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Abstract

Following Sklyanin’s proposal in the periodic case, we derive the generating function of the Gaudin
Hamiltonians with boundary terms. Our derivation is based on the quasi-classical expansion of the linear
combination of the transfer matrix of the XXX Heisenberg spin chain and the central element, the so-called
Sklyanin determinant. The corresponding Gaudin Hamiltonians with boundary terms are obtained as the
residues of the generating function. By defining the appropriate Bethe vectors which yield strikingly simple
oft shell action of the generating function, we fully implement the algebraic Bethe ansatz, obtaining the
spectrum of the generating function and the corresponding Bethe equations.
© 2015 Published by Elsevier B.V. This is an open access article under the CC BY license
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1. Introduction

A model of interacting spins in a chain was first considered by Gaudin [1,2]. Gaudin de-
rived these models as a quasi-classical limit of the quantum chains. Sklyanin studied the rational
s£(2) model in the framework of the quantum inverse scattering method using the s£(2) invari-
ant classical r-matrix [3]. A generalisation of these results to all cases when skew-symmetric
r-matrix satisfies the classical Yang—Baxter equation [4] was relatively straightforward [5,6].
Therefore, considerable attention has been devoted to Gaudin models corresponding to the clas-
sical r-matrices of simple Lie algebras [7—12] and Lie superalgebras [13—17].

Hikami, Kulish and Wadati showed that the quasi-classical expansion of the transfer matrix
of the periodic chain, calculated at the special values of the spectral parameter, yields the Gaudin
Hamiltonians [18,19]. Hikami showed how the quasi-classical expansion of the transfer matrix,
calculated at the special values of the spectral parameter, yields the Gaudin Hamiltonians in
the case of non-periodic boundary conditions [20]. Then the ABA was applied to open Gaudin
model in the context of the Vertex-IRF correspondence [21-23]. Also, results were obtained
for the open Gaudin models based on Lie superalgebras [24]. An approach to study the open
Gaudin models based on the classical reflection equation [25-27] and the non-unitary r-matrices
was developed recently, see [28,29] and the references therein. For a review of the open Gaudin
model see [30]. Progress in applying Bethe ansatz to the Heisenberg spin chain with non-periodic
boundary conditions compatible with the integrability of the quantum systems [31-41] had recent
impact on the study of the corresponding Gaudin model [41,42]. The so-called T — Q approach
to implementation of Bethe ansatz [35,36] was used to obtain the eigenvalues of the associated
Gaudin Hamiltonians and the corresponding Bethe ansatz equations [42]. In [41] the off shell
action of the generating function of the Gaudin Hamiltonians on the Bethe vectors was obtained
through the so-called quasi-classical limit.

Here we derive the generating function of the Gaudin Hamiltonians with boundary terms fol-
lowing Sklyanin’s approach in the periodic case [3]. Our derivation is based on the quasi-classical
expansion of the linear combination of the transfer matrix of the inhomogeneous XXX Heisen-
berg spin chain and the central element, the so-called Sklyanin determinant. The essential step in
this derivation is the expansion of the monodromy matrix in powers of the quasi-classical param-
eter. Moreover, we show how the representation of the relevant Lax matrix in terms of local spin
operators yields the partial fraction decomposition of the generating function. Consequently, the
Gaudin Hamiltonians with the boundary terms are obtained from the residues of the generating
function at poles. We derive the relevant linear bracket for the Gaudin Lax operator and cer-
tain classical r-matrix, obtained form the s£(2) invariant classical r-matrix and the corresponding
K-matrix. The local realisation of the Lax matrix together with the linear bracket provide the
necessary structure for the implementation of the algebraic Bethe ansatz. In this framework, the
Bethe vectors, defined as the symmetric functions of its arguments, have a remarkable property
that the off shell action of the generating function on them is strikingly simple. Actually, it is
as simple as it can be since it practically coincide with the corresponding formula in the case
when the boundary matrix is diagonal [20]. The off shell action of the generating function of the
Gaudin Hamiltonians with the boundary terms yields the spectrum of the system and the corre-
sponding Bethe equations. As usual, when the Bethe equations are imposed on the parameters of
the Bethe vectors, the unwanted terms in the action of the generating function are annihilated.

However, more compact form of the Bethe vector ¢p (141, (2, ..., iy ), for an arbitrary pos-
itive integer M, requires further studies. As it is evident form the formulas for the Bethe vector
oa(lL1, o, 13, a) given in Appendix B, the problem lies in the definition the scalar coefficients
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c%)(m,...um; Wm+1s---supm), With m = 1,2,..., M. Some of them are straightforward to

obtain but, in particular, the coefficient cxy) (1, m2 ..., ) still represents a challenge, at least
in the present form.

This paper is organised as follows. In Section 2 we review the SL(2)-invariant Yang R-matrix
and provide fundamental tools for the study of the inhomogeneous XXX Heisenberg spin chain
and the corresponding Gaudin model. Moreover, we outline Sklyanin’s derivation of the rational
s£(2) Gaudin model. The general solutions of the reflection equation and the dual reflection
equation are given in Section 3. As one of the main results of the paper, the generating function
of the Gaudin Hamiltonians with boundary terms is derived in Section 4, using the quasi-classical
expansion of the linear combination of the transfer matrix of the inhomogeneous XXX spin chain
and the so-called Sklyanin determinant. The relevant algebraic structure, including the classical
reflection equation, is given in Section 5. The implementation of the algebraic Bethe ansatz is
presented in Section 6, including the definition of the Bethe vectors and the formulae of the off
shell action of the generating function of the Gaudin Hamiltonians. Our conclusions are presented
in Section 7. Finally, in Appendix A are given some basic definitions for the convenience of the
reader.

2. s£(2) Gaudin model

The XXX Heisenberg spin chain is related to the SL(2)-invariant Yang R-matrix [43]

A+n 0 O 0
0 n 0
0 A 0 ’
0 0 A+n

where A is a spectral parameter, 1 is a quasi-classical parameter, 1 is the identity operator and
we use P for the permutation in C> @ C2.
The Yang R-matrix satisfies the Yang—Baxter equation [43-46] in the space C?> ® C? ® C?

Rio(A — ) R13(M) Roz () = Ro3 () R13(M) Ri2(A — ), (2.2)

we use the standard notation of the quantum inverse scattering method to denote spaces on which
corresponding R-matrices R;;, ij =12, 13,23 act nontrivially and suppress the dependence on
the quasi-classical parameter 1 [45,46].

The Yang R-matrix also satisfies other relevant properties such as

R =AL+nyP= 2.1)

oI >

unitarity Rix(M)Ra1 (=3) = (7 = W)L
parity invariance Ry1(A) = Ri2(2);

temporal invariance Ri,(M) = Ri2(M);

crossing symmetry R(A) = 1 R* (=2 — )1,

where £, denotes the transpose in the second space and the entries of the two-by-two matrix J
are Jup = (—1)* 18, 3-p.

Here we study the inhomogeneous XXX spin chain with N sites, characterised by the local
space V,, = C>*! and inhomogeneous parameter «,,. For simplicity, we start by considering the
periodic boundary conditions. The Hilbert space of the system is

N
H= @1 V= (CBHHBN (2.3)
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Following [3] we introduce the Lax operator [41]

N (. o 1 (x+nS,  nS,
Lon() =1+ 2L (60-8p) = - . 24
om (A) +X(UO m) X( nS,,JQ )\_WS% (2.4)

Notice that IL(1) is a two-by-two matrix in the auxiliary space Vo = C?. It obeys

712 C2.m
Ay — A)) o
where ¢ ;, is the value of the Casimir operator on the space V,, [41].
When the quantum space is also a spin % representation, the Lax operator becomes the
R-matrix, Loy (1) = 1 Rom (A — n/2).
Due to the commutation relations (A.1), it is straightforward to check that the Lax operator
satisfies the RLL-relations

Lom (M) Lom (n — A) = (1 + 2.5)

Roo (A — ) Lom (M) Ly (1) = Loy () Lom (M) Roo (A — ). (2.6)
The so-called monodromy matrix
T =Lon(A —an)---Lot(A —a1) 2.7

is used to describe the system. For simplicity we have omitted the dependence on the quasi-
classical parameter n and the inhomogeneous parameters {«j, j =1, ..., N}. Notice that T (1)
is a two-by-two matrix acting in the auxiliary space Vo = CZ, whose entries are operators acting
in H. From RLL-relations (2.6) it follows that the monodromy matrix satisfies the RTT-relations

Roy (A — 1) To(M) Ty (1) = Toy (1) To(A) Rooy (A — ). (2.8)
The periodic boundary conditions and the RTT-relations (2.8) imply that the transfer matrix
t(A) =troT (1), (2.9)
commute at different values of the spectral parameter,

[t(n), 1 (V)] =0, (2.10)

here we have omitted the nonessential arguments.
The RTT-relations admit a central element

AT (A)] = troo Py To (A —1n/2) Ty (A +1/2), (2.11)
where
_ 1-Py 1
P, =——=——Ryy (—n). 2.12
00 ) 2n oo (—1) ( )

A straightforward calculation shows that

[AlT@]. 70| =o0. (2.13)

As the first step toward the study of the Gaudin model we consider the expansion of the
monodromy matrix (2.7) with respect to the quasi-classical parameter n
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N = .3 2 N 1o (S - S
UO‘Sm n O(m n)
TR =147y Ty
» +nm=1k—am+2nmzl(k—am)(k—an)

100 - (S’n X §m) N 15p- <§m X §n)

N
’7_ DR S 100 (S X Sn) \
22:: L G —am O —an) T2 GG —an | T O 1Y

If the Gaudin Lax matrix is defined by [3]

N - 3

Lo =) 0 Sm (2.15)

A—ay
m=1

and the quasi-classical property of the Yang R-matrix [3]

%R(A) =1—nr(0), where r(A) = —? (2.16)

is taken into account, then substitution of the expansion (2.14) into the RTT-relations (2.8) yields
the so-called Sklyanin linear bracket [3]

[L1(A), La()] = [r1i2(A — ), L1(A) + La(w)]. (2.17)
Using the expansion (2.14) it is evident that

a

t(h) = 2+n22 Z m+0(n3). (2.18)

=1n#m

The same expansion (2.14) leads to

n? N o/ o= 3 .
00 - S oy - S,

AIT()] =1+ ntrL(A) + thO/POO/Z<(A am)z_(,\o am)2>
—a, .

m=1
N N 1o <Sm Sn) (Sm Sn)
77
g oo 00';1,;" (= ) (0 — an>+<x—am><x on)

) oy N 09p- (S‘n X §m) N 15p- (5‘,,1 X S’n)
F 00 D | 2 GG e T A GG —an

m=1 \n>m

N [N la‘()w(SnXSm) N 180/-(SmxSn)

n _
+ —troo Pyy +y ——
2 OOmX_:] (=) (=) = = o) (h — )
+ n?trog Py Lo() Lo (W) + O(n), (2.19)

where L(X) is given in (2.15). The final expression for the expansion of A [T (A)] is obtained
after taking all the traces

1
AITON] =1+ n? Z Z m - 5trL2()\) + 0. (2.20)
m=1n#m n
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To obtain the generation function of the Gaudin Hamiltonians notice that (2.18) and (2.20)
yield

2
1) — A[TO)] =1+ %trLz(A) +OW). 2.21)
Therefore
(W) = %tr L*(%) (2.22)

commute for different values of the spectral parameter,

[t(M), (W] =0. (2.23)

Moreover, from (2.15) it is straightforward to obtain the expansion

N N 2 3 N N
2H,, Sm - Sm 2H,, Sm (Sm + 1)
T(A) = + —_— = + , 2.24
*) Zk—am Z()»—otm)z Zk—am Z()\_am)Z ( )
m=1 m=1 m=1 m=1
and the Gaudin Hamiltonians, in the periodic case, are
N > -
S - S,
H, = Z e (2.25)
Uy — Uy
n#m

This shows that 7 (A) is the generating function of Gaudin Hamiltonians when the periodic bound-
ary conditions are imposed [3].

3. Reflection equation

A way to introduce non-periodic boundary conditions which are compatible with the integra-
bility of the bulk model, was developed in [27]. Boundary conditions on the left and right sites
of the system are encoded in the left and right reflection matrices K~ and K. The compatibil-
ity condition between the bulk and the boundary of the system takes the form of the so-called
reflection equation. It is written in the following form for the left reflection matrix acting on the
space C? at the first site K~ (1) € End(C?)

Rio(h —)Ky MR (A + ) Ky (1) = Ky (W Ri2(A + ) K (M) R21 (A — ). (3.1)

Due to the properties of the Yang R-matrix the dual reflection equation can be presented in
the following form

Ria( = MK (WD Rat(=h — i =2 K5 (1)
= K5 (WRi2(—x — = 2K Q) Ray (e — ). (3.2
One can then verify that the mapping
KTO) =K~ (=r—n) (3.3)

is a bijection between solutions of the reflection equation and the dual reflection equation. After
substitution of (3.3) into the dual reflection equation (3.2) one gets the reflection equation (3.1)
with shifted arguments.



N. Cirilo Antonio et al. / Nuclear Physics B 893 (2015) 305-331 311

The general, spectral parameter dependent solutions of the reflection equation (3.1) can be
written as follows [47]

o [E—X YA
K (x)_< b5 g+x>' (3.4)
It is straightforward to check the following useful identities
K~ (—=)K— () = (gz A2+ ¢1/f)) 1 =det(K~(1)1, (3.5)
K (=Aa)=tr K~ (W) — K~ (). (3.6)

4. s£(2) Gaudin model with boundary terms

With the aim of describing the inhomogeneous XXX spin chain with non-periodic boundary
condition it is instructive to recall some properties of the Lax operator (2.4). The identity (2.5)
can be rewritten in the form [41]

772 Sm(Sm + 1) )]l
A —am)(=A + oy +n) .

It follows from the equation above and the RLL-relations (2.6) that the RTT-relations (2.8) can
be recast as follows

Lon G- = am)Lom (=4 + o +1) = (1 + (“.1)

To (1) Roo (L + ) To(h) = To() Rooy (A + ) Ty (), 4.2)

To() Toy (1) Rooy (1t — ) = Roo (e — ) Ty () To (L), 4.3)
where

TO)=Loi(A+ai+n)-- Loy +an +n). (4.4)

The Sklyanin monodromy matrix 7 (1) of the inhomogeneous XXX spin chain with non-periodic
boundary consists of the two matrices 7(1) (2.7) and Tp(A) (4.4) and a reflection matrix K~ ()
(3.4),

To() = ToM) Ky W To(h). (4.5)

Using the RTT-relations (2.8), (4.2), (4.3) and the reflection equation (3.1) it is straightforward
to show that the exchange relations of the monodromy matrix 7 (1) in Vo ® Vy are [41]

Rooy (A — 1) To(M) Ryo (A + ) Ty () = Tor (1) Rooy (A 4 ) To(M) Rorg (A — ). (4.6)

The open chain transfer matrix is given by the trace of 7 (1) over the auxiliary space Vy with an
extra reflection matrix KT (1) [27],

1) =t (KT (W)TM)). 4.7)

The reflection matrix K (1) (3.3) is the corresponding solution of the dual reflection equation
(3.2). The commutativity of the transfer matrix for different values of the spectral parameter

[t(W), 1(w)] =0, 4.8)

is guaranteed by the dual reflection equation (3.2) and the exchange relations (4.6) of the mon-
odromy matrix 7 (4).
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The exchange relations (4.6) admit a central element

AT M1 = troy Poy To(d — n/2)Roy M) Ty (A +1/2). 4.9)
For the study of the open Gaudin model we impose

: + - _(£2_ 42

Jim (K (MK (x)) = (s A2(1+ ¢1ﬁ)> 1. (4.10)

In particular, this implies that the parameters of the reflection matrices on the left and on the right
end of the chain are the same. In general this not the case in the study of the open spin chain.
However, this condition is essential for the Gaudin model. Then we will write

K- () =KO). 4.11)
so that
K*0)=K(—h—n)=K(—)—qM with M:(_(bl ‘f) 4.12)

Remark that the matrix M obeys M2 = (1 + ¥ ¢)1.

The expansion of T (A) is given in (2.14). It is easy to get the expansion for T()L) as introduced
in (4.4) and then, the one for 7 (1). Using the relation (4.12), we deduce the expansion of # (1)
(6.24) in powers of n:

100 =2 (62 =22 (1+91)) =20 (1 +¢¥)

— 1 tro (Mo (Lo (W) KoL) — Ko(A) Lo(—1)))

M S L.
+n2(52—/\2(1+¢1/f)>z< o5 oS )

+
—— (A —am)(X —ap) A+ am)A+ o)
n’7$m
— 1%t Lo(1) Ko(W) Lo(—2) Ko(—2) + O (). (4.13)
Our next step is to obtain the expansion of A[7(A)] (4.9) in powers of 1. We follow the
analogous steps as for the periodic case, and after some tedious but straightforward calculations
we get

AT )1 =2 (3 Ko(R) = troK3(1)) + 2nAtr0Ko(4) tro (LoGIKo(G) = KoG Lo(=)

— 2 (tro {LO(A)Kg(A)} —try {Lo(—k)Kg(A)}) - gtro K20

N S, -S S-S

2y m_on m_on Ko(—2)Ko(x

o m;zl((x—amm—an)+<A+am)<x+an)>“° oA o)
n#m

— 2% trg Lo(A) Ko(h) Lo(—2) Ko(—2)

— 17 tt0 {(Lo (Ko G — KoG Lo(—) Ko(3)}
2
+ 1% (tr0 (Lo (W) Ko(%) — Ko(W)Lo(—)) )

= %210 { (Lo Ko(3) = Ko Lo(=2) ) (LoGIKo ) = KoGLo(=2) )}

%A
+ =t ME+ 0. (4.14)
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Using the relations (3.5) and (3.6) the first term of the expansion above simplifies and the second
and third term together turn out to be propositional to the trace of L(A) (2.15) and therefore
vanish,

AT =21 (8 =22 1+ 99)) = (£ +22 (1 +9w)) +20%4 (82 =22 (1 + 9w

5 ﬁ: Sy - Sn N S - Sp
A =o)X —ay) A+ o)X +ap)

m,n=1

n#m
— 2 trg Lo(A) Ko(h) Lo(—4) Ko(—2)

—  tro((Lo(M) Ko () — Ko(A) Lo(=2)) Ko (1))

+ 1m0 (10 (Loy ) Koy () = Koy () Loy (=1} = LoGI Ko
%)
+ Ko Lo(—2) ) (Lo Ko() = KoGLo(=2) | + 5= (1 + ¢y)

+0(n%). (4.15)

In order to simplify some formulae we introduce the following notation

Lo = Lo() — Ko Lo(—M) Ky ' (L), (4.16)

Using the formulas (4.13) and (4.15) we calculate the expansion in powers of n of the differ-
ence

2409 = AITW] =2 (6 = 2 L+ 6w ) +0 (82 =312 (1 + 6)
— 2021t (MoLo(1)Ko(1)) + 1m0 (LoGIKF (1) )
— n*rtro ((try (Lo (W) Ko (W) Lo — Lo(W) Ko (M) Lo(A) Ko(L))
%)
2
Actually the third and the fourth term in the expression above vanish

(L + o)+ 00, 4.17)

tro (LoGIKF (1)) = 22 tr0 (MoLo()Ko (1)) = tro (L0 () Ko(1)) (Ko (k) — 22Mo))

=0 (LG Ko () Ko(—1)) = (62 =32 (1 + ) ) roLo = 0, (4.18)

due to the fact that the trg Ly is equal to zero. Therefore the expansion (4.17) reads

200 = AT =24 (2 =22 (14 ¢v)) + 71 (62 = 32 (1 +9))

— 7L tro ((troy (Lo (W) Ko (W) Lo — Lo() Ko(h)) Lo(M) Ko (1))

n%A

2
It is important to notice that using the following identity

(1+ov) + 0. (4.19)

try (Lo (M) Ko (1)) Lo — Lo(A)Ko(A) = —Ko (=) Lo(R), (4.20)
the third term in (4.19) can be simplified

tro Ko(—2)Lo(h) Lo(R) Ko = (§2 = 12 (1+ 91 ) tro L3(). (4.21)
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Finally, the expansion (4.19) reads
2409 = ATW] =2 (8 = 22 L+ 9w ) +0 (82 =312 (1 +6)

2 (82 = 22 (1 + 69 ) o L3 6)
2
neA
-5 (+o¥) +0a). (4.22)
This shows that
T(h) =trg L3(V) (4.23)
commute for different values of the spectral parameter,

[t(A), ()] =0. (4.24)

and therefore can be considered to be the generating function of Gaudin Hamiltonians with
boundary terms. The multiplicative factor in (6.31), which is equal to the determinant of K (1),
will be useful in the partial fraction decomposition of the generating function.

With the aim of obtaining the Gaudin Hamiltonians with the boundary terms from the gener-
ating function (6.31), it is instructive to study the representation of Ly(A) (4.16) in terms of the
local spin operators

N on - _'S K ("N)O_'OK 1(}\)) . S_'m
00 - Om ( 0 0

Lo(A) = E + , 4.25
o(A) Y Y ( )

m=1

noticing that

- 2 pt . —1 5
Lo() = i 50 Sn 2 (K5 025n K1)
A— oy Aoy

(4.26)

m=1

Now it is straightforward to obtain the expression for the generating function (6.31) in terms of
the local operators

Y §n -5 S+ (K 05, Kn0) + (K 050K ) - S
= m% G am) =) (= am) Gr + )
(Ko 03K ) - (K7 1S, K G0
+ 4.27)
A+ am)(X +an)
It is important to notice that (4.27) simplifies further
N > > - >
Sm . Sn Sm : Sn
A)=2
=2 ((k — ) —an) | Ot an)
S+ (K 10950 Ka 1) + (K 08, Ka ) - S
" (4.28)

A —apm)X +an)
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The Gaudin Hamiltonians with the boundary terms are obtained from the residues of the
generating function (4.28) at poles A = £a,:

ReSj—q, T(A) =4 H, and Resy—_,, T(1) = (—4) H, (4.29)
where
ol Sm - S N ‘§m : (K_l(am)gnKn(am)) + (K_l(am)s:nKn(am)) : S:m
Hy=) 2m2n o3 " .
" Uy — Oy, 2(am + o) ’
n#m n=1
(4.30)
and
N - >
~ Sy - Su
H, =
Z oy, — oy
n#m
N S (K —am) SuKa(—am) ) + Ky (=) SuKn (=) ) - S
+y° . (43D
2(am + )

The above Hamiltonians can be expressed in somewhat a more symmetric form

H, = i S8, i (Ko (m) S Ko @)} - a4 S (Kon(cm) S K () )
m oy Oy — Oy =1 2(05m + Oln) 5
(4.32)
and
N = o
~ Sm - S
H, = Z om " on
Uy — Qy,
n#m
N _ < —1,_ - - B R 1,
(Km( am)Sme ( O(m)) . Sn + Sn . (Km( Olm)Sme ( am)) s
+ .
n=1 2(atm + atn) (4.33)

The next step is to study the quasi-classical limit of the exchange relations (4.6) with the aim
of deriving relevant algebraic structure for the Lax operator (4.16).

5. Linear bracket relations

The implementation of the algebraic Bethe ansatz requires the commutation relations between
the entries of the Lax operator (4.16). Our aim is to derive these relations as the quasi-classical
limit of (4.6). As the first step in this direction we observe that using (2.16) the reflection equation
(3.1) can be expressed as

(L —nriat — ) K1 (W) (1 — nrar (A + 1)) K2 (1)
= Ko() (1 — npriz + ) K1 (W) (1 — prar (0 — ). (6.1

The conditions obtained from the zero and first order in 7 are identically satisfied for the matrix
K (A). In particular, it obeys the classical reflection equation [25,26]:
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ri2(h — WK1 (M Ko (w) + K1(Mrar(h + w) Ko (w)
=Ky(wWrio + ) K1(A) + Ko (W K1(AM)ra1 (A — ). (5.2)

The terms of the second order in n in (5.1) are

rio(d — wKiM)ra1 (A + w) Ko (u) = Ko (rin(d + w) Ki(A)rag (A — w). (5.3)
This equation is also satisfied by the K-matrix (3.4) and the classical r-matrix (2.16). In addition,
the classical r-matrix (2.16) has the unitarity property

r21(=2) = —ri2(d), 5.4

and satisfies the classical Yang—Baxter equation

riz(A), ra3()] + [ri2(d — ), r1i3(A) +r23(w)] =0. (5.5)
Now we can proceed to the derivation of the relevant linear bracket relations of the Lax operator
(4.16). The desired relations can be obtained by writing Eq. (4.6) in the following form, using
(2.16),
(@ = nroo (2 — ) To(A) (1 — nroo(r + 1)) To (1)
=To (1) (@ = nroo (= + ) To(A) (L — nroo(r — 1)) (5.6)

and substituting the expansion of 7 (1) (4.5) in powers of n

2d*T(n
T0)= KO +n LK+ L 4TH
2 dn?
The zero and first orders in 7 are identically satisfied for the matrix K (1) defined in (3.4). The
relations we seek follow from the terms of the second order in 1 in (5.6). When the terms con-
taining the second order derivatives of 7 are eliminated and Eq. (5.3) is used to eliminate the
other two terms, there are ten terms remaining. Using twice the classical reflection equation (5.2)
and the unitarity property (5.4) one obtains
(Lo Loy (w) = Lo () Lo(A)) Ko(M) Koy (1)
= (roo (A — ) Lo(A) — Lo(A)roo (A — ) Ko(A) Ko () + (Lo(A) Ko (1)roo (A + 1)

— Ko (roo (= + 1) Lo(M)) Ko(A) — (roo(pe — ) Lo (1)

= Lo (wrgo(pn — 1)) Ko(A) Ko () + (Ko(M)roo(p + 2) Lo (1)

— Lo () KoMryo(p + 1)) Ko (). (5.8)

Multiplying both sides of Eq. (5.8) from the right by KO_1 ()‘)Ko_/l (m), (5.8) can be express as

ly=0 + O*). (5.7)

[£0G0), Lo Gl = [roy (= 1) = Ko (roo G + 10Ky (1), Lo(0)]
—[ro0te =2 = Koot + K5 ). Lo w)] - (5.9)
Defining

roor Ors 1) = roor O — 1) — Ko (roo O+ i) K, ' (), (5.10)

(5.9) can be written as
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[£000. Lo (W] = [rfy (h. ). Lo | = [ o 2). LoGo) | (5.11)

The commutator (5.11) is obviously anti-symmetric. It obeys the Jacobi identity because the
r-matrix (5.10) satisfies the classical YB equation

[r§5 03, 22), ris (1, A1 + [rfs O, A2), {5 (i, A3) + 735 (Ra, 43)] = 0. (5.12)
The commutator (5.11) can also be recasted as an (t, s) Maillet algebra [48]. In the following we
study the algebraic Bethe ansatz based on the linear bracket (5.11).

6. Algebraic Bethe ansatz

Our preliminary step in the implementation of the algebraic Bethe ansatz for the open Gaudin
model is to bring the boundary K-matrix to the upper, or lower, triangular form. As it was pointed
out in (3.4), the general form of the K-matrix (4.11) is

> §—1 YA )
K="~ . 6.1
) ( Fr £+ (6.1)
It is straightforward to check that the matrix
11— &
v=("'7" ¢ ). 6.2)
[0) —1—-v

with v =+/1 4 ¢ ¢ , which does not depend on the spectral parameter A, brings the K-matrix to
the upper triangular form by the similarity transformation

g E—lv MY
KA =UT'KMU = : 6.3
) ) < 0 £+ M) (6.3)
where Y = 5 + J Evidently, the inverse matrix is
_ 1 E+rv =AY
1 —
K W—m< 0 g-m)' (6.4
Direct substitution of the formulas above into (4.25),
N - e pd 71 P
H®R)  FQ) 00 Sm |, Ko(R)ooKy (1) - Sy
A) = = 6.5
o) <m) —Hm) ;(A—anﬁ ot am | ©2
yields the following local realisation for the entries of the Lax matrix
N
St (E+rv)SH
E() = m n , 6.6
*) E(A—aﬁ@—xvxwam)) (©©
N — 2 ¢— 2,12 ¢+ 3
—A - A —2A —A
= \—ay, & +20)(E =20+ an)
N
s3 A SE 4 (E—av)S3
H) = n m ). 6.8
@ §<A—am+ & — 30)(h + o) > ©9

The linear bracket (5.11) based on the r-matrix réfy (X, ) (5.10), corresponding to (6.3), (6.4)
and the classical r-matrix (2.16), defines the Lie algebra relevant for the open Gaudin model
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[E(). E(0)] =0, 6.9)

2 _
[H(3). EG)] = 75— (x E(u) - VME(/\)) , (6.10)

—u — v

2y
EMN, F =—“F(
(EG), Fl = s s EG)
& — ;w E+ v
;ﬂ( HGo = o MH()»)> 6.11)
(), H(w)] = —“’ ( Y G- m)> 6.12)
o E— £ — '

22 2
[H(k),F(u)]=L< H(u)—%ﬂb)

A+ \E—2v g2
2 €+ Av
-~ (x F(p) — : +u ,uF(A)), (6.13)
2y
1FG). )= 2 (s ) ))
292 A2 12
At (EZ—)L%?H(“)_WH(M)' (6.14)

Our next step is to introduce the new generators e(A), h(A) and f(A) as the following linear

combinations of the original generators
&+ v A
A 28

1
f) = 3 (E+A)FA) +YAH (L)) . (6.15)

e(A) =

1
EQ), h=5 (H(K) - EO»)) ;

The key observation is that in the new basis we have

[e(), e()] = [h(), k()] = [f), fF(w)] =0. (6.16)

Therefore there are only three nontrivial relations

2
[0, €G] = 575 (e0) =€), (6.17)
2yrv 2 2
(1), 0] = 35— 0 = FO) = Gz (1P =320
2
- (AZ—WW (ke —22e)), (6.18)
__ 2y 2 2
[6()\), f(M)] = m (,u e(n) — A e(k))
4 2 2.2 2 2.2
e (€ =2 = @ =27k ). (6.19)

In the Hilbert space H (2.3), in every V,,, = CZ+1 there exists a vector w,, € V,, such that

83 wm = smwy  and St w, =0. (6.20)
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We define a vector Q4 to be
Q=01 Q- -Quwny eH. (6.21)

From the definitions above, the formulas (6.6)—(6.8) and (6.15) it is straightforward to obtain the
action of the generators e(X) and /(1) on the vector Q24

e(M)Qy =0, and h(M)Q: =p(A)Q, (6.22)
with
1 N K Ry N 2s
) = — U m = S L 6.23
) A%(A—o{m+k+am) ,,,Z_lkz—afn 623)

The generating function of the Gaudin Hamiltonians (6.31) in terms of the entries of the Lax
matrix is given by

T(A) =trg L3(A) =2H> (M) +2F M ER) + [E(L), F(W)]. (6.24)

From (6.11) we have that the last term is

£ +2%? : v
i A2v2)AH(A) —2H' (M) + F

and therefore the final expression is

[EQ), F(M)]=2

E()), (6.25)

§2 +)»2U2 1/j
(2 — 2220 E+ v
Our aim is to implement the algebraic Bethe ansatz based on the Lie algebra (6.16)—(6.19).

To this end we need to obtain the expression for the generating function t(A) in terms of the
generators e(X), h(A) and f(A). The first step is to invert the relations (6.15)

) =2 <H2(A) + HO) — H/(A)) + <2F(x) + ) E().  (6.26)

E)) = Py e(A), (6.27)

HM=A|h(L ya A 6.28

()—(()—me())7 (6.28)
w2)\’2

FQ) = E (f(k) —YAh(d) + mf?@»)) (6.29)

In particular, we have

H*(A) =22 (hzm P ohyer) — [h(), e + ﬂez(m)
26(E — Av) ’ 482( — av)?

YA e'(L) V22 )
=22 (n20) — ————(2h(V)e(r A) ). (6.30
( ® 2s(s—xv)< MW+ =57 ) age— a2t ) O30
Substituting (6.27)—(6.30) into (6.26) we obtain the desired expression for the generating function

2 /
r() =22 (hzm + Qiﬁh(}\) _h ;“)
2)\,2 w)\’zv w2)\’2 wv
e <f(/\) ) + et = ?> (). 6.31)
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An important initial observation in the implementation of the algebraic Bethe ansatz is that
the vector 24 (6.21) is an eigenvector of the generating function 7 (1), to show this we use the
expression above, (6.22) and (6.23)

222p(0) P’V
TR = xo(M) Qs =212 <,0 )+ SRR Q.. (6.32)
using (6.23) the eigenvalue xo(X) can be expressed as
N N 2 N
Sm (Sm + 1) Sm 28y
xo(3) =82 Z 222 +Z el (eI Z s || 633
ot (A — o) mz]k —az |\ E4 =212y rnd of, — oh

An essential step in the algebraic Bethe ansatz is a definition of the corresponding Bethe
vectors. In this case, they are symmetric functions of their arguments and are such that the off
shell action of the generating function of the Gaudin Hamiltonians is as simple as possible. With
this aim we attempt to show that the Bethe vector ¢ (1) has the form

p1(w) = (f () +c1(w) 2y, (6.34)

where cq(w) is given by

_ Y
== (1-wow). (6.35)
Evidently, the action of the generating function of the Gaudin Hamiltonians reads
TMe1() = [T, f ()] 2+ + X0 @1 (w). (6.36)

A straightforward calculation show that the commutator in the first term of (6.36) is given by

2 2

8
A), Q=——— A
[0 re] e =775 (p( T 2) o1(w)
81267 — uhv?) v?
—_— A). 6.37
(2 = uH)E =022 2 —u2v2>‘“( : €0
Therefore the action of the generating function 7 (1) on ¢ () is given by

8A2(E%2 — u?v?) 2
(A2 — u?)(E2 = A2v?) m) P1(2),
(6.38)

(p(u) +

(M1 () = x1 (&, wWer () + (p (n) +

with
812 2
x1(h, 1) = xo(d) — 22 (p(k) + m) : (6.39)
The unwanted term in (6.38) vanishes when the following Bethe equation is imposed on the
parameter (.,

2

p(w) + ‘(EZJ)W —0. (6.40)

Thus we have shown that ¢ (1) (6.34) is the desired Bethe vector of the generating function 7 ()
corresponding to the eigenvalue (A, u).
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We seek the Bethe vector @2 (1, (o) as the following symmetric function

@201, 12) = (1) £ () + S (uas jen) £ (1) Q4
+e37 (s o) f () Rr + €57 (. 102) R, (6.41)

where the scalar coefficients cél)(u 1; 2) and cé )(M 1, o) are

2 2
¢ (s p2) = —@(1 I 2), (6.42)
§ M1 — M3
@ Y (€2 =3u3vD)p(m) — (2 = 3upv?)p(ua)
¢ (p1,pm2) =——5 >
v My — 13
+ (& — (ui + u%)vz)p(m)p(m). (6.43)
One way to obtain the action of T(A) on ¢ (u1, 12) is to write
T(M)@2(p1, n2)
=[x, £@0]s Fu] @+ (£ 2+ i 1)) [£ G, S ()] R4
+ (f(m) + e (uis Mz)) [TV, f(u)] 21 + XoMW @21, 112). (6.44)
Then to substitute (6.37) in the second and third term above and use the relation
(f(ul) + cg)(m; Mz)) @1(p2)
212
=@2(u1, m2) — ra 2 —ZM% e1(p1)
2 _ 2
(e Gur, 1) — 1 uner (u) + 22D ZIAU Y o (a)
§ My — K3

which follows from the definition (6.41). A straightforward calculation shows that the off shell

action of the generating function 7(A) on ¢y (11, 12) is given by
2
81282 — u}r?)
(32 = ) (E = 27v?)

T(M@2(1a1, 12) = x2(hs 1, 122 (1, m2) + )
i=1

2

v 2
x| p(ui) + G I ) )fﬂz(?»,ﬂai), (6.46)

( E2—puiv: i -y
with the eigenvalue

2. 82 2 1
A, L1, = xo(A) — —_— A+ — . 6.47
XaOh, a1, p2) = xo(h) l;ﬂ—uf PN+ e (6.47)

The two unwanted terms in the action above (6.46) vanish when the Bethe equations are imposed

on the parameters 1 and uo,
p2 2
=0, (6.48)

p(ui) + -
E2—upv? ul-u3
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with i = 1, 2. Therefore ¢y (111, 12) is the Bethe vector of the generating function of the Gaudin
Hamiltonians with the eigenvalue x2(X, w1, 2).

As our next step we propose the Bethe vector ¢3(ut1, 2, 13) in the form of the following
symmetric function of its arguments

0301, 2, 13) = £ (1) f(12) f (13) 2+ 5 (s . 13) f (12) f (13) 2+
+63)(u2 w3 ) f(3) ()R + 5 (usi . w2) £ () f ()9
o5 (. s u3) £ (1) + 5 (2, 3t i) £ ()2
+ e (s s 1) £ (n2) Qe+ €57 (. 2, 143)2 (6.49)
where the three scalar coefficients above are given by

Yv 2u3 2u?
s o, ) ==~ | 1= wip(u) + 5+ 5|, (6.50)
§ MY — MKy K7~ M3

2
C§ N, s 13)

wZ 52 2 2 2 52 _SM%VZ 2
T 2 IO(I‘LI) ) 2] 2 2 p(MZ) ) 2
v 1= 13 M1 — 13 MY — M3 M3 = M3

wz 2 2 2y, 2 2 2
—?(5 — (] + u3)v7) ,O(Ml)—m /)(Mz)—ﬁ ) (6.51)

My — M3

3
C; (w1, w2, 13)

PP (4 (B V) (] =53+ pp)v? o)
viEe (1t — u3)(uf — u3)

484 + (82 4+ p3v?) (4p3 — 53 +

E4 4 (82 + udv?) (4us — 5(u3 + 1) v? o)

(13— 33 —ud)
4 4+ 2+ 2.2 4 2_5 2+ 2 2
n § (5 %3”)2( “32 (/2‘1 P‘z))v p(u3)
(M_?,_Ml)(ﬂg,_,ug)

v3 (6207 (u] + 13 — wiud + 203 (15 + p3) = 5p3) — (28* — i pdv?) (uf + w3 — 2143)
S 2 2. 2 p(p1)p(p2)
V3§ (M] _/ng)(ﬂz_llg)

E207 (15 + 1 — w33 + 207 (43 + 13) = 5ud) — (28* — p3u3v?) (w3 + 13 —249)

+ 2= 12— id) p(u2)p(13)
4 (st - i +205 (1 o) —Su) - (8! - i) o)
(u3 — u) Uy — p13)
w3
— Toe (282 = (13 + 13 +43) ) p 002D (1) 6.52)

A lengthy but straightforward calculation based on appropriate generalisation of (6.44) and (6.45)
shows that the action of the generating function 7 (1) on @3(u1, K2, 13) is given by
3

8A%(E2 — piv?)
T(M)@3 (11, w2, 13) = x3(h, 1, wap3)@3 (i, pa, M3)+Z '

(A2 — u?) (2 — 22v2)
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2 3

: s 2 i) 6.53
X pw’”éz—u?vz_;u?—;ﬂ 0300 il (6.53)

where the eigenvalue is

3 3
82 2 1
Ao o, 3) = xo) = Y ——— [ p0) + -> . (6.54
x3(&, 1, w2, 13) = xo(2) Lz 2 p(A) 20,7 2 kz—u? (6.54)

The three unwanted terms in (6.53) vanish when the Bethe equation are imposed on the parame-
ters [,

P+ s Z > =0, (6.55)
i KT 13 j
withi =1, 2, 3.
As a symmetric function of its arguments the Bethe vector g4 (101, (o, (3, iLa) is given explic-
itly in Appendix B. It is possible to check that the off shell action of the generating function t(A)
on the Bethe vector g4(u1, 2, 13, (a) is given by

T(AM) @41, m2, 13, 14)
4

8327 — uiv?)
= x4(h, 1, 2p3) 94 (ian, o, 143, M4)+Z :

(A2 — u?)(E2 —222)

2 4
v 2
X P(Mi)‘i‘m —Zm Qa(h, {pejtjzi), (6.56)
vt G M
with the eigenvalue

to8a2 V2 S |
xa(A, ﬂlvHZ,M3’M4)=XO(A)_Zm p()t)—Fm—Zm
i=1 ! J#I J

(6.57)

The four unwanted terms on the right hand side of (6.56) vanish when the Bethe equation are
imposed on the parameters u;,

P+ s Z > =0, (6.58)
j# M Hj
withi =1,2,3,4.
Based on the results presented above we can conclude that the local realisation (6.6)—(6.8) of
the Lie algebra (6.15)—(6.19) yields the spectrum xps (A, 1, ..., tpr) of the generating function
of the Gaudin Hamiltonians

M g0 2 M 1
()"a 1seees = )\' - )L + o
Xt Gos 11 ) = x000) ;AZ_M% P+ a ;Xz_,@

(6.59)
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and the corresponding Bethe equations which should be imposed on the parameters w;
2 M
v 2
i)+ ———=5—= — — =0, 6.60)
P %-2 _MiZVZ ; /‘L,Z —,LL% (

where i = 1,2, ..., M. Moreover, from (4.29) and (6.59) it follows that the eigenvalues of the
Gaudin Hamiltonians (4.32) and (4.33) can be obtained as the residues of xus (A, t1, ..., Ly) at
poles A =+,

1
Em = —ReSj—a, xm (X, 1, ..o, iy)

4
N M
Sm(Sm + 1) V2 25, 1
=0t | 351+, 55 | —20mm ) ——,
2an Frartla-a DB
(6.61)
and
~ 1
gm = _ZReS)L:—amXM()\" 75 ,LLM)
N M
Sm(sm + 1) 2 28y 1
=4Sy | 5———=+ —— | 205, e S—
2an Frartla-a DB
(6.62)

Evidently, the respective eigenvalues (6.61) and (6.62) of the Hamiltonians (4.32) and (4.33)
coincide. When all the spin s, are set to one half, these energies coincide with the expressions ob-
tained in [42] (up to normalisation). The Bethe equations are also equivalent, the correspondence
between our variables and the one used in [42] being given by (the left hand sides correspond to
our variables, the left hand sides to the ones used in [42]):

_ A Om § &

M= m ST ST (€69

However, explicit and compact form of the relevant Bethe vector ¢p (i1, 12, ..., ), for
an arbitrary positive integer M, requires further studies and will be reported elsewhere. As it
is evident form the formulas for the Bethe vector p4(1e1, o, (3, a) given in Appendix B, the
main problem lies in the definition the scalar coefficients cg,")(ul, ooy M M1y - - - s WM ), With
m=1,2,..., M. Some of them can be obtained straightforwardly, but, in particular, the coeffi-
cient cgy)(m , 2, ..., ) still represents a challenge, at least in the present form of the Bethe
vectors.

7. Conclusion

Following Sklyanin’s proposal in the periodic case [3], here we have derived the generating
function of the Gaudin Hamiltonians with boundary terms. Our derivation is based on the quasi-
classical expansion of the linear combination of the transfer matrix of the XXX Heisenberg spin
chain and the central element, the so-called Sklyanin determinant. The corresponding Gaudin
Hamiltonians with boundary terms are obtained as the residues of the generating function. Then
we have studied the appropriate algebraic structure, including the classical reflection equation.
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Our approach to the algebraic Bethe ansatz is based on the relevant Lax matrix which satisfies
certain linear bracket and simultaneously provides the local realisation for the corresponding Lie
algebra. By defining the appropriate Bethe vectors we have obtained the strikingly simple off
shell action of the generating function of the Gaudin Hamiltonians. Actually, the action of the
generating function is as simple as it could possible be since it almost coincides with the one
in the case when the boundary matrix is diagonal [20]. In this way we have implemented the
algebraic Bethe ansatz, obtaining the spectrum of the generating function and the corresponding
Bethe equations.

Although the off shell action of the generating function which we have established is
very simple, it would be important to obtain more compact formula for the Bethe vector
om (1, U2, ..., p), for an arbitrary positive integer M. In particular, simpler expression for
the scalar coefficients cgzl)(,ul, e My M1y -+ M), Withm = 1,2, ..., M would be of ut-
most importance. Such a formula would be crucial for the off shell scalar product of the Bethe
vectors and these results could lead to the correlations functions of Gaudin model with boundary.
Moreover, it would be of considerable interest to establish a relation between Bethe vectors and
solutions of the corresponding Knizhnik—Zamolodchikov equations, along the lines it was done
in the case when the boundary matrix is diagonal [20].
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Appendix A. Basic definitions
We consider the spin operators S* with « = +, —, 3, acting in some (spin s) representation
space C>*! with the commutation relations
[$3, st =+5*, [St,S]1=25°, (A1)
and Casimir operator
1 - o
o= (5% + S(STSTHSTST) = (32 + 83 +57sT=5-5.
In the particular case of spin % representation, one recovers the Pauli matrices
oL a1 % 2
2 2\ 284 —8a3 /)’

We consider a spin chain with N sites with spin s representations, i.e. a local C***! space at
each site and the operators

S,‘j‘1=]l®.--® S ®---®1, (A2)
m

withe=+,—,3andm=1,2,...,N.
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Appendix B. Bethe vector ¢4(p1, K2, L3, IL4)

Here we present explicit formulas of the Bethe vector ¢g4(u1, 2, 13, a). The vector
©4(L1, U2, 13, (4) 1S a symmetric function of its arguments and is given by

0a(r, 2, 13, 144)
= F(u) £ (2) £ (13) f (1) Qs + 5 (uas i, . 103) £ () f () f (143) 24

+e§” (uas i ma, a) £ () £ (2) f (1) 2+
+ 8" (uas i ma, a) £ () £ (13) f (1a) 2+
el (s . w3, ia) £ (1) £ (103) f () Qs + € (13, s i, 102) £ (1) f (2) 24
+ el (ua. s s m3) £ () f (3) 2 + ¢ (o, s s ) £ () f ()24
+ e (. s pa, m)f(m)f(m)m+c4)(m,u3 w2 ) f (o) f(a) Q2
e (. i s, a) £ (13) f (ua) g + ¢ (. s, pas ) f (1012
o (. . s ) F ()2 + €5 (. . s 13) f (13) 24

+ e (s o, s 1) F () 2p + ¢ (1, 2, s, 1) 2y (B.1)
where the four scalar coefficients are
4 2
1 Yv 21
Ci)(m;uz,m,m):—? (1—u’f‘p(m>+z . 12>, (B.2)
i=2 1T i

2
CQ N(w1, w2; 13, 11a)

oyt (8= 3udv o2
=—7 (4//« (p(m)—242 )

w Su-u
4
%-2_3M2v2 2 .(pZ ) 5 . 5
- | P - Z — & = (i + v
2 2 2 2 2
Hy — Ky j= My — K5 v
to2
X(,O(m)— ) p(u) =Y —— | (B.3)
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