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Abstract
Exact extended traveling wave and spatiotemporal soliton solutions to the generalized
(3 + 1)-dimensional Schrödinger equation with distributed coefficients and linear potential
are found. We obtain solutions for four combinations of the temporal dependence of the
coefficients: constant and sinusoidal diffraction coefficients and constant and sinusoidal
external electric fields. A number of stable periodic soliton solutions are obtained whose
signal does not decrease with time in the absence of an externally induced loss.

PACS numbers: 05.45.Yv, 42.65.Tg

(Some figures in this article are in colour only in the electronic version.)

1. Introduction

The generalized nonlinear Schrödinger equation (NLSE) is
a generic model that is very important in nonlinear optics,
where it describes the full spatiotemporal optical solitons [1]
or light bullets [2]. It has also been very instrumental
in describing the matter wavefunction in Bose–Einstein
condensates (BECs) [3]. The stable exact soliton solutions
to the generalized NLSE with the cubic nonlinearity were
known to exist in (1 + 1) dimensions ((1 + 1)D) for quite some
time [4]. Recently, there has been significant improvement
in obtaining stable spatiotemporal soliton solutions for a
higher number of transverse dimensions [5, 6]. The traveling
wave and soliton solutions to the generalized NLSE in
(3 + 1)D for a cubic nonlinearity were first developed in [7]
for anomalous dispersion and were generalized in [8] for
normal dispersion. Exact solutions for varying potential and
nonlinearity were found in [9] by similarity transformations.

It should be noted that the stability of localized solutions
of the generalized NLSE with time-dependent coefficients is
of lesser concern than that in the case when the coefficients
are constant. It is known that in homogeneous media,

multidimensional solitary waves tend to blow up; they
can be stabilized by dispersion management techniques [5]
developed recently. When the coefficients in NLSE keep
changing with time, the solutions to the equation become
transient at all times. They can diminish, blow up, oscillate
or tend to specific profiles. The question of stability of such
solutions then is not of great importance.

The NLSE with cubic nonlinearity and a linear potential
has also been of great interest to various fields of physics. The
topic was first covered in [10], where detailed solutions were
offered for the (1 + 1)D case of BECs at constant diffraction
and constant linear potential in time. Then in [11, 12], the
Hirota method was used to find both one- and two-soliton
solutions in (1 + 1)D. Finally, in [13], (1 + 1)D solutions
without chirp for the time-dependent linear potential in BECs
were developed, using the F-expansion technique. Here, we
present analytical traveling wave and soliton solutions to the
NLSE in (3 + 1)D with cubic nonlinearity and time-dependent
linear external potential. We specifically concentrate on the
solutions with chirp, as this internal parameter function of the
solutions offers a wide range of localized and wave solutions
to the multidimensional generalized NLSE.
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This paper is organized as follows. Section 2 introduces
the method of F-expansion and the balance principle.
Section 3 summarizes the results obtained for the four
different cases considered: constant diffraction and field,
constant diffraction and sinusoidal field, sinusoidal diffraction
and constant field and sinusoidal diffraction and field. In
section 4, we graphically present the solutions obtained and
discuss the stability of these solutions. Finally, section 5
presents the conclusion.

2. Method

We consider the NLSE with distributed coefficients in (3 +
1)D, with a linear potential of the form [1, 4, 6]

i∂t u +
β(t)

2
1u + χ(t)|u|

2u + ε(t)(x + y + z)u = iγ (t)u. (1)

Here t is time, 1 = ∂2
x + ∂2

y + ∂2
z is the 3D Laplacian, r =√

x2 + y2 + z2 is the position coordinate and ε(t) stands for
the strength of the linear potential as a function of time.
The strength of the linear potential is related to the strength
of the electric field established in the medium; hence, we
will use the term ‘electric field’ to refer to ε. The direction
of the electric field is purposely chosen to symmetrize the
three coordinates, although other choices are possible. The
functions β(t), χ(t) and γ (t) stand for the diffraction,
nonlinearity and gain/loss coefficients, respectively.

Equation (1) will in principle be solvable by our method
for arbitrary β, ε and γ , provided an integrability condition
is satisfied by the nonlinearity coefficient χ . However, only
certain forms of the coefficients will be studied in detail:
in particular, the sinusoidal β and ε. The reason we take
such a form of β and ε is that there exists increased
interest in systems with periodic dispersion and nonlinearity,
as these tend to produce stable solitary and traveling wave
solutions [7]. In addition, the chirp function contained in these
solutions will also be periodic and therefore the solutions will
not decay or collapse, as will become apparent in the four
cases of study. The two types of external field that are of most
experimental interest are, of course, constant and alternating.

According to the F-expansion and the balance principle
techniques [14, 15], we search for the solution of equation (1)
in the form [6, 7]

u(x, y, z, t) = A(x, y, z, t) exp[iB(x, y, z, t)], (2)

where
A = f (t)F(θ) + g(t)F−1(θ), (3)

θ = k(t)x + l(t)y + m(t)z + ω(t), (4)

B = a(t)r2 + b(t)(x + y + z) + e(t). (5)

Here f , g, k, l, m, ω, a, b and e are parameter functions to
be determined, and F is one of the Jacobi elliptic functions
(JEFs). When expressions (3)–(5) are plugged into equation
(1) and the detailed balance principle [6, 7] is applied to
the resulting expressions, the following set of differential
equations for the parameter functions are obtained:

d f

dt
+ 3aβ f − γ f = 0, (6)

dg

dt
+ 3aβg − γ g = 0, (7)

dk

dt
+ 2kaβ = 0, (8)

dl

dt
+ 2laβ = 0, (9)

dm

dt
+ 2maβ = 0, (10)

da

dt
+ 2βa2

= 0, (11)

db

dt
+ 2βab − ε = 0, (12)

dω

dt
+ β(k + l + m)b = 0, (13)

de

dt
+

β

2
[3b2

− (k2 + l2 + m2)c2] − 3χ f1 f2 = 0. (14)

In addition, two algebraic relations involving the
functions f and g are obtained:

f [β(k2 + l2 + m2)c4 + χ f 2] = 0, (15)

g[β(k2 + l2 + m2)c0 + χg2] = 0. (16)

The coefficients c0 and c4, together with the coefficient c2

appearing in the equation for e, are the coefficients of the
Jacobi elliptic differential equation [6]. In [7], we treated
light bullets, and in [16], we considered the Gross–Pitaevskii
equation by a similar method. The major difference compared
to [16] is that equations (11) and (12) are different. These
differences will produce a significant change in the form of
solutions.

3. Results

Although the problem treated in [7] is different from the
problem treated here, equations (6)–(11) and (15)–(16) of this
paper are the same as the corresponding equations in [7];
hence the solutions to all the parameter functions except b,
ω and e will be the same as those found in [7]:

f = (α)3/2 f0 exp
∫ z

0
γ dz, g = δ

√
c0

c4
f, (17)

a = αa0, k = αk0, l = αl0, m = αm0, (18)

where α = (1 + 2a0
∫ t

0 β dt)−1 is the normalized chirp
function, and δ = 0, ±1. The subscript 0 denotes the value
of the given function at t = 0. The integrability condition for
χ(t) is also the same as that in [7]:

χ = −βc4(k
2
0 + l2

0 + m2
0) f −2

0 e−2
∫ t

0 γ dt/α. (19)

In the absence of gain/loss and chirp, i.e. when a0 = 0, χ

is of the same form as β. This testifies to the importance of
the chirp function: it provides not only a means of producing
different solutions, but also a means of producing different
coefficients. Equations (17)–(19) hold for arbitrary β(t) and
ε(t).

We now proceed to solve the remaining equations for four
distinct cases: constant ε and β; constant ε, β = β0 cos �t ;
constant β, ε = ε0 cos �t ; and β = β0 cos �t , ε = ε0 cos �t .
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Figure 1. Soliton solutions for constant β and ε, as functions of
time. Intensity |u|

2 is presented as a function of k0x + l0 y + m0z
and t . ((a), (c), (e)) Dark solitons (F = tan h for M = 1). ((b), (d),
(f)) Bright solitons (F = sec h for M = 1). The parameters are
M = 1, β = 1, b0 = 0, e0 = 0, k0 = l0 = m0 = 1, ω0 = 0, ε = 0.2
and δ = 0. Panels (a) and (b) are with no chirp or gain: a0 = 0,
γ (t) = 0; panels (c) and (d) are with chirp: a0 = 0.1, γ (t) = 0; and
panels (e) and (f) are with chirp and gain: a0 = 0.5, γ (t) = 3/(2t).

3.1. Case 1: constant ε and β

In the case of constant ε and β, we obtain

b = α(b0 + εt + a0βεt2), (20)

ω = ω0 − αβ(k0 + l0 + m0)

(
b0t +

εt2

2

)
, (21)

e = e0 +
αβt

2

[
q −

(
3b2

0 + 3b0εt + ε2t2 +
a0βε2t3

2

)]
, (22)

where the normalized chirp function is now α = (1 + 2a0βt)−1

and q = (k2
0 + l2

0 + m2
0)(c2 − 6δ

√
c0c4).

3.2. Case 2: constant ε and β = β0 cos �t

In the case of constant ε and β = β0 cos �t , we obtain

b = α

[
b0 + εt +

2a0β0ε

�2
(1 − cos �t)

]
, (23)

ω = ω0 + αβ0(k0 + l0 + m0) [ε(1 − cos �t)

−�(b0 + εt) sin �t] /�2, (24)

Figure 2. Traveling wave solutions for β and ε constant, as
functions of time. The setup and parameters are the same as in
figure 1, except that M = 0.995.

e = e0 +
αβ0

2�4
([(q − 3b2

0)�
3 + 3ε2� + 12a0β0ε

2�t + 6b0ε�
3

− 3ε2�2t2] sin �t+(6ε2�2t−12a0β0ε
2
−6b0ε�

2) cos �t

− 3a0β0ε
2 cos(2�t) + 15a0β0ε

2 + 6b0ε�
2), (25)

where α = (1 + 2a0β0 sin �t/�)−1 is the normalized chirp
function here.

3.3. Case 3: constant β and ε = ε0 cos �t

In the case of constant β and ε = ε0 cos �t , we obtain

b = α

(
b0 +

ε0 sin �t

�
(1 + 2a0βt) +

2a0βε0

�2
(cos �t − 1)

)
,

(26)

ω = ω0 − αβ(k0 + l0 + m0)
[
b0t + ε(1 − cos �t)/�2

]
, (27)

e = e0 +
αβ0

2�4
((q − 3b2

0)�
4t + 36a0βε2

0 − 24β0ε0�
2
− 6ε2

0�
2t

− 12a0βε2
0�

2 + (24b0ε0�
2
− 48a0βε2

0) cos �t

+ 12a0βε2
0 cos(2�t) + (3ε2

0� + 6a0βε2
0�t) sin(2�t)),

(28)

where α = (1 + 2a0βt)−1 is the appropriate normalized chirp
function.
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Figure 3. Soliton and traveling wave solutions for β = β0 cos �t
and constant ε, as functions of time. Intensity |u|

2 is presented as a
function of k0x + l0 y + m0z and t . ((a), (c), (e)) F = sn (F = tan h
for M = 1). ((b), (d), (f)) F = cn (F = sec h for M = 1). The
parameters are β0 = 1, γ (t) = 0, b0 = 1, e0 = 0, k0 = l0 = m0 = 1,
ω0 = 0, ε = 0.1, � = 1, γ (t) = 0 and δ = 0. Panels (a) and (b) are
solitary waves with no chirp: a0 = 0, M = 1; panels (c) and (d) are
solitary waves with chirp: a0 = 0.1, M = 1; panels (e) and (f) are
traveling waves with chirp: a0 = 0.1, M = 0.999 99.

3.4. Case 4: β = β0 cos �t and ε = ε0 cos �t

In the case of β = β0 cos �t and ε = ε0 cos �t , we obtain

b = α

(
b0 +

ε0

�
sin �t +

a0β0ε0

�2
(sin2 �t)

)
, (29)

ω = ω0 − αβ0(k0 + l0 + m0)
sin �t

�

(
b0 +

ε0

2�
sin �t

)
, (30)

e = e0 +
αβ0 sin �t

16�4
(8(q − 3b2

0)�
3
− 4ε2

0�

− 3ε0(a0β0ε0 + 8b0�
2) sin �t + a0β0ε

2
0 sin(3�t)),

(31)

where α = (1 + 2a0β0 sin �t/�)−1 again is the normalized
chirp function. We note that in all four cases the solutions with
ε = 0 reduce to those found in [7].

4. Discussion

We are now in a position to study the effect of external
linear potential on our solutions. We will not include solutions

Figure 4. Soliton and traveling wave solutions for constant β and
ε = ε0 cos �t , without chirp and gain. Intensity |u|

2 is presented as
a function of k0x + l0 y + m0z and t . ((a), (c), (e)) F = sn (F = tan h
for M = 1). ((b), (d), (f)) F = cn (F = sec h for M = 1). The
parameters are β = 1, γ (t) = 0, a0 = 0, e0 = 0, k0 = l0 = m0 = 1,
ω0 = 0, ε0 = 1, � = 1 and δ = 0. Panels (a) and (b) are solitary
waves with no b: M = 1, b0 = 0; panels (c) and (d) are solitary
waves with b: M = 1; b0 = 1; panels (e) and (f) are traveling waves
with b: M = 0.99, b0 = 1.

without the field turned on, i.e. ε = 0; these can be found
in [7]. Still, for ε = 0, one should remark that for b0 = 0 the
waves travel in a straight line for both constant β and β =

β0 cos �t . For ε = 0, constant β and b0 = 1, the solution is
linear as a function of the longitudinal variable, unlike the case
β = β0 cos �t depicted in [7], where the solution oscillates.
Although no results on the stability of these solutions are
provided here, numerical work done in [7] and the study of
modulational stability of solutions in [17], obtained using
a method similar to that described here, all point to these
solutions as being numerically and modulationally stable.

4.1. Case 1: constant ε and β

First we discuss the first case: constant ε and β. Figure 1
depicts the soliton solutions when the elliptic modulus M of
JEFs equals 1. In figures 1(a) and (b), we see the effect of
adding the electric field to a solitary wave. Pushed by the
external field, the chirpless solution moves away parabolically
from the center. The effect of chirp dramatically changes the
situation, as can be discerned from figures 1(c) and (d). As a
consequence of the chirp, the solution decays. The same will
hold true for the third case: constant β and ε = ε0 cos �t .

4



Phys. Scr. 83 (2011) 065001 N Z Petrović et al

Figure 5. Soliton and traveling wave solutions for constant β and
ε = ε0 cos �t , with chirp and gain. The figure layout is as in
figure 4. The parameters are the same as in figure 4, except for
a0 = 0.5, γ (t) = 3/(2t).

The effect of chirp can be mitigated to a certain degree
by including some gain in the problem. Specifically, when γ

is set to be γ (t) = 3/(2t), the long-time influence of the chirp
will be canceled out by the exponential in the formulae for f
and g. This idea was first used in [16]. The value to which
the amplitude of the pulse converges is 1/(2a0β)(3/2). Dark
and bright soliton solutions with chirp and gain are given in
figures 1(e) and (f). Naturally, when gain is present, the power
will increase with time; the solutions will not blow up, but will
become wider.

In figure 2, we see the same solutions as in figure 1,
except that the traveling waves are shown; that is, the only
parameter different from figure 1 is the elliptic modulus of
JEFs, M = 0.995. By comparing figures 2(a) and (b) with
figures 2(c) and (d), we see that the effect of the chirp is not
only to reduce the intensity but also to broaden the waves. In
figures 2(e) and (f), once again the effect of adding the gain is
seen. Note that the picture is not symmetrical with respect to
the transverse variable, and that the central crest curls to the
right (towards positive values of the transverse variable), and
along with it all other crests.

4.2. Case 2: constant ε and β = β0 cos �t

We now turn our attention to the second case: β = β0 cos �t
and constant ε. Here we see the effect of a sinusoidal form of

Figure 6. Soliton and traveling wave solutions for β = β0 cos �t
and ε = ε0 cos �t , as functions of time. The figure layout is the
same as in figure 3. The parameters are β0 = 1, γ (t) = 0, a0 = 0,
b0 = 1, e0 = 0, k0 = l0 = m0 = 1, ω0 = 0, ε0 = 3, � = 1 and δ = 0.
Panels (a) and (b) are the solitary waves with no chirp: a0 = 0,
M = 1; panels (c) and (d) are the solitary waves with chirp:
a0 = 0.1, M = 1; panels (e) and (f) are the traveling waves with
chirp: a0 = 0.1, M = 0.999.

β, analyzed in more detail in [7], in the presence of a constant
electric field. In figures 3(a) and (b) we see that the effect of
the electric field is to widen the amplitude of oscillation of
the soliton. This widening effect happens even in the absence
of b0. For b0 = 0 and without the electric field, the solution
obtained is that of a pulse moving in a straight line.

In figures 3(c) and (d) one sees the effect of adding
chirp, which roughly corresponds to what was obtained in [7].
Since β has the form of a sine function, the chirp does not
cause the pulse to decay (given sufficiently low a0 to avoid
singularities), but rather the amplitude of the pulse oscillates.
As in [7], there is the effect of stretching along the transverse
variable; that is, the solution is no longer periodic with respect
to the transverse variable. In figures 3(e) and (f), we see the
corresponding effects on traveling waves.

4.3. Case 3: constant β and ε = ε0 cos �t

We now analyze the third case: constant β and ε = ε0 cos �t .
In the absence of b0 the solutions oscillate as a sine wave, as
in figures 4(a) and (b). However, if b0 6= 0, then the solution
veers towards positive values of the transverse variable, as
in figures 4(c) and (d). In figures 4(e) and (f), we see the

5



Phys. Scr. 83 (2011) 065001 N Z Petrović et al

traveling wave solutions for b0 6= 0. The presence of the chirp
causes the solutions to decay, as in the first case. However,
the same trick can be applied as in the first case: adding the
right amount of gain to counteract the loss of the signal due to
chirp. We see the effect in figure 5.

4.4. Case 4: β = β0 cos �t and ε = ε0 cos �t

Finally, for the fourth case we have β = β0 cos �t and
ε = ε0 cos �t . In this case the oscillations of β and ε combine,
as shown in figure 6. In figures 6(c) and (d) we see the effect
of adding chirp. As can be seen, the chirp warps the amplitude
of the signal in surprising ways. Finally, in figures 6(e) and (f)
we see the same results as in figures 6(c) and (d) but for the
traveling waves.

5. Conclusion

We have obtained exact solutions for the NLSE with a
cubic, time-dependent nonlinearity, in a linear time-dependent
potential. We have analyzed in detail the dependence of the
form of the solutions on the time dependence of the linear
potential and the diffraction coefficient, and obtained exact
solutions for four cases that are of particular interest.
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[16] Petrović N Z, Belić M and Zhong W-P 2010 Exact
spatiotemporal wave and soliton solutions to the generalized
(3 + 1)-dimensional Gross–Pitaevskii equation Phys. Rev. E
81 016610
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