to the
light-cone coordinates §* = 1(t + ), M+, = By, +1G,, and

X
(2.14)

Let us note that we do not write dilaton term because its
T-dualization is performed separately within quantum formal-
ism and here will be skipped.

3. T-dualization of the Bosonic Closed String
Action

In this section we will perform T-dualization along three direc-
tions, one direction at time. Our goal is to find the relations con-
necting initial variables with T-dual ones called transformation
laws. Using transformation laws we will find noncommutativity
and nonassociativity relations.

3.1. T-dualization Along x Direction — from Torus with H Flux to
the Twisted Torus

Let us perform standard Buscher T-dualization™ of action (2.13)
along x direction. Note that x direction is an isometry direction
which means that action has a global shift symmetry, x — x + a.
In order to perform Buscher procedure, we have to localize this
symmetry introducing covariant world-sheet derivatives instead
of the ordinary ones

8ix —> Dix = Bix—{- V4, (31)

where v are gauge fields which transform as v, = —d.a. Be-
cause T-dual action must have the same number of degrees of
freedom as initial one, we have to make these fields v, be un-
physical degrees of freedom. This is accomplished by adding fol-
lowing term to the action

Sui = 5 / A2y, (0,0- — 0. v.), (3.2)
x

where y, is a Lagrange multiplier. After gauge fixing, x = const.,
the action gets the form

1
Sfix = K/dzé“ |:§ (vyv_ + 0490y +0,20-2) + vy Hz0_y

1
— 0 yHzv_ + §Y1(3+U7 — 8,v+):| . (3.3)
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From the equations of motion for y; we obtain that field
strength for the gauge field v. is equal to zero

F,_ =d,v_—d v, =0, (3.4)
which gives us the solution for gauge field
Vy = Bix. (35)

Inserting this solution for gauge field into gauge fixed action (3.3)
we obtain initial action given by Eq. (2.13). Equations of motion
for v, will lead to the T-dual action. Varying the gauge fixed action
(3.3) with respect to the gauge field v, we get

v_ = —0_y; —2Hz0_y, (3.6)
while on the equation of motion for v_ it holds
vy =04y +2Hz0yy. (3.7)

Inserting relations (3.6) and (3.7) into expression for gauge
fixed action (3.3), keeping terms linear in H, we obtain the
T-dual action

«S= K/ A2ED, (« X) " T4, 0_ (X)), (3.8)
x

where subscript , denotes quantity obtained after T-dualization
along x direction and

Y1
Xi=1y (3.9)
z
Further we have the T-dual background fields
1
xn+uv = xB;uJ + ExG;Lva XBMV = 01
1 2Hz 0
Guw=|2Hz 1 o0 (3.10)
0 0 1

Obtained background fields (3.10) define that what is known
in literature as twisted torus geometry. String theory after one
T-dualization is geometrically well defined globally and locally or,
simply, theory is geometrical (lux H takes the role of connection).
Combining the solutions of equations of motion for La-
grange multiplier (3.5) and for gauge fields, (3.6) and (3.7), we
get the transformation laws connecting initial, »*, and T-dual,
X", coordinates
Bix = ﬂ:aiyl + ZHZBiY, (311)
where = denotes T-duality relation. The momentum r,, is canon-
ically conjugated to the initial coordinate x. Using the initial
action (2.13) we get

sS . ’
T, = — = k(¥ — 2Hzy'),

> (3.12)
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where A= 9, Aand A' = 3, A. From transformation law (3.11) it
is straightforward to obtain
Xyl +2Hzy, (3.13)
which, inserted in the expression for momentum =, gives trans-
formation law in canonical form

Ty = kY]

(3.14)

3.2. From Twisted Torus to Non-geometrical Q Flux

In this subsection we will continue the T-dualization of
action (3.8) along y direction. After x and y T-dualization we ob-
tain the structure which has local geometrical interpretation but
global omissions. Such structure is known in literature as non-
geometry.

We repeat the procedure from the previous subsection and
form the gauge fixed action

1
Sfix = K/ d’e |:E (04 y10-y1 +viv_ +90,20_2) + 0, y1 Hzv_
b

1
+ v, Hzy1 + 2 pa(iv- 8,v+)i|. (3.15)
From the equation of motion for Lagrange multiplier y,
04v_ —0_vy =0 —> vy = 04y, (3.16)

gauge fixed action becomes initial one (3.8). Varying the gauge
fixed action (3.15) with respect to the gauge fields we get
vy = :I:Giyz — ZHZE)iyl (317)
Inserting these expressions for gauge fields into gauge fixed ac-

tion, keeping the terms linear in H, gauge fixed action is driven
into T-dual action

wS= K/d2$8+(xyX)“xyl'lﬂwa,(xYX)", (3.18)
where
2!
@X)" =1r|
z
. % —Hz 0
xyn+ul) = xy B;Lv + Exy Gp,v = Hz % 0 (319)
1
0 0 3
Explicit expressions for background fields are
0 —Hz O 1 0 0
wBu=[Hz 0 0|=-B,, 4Gu.=[0 10
0 0 0 0 01
(3.20)
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Let us note that background fields obtained after two
T-dualizations are similar to the geometric background of
torus with H flux, but they should be considered only locally.
Their global properties are non-trivial and because of that the
term “non-geometry” is introduced.

Combining the equations of motion for Lagrange multiplier y,
and for gauge fields v, we obtain T-dual transformation laws

Biy = :l:aiYZ — 2H28iyl (321)

The y component of the initial canonical momentum , is a vari-
ation of the initial action with respect to the y

8S

Ty = — = (j + 2Hzx). (3.22)
3y

Using T-dual transformation laws (3.21) we easily get

§ =y, — 2Hzp, (3.23)

while from the transformation law (3.11), at zeroth order in H,
it holds ¥’ = y;. Inserting last two expression into , we obtain
transformation law in canonical form

Ty = ky;. (3.24)
After two T-dualizations along isometry directions, in the approx-
imation of the diluted flux (keeping just terms linear in H), ac-
cording to the canonical forms of the transformation laws (3.14)
and (3.24), we see that T-dual coordinates y; and y, are still com-
mutative. This is a consequence of the simple fact that variables
of the initial theory, which is geometrical one, satisfy standard
Poisson algebra

{x“(a), m(&)} =880 —3a), ¥ x"}= {nﬂ, nu} =0,

(3.25)
where
Ty
m, =\ m (3.26)
T

3.3. From Qto R Flux — T-dualization Along z Coordinate

In this subsection we will finalize the process of T-dualization
dualizing along remaining z direction. For this purpose we will
use generalized T-dualization procedure.?*?!?% The result is a
theory which is not well defined even locally and is known in
literature as theory with R-flux.

We start with the action obtained after T-dualizations along x
and y directions (3.18). The Kalb-Ramond field (3.20) depends on
zand it seems that it is not possible to perform T-dualization. Let
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us assume that Kalb-Ramond field linearly depends on all coor-
dinates, By, = b, + 1 By, %" and check if some global transfor-
mation can be treated as isometry one. We start with global shift
transformation

Sxtt = A", (3.27)
and make a variation of action
— K P d2 L v
88 = §B,w,)k g £0,x"0_x
Zk p ap 2 o v n v
= 5 Buph' e | e 0px) -5 @R (3.28)

The second term vanishes explicitly, while the first term is sur-
face one. Consequently, in the case of constant metric and lin-
early dependent Kalb-Ramond field, global shift transformation
is an isometry transformation. This means that we can make
T-dualization along z coordinate using generalized T-dualization
procedure.

The generalized T-dualization procedure is presented in detail
in Ref. [20]. In order to localize shift symmetry of the action (3.18)
along z direction we introduce covariant derivative
Biz — DiZ = Biz—|— Ui, (329)
which is a part of the standard Buscher procedure. The novelty is
introduction of the invariant coordinate as line integral

2 — f d£ D,z
P
= / dé*DJrz—i—/ dé"D_z=z(§) — z(&) + AV,  (3.30)
p p
where
(3.31)

AV:[ dE“ v, =/(d§+v++d$’v,).
P P

Here & and & are the current and initial point of the world-sheet
line P. Atthe end, as in the standard Buscher procedure, in order
to make vy to be unphysical degrees of freedom we add to the
action term with Lagrange multiplier

K
Sadd = E/ d’E yy(d v — dyv ). (3.32)
x
The final form of the action is
S= K/ d’e [— HZ™ (3, y18_y, — 3420 y1)
x
1
+ 5@0y19-y1+ 9, y29-y> + D;2zD_2)
1
3 Balosv- - 8,v+)i| . (3.33)
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Because of existing shift symmetry we fix the gauge, z(£) = z(&),
and then the gauge fixed action takes the form

Sfix = K/ d’e [— HAV(3,y19_y, — 8, 7,0_11)
z
1
+E(8+Y1 0-y1 + 9:y20-y2 + viv-)

+ %maw, - a,m] . (3.34)

From the equation of motion for Lagrange multiplier y; we
obtain

dov_ —0v, =0=>vy =0:2, AV =Az (3.35)
which drives back the gauge fixed action to the initial action
(3.18). Varying the gauge fixed action (3.34) with respect to the
gauge fields v, we get the following equations of motion

vy = +d,y; — 287, (3.36)
where 8% functions are defined as

" 1
B = £ Hipidss = padeyi). (3.37)

The B* functions are obtained as a result of the variation of the
term containing AV

s, (—2/{ / d?&e“ Ha,y195y2A v)

= / d% (B*sv, + B 8v.), (3.38)

using partial integration and the fact that 3. V = v,. Inserting
the relations (3.36) into the gauge fixed action, keeping linear
terms in H, we obtain the T-dual action

y2S =K / A7E Dy rye X" sy T4y 0 1y X, (3.39)
b
where
Y1 1
xszM = Y2 1> xyzH-Hw = xyz B/u} + ExyzG/l.vv (340)
Y3
0 —HAjp; 0 00
xzBu = | HAP; 0 0], 4:Guw=]0 10
0 0 0 0 1
(3.41)
Here we introduced double coordinate y; defined as
aiY3 = :I:Bi%. (342)
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Let us note that AV stands beside field strength H, which impli-
cates that, according to the diluted flux approximation, we calcu-
late AV in the zeroth order in H

AV = /dg*am —/dé’&y;. (3.43)

Having this into account it is clear why we defined double co-
ordinate j; as in Eq. (3.42). Also it is useful to note that pres-
ence of AV, which is defined as line integral, represents the
source of non-locality of the T-dual theory. the result of the
three T-dualization is a theory with R flux as it is known in
the literature.

Combining the equations of motion for Lagrange multiplier
(3.35), v+ = 9.z, and equations of motion for gauge fields (3.36),
we obtain the T-dual transformation law
9.z £,y — 287 (3.44)
Adding transformation laws for 9,z and 9_z we get the transfor-
mation law for z

2= y;+ H(pny, — y2n1)s (3.45)
which enables us to write down the transformation law in the
canonical form

o~ 1 ! /
¥y = o — Hxy' — yx). (3.46)

Here we used the expression for the canonical momentum of the
initial theory (2.13)

=5 =« (3.47)

Tz

4. Noncommutativity and Nonassociativity Using
T-duality

In the open string case noncommutativity comes from the
boundary conditions which makes that coordinates x* depend
both on the effective coordinates and on the effective momenta.!
Effective coordinates and momenta do not commute and, conse-
quently, coordinates x* do not commute. In the closed bosonic
string case the logic is the same but the execution is different.
Using T-duality we obtained transformation laws, (3.11), (3.21)
and (3.44), which relate T-dual coordinates with the initial coordi-
nates and their canonically conjugated momenta. In this section
we will use these relations to get noncommutativity and nonas-
sociativity relations.

4.1. Noncommutativity Relations

Let us start with the Poisson bracket of the o derivatives of two
arbitrary coordinates in the form

{A(o), B'(6)} = U(0)8(c — &)+ V(o) (0 — &), (4.1)
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where §'(c — &) = 9,8(c — &). In order to find the form of the
Poisson bracket

{A(o), B(o)},
we have to find the form of the Poisson bracket
{AA(o, 00), AB(G, 69)},

where

A Ao, 09) = /” dxA(x) = Alo) — A(o),

AB(G,5) = [ dxB'(x) = B(6) — B(0). (4.2)
Now we have
{A A(o, 09), AB(6, 59)}
=/ dx[ dy [U(x)8(x — y) + V(%) (x — y)] - (4.3)

After integration over y we get

{AA(0, 00), AB(G, Go)} = /a dx {U'(x) [0(x — &0) — O(x — &)]

90

+ V(%) [8(x — 60) — 8(x — 5)]}, (4.4)

where function 6 (x) is defined as

x 1 1
O(x) = and(n) = — 2 — si
o= [ anson =5 [x+ ;nsmmx)}
0 ifx=0
={1/2 if0<x<2m. (4.5)
1 if x=2m

Integrating over x using partial integration finally we obtain

{AA(0, 00), AB(5.50)} = U(o)[0(c — o) — 0o — )]
—~U(o0)[8(00 — 50) — o0 — 5)] — U(@0)[f(o — 60) — 0(00 — 60)]
+U(G)[0(0 — &) = O(oo — )]+ V(0)[6(0 — Go) — 0(00 — o]
—V(3)B(o — &) — 6(o0 — &)]. (4.6)

From the last expression, using the right-hand sides of the ex-
pressions in Eq. (4.2), we extract the desired Poisson bracket
{A(0), B(6)} = —[U(o) — U(6) + V(0)]0 (0 — ). (4.7)

Let us rewrite the canonical forms of the transformation laws,
(3.14), (3.24) and (3.46), in the following way

(4.8)
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In order to find the Poisson brackets between T-dual coordinates
yu we will use the algebra of the coordinates and momenta of
the initial theory (3.25). It is obvious that only nontrivial Poisson
brackets will be {y;(0), y3(6)} and {y:(0), y3(5)}-

Let us first write the corresponding Poisson brackets of the
sigma derivatives of T-dual coordinates y, using (4.8)

2 1
i(0). v3(0)) = —Hy'(0)8(0 = &) + — Hy(0)d'(0 —5),  (49)

2 1
(5(0). ¥3(6)) = == H¥ (0)3(0 = 5) — — Hx(0)8'(0 = &).
(4.10)

while all other Poisson brackets are zero. We see that these Pois-
son brackets are of the form (4.1), so, we can apply the result (4.7).
Consequently, we get

[2y(c) — y(6)]0(c —6). (4.11)

.. H
{yi(o), y3(6)} = e

H B} _
= — [2x(0) — x(6)] 0(0 — &),

{ya(0). vs(@)} = (4.12)

where function 0 (x) is defined in (4.5). Let us note that these two
Poisson brackets are zero when o = ¢ and/or field strength H
is equal to zero. But if we take that 0 — 6 = 27 then we have
6(27r) = 1 and it follows

_ H
{yi(o +27), y3(0)} = e [47 N, + y(0)],

(4.13)

H
{ya(o +2m). ys(0)} = —— [47 N, + x(0)] , (4.14)

where N, and N, are winding numbers defined as

x(0 +2m) — x(0) =27 Ny, y(o +27) —y(o) =27 N,. (4.15)
From these relations we can see that if we choose such o for
which x(0) = 0 and y(o) = 0 then noncommutativity relations
are proportional to winding numbers. On the other side, for
winding numbers which are equal to zero there is still noncom-
mutativity between T-dual coordinates.

4.2. Nonassociativity
In order to calculate Jacobi identity of the T-dual coordinates

we first have to find Poisson brackets {y;(c), x(5)} as well as
{y2(0), y(6)}. We start with

{Ayi(0, 00), %(G)} = {/ dny; (), x(ﬁ)}, (4.16)

and then use the T-dual transformation for x-direction in canon-
ical form

e = kY. (4.17)
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From these two equations it follows

1 o

(Ayi(o. 00). %(6)) = {/ dnnx(n),x(é)}, (4.18)
a0

which, using the standard Poisson algebra, produces
o~ 1 - -
{Ayi(0, 00), x(5)} = - [6(c — &) — (o0 — 5)]
o~ 1 -
= {y1(0), x(6)} = —;0(0 — ). (4.19)

The relation {y,(o), y(6)} can be obtained in the same way. Be-
cause the transformation law for y-direction is of the same form
as for x-direction, the Poisson bracket is of the same form

(1ao). Y(6)) = — 200 — &),

- (4.20)

Now we can calculate Jacobi identity using noncommutativity re-
lations (4.11) and (4.12) and above two Poisson brackets

{y1(01), 2(02), y3(03)} = {y1(01); {y2(02), y3(03)}}

H{y2(02), {y3(03), y1(01)}} + {y3(03), {y1(01) y2(02)}}

2H
-

~

[0(01 — 02)0 (0, — 03)

+ 0(02 — 01)0(01 — 03) + 0(01 — 03)0 (03 — 03) ] - (4.21)

Jacobi identity is nonzero which means that theory with R-flux is
nonassociative. For o, = 03 = 0 and 01 = o + 27 we get

2H
e

{yi(o + 27), y2(0), y3(0)} = (4.22)

From the last two equations, general form of Jacobi identity and
Jacobi identity for special choice of o’s, we see that presence of
the coordinate dependent Kalb-Ramond field is a source of non-
commutativity and nonassociativity.

5. Conclusion

In this article we have considered the closed bosonic string
propagating in the three-dimensional constant metric and Kalb-
Ramond field with just one nonzero component B,, = Hz. This
choice of background is in accordance with consistency condi-
tions in the sense that all calculations were made in approxi-
mation linear in Kalb-Ramond field strength H. Geometrically,
this settings corresponds to the torus with H flux. Then we per-
formed standard Buscher T-dualization procedure along isom-
etry directions, first along x and then along y direction. At the
end we performed generalized T-dualization procedure along z
direction and obtained nonlocal theory with R flux. Using the re-
lations between initial and T-dual variables, called T-dual trans-
formation laws, in canonical form we find the noncommutativity
and nonassociativity relations between T-dual coordinates.

After T-dualization along x direction we obtained theory em-
bedded in geometry known in literature as twisted torus geom-
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etry. The relation between initial and T-dual variables is triv-
ial, m, = ky;, where m, is x component of the canonical mo-
mentum of the initial theory and y; is coordinate T-dual to x.
Consequently, flux H takes a role of connection, obtained the-
ory is globally and locally well defined and commutative, because
the coordinates and their canonically conjugated momenta sat-
isfy the standard Poisson algebra (3.25).

The second T-dualization, along y direction, produces nonge-
ometrical theory, in literature known as Q flux theory. The metric
is the same as initial one and Kalb-Ramond field have the same
form as initial up to minus sign. But, this theory has just local
geometrical interpretation. We obtained that, in approximation
linear in H, the transformation law in canonical form is again
trivial, , = «yj, where m, is y component od the canonical mo-
mentum of the initial theory and y, is coordinate T-dual to y.
As a consequence of the standard Poisson algebra (3.25), we con-
clude that Q flux theory is still commutative. This result seems to
be opposite from the result of the reference [16] where in detailed
calculation it is shown that Q flux theory is noncommutative. The
difference is in the so called boundary condition i.e. winding con-
dition. In the Ref. [16] they imposed nontrivial winding condition
which mixes the coordinates and their T-dual partners (condition
given in Eq. (C.18) of Ref. [16]) and the result is noncommutativ-
ity. In this article the trivial winding condition is imposed on x
and y coordinates. The consequence is that Q flux theory is com-
mutative. But as it is written in Ref. [16] on page 42, “a priori other
reasonings could as well be pursued”.

T-dualizing along coordinate z using the machinery of the gen-
eralized T-dualization procedure?*?:23l we obtain the nonlocal
theory (theory with R flux) and nontrivial transformation law
in canonical form. Non-locality stems from the fact that back-
ground fields are expressed in terms of the variable AV which
is defined as line integral. On the other side, dependence of the
Kalb-Ramond field on z coordinate produces the g*(x, y) func-
tions and nontrivial transformation law for 7. Consequently, co-
ordinate dependent background gives non-locality and, further,
nonzero Poisson brackets of the T-dual coordinates. We can claim
that there is a correlation between non-locality (R-flux theory)
and closed string noncommutativity and nonassociativity. In ad-
dition, nonzero Poisson bracket implies nonzero Jacobi identity
which is a signal of nonassociativity.

From the expressions (4.11), (4.12) and (4.21) it follows that
parameters of noncommutativity and nonassociativity are pro-
portional to the field strength H. That means that closed string
noncommuatativity and nonassociativity are consequence of the
fact that Kalb-Ramond field is coordinate dependent, B,, = Hz,
where H is an infinitesimal parameter according to the approxi-
mation of diluted flux. Using T-duality and trivial winding condi-
tions we obtained noncommutativity relations. The noncommu-
tativity relations are zero if o = & because in noncommuatativity
relations function 6 (o — &) is present, which is zero if its argu-
ment is zero. This is also at the first glance opposite to the result
of Ref. [16], but, having in mind that origin of noncommutativ-
ity is not same, this difference is not surprising. If we made a
round in sigma choosing 0 — ¢ + 27 and 6 — o, because of
0(2) = 1, we obtained nonzero Poisson brackets. From the rela-
tions (4.13) and (4.14) we see that noncommutativity exists even
in the case when winding numbers are zero, noncommutativity
relations still stand unlike the result in [16]. Consequently, we can

© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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speak about some essential noncommutativity originating from
non-locality.

We showed that in ordinary space coordinate dependent back-
ground is a sufficient condition for closed string noncommutativ-
ity. Some papers*® show that noncommutativity is possible even
in the constant background case. But that could be realized using
the double space formalism. At the zeroth order the explanation fol-
lows from the fact that transformation law in canonical form is of
the form 7, = «y,,, where y, is T-dual coordinate. Forming dou-
ble space spanned by ZM = (x*, y,), we obtained noncommua-
tive (double) space. In literature this kind of noncommutativity
is called intrinsic one.

Appendix: Light-Cone Coordinates

In the paper we often use light-cone coordinates defined as

£t = %(1’ +0). (A1)

The corresponding partial derivatives are

3
— =0, £ 0,

7 (A.2)

3iz

Two dimensional Levi-Civita %/ is chosen in (t, o) basis as
e™ = —1. Consequently, in the light-cone basis the form of ten-

sor is
1
2 .
0

(0
Elc = _1
2

The flat world-sheet metric is of the form in (r, o) and light-cone
basis, respectively

(10 (30
n= 0_1 3 Nic = 0% .
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Weakly curved background T-duals*
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ABSTRACT

We discuss the generalized T-dualization procedure, its connection
to the standard procedure, and the results of its application to the
arbitrary set of coordinates of the closed string moving in the weakly
curved background. This background consists of a constant metric
and linearly coordinate dependent Kalb-Ramond field with infinites-
imal strength. We unite all the results into a T-dualization diagram,
representing all T-dual theories, the ways to obtain the theories from
one another and the T-dual coordinate transformation laws connect-
ing the corresponding coordinates.
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T-duality is a symmetry seen in the string spectrum. It was observed
that for toroidal compactifications [1], where one dimension is compactified
on a circle of radius R and the corresponding dual dimension is compactified
on a circle of radius 1/R, one obtains the discription of a string with the
same physical properties. So, there exist different string theories, describ-
ing the string in the geometrically different backgrounds, with the same
predictions. Such a symmetry is not present in any point particle theory
[2, 3, 4, 5], and because of that the explanation for T-duality was sought for
in a fact that strings can wrap around compactified dimensions. Investiga-
tion of T-duality lead to a discovery of a Buscher T-dualization procedure
[6, 7], which gave a prescription how to find the T-dual theory for same
known theory. The procedure is applicable along isometry directions, what
allowed the investigation of a backgrounds which do not depend on some
coordinates. This procedure enabled the investigation of the properties of
the background connected by T-duality. It was discovered that geometric
backgrounds transform to the non-geometric backgrounds and these to dif-
ferent non-geometric backgrounds, which differ in a form of the background
fluxes, some of which are not locally well defined [8, 9]. T-duality is also
investigated for the double string theories, where T-duality is a manifest
symmetry [10, 11, 12, 13].

In this talk we will discuss the results of T-dualizations done for the
closed string moving in the weakly curved background, using the general-
ized T-dualization procedure, defined in our paper [14]. This background
depends on all the space-time coordinates and as such was not a candi-
date for T-dualization using the standard T-dualization procedures. In
paper [14], we presented generalized T-dualization procedure applicable to
all space-time directions regardless of the possible background coordinate
dependence. We obtained the T-dual theory which is a result of T-dualizing
all the initial coordinates. In paper [15], we broadened the investigation by
considering T-dualization of an arbitrary set of coordinates of both initial
and its completely T-dual theory. We will recapitulate the results here and
discuss further investigations. We obtained the T-dualization diagram de-
scribing the relation between all string theories T-dual to the string moving
in a weakly curved background, their backgrounds and giving the T-duality
laws connecting the corresponding coordinates.

So, let us start by the action describing a closed string moving in a
coordinate dependent background

St =k [ €O a”, De=0rkD, ()
b

given in the conformal gauge gng = et Nag- The background field compo-
sition is defined by

I (2) = Bu(z) + %GW(:):). ()

It consists of a symmetric metric tensor G, = G, and an antisymmetric
Kalb-Ramond field B,,, = —B,,,. The background must obey the following
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space-time equations of motion

1 o
RIW - ZBMPUBV/) =0, DPBp,uu =0, (3)

in order to have a consistent quantum theory. We will consider one of the
simplest coordinate dependent solutions, the weakly curved background,
composed of a constant metric and linearly coordinate dependent Kalb-
Ramond field which has an infinitesimal field strength

1
3

What are the backgrounds T-dual to this background? As, the standard
T-dualization procedure is applicable to coordinate directions which do not
appear as background field arguments, and the weakly curved background
depends on all space-time coordinates, this procedure could not provide the
answer to this question. So, a generalization of a T-dualization procedure
which does not have this limitation had to be made. The main difference
between the procedures obviously must be connected to background fields
argument. We presented the new T-dualization procedure in [14].

Both procedures are built as a localization of a global coordinate shift
symmetry dz# = M = const. One introduces the gauge fields v# and
substitutes the ordinary derivatives with the covariant ones

Guv(x) = const, B (x) = by + 5 Bupx’, by, By, = const. (4)

Opxt — Dyxt = Opzt + k. (5)
Imposing the following transformation law for the gauge fields
vk = =0\, (N = N(T,0)) (6)

one obtains that §D,xz* = 0. If the background does not depend on the
coordinates which are T-dualized the gauge invariant action is already ob-
tained. But, what if the background depends on all the coordinates? The
additional step must be introduced. It consists of a substitution of back-
ground field argument (the coordinate z*), by the invariant argument (in-
variant coordinate) defined as a line integral of the covariant derivatives of
the original coordinate

Aot = [ e D = 0% — (&) + AV, ™)
P

where
AV“E/ &k, (8)
P

Consequently the arguments of the background fields will be nonlocal.
Here, they are defined as the line integrals of the gauge fields, and as such
are nonlocal. Later, once the explicit form of T-dual theories is obtained
the non locality will appear as dependence on double coordinates.
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In order to obtain the physically equivalent theories, one must make the
introduced gauge fields nonphysical which is done by requiring that there
field strength

Fllg = 0av — Ol 9)

must be zero. This is achieved by adding the Lagrange multiplier y,, term to
the Lagrangian. Finally, the gauge invariant action, physically equivalent
to the initial action is

, 1
Siny = m/d2§[D+x“H+W(Aaﬁmv)D_ac + 5(1&8_3/“ — vﬁ&ryu)] (10)
Fixing the gauge x#(&) = x#(&p), one obtains

1
Stizly, ve] = /i/de[UiHJmu(AV)Ui + §(vi8,y“ - Uﬁ@+y#):|‘ (11)

The gauge fixed action is the main crossway of the procedure, for an
appropriate equation of motion it can transform both to initial action and to
the T-dual action. For the equation of motion obtained varying the action
over the Lagrange multipliers 040" — d_v/l = 0, with solution v/ = dyz*,
the gauge fixed action reduces to the initial action. For the equation of
motion obtained varying the action over the gauge fields Il4,, [AV]vY +
%@:yu = :Fﬂff [V], where BS[V] = 8MB,,pe°‘BV”85Vp, one obtains the T-
dual theory. Comparing the solutions for the gauge fields in these two
directions, one obtains the T-dual coordinate transformation laws. So, for
application along all directions we obtain the following connection

2
Sla] = & / Dt Tl (2)0 2 & *Sly] = / d%€ 0, y,0" (AV)O_y,,
b

(12)
with AVE = VE(E) — VE(&), VH = (g7 [(2bG1),Ly, + §]. The dual
background field composition is defined by

v 2 — - v v 1 - v
O = 2 (G LGy = 0" 5 (G5, (13)

and consequently the T-dual background are

G & G"(y.3) = (G5 (AV),
Bu(a) & *B"(y,3) = 36" (AV), (14)

where Gg,, and 0% are the effective metric and the noncommutativity
parameter for open bosonic string, which are

2
GE,uu = G/,W - 4(BG_1B),LLW o = _;(GngG_l)NV' (15)
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But what if one does not consider T-dualization over all coordinates,
but only some set of coordinates. To investigate this problem, let us mark
a T-dualization along direction z* by T and a T-dualization along dual
direction y, by T),. Also mark the T-dualizations along some d initial
directions, all other D — d initial directions, and all initial directions by

T =ol_ T,  Ti=oP . TH, T =ol Tk (16)
and T-dualizations along corresponding dual directions by
To = OgLZITllzn7 Ti = O£=d+1Tunv % = nglT n (17)

pn € (0,1,...,D —1). We showed in [15] that these T-dualizations form
an Abelian group

ToT" =T, TioTo=T, TooT*=1L1 (18)

We showed that all the theories T-dual to the theory of the closed bosonic
string are the part of the T-dualization diagram, given by

S, ya)

Sla"] < - ~Syul-

This diagram clearly describes the connection between arbitrary theory and
the initial and completely T-dual theory. The explicit form of the theory
obtained T-dualizing some set (marked by a) of the initial coordinates is
the following

Sty = w [

—k O Tl o (27, AV(2 14)) O (27, AV(2, ya)) Oy
+5 04 Yo O (2, AV (2", yo) I (2, AV (27, y4)) 02

Oy ' Tl i5(a', AV (2, ya) )02

/{ ~ . .
2 05O, AV (2, )0 . (19)

The new background field compositions ﬁiij and (:)‘jcb are defined as the

inveres of the ordinary background field compositions @ZFk and 14, reduced
to the appropriate d and D — d dimensional subspaces

_ . . 1
I.,;0/ = YT, ; = %55, (20)
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~ ~ 1
O Mgy = M, O = ?55- (21)
K
It can be shown that
ﬁ+,’j = H—l—ij — 2/€H+iaé(ibn+bj. (22)

The argument of the background fields is

A{/(O)a(xi7 Yo) = —& [éginofbi + égb_Hoﬂn} A0
K [égino_bi - ég’inom} A7
KT~ ~ KT~ ~ N
= [68% + 05t [ Ay — S [6gh — g Az, (23)
2 2
where Act(€) = 2#(€) — ¥ (€) and Ayu(€) = u(€) — yy(€o) while A (€)
and Ag,(§) are their duals, defined by

Ad(€) = /P de® &8, gat, AG(E) = /P e 8 Oy, (24)

Calculating the symmetric and antisymmetric part of the background fields
we obtain the T-dual metric and Kalb-Ramond field:

*Gij = Gij = Gij — Gia(G5) "Gy,
~25(Bial** Gy + Gial™ Biy ) — 4Bia(G5") " By
*Byj = By = Bij — gcméabcbj — Bia(GEH) ™Gy,
~Gia(G5") ™ By; — 26B,0" By,
OGab — (év]—fl)ab
'Bab _ nab
50
*G% = KOGy + 2(G5" )™ By;
~ 1 -
"B = k0" Byi + 5 (G5')" G- (25)

As the constituents of the dual background field there appear the effec-
tive metric in the d-dimensional subspace a, defined by

éEab = Gab - 4Ba0(é_1)CdBdba (26)
the non-commutativity parameter in the same subspace

éab —

(G5 Bea(G™H™, (27)

L
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which combined give the new theta function (:)ib =6 ¥ %(@El)“b.

Every arrow in the T-duality diagram is accompanied with the appropri-
ate T-dual coordinate transformation law. These are obtained comparing
the solutions for the gauge fields in a T-dualization procedures performed
between two actions in both directions. The laws for transitions

TO: St = Sla'ya),  Ta: Sla',ya] = Sla'],
which are inverse to each other, are given by
Ora® = —2/{(:)ib(:ri, AV y,)) -
. . 1 . ,
[Mani(e’, AV (' ya)) D5’ + S0 F B (2, V7 (@ ya))]
VO () (28)

S
=
)

2

and its inverse

Orta = —2Mpy,(z)052" + 28F (),
v = UO(). (29)

These relations enable an investigation of the closed string non-commu-
tativity and other geometric properties of the T-dual backgrounds. One
can determine the geometric structure for an arbitrary sigma model in
a T-duality diagram, find the connection between the Poisson structures
of T-dual theories and the relations between non-commutativity parame-
ters. The coordinates of the closed string are commutative when the string
moves in a constant background. In a three dimensional space with the
Kalb-Ramond field depending on one of the coordinates, successive T-
dualizations along isometry directions lead to a theory with Q flux and
the non-commutative coordinates [16, 17, 18]. Using the generalized T-
dualization procedure, we found the non-commutativity characteristics of
a closed string moving in the weakly curved background [15] comparing the
initial and completely T-daul theory. One can expect the further investi-
gations will reveal novelties regarding the form of the fluxes of all T-dual
background forming a diagram. For now it is known that all fluxes are of
type R.
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Closed string noncommutativity in the weakly
curved background*
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ABSTRACT

We consider the closed bosonic string moving in the weakly curved background.
Using T-duality transformation laws we calculate the Poisson brackets of the co-
ordinates in the T-dual space assuming that initial theory is geometric one, which
means that standard Poisson algebra is obeyed. The result is that the commutative
initial theory is equivalent to the non-commutative T-dual theory. All noncommu-
tativity parameters are infinitesimal and proportional to the B, ,, field strength
of Kalb-Ramond field B,,,. In addition we find the algebra of the T-dual wind-
ing numbers and momenta in terms of the winding numbers and momenta of the
initial theory.

1. Introduction

In order to obtain noncommutativity in the open string case it is enough
to consider the open string in the presence of the constant gravitational
G and Kalb-Ramond field By, and use the boundary conditions [1, 2].
Treating boundary conditions as canonical constraints and solving them,
one gets the initial coordinates expressed in terms of the 2 even effective
coordinates and momenta, where €2 is world-sheet parity transformation
Q : 0 — —o. Because effective variables have nonzero Poisson bracket (PB),
the PB between initial coordinates is also nonzero. The noncommutativity
parameter is proportional to the Kalb-Ramond field B, .

There is one interesting thing which we noted in tﬁe open string case.
The effective metric and the noncommutativity parameter are (up to some
constants) the backgroud fields of the T-dual theory. As we know T-dual
theory is physically equivalent to the initial one in the sense they have the
same degrees of freedom - one at the scale R and the T-dual one at the scale
1/R. The mathematical realization of the T-duality goes through Buscher
procedure [3]. As a result of the procedure we get the relation between
initial and T-dual variables which we call transformation laws.

* Work supported in part by the Serbian Ministry of Education and Science, under
contract number No.171031.
 e-mail address: ljubica, bnikolic, sazdovic@ipb.ac.rs
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The closed strings do not have endpoints, so in the constant background
there are no boundary conditions. To obtain noncommutativity in the
closed string case we have to use T-duality as a helping tool. But, in the
constant background case, T-duality relates o-derivatives of the coordinates
of one theory with the momenta of its T-dual one. Assuming that momenta
of the initial theory commute (geometric theory) it follows that the T-dual
coordinates commute as well. Consequently, in the constant background
case there is no closed string non-commutativity.

It is obvious that T-duality is just one part of the solution in order to get
the closed string noncommutativity. The second part is coordinate depen-
dent background obeying the space-time field equations [4, 5]. Considering
the closed string in the constant gravitational field G, and Kalb-Ramond
field depending on one coordinate, the closed string non-commutativity was
first observed in the paper [6], and investigated further in [7, 8, 9]. In these
articles 3-torus is considered, where B,,, depends on one coordinate and T-
dualization is performed along two other coordinates (isometry directions)
using standard Buscher procedure [3].

Omne can ask if it is possible to do that in the background where B,,,
depends on all space-time coordinates. The answer is affirmative but in
order to achieve that we have to use the generalized T-duality procedure
presented in details in [10] and to apply it to the weakly curved back-
ground. The weakly curved background used in the present article is de-
fined by constant gravitational G, = const and the linear Kalb-Ramond
field B, = by + %Bwpx” , where the field strength B, is supposed to
be infinitesimal. Such background obeys space-time field equations [4, 5]
in the linear approximation in B,,,.

We perform the generalized T-dualization procedure [10] along all the
coordinates and obtain the T-duality transformation law, 0+, = 0+y,(0+x),
where J4 are world-sheet partial derivatives. Using canonical formalism,
the T-dual coordinates are expressed in terms of the original variables,

Y, = %77# — ﬁg[x], where 7, are canonically conjugated momenta to the

coordinates x*. The infinitesimal expression ﬂg is the correction in com-

parison to the flat background case. Assuming that the coordinates and
momenta of the original theory satisfy standard Poisson algebra (initial
theory is geometric one), we get the coordinate noncommutativity rela-
tions in the T-dual picture. In addition, we obtain the complete algebra of
the T-dual winding numbers and momenta.

2. Generalized T-duality and noncommutativity

We consider the closed bosonic string moving in the D-dimensional space-
time described by the action

Sla] = & /E € 0, ot (Bu,j[x] + ;GW[:E}) 0 2" (1)

where the light-cone coordinates are defined as ¢+ = %(7‘ + o) and the cor-
responding derivatives 0+ = 0, +0,. In order to keep conformal invariance
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on the quantum level, the background fields have to obey the following
one-loop consistency conditions [4, 5]

1
Ru — 4 ByupeB,” =0, D,B’,, =0. (2)

Here B,,,, = 0,B,, + 0,B,, + 0,B,,, is the field strength of the field B,,,,
and R, and ﬁu are Ricci tensor and the covariant derivative with respect
to the space-time metric.

The solution of the equations in the first order in B,,,,, so called the

weakly curved background, [7, 10, 11, 12], is defined by
Guwlr] = const,
1
Bulr] = by +hwlr] =0bu + gBWpacp, buv, Buwp = const. (3)

Here, the field strength B, is infinitesimal.

Applying the generalized T-dualization procedure [10] on the closed
string propagating in the weakly curved background, we obtain the T-dual
action

* K“Q v
Sl =% [ 46 04,0 [AVIgIO_y. @
where
[ 2 2 -1 —1\uv v 1 —1\uv
0L = _E(GE LG )" =o" :F;(GE )
Gew = Gu —4(BG™'B),,, HiW:BWi%GW. (5)

The argument AV is defined nonlocally as
AV = —k85" Ay, + (97 Ay (6)

where
Ay, = /P(de]u +doy,) = yu(&) —yu(&), Ay, = /P(dTy:‘ +dogy,), (7)

and 5
s = G = A O, O = (g 70GT ()

It is obvious from the definitions (7) that these two coordinates are related
by the following expressions, §,, = ¥, ¥,, = U,

The transformation laws connecting initial and T-dual coordinates play
the key role in our considerations. To be more precise, we obtain from T-

dualization procedure the relations between world-sheet derivatives of the
initial and T-dual coordinates

Orat = —kOL [AV] |0y, + 267 [V]], (9)
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where
Bl = 560+ B) = Fghuuloldga”
62[‘7:] = h#”[x]xw7 /Bplt[x] = _huy[x}iy . (10)

Because we use the canonical formalism, we must have these transformation
laws in the canonical form

P

I

1
~ it — wf BV, (1)

Ky, + KBV], (12)

I

Ty
where 7, and *7# are canonically conjugated momenta to the coordinates
x# and y,, respectively. It is shown in Ref. [10] that the T-dual of the

T-dual action is the initial one. If we want to have T-dual coordinates in
terms of the initial ones, we just have to invert the relation (9)

Oxryy = —2Mg,, [Az]0ra” F 26 [z]. (13)

The canonical form of the T-dual transformations is

1
h = L Al (1)
ko mx’“—i—nQG(‘)‘yﬁg[x]. (15)

Our intention is to calculate the PB’s of the T-dual variables y, and
Ju using PB algebra of the initial variables. Consequently, we assume that
initial theory is geometric which means that coordinates z*# and momenta
m, satisfy standard PB algebra

{z#(0), (o)} = 080(0c — ), {azt(0),2"(0)} =0, {mu(o),m(a)}=0.
(16)
In this article we will calculate, besides already mentioned PB algebra of
the T-dual coordinates, also the algebra of the T-dual winding numbers
and momenta. For both purposes, the first step is introducing the quantity

AYu(ao0) = [ dn¥i(m) = V(o) = Yilow), (17)

0

where Y}, = (Y, 9,). The second step is to calculate their PB’s. It is obvious
that key relation which we have to calculate is PB between o derivatives
of Y’s. When we calculate it in three possible cases it turns out that it can
be written in the form

{X,(0),Y,(0)} 2 K, (0)0(0 = 7) + Lyun(0)d' (0 — 7). (18)
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Integrating this relation by parts over ¢ and &, after straightforward cal-
culation, we extract PB we are searching for

{Xu(Tu 0),Y,(1,0)} = — [KW(U) - KW(‘?) + LW(‘?)] 0(c—0a), (19)

where 6(0) is the step function defined as

0 ifto=0
6(c) =< 1/2 if0<o<2m, o€]|0,2n]. (20)
1 ifo =27

This is a general form of the relation. Using transforation laws we calcu-
late PBs in three cases: {y/,(7),45(0)}, {0(0), 7(9)} and {7,(0), 7,7},
and express them in the form of (18). Reading the corresponding values of
K and L and using (19), we get the noncommutativity relations for T-dual
closed string coordinates

Wl0).00(0)} = - By la(0) — 27(2)}6(c — ). (21)
(01,5000} = ~{ Bugli?(0) ~ #(0)] - 2-T5,,[a#(0) — (2]
—i—%gw _ % r%,,27(2)}0(0 - 7). (22)
(), 5000 2= ~{ — - [Bup — 6,0@05, ] #(0) ~ 2°(0)]  (28)
= o (T8, —TE,) + 2 Buuo (@)% [#(0) — #(0)) 0o — ),
where
= %(G’l)’“’ny +2AGIBY 2| (24)

Here the infinitesimal fluxes are defined as
1 4
E E E E\ _ —13\0 R PAY
Tiup = 5 (0Gh, + 0,61 = 0uG, ) = =5 (Buow(G70)% +Buop (G707, )
(25
(26

Lro —1 2
Q"= =57 (™)™ — K067057] Bory.
For 0 = & we obtain that all PB’s vanish, and consequently, coordinates
commute. Also we can consider ¢ = ¢ + 27, which is the same point on
the world-sheet as our first choice ¢ = 4. Taking ¢ = & + 2w, three non-
commutativity relations take the form

~— ~— o

o+ 2m), (o)} = =T By NP (27)
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oo+ 2m), ()} + (3(0), (o +2m)) = — 5 Bu?

+ (3PEW 8Byuab, ) N7, (28)
and

{9u(o +2m),5,(0)} =
2
= [ B,uz/p 69#01@ pg,é’y + 2B/LZ/ Irp + 3 (F,u vA T V,LL)\) b }

K
+ % [3 (FE -k ) P —8B,,\b p} PP, (29)

Bovp V,p1p

where N* = 2L [z#(0 + 27) — #(0)] is winding number of the initial coor-
dinates and

dnmy(n) , (30)

is mean value of the momentum 7,. Note that all three PB’s are propor-
tional to the Kalb-Ramond field strength which means they are infinitesi-
mal.

In addition we can obtain the algebra of the T-dual winding number
and momenta defined as

Ay,(2m,0) =27*N,,, Ag,(27,0) =271*P,, (31)
while we introduced earlier
Azxt(2m,0) =27 N*,  AzZH(2m,0) = 2w PH. (32)

Using (17), (18), transformation laws and above definitions we have

1
{*N *N } - ;prp ) (33)
*N,,*P, i PP — irE NP 34
{ Iz } - uup Ak PHY ) ( )
¢P.*P} = —— (B (Bup — 6940Q” pg5, ) N”
ws vy = o uvp Jua p98v
1 3 4 _
+ T [ lwp Vup) + BWU(G lb)ap] pr
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3. Concluding remarks

In the present article we considered the theory describing the closed bosonic
string moving in the weakly curved background and derived the non-com-
mutativity relations using canonical approach.

We applied generalized T-duality procedure and obtained the transfor-
mation laws connecting the initial and T-dual variables. They, expressed
in the canonical form, have the central role in calculation of the PB’s of the
T-dual coordinates y, and g,. Infinitesimal Kalb-Ramond field strength,
as a part of the function 3, gives the main contribution to the noncommu-
tativity parameters. The result is that we showed the physical equivalence
of the commutative initial theory and noncommutative T-dual one in linear
approximation in the field strength B,,,.

The general structure of the non-commutativity relations is

{Y(0), Yol@)} = {Fp [19(0) = 2°(3)) + Fpup [#(0) — #(3)] 00 — 7
35
where Y, = (yu, 9,) and F,,,, and Fqu are the constant and infinitesimally
small fluxes. At the same points, for ¢ = & all PB’s are zero. In the
important particular case for o = & 4 27 we get

- 1 .
(Yl +2m), Y (0)} = 27 | (Fiwp + 2F,0ab)N + —Fiufpp| o (36)

where N# and p,, are winding numbers and momenta of the original theory.
In addition we calculated the PB algebra of the T-dual winding numbers
and momenta in terms of the initial ones.
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T-dualization of a weakly curved background

Lj. Davidovié, B. Nikoli¢ and B. Sazdovié
Institute of Physics, University of Belgrade, Belgrade, Serbia

Abstract. We consider a string moving in a weakly curved background, composed of a
constant metric and a linearly coordinate dependent Kalb-Ramond field with an infinitesimal
strength. We discuss the T-dualization procedure which we developed for a closed bosonic
string moving in a weakly curved background. The procedure is a generalization of a Buscher
T-dualization procedure and enables the T-dualization of the nonisometry directions. The same
procedure is used to investigate the T-duals of an open bosonic string as well. The generalized
T-dualizations give insight to the connection between the geometrical properties of the T-dual
spaces.

1. Introduction

In string theory there exists a symmetry, T-duality, which allows the physical equivalence of the
string living on the different geometrical structures of the compactified dimensions. The string
living in a space with one dimension compactified on a radius R, has the same physical features
as a string leaving in a space with one dimension compactified on a radius %, where o is a Regge
slope parameter. T-duality was first described in the context of toroidal compactification in [1]
(thoroughly explained in [2]), it can be generalized to the arbitrary toroidal compactification
[3], and extended to the non-flat conformal backgrounds [4]. The origin of T-duality is seen in
a possibility that, unlike a point particle, the string can wrap around compactified dimensions.

The first T-dualization procedure, the prescription for obtaining a theory which is T-dual of
a given theory, was defined by Buscher [5]. The procedure was done for a string sigma model,
describing a string moving in a background composed of a metric G, an antisymmetric field
B,,, and a dilaton field ®. It is required that the metric admits at least one continuous abelian
isometry which leaves the action invariant. The procedure is founded in gauging the isometry by
introducing the gauge fields v£. In order to preserve the physical content of the original theory,
one requires that the new fields v# are nonphysical, which is achieved by the requirement that
the gauge fields have a vanishing field strength Fj; = 0}y —dgvh. This requirement is included
in the theory by adding the Lagrange multiplier term y, F); into the Lagrangian. Fixing the
gauge one obtains the gauge fixed Lagrangian which carries the information on both initial and
a T-dual theory. The integration over the Lagrange multipliers y,,, simply recovers the original
theory. The integration over the gauge fields v#, produces the T-dual theory.

The standard T-dualization procedure is applicable along directions which do not appear as
the background field arguments. The generalized T-dualization procedure which is applicable
along an arbitrary coordinate was done in Refs. [6, 7, 8]. The procedure is founded in the
standard procedure and keeps the main rules of the standard procedure. In order to gauge the
global isometry, one introduces the gauge fields v#, as usual. The replacement of the derivatives
Opx® with the covariant ones D,x*, does not as before make the whole action invariant. The

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1
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obstacle is the background field B,,, depending on x#, which is not locally gauge invariant. So, as
a new rule we substitute the argument of the background fields by an invariant argument Az%
defined as the line integral of the covariant derivatives of the original argument. As before,
in order to obtain the theory physically equivalent to the original one, we add the Lagrange
multiplier term. Using the local gauge freedom we fix the gauge taking z#(§) = z#(§p). The
obtained gauge fixed action reduces to to the original action for the equations of motion for the
Lagrange multiplier. The T-dual theory is obtained for the equations of motion for the gauge
fields vk.

The generalized T-dualization procedure was investigated for a string moving in a weakly
curved background composed of a constant metric, a linearly coordinate dependent Kalb-
Ramond field with an infinitesimal filed strength and a constant dilaton field. It was first
applied to all space-time coordinates in Ref. [6], and a T-dual was obtained. In Ref. [§],
the procedure was applied to an arbitrary set of the initial coordinates. Choosing d arbitrary
directions, we denote 7% = of_ T¥» T =0 Tt and T = ol T+ where T" stands for
a T-dualization along direction z# and T, = o_,T,,., T; = o,?:dHTun, T = ob T, , where T),
stands for the T-dualization along a dual direction y,,. Performing the generalized procedure we
proved the following composition laws:

ToT®=T, TioTa=T, TooT*=1, (1)

where 1 denotes the identical transformation (T-dualization not performed). We found the
explicit forms of the resulting theories and the corresponding T-dual coordinate transformation
laws. These results complete the T-dualization diagram connecting all the theories T-dual to
the initial theory.

Y-

The initial theory, describing the bosonic string moving in the weakly curved background
is defined on the geometrical space. All its T-dual theories are non-geometric and non-local
because they depend on variable V# which is a line integral of the derivatives of the dual
coordinates. To all of these theories there corresponds a flux which is of the same type as the R
flux unlike the non-geometric theories with @ flux, which have a local geometric description.

2. Bosonic string action
Let us consider the action [9, 10] describing the propagation of the bosonic string in a background
composed of a space-time metric G, a Kalb-Ramond field B, and a dilaton field ®

1 gB 1
— 2 — - af & m v - (2)
S[a] R/Ed 6v=g (56" Gule) + \/ngMV(x))aax Osa” + ()R], 2)
The integration goes over two-dimensional world-sheet ¥ parametrized by £* (€0 = 7, ¢! = o),
Jap is intrinsic world-sheet metric, R® corresponding 2-dimensional scalar curvature, (&), u=
0,1,..., D — 1 are the coordinates of the D-dimensional space-time, k = 27rla, and 9 = —1.
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In order to have a world-sheet conformal invariance on the quantum level, the background
fields have to obey the space-time equations of motion which in the lowest order in slope
parameter o, have the following form

1 g
Ruy = 1 Bupa B,” +2D,0,% =0,
D,B,, —20,8B",, =0,
D - 26

1
4(09)* — 4D,0"® + 15 BB = R+ dmri—— =0, (3)

where B,,,, = 0,B,,+ 0, B, + 0,B,,, is the field strength of the field B,,, and R, and D, are
Ricci tensor and covariant derivative with respect to space-time metric. We consider the weakly
curved background, defined by

1
Gy = const, By, () = by, + gBWp:np =bu + hw(z), O = const. (4)

The Kalb-Ramond field strength B,,, is taken to be infinitesimal. All the calculations are done
in the first order in B,,,,. In this approximation the weakly curved background is the solution
of the space-time equations of motion (3).

Introducing the light-cone coordinates

and their derivatives 0+ = 0, £ 0, taking a conformal gauge g.g = e?F a8, the action (2) can
be written as

Slx] = &/Ed2§ 04Ty, (x)0_a”, (5)

where
MLep () = By (x) + %Gw,(x). (6)

3. The Generalized Buscher T-dualization procedure

The standard T-dualization procedure, enables one to find a T-dual of a given theory, applying
the procedure to the coordinate directions which do not appear as the background field
arguments. The generalized T-dualization procedure does not have this limitation. Both
procedures are grounded in a localization of a global coordinate shift symmetry dz# = M\ =
const. The first rule of the procedures is the introduction of the gauge fields v# and the
substitution of the ordinary derivatives with the covariant derivatives, defined by

Opxt — Dozt = dpat + vk, (7)
If one imposes the following transformation law for the gauge fields
vk = =0 N, (N = N(T,0)) (8)

one obtains §D,x* = 0. In the case when the background does not depend on the coordinates,
along which the T-dualization is performed, the first step is sufficient to obtain the gauge
invariant action. However if the background depends on all the coordinates, an additional
rule must be introduced. The new rule reads: Substitute the background field argument (the
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coordinate x*), by the invariant argument (invariant coordinate), defined as a line integral of
the covariant derivatives of the original coordinate

Aty = [ de Dot =t — at(0) + AV, AVH = [ devan, (9)
P P

The invariant coordinate is by definition nonlocal. The consequence of this will be a nonlocal
T-dual theory, defined on the doubled geometrical space composed of the dual coordinate y,,
and its double g,,.

The common rule of the procedures is the addition of the Lagrange multiplier term which
makes the introduced gauge fields nonphysical, by requiring that there field strength

Fllg = 0qv — Ol (10)

must be zero. This enables the physical equivalence of the theories. Following these rules we
built the gauge invariant action.

The main object and the main crossway of the procedure are the gauge fixed action and their
equations of motion, because for the equation of motion obtained varying the action over the
Lagrange multipliers, one returns to the initial action. On the other hand for the equation of
motion obtained varying the gauge fixed action over the gauge fields one obtains the T-dual
theory. Comparing the solutions for the gauge fields in these two directions, one obtains the
T-dual coordinate transformation laws. These laws are used in investigation of the relations
between the non-commutativity characteristics of the spaces connected by T-duality.

The generalized procedure, can be generalized once more in order to allow the T-dualization
of the backgrounds which do not have a global symmetry. The generalization was made in Ref.
[7] for a bosonic string moving in a weakly curved background of the second order, which consists
of the coordinate dependent metric and Kalb-Ramond field. One postulates the auxiliary action
which inherits two important features of the gauge fixed action. It reduces to the initial theory for
the equations of motion for the Lagrange multipliers and to the T-dual action for the equations
of motion for the auxiliary fields.

3.1. Complete T-dualization
If one applies the T-dualization procedure to all coordinates, one obtains a following gauge
invariant action

1
Sime = / @€ Dy Ty (Atins) Dot + 5 (V4 0_y, — 0" D1y (11)

which is physically equivalent to the initial action. Fixing the gauge by (&) = x#(&p), one
obtains the gauge fixed action

1
Sisly, ve] = & / A [V AV 4 5 (00 — 0 0:,)]. (12)

In order to find a T-dual action one has to integrate out the gauge fields from (12).
The equations of motion with respect to the gauge fields v/ are

1
HZFMV(AV)UZ: + §8iy,u = :Fﬁ/f(v)? (13)

with the right hand side coming from the variation of the background fields argument, with
Bff (z) = F3hyuw[z]0+2”. The equation of motion can be rewritten as

i(y) = —rkOLIAV(y)][0sy + 265 [V(y)]], (14)
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where
v 2 — - v v 1 — v
eAV] = —;(GEll'IiG hyp = g AV q:;(GEl)“ [AV], (15)

and GEV = [G—4BG™'B], 0" = —%(GE}BG_I)‘“’ are the open string background fields: the
effective metric and the non-commutativity parameter respectively. They are defined in analogy
with the flat space-time open string background fields introduced in [11]. Tensors IIy,, and
© are connected by ©4 T4, = 5-6%. Substituting (14) into the action (12), we obtain T-dual

action )
K v
Sl = Spulyl = [ & 05,0 (AVO )}, (16)

where we neglected the term 3, B as the infinitesimal of the second order, and the argument
is given by
AVOr(y) = —rb5” Ayl + (g7 AgY. (17)

v

Comparing the initial action (5) with the T-dual action (16), we see that they are equal under
following transformations dra# — 91y, and i [z] — SO [AV (O], which implies

Gu — *G" = (G5 )™ [AV©O),
K

Bulr] — B =0 [AV), (18)

where (G31)* and 6" are introduced in (15).

The initial background consisted of a constant metric and a linearly coordinate dependent
Kalb-Ramond field with an infinitesimal field strength. The T-dual background consists of
coordinate dependent metric and Kalb-Ramond field, with the argument AV#, which is the
linear combination of y, and its double 3,,. Note that the variable V# and consequently T-dual
action is not defined on the geometrical space (defined by the coordinate y,,) but on the so called
doubled target space [12] composed of both ¥, and g,,.

3.2. Partial T-dualization
If one choses only a subset of the initial coordinates, say d coordinates z%, and performs T-
dualization procedure along these coordinates, one obtains the following gauge invariant action

Sinv [l‘#? x?nv? ya]

/{/d2§[8+aciﬂ+ij(xi,Ax?m))ﬁ_xj
Oy 'l (2', Azl ) D_2% + Dy 2L, i (2, Azl )O_z

inv inuv

_l_
. 1
+ DpaMian(at, Aad,, ) Doa® + 5 (040 — o 04 va)|.

wmuv

(19)

This action is obtained localizing the global shift symmetry only for the coordinates z%, by
introducing the gauge fields v%. The ordinary derivatives 0,2% were substituted by the covariant
derivatives Dyx® = 0q2® +v%. The covariant derivatives are invariant under the standard gauge
transformations 0v% = —0,A%. The coordinates z* in the argument of the background fields were
substituted by their invariant extension, defined by Axz?, = [pd{* Dox® = 2% — 2%(&) + AV,
where AV = [, d¢“v%. The physical equivalence is preserved by adding the Lagrange multiplier
term (the last term in the action). Fixing the gauge by z%(§) = z%({o) one obtains the gauge
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fixed action
Spizlr’, v,y = K//d2£|:a+l'il__[+ij (z', AVHO_a’
+ 040 Ty (2", AV + 04T (2", AV*)O 2"
T, AV + %(via_ya 0 0. (20)

This action reduces to the initial one for the equations of motion obtained varying over the
Lagrange multipliers. The T-dual action is obtained for the equations of motion for the gauge
fields. It reads

Sla'yal = [ &%
—k Oy ' o (2, AV, ya))OX (2, AV (2, ya) ) Oy
+Ha+ya@(ib(x AV (2! 7ya))Heri(xiaAva@:iaya))a—xi

6+xiﬁ+ij (xiv AVe (wia ya))a_.fj

/{: ~ . .
20,y O (', AV (2, )0 . (21)

The T-dual background fields compositions are the inverses of the already known background
compositions, divided into two coordinate subspaces, the subspace formed by the coordinates
we T-dualize and the subspace formed by the rest of the coordinates. The background field
compositions IT;; and (:)?tb are defined as the inverses of the background field compositions @ﬁFk
and Ilp., which are the parts of G’JFV and Ilz,, in an appropriate subspace

o A L 1
M.y 0% = 0¥ = 76557

Q%M1 = M,0% = 7(53. (22)
2k
It can be shown that B 3
Iy = Iy — 2611100%TL,;. (23)
The argument of the background fields is
AVOa(gi ) = —H[~ 60 oy + égb_HOerz} Az

- n@ﬁﬂmm—éﬁﬂwﬂAﬂW
- [@ + 65| Ay - g[égi - 62| ag. (24)

Calculating the symmetric and antisymmetric part of the background fields we obtain a T-dual
metric and a T-dual Kalb-Ramond field

*Gij = Gij = Gij — Gia(GE') "Gy
~25( Bial**Gy; + Gial™ Byy ) — ABia(G5" ) By,
*Bij = Biyj = Bij — fcméababj — Bia(G51)™ Gy,
~Gia(G5")™ By — 26B;a0" By,
(GE

oGab ~ 1)
oBab E nab
29
.Gai _ Heabii + 2(GEI)GbBbi,
_ 1 -
*B% = k0™ By,; + 5(051)“1’(;&. (25)
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As the constituents of the T-dual background field there appear the effective metric in the
subspace a, defined by Gray = Gap — 4Bue(G71) By, the non-commutativity parameter in

the same subspace 6% = —%(Ggl)“CBCd(é_l)db, which combined give the new theta function

é(:ztb — éab F %(GEl)ab_

4. Open string T-dualization
In paper [13] we investigated a T-duality of an open string moving in a weakly curved
background. The open string moving in a weakly curved background was a subject of
investigation in our papers [14, 15, 16]. Solving the boundary conditions at the open string
end-points, one obtains the effective closed string described by the effective closed string theory
S¢/f | defined on the doubled space (g”,G"). As the effective theory is closed string theory, one
can try to apply the generalized T-dualization procedure to this theory. The effective theory
is defined on the doubled theory, just as the T-duals of the closed string theory moving in the
weakly curved background. So, the application in this case resembles the application of the
T-dualization procedure to the T-dual theories.

The effective theory of the open string moving in the weakly curved background, obtained
for the solution of the boundary conditions equals

seff — K,/dT do 04q" Hiffy(q,%(j) 0-q", (26)
where 1
17, (a, 20q) = Bl (2b0) £ 3Gl (a). (27)

The effective variable is ¢#(o), an even part of the initial coordinate. The effective metric and
the Kalb-Ramond field are explicitly given by

Gilf(a) = Gh(a) == (G—4B*(q),,
Bilf(2bg) = 3 (9mA0(2bd)gx) (28)

where A@*” is the infinitesimal part of the non-commutativity parameter 6*¥ =
—%[G;BG_I]W = o) — %[ggl(h + 4bhb)g§1}wj. In paper [13] we applied the generalized
Buscher T-dualization procedure, to the effective theory along all effective directions g¢*.
Following the procedure we find the gauge fixed action

Stiz = /ﬁ/d%[uiﬂiffy(AV, QbAf/)vZ + %(vi8,gu — v’i&r,g#)], (29)
obtained from the effective action (26), by substituting the light-cone derivatives dig¢* with
the covariant derivatives D1g" = d4q" + v!, where v/ are the gauge fields, which transform as
0vy = —0+A*. The argument of the background fields is substituted with an invariant argument,
which is obtained substituting the effective coordinate ¢* and its double ¢* with an invariant
effective coordinate and its double, defined by the following line integrals of the gauge fields
AVHE = [p(detrvll +dev?), and AVF = [,(déF v — dév"). The physical equivalence was
achieved by adding the Lagrange multiplier term %(viﬁ_gu —v"940,) and the gauge is fixed
with ¢(€) = ¢(0)-

The T-dual theory was obtained for the equation of motion for the gauge fields. The T-dual
action reads

S = k / d2£8+g#g(@e_ff)w(AV(9)a 26AV (0))0-0,, (30)
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where
e v v v 1 — v
(OF )" () = O (Geps(x), Begy(y)) = 0475 (y) F — (G (=), (31)
v y - - p
0L = 0" (Geps(@), Begs () = —2(Gu"(Geps(@), Bess() Bess(0)Gofy(w))” and the
argument is
Vi'(o) = (95" )" (G, B )6, = (95" )" b,

Vi'(0) = (95" )™ (G, B )0, = (95" 0v. (32)

The T-dual metric *G*” which depends on the first variable AV# and the T-dual Kalb-Ramond
field *B*¥ | which depends on the second variable 2b¥, AV" are

G = (GEYA),
*gh g(eeff)W(szf/) = gAW(%Af/). (33)
We see, that the effective metric has transformed to its inverse and that the Kalb-Ramond field
has transformed to the infinitesimal part of the non-commutativity parameter.

Finally, we searched for the open string theory S such that its effective theory is *S¢// exactly.
We found

Sl = [ &% 0,9,11 ()0 . (34)
with
G = —(ch e,
B(y) = +(C") ' b—hC y)C, (35)

where C' makes a connection between the variables of the effective theory of S and the T-dual
theory (30)

Q,u(y) = O/u/(ggl)ypépa
Tu(y) = FCuw2(G 'bgp')Po,. (36)

In the closed string moving in the weakly curved background case, the T-duality transforms
the geometrical background into a doubled non-geometrical background. It transforms a
constant metric to a coordinate dependent effective metric inverse, while the linearly coordinate
dependent Kalb-Ramond field is transformed into a coordinate dependent non-commutativity
parameter. In the open string case, the T-dual theory remains geometric. T-duality transforms
the constant metric of the weakly curved background to a constant T-dual metric, while the
coordinate dependent Kalb-Ramond field transforms again to the coordinate dependent field.

In paper [17] a generalization of the standard analysis of the open bosonic string moving in
a flat background is addressed. The T-dualization was performed in two ways, first in terms
of non-constant vector fields in which case the Buscher T-dualization procedure can not be
applied and second in terms of the field strengths of the gauge fields. The role of the gauge
fields, which live on the string boundary, is to restore the symmetries of the closed string: the
local gauge symmetry of the Kalb-Ramond field and the general coordinate transformations, at
the string end-points. The investigation lead to a discovery of the geometrical features of the
non-geometry.
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Conclusion

The generalized T-dualization procedure, enabled T-dualization over the non isometry
directions. It gives the new insights into a connection between the spaces connected by T-duality.
It enabled further investigations of the closed string non-commutativity [18]. Comparing the
solutions for the gauge fields which transform the gauge fixed actions into the initial or the T-
dual actions, one obtains the T-dual coordinate transformation laws. Using these laws one can
find how does for example a standard Poisson bracket transform. It is obtained that the original
theory which is commutative is equivalent to the non-commutative T-dual theory, whose Poisson
brackets are proportional to the background fluxes times winding and momentum numbers. The
obtained results add novelty to the form and the origin of different non-commutative structures.
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Preface

The Workshop series ‘Lie Theory and Its Applications in Physics’ is designed
to serve the community of theoretical physicists, mathematical physicists and
mathematicians working on mathematical models for physical systems based on
geometrical methods and in the field of Lie theory.

The series reflects the trend towards a geometrisation of the mathematical
description of physical systems and objects. A geometric approach to a system
yields in general some notion of symmetry which is very helpful in understanding
its structure. Geometrisation and symmetries are meant in their widest sense, i.e.,
representation theory, algebraic geometry, infinite-dimensional Lie algebras and
groups, superalgebras and supergroups, groups and quantum groups, noncom-
mutative geometry, symmetries of linear and nonlinear PDE, special functions.
Furthermore we include the necessary tools from functional analysis and number
theory. This is a big interdisciplinary and interrelated field.

The first three workshops were organised in Clausthal (1995, 1997, 1999), the
4th was part of the 2nd Symposium ‘Quantum Theory and Symmetries’ in Cracow
(2001), the 5th, 7th, 8th and 9th were organised in Varna (2003, 2007, 2009, 2011),
the 6th was part of the 4th Symposium ‘Quantum Theory and Symmetries’ in Varna
(2005), but has its own volume of Proceedings.

The 10th Workshop of the series (LT-10) was organized by the Institute of
Nuclear Research and Nuclear Energy of the Bulgarian Academy of Sciences (BAS)
in June 2013 (17-23), at the Guest House of BAS near Varna on the Bulgarian Black
Sea Coast.

The overall number of participants was 71 and they came from 21 countries.

The scientific level was very high as can be judged by the speakers. The
plenary speakers were: Loriano Bonora (Trieste), Branko Dragovich (Belgrade),
Ludvig Faddeev (St. Petersburg), Malte Henkel (Nancy), Evgeny Ivanov (Dubna),
Toshiyuki Kobayashi (Tokyo), Ivan Kostov (Saclay), Karl-Hermann Neeb (Erlan-
gen), Eric Ragoucy (Annecy), Ivan Todorov (Sofia), Joris Van Der Jeugt (Ghent),
George Zoupanos (Athens).

The topics covered the most modern trends in the field of the Workshop:
Symmetries in String Theories and Gravity Theories, Conformal Field Theory,
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Integrable Systems, Representation Theory, Supersymmetry, Quantum Groups,
Vertex Algebras and Superalgebras, Quantum Computing.

There is some similarity with the topics of preceding workshops, however, the
comparison shows how certain topics evolve and that new structures were found
and used. For the present workshop we mention more emphasis on: representation
theory, quantum groups, integrable systems, vertex algebras and superalgebras,
on conformal field theories, applications to the minimal supersymmetric standard
model.

The International Organizing Committee was: V.K. Dobrev (Sofia) and H.-D.
Doebner (Clausthal) in collaboration with G. Rudolph (Leipzig).

The Local Organizing Committee was: V.K. Dobrev (Chairman), V.I. Doseva,
A.Ch. Ganchev, S.G. Mihov, D.T. Nedanovski, T.V. Popov, T.P. Stefanova, M.N.
Stoilov, N.I. Stoilova, S.T. Stoimenov.
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Complete T-Dualization of a String in a Weakly
Curved Background

Lj. Davidovié, B. Nikoli¢, and B. Sazdovié

Abstract We apply the generalized Buscher procedure, to a subset of the initial
coordinates of the bosonic string moving in the weakly curved background, com-
posed of a constant metric and a linearly coordinate dependent Kalb-Ramond field
with the infinitesimal strength. In this way we obtain the partially T-dualized action.
Applying the procedure to the rest of the original coordinates we obtain the totally T-
dualized action. This derivation allows the investigation of the relations between the
Poisson structures of the original, the partially T-dualized and the totally T-dualized
theory.

1 Bosonic String in the Weakly Curved Background

Let us consider the closed string moving in the coordinate dependent background,
described by the action [1]

S[x] = /c/ d?€ 91 x I, [x]0_x". @)
b

The background is defined by the space-time metric G, and the antisymmetric
Kalb-Ramond field B,

1
My [x] = Bu[x] £ EGW[x]. 2)
The light-cone coordinates are
L+ 1
£ =§(r:|:o), 0+ =0, £ 05, 3)

and the action is given in the conformal gauge (the world-sheet metric is taken to be
8ap = eZFnaﬁ)~

Lj. Davidovi¢ (P<)) » B. Nikoli¢ * B. Sazdovi¢
Institute of Physics, Pregrevica 118, 11080 Belgrade, Serbia
e-mail: ljubica@ipb.ac.rs; bnikolic @ipb.ac.rs; sazdovic@ipb.ac.rs

© Springer Japan 2014 13
V. Dobrev (ed.), Lie Theory and Its Applications in Physics, Springer Proceedings
in Mathematics & Statistics 111, DOI 10.1007/978-4-431-55285-7_2


mailto:ljubica@ipb.ac.rs
mailto:bnikolic@ipb.ac.rs
mailto:sazdovic@ipb.ac.rs

14 Lj. Davidovic et al.

The world-sheet conformal invariance is required, as a condition of having a
consistent theory on a quantum level. This leads to the space-time equations for the
background fields, which equal

1
Ry = 3 BupaB” = 0. DyB', =0, 4)

in the lowest order in slope parameter o’ and for the constant dilaton field @ =
const. Here B,,, = 0,B,, + 0,B,, + 3,B,, is the field strength of the field
B, and R, and D, are Ricci tensor and covariant derivative with respect to the
space-time metric.

We will consider a weakly curved background [2, 3], defined by

Guv[x] = const,
1
B [x] = buy 4 hyo[x] = by + ngpx", buy, By = const.  (5)

Here, the constant B,,,, is infinitesimal. The background (5) is the solution of the
field equations (4) in the first order in B,,,.

2 Partial T-Dualization

In the paper [3], we generalized the Buscher prescription for a construction of
a T-dual theory. This prescription, unlike the standard one [4], is applicable to
the string backgrounds depending on all the space-time coordinates, such as the
weakly curved background. We performed the procedure along all the coordinates
and obtained T-dual theory. The noncommutativity of the T-dual coordinates we
investigated in [5]. In the present paper we consider the partial T-dualization, i.e. the
application of the procedure to some without subset of the coordinates. We construct
the partially T-dualized theory. The noncommutativity of the coordinates in similar
theories was considered in [6].

Let us mark the T-dualization along the coordinate x* by T},, and separate the
coordinates into two subsets (x’, x?) withi =0,...,d —landa =d,...,D — 1
and mark the T-dualizations along these subsets of coordinates by

TiETQO---OTd_l, TaETdO---OTD_l. (6)

In this section we will find the partially T-dualized action performing T-dualization
along coordinates x“, 7% : S.
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The closed string action in the weakly curved background has a global symmetry
Sxt = AP, 7

Let us localize this symmetry for the coordinates x¢
8x* = A(zr,0), a=d,...,D—1, )

by introducing the gauge fields v¢ and substituting the ordinary derivatives with the
covariant ones

0oy x? — Dox® = 0gx? + V5. )

The gauge invariance of the covariant derivatives is obtained by imposing the
following transformation law for the gauge fields

SV = —9, A", (10)

Also, substitute x“ in the argument of the background fields with its invariant
extension, defined by

axt, = [ g Doxt = [ @ Dot +dg D_x)
P P
= x* —x%&) + AV, (11)

where
AV = / dEn = / (dEHV 4 dEV). (12)
P P

The line integral is taken along the path P, from the initial point £§ (o, 09) to the
final one £*(z,0). To preserve the physical equivalence between the gauged and
the original theory, one introduces the Lagrange multiplier y, and adds the term
% yaF§{_ to the Lagrangian, which will force the field strength F{_ = 94v¢ —
0-v4 = —2Fg; to vanish. In this way, we obtain the gauge invariant action

Siny = K/d2§[8+xi17+ij[xi,Axf’ 10_x7 4+ 04 x Myjq[x', Ax® 1D_x*

12A% iny

+ D x M ygi[x', Ax®, 10_x" + Dy x“ M [x", Ax? ]D_x°

ny ny

1
+3 0402y, - Vo1 y0)] (13)

where the last term is equal to % Ya F{_ up to the total divergence. Now, we can use
the gauge freedom to fix the gauge x“(§) = x“(&). The gauge fixed action equals
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Srix = K/d2$[8+xi17+ij [Xi, AV”]B_xj + 8+xi17+i,,[xi, AV
+ Vi Ty [x', AV]_x" + VI 1 ap [x', AVAE
1
+ E(Via_ya — v“_8+ya)]. (14)

The equations of motion for the Lagrange multiplier y,, d+v2 — d-v4 = 0, have a
solution v = d1+x“, which turns the gauge fixed action to the initial one.

2.1 The Partially T-Dualized Action

The partially T-dualized action will be obtained after elimination of the gauge fields
from the gauge fixed action (14), using their equations of motion. Varying over the
gauge fields v one obtains

. , . 1 .
Mygi[x', AV0x" + Hagp[x', AVS + 0% )a = +BEX, VY, (15)

where BE[x', V] is the infinitesimal contribution from the background fields
argument. Usmg the inverse of the background fields composition 2k [T+, defined
by @“b = (G Nae T, d(G 1db  where Gy = Gu and Gy = Gup —
4B, (G 1)"" Bdb, we can extract the gauge fields v from Eq. (15)

~ . . . 1 .
Ve = _zx@ng[x’,Ava][nib,- W AV + Sowys T BT, V“]]. (16)
Substituting (16) into the action (14), we obtain the partially T-dualized action
Selx’, ya] =« / d* |:8+xi1_7+ij X', AV(x', y*)]o_x/
K Naby i a/.i a

+Ea+y(l@— [X ’AV (x 5y )]a—J’b

—K D4 x T a[x', AV (x", yD]OP[x!, AV (x', y*)]0-ys

D4yl O, AV, ) [, AV, y“)]a_xf] an

where

Myij = Myij — 264,04y (18)
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In order to find the explicit value of the background fields argument AV4(x’, y9),
one substitutes the zeroth order of the equations of motion (16) into (12) and obtains

AVOa — I:@gino_bi + @Sfﬂoﬁi]Ax(O)i
- K[ég—bi-no—bi - égfnwbi]ﬂf(o)i
-slés + ety - 5lew - o ]an”. a9

where @gi stands for the zeroth order value of @ftb, which can be written as

Of = ——(g“l)‘“ Mosca (G = 65" (g‘l)“b, (20)
where g, = —4b,. (G 1)"dbd;, G”b = ——(g_l)“cb d(G l)db
7O = /(dty + doy(o)) AFOF = /(drx(o)” + dox©7). 21)

Initial theory, the partially T-dualized theory and the totally T-dualized theory
obtained in [3] are physically equivalent theories. In the next section we will
partially T-dualize the partially T-dualized theory.

3 The Total T-Dualization of the Initial Action

The T-dual theory, derived in [3], a result of T-dualization of the initial action along
all the coordinates, is given by

v K
=k [ @iy, mEAvONy, = 5 [ dEdy,emaveley,
@)
with
1% 2 —1 —1\pv v 1 —Iypv
O =~ (G5 MGy = 0 F LG, 3)

where

Geu = G,y —4(BG7'B),,, O™

2
—;(GEIBG_I)’”. (24)
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The T-dual background fields are equal to
* v — * K

GM AV = (GEH"[AV(M]. "B [AV(y)] = S0IAVL (25)

The argument of the background fields is given by
AVE(y) = =" Ayy + (7" AS, (26)

where Ay, = y,(§)—y, (&) and §, = [(dy], +doy,), while g,, = G, —4b},
and 6" = —2(g7'bGHH,

Let us now show that the same result will be obtained applying the T-dualization
procedure to the coordinates x’ of the partially T-dualized theory (17), T°
S, [x', y4]. Substituting the ordinary derivatives d+x' with the covariant derivatives

Dix' = d4x' +V, (27)

where the gauge fields v/, transform as §), = —9+A’, and substituting the
coordinates x’ in the background field arguments by

ax, = [@5* Do +a5D 2, e8)
P

we obtain the gauge invariant action, which after fixing the gauge by x’ (£§) = x* (&)
becomes

51 = [ @Vt lavnt + 50y 60 av oy,
—k V' T4 1o [AVHIOTAVMIO_yp + ke 04 9, O [AVH T 4 [AVFVE
L0y v, y,-)}. (29)
Here AV is defined by
AVi = /P TV, +dEv), (30)

and AV is defined in (19), whose arguments are in this case AV’ and y“.

The totally T-dualized action will be obtained by eliminating the gauge fields
from the gauge fixed action, using their equations of motion. Varying the action
(29) over the gauge fields v’ﬂE one obtains

. 3 |
[Msijvy — kMo OF D5 yp + Ea:Fyi = +6;". (1)
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Using the fact that the background field composition IT; j s inverse to 2k o4 ,
we can rewrite the equation of motion (31) expressing the gauge fields as

v = 2% @Y [Kni,aé?;’a;yb - %a:Fy, + ﬁﬂ. (32)
Using [T1,,0% = —I1,) @fFi, we note that
OLMy ;0% = —O%NL,,0% = —%@;:b, (33)
and obtain
Ve = kO 05y, + 2 OLpFE. (34)

Substituting (34) into (29), the action becomes
s = K/dzg[a”,- (K@f_f —Kz@"_"mk,@’_f')a_yj 35)
e L Y [
+ 04y ( - K2@ij1—7+jk@]ia + %@L‘l - Kz@ijﬂ+jbélia)8_ya
+ 34 ¥a (gé”_b — 2O L4101 — POU 11, 6Y — PO 1407 ) y,,].
Using [Ta;; O = O Myji = 165 Maap@ = OL Mapy = L85 M @4 =

—[4,;OF; My, OF = —I11,,0% and O 11 = —OL 144, one can rewrite
this action as

2
S = %/dzg 01y, @M y,. (36)

In order to find the background fields argument AV, we consider the zeroth
order of Eq. (34)

Vi = —KO D5V, (37)

and conclude that
AV =~k Ay, + (7 Ay (38)
Using the integral form'qf the variables gnd the relations 14, @5}’ + Hiai@gﬁ’ =
Lsb 0L = —2uOLMy;,0%; 0F = —20PMy,OL, we obtain that

AV AV, y?) defined in (19) equals
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AVHAV, y,) = —k0," Ay, + (g7 Ay, (39)

Therefore, we conclude that action (36) is the totally T-dualized action (22).
In this paper we performed the partial T-dualizations and obtained the T-duality
chain

S 2 Sulvt vl 2> *S [yl (40)

The first action describes the geometrical background, while the second and the third
describe the non-geometrical backgrounds with nontrivial fluxes. From this chain
one can find the relations between the arbitrary two coordinates in the chain. These
general T-duality coordinate transformation laws are used in the investigation of
the relations between the Poisson structures of the original, the partially T-dualized
and the totally T-dualized theory [5]. Their canonical form will be used in deriving
the complete closed string non-commutativity relations, which are the important
features of the non-geometrical backgrounds.

Acknowledgements Work supported in part by the Serbian Ministry of Education, Science and
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Kbyunu nojMoBu

rpaBuranyonn tamacu, OTP, geTexmyja rpaBUTaIMOHNX Tamaca

Pe3sume

Y TpeHyTKy HacTaHKa omTe Teopuje penaruHoctyt (OTP) y dusumm cy 61mm
HIO3HATY MEXaHMYKY ¥ eIeKTPOMAarHeTHM Tajaacu. JemHa of mocmepuna OTP je
II0CTOjarbe TPaBUTALMOHNX Tanaca. CBaka Maca Koja BPIIN HEKO IIePUONINIHO
KpeTame je M3BOp Tajaca, alu Cy OHM HeJeTeKTabVIHM 300T BMCOKOT HMBOA
myMa Ha ppeKBeHIMjaMa Ha KOjuMa ce OdeKyje HbUXoBa fleTeKuuja. VsBopu
TPaBUTALMOHMX Ta/aca 611 MOV 6MTY 6 HapHM CHCTEMI Hey TPOHCKMX 3Be3fia
(poTypajy penaTMBHO BemMKOM (peKBeHIMjoM) Kao M gmorabaju y kojuma
To7masy o 3HaYajHe Ipepaciofesne Maca (Cyfapy rajakcuja u o). YnmeHnma
je ia TpaBUTAIIMOHN TajIacK O JaHAC HUCY AMPEKTHO AeTeKTOBAHM ajli TOCTOje
BEe/MKM eKCIIEPMMEHTH KOju IOKyIIaBajy To Aa octsape (LIGO u merosu
“HacnemHuun’).
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1. YBOg

Kamen 6aueH y BoAy M3asuBa I0jaBy TPaHCBEp3aJHMX Tajlaca Ha IEHO] IOBPILIVMHU, Tpeleperme
IJIaCHMX JKMIla oMoryhaBsa fia 4yjeMo carOBOPHIKa, 3eM/bOTPECH 13a31Bajy I10jaBy LIyHaMM Tajlaca UTH.
CBe HaBefIeHO Cy IIPUMePM MexXaHuukux Tajaaca. 3a IpOCTUpame MEeXaHMYKMX Tajaca je HoTpebHa
MatepujanHa cpeuHa. Ilopemehaj HacTao Ha jemHOM MeCTy IIPEHOCH Ce TaacoM KPO3 MaTepyjamHy
cpenuHy. MeXaHUYKM Tanmacu ce He MPOCTUPY Kpo3 BakyyM. Ilomoxkaj dectuile cpefiuHe y HaToM
TPeHYTKY ¢ y Tauky 7 (konmoksujanHo “niopemeha;j”) u (7, t) 3a0Bo/baBa XOMOTEHY MAndcHy jeOHaUHy
92 02 92 1 6° R
@+87y?+@7172@ u(7,t) =0. (1)
BenmuyHa v IpeficTaB/ba OP3VHY Tajlaca y JaToj MaTepyjalHoj CpeayHM (Hije jemHaKa 6p3VHM YeCTHLe
MarepujanHe cpenute). Ilopemehaj u(7,t) MOXKXe 6UTU OPTOrOHA/IAH Ha IIpaBall IPOCTUpPaba Taaaca
(TpaHCBep3a/IHM TajIac) VWM KOJMMHEapaH ca IpaBlieM IPOCTHPaba Tanaca (JIOHTUTYVHAIAH TajIac).
Y npyroj monosuHy 19. Beka enrnecku ¢msuyap Ilejmc Kmapx Mekcsen je, objenumasajyhu
TOoTafalliba eKCIepMMEHTATHA Ca3Halba, HAIMCAO0 jeffHauYMHE eleKTPOMAarHeTHOT Io/ba IO3HaTe y
JIUTEpPaTypy Kao MeKCBeNoBe jefHauMHe. JefHOCTaBHA aHA/N3a THUX jeflHAYMHA [TOKasyje la y IPOCTOpy
I7le HeMa HaeleKTpucama M CTpyja eleKTPUIHO E u marnerso nome B 3a7l0BO/baBajy XOMOT€eHe
TanacHe jenHaunHe. IIpocTuje peyeHo, OKO IPOCTOpa y KOMe Cy 3afjaTe pacIofieie HaeleKTpucarmba
u cTpyja nocroju enekrpomarserno (EM) nome. Enepruja EM nospa ce mpeHOCK AY>K IIpaBLa Koju je
OPTOTOHA/IAH Ha BEKTOPE jaunHe eleKTPUMYHOT ¥ MarHETHOT To/ba - EM Tanac je TpaHcBepsanaH. 3a
Pa3NUKy Of MeXaHMYKMX Tamaca, EM Tamacu ce mpocTupy 1 Kpo3 BaKyyM U To Hajsehom 6p3uHOM
y mpupomu ¢ = 3 x 10%m/s. Xepuosum excrepumenrom (1888) morBpheno je mocrojame EM
ranmaca. [Inrame Koje Cy NOCTaBM/IM HAYYHMIIM TOTAa BpeMeHa TUIAJIO ce CpefyHe Kpo3 Kojy ce EM
Tanac npoctupe. Ilo aHanmoruju ca MEXaHMYKUM TajlaCMa MOPAJia je MOCTOjaTH HeKa CpefuHa Koja
npeHocu tanace. Tafa je yBefeH mojaM etepa. Mebytum, MajkencoH-MopiujeB eKCIIEPUMEHT Kao 1
MHOTa yHarnpelerma 0BOT eKCIIepiMeHTa IOTBPAWIN CY Aa je Op3MHa CBETIOCTHU MICTA Y CBMM IIPaBLYIMa
¥ 1a He 3aBUCH Of 1360pa pedepeHTHOT CUCTEMA - jefHOCTaBHMUje PedeHo, eTepa, Y 00Ky KaKo Cy Ia
HayYHMIM 3aMuIUbamy, Hema. M taga (1905) ce popuia crienjujanHa teopuja penatussoctu (CTP).
IToyerak 20. Beka (u3MKa je “cayekana’ ca MO3HaBameM JBe BPCTe Tajaca. AJM YOBEK KOjU
je dopmymucao CTP, Anbepr AjHiuTajH, BpeJHO je pajio Ha HOBOj TeOpuju rpaBuTanyje momasehn
Off jeFHOT OCHOBHOT 3aXTeBa - 3aKOHM (M3MKe MOPajy O6MTI MHBapMjaHTHM Ha u360p pedepeHTHOr
cuctema (MHepLMjaTHOT MM HeyHepLyjamHor). VI fomrao je go Teopuje Koja je Ha PyHZaMeHTaIHO
HOB HAa4WMH MHTEpPIpeTHpana rpaBuTaLyjy - ¢popmynucana je Ommra teopuja penatusaoctu (OTP)
1915. ropune.

2. Ocuose OTP

Y EbyTHOBO]j Teopuju rpaBUTAaLMje Maca je U3BOP IPaBUTALMOHOT Iojba. CBakKo Apyro Tenmo ofpehene
Mace Koje ce Hae y JaToM IpaBUTAIL[IOHOM IIOJbY je M37I0)KEHO Jie/IoBakby NMpyBIadHe cue. IbyTH je
Ia0 aHAIMTUYKM OOJIMK 3a TPaBUTALMOHY MHTEPAKIM)Y IBe TauKacTe Mace (cuia KojoM Teo 1 genyje

Ha Tejo 2)
l mimz -
A EE( =), @
e je G = 6.67 x 107 ''Nm’/kg’ IbyrHoBa rpaBuTamuMona Koncrauta. Vs IbyrHoBor

3aKOHa IpaBUTalMje ce BUAM fia je CH/Ia IIPONMOPIMOHATHA MacaMa Te/la, OOpPHYTO HPOIOPLOHATHA
Mehyco6HOM pacTojamy, IpMBIadHa 1 KOJIMHeapHa ca BeKTOPOM PeIaTHBHOT IIOI0Xaja.

Fpasumauuor-tu manacu - wma ce mo manaca?



Ilo HbyTHOBO] Teopuju rpasutanuja je CUJIA. VI mo ToMm murtamy Huje 6MI0 HMKAKBUX
KBa/IMTATUBHMX [TOMaKa o roderka 20. Beka. A oHJa ce 1mojaBuo AnbepT AjHIITajH, IIPBO ca CBOjOM
CIeLMjaTHOM TeOPMjOM PelaTUBHOCTU. JefHa Off peBONYLVIOHAPHUX CTBapy KOjy je AjHIITajH Tazna
yBeo y GU3NKY je 06jeMIbEeHOCT IIPOCTOPa VM BpeMeHa Yy jeflaH IIPOCTOPHO-BPEMEHCKI KOHTMHYYM Tj.
BpeMe BHIlle Hije mapamerap Beh koopauHara. JegaH op aBa nocrynara CTP 3axTeBa MHBapMjaHTHOCT
bU3MYKMX 3aKOHA Y OHOCY Ha M300p MHepLUjalIHOT pedepeHTHOr cucTeMa (Ipyru ce Tude 6p3uHe
CBET/IOCTN).

Cam AjHiuTajH Huje 6110 3atoBo/baH. CMaTpao je fa QUSMYKY 3aKOHY MOPajy OMTH MHBAPYjaHTHN
¥ OTHOCY Ha M360p MHePLVjaTHOT ¥ HeMHEePLMjaTHOT CUCTeMa Tj. YBMJEO je fa 'y ~Hpudy’ Mopa fia
YK/bY4M U TpaBuUTaLyjy. MaTeMaTH4KMM je3UKOM pedeHo, KaKBy rofi TpaHchOopManujy KoopuHaTa
la HaIpaBMMO 3aKOHM (PU3MKe MOpajy O4yBaTM CBOj OOMMK (CTPOro pedyeHO MHBAPMjaHTHOCT Ha
rudeomopdusme).

Ospie HeheMo yasuTH y CynTHIHE AeTasbe 3Bohera AjHINITAjHOBMX jefHAYMHA 3a TPAaBUTALIIIOHO
nosbe. AjJHINTAjH je jemHauMHe M3Beo Kopucrehm ce 3aKOHOM OfpKama TeH30pa eHpruje-MMITy/ca
Kao 1 0coOMHaMa HEKVX FeOMeTPMjCKMX BeMM4YMHA. Y CaBpeMEHOj MuTepaTypu usBobeme upe us
oprosapajyher fejctBa IpMMEHOM MeTOfle MMHVIMYMa JigjcTBa. Dumo kKako Oumso, jemHaumHe 3a
TPaBUTALMOHO IIOJbe CY 00/INKa

1 8nG

Ry — SguwR= —

5 Ty, n=0,1,2,3] (3

Ifie je, Hajrpybme pedeno, Ha neBoj crpanu TEOMETPUJA, a Ha mecHoj ctpanu MATEPUJA.
ITpenu3sHuje pedeHo, 1eBa CTpaHa jefHaYMHe je KOMOMHaIja PudnjeBor TeH30pa KpVMBIHE 11 CKa/lapHe
KpUBMHE, [IOK je Ha IeCHOj CTPAaHM TeH30p eHepruje-uMITy/Ica MaTepuje/eHepruje (Moxe ce OfHOCUTH
U Ha €/IeKTPOMArHeTHO IOJbe).

OBa jefHauMHa yCIIOCTaB/ba Be3y M3Mehy reoMmeTpuje IpocTop-BpeMeHa 1 MaTepuje Koja CBOjUM
IPUCYCTBOM “3aKpUBbyje” Taj IPOCTOp-BpeMe. Y AjHIITajHOBOj CIVIV IpaBUTalja Hije cuaa Beh
TEOMETPUJA npocrop-Bpemena. HapasHo, fo6pa ¢usndka Teopuja uMa 0coOuHy fia objaiimaBa
nosHare GpeHOMeHe U mpefiBuba Heke HoBe. Y OKBUPY AjHIITajHOBE Teopuje YCIENTHO je objammena
I0jaBa CKpeTama CBETIOCHMX 3paka Koju nponase 613y CyHIa, 3aTuM Ipelnecuja MepKypoBor
nepuxena. Teopuja npegsuba mocrojame cuHrymaputera (OCHOB 3a Teopljy Bemukor mpacka) Kao 1
IIPHUX PyIIa, 32 4Mje IOCTOjambe MOCToje MHAMpeKkTHN fAokasy. Takobe jenna on mocnepuma OTP je u
MIOCTOjambe 2PAsUMayUuoOHUX Mmanaca.

3. IpaBuranuonn ranacu y OTP

Mertop Koju KOPMCTMMO HIPY MaTeMaTHMYKOM OIMCY Tajaca je MeTof MO3aJMHCKOT Hosba. Tamac
(mama mepTypb6anuja) ce NpoCTHpe KPO3 IMIPOCTOP OMNMCAH ofpeeHOM MeTpPMKOM Koja 3a/j0BOJbaBa
AjJHINTajHOBE jelHAYMHE.

MaTeMaTH4KM JIOKa3 IOCTojama rpaBuTanmonnx Tamaca y OTP je Bpro jenHocTaBaH. YKOMMKO
nocMarpaMo AjHIITajHOBe jefHaunHe (3) mazeko oy u3Bopa mosba (Tj. Maca) U METPUKY y3MeMO Y
00/MKy

Guv = gfLOu) + v, (4)

rhe je hy, Maa nepryp6auuja (tamac) u gfg,) MeTpUKa IIPOCTOpa y KOMe II0CMaTpaMo Tasac, Taja

AjumrajHoBe jenHauMHe (y3 joLI HeKe JOATHE IPETIIOCTAaBKe) MMajy OO/IMK Ta/lacHe jefHadIHe

82 82 82 1 82
(axﬁayﬁazz‘czata)hwzo’ ®
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. 0
r7e je ¢ 6p3uHA CBET/IOCTH Y Bakyymy. IlosajuHCKa MeTpuka gf“,) MOXe OUTU U MeTpHUKa PaBHOT

IIPOCTOpa KA0 U METPUKA 3aKPUB/LEHOT MpocTopa’. Y 06a crydaja MCXOM je je MCTH, TajiacHa
jeIHauMHa 3a MaTy IepTypbarujy Metpuke h,,,. Moxe ce fa/be OKa3aTy Aa je Talac TpaHCBep3asIaH.
MareMaT4Ky fienyje CBe HONPYIIMYIHO jefTHOCTaBHO. [PaBUTAIIMOHM TajIacy ITOCTOje YKonuKo je OTP
“mobpa” Teopuja. ITorBpae OTP y cnyvajeBuMa cCKpeTama CBETIOCHOT 3paKa, perecuje MepKypoBor
nepuxesna 1 MHIMPEKTaH JOKa3 IOCTOjarba LPHUX PyIIa Hac 0xpabpyjy #a Bepyjemo y OTP.

HapasHo, 10rnyHo nurame je Ira ce TO Tajaaca. MeXaHM4M Tajac je IPeHOC OCLuIanuja Kpo3
OKOJIHY MaTepujalHy cpeiuHy. EleKTpoMarHeTHM Ta/lac je IPeHOC eeKTPUIHOT U MarHeTHOT I10/ba
Hae/leKTpJCaHe JecTulle Koja ce kpehe yopsano (HIp. ociuyje). Y cnydajy rpaBUTAaLMOHUX Talaca,
MaTeMaTMYKI PEYeHo, Talaca ce MeTpuka. Pacrojamwe usmeby gse nnduunTesnmanto 61mcke Tadxe y
HPOCTOPY Ca METPUKOM §u () je

ds® = 30 _ 0¥ _ogu (x)dz*dz” . (6)

YKONMKO [ieCHy CTpaHy CTaBUMO IO KBaJpaTHM KOPeH ¥ MHTeTpaauMmo of Tauke A fo Tauke B,
nobuhemo pacrojame n3Mmeby Tavaka y 3sakpuB/beHOM IpocTopy. ~Tamacame” MeTpuKe crobofgHuje
pedeHOo 3HauM U Ta/llacambe pacTojarmbe 13Mehy fBe Tauke. YKOMIKO 6MCMO JIeTeKTOBA/IM Te OCIIUIALje
pacTojara n3melyy Tena To 611 3HAUNMIIO U [1a CMO YCIIe/N 1A IeTeKTYjeMO IPaBUTALIMIOHE Tajlace.

4. lereknuja rpaBUTAIMOHNX Tajdaca

JupeKTHa ieTeKIMja IPaBUTALIMOHNX Tajlaca je BeoMa KOMIUIMKOBaHa 360T 13y3eTHO cmabor edexra
KOj! Ta/lacyl M3a3uBajy y AeTeKTOpuMa. AMIUIMTY/A TPaBUTAIIOHOT Tajlaca Oafia ca pacTojabeM Kao
~ 1/r. Tako fa je BeOMa TEIIKO [IETEKTOBATY U Tajlace KOj)I HACTAjy yC/lef Cliajaba LPHUX pyIa
jep MM je aMIUTMTYyZa 3aHeMap/buBO Maja Kaia foby mo 3emme. [lo 2014. roayHe Huje OCTBapeHa
IVpeKTHa ieTeKLija IPaBUTALMOHNX Tanaca. MelyTym, mocToju HU3 eKcrepyMeHarta Kojy yKasyjy Ha
TO Jla TPaBUTALMOHM TajIacy 3a1CTa IocToje. Ha mpumep, eBonynuja opoutupama 6MHaApHUX ITy/Icapa
HOTIYHO je je Y CKIafy ca TyOuIMMa eHepruje Kpo3 TPaBUTAIMOHO 3padere Koje mpeasuha OTP. 3a
orkpuhe Te mocebHe BpcTe my/capa gofebeHa je 1 Hobemosa Harpaga 1993. roguue (Pacen Xac un
Llosed Tejmop Jynuop).

Jbyny HeNpeKUAHO pajie Ha pPasHMM BUJIOBMMA JIeTEKTOpa KOjUMa OM perucTpoBamm
rpaBUTaIMOHe Tamace. IIpBU M HajjefHOCTaBHUjM AETEKTOpM Cy T3B. BebepoBe mmnke. [Ipyra
Tpylla JeTeKTopa Cy MHTepdepoMeTapcKy [eTeKTOpY, a y HOBMje BpeMe ce pasBuUjajy M rpajie
BI/ICOKO(bpeKBeHTHI/I AETEKTOPU I'PAaBUTALMOHMX Tajlaca.

4.1. BeGepose mrumke

JenHocTaBaH ypebhaj 3a feTeK1ujy O4eKMBAHOT Ta/ACHOT KpeTatba je T3B. BeGepoBa 1imika - Be/nKa,
YBpCTA MeTa/HA LIMIIKA M30/I0BaHA Off CIO/bAlIBUX Bubpanyja. OBaj THUII leTeKTopa je 610 IpBU
koju je xopumheH. IIpuHIMI pajia OBOT JeTeKTOpa je jeHOCTaBaH. YIaJHM IPABUTALVIOHN Tasac
no6ybyje pe3aoHaHTHO OCLIMIOBaMbe IINIIKe, @ LIMIIKA OHJIA CBOjUM OCLIM/IOBabeM HojayaBa Taj edexar
Ha feTekTabuiHy HuBO. CaBpeMeHe BapujaHTe OBAKBUX €TEKTOPA Cy ox/IaleHe J0 eKCTpeMHO HUCKUX
TeMIIepaTypa U OlpeM/beHe KBAaHTHUM UHTepdepeHInoHnM ypehajuma 3a ferexiujy Bubparuja (Ha

IMarematuukiu, 3aKpUB/BEHOCT IPOCTOPA TIOIPA3yMeBa fIa je TEH30p KPUBUHE Pasmuuut of Hyrne. Camum
TUM Cy U KOMIIOHEHTe MeTpyKe (QyHKIMje KOOpAMHaTa IIpocTop-BpeMeHa. IlocToju MoryhHOCT fia je TeH3op
KpMBUHE HYJIa a /I je MeTPMKa 3aBJICHA Off KOOPAiMHATe. Y TOM CIIy4ajy POCTOD je paBaH U HOTOSHUM M360poM
KOOpAIMHATa MO>KeMO npehyt Ha MeTpUKY paBHOT IIPOCTOPA.

Fpasumauuor-tu manacu - wma ce mo manaca?



Cnuka 1
AURIGA perexkTop

Cnuka 2
MiniGRAIL peTextop

npumep, ALLEGRO). IIpo6eM ca 0BUM HeTEKTOPMMa LITO C€ OHJM MOTY KOPYCTUTH CaMo 3a BPJIO jake
rpaBUTAIMOHE TasIace.

MiniGRAIL je aHTeHa 3a [eTeKUUjy I'PaBUTALMOHNUX Tamaca chepHor obmuka. OBa aHTeHa ce
Hamasy Ha YHuBepsurery y Jlajoeny (Xomanpuja), a cactoju ce of cdepe Mace 1150 xmmorpama
oxnmabene Ha Temmeparypy 20 mK. O6muk cdepe omoryhaBa pmeTekiujy M3 CBUX IpaBalia.
DpexBeHIMje Koje 0Baj leTeKTOp Hajoosbe “xBarta” ¢y nHTepBany 2-4 kHz, nia je moropas 3a geTekumjy
TPaBUTAIMOHMX Tajaca KOjU HACTajy y OMHApHMM IIy/IcapyMa M CIajabeM MambiX LPHUX pyIIa.
Cmuanor tuma je ynrpaxnagau gerekrop AURIGA koju ce nanmasu Ha INFN-y y Uranuju. On ce
CacToju Off aTyMUHUjyMCKOT LWIMHApa AyXXMHe 3 MeTpa Koju je oxnaheH Ha TemmepaTypy pena
BenmuuHe ~ mK.

100 200una Onwme meopuje penamuerocmu o Beozpad, 23. jyn 2015.
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= Relative

/" Spucecralt

Mercury

Cnuka 3
LISA

4.2. Vinrepdepomerpu

OBa rpymna jieTeKTopa KOPUCTH JIACEPCKY MHTep(epOMeTpujy 3a leTeKLijy IPaBUTAIMOHNX TaJaca.
Csernoct kpehyhm ce kpo3 HpocTop mpary 3aKpuB/beHe NPOCTOPHO-BPEMEHCKOT KOHTMHYMA.
ITpyHLUI pajia OBUX eTEKTOPa je fa ce usMepu edexaT nutepdepeHIje TacCePCKUX 3paKa IpU deMy
je myTHa pas/myuKa HacTana “ckpahusamwem” Wi “M3HyKuBambeM IIPOCTOPA.

Jlamac mocroje camo uHTepdepoMeTpUM Ha 3eMIBM. TpeHYTHO  HajoCeT/BUBV)U
unrepdpepomerapckn metekrop je LIGO (Laser Interferometer Gravitational Wave Observatory).
LIGO uma Tpu meTekTopa: jefaH je y Jlupuurcrony (mpxasa Jlymsujana) a gpyra sa cy y XeHdopmy
(mpxaBa Bamunrron). CBu OHM ce cacToje Of 11O /1Ba Be/IMKa KpaKa Jy>XuHe 2-4 KUJIoMeTpa KOji Cy
oz mpaBuM yroM. JIacepcku spaly Iy Tyjy YHyTap KpakoBa y LeB1Ma fujamerpa 1 metap. IIpomene
y Hy>KMHU KOje JIacepCKMU 3pak IIperasy ycief Ipojacka IPaBUTALMOHOT Talaca 6u y IpUHLVITY
Tpebao a perucTpyje feTeKTop y BUAY Heke (macepcke) nHTepdepennyone cnuke. Haxanoct, LIGO
HMje yCIIeo fa JieTeKTyje rpaBuTanmoHe Tamace. Odekyje ce fa yHanpeheHe Bepauje 0BOT eTeKTOpa
Behe ocerpuBocTu (VIRGO, GEO 600, TAMA 300) noBeny fo AeTeKije rpaBUTaLMOHNX Tajaca.

VIHTepdepomeTapCKyt JeTEKTOPU MMajy U CBOja OrpaHmyersa. 1IpBa off WX je IIyM KOju HacTaje
Kao MOCTIeIUIIA TOTa LIITO JIACEPCKY M3BOP MPOM3BOAM POTOHE y IPOM3BOBHUM TPEHYLIMa. AKO Y3 TO
KOPUCTUMO ¥ MaJIO jauy Jlacep OHJa caMy GOTOHY CBOjUM MMITY/ICOM MOTY Jia Y3[pPMajy JileTeKTOpCKa
ornefana. Jpyru mpo6reM je mpo6mem BpayHOBOr KpeTama, a HU CEM3MUYKM IIYM Ce HE MOXE
3aHEeMapuUTH.

360r mpobeMa Koje 1Majy 3eMa/bCKI JeTeKTOPY, IVIAHMPA Ce U TPajiiba eTeKTOpa y OpOUTH OKO
3emme (eLISA). Tpu carenura 6u ¢popMupana Tpoyrao Impy demy 61 cBaka CTpaHuua 6mmaa oko 5
MMINOHA KimoMeTapa. TuMe ce mobuja fobap BakyyM, alm U fajbe 0CTaje mpo6aeM GOTOHCKOT ITyMa
Kao U mpo06jieM ca KOCMIYKVIM 3pavyerheM.

4.3. BucokodpekBeHTHU IeTeKTOPH

TpeHyTHO IOCTOje /1B OTlePATUBHA IETEKTOPa KOjU paJie Ha Topi»0]j rpanuiy criektpa (10~ —10°Hz).
Jenan je Ha YHuBepautery y bupmunremy (Enrnecka) a apyru je Ha INFN-y y Denosu (Mranuja).
Tpehu ce rpagn Ha Yuusepsurery y Yonkunry (Kuna). Jerexrop y bupmunremy mepu npomene y
CTamYy HoJIapy3aliije MUKPOTANTacHOT 3paKa Koju KPY>KI [0 KPYTy IIpedHMKa oKo 1 MeTpa. JleTekTop y
HeHOBU je pe30HAHTHA aHTEeHa KOja Ce CacToju Off iBa CIIperHyTa cepHa CynepIpoBOHA XapMOHMjCKa

FpasumaquHu manacu - wma ce mo manaca?



Cmmka 4
VIRGO perextop

Cnuka 5

Pacriper; metTekTopa y cBeTy

OII/IaTOPa ITPEeYHMKA HEKONMKO LeHTuMeTapa. OCIMIaTOpy Kafla HUCY CIPETHYTH MMajy Pe3OHaHTHE
¢bpexBenmyje Koje cy ckopo jemHake. KnmHecky meTektop 61 Tpebano ma 6ysie y CTamy Aa leTeKTyje
tanace ppexBennuje pena 10 GHz.

5. 3aK/by4aK

OTP je y BpeMeHy Kaja je HacTana ycIiena fa o6jacHM Heke (eHOMeHe KOju Cy OViy IO3HATH
HAyYHUIMMA IOIIyT CKpeTama CBET/IOCHNX 3paKka y OIVM3MHM BeNMKNX 3Be3fa U IIpelecujy
Mepkyposor nepuxena. Caxa “mpaBa” ¢usudka Teopuja He o6jurmaBa camo mocTojehie 1 mosHare
benomene Beh mpemBuba m Heke HoBe. IpaBuTaUMOHM Tanmacu Cy jemaH Of Tux (eHOMeHa.
ITocrojare rpaBUTALMOHNX TajIaca TEOPUJCKI je IOTKPEIUbEHO OIIITOM TEOPHjOM PeaTBHOCTH jep
cret U3 AjHIITAajHOBMX je[fHAYMHA rpaBUTALMOHOT moba. Otkpuhe 6MHapHUX Iyncapa (cucreM

100 200una Onwime meopuje penamusrocmu o Beoepad, 23. jyn 2015.
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IBe HEYTPOHCKe 3Besfie), Kojyu rybe eHeprujy IOTIYHO y ckmapy ca mpepsubamuma OTP, paje
€KCIepYMEHTA/IHN OCHOB II0CTOjalby TPaBUTalMOHMX Tanaca. [lomro aMnmmMTysa Tamaca omaza Kao
ca pacTojameM Kao ~ 1/7 edeTy rpaBUTALMOHOT 3paderba Koje ce Mepe Ha 3eM/bI CY BPJIO MaJli, ITa
je M leTeKIuja IPUINYHO OTeXaHa. Ipafie ce caBpeMeHM JIeTEKTOPU BICOKE OCET/BUBOCTI KOjU MIajy
HaJy y KOHauYHY IUPEKTHY JeTEKIMjy TPABUTALIMOHNX Ta/aca.

IOITATHA TUTEPATYPA

1. C. M. Misner, K. S. Thorne, J. A. Wheeler, Gravitation, W. H. Freeman and Co., San Francisco, 1973.
2. L.D. Landau, E.M. Lifshitz, The Classical Theory of Fields, Pergsmon Press, 1971.
3. http://en.wikipedia.org/wiki/Gravitational-wave observatory.
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Peny6nunka Cp6uja
MHHUCTAPCTBO 3A HAVKY W
TEXHOJIOIIKHA PA3BOJ
Komuchja 3a cruname HAYYHHX 3Bama

Bpoj:06-00-69/902
14.10.2009. rogune
Beorpanp

Ha ocnoBy unama 22, crapa 2, Ynava 70. ctaB 5. 3akoHa o HaYYHOHMCTPaKHBAYKO]
AenarHocty ("Cayxbenu raacHux Peny6iunke CpGuje", 6poj 110/05 u 50/06 - MCTIPABKA), YiaHa 2.
craBa 1. W 2. Tauke | — 4.(mpunosm) u ynana 38, [Tpaeunuuka o NOCTYNKY M HAYMHY BPEHORAKA
¥ KBAHTHTATHBHOM HCKa3MBakby HaYYHOHCTPAKHBAUKUX pesyiaTaTa HCTpaxueaya ("Cnyxbenn
Fnacuuk Peny6anke Cp6uje”, Opoj 38/08) u 3axTena KOJH je MogHeo

Hnciuuiiyii 3a puzuxy y beozpaoy
KomucHja 3a cTriame Hay4HHX 3Bama Ha CeIHUIN oapkaxoj 14.10.2009. roguse, Jl0Hena je

OJLIVKY
O CTHIAIGY HAYYHOT 3BAHA

Ap Bojan Huxoauk

CTHYC HAY4YHO 3Bathe
Hay4nu capaonux

Y 06.1aCTH IPHPOAHO-MaTeMaTHIKHX Hayka - (huzmka

OEPA_S’U-TOJKEEBE
Huciiuiayia 3a Qusuxy y Beozpaoy
YTBPAHO je npeasor 6poj 858/ 0 12.06.2009. ronuue Ha CCAHHLM Hay4yHOTr peha WMucruryra u
foaneo saxres Komucuju 3a cruname Hayuhux ssama 6poj 875/1 ox 15.06.2009. TOUHE 3a
JAOHOIICHE OUTYKE O MCTTYHEHOCTH YCiIoBa 3a CTHUabE Hay4qHOT 3Raka Hayunu capadnux.

Komucuja 3a crumame Hay4YHUX 3Bama
MHIIbERBY MaTuuHor mayumor onbopa 3a usmk

YraBa yciiose u3 unana 70. cras 5. 3akona o
Crnyx6enn rnacumk Peny6nuke Cp6uje”, Opoj 110/05 u
W 2. rauke ] — 4.(npunosm) u ynama 38. [IpaBunuuka o

KBAHTHTATUBHOM HCKa3UBaH.y HaYYHOHUCTPaskMBAYKHX
rnachuk PenyGnuxe Cp6uje”, 6poj 38/08) 3a crumame
Ma je Oy Ynia Kao y U3peLH oBe oJuIyKe.

JloHouIemEM OBe OTYKe MMEHOBAHH CTHYEe
npunagajy.

HaYYHOMCTPaKMBAYKO] HENaTHOCTH i
50/06 - mcnpaska), unama 2. crapa 1.
MOCTYNKY M HaYMHY BpEIHOBAKHA W
pesyatata ucrpaxusava ("'CiyxGenn
HayqHor sea.a Hayunu capadnux,

CBA [IPABa KOja My HA OCHOBY e 110 3aKOHY

Opnnyky goctasuri NOJIHOCHOLTY 3aXTeBa, U
HayKy H TEXHOJIOUIKH pa3Boj y beorpany.

MEHOBAHOM H APXHBH MH]‘]HCTEDCTB& 3a
OPEJCETHAK KOMACHIE .~ --MHHWACTAP

Ap Cranucaapa Crommh-T'pyjauuh, A ! Bo;xn:na p Beanh

HAYYHH CaBeTHHK oy '
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Peny6muka Cpbuja o e o
MHHUCTAPCTBO IIPOCBETE, el LN 0 "l 93 ZD_GW.
HAVKE ¥ TEXHOJIOIIKOT PA3BOJA Poule) GFei ew, | e
Komucnja 3a cTnname Hay4YHHX 3Bamba &}%, 272'6/ /} i ‘
Bpoj:660-01-223/20013-14 o 5 -

29.01.2014. roanne
Beorpapg

Ha ocnoBy wmana 22. crasa 2. umana 70. craB 6. 3akoHa O HAyYHOHCTPAKHBAYKO]
nenardoctu ("Cryxbenu rnacauk Peny6nuke Cpbuje”, 6poj 110/05 u 50/06 — ucnipaska u 18/10),
4iana 2. craa 1. w 2. tauyke 1 — 4.(mpunosn) u unana 38. IIpaBuaHHKA O TOCTYIKY H HAUHHY
BpEJIHOBaka ¥ KBAHTHTATHBHOM MCKAa3MBalby HAYYHOHCTPAKUBAYKHX pe3yJITara HCTPakupada
("Cnyxberu rmacuuk Penyonuke Cp6uje", 6poj 38/08) u 3axTeBa koju je moaHe0

Huciuuwinyiu 3a ¢pusuxy y beozpaoy

Komucuja 3a cTilame HAyYHUX 3Ba-a HA CeHALH ojpxkanoj 29.01.2014. roaune, noxena je

OJLIYKY
O CTHLIABKY HAYYHOT 3BAIbA

Ap Bbojan Huxoauh

CTHYE HaY4HO 3BAHE
Buwu nayunu capaonux

y 06;1acTH IPUPOJIHO-MATEMAaTHYKKX HAayKa - (hu3uka

OF P A3J OXEHBHBE
Huciauinyi 3a ¢puzuxy y beozpady

yTBpaHO je mpetor 6poj 673/1 on 28.05.2013. rogune na ceauuun Haygnor seha MHcTuryTa n
nojHeo 3axteB KoMHCHjH 3a cTHLame HayyHHX 3Bama Opoj 677/1 ox 31.05.2013. roaune 3a
JIOHOIICHE OJUTYKE O HMCIYHEHOCTH YCIOBA 3a CTHIAWme HaydHor 3Bamka Buwmu uayunu
capaonux.

KomucHja 3a cTHname HaydyHHX 3Babhad je 10 NPETXOAHO NMPHOABHEHOM MO3HTHBHOM
MHILLbeEY Matuunor HaydHor oj0opa 3a (bu3MKy Ha celHHIM ojpxkaHoj 29.01.2014. roaune
pazmarpaia 3axTeB ¥ yYTBP/M/A Ja HMEHOBaHH HCIyHaBa ycrose u3 wiana 70. ctas 6. 3akoHa o
HayuHoHucTpaxupadko] jenartsHoctd ("Cayxbenn rnacamk Penybnmke Cp6uje", 6poj 110/05 u
50/06 — ucnpasxa u 18/10), wiana 2. crasa 1. u 2. tauke 1 — 4 (npuiiosu) u unana 38. [TpaBuiTHMKa
O TIOCTYIIKY M HauMHY BPEJHOBAHAa M KBAHTHTATHBHOM MCKA3MBALY HAYYHOHMCTPAKHBAUKUX
pesynrata uctpaxupauda ("CrnyxOenn rmacuuk Peny6mmxe Cpbuje", 6poj 38/08) 3a crumame
Hay4Hor 3Batba Buwmu nay+nu capaoruk, na je omtyqnia Kao y U3peLy 0Be OIyKe.

JIoHOIIEHEM OBE OJIIyKe MMEHOBAHH CTHYE CRA ITPABA KOja My Ha OCHOBY Fhe I10 3aKOHY
[IpUNaaajy.

Opayky focraBm:M IOJHOCHOIY 3axXTeBad, HMEHOBAHOM M apxuBH MHUHHCTApCTBA
IIPOCBETE, HAYKE M TEXHOJIOWKOT pa3Boja y beorpany.
NPEACEJHAK KOMUCHJE / M'HHHCTAP

ap Cranucaasa Cromuh-I'pyjuuunh, Hpatb 'p Tﬂbﬁlc.ﬂaB pBanoBuh

HAYYHH CABETHHK '..‘

O Gipynd- Wzﬁ%



UNIVERZITET U BEOGRADU
F1ZICKI FAKULTET

MASTER TEZA
Nekomutativnost 1 neasocijativnost
zatvorene bozonske strune

STUDENT: DANIJEL OBRIC
MENTOR: DR B0OJAN NIKOLIC

SEPTEMBAR, 2017



SANMTUCHUK

ca X cegHuue N3bopHor n HactaBHo-Hay4yHor Beha ogprkaHe y cpeay 20. centembpa 2017. roanHe

CegHuum npucycteyje 42 ynaHa M3bopHor 1 HactaBHo-Hay4Hor Beha.

Cnyxb6eHo oacyTHU: npod. ap Maja bypuh
npod. ap Boja PagoBaHosuh
npod. ap behko Kacanmua
aou,. ap Muxajno Banesuh
pou,. aAp UeaH BugeHosuh

OnpaBaaHo 0ACYTHU: npood. aAp Bnagnmump Munocasmwesuh
npod. ap UBaHka Munowesuh
npod. ap TaTtjaHa Bykosuh
npod. ap BnapgaH Byykosuh
pou,. ap Cawa AmuTtposuh
ooy, ap Hemara Kosayesuh
pou,. ap AparaH Peynh
pou,. ap Hukona Wunwosuh
Op Munow Ckounh
MapjaH hupkosuh
Hopa Tpkma
CseTtuncnae Mujatosuh

HeonpasaaHo oACyTHU: npod. ap Unnja Mapuh
aou,. ap Bnagnmup Musbkosuh

CegHuua je 3anoyena y 11:10 yacoBa ogaBarbem nowte MUHyTOM hyTaka nNpemuHyIoOM Ap
OdywaHy Muxajnosuhy, Hekagaltem AOUEHTY 1 BubanoTekapy OusmnuKkor gpakynteta y neHsunju. JekaH
dakynteTa npod. ap Jabnan Jojumnosuh npeanoxuo je, 3atum, cnegehu

OHeBHN peg

1. YcBajarbe 3anucHuKa ca IX cegHuue U3bopHor n HactaBHo-Hay4yHor Beha ®usumykor pakyntera.
MN36opHo Behe
2. Pa3smatpatbe npegsiora Kategapa y Besu ca NoKpeTakbem NocTynka 3a 3bop HacTaBHUKaA DunyKor pakyateTa v To:
a) Karegpe 3a dM3MKy aTOMa, MONIEKYA, JOHU30BAHUX racoBa, Naa3Me U KBaHTHY ONTUKY Yy BE3U Ca PacnMCUBatbEM
KOHKypca 3a n3bop jegHor BaHpeAHOr npodecopa 3a YKy Hay4yHy obnact ®m3nka aToma M mosekyna
b) KaTegapa MHcTUTYTa 3a MeTeopoorujy y Be3um ca pacnmMcuBakbem KOHKypca 3a M36op jeaHor AoLEeHTa 3a YKy
Hay4Hy ob6nact Knmmartonoruja n npumerbeHa MeTeoposioruja
3. YcBajarbe M3BewTaja Komucuje 3a n3bop HactaBHUKa PusnyKor pakynteTa u 10:
a) jeaHor BaHpegHor npodecopa 3a YKy HayuyHy obnact KBaHTHa U MaTemaTuyKa ¢pu3mnKa
b) jeaHor goueHTa 3a y:Ky HayuHy obnact PU3MKa jOHU30BaAHMX racoBa M Naasme
C) jeaHor foueHTa 3a YKy HaydyHy obnacT HacrtaBsa ¢pusmke
MokpeTarse nocTynka 3a u3bop HOPE TPK/bA y 3Batbe MCTparkMBay-capagHUK
5. YcBa jarbe MU3BewTaja Komucuje 3a M360p y Hay4yHO 3Bare U TO:
a) Aap BNAAVMMMPA CTOJAHOBURA y 3Batbe BULLM HAy4YHM CapagHnK
b) ap BPAHUC/TIABE MUCAUNOBUT y 3Bakbe Hay4yHWU capagHUK
HactaBHO-Hay4Ho Behe
6. Ogapehusare Komucuje 3a oueHy UCnyHEHOCTM YCN0Ba M ONPABAAHOCT NPeAoKeHe TeMe 33 U3paay AOKTOpCKe

aucepTaumje 3a:
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a) JACMUHY ATUTR, AMNaoMUpPaHOr MHXEHEPa eNeKTPOTEXHMKE, KOja je NpujaBuna 4OKTOPCKY AucepTaumjy nog,
Hasueom: ,TPAHCMNOPT EJIEKTPOHA, PA3BOJ JTABUHA U NPONATALMIA CTPUMEPA Y JAKO
ENEKTPOHETATUBHUM TACOBUMA*

7. YcBajare U3BewTaja Kommcuje 3a oueHy UCNYyHEHOCTHM YC/I0BA M ONPaBAAHOCT NPeANoXeHe Teme 3a u3paay

LOKTOPCKe aucepTaumje n oapehmsatbe MeHTOpa 3a:

a) HUKONY MBAHOBURA, annnomupaHor ¢usmyapa, Koju je NpnjaBno SOKTOPCKY AUcepTaumjy nog HasmBom:
,IPOYYABAHE OB/IMKA CMEKTPANTHUX TMHUIA Ne | U Ne Il Y MPUKATOAHOJ OBJTACTU ABHOPMAJTHOT
TUHABOT MPAXHEHA”

b) BE/bKA JAHKOBURA, gunnomupaHor ¢pu1smnyapa, Koju je NnpmMjaBnuo AOKTOPCKY AMcepTaumjy nos Ha3suBom:
,EXCITON DYNAMICS AT PHOTOEXCITED ORGANIC HETEROJUNCTIONS” (OuHamMMKa eKCLLMTOHA Ha OpraHCKUM
xeTopocnojesnuma nobyheHum ceetnowhy)

8. YcBajatbe M3BewTaja Komucuje 3a npernes v oueHy AOKTOpCKe aucepTtaumje n ogpehumsarbe Komucuje 3a ogbpaHy
aucepTaumje 3a:

a) ANEKCAHAPY OUMUTPUEBCKY, aunnomupaHor pusmnyapa, Koja je npegana LOKTOPCKY aucepTayujy noa
Hasmeom: ,MEASUREMENT OF THE W BOSON MASS AND THE CALIBRATION OF THE MUON MOMENTUM WITH
THE ATLAS DETECTOR" (Meperse mace W 6030Ha 1 Kannbpaumja umnyaca MMoHa Ha getektopy ATLAS)

b) JENEHY NEWWHR, annnommnpaHor ¢msmyapa, Koja je npeaana AOKTOPCKY AUcepTaumjy nog HasmBom:
,INVESTIGATION OF SUPERCONDUCTIVITY IN GRAPHENE AND RELATED MATERIALS BASED ON Ab-INITIO”
(McTparknBatrbe cyneprnpoBogHOCTM Y rpadeHy n CAMYHUM MaTepujannma Kopuwherem ab-initio metoga)

c¢) TOPOAHY MUNYTUHOBUR-OYMBE/IOBUR, aunnommpaHor ¢p1smnyapa, Koja je npegana AOKTOPCKY gucepTaumjy
nog Hasusom: ,METOAE MEPEHA OJHOCA TPAHAHA XMTCOBOTI BO30HA Y MPOUECUMA H>p+pu- U H->ZZ*
HA 1.4 TeV HA BYOYREM JIMHEAPHOM CYOAPANY CLIC*

9. VYcBajatbe NpujaB/beHe TeMe 33 U3paZy macTep paga, oapehusare pykosoauoua n Komucnje 3a oabpaHy pasga 3a:

a) BJAJAHA CUMWURA, ctyaeHTa macTtep cTyaumja pusmke, cmep OnwTa GpU3mMKa, KOjU je NpujaBno mactep pag noa,
Hasusom: "HYMEPUYKE CUMY/IALUMIE NPOLECA X/IABEHA TPAHY/TAPHOT FACA"

b) MMWPJAHY PAKUREBUT, cTyaeHTa macTep cTyauja ousmuke, cmep OnwTta $pM3mMKa, Koja je NnpujaBuna mactep pag
nog, Hasusom: "MPOYYABAHE ANENEKTPUYHUX U ONTUYKUX KAPAKTEPUCTUKA NONUETUNEH TEPEGTANAT
MEMBPAHE MOAN®UKOBAHE JOHCKMM CHOMOBMMA"

c) HUKONY BYJUYURA, cTygeHTa macTep CTyAMja MeTeOPO/Ioruje, KOju je NpujaBMo mactep pas nos HasuBoM:
"KBA3W - PE3OHAHTHU PO3BWJEBU TANACU U NONNABE TOKOM MAJA 2014 Y CPBUIN"

d) MWNEHY NIA3SAPEBUT, cTyLeHTa macTep CTyamja MeTeoponoruje, Koja je npujasuaa mactep pas nog, HasMBom:
"TPAHCNOPT CAXAPCKOTI NECKA M3HA/L CPEWUJE TOKOM NEPUOLA 2012-2016"

e) [OAHWIJESIA OBPURA, cTyaeHTa macTep cTyaumja dusmke, cmep Teopujcka U eKcnepumeHTanHa GU3KMKa, Koju je
npujaBuo mactep pag, nog Hasmsom: "HEKOMYTATUBHOCT U HEACOLMJATUBHOCT 3ATBOPEHE BEO30HCKE
CTPYHE"

f) CTEBAHA BYPBEBURA, cTyieHTa MacTep cTyamja pusmke, cmep Teopujcka U eKcnepumeHTanHa ousmka, Koju je
npujaBuo mactep pag nog Hasusom: "YTULAJ OPUJEHTALMIE d-WAVE CYNEPMPOBOANHUNKA HA
LIO3E®PCOHOBY CTPYJY Y CNOJEBUMA CA HEXOMOTEHUM ®EPOMATHETOM"

g) MWJKY NONEAUUA, ctyaeHTa macTep cTyamja dusmnke, cmep Teopujcka u ekcnepMmeHTanHa Gpusmka, Koja je
npuvjasuna mactep pag nog Hasvsom: "OLPEBUBAHE HEYTPA/IM3ALMOHUX PACTOJAHA NMPU UHTEPAKLMIN
BULLECTPYKO HAEJTEKTPUCAHUX JOHA CA NOBPLUMHOM YBPCTOTI TENA"

h) HEMAHY CTEBURA, cTyaeHTa macTep ctyguja dusmnke, cmep NMpumerbeHa M KomnjyTepcka ousmKa, Koju je
npujaBuo mactep pag nog Hasmnsom: "MPOJEKTOBAHE N U3PALA MUKPOKOHTPOJIEPCKOT
TEPMOXUIPOMETPA "

10. YcBajarbe npujaB/beHe Teme 3a U3pagy AMNAOMCKOT paga, oapehusatbe pykosogmoua n Komucuje 3a ogbpaHy paga
3a:

a) AHAPUMIAHY HOMJIUIA, anconseHTa pusumke, cmep Teopujcka 1 ekcnepmmeHTanHa $U3MKa, Koja je npujaBmna
OUNNOMCKM paa nog Hasmeom: "OAPEBMBAHE NAPAMETAPA NACEPCKU MHAYKOBAHE NJIASME AHA/IM30OM
BPEMEHCKW PA3/IOKEHUX CNEKTPOCKOIMNCKUX MEPEHA"

11. YcBajarbe peueH3uje pykonuca "AHOMANHO WNPeHE CNEKTPANHUX IMHWUjA BOAOHWUKA Y NpaXKkbernma' aytopa ap

Hukone LisetaHoBuha.

12. [aBatbe carnacHocty ®usmykor GpakynTeTa Ha aHraxKoBare y HacTasu U TO:
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a) npod. ap Nlasapa Jlasuha 3a npeameT MeTeoponorvja U Mogenosare 3arahera y atmocdepu (Ha OCHOBHUM
cTyAvjama Xemuja X1BOTHE cpeanHe)

b) npod. ap Unuje Mapuha 3a npegmeTt Punocoduja NpMpPoaHUX HayKa (Ha UHTErPUCAHUM OCHOBHUM M MacTep
cTyanjama HactaBa xemuje)

c) npod. ap OywaHa MNonosuha 3a npegmeTt Pusnka (Ha UHTErPUCAHMM OCHOBHUM M MacTep cTygujama Hactasa
xemuje)

d) pou. ap Case lNanujawa 3a npeamet Pusmka (Ha OCHOBHMM CTyAMjaMa XeMuja U Xemmja UBOTHE cpeanHe n
WMHTErpucaHnMm OCHOBHUM M MacTep cTygujama Hactasa xemuje)

e) npod. gp Bnagumupa Munocassbeuha 3a npegmet OgabpaHa nornassba ¢pu3nke (Ha OCHOBHMM CTyaujama
Xemuja n Xemuja }KMBOTHE CpeamHe U MHTErpucaHMM OCHOBHMM W MacTep cTyaujama Hactasa xemuje)n OcHoBM
¢du3nKe (Ha OCHOBHUM cTyanjama Bruoxemuje)

f)  pou. gp Cnasuue Manetuh 3a npegmet OcHOBU dM3MKe (Ha OCHOBHUM CTyaAnjama Broxemuje)

g) npod. ap Bpatucnasa O6bpagosuha 3a npegmet YHanpeheHn oKCHAALMOHN NpoLecH (Ha AOKTOPCKUM
cTyanjama)

h) MapjaHa hmpkosuha 3a nssohere Hactase Ha LLlymapckom dakynteTy YHuBep3auteta y beorpagy

i)  ap BpaHucnase Mucannosuh 3a nssohere HacTase 13 npegmeTa ®usmKka Ha BojHoj akagemnjm YHusep3suTeta
onbpaHe

13. PasmaTpatbe npeasiora Kategapa MHCTUTYTa 32 MeTeoposiornjy y Besu ca nsbopom npod. ap MeaHe Towwuh 3a weda

Kateape 3a onwTy meteoponorujy.

14. MwuTarba HacTaBe, HayKe U PpUHaHCK]a.

15. 3axTeBu 3a og0bpere oacycTBa.

16. YcBajatbe u3BelwTaja ca CAyKOeHUX nyToBakba.

17. [Oonwucu u monbe ynyheHe HactaBHo-HayyHom Behy.
18. ObasewTerba. Tekyha nuTama. MuTtakba u Npegiosu.

MowrTo je ycBojeH nNpeasioxkeHun HEBHM pea, NPELO Ce Ha

1. Tauky

YcBojeH je 3anucHuK ca IX cegHuue N3bopHor n HactaBHo-HayyHor Beha dusnykor dpakyntera.

N360pHO Behe

2. TaykKa

Ha npegnor Kategapa AOHETa je 04NyKa O MOKpeTaky NOCTYyNKa 3a n3bop HacTaBHMKa Pusmnykor
¢daKynteTa 1 T0:
a) Ha npegnor Kateape 3a ¢pU3MKy aToMa, MONEKYA, JOHM30BAHMX racoBa, Niasme U KBaHTHY
ONTMKY AOHETA je 04NyKa O pacnucMBakby KOHKYpCa 3a M3bop jeaHor BaHpeaHor npodecopa 3a
YKy Hay4YHy obnacT ®usmka aToma U Mosiekyia
Komucuja: 0p CphaH bykesuh, pedosHu npogecop PP
0p Bnaoumup Munocasswesuh, pedosHu npogecop ®P
0p bpamucnas MapuHKosuh, Hay4HU casemHUK N®

b) Ha npeanor Kategapa MIHCTMTYTa 32 METEOPO/IOTUjy IOHETA je 04J/1yKa O PacnMCUBakby KOHKypca
3a n360p jeAHOr AOLEHTa 3a YKy HayuyHy obnacT KnMmaTtonoruja u npumer-eHa MeTeoposoruja
Komucuja: 0p NeaHa Towuh, pedosHu npogecop PP
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O0p Baadumup bypheesuh, saHpedHu npogecop ®
0p Mupocnasa YHkawesuh, pedosHu ripogecop @

3. Tayka

MNosogom M3BewTaja Komucuje 3a nsbop HactaBHUKA Pusmukor pakynteta N3bopHo Behe je AoHeENO

cnepehe oanyke:

a) HaKOH jaBHOT rnacakba Yy KOMe Cy y4ecTBOBa/IM pefoBHM M BaHpeaHU npodecopu PakynTeTa,
jeaHornacHo, ca 29 rnacosa 3A, ap TATJAHA BYKOBUT je nsabpaHa y 3Barbe BaHpeaHOr
npodecopa 3a YKy Hay4yHy obnact KBaHTHa U matemaTunyKa ¢puM3nKa

b) HakoH jaBHOr rnacakba y KOme Cy y4ecTBOBa/IM PEAOBHU U BaHPeAHW Npodecopu 1 AOLEHTH
dakynTeTa, jeaHornacHo, ca 38 rnacosa 3A, ap HUKONA LLUNLWLOBUT je nsabpaH y 3Bare
[OLUeHTa 32 YKy Hay4yHy ob6nact Pu3nKa joHM30BaHMX racosa U naasme

C) HaKOH jaBHOT rnacakba y KOMe Cy y4ecTBOBa M PeoBHM U BaHpeaHW Npodecopu u AOUEHTH
dakynteta ca 37 rnacosa 3A v jegHum Y3APKAHUM rnacom, ap CALLUA NBKOBUT je nsabpaHy
3Bakbe AOLEHTa 3a YKy HaydHy obnact HacraBa ¢usmke

4, Ta4yKa

N360pHO Behe je AOHENO 0A/YKY O MOKpeTakby NocTynKa 3a n3bop HOPE TPK/bA y 3Bame
NCTParKMBaY-capasHuK.
Komucuja: O0p UNeaH fojyuHosuh, saHpedHU npogecop O
0p bpamucnas Obpadosuh, saHpedHuU npogecop
0p Munopad Kypauuya, pedosHu npogecop @@

5. Tauyka

N360pHo Behe je ycBojuno M3sewTaj Komucnje n goHeno oaayky o nsbopy y HayyHo 3Bakbe U TO:

a) HaKOH jaBHOT rnacakba Yy KOMe Cy y4ecTBOBaIM pefoBHM U BaHpeaHW npodecopu PakynTeta
jeaHornacHo, ca 29 rnacosa 3A (o4 yKynHO 37 KONMKO YMHU U3BOPHO TeN0), AOHETA je 0ANYKa O
usbopy ap BNAANMUPA CTOJAHOBUTRA y 3Barbe BULIKM HAyYHU CapaZHUK

b) HaKoOH jaBHOr rnacakba y KOme Cy y4ecTBOBA/IM PEAOBHU U BaHPeAHWN Npodecopun N AOLEHTU
dakynTeTa jegHornacHo, ca 38 rnacosa 3A (og yKynHo 53 KO/IMKO YMHM M36OPHO Teno), AoHeTa
je oanyka o nsbopy ap 6PAHUC/TABE MUCAUTOBUT y 3Barbe Hay4HM capagHuK

HactaBHo-Hay4yHo Behe

6. TaykKa

OgapeheHa je Komucuja 3a oueHy UCMyHEHOCTM YCI0BA U ONPaBAAHOCT Npes/1oKeHe TemMe 3a
n3paay LOKTOPCKe aucepTaLmje 3a:



a)

7.
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JACMUHY ATUR, AnnnommnpaHor nHXewepa eNekTPOTEXHUKE, KOja je npujaBmaa AOKTOPCKY
ancepTaunjy nog Hasmeom: ,, TPAHCIMOPT EJIEKTPOHA, PA3BOJ IABUHA U MPONATALIMIA
CTPUMEPA'Y JAKO ENTEKTPOHEFATUBHUM TACOBNMA*
Komucuja: O0p Cawa Ayjko, suwiu Hay4YHU CapadHuK N

0p hophe Cnacojesuh, saHpedHu npogecop PP

0p CphaH Bykeuh, pedosHu npogecop PP

O0p 3opaH /b. [lemposuh, Hay4YHU casemHuUK NP

Ta4yKa

YcBojeH je N3BewTaj Komuncuje 3a oueHy NcnyHweHOCTM YCA0Ba M ONPaBAaHOCT NpeasioXeHe TemMe 33

n3paay LOKTOpCKe aucepTaumje n ogpeheH meHTop 3a:

a)

b)

HUKONY MBAHOBUTRA, aunnomupaHor ¢pmsmyapa, Koju je npmjaBmo LOKTOPCKY AncepTauunjy
nog, Hasnsom: ,,[IPOYYABAHE OB/IMKA CNEKTPANTHUX TMHWIA Ne | U Ne Il Y NTPUKATOAHO)
OBJTIACTU ABHOPMAJTHOT TUHABOT MPAXKHEHA”

MeHmop: O0p Hukona Wuwosuh, doueHm @@

BE/bKA JAHKOBURA, aunnomupaHor ¢pusmndapa, Koju je npmnjaBuo A4OKTOPCKY AncepTaLmjy nog,
Ha3mnsom: ,EXCITON DYNAMICS AT PHOTOEXCITED ORGANIC HETEROJUNCTIONS” (AnHammKa
€KCLMTOHA Ha OpraHCKMM XeTopocnojesnma nobyheHum ceetnowhy)

Me+Hmop: 0p HeHad Bykmuposuh, HayuyHU casemHuK U@

Ta4yKa

YcBojeH je M3BewwTaj Komucuje 3a npernes v oueHy AOKTOPCKe aguceptaumje n ogpeheHa Komucuja

3a oabpaHy gucepraumje 3a:

a)

b)

AJIEKCAHAOPY AUMUTPUEBCRY, gunaomunpaHor pusmyapa, Koja je npesana OKTOPCKY
anceptaunjy nog Hasmeom: ,,MEASUREMENT OF THE W BOSON MASS AND THE CALIBRATION
OF THE MUON MOMENTUM WITH THE ATLAS DETECTOR" (Mepere mace W 6030Ha u
Kannbpaumja umnynca mmoHa Ha getektopy ATLAS)
Komucuja: 0p HeHad Bparnew, HayyHu capadHuK Nd

op MNMemap Auuh, pedosHu npogecop PP

0p Maja bypuh, pedosHu npogecop P

0p Boja PadosaHosuh, pedosHu npogecop P

0p /luduja MusKkosuh, Hay4YHu casemHuxk N

0p MapmeH boHekamn, CEA Saclay, NMapu3s (®paHyycka)

JENEHY NELWWNTR, gunaomupaHor ¢pmsnyapa, Koja je npeaana AOKTOPCKY AucepTaumjy noa
HasmsomMm: ,,INVESTIGATION OF SUPERCONDUCTIVITY IN GRAPHENE AND RELATED MATERIALS
BASED ON Ab-INITIO” (UcTpauBarbe cynepnpoBoAHOCTU Y rpadeHy 1 CANYHUM MaTepujanuma
Kopuwherem ab-initio meToaa)
Komucuja: 0p Padow lajuh, Hay4yHu capadHuKk N

0p NeaHka Munowesuh, pedosHu npogecop PP
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c)

9.

0p MunaH KHexcesuh, pedosHu npogecop @

0p hophe Cnacojesuh, saHpedHu npogecop PP

0p 3opaH lonosuh, Hay4HU casemHuKk MHH BuHya
dr Kurt Hingerl, Johannes Kepler Univerzitet, Austrija

rOPOAHY MUNYTUHOBUR-AYMBENOBUR, aunnomupaHor ¢pusmyapa, Koja je npegana
OOKTOPCKY AncepTtaumjy noa Hasmsom: ,,METOAE MEPEHA OAHOCA TPAHAHA XUTCOBOT
BO30OHA Y NMPOLECUMA H>p+p- W H->ZZ+ HA 1.4 TeV HA BYAYREM JIMHEAPHOM CYJAPAYY
cLic”
Komucuja: Op UNeaHka boxcosuh-Jenucasyuh, HayyHu casemHuk MHH BuHua

O0p Boja PadosaHosuh, pedosHu npogecop @

0p JosaH lNy3oeuh, saHpeOHu npogecop PP

Ta4yKa

YcBojeHa je npujaB/beHa TeMa 3a U3paay macTtep paga, oapeheH pykosoaunauy u Komucuja 3a

oAabpaHy paaa 3a:

a)

b)

d)

BNAOAHA CUMWUTRA, cTyaeHTa mactep ctyauja pusmnke, cmep OnwTta p13mMKa, Koju je npujasmo
macTtep pag nog Hasmsom: "HYMEPUYKE CUMYJTALIMIE MPOLIECA XTABEHA TPAHYNNAPHOT
FACA"
Komucuja: dp CnobodaH Bpxosau, Hay4YHU casemHuk U®, pykosodunay pada

Op AHOpujaHa ekuh, saHpedHu rnpogecop ®P

0p 3opuya lMonosuh, doueHm PP

MWPJAHY PAKUREBUT, cTyaeHTa mactep ctyamja dpusmke, cmep Onwrta ¢usnka, Koja je
npujaeuna mactep pag nog Hasnmsom: "MPOYYABAHE ANENEKTPUYHUX U ONTUYKUX
KAPAKTEPUCTUKA NONTMETUNEH TEPEDTANNAT MEMBPAHE MOANPUKOBAHE JOHCKUM
CHOMNOBMMA"
Komucuja: op Cnasuya Manemuh, doyeHm ®®, pykosodunay, pada

O0p AywaH lNonosuh, saHpedHu npogecop dd

0p ApazaHa Lleposuh, Hay4HU capadHUK @@

HUKOJTY BYJUYUNTRA, cTygeHTa macTep CTyAnja METEOPOI0IMje, KOjUu je NpMjaBMo macTep pas
nog Hasmsom: "KBA3WM - PE3OHAHTHU PO3BMIEBU TAJTACU U MONJIABE TOKOM MAIJA 2014 Y
CPBEMIN"
Komucuja: 0p Baadoumup byphesuh, doueHm ®®, pykosoounay pada

0p KamapuHa Bervosuh, doueHm @@

dp Hemarna Kosayesuh, doueHm @@

MWNERY JIASAPEBUT, cTyaeHTa macTtep CTyAnja MeTeopoaoruje, Koja je npunjasmaa macrtep pas
noA Hasusom: "TPAHCIMOPT CAXAPCKOI NECKA U3HAL CPBEMJE TOKOM MEPMOAA 2012-2016"
Komucuja: 0p Baaoumup byphesuh, douyeHm @@, pykosoounay, pada

0p /lazap J/lazuh, pedosHu npogecop PP
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0p KamapuHa Bemwosuh, doueHm ®@

e) OAHWUIENA OBPURA, cTygeHTa mactep ctyauja dmsmke, cmep TeopujcKa U eKcnepmmeHTanHa

f)

h)

$U13KMKa, Koju je NpujaBno mactep pag nog Hasmsom: "HEKOMYTATUBHOCT U
HEACOUMJATUBHOCT 3ATBOPEHE BO3OHCKE CTPYHE"
Komucuja: 0p bojaH Hukonuh, suwiu Hay4HuU capadHuk NP, pykosoodunay pada
O0p Boja PadosaHosuh, pedosHu npogecop @
op Aywko /lamac, doueHm ®P

CTEBAHA BYPBEBUTRA, cTyaeHTa mactep ctyaunja dusmnke, cmep Teopujcka U eKcnepmMmeHTaHa
dU13KMKa, Koju je NpujaBno mactep pag nog Hasmsom: "YTULAJ OPUJEHTAUMIE d-WAVE
CYNEPMNPOBOAMHNKA HA LIO3E®COHOBY CTPYJY Y CNOJEBUMA CA HEXOMOTEHUM
®EPOMATHETOM"
Komucuja: 0p 3opuya lMonosuh, doueHm @@, pykosodunay pada

op Cnasuya Manemuh, doyeHm @

O0p boxcudap Hukonuh, doueHm ®P

0p lNpedpaz MupaHosuh, pedosHu npogecop MM Nodzopuya

MWKY NONEANLUA, cTypeHTa mactep cTyguja dmsmke, cmep TeopujcKa U eKcnepMmeHTanHa
du13KMKa, Koja je npujaBuna mactep pag nog Hasmesom: "OAPEBUBAHE HEYTPANTM3ALMOHUX
PACTOJAHA NMPU MHTEPAKUMIN BULLECTPYKO HAENEKTPUCAHMUX JOHA CA NOBPLLUMHOM
YBPCTOI TENA"
Komucuja: 0p Casa lanujaw, doueHm @@, pykosodunay pada

d0p Cnasuya Manemuh, doyeHm @

0p Baadumup Cpehkosuh, suwiu Hay4YHU capadHuK NP

HEMAHY CTEBURA, cTyaeHTa mactep ctyamja dusunke, cmep NpumerseHa 1 KomnjyTepcka
¢du13KKa, Koju je npujaBno mactep pag nog Hasmsom: "MPOJEKTOBAHE U U3PALA
MWKPOKOHTPOJIEPCKOT TEPMOXUITPOMETPA "
Komucuja: Op UeaH benya, pedosHuU npogecop PP, pykosoounaau pada

0p behko Kacanuya, saHpedHu npogecop ®P

0p Henad Taduh, ucmpaxcusay capaoHuUK @@

10. Tayka

YcBojeHa je npujaB/beHa TeMa 3a U3pady mactep paga, oapeheH pykosoamnaw, 1 Komucuja 3a
oabpaHy paga 3a:

a)

AHOPUIAHY BOMJINIA, anconseHTa dpnsnKe, cmep Teopujcka U ekcnepmmeHTanHa GU3nKa, Koja
je npujaBuna gunaomcku pag nog Hasmeom: "OOPEBUBAHE MAPAMETAPA NACEPCKU
MHAOYKOBAHE MN/1ASME AHA/TIM30M BPEMEHCKWM PA3TOXKEHUX CNEKTPOCKOTMCKKUX
MEPEHA"
Komucuja: 0p CphaH bykeuh, pedosHu npogecop @D, pykosodunau pada

0p Hukona LWuwosuh, doyeHm P
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0p Munow CKo4uh, ucmpaxugay-capadHuxk @@

11. TayKa

HactaBHo-Hay4yHo Behe je ycBOjuI0 peueHsujy pykonuca "AHOMaNHO LWNpeHe CNEeKTPasHUX IMHKU]a

BOAOHMKA Y Npaxkkernma" aytopa ap Hukone LiseTaHoBMha 1 npuxeaTuao npeasor peLeHseHaTta 4a

ce pykonuc nybsimkyje Kao MoHorpadCcKo Hay4yHo Aeso.

12. Ta4yKa

HactaBHo-Hay4Ho Behe je JA/I0 CATJIACHOCT Ha aHraxoBatbe Y HacTaBu U TO:

a)

b)

f)

npod. ap Masapa /lasuha 3a npegmeT MeTeoponoruja u Mogenosarbe 3arahera y atmocdepu
(Ha ocHOBHMM cTyAnjama Xemuja *KUBOTHeE cpeauHe) Ha Xemunjckom dakynTeTy YHuBepsuTeTa y
beorpagy

npod. ap Nnnje Mapuha 3a npeamet dunocoduja NpUPOAHUX HayKa (HA UHTETPUCAHUM
OCHOBHUM U MacTep cTyaujama HactaBa xemuje) Ha Xemujckom dpaKkyntety YHuUBep3uTeTa y
beorpagy

npod. ap AywaHa Monosuha 3a npeamet ®usmka (Ha UHTErPUCAHUM OCHOBHMUM U MacTep
cTyanjama HactaBa xemuje) Ha Xemujckom dpakyntety YHuMBep3uTeTa y beorpaay

pou,. ap Case lanujawa 3a npegmet dnsmKa (Ha OCHOBHMM CTyaAnjama Xemuja 1 Xemuja
XUWBOTHE cpeaMHe N MHTErPUCaHMM OCHOBHMM M MacTep CTyanjama HactaBa xemuje) Ha
Xemunjckom pakyntety YHuBep3suTteta y beorpaay

npod. ap Bnagummnpa Munocasswesunha 3a npegmet OgabpaHa nornassba ¢usmnke (Ha
OCHOBHUM CTyaMjama Xemuja u Xemuja KMBOTHE CPeaANHE U MHTErPUCAHMM OCHOBHMM U MacTep
cTyamjama HactaBa xemnje)u OcHoBM PU3MKe (Ha OCHOBHUM CcTygujama bruoxemumje) Ha
Xemunjckom pakyntety YHnBep3suTeTa y beorpagy

aou. ap Cnasuue Manetuh 3a npegmeT OcHoBM $pU3UnKe (Ha OCHOBHUM CTyauMjama buoxemuje)
Ha Xemujckom dakynteTy YHuBepsuTeTa y beorpaay

npod. ap bpatncnasa O6pasosuha 3a npegmeT YHanpeheHM oKCUOAUMOHN npouecH (Ha
AOKTOPCKUM CTyAMjama) Ha Xemumjckom dakynTeTy YHuBep3suTeTa y beorpaay

MapjaHa hmpkoBuha 3a ussoherbe HacTase Ha LLlymapckom dakyntety YHMBep3uTeTa y
beorpagy

Ap bpaHucnase Mucannosuh 3a nssohere HactaBe U3 npegmeta Pusnka Ha BojHoj akagemmju
YHuBep3unTeTa oabpaHe

Takohe, HactaBHO-Hay4Ho Behe je AoHeno ognyky Aa npeHece osnawhere Ha aekaHa ®akynTteTa

[a 0406pK aHraXKoBakba y HacTaBu Ha GaKkyaTeTMMa ca KOjMma MMamMo Cnopasym o u3Bohery HacTaBe

3a CBe 3axeBe KOjM NMPUCTUTHY HaKHA4HO, KaKO HAaCTaBHU npouec He 6u Tpneo 360r KalHeHa Apyrux

daKkynteTa.
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13. TayKa

Ha npegnor kategapa MHcTUTYTa 3a MeTeoposiornjy AoHeTa je oasyKa aa ce npod. ap MeaHa Towwuh
nsabepe 3a weda Kategpe 3a onwty MeTeoposiorujy.

14. Tayka
Mutarba HacTase

MpoaeKaH 3a HacTasy, gou. ap Chasuua Manetuh, obaBectuna je unaHose Beha ga je TpeHyTHO y
TOKYy |l ynncHUM pok 3a ynuc cTyaeHaTa y | roanHy ocHoBHUX cTyamja. He padyHajyhu ynucHu pok Koju je y
TOKY M Ha KOMe ce 3a YNUC npnjaBmao 3 KaHauaaTa, oBe roanHe cmo y | rogmHy ynucanm ykynHo 95
CTy4eHaTa, No CMepoBMMa:

Cme YnucaHo

P Byuet+ Camod.
OnwTa PpusmnKa 14+0
TeopujcKka n eKCnepumeHTanHa 35+0
MpumerseHa 1 KomnjyTepcka 21+2
MeTteoponoruja 22+1
YKynHo 92+3

CeeyaHu npujem cTyaeHata ogprkahe ce y netak 29. centembpa 2017. roagmHe y 12 catn y canm 60 y
Uapa AywaHa 13 1 npoaeKaH je no3Bana HAaCTaBHUKE U CapaHUKe Aa My NPUCYCTBYjy U NpeacTase ce
HOBUM CTyAeHTUMA PakynTeTa.

HacTaBa Ha OCHOBHUM CTyAuMjama Noumnmbe y noHeae/bak 2. oKTobpa, a Ha macTep CTyAnjama ase
Hegesbe KacHuje, y NoHeaesbak 16. okTobpa.

360r ynuca y HapeaHy roauMHy cTyamja, NpoAeKaH je NoAceTuna HacTaBHUKE Aa je CBE YCMeHe
ncnute notpebHo 3aspwuTn o 30. centembpa.

Ha KOHKypC 3a aHra»koBatbe y HacTaBM CTyAeHaTa LOKTOPCKUX U macTep cTyamja npujasuo ce 31
KaHamaat. CBM NpujaB/beHn KaHANAATU UCMYHaBajy YCI0Be KOHKypca. Y Toky nayhe Heaesbe he 6uTH
3aKasaH cacTaHakK wedoBa KaTegapa U WwedoBa cMepoBa paan LOroBopa O aHraXKoBakby MPUjaB/bEHUX
CTyZ,eHaTa M kUXOBOT pacrnopeza no npeameTMma.
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Mutarwa puHaHcuja

MpoaeKaH 3a puHaHcmje npod. ap MeaH benua obasecTno je ynaHose Beha aa he ynytutn npeanor
CaeTy ®akynTeTa 3a ycBajatbe pebanaHca byyeta PakynteTa 3a 0By rogmHy, C 063Mpom Aa CMO MManu

HenjaHupaHe TPOLIKOBE (CaHalnja WTeTe oZ nonsase, HabaBKa payyHapcKe onpeme paau OTKasMBakba
nocrojehe u gp).

Mutara HayKe

Y oAcycTBy NpoAeKaHa 3a HayKy, iekaH je obaBecTno YnaHose Beha aa je y TOKy pe-akpeauTtauyuja
daKkynTeTa Kao Hay4yHo-UCTpaXKmMBauKe opraHusaumje.

Jow yBeK Hema BecTu U3 MUHUCTapCTBa O TEPMMHY PacnMcuBakba HOBOT KOHKYPCA 3a NpojeKTe.

15. 1ayka
HactaBHo-Hay4yHO Behe je 0406puno naaheHo o4CycTBO HAaCTaBHMLMMA M cCapagHMLUMmMa U TO:

a) pou. ap MeaHy BugeHosuhy y nepuoay og 18. centembpa ao 6. oktobpa 2017. rogmnHe pagu
cTyamjckor 6bopaska y MehyHapoaHoj areHumMju 3a aToMcKy eHeprujy y beuy (Ayctpuja)

b) npod. ap MNetpy Aumhy y nepuoay oa 22. centembpa o 10. okTtobpa 2017. rogmHe paam
npucycTeoBatba cegHuu.ama Caseta CERN-a y *eHeswu (LLBajuapcka)

c) npod. ap JosaHy My3osuhy y nepmoay oa 4. oo 15. oktobpa 2017. rogmHe paam paaa Ha
NA61/SHINE ekcnepumeHTy y MNpesecuHy (PpaHuycKa)

d) HacrasHo-Hay4Ho Behe je 0406puno 1 HennaheHo oacycTeo Ap Munowy byprepy y nepuoay oz,
1. okTOb6pa A0 Kpaja Tekyhe rogmHe, 04HOCHO NPOjEKTHOT LMKAYCa, PaAM HaCTaBKa
ycaBpluaBarba Ha YHuBepsutety y MuunreHy (CAL)

16. Tayka

Mpoo. ap MeaH dojumHosuh obasecTno je gonrcom YnaHoee Beha o nputUcuMma Koju ce BpLue Ha
Hera Kako 61 ce NoByKao ca mecTa npeaceaHunka dpywTea ¢pusmuapa Cpbuje.

CeaHuua je 3aBplueHa y 12:25 yacoBa. HapeaHa cegHuua UN3bopHor n HactaBHo-Hay4yHor Beha
naaHupa ce 3a 18. oktobap.

beorpag, 26.9.2017. LOEKAH ®U3NYKOT PAKYNITETA
MNpod. ap Jabnan Oojunnosuh, c.p.
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SANMUNCHUK

ca Xl cegHunue HactasHo-Hay4yHor Beha oaprkaHe y cpegy 30. centembpa 2015.

CeaHunum npucyctsyje 49 ynaHoBa HactaBHo-Hay4Hor Beha

Cny»K6eHo o0aCyTHU: npod. ap Munopag Kypaunua
npoo¢. ap O6pagosuh Bpatucnas
Mwpocnas Monosuh

OnpaBaaHoO OACYTHMU: npod. ap CphaH byksuh
npod. ap CresaH heHuke
npod. ap Bnagumup Munocasbesuh
npod. ap BnagaH Byykosuh
mp Cawa UBKosuh
MapjaH hupkosuh
BusbaHa Hukonunh

JekaH ®akynteta npod. ap JabnaH Adojumnosuh otBopuo je ceanuuy y 13:15 yacosa u
npeanoxuno cnegehu

OdHeBHN pep

YcBajarbe 3anucHuKa ca X cegHuue N3bopHor u HactasHo-Hay4yHor Beha.
M360p 11 unaHosa CaBeTa ®u3myKor $pakyaTETa U3 peaoBa HACTaBHMKA 3a MaHZaTHU nepuog, 2015-2018 rogmHa
3. Oppehusare Komucuje 3a oueHy UCNYHEHOCTM YCI0Ba M ONPaBAAHOCT NPeA/IOXKEHe TeMe 3a U3Ppaay AOKTOPCKe
aucepTaumje 3a:
a) BNAHKY WKUMWHA, aunnomupaHor pusmnyapa, Koja je npujaBuna LOKTOPCKY AMcepTaLmjy Nos HasuBom:
,MOBPLUMHCKE ®OTOAMNENEKTPUYHE OCOBUHE MOTMMEPHUX KOMMNO3UTA“
4. YcBajame M3BewwTaja Komucuje 3a oueHy NCNyHeHOCTM YC10Ba U ONPaBAAHOCT NpesoxKeHe Teme 3a nspaay
[LOKTOPCKe aucepTaunje n ogpehmsarbe meHTopa 3a:
a) MWNOWA OPAXKURA, amnaomupaHor ¢pusmnyapa, Koju je NpujaBno SOKTOPCKY aucepTaLmjy nos Hasmsom:
, TEOPUJA ENNEKTPOHCKOI TPAHCIMOPTA KPO3 KBAHTHE TAYKE U MONEKY/IE”
5. YcBajarbe npujaB/beHe Teme 3a U3pagy mactep paga, oapehusare pykosoanoua n Komucuje 3a oabpaHy pasa 3a:
a) MWIMBOJA JOJURA, cTyaeHTa macTep ctyauja dusmnke, cmep Teopujcka n ekcnepMmeHTanHa Gpusmnka, Koju je
npujasmMo mactep pag nog Hasusom: , T-AYA/IU3ALUMIA HA TOPYCY NPEKO KOMMNJIEKCHUX MAPAMETAPA*
6. YcBajarbe npujaB/beHe Teme 33 U3paay AMMIOMCKOr paja, oapehusarse pykosogmoua u Komucuje 3a ogbpaHy paga
3a:
a) WBAHA TOPIMEBCKOT, anconseHTa MeTeopooruje, Koju je NpnjaBno AUNJAOMCKM pag nog HasuBoMm:
,KAPAKTEPUCTUKA NETHUX N 3UMCKNX ONTYJA®
7. Pa3matpatrbe 3axTeBa XemujcKor dakynTeTa y Besu ca AaBakbeM CarflaCHOCTU Ha aHraXoBakbe HAaCTaBHMKa U
capafHuKa ®usnykor dpakynTera 3a WwKoscky 2015/2016 roamHy 1 To:
a) npod. ap /lasapa Jlasuha 3a npeameT MeTeoposiorvja u Moaenosare 3arahera y atmocdepu (Ha OCHOBHUM
cTyamnjama Xemuja }KMBOTHE cpeauHe)
b) npoo. ap Nnnje Mapuha 3a npegmeT dunocoduja NPUPOAHMX HayKa (Ha UHTErPUCAHUM OCHOBHUM M MacTep
cTyavjama Hactasa xemuje)
c) npod. ap AywaHa Nonosuha 3a npeamer PUsMKa (Ha MHTErPUCaHMM OCHOBHUM M MacTep cTyaujama Hactasa
xemuje)
d) pou. ap Case lNanujawa 3a npeamet Pusmka (Ha OCHOBHUM CTyAMjaMa XemMmja U Xemuja KUBOTHE CpeauHe u
WHTErpMcaHMM OCHOBHUM U MacTep CTyamnjama Hactasa xemuje)
e) npod. ap Bragumupa Munocaemwesuha 3a npeamer OgabpaHa nornas/ba pusnke (Ha OCHOBHUM CTyAMjama
Xemuja n Xemuja }KUBOTHE CpeamMHE U UHTETPUCAHUM OCHOBHUM W MacTep cTyaunjama Hactasa xemuje)u OCHOBM
¢du3smKe (Ha OCHOBHUM CTyaMjama Broxemuje)
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f)  pou. gp Cnasuue Manetuh 3a npeamet OcHOBM GM3UKe (Ha OCHOBHUM CTyanjama Bnoxemuje) n dmsmka (Ha
OCHOBHWM CTyAMjaMa Xemuja 1 Xemuja }KUBOTHE CpefuHe U UHTerpucaHUM OCHOBHUM U MacTep CTyaujama
HacTaBa xemuje)

g) pfou. ap 3opuue Monosuh 3a npeameT PusnKa (Ha OCHOBHMM CTyaMjama Xemuja u Xemuja XKUBOTHe cpeanHe 1
WHTErpUCaHNUM OCHOBHUM WM MacTep cTygunjama Hactasa xemuje)

h) npo¢. ap Bpatnucnasa Obpagosuha 3a npegmeT YHanpeheH oKCMAaUMOHKM NpoLuecy (Ha OKTOPCKUM
cTyanjama)

8. Pa3smatpatbe 3axTeBa bruonowkKor dakynTeTa y Besn ca AaBarbeM CarfacHOCTU Ha aHraxosare npod. ap Unuje
Mapwuha 3a nssohere Hactase 13 npegmeta dunocoduja NPUPOAHUX HayKa HA OCHOBHUM aKafZEeMCKUM CTyaujama
buonoruja.

9. WU3bop wedoBa cmepoBa OCHOBHUX U MACTep CTyauja.

10. MwuTakba HacTaBe, HayKe U PpUHaHCK]a.

11. 3axTeBu 3a og0bpere oacycTBa.

12. YcBajakbe u3BelTaja ca CyK6eHUX nyToBakba.

13. [Odonwucu u monbe ynyheHe HactaBHo-HayyHom Behy.

14. Ob6aewTerba. Tekyha nuTama. MuTakba 1 Npegosu.

MowTo je ycBOjeH npeanoxKeHu [IHEBHM pen, NPELLNo Ce Ha

1. Tayky

YcBojeHa je npumeaba Ha 3anMCHUK ca NPeTXoAHEe ceAHMLE Kojy je usHeo npod. ap JosaH Mysosuh.
Mpumenba ce ogHocuna Ha Tadky 11, ctaB 4 y Koju Tpeba goaatv pedy ,KaHauaat”, Te Tpeba ga rnacu
»KaHOMAaT 33 pefoBHOr npodecopa MOpa MMaTM MefarowKo MCKYCTBO Y BMCOKOLIKOJ/ICKO] yCTaHOBM®
(ymecTo ,,pefoBHU Npodecop Mopa MMATH NeJAroLLIKO UCKYCTBO Y BUCOKOLLKO/ICKO] yCTaHOBKU ).

2. Tayka

MNosogom m3bopa 11 ynaHoea CaBeta PmsnUKor pakynTeTa U3 peLoBa HAaCTaBHMKA 32 MaHAATHU
nepuog 2015-2018 roauHa, nsabpaHa je N3bopHa Komucuja y cacTaBy:

- npod. ap OejaH JaHy,

- pou. ap 3opaH MNonoswuh

- BecHa KoBayesuh

CaseT du3mnyKor dpakynTeTa U3 pefoBa 3anocneHnx Ha Pakyntety he UMHUTU jolw 2 NpeacTaBHMKA

aAMUHUCTPATUBHO-TEXHUYKOT 0cob/ba 1 2 NpeacTaBHUKA UCTpaxkMBada. OHM he cBoje npeacTaBHUKE
n3abpaT Ha NocebHMM CKYynoBUMa.

HakoH wTo cy unaHosu Beha ganu ceoje npeanore, ytBpheHa je ancta KaHAWAaTa 3a YiaHoBe
Caseta u T0:

Bykeuh CphaH

Bypuh Maja

Besbosuh KatapuHa

Buhuh Munow

Byjosuh [paraHa

Bykosuh TaTjaHa

Byukosuh BnagaH
Aumuntpnjesmh-hnpuh Mapuja

PN WN R
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9.

10.
11.
12.
13.
14.
15.
16.
17.
18.

Omuntposuh Cawa
JojunHosuh UBaH
eknh AHgpujaHa
Kacanuua behko
Mwunowesunh MBaHKa
MwuTtposuh Muho
O6pagosuh bpatucnas
Monapwuh MopaH
Monoswh AywaH
Monoswuh 3opuua

HaKoH Tora ce npucTynuao TajHoM rnacamy. [nacano je ykynHo 47 ynaHosa Beha, umnme je

3a40B0OJ/bEH YCn0B 3a AsoTpehuHckom BehnHom. Komucuja je npebpojana rnacose, Te je AeKaH

npouunTao cnmcak 11 kaHamnaaTa Koju cy Aobuam HajsuLle rnacosa un Koju he 6utn ynaHosm CaseTa

dusnykor pakynTeta 3a MaHAaTHM nepmog 2015-2018 roamHa:

1.

L N WN

[
= O

Besbosuh KatapuHa
ByjoBuh [paraHa
Monapwuh FopaH
Monoswuh 3opuua
Monoswuh AywaH
Byukosuh BnagaH
Bbypuh Maja
[ojunHosuh MBaH
ekunh AHgpujaHa

. Kacanuua behko
. Mutposuh Muho

Ta4yKa

OapeheHa je Komucuja 3a oueHy MCNYHEHOCTM YCI0BA M ONPaBAAHOCT Npes/IoXKeHe TeMe 3a

n3pagy OOKTOPCKe AncepTaumje 3a:

a)

4.

BTAHKY WWKUNMWHA, aunnomupaHor dusmnyapa, Koja je npujaBnaa AOKTOPCKY AucepTaumjy nog,
Hasmeom: ,,[MOBPLUMHCKE ®OTOAUENEKTPUYHE OCOBUHE NOJTUMEPHUX KOMMNO3UTA
Komucuja: op Aywko Ayouh, HayuyHu capadHuKk MHH BuHya

0p JabaaH fojuunosuh, pedosHu npogecop O

op AywaH lNMonosuh, saHpedHu npogecop dd

Op ApazaHa Lieposuh, HayyHU capadHUK Bucoka mekcmuaHa cmpyk. WKona

Ta4yKa

YcBojeH je M3BewwTaj Komucuje 3a oueHy MCNyHEHOCTM YCI0Ba M ONPaBAAHOCT Npea/ioxKeHe Teme 3a

n3paay AOKTOPCKe aucepTaumje n ogpeheH meHTop 3a:
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a) MWUNOWA OPAXKURA, aunnommnpaHor ¢pmsmyapa, Koju je npmjaBmo AOKTOPCKY AUcepTaLmjy Noa
Hasmnsom: ,TEOPUJA EJTIEKTPOHCKOI TPAHCIMOPTA KPO3 KBAHTHE TAYKE U MOJTEKYNTE”
MeHmop: Op Bukmop Lleposcku, suwiu Hay4HU capadHuK Ne

5. Tayka

YcBojeHa je npujaB/beHa TeMa 3a U3pady mactep paga, oapeheH pykosoamnay u Komucuja 3a

oAb6paHy paja 3a:

a) MWUNUBOJA JOJURA, cTyaeHTa mactep ctyamja pusuke, cmep Teopujcka U eKcnepumeHTaHa
dU3KKa, KOju je NpnjaBuo mactep pag nog Hasmsom: , T-AYASTUIALIMIA HA TOPYCY MNPEKO
KOMMNJIEKCHUX MAPAMETAPA"

Komucuja: 0p bojaH Hukonuh, Hay4yHU capadHuK N®, pykosodunay pada
0p Boja PadoesaHosuh, pedosHu npogecop P
dp Maja bypuh, pedosHu npogecop PP
Apazoseyb MoyaHUH, ucmpaxcueay

6. Tauyka

YcBojeHa je npujaB/beHa TeMa 3a U3paay AMNAOMCKOT paga, oapeheH pykosoamnau, u Komucuja 3a
oabpaHy paja 3a:
a) MBAHA TOPTMEBCKOT, anconBseHTa MeTeoponoruje, Koju je npujaBno AMNAoOMcKKU pas nog
Hasmeom: ,KAPAKTEPUCTUKA NETHNX U SUMCKUX OJ/TYIA”
Komucuja: 0p MnaheH Rypuh, pedosHu npogecop P, pykosodunay pada
op AejaH JaHy, eaHpeoHu npogecop P
0p KamapuHa Besrwosuh, doueHm @@

7. Tauyka

Ha 3axteB Xemujckor pakynteta HactaBHO-Hay4Ho Behe je JAJTIO CAIJTACHCT Ha aHraxoBarbe
HacTaBHMKa U capaaHuka dusmnukor dakynteta 3a WwKoacky 2015/2016 roanHy 1 To:

a) npod. ap Nasapa flasnha 3a npeamet MeTteoposioruja u Mogenoame 3arahera y atmochepu
(Ha ocHOBHMM cTyaujama XeMuja UBOTHE cpeauHe)

b) npood. ap Ununje Mapwuha 3a npegmet Punocoduja NPUPOAHNX HAayKa (HA MHTETPUCAHUM
OCHOBHMM M MacTep cTyanjama HacTaBa xemuje)

c) npod. ap AywaHa Nonosuha 3a npeameT PusmKa (Ha MHTErPUCAHMM OCHOBHMM U MacTep
cTyanjama HactaBa xemuje)

d) pou. ap Case MNanujawa 3a npegmet dPursnkKa (Ha OCHOBHMM CTyaujama Xemuja U Xemuja
KMBOTHE CpeauHe U MHTErpUCaHMM OCHOBHMM M MacTep cTyaujama Hactasa xemuje)

e) npod. ap Bnagummpa Munocassbesuha 3a npegmet OgabpaHa nornassba pusmke (Ha
OCHOBHUM CTyaujama Xemuja u Xemuja XMBOTHE CpeanHe U UHTEerpuCcCaHMM OCHOBHMM U MacTep
cTyamjama HactaBa xemuje)u OcHoBM Ppu3MKe (Ha 0OCHOBHMM cTyaujama broxemuje)
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f)

h)

ooy, ap Cnasnue Manetuh 3a npeamet OcHoBU dU3UKe (Ha OCHOBHUM cTyamjama Bruoxemuje) un
®u3nka (Ha OCHOBHMM CTyaujama XemMuja u Xemuja *KUBOTHE CPeanHE U UHTErPUCAHUM
OCHOBHUM M MacTep cTyaujama HactaBa xemuje)

ooy, ap 3opuue MNonosuh 3a npeamet PusnKa (Ha OCHOBHUM CTyaMjama Xemnja n Xemuja
YKMBOTHE CpeANHE U MHTErpuCcaHMM OCHOBHMM M MacTep cTyamnjama Hactasa xemuje)

npo¢. ap bpatnucnasa Obpagosuha 3a npeamet YHanpeheHM oKkcuaaLMOHN npoLecu (Ha
OOKTOPCKUM CTyaujama)

Ta4yKa

Ha 3axTeB buonowkor ¢pakynteta HacraBHo-Hay4yHo Behe je JA/10 CAT/TACHOCT Ha aHraskoBake

npo¢. ap Nnnje Mapuha 3a nssohere HacTaBe 13 npeameTta Prunocoduja NPUPOAHMX HayKa Ha

OCHOBHMM aKageMCcKUm cTyamjama buonoruja.

9.

Ta4yKa

HacrasHo-HayuHo Behe je 3a pykoBoamoLLe CMEPOBa OCHOBHUX U MacTep CTyAuja MMeHOBaso:

10.

npod. ap Jabnana Jojunnosuha 3a pykosogmoua cmepa OnwTa Ppusmka

npod. ap Bojy PaposaHoBMha 3a pykoBoamoua cmepa Teopujcka U eKcnepumeHTanHa ¢pusnka
npoo¢. ap NeaHa benuy 3a pykosoamoua cmepa Mpnumer-eHa n KomnjyTepcka ¢pursmKa

npod. ap Masapa /lasuha 3a pykosoguoua cmepa Meteoposoruja

Ta4yKa

HactaBHO-Hay4Ho Behe pa3maTpasio je cnucak KaHaMaaTa NpujaB/beHNX HAa KOHKYPC 3a aHraXKoBarbe

CTygeHaTa AOKTOPCKMX M MacTep cTyauja 3a u3Bohere fAena HacTaBe Ha OCHOBHUM CTyaujama.

MpoaekaH 3a HacTasy nNpood. ap MeaH [ojumHoBuh npeaoumno je unaHoBMma Beha cnvcak npujaB/beHnx

KaHAMAaTa of Kojux je jeaaH 6poj KaHAMAaTa NPeasoXMo M NPeaMeTHW HacTaBHMK 3a u3Bohere

HacTaBe U3 CBOr NpeamMeTa, 40K je jeaaH 6poj npujaB/beHMX KaHaMAaT HepacnopeheH nNo npegmeTMma.

Mpema ycnoBMma KOHKypca, NOTpebHOo je Aa KaHAMAAT MMa NPOCeYHY OLEHY Ha OCHOBHWM CTyaujama

Hajmarbe 8.5 U Oa OyKMHa HEroBUX CTyAMja He npenasu LWecT roguHa. Mo oBom nuTakby pasBuaa ce

Ay»a AMCKycuja, ¢ 063Mpom Aa YeTUpU KaHauaaTta Koje cy NpeanosKuan npegMeTHU HacTaBHULM He

MCNyHaBajy yCl0Be KOHKypca. HakoH pacnpaBe je AoHeTa oA4J/lyKa Aa TW KaHAuAaTu He mory 6utu

dHraXoBaHu, Te je HaCTaBHO-Hay‘-IHO Behe ycsojmno cnep,ehw CNCaK KaHangata U lbUXOBO aHlraXKoBame

no npeameTmnma:

foanHa MpoceuHa
P.6. | Wme v npeanme MNpeamer foanHa gunaomuparba
ynuca oueHa 1 cmep
- MexaHuKa 963
1. Mapko Munusojesuh - KBaHTHa mexaHuKa I n Il 2008. 2012. IE
- CumeTpuje y pusnum
-0 9,37
2. Hopa Tpk/ba visnKa aroma . 2008. 2012.
- MpumereHa cnekTpockonuja b
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- NNTabopaTopuja pusmke I m i

- NNabopaTtopuju dpusmke 3 n 4

9,15

3. lopaH CpeTeHosuh 2002. 2006.
P P - dusmka (3a xemmnuape) A
- NNabopaTopuja ¢pusmnke 3 n 4 853
4, Mwunow CKouuh - ®U3MKa jOHN30BaHMX racoBa 2005. 2010. IU.
- Obpaga pesyntata mepema
9,00
5. Mwunow byprep -¥YBoa y nHdopmaumoHe cucteme | 2004. 2010. U
-0 1 8,71
6. BpaHucnasa Mucannosuh vsukay tukonn 2005. 2010.
- ®usnKa y wkonm 2 L,
. -0 A, B, 9,85
7. | Jenena Majosuh v3UKa UBpeTor crarma H 2007. 2011.
- TabopaTopuja pusmke I m i b
- CaBpemeHa ¢u3uKa | 9,60
8. BupaHa Pagmwa 2008. 2012.
A - MeToavKa HacTtase (DdX) A
- NNabopaTtopuja ousuke I n i 10.00
9. CseTtncnas Mujatosuh - dU3nUKa MexaHUKa 2009. 2013. |'5
- MonekynapHa ¢usmka n T/,
8,98
10. | MNetap BokaH - Nabopatopuja dpusmke I n ll 2008. 2013. E
9,84
11. | Aparosby6b NoyaHuH - CtaTmucTnuka dmsmka L m i 2009. 2013. :
9,97
12. | BesbKo JaHKoBMh - KBaHTHa cTaTUCTUYKa dU3MKa 2009. 2013. :
. 9,92
13. | CphaH CraBpuh - Teopwja KOHAEH30BaHOr CTakba 2009. 2013. £
. 9,13
14. | OparyTvH Joskosuh - NabopaTtopuja dpusmke [ un ll 2009. 2014. g
. . 9,97
15. | CredaH Mujun - Teopujcka dpusmnKa nnasme 2011. 2015. £
. 9,52
17. | KatapuHa Munetuh - Nabopatopuja dpusmke I n ll 2010. 2014. L
. -M 9,66
18. | WUnuja UBaHnwesuh ETOAN MATEMATHIKE p3UKe 2010. 2014.
- OCHOBM MaTemaTuyKe GpusnKe b
10,00
19. | QaHuno Hukonuh - OCHOBM efNleKTpoANHaAMUKe 2011. 2015. 5
9,07
20. | HeHapg Taguh - EnekTpoHuKa 2006. 2011. U
-E Inll 9,66
21. | Hukona Kowuk neKTp,Op'MHaMMKa 4 20009. 2013.
- Teopuja enemeHTapHUX YecTnua b
9,31
22. | Hemara KoBauesuh - MeTeoponoluKa mepera 2000. 2005. M
-0 jal 9,73
23. | CysaHa MNyTHMKOBMO nura MeTeo,ponorma 2006. 2010.
- Knumartonoruja M
9,28
26. | Bnagumwup Yybposuh - ®u3mka (3a xemmuape) 2004. 2010.
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HepacnopeheHu KaHaMaaTu:

foanHa MNMpoceyHa
P.6. Mme u npesnme Mpegmet foanHa aunnomuparba
ynwuca oueHa
10,00
1. AneKkcaHapa Avmuh 2010. 2014. £
8,69
2. Buoneta CraHkoBuh 2009. 2014. U
. 8,62
3. Mwunouw Byjosuh 2008. 2014. Y
8,79
4. AHa bynakosuh 2010. 2013. A
9,59
5. MBaHa Qyranunh 2011. 2014. A
. 9,95
6. Mapuja JaHKkosuh 2010. 2015. e
9,19
7. Jenena Koctuh 2011. 2014. A
10,00
8. BykawmH Munowesuh 2011. 2015. 5
9,42
9. JaHa MNeTposuh 2011. 2014. A
9,19
10. JeneHa Penuh 2011. 2014. A
9,57
11. NHec Ckoko 2010. 2014. M
. 8,84
12. BecHa CtojaHal, 2012. A
KanauaaTu unje aHraxoBambe Huje 0406peHo:
foanHa foanHa MpoceyHa
P.6. | Wme n npesume MNpeamet A A P
ynuca ANNNoMUpPatba oueHa 1 cmep
8,21
1. Mwununua Bacumwesuh - NabopaTopuja ¢pusmke 3 n 4 2008. 2014.
Hosu Cag,
9,11
2. MBaH Kpctuh - dusuka (3a xemnyape) 2003. 2010. L
. 8,06
3. MBaH MeTpoHnjesuh - dusnka (3a xemuyape) 2001. 2010. L
8,00
4. ®duann MapuHkosuh - ®du3uka (3a xemnyape) 2004. 2010. 1

HakoH oanyke o KaHguaatuma Koju he 6UTKM aHraxkoBaHuM y Aeny HacTaBe Ha OCHOBHUM
CTygMjama, NnpegMeTHU HaAcTaBHMK Ha Kypcy PusmKa 3a ctygeHTe xemuje, npod. ap Aywan MNonoswuh,
obasecTno je HactaBHo-Hay4HO Behe fAa BuMLUE He Keau Aa U3BOAM HacTaBy Ha TOM npeamety. [lekaH je
npodecopa Monosuha ynytmo Aa cBojy Hamepy y nucmeHoj ¢opmu goctasm Kategpu 3a onwth Kypc
dU3MKe Ha NPBOj rOANHU CTyAnja.

MpoaeKaH 3a HacTaBy npod. aAp MeaH dojumHoBuh obasecTno je unaHoBe Beha aa je Ha | roanHy
OCHOBHMX CTyaMja wwKoacke 2015/2016 rogmHe ynucaHo 169 cTyaeHata. Y OKBUPY YNUCHE KBOTe je
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ynucaHo 165 cTyaeHaTta UMme cy nonykeHa cBa MecTa, a 4 CTyAeHTa MMMO KBOTE Cy ynuncaHa no Apyrum
ocHoBama. Mpood. ap UeaH dojunHoBuh je 3aTum noacetTmo YynaHose Beha, aa je, nocne 6 rogmHa, kemy
0BO MocnefkM JaH Ha MecTy NPOoAEeKaHa 3a HAcTaBy, a O, HOBe LWKO/CKe roanHe 1. okTobpa ayHoCT
npoAeKkaHa npeysuma gou. ap Cnasuua Manetuh. HacrtaBHo-HayyHo Behe ce npod. ap MBaHy
JojunHoBuMhy 3aXBaMA0 annay3om.

11. Tauyka

HactasHo-Hay4Ho Behe je opgobpuno nnaheHo oacyctso npod. ap AywaHny Nonosuhy y nepuoay o4,
6. no 10. HoBembpa 2015. roanHe pagu ydewha Ha KoHbepeHUMju ,6™ International Conference on
Nanotechnology” koja ce oaprkaBa y Pumy (Utanuja).

HactaBHo-HayyHo Behe HWMIE OOOBPUNO npoayxeTak HennaheHor oacyctBa Mwupocnasy

Monosuhy, Koju ce ce og jaHyapa 2013. rogvHe Hanasu Ha ycaBplwaBakwy Ha KanndopHujckom
yHuBep3uTeTy y bepknujy (CAL).

CepHuua je 3aBpweHa y 13:30 yacosa.

Beorpag, 15.10.2015. OEKAH ®U3NYKOT GAKYNITETA

Mpod. ap JabnaH Jojunnosuh
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MPEOCTPAHAEEE

Cpaku nyT Kaj MJaTUTEe AOAATHU 4Yac (pu3uKe
WY KYOUTE KapTy 3a OGMOCKONI BU KOPUCTHUTE
HoBall. Kag Mano nopacrere, nouehere u f1a ra
3apabyjere. Taga here cxBatuTH Aa je HoBaIll
BpJIO BaxkaH. A mITa je 3anpaBo HoBan? [la au
CTe ce UKaf MUTaIU KaKo ce IpaBe HOBUAHUIE
U KaKoO ce CIpedaBa HBHUXOBO KPUBOTBOpPEHE?
Ko cy myau 4duju ce mopTpeTd Hamase Ha
wuMa? [laxksbuBuju Meby Bama Cy CHUTypHO
IpPUMETUIN J1a Ha HOBYAHUIIAMa uMa u popMy-
na. llITa one 3Haue?

ITpunpemajyhu oBaj Gpoja “Munagor ¢usuya-
pa” TPYAMIA CMO Ce a ONTOBOPMMO Ha OBa IH-
Tama. Bepyjem ma here yxuBaTu uutajyhu
cajipXkaj KOju CMO ClpeMuju u ja he Bac To
ob6oratutu. Hehete caznatu kojux cegam 6po-
jeBa he 6uTn u3Bydenu y cinefehem Kony noroa
U NPUKYIUTH TOMUIY HOBIA, Ballle GOTaTCTBO
he 6uTu gpyraumje. A KakBO je OHO - OTKpHjTe
CaMu.

Kap cmo Beh kop HOBIIa, MOpaM fja Bac o6aBec-
TiMO Aa he Munagu ¢pusuvap yOynyhe Outu
MaJjo ckymbl. CBH B KOjU CTe ce paHuje NpeT-
nnaTunu foéuhere Ha BpeMe CBOje MpUMEpKe,
caMo 3a HOBE MPETINIATHUKE BaXKe HOBE ICHE.
Mnak, MopaTe Nnpu3aHaTu fa jefaH DpuMepak
jOII yBeK KOIITa Mame Off OUOCKOIICKE KapTe.
A xap cMo Beh kop 6uOcKoIa, BEpOBaTHO CTE
riepanu “Anberne 2”. [a 14 cTe IPUMETUIIN KO
je Ha kpajy npsu nomyouo Codujy? Ila Hap-
aBHO, Halll peJOBHU 4KTaol - Mapko!

mnagudusmuap
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100 roguHa op AjHwiTajHoBUX OTKpuha

OBe rojiuHe ce HaBpIlIaBa TAYHO CTO TOJUHA Off
YyBEHE, U MO MUILbEHY MHOTHX, 32 (PU3UKY
ugynecHe 1905. Tapa je AnbGepr AjHIITajH
00jaBuoO TpH HayyHa pajia Koja he, Kako ce Kac-
HUj€ UCTIOCTABUJIIO, IPOMEHUTH MOTJIE]| HA CBET
U W3a3BaTH PEBONYLU]Y y HaylU. YjelumeHe
Haluje cy 300r TUX pajoBa MpPOIrJacuUie OBY
TOAMHY 33 CBETCKY FOAMHY (pU3HUKe, KOjy ce y
HEKHUM 3eMJbaMa Ha3uBa U AjJHIITajHOBOM IoO-
AMHOM.

[IpBu AjHiuTajHOB paf je 610 o poToenek-
TPUYHOM ePeKTy y KOMe je JOKa3aHo fia ce
CBETJIOCT MO3Ke IOHAIIaTH Kao CHOI 4YeCTHUlA
ca UCKPETHUM €Heprujama. Y OBOM pafy je
yBEJIeH [I0jaM KBaHTa €Hepruje Kao IUCKpEeTHe
“mopuuje” eHepruje Koja ce MOXKe MpegaTH
¢usuukom o6jeTky. Ipyru pag ce Tunao bpa-
YHOBOT KpeTama U HyJHO je EKCIEPUMEHTATHY
MOTBPAY 3a TeopHjy o Tomiotu. Tpehu pap je
yBEO CIEUMjaIHy TEOPHjy PEIATUBHOCTH U
y3[pMao TeMeJsbe, 10 Taja OIIITe NpuxBaheHe,
IbyTHOBE MexaHHMKE Yy KOjy ce Oe3pe3epBHO
BepoBaso. 3a paji 0 POTOETIEKTPUIHOM eheK-
Ty AjHIITajH je Harpaben Ho6enoBom Harpa-
noM 1921. rogune.

IlIupoM cBeTa ce oBa roiuHa ce obesexana
Ha pa3jIuyuTe HAuYuHe.

Hemauka je 19. janyapa 3amodena o6Gerne-
>KaBame. ToOM NPUNIMKOM je HeMauKu KaHIle-
aap I'epxapn pepep y bepanny oTBopro HI3
KOHIpeca, U3710XK0U U APYrux MaHudecTaluja
YUju je Uub Ja AJHIITAjHOBO JIeJI0 U HEroB
nuK npubmku Hapopy. Mako je AjHIITajH
1933. ropuHe, 300T gOJacKa HAUCTA Ha BJIACT,
HaIyCTHO 3ayBeK CBOjy pofHy 3emiby, Hemau-

mnapudpusmuap

Ka XeNW fia Ha OBaj HAUMH ofja IovacT “clo-
60/IHOM JiyXy, MUPOTBOpLY, TpabaHiHY cBeTa U
BU3UOHAPY .

[NoueTak ropumHe AjHIITajHa 3BAaHUYHO je
obenexeH u y Benukoj bpuranuju. CBedanoct
je ogpxkaHa y My3sejy Hayke y JIoHOHY y3 Ipe-
MHjepHO M3BObemwe canTa Ha OMLUKIY U ApY-
ruM akpo6anujama. OBy BpaTOJIOMH]Y je U3BEO
ben Bamac, OpuTaHCKM IIaMIMOH y aKpo-
6aTCKOj BOXIbYM OMIMKIIOM, 2 OCMUCIHIA jy je
XeneH llepcku, pusznuapka ca yHUBEp3UTETa
y Kem6puity. OHa je 3a OBy IpUNIKKY HallpaBH-
J1a KOMIjyTepCKH MOJeN ia 61 MpojeKToBaja
canto. Ha3paHa AJHIITajHOB CKOK, BpaTOJO-
MHUja UMa 3a IWb Aa MaKCUMAalHO IHOMepH
rpaHulle OHOra IITO JbYAM MOTY Jla ypajie Ha
ounukiny. bunuki je cumOoan4yHO u3abpaH f1a
O3HauM NoueTak roguHe AjHirajHa y bpura-
HUjU ¥ TOANHY (PU3MKE Yy CBETy, 3aTO WLITO je
Hay4HUK TBPJMO JIa je 0 CBOje TeopHje AOoIIa0
Bo3ehu Ounuki. Tokom roguHe y Benukoj
Bpuranuju oppxahe ce Ha CTOTHHE MaHHU-
(pecranyja ca UrpaykuM Taukama, (puIMOBIMA
U moe3ujoM, fia 6u maaguma of 11 go 14 ropu-
Ha Ouna npuOniKeHa re’rjanHa oTkpuha Au-
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OHeKkaj BwaMTe npenene Jbyae
6e3 Mosra. [oHekaa uMaTe pyxHe Jbyae Koju cy
WHTENUIEHTHKU, MNOMyT HayyHuWKa. Haw TepeH je
ynpaBo Takas. Ha npsu nornea aenyje cpamoTHO,
anu ce fonTa no keMmy kpehe HopManHoM 6p3u-
HoM.” OBako je TpeHep Yencuja Xo3ze Mypuh0
OAroBOpUO  YenHuuuma bBapcenoHe, Koju ¢y
umanu npumeabe Ha CTake Yy KOMe ce Hanaswu
TpaBHaTa noanora Ha CtaHdopa bpuly, cTagnoHy
Yencuja, HenocpeaHo npepn 4eTBpTMUHAIHU MeY
oBorogvkbe Jiure wamnuoHa. C apyre cTpaHe,
aHanMTU4Yapu TeneBu3Mjckor MarasvHa dyaban-
cke Jlvre wamnuMoHa u3padvyHanu cy fa je 4ak
90% nobeagHuka Jiure nnu Kyna wamnmoHa y noc-
neawmx 20 rogmMHa HOCWIO APEecoBe CKPO3 Wiu
[enuMnMYHO LpBeHe 6oje. OcTaTtak cy OCBOjUAM
TMMOBM Ca NOTMNYHO UN AeNMMUYHO 6enum apeco-
BMMa. ®usmyapu 61 peknaun ga ycnex ekune y Jiurm
LIAMMUOHA 3aBUCK Of TanacHe AyXWHe CBET/IOCTU
KOjy emuTyje maTepujan of Kojer je HauukbeH
Apec, a u camu TpeHepu Buae aa dyabanckm TepeH
Mumn Ha Hay4dHuke. Kag ce Tome goga fa he 2006.
roavHa 6utn obenexeHa CeeTckuM dyabanckmm
NpBEHCTBOM Y HeMaukoj, kao 1 cehareM Ha Hawer
CYHapoAHWMKa KOju Hac je Hajbosbe npeacTaB/bao y
CBETY CBOjOM M3Yy3€THOM WIrpoM [NlaBoM, 6uso je
jacHo ga MopaMo Mano geTasbHuje ga npoyyvMMmo
Be3e usmehy dynbana n dusmke. Kao pesyntart
Tora, Hactao je oBaj 6poj Mnagor ¢wusmyapa
- Ha 3a40BO/bCTBO CBUX MpujaTerba (U3MKe u

tynbana. B
Dinoko Lator



mmm Md pekopan

Hajseha ranakcmja je UeHTpanHa ranakcumja ranaktmykor
rpo3ga Aben 2029 yparbeHor 1070 MUNMOHAa CBETIOCHMUX
rogvHa y npasuy ca3exha [esuue. OBa ranakcuja mma
npeYyHrK of 5.6 MUAMOHa CBETIOCHWUX rofauHa Wro je 80 nyTa
BULLE Of NPeYHVKa Hallle ranakcunje, oK joj je Maca Cpa3MepHo
TOMe BepoBaTHO MNona MUAMoOHa nyTa Beha w BepoBaTHO
cappxu 100 MunnoHa MuAvjapAan 3Besda. AKO Ce Heko joLu
yBeK M1Ta MMa nn XMBOTa y CBemupy, ofe he ra curypHo
Hahu. Moxaa je Llopy Jlykac mmao y Buay Gaw oy “ galaxy

far, far away "...

HajcBeTnuju oGjekT y cBemupy je kBasap APM08279+5255
oTkpvBeH MapTta 1998. roamHe y ca3gexhy Crpenua.
MpouereHo je Aa je HeroBa cjajHocT namehy 4 n 5 MUIMOHa
Munnjapam nyta Beha of cjajHoct CyHua wmnm kao 50000
npoceyHMX ranakcuja. ACTpodursmdapu Bepyjy Aa Cy KBasapu
cynepmacumBHe LpHe pyne Koje ryTajy KonocanHe KofnduHe
MaTepuije 1 AenMMUYHO je NpeTBapajy y eHeprujy. OBO je jeanHu
MO3HaTW Ha4YMH Ha Koju OM ce Morna objacHUTK ekcTpeMHa
cjajHocT kBasapa. OBaj kBaszap 61 Mopao Aa nporyta yuTasy
jeaHy nnaHety BennymHe CaTypHa CBake CeKyHAe W NpeTBopwu
je 'y eHeprujy fia b Morao Aa “Ma OBOJIMKY CHary.

Hajcjajunja 3Be3pa y Hawoj ranakcuju je LBV 1806-20
yAarbeHa 45000 cBeTNOCHUX FOAMHA Of 3eMIbe, 1 Ma CjajHOCT
Koja je npoLerseHa Ha 5 Ao 40 munuroHa cjajHoct CyHua. Maca
joj je Hajmarbe 150 Beha o CyHueBe a npeyHuK Hajmarse 200
nyta Behu. OBa 3Be34a je Tonvko Tonna Aa BeNnHy 3payersa
3anpaBo M3payn y ynTpasbybuyacTtoM U OEfUMUHYHO Hak Y
peHTreHCKOM [eny cnekTpa. W nopep cBoje eHOpMHe Mace,
300r oBONMKE MOTPOLUHE eHeprije OBa 3Be3fda VMMa Beoma
KpaTak XVBOTHW BeK, pefAa MUIMOH roamHa, WTo je oko 10000
nyTa Makbe Ofl NPOLIEHEHOT XMBOTHOT Beka Haluer CyHua.

HajBuwa nnaHnHa y CyH4yeBom cuctemy je Onmmnyc MoHc
Ha Mapcy. BucnHa rberosor Bpxa of, nofHoxja (0063mpom da
ce Ha Mapcy HapaBHO He Moxe AeduHMCaTU “Hadmopcka”
BMCKMHA) M3HOCK 25 KM, LUTO je CKOpO TpW MyTa BuLLe of MoHT

mnapuéusmuap

Esepecta. Ho 1 nopep Benvke BUCKHE VMa BeoMa bnar Harnod
CBOjWUX MafMHa 0O3MPOM [a My je Mpe4HUK Npeko ABafeceT
nyta Behu of BucuHe. OBa NNaHWHa je YWUCTO BYNKAHCKOr
nopekna, a OBOAMKY BWUCWMHY omoryhaBa HWXa MapCoBCKa
rpaBuTaumja, 37% 3emarbcke. OBOMMKA MaHWHa He 6 Morna
nocTojat Ha 3emrbK, jep OU ce ypywuna nof COMNCTBEHOM
TEXWHOM, Ta4HUje ycren, OrpoOMHOT MPUTUCKA Y MOAHOX]y 6u
noyena Aa “Tede”, CIMYHO rneyvepurmMa.

Hajonwuxa upHa pyna (koja je no3Hata) je yoarbeHa “cera”
1600 cBETNOCHMX rofArHa of 3emrbe 1 No3HaTa je Nof 03HakoM
V4641 Sgr. OTkpunu cy je acTpoHomu ca Macadycetckor
TEXHOJOLIKOr MHCTUTYTa jaHyapa 2000. LipHa pyna cama no
cebu jacHo He Moxe OuTW BUheHa, W jedMHO Moxe 6uTK
OTKPMBEHA Ha OCHOBY MOHalllarba MaTepuje y HeHoj 6nmsnHm,
HMp. ako 1MMa 3Be3ay MpaT1oLa 1 ako 1Ma A0BOSbHO MaTepuje
KOjy ancopbyje npu 4emy ce 0OMYHO jaBrba jak OLMIVB 3payersa,
HMp. peHTreHTckor. CacBMM je M3BECHO ha MocToje W LpHe
pyne Koje cy Ham Bnvke anu Koje Cy ycamrbeHe 1 Kao TakBe
Hemoryhe 3a geTekumjy 610 KojoM NO3HaTOM TEXHUKOM.

HajcjajHnja cynepHoBa mopepHux BpemeHa je SN 1987A
Koja je 1987. rogmHe ekcnnogmpana y Bennkom MarenaHoBom
Obnaky, Ha yaarbeHocT of 164000 CBETNOCHMX roamHa. Mako
cy BehnHa npeTxofHoO BUNEHMX CynepHOBa, HMp. CynepHoBe
13 1054. vnn 1604. roguHe, 6une 3HaTHO CjajHuje 063MpoM
Ja cy ce Hanasune y Hawoj lanakcuju, oBa cynepHoBa je
npBa cynepHoBa of oTKpuha Teneckona koja ce nojaBuna y
HenocpeaHoj 6nmsmHK (Benvkn Marenanoe Obnak je Mana
caTenuTcka ranakcuja Hate Fanakcuje). Ce octane cynepHose
cy BuheHe y yaarbeHUM ranakcmjama. Ha BpXyHUy cjajHOCTL
MMana je 3Bes3faHy MarHuWTygy 3 U Morfla Ce jacHO BWAeTU
ronum okom. CynepHoBe Cy rNaBHW M3BOP CBUX enemeHaTa
TeXux of reoxaja. OrpoMaH Opoj aToma Hawuvx Tena je
Hekafa [aBHO HacTao y LEHTpY CynepHoBa, Tako Aa CMO CBU
MM Ha HeKn Ha4uH “3Be3gaHa Jeua”.

Pekopae npunpemno: Hosuua MayHoBumh
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[lorspma o pykoBobhemy nornpojexTom

Osum notspbyjem na ap Bojar Huxomuh (3a kora ce nokpehe pensbop y 3pame
BUIIM HAYYHM capajHuk) y oxksupy ['pyme sa rpasurammjy, decrume u mosma
Uncruryra 3a ¢usuky YHuusepsurera y DBeorpany, OmHOCHO Y OKBUDY TIpO-
jexra OH 171031 ” Pusuuxe umnauxayuje moduduxosaroz npocmop-epemena’
pyroBomu TeMoM " T-Oyanusayuja omeopene u samsopene (cynep)cmpyne’. Ha
NOMEHYTOM HOTHPOJEKTY Cy AHrarKOBaHW MCTpaxkuBadm: Ap Bojan Hukommh,
np bpanucnas Caznosuh, np JhyGuna Ilasuaosuh v crysent WNnuja Vpanu-
mesuh.

Ip Dojar Huwouuh je Guo npemcrarmmk npojexra OH 171031 y Hayunowm
casery MuctmryTa 3a $usuky Ymuusepsurera y Beorpamy y nepuony 2011.-
2013. ronume, a y TOKy HeJOr Tpajama npo_ieﬁfra. Tj. on 2011. rommHe opra-
HA3AIMOHO M aIMUHUCTPATUBHO BOIM O UCTPakUBaHma Koja ce obammajy y
Urcruryry 3a dusuxy.

Leorpapa, 3. jyn 2018.

Mg Buiie

PyxoBomunan npojexra OH 171031
IIpod. mp Maja Bypuh
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Dr. Michael Haack

Dr. Bojan Nikolic Theresienstr. 37
Institute of Physics 80333 Miinchen
Pregrevica 118 Germany

11080 Belgrade Telefon: 089/2180-4377
Serbia Telefax: 089/2180-4186

michael .haack@lmu.de

January 17, 2012

Invitation for Dr. Bojan Nikolic
To whom it may concern

It is my pleasure to invite Dr. Bojan Nikolic from the Institute of Physics, Belgrade,
to visit the Arnold Sommerfeld Center for Theoretical Physics (ASC) at the LMU in
Munich.

Dr. Nikolic is being invited to do research within Prof. Liist’s group for mathematical
physics and string theory. It is agreed that Dr. Nikolic will visit the ASC in the period of
six months from July 1 to December 24, 2012, provided his local expenses in Munich, as
well as the required health insurance, will be covered by the home institute in Belgrade.

If you need any further information, please do not hesitate to contact me.

Sincerely,

Michael Haack
Scientific Manager of the Arnold Sommerfeld Center



SEMYHCK FTMMHA3UJA
SDGJ:J‘? {B "4
Aatym: N O?- M/%‘

SEMYH, Mpagckn napk 6p.1{,

Ha ocroBy unana 62. a y Be3n unana 135. 3akoHa 0 ocHOBama cucTeMa 06pa3oBarka
Bacmurama ( ,,Cnyx6enn rnaciuk PC 7 72/09,52/2011.55/2013.68/2015),  carnacuoctH
aupekropa Wucturyrasa dusuky 6p . on . . 2015. roaune,

1) 3BEMYHCKA T'MMHASHUIA, ca cepmwirem y ynuun TPAJICKU TTAPK 1 3EMVYH (y
naem Texcty: llkona), kojy sactyna aupexrop wkone Munow Bjenanoeuh n

2) bojan Hukomuh, nokrop ¢usuke , w3 Beorpaja ca cranom y yauun Banrasapa
boruiuha 6p 4, u3 beorpana, (y namem tekery: Msspinnan nocna), sakbyunnu cy:

YI'OBOP O N3BOBEILY HACTABE

Yaan 1.
Lllkona yeryna, a Wsspiumnai nocna npeysuma rnocao Koju ce cactojn y ussohery Hacrase 3a
npeamer : PAYYHCKH I[MTPAKTUKYM 1 1 2 3a yuenuke ca noceGHUM COCOGHOCTHMA 3a
(du3MKy oaebera y mkoackoj 2017/2018 roauuun u To 3a 4 uyaca HenesbHO,
07iHOCHO- 30% paaHor Bpemena MeceuHo y nepuody o4 01.09. 2017. roauue 10 kpaja HacTasHe
roauHe oHocHo a0 30.06.2017 roaune.

Yaan 2.

[llxona uma obaBesy ja 3a 00aB/beHM MOCAO UCIIATH CBE NOpPE3e M JONPUHOCE y CKIaly ca
3aKOHOM M IPYTHM OINIITHM aKTHMa,

kona he u3Hoc HeTO HakHaje 3a 06aB/beH MOCA0 yniaTuT Ha Tekyhu pauyH u3spuimoua
nocia.

Ynan 3.

MsBplumnaall nociosa obasesyje ce [a nociaose 00aB/ba caBecHo U 0J/IFOBOPHO.

M3Bohemwem mocnoBa HactaBe M3Bpiumiail rnocna He cTuue CBOJCTBO 3aMOCJIEHOT y WIKOJIM a
paBo Ha HakHajly 3a 0DaB/LEHM pajl CTHUE HA OCHOBY M3BELITAja O OATIKAHMM yacoBUMa
HAacTaBe.

M3spiuimnan nocna ydectyje y paay CTpyuHHX oprata 6e3 npaBa OJNYuMBAHA, OCUM Y pajy
oJe/bercKor Beha.

Ynan 4.
H3spumnan nocna je myxan ga crynm va pag 01.09. 2017. Foaune.

Ynau §.
Yroeop npecraje Aa BaXKH H Mpe HCTEKa poKa Ha KOjH je 3akibyueH y cueachum Clly4yajeBuMa:
- cnopasymom uzmel)y llkone u M3ppuinouna nocna,
- OTKasoM yrosopa oj crpane [llkone unu M3epiimona nocna,
- Y IpyruM ciiyyajeBuma yTBpheHnM 3aKOHOM.

Ynau 6.



[Tkona Moxe 0TKa3aTH yrosop:

- ako Mi3Bpuiinai nocsa HeCaBecHo, HECTPYYHO W HeGIaroBpeMeHO 0BaB/bA MOCIOBE 13
OBOT yroBopa,

- axo M3Bpuunau nocna He MOIUTYj€ pajHy AUCLMILIUHY.
Ynan 7.

Ogaj yroBop caunibeH je y 3 (Tpu) uctoBeTHa npumepaka, (1) jeran npumepak 3a M3pivona
nocna a (2) aea 3a Lllkoany.

@EBPHJ 1, HE&
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HACTABA ®U3UKE
Bpoj 3, Maj 2016

APYUITBO ®HU3HYAPA CPBHJE

Yaconuc Hacmasa ¢ruzune je nybnnxampja Jlpymrsa Gusnvapa Cpbuje. ¥ uaconucy
ce nyQIHKYjy pajoBH H3 METOHMKE HACTaBe Qu3NKe, HCTOpPHje B dunosoduje duinke
W MpHKAH [Jiceprandja, moHorpafekmnx ¥ yubenuukux nybnuramija ua obaacty
nactase Quinke. Hamemen je HacTaBHMUMMA (DHIMKC OCHOBHMX M CPEIBbHX IIKONA,
HacTaBHHUMMa (PM3MKC BHCOKHMX IIKOJA CIPYKOBHHX CTYAHja, Ka0 N HacTABHHLMMA
dakynreta koju ce Gase HeTpakuBamuMa y obnacTi HacTase Hu3HKe

BEOTPAJT - 2016
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INomToBane konere, Nped Bama ce HanasW Tpehu Opoj wacommca Hacrasa guiznxe.
Hsnasay wacommca je APC, a nmaiupada cy jAsa Opoja rosdiume, 32 Caza caMo y
urramnano] dopmi. [pem Opoj, xao mmo je cmysaj ca osus, Omo je mocschen
Peny6rmuxom cemumapy o macrasm dmauxe. [Jlpyrm Gpoj je ©Swo nocsehen 4,
Mehynapoanoj KonQepeHUHjn 0 HacTaBy (HIHKE Y Cpeltkin LIKONaME Koja je ogpkats
y Anexcuuuy o3 26, o 28, ¢ebpyapa 2016. roaune. IToues o1 wapemor 6poja dacornc
he cappacaaTH pajoBC KOjH HHCY KOACKLMjA PYKONNMCA TNPEICHTOBAHMX HA HCKOM
CTpy4yHOM Han HaygasoM ckyny. Pajgoss xoju cy mrammanu y npsa tpa Gpoja saconuca
Takolie cy TpouLTH CTAHAAPAHY MPOLUSAYPY aHOHMHMEE peuensuje, a oapelenn 6poj
pazoBaje oubujen.

Kana je peu o oporoguumbem Cemupapy, Ha OCHOBY axpemiTaiijc M paHmjax
HCKycTaRa, nMporpamM obyxBaTa: npejaparsa 00 NOIHBY, PAfHOHMLE, YCMCHA H3Zarama
HayiHO-CTPYUHHX pagoBa H pagoBa U3 HACTARHMYKCE Tpakce, NpHKAIe AHCPCTALMja,
monorpapexkux # yudemuukux nyOmuxaimja m3 mactase ¢M3MKe, NOCTEp CEKIM)Y,
JMMCKYCH]Y Y OKBHPY OKPYIUIMX CTONOBA O 3KTYENHMM TeMama, W3noxk0e HACTABHHX
CPE/ICTaBRa, KEbHIa M APYrHX myGmmkannja,

Ipeaapama no nozusy obyxearajy npeaapama o Hobenosoj narpaam n3 pmiuke 3a
2015. ropuny, npenamarea u3 akTyennux obnactu guanke (100 romuma Ajmnrajnone
TeOpHje rpaBuTaldje, MPABHTAIHOHHE TANAaCH — O4 TEOpHje [0 AHpEKTHE ACTEKIHje,
ONTHKA Y MKONCKO] PHINLM), HCKHM ACOCKTHMA METOJHMKC HAcTaBe (IH3HKE H NPHKE3
Tpu yriesHa gaca dunke. Y mporpamy cy Takolje u mpefaBama 0 CKCICPHMCHTAIHOM
pany w3 ¢uikke npunarofieHom yuemmiiMa ca rocebumm obpazosnmmM motpebama,
npEkaz K3adpaHHX pajoBa W3 METOAMKE HacTase (H3MKE O0jaB/LeHHX Y CBETCKHM
HACOINMCHMAE, CTYAHjE O CBETIOCTH, KPHTHYKOM MHUILEIY Y HACTBH hmiuke ... ¥3 oBe
pagose y 36opuuky ce Takole mamaze u pagomn umje he Teme GnTH npelenToBane y
okpupy Iocrep cexunje.

Ose roaune na Cemusapy je npeapubeno ocam pamionnua: LIEPH Macrepriac,
Hayyna smiyenusanuja y WMKOICKOM NPOCTOPY # HAa naMeTHoM Tenedouy, Kpeuwpame
oHmaju TectoBa y anary Socrative, HiaGpane naBopatopuicke sexbe u3 dusuke y
rusuasujn, Hlkonexw ornmenn n3 obnactu octnammja, Tpeike — ol cnoxkene nayke a0
yaca huarke 1 Kako 12 HCKOPHCTHM 3Hamka W3 (PHINKe W APYTrHX HAYKA Y ofpazoBamy 3a
OIPIKHEH pPa3Boj.

beorpaz, 21. anpun 2016. roa Crpyunu oxbop
XXXIV Peny@nuuror ceMHHAPA 0 HaCcTanu qzuke
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I'paBHTAIlHOHH TAJIACH — O/ TEOPHje 10 THPEKTHE
AeTeKlHje

bojar Huxonuh
Hucmumym 3a dusuky, Voueepsumem y Beozpady, llpezpesuya 118, 11080 Jesyn

Anctpakt. Ilpe jenmor sexa Anbept Ajnmmaju gopmyincao je Ommty TCOpHjy
penamasnocti (OTP). Jeaua on mocnesmma Omure TeopHje PeJaTHBHOCTH j¢ MOCTOjamke
TPABHTALMOHNX Tanaca. Y oBoM pazy h[emo 18TH KpaTak TeOpHjCKH nperies o
(TPABHTELUMORHM) TANACHMA, 8 3H@4AjHY naxmwy HeMO MOCBETMTH CBMM <aga Moryhmnm
BHIOBHMA eTEKIH|E rPARHTALHORHX Talaca Cf AKUCHTOM HA HEJABHH YCUEX — JHPCKTHY
HETEKIH]Y TPABHTAIHOHHX Tanaca.

Kmyune pean: rpaputannons tanack, OTP, nupertua nererumja.

YBOJ

Kamen Gauen y Boay u3azuBa NoOjaBy Tanaca Ha HEHO] MOBPIIHHH, Tpenepeme
FIACHAX kHUa oMoryhama zxa uyjemo CAaroBOpHHKA, 3eMJBOTPECH H3a3HBAjY M0jamy
UyHamd Tanaca wrjl. Cse HaBEAEHO CY OPHMEDH MEXQHUYKUX TANAcA. 3& NPOCTHPaNe
MEXaHHYENX Tanaca je moTpebua matepujanna cpeguna. [lopemehaj mactao wa jegmom
MECTY MPEHOCH C& TANAcOM Kpo3 MaTepHjanHy cpeauny. CaMum THM MEXaHMYKH TanacH
ce ue mpocTHpy kpo3 Bakyym. [onokaj uectsie cpeaune y JaTonm Tpenyrky ¢y Taukd 7
(xonoxenjanio " nopcmchaj“)zu (7. t;. 32J0B0J6ABA XOMOTEHY TanacHy jeHauHuy

g 18 =
(a%+%5+£;—§‘3§)u(r't}=ﬂ' ()
Bemmyuna v npeacrasisa Gp3sHHy Tanaca y AaT0j MATCPHIAMHOj CPCAMHH (HHje jemuaka
Gpsnun yecTne matepujanue cpeaune). [opemehaj Moxe Gnry opToronanan ma npasay
FIpOCTHPAmA Tartaca (TPaHCBEPIANHA Tanac) HAH KONMHEAPAaH C4 NPaBUEM MPOCTHPa:A
Tanaca (IOHTHTYAMHATIAH Tanac).

Y npyroj nonosunn 19, seka eurneckn ¢mimuap llejmc Kiapk Mekcsen je,
objemmmaeajyhn  JgoTanamima eKcnepHMCHTANHA  Ca3HAa, HANKCA0  CAHAYMEHG
CIEKTPOMArHETHOr MOJbAa MO3Hare y JHTepatypH Kao Mekesenore jennHawume,
Jeanocrasna ananuza THX jeAHAYHNA NOKA3Yje A2 Y NPOCTOPY I/C HEMA HACICKTPHCALA
CTpYja jauuda eNeKTPHUAOr Noka W jaunHa MATHETHOr MOTLA 34J0BO/BABA]Y XOMOTeHe
Tanacue jeamadune. Ilpocrije pedero, oko npocTopa y KOME Cy 3aiare pacnoiere
HACIICKTPHCAA H CTPYja NocTojH eackTpomarsetio (EM) nome. Enepruja EM noma ce
ApeHOCH Ay MPaBla KOjH je OPTOTOHATAH HA BEKTOPE jauHie ¢ACKTPHIHOT H MATHETHOD
noma - EM Tanac je Tpascsepsanan, 3a paanuky o Mexamiukpx Tanaca, EM rtanacu ce
OPOCTHPY H KPO3 BAKYYM H T0 Hajsehom Gpamnom y npupom ¢ = 3+ 10® m/s. Xepuoruwm
excriepumentom (1888) notepheno je nocrojame EM tanaca. Ilurame Koje cy noctapans
Hay4YHHIH TOTa BPEMCHA THLATO CC cpeiune xpo3 kojy ce EM rtanac npocrupe. Io
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AHATONMjH €3 MEXAHHYKHM TAIACHMA MOpPAla j& NMOCTOjaTH HEKA CPEANHA KOja NPCHOCH
Tanace. Tazna je yeened nojam erepa. Mehyum, Majrencon-Mopiujes excnepuMenT Kao
H MHOra yHanpehema oBor eKCepPHMEHTa TIOTBPIUITH CY A4 je 6plina CReTIOCTH HeTa Y
CBHM NpaBliMMa i 48 HC 3aBHMCH Oof m3ibopa pedepeHTHOr cHCTEMAa - jeHOCTARHH|jE
petero, erepa, y o0NHKy Kako Cy ra Tafa HAYYHHLM 3aMunissand, nema. M taga (1905) ce
pozuna cneunjanua Teopuja penarusgoc (CTP).

CTP nounsa pa apa noctynara. [Ipem ce Twue umsapujuTHOCTH 06mAKA (BHIHMKHX
3aK0Ha ¥ ofsoCcy HA u3dop HHepHUjaiBor cHcTema pedepenue (1o je neh 6uo cactanuy
aco lanunejesor npHHINNG PEIaTHBHOCTH), HOK CE APYHM TIOCTYAaTOM MoTRphyje
CKCMEPHMEHTIIHA YHILEHHUA A3 j¢ Op3HHa CBeTAOCTH HE3aBHCHA 0 H360pa HHCPLHjaTHOT
cicrema pedepenne (AJHINTAjH HE CHOMHILC CKCTUTHIHTHO ¥ CBOJHM PajOBHMA HHTH
Majkencon-MopIHjeB CKCTICPUMEHT HHTH Jpyre CAMYIHE CKCOCPHMEHTE, anH ApYTH
DOCTYRAT ,,IPH3HAje” Pe3yNTaT THX eKCIEPHMEHATA).,

Y CTP ce cnomumsy camo HECPIHjalHH CHCTeMH pedepenue. CaM AjuurTajs mnje 61o
3a70BOTLAH W CMATPao j& Ja (H3MIKA 3aKOoH# MOPAjy MMATH HCTH ODNHK HEIABHCHO 07
wbopa pedepenTor cucTema, HHEPUHjANHOT WAH HEMHEPUHjATHOT, Tj. YBHACO je Aa y
"npHay” Mopa 1a YEJbYYHM H rpaBHTAlHjy. MareMarnukiM jeiHKoM peueHo, Kaxsy roj
Tpaxchopmanjy KOOp/NHATA A2 HATIPABHMO JAKOHH (H3HKE MOPAjy 04YBATH CBOj 0f6IHK
(cTporo maremaTHukH peueHo HMuBapujanTHOCT Ha Andeomopdusme [1,2]). H zako je
somao o Onurre Teopuje penamueroctu (OTP).

likra je yommte rpasutaummja? Ilo Mbymiosoj Teopuiu rpapuTammja je cmaa. Y
tbyTHORO] TeOpHjHM rpaBHTalMje MAaca je M3BOP rPaBHTANHOHOT Toka. CBaKo JPYro
Teno oapehene mace koje ce nalje y gaTom rpaBATAMOHOM NOJBY jo H3AOKEHO ACHOBAILY
npusnaunge cune. bytd je nao anamuTHukH OBMHK 33 FPABHTALHOMY HHTEPAKUH]Y CBOM
Aeny MaTemaTHuKH TPHHIANH Tpupoane gunosoduje (Philosophiae Naturalis Principia
Mathematica) xoje je npeH nyT ofjaeseno 5. jyna 1687, roqune.

H no toM nuramy nuje 6110 HHKAKBHX KBATHTATHBHHX NOMakKa 10 noyerka 20, Boka.
A onma ce nojaswo Anbepr Ajumrrajn, koju je kpos CTP yseo y dusnry ofjeamisenoct
MpPOCTOPA H BPEMEHA Y jeAaH NPOCTOPHO-BPEMEHCKH KOHTHHYYM Tj. BpeMe BHIIE Hije
napaMerap el xoopammata, a ca OTP Hanpasuo npaBy PeRONYLMIY Y pazyMmeBarsy
rpaBnTauije Kao GyHAAMCHTIHE HETCPAKLM]E ¥ IPHPOM.

Ospe ueliemo ynasurn y cynmumie nerasse vssolema AjmmTajroBnx jeanaunua 3a
FPABHTALNHONO NOBE. AjHIITA|H je jequaunne 138e0 kopHerehH ce 3akoHOM oapkama
TCH30pPA CHCPrHje-HMIYNCa KA0 M OCcOOHHAMA HEKHMX TCOMCTPHjCKHX BemwumHA, VY
caepeMeHOj muTcpaTypn misoljeme mae M3 oarosapajyher AejcTBa DPHMEHOM MCTOXE
MHHHMYM2 JicjcTBa, Buno kako 610, jeanaun e 3a rpaBUTALMONO NOJLC Cy OO HKE

2 86
Ruv =59 R = T, (2)
rae je, sajrpy0sbe peseno, ma nesoj crpasn TEOMETPHIJA, a Ha mecmoj ctpamm
MATEPHJA. Osa jeanaunna ycnoctasba Besy wimelly reomeTpuje npocrop-spemMena M
Marepije Koja ¢BojHM npucycreom "sakpumibyje" Taj npocrop-speme. Y AjHmTajnoBoj
CITHIE PPABHTALINja HHje cunia Beh reoMeTpHja npocTop-8penena.

Hapasso, 106pa du3uuka Teopija uMa ocobuny ma ofjamunasa nosuate deHoMeHe U
npeasulia mexe HoBe, Y OKBUPY AjHUITajnoBe Teopuje yenemHo je objamisena nojasa
CKpeTansa CBCTIOCHHMX 3paka koju nponase Gansy Cyuua, saTam npeuecnja Mepxyposor
nepixena. Teopuja npeasnba nmocrojame cumrynapurera (ocHOB 3a Teopnjy Bemixor
Npacka) Kao H UPHMX pYNa, 33 YHje NOCTOjaike MOCTOje MIIMPEKTHH Aokasd. Taxohe
jemna o nocineanua OTP je u nocTojame apagumayuonux maraca.
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CJITHKA 1. Ajmurajnos paa ofjasmen 25.11.1915. roause y kojem je zacnopans OTP u mavegena
HYBEHA e IHAYMHA.

I'PABHTALIHOHH TAJACH
OTP po3eoibapa rpaBuTaNHOHE TANACE

Matemarduki 10Kas [0CTOjamka rpapuTannonnx Tanaca y OTP je epro jemmocrasan.
YK0IHKO 10CMaTPaMo AJHIITAHOBE jelHAUHHE Y NPAIHOM NPOCTOPY AANCKO Of Maca,
OHJA C¢ HCIIOCTAB/ba A8 METPHKE MPOCTOPA 3340B0/bABA TanacHy jeaHauuny, Jobuja ce
A2 Cy IPABHTALMOHH TANACH TPAHCBEP3ANHM TANACH KOJH e npoctHpy Op3uHOM
CBETIOCTH Y BAaKyMYy. V Clyuajy MexaHHukMX TANaca MATepUjaina cpeamua ce Tanaca,
Aok y cmyualy EM Tanaca nomazy 20 Tanacaima GNCKTPHUHOT M MATHETHOT MOJLA,
Jloruuso nuTtame Koje ce Hamehe KOX TPEBUTALMOHAX TANIACE j€ 1ITa ¢e TO Tanaca?



216 Bojan Hukonuh

Popmanan 0ATOBOP je BP0 NPOCT — TATACA C& METPHKA NPOCTOPHO-BPEMEHCKOT
konTHHYMa. C 063upon 1a je no OTP rpeitaiuja y cTsapy reoMerpHja NpocTOp-BpeMeHa
OHAA j& Mano , GUIHUKUIK' OArOBOp ~ TAN4CA CE CAM MPOCTOPHO-BPEMEHCKH KOHTHHYM.
A Kaxo ce manupecTyje Tanacame npoctop-spemena? ITocmatpajmo pacrojaie mamehy
JBG HHOUHHTEIHMATHO GIIMCKE TAYKE

ds® = Efu.mn Gy (X)dxFdx”. 3)
VEOIHKO HHTCTPANHMO KBAAPATHH KOPEH JCCHE CTPAHe jeAHAYMEC A0GRNCMO pacTojame
mmeliy aBe Tauke y sakpussmenom npocropy. Oumrneano je za ako ce Merpuka Tazaca
OHAa Cce M pactojame uimely Tauaka ranaca. Bumehemo KacHHje Aa CY CBE MCTOJAC
AMPCKTHC NICTCKIMC IPABHTAMOHHX Tanaca 3acHOBAHE H& TAamacaly pacTojama Tj.
JyKHHE,

CIHKA 2, Tpufituscno pauarame jedHauuna 2pasumayuono? nosd — MATEMATHURH A0KA3
TIOCTOjaka FPABHTAURORNX Tanaca (Ajuwraji, 22.06.1916. roanua).
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JNETEKI{HJA TPABUTALIHOHHX TATACA

Tlpe wero wro npehemo Ha pasMaTpaibe CBUX BUAOBA AHPEKTHE JCTCKLH]E KA0 W aHATH3E
HEIABHOT GHPEKTHOT MEpeHa IPaBHTAMOHUX Tanack, notpebuo je pehu xa je nocrojame
rpasiTaloHHX Tagaca HHAUpeKTHO notepheno 1993, rogune.

Fognne 1974, Pacen Anan Xanc B pyxkoBoginan merose foxropese Tese Losed
Xyron Tejuop Jymuop cy oTkpim jepan Gunapuu myncap KojH o ¢acToju of myfcapa
(neyrpoucke 3se3ze) u nparehe ssesne. Opaj Gunapi myncap rydn eseprujy Ha Hauuu
kako i npeaegrba OTP na cammm TuM 0RO oTKpHhE je HCTOBPEMEHO MHAHPEKTHH FOKA3
nocTojama rpasHralMonnX Tanaca. 3a oso otkpuhie Pacen n Xanc ¢y go6mm HoSenosy
uarpajy 3a guzuky 1993, roaune,

Jerextopn KOjM Ce KOPHCTE 33 AHPEKTHY NETEKUH]Y TPABHTALMOHHX Tanaca
Aene ce Y TPH IPYNe: MeXanHukn, HHTepHepoMeTapeki i BHCOKO(PERBCHTHE IETCKTOPHU,

MexaHUYKH TeTEKTOPH

Bebepore munke
Jeanoctasan ypehaj 3a JeTekuujy OUEKHBAHOT TATacHOT Kperama je 138, Bebeposa

IIHIKA - BCIHKA, YBPCTA MCTANHA 1IHIKE H3000Ba#a o1 chnojbalmux subpaunja. Oaj
™ aerextopa je Gno npeu koju je xopuiuben o4 cpane xoncrpykropa Lloseda BeGepa
ca Vuurepaureta Mepunena. On je uak TBpAHO A4 je AETEKTOBAO MPABHTAIMOHE TANACE,
a1 Cy ILCrOBH PEIYITATH J0BeieHH Yy cymmy 30or uauuua ofpage nojaraka,
Henocrasuno ce Ha kpajy Aa je BeGeposa HeTeKUMja MpaBUTALHOMMX Tanaca QUUrHpana
36or notpeba GpuuaHcHpama npojekTa.

Ilpunupn  paga oBOr AeTekTOpa je jeaHocTasan. YTagu# TPABHTAIHOHH TAMAC
nobyByje pe3OHAHTHO OCHMIOBAMC LINNKE, 4 IDWIKA OHAZ CBOJMM OCHMJOBALEM
nojavasa taj eexat na AeTexrabuann HHB0. CaBpeMene BapujanTe OBAKBIX ACTEKTOpA
cy oxnaljene A0 CKCTPEMHO HHCKHX TEMICParypa # ONPEMIBCHE  KBAHTHHM
unTeppepenunonnm  ypehajuma 3a gerexumjy subpanuja (ma npmmep, ALLEGRO).
Ipobnem ca OBUM JETEKTOPHMA WITO CE OHH MOTY KOPHCTHTH CAMO 3a BpIO jake
rpaBHTAlliOHE TANnace.

CJIMKA 3. Llozed Bebep y ceojoj naboparopuju 19635, roamue
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MimGRAIL

MiniGRAIL je antena 3a neTekimjy rpaeMTaluonux tanaca chepuor ofinuka. Ona
aHTCHa c¢ Hanasy Ha Yuusepsutery y Jlajzeny (Xonanmija), a cacroju ce oa cdepe mMace
1150 kunorpama oxnaljenc na remnepatypy 20 mK. O6ank ciepe omoryhasa ferekuujy
u3 cpux npasaua. Opersennuje koje opaj AetekTop najbosme "xsara" cy unrepsany 2-4
kHz, na je morozan 3a AeTekUHjy IpaBMTALKOHMX TANAcCa KOjH HACTAjy v Oumapuum
HyNCapHMa B CHajamkeM MAmHX UpHWX pyna, CauuHOr THNA je VATPaxXIaAHH AETeKTop
AURIGA koju ce vanazu sa INFN-y y Mranuju. OB ce cactoji 03 amyMHHEjyMCKOT
LUMAHHApa JyKHAC 3 MeTpa Koj# je oxnalicn na Temneparypy peaa seimmunne mK.

CJIHKA 4. Jetektop MiniGRAIL

HnaTtepdepomerapeks gerextopn

Osa rpyna serextopa KOpHCTH nacepexy uurepdepoMeTpHiy 3a JeTeKuMjy
rpagurauMonux Tanaca. CsermocT kpehyhu ce xpo3 mpocrop mpatH  3aRpUBILEELE
[POCTOPHO-BPEMEHCKOT KOHTHHYMA. [IpHHLMI paja OBHX ACTCKTOpA je Ja ¢ H3MepH
chexar HHTCpPEpPCHUMjC NACCPCKMX 3paKa MPH HEMY j¢ MyTHA pasinka HAcCTana
"ckpahuBamens win "uagykuBamem" npocTopa 3501 Tanacamka.

CJIHEKA 5. [IpHHIHT paga HHTephepOMeTAPCKOT IeTEKTOPE
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Hamac nocroje camo wuateppepomerpn Ha 3esupd. Tpenyruo HajoceTILHERH{H
unrepdepomerapckn  getekrop je LIGO (Laser Interferometer Gravitational Wave
Observatory). LIGO usa tpy aetextopa: jeaan je y Jlmpunrctony (qpxasa Jywmjana) a
Apyra asa cy y Xendopay (apsasa Bammarron). Ceu oHH ce cacToje OfF 110 ABa BEAHKA
Kpaka gyxune 2-4 wanoserpa koju cy nonx npaemm yroosm. Jlaceperm spaum nytyjy
YHYTap KPaKopa y uesHma anjamerpa | metap. IEpomene y IyKHHE Koje NacepCKH 3pak
npenaiy ycnel Npojacka rPasMTaiioHor Tanaca OH v npHHIMIY Tpedano Ja perucrpyie
ACTCKTOP Y BHIY Heke {nacepeke ) HHTepdiepesiipone clmke,

Hatepdepomerapekn netexropn umMajy n cBoja orpanndersa. [Ipsa oa Bux je mym
KOjH HACTAje K30 TOCHGAMUA TOrAa WITO NACCPCKH HIBOP MNpPOMIBOAH (oToHE V
MPOHIBOLHHM TPEHYIIHMA. AKO ¥3 TO KOPHCTHMO H MATO jA4H Iacep OHAA caMu GOTOHHU
CBOjHM HMITYACOM MOTY 18 Y3ApMajy AcTCKTOpCKa ornenana. Jdpyru npofinem je npobnem
Epaynosor kpeTama, 4 HH CCHIMMYKH LIYM CC HE MOAKC 3aHCMAPHTH,

36ar npobnema Koje HMajy IEMABCKH ACTCKTOPH, IUIAHUPA CC M IPajiba JeTCKTOpa Y
opbumin oko 3emme (eLISA, npojexar zamouer geriembpa 2015, rogune). Tpu caremura
Ou opmupana Tpoyrao npi uemy G caaxa cTpaHHIA GHNa OKO 5 MITHOHA KITOMETapa.
Tume ce pobuja gobap sakyym, anu K game ocTaje npolnem (QOTOHCKOr mIyma Kao M
npobnem ca KOCMHYKHM 3PauCHEM,

BucoxogpexBenTHE TeTERTOPH

TpenyTso NocToje ABa ONEPATHEHA ACTCKTOPA KOjd PAAE Ha rOPi0j TPAHHII CIICKTpa
(1077-10% Hz). Jeman je ua Ynusepsurery y Bupsunremy (Enrnecka) a apyrs je ma
INFN-y y Benosu (Hranuja). Tpehu ce rpaan na Yuupepautery y Homanry (Kuua),
Herextop Yy BHPMHHrEMY MEPH NPOMEHE Y CTahY NONAPW3AIMje MUKPOTANACHOT 3paka
KOJH KPYKH [0 Kpyry npeynuka oko 1 metpa. Jlerexrop y Henosu je peioHasnTHa anTeHa
KOja €& CacTOjH O ABa cHperByTa cepHa CYICPIPOBOAHA XaPMONMjCKA OLMIATOPA
NpeuHHKA HEKOIHKO HenTHMerapa. OcunaTopn Kana HICY CNPerHyTH HMajy pe3oHaHTHe
dipexsenuuje koje cy cxopo jeanake. Kuueckn gerexrop 6u tpebano aa 6yae y cramy na
neTekTyje Tanace gpeksexuije peaa 10 GHz

JIMPEKTHA JIETEKI{HJA T'PBUTAIIHOHHUX TAJIACA

I'pyna nayunmuka w3 ase Bemike komaGopatuje, LIGO u VIRGO, je ofjasuna 11,
(ebpyapa 2016, romase [3] na je obaBmeHa YCNemHA  IHPEKTHA  ETEKINja
TPAaBHTAILMOHNX Tanaca. @OHINYKH CBE CC OJMIPATI0 HA AMEPHYKOM JCIY BEIHKE
xopabopanuie (LIGO).

Jlana 14. cemrembpa 2015. rommue metexropu ose konabopauije y Xendopay
(Bammurron) u Jiusaurerony (Jlyj3ujana) JeTekTORANN Cy TPABHTALMONE TANAC KOjU je
HACTa0 Cliajarsem JBE LPHE pyIie, jeaHa mace 36 ConapHHX Maca a Apyra 29 conapHmx
maca. Hacrana je npua pyna mace 62 conapHe Mace 4 3 CONApHE Mace Cy H3padeHe y
BHAY TpasuTauHonux ranaca, OBakae pesynTar Kao # HpoHAH ACTCKTOBAHHX CHIHANA CY
(y rpanuuama rpemke) y cknagy ca npemsuamima OTP. Osaj excriepuMent je notepano
nocmojare  bumapuux cucmenma ypuwux  pyna, osmoxhuo  Odupexmuy  demexyunjy
EPAGUMAYUOHUX MAIACA U NPEU OEMEeKMO8a0 ChAfarme UPHUX Pyna.
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CJIHKA 6. Ancrpaxr paga 3] y xome je ofjansena AHPeKTHA ACTEKIH]2 FPABHTALHOHEX TATACA

AnapaTypa Ha K0joj je MiIBpIneHa AeTekuuja je yuanpehena sepastja novernor LIGO
nerektopa (AdvancedLIGO). [MoGobmama koja cy ypalicHa NpBeHCTBEHO ce THUY
noeehaka 0CeT/LHBOCTH CEHIOPA KA B yMaery noctojehux mymosa,

Ouekyje ce ma aerexropn Advanced VIRGO, KAGRA xao u moryhn tpehn LIGO
aerektop y Muauju aajy gonamdy noTepay oeosm oTkpilly ka0 W Ja NOJHMCHY HHBO
MPELNIHOCTH H TAUHOCTH MCPCH: A,

3AKJBYYAK

OTP je y spemeny kafa je vactana (Ilpeu ceetcxu pat y nyaom jexy!) yenena aa
ofjacHi Heke deHOMEHE Koju Cy OHAM NOIWATH HAYYHHIMMA TMONYT CKpPETama
CBCTIOCHHMX 3paka y ONHIHHM BENMKHMX 3BE3ja u npeuecujy Mepkyposor nepuxena.
Caaxa "npasa" duanika Teopuja ue ofjamnsasa camo nocrojehe u nosnate genonene sch
npeasuba u pexe nose. I'papuTamuonn Tanach ¢y jeaan of TuX denomena. Ilocrojame
CPABHTALIHONHX TATACA TCOPHJCKH je NOTKpenbeno OnumosM TeopHjos penaTiBHOCTH jep
Ce U3 AJHIITajHOBHX jeAHa4HHA rpaBUTauHodor nosba. Orxpithe Gunapunx nyncapa
(cuctem npe meyTpomcke 3mesze), koju ry0e GHCprujy NOTHYHO Y ckiagy ca
npeasubamuma OTP, nano je excnepHMEHTAIHH OCHOB MOCTOjalby IPABHTALHOHHX
tanaca. Ca M3rpaziboM HHTEPOEPOMETAPCKHX JCTEKTOpA KPeHYAO ce Y KOHAYHY MoTpary
3d IPABHTALMOHMM Tajacuma, [Tpumminujenno Huje Gumo mpenpexa H cee je Gumo
nuTamse npequskocTH anaparype, Konauno ¢y y jecen 2015, rojmne mayusisngg yonean aa
ACTEKTYjY PABMTALMOHE TANACE KOJH Cy HACTANH Y jeQHOM BPIO HHTeH3HBHOM foraljajy
- cynapy upuux pyna. Opo otkpuhie naje Hagy jAa ce MOTY JETCKTOBATH IPABHTALIMOHH
TANACH HACTATH mocne Bemukor npacka mro 6m y ,Hexy pyky™ OMO 1oka3 Aa ce Taj
[pacak cTeapHO B 1ecHO.
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Gravitational waves — from theory to direct
detection

Bojan Nikolic
Institute of Physics, University of Belgrade, Pregrevica 118, Zemun

Abstract. A century ago Albert Einstein formulated General Theory of Relativity (GR). The
existence of gravitational waves is one of the consequences of the GR. In this article we will
give a short theoretical review aboat {(gravitational) waves, and later we will dedicate the
great attention 0 all known types of detection of the gravimtional waves with accent on
recent success — direct detection of gravitational waves.

Key words: gravitational waves, GR, direct detection,
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