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a b s t r a c t

We solve optical Bloch equations (OBEs) for the atomic scheme that consists of four atomic levels which
constitute double-lambda (DK) configuration i.e. two K systems sharing the same two ground levels. DK
atomic scheme has being used as a basis for many interesting applications in atomic physics and nonlin-
ear optics. It was studied in the context of electromagnetically induced transparency (EIT) Shpaisman
et al. (2005) [1], four-wave mixing Baolong et al. (1998) [2], lasers without inversion Kocharovskaya
et al. (1990) [3], etc. More recently, efficient application of DK scheme led to the development of phe-
nomena like slow and stored light Eilam et al. (2008) [4], quantum mechanical entanglement of two
beams of light Boyer et al. (2008) [5] and squeezed light Imad et al. (2011) [6].

Typically, a numerical solution of OBEs is used in the theoretical treatment of atomic system of two K
schemes. In this work, interactions of four laser fields driving a DK level scheme were analyzed by using
perturbative method to solve OBEs Dimitrijević et al. (2011) [7]. Perturbative method produces simpler
solutions such that analytical expressions can be obtained. The comparison of results obtained using
lower-order corrections of perturbative method, and the exact calculations using optical Bloch equations
is presented. Analytical expressions provide valuable information about processes that occur in the DK
atomic system. These informations cannot be deduced from the numerical solutions of the OBEs for
the same atomic scheme.

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

Interference of different excitation channels during atom–laser
excitations allows development of variety of interesting phenom-
ena. One can control and modify properties of coherently prepared
media by using different excitation channels in atomic schemes.
These include various multilevel atomic schemes like three-level
V, K and ladder systems. Four-level atomic systems have recently
attracted great attention. One of the most studied four-level atomic
scheme is a DK configuration. Of particular interest are DK sys-
tems in which four atomic or molecular states are coupled with
four near-resonant laser beams such that a closed loop is formed.
It has been indicated already that DK atomic systems have variety
of interesting applications [1–6].

In this paper, we obtain analytical expressions for the density
matrix elements by using the perturbative method [7] to solve
OBEs written for a DK system. This method was recently applied
to a different atomic system, one which allows electromagnetically
induced absorption [8] to be developed. The analytical expressions
for the lower-order corrections are often a source of valuable

information about processes that occur in a DK atomic scheme.
Such additional knowledge cannot be deduced from the numerical
solutions of the OBEs. We apply the perturbative method to the DK
atomic system when the conditions for observing electromagneti-
cally induced transparency [9] are present. We investigate the role
of narrow Lorentzian peak, found in the analytical expression of
ground-state coherences, for the development of EIT. The method
allows us to follow transfer of the narrow Lorentzian from the
second correction to higher order corrections of different density
matrix elements, optical coherences, populations.

2. Model for calculations of interaction of DK with lasers

2.1. Optical Bloch equations

We calculate elements of density matrix q for the DK interac-
tion scheme i.e. four continuous-wave lasers coupling four atomic
levels (see Fig. 1). We solve steady-state OBEs given by:

i
�h
½bH0; q̂� þ

i
�h
½bHI; q̂� þcSE þ cq̂ ¼ cq̂0: ð1Þ

In Eq. (1) Hamiltonian bHI describes the interaction of lasers with
atoms in a DK configuration, bH0 represents the internal energy of
DK atomic levels, cSE is abbreviated spontaneous emission operator
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with the rate C for both excited-state levels, 3 and 4. Term cq̂
describes the relaxation of all density matrix elements due to the
finite time that atom needs to cross the laser beam, typically much
shorter than the life time of investigated coherences. Term cq̂0 de-
scribes the continuous flux of atoms to the laser beam, with equal
population of two ground-state levels. The detailed system of OBEs
for the 4-level atom is given in A.

The system of equations given by Eq. (1) introduces implicitly
several new quantities that will be used in the following text. Rabi
frequencies of lasers A,B,C and D in Fig. 1 are XA;B;C;D. Laser light
detunings from the corresponding atomic frequencies are DA;B;C;D.
Detuning between ground levels 1 and 2 is DR � DA � DB ¼
DC � DD, and between excited levels is DE ¼ DC � DA ¼ DD � DB. Rel-
ative phase between lasers is U ¼ ðuA �uBÞ � ðuC �uDÞ, where
uA;B;C;D are lasers phases.

2.2. Perturbative method

Here we describe perturbative method [7] used to solve OBEs
for the four-level system. We start from OBEs in the matrix form,
Ax ¼ y, where x represents the column of density matrix elements
fq11;q12 . . .q44g, A is the system’s matrix and y is a non-homoge-
nous part. In order to apply perturbative method, elements of ma-
trix A are separated into unperturbed and perturbed part,
A ¼ A0 þ Apert . The elements of matrix Apert are taken as perturba-
tion and are much smaller than elements of A0. Unperturbed part
and corrections of density matrix are solved in the iterative man-
ner as:

x0 ¼ �A�1
0 y;

xnþ1 ¼ �A�1
0 Apertxn:

ð2Þ

Density matrix element obtained by perturbative method con-
sist of unperturbed part x0, and series of successive corrections
xn, where n is the iteration number. As it turns out, a density-ma-
trix element does not have to be corrected by every-order correc-
tion. Instead, depending on the choice of perturbation, only it’s
certain-order corrections can be non-zero.

3. Results and discussion

3.1. Choice for perturbation

When elements of the matrix Apert are much smaller than those
of A0, the sum of corrections converge, after several iterations, to
the exact solution. By the exact solution we mean the numerical
solution of the system of equations, Eq. (1), written for the atomic
system given in Fig. 1. There are also other limitations of the

perturbative method [7]. First, the system of equations (Eq. (1))
has to be non-homogenous. This is ensured for OBEs given by
Eq. (1) because the relaxation with rate c is included. Also, as seen
from Eq. (2), the matrix A0 has to be invertible. Therefore, not all
choices of perturbation are possible.

We do not consider spontaneous emission as perturbation, be-
cause this would require that Rabi frequencies, as part of matrix
A0, satisfy XA;B;C;D � C. For very strong laser light fields system of
equations given by Eq. (1) needs to be modified to include other ef-
fects into OBEs. Relaxation with c is also not possible as the pertur-
bation, because c ensures non-homogeneity of the system of
equations. For the large enough Rabi frequencies XA;B;C;D �
DA;B;C;D, the choice of taking detunings DA;B;C;D as perturbation is
possible.

Our analysis shows that interaction of DK with either one, two,
three or four lasers is also possible choice for perturbation for the
small enough magnitudes of Rabi frequencies XA;B;C;D. Besides
numerical solution of Eq. (2), we also calculate analytical expres-
sions of the lower-order corrections of density matrix elements.
Considering the interaction of DK atomic scheme with all four
lasers as perturbation yields the simplest analytical expressions
for the lower-order corrections. If the interaction with a laser is
not taken as perturbation, it is then a part of the unperturbed part,
matrix A0. Perturbation method requires calculation of the inverse
matrix of A0 and increase of terms in A0 leads to too complex
expression for A�1

0 which is not favorable for analytical calcula-
tions.

3.2. Example for EIT

We present results of the perturbation method applied to the
system of four lasers interacting with a four-level atom, consider-
ing all laser interactions as perturbations. We choose parameters
so that EIT can be observed. Mathematically, this requires the con-
dition bHIjDSi ¼ 0 (where jDSi is a dark state), which in turn yields
the specific relations to field phases, frequencies and amplitudes:
U ¼ 0;DR ¼ 0;XBXC ¼ XAXD [10].

Results are obtained for Rabi frequencies XA ¼ 0:001 C;XB ¼
0:0001 C;XC ¼ 0:002 C and XD ¼ 0:0002 C, detunings DA;DC are
equal to zero. We vary DR ¼ �DB ¼ �DD around zero. Phases of
all four lasers are equal to zero uA;B;C;D ¼ 0 and their relative phase
too. We calculate steady-state OBEs by normalizing equations i.e.
parameters to C, where we take C ¼ 1, while for the relaxation rate
we take c ¼ 0:01 C. With these parameters, we have that lasers A
and C are strong (pump lasers), while B and D are probe lasers
whose frequencies are varied around the corresponding atomic
resonance. Solutions of perturbative method, with the choice of
perturbation discussed here, are such that odd corrections contrib-
ute only to optical coherences, while even corrections affect other
elements of density matrix.

Fig. 2 shows results for the corrections (a) and sums of low-or-
der corrections (b) of the imaginary part of density matrix element
q23 as a function of the detuning DR. This quantity is proportional
to the imaginary part of complex susceptibility i.e. the absorption
coefficient of laser B. The absorption of other lasers i.e. optical
coherences, which we do not present here, show similar dependen-
cies on DR. From Fig. 2 (b), where we also presented q23 obtained
from the exact numerical solution of the OBEs, it is obvious that
the sum of corrections (plus unperturbed part) converges after sev-
eral iterations to the exact solution of OBEs and that the behavior
of density-matrix element is dominantly determined by its first
non-zero corrections.

Results in Fig. 2 show that narrow EIT resonance appears after
including higher order (n P 3) corrections of q23. The perturbation
method reveals that the narrow resonances first appear in the sec-
ond correction of the ground-state coherences, qx2

12 and qx2
21. Also,

Fig. 1. Interaction scheme – DK configuration of levels that interacts with four laser
light fields A,B,C and D.
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these are the only density-matrix elements showing such narrow
resonance in the second correction. These two narrow resonances
found in qx2

12 and qx2
21 are transferred, by the iterative procedure,

to higher-order corrections and lead to the development of EIT.
The analytical expression for the second correction of ground-

state coherence, qx2
12, is:

qx2
12 ¼ �

2ð2cþ Cþ iDRÞ
cþ iDR

� eiðuA�uBÞXAXB

ð2cþ Cþ 2iDAÞð2cþ C� 2iDA þ 2iDRÞ

�

þ eiðuC�uDÞXCXD

ð2cþ Cþ 2iDCÞð2cþ C� 2iDC þ 2iDRÞ

�
; ð3Þ

while qx2
21 is the complex conjugate. Analytical expression for qx2

12

represents the sum of products of complex Lorentzians (CL). For val-
ues of parameters we used here, terms within square bracket in Eq.
(3) contain very wide CLs, since C� c and C� DA;B;C;D. Next, we
approximate wide CLs with 1

C and obtain simple analytical expres-
sion in the form of a single narrow complex Lorentzian (nCL):

qx2
12 ffi nCLðDRÞ ¼ �

2ðeiðuA�uBÞXAXB þ eiðuC�uDÞXCXDÞ
Cðcþ iDRÞ

ð4Þ

Real part of nCLðDRÞ is the analytical expression of the narrow res-
onance which, as mentioned above, appears when q23 is plotted
against detuning DR.

In Fig. 3 we compare dependence of the optical coherence q23

and of the second correction of the ground-state coherence qx2
12,

on the relaxation rate c. Linewidths and amplitudes of two reso-
nances were obtained from fitting numerical results to the sum
of very wide and one narrow Lorentzian. Results given in Fig. 3
show that these two resonances have very similar dependence
with respect to c. From analytical expression given in Eq. (4) it
can be seen that, for DK system, dependence of EIT’s amplitude
on c can be approximated with � 1

c. Linewidths of EIT can be
approximated by � c.

For the comparison between the second correction of ground-
state coherences and the exact solution for EIT, given in Fig. 3,
we have fitted EIT to the sum of very wide and one narrow Lorentz-
ian. Results from Fig. 2 show that the narrow peak developed in the
third correction of q23 is numerically nearly equal to the EIT ob-
tained from the exact solution of the OBEs. We do not present
analytical expression of qx3

23 here since it is just too long. Its form
also represents sum of product of CLs, such that some products
are only products of wide CLs, and only one is product of wide
and one narrow CL. It turns out that the only term showing narrow

resonance is the term 2ieiuA XA
2cþCþ2iDA�2iDR

qx2
21. All other terms (products) in

analytical expression of qx3
23 are responsible for the broad pedestal

around EIT resonance which can be seen in Fig. 2.

4. Conclusion

In conclusion, we have demonstrated how the interaction of a
DK atomic scheme with four laser light fields can be treated in a
perturbative manner. We presented the example for DK under
the conditions when EIT can be observed. Results show that the
narrow Lorentzian found in the second correction of ground-state
coherences represents an onset of the EIT in all latter corrections
and the final solution. We present simple analytical expression
for the second correction of ground-state coherences and discuss
in which way it affects the final solution for the EIT.
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(a)

(b)

Fig. 2. Successive non-zero corrections (a) and sums of non-zero corrections (b) for
density matrix element q23. In (b) exact solution is given by magenta curve.

(a)

(b)

Fig. 3. Comparison of amplitudes (a) and widths (b) on the relaxation rate c
obtained from profiles of the imaginary part of exact solution of q23 (black curves)
and the second correction of ground-state coherence qx2

12 (red curves). Red curves is
figure (a) were normalized with constant number for the easier comparison with
black curves. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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Appendix A. Optical Bloch equations

Optical Bloch equation for the four-level atom are:

_qij ¼ i
X

k

ðqikRkj � RikqkjÞ þ iDijpij þ Gij � cqij

þ c
2

dijðdi1 þ di2Þ; i; j ¼ 1;2;3;4; ðA:1Þ

where matrices describing certain terms from Eq. (1) are intro-
duced. G is matrix with elements describing spontaneous emission:

G ¼ C

1
2 ðq33 þ q44Þ 0 � 1

2 q1;3 � 1
2 q1;4

0 1
2 ðq33 þ q44Þ � 1

2 q2;3 � 1
2 q2;4

� 1
2 q3;1 � 1

2 q3;2 �q3;3 �q3;4

� 1
2 q4;1 � 1

2 q4;2 �q4;3 �q4;4

0
BBBB@

1
CCCCA;

elements of matrix D are detunings of lasers from the corresponding
atomic frequencies:

D ¼

0 �DR �DA �DC

DR 0 �DB �DD

DA DB 0 �DE

DC DD DE 0

0
BBB@

1
CCCA;

R is matrix with Rabi frequencies describing the interaction part
of the Liouville equation:

R ¼

0 0 eiuAXA eiuC XC

0 0 eiuB XB eiuD XD

e�iuAXA e�iuB XB 0 0
e�iuC XC e�iuD XD 0 0

0
BBB@

1
CCCA

and q is density matrix.
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Abstract
In this work we study propagation dynamics of two counter-propagating lasers, a
continuous-wave (CW) laser and the pulse of another laser, when both lasers are tuned to the
Fg = 2→ Fe = 1 transition in 87Rb, and can therefore develop Hanle electromagnetically
induced transparency (EIT) in Rb vapor. We calculate the transmission of both lasers as a
function of applied magnetic field, and investigate how the propagation of the pulse affects the
transmission of the CW laser. Vice versa, we have found conditions when the Gaussian pulse
can either pass unchanged, or be significantly absorbed in the vacuum Rb cell. This
configuration is therefore suitable for convenient control of the pulse propagation and the
system is of interest for optically switching the laser pulses. In terms of the corresponding
shapes of the coherent Hanle resonances, this is equivalent to turning the coherent resonance
from Hanle EIT into an electromagnetically induced absorption (EIA) peak. There is a range
of intensities of both the CW laser and the laser pulse when strong drives of atomic coherences
allow the two lasers to interact with each other through atomic coherence and can
simultaneously reverse the signs of the Hanle resonances of both.

Keywords: electromagnetically induced transparency, electromagnetically induced absorption,
pulse propagation

(Some figures may appear in colour only in the online journal)

1. Introduction

The interaction of atoms with lasers has been one of
the most studied subjects during the past few decades.
Coherent phenomena in atoms such as coherent population
trapping [1], the Hanle effect [2] and related phenomena,
electromagnetically induced transparency (EIT) [3] and
electromagnetically induced absorption (EIA) [4] have been
widely studied under various conditions. EIT and EIA can
be induced in different atomic schemes. This can be a
pump–probe configuration where two lasers couple two or
more hyperfine (or Zeeman) levels. The other way to probe the
distribution of atomic coherences is to apply a single optical
field, while the transmission of the field is measured as a

function of the magnetic field that varies the energy of Zeeman
sublevels, so called Hanle configuration.

EIT and EIA narrow resonances and steep dispersion in
the narrow spectral bandwidth of their resonances represent
the unique properties of atomic systems. The ability to
switch from EIT to EIA could provide a new technique
to manipulate the properties of a medium. Yu et al [5]
demonstrated transformation from the EIT to the EIA in the
Hanle configuration when the polarization of a traveling wave
changed gradually from linear to circular. This sign reversal
was connected with the weak residual transverse magnetic
field perpendicular to laser propagation. Bae et al [6] recently
presented continuous control of the light group velocity
from subluminal to superluminal propagation by using the
standing-wave coupling field in the transition of the 3-type
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system of 87Rb atoms. When the coupling field changed from
a traveling wave to a standing wave by changing the power
of the counter-propagating laser field, the speed of the probe
pulse changed from subluminal to superluminal propagation.

The counter-propagating geometry and the resulting
variations of transmission and refractive index have also been
explored. Chanu et al [7] recently showed that it is possible
to reverse the sign of subnatural resonances in a (degenerate)
three-level system. They observed the D2 line of Rb, in a room
temperature vapor cell, and change was obtained by turning
on a second control beam counter-propagating with respect to
the first beam. The role of the different possible subsystems
created in this configuration was analyzed [8], together with
the possibility of tuning the strength of individual subsystems
by changing the polarization of the control lasers.

Counter-propagation dynamics for the Hanle configu-
ration has also been investigated [9–12]. Brazhnikov et al
[11, 12] recently analyzed the counter-propagating geometry
of two CW laser fields in the Hanle configuration. They
used the polarization method to reverse the sign of the
Hanle resonance of the CW field, and numerical and
analytical calculations were performed for simple three-level
schemes [11, 12].

In this paper, we present the development of Hanle
resonances of two counter-propagating lasers, the CW and
the Gaussian pulsed laser. Lasers having orthogonal linear
polarizations both couple the Fg = 2 → Fe = 1 transition
in the 87Rb D1 line. Analysis is performed by numerically
solving the set of Maxwell–Bloch equations for the same
transition including all the magnetic sublevels and for the
cold atoms. We have found a range of intensities for both
lasers such that they can influence transmission of each
other, that is, they can continuously reverse the sign of their
resonances from EIT to EIA and vice versa, while the pulse is
passing through the Rb cell. We are interested for dynamics
in two special cases: when the pulse of one laser reverses
the sign of the second, CW laser, and when both lasers can
simultaneously switch each other’s resonance signs.

2. Theoretical model

Here we describe the model that calculates the transmissions
of two lasers which act simultaneously on Rb atoms. Namely,
there is constant interaction with one laser, CW, and, at the
same time, also with the pulse of the second laser. The set of
Maxwell–Bloch equations (MBEs) is solved for all magnetic
sublevels of the Fg = 2→ Fe = 1 transition (see figure 1).
From the optical Bloch equations (OBEs):

dρ̂(t)
dt
= −

i
h̄
[Ĥ0, ρ̂(t)] −

i
h̄
[ĤI, ρ̂(t)] − ŜEρ̂(t)

− γ ρ̂(t)+ γ ρ̂0 (1)

we calculate the evolution of density matrix ρ̂. The diagonal
elements of the density matrix, ρgi,gi and ρei,ei , are the
populations, ρgi,gj and ρei,ej are the Zeeman coherences, and
ρgi,ej and ρei,gj are the optical coherences. Here, indices g and
e are for the ground and the excited levels, respectively.

Figure 1. Fg = 2 and Fe = 1 hyperfine levels with the notation of
magnetic sublevels.

MBEs are solved for the Hanle configuration, i.e. when
the external magnetic field B is varied around the zero value,
as described by the Hamiltonian part Ĥ0. The direction of
EB is the direction of laser propagation and it is also the
quantization axis. The Zeeman splitting of the magnetic
sublevels is Eg(e) = µBlFg(e)mg(e)B, where mg(e) are the
magnetic quantum numbers of the ground and excited levels,
µB is the Bohr magneton and lFg,e is the Landé gyromagnetic

factor for the hyperfine levels. In equation (1), ŜE is the
spontaneous emission operator, the rate of which is 0, and in
our calculations we have taken into account that the transition
Fg = 2 → Fe = 1 is open. The term γ ρ̂ describes the
relaxation of all density matrix elements, due to the finite time
that an atom spends in the laser beam. The continuous flux of
atoms entering the laser beams is described with the term γ ρ̂0.
We assume equal populations of the ground Zeeman sublevels
for these atoms. The role of the laser detuning (and Doppler
broadening) is not discussed.

Atoms are interacting with the CW laser, and, for
a limited time, they simultaneously also interact with
another, pulsed laser. These interactions are described with
Hamiltonian ĤI . The electric field vector represents the sum
of two fields:

EE(t, z) =
∑

l

[El
x cos(ωlt − klz+ ϕl

x)Eex

+ El
y cos(ωlt − klz+ ϕl

y)Eey]. (2)

In equation (2), ωl > 0 are the laser’s (l) angular frequencies
ωl
= ±ckl, kl are wavevectors, where we take kl < 0 when the

propagation is in the negative direction of the z-axis, and c is
the speed of light. El

x,El
y are the real Descartes components

of amplitudes of the electric field while ϕl
x, ϕ

l
y are associated

phases and also real quantities.
We introduce the following substitution:

El
++ =

−El
xe+iϕl

x + iEl
ye+iϕl

y

2
√

2
,

El
+− =

−El
xe−iϕl

x + iEl
ye−iϕl

y

2
√

2
,

El
−+ =

El
xe+iϕl

x + iEl
ye+iϕl

y

2
√

2
,

El
−− =

El
xe−iϕl

x + iEl
ye−iϕl

y

2
√

2
.

(3)

2
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With this substitution, the electric field vector stands:

EE(t, z) =
∑

l

EEl(t, z)
∑

l

[ei(ωlt−klz)
Eu+1El

++

+ ei(ωlt−klz)
Eu−1El

−+ + e−i(ωlt−klz)
Eu+1El

+−

+ e−i(ωlt−klz)
Eu−1El

−−], (4)

where Eu+1, Eu−1 and Eu0 are spherical unit vectors [13].

For the case of the two counter-propagating lasers that
couple the same transition, we apply the multi-mode Floquet
theory [14]. We use the approximation with the zeroth-order
harmonics for the ground-state and excited-state density
matrices, and up to the first-order harmonics for the optical
coherences:

ρgi,ej =

∑
l

ei(ωlt−klz)ρ̃l
gi,ej

,

ρei,gj =

∑
l

e−i(ωlt−klz)ρ̃l
ei,gj

,
(5)

where the sum is taken over lasers that couple states gi and ej.

The macroscopic polarization of the atomic medium
EP(t, z) = NceTr[ρ̂Êr] is calculated as

EP(t, z) = Nc

∑
l

[ei(ωlt−klz)(Eu+1Pl
++ + Eu−1Pl

−+)

+ e−i(ωlt−klz)(Eu+1Pl
+− + Eu−1Pl

−−)], (6)

where we introduced new quantities:

Pl
++ = −

∑
gi↔ej

ρ̃l
gi,ej

µej,gi,−1,

Pl
+− = −

∑
ei↔gj

ρ̃l
el,gj

µgi,ej,−1,

Pl
−+ = −

∑
gi↔ej

ρ̃l
gi,ej

µej,gi,+1,

Pl
−− = −

∑
ei↔gj

ρ̃l
ei,gj

µgi,ej,+1.

(7)

The sum is taken over the dipole-allowed transitions induced
by lasers (ls).

MBEs are solved for El
++,El

+−,El
−+,El

−− (given by
equation (3)) which are complex amplitudes of the fields
taking into account the relations (El

++)
∗
= −El

−−, (E
l
+−)
∗
=

−El
−+. MBEs for the propagation along the positive direction

of the z-axis are(
∂

∂z
+

1
c

∂

∂t

)
El
++ = −i

klNc

2ε0
Pl
++,(

∂

∂z
+

1
c

∂

∂t

)
El
−+ = −i

klNc

2ε0
Pl
−+,(

∂

∂z
+

1
c

∂

∂t

)
El
+− = +i

klNc

2ε0
Pl
+−,(

∂

∂z
+

1
c

∂

∂t

)
El
−− = +i

klNc

2ε0
Pl
−−,

(8)

Figure 2. Figure shows the temporal waveforms of the laser
amplitudes that we used in our calculations. The dashed lines
indicate the amplitudes of the CW laser I0

CW and the solid lines are
temporal waveforms of pulses Ipulse.

while those for the propagation along the negative direction of
the z-axis are(

−
∂

∂z
+

1
c

∂

∂t

)
El
++ = −i

klNc

2ε0
Pl
++,(

−
∂

∂z
+

1
c

∂

∂t

)
El
−+ = −i

klNc

2ε0
Pl
−+,(

−
∂

∂z
+

1
c

∂

∂t

)
El
+− = i

klNc

2ε0
Pl
+−,(

−
∂

∂z
+

1
c

∂

∂t

)
El
−− = i

klNc

2ε0
Pl
−−.

(9)

In the following text, we present results for the
transmission of lasers, that is for the averaged power of the
laser (l) electromagnetic fields:

Il
= cε0〈

EEl · EEl〉. (10)

From equation (4) we have

Il
= cε0〈{Eu+1[E

l
++ei(ωlt−klz)

+ El
+−e−i(ωlt−klz)

]

+ Eu−1[E
l
−+ei(ωlt−klz)

+ El
−−e−i(ωlt−klz)

]}
2
〉

= −2cε0 {E
l
++El

−− + El
−+El

+−}. (11)

3. Results and discussion

In this section we present effects on the Hanle EIT of the
CW laser when the counter-propagating laser pulse, tuned to
the same Fg = 2 → Fe = 1 transition, passes the Rb cell,
overlapping the CW laser. Conversely, we present results
when the CW laser controls the transmission and the Hanle
EIT of the laser pulse.

Transmissions of lasers are calculated for the values
of the external magnetic field near zero, i.e. around the
EIT resonance. Polarizations of both lasers are linear and
orthogonal. We take the atom concentration in the cell Nc =

1014 m−3, the length of the cell is 10 cm, γ = 0.001 0 and
the spontaneous emission rate is 0 = 2π 5.75 MHz. The

temporal shape of the laser pulse is Gaussian I0
pulsee−

(t−t0)
2

σ2

(see figure 2), where σ = 10 µs/
√

2 ln 2 and I0
pulse is the

3
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Figure 3. Transmission of the CW laser as a function of the magnetic field B at different times regarding the position of the pulse of the
second laser with respect to the Rb cell: t = 20 µs (a), t = 30 µs (b), t = 36 µs (c), t = 38 µs (d), t = 40 µs (e), t = 42 µs (f), t = 50 µs
(g) and t = 60 µs (h). The CW laser’s intensity is I0

CW = 1 mW cm−2 and the intensity of the pulse at the maximum is
I0
pulse = 0.3 mW cm−2 (solid black and dashed blue curves in figure 2). Note that the first curve is before the pulse even enters the cell, while

curve (g) is at the time when the pulse is at the highest intensity, as can be seen from figure 2.

intensity of the laser pulse, at the peak of the amplitude at
t0 = 50 µs.

Since both lasers are resonant with the Fg = 2→ Fe = 1
transition in 87Rb, each can independently induce EIT in
the atomic vapor. As the pulse enters the cell, its intensity
increases, reaches its maximal value I0

pulse and then decreases.
At the very beginning of the pulse, atoms are interacting with
the CW laser only, and the transmission of the CW field shows
Hanle EIT. As the intensity of the pulse increases, atoms
begin to interact with both superimposed fields. The resultant
polarization, which is the sum of two orthogonal linear
polarizations, can yield very different shapes of transmission
resonances of both lasers.

As we see below, complete switching of the sign of the
transmission resonance, from transmission gain to absorption
gain, can happen depending on the ratio of the pulse’s peak
intensity I0

pulse and the intensity of the CW field I0
CW. We will

next discuss two possible cases, I0
pulse < I0

CW and I0
pulse > I0

CW.

3.1. Hanle EIT resonances of the CW laser field in the
presence of the weak laser pulse

In figure 3 we show changes of the CW laser Hanle EIT as
the counter-propagating and spatially overlapping laser pulse

changes its intensity in the Rb cell. Results are for laser
intensities I0

CW = 1 mW cm−2 and I0
pulse = 0.3 mW cm−2

(solid black and dashed blue lines in figure 2). As the
laser pulse enters the cell the transmission of the CW laser
still shows the Hanle EIT. Such is the case with the front
of the pulse in the cell, that is for results presented in
figures 3(a)–(c). As the pulse intensity increases, this EIT
widens and structure begins to form at the resonance center.
During the transient period, when the pulse intensity is
increasing, there are instances when the CW transmission
at the zero value of the external magnetic field totally
switches its transmission behavior. Instead of the maximum
transmission, when the laser pulse is off, it is maximally
absorbed in the cell. It changes sign from EIT to EIA. With
the back side of the pulse left in the cell, at time t = 60 µs,
the transmission of the CW laser again shows EIT, and
the resonance stays like this until there is no pulse laser
in the cell.

For the choice of laser intensities considered here, I ≤
1 mW cm−2, and with the condition I0

pulse ≤ I0
CW, the

transmission of the pulse laser shows EIT at all times. Besides
intensity broadening, the transmission of the pulse, as a
function of the magnetic field, does not change significantly

4
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Figure 4. Transmissions of the CW laser for times when the pulse is entering the cell with three different intensities: Ipulse = 0.1 mW cm−2

(a), Ipulse = 0.15 mW cm−2 (b) and Ipulse = 0.2 mW cm−2 (c). For each Ipulse we present results for four different rise times of the
intensity, i.e., when the pulse has maximum intensities I0

pulse = 0.3 mW cm−2 (black curves), I0
pulse = 0.5 mW cm−2 (red curves),

I0
pulse = 0.8 mW cm−2 (green curves) and I0

pulse = 1 mW cm−2 (blue curves). The intensity of the CW laser is I0
CW = 1 mW cm−2. The inset

graph shows these three chosen intensities from four pulses as horizontal black dashed lines.

Figure 5. The transmissions of the CW laser, when the pulse laser takes four intensities from the rising (a) and falling (b) edges of the
pulse. A certain intensity is chosen from the symmetrical moments of the pulse: t = 32 and 68 µs (black curves), t = 36 and 64 µs (red
curves), t = 40 and 60 µs (green curves) and t = 44 and 56 µs (blue curves). The intensity of the CW laser is I0

CW = 1 mW cm−2 and that
of the pulse laser is I0

pulse = 0.3 mW cm−2 (solid black and dashed blue curves in figure 2).

as the pulse passes. Results for the pulse’s sign reversal are
presented in section 3.2.

In figure 4 we compare the transmissions of the CW
laser when four pulses, with different maximum values, have
the same intensity in the cell: that is, when pulses whose
maxima are I0

pulse = 0.3 mW cm−2 (black curves), I0
pulse =

0.5 mW cm−2 (red curves), I0
pulse = 0.8 mW cm−2 (green

curves) and I0
pulse = 1 mW cm−2 (blue curves) (see figure 2),

have the same values of Ipulse = 0.1 mW cm−2 (a), Ipulse =

0.15 mW cm−2 (b) and Ipulse = 0.2 mW cm−2 (c).
Results in figure 4 show that, besides the intensity, the

slope of the rising front of the pulse also determines the
transmissions of the CW laser. Though atoms are affected
by the same pulse intensity, as given in separate figures,
the transmission of the CW field does not show identical

results when curves are compared. From figure 4 we see
that evolution of the EIT/EIA passes through similar stages
as the pulse rises, but the speed of the evolution of the
EIT/EIA depends on the pulse’s slope i.e. its first derivative.
This also means that sign reversal of the CW laser, for
different Gaussian pulses (different maximal intensities), does
not happen simultaneously.

In figure 5 we show that the rising and falling edges of
the laser pulses, with the same intensity, have different effects
on the CW laser transmission. For the CW laser intensity
of I0

CW = 1 mW cm−2 and for the pulse laser maximum
intensity of I0

pulse = 0.3 mW cm−2, we present the CW laser
transmission for four pairs of equal pulse laser intensity; each
pair has the same intensity on both sides of the laser pulse.
We choose the following pairs of intensities of the laser pulse,
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Figure 6. Transmissions of both the CW laser and the pulse as a function of the magnetic field: CW laser (black curves and black y-axis)
and pulse laser (blue curves and blue y-axis). The amplitude of the CW laser’s electric field is I0

CW = 0.3 mW cm−2 and the pulse’s
maximum value is I0

pulse = 1 mW cm−2 (solid blue and dashed black curves in figure 2). Results are presented for six values of the intensity
of the Gaussian laser pulse as it passes through the cell, from t = 20 to 70 µs in steps of 10 µs: t = 20 µs (a), t = 30 µs (b), t = 40 µs (c),
t = 50 µs (d), t = 60 µs (e) and t = 70 µs (f).

i.e., for the pulse instants t = 32 and 68 µs (black curves),
t = 36 and 64µs (red curves), t = 40 and 60µs (green curves)
and t = 44 and 56 µs (blue curves).

The results given in figure 5 indicate that the
transmissions of the CW field are not symmetrical with
respect to the pulse maximum intensity. Depending on
whether the CW laser is overlapped with the rising
(figure 5(a)) or the falling (figure 5(b)) edge of the pulse,
the profiles have different waveforms, although the intensities
are the same. A similar result of this ‘memory effect’ has
also been discussed by Ignesti et al [15]. It was theoretically
predicted that spectral enlargement or compression process
occurs when the probe pulse is overlapped by a coupling
pulse field with a positive or negative temporal slope,
and experimental confirmation was obtained for a scheme
in sodium atomic vapor [15]. At the rising edge of the
pulse, while the dark-state is being formed, there are rapid
changes in the transmission of the CW laser. The profiles
at the falling edge of the pulse are due to long-lived
ground-state coherences, created at the earlier time of the
pulse propagation. After a certain time the dark-state is
established and further decrease of the pulse’s intensity does
not affect the formed dark-state.

3.2. Switching signs of both laser transmissions

Our analysis indicates that the simultaneous switching of
signs of transmission resonances of both CW and pulse laser

fields is when the intensity of the CW field is comparable to
the pulse laser intensity, that is I0

CW ≤ I0
pulse. For this ratio of

intensities, when the pulse laser intensity after a certain time
reaches the intensity of the CW laser, the intensities of the two
lasers are comparable (see figure 2) and reversals of the signs
of both are possible.

In figure 6 we present the transmissions of both lasers on
the corresponding sides of the cell. For the case I0

pulse > I0
CW

(we analyzed range of intensities I ≤ 1 mW cm−2) both lasers
are switching each other’s resonance signs. The switching
happens only at the time when the pulse intensity varies near
its maximum; therefore, it is a very fast and short optical
switch. Results in figures 6(d) and (e) show that both lasers
have completely changed the sign of resonance from EIT/EIA
to EIA/EIT. Results also show that there is a mirror symmetry
between the transmission of the CW and pulse lasers. Both
lasers change the sign of resonance simultaneously. The only
exception to this is around t = 40 µs, when both lasers show
EIA, when there are also most drastic changes in the evolution
of the atomic ensemble.

We also calculated the transmission of the laser pulse
for four values of the CW laser intensities. Results are given
in figure 7 for I0

CW = 0.3 mW cm−2 (black curves), I0
CW =

0.5 mW cm−2 (red curves), I0
CW = 0.8 mW cm−2 (green

curves) and I0
CW = 1 mW cm−2 (blue curves). The intensity

of the pulse laser is I0
pulse = 1 mW cm−2. We observe the

pulse’s Hanle resonance in transmissions for three different
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Figure 7. Transmissions of the pulse fields, when the CW laser takes different intensities: I0
CW = 0.3 mW cm−2 (black curves),

I0
CW = 0.5 mW cm−2 (red curves), I0

CW = 0.8 mW cm−2 (green curves) and I0
CW = 1 mW cm−2 (blue curves). We observe transmissions at

three different moments in time: t = 40 µs (a), t = 50 µs (b) and t = 60 µs (c). The maximum intensity of the pulse laser is kept constant,
I0
pulse = 1 mW cm−2.

Figure 8. Real part of the ground-state coherences ρg−1,+1 (a) and transmissions of the CW laser (b) and pulse laser (c) for six times during
the time development of the pulse, from t = 20 to 70 µs in steps of 10 µs. Results for the coherences are calculated in the middle of the cell,
z = 0.05 m. The curves in all three graphs are y-shifted such that they coincide in B = 0.

times: t = 40 µs (a), t = 50 µs (b) and t = 60 µs (c). Results
show that when the intensity of the CW field is varied, the
transmission of the pulse laser at the zero magnetic field, for
B = 0, remains constant at all times. The condition for CPT
in the Hanle configuration is fulfilled at zero magnetic field,
and is, in this case, well established by the pulse’s stronger
laser. As can be seen in figures 7(b) and (c), the rest of the
pulse transmission profile, which violates the exact condition
for the dark-state fulfilled at zero magnetic field, can show
either EIT or EIA depending on the strength of the CW field
intensity.

In figure 8 we present the real part of the ground-
state coherences ρg−1,+1 (a) and compare them with the
transmissions of the CW laser (b) and pulse laser (c). Different
colors indicate different intensities applied, i.e. different
moments of the pulse propagation, from t = 20 to 70 µs
in steps of 10 µs, whereas the intensity of the CW laser is
constant, I0

CW = 0.3 mW cm−2. Curves in all three graphs
are shifted along the y-axis for easier comparison. We present

results in the middle of the cell, since changes along the cell
are negligible. In this configuration, the transmission of the
CW laser matches the sign of the ground-state coherences,
while that of the pulse laser is of the opposite sign. Results
presented in figure 8 confirm that the behavior of the
transmissions of both lasers closely follows the behavior of
the ground-state coherences.

4. Conclusion

We have analyzed the propagation dynamics of two
counter-propagating laser fields with Rb atoms in the Hanle
configuration, one of which is a Gaussian pulse and the other
is CW. We demonstrated continuous sign reversal of both
lasers in the Hanle configuration. Sign reversal was obtained
in two ways, of only the CW laser field and of both lasers.
The choice lies in the ratio of the lasers’ intensities. We have
also analyzed peculiarities of these two cases, different slopes
of pulses, the effect of different intensities and the behavior
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of the ground-state coherences. The results obtained in this
work may provide a useful reference for further research
and interesting applications of EIT and EIA ultranarrow
resonances.
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Abstract
We study numerically the nonlinear magneto-optical rotation of polarization (NMOR) of the
laser pulse during its propagation through a cold Rb cloud with induced Zeeman coherences
and electromagnetically induced transparency. Evolution of NMOR is calculated by solving
the Maxwell–Bloch equations. We consider a linearly polarized Gaussian pulse with different
pulse peak amplitudes and widths. For an intensity peak of 5 mW cm−2 and full-width at
half-maximum of 10 μs, transient behaviour of NMOR does not follow the pulse intensity
variation: NMOR begins to decrease as the pulse’s intensity nears its peak value. When the
pulse has a smaller peak intensity, NMOR behaves qualitatively differently: the angle of
rotation constantly increases during the pulse propagation. Observed differences are explained
by the optical pumping into the dark state and the behaviour of the ground-state coherences
subjected to coherent population trapping. The same pulse intensity, from different sides of the
pulse, during rising and falling sides, produces qualitatively different NMOR shapes, its
amplitudes and widths which result can be explained by the successive excitation of atoms
during the pulse propagation. It was shown that increasing the relaxation rates of the
ground-state coherences, shifts the maximum of the NMOR to higher magnetic field, while the
atomic density strongly influences the magnitude of the NMOR.

Keywords: magneto-optical effects, electromagnetically induced transparency,
electromagnetic pulses, light propagation

(Some figures may appear in colour only in the online journal)

1. Introduction

Rotation of the polarization plane of light travelling through an
atomic vapour, subjected to magnetic field, has been studied
for more than a century. The main characteristic of the linear
resonant Faraday effect is that, for Larmor frequencies smaller
than the resonance line width, the magnitude of the rotation
is proportional to a magnetic field. For nonlinear magneto-
optical rotation (NMOR) [1, 2], nonlinear contributions appear
in characteristic, dispersively shaped dependence on the
magnetic field.

The origin of magneto-optical rotation lies in the fact that
the medium behaves differently for the two components of
the field, displaying what is known as circular birefringence

or linear dichroism. The magnetic field, when applied to
an initially isotropic medium, creates asymmetry between
medium susceptibilities, corresponding to two circularly
polarized components of the field. Asymmetry can happen
when the magnetic field is longitudinal with respect to light
propagation (Faraday effect, causing circular birefringence)
or is transverse to �k (Voigt effect, causing linear dichroism).
Resultant circular birefringence and linear dichroism induce
magneto-optical rotation, i.e. the polarization plane of the light
emerging out of the medium is rotated with respect to that of
the incident.

It is however interesting to relate NMOR to the combined
effects of the laser field and the magnetic field in the context
of coherent control of the polarization rotation [3–5]. Namely,
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NMOR is associated with the light-generated redistribution of
populations by optical pumping, and also by the creation of
coherences between magnetic sublevels of atomic or molecular
ground and/or excited states. This makes NMOR closely
related to other coherence effects, like electromagnetically
induced transparency (EIT) [6, 7], coherence population
trapping (CPT) [8, 9] and the slow propagation of light
[10, 11].

NMOR is typically studied as a function of light detuning
from atomic resonance, in the presence of the constant
magnetic field or as a function of the magnetic field for the light
tuned to the resonance. When both laser field and the external
magnetic field are present, transmission line shapes show
interplay between two fields resulting with suppressed and
enhanced rotation signals. Also, NMOR is typically studied
for the continuous-wave fields when it is of interest to know
the amount of rotation in the steady state. However, in the case
of amplitude modulated electromagnetic field propagating
through the resonant gaseous media, the presence of magnetic
field leads to time-dependent magneto-optical rotation.

Interest in laser pulse NMOR is focused on achieving a
better understanding of the relation between polarization of
the medium during the pulse propagation, and the subsequent
effects on the polarization of the light pulse. Investigation
of pulse NMOR behaviour is then directly related to studies
of pulse propagation through atomic medium [11], slow and
stored light [12, 13] and optical switching [14]. The NMOR
of pulsed light has been analysed in the context of slow light
[15–17]. Budker et al [15] demonstrated the relation between
the reduced light group velocity and nonlinear magneto-optics.
It was shown that the time-dependent optical rotation can mask
the storage of light signal [16]. Ruseckas et al [17] have shown
that the orbital angular momentum of slow light manifests in
a rotation of the polarization plane of linearly polarized light.

In this paper we study theoretically the transient NMOR
behaviour of the light pulse propagating through the atomic
medium in the presence of longitudinal magnetic field.
Frequency of the linearly polarized light is tuned to the
Fg = 2 → Fe = 1 hyperfine transition in the Rb, D1 line.
Therefore, the pulse is inducing EIT in the atomic medium
as it propagates. The properties of NMOR are obtained by
solving density matrix equations for the atomic coherences
and populations along with the Maxwell equations describing
pulse propagation of the electromagnetic field through the
cold gas. We assume the Gaussian shape for the light pulse
and perform calculations for different pulse amplitudes and
widths. Transient behaviour of NMOR is compared to that of
ground-state coherences subjected to CPT, and their relation
is discussed. Influence of ground-states relaxation and atomic
density on the magnetic field dependence of rotation angle, as
the pulse propagates through the atomic medium, is presented.

2. Theoretical model

We solve the Maxwell–Bloch equations for the Fg = 2 →
Fe = 1 transition (see figure 1) in the 87Rb, D1 line, for
different longitudinal magnetic fields. Evolution of the density
matrix ρ̂(t, z) is obtained from the optical-Bloch equations:

m =  -1       0       1e

m  =   -2       -1        0        1        2g

F = 1e

F  = 2g

87Rb

Figure 1. Fg = 2 and Fe = 1 hyperfine levels with the notation of
magnetic sublevels.

dρ̂(t, z)

dt
= − i

�
[Ĥ0, ρ̂(t, z)] − i

�
[ĤI, ρ̂(t, z)]

− ˆSEρ̂(t, z) − γ ρ̂(t, z) + γ ρ̂0. (1)

From equation (1) we calculate the evolution of the density
matrix ρ̂. Indexes g and e stand for the ground and excited
levels, respectively. The diagonal elements of the density
matrix, ρgi,gi and ρei,ei are the populations, while elements
ρgi,g j and ρei,e j are Zeeman coherences, and ρgi,e j and ρei,g j

are optical coherences. The usual substitution for optical
coherences has been introduced:

ρgi,e j = eiωt−ikzρ̃gi,e j ,

ρei,g j = e−iωt+ikzρ̃ei,g j . (2)

In equation (1), Ĥ0 describes the interaction of Rb atoms
with magnetic field �B. The direction of the magnetic field is
also the direction of the pulse propagation and is taken to
be the quantization axis. Magnetic sublevels are split due to
the Zeeman effect by Eg(e) = μBlFg(e)

mg(e)B, where mg(e) are
magnetic quantum numbers of the ground and excited levels,
μB is the Bohr magneton and lFg,e is the Lande gyromagnetic
factor for the hyperfine level. The interaction of atoms with
electromagnetic pulse, with electric field vector �E(t, z), is
given with Hamiltonian ĤI . ˆSE is the spontaneous emission
operator with the rate �. Due to a finite time that an atom
spends in the laser beam, all density matrix elements are
relaxing with the same rate γ . The term γ ρ̂0 describes the
continuous flux of atoms entering the laser beam, where we
take equal population of the ground Zeeman sublevels for these
atoms. The role of the laser detuning is not discussed.

The electric field vector is

�E(t, z) = �exEx(t, z) cos(ωt − kz + ϕx(t, z))

+�eyEy(t, z) cos(ωt − kz + ϕy(t, z)), (3)

where ω > 0 is the laser angular frequency, ω = ±ck, �k is
the wave vector (we take k > 0 for the propagation towards
the positive direction of the z-axis) and c is the speed of
light. Ex(t, z) and Ey(t, z) are real Cartesian components of
the electric field amplitude, while real quantities ϕx(t, z) and
ϕy(t, z) are associated phases. In the following text we omit
dependence of all quantities on t and z.

The angle of rotation φ is introduced here, when Cartesian
unit vectors are rotated like

�ex → �ex cos φ + �ey sin φ, �ey → �ey cos φ − �ex sin φ. (4)

The electric field vector �E, when cosine functions in
equation (3) are written in exponential form, is

2
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�E = 1
2 Ex(�ex cos φ + �ey sin φ)eiωt−ikz+iϕx

+ 1
2 Ex(�ex cos φ + �ey sin φ)e−itω+ikz−iϕx

+ 1
2 Ey(�ey cos φ − �ex sin φ)eiωt−ikz+iϕy

+ 1
2 Ey(�ey cos φ − �ex sin φ)e−itω+ikz−iϕy . (5)

After we make transformation to the complex spherical unit
vectors basis:

�ex = �σ− − �σ+
√

2
, �ey = i(�σ− + �σ+)√

2
, �ez = �σ 0, (6)

the electric field vector is given in terms of complex
amplitudes, E++, E+−, E−+ and E−− as

�E = eiωt−ikz(�σ−E−+ + �σ+E++)

+ e−iωt+ikz(�σ−E−− + �σ+E+−). (7)

In equation (7) the following substitution has been made:

E+− = e−iφ

2
√

2
(−Exe−iϕx + iEye−iϕy ),

E−− = eiφ

2
√

2
(Exe−iϕx + iEye−iϕy ),

E++ = e−iφ

2
√

2
(−Exeiϕx + iEyeiϕy ),

E−+ = eiφ

2
√

2
(Exeiϕx + iEyeiϕy ). (8)

From equation (8) we see that complex amplitudes of electric
field are not mutually independent i.e. (E++)∗ = −E−− and
(E+−)∗ = −E−+.

Maxwell–Bloch equations representing equations of
motion for the complex amplitudes E++, E+−, E−+ and E−−
(given in equation (8)) are solved for the propagation along
the z-axis: (

∂

∂z
+ 1

c

∂

∂t

)
E+− = + i

kNc

2ε0
P+−,

(
∂

∂z
+ 1

c

∂

∂t

)
E−− = + i

kNc

2ε0
P−−,

(
∂

∂z
+ 1

c

∂

∂t

)
E++ = − i

kNc

2ε0
P++,

(
∂

∂z
+ 1

c

∂

∂t

)
E−+ = − i

kNc

2ε0
P−+. (9)

In equation (9) we introduced the following quantities:

P+− = −
∑

ei↔g j

ρ̃ei,g jμg j,ei,−1,

P−− = −
∑

ei↔g j

ρ̃ei,g jμg j,ei,+1,

P++ = −
∑

gi↔e j

ρ̃gi,e jμe j,gi,−1,

P−+ = −
∑

gi↔e j

ρ̃gi,e jμe j,gi,+1, (10)

where summation is taken over dipole-allowed transitions
induced by the laser. These four variables represent
components of the macroscopic polarization of the atomic
medium:

�P(t, z) = NceTr[ρ̂�̂r]

= Nc[eiωt−ikz(�σ−P−+ + �σ+P++)

+ e−iωt+ikz(�σ−P−− + �σ+P+−)], (11)

where Nc is the concentration of Rb atoms.
To obtain the angle of rotation φ we take the third and

fourth lines of equation (8) and set ϕy = ϕx + π
2 :

E++ = − (Ex + Ey)

2
√

2
eiϕx−iφ,

E−+ = (Ex − Ey)

2
√

2
eiϕx+iφ, (12)

i.e.,

|E++| = (Ex + Ey)

2
√

2
, arg(E++) = ϕx − φ + π + 2πn1,

|E−+| = (Ex − Ey)

2
√

2
, arg(E−+) = ϕx + φ + 2πn2. (13)

From equation (13) we obtain

φ = 1
2 (arg(E−+) − arg(E++) − 2π(n2 − n1) + π). (14)

For the results presented in the next section we have φ(0, 0) =
0 and from equation (14) we calculate the polarization rotation
along the atomic medium and for different times during the
pulse propagation φ(t, z).

Results for the transmission of the laser will also be
presented in the next section. They represent the power average
of the laser electromagnetic field, I = cε0〈�E · �E〉. From
equation (7) we have

I = cε0〈{�σ−(E−+eiωt−ikz + E−−e−iωt+ikz)

+ �σ+(E++eiωt−ikz + E+−e−iωt+ikz)}2〉
= − 2cε0 (E++E−− + E−+E+−). (15)

3. Results and discussion

In this section we present results for the evolution of the
NMOR for the linearly polarized light pulse as the pulse
propagates through the L = 0.1 m long Rb atomic cloud. The
pulse laser frequency is tuned to the Fg = 2 → Fe = 1
transition of the 87Rb, D1 line. Results are calculated for
magnetic fields corresponding to the EIT resonance. The
spontaneous emission rate is � = 2π 5.750 06 MHz and the
concentration of Rb atoms, if not emphasized differently, is
Nc = 1014 ×1 m−3. The rate of relaxation due to time of flight
γ = 0.001 �. Temporal wave-form of the propagating laser
pulse is Gaussian (see figure 2):

I(t) = I0 exp

⎛
⎝− (t − tc)2

�2
W

4 log(2)

⎞
⎠ , (16)

where I0 is the pulse peak intensity at the centre of the pulse
tc and �W is the full-width at half-maximum. We point out
that transmission and NMOR signals can readily be obtained
experimentally from transient wave-forms of a transmitted
laser pulse, at large number of magnetic field values within
the EIT spectral bandwidth.
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Figure 2. Gaussian wave-form of the light pulse used in the
calculations. The pulse peak intensity is I0 = 5 mW cm−2, centred
at tc = 50 μs and �W = 10 μs.

The origin of EIT lies in the CPT i.e. the existence of a
so-called dark state which represents coherent superposition
among the ground-state Zeeman sublevels. Mathematically,
the dark state is given with the condition ĤI |dark state〉 = 0.
For the scheme Fg = 2 → Fe = 1 (see figure 1) there are two
dark states, one among |mg = −1〉 and |mg = +1〉 Zeeman
sublevels, thus induced by the 
 interacting scheme. The other
dark state represents linear combination of other ground-state
sublevels, being part of the M scheme. Due to the existence of
these dark states, EIT resonances are closely related to the
ground-state Zeeman sublevels and the coherences created
between them. Formation of coherences, dark states and
optical pumping processes for different CPT schemes among
the Zeeman sublevels was analysed by Renzoni et al [18]
for the sodium D1 line. The role of ground-state coherences
in the NMOR effect was also discussed [19, 20]. Matsko et al
[19] analysed ellipticity-dependent nonlinear magneto-optic
rotation of elliptically polarized light propagating in a medium
with atomic coherence. It was shown that this rotation can be
described by means of 
, M and higher-chain 
 schemes.
Drampyan et al [20] presented a theoretical description based
on the inverted Y model (combination of the 
 and ladder
systems).

In figure 3 we compare behaviour of the pulse
transmission and the rotation angle φ versus the magnetic field
B with the behaviour of the ground-state coherence ρg−1,g1 . We
present results for three moments of the pulse propagation
corresponding to different intensities of the pulse in the
medium: during rising of the pulse intensity ((a) and (d)), when
the pulse is at the maximum intensity ((b) and (e)) and during
falling of the pulse intensity ((c) and (f)). More precisely, these
three instances correspond to times t = 40 μs, t = 50 μs and
t = 64 μs of the linearly polarized Gaussian pulse presented
in figure 2. Results presented in figures 3(a)–(c) show that
evolution of both EIT and NMOR show various dependences
on B while the pulse intensity varies. Both magnitude of the
polarization rotation angle and the shape of its dependence
on B is very sensitive on the pulse intensity in the medium.
There are also significant differences of both EIT and NMOR
depending on whether the pulse intensity is rising or falling.
Results for the dependence of the NMOR on B in figure 3(c),

calculated for the time when the pulse is ‘leaving’ the medium,
t = 64 μs, show oscillatory behaviour of rotation angle φ, that
can be related to the Ramsey effect. Polarization of atoms
created at the peak of the pulse is probed during the weaker
pulse intensity at the time when the pulse exits the medium
[21, 22]. For the same moments of the pulse propagation,
results for the behaviour of the ground-state coherence ρg−1,g1 ,
presented in figures 3(d)–(f) reveal a close relation between
transmission of the pulse and the real part of ρg−1,g1 , and
between the dispersive shape of the rotation angle and the
imaginary part of ρg−1,g1 .

To further confirm the relation between NMOR and
ground-state coherences, in figure 4 we compare amplitudes
(a) and widths (b) of the angle of rotation φ (green curves) and
of the imaginary part of ρg−1,g+1 (blue curves) as a function
of the magnetic field B, for different times during the pulse
propagates through the medium. Amplitudes and widths were
obtained from dispersively shaped dependence on B (green and
blue curves in figure 3) i.e. from their minimum (B < 0) and
maximum (B > 0) values. The NMOR amplitude represents
the difference between these two extreme values of the rotation
angle, while the NMOR width is the difference between
the corresponding values of the magnetic field. Widths and
amplitudes of the magnetic field dependence of ρg−1,g+1 are
calculated in an analogous way. Results show that the transient
behaviour of the amplitudes and widths of NMOR and the
imaginary part of coherence ρg−1,g+1 closely follow each other.
Discrepancy between widths at the time when the pulse begins
to enter the medium is due to the fact that formation of NMOR
signal is slower than the coherence buildup.

Results presented in figure 4 reflect diversity of the
magnetic field dependence of rotation angle φ(B) during pulse
propagation through the medium of Rb atoms. During the
rising of the pulse intensity, when the pulse starts to enter
the medium, there is a linear-like dependence of the NMOR
amplitude with increasing intensity. With rising of the pulse
intensity, atoms are exposed to larger energy per unit surface
area, as given with the integral of the pulse intensity over time
i.e. the area of the pulse. Results presented in figure 4(a) show
the effect of saturation at around t = 43 μs, that is before the
pulse peak intensity enters the medium. Further increase of
the intensity leads to smaller amplitudes of φ(B) at the pulse
peak intensity. Results in figure 4 show that, for times when
pulse intensity is falling, the resonances are becoming steeper
i.e. the width of φ(B) is decreasing and amplitude is becoming
larger.

Next, we analyse the effect of the pulse peak intensity and
width on the behaviour of NMOR. In figure 5(a) we present
the amplitude of φ(B) versus time for three light pulses of
the same width �W = 10 μs, centred at tc = 50 μs and
with different peak intensities I0 = 0.1 mW cm−2 (magenta
curve), I0 = 0.5 mW cm−2 (green curve) and I0 = 1 mW cm−2

(black curve). In figure 5(b) the NMOR amplitude is presented
for three pulses with peak intensity I0 = 0.3 mW cm−2 and
different widths, �W = 10 μs (magenta curve), �W = 20 μs
(green curve) and �W = 40 μs (black curve). For results
presented in figure 5(b), the pulses were centred at tc = 100 μs
to ensure that for t = 0 pulse intensity represents numerical
zero.
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(a) (b) (c)

(d) (e) (f)

Figure 3. Results for the magnetic field dependence of transmission (magenta curves), rotation angle φ (green curves), real (black curves)
and imaginary (blue curves) parts of the ground-state coherence ρg−1,g+1 for three different moments of the pulse propagation: t = 40 μs ((a)
and (d)), t = 50 μs ((b) and (e)) and t = 64 μs ((c) and (f)). Results are presented for the linearly polarized pulse with the peak intensity
I0 = 5 mW cm−2, tc = 50 μs and �W = 10 μs shown in figure 2. y-scales for the rotation angle and the imaginary part of ρg−1,g+1 are given
on the right sides.

(a) (b)

Figure 4. Results for amplitude (a) and width (b) of NMOR (green curves) and imaginary part of the ground-state coherence ρg−1,g+1 (blue
curves) during the light pulse passing through the medium. Results for the amplitude of the imaginary part of coherence were multiplied
with the constant to coincide with amplitudes of φ(B). Also presented with black dashed lines are normalized wave-forms of the pulse.
Parameters are the same as in figure 3.

The effect of the pulse peak intensity and width on the
NMOR has to be related to the light absorbed by the atomic
medium since the beginning of the interaction of the atomic
ensemble with the light pulses. Dependences of amplitudes
with the time of the pulse propagation, presented in figure 5,
show their increase when pulse intensity is rising. However,
while the magenta curves in both figures 5(a) and (b) constantly
increase even when the pulse is leaving the medium, the results
for higher pulse peak intensities and larger pulse width show
that there are critical moments when the amplitude of the
φ(B) starts to decrease. This results in smaller polarization
rotation although the pulse intensity is rising. Exposing the
atoms to higher pulse energy, either by the increase of the pulse
peak intensity or with wider �W , leads to saturation and even
decrease of NMOR amplitudes during high pulse intensities.

This effect is relaxed with the lower intensity when the pulse is
leaving the medium, leading to even higher amplitudes than for
pulse intensities during the rising side of the pulse. This kind of
dependence of the NMOR amplitude with time is characteristic
for much larger intensities, as presented in figure 4.

Our analysis shows that a decrease of polarization
rotation, while pulse intensity is still increasing, is related
to the optical pumping into the dark state. Here we analyse
the dark state formed only by the 
 scheme, while the
analysis of the other dark state (M-scheme) brings very similar
results. In figure 6(a) we present results for the behaviour
of the population of the dark state as a function of time
for three values of the magnetic fields B = 0 (magenta
curves), B = 0.1 G (green curves) and B = 0.2 G (black
curves). Presented in figure 6(b) is the imaginary part of the
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(a) (b)

Figure 5. NMOR amplitudes at different times during the light pulse propagation through the medium. In (a) we present results for the pulse
with �W = 10 μs, tc = 50 μs and for three different pulse peak intensities: I0 = 0.1 mW cm−2 (magenta curve), I0 = 0.5 mW cm−2 (green
curve) and I0 = 1 mW cm−2 (black curve). In (b) we present results for the pulse with I0 = 0.3 mW cm−2, tc = 100 μs and for three
different widths of the pulse: �W = 10 μs (magenta curve), �W = 20 μs (green curve) and �W = 40 μs (black curve). Also presented with
dashed lines of matching colours are the wave-forms of the corresponding light pulses.

(a)

(b)

Figure 6. Time-dependence of the population of the 
-scheme dark
state (a) and imaginary part of the ground-state coherence ρg−1,g+1

(b) for three magnetic fields: B = 0 G (magenta curves), B = 0.1 G
(green curves) and B = 0.2 G (black curves). Results are for the
linearly polarized pulse presented in figure 2: I0 = 5 mW cm−2,
centred at tc = 50 μs and �W = 10 μs. Normalized wave-forms of
the pulse are presented with black dashed lines.

coherence ρg−1,g+1 , which constitutes the dark state from the 
-
scheme. Results are for the linearly polarized pulse presented
in figure 2.

For the considered configuration, the condition for the
dark state is satisfied only for the zero magnetic field, while
for other magnetic fields, inside the EIT resonance, the EIT
profile represents the ‘grey zone’ where the absorption is
less suppressed. Results in figure 6(a) show that for B = 0
the population of the dark state is constantly trapped during
most of the time of the pulse propagation, while the non-zero
magnetic fields yield a less populated dark state. For non-zero

magnetic fields and times when the population of the dark state
shows a flat dependence of maximally trapped atoms in the
dark state, the magnitude of the imaginary part of the coherence
ρg−1,g+1 , decreases during the rising of the pulse intensity, and
recovers after the pulse peak intensity. Maximally populated
dark states lead to suppressed absorption which in turn leads to
depolarization of atoms and less rotation. The decrease of φ(B)

amplitudes during the pulse maximum intensity is the result of
optical pumping into the dark states, followed by simultaneous
decrease of coherences with time, but also dependent on the
value of the magnetic field B.

The subject of many studies is the width of EIT
[18, 23–26]. Being both related to the ground-state coherences,
EIT and NMOR also depend on the lifetimes of ground-state
coherences created between ground-state Zeeman sublevels.
In our model, we have taken into account relaxation of all
density matrix elements with rate γ , due to the finite time that
atoms spend in the laser beam. While the lifetimes of excited
state and optical coherences are limited by the spontaneous
emission rates, the lifetime of the ground-states is much longer
and is determined with γ .

In figure 7 we present dependences of the NMOR
amplitude (a) and the NMOR width (b) on the time-dependent
intensity of the linearly polarized laser pulse (shown in
figure 2) for three values of relaxation rates: γ = 0.0001 �

(magenta curve), γ = 0.001 � (green curve) and γ = 0.01 �

(black curve). The presented results show that the value of
the relaxation rate γ = 0.01 � (black curves in figure 7)
yields qualitatively and quantitatively different behaviour of
both NMOR amplitude and width, compared to the smaller
relaxation rates. During rising of the pulse intensity, while
the dark states are not yet populated, the influence of large
γ means greater dissipation of the ground-state populations
and the coherences and thus slower formation of the dark
states. For times when saturation of NMOR is present, the
rate of relaxation of the ground-states strongly influences
the widths of the rotation angles. The width of φ(B) for
γ = 0.01 � (black curve in figure 7(b)) is significantly larger
compared to the results with smaller γ . Also, the black curve
in figure 7(a) shows a decrease of the amplitude when the pulse
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(a) (b)

Figure 7. Time-dependence of the amplitude (a) and the width (b) of φ(B), for the ground-state relaxation rates: γ = 0.0001 � (magenta
curve), γ = 0.001 � (green curve) and γ = 0.01 � (black curve). Results are for the linearly polarized pulse and the peak intensity is I0 = 5
mW cm−2, centred at tc = 50 μs and with the �W = 10 μs, presented in figure 2. Normalized wave-forms of the pulse are presented with
black dashed lines.

(a) (b)

Figure 8. Dependence of the amplitude (a) and the width (b) of the φ(B) on the time of pulse propagation for three different concentrations
of Rb atoms in the medium: Nc = 5 × 1013 × 1 m−3 (magenta curves), Nc = 1014 × 1 m−3 (green curves) and Nc = 5 × 1014 × 1 m−3

(black curves). Results are presented for the linearly polarized pulse with the peak intensity I0 = 5 mW cm−2, tc = 50 μs and �W = 10 μs
as shown in figure 2. Normalized pulse wave-forms are presented with black dashed lines.

is leaving the medium. During this period, intensities of the
pulse are insufficient to sustain created coherences due to great
dissipation with the rate γ = 0.01 �. Effect of decoherence
on the NMOR was previously studied by Wang et al [27]. It
was pointed out that an increase of decoherence rate leads to
the behaviour typical for a linear Faraday rotator because the
EIT effect tends to be eliminated. The shift of the peak of the
Faraday rotation angle to higher magnetic fields was observed
[27], which can be related to an increased width of φ(B) in
our analysis for the case of pulsed light.

Results presented in figure 8 demonstrate the influence
of the optical thickness of the atomic gas on the NMOR.
We present results for the amplitude (a) and width (b) of
the calculated φ(B) as a function of time-dependent laser
intensity. Results are for the linearly polarized pulse presented
in figure 2. Calculations were performed for three values of
the atomic density Nc = 5 × 1013 × 1 m−3 (magenta curves),
Nc = 1014 × 1 m−3 (green curves) and Nc = 5 × 1014 × 1 m−3

(black curves). Results presented in figure 8 show that atomic
density does not influence the width of NMOR significantly.
Conversely, amplitudes are strongly affected with the change
of atomic density yielding approximately an order of
magnitude greater rotation when the concentration is changed
by an order of magnitude. The effect of the atomic density
in our theoretical model is in the macroscopic polarization
of atomic medium (see equation (11)), which depends linearly

on the atomic concentration. Atomic concentration determines
the number of polarized atoms whose atomic polarization
is precessing in the magnetic field, and therefore changes
the properties of the optical medium. The change of atomic
density also strongly affects polarization of the pulse itself,
since components of the atomic polarization are in the right-
hand sides of equation (9) and represent source terms of the
Maxwell–Bloch equations. The effect of atomic density on the
nonlinear Faraday effect with intense linearly polarized light
in an optically thick atomic rubidium vapour was previously
studied by Hsu et al [28] for the CW field. They show that
the polarization rotation rate, which is rotation angle per unit
magnetic field dφ/dB, in the limit of low field has a maximum
value as the density is increased.

4. Conclusions

We analysed NMOR of the linearly polarized Gaussian pulse
while propagating through the cold atomic gas. The frequency
of the laser pulse is tuned to the Fg = 2 → Fe = 1
transition in 87Rb, D1 line, and the pulse induces EIT. Transient
non-monotonic dependence of the rotation angle is obtained,
with enhancement and suppression of magneto-optical rotation
during different phases of the pulse propagation. Throughout
the pulse propagation, NMOR (EIT) behaves similarly to the
imaginary (real) part of the ground-state Zeeman coherences.
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NMOR depends on optical pumping into the dark states and
on the behaviour of ground-state coherences subjected to CPT.
Behaviour of pulse NMOR qualitatively changes for different
values of the pulse peak intensity. For the pulse with peak
intensity of I0 = 5 mW cm−2, the initial increase of the
NMOR is followed by the decrease when the pulse intensity
increases and nears its peak value. For pulses of much smaller
peak intensity, the magnitude of NMOR increases all the time
during the pulse propagation. It was shown that the relaxation
of the ground-states affects the width of the dispersive-shaped
magnetic field dependence of polarization rotation angle—
the maximum of NMOR shifts to higher magnetic field as
the relaxation increases. Our results have shown the effect
of the density of Rb atoms, i.e., for the range of considered
parameters, the magnitude of the NMOR scales nearly linearly
with the concentration of atoms. Results presented in this paper
are of interest in all studies of the propagation of a Gaussian
pulse through the media under the conditions of EIT and in
the presence of external magnetic field.

Acknowledgment

This work was supported by the Ministry of Education, Science
and Technological Development of the Republic of Serbia,
under grants number III 45016 and OI 171038.

References

[1] Budker D, Gawlik W, Kimball D F, Rochester S M,
Yashchuk V V and Weis A 2002 Rev. Mod. Phys. 74 1153

[2] Alexandrov E B, Auzinsh M, Budker D, Kimball D F,
Rochester S M and Yashchuk V V 2005 J. Opt. Soc. Am. B
22 7

[3] Sautenkov V A, Lukin M D, Bednar C J, Novikova I,
Mikhailov E, Fleischhauer M, Velichansky V L, Welch G R
and Scully M O 2000 Phys. Rev. A 62 023810

[4] Akhmedzhanov R A and Zelensky I V 2002 JETP Lett. 76 419

[5] Pandey K, Wasan A and Natarajan V 2008 J. Phys. B: At. Mol.
Opt. Phys. 41 225503

[6] Harris S E 1997 Phys. Today 50 369
[7] Fleischhauer M, Imamoglu A and Marangos J P 2005 Rev.

Mod. Phys. 77 633
[8] Alzetta G, Gozzini A, Moi L and Orriols G 1976 Nuovo

Cimento B 36 5
[9] Arimondo E 1996 Prog. Opt. 35 257

[10] Harris S E, Field J E and Kasapi A 1992 Phys. Rev. A 46 R29
[11] Kasapi A, Jain M, Yin G Y and Harris S E 1995 Phys. Rev.

Lett. 74 2447
[12] Lezama A, Akulshin A M, Sidorov A I and Hannaford P 2006

Phys. Rev. A 73 033806
[13] Wang K, Peng F and Yang G 2003 J. Opt. B: Quantum

Semiclass. Opt. 5 44
[14] Qi Y, Niu Y, Zhou F, Peng Y and Gong S 2011 J. Phys. B: At.

Mol. Opt. Phys. 44 085502
[15] Budker D, Kimball D F, Rochester S M and Yashchuk V V

1999 Phys. Rev. Lett. 83 1767
[16] Gao H, Rosenberry M, Wang J and Batelaan H 2005 J. Phys.

B: At. Mol. Opt. Phys. 38 1857
[17] Ruseckas J, Juzelinas G, Ohberg P and Barnett S M 2007

Phys. Rev. A 76 053822
[18] Renzoni F, Maichen W, Windholz L and Arimondo E 1997

Phys. Rev. A 55 3710
[19] Matsko A B, Novikova I, Zubairy M S and Welch G R 2003

Phys. Rev. A 67 043805
[20] Drampyan R, Pustelny S and Gawlik W 2009 Phys. Rev. A

80 033815
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1.  Introduction

During the past two decades there has been considerable atten-
tion in developing various techniques for precision position 
measurements of an atom moving through a standing-wave 
field [1]. Due to the fact that the dynamics of the atomic sys-
tems is position dependent within a standing-wave, by mea-
suring the position-dependent quantities of the system, one 
can attain information on the position of the atom in the sub-
wavelength domain. Interest in studying the atom localisation 
effect lies in potential applications for the precise measure-
ment of atom position in laser cooling and trapping of atoms 
[2, 3], Bose–Einstein condensation [4, 5], atom nanolithogra-
phy [6–8], the measurement of the centre-of-mass wave func-
tion of moving atoms [9, 10] etc.

Early developed methods for atom localisation were 
based on measurements of the phase shifts of standing waves  
[11, 12], or atomic dipole [13, 14], resonance imaging methods 
[15, 16] entanglement between the atom position and its internal 
state [17], Ramsey interferometry [18] etc. Recent techniques 
to achieve atom localisation are mainly based on the atomic 
coherence of internal states and quantum-interference effects. 

Considerable interest is in realising atom localisation by coher-
ent population trapping [19] and electromagnetically induced 
transparency (EIT) [20], also phase-dependent EIT in closed-
loop atomic schemes, Autler–Townes microscopy [21], STIRAP 
(stimulated Raman adiabatic passage) [22] etc. Studies were per-
formed by utilising position-dependent quantities like probe field 
absorption [23, 24], atom excited state population [25–27], spon-
taneously emitted photon [21, 28–31] and Raman gain [32, 33].

While early studies on atom localisation were mainly for 
one-dimensional localisation, recent studies also analyse real-
isations of two-dimensional localisation [24, 30, 31], since 
they provide more information on the atom position, better 
spatial resolution and could potentially find more applica-
tions. Moreover, recent studies [34, 35] suggest the realisation 
of three-dimensional atom localisation. The newly established 
domain of subwavelength localisation, named sub-half-wave-
length localisation, analyses techniques that give informa-
tion on the atom position within the half wavelength distance  
[29, 36, 37]. Only a few experimental realisations of the atom 
localisation effect have been performed [34, 38–40] so far.

In studies of atom localisation, an atom is considered 
to be localised if narrow structures can be observed in the 
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localisation pattern, i.e. a position dependence of measur-
able quantity. The number of narrow structures in one sub-
wavelength domain shows the detecting probability, the width 
shows the localisation precision, while the positions indicate 
where the atom is localised. Most theoretical studies on atom 
localisation use simple atomic schemes constituted of sev-
eral atomic levels. This enables analytical expressions to be 
obtained from which one can read the choice of parameters 
(field strengths, detunings, relative phase etc) which yields the 
most efficient atom localisation.

We perform a numerical study and analyse the efficiency 
of one-dimensional (1D) atom localisation by using two 
orthogonal optical fields, the standing-wave and travelling 
probe fields. Atom localisation studies often use the detuning 
of the optical field from the resonance for control of localisa-
tion. Here, we assume that both fields are on the resonance of 

→= =F F2 1g e  transition, D1 line in 87Rb, while the shift of 
energy levels from the resonances is done by applying a magn
etic field. This atomic scheme is known to support Zeeman 
EIT, a quantum phenomenon due to the coherent superposi-
tion of magnetic sublevels, manifested in the reduced absorp-
tion of the optical field if zero or a small magnetic field is 
applied. The numerical calculations are done by solving 
Optical Bloch equations  for a multiple-level atomic scheme 
with all the Zeeman sublevels taken into consideration. Two 
configurations, with different orientations of magnetic field, 
along the standing-wave or along the probe field polarisa-
tion, are analysed. The advantage of numerical analysis is 
that we can apply arbitrary strengths of optical and magn
etic fields. The optical fields’ intensities range from 10−4 to  
102 mW cm−2, the while magnetic fields range from 0 to  G5 . 
We analyse the behaviour of the localisation patterns obtained 
from the probe field absorption, investigating the effects of 
standing-wave and probe intensities, and also the influence of 
magnetic fields on the efficiency of 1D atom localisation.

2.  1D atom localisation schemes and theoretical 
model

We analyse a scheme with two optical fields, standing-wave 
and travelling probe fields interacting with cold atoms, in the 
presence of a magnetic field. Both fields are linearly polarised 
with mutually orthogonal polarisations and propagation direc-
tions. We analyse two configurations, i.e. the directions of the 
standing-wave and probe field polarisation with respect to the 
applied magnetic field:

	 •	Configuration A: The optical standing-wave is linearly 
polarised along the magnetic field direction and aligned 
along the y-direction. The probe field is linearly polarised 
in the y-direction and propagates along the z-axis (see 
figure 1(a)).

	 •	Configuration B: The probe field electric vector is col-
linear with the magnetic field, while the standing-wave is 
polarised in the y-direction and aligned along the x-axis 
(see figure 1(b)).

Steady-state optical Bloch equations (OBE) are solved for 
the →= =F F2 1g e  transition (see figure 2) in 87Rb, D1 line, 

for different applied magnetic fields and magnitudes of optical 
fields’ intensities. From OBE:

[ ˆ ˆ] [ ˆ ˆ] ˆ ˆ ˆ ˆρ ρ ρ γρ γρ+ − + =
� �

H H SE
i

,
i

, ,I0 0� (1)

we calculate the elements of density matrix ρ̂. The diagonal 
elements of the density matrix, ρg g,i i

 and ρe e,i i
 are the popula-

tions, the elements ρg g,i j
 and ρe e,i j

 are the Zeeman coherences, 

and ρg e,i j
 and ρe g,i j

 are the optical coherences. Here, indexes g 

and e stand for the ground and the excited levels, respectively.
In equation (1), Ĥ0 is a Hamiltonian describing Rb atoms 

in magnetic field 
→
B:
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The magnetic sublevels are split due to the Zeeman effect by 
ω µ= = +=E � E l m Bg g F F g2 Bi i g g i

 for ground-state sublevels and 
ω µ= = +=E � E l m Be e F F e1 Bi i e e i  for excited, where mg(e) are the 

magnetic quantum numbers of the ground and excited levels, 
µB is the Bohr magneton and ( )lFg e  are Lande the gyromagnetic 
factors for the hyperfine levels. =EF 2g  and =EF 1e  are the ener-
gies of hyperfine levels Fg  =  2 and Fe  =  1 of the free atom, 
respectively.

The interaction of atoms with two optical fields is given 
with the Hamiltonian:

ˆ ˆ ( )
→ → → ∑ ∑= − ⋅ = | >< | +

=

+

=

+

H d E r t V g e, h.c.,I
i

F

j

F

g e i j
1

2 1

1

2 1

,

g e

i j� (3)

Figure 1.  The geometry of the experiment, with applied magnetic 
field 

→
B and two linearly polarised, mutually orthogonal optical 

fields, standing-wave and probe fields with electric vectors ( )→ →E r t,sw   
and ( )→ →E r t,probe . 

→
kprobe is the probe field wave-vector. (a) shows the  

configuration A: ∥ ⊥
→ → →
E B Esw probe ; (b) is the scheme for configuration 

B: ∥ ⊥
→ → →
E B Eprobe sw, where we omit the dependence on t and →r .

)b()a(
x

y

z

Esw

Eprobe

kprobe

B

x

y

z

Eprobe

Esw

kprobe

B

Figure 2.  Fg  =  2 and Fe  =  1 hyperfine levels, with notation of 
magnetic sublevels and dipole allowed transitions due to selection 
rules ∆ =m 0 (green lines) and ∆ = ±m 1 (blue lines).

m =  -1       0       1e

m  =   -2       -1        0        1        2g

F  = 2g

87Rb
F = 1e
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where 
→̂
d  is the electric dipole operator and ( )

→ →E r t,  is the 
total electric field oscillating with angular frequency 

ω =
−= =E E

�l
Fe Fg1 2, i.e. both fields are on the resonance of 

→= =F F2 1g e  transition, the D1 line in 87Rb. Vg e,i j are the 

matrix elements of the electric dipole interaction. ŜE stands 
for the spontaneous emission operator with rate Γ. We assume 
relaxation of all the density matrix elements with small rate 
γ Γ�  due to the mechanism like the finite time of flight or 
collisional decay [41]. The term ˆγρ0 describes the repopula-
tion of the atomic sample at the same rate, where ρ0 describes 
atoms in their initial state, equal population of the ground 
Zeeman sublevels. As we are considering cold atomic sample, 
the role of Doppler broadening is not discussed.

We apply a Raman–Nath approximation [42], i.e. the 
centre-of-mass position of an atom along the direction of the 
standing-wave field is nearly constant and therefore we neglect 
the atom’s kinetic energy in the Hamiltonian. An electric 
dipole and rotating-wave approximations were applied. The 
quantisation axis is taken along magnetic field vector 

→
B, and 

equations (1) are solved in the rotated coordinate system for all 
Zeeman sublevels of the Fg  =  2 and Fe  =  1 hyperfine levels.

With the quantisation axis along magnetic field vector, 
two configurations allow different dipole-allowed transitions 
between the Zeeman magnetic sublevels in the considered 
atomic scheme (see figure 2 and the indicated different col-
ours). For the first configuration A, the standing-wave field is 
π-polarised and ∆ =m 0 transitions are allowed, while the lin-
early polarised probe field introduces multiple Λ-schemes with 
σ+ and σ− light components of equal strength. Conversely, 
for the configuration B, for the probe field the selection rule 
∆ =m 0 stands, while for the standing-wave field the selec-
tion rules are ∆ = ±m 1.

We calculate the probe absorption coefficient Aprobe as an 
imaginary part of the complex susceptibility tensor diagonal 
elements. For the configuration A, with the probe field along 
the y-axis, the probe absorption is calculated from:

( ) [ (

)]

χ
ε
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ρ ρ ρ ρ

= = +

+ + + +

− − −

−
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6 2
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and for the configuration B and 
→
Eprobe along the x-axis is given 

as:
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where Nc is the atom concentration, e is the elementary charge, 
ε0 is the permittivity of the vacuum and ∥ ∥→=< >R J r Jg e  is the 
transition dipole matrix element.

3.  Results and discussion

We calculate the localisation patterns, that is, the probe absorp-
tion versus the normalised positions (k xsw  or k ysw ) within the 

standing-wave range { }−λ λ,
2 2

. To calculate the localisation 

structures we use the same values of parameters for both con-
figurations: the concentration of Rb atoms in the sample is 

 =N 10c m
16 1

3, the relaxation rate is  γ = Γ0.001  and the spon-

taneous emission rate is πΓ = 2 5.750 06 MHz. The results are 
analysed for the range of applied standing-wave and probe  
field intensities (Isw and Iprobe, respectively) from 10−4 to  
102 mW cm−2. We vary the magnetic field between 0 and  G5 , 
staying in the vicinity of the EIT resonance.

Besides obtaining narrow structures in the localisation 
pattern, important for an experimental realisation of atom 
localisation is the ability to resolve the absorption levels in the 
localisation pattern. Therefore, we analysed the behaviour of 
the base-level, contrast and also full width at half maximum 
(FWHM) of the narrow peaks shown in the localisation pat-
terns. In order to determine the structures in the localisation 
pattern, we calculated extrema of the Aprobe versus k xsw  (or 
k ysw ) curve. The structure is defined by one of these extrema, 
as its middle point, and its two adjacent extrema. The base-
level represents the minimal absorption of the structure and 
the contrast is taken between the central and border extrema, 
where we take the smaller value if the peak is asymmetric. 
The FWHM is calculated as the width of the peak at half of 
the contrast height.

Figure 3.  Results for configuration A: three-dimensional representation of the FWHM (a), base-level (b) and contrast (c) of the localisation 
pattern structures obtained from the probe absorption Aprobe dependence on the normalised position k ysw . The magnitudes of both optical 
field intensities take values from 10−4 to 102 mW cm−2 and are given on the logarithmic scale. Several surfaces correspond to several values 
of the magnetic field  =B 0, 2 and  G4 .
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3.1.  Configuration A

In configuration A, as shown in figure  1(a), standing-wave 
electric vector 

→
Esw is parallel to the magnetic field 

→
B. In  

figure 3 we present the results for the FWHM (a), base-level 
(b) and contrast (c) of the localisation pattern structures for 
intensities, Iprobe and Isw

max, from 10−4 to 102 mW cm−2 given 
on the logarithmic scale. The results presented here are for 
three values of the magnetic field,  =B 0, 2 and  G4 , while our 
analysis includes more values. The results for the widths of 
the structures show that, for < −I 10sw

max 2 mW cm−2, informa-
tion on the atom position is available in a very broad region, 

i.e. the localisation structures have FWHM ≈ λ
4
, which indi-

cates poor localisation precision. With the increase in Isw
max the 

widths reduce and for <I 1probe  mW cm−2 extremely narrow 
structures can be obtained. The base level of the structures 
strongly depends on the probe field intensity and is low for 

>I 1probe  mW cm−2. The contrast of the localisation structures 
is higher if Isw

max is large and Iprobe is small. In the following, 
we present some results from the previously discussed range 
of intensities, which show efficient localisation and also the 
effects of the magnetic field on the atom localisation.

In figure 4 we present the results for the probe absorption 
versus normalised position (a) and versus magnetic field (b) 
for fields’ intensities =I 100sw

max  mW cm−2 and = −I 10probe
3 

mW cm−2. The localisation pattern in figure 4(a) for B  =  0 
shows highly efficient localisation with two peaks within one 
wavelength of the standing-wave, at the nodes of the stand-
ing-wave. With the increase in the magnetic field, one peak at 
the node splits into two overlapped peaks, which reduces the 
detection probability by half. More importantly, the results for 
≠B 0 show that for this range of intensities the magnetic field 

can be used to control the peak positions within the standing-
wave, i.e. the increase in magnetic field uniformly shifts the 
positions of the four peaks from nodes towards the anti-nodes 
of the standing-wave.

The behaviour of the probe absorption within the standing-
wave for different magnetic fields can be understood from 
the dependence of the Zeeman EIT profile on the applied 
standing-wave intensities. The results in figure 4(b) show the 
dependence of probe absorption on the magnetic field at sev-
eral positions within the standing-wave. The splitting of the 
localisation peak for ≠B 0 (figure 4(a)) is due to two overlap-
ping EIT profiles and higher values of the probe absorption 
away from the nodes, as shown in figure 4(b). The shift of the 
localisation peaks towards the anti-nodes, the with increase 
in magnetic field, can be attributed to EIT broadening. As 
depicted in figure 4(b), as k ysw  approaches the anti-node, the 
amplitude of EIT remains nearly constant, while the width of 
EIT constantly increases with maximal absorption moving 
towards higher magnetic fields.

The effects of the stronger probe field are given in fig-
ure  5 for =I 100sw

max  mW cm−2 and =I 0.5probe  mW cm−2. 
In figure  5(a) we present Aprobe versus k ysw  for magnetic 
fields    =B 0, 0.04, 0.2 and  G1.8 . The presented results sug-
gest ways to control the localisation peaks’ contrast by small 
magnetic fields. The localisation peaks are at the nodes of the 
standing-wave and the peaks’ height gradually increases by 
about five times as the magnetic field changes from B  =  0 to 

 =B G0.2 . The observed increase in contrast is explained by 
the high-contrast of EIT for =I 0sw  (shown in figure  5(b)). 
The contrast of the localisation peaks in figure 5(a) increases 
as long as the magnetic field is ‘inside’ the EIT transparency 
window ( ⩽  B G0.2 ), i.e. the increase of B weakens EIT, which 
leads to higher absorption at the nodes of the standing-wave.

A further increase in the magnetic field leads to broaden-
ing of the localisation peaks in figure  5(a), while the result 
for  =B G1.8  shows the formation of a much narrower peak 
on top of the wider peak. The results in figure 5(b) for >I 0sw  
show a similar effect to the results in figure 4(b), i.e. the EIT 
amplitudes are at the same level and the width of the EIT peak 

Figure 4.  Configuration A: Aprobe versus k ysw  (a) and Aprobe versus B (b) for fields’ intensities =I 100sw
max  mW cm−2 and = −I 10probe

3 mW 
cm−2. The results in (a) are for magnetic fields  =B 0, 2 and  G4  and in (b) for standing-wave intensities    =I 0, 0.061, 0.26sw  and  I1 sw

max. 
The dashed line in (a) shows normalised standing-wave intensity ( )=I I k ysinsw sw

max 2
sw . The curves in (b) for  =I 0.061sw  and  I0.26 sw

max 
correspond to the positions of four peaks in (a) for B  =  2 and  G4 , respectively.
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increases with the standing-wave intensity. For a small range 
of standing-wave intensities, the dependence of Aprobe ver-
sus B shows overlapping for values of B outside of the EIT 

peaks indicating that the standing-wave intensity reached 
saturation intensity [43], i.e. a further increase in Isw does not 
lead to higher one-photon absorption. The above explains the 

Figure 5.  Configuration A: Aprobe versus k ysw  (a) and Aprobe versus B (b) for fields’ intensities =I 100sw
max  mW cm−2 and =I 0.5probe  mW 

cm−2. The results in (a) are for magnetic fields    =B 0, 0.04, 0.2 and  G1.8  and in (b) for standing-wave intensities    =I 0, 0.015, 0.06sw  and 
 I1 sw

max.

Figure 6.  Results for configuration B: FWHM (a), base-level (b) and contrast (c) of the localisation patterns. The surfaces are drawn  
for 3 values of the magnetic fields  =B 0, 2 and 4 G, while the maximal standing wave and probe field intensities are from 10−4 to  
102 mW cm−2.

Figure 7.  Configuration B: Aprobe versus k xsw  (a) and Aprobe versus B (b) for fields’ intensities = −I 10probe
4 mW cm−2 and =I 10sw

max  mW cm−2. 
The results in (a) are for magnetic fields  =B 0, 1 and  G2  and in (b) for standing-wave intensities  =I 0, 0.2sw  and  I1 sw

max. The dashed line 
in (a) shows the normalised standing-wave intensity =I I k xsinsw sw

max 2
sw( ).

Laser Phys. Lett. 13 (2016) 045202
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nearly constant probe absorption around the nodes for value 
 =B G1.8  in figure 5(a) and the formation of another narrow 

peak.

3.2.  Configuration B

In configuration B, as presented in figure 1(b), the probe field 
is oriented along the magnetic field and the quantisation axis. 
Figure 6 shows the results for the FWHMs (a), base-contrast 
(b) and contrast (c) of the localisation pattern structures. The 
results for the structure widths show that the precision for atom 
localisation increases when intensity ⩾ −I 10sw

max 2 mW cm−2.  
The base-level of the localisation structures is low if either 
the field intensity is larger than 1 mW cm−2. The results for 
the contrast suggest that the range <I 1probe  mW cm−2 and 
> −I 10sw

max 2 mW cm−2 induces a higher contrast of locali-
sation structures. In short, the results in figure 6 show good 
localisation with high precision, low base-level and high con-
trast for small Iprobe and large Isw

max .

In figure  7(a) we present the localisation patterns for 
= −I 10probe

4 mW cm−2 and =I 10sw
max  mW cm−2 and for three 

values of the magnetic field  =B 0, 1 and  G2 . The results 
show excellent atom localisation at the nodes of the standing-
wave. At and around the anti-nodes positions’ absorption is 
completely suppressed due to high standing-wave intensities 
exceeding the saturation intensity. The wide absorption maxi-
mum for =I 0sw  in figure  7(b) corresponds to one-photon 
absorption since π-polarised light cannot induce EIT [41, 44]. 
The height of ther localisation peaks in figure 7(a) at the nodes 
decreases slightly with the increase in B due to the shifts of 
magnetic levels and lower absorption due to detuning from 
the resonance. The localisation peaks are broadened for small 
values of Isw or near the nodes, where EIT is weaker for larger 
B (see figure 7(b)) resulting in a slight reduction in localisa-
tion efficiency.

Figure 8 shows the results when the probe field intensity is 
higher than the standing-wave intensities, i.e. for =I 20probe  
mW cm−2 and =I 1sw

max  mW cm−2. The results in figure 8(a) 

Figure 8.  Configuration B: Aprobe versus k xsw  (a) and Aprobe versus B (b) for fields’ intensities =I 20probe  mW cm−2 and =I 1sw
max  mW 

cm−2. The results in (a) are for magnetic fields  =B 0, 2.5 and  G3.5  and in (b) for standing-wave intensities    =I 0, 0.1, 0.5sw  and  I1 sw
max.

Figure 9.  Configuration B: Aprobe versus k xsw  (a) and Aprobe versus B (b) for fields’ intensities =I 20probe  mW cm−2 and =I 100sw
max  mW cm−2.  

Results in (a) are for magnetic fields  =B 0, 1 and  G3  and in (b) for standing-wave intensities    =I 0, 0.025, 0.5sw  and  I1 sw
max.

Laser Phys. Lett. 13 (2016) 045202
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show that for B  =  0 the localisation pattern represents a sinu-
soidal curve with poor localisation precision. The results pre-
sented here and for similar intensities indicate that an increase 
in magnetic field can improve localisation due to a significant 
increase in the structure’s contrast. At the nodes of the stand-
ing-wave, about 80% of the population is optically pumped to 
the edge levels, g−1 and g+1 by the π-polarised probe field’s. 
The standing-wave field allows ∆ = ±m 1 transitions too, 
which causes redistribution among the Zeeman sublevels and 
allows an increase in absorption at the positions between the 
nodes.

In figure 9 we present the results for a much stronger stand-
ing-wave field, =I 20probe  mW cm−2 and =I 100sw

max  mW cm−2.  
As shown in figure 8(a), the peaks in the localisation pattern 
for B  =  0 are very wide. The increase in magnetic field also 
leads to the formation of narrow dips at the nodes’ position, 
but a much stronger standing-wave creates four localisation 
peaks near the nodes. Compared to the results in figure  8 
probe absorption at the anti-nodes’ positions is at a lower level 
(see figure 9(b)) due to a considerably stronger standing-wave 
field which exceeds saturation intensity. The result when the 
peak splits if the magnetic field is applied is similar to the 
results in figure 4(a), although the presence of a magnetic field 
here significantly improves localisation due to better detection 
precision and the increase in the peaks’ contrast.

4.  Conclusion

We studied the efficiency of 1D subwavelength atom locali-
sation via the EIT phenomenon in a degenerate two-level 
system, by using two orthogonal optical fields and small 
magnetic fields. The localisation efficiency is analysed for 
two configurations, when the applied magnetic field is along 
the standing-wave or along the probe field polarisation. 
Two configurations enable different transitions between the 
Zeeman magnetic sublevels, the behaviour of the EIT and 
consequently the localisation patterns. The properties of the 
position-dependent probe absorption are studied for a large 
range of field intensities and different values of magnetic 
field. The range of intensities giving efficient subwavelength 
resolution localisation was obtained numerically by calculat-
ing the widths and contrasts of the narrow structures shown in 
the localisation patterns.

Our results show that both configurations can be used 
for obtaining narrow localisation structures with widths less 
than λ0.5% . The results for configuration A reveal conditions 
where one can manipulate both the position and contrast of 
the localisation peaks by a small magnetic fields. If a strong 
standing-wave and weak probe field are applied, the results 
for configuration B show very efficient atom localisation for 
a large range of applied magnetic fields. The results for con-
figuration B also indicate a range of optical field intensities 
when a magnetic field can be used to improve localisation. 
The behaviour of the position-dependent probe absorption is 
analysed through the mutual effects of the induced EIT, two 
optical fields of various strengths, below or above saturation, 
and the dependence on the applied magnetic field.
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Abstract.

Four-level double-Λ atomic scheme i.e., two Λ systems sharing the same two ground

levels, that interacts with four laser light fields is studied theoretically. Peculiarity is

that each of the two ground states can be coupled to each excited state by two laser

light fields. Certain energy difference exists between excited-state levels. We consider

this energy small enough, so that laser resonant to either one transition can also couple

the other transition. We test whether coupling of the more detuned laser is not non-

negligible. Multiply connected states were also recently analyzed (and the comparison

with the experiment was presented), but for the simpler, two and three level atomic

schemes [1].

Theoretical treatment of the double-Λ atomic scheme is commonly done by solving

optical Bloch equations (OBEs). When rotating-wave approximation (RWA) is applied,

OBEs become, by their form, a set of linear differential equations with constant

coefficients. Theoretical treatment of the interaction scheme treated here leads to

OBEs with coefficients that are not constant, but oscillate with time, even after RWA

is applied. Under certain assumptions, the approximation can be used where the time-

dependent coefficients are averaged over their periods [1]. The method yields new

system of equations (similar to standard OBEs), but with more independent variables

and can also be solved in a usual way. The results presented here analyze validity of

this approximation by comparing results for the double-Λ atomic scheme with single-

and two-fold coupled transitions. We test whether in the limit of large energy splitting

between excited-state levels both approaches lead to similar results.



Arsenović et al 2

1. Introduction

Excitations of various atomic schemes by lasers were studied in systems simple as two

level and three level, like Λ, V or ladder configuration, to complex multilevel systems

with or without Zeeman splitting. These interactions have shown to give rise to

interesting effects like coherent population trapping [2], electromagnetically induced

transmission [3] and electromagnetically induced absorption [4]. Double-Λ atomic

scheme i.e. two Λ systems sharing the same two ground levels, (see figure 1(a)) has

also shown to be interesting as a basis for many investigations and applications [5, 6].

In this paper we study double-Λ atomic scheme where each of the transitions between

two ground and two excited levels is coupled by two lasers (see figure 1(b)). We test

whether optical Bloch equations can be solved for this interaction scheme and compare

results with the standard, single-fold coupled double-Λ i.e. each transition driven by

only one laser.

Figure 1. Double-Λ configuration of levels with single-fold (a) and two-fold (b)

coupled states. Four lasers A, B, C and D couple atomic states as indicated in figure,

where additional couplings are denoted by dashed lines.

2. Theoretical model for the two-fold coupled double-Λ atomic scheme

We solve optical Bloch equations:

dρ̂(t)

dt
= − i

h̄
[Ĥ0, ρ̂(t)]−

i

h̄
[ĤI , ρ̂(t)]− ŜEρ̂(t)− γρ̂(t) + γρ̂0 (1)

for the double-Λ schemes given in figure 1. In equation (1) Ĥ0 is Hamiltonian of the

free, four-level atom, ĤI is interaction Hamiltonian of atom interacting with four laser

fields. ŜE represents operator of spontaneous emission with rate Γ for both excited

levels, γρ̂ is the relaxation due to time of flight and γρ̂0 describes the continuous flux of

atoms to the laser beam, with equally populated ground-state levels.

Following procedure described in [1], we next discuss whether OBEs with constant

coefficients can be obtained for the interaction scheme given in figure 1 (b). In

the following text, expressions for coherences ρij will be presented, while for ρji the

corresponding complex conjugates need to be taken. The following substitution is made
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to optical coherences ρ13, ρ14, ρ23 and ρ24:

ρ13 = ρ̃A13e
iωAt + ρ̃C13e

iωCt, ρ14 = ρ̃C14e
iωCt + ρ̃A14e

iωAt (2)

ρ23 = ρ̃B23e
iωBt + ρ̃D23e

iωDt, ρ24 = ρ̃D24e
iωDt + ρ̃B24e

iωBt,

where ωK (K is a laser) are lasers’ frequencies. The next step is to write explicitly

equations for density matrix elements from the interaction part of Liouville equation

(equation (1)) with substituted optical coherences (equation (2)). This yields new

set equations, where we next analyze equations for coherences ρ12 and ρ34. For these

coherences there appear three groups of terms on the RHS that oscillate with specific

frequency, eit(ωA−ωB), eit(ωC−ωB), eit(ωA−ωD) for ρ12 and eit(ωA−ωC), eit(ωC−ωA), eit0 for ρ34.

These oscillatory terms introduce substitutions for coherences ρ12 and ρ34 as follows;

ρ12 = ρ̃AB
12 ei(ωA−ωB)t + ρ̃CB

12 ei(ωC−ωB)t + ρ̃AD
12 ei(ωA−ωD)t (3)

ρ34 = ρ̃CA
34 ei(ωC−ωA)t + ρ̃034 + ρ̃AC

34 ei(ωA−ωC)t.

New variables, given by equations (2) and (3), are next inserted into equation (1).

This yields equations of the form
∑

k e
iωij

k
tcijk = 0 (one for each matrix element ρij) or

equivalently the new set of differential and algebraic equations, cijk = 0. Approximation

we used consists in omitting the algebraic subset, which is the same as standard RWA

for the OBEs with single-fold couplings. The difference is that procedure introduces

more approximations i.e. more terms have to be neglected. Subset of differential

equations yields the new set of modified OBEs which we use to describe interaction

of lasers with two-fold coupled double-Λ atomic scheme. The system of modified OBEs

has 32 equations with 32 unknowns, 16 + 12 from RHSs of equations (2) and (3)

(with corresponding complex-conjugates) and 4 are populations. It also introduces

new quantities, modified Rabi frequencies ΩK
ij and detunings ∆K

ij , where i and j refer to

levels and K stands for a laser.

3. Results and discussion

In figure 2 we compare results for the absorption of laser B for the single and two-fold

coupled double-Λ for different values of energy difference between excited levels. Results

are presented for the steady-state regime. The laser’s B absorption is given as a function

of two-photon ground detuning, ∆12 ≡ ∆A
13−∆B

23 = ∆C
14−∆D

24. Absorption of laser B for

two-fold coupled states exhibits two one-photon absorption profiles, one corresponding

to the 2 → 3 and another to 2 → 4 transition. From figure 2 we also see that both of

these profiles show superimposed narrow EIT resonances.

If the energy splitting between excited levels, ∆ωE = ω4 − ω3, is large enough no

laser can drive transitions to both excited states. Under such assumption equations for

the two-fold case should downgrade to standard single-connected. Results presented in

figure 2 clearly show that increase of ∆ωE leads to identical results between single and

two-fold double-Λ OBEs (compare red and black curve in figure 2).

Numerically, with increase of ∆ωE, the new set of variables reduces to the density

matrix elements of the single-fold coupled double-Λ interaction scheme. Optical
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Figure 2. Steady-state absorption of laser B for three different energy splittings

between excited levels for two-fold coupled transitions. Absorption for single-fold

coupled transition is also presented. Steady-state equations are normalized to Γ and

we take Γ = 1. We take relaxation rate γ = 0.03 Γ, detunings ∆A
13 = ∆C

14 = 0,∆B
23 =

∆D
24 = −∆12 and Rabi frequencies ΩA

13 = ΩC
13 = 0.05 Γ,ΩA

14 = ΩC
14 = 0.055 Γ,ΩB

23 =

ΩD
23 = 0.01 Γ,ΩB

24 = ΩD
24 = 0.011 Γ. We take all four lasers’ phase equal to 0.

coherences connecting states coupled by the more detuned lasers tend to zero, while

other tend to their counterparts for the single-connected equations. For example,

influence of the laser D on the transition 2 → 3, driven by laser B, cannot be neglected

for small enough ∆ωE, as obvious from figure 2. As ∆ωE increases, density matrix

element ρ̃D23 tends zero, ρ̃D23 → 0, while ρ̃B23 approaches density matrix element of the

single-fold coupled double-Λ, ρ̃B23 → ρ̃23.

In conclusion, we studied the interaction of the two-fold coupled double-Λ with

four lasers. Our results show that modified OBEs, which we use to treat this interaction

scheme, have expected properties. Laser’s absorption show two one-photon absorption

profiles corresponding to both couplings. Also, numerical solutions of modified OBEs

have correct limit to the solutions with single-fold excitations as the energy difference

between excited levels increases.
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Abstract.

We study double-Λ atomic scheme that interacts with four laser light beams so

that a closed loop of radiation-induced transitions is formed. When specific relations

for field phases, frequencies and amplitudes are satisfied, coherent superpositions (so

called ”dark states”) can be formed in a double-Λ, which leads to the well known

effect of electromagnetically induced transparency (EIT). If the interaction scheme in

a double-Λ system is such that the closed loop is formed, the relative phase of the laser

light fields becomes very important. We here analyze the effect of the lasers’ relative

phase on the EIT in double-Λ configuration of levels.

Theoretical study of interactions of lasers with a double-Λ atomic scheme is

commonly done by solving optical Bloch equations (OBEs). We here use perturbative

method to solve OBEs, where the interaction of lasers with double-Λ is considered a

perturbation. Advantage of perturbative method is that it generally produces simpler

solutions and analytical expressions can be obtained. We present analytical expressions

for the lower-order corrections of the EIT signal. Our results show that the EIT by

the perturbative method can be approximated by the sum of products of complex

Lorentzians. Through these expressions we see in which way the relative phase affects

the overall EIT profile.
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1. Introduction

A

B

D

C

Figure 1. Double-Λ configuration of levels. Four laser light fields A, B, C and D

couple states as indicated in the figure.

Coherent effects in various excitations schemes have attracted great attention

during last decades. One of the most investigated effect is the electromagnetically

induced transparency (EIT) [1]. It has been indicated that both dynamics and steady-

state of EIT in a closed-loop interaction scheme, like double-Λ (see figure 1), strongly

depend on the lasers’ relative phase [2, 3]. Korsunsky et al. demonstrated phase-

dependent EIT experimentally [2] and theoretical analysis was also presented [3].

Transient properties of phase-dependent EIT were studied in [4]. Applications were

also achieved like the creation of entanglement [5] and the quantum-state transfer [6].

In this paper, we present theoretical analysis of the phase-dependent EIT in a double-Λ

atomic scheme by using perturbative method.

2. The model

We solve steady-state optical Bloch equations:

i

h̄
[Ĥ0, ρ̂] +

i

h̄
[ĤI , ρ̂] + ŜEρ̂+ γρ̂ = γρ̂0 (1)

for the double-Λ interaction scheme given in figure 1. In equation (1) Ĥ0 is Hamiltonian

of the free double-Λ atom, ĤI describes the interaction with lasers, ŜE is abbreviated

spontaneous emission operator with the rate Γ for both excited levels. The term γρ̂

describes the relaxation of all density matrix elements due to the atom’s finite time of

flight through the laser beam and γρ̂0 describes flux of atoms to the laser beam, with

equal population of two ground-state levels.

Rabi frequencies are ΩK and lasers’ light detunings from the corresponding atomic

frequencies are ∆K , where K stand for a laser A, B, C or D, as shown in figure 1.

Detuning between ground levels 1 and 2 stands ∆R ≡ ∆A − ∆B = ∆C − ∆D, and

between excited ∆E = ∆C −∆A = ∆D −∆B. Relative, constant phase between lasers

is Φ = (φA − φB)− (φC − φD), where φK are lasers’ phases.

Details of perturbative method are described in [7]. We here apply perturbative

method to the system of four lasers interacting with a four level atom, where the

interaction with all four lasers is taken to be perturbation. Solution of density matrix

(elements of which are sorted in a column x) by the perturbative method represents the
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sum of unperturbed part x0 and the series of successive corrections xn, where n is the

iteration number.

3. Results and Discussion

Solution obtained by the perturbative method is such that first appearance of narrow

resonances is in the second correction of density matrix and that only elements which

show such behavior are ground-level coherences ρx2
12 and ρx2

21. The analytical expression

for the ρx2
21 is:

ρx2
21(∆R) = − 2(2γ + Γ− i∆R)

γ − i∆R

[
e−i(φA−φB)ΩAΩB

(2γ + Γ− 2i∆A)(2γ + Γ + 2i∆A − 2i∆R)
+

e−i(φC−φD)ΩCΩD

(2γ + Γ− 2i∆C)(2γ + Γ + 2i∆C − 2i∆R)
] (2)

and ρx2
12 is the complex conjugate. RHS of equation (2) represents the sum of products

of complex Lorentzians (CL), where terms within square bracket in equation (2) contain

very wide CLs (since Γ ≫ γ and Γ ≫ ∆A,B,C,D) and each can be approximated with 1
Γ
.

This yields simple analytical expression for the ρx2
21 in the form of one very narrow CL:

ρx2
21(∆R) ∼= nCL(∆R) = −2

e−i(φA−φB)ΩAΩB + e−i(φC−φD)ΩCΩD

(γ − i∆R)Γ
. (3)

These two narrow resonances (identified as the real part of nCL(∆R)) are, by the

iterative procedure, transferred to all higher-order corrections and lead at the end to

the development of EIT.
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Figure 2. Numerical results for the calculated AB(∆R) for 5 different values of

overall phase Φ: (a) exact solution, (b) perturbative solution Ax1+x3

B (∆R) and (c)

approximative expression forAx1+x3

B (∆R) given by equation (4). Results are for steady-

state OBEs. Equations (parameters) are normalized with Γ, i.e., we take Γ = 1. We

take relaxation rate γ = 0.005 Γ, Rabi frequencies ΩA = 0.001 Γ, ΩB = 0.0001 Γ,

ΩC = 0.005 Γ and ΩD = 0.0005 Γ, detunings ∆A, ∆C equal to zero, while we vary

∆R = −∆B = −∆D around 0.

In figure 2 we present results for the steady-state, phase-dependent EIT in a double-

Λ configuration. As a spectroscopic signal we take the dependence of laser’sB absorbtion
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on the detuning ∆R. It is calculated as the imaginary part of linear susceptibility i.e.

absorption coefficient, AB = NIm(e−iϕBΩBρ23). The constant N stands for the atomic

concentration, and is irrelevant in this study, i.e. we take N = 1.

Results of the perturbative method show that the narrow EIT resonance appears

after including higher order (n ≥ 3) corrections of ρ23. From figures 2 (a) and (b) we

see that already sum up to the third correction of AB (or ρ23) shows numerically good

agreement with the exact numerical solution obtained by solving OBEs. The analytical

expression for the ρx1+x3
23 is just too long and we do not present it here. Approximating

again wide CLs with 1
Γ
yields following expression for the absorption of laser B:

Ax1+x3
B (∆R) ∼= Im[−4i(Ω2

AΩ
2
B + Ω2

BΩ
2
D + Ω4

B + eiΦΩAΩBΩCΩD)

Γ3
+

iΩ2
B

Γ

− 2iΩ2
B(−Ω2

A + Ω2
B − Ω2

C + Ω2
D)

γΓ2
− 4i(Ω2

AΩ
2
B + eiΦΩAΩBΩCΩD)

Γ2(γ − i∆R)
], (4)

where only last term on RHS of equation (4) depends on ∆R and other are constant.

This term represents the sum of two CLs (up to the constant equal to the narrow

resonance given by equation (3)) and can be of opposite signs. One of these CLs is

phase-independent and the other has eiΦ as a multiplicative factor. Summing these

two resonances yields different profiles, which can, for some values of relative phase Φ,

completely change the sign of resonance. For the comparison, numerical results for the

expression given by equation (4) are shown in figure 2 (c).

In conclusion, we have used perturbative method to analyze phase-dependent EIT in

a double-Λ atomic scheme. We have obtained simple expression for the laser’s absorption

signal i.e. the sum of two complex Lorentzians which can (up to the constant) simulate

variation of EIT with the change of lasers’ relative phase.
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This content has been downloaded from IOPscience. Please scroll down to see the full text.

Download details:

IP Address: 147.91.1.42

This content was downloaded on 08/07/2014 at 12:17

Please note that terms and conditions apply.

Pulse propagation dynamics in the presence of a continuous-wave field

View the table of contents for this issue, or go to the journal homepage for more

2013 Phys. Scr. 2013 014011

(http://iopscience.iop.org/1402-4896/2013/T157/014011)

Home Search Collections Journals About Contact us My IOPscience

iopscience.iop.org/page/terms
http://iopscience.iop.org/1402-4896/2013/T157
http://iopscience.iop.org/1402-4896
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


IOP PUBLISHING PHYSICA SCRIPTA

Phys. Scr. T157 (2013) 014011 (4pp) doi:10.1088/0031-8949/2013/T157/014011

Pulse propagation dynamics in the
presence of a continuous-wave field
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Abstract
We present theoretical results for the propagation dynamics of an electromagnetic field
pulse through rubidium vapor, while another field, a continuous-wave electromagnetic field, is
present. The frequencies of both electromagnetic fields are resonant with the transition between
the ground and excited state hyperfine levels of Rb, Fg → Fe = Fg ± 1. Detuning from
resonance is done by the magnetic field oriented along the light propagation direction (Hanle
configuration). When both the electromagnetic fields are simultaneously interacting with Rb
atoms, either electromagnetically induced transparency or absorption is induced. Propagation
dynamics was obtained solving the set of Maxwell–Bloch equations for the interacting
atoms with two electromagnetic fields. Motivated by recent results (Brazhnikov et al
2011 Eur. Phys. J. D 63 315–25; Brazhnikov et al 2010 JETP Lett. 91 625–9; Kou et al 2011
Phys. Rev. A 84 063807), we have analyzed the influence of experimental parameters, laser
polarization, and mutual phases between lasers, which can lead to optical switching, i.e. the
transformation from electromagnetically induced absorption to transparency and vice versa.

PACS numbers: 42.50.Gy, 42.50.Nn

(Some figures may appear in color only in the online journal)

1. Introduction

Laser–atom interactions, which can develop coherent
phenomena in atoms, electromagnetically induced
transmission (EIT) [1] and absorption (EIA) [2] in alkali
atoms, have attracted a great deal of interest in recent
decades because of the important applications of both the
phenomena. For such coherences to develop, lasers have to
couple the long-lived ground state hyperfine level(s) with the
excited hyperfine level(s) of alkali atoms. Narrow EIT and
EIA resonances and steep dispersion in the narrow spectral
bandwidth of the resonances are the unique properties of
atomic systems in which the propagation of laser pulses
can be considerably slowed or completely blocked [6–8].
Studying the dynamics of laser pulses in coherent media is of
interest for all optical switchings [9, 10], squeezed light [11],
quantum information science, etc.

Different atomic schemes can be applied in order to
induce EIT or EIA. This can be the pump–probe configuration
when two lasers couple two hyperfine (or two Zeeman) levels
with the common excited hyperfine level in either 3 (two

levels belong to the ground state) or V (levels belong to the
excited state) atomic schemes. In the Hanle configuration, a
single laser couples Zeeman sublevels of hyperfine levels of
alkali atoms. Raman detuning in the latter case is done by
applying a proper magnetic field.

In this paper, we analyze the mutual effects of two
laser fields on their propagation, when both the laser fields
induce simultaneously either EIT or EIA in the Rb vapor.
The specific case when one laser is continuous wave (CW)
and the other is pulsed is analyzed. We show how lasers’
coherent interactions can be manipulated by appropriately
changing the mutual orientation of their polarization vectors
and their relative phases. So far, very little has been done to
investigate the mutual effects of propagation of a laser pulse in
a coherently prepared medium when a CW laser, which makes
the preparation, is present.

2. Theoretical model

We solve the set of Maxwell–Bloch equations (MBEs) for
the interaction of two lasers, one of which is pulsed and

0031-8949/13/014011+04$33.00 1 © 2013 The Royal Swedish Academy of Sciences Printed in the UK
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the other is CW, with Rb atoms. The frequencies of both
lasers are adjusted to either Fg = 2 → Fe = 3 or Fg = 2 →

Fe = 1 transition, where we solve MBEs for the full atomic
systems of both transitions, i.e. for all Zeeman sublevels. The
parameters for the transitions in Rb, used in calculations, were
taken from [12, 13]. The evolution of the density matrix ρ̂ is
calculated from the optical Bloch equations

dρ̂(t)

dt
= −

i

h̄
[Ĥ 0, ρ̂(t)]−

i

h̄
[Ĥ I, ρ̂(t)]−ŜEρ̂(t)−γ ρ̂(t) + γ ρ̂0.

(1)
Diagonal elements of ρ̂, ρgi ,gi and ρei ,ei are populations, ρgi ,g j

and ρei ,e j are Zeeman coherences and ρgi ,e j and ρei ,g j are
optical coherences, where indices g and e stand for the ground
and excited sublevels.

We solve MBEs for different values of the magnetic field
Bs , as described by the Hamiltonian Ĥ 0. The quantization axis
is chosen parallel to the direction of the magnetic field Bs

which is also the direction along which the lasers propagate.
The energies due to the Zeeman splitting are given by
Eg(e) = µBlFg(e)mg(e) Bs , where mg(e) are the magnetic quantum
numbers of the ground and excited sublevels, µB is the Bohr
magneton and lFg,e is the Lande gyromagnetic factor for two

hyperfine levels. ŜE stands for the abbreviated spontaneous
emission operator with the rate 0. The relaxation of all
density matrix elements, due to the finite time for an atom
to cross the laser beam, is given by the term γ ρ̂, while γ ρ̂0

takes into account the continuous flux of atoms entering laser
beams with equal population of the ground Zeeman sublevels.
The role of laser detuning (and Doppler broadening) is not
discussed here.

Ĥ I is the interaction Hamiltonian describing the coherent
interaction of the laser fields with atoms. The electric field
vector represents the sum of two electric fields:

EE(t, z) =

∑
l

[E l
x cos(ωl t − kl z + ϕl

x )Eex + E l
y cos(ωl t − kl z

+ ϕl
y)Eey], (2)

where l = 1, 2 stands for the pulsed and CW lasers. E l are
the amplitudes of two fields, ωl are their angular frequencies,
ωl

= ±ckl , and c is the speed of light. kl are lasers’ wave
vectors, where we take kl > 0 for the propagation along the
positive direction of the z-axis. In equation (2), E l

x , E l
y are

the real Descartes components of the amplitude of the electric
field and ϕl

x , ϕ
l
y are the associated phases, also real quantities.

The electric field vector can further be written as

EE(t, z) =

∑
l

[ei(ωl t−kl z)
Eu+1 E l

++ + ei(ωl t−kl z)
Eu−1 E l

−+

+ e−i(ωl t−kl z)
Eu+1 E l

+−
+ e−i(ωl t−kl z)

Eu−1 E l
−−

], (3)

where the following substitution has been introduced:

E l
++ =

−E l
x e+iϕl

x + iE l
ye+iϕl

y

2
√

2
, E l

+−
=

−E l
x e−iϕl

x + iE l
ye−iϕl

y

2
√

2
,

E l
−+ =

E l
x e+iϕl

x + iE l
ye+iϕl

y

2
√

2
, E l

−−
=

E l
x e−iϕl

x + iE l
ye−iϕl

y

2
√

2
.

(4)

In equation (4), E l
++, E l

+−
, E l

−+, E l
−−

are the complex
amplitudes of the fields and the relation (E l

++)
∗
=

−E l
−−

, (E l
+−

)∗ = −E l
−+ stands.

The usual substitution for the optical coherences

ρgi ,e j =

∑
l

ei(ωl t−kl z)ρ̃i
gi ,e j

, ρei ,g j =

∑
l

e−i(ωl t−kl z)ρ̃l
ei ,g j

(5)
has been introduced, where the sum is taken over lasers that
couple states gi and e j . This substitution means that we are
working in line with the multi-mode Floquet theory [14]
for the case of counter-propagating lasers, or with the
single-mode one for the case of lasers with the same
frequency. We use the approximation with the zeroth-order
harmonics for the ground-state and the excited-state density
matrix elements and up to the first-order harmonics for the
optical coherences.

The propagation dynamics of the electric-field
amplitudes, for the propagation along the positive direction
of the z-axis, is given by MBEs:(

∂

∂z
+

1

c

∂

∂t

)
E l

±+ = − i
kl Nc

2ε0
P l

±+,

(6)(
∂

∂z
+

1

c

∂

∂t

)
E l

±−
= + i

kl Nc

2ε0
P l

±−

and for the propagation along the negative direction of the
z-axis, MBEs stand:(

−
∂

∂z
+

1

c

∂

∂t

)
E l

±+ = − i
kl Nc

2ε0
P l

±+,

(7)(
−

∂

∂z
+

1

c

∂

∂t

)
E l

±−
= i

kl Nc

2ε0
P l

±−
.

In equations (6) and (7), new quantities were introduced which
are calculated as

P l
++ =

∑
gi ↔e j

ρ̃l
gi ,e j

µgi ,e j ,+1, P l
+−

=

∑
ei ↔g j

ρ̃l
el ,g j

µgi ,e j ,+1,

(8)
P l

−+ =

∑
gi ↔e j

ρ̃l
gi ,e j

µgi ,e j ,−1, P l
−−

=

∑
ei ↔g j

ρ̃l
ei ,g j

µgi ,e j ,−1,

where the sum is taken over the dipole-allowed transitions
induced by lasers. These four variables appear in the
components of macroscopic polarization of the atomic
medium which is calculated as EP(t, z) = Nce Tr[ρ̂ Êr ] or

EP(t, z) = Nc

∑
l

[ei(ωl t−kl z)(Eu+1 P l
++ + Eu−1 P l

−+)

+ e−i(ωl t−kl z)(Eu+1 P l
+−

+ Eu−1 P l
−−

)]. (9)

3. Results and discussion

3.1. Effect of the polarization of two laser fields

We present the results for the propagation dynamics of two
lasers propagating through the Rb vapor. One is the CW
laser, another is the pulsed laser and both couple the same
Rb transition. Recent results [3, 4] showed that, for the
two counter-propagating CW fields, it is possible to reverse

2
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Figure 1. Transmission of the pulse (top row) and the CW laser (bottom row) for three different moments: t = 36 µs (a, d), t = 50 µs (b, e)
and t = 64 µs (c, f). Black curves show the results when the polarization vectors of both lasers are parallel, θCW = 0, and red curves show
transmissions when the polarization vector of the CW field is rotated, θCW =

π

2 .

Figure 2. Waveforms of laser pulses used in the calculations: a
Gaussian pulse (a) and a rectangular pulse (b). Dashed vertical lines
in panel (a) indicate moments for which we present the results in
figure 1.

the sign of the resonance by a purely polarization method.
They performed numerical and analytical calculations for the
simple three-level schemes. Both lasers couple the Fg = 2 →

Fe = 3 transition in 87Rb, and each can independently induce
EIA in the vapor. We analyze how the counter-propagating
pulse affects the properties of a CW laser, and the other
way around, how the existence of the CW laser changes the
properties of the propagating laser pulse. Transmissions of
lasers are calculated for values of the external magnetic field
near zero, i.e. around the EIA resonance. Calculations were
performed by solving the set of MBEs (see section 2) for
the same transition. Both lasers are linearly polarized, and we
study the effects of different angles between their polarization
vectors on the propagation of both lasers.

In figure 1, we present the transmissions of both lasers
for two different values of the angle of rotation of the
CW laser polarization vector (θCW). The temporal shape of

the pulse is Gaussian I 0
pulsee−

(t−t0)2

σ2 (see figure 2(a)), where

σ = 10 µs/
√

2 ln 2. The intensity of the laser pulse, at the
peak of the amplitude, t0 = 50 µs, is I 0

pulse = 1.327 21 ×

10−2 mW cm−2. The intensity of the CW laser at the entrance
of the cell is I 0

CW = 10−2 I 0
pulse. We take the relaxation due to

the time of flight to be γ = 0.0010, where 0 = 2π 6.066 62 ×

106 Hz is the spontaneous emission rate. The density of Rb

atoms in the cell is Nc = 1014 m−3 and the length of the cell is
0.1 m. The results in figure 1 are given for three moments of
time: when the pulse is entering the cell, t = 36 µs, when its
peak intensity is in the cell, t = 50 µs, and when it is leaving
the cell, t = 64 µs. The positions of these three moments with
respect to the pulse are indicated in figure 2(a) with vertical
dashed lines.

When the polarizations of both lasers are parallel,
θCW = 0 (black curves in figure 1), the transmissions of both
lasers show EIA resonances at all instants, as expected for
the lasers locked to the Fg = 2 → Fe = 3 transition. Rotation
of the polarization vector of the CW laser by π/2 yields
different transmission profiles of the CW laser. At the time
moment t = 36 µs, when the pulse starts entering the cell, the
transmission of the CW laser is not influenced by the pulse’s
presence in the cell and shows small EIA for both values of
θCW (see figure 1(d)). As the pulse’s intensity increases, the
atomic ensemble gets affected by both lasers’ fields. Results
in figure 1(e) show that at time t = 50 µs, due to the rotated
polarization of the CW field, the transmission of the CW
laser completely changes the sign of resonance from EIA
(black curve, θCW = 0) to EIT (red curve, θCW =

π
2 ). Under

the simultaneous action of both lasers, depending on the
mutual angle between their linear polarizations, the CW laser
can change the sign of resonance, allowing our system to
act as an optical switch for the CW laser. Specific profiles
of the transmissions of both lasers at the time moment t =

64 µs (figures 1(c) and (e)) are due to residual, long-lived
coherences, after the pulse’s passing through the cell.

The transmission of the pulse laser does not change with
θCW during most of the pulse’s passage through the cell (see
figures 1(a)–(c)), since with our choice of parameters the
pulse’s intensity is much larger than that of the CW field,
I 0
pulse = 102 I 0

CW. The sign reversal in figure 1(a) happens
since, at that time instant, the lasers are nearly at the
same magnitude of intensity. Results where we present the
optical switching of the pulse’s transmission will be published
elsewhere.

3
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Figure 3. Total absorption of both lasers for three different values
of the initial phase of the σ− component of the pulse laser. The
phases of the other three σ components are 0. Given by the dashed
line is the waveform of the pulse laser, normalized to the maximum
value of absorptions.

3.2. Effect of the relative phase between laser fields

We have analyzed the effects of different initial phases of the
two lasers. In the recent analysis by Kou et al [5], similar
effects were studied, except that they used two pulsed lasers
(or four σ components) and MBEs were solved for the simple
three-level scheme. In our analysis, we analyze the mutual
effects of a linearly polarized pulse and a CW laser. Here we
assume that the lasers are co-propagating and are locked to
the Fg = 2 → Fe = 1 transition, thus inducing the dark state
and EIT. We solve MBEs for this transition, assuming a single
mode for the substitution, given by equation (5), since all σ

components have the same frequency. The absorption of the
two lasers is calculated as a function of different initial phases
of the lasers’ σ waves.

We solve MBEs for the CW and the pulse laser assuming
a near-rectangular pulse for the pulsed laser (see figure 2(b)).
The edges of the pulse are approximated by the exponential
rise and fall slopes in order to introduce a more realistic
situation:

pulse =


I 0
pulse e−s(t−t2), t > t2,

es(t−t1), t > t1,
1, t1 6 t 6 t2,

(10)

where the slope is given by s = 2 × 106 Hz, the intensity of the
pulse’s σ component is I σ0

pulse = 0.053 088 4 mW cm−2, and
the beginning and the end of the pulse are t1 = 60 µs and
t2 = 110 µs, respectively. Relaxation due to the time of flight
is taken as γ = 10−6 0, where 0 = 2π × 5.750 06 × 106 Hz is
the spontaneous emission rate. The concentration of atoms in
the cell is Nc = 1014 m−3 and the cell’s length is 0.1 m. The
intensity of the CW laser’s σ components is I σ0

CW = 102 I σ0
pulse.

The results presented here are given for the magnetic field
B = 0.

In figure 3 we present the total absorption of all four σ

components from both lasers, from the time when the pulse
laser is applied until the end of the pulse. Results are given for
three different values of the initial phase of the σ− component
of the pulse laser (8), while the initial phases of other σ

components are kept constant. From figure 3, we see that
the rapid change of absorptions is happening only during the
transient regime when the pulse laser is turned on and off.

In this configuration, the CW laser plays the role of
a pumping laser, preparing the atoms into the dark state.
Before the pulse laser is turned on, the absorption of the CW
laser is nearly zero, due to the EIT. When the pulse laser is

turned on, a new dark state is formed. This leads to a quick
change in absorption of laser fields, until a new superposition
of atomic levels, this time under the action of both lasers,
generates a new dark state for both electromagnetic fields,
and consequently the new EIT and minimal absorption. The
reverse situation happens when the pulse laser is turned off.
The results in figure 3 show that the absorption of two lasers
strongly depends on their initial phases. Similarly to Kou
et al [5], we have shown the considerable phase dependence
for the case of a combined pulse and CW laser field.

4. Conclusions

We have theoretically analyzed the propagation dynamics of
two laser fields: when the pulse laser enters the Rb cell while
another, the CW laser, is present. Both lasers couple the same
two hyperfine levels, of the ground and excited states of Rb.
We studied the case when both can induce either dark or
bright resonances, leading to EIT or EIA. We have shown
that, with an appropriate choice of parameters (polarization
direction and mutual phases) and geometry (counter and
co-propagating lasers), both fields affect each other’s behavior
while propagating through the Rb vapor. This type of coherent
manipulation of atoms can lead to magneto-optical switching
techniques or optical-storage devices. Our numerical analysis
is applied to the realistic system, that is, the Rb atom, and
as such indicates that these phenomena can be observable in
realistic experiments by using the alkali–metal atoms.
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Evolution of 1D Airy beam propagating through
a Zeeman EIT atomic medium
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We study propagation of the one-dimensional Airy beam [1] through the atomic
medium with electromagnetically induced transparency (EIT) [2]. Maxwell-Bloch
equations are solved numerically assuming single continuous-wave laser field
resonant to the Fg e=0 hyperfine atomic transition of the 87Rb D2 line.
Presence of the external magnetic field removes the degeneracy of the Zeeman
magnetic sublevels, bringing tripod-like atomic scheme. Characteristics of the Airy
beam propagation through the EIT medium, slow-light Airy wave-packets and
bullets, modulation and deflection of Airy beam, have been recently studied
analytically and numerically [3, 4].

Out study analyzes how the response of the atomic medium, with induced Zeeman
EIT coherences, influences evolution of the Airy beam propagation for different
magnetic fields, inside or out of the EIT transparency window. Results are
presented for the Airy beam intensity profile during temporal evolution and also for
the deflection of the Airy beam for various propagation distances. Modulation and
deformation of the Airy beam, different levels of absorption of the Airy beam lobs,
while propagating through the EIT medium, are analyzed through the formation and
behavior of the dark-states. Presented results suggest ways of magneto-optical
control of the Airy beam and also possible applications in optical design, optical
switching, optical information processing etc.

REFERENCES
[1] Y. Hu, G. A. Siviloglou, P. Zhang, N. K. Efremidis, D. N. Christodoulides, and
Z. Chen, in Nonlinear Photonics and Novel Optical Phenomena, pp. 1, ed. Z. Chen,
R. Morandotti, Springer (2013).
[2] E. Arimondo, in Progress in Optics, vol. 35, pp. 257, ed.  E. Wolf, Elsevier
(1996).
[3] C. Hang and G. Huang, Phys. Rev. A 88 013825 (2013).
[4] F. Zhuang, J. Shen, X. Du, D. Zhao, Opt. Lett. 37(15) 3054 (2012).



47

One-dimensional sub-wavelength atom localization
via Zeeman EIT in a degenerate two-level system
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We analyze influence of the magnetic field on the 1D atom localization [1] in an
atomic medium under the action of two optical fields, standing-wave and traveling-
wave, probe field. Optical Bloch equations are solved numerically for the Zeeman
sublevels of the hyperfine atomic transition Fg e=1 of the 87Rb D1 line. For
small values of the applied magnetic field, electromagnetically induced
transparency (EIT) [2] can be observed. Both fields are linearly polarized, with
mutually orthogonal polarizations and wave-vectors. Two configurations are
considered, depending whether applied magnetic field is in the direction of the
standing-wave or the probe field polarization. Information on the atom position can
be achieved both from the probe field absorption and the excited state population of
the atomic system i.e. overall lasers fluorescence.

Two presented configurations enable different transitions between Zeeman
magnetic sublevels, thus different formation of dark-states and localization patterns
i.e. atom position probability distributions within wavelength distance. Depending

presented localization schemes provide variety of results. We analyze width and
contrast of the calculated localization narrow patterns for the range of laser field
intensities, both being important parameters for the experimental realization of the
localization effect. It is shown that, for the choice of parameters, magnetic field can
bring substantial changes on the behavior of the position-dependent atom field
interaction, dark-state population, EIT and consequently localization effect. 2D
localization effect via coherent magnetic field has been recently analyzed [3] by
utilizing magnetic dipole allowed transition in a triangle atomic scheme.
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